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I. Introduction

Ixiring the period between 1 April 1974 and 30 September 1978, a

number of topics in the general area of the interactions between

electromagnetic fields and plasrnas were conducted at the Polytechnic

Institute of New York , under the AFOSR grant AFOSR- 74-2668 . Basical ly ,

the topics are divided into two genera l categories : (a) the study of

a nonlinear p lasma wave excited along a glow discharge column by a

• high amplitude (~ 2 Ky/cm) and extreme ly sharp (~ 0.2 ris) electric field

• pulse; and (b) the study of parametricall y excited decay instabilities

in a plasma column imbedded in a magnetic fie ld . Most of the significan’-

results have been published in a series of five journa l papers with one

more submitted . In addition , nine papers have been presented ~ t APS and

IEEE conferences.

In Sec . II of t h i i  rep ort , a review of -h. activi ’ies during ‘-he

pe :iod will be g iven. Secti on 1~~! ~s devo ted .‘o the ‘Ie~ a t s  of ‘he work

on the h i~ n speed pulse excited plasma wave s .  Sec’i5~ IV iescrP,es the

experime n ts ~n the pa r ame ~~r 1~ decay ~~~~~~~~~~~~~~~ w i th e- ’p r ~a s i s  on ‘-be

time evo lution of the ~r ’~~t~ and as .-~~~~on of “ e s e  t na ~~ab~~~i ’ i e~s .

Sectt~n V con sis’s  of a ‘h .or . ! ica l  a r .a au of a ~~.r .e  .s%F e deca y process

in a magne~ o p la sma ‘a ~~~~ • i p p L i . . ~~~. 4 .~~ wa~~. pe~ T h i s  ~r -~ains

n . e  nly ~t~e , r v  w(~~;h ~~. ~~i l a  ~.r..rm .~~ •~~. m - L ~~~~• .pe r~~me a sup-

‘~~rtini t I ~.. ~~~. ry i n  a~~ a .  t?1~ .4.3 

,
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II. Review of Activities

11-1. Principal Scientific Achievements

A number of topics have been studied under the support of the Grant .

A listing of the publications given in 11-2 shows the breadth of activi-

ties. Two of these topics represent efforts of particular significance :

(1) first ~~al life demonstration of group splitting of wave packets

propagating in nonlinear dispersive media ; and (2) the establishment

of a general vector theory of parametric decay instabilities in a plasma

• with magnetic field.

(1) Group splitting , or wave packet bifurcation , was p~.’edicted by

*the theory of tnodulati-on . It i-s predicted that  in a nonlinear dispers ive

medium , if certain conditions are met , there would be two distinct group S

velocities with their difference proportiona l to the wave amplitude. If

a wave packet is launched to propagate in the medium , it would split into

two packets . The modulation theory is a general nonlinear wave theory

developed heuristically and formally based on the assumptions of some

conservation properties of the amplitude and phase characteristics of the

wave packet arid the nonlinear dispersion relation . The group splitting

effect  was the mos t astonishing prediction not known to exis t at that

time. The experiment by Kunhardt and Cheo was the first real-life demon-

stration of this phenomenon. This demonstration , together with some

computer simulations , has thus provided the confidence in the validity of

**the modulation theory. Details of this work are elaborated in Sec. III

* G.B. Whitham , “Linear and Nonlinear Waves”, John Wiley & Sons , 1973;
pp. 489-490

*~ G.B. Whitham , ibid , pp. 519-520

2
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and in Publications (1), (2), (5).

(2) Parametric decay instabilities have been studied extensively

for many years . Two recen t review articles* ha ve each cited over one

hundred references . The basic form of the coup led mode eq ua t ions was

first derived by Nishikawa for a plasma with no magnetic field and the

• same theory is applicable to the ordinary mode excitation in a magnetized

plasma. Because of the complexity of the modal structure in a plasma

with magnetic field , previous efforts in th is area are only l imited to

the longitudinal waves where the electrostatic approximation E = - 7c~

is applied .

• Because the parametric decay instabilities are thought to be an

important process in rf plasma heating , and that in many applications

such as in ionosphere heating or in various magnetic f ield confined plasma

devices , interactions among hybrid waves do take place. A more genera l

vector theory is therefore needed . The general vector theory developed

• by Kuo and Cheo L 3~ is capable to dea l with these cases and remains to

be the only such theory available .

The approach is based on Poisson bracket relations of the Harniltonian

densities of the decay waves. It is shown that the general vector coupled

mode equations obtained can be reduced to those of the specia l cases ob-

tained previously, and compared favorably with experiments . Section V of

this report shows the detailed development of the theory and the supporting

experiments . Essence of this work is given in Publication (3).

* M . Po rk olab , Ph ysica C 82 , 86 , 1976.
M. Porkolab and R.P.H. Chang , Rev . Modern Phys., vol. 50, #4, pp.
745-795 , Oct.  1978.

I ’
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11-2. Publications

(fl Journa l Art icles:

1. E.E. Kunhardt and B.R. Cheo, “Observation of Wave Packet Bifurcation

in a Magneto-Plasma Column ”, Phys. Rev . Letters, vol. 37 , 25, 1688;

Dec. 20, 1976.

2. E.E.  Kunha rdt arid B.R.  Cheo , “Propagation of Nonlinear Waves Along

a Magneto-Plasma Column ” , Phys. Fluids, vol . 20 , 9 , 1499 ; Sept.  1977.

3 s.P. Kuo and B.R. Cheo, “Parametric Excitation of Coupled Plasma

S 

Waves ”, Phys. Fluids , vol. 21, 10; 1753; Oct. 1978.

4. N.T. de Neef and C. Hechtman , “Numerical Study of the Flow due to a

Cylindrical Implosion”, Computers and Fluids; vol. 6, pp. 185-202;

1978 .

5. E.E. Kunhardt and B.R. Cheo , “Experiments on Propagation of High

Amp litude Surface Waves”, accepted for publication by Plasma Physics.

6. T.Q. Yip , S.P. Kuo and B.R. Cheo , “Tempora l Evolution of Parametrically

Excited Instabi l i ties  in a Magnetized Plasma ”, submitted to Plasma Physics.

(2) Con ference Papers:

1. E.E. Kunhardt and B.R. Cheo, “Propagation of Transient Surface Waves

Along a Plasma Column”, IEEE Intl. Conf. Plasma Sc., Austin, TX;

May 24-26, 1976.

2. E.E. Kunhardt , 3. Tardiff and B.R. Cheo , “The Bouncing Conductor

Generator”, Pulsed Power Conference, Lubbock, TX; Nov . 1976.

3. T.Q. Yip , S.P. Kuo and B.R. Cheo , “Experimental Study of Time Evolu-

tion of Parametrically Excited Instabilities in a Magneto-Plasma ”,

IEEE In t l .  Cori f .  Plasma Sc. ,  Troy , N . Y . ;  May 23-25 , 1977.

4
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Conference Papers (cont.)

4. s.P. Kuo and B.R. Cheo , “Parametric Decay Instabilities in a Uniform

Magneto-Plasma ”, IEEE Intl. Conf. Plasma Sc., Troy , N.Y.; May 23-25 ,

1977.

• 5. S.P. Kuo and B.R. Cheo , “Saturation of Parametric Instabilities due

to Anomalous Diffusion Processes ”, IEEE Intl. Conf. Plasma Sc. ,

Troy , N.Y.; May 23-25, 1977.

6. T.Q. Yip, S-P. Kuo and B.R. Cheo , “Evolution of Parametrically

• Excited Instabilities in a Magneto-Plasma ”, Plasma Div . Mtng., APS , Colorado

Springs , CO; Nov. 1978; Bull. Am Phys. Soc., vol. 23 , 7, 799; Sept. 1978.

• 7. S.P. Kuo and B.R. Cheo , “Ila rmonie Genera tion of the Elec tros ta tic

Ion Cyclotron Wave in a Uniform Plasma ”, IEEE Intl. Conf. Plasma Sc.,

Mon terey , CA; May 1978.

8. S.P. Kuo and B.R. Cheo , “Saturation of Parametric Instabilities by

Heating Effect”, Plasma Div. Mtng., APS , Colorado Spri ngs , CO;

Nov . 1978; Bull. Am. Phys. Soc., vol. 23 , 7, 817; Sept. 1978.

9. H.M. Huang, S.P. Kuo and B.R. Cheo , “Harmonic Generation of the

Electrostatic Ion Cyclotron Wave in a Uniform Magneto-Plasma ”, Plas ma

Div. Mtng., APS , Colorado Springs , CO; Nov . 1978; Bull. Am. Phys .

Soc., vol. 23, 7, 818; Sept. 1978.

(3) Reports:

1. E.E. Kunhard t and B.R. Cheo , “An Experimental and Theoretical Study

of the Propagation of High Amp litude Pulses in a Bounded Magneto-

Plasma ”, Poly-EE/EP-76-Oll; June 1976.

2. S.?. Kuo and B.R. Cheo , “Studies of Parametric Decay Instabilities

in Magneto-Plasmas”, Pol y-EE/EP-77-027; June 1977. 

~~~~~~~~~~~~~~~~ ~~



Reports (cont .)

3. T.Q. Yip and B.R. Cheo , “Evolution of Parametrically Exci ted

Instabilities in a Magneto-Plasma Column ”, Pol y-EE/EP-77-028;

June 1977.

11-3. Graduate Students

There have been seven graduate students participating in the research

program. Three have obtained their Ph.D. degrees and four are progressing

• toward this direction . All three graduates are presently successf ull y

placed in the general scientific community .

1. E.E. Kunhardt , Ph.D., June 1976. Dissertation: “An Experimental

and Theore tical Study of the Propagation of High Amplitude Pulses

in a Bounded Magneto-Plasma ”. Present position : Assistant Professor

of Ele ctrical Eng ineering , Texas Tech . University, Lubbock , TX.

Was elected the new professor of the year . Participated and ini-

tiated a number of research activities .

2. S.P. Kuo , Ph. D., June 1977. Dissertation : “Studies of Parametric

Decay Instabilities in Magneto-Plasmas”. Present position : Research

Assistant Professor of Electrical Eng ineering , Polytechnic Institute

of New York , Farmingdale , N.Y. Participated and generated activities

in the new fields of ~ lD generation of electric power and ionospheric

heating and modification . Worked on EBT at ORNL.

3. T . Q .  Yip , Ph.D. , June 1977. Dissertation : “Evol ut ion of Para metrica l ly

Excited Instabilities in a Magneto-Plasma Column ”- Present position :

Member of Technical Staff, Bell Telephone I~ boratories , Holtndel , N . J .

6
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• Student Graduates (cont.)

Began a new career in communications . Continued to collaborate

with the Poly group in p lasma work (no compensa tion).

4. R. Faaland : A second year graduate student. Teaching fellow in

the EE Department . Active ly involved in the effort of building a

new ECRH plasma station and electronics associated with the system.

5. C. Hechtman : An advanced graduate student. Passed qualifying

examination . Currently research assistant in the program. Built

the capacitor bank for the exploding tube experimen t- . Published

a paper on the topic.

6. U .M. Huang: An advanced grad ua te studen t. Passed qualifying

examination . Currently research fellow in i-he program. Working

on the microwave generated and sustained beam p lasma . Doing bo th

theoretical and experimental work . Presented a paper at APS Plasma

Division meeting.

7. B.R. Poole : A second year graduate student. Teaching fellow in

the EE Department. Has been an active participant in the program

for severa l years . Passed qualif ying examination .

7
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111-1. Introduction
The general problem we are concerned with is that of the inter-

action of a p lasma medium with an electromagnetic field. At linear

level of excitation , the various problems of wave propagation have been

explored at length and a fair amount of understandin g has been reac hed.

• At nonlinear levels of excitation , due to the lack of a general  method

of attack, the analysis made to date are mostly ad hoc and unde r various
• forms of idealization and approximation. The purpose of this investi ga-

t ion is to study some of these interactions both theoretically and ax-

• perimentally. The results have yielded new data and insig ht into the
problem of the compe tition be tween dispersion and non-linearity in a num-

ber of plasma configurations. The comparison between theoretical

result and experimental data is generally favorable.

Theoretical studies in the linear and weakly nonlinear reg imes

may be grouped into two categories , namely, analysis in unbounded

• and bounded plasmas. Experimental investigations on the other hand
must be performed with plasmas of bounded geometry. There are ex-

periment s , however , where the per tinent dimensions are s uch that to
a good approximation , the wa ves under consideration may be thought
as propagating in an infinite medium and the results behave as predicted by

unbounded plasma theory. (1) Studies in unbounded plasmas have been

many , and seve ral text books have been written on this subject. Com-

p rehen sive exposition s have been done by Ginzburg ~
2
~ and StL’~~~ for

the linear regime; and for  the weakly nonlinear regime by Tsytovich~
4
~

Davidson~
5
~ and F. Einaudi et. al. (6 )~

The bounded geometry considered in this investigation are:

a circular plasma column inibeded in an infinite dielectric fr ee  spac&

and a circular magneto plasma column surrounded by a conducting
waveguide of the same dimension as the plasma column. These struc-

- tures are known to support numerous types of waves. The work in

this study is concerned with the propagation of the slow mode whose

characteristics do not depend on ion motion. These waves are some-

times called ‘ spac e charge ” or “ electron plasma ” waves. They d~ifer

from the ‘ true ” electron plasma waves in an infinite plasma since the

boundary conditions posed by the system bave altered the wave

11
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structure.  Practical interest  in these modes are the possibilities of
• applications in laboratory plasrria diagnostics~ ’ ’ 8 , ‘~~~, high gain micro-

wave device s U O
~ ~~~~~~~ and plasma heating~~

2
~.

The basic experimental results of linear slow wave propagation

have been well documented ( 13 , 14) and good agreements with theoret-

ical analysis have been obtained~~
5’ 16) However , the situation is

different for the weakly nonlinear -egime. Very f ew theo r etical analy-
(17 , 18 , 19 , 20)

si.s of the boundary value problem have been done . The

emphasis in most of these studies has been on the nonlinear coupling

of waves , in particular three wave iziteraction~
2
~~. This problem

takes a variety of forms . Perulli , et. al. (22 )  studied the decay of a

slow wave into two other slow waves with different azimuthal variation.

Larsen~
23

~ used the method of the averaged Lagrangian to analyze

the interaction of three slow waves. Kuhn~
24
~ f o rmulated the sa me

problem from a coupled mode formalism. Aside from experiments

on surface wave echo (spa tial)~
2°
~, experimental work has been confined

to the mixing of two pump waves of different frecuencies to produce a
(26 )

third at the beat frequency

AU of the theoretical and experimental efforts mentioned thus

• far have one feature in corzimon~ they are all concerned with steady

state situations. Recently, transient techniques have been employed

in the experimental investigation of wave propagation in plasrnas.

Voltage steps and pulses (base band and RF) have been used to excite

transient waves. Schmitt~
27

~ was one of the f i r s t  exper imentalis ts  to
use pulse exc itation to study plasmas. He observed the d i spers ion  of
base band pulses propagating throug h a plasma filled coaxial line.

(28 ) - (29 ’Pront , et. al. and Tregrui s , et. al. - used m icrowave pulses to

excite tr ansient elect r on plasma waves in systems where the boundary

had no effect. The only reported app lications of base band pulses to

study the propagation of space charge waves were by .Anicin , et. al. 30)

for  the symetric mode , and by ID ernokan , eta l. ( 3 1 )  for  the dipole

mode. Recent ly Landt et. al. used various types of t r ans ient  input s to

study the linear properties of these mnodes~
32

~ . These exper’.ment s

were limited to the linear reg ime.
In the nonlinear regime , pul se excitations and time domain

12
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observations have been reported by Sindoris , Cheo and Grody~
3’
~ in a

Tonks-Dattner type structure using a home developed device called a

Bouncing Ball Generator (330), which produced baseband puls es 120

picosecond wide at 1. 1 KV into 50 ohm. Other nonlinear transient work
( 34)inc ludes the observation by Ikezi et. al. of the propagation of elec-

tron plasma waves excited by voltage steps , and the observation by

K. Saeki et. al. (48) of electron plasma wave shocks. Manheirner~
49

~
has studied the development of finite amplitude electron plas ma waves

in a bounded plasma with infinite magnetic field using the method of

expansion in terms of a complete set of linear solutions. He did not

include the effect of dispersion , but predicted the steepening observed

in (4 8).
The work in this effort  consists of a comprehensive inve s tigation

of linear and nonlinear phenomena affecting the propagation of very short
base band pulses along a glow discharge magneto plasma column. The
advantages  of this approach ove r nonlinear steady state studies are: 1~
by keep ing the duty cycle low , heating of the backgr ound e lectrons (a

major problem in CW experiments ) need not be considered; 2) 11 the

transient response is short compared to ionization times , back g round

electron density changes will not occur; 3) the ability to observe shor t-

lived phenomenon is g rea t ly enhanced because of the expanded time re-

solution. The major advantage of transient studie s both large and small
amplitude excitations is that we can observe the development in time or
in space of an initial disturbance produced at some point. Tremendous

insight is gained into the competitive effects of dispersion and nonlin-
earity.

The source that was used to excite the transient waves is an im-

proved version of the BBG mentioned in the experiment of Sindoris

et. al. ~~~~~~~ The new BBG produces a. pulse 0. 50 nanosecond wide at

3. 2 XV into 50 ohm. - This generator and the techniques developed

presented us with the unique tools for  such comprehensive studies.

In 111- 2 . of this report the experimental program is presented.

To analyze the experimental observations a nonlinear theory f or wave

propagation along plasma column was developed. Thi s theoretical

analysis is presented in 111-3. In 111-4. the experimental

results are then an~ lyzed.

13
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111-2 . ExDe r imental Pr ogr am
The basic expe r imental set up is shown schematically in f igure

2. 1, where the plasma is the positive column of a g low discharge con-

fined in a glasss tube 175 cm long, with A an d K the anode and cathode

respectively. M-M ’ represents a set of coils providing an axial D. C.

magnetic field up to 1.2 K  Gauss. W G is a removable conducting wall

surrounding the plasma tube. L is a pair of parallel plates connected

to the pulse generator (BEG) which establishes an impulse like d cc-

• tric field in the plasma. The wave evolution in space-time as a func-

tion of initial pulse strengt h is monitored by the receivin g s t ructure  R

on a sampling scope. The work was done in two stages. The f i r s t

consisted of a comprehensive investigation of linear and nonlinear

phenomena affecting the propagation of pulses along the positive

column of a glow discharge. The second stage involved the addition of

a uniform longitudinal magnetic field variable up to 1. 2 K  Gauss and

the surrounding of the plasma column by a ~cnducting wall. Subse-

quently, a description of the experirnenta~ apparatus and procedure is

given.

2. 1 Descrintion of the Aooaratus

2. 1. 1 the plasma

For a plasma. the positive column of a hot cathode , glow dis-

charge in argon is used. Fig. 2. 2 shows a layout of the discharge tube

and its associated vacuum and electrical systems. The discharge

tube comprises two Western Electric mercury vapo r cathodes con-

tained in a round flask and connected by means of a quick glass to glass

j oints, to a 175 cm long glass tube , the end of which is terminated with

a hallow anode. Because of the quick coupler , glass tube sections of

different  diameter may be used. -

It was necessary,  due to the type sampling technique) and

amount of measurement s that had to be performed , t o provide a clean

and stable discharge.  By allowing A r g o n gas to flow throug h the dis-

charge tube at a slow rate ;  contamination , due mainly tc ion bombard-

ment of the cathode , is reduced since such impurities are constantly

1 ” - 
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removed from the tube. To provide effective regulation of the gas
pressure , the argon inflow is regulated by a flow meter valve and

needle valve and the evacuation rate by a high vacuum valve. Adjust-

ment of these valves provide the desired pressure.

Once the discharge is operating, the desired range of electron
densities is obtained by varying the current through the pentode re-
gulator circuit. Stability of the system, over all r ange considered .
was excellent.

Basic parameters of the positive column , i. e. electron tempera-
ture , density , and collision frequency,  we re measured.  Electron
temperature is obtained using the well known method of Langmu.ir
p robe~

3
~~. To measure average electron number density , the cavity

perturbation method is used~
9
~. The cavity is mounted in a ca r r i age

which can move along the plasma. column. The electron density varia-
tion along the column is foun d to be less than 0. 5°~~. During the ex-
periments . the density is constant ly monitored to prevent dr if ts  from
the operatin g point , due primarily to p res su re  variations.

The cavity is also u sed to measure the tota l collision f re quency
of the electrons. By measur ing the change in Q of the microwave
cavity due to the plasma , this parameter may be calculated~

36
~. The

collision frequency of electrons with ions and with neutrals is also
calculated using the equation~~

7
~

v = n  Q v (2 - 1)e~ ~3 e)3

where

/3 ~ implies ions or neutrals

~ ej3 ~ 
collision corssectioxi for collision of electrons with

/3-type particles

v Eaverage velocity given by ur n

n~ E density of /3 p art ic les

For neutrals , at 200 C:

- 
A _ P 273

— 
22400 760 293

where A = 6.02x 10
23 particles/mole

P = pressure in mm.

16
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Table 2.1

Typical Discharge Characteristics

Radius of column . 66 cm

Neutral density (at lj.~) 3.3 x io ’3 crn 3

Percent ionization .01%

Electron neutral collision frequency 17 .2MHz

Electron neutral collision time 100 ni sec.

Debye length X D 1 mm

Electron thermal speed l. 5x 10 8 cm/ sec.
- 10 -3Electron density 2x10 cm

Electron cyclotron frequency .6320Hz

Electron plasma frequency 1. 3 0Hz

18

t I .  - -

- -~ 
-—- - 

~~~~~~~
--— - - ---~~~~~~



- -

Typical parameters obtained using the exper~.menta1 techniques
n’entioned above are shown in table 2. 1.

2. 1. 2 The pulse generator

A Bouncing Ball Generator (BEG) is the source for the pu~ses

used in the experiment. This generator has previously been used in
time domain studies of EM p recu rso r s  and in impulse stimulated
emission from plasmas~

33
~. The generator , at the time of those ex-

pe r iments , produced base band pulses with peak voltage of 1. 1 ki lo-
volts and a risetime faster than 120 picoseconds. For this expert-

• ment, the BBG was modified and is now capable of produc ing pulse s

with peak voltage of 3. 2 kilovolts with approximately 200 picoseconds
rise time. The peak power into a 50 ohm line is 259 kilowatts. The

average power, however , is 4 milliwatts because of the short pulse
duration. The display of the BEG output pulse shown in Fig. 2. 3 is

an X-Y recorder plot of the oscillogram from the sampling scope.

To obtain such an oscillogram , the pulse, after being attenuated 63dB

is applied to the scope through a 60 nanosecond delay cable (RG-9B/u)

of 4.4dB insertion loss. The output of the scope is then used to drive

the X-Y recorder. Also shown in fig. 2. 3 is the voltage spectrum of

the pulse. This is obtained from Fourier analysis using a computer of

the time domain signal. The spectrum is extremely wide , extending
from D, C. and almost flat to I GHz.

To control the amplitude of the pulse , wide band attenuators
(OR type 874-GL) are used at the output of the BEG. Also at the out-

put, a pre-trigger pick off has been installed to obtain a tri gger signal
for the scope.

2. 1. 3 Parallel p late st r ucture

To couple the BEG pulse to the plasma, a section of parallel
plate transmission line is used. The parallel pla te coupling struc tur e
consists of a wide band coaxial to parallel plate transition which opens

up to a length of uniform transmission line , then tape rs down again to a
coaxial line. The line is then attenuated by 20 d B and terminated with

a 50 ~2 load. The dimensions of the s t ruc ture  a re  such as to keep a
constant 50 ohms characteristic impedance along the structure over a

1~
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wide range of frequencies. The plasma tube is inserted perpendicular

to the plane of the plates through holes made at the center of the plates ,

as shown in fig. 2. 4. The holes are made to fit tightly around the

column.

The plate structure is a very good wide band coupler with an al-

most f lat passband extending f rom 50 MHz to approximately 2 GHz.
This feature of the structure made it a suitable coup ler in the pulse

experiment s because of the wide bandwidth of the exciting pulse. A
similar structure is also used to couple the propagating wavepacket to

the sampling scope. The receiving plates are mounted on a carriage to

allow for movement along the column.

2. 1. 4 Sampling scope and recorder

To observe the input pulse and the propagating wavepackets, a

Tektronix 564 storage scope with sampling plug-ins is ~ised. To
• facilitate further analysis , the observed oscillograrns are also re-

corded using a Hewlet-Packard X - Y  recorder  connected to the output
of the storage scope.

It must be remarked that the samp ling technique for observing fast

transient time phenomena requires that each experiment be identical.

Thi s in tu rn demands that the input pulse be identical for each experi-

ment and that the plasma relaxes to its initial state before  the follow-
ing pulse arrives at the launcher. The last condition may be ascer-

tained by comparing the width of the packet with respect to the pulse

separation. However , considering that the BEG is an electromechani-
cal device , it is remarkable that the pulses it produces are identical

• within a few percent of each other, to the extent that the tec hnique

was succesful.

2. 2 The Exp eriment
2. 2. 1 Zero axial magnetic field

For the investigation , the apparatus described in section 2. 1

was arranged as shown in fi g. 2. 5. The output pulse of the BEG , after

attenuation to the desired voltage , is coupled to the plasma through the

wide band parallel plate structure. A ~0 nanosecond delay cable is

osed between the generator and the plates. For high amp li tude pulses,

21 
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difficulty is encountered with reflections from the olates (due to a

small mismatch), that travel back to the BEG. At the BEG, these are

once again reflected (the BEG is an open t ransmiss ion lIne ) and re-

turn to the plates generating unwanted signals. By introducing the de-

lay line , the reflection arrive s at the plates 120 ns afte r the original

pulse, long after the observations are made.

The plasma column is inserted perpendicular  to the plane of the

plates through the hole s at the center. The holes are  made to fit

tightly aroun d the column. As the pulse pro pagates along the parallel
- 

. plates , the reg ion of plasma within the plates ( 1 cm separation) feels

uniformly around the column the effect  of the electric field of the pulse.

The field is directed parallel to the axis of the column , such that elec-

tr on s are accelerated towards the anode.

With this mode of coupling, circ ularly symmetric waves are

exc it ed in the plasma and they propagate along the column towards the

anode. To prevent waves from prop agating towards  the cathode , the

section of plasma between cathode and launcher is surrounded with a

copper sheet and no wave can propagate under those conditions.

More will be said on this in chapter III. Since the tube is of finite

• length, wide band microwave absorbers are used at the end of the

column to prevent possible reflections from the anode and into the

receiver .
The receive r is mounted on a carriage and can be moved along

the whole length of the column. These plates pick up the longitudinal

electric field associated with the propagating wave. The field strength

is displayed on the sampling scope and also plotted on paper using the

X-Y recorder. A trigger pulse from the BEG is used to proper1y

synchronize the time of sampling.

Two types of oscillograms were recorded. First, for  a flxed

position of the receiving plate , oscillogram s in time were taker~. The

analog output of the scope drives the Y axis of the plotter , while the

scope ’s time base is used to drive the X axis. n this manner , a replica

of the trace that appears on the scope ’s scr een is plotted. Secondly,

the spatial distribution of the waves , for fixed sampling time , were

obtained. The Y axis of the plotter is driven as in the time measure-

.
~
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• rnents; the X axis howeve r is dr iven  by a vo ltage prop ort ional  to the
- • position of the receiver with respect to the launcher . The ar rangement

is shown in fig. 2. 6. A constant voltage is applied across the potentio-

~ meter. As the crank is turned to m ove the probe , the arm ci the

potentiometer rotates a distance proportional to the probe ’s motion

• along the axis of the column. Thus the voltage of the arm is equivalent

to the distance of the probe with respect to the structure. This voltage

increases continuously as the receiving structure moves away from the

launcher.

Both types of oscillograms were taken under different operating

conditions. The argon discharge was operated over a range of neutral

gas pressure and D. C. discharge current. The pressure was varied

from 1 to lOp. Hg and the current between 20 and 300 mA. In this

domain , the electron temperature ranged between 2. 5 and 5 eV . kthe

• high temperature corresponding to the lowest pressure), while the

ave rage electron densities were of the order  of 10~~- 10
10 cm 3 

~the

low densities corresponding to the lowest pressures and discharge cur-

rents). The range of electron collision frequencies has been tabulated

F in sec. 2. 1. 1. To investigate the effect of column radius on the propa-

gation of the waves , co lumn section of diameters;  .6  cm , . 952 cm

and 1. 32 cm, were  used.
Finally, the characteristic of the waves as a function of exciting

pulse polarity and amplitude were investigated. A BEG was also

constructed to produce negative pulses. For a negative pulse , ions

are accelerated towards the anode. Since the amplitude of the BEG

pulse (both positive and negative) is constant, attenuators are used to

obtain the lowest desired level of excitation (this corresponded to ap-

proximately 100 volts). Then, the peak voltage of the exiting pulse

(numerically equ~ 1 to the longitudinal electric field the charged

particles between the plates feel) is progressively increased (by re-

ducing the attenuation) to its maximum value. In taking the oscillo-

grams , each time the exciting pulse is increased , the received waves

are attenuated by a corresponding value to keep the gain of the system

fixed, allowing direct comparison of the profiles of the received

signals.

25
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2. 2. 2 Finite axial magnetic field

To study the propagation of large amp1i~~de pulses along magneto

plasma column s , a unif orm magnetic field of strength up to 1. 2 K

Gauss was added to the set-up of fig. 2. 5. The field was produced by

seven ESI 49 coils ~ rranged in such a fashion that the magnetic field
variation over the test region was only ± 1% . Moreover , the test

section in fig. 2. 5 was surrounded with a conductor , except at the

launcher , and receiver  locations.
Initially, the same method (i. e. tube inserted perpendicular to

the p lates th rough holes made in them) was used to couple the pulse to

the magneto plasma column. It proved to be very ine ff ic ient  in excit-

ing propa gating bulk waves due to great coup ling losses. The tube sec-
tion was then redesi gned and copper rings were inserted such that the

paraUel plates were in direct contact with the plasma. This improved
the couplin g greatly and proved to be necessary to launch the waves.

The modified set up is shown in fig.  2. 7. Similar recordings as for
the case of no magnetic field were obtained under different conditions

of: plasma frecuency, magnetic field strength and background neutral

pressure.

Before presenting the results of the experiments (both with and

without magnetic field), an analytical formulation and analysis of the

experimental conditions will be given in the next chapter. in the light
of knowledge acquired from such analysis experimental data will then

be presented and analyzed.
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111-3. Analytical Formulation of the Ex~erinient

The problem posed by the expe riment is as follows: a plasma column

of circular cross-section of radius b, and infinite length, eithe r in f ree

space or surrounded by a-conductor, is excited at z 0 by a finite ampli-

tude source of electromagnetic radiation. In general, a finite axial D. C.

Magnetic field is present as shown in Figure 3. 1. The spatial and tem-

poral evolution of the excited bounded mode s is investigated. Thi s ana lys is

involve s the adoption of an appr~~riate idealized model which is mathe-

matically tractable.

3. 1 Analytical Model
Consider a homogeneous plasma column irnbedded in the gas from

which it is formed by partial ionization. The plasma is considered to be

a cold electron gas moving through a stationary neutralizing background

of ions. The dynamical interaction between electrons and the background

is described ~by a constant collision frequency LJ
c • The interaction is as-

su.rned to be such that there is no loss of electrons due to ionization, re-

combination or attachment. Since the percentage ionization of the discharge

is low (. 01%), it may be ass’~imned that is basically the electron neutral

collision frequency. The fact  tha t the back ground density of the discharge

is dependent on radius, undermines the assumption of a uniform plasma

column, but a compromise is necessary if the finite amplitude ana lysis  i s

to be mathematically tractable. The effects introduced by the inhomo-

geneity will be discussed at the prope r p lace .

Quantitatively, Euler’s equations will be used to describe the dynam-

ics of the electrons~
37
~:

d~n + T 7 . n v =  0 ( 3 - 1 )

mnd~~ ÷ rnnv ~7v ÷ mnv v + enE -
~
- nv x H = 0 (3-2 )

where

n(r, t) electron number density

v ( r , t) ave rage electron velocity

v collision freque ncy f or momentum t rans fe r between
c electrons and neutrals

E (r , t) ; electr ic  field in tensi ty

background magnetic f eld intensity  

- ---— -- --~~~- - -  
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When stated in the form of ( 3— l ) - ( 3 — 2 ) ,  a se ries  of assum ptions must
be appended to the exact Euler system. These assumptions may be found

in a sth .ndard text on plasma dynamics~
33

~.
Since it is our interest to s tudy the inte raction of the above pla sma

model with an electromagnetic field , Ma xwell’ s equations must be ’added

to ( 3 — 1) and ( 3 — 2 ) :

V x E = _ .L0 dt H ( 3 - 3 )

V X H = e d t
E +J (3_4)

where

J electric current source.

involve s all ele ctric cuf ~re nt densitie s presen t, applied ~r induced. The
interaction of plasma and EM field occurs thro ugh the cuantitie s and
ne E in a self-consistent manner. ~Exp licit1y

J = 3  + 3  ( 3_ 5 )e .~app _c

where

externally applied electric current

~ electr on convection current in plasma and is
given by

= - env (3 - 6 )

Othe r ccntributions to 3e (such as polarization, currents , drift currents

due to p lasma inhomogeneit ie s , E x H dr i f t s , etc; and conductio n currents)
will be neg lected. Equations (3- 1)- (3-6) form a determinate sys tem of
equations through which any interact ion p roble m may be studied , once 3apn
is specified.

Redefining the product n v  as a new variable :

( 3 -7)

and conside ring a which is a function of space and time a~ composed of

two pa rts : a time independent ?art  or back ground and a time dependent
part or fluctuating term:

31 
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n( r , t )  ~~~~ n ( r ,  t) ( 3-8)

where

a
0 

back ground electron density
n time vary ing electron density

and a >~n.

The system (3- l)-(3-6) s imp lifie s to~
39
~:

d
~
n+

~
7. u 0 (3-9)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3 - 10)

V x H € d E- eu+ J  (3-Il)o t ~~ — app

V x E = _ / . L 0 dt H (3-12 )

To thi s set of equations, we also add

v • £ = - e(n  - a )  = - e a (3-13)

and

7’  H =  0 (3-14)

Formally solving equations ( 3 - 1 0 )  to second orde r in u (see Appendix 1)
and using the results  in eqs . 11; the system is reduced to~

7 x H = € . 
£ + N(E)  + 3 (3-1 5a)

— — app

7 x E = - 
~. L d t H (3-1 5b)

where E is a linear ope rator give n by:

-. (E d 1 ÷ e T I )
0 t —

and N(E) is a nonl inear term in give n by:

N ( E )  — r T ( T~ rI E rI E 2

1 ; unit dyad

32
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Decompos:r i g the gradient  opera tor  as 7 - d z , ~ q 3- 15 may

be cast into a fo rm appropriate  for  g ‘.ided wave ana lys i s~~
0
~. -

Written in operator fo rm :

( L + I d ~~) 1, = N 
~~~~

) + i 3 ( 3 - 1 6 )z a p p
where , f or p < b (wher e b is the radius of the column)

i - €  d~ l - e f l  7 l~~I o t — .  t — ‘  I —
L— I f 

( r ,  t )  I ( 3 — ~ 6a)
- -

/ 0 - z x I ~. /N (E~I — o _ ~~ I —

r—.. — N ( -  ) — 
~( ( 3 - 16 b )

l z x l  e I
~~~~-0 

/

for p >  b , n 0~~ 0 and the equations reduce to Maxwell ’s equation in

f ree  space.
Along with these defining equations , boundary conditions must be

specified. These are:

For a column in free space

a) plasma boundary is assumed sharp

b) at p b , tangential E and H fields are continuous

c) so lutions must be finite everywhere
d) conditions at the source will be defer red  until la ter

When the column is surrounded by conductor , the abov e conditions

apply except that b) must be restated as: Tangential E and H f ie lds

are  z ero p b .
Now we proceed to obtain .a solution to the above posed problem.

As a matter of convenience , the source term in Eq. 3- 16 will be
dropped until the time it needs to be considered to interpret the

experimental results.
Taking Fourier  t r a n s f o r m  in time of 3- 16 , one obtains:

~~~~~~ ~
(!, + t L E , J ) N L~~L..’) 1 3 — I ~~
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where the transformed operators are obtained from Equations 3-

by reco gniz ing  that dt
_ 

- L~ in t he t r ans fo rm domain and that  the
t ra ns fo rm of a product  is the convolution of the individual t r a n s f o r m
(see Appendix 1) .

We shall seek solutions of the problem in the f o r m  of an expans ion
in t erms of the eigeri .funct ions of the t ransverse, lossless opera tor  L0,
where L0 L 

V c= 0. Assume that ‘~
- ( r , ~~~~

) lies in the space sp anned

by the t r ansverse , lossless eigenvectors ;  moreover , t hat the op era to rs

in £q .(  3- 17) act on this space - Then ( r , 
~~~~

) may be rep resented

as:

~~~~~~~~ d ( z ,~~)~J j ( r ,~~) (3 -18)

where the eigenvalue prc~ lem f o r the is defined:

L (
~ L , 7~

) :Li ~~ r~- (3 - 19)

the eigenvectors  
~Lia possess the orthogonality proper ty

(u, , r~~ ) = (3-19a)

Usin g this property of the tL~~ ’~~, the amplitudes in Eq.  (3 -1 8)
are fou nd to be given by:

= ( b ,  1’~b~~) . ( 3 - 2 0 )

whe r e ~ is the actual nonlinear , lossy f ie ld . The equation for
determining the co-efficients aa may then be obtained as follows:
Scalar multiply Eq (3-17) by ~Li and ( 3 - 19 )  by ~4’ and subtract:

(i , , Lvi ) - (th, L t ~~) + ~a ( r ~- ,~, ) ~- K ~~~~~~~~~~~ ~~~J

or

I rA, (L-L )rA , 1 ± i a  ~ , r L ÷K ~~~~rL, , r~~ ={ N (rA i) , rb~J

identi fying (L-L 0 ) as the loss operator v, using Eq. (3-20) and then

replacing ‘~~ (p , ~~~~
) by the expansion E qT ~3- 18) , we obtain for the

amplitudes:
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_
~ (z ,~~ ) ± K ( ~~) CL (z,c.)+ i~’(~~) j~~(z,~~)= i[~~~ , N(~~~E)1 (3-21 )

where - ( ( (~ ) (~i ,  Li

Thus, the solution of the field problem is cast into a study of the

evolution in z of the modal amplitudes To arr iv e at an ex~1icit form ,

we must ev aluate the two inner products involved. T o do this , an

explicit form for the eigenvector s , rb~~
, must be obtained. Keeping

in mind that the goal is in the analysis of the experimental results , we

are interested in obtaining a set of eigenvectors to represent  the guided

field produced by an electric current source directed along z and

ind ependent of ~~. 
These are obtained in Appendix 2, fo r  both 0 ,

and H 0. The results are summarized below:

For ze r o magnetic f ield , the discrete spectrum contains a sing le

cigenvector and the corresponding eigerivalue , i. e . ,  r i =  I . The

proper ly normalized eigenvector , i. e. , normalized as in Eq. ( 3 - 19 a ) ,

is g iven in component f or m:

(K~~(~~)/~~€Q)
1/2(i,~~~)

1/2 
~

= ( 3 -2 2a )
rip

1 ‘2 i/ Io (ic b) K ( K  2 p
(K

~~
(c

~ )/~~
€ 0 ) / (1/ 2~3 )  K (K ,b) k 

~ 

p > b

I ( K ~• 
p)

K 
p < b

H e = (3 -22b )

I (,‘~ 
b) K ( K  P1

(~~~ € /  K~~(~~~)) ’~~~ ( 1/2  ~ 2 O~~~ i 
p>  b

i( 1/~~€ K (~~))1/2 ( 1/2~~) 1/a 
~ 

p) p < b
0

E = ( 3 - 2 2 c )
1 ( K  b)

/ .1.

i( 1/~~
E0 K~~

(
~~

)) ’ ( 1 /2 ~~ )12  
K b )  

K
0
(K p ) p  > b
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I~ , I0~ 
K0, K 1

, are the modified Bessel functions 01 the given order ,

K , K and the eigenvalue i<(... ) (the ~ may be dr op~ ed f rom the
.J . 1  i. .7
eigenvarue; however, it will be retained on the eigenvector so as to
differentiate it from the total field ) are related as follows:

-, 2 2 2 9
K K - ( 1 - 

~~~~~~~~~~~~~~~~~~ K~ ~3-23a)

K
2 

K
2 

- K~ K~ 
2 (3 — 23b )

I (ic b) K(K b)
2 2 l~~~~i 1 -~(1 - 

~~~~~ 2 + K K ~ic b) 0 (3-23c)
K 

0
(K ~ 0 2

~~l ~~1

For low Magn etic fi elds 
~~ 

<~~~ ), column su rrou nded by conductor ,
we make the assumption that the waves are  slow and the r e fo re  are

- 
- primarily of a TM type. (8) The exact cigenvector s are then approxi-

mated by the quasi-static e igenve ctors :

E = iAJ (K P) (3-24a )
0

€ 
J ( K  p)

E~ = A K ~~~~ K 
( 3 -24b )

£
1

J ( i c  p)
1 L

H A~~c E 
________ 

(3 -24c ’~
K

.1. 1

Where J ,  J
1 

are the Bessel function of the first kind ,
2 2

L)

E
3 O [

1
2 2 ]~ ~~~~~~~~~ K - K ~~~~~a n dK b = p  ( 3-24d )

o is the at h ze ro  of J . The normalization constant is ~iven ( f rom
0

Eq. 3- 19a) by:
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K

A = .
~ 

( 3 - 2 5 )
(~~ K € /~~ 

) l/~ € bJ (K b)
a o l  3

In the limit of large magnetic fields ; i. e. ~~~~~~ > ~ ~ c”~~p > > 1 ;

the eigenvectors are obtained from the exact equations and are given

by:

E = iA’J (K p) ( 3 -Z ô a )
0

K E
E = A’ —s— 3

1
(K p) (3 -26b )

K

(~~€ €
H = A’ 0 J

1
(K p ) ( 3 -Z ô c )

a
8 

K

where

2 2 2
K = € ( ~~~~~€ - K )

o o  ri

K b p

and the normalization constant g iven by:

K_ 
— 

~I-~(~~ K € ) 
/ — 

~bJ 1 (K b)r i o  £ 1

For completeness , the pro pe r ly normalized ei genvectors  fo r  the case
of a column in f r ee  space with an infinite magnetic field present  a re
also de rived in Appendix 2 , but not reproduced here .

Using these ei genvectors , the various t e r ms in equation 3 - 2 :
can be eva luated exp licitly. Expanding the various inner product , t~~e
amplitude equation may be rewr i t ten  as:
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±d~a~(Z , 
~
J)+K

~
(
~
)a
~
(z, ~) ÷ i - (

~ )a~ (z , — )

= 

~~~~~~~~~ ~~~ 
a~ (z , 

~~ 
a~ (z , 

~2 )6(
~ l ’~ 2

)d~ 1d~ 2 ( 3 - 28 )

where t(c~~,~~ i’~~ 2~ 
is the Kernel of the integral operator. The

effects of collisions have been neglected in R.H.S. ~~~ (~~~~) 
and

are given by (see Appendix 3):

For z ero magnetic field , column in f r ee space ,

• 2
____ [P(~ , 

~ l’ ~ 2’ p) - W(~ 
~~~~~~

‘ ~ 2’ p)1 pd p ( 3 -2 9 )
1 2 o

where

K(~~1) K((~9 )K(~~) 1/2 ~, ( 2 )  ~, ( 0 )  ~~ ( 2 )

= 

(~ l~ 2 ~2
1
~
2
~
0 ) ~~ 2 

K
2 

K
1 

( 3 - 2 9 a )

( 
K(~~1

) K ( ~~) \
l/2 

(2)  ‘1 ~~

‘~~i’~~2’ ~ K(~~~~) 

~~~~~~~~~~~~~~~~~~~ 
~ l~~2 ) ~ 0 

K~~
0

~ K~~
0
~

/ K 1’.~ “ ~~~~~~~~ 
r 1(2 )

~ 1 ‘ 2’ — 

~~ i~
2 -

~ i
(0) 1 i

(0)

~~~~~~~~~~~~~~~~~~~~~ ~ l~~2 [ 0 0 0 - 

~~~~

(3 -2 9b )

— f ( ~ .) i 0, 1, 2; ~~~~~ and the prime denotes and

2 1
1
(K p) I (~~~ 

p)

~~~ ~~~2~~~2 ~~~~ I K
2 ~~~~~~ 

f  
K ; 

p dp ~

For small axial magnetic fields , column surrounded by a

conductor:
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r 9 -7 -) -,
-eE I I c~ \ ~~p p 

± 
P C

2 . 2 1  2 2 2
L \ ~ ~ /~~ ~

~~~~~~~~~~~~~~~~~~~~~ 0f3~K , 
~
:) p d  - 

c 

(3-30)  ~

this form of 2 is obtained by using the assumption that the maximum

contribution t o the nonlinear term is du e to the coupling of the long i-

tudinal component of the total field. Thi s is consistent with the quasi-

static assumption (see Appendix 3). When the axial field goes to

infinity,

-
- r ~ 9

-e€ I 2~~~

~ m~I p 
÷ 

0

L~~~~1 ’
~~2 

(
~j U

1

p ) p  d p (3 -31)
o

Note that equation 3-30 reduces to the above equation in the

limit ~ —u: .c
The collision term is given by:

-‘I

9 9

J A~~~ ) J ( K p) p d  ( 3 - 3 2 )
° I.. 1

The above forms of 2 and ‘y apply for the column in free space,

with an infinite axial magnetic field present . However the proper

normalization A(~~) must be used (see Appendix .2 ) .

To continue the anal ysis , the functional de pendence of K on

must be obtained.

3. 2 Functional relation between K and ~a
a) No axial magnetic field:

Since there is only one mode present, the functional relationship

may be obtained from equations (2-23). This set of equations is



t ranscendental and an explicit solution for  K
~ 

in terms of ~ is

impossible. Computer solution of these equations is shown in f igure

3. 2. In order  to car ry  analytical methods fu rther so as to gain

insight int o the phenomena , an approximate analytical function of

will be used for  K
~~~

. The approximation is derived from the behavior

of K~ 
in equations 2. 23 for large and small ~~~.

For a—O , equation (2-23c) reduces to:~~
6
~

- (,c~b
2 -:~b

2)ln (K~b
2 - b )  Kp °

where Kp = 
— K0 

= c speed of lig ht.

Equation ( 2 - 2 3 c )  may be furt her reduced to

/ 2 2 \  1/2j  I (K p) ~~ b \

K
~ 

= ~Kp 
1
1

(Kp ) + 

2c ) (3 33)

thus for ~ — 0, K and are linearly related. Moreover,for

a resonance is observed. The appropriate choice of

approximate equation must take cognizance of these facts. Such a

choice is given by:

2 2 /
K =~~~~~i - , (3 -34 )

a 2
V

2 
~ 1-2 /

2
o~~ p

where

= ~~~
2
b

2 

(KP 
10(Kp) 

+ 
~

2b 2 )
° p 11(Kp ) 2c

the values of K obtained from (3-34) were compared with those

obtained by computer solution of equations (3-23) and (3-34). The

values oi v obtained for a best fit were:

(. 5 163422) ~~~ for  14 point fit
V (3 -34a)

(. ó7 63) _
~~~b fo r  21  point f~ t
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Since for the range of interest ~- < . ~~~ ; equation ( 3 - 3 4 )  may be exo an ded
as: 

-

~~~~ (1 2
/

2 ) (3 35)

where only the positive mode will be considered. Equation (3-35) i~
the desired relationship for  the no static magnetic field case.

b )  Weak magnetic f ields;  column surrounded b y conductor
From equation (2 -24d) ;  solving for  the propagat ion constant ~

8
~

/ ~~9 r
- I p \ I• 2 i n i  p cK~~~~~~~~~~) I 2 2 2 2 (3-30)

‘ / 
L~~~ 

~~~~ ~

For 
~ c <~~~~~ the low frequency passband of equation (3 -36 )  is

similar to equation (3-34),  except that resonance now occurs at
For r~ < <~~~ and fixing on modes moving in direction z > 0;C p
equation (3-36) may be approximated by a:~ equation similar to (3-35)
as:

K ( ~~) = K ( -
~~) 

~~~~~ ~ ~~ ~
2 / 2~

(~J ~b p cwhere  v = — - . . -s p 2 2~~~, 2n (~i +~~p C

When the magnetic field goes to infinity, K
~ 

is given by:

~ ~ K
K K . - -

~ 0 r 2 , 2
/~~ I

again, in the region of interest, i. e. slow waves , the above beco mes:

9 - )  .)

2 
K~~~~ /~K =

ri 
( j

2

/
2

)p
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or

K = K (~
) 

~~~ (1 + 1/ 2  2 / 2 ) ( 3 -38 )a v p

W here v ~~ / K  and K p i b .  (3-38a)
~C p .L. i

By equations (3-35), (3-37) and (3-38), the coefficients that appear in

the amplitude equation (3-28 )  have been exp licitl y de fined. In the next
section the final form of the amplitude equation is obtained .

43

_ _ _ _ _ _ _ _ _ _ _ _ _ _  --
~~~~~~~~~~~~

-- - - -
~~~~~~~~~~~~~~~

- -_ ---



F ~~~~~~ 
— - -

~~~

---- _ 

~~~~~~~~~~~~~~~~~ _~~~~w- -_ -

3. 3 F inal Form of Amplitude Ecuation
Using the approximate relations , der ived in 3. 2 , between g

and ~~
; Eq. (3-28) may be written in its final form.

A. No Magnetic Field:

Using Eq. (3 -3  5), Eq. ( 3 -3 a ) ,  and the result s of Appendix 3 in

Equat ion ( 3 - 2 8) ,  we finally obtain for  the modal amplitude :

id~~~~ (z~~~)+ (_~~— + a a , ’~~
+j  

~~

=c 1 ~~~ 
a ( z ,~~2)a (z ,~~1) d \ ± c , ~~~~

+ ~~ 3 ~~~~~~~~~~~~ 

a (~,~~
) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(
~~ 2 a (z , w 2 ) a ( z ,~~ ~~~~

(3-39)

where: dX. — 5 (~ ~~~~~~~~ 
d c ~~1 dc,~2

1~ ~~1/2
C 1 = ;~

- —
~•g~ ~ 

2 ~~ 3 
) 

(3-39a)
2 ~~~~ v

o € o

( ~~~~~ l / 2
C, = — -

~~~~ 0 6 
) 

(3 -39b )
2 v

p d  0 0

1/ 2
= + -~~~~ —~~~- ( 6 3 ) (3 -39c )

2 ‘
~p~
’d ~o ~ o

‘~ v ‘ 1/2
c - 2 .i__ ° - ( 3- 3 9 d )4 m 2 b ’ 2~~~~~

‘~_ (~.) V
p d  o

and is given in appendix 3.

Multiplying by -i , an d r ecogn i z in g that ~~~~~~~ — , the above equation

t r a n s f o r m s  to the time domain as ,
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d a (z , t ) + ~~~ d ~~~i z , t ) -  , d~~a Z , t T ~~~~~~~ Z ,~~
- =c , a (a~~~ I z , t )2

z a -~~ ~ v - - a t t ~
o p

+ C Z dt (
~~~

d
~

2
~~~

) ÷ C 3d~~Q. (z , t )  dt Q ( z , t ) ± C z , t ) d
~ O~~z , t ) .

Expandin g the R. H. S. of the above and collecting terms:

d ~1 (z , t ) +  ~~-d  Q (z , t ) -  1 d 3
~2 ‘z , t ) 4- —~-O~ (z , t )

V
0 

t a t a V a
o p

= C 1  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3-40 )

where  C~ = 2C
1 ÷ C 2 ÷ C 3

this equation is the f inal fo r m of the amplitude equation. :t holds for
times such that a (z , ~~~~ ) = 0 f or ~ >~2 • Moreover , the linear damp-
ing term must be modified for cases where ~~l. (z , 

~
) ~ 0 for  ~a — c

These implications will be d iscussed in section 3. 4.

3. infinite Ma&netic Field.
The final form of the modal amplitude equation for  this case is

obtained using equations (3-3  1), ( 3 -3 8)  and the results  of appendix 3
in equation (3. 28) . Note that from Appendix 3 , it has been assumed
that only a sin g le mode (the lowest o rde r )  is propagat ing  i. e .,  the

a ’s reduce to only one. For the case of a metal  conductor sur-
rounding the plasma column ,

/ 3 \
i d  0- (z ,~~ ) + ( — ~— +  ‘

~ ~, 1 ~2 z , -~- i C CL z ,~~~Z a 2’, ~ -) a ~
.. a

=C ~~~ J w 1 Q~ , 
~~~ ~~a~~’ ~ ,) d \  ( 3 -41 )

3 e ( ~ ____ ____ 

; ; -k  -~~~~

where  C . = —t  —
-t m~~ b / 4 ‘

~
\ 

/ 0 .~
? 1

and C0 g :ven :n A~ oen di~ 3.
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3 -, 7
sin ce j 

~~ ~ < ~) d ~ = . 7 2 b / 2 J ~~ ( kb)
0

k 3
C = 1. 08 -

~~~~ 

—

~~
—— 4 ‘1 €

~~ 
(k b)

maltioly ing by -i and t ransforming  into time domain:

d Q _ t Z , t~+ — ~—— d Q~.( z , t) - 
1 d 3

~~- ( z , t ) +  C ~t. (z , t)
z a - v t a ., 2 t a c a

= C4 a
t ) d t~~~a~~~

t )  ( 3 - 4 2 )

when there  is no conducting wall p r e sen t , the constant  C 4 above is

g iven by:

C~ = 2 m 3 b 
~3 -4 3 )

where v~ is given by: (3 - 3 8 a )

E quation ( 3 - 2 8)  is a Kor t - .veg -de Vries  equation with a damflin g t e r m

f or the modal amplitude. It is valid only up to t imes  when the f r equ en c y

spectrum of i2. (z , t )  contai n f resuenc ies  close to ~~ .a - p

C. Weak Ma gnetic Field1 column s u r r o u n d e d  by a perfect  wav eguide .
The derivat ion follows the same fashion as that leadin g to

equation (3 -4 1)  ( see  A~ pend ix 3) ,  with the except ion that the constant

coefficients are di f fe ren t .  From eqs. ( 3 - 3 0 ) ,  for  t he nonlinear t e rm;
equation (3 - 37 )  for the dispers ion relation and 3-~ 5) fo r  the normali-
zation constant , we have f rom appendix 3:

d ~~~
. (z , t )  + — ~-- d C~.(z , t ) - 

1 
, d 3

~~-~z,t)
Z a v s t a  ~ t a

S c

= C ’~ 2- z , t )  ~~~~ z , U 3-44
4 a - a
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where  C ‘ collision coef f i c i en t  and is a~~~roximatelv ~iven
C - .

by ( 3 - 3 9 )

C” - 
( ‘~~~~3 J(~

2 
~~~~~~~~ 

‘J 3 ( k c ) d

4 - m ~ b ,1 ~~4 3  € ,~ ~~~ ~ )
P c  1

3 ~~~2 2 3
V I k .~ +~~C” — 3 6 — ~- _ _  

c ~~~~~ 1 p C
4 - rn ‘o ~~4 €~~ J 1 (k b) 3

p C

Equation (3-44a) is also a Kor tweg-de  Vr i es  equation for  the model

amplitude. For this case , it is valid up to times when the f r e q ~~ ncy
spectrum of 

~~ a
(Z

~ 
t )  contain f requencies  close to the Cyc lotron

frequency, _

~~~~
•
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3. 4 Analy s i s  of the Amoli tu de  Ecuat ion

Comparing the magnitude of the t e rms  on the ri ght  han d side of
equa tion ( 3 -3 9) ,  we find that  the last t e r m  [the t e r m  whose Coei .i ic ient
is C

4 ] is the dominant one. From equat ion ~ -37of Appendix 3, ob-
serve  that this te rm a r i ses  f rom the nonlinear coup ling of the long itu-
dinal e lec t r ic  field of wave s of d i f ferent  f r equenc ie s .  Since , f rom
equations (2-21) ,  the magnitude of the long itudinal field is g rea t e r tha n
the t ransverse  field , it is expected that the s t ronges t  n o n l i n e a r i ty  would
resul t  f rom in~~ ractions involving onl y the long itudinal components  of
the field. Neglecting the othe r two terms in the R. H. S. of (3-39), the
resulting equation has the same fo rm as equation ( 3 - 42 ) ,  i. e . ,  Eq.

-
‘ 

(3-39)  reduces  to the K-dc V equation.
Thus the evolution in z of the modal amplitude s is descr ibed  by

an equation of the K-dc V ~~pe. This resul ts  in the recognition that
propagation of large amplitude slow wave s and surface  wave s along a
p lasma column belong to a very genera l  class of nonlinear wave phe-
nomena , i. e. , nonlinear d i spe r s ive  waves .  It is important to note
that the sign of the nonlinear t e rm in (3 - 4 2 )  is opposite to the co r res -
ponding one in (3-39) .  This di f ference resul ts  in qualitatively diiIe rent
behavior of the solution which will be discussed in the next section.

Noting f rom Equation (3-1 8) that, since for  eac h case we a re
onl y conside ring a sin gle mode , the field solution is :

— 1(~ t 0C~)
~ ( p ,  t ;z)  = 

~ ‘~a~ ’ ~ ~~~ ~
)e

where ~~~(z ,~~ ) and ~- (p,~~ ) are give n by E qs . (3 -39) and ( 3 -2 2 )  res-
pectively, for  sur face  wave s and by Eqs.  (3 -24 )  and (3 -42)  resoective-
ly for  bod y waves.  In particular, for  the longitudinal el~~ct r ic  f ield
of the waves:

E ( o , .~ ;z)  = ~Z ( Z , ~) E (p, 
~

Putting in the value for  Ea(P~ ~~~ ) for  eithe r case , we find in the regime
< 1

E (p, ~ ; z ) ’ - co nst  . i~ ~~~(z , 
~~~ ) ( 3 — 4 3 a )
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or f ro m invers ion:

E (p, t ;z)~~ - con st  ~~~~ (z , t) . ( 3-4 5b)

This resul t is ve ry conve nient s ince it allows the solution of E qs.

(3-42)  or (3..39) to be immediately associated with the long itudinal elec-
tric field of the wave. Thus the Modal Amplitude acts as a potential

whose time derivative is proportional to the long itudinal E field.

Rewri t ing equations (3-42 ) and (3-39) as

a z~ 7~a~~
, t) 

~~~ ~t~~ a~~~~
t) - Cd aa (

~
, t)  + C:~~~~a

(Z , t)

-
. 

- C 4 ~ 
(z , t)  

~~
, t) = 0 (3-46 )

where

( v 3 = 00 0

v B to
t to _ o

v Weak E
5 0

No magnetic field

Cd = l/2~~
2v Infinite magnetic f ie ld

l/ 2 v 5~~~ Weak magnetic field

v / v  No magnetic field

C tcolumn sur-c1 ( rounded by per-
C Inf inite Magnetic field~ f ec t  conductor

C column in f r ee
2 ~ ~~space

C c Weak magnetic  f ie ld
3
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1 e /V o 1 No magnetic( 2 mij € 3 field
0 vd

Infinite mag-
3 e  1 i~~~~— — — 1— net~c fie ld;
2 m v~~\/ ~ o column in

II f r ee  space

e k~ ~ ~. 
Infinite mag-

1, 08 — — — I— ne tic field;m b 4~ j e  J,(k b)o i. column surrounded
by pe r fec t  conductor

Ic3 , 2 ,~~ 2 3/2 ,—~
.36 e -p.. - W eak magnetic

3 rn b ~~~ J (k b) f ield
y o  1 - .

With the observat ion made in (3-45 ) ,  Equation (3-46 ) may be
used as the starting point for the study of pulse prop agat ion, of limited

band-width and finite amplitude , along a plasma column with infinite
axial magne tic field , or with a weak magnetic field , re spectively.
Ikezey et a134, using quasi-static approximation derived a ~-1-de- V
Equation for the evolution in time of the potential of an electron acous-
tic wave propagating in a cylindrical plasma column in an infinite mag-

netic fi e ld and surrounded by a pe rfec t  c onductor .
The K-de-V equation can be obtained for other kinds of plasma

wave s, for  example ion wave s in a cold p lasma fo r the case >> ~
r4~ i r~ 3i cc pe

hydromagnetic waves1 J , and for other wave phenomenaL ~. For a

comprehensive survey of K-de-V l i terature see [44].
As previously pointed out we could not operate the experiment

in the regime >> ~ . Results were obtained only for  = 0 andCe - ce

~ ce < 
~ pe~ 

Even though the dispersion relation f o r  symmetric bod y

wave s in the reg ime 
~ce < f~~ can be approximated by an equation oi

the fo rm (3-37), the structure of the properly normal ized and exact

eigenvectors is rather comp lex and is not amenable to ana lytical rnani-

pulation. The coupl ing coefficients in the equat ions  for  the modal

amp litudes (more than one mode has to be con s ide red [16j ) r,ould not be

s imple j unctions of f requency,  and numerical solution would have been
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inevitable. By proper l y approximating the exact ei ge nvectors , the
coupling coeff ic ients  in the modal amplitude equat ions  could be

simpl i f ied , and the analyt ical  resu l t  in the f o r m  of E quat ion ( 3 - 4 c )
was then possible.

Since no attempt is made here to solve the K-dc-V equation
e ithe r ana lytically or numerically the equation for the modal ampli-
tude will be subsequently normalized so that the results obtained by
others [42~ may be used to enable us to rephrase the results obtaine d
in Chapte r LU.

Introducing new variables , and restr icting ourselve s to experi-
mental condi tions:

~~
+ ~~ b C (z , t ) No magnetic field

a. (z , t) = (3-47a )a
~~ b C

4 
(~ (z , t) Weak magnetic field

I 

-
~~
- No magnetic field

z’ = (3-47b)

Weak magnetic field

- z/v 0) No magnet ic  field
ti = (3-47c)

- z/v ) Weak magnetic field

We obtain from (3-46 ) and (3-47) :

a , ‘~~a 
(z ’ , t ’) +- b C~~~ (z ’, t ’ ) a

~, a ( ~ ’, t ’)

- a’a~ , 4’ (z ’, t ’)  = 0 ( 3 — 4 8 )

~ ~~ b /v ~ No magnetic field
wb ere a’ =

b/ Zv Weak magne tic f ie ld
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Equat ion (3-4 8)  is in the “ sta nda rd form ” (neglecting the collision te rm)
discussed by B e r e z i n  and Karpm.an 1

~
2J. They investigated the evolu-

tion, fo r di f ferent  value s of a ’ , of a disturbance at z 0, radiated for  a
bounded time inte rval .~.,  i.e . ,  given 

~Za (0
~ 

t ’)  ~ (t ’/L~). How does
t ’) de pend on ~ and a ,  if O.d (Z ’, t ’) evolve s as in (3-43).
The bounda ry condition for  (3-48)  may be obtained from the ex-

pe riment as follows: from fi gure 2 -7 , as the BBG pulse propagate s
in the parallel plate structure, pa rt of its energy is coup led to a radia-
tion field, part to a plasma guided field and the rest is dissipated by

the te rmination. The amount of energy that goe s into each type depends

on how well the parallel plate couples to that mode. Even though we
measured the coupling of energy by the parallel  p late st ructure to the

guided f ield as a fu nction of f requency,  an absolute measurement  on

the percentage of energy of the initial pulse that goe s into the guided
field could not be done . The unnormalized modal amplitude at z = 0,
i. e.,  ~Z (0 , t) is re lated to the longitudinal electric field component of

guided f ield , exc ited by the pulse , by equation (3 -45 a) ,  and the refore
from equation (3-45b):

a) No magne tic fie ld :

a~ , ~~~(0 , t’ ) = -4 ~~~~~~ 

~~~~~~~ 
0, t ’)  (3-49 )

Note that the factor in parenthesis has the dimensions of (coul— sec 2
)/

(kg-cm) or of (electric fie1d~
4 as it should. Since

v0 ~~~b ( .6 7 l 6 5) :

(0 , t ’) = - 1. 9503 x 10” .—
~~

— E ( b , 0, t ’ ) (3-50)
a

with
— l

~ in sec
P

b in cm
kg-cmE i-n 2Z Coul-sec
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E c b , 0, t ’) is the longitudinal field , eva luated at the boundary of the

c olumn of the “ al r eady set up! guided field at z = 0. It is not the ac-

tual BBG pulse. Howeve r , since the fie ld is applied fo r  a finite amoun t

of time, we expect tha t the guided field at z = 0 also possess  this cha r-

acteristic in time, but as mentioned be f or e, its absolute strength is

unknown.

b) Weak magnetic field
Fro: (3-24), E (p, 0, ~~

O
t

t~~~
Z
a

(0 t t ’) = + (3. 664 x 10” ) ~ C E ( 0 , t ’)  ( 3 - E l )

p c

Looking into the physical consequences of the above theory, let us

first  consider the linearized equation obtained f r o m  (3-48) when the

nonlinear term, ~Za a t, 
~~~~~~~ 

is ne glected. The re sulting equation is

the Airy equa tion with a damping ter m

~ a’~
(
~’~ t ’) + b C ~ L2~

(z h i t ’)  - ~~~~ 2 ( z l , t ’)  = 0

whose solution is:

a ( z ’, t*)  (La ) e
i(

~~
(
~~~~

’ -u t )  
( 3 - 52 )

with

and the normalized amplitude A (~) is given in terms of the boundary

condition (3-50 )  or (3-51):

1 i t
A

a 
(ca) = ( i )  f  

(const)  E ( 0, t) e dt

and from (3-45), we get f or the actual guided f ield:

E~~
(z ’ , t ’)  5 (co ns t) E (0 , -

~~ ) 
e~~~~~~Z t -u t ’) ~~

or
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E ( z ~, t ’)  = (con st)  e
_ b C

~z j  G(z ’, t’ - t ” )  E ( O , t ’) dt ” (3- 53)

with

1 .~~~~ -t iG(z ’, t ’)  1’ A i(—
(3a~z ’) / ~ \

\ 
( 3&z ’)

where

Ai (x) 1 i ( r  3/ 3  + x T )  dT2ir .~

Since the initial width of the applied si gnal is sufficiently srr.all,

then for large z ’ , G(z ’, t ’) is a slow varying function, and the solu-
tion (3-53) of the l inearized equation can be written in the following

142 ]form

-bC z’

E ( z t , t ’) (const ) e 
/ ~~~ 

(_ ~~
‘ 

i i~~ 
for  large z ’(3 -54)

(3a’z’ ) (3~~z’ ) 
-

E
~ 

does not depend on the character  of the initial radiation as long as
its width is small. However , for  small z ’ , the sol u tion depends

strong ly on the boundary conditi on. The solution (3 -5 4) r epresen ts  a
wave packe t moving awa y from the launcher with the f i r s t  peak moving
with velocity v~ for  B 0 = 0, and v5 for  B0\ 0. The packet spreads
and its amplitude is reduced as it moves. Figure 3-3 show s a plot of
the velocity of the f i rs t  peak as a function of plasma parame te r s , i. e. ,
~ and The solution (3-54) is discussed fur ther  in Chapte r III in
re lation to the experimental results.

Next, for  the full nonlinear equation ,  the nonlinear paramete r
~.[42 ] provides a measure for  the nonliz~~ar effects.  To compute a- for
typical experimental conditions , assume the bou.ndarv conditions fo r
Eq. (3-48) to be given at z = 0 + ~z, 1. e., a few centimeters to the
right of the launching plates. Placing the receiving plate s close to the
launche r , we observe a wave packet of four oscillations extended over
an inte rval of time -r . Thus , take as the boundary condition for

t ’)  a function of the type:

(Az ’, t ’) = +~~~ ~~(t’ /T~~~) (3~~~5)
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b y p e r f e c t  con-
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where

( 
A’ (1. 9503 x 10

15) (1/~~b) B0 = 0

= 2 - (3- 56a)

B’ (3. 66 x 1015 ) P C (l/~~ b) B0~~ 0

and

B = 0
p 0

B~~~~0
‘. C 0

A’ and B’ are unknown constant amplitudes in volts/cm which depend

on how well the BEG pulse coup les to the mode field. From [42],

a- = ~~
.

Putting in for  and a’:
For B = 0:

a- = 4. 4 5 5 x 1 0 ’ T-/ ~~~~ (3 - 57)

For B~~~~O:
~.0 \ 2 2

:~)

a- = 7. 4~~~7 x 1O 7 (~, ~ c)a

Taking widths of the orde r of 5 nonsec., — 10. 49 x 10~ rad/ sec. ,
0 p

5.18 x 10’ rad/ sec and a 1. 4 (see figure 3-4 fo r  the behavior

of a

r ~~~~~~~ ~~~~~
= 0

= ( 3 _ 5 9 )

~~o~~~
0

From numerica l  solu tions of the ~ -de-V equation , it is known1 ~2] that

a critical a- = a- = ~j T21 exists in the sense tha t  qualitative ly d i f f e r e n t
C f ,1

solutions are obtained for ,- >> r and r a- ~~~~~~~~~ For r > a-
c c c 
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nonlinear stationary solutions of the !~so 1ita ry type ” a r e  pe rmiss ib le,

whereas fo r  a- < a-~ “ nonsol itary” solutions corresponding to rap idly-

oscillating wave packets a re  obtained.

Expe rimentally, the maximum field amplitude available at the
plate s (due to the 4. 4 dB attenuation of the 60 nansec. dela y line)  is

1. 92 kilovolts/cm. Even though absolute field amplitude of the excited

wave is unknown, 1. c., A’ or B’ , the f i rs t  nonlinear effects  which

beg in to be observed is in the reg ion a- < a- c• Therefore  in the first

assessment  of nonl inear effects, we pr oceed as in [45 1 by expandin g

the solution of the K-dc-V and the wave number as,

(3-6 0)

= K ( ~~) + € ic~~~ ) + €~~ K 2 (~~) +...
where

9 K z - c ~t and € = €

and ic1(~ ) is chosen to be zero to avoid a secular expression of a .
In a strai ghtforward fashion , we obtain for  the coefficients of

the expansion:

a~ = cos e ~~~~~~~~= -  1 cos 29
12Cd~ bc~p

1 3
K0

(~~)~~~~~~~~~+ C d~~ (3-6 1)

I
2 ‘2 4Cd ~ b~~~p

The critical difference between these results and the linear results in
equation (3-52) is the dependence of the dispersion equation on the am-
plitude. The specific consequence of this observation is that the char-

acter is t ics  of the modulation equations1 45] become doubl y de gene rate ,
i. e. , it predicts the eventua l splitting of a wave packet into two separate
ones propagating with characteristic velocitie s given by:
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= for  the slow wavepacket
(
~ )

p ( 3 — 6 2 )

C = 
1 for  the fas t  wavepack e t .

- 
‘

bp

where is the normalized amplitude of the nonuniform wavetra~n , and

!c~(—4~~~~K0. Using these  velocit ies , we can get  an upper  estimate as to the
distance away f rom the s o u r c e  at w h i c h  this separat ion can be ob served *~~~

C . C
Z c÷ - c  -r

or usin g (3-62):

~ b i
C

- 2 Ct0

For weakly magnetic field , from equations (3-4 7)  and (3-56a):  Note

that for  surface wave s we obtain a negat ive value for  z . The conse-
quence of this re sult is d iscussed in the next chap~-er.

2
z- — 

3.66 x 1015 2 + 2 2 B’

p c

For the typical experimenta l pa. ~ ete r previousl y considered

2. 06 x I
Z =  23’ T (3 -0 3 )

thus for a wavepacket oi actual fie ld  s t r e n g t h  oi 50 volts/ cm, se para-
tion of approximately 3 n a.nsec. will r e su l t  at ~ l cm away fr oi~ the
bounda ry.

These results are used in the anai r s i s  of the exp erimental  ob—
se rvations which are discussed next

5c)
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111—4. Resul t s
In li ght of the analytical  resul ts  de rive d in chapte r III, the data ob-

tai ned us in g  the appar aru s descr ibed  in chapte r II will be subsequentl y
p r e s e n t e d  and anal yzed. The resul ts  fo r  the no anial magnetic field case
are presented in secti on 4 . 1; and in sect ion 4. 2 , the results for  the weak
axial magne tic field case are presented . As previousl y mentioned , there
are two furidemental d i f f e r e n c e s  be tween these two cases:

1. Eve n though a Kortweg-de Vries  type equation describes the
evolution in space- t ime of a give n dis turbance, d i f fe re nt qualitative re-
suits wi ll be obtained in both cases fo r  the same excitation . This is due
to the fact that the si gns of the nonlinear terms (Or of the normalized

initia l dis t r ibut ion in E q. 3-46) are opoosite. In inte rpre t ing  the resul ts
of this chapte r , it is important to note that the Electr ic  field at the launch-
ing plate points in the - 

~~~. 
di rec t ion  fo r  what  has been r e f e r r e d  to as the

positive pulse in the prec iding chap te r s .
2. The coupling st~~ ctures  used for  eithe r case -vere  d i f f e r en t .

The set up shown in Fig. 2 - 5  was used fo r  the no magnetic  field case ,
where as for  the weak magnetic field , the set  u p is shown in Fig.  2 - 7 .
in the latte r case , the addition of the b r a s s  r ings allowed f o r  the pulsed
field to be directl y coupled to the plasma , improving the launching ci-
f ic iency for  the body waves. For Bo = 0, surface  wave s we re s t rong ly
excited without the need of the brass  r ings . For these wave s , the f ie lds

are concentra ted  at the plasma boundary.
Each of the above sections , i. e . ,  4. 1 and 4. 2 , are divided into tw o

subsec~~ons. The low amplitude or linear results are  ~ r e s e nt e d  in the
fi rst  subsection; while in the second subsection , we presen t  the fin i t e
amplitude or nonlinear results .
4. 1 Zero Axial Magnetic Field

4. 1.1 Linear Regime

For experiments in this regime , the peak pulse elect r ic  f ield at the
launching plates was kept below 192 V o l t s / cr . . At these field le vels , the
in tegra l  solution , equation ( 3 -5  3) , obtained in section 3. 4 is valid. From
this equation , the mechanism that affects the propagat ion  of the pulse is

d i s p e r s i o n .
The vital expe r imental ly  contro l led  pa rame te-s  which appea r  in the

solution ( 3 — 3 3 )  are:  the ba ck zr owi d neu t ra l  p r e s s u r e  (i .e. collision fre-
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quency) ,  in i t i a l  pulse polar i ty , plasma i r ecuen c-j  an d ~lasrn a coiurl:n
radius. As a matte r of organization , the effect of each of the above
pa rameters  on the propagat ion of the pulse will be secu en t i a l l ’.- pre-
sented  and quant i ta t ively compared  to the so lu t ion  ( 3 _ 5 3 ~I .

Pressure effects had no particular quantitative interes t to us ex-

cept f ro m the point of view of being able to launch the wave s . Due to
the increase  with p r e s s u r e  of e l e c t r o n - n eu tr a l  co l li sion , i t  was difficult
to launch the waves as illustrated in the se-cuence  of F ig .  4 . 1. Hi gh
attenuation , co lumn s t riat ions , and loss of s ta t i s t ica l  -sa mpling c oherence
are the fac to rs  resp onsib le  for  this  behavior .  For  the r e s t  of the ex-
periments, the pressure was kept at a point whe re collision related ef-
fe c ts had the least influence on the wavepack et  characte r is t ics .

The effect , in this regime , of pulse polari ty is tr ivial~ it merely
change s the sign of the solution (3 - 53) .  In Fig. (4 . 2a) ,  we displa y os-
ciflogram in time obtained at z = 56 cm for  the posit ive t pulse and in F ig .
(4 . Z h ) f o r the 1 negat-ive ” pulse. Figure 4. Zb is just the negative of Fig,
4. 2a. The polarity of the first  oscillation is as predicted f rom the s olution

(3- 54) .  Quantitative d i f f e r e n c e s  in the f r eguen cy  of oscillation and am-

plitude are due to sligh t  d i f f e r e n c e s  in plasma fr equenc y and initial ru ise
characte rist ics . L~. Fig.  a , the ‘ positive ” pulse genera to r produces , at
the launching plates , an Electric field pulse in the ne ga t iv e  z direct ion ,
its s t r en gth is approximately 192 volts/cm and its duration is approxi -
mately 1 nanosecond. The “negative ” generato r , in the othe r hand , pro-
duces a field in the positive ~ direct ion and its durat ion is approximately

- 3 nanosecond. The seemingly reverse  naming come s f rom the fac t that
the labelin g is appropriate  for  the voltage of the f ront  plate with r e s p e c t
to the ground plate. The evolution in space of the initial d is turbanc e is

shown in Fig. 4. 3. The a)sequenc e corresponds to the positive pulse
whereas  the b)sequen ce  co r r e spond  to the negat ive pulse. This sequence

is explained , in ter ms of equation (3 - 53 )  as follows: at z = o , the
launche r position , a wave is radiated for  a bounded time in t e r -.a1. As the

pulse travels to the ri ght , i. e. ,  z > 0 , it rapidl y break s into oscillations
due to s t r ong d ispers ive  effects . Since the d i spe r s ion  is negative , the

long wavelength are observed :o propagate  at a highe r speed.
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~ igures 4. 4 a , b , and C show osci l lograms in time fo r  d i f ferent
positions of the rece iver .  The par t  of the oscillograrn marked with an
A cor responds  to f r e e  space e lec t romagnet ic  radiation propaga t ing  at
the speed of light. This radiation is observed even if the plasma were
not present  (see Fig. 4. 2 ). From these curves , we again observe the
negative di s pessive propert ies  of the sys tem.  This prope rty is fu r the r
dis played by four ie r  analyz ing the wave forms of Fig. 4. 4. Froni the
relation

where ~~ t = spread of the wavepacket in time 
-

= spread in frequency

Thus , as the packet propagates  and spreads in time due to d ispe r s ion ,
its fourie r t ransform becomes na r r o w e r.  This is displayed in Fi g.
(4. 5).

As the averaged plasma f requency  is changed , the packet  charac-
te ristics , are also observed to change. The speed of p ropagat ion , fre-
quenc y of oscillation, width of the packe t and the normalized amplitude
increase as a function of f~ . Time oscillograms for  var ious averaged
plasma frequencies are shown in Figure (4 . 6). Figure  (4 . 7) sho ws a

plot of the velocity of the f i r s t  peak of the wavepacket as a function of
plasma frequency.  Two different  methods were  used to calculate this
velocity. The f ir s t  uses the fact  that the f i r s t  3bserved d is turbance
corresponds  to the f ree  space electromagnetic  radiation travel l ing at the
speed of light . By comparing the time of arr ival  at the point of observa-
tion , of the f i r s t  peak of the wavepacket  with respect  to the EM signal ,
the speed of propagat ion is obtained. The second method uses the time
of flight of the f i r s t  peak between two points . Als o plotted in Figure
(4 . 7) is equation (3- 34a) . As was pointed out in section 3. 4 , the s peed
of propagation of the f i r s t  peak is given by v0. The expe rimental values
diffe r f rom the theoretical by 20%, This d i f fe rence  lies in the manne r
that v0 was obtaine d, i .e .  by numerically f i t t ing the solution of the dis-
pers ion relation to equation (3- 34a) . In E quation (3- 34a), 14 points we re
used to dete rmine the low f requency or linear slope of equation (3- 34a~,
i. e . ,  v .  If fewe r points are used , a large v0 is obtained (see equat ion
(3- 34b~ fo r  example) and a bette r approximation to the propagat ion speed.
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For receive r positions f a r  away f r om  the launche r , i . e . ,  at l a rge

values of z , the fa r  field solution , equation (3 - 54)  is applicable . This

implies that  the observed oscil lograms shoul d behave as A ir y  functions

of argument  
~ 

( t - z/ v ~ ) / ( 3 ~ ‘~~/ b ) ”~ . Us ing  the asymptotic ap-

proximatioLl fo r  the Airy fun ction, the s olution ( 3 — 34) take s the form:

E~~~ j _  
- 

I sin [2 / 3  t ’~~
’ 

÷ 11/4 t>z/v

(3dz ’t 1)

where t ’ = 
~~ 

(t - z/ v  ) / ( f d z ’) 1” ~ z ’ = z / b

the zeros  of the above equation occur at:

~ / 3 3 ~ / 3 1~~3
= (n — 1 / 4)  

‘
~~~ 

-~~~ 11 — , (3 dz ’) / ( 4 — 1 )

These values can be directly compared to the proper ly normalized zeros

of the observed osciilograms. In Table (4 -1),  we tabulate the zeros  ob-

tained from equation ( 4 — 1 )  and f rom two di f ferent  oscillograrns . These

are also plotted in Figure (4-8).  If instead of using the average  plasma

frequency as measured using the Cavity method, a plasma frequency is

chosen as to fit the nth expe rimental cross ing to the nth theoret ical

crossing; we observe that all other  ( n -I )  c ross ings  fall to within 6~~ of

the theoretically predicted values. La rge r  deviations are obtained fo r

the n = 0 and n = I c ross ings  where  the asymptotic expansion does not

provide an accurate representat ion. The value of ~_i obtained in this

fashion is Z0% off from the value measured by the Cavity method. The

discrepancy lies in the fact that, the Cavity method m e as u r e s  the ave r-

age plasma frequency of a non unifo rm plasma column, whe reas the i~

obtained by matching the uth zero  is obtained from a theory that assumes

an uniform column . The plasma frequency thus derived, corresponds to

a value near  the edge of the non uniform column. Thus , we have de-

veloped a method for  measuring the plasma frequency,  near  the edge of

the c olumn , from the zero  cross ings  of the observed time oscillograms.

It has a highe r resolution than the Cavity method as seen f r o m  F igs .
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Table 4. 1

Parameters:

Receiver distance (z) = 54.375cm

CoLumn Radius (b) = .66 cm
Normalized di s-tance (z ’) = 82. 386

a ’ = 1. 48887

v
0 
(experimental) = 3.895x cm/sec.

(from cavity) = .9GHz

Experimental t ’ Experimental  t ’
(w measured (

~~ 
chosen so as to

Zero crossing (n) t u~ing cavity) f~~ nth zero crossing)

(a) (b)

0 9. 14898 12 . 16 9 .6 2 3  9 . 8

1 19. 02 28 .14 2 2 , 2 8 2 2 . 7

2 33.43 43.3-1 34.33 34 .99
3 45.19 57 . 1 1  * 45 19 46 . 0
4 55.56 69 .33  54 .85  55. °
5 65 .02 0  80 . 6 3 . 3 0  64 .5 2 8

6 74 .01  90 . 35  7 1 . 7 1  7 3 . 1 0

7 82.3131 102 .07 80.75 *82.3131

8 90. 2908 111. 23 38 , 89. 7

9 97 .899  12 1 . 1  9 5 . 8 2  97 . 6 ~
10 106.1395 130.293 103. 08 105.06

11 112.28 139.4490 110 .32 112 .45

119.158 148 . 5 5  1 17 . 5 2  119. 79

125.821 136. 187 123.56 125 9

*nth zero matched

- 
(a) = . 7 12 G Hz

f corresponding to co lumn
p (b) = . 7250Hz
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~4 . 3~ . The a v e r a g e  ~ia sma  ir e cuen c- ;  as m e asu r e d  b y the Cavi ty  was
9 0Hz fo r  both o sc i l loor am s , -vhereas due to s mall b a c k g r o u n d  pre s-

Lure  change , the  numbe r d en s ity  had  d r i f t e d  s l igh t ly  c a u s in g  a ch an g e
in the ~ r op agat : c a  c na r a ct e r ~s::cs of tne wave~~acke t . The dr ift cor-
re sponded  to a 5~~~~ change  ‘.vh:ch was not de tec te d ‘cv the Cavity .

Qua l i t at iv e ly , the behavior  of the envelope of the observed  oscillo-
grams is as pr e d i c t e d  by ecuation (3 -54 ) .  Howeve r , quantitatively, the
rates of decay of the envelor es  do not  a g r e e .  In F i g u r e  ( 4- 9) ,  we dis-
play the envelore ampli~ ide as a func t ion  of time. Two ra te s of decay
a re  observed.  For  rate s j u s t  to the r igh t of the maxi mu m amp l itude ,
the decay goes as ~‘~

1 
~~ , whereas  f o r  l a rge  times the r a t e  goes as t~~

1
.

The asym P~~ tic result  of ecuation ( 3 - 5 4 )  p red ic t s  an u n ifo r m  decay ra te
- 1/ 4 . - - . . -of t . To account tor the di :ference , t-.vo tuncamental as sum ~~t :ons

made in the de r ivation of the theor ’i  must  be modified ~f a quant itat ive
desc r i ption of the amplitude is desir ed .  F i r s t , in the desivation of the
coll ision te rm , the depe n dence oi (~~~. v -

~~~~ , ) on f requen cy was negiected
in orde r to get  at  anal’.’t:ca l resul ts . Secondl y, sheath effect s  which in-
t roduce s t r o ng  larideu dam~ 1ing of the slow waves at high frequency
must be included in the t hec rv .  The hig h a t tenuat ion (-— t~~~~ ) observed
f o r  the h t gh  f requenc ies  is an indicat ions that  this mechanism may be
present.

The last P aramete r considered  was tube radius . Figures  4 - I O a
and 4 - l o b  disp lay r ecord ings  in time and space obtained using a tube of
radius . 325 cm. The behavior of the packet  is as p r ed i c t ed  b y the theory
of chapte r III -~ ith  the p r o p e r  value of radius b. A large  d i s c r e p a n c y

is noted (see Fi g. 4 - i l )  between the z e r o  c r o s s i n g s  of the observed
osci l la t ions normalized to the Cavi ty  measu red  plasma f r equency  and
those computed f rom equation 4-1. Also shown in F ig .  4 - l i  are the
cros sings computed by norrnalizing the exp e rimen ta l  uth c r o s s in g  to the
corresponding theore t ica l  value . The large d i f f e r e n c e  for  this tube be-
tween the C avtty measured 

~ 
and the oth c r05  sing computed ._i is con-

s is tent  with the previous explanation given fo r  this d i f f e re n c e .  It lies in
the fact that  the small column has a stronge r t r a n s v e r s e  inhomogeneity
in the numbe r densi ty  than the l a rg e r  tube .
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4. 1. 2 Nonlinear Regimes

As the amplitude of the initial pulse increase s, nonline ar effects

s t a r t  to p lay a role . Expe riments in thi s reg ime w e r e  c a r r i e d  out u s ing

peak field s t r eng ths greate r than 600 volts /cm, at the launching plates.

It is important  to note that  fo r  all expe riments (both z e r o  and finite mag-

aetic fields),  the signals observed in the oscilloscope are normalized so

that if the response were linear , the observe d osc il logram as a functicn

of input pulse s t reng th will coincide. This is accomplishe d by keeping

the total attenu ation , in the path the signal t rave l , constant .  Thus to go

from the linear to the nonlinear regime, the a t tenuat ion is t r a n s f e r r e d

f r o m  the inpu t of the launching plate s to the input of the oscilloscope. In

this f a sh ion , effects  that  are clearl y amplitude dependent are ident ified .

In Fl gure  4- 12 , the profile in time of the wavepacke t  is shown as

a function of inrut  pulse amplitude. The positive pulse was used as the

source .  Qualitatively, these  diagrams are similar, although quantita -

tivel y they d i f fe r in the law gove rning the decrease  of the amp lituce in

time and in space.  Moreove r , the characte ristic s of the f i rst  two

osc: iiat :or .s have changed. Note tha t  the maximum no rmalized amp li-

tude of the nonlinear  r e sponse  is less than fo r  the l inear case , im~lying

that  the su r face  wavepacket  has reached saturat ion.  :n Figures  4- 1 3 and

4-14 , the behavior of the amplitude as a function of space and time fo r

the l inear  and nonlinear cases  are disp layed. The s lower  decay ra te  ob-

serve d fo r  the non linear case is exp lained f r o m  the dyn amics of the pro-

pagation as described by the model developed in sect ion 3. 3. For  posi-

tive pulse, E 5 (0 , t)~~.~~ E ( 0 , t ) I ,  where  E~ is the pulse field s t r eng th .

Thu s for  any value of ~~~, the s olution of the K de V equation is always

osci l la tory and the charac te r of the so lu t ion  is ve ry  s imilar to the l inear

result. 
[42 A ph ysical unders tanding  of the p r o c e s s e s  taking p a rt  in

the propaga t ion  of the high amplitude pulse may be gatned  f r o m  the

foizrie r t r ans form of the observed oscil lograrns as a function of plasma

frequency and receive r location. In Figure 4 - 15, we display side by

side ±e nonl inear  r e sponse , and the c o r r e s p on d i ng  r o w e r  sp e c t r u m

as a function ci plasma frequency.  In F igure  4- 16, the plasma f requenc y

is k er t  c o n s t an t  and the record ings  a re  shown f o r  3 d i f f e r e n t  r o s i t io r~s .

These d i ag rams  show the channeling of e n er g y  f r o m  the lo~~er  fre-

Ts
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quenc ies to the hLgher frequencies wht ch  in t orn  a re  s t r o n g ly a t t enua t e d as
explained in sec t ion  3-3. This account s  f o r  the sa tu ra t ion  rhenomena ob-
served.  Note that the reg ion of in t e r a c t i o n  (in f l ec t ion  point  re t ion  in ne~~a-

t ive slope side of the po’.ver  spect run ) is a f u n c t i o n  of the ti me of interaction

between the different frequency components of th~ oacket .  Fo r  a fixe d

receive r position as the plasma frequency is decreased, the packet

velocity decreases  thus increasing  the in t e rac t ion  time. Similarly, fo r

a f ixed plasma f requency ,  the fu r the r  away f r o m  the l aunche r  the more

time the components had to in te rac t .  This phenomena causes the in-

flection point in the power spectrum to move toward  lower f r equenc ies .

The effects described above were not observed when the negative

pulse was used as the exciter. Even though fo r  this polar i ty  Equ a t ion

3-48 predicts quantitatively dif ferent  results , the maximum amplitude

available at the plates and the width of the pulse w e r e  such that a- is al-

ways much, much less than ~~~ Figure 4 - 17  shows the plasma r e s ro nse  —

for  the maximum pulse s t rength available with the negative genera tor .
Also shown is the power spectrum of the re sponse. As can be seen f rom
the diagrams, nonlinear effects were not observed using this exci ta t ion

as expected from the values of the nonlinear paramete r fo r  this pulse.

4 . 2 Finite Axial Magnetic Field

4. 2. 1 Linear Regime

Since all experimental 1 idiosyncrasis have already been discussed .

In this and the following subsection we need only p resen t  the resu l t s.
Pulse amplitudes c o r r e s p o n d i n g  to field s t r e n g t h s  of 61 Volts / cm were
used to excite the linear Bulk Waves. The per t inen t  pa rame te r s  fo r  this
s e r i e s  of expe riments were  the plasma f r e q u e n c i e s  and axial fie ld  strer~~th.
in fi gure 4. 18 , we display time oscil lograms , recorded  48 cm away f r o m

the launche r , as a funct ion of plasma f r equency  wi th  ~ o fixe d and in Fig.

4. 19 as a function of axial field s t r e n g t h  (with plasma f r eq u en c y  f ixed ~.

Again , the region marked  with an A in these osci llograrn s~ c or r e s - -
pond to e lectromagnet ic  radiation tha t  will st i l l  be observed if the plasma
w e r e  not p r e sent .  F r o m  these  d i ag r a m s , we comcute cha rac te r i s t ic

p a r a m e t e r s  tha t  desc r ibe  the p r o p a g a t i n g  wave packe t  and compare  them

with  the theore t i ca l  value s ob t at n e d  f r o m  equation (3. 54 ( .
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When the DC axial magne t i c  f ie ld  is applied , the wavepac~~ets

are  o b s e r v e d  to be n o i s i e r  than fo r  the ze ro  f i e ld  case  ( c o r r t D ar e  t he

oscilograms  in f i g u r e  4-18 to f i g u r e  4 - 2  for  examp le) .  T h e r e f o r e

care must be e x e r c L s e d  in p rocessin g the data. To calculate z e r o

crossings  and to digitalize , the waveforms are r e t r aced  so as to

smooth out the j i t te rs .  In f ig .  4 -20 , the zero  c r o s s i n g s  of the experi-

mental wavepacket  are compared  to those of equation 3-54. For thts

case , choosing the values of ~ and 
~~ 

so that one theore t ica l  z e r o -

c ross in g is matched with the cor resoondin g experimental  value , all

other c ro s s ings are matched to within 10% of each o ther .  The

chosen value of up is within 2O~~ of that measured by the ca-fity and

is within 8% of that measu red  -o sing a Gauss  me te r .  A n o th e r

charac ter i s t ic  of the wavep acket  is the velocity of the f ir s t  r eab .

Fi g. 4 -21  shows the behavio r  of this velocity as a funct ion of piasma

and cyclotron fr e q u e n c i e s .  The beha-.-ior is as p red ic t ed  by the t heore t -

ical model see Fi g. 3. 3 ) .  The quartitat ive dep endance of am? 1~tud€

vs. t ime was not determined cualitativel y however , the w av e fo r m s

behave as expected f rom eq. 3-54 .

For this regim e , the experiments compared qu ite  f av o r a - o ly to

the linear theory.

4. 2. 2 Nonlinear Reg ime

As the input e lec t r ic  field is i nc reased  from 6 1 volts 1cm , gr o s s

nonlinear phenomena begin to occur .  F rom fi g u r e  4 - 2 2 , one o b s e r v e s

that si gnals a rr i v e  sooner than the linear waves and cons ide rab l e

modification of the or ig inal wavepack e t  begins  to take r iace .  C l o s e

examination oi the lower t race , for  which the- exc i ting  pulse is l a rg e s t ,

show what appear to be superposi t ion  of two ~vav epacke ts . Yote the

discontinuity in phase between osc i l la t ions .  That this indeed  is so

can be seen f rom the Four i e r  t r a n s f o rm  oi the o scd iog ram.  The

spectral  amplitude and phase fo~ each waveform in f ig u r e  4 -2 2  is

shown in f ig ur e s  4 -2 3  to 4 -2 6 .  At linear levels f I g u r e  4 -2 3 ) ,  only

one peak (C) is shown cor responding  to the w av ep a ck et  of :i gu r e  4-22a.

The slope of the phase re~~r esen ts  a t ime  delay f r o m  some r e f e r e n c e

po int the roint  of a r r i v a l  of EM s igna l  f o r  exampl e .  :t can be

used to calculate the g roup  veloci ty of the  p acket  s ince  the d i s t a n c e

the signal has t r a v e L l e~ is al so hnown.
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At hi gher amplitude two distinct phenomena occurred (figures
4-24 to 4-26).  First is the appearance of a low frequency peak at

• 14 GHz (A) ,  and second is the sp litt ing of the original pea k (C)
into two ( (B)  and (C)) .  Recalling the technique used in obtaining these
oscUlograms (loop gain constant ) it is evident that these changes are
due to nonlinear phenomena. Moreover , the possibility of these peak
being higher order modes was ruled out by the fact that ;the group
delay for these modes is much greater than for the lowest order mode
(see equation 3-37).

From this figure , the amplitude of peak A is observed to in-
crease very rapidly as the input level is increased. The frequency
shift is neglig ible. No further analysis has been made of this packet
but it is suspected that tt belongs to the class of solitary waves.

The main concern is with the splitting of the packet (C).  As the
input level is increased , there is a shift to hig her frequencies of the
original peak. A gradual appearance of another peak B at the low
frequency side indicates another wavepacket. From the slopes of the
phase at these two peaks the difference in group velocity has been

calculated. The higher frequency packet (C)  was foun d to have a longer
delay and hence a lower velocity . According to the modulation theory,
the difference between the time of arrival is proportional to the
amplitude (see section 3. 3). This is clearly shown in figure 4-27;
moreover the observation that the higher frequency wavepacket
travels at a lower velocity is also in agreement with the modulation
theory results.

Since there is no absolute measure of the field strengths iii the
plasma , a quantitative comparis on of this veloc ity difference between
theory and experiment is not possible. But from the measured time
difference and the group velocity of the wave , we can calculate the
required field amplitude. From equation 3 - 63 , to achieve the
largest observed separation of 3. 4 ns over a distance of 56 cm, the

wave amplitude of the wavepacket required is about 50 v/cm.  This
field represents a total energy of about 1. 3x10~~ joules in the wave-

packet. The energy contained in the exciting electric field impulse is
about 3x10~~ jo ules. Sinc e most of the energy of the impulse goes
into the dummy load and radiated to outside the parallel plate s t ructure ,
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it is of interest to estimate the coup ling efficiency, i. e. how much
energy can be coupled int o the plasma. As a rough upper bound
estimate, assume that when the impulse field arr ives  at the plasma
tube , the 2kV/cm field is applied to all electrons in the region between
the plates during the pulse duration (At 0. 4 n s ) ,  and each electron
would gain a momentum of eEAt . The total kinnetic energy gained by
all electrons in the region in this way is of the order of 9x10 7 jo ules.
Comparing the orders  of magnitude of the three energy levels , the

• 50 v/cm field required to produce the measured separation of the

wavepackets is certainly reasonable for the experimental setup used.
The rnodulational splitting of the wavepacket has been observed.

~I .  99



111- 5. Concluding Remarks

In the foregoing , we have described an experimental and theoret ical
investigation of the propagation of finite amp litude slow waves excited by
high amplitude baseband pulses.  The subject  of symmetric  slow mode
propagation has been incorporated into the framewor k of nonlinear di s-
persive waves. Theoretically, it has bee n shown tha t for typical experi-
mental condi tions (i . e . ,  ~ = 0, < 

~~~~~~

‘ ?> ~~) ,  the propagation of the

symmetric slow mode is described by the Kortewi g de Vries equation , with
the magnitude and sign of the various coeffi cients of the KdeV equation
being different in the various regimes considered. Thi s implies that
given equal initial condi tions , dif ferent  effects  in the propagation mode

-
~~~~ will be observed. The close interp lay between theory and experiment leads

to a good understanding of the experimental results. Althoug h linear
experiments on the propagati on of thi s mode have previously been done,~

3
~~

far bette r resolution has been obtained here . To our 1~iowled ge , neither
the experimental nor theoretical results of the nonlinear problem have been
previously reported .

There are two areas which need further  investi gation . The results
of that investigation will further substantiate the theory dev eloped here
and will aid in the experim ental verification of the general theoretical
results obtained for non-stationary waves propagating in accordance with

the Kde V equation.~~
2
~

First , as mentioned in Section 4 .3 .  3 , the natur e of the initial peak
in the frequency spectrum has not been determined and second , nonlinear
experiments where the polarity of the exciting pulse is negative must  still
be performed . We will not consider the fi rs t  area fur ther  and instead
comment only on the second prob lem . The f i rs t  implication of reversing
the polarity is that , theoretically,  the phenom ena observed for the weak
field case should now occur for the zero magnetic  field case and vice versa .
This is a con sequence of the sign of the nonlinear term in equations (3 -4~ )
and ( 3-48) .

In conclusion , it mus t  be not ed that in order to experimenta lly
obtain a wider range of parameters , the experiment as described should
be modified in two ways:  the durati on of the pulse should be increased ,
and the cathode arrang em ent changed. tncreasing the pulse duration
enhances the nonlinear effects (see  equat iot~s ( 3 - 5 7 )  and (3 -58 ) ) ,  whereas

100
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changir~g the cathode , to a flat cathode for instance , will eliminate the
rotati onal instabili ty of the c olum n , observed at hig h magneti c fields .
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III-~~. Ap~endices

6. 1 Formal derivation of on e ra to r s

• Equation ( 3 - l U )  may be w ritten approximatel y up to second
order  in the field variables as:

( 1)  ( 9 )
u u  + u ~~ ( 6 - 1 )

where ,

(1)  (9 )  ( 1)n1d
~u + mv0u - = - en E - e~~ u x H (6-2)

and

(2)  (2)  rn (1)  ( 1)  —
~~~~ (2)md

~u mii u = -~~~~ 7 u  u - e n ~~~- e ~~ u x H
0

( 6 - 3 )
Formally solving ( 6 - 2 )  and (6- 3) ,

= - (n1d
~ 1 - e~~~H0 x 1 + mv l ) ~~ e n E  (6 -4)

u (2
~~ - (md~~~- e u H x 1 + m v  1)~~ 1~~~~~. u u ~~~~+ e~~E 7  ( 6 - 5 )

Defining the inverse operator:

the total current f rom (6- 1) ( 6 - 4 ) - ( ô - 6 )  and (3- :3) is given by:

( 6 -7 )

which is used to arrive at equations (3-15 ) .
Defining the time Four ier  trans form of a field variable as:

f ( r , t )

A~ ply~ng the above to equation s ( 6 - 6 )  and ( 6 - T , we obtain:
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/ 
\

I — \ I (e~t H ! m~~~( \ :m~~j~~ l-

• (~~‘ ~~o~vc~ ‘ ‘t n2 ft
1 

0 (6-8)

n e n e(e~t H /m*)

• i ) f l2 
m* [ i ~~~~~ oH0~~~

*
~~~

• 
- 

~~~ l~~o~
Vc 

~~~~~~~~~~ 
~~~~~~ ~~

‘ ~ o’~~~~~~~~~~ 2’ ~ o’~ c~~~~2~~

- 

~ 
E~~1~~~~~~2t h \ }  ( 6 - 9 )

where m*_ m ( 1 + i v ~!~~ )

and for any two vectors F(c2 , t)  and G(c2 , t ) ,

I 
~~~~~~~ 

= I~~’~ 1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Using (6 - 8)  and ( 6 - 9 ) ,  the transfo rm of L in equation ( 3 - 1 6 )  is g iven by

/j~~€ [ i+— ~— ft( ~~, H , v ) ] 7x 1
~ 

o~~ €~~~~~ = 0 C t

— I
-

6. 2 E valuation of the eigenvectors
The eigenvalue equation ( 3 - 19 )  may be expressed  solely in t e rms

(40)
ox the t r ansve r se  components of~~~ as: -

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ x z 0t t

( 6- 10)

- 
1 z x 7 — ~--- 7 x z  ) . H  ~~~( Z  xE

o~ t 2 — t € t —o —~~~ ~—o —
~~~0 3 t t

where
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~-- rt (~ , H , t )  p < b

t~~~ o~~o~ 3 ( b - l i )

I p >b

and the longitudinal field components may be obtained f r om the t ra ns -

verse  components via:

/0 (i~ E 3€0)~~ ~~~~~~

• / ~ \ (6.19)

1 vt x z  0 

/ ~~~~

Note that s inc e the op e rat or L0 takes dif ferent  forms in the range
0 < p < ~~, likewis e w~~s will have different representation s .

In general, the total field corresponding to E~ and H~ will
have bot h E~ and H~ components . (40 ) This impiies that r~o
TE or TM mode representation is possible; there fore  a complete set
of modes must be composed of TE and TM m odes. In the following

analysis, we wilt, restrict to the cases: a) zero static magnetic field,

b) infinitely large magnetic field and c) weak magnetic fields, i. e.

~ , and the column is surrounded by a perfect condition. The
te pe

first two cases result in substantial simplification in the f o rm of the

eigenvectors and eigenvalues. For these cases , Eqs. (2-3) can be

satisfied with either E or H equal to zero. This implies that

two independent solutions are possible. Since neither the nonlinearity
nor the boundary couple the two solutions and since initially only E
modes are generated by the elect ric cu r rent source , only these will
be considered in the field representation. For the low magfietic field
case, we make the assumption that the waves are slow and , the r e f o r e ,
are primarily TM type, 1. e. , the actual field eigenvectors  are approx-
imated by quasistatic eigenvectors .

An implicit assumption , when representing the total fields as a

superposition of modal fields , is that the modal set (or e igenvector s )

L 
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is complete , i. e. , they form a basis in terms of which any arbit rary

vector may be represented. A statement of completeness may be

expressed as follows:~
40

~

~~~~~~~~~~~~~~~~~ 

~~~~~ 
= - 

~~~~
‘ ) (6 - 13)

The sumation in (6- 13)  is to be interpreted as an integral for the case
of continuous spectrum and as a sum for the discrete spectrum. A

• direct procedure for  determining the spectrum utilizes the character-

isti c Green ’s function for  E modes. (40) The properties of the

Green ’s function in the complex K~ plane are investigated; and f rom
pole and b ranch singularities , which cont ribut e to the integral of

Green ’s function along a suitable contour in the complex ic~ plane,
the ei g envect ors a re  obtained . In this case , the question of complete-
ness is assured althoug h normalization as in (3- 19a)  is not. This
procedu re will be used subsequently for  the determination of the mode
vect ors of the zero axial magnetic field case.

For the othe r two cases , we proceed directly t o obtain that part

of the spectrum associated with guided waves.

6. 2. 1 Eigenvector s for  ze ro  magnetic field
When H is zero , then tensor ~ degene rates into a scala r

quantity. In the plasma reg ion , € — 1 ( 1  - 
~~~~~ . Since for an E

mode ~ 0 x E~ 0, we have (f rom equation ( 6 - 1 0 )  for  the scalar
Green ’s function :(4O)

• + Eg = - ô(~~-p ’) ( 6- 14)

where

2 9 2
= 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

p < b
2 1

K

2 2 2
K L €  - K

£ 9  0 0  ~
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Boundary conditions for  g may be obtained f rom ( 6 - 14 ) ,  since it is
valid f o r  all p .  By integrat ing across  p = b and p = p i, we have
the conditions:

1) g is continuous at p = b and p = p ’
E

• 2 ) — ~~’7 g / ,  = - l
K ~ / ~ ( 6 - 1 5)

3) ~~~~7~g /~ 
= o

for a symmetric source of electric current  located at ~ b4, the
solution to (6-14) satisfying (6-15) is:

-J (K b)J (K p)
0 0 1

g = ( 6 — 16 )

-J2
(K b) H (K b) H (K

_ o 
~~~ 

° ~ 2 ° £ 9

9 AH ( K  b ) —
0 £ 2

~ 3 (K b) H (K b) 3 (K  b) H (~c b)1 £j ,  ° .I.
~~ 

0 1
wh ere ~l. = - (6 -17 )

K K
£ 1

and 3 , 3’ , H , H are  Bessel ~inctions of the first  and second kind ,1 o o 1
respectively.

The spectral representation in ( 6 -13 )  may now be obtained by
integrating the scalar Greens  function along a contour that encloses all
singularities of g. The desired relationship is g iven by~

40
~:
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Ø ( p )
~~~~

(K p) 2 g ( p , p ’ ; K~~) d K

H 3 (K b ) J  (K p ) d K( 1 ~~ 0
1 

O ij ~ 0

I 2~~i ~~
‘

J 
c — 

(6- 18)
- J2 (K b) H (

~ 
b ) H  (

~ 
p ) d K

1 ,
~ ° ° £2 ° ~2

2 r i  ~~
‘ 2 Ac H ( K b) —

0

the transverse component of E~ is obtained from ~~ using ,

K (i p < b
E = - — r  ~ g I = ( (6- 19)
— a t

t K < ~€ 1 2  p > b
ij o

The integrand in (6- 18)  is analytic everywhere except for a finite
number of poles and branch points. For real K , onl y a single pole
e~dsts at ~ = 0; the branch point corresponds to K = 0 for  which

£7
= t ~ 

. The pole contribution gives rite to a guided surface
mode , while the branch cut contribution give s rise to a radiation field . (46 )

For the excitation problem both contributions must be included,

specially at the source. In the far field we only consider the guided

wave , but as observed in Chapter III; we do not know the absolute field
strength of the guided mod e since we neglect to include the amount of

ener gy extracted f r om the source by the othe r mod e types. For guided
modes , K = if  K f , K = I l K  and from (6-1 3) ,  we hav e for the

i~, ~1 ~ 2guided mnoces:
I ( K  p )
° .1.1
_ _ _ _ _  

p < b
I a  ~Y K a

a I ( <  b) K ( ~c p )  p > b
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with. K given by:

€ 1  (g b) K (K  b) I ( K  b) K( K b)1 £ 1 0 
~~~ 

o
• __________________ + = 0 (6 -20 )

K K
£2

From (6-19) the transverse field components are given by:

K I ’ ( K  p )a o
_ _ _ _  

p p < b
1.~E K .ja A —0 .1.1 K

= 
a (6-2 1)

t I (,c b) ic K ’(,c p )
0 0 0 .1.2

-
~~~~~~~ , 

.
~~ _ _ _ _  p p > b

* ~~~~~~~~~~~~ IC 1.E /8  ~~~~ —.1. O T  K
2 a

I ( K  p )
- e 1 .1. 1— _ _ _ _  

e p < b
‘C —

H = a (6 -2 2 )—
I (,c b) K 1( , ~ p )
0 ,j,~~ .1.2

- 
_ _ _ _  

e p > bK 0 ( K
,t,

b) 
~ 4 8 A ’ —

K

Even though the potential functions are orthonormal; the transverse

components o~ the eigenvector do not satisf y condition (3- 19a) .  Proper
normalization is introduced by defining a normalization factor as follows:

., I~~(ic p ) e  K 1~ (K b) K~ ( K
0 0 .1.1 ~~ _ _ _ _ _ _ _N = 2 1  

_ _ _ _ _ _  
p d p + 2  1 

____  
p d p

0 K 
2 J 8 A K2 (K b) ~ K~~~~t~~~U A0 .1.2 .1.2 0 K

the above can be rewritten as:

K
N = 

8 
(6 -2 3 )

0 I C2
where
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~~~
-

2 2 2
~.. I~ ( i p )  € I 

~~ 
b) K 1 ( K

“ .1.], 0 .1.1 £ 2
= J p dp + . 2 1 2 p d p ( 6 - 2 4 )

o ~~~( IC b) o IC
.1.1 .1.~

(6-24) is evaluated explicitly by using the iormuiae~~
7
~:

b 2
j’i (,c p ) p dp = -~~b 2 {I~, ( K  b) - ( 1  + 2 2 )I~ ( K b)}

o .11 K b  ~‘ .1.1
• £3,

fK~~~~~p p d p =~~b 2 (K~ ( K  b) - ( 1  + 
~~~b 2

the characteristic equation ( 6 - 2 0 ) ,  and the approximate dispersion

equation (3-15). In the region K b < 1 , we can expand the Bessel£ 3,
functions in the small argument regime and obtain:

2 2
w v~

= ~— I (,c b) 
p (6- 25)

0 .L~~

where

1 1 1
= 

~ 
- with v0 given by (3-3 4)

V ~~~~ Cd p 0

and C speed of light.

The longitudinal component of the eigenvector as defined ir~ (3 -2 2 )  is

obtained from (6-23 ) ,  (6-21)  and (6 - 12) .

6. 2. 2 Eigenvectors for lar ge Magnetic fields
In the limit of large magnetization. i. e. , 1

transverse electron motion is effectively inhibited and the plasma be-

comes non-gyrotropic.  The tensor € in equation (6- 10)  for p < b

reduced to:
/ i  0 0

1 0

0
1..)
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The guided eigenvector components may be obta ined from a
potential b as:

• 
~~~ 

= - (6 -26a)

• 

- - 
£2

• and we
H —2 z x E  (6-26b)

K —o —at a t

where ~ obeys the equation:

~ 2 
~~~+ K

2 
~~ = 0  (6-2 7)

2
with K = (1- -j--) 2 p < b ( 6 - 2 8)

.1. 1 £2

2IC =

• 
2 

= ( 2 
€ - 

2 p > b (6 -2 9 ).1. 2 0 0  a

equation (6 -2 7)  is solved subject to two different boundary conditions:
1) column surrounded by a perfect c onductor and 2) column in f ree
space.

1) for a perfect conducting boundary the solution with proper
behavior at p = 0 and p = b is

~ = A J ( ~ p )  ( 6 -30)
.1.3,

with IC b = p~ . where p is the th ze ro of the Bessel function S .
Usin g ( 6 -2 6 )  and (6- 12) , the eigenvector components are given by:

2
IC
a (1- ~~- )  31k p )  p + i  3’ ( K  p ) z

K £ 1 — 0 11 —
.1.1

~ A’ ( 6 — 3 1 )
a 

~ l 
( 1- —~ - ) J 1 ( n p ) 8
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the normalization constant is determined f rom the orthon orrn al ity
condition (3-19a) :

• . 2 2  . 2
1 = A ’  f { ( i K ~~~ 2 ( l - —~ ) J~~ (K ~~~~~~~~~~~~~~ 

~~~~~ 
J~~(K p ) ) }p d p

for  ‘C rca]. , we havea

‘C

2

4~~
K E  (1-4)bJ 1(K b )

• If the a index is separated into two indecis: rn mode type ,
n mode in mode type; we have:

-~ —J.~ since onl y E modes are considered.a m n  n

2) Column in f ree  space
The solution (6 -30)  of (6-23 ) is still valid in the region

p < b , the plasma region. For p > b. the solution tha t satisfies
boundary conditions at p = b and aopr opriat e to the d iscre te  spectrum
is:

S (~ b)o £ 1
,= A’ K (K b) K ( ~ p )  (6-31)

o 2

where  K and K are real and given by (see 6-29~
£2  £ 1

2 2 2
IC = K  - w

£ 2  a o o

and the boundary characteristic equation

K J , ( ~ b) • ‘C K~( K b)
£ 1 £ 3 ,  

— 
£t  £ 2  

6 3’
3’ (K b) — K (~ b)

0 0 £ 1

from ( 6 - 3 0 ) .  ( â -3 1 , and 6 -2 6 ) ;  the field components of the eigerivector
a r e :

lii

I i 
‘

~

•

~
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~~~~

2 2  2
, - tw€ w v
/ O P  c 

+ 0( (w 2
+t ~~w

2 (w 2+ v ~)

= 0

0 0

in the regime~~~/w <x 1

(w:
vc€ 

0
i

usin g above , we can expand the collision coefficient as in (3-2 1)

2b
y ( w)  = 

~~~~~~~~~~~~~~~~~~~~ 
~~~~~~ 

~~~ ~~~~~~ 
p d p

2 I (~t p )  I (ic p)1 W  v
~ 

K U £ 1 9 0
= 2 p d p + J p d p }

0 K 0 KC .1.1 a

The integrals in the bracket are evaluated using the formulae
in section 6. 2. Alter approximating in ‘C b < 1 reg ion:

a b’I2 (~ b )
K 0

= 

(W
2+’c

2
) 

Zw~ K 

—

using the expression for ~ from 6. 2 and the linear approximation for
K i .e .  ic —

a - a W / v 3

2

2 2
(w +~‘C)V

for “~,‘w < 1,
i i..-

y(w ) — independent of f requency.  (6 -35 )
0
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• f o r p < o ,

3’ (~~ 
b)o .1.1

£ = i A’ K (IC b) 
~~~~~~~~ 

(o- 33a)
z 0 £2

• J ( ,  b)

E = -A’ K ( K b) ;— K 1 (~ p )  (6 -33b )
0 12 £ 2  2

J
0
(K b) we

H = -A’ K ( K  b) ~~~~ K 1
( K  p )  ( 6-33c)

0 12 2

for p > b, solution (6 -3 1)  holds. The normalization constant A’ is

obtained via (3- 19a)  as follows :

2
K .~ (~ b)

• 2
K W E  b 11 o .L~

= ~~~ a 0 {f  ~~~~ J ~~~( K  p ) p d p + J K~’(~ p ) p d p}
K o~~ 

£ 1 K (,c b) o £ 2
.1.2 °

evaluatin g the integral as in (6 -24 ) ;  the approximate value for  the

normalization constant is:
IC _ _ _ _ _

A’ = w~ b J ( ~~~ b) K €
0 

(6 -3 4 )

the desired eigenvector is g iven by (6 -31 ) ,  (6 -33 )  and (6 -34 ) .

6. 3 Exolicit evaluation of nonlinear and c ollision op er a tors

Usin g the eigenvectors derived in the previous section and the

approximate dispersion relations presented in section 3. 2, we can

explicitly evaluate the collision and nonlinear opera tors  in equation

(3-28 ) .

6. 3. 1 Z e r o  Magne~~c field
When = 0 , the operator ~ in equation (3-21) takes the form:

i13



the above equation is the same equation obtained by Trivelpiece et a118
~

since 0 — cr for  w << w3w o p
• Neglectin g the effects  of collisions, the no nlinear te rm in equation

(2-21 )  is expanded as: •

2

• 1..111.
~2 ~ ~ O (

~~~~l O ( . w Z~~ T E 2 (C’ 1

• ~a ‘~ i *~
~~~~

ew 2e w )
+ ~~~ £~‘ (z , w ) f E  2 - ( z  8 O ( z , w ) E  1

m a 2 —a —o z u 1 —a

+~flz , w 1) E 2
~ ~~~ E J ,

where E 0
t is the eigenvector associated with the amp 1itude~?0 iz ,~~1) . In I

order to simplify the above equation . we expand ~? ( z , w 1) 3~~.?0(z ,~~2 ) up to

second or der as:

a0( z .w 1)a
~~~~

(z ,w z ) 
~ a U i ) i K ( w 2)Q (z , w 2) ( 6 - 36)

Using thi s expansion, the first square bracket t e rm becomes zero

while the second is expanded t o:

= 

e € W ~ 
1

a (z . w 1) C~’( z , w 2 )~~~~~~ w 2 £ 1 E + E 2 a E 1 Em w  w 1 w 2 
. ap  p op  op op p op az

w w w w
+ i  K (w )E 2 £ 1 £ + 1 K  (w )E 2 E 1E J p d p}a(w-w -w )d~ .dwa 1 a z op ap a 1 az az oz 1 2 i 2

( 6 - 3 7 )

putting in for the eigenvector components f rom section ~- 2 we obtain
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equation (3-29) .
Putting in for  3 f rom section 6. 2 and lettin g I i ( K p ) —  ~ ~ p .

£ 1
i(2) — ~ 

(2 ) ,i~ I (~ p )  i . e .  ~ b < 1 re g ime , the non linear term
1 £~ £ 3 ,
corresponding to P is evaluated as:

4w w w b
= 

e 
f 

1 2 
3 6 

( ( (z , w 1) ~? ( z , w 7 ) & ( w - w 1-~~2)dw 1d~~2 (6 -38 )
2 (W

P
vd
v
Ob € )

where
V2 0

I
. ‘d 2 , 2( l -v ~~~c

and for  K (w) the linear contribution has been used. Similarly the con-

t ribution due to ~ is evaluated

• w 2 b i  (2) i ~°~i (1)

= - 
~~~~~~ 

(€ ~ 
(1) ~~(2 )~ ~~ ~ : (1 )  (~ ) p d p

o p o d  o o o - . -
~~1 ~‘1

( l ) ~ ~2) . (o)

— 

v~~~2 ( [i ~~~ 
(2

~ T ~°~~- K 
(1)  ~l -o

6 6 ~~ i (o ) o o -o 
K ~~ 

-

( v b  Vd E ) o o o £ 1

~Z ( z , w 1 ) a ( z , w 2 ) ó(w -w 1-w 2) dw 1 dw 2 
6_ 30)

K

letting I i, — ‘
~~ 

I~ and expanding I~ to f i rs t  o rde r  (fo r ~ b < 1 ) .

the integrals in (6 -39)  can be readily evaluated. Combining t~ e resul:

with equation (6 -38) ,  we arrive at equation (3-39).

6. 3. 2 infinite Magnetic field.
When the magnetic field is l a rge .  the nonlinear t e rm in equation

(3-21) reduces to:

l1~

I ’
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E e  2~i{ N(~~~E ~~)J 
“ l~~2 

+ ~~~z ,~~1) /  E 2E 1:~~~~ j~

b w
+ ~~ (z ,w 1) ~~ (z , w 2 ) 

~ ~ O
2
~~T EH £ p d p} ~~~~~~~~~~~~~~~~ ( 6 - 4 0 )o z T z

fr om equation ( 3 - 1 3 )  and (3- 10 ) ,  we have to f i r s t  order :
a

— • 0 _.
• 

~“r ’

~ °T w

Using above equation and the expansion of ( 6 - 3 6 )  i~ ( 6 - 3 9 ) ,  we obtain
• for  nonlinear term:

€0e 
J { ( ~~~~ + I •<0 (W 14 Z ,~1)a (~,~2 ) 2

~~~~ p d;1 2  o z z z

Putting in :°: E a z
2
~

fronl s:ctj on 6.2 ,

= - 
~~~~f { ( ~~~~~ + ~~~~~) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~1 2

( K p ) p d p } ó (W-W , -~~,)dW 1dW 2 ( 6 - 4 1 )

the form of (6-4 1)  is the same for both cases:  column in f r e e  space and
co1u n~~ sur r ounded b y pe r fec t  conductor. The d i ff e rence  lies in the
explicit fo rm the normalization coefficient A’ (w) t akes .  ‘~V~ien the cciumr.
is surrounded by a perfect conductor the normalization is ( f rom sect i on
6. 2 ) :  K

1A ( ~~) =  -.-

~~~~ 2
•
~ ~ o -—~~ ) b

wh e re  < b = . ~ is the ~th ze ro  cf 3’ . Assumj n~ that only then -n  0 -

11 n

~~ 1~ -
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lowest  o rde r  mod e is p r e s e n t  (hi ghe r o r d e r  modes  a re  slowe r and

con sequent ly  a t te nuated at a fas te r  r a t e )~
3
~~ ,

~ b = 2 . 40 3
.1.1

and equation (6-41) becomes:

= + 
~~~~ 

(
~~~1~~~2 ) (2.  ~ 

f J ( ~~~~p ) p d p

o b 
~~~~ 

b)

~~(z ,w 2) â ( w-~~1-~~2)d~~1d~~2 ( 6 -43 )

in the above derivation , it is assumed that w < w • so that  the linear
0

portion of the dispers ion equation gives the maximum cont r ibu t ion  to

the nonlinear t e rm , For the co lumn in f ree  space,
K 

_ _ _ _

= w b J  (K b)~~~~~ e (6-44 )
p 0 

~ l 0 0

and (6-41) becomes
b

(2w ~~ ) ~~~ 
J 3 0

3
( K  p ) p d p

~ f{ }~? ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~w u b  o J ( ~ b)p x  0 .1.1 (6 -4 5 )

w h e r e  the same assumptions leading to (6-43) have been used. (6-43)

and ( 6 -45)  lead to (3 -42 ) .
The collision o p e r a tor  fo r  l arge  magnet ic  f ields is given b y:

0
(

= 1
= 0

0 0

where 0 0 0

0 0 3
, -, 2

V -~ ~‘ -~~
C 0 0

3 0 ÷ 1
:~

.~) ~~~~~~~~

/

liT

I -  
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.• — •~~~~~~~~~~~~~~~~ - 

— • - •  -



The collision t e r m  takes  the f o r m  ( for  v/ w  < 1).

b
• (~ •

‘ 
~~ 

) = i C E  £ 0 ~ ~ ) p d pa —  a - a a 2 2
0 Z Z

putting In for  the longitudinal c omponent of the elgenvector ,

= i E fA ’
2

w) J ( ~ p ) p d p j  ;
c~~ (6- 46)

Again , the above form applies for  both c olumn in free space and column
surrounded by c onductor.  Using ( 6 - 4 2 ) ,  the collision coefficient  when
the column is surrounded by a per fec t  conductor  is ,

b
2

K j  f~~( i  p ) p d p

2 2  2 
1 for  < 1

w T h  J ( ~~~~b)
• p l~~~~ l

and again we have assumed that w , so that the majo r  c on t r i b u t i o n

to ‘C a r i ses  fr om the linear term. 
-

a
Similarly , fo r  the column in f r ee  space:

bc r 2
2 2 J JQ ( K  p ) p d p

~~b S (~ b) o .1.1
~~ 0

6. 3. 3 Weak Magnetic field.

To obtain the Kernel  given in ( 3 -3 0 ) ;  the nonlinear t e r m  In

equation (2-2 1)  is expanded in component fo rm , and consis tent  ~~th the
slow mode assump tion , we onl y retain the te rm ari s ing  f rom the coup ling
of the longitudinal electr ic  field. For w w , this t e r m  is givenC p
by:

3 2 2 2n e  c e  w w
. ( -  0 , 0 1 • o 1 ~ c ,

= 

~J L 2 2 2 2 2.w + w  1 2p c l p c

( 1) ( ‘)(E E , E
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U~~ng t he express ion  for  the z component of the eigeaveczcr ~f rom 6. 2. 3)

to explicitl y wr i te  the inner p roduc t :

2 2 2 2
-cc w

— ° ii- i 7  p 
________ 

0 C 1 ( • \ 
~~ 

- ;  ~~~~~— rn J L ’  2 2 • 2 2 , 2 ~w +w 1 2 ~w (w -rwp c  1 p c

b
A(w 1) A ( ~~~) A ( ~~) (

~~ (K 
p )p d p ~(w -w 1 -w 2)dw 1d~2— £ 1

Putting in for  the normalizat ion coeffic ien t  A(w) and proceeding as in

6. 3.  2 , we arr ive at the final fo rm ( 3 - 4 4) .

1]. 2
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• Evolution of Parametrically Exc ited Instabilities

in a Magneto Plasma Column
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iv-1. INTRODUCTION

The parametric exci ta t ion of in stabilities in plasma

has been the subject of intensive and extensive studies ,

both theoretically and experimer.tally in the past decade.

A recent surge in interest has beer . prompted by the  fact

that anomolous ab s or pr i cn  of microwave power through

parametric interaction cart be an effective method of

heating the  plasma .~~~
5 A comple te sur vey and rev iew

• this subject can be found in a recent wo rk of Porkolab .~

Essentially we can group the results intc unmagnetized

and magnetized cases , and a brief summary on its d eve lo~-

ment is gi ’en.

In a Darametr~c interaction , a rump wave suDplies the

energy to the coupled modes to overcome their natural

damping mechanisms. These decay instabilities in turn

may act as a pump to generate other oscillations . The pro-

cess can be viewed as the background plasma being mcdi-

zied cy tne externa~ m~crcwave tump 02 su::lclent power ;

the thresho ld level is arrived when the  imaginary par t of

the complex f requency of the wave (assuming a t ime va-

r iat ion of exp (-i~ t)) becomes zero. The existenc e of

this threshold level is an important character is t ic  of the

parametric decay phenomenon ; any fur ther increase in power

above this level drives the excited waves unstable.

There has been numerous wcrk done on this sub~ect.
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Nishikawa ,7 using a general cour led mode formulation ,

obtained the exoressions for the growth rate , frequency ,

and thr esh old for the onse t of the instabi l i t ies, when two

natural modes of the system are coupled and dr iven  uns table

by a third oscillation . Then these results are applied to

a f lu id  model e lectron-ion clasma , it-. which a microwave

pump drives an e lec t ron  plasma wave and icr. acoustic wa-re urt-

stable.8 Dubois and Goldman derived the non- linea r
C

ceptab i l i t ies  using ~•uantum , s ta t i s tica l- mechanics  ap~ r caoh , -

and in a later raper ,20 us ing  the co ll i s icn less  Bcl tzm anrt -

Vlasov equation by pertur’oative method . Instead of the ~uan-

tum —statistical method used in [9  ], Lee and ob tained

the sam e resul ts  using the f l u id  model  of an e l e c t r o n- io n

plasma . In anisotropic medium , the  d e ri va t io n s  are much

more involved since the  model used is the k i n e ti c  descrip -

tion . Aiiev , et a112 used the Vlasov equat ion to obta in

the background and perturbed d i s t rib u t i on , solv:ng by tr art sfc-

.mat ion into an osci l la ting frame . The electrcstatic actrox-

imation 13 used to obtain the d i spe r s ion  re la t ion , w h i ch

is valid for  longitudinal  modes only .  Porkolab l3 analyzed

this dispersion relation for  d i f f e r e n t  sets of coup led m o d e s .

A new theoretical development using the Hamiltonian arrroach

z or tre parame tr:c mode coupl ing is p e r o o r m e d  as a ccn-

current effort to this oro~ ect .~~

The f i r s t  a t t empt  to p a rame t rioa l i y  e x c i t e  the doomy

12S
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i r ts t ab i l i t ies  was ce r f or m e d  in l9~~~ ;~~~ mart y other exceri-

ment s  have fo l l ow e d  c-icr  sin c e .  A typ ica l  r e :r e se n ta tiv e

sartle to i l lu s t r a t e  cer ta in  key  p c i n t s  is  g iv e n .  It - . a

Double Plasma machine  w i th o u t  s tat ic  magne t i c  fi~~ld , 1C

a P.F s ignal  a c t i n g  as the is laun che d in a :araliel

gr id s t r u c tur e .  B o t h  the  ~arame:r ica l ly  e x c i t e d  h igh  and

lcw fr e c ue n cy  signals are t i o k~ d uc by tr obes  hen the

f_ c_ c s~ re’~~~’ e ceeced ~~e ~~res c_c _e e~ I’— frec c—c

m atcr tc n g  conci:t :~~rt o ~~ 0 = L ) l —  W~ c c c o s e rvec , wr te r c  
~~~~

- , 
-

ar’d (.&.) 
~~~~~~~~ ~~~ ~~~~~~~~~~~ c~ ~ c ’-~~— ,

and icr .  ac o u st i c  va-rca, res:ective-y . B:; using tt.-o ~robe

correlation measurements , the wave number matching , k = k.-~:,

is also obser- .- e d .  I t  is t h e r e f o r e  at~ arertt that , for the

case of i s o t r op i c  p lasma ( B~ = C )  , t he  modes  invo lve d in

the in t e rac tion , as obse rved  in the  ~ arametr io  c :om er imcnt s ,~~~~~~

are l i m i t e d  to the  natural modes of the two com~ cnent  : lasma ,

the t;v o a f o r e m e n t i o n e d  wav es  p lu s  the optic mod e. The

di s t e rs ion  r e l a t i o n  of t hese  m o d e s , wh ich  are f o u n d  in art y

Plasma tex t , are r e p r e s e n t e d  by each branch of the  diagram

in f !g.l .  Two parametr ic  decay i n t e r a c t i o n s  are r ep r e s e n t e d

in the diaar am , decendir t~ or. the  value of k , be inz  :ero
- —o —

or f in i t e .  W i t h  
~~~~~

= 0 , the ‘cackaca t t e ring  r r oces s  is

i l lus t ra ted by t :~e para l le logram, wh ich  shows the  elec t ra -

magnet ic  pump with f r equ en c y  c~0 , deoay in~ i n t o  e l e c t r o n

plasma and icr. a c o u s t i c  wav e s .  
• 
~ot only  is  the  f r e qu e n c y
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( energy ) conserved , i . e .

• 
(U 

~ ~~1 
+ (1.1)

but also is the wave number (momenta) :

—, ( 1 . 2 )

For~~ 0 0, we have~~, = -k .

For 
~~ / 0, the conservatior. equations given above

obv iou s l y hold , as sho-~r n b y  the dashed l ines  in the dia~ ram ,

wi th  the  unprimed q u a n t i t i e s .  The genera l  process  of the

decay ~roce ss can also ‘cc r epresent ed  in a scat ter ing

diagram , as in fig. 2.

FI G . 2: SCATTERI~TG D IAG RAM CF PARA~~ T~ IC DICAY INS:A3I:I:y

In a four mode interaction , we can descr ibe  the theno-

menon as a combinat ion of two th r e e - mc de  p rocesses  in a

s imi la r  fash ion .  Then the pump at ~~ coup le s  ener~~;.-

i n to  osc i l l a t ions  at w , and ~i 
— ~ , wi th  ~ -S 0 -  0

be ing the  t o k e~~, and 
~

- (U , the  an ti -S tokes

f r e qu e n ci e s .  From the  dispersl in  diagram , we can see that
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the electromagnet ic wave can decay in to  a combinat ior.  of ,

either electromagnetic and ion-acoustic wa-res , or elec tr c-

magnetic and electron plasma waves. The first process is

called Brillouin Scattering, and the latter , Ramar. Scat-

tering . Als o , in an overdense plasma , i.e., pump freqcency

~~ 
is less than the plasma frequency ~~ 

, a n on-oscil-

latory instability, the Oscillating Two-Stream Instabi-

-
• 

lity  may be exci ted . ’7’ 8, 20 -

Turning attention to a magneto-mIasma , the number of

natural modes which can exist , is much greater; therefore ,

we expect the possible combinations of modes to be involved

in a parametri c de cay interac ti on is no longer as limi ted

as before . In an infinite , homogeneous and two-component

plasma , with a static magnetic field , B~ oriented along

• z d i rec t ion , using the fluid model , the  dispersion

relarion 21 23 of the warm pla sm a i s plotted in fig. 3.

• A more complete set of all possible mcdes is obtainable wi th

• the kinetic deseri~~ti on.
22’ 2~~ Some o f t h ese , e spec ia l ly

the modes involved in our experiment , are der ived  and plotted

in secti on ..4- .~ . The values of the ~ labeled in the  dia-

gram are de f ined  as fo l lows , o f t e n  si:op lified w i t h  ~ror e r

a~prox imat i cns :

2 ~
— — ( .h~~~ W,-~

2
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Thus , it-. the rresence of sufficiently strong electric

fields , the plasma is subjected to ~arametric interactions.

Over the years, a great number of experiments ha-re

been performed with the microwave pump at a w ide range cf
- - • - . 25-32I re quencies , c c rres~~ona:ng to one oi tn e  natura~ moces ,

and many of th em h ave also obtaine d evidenc e o±~ plasma hea-

ting . However , to succeed in achieving a parametr ic  ex-

citation experiment , not only must the momenta ~ be

matc hed , often a well defined wave number k is in order.

Then this would yield decay instabilities with  fixed fre-

quen cies of hi~ hly spiked spectra , rather than a broad

F range of frequencies being excited .
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Hiroe and Ikegami25 performed their experiment in a

mercury plasma discharge tube insert ed in a waveguide.

The fixed microwave pump frequency is close to the upper

h-ybrid mode , and when th e pump power excee ded the threshold

power level , sharply spiked spectral component s aptear , wi th

frequencies corresoor.ding to ummer hybrid and lcwer hybrid

modes; these are traveling waves.  In ex~ erim~ nts  perfcrmed

by ?ci-~colab , et al ,26 and Franklin, ct al ,33 the  microwave

launcher used , like in Stenzel and Wo ng ’ s, is composed

of a parallel gr i d .  A Lis i tano coi l  is also of ten  used to

launch a spiraling slcw wave as done it-. {Y.j . it-. a well

confined magneto plasma of sharp boundaries such as the Poly-

technic Ho llow Cathod e Dischar ge device , it is possible to ex-

cite parametric i n st ab i l i t i e s  with a high power microwave

signal . It is with this interest in mind that the present

research was started .

The plasma device , which u t i l i zes  a small ho llcw tube as

a cathode , produces an argon arc discharge between the

negatively biased cathode and the grounded ba f f l e  anode.

• This anode is hollow at the center , thus  allowing part of

the plasma , which has escaped the magnetic mirr or at the

sourc e region , to flow into an experimental d r i ft  region.

By controlling the voltage applied to the cathode, and/cr

the magnetic field strength, and/or neutral gas flow , we

can gradually change the characteristics of the background
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plasma such as density from 1O~~
3 to 1011/c.c. A horn

antenna is mcunt ed on the anode end plat e such that the

cross section of the plasma beam is being shined by the

microwave field . The electric field is polarized in a

direct ion perpendicular to the beam and the static magnetic

f i e ld .  W it h all the background parameters  a d j u s t e d  to ideal

• condit ions for  the exci ta t ion of the decay instabilities ,

the microwave pump rower with frequency at 9 .23  0Hz , i~

increased gradually . W~nen the power exceeded a definite

value , excited signals are observed simultaneously at two

frequencies , one close to the pump frequency, and the other ,

• at about 260 KH: ; the threshold power level is experimentally

estimated first , and later confirmed by calculation , to be

about 65 watts, wh ich correspond s to an electric f ie ld

strength of 1~ 7/ci. The microwave signal is square wave

modulated in such a way that for  about 9O~ of the period ,

the power is fixed at a level above the threshold , and the

remaining ~.O% , the power level is varied gradually over a

range of values. As the power is switched to a Level below

threshold , the amplitude of the ele ctrostatic ion cyc lo t ron

wave decays from a saturated ievel cnto noose . ~ecay rates

thus obtained enable us to confirm their linear dependence

as a func t ion  of power;  the threshold sower and the natura l

damping rates are also calculated . The growth ra te  for  -each

mower level  is also obtained as the tower exceeded  the  thres-
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hold ; from the saturated amplitude and the phenomenological

model, it is found that there are two competing saturation

mechanisms , namely the anomolous diffusi on or the harmonic

generation. The dispersion relation of the modes involved

in our parametric interaction are also derived , and it is

found in the range of our parameters , these modes are

the third harmonic of electron cyclotron and the electro-

static ion cyclotron waves. -

In IV-2 , a detailed description of the plasma

device and the microwave system is given. The experiment

of parametric excitation and typical observations are in

IV-3 . LV-4 contains the analysis of the data ,

the presentation of the phenomenological model which not

only describes the growth and decay , but also the satu-

• ration of the waves, and the derivation of the dispersi on

• relation for the modes involved. A brief conclusion and

possible future research are given in LV-5.
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IV-2 . PI~~SMA AND MICROWA VE SYSTErvI S

A- Plasma Device

The experiments of the parametric decay instabilities

are per formed in the Hollow Cathode Discharge (HCD) device

built a few years back. I t  has been used to study the

charged mart icle  loss processes , 35’ 36 and low frequency

instabil i t ies.37 This linear device, as shown in fig. ~
consists of two reg ions,  a turbulent source region , ar.a a

relatively quiescent exmerimental region immersed it-. an

uniform magnetic field . The plasma is an argon arc dis-

charge between a hollow tantalum cathod e and a ba f f l e  anode.

The neutral gas is fed int o the hollow cathode where ,

through the application of a RF breakdown oscillator and

a high negat ive  bias , it breaks down ini t ial ly. Aft e r  the

plasma is started and becomes se l f - sus ta in ing  by ther-

mionic action at the cathode , the electrons are accelerated

towards tne oa::ie anode. ~art 01 tne e_ ec tr on s  wnocn are

not co l lec ted , flow th rough  a ho le  in the b a f f l e  anode  and

enters the exmerimental d r i ft  r eg ion . Ions then follo-~ i n to

the region , and the  quas i -neut ra l i ty  c o n d it i o n  is ach ieved.

Whi le many features  of th is  HOD are similar to ooners , it

is distinguished from the rest due to its length ( a 2 ci long

vacuum chamoer) and due to the capabo oty 01 ma:nta :r•:ng a

pressure ra t io  ( i O :~~) between the 2 regions  through  tr •e
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action of the baf f le  anode and the d i f feren tial pumping

systems . Thus a high density plasma can be generated in

the high-~ ressu~~ source region , yet in the experimental

region , the gas f low can be independently control l ed in

order to obtain various degrees of ionization. It has the

capabi l i t y  of ach ie ving an almost fu l ly  ioni z ed pl asma

(9 0% or more).

The c onfining magnet ic f i e l d in the dr i ft re gion ~s

spatially uniform to within 1% over an axial length of I

meter. Mirror coils placed over the baffle determine the

plasma transport from one regi on t o the other . The mag-

netic field is provided by a set of 15 water cooled ?E~

coils (capable of 3 KGauss strength) of very low resistance

(.O3~~ each) .  The L~ sour ce r egion c o i l s  and the r emainin g

11 in the experimen tal re gion are ind ependently power ed by

2 HuNac power supplies with a power output of 320 KW .

The i-i. source coils are connected in series with a low

resistance of 0.25C~ so that the operating load for the

supply is  wi thin the safe operating re gi on.

Once the d ischarge i s on , the plasma density can be

varie d by changing the cath ode voltage , which in turn

changes the plasma current I3~ from the cathode to the

baffle anode. Although the range of the baffle current 1c

can go from a low of 1L A to a maximum of L~O A (corresponding
11  1

to a density range of iO~~ to 10 ~er c .c.), the magnetic

13~
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field in the drift region may have to b~e readj~ sted to

correspond to the optimum conditions for a stable t la sma .

The experime n tal dr i ft re gi on is normally t e rmin a ted  by a

movable water cooled anode , which can be grounded or f cated;

however ,  in our exmer iment  it is remlaced  by an insulating

plate onto  which a microwave antenn a horn is m o u n t e d .  Thu s

this  experimental se t -up  resemb les  that  of a -maoh ine

excemt the source is of arc o r ig in .  -

3- The Microwave System and Power ::easurem t-t

The electromagnetic munc required to excite the miasma

instabilities is crovided by a microwave sys tem as illu-

strated in fiz. 5. The source is an x-’oand signal ge-

nerated by an ultra-stable microwave oscillator (L?~~, mode l

SI~ - ~) ,  with a power output of 30 ciW . This oscillator is

a hi ghly stable , wide band source (8.5- 10 0Hz) , w i th  a

klystron oscillator and a stabil izing feedback loop , which

consists of a tunable r e f e r en c e  ca-•-itv and a low ncise d-c

acimlifier. Through the act ion of the cavity and a diffe-

rential amplifier , any klys-tron fre quency c hange i s  con-

verte d into a voltage change , which is in turn applied to

the reDeiler electrode of the k lyst rcn .  Thus any fluc-

tuation in fre quency w i l l  be o f fse t by a change in the

repeller voltage , and the output can be held very c lose  to

the ori~ inafly set f r e q u e n c y .
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Through a series of variable attenuatcrs , this micro-

wa-ic signal is fed into a highly sophisticated , self-containe d

microwave generator built by G.. . This unit , which can be

operated either as a source generator or a 50 dB amplifier

with a maximump ower output of KW CW , c on s i st s  mainly of

a 1f arian klystron tube , VA - 922 series. Each tube is

:ac t ory tuned to a speco::ed center  f r equency ,  and nas a

15 ~~~ band~’fidth . It incorporates a series of p ro tect ive

ci rcui t ry  that automatically shuts off the syst em if ar.y

failures unexpectedly occur . At the input arm, a ~ in d i o d e

switch (:-~ 6 735A ser ies)  is emmloyed for the necessary sig-

ral moa~~atoon Thus , trro~gn t~ e action of t h s  fast “_cro-

wave switch (rise t ime of 30 nanosecon ds)  and the series  of 
- •

microwave a t t enua tors , the  power level of the pum~ signal

can be changed accurately fr om one l eve l to another  by s imply

varying the bias to the pin diode switch . The amplified

micr owave si gnal is  then f ed into a horn antenna (U S Army

Signal Corps AT- 155/U, 3” W , 2*” H , and ~ 
“ L), cicunted to -

the anode end of the miasma device. Since the miasma beam

ends exactly at the throat of the horn , it must be electri-

cally insula ted  in or der to avo i d drawin g curren t , thu s

changing the characteristics of the plasma system. This

i s  acco mpl ishe d by connec ting a thin t e f l o n  sheet  be tween

sections of waveguide. A microwave pressure win-dow is also

cor •r e cted  fo r ~ h e rm it i ca l  seal of the  ~lasma sy s t e m .

14 ~
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Pow er level of the pump at OW mode of o~ e r a o i o n  is

measured f rom the  output arm of the microwave g e n e r a t o r , ’

ampl i f ie r  by p icking up a f rac t ion  of the signal , i . e . ,

through a direct ional  coupler of 30 -dl r a t ing  and a 20 di

attenuator (exact value only L~9 . 6  db at 9 . 2 3 L ~ O H : ) ,  to a

t h e r m o e l e c t r i c  power  m e t e r  (~~icrc -iave A s s o c i a t e s , m o d e l

:-~owever , in our exteriment , the mower -evel i s

f i r s t  set to a level above the  t h r e s h old  f o r  t h e  o n s e t-  of

the parametric decay i n s t a b i l i t i e s.  A pcwer  r e ad ina

is made a f t e r  or t imum  omera tior .a l  c on d i t i o n s , wh i o h  give

the sharm-est teak in the f requ e n c y  sme cora , are achieved.

Then the Pump signal is square wave modulated , with ~~~ of

the per iod  at t h i s  level , and the  r e m a i n i n g  C[~- at a va-

r iable  power l eve l -  T he r e f o r e , the  di rect  t ower  measur e-

ment method can no long-er be done. This  is done, as cut-

l ined in fi g . 5, by displaying via a d i o d e  d e t e c t o r  t h e

modu~ated output , after Passing thrcugn a foxea 3C

att e~~4a~~or , a~ d a pr e c s o ~’ r a ri ao_ e  a t e~~~a~~or ( -T  -

on a dual trace oscolLoscote. ~‘Joth tne var:ac_e a t t en ua t o r

set at zero , the 2nd trace a: tne scope usea ocr  re:eren:e,

is mad e to align with  the  t cp  level of the sauar e wave ,

which corresponds  to the power level read f r o m  the  tower

meter at OW . Then , the  variable a t t enu a t o r  is in c r e a s ed

un t i l  tne  lower l eve l  of the  square wave ali~-n: - -;i:h the

referen ce trace. :he ;alue on tne variable a:cer.-o~ tor
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t h e r e f o r e  simPly corresponds to the number  of di the power

level is away frcm original OW tower reading .

Sinc e -the variable power level is controlled by t he

pin diode modulator , which in turn is controlled by the

negative bias supplied by a pulse generator (OR model 13~ C),

one can minutely and accurately change this level. A final

note on this must be added . Since the original mo”ier

ding is obtained by assuming a 50 di attenuation before

the power meter to simplify readinas (instead of usina the

actual ~9 .6  dl at this f r e q u e n c y) , and the  hc-rn is about

11 f t away f rom the location where tower is read , a ocr-

r e c t i o n  factor  of 1 db ( a t t enua t i on  due t o  ‘:aveauide is

0 Oc a :/:t-~~) mst  ce suot rac tea  f rc~-’ t~~ ~e e r  reac_~ g

to arr ive at the actual power .

C- Basic Plasma Parameters -

The HCI device is operated - iith no ma~cr modifications

contared to- t he  syst em t r ev io u s y used , w i t h  the  e x o e tt i on

of the horn antenna retiacing the movable anode , and of the

low oermenmaae of ionization encountered in our exteriment .

T h e r e f o r e , many of the t r e v i o u s l y  obtained t asma t ar a ne t e r s

or system characteristics are extected to be unehat- -~± , for

example , the radial profile of the d e ns i t y  and t en t en a tu r e

( f i g . ~a). It snould be noted that , since the microwave

tun t  f r equ ency  is f ac to ry  set (no attempt is m a d e  to  ohanac
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it  even though the klystron tube is tunable ~ 360 i’~T-~:

around its center frequency) , the plasma parameters must

be meticulou sly adjusted until all the conditions are

prover for the parametric excitation to take place.  It

is due to this that -the gas flow , magnetic field and baffle

current must be promerly set to  sm e c i f i c  va lues .  T he r e f o r e ,

v t ~ t~~~s _n ~‘-~ rd , ye octa~~i ore ar_a~~ c~ of ders _ t as a

functoon o: ba f f l e  current I B~ 
-

The electron temmerature and density are measured by

the single or double  probe technique . 39
~~~ This  Lanamuir

probe meth od is simp le to use . ~ ssential ly,  a bias voloaae

is amml± ed between one probe and another  re ference  p oint ,

which can be another  nearly identical  probe ( fo r  double

probe measurement), or a point in contact with the plasma .

As the voltage is changed , the current flowing through the

pro be also varies , thus giving us a V-I characteristic

curve f rom which the densi ty  and temperature is obtained.

In a magne t i zed  miasma , however , the e l ec t ron  c o l l e c t i o n

area of the cylindrical probe must  be m o d i f i e d  to only the

rectangular cross section of the probe , and the double

probe must be oriented perpendicular to the magnetic

field B~~ ,other wise , a electron retardation can occur if

the 2 probes are along z. A typical plot of the density

versus  ba f f l e  current  13 is in fig. db. Since the density

of approxima tely ~o
12 partici es/cc yield a plasma fre—
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quency 
~pe of 9 0Hz , the baff le  curr ent 13 below 25?. is

chosen to be the operating range f or the experiment (the

microwave pump frequency is fixed at 9 .2 J L~ 0Hz).

At the operating condition of 13 = 15A , a static mag-
netic fieid of approximately 1 KGauss , and a neutral tressure of

2 micron of Hg , the parametric ins tabi li t ies  are exc i t ed

when mump mower exceeds the threshold level. The electron

temperatur e and densi ty  are found to have increased li ttle

wi th the microwave pump on , approximately 20% and 50% re-

-pect ively.  At zero power , e lectron temp eratur e (dens i ty)

is only 1.56 ev ( 5  x 1012/cc), and at 100 watt , 2.2 ev

(8 x 1012/cc) .  Fur ther  increase in power (up to  350 wa t t )

yields no appreciable change on bcth parameters as sho~~
in f i g .  6c ;  other basic plasma parameters per t inent  to

the operating reg ion given above are summar ized  in Table I.
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Table 1

HOD Plasma Parameters

- Neutral DensLt~ (at 2u) 6.5 x 1013/cm3

Percent Ionization 12 . 5%

Y~agnetic Field  3 1088 Gauss
(a t  l~~0A ;  b O A  = °680 Gau ss )

Electron Cyclotron Frequency 1.92 x l0~
0/sec.

• 3 . 05  x l0~ H:

Ion Cyclotron Frequenc y 2.61 x lOf/ sec
-~- . 15 x 1 O ’  Hz

Electron (Icn) Dens i ty  8 x 1012/cm3

Electr on Temperature 2 eV

Ion Temperature  .6 eV

Electron Plasma Frequency 1.6 x l0~~ /sec
2 . 5 x l O  Hz

Electron Thermal Speed 9.5 x 10 cm/sec

:cr. Thermal Speed 1.9 x l0~ om~’sec

Electron Larmcr Radius 5.1 x l0~~ cm

Ion Larmcr Radiu s  .76 cm

Debye Wavelength  3. 7 x 10~~ cm

De ’bye Wavenurzber 1.69 x 10 3/om

150
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Table I ( c o n t ’ d )

HOT P la sma  P a r am e t e r s

Microwav e Punt Frequency 5.50 x l~~
0/sec

9 .23  x lO Hz

Third Harmoni c  E lec t ron  5. 76 x l0~ 0/sec
Cyclotron Frequency 9.1T x lC~ Hz

Elec t ros ta tic  Ion 1.63 x l0~ / sec
Cyclotron Frequency  2 . 6 0  x lO~ :dz

:lectron Neutra.. 2. 59 x 0 ,- ‘sec
Coll is icn Frequency

Ion Neutral  1.64 x 10 5/sec
Coll is ion Frequency

Wave Number k 1
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[V — 3 EXP ERI~~~NTAL SET -UP AND RE SULT S

A- The Exm eriment

The experimental study of the t ime-evo lu tion  of the

parametric instabilities is conducted in the HOD device

described in the earlier chapter .  Fig.  5 shows the micro-

wave sys tem and the whole experimental  s e t -u t .  The bac~c-

ground condi t ions  are in i t ia l ly  adjusted so that the  micro-

wave pump can parametrically excite the electrostatic ion

cyclotron wave. These parameters are r eadj us t ed  unti l  the

oscilbogran of the waves being the most  coherent , or equivalently

the peak in the f requency spectrum being the sha rp es t .  A f t e r

these adjustments, the pumt signal is modulated as shcwn

in f i g .  7 ,  and the instability grows or decays depending F

or. the power be-id . A t~~ icai frequency of the square

wave is 1 ~ dz , with i ts  total  period I of 1 nsec .  divided

into an on-off  ratio of 9 to 1, i . e . ,  during 9C~o of the

time , the microwave power is at a level above threshold

tower , PT’_- ,whjld the remaining iC~ of the mime , the tcwer

level is varied over a range of power le-;eis. This type

of modulation is often called unsymnetrical square wave

modulation , and the chosen duty cycle assures us of a fair y

constant background , and the time perio d of T2 long enough

for the instability to reach steady state.

Two se ts of dis t inct exper iments  are- pe r fo rmed  altmougr .

both are o f t en  conducted together . The first set , to mea- 

~~~~~~~~~~~~~~~ — • -  —~~~~~~_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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sure the decay time of -the parametric instability, is done

with the power level P2 varied gradually from 0 watts to

about 65 watts , the threshold power bevel; and to measure

the gr owth time , the power level P2 increased fr om PTH to

P
~ 

level. Thus , during th e peri od T1, the electrostatic

ion cyclotr on waves reache s a finite steady stat e . At the

end of time T1, the microwave power is switched to a new

level P2. If P2 is below 
~TH’ then the amplitude of the

wave decays into noise .  If P~ is above 
~TF’ 

the wave

amplitude decays from one steady state level to another

non-zero level. An immortant fact must be considered in

order to conduct these experiments for measuring the decay

ard groyt .~’ t~~”e As the pump zs swa cned, t~ e rise a~-o fa~~

times o: tn-s macrowave signa~ mus~ oe smaller tnan tnose 01

the waves. This is assured since the tin diode switch and

the square wave generator which drives the modulator ha-;e

rise and fall times in the nanosecond region (30 ne. and

5 ns. , restectivel-j) ; therefore , the modulated microwave

signal has a much smaller value compared to those of tne

instabilities which are in. the micrcsecond range.

3— Detection of Wave s

The detection o± the instabilities are done by obser-

vations in the time domain through oscilloscope , or in the

frequency domain through spectrum analyzers. The parane-
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trically excited high f requency signa l , the  3rd h a r m o n i c

of the electr on cyclo tron wave , is observed through the

reflected signal from the waveguide , with its frequency

stectrum diemlayed in a high frequency smectrum analyzer.

The high f requency spectrum typically shows a cen te r  teak

at th munt f r equency  of 9 .2 3 L~. C -H z .  When the mow er

exceeds t~ e t~ res~ o d , ~~~10 s~deband s , ammr o~~~~a e _ i 250 :-:

from the teak , simultaneously artear . These  ccrresmond :-

the Stokes and an t i -S tokes  frequencies.

The electrostatic icr. cyc lo t ron  wave is observed

through electrostatic or Langmuir probes. These probes are

connected to a Tektronix 551 scope, which is equ ipped  with

a isolation transformer. Therefore , the probee are f l o a t i n g ,

and no appreciable current is dra~.’rn thrcugh then to iccally

disturb the plasma . One probe is connected t o a h o m e m a d e

50 ~ co~~cial tube capable of rotation and movement along tne

mbasma beam . Essentially the trobe is nade cf a fine

tungsten wire (10 nil thick) which is  electrically insu-

lated with ceramic tubing (Al2
3
) except at the ex:cse±

tip of approximately 60 nil , oriented al c n~ the

magnetic field direct ion. :. A second probe is also u : e d ;  i t  is

inserted through one of the  several  por t s  l o c a t e d  on -

of the dc-r ice .  W i t h  i t s  d imens ion  nearly identical to the

f i r s t  one , t h i s  is  a transverse probe s~~— - c e i t s  o r i e n t a t i o n

is p e rr e nd ic u la r  to the : - d i re ct i - cn .  U s i n g  t h e s e  two near y-
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iden tica l  p r o b e s , i t  is found that the transverse probe

t i c ks  uc a much larger  signa s t r ength  of the  i n s t a b i l i t y ,

-ov en th ou gh b y ccm:arison , the  long it udina l  probe is more

sensitive . Therefore, we conclude that the  observed in-

stability is transversely molar ized . In. a similar cx-

o _ ~~r e-~~ — o c e  of omer a~~~c~ -~ - _ s  de ce ,

the  came r e su lt  and c o n c l us i o n  have been cb ta in ed .~~~
The low frequency signal can also be obser-~ed opti-

oallv as -done H1ein~~
9’ L~2 U s in g  a lens focused  to the

c-~---~~er c - e  m a : a :eo~’, ~~ a-~t ~e - s~~ c a ~ a-~ s d e—

ec ed a—c r a r s — ’ t e c  o ot t_ ca l  f_ ce r  ~c~~es to a t — o t o —

mu l t i r l i e r  tu b~i- . Thus mcdulat ic-n in light intensity is

due to the local variation in. dens i ty  caused by the  elec~ ro-

stat ic ion cyclotron wa-~-e. In ins tances  when t he  e lec t ron

d e n s i ty  increases , the  number of e l e c t r o n - n e u t r a l  co l l i s ion s

increases , causing the bound e lectrons  of the neu t r a l s  to

be excited in to  a h ighe r  enerc;r level. hh en t h e s e  e l ec t rons

relax back to  the  ground s ta te , l igh t is  e m i t t e d .  There-

f o r e , the f l u c t u a t i o n  in l ight  i n t e n sity  obse rved  is

-squi -ralent to the  o sc i l l a t ion  of the --dav e in question .

-This method is not used ex ten sive l y b ecause the si gnal

s t rength  is too weak since the locat ion of the ott ical

:ioers are away :r on the p~ asma ceam , ano cecau se 0:

other signal s being also ;ic-:ed up.  These  Ic- -; f r e q u e n c y

instabilities , --ihich often . mar the  i n t e n d e d  o b s e rv a t io n s ,

- -- ~~~~- -—- -. -
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are thought  to  be inheren t  of the arc clasma . T h i s

method of detection prov ides  an alternative to comtllmen:

the observat ions thrcugc. electrical probes.

C- T~~~ical Obse r v a t i o n s

S~~oce ~ ‘-er e are z-~-~ere~~ z - s ~ a :_ ~~~~_ e s , c _ c -  are

originated from the source region and are all under 102 :~~:,

we must  t ry to f i l t e r  th em cut  o rde r  mc s:~ d-r

tr ostatoc 1-o r. cyc~~otron. wave a; azout ~~~ ~~~ ncs  cc

accomp l i sh ed  by us ing a variable e l e c t r o n i c  f i l t e r  set

to high pass filter for frequencies aroater than 200

The cu- mut  is then  fed  in to  a high gain differential

an tl i f i e r  ( T ek t r o n i x  p lug-in  un i t  lA~~) , and i n t o  the

trum analyzer , as ske tched  in f i a .  5 .  A tITical observe-

z ion of the  low f r equ ency  spec t ra  is s:no~-i-n in f ig .  ,
or without the incormoramion. of the filter. In cloture a,

with no microwav e pump nor f i l t e r , the only cohe re n t  signal

e x i s t i n g  in the n i a sma is a low f rec u en c y  c soill at ~ -on ct

below 50 KHz .  W i th  punt cower i n c r e a s e d  to 150 --;atts , well

above th r e s h o l d , the  c a ra m et r i c  i n t e r a c t i o n  t a k e s  lace

as shc-;rn by the  f r equency  c o m p o n e n t  of tae e l e c t r o s t a ti c

ion cyclotron wave at 240 :-~~z; t :—~~~ 5c K H z  signal has been

suppressed but still v i sib l e  sli ga t ly , as in ric cre b .

the a:t r i c t or e , the  a c t i v a t i o n  of the h ign -r a s s  f il le r

allows us to  increase the  zen sit i vi t ;, - or e a tly .  2 c -t e  tha t
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the 2nd harmonic of the signal is barel-r visible at actroxi-

‘ta tely 520 ~-z I: :s ceyord d o u o  ~~at t~’ere is ~~ deec

a osci l lat ion at 260 :c-~z ,  which is exc i t ed  only when the

microwave pump is s u f f i c i e n t l y  high ; the  f i l t e r  merely  he l~ s

to eliminate other unwante d signals. When the power level

is further increased to 200 wat ts , the h igher  h a r m o n i c s  ‘cc-

gin to appear ( f i g .  9 ) .  In the t im e domain , the signal is Seen

as a coherent osci l la t ion with a period of ac trox imate l y

usec . as shown in fia. 10.

The electrostatic ion cyclot ron ,-iave is more e v i d e n t

when the munt power is swi tched  f rom one level above thres-

hold to one below in the f a sh ion  desc r ibed  earl ier .  As

predicted by the parametric theory, the parametr ic  decay

in s t a bi l i t i e s  can only be excited when the power level  is

above the threshold ; this is i l l u s t r a t ed  in a ser ies  of

snatshcts of the oscilloscope in fig. 11. As opposed t o

fig. 10 , these are double and single trace photographs.

Only a p o r t i o n  of the total  per iod is shown . In a, the

lower -trace of ‘ohe square wave co~~~esp cnds  to a pc - -;er level

of 0 wat t s , and the upper line , a pc--ier level of  20-0 wa t ts ;

as -shown , only noise  of ran dom f requency  9x!sts f~~~~j n g

t ime T 1,  and the ampl i tude  of the ccherent signal begins

to grow and reach a steady state  level aft e r  power is

switched on. The same crccess  is d ec ic t e d  in b , ex cect

f o r  a change to grea ter  sensi : i- - ity .  Wh ile  c— c o t r aces
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FIG. 9: FRE~U NCY 3p:CTRu~: OF ELECT R OSTAT I C iON
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a) Square wave and i n s t ab i l i t y ,  double trace
H = 20 useC/cin

:~ 
_

~
r ~ rrr ~~~~ “ “iu’Jr r~~ ________

b )  Instability growing from noise level to steady
st ate ampl i tude , double trace
H = 50 u s e c/ cm (u n c a l . )

F IG.  11: EVOLUTION OF ELECT R OST A TIC 10-N CYCLOTRON
WAl E WIT H MICRO W A V E PC’~~R MCD U LA TICN
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c)  Ins tabi l i ty  decayin :  in to  noise
level , single trace

FIG.  11: EVOLUTION OF ELECTROSTATIC Ic- N CYCLOTRON
WAVE WITH r~~C ROWAV: POWER MODU ~~ T ION ( C o n t ’d )
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are superimposed on the previous two chotograths , in c ,

we have -two single trace pictures , wi th  the  scope r e se t

to show the on-cycle f i r s t . In this  last p ic t u r e , we

see the amplitude of signal osci l lates  l~ more -cycles be-

fore decaying to noise level ever, after the cumc has been

shut off (set to be exactly at the middle of the screen~

The f requency decendence of the  e l ec t r o st a t i c  i o n

cyclotron wave on power and on temperature is de t i ot e d - in

the next series of photographs o~ fig . 12. Althou gh the

sequence shows only a variation in powe r , it has be-et ch-o wn

in section 2 .3  that we found a t en te rature  r i s e  of 25~ as

power is increased from 0 to 100 W ; t h e r e f o r e , a to - - e r

variation correspond s also to a temperature change (recall

that we found only a ini t ia l  increase  o n l y,  no f o r t h er  t on-

perature change as power increased above 100 :-:~
the f i r s t  3 pic tures , we must d iscount  the  f i r s t  peak since

it is due mainly to the resmonse ci the  electronic high pass

fi lt er  set at 200 KHz . As Dower 15 increased , tn e  ~e ne-r el

noise level rises , but the f i l t e r  cuts  off frequencies be-

low the preset frequency, t he re fo re  g iv ing  a fa l se  t eak .

At power level of 79 W , the 2nd peak correstcnding to

the excited instability begins to rise out of the r~cise.

This peak become s clearer in pic ture  c , wi th power level

set at 87 W ; also the 2nd harmonic is beginr.ing to show .

And in. the final two p ic tu res , at power leve s of l1

163
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____ e) Power 2~ 2 /~att

F I G .  12: LOW FREQUENCY SPE CT RU ~1 AS A FUN CTI ON
OF MICROWAVE PU~~ POWER ( C on t ’d )

Horizontal Scale = 100 KHz/djv. (Uncal.)
llgnal Frequency = 260 KHz
2nd Harmonic  520 KHz
3rd Harmonic  = 780 K~ z
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220 W , the peaks of the fundamental and higher  harmonics

become clearly d e f i n e d .  t is of i n t e r e s t  to point  cut the

slight sh i f t  in f requency of the i n s t ab i l i t y .  In. the f i r s t

3 snat-shots, we see the peak at 1.8 d iv i s ions  while it is

at 2 . 0  d iv i s ions  in the last two ; this corresponds to a

chanae f r o m  235 - - ~z to  260 -E-~z .

D— ecav and Growth of Electrostatic Ion Cy c lot ro n .  Wave

A c o n v i n c i ng  ev idence  of the t a ramet ric  exc i t a t ion  is ,

bes ides  the  e xi s t e n c e  of a d e f in i t e  threshold power level ,

to be able to show the  srowth and decay rates of the de-

cay i n s t a b i l i t y  are l inear ly  re la ted  to  the  DumD cower .

Toi s  s t~~e ~~~~ s~~c~~ec o: ~~~~s sec~~~c~

The decay of the  e l e c t r o s t a t i c  ton cyclotron wave- is

studied by switching tne micro — cave purr rower from a fixed

level above threshold , to various levels below . Althcugn

single -trace snapshots  as in fig. Ii can be used to calcu-

late the decay rate , it is found that the results are tco

i ncons i s t en t  due to the instant an eous f lu c tu a t i on s  of

background . yult i :race tho to~ ra;hs are used t o  average cut

th i s  randomness.  Thus , w i th  the r e ret i t i on  rate of the

square wave at 1000 cycles per second , a camera exposur e

t ime of 1/50 sec . gives us 20 t races ;  and at 2000 cycles

p er se c cro d , it gives us ~-~O traces. ‘ hus , the  da ta  are

obtained by using th i  n n c t o g r a n h  averag ing  t e c h n i q u e ,

loo

- ~~~~~ _~~o - 
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which is equi~-alen: t o  a v e - r a g _ t g  ; _ t  :te res~ lts :ba ain e -±

from many single trace p i:t~ r e - s .

A t~~~ical set  of r h o t o g r a t n o  s h o - -’iro g one d e c a y  :5

wave as a f un .ct i o n  cf the t c ’ .-~er is sh: -r c. in fig. 13 .

The square wa-re f r e q u e n c y  is set  at 500 H:. At camera

extosure of 1/Ic- sac., we have  aboct  50 traces in e ach

of those  p h o t o gr a p h s .  The scuar e - -.ave ha: an on- off

rat io of 9 :1. On the ph ot c-~ rachs , onl y t:oe t ime  re-ri:~. 2

is fu l ly  shown , i .e . , the t i m e  dur ing -- ‘h ich t h e  :o- ’.-er is

below t h r e s h cl± .  At the  end of 2~ 
~~~~~~~~~~~ corresponds to

200 us ec • , r ower  level is switched back to the leve l  above

threshold f o r  the next  1.2 m s e c .  (only a portion of

is sho-.’rn) , and the cycle start:.
Although the  in i tia l  le-rel of t o - -icr P . can a l so  be -

varied and i ts  e f f e c t s  on the ra tes  studied , i t  is f o u n d

that  r esu l t:  are det en den t  on ly  on . the  d i f f e r e n c e  of 2 to-

wer l e v e l s ;  t h e r e f o r e  changing ?- and re -ad

yield the same results. Althoug h d e c a y  r a t e  y is onLy

exares sed  as a fun c t i o n  of a c - -i cr level P-, , d e t en i e -n - o e on

-l is implicitly included. C-ne must not  i n c r e a s e  the level

of P
~ 

to a very high level sinc e this  can. de tune  the  plasma

background , and we are no longer in th e  op t i m u m  or e-ra t io -

nal range . P. is normally kep t  to arprcxirately

t he  e s t i m a t e d  t h r e s h o l d  le’rel -o f  45

In our sot of decay e:~r e r im en t s , the  decay  time of

the electrostatic ion cyclotron wave can not  be measured

1o7 
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c)  P ower 32 / a tt

F IG.  13: D CAY OF ELECTROSTATIC ION CYCLCTRCN WAVE
FROM STEADY - TATE .4r~~LI:U:: IN:-: NC I~~

‘1 = A r b i t r a r y  H = 32 . 5  ~~~c/cm
= 260 KH z • :q--are ~av e Fr - - - ~-:ency = 500 H:

a = 2c I— l~A = T~O~~2 - a ~ s:
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FIG. 13: LECAY OF ELECTROSTATIC lOW CYC CTS-CW .~AV
FR OM STEADY .1 A ’E o~TL::Y:: INTl WOIS E (Ccnt i)

~~~L. ~~ . • . . - - ~~~- -—--—-—------—— - — - — --—
~~

------ -
~~

-
~~

--
~~~

-- - 
~~~~~ 

— - .  

~ 
— - - - — ---..— - - - -

~~~~~~~~~~~~~~~~~~~~~~
‘
~~ ~~~ ~~~~



g)  Pow-o r 5) - !att

- ~~~
- ‘—a,- ’  -

:~) Power = 60 -‘Ja t t

- •

~~~~~~~~~~~~~~~~~~ 

A -
~______ -‘c

~ ~~~~~~~~~~~~~~ ~~~~~~~~ a- - -.

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
• -

~~~~~~~~~~~ 
-p

~~~ 
~~ ~-I ~~~~

C- 

- •~A~ 

i) P o ~-- -or = 63 ;oo t

~‘I . 13: ECAY OF’ L CTR C S:A :IC ION C Y C L O T R O N  W A T
FR OM T ADY STA~~ A~’TLITUL F~’TO NOISE ( C o n t ’ J )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - --- ---~~~—-—---~~-----—---,--------.--~~~~~~~~ - - --~ ‘-~~-~~~~~-

—-,-- — -  —‘ ~—~~ ---~.——



d i r e c t ly  s ince  i t  is very d i f f i cu l t  t o  d i s c e rn ,  t h e

~ e~~~~~ ta : — o r~~a: 9~~~:_ s~~~_~~~C

is : -ossib le  to  d i st in gu i sh  t h e  ~enc :al s-a: -e --~~~ -

— 
aude aeca;-:ng , arc :rom on:: e - n - - e l : : e - ,  ic :: : e- ibl-o  t o

e s t i m a t e  the decay  r a te , - b i o  - 
- - - - - 

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~

cone :n a s:m: ar :a:-- : :  -

a:ct:occ tne -save

s ta te  level to an-: th er  is c -

s:m:_ -: tne ocnt :nu at : :n 2 0  0

+ e- 

~~~~~-‘e- _ -,: ::ri ~~;;~~~~
: 

-

zar e cc  e-r _ s  _~~c~~ec z ac -’ - P of  - -: — - a.

— ;-_~~~ ~~~~~~~~~~~— — - ~~~- - — — — - - - — - .
~~~~~- — ,  . - - .  - ~~~- - - - -

longer decays into noise sinc e - i t  is abc - - c  :n resh :ld ,

— o  a :~~~ao a -c _t~ ce — .s ‘— e a— :~~~t cc

on the level of a c - -er ?- .,  a: ole- an y shorn in Sic .

ce -cau se  -of one tr ans :ent  s:gnals :ntr-oduce-: :y

in t o - -ic r , the g r o - - -:h ra te  is meas ured fr om  t i ne  it

take:  to decay to a new saturation amplitude. The

of th i s  t r ans i en t  l essen  as the  ac - -er 
~2 

acarcache: the

level of ? .  :n the  last f e - -z p h o t o gr a p h s  of t h e  s ot ,

we - oar c lear ly  see n-c t orl:.- t h e  deoa :- , bun  a l c o  the

c-f one -  -save ar t l in u de .
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cycl o t ron  - -- av e a: a S~ r c ;i o n  of  tne run :  co - -er , th e-
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A F CT H ?U~T lEVELS ARE AEOV ThRESHOLD

~Set t i roas  came as in F i g.  13)
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g) P ower = 101 Wat t

h )  P o-~-ier = 121 Watt

FIG. 4: EVOLUTION OF ELECT R O STATIC ION CY CLOTRO U NAVE
FE-O N OlE SThA Y  STATh nr~~L::UL: TO ANO T~-ER ,
AS BOTH ?U~-’~ Th’EL ARE ABC’E THRESHOLD (Cent ‘d)
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in f requency  due to temperature increase has b eer .  mentioned

earlaer . ~: f ect s  o: ctner parameters , sucri as aeutra~
pressure , baffle current , or static magnetic fie-ld , are

not obtained. because of the limited range these variables

can be varied . Any change beyond this detunes the plasma

background , making it no longer conducive S or parametric

decay ins tab i l i t i es .

175 

—-— - 
~~~~~~

- - ~~1~~~~A• ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~- -



IV-4 INThR?RE TA TION CF FLES’JLTS

A— The Phencr enological  Model

It has been sho~~i in numerous papers that  a high fre-

quency electr omagnetic wave wi th  power exceeding  the thres-

hold level can parametrically couple and drive var ious  na-

tural modes of the plasma unstable. These -slaves grow

exooner-itiall-r in time f r o m  the  no i se  l eve l .  This  has been .

s’ o-~m =‘ our sets of e~aer~~’eata. d a a  ~~e pre~ _ c~-s c-a: e-r

Most of these  t acor ies , howev er , show the  exacro entia l  grown

of the ins tabi li ty  out of the  noise level , and r ot  f rom

another  s teady s ta te  level already in e x i s t e n c e;  c f ten

the sa turat ion ahenorn erc a is not  incoraoraaed into  their

theories even though the exper imenta l  result :  invariably

show t h a t  in s t a b i l i ti e s  sa tura te .  The theory  --c p lan, to

use here -  has  beer . dev eloped previous ly  b y Klein and

Cheo; 1P~ 
42 it would be modi f ied  and exaaaded to f i t  cur

r e su l t s .  A ahern omerol ocioal  model  is used to accura te ly

describe the exper imental -observa t ions , not  onl y the- aro-;tt h

or decay deter.diaa on the p-o cer level  of the runt , but also

taking the saturat ion into account . Aside  f rom the  simi-

larity in the quas i - expcnenaial  behavior  and saturat ior .  of

the amplitude , cur model shows a drastic difference in

form which agrees well  wi th  our exp er iment ; t h i s  is due

to the d i f f e r e n ce in the saturat ion m e c h a n i sm .

Tefore  - -ic cmb- ark in to  the  develop ment  -of the r h e n o m e —

17 
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nolcgical mo del , the quasi—extonential form becomes more

evident  if cr.e r I o t s  the amrTh t u de  of the  e l e c t r o s t a t i c

ion cyclotron wav e fr o m .  a set of decay pho tog raph:,  -rersus

time on semi-log scale , as shown in f i g .  15. The p lots

shcw a straight line behavior ; t h e r efo r e , the e v o lut i o n

of the  amp l i tude  can be approx imated as an exp onen tia l  to

obtain roug h es t imates  of the in i t ia l  decay r a t e .

The amplitude of the - -ia-re decays or grows ce:eac:ng

on the value of the microwave p ower .  There -core  ~ne  rn~ ro o-

rena can be - descr ibed  by a d if f e r e n t i a l  equa tion  of the

fo rm similar to N ish ikawa ’ s , except  fo r  the s a tu rat i on

(C 1P - C
2

) A - C 3
A ” 1  (L ~.i)

The term C1 is the -  c c e ff i c i en t  wh i ch  c o up l e s  the

miorowa-r e purr and the exci ted waves th rough  non- l inear
• - . - - . . - . -:nteraot:ons. C2 re-are-seats the  _ :near cama:ng of one

wave , account ing for the  natural phenomena which cause  the-

wave to dart unless a threshold level of the runt  rower  is

exceeded .  C
3An is the non- l inear  dampin t ern  --.-hi ch causes

the amplitude to saturate instead of growirca in de fin i t ely .~~~~~~~

a is an in teger  whose kralue can be ob ta ined  through  exteri-

mental data. C 1,  C 2 ,  and C
3 

are assured to be - i ndependen t

of t ime acid p cwer .  The so lu tion  of e c u a t i o n  ( L ~ .I )  , f o r

— - 
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A ejt
A C t )  = 

—-i 
° (~~. 2 )

A~~C3 (e~~~t - 1) 1/n 
-

where A0 = A ( O ) ,  the in i tia l  amp l i tude  of the  wave .

y = C 1 P - C 2 ( 3 )

y is the ira~ inary aar o of the comalex f r e t - ce -nov  ~ of the

electrostat ic  ion cyclotron wave , namely

(Li ~. L-~)

and is given b y the d ispers ion re la t ion

2 - ~ 2 :~~ Te/M
k ~~~ i - -

I ~ k 4 ~“kDe (
~~. 5)

with = ion cyclotron frequency

= wave number of the e l ec t ros ta t ic  ion cyc lo t ron  wave
Te = temperature of the  e lec t ron , in e7

M ion mass

k fle = Deb yc -va-renumber

Equation ( Li. .2 )  describes the evolution of the wave

amplitude. The value of y is cri t ical  cc de te rmine  - vhe ther

the wave will grow or decay ; i t  can be wr i t ten  as

y = C 1(P - 
~~~~~~~

17Q
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Thus , f o r  P less  than P:::, y is nega t ive  and

A(~~~ ) = 0 ( L ~ . T )

and , f o r  P larger t:nan PT:.j, ~ is p c-si t ive  and

A (~~~ ) A~~~

The steady state ar t l itude  A~~ fo r  y r o sit i ve  can be-

fro’— ( —  ) , o set~~~ g ~~~
- 

=

C~~~~-~~
________  —_

~~ - -zo
(u c )

T h e r e - f o r e , a r Iot  -of the  noh to- -s e: of the  s tead y s ta te

am p li tu de f rom exp er imenta l -obser va t ions , versus  rower  gives

us the co r rec t  value of n for c-cr m o d e - I , i . e .  - : ~e- value

o~ ~~~ 
- . —

~~~
,, 

~~~ = 
—— , — , _ ,

et c.  Another alte:n at i- --e to evaluate  the  vul -ce- of a

is to r I o t  the -  re -s~~l:s , a f t e r  some ma thema t i ca l  man iru -

l a t icn , in a lc-g-lcg s-tale , i . e . ,  f rom e c u a t i cm  ( — .9 ~~~~~,

— ic :~a-~~
“a C - ~ “ - T -~ 

/

( c .lo )

Fig .  16 shows Se-Teral p lo t s  -of the sa turat ed  ar t li tude

versus power (P - F T.-)  in. l oga r i thmic  scale- , where

is set to be 65 ~J .  The lin e: in fi g .  16 give cs n:~e —

correc t  n if the inverse of th e ir  :1-ore is taken to  the

1-8 0

- - - ---
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nearest integer , which is fo-cnd to be 2 .

The re fo re , 0-cr exp er imenta l  obse rva tion s  are best  des-

cribed by the fo l lowing  equ a t ions

- yA - C
d o  - 3 (4 .11)

- A eYt
A ( t )  = 

A~~
2 

C (e 2Yt 
- 1) J 2

(4.~~2)

and
2 -, 2

A(~~~ ) = 
C

1
2 (P - r T : )

3 (4 . 13)

From the expression for  A ( t )  and f rom f i g .  15, it is

apparent that  the ampli tude indeed fo l lows the exp on ent ia l

form only fo r  small values of -t. For y negat ive , the ampli-

tude decays quasi -exponent ia l ly; the deviation f r o m  the

regular exponential curve depends on the r a t i o  A 0
2 C 34y~,

or , in terms of power levels , F nH/~ 
P - 

~ TH I . T:nis last r e su l t

is obtained by using a typical value of f o r  :r Po-

sit ive case.  A plot  of A(t)/A0 versus :rt , for ?~~~.. = 65 watt ,

and for various values of A 0
2 C 3/ l y j ,  is shown in f ig .  10.

An exponential decay curve is alsc shown f-o r c o m p a r i s o n . ;

i t is obv ious that  the curve s can not be approximated  by an

expon ential , especially for onose power levels -ol -ose to the

threshold . Therefore  the resul ts  ob ta ined  by u s i n g  the

182
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nential curve give us incorrect values; for exam cle ,  the

value thus obtained for y-intercept , i .e. -ralues from

f i g .  15, is found to be about t - i c e  the  natural  d amr in ~
term from the expressio:i (4.12). As for y positive, :ne

amplitude of the wave definitely grows and saturate:

according to (4.12). The steady state arrli: de it

by (4.13), independent of the initial artl icude A .

we have develoaed the aroper model to descri be on

t ions , we then ar oceeded to analy:e toe ~aoa for one

and growth arocess.

Calculation of Decair and T- ro --ith P a t e

The set of decay rhotogra~ h : in. f i g .  13- is u s ed  n -c

evaluat e the  decay rate y. Since we have already d i scu s sed

in the previous sec tion , we can not use the method  of

folding time , i.e., the time for the wave amplitude to

decay to 0.37 of the initial amplitude A 0, ncr the- method of

obtaining the exact decay time- f-or the wave amrli;ude to

reach the noise  l eve l .  :dc-iiever , the envel-or e -of toe -  de-

caying amal i tude  can be fo l lowed  a ci te  clearly t nr o u~ h

tn e a~ o— ogr aa~ ic a rer a~ _ ’-; tec~ ’o~ que ~~~~~ z~ e e\;er_ —e’- a_

value: of and F , the n ormal ized  ampl i tude  A ( -j t ) / A 0
obtained from (12) is plotted first . Then the experimen-

tal data from fig. 13 are fitted , by t r ial  and er ror ,  in to

these  calcula ted our -r e-s by choosing the prorer --‘a lces  of y .

1~ 4
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The pr ocedure is i l l u s t r a t ed  in f i g .  I~~, where a series

of experimental data is being fitted on the  curve cal-cu -

lated for  each pump power level. The decay rate y is then

obtained by simply dividing the graphical scale yt b y the

corresponding experimentally measured value of t.

A set of values f-o r y is p lo t t ed  agains t  toe rumr

D o w e r ;  a linear dependence of y cm rower arrees  wel l  w i t h

the proposed theory  and model , as se~ n in f i g .  19. Oth er

information may also be inferred from this plot , such as

the values of C~ and C 2 ,  the slope and i nt er c er t  of the-

straight line respec t ive ly .  The thr esh- c-Id rc ;ver -c an. also

be obtained , which  is simr ly the point  c o r r e sp o n d i ng  t o

; r = O .

The same aro cedures  are u sed  to calculate- the linear gro---st:n

rate . A : mentioned earlier , the line-ar arc--ito rate is caloula -oed

f rom the data of the wave amp li t ude decayina from one

hiaher level to another , rather than arowina to a h igher

ampl i tude level. Fig. 20 show: the curve fittina p:o-:ed~ re

for each ‘ralue of rcwer. The smooth lines oorresrcnd to toe

cur’re- calculated f r o m  equ a t ion  (~~~~. 12 )  , re--iritten int o the

following fo r o :

A ( t )  
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

- 2 1/2
0 Ii +~~~~ ( e -~~~Tt 

- 1) ]  
(~~~. I ~~~)

19 5
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where A~ is the experimentally obtained steady state

amplitude for the tower ieiel in c~ es~ icn .  ~za .n, fr c~i

the fitted c~~ves , the values of the growth rate y is ob-

tam ed by matching the experimental tLme t with the corre-

• sponding value of yt .  Fig. 21 depicts the plot of the

growth rate y as a function of the pump power , and it shows

• clearly the linear relationshi~ between the two . Extrapola-

ting the straight line , we obtain the threshold tower at

the interception with the aboissa. The value of the slope

C1 is fairly close to the value obtained earlier.  This is

ex~ected since the theory and equation (L4 • 3 )  h o ld for  both

• cases, and the data hare been obtained at the saie tine .

The two sets of data are plotted together in fig. 22.

The slope and the threshold pcwer are clearly ~hc;~~, and a

brief sumznary of their values are given below :

Threshold Power TH 65 wat t

Electric Field Strength 15 V/cm .

slope C1 1.2 x lo3/sec W

y— intercept C2 7.5 x 1O~/sec.
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The electric field strength inside the plasma cor-

responding to threshold power 
~TH is obtained by using

TE10 mode of analysis. Knowing that the plasma beam is

small compared to the cross section of the can (radius of

1 cm. and 8 cm . respectively , or cross sectional ratio

of 1 : 6L~), we can assume the electric field is uniform

throughout . Using the Poynting theorem , we obtain an

• expression relating the power and corresponding electrjc

• field as:

P = ~~~~~ c x A  in cgs units (L~.l5)

8ff

where P is power expressed in ergs/sec.

c is the speed of light

and A is the cross section of the can , approximately

equal to 6~i rr cm2

E is the field strength expressed in stat-volts/cm.

Since 1 stat—volt is equal to 300 volts , rev~ iting the

expression, with P in watts and E~ in volts/cm.,  we obtain

= 3.75 x P v2/crn.2 (L~.16)

Er~ s = 1.88 x P v2/cm. 2 
( L ~.l7 )
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C- Physical Inter~reta~ion 2.~ ~~ ~2 ~~~ ~~ 
and

Saturation Mechanisms

The time behavior of the electrostatic i.on cyclotrcn wave

is governed by the phenemenological model which inclu~~d

some terms of physical importance. These terms , which

can be easily calculated from the plot of the decay or

growth rate y versus power as in fig. 22 , are c ompared

with the theories so that some physical insight can be

• gained .

In terms of the power P , the decay rate near thres-

hold is given by (
~~.3) , as

= C1P - C2 (~~.lE)

The value of C1 is obtained simply from the s1cpe of

• the straight line in f i g,  2 2 ,

~~ 
y1 - y 2

- - 

~ l - 

~ 2 (~~. 9 )

where ~ y = dif ference between two decay rates

and ~~P = corresponding power difference

A t~~ical value of C1 is 1.15 x 10
3/watt-sec. ; it

is simply a coefficient coupling the pump and excited

waves.

The constant C2 is found by extrapolatinE the strai~ht line

to obtain the intercept of the ordinate. his point , wh ich
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correspond s to power P = 0 W is the natural damping rate

C 2 . The value obtained from the graph is 7.5 x lO~ /sec .

The intercept of the abcissa , corresponding to a

decay rate of zero , yields the value of threshold power

which is found to be around 6~ ~t (average value).

In terms of threshold power , equation (~~.16) can be

• conveniently expressed as

C1(P - 

~TH~ ( Ll. .20 )

• and the natura’. damping rate as

C2 ClP T~ (~~.2l )

• These results hav e been used earlier in ( L ~.6 )  to obta in

t:~e expression for the saturated antlitude.

The physical interpretation of the term 
~2 

can be

obtained from the coupled mode theories , as

C2 = T (~~. 2 2 )

Therefore the natural or linear damping frequency V.

is twice the value of the intercept  a~ power P = 0 , more

specifically ,

= 1.5 x 1O5/sec .

Now this value is used to compare with the damp ing

due to all possible mechanisms.  Even though the ions are

rotat ir .g  around magnetic f ie 1~ lines , the electrostat ic

• 

1~4
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ion cyclotron wave , consists of ion bunching , and the elec-

trons play no role but to conserve the charge neutral i ty

and field shielding . Therefore the main contribution to

the damping of the wave in question is due to ions only,

while for the high frequency mode , electron involvement

is predominant . There are two kinds of damping to be con-

sidered , either the collisional or Landau damping . The

Landau damping for both species is negligibly small , ~~t

only because of the large ratio of k
D/k, but also because

of the direction of wave propagation of ~ being perrerAi-

cular to static magnetic field. Therefore , the dominant

• phenomena , with values close to our experimental results,

can be collisional damping among the speci es , namely the

collision due to electron-neutral and ion-neutral ; others ,

such as electron-ion, ion-ion and elect ron-elect ron are

too small to be involved.

The value of the electron-neutral  col l is ion fre-

quency 
~‘en’ which plays an important role in the damping

of the high frequenc y instability , is obtained by as suming

the thermal speed of the electron to be 1.03 x lO~ cm/sec .
which corresponds to our experimental electron temperature

of 2 eV. From [Brown] ,
~~~~~~ we have the relation

Ven PoPc~
1e (L~.2J)

where = probability of collision , re la ted to the cross
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• section by

= p0P/r.0 (4..2L~)

p0 is the neutral pressure in mm of :-~g,

is neutral densi ty  ter c . c .

and y
e is the electron thermal steed .

Substituting the experimental  va .ues , the electron-neutral

collision frequency is found to be 2.5 x 106/sec. Since

we have not studied the high frequency instability in

detail , the value can not be c cm:ared with the ex~eri-

mental r esul t .

TJsir.g the formula  given in [Rose and c:ar~] ,~ 9 namel y

V . =~~~~~~. v.n
1 o (~~.2~~)

• -
~~~~~~ 2 • - • .  . -wnere = 1.2 x 10 — cm .  , tota cross sect: :n 1ncLuc~ n~

charge t ransfer  f rom [37] by assuming the ion tem-

perature cf the present experiment to ‘cc close t o

t:teir va ue .

and ~~: = ion thermal speed

We obtain the values of 1.6 x l05/sec f or  the ion-neutral

col li sion  frequency.  Comparing this  value to the

experimental result (C2 = 1.5 x l05/ s e c .) ,  there is

lees than a 10% difference; we conclude the linear

damping mechanism o± the electrostatic ion cyclotron

wave is due mainly to the ion-neutra l  oo li~~~on .
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The last coef f i c i en t , namely C 3, can also be experi-

mentally calculated using our phenomeno logical model.

However , it is not of interest to solve for  C
3 

exclusively ;

we choose to obtain the term C
JA2 for being more experi-

mentally feasible and physically meaningful . The first

point lies in the fact that , although one can measure the
• voltage oscil lat ion on the scope easi ly,  in reality A is

the electric field strength of the wave . The second point

b ecomes apparent by examining ( L ~.l ) ,  rewritten here with

slight modi f icat ion

dA
• = y~ - C 3~ A (4.25)

Thus , C
3
A2 is simply the non-linear damping term ca.~sing

the saturation of the wave as explained earlier; now , we

proceed to solve for this value.

At saturation or steady state , we obtain frcm above

C3
A2 = (~~.2~ )

For a fixe d power level 
~2 

which gives y = C1P 2 
- 0 2

posit ive , the amplitude of the wa-i c begins co grcw with no

influence from the saturation term. Therefore , to obtain

a reading of y ,  one must use only small t .  A snapshot of

the growth experiment is shown previously in fig. llb , fcr

this purpose. The amplitude is growing f r o m  0 W to 160

~~~. The growth rate y is exper imental ly  obtained f r om
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fig. lib ; and we have obtained a value for the non-lir.ear

damping C
3
A2 = l. Li. x l07/sec .

Now , we proceed to find a saturation mechanism which

agrees with our experimental findings. Recalling in fig. 16,

the plot of saturation amplitude versus power , we have

found that the proper value of n is 2. Among the ex-

perimental results , we have observed the harmonic gene-

ration process take place (see fig. 12). Thus , we should

examine whether this is indeed the phenomenon which can

contribute to the wave saturation. The harmonic generation

process can be described mathematically, in a s implif ied

- S form , as

dA
_

~~~~~ 

2
dt • 1 2 A 1 (L~.2g)

where •
~2 ’ A1 are the amplitudes of the 2nd harmoni c and

fundamental signal ,

is the linear damping term of the 2nd harmonic

and C A is a constant coeffi cen t ; CA A1
2 is just the

energy acting as a pump to the harmonic generation process.

So , at steady state , we have : I

2
= CA A

~ (L. .29)

Now , at equilibrium , the energy being lost by the funda-

mental ?NLA1 ,  must be equal to the energy gained by the
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harmonic to overcome the -natural damping )‘1A2
2, where

is the non-linear dam~ ing term of A1.

biting th is  equilibrium c ondition , we have

~‘ A~~~~- Y  2
NI 1 - 

1A2 (4 .j o )

Solving for  
~ NL’ and using (4 . 29 )

• C~~Ah = Y
1( 

~~ 

) C~ A~ 
2 

(4.31.)

where we have set C4 =

- 

•

Therefore , we have shown that the harmonic generation pro-

cess does give us a non-linear damping which is prc~ ortiona1

to the square of the ampli tude.

Experimentally , this value can be obta ined f rom (~~,30 )

A)
~ ( 2 ) 2

NL 1 A1 ( 4 .32 )

Since the value of A 2/A 1 is apprcximately 2 .5 3 , taking

bandwidth in to  account , con sequent ly  
~ NL~~

2 •  x lO~ /sec is

more than one order of magnitude smaller than 03A 2

(1.4 x 105/sec), and we conclude that harmonic generation

is not the dominant saturation mechanism.

A second phenomenon which also corresponds to the ’

n = 2 case is the anomalous diffusion . This diffusion

process is not due to binary collisions of different species
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as in classical diffusion. Briefly, we can use the quasi-

particle point of view to explain. As the excit ed insta-

bilities can be treated as corresponding to bunches c±

quasi-particles, the number of quasi-particles are

related proportionally to the square of the amplitude.

These extra quasi-particles thus can give add itional

- 
- pressure to the plasma , and cause the ions -to d i f fu s e .

Using the results developed by Kuo ,14 we have an 
-

expression for  the non-linear damping due to anomalous

di f fus ion ,

= 
c2 k~

2 ra
2

A2

o 2 ( 4 . 3 3)

where c is the speed of light

is static magnetic f ie ld  strength , equal to lOSE Gauss

is the wavenumber of the electrostatic ion cyclotron

wave , calculated from ( 4 . 5) , its value is found to

be 7.5/c m

A is the amplitude of the wave , ir. stat volts/c m ,

calculated experimentally from the oscilloscope

signal strength of 0.12 volt , i . e .

k. x 0 .12
A = 

1 
300 in stat volt/cm

C2 is the experimental natural damping r~~ e , which equals

0 . 7 5  x 105/sec
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ra is coefficient relating the two field components,

and is greater than 0 or less than 1; i . e .

Ay = r a Ax

It is the y- component of the field that causes

the anomalous diffusion.

• Since we do not have the value of ra or ~~~ we can

• still check whether the non-linear damping is caused by

diffus ion if we substitute all kn own parameters int o

(4 . 3 3)  and f ind out later whether ra is indeed less than 1•

From (4 . 33 ) ,  we obtain

= 6. L~2 x lO~ ra
2/sec (4.34)

Now , the total non-linear has been found to be
H

1.4 x l0~/sec and , ?NL , damfling due to harmonic generation

is 0.21 x 105/sec then ,

NL = NL - = 1.2 x l05/sec

From the last two equaticns , we have ra 
= 0.43, which

is a reasonable value. Therefore, we can conclude wit h a

degree of certainty that the non-linear damping mechani sm

is due to anomalous d i f fu s i o n .

Applying thi s value of ra to another set of data, with

voltage amplitude of 0.14 volt and the non-linear damping

C
3
A~ term to be 1.1 x 105/sec , the anOmalous diffusion

term is found to be -
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7~~~ = 1 .7x105/sec -

The two values are of the same order of magnitude , and

this further bear s out our hypothesis that the anomalous

diffusion pr9eess causes the saturation of the electrostatic

ion cyclotron wave.

S
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D-. Derivation of Mode s Involved in the Para metr ic  Experiment

In this section , we derive the dispersion relation for a magnetized ,

inf inite, and homogeneous p lasma via the kinetic model , and show that

the mode s in volved in our experim ent are indeed the harmonic of electro n

cyclotron and the electrostatic ion cyclotron waves .  ~-\ltho u gh the formal

derivat ion starts with the set of Vlas ov-M axw ell  equations which p rovides

a complete kinetic desc r i ption of the p lasma , we use the perturba t i~~e

method to obtain the macros cop ic p lasma respo nse to a given electromag .

netic disturbance.  The die lect r ic  tensor , which contains all the info r rn a-

tion about the elect romagnetic proper t ies  of the p lasma , . is determined

from the ca lculatic n of the plasma response to an electr ic  field dist u rbance
rOE , which give s us an induced curren t O f  = — 1€ (k ,— ) -  l_ .6 E’~~,~~)

— 4~ ~~~ — —
We start with the Vlasov equat ion

q ai
+ v • 

~~° + — ~~— (E+ ~~~xB) . 
~~° = 0 ( l ) *at  — ar m — c -~-— 0• —

where ~ e, I , designating the species involved , and the distribution

function is alread y normalized as

n (r , t) = n0, J f 0. ( r , v , t) d v  . (2 )

Assume an electric field disturbance of the for m

OE exp [i  (k. r - ~ t ) 1  + c~c (3)

Then , associated with this , and throug h Maxwell ’ s eq uation , we have

OB exp t i ( k . r - 

~ t ) 1  + cc = ( ~ )(kxô’E T exp [ i (k . r - ~ t )~ +cc ( 4 )

Equations in this section are renumbered sequent iall y
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Responding to these disturbances , the distribution functions are departed

slightl y from their stationary values , as

f~7 (V ) + 8 f ~ (v) e x p [ i ( k . r - L t ) + cc ] (5)

and O f  (v )  can be obtained by substituting eqs. ~~~~~~
, 

(4) , (5~ with eq. ( 1 )~

After some calcu l atio n , collecting the te rms linear in SE and 5 f~~ (v),  we

have the l in earized Vlasov equation in (v)  as

~~-~~~+ v .  -~~~~+~~~~( v x z ) .  &v ~ 
. 5 f ~. (v ) e x p [ i ( k . r - u t ) )

q &f k . v  k . v
~~~~.. _..!_ (_ ~~2 ) . [ (l.. ~~~~~~~ ] . S E  exp [ i ( k . r - -~J t ) ]

where , static magnetic field B = B 0 z
q B

= , the cyclotron frequency, including the sign of the

charge q 0. .

In order to solve for 51~ (v- ) , we define

dr dv
= v  , jj— ~2~~( v x z  ) (7)

This set of equ ation determines an unperturbed f ree  orbit of a charged

par ticle in a un iform magnetic field B0

Then ,alon g this trajectory,  eq. ~ becomes

q af k. v k v
(v) e x p [i ( k . r -~~t ) ] - 3

0 ) . [ ( l - ~~~~~ )~~ +~~~~ - ] . 5~~ exp

[ i( k . v  — ~ t)1 (8)

“ Re fe r s  to equation 1 of this secti on-

- - 

204

5- _ _S-__— -s- --S.~~~~ -—S.-- S-~



and integrati ns ,  we obtain

C t 3f (v ’)  . k. v~ k v’ -~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ j .[~i_ ’~~ ~k~~
- —- . 5 ~~ ex~~[ i(

k.r ’ -ca t ’) ]• dt ’
or

q c ~f (v ’) k - v t k v ’
Of ~~ = - _-2-— j [ 

~~~~~ 
]. [~i_ 

~~~~ )~ + ~~~~~~~~ ].o E exp [ -ic ( . r )
] 

d~ (9)

where

a ~~~ = k . (r-r ’ ) - -r r =  r ( t )  v = v( t )  
-

= t — t ’ r ’ r ( t ’) v ’ v (t ’)

Now , we can obtai n an expression for the ind uced cur r en t  S J

the express ion  fo r  5 f~ ( v ) , as

5 3 = q ~~ n0, J v S ç ( v ) d x

q 2 ri Z I T  ~ x r a~ (v ’ } k .v ’

~ J dO /v  d v  (dv J d v  — 
~~ .— m - ~~~~~ i 8 v  I

~ 0 0 0 - 0  • o L — J L3 -

k v ’ 
]ex~~

[ 
- i  0 () (10)

Since , by definition , we know

5 3 =  c S E  ( l l . a )

and ~~~= 
~~~~~

- —
~~~~~

- 2 (l l. b (

The ex~~re ss  ion for the d ie lec t r i c  tensor is sin-.p c~tai- e~ ~~~~
- :c~~ :ar -

ing eqs .  IC and 11 , or
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— ~c - ~f (v ’) - k. v ’ kv ’

~~~~~~~~~~~~~~~ ~. 
t —

~~~~~~~ ~e (v dv ( d v  J d_ ~~\ ~~~~~~~ 
. 

~~~ 
f t +~~~— ]

exo
[ 

- i a ( - )  j
., 4~~q~~n0,

with ~ 
the p1asn~a frequency 

(12 )

B e f o r e  ca : rvin~ out the in tegra t ion s , we choose the o r i ent at ion  of the vector

k , without los ing  any gener al it ies~ on the x-z plar.e as shown in fib’. 23,

th~ r~ 
-

- k =  ~~~x + ’~ z ( 1 3 )

Assume the d is t r ibu t ion  fun ct ion  f is Ma:~vell ian for each s~~ec ie s
0 

-

c as , 2

- - _ _ _  
3/ 2  r v + v  1

— 

~ 
~~ , 

) — ( 7~~.T 
) ex p — ( l - ~)

‘I 
- L 2~T Im) ~

Gmi~ ing the algebraic calculation , we f ind

2 ‘

~ (~~,~ ; )  = - : — ~~~~~~~~
—

~ — ;  (3 , z~ ;ri ) [ l -W ( z ~~) I - (l5~

r 2  k 
__

where  A (~ ) in i\ (~ 
( 

-

~ 
z~ (2

r. r n ~~ ~~~

-

~~

- -

~~

U

: ~~~~~ . z~~; n ) ~~~- in  ~~~~~~~~~ ~~~~~ A ( ~~ ) -2 2 -\~~ 
(
~~~ -i ,

~~ f l (

~\ ~~~ 
i~~~~ ~~~~~~~ z~ i\~ (2~~ 

z~~ A~~~3~~ j
Z O o

A 

-~ ~~
- -
~~~~~~T~~~ ~~~ .~~i . F .   -~- -

-~~ - - - - - S  ~~~~ - -
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Az

k , 1
V

V Vii

V

I I
I I
I V

k
I- .,

Ay
I I
I I
I \ I

\
Ax \I

v~1:1

FI G.  23 : C0NFIG~~~A T I O N  OF ~TEOTOF ~S ~-1IT:~ F~~SP~~CT TO
STATIC :vL~~~~~T:O ~ I2L ’  I~ N2ED ~.LON G :
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1 0 O~\
I = 0 1 0 , the unit tensor

0 0 i}

k 2 T

fl 
= 

1/2  
‘ 

= 
~~2 A~~(/3~~) = 1n~~o~ 

exp C- j 3~ )
k l ( T /m ) ~u

where I is the modified Bessel function of the nth order

• 21 1 X x - -W ( z ) = j —  e x p ( - — )  d x .
~j7~~~~~~x~ z 2

where c is the integrat ion contour , which is deformed in such a way that

point z is always above the pat h of integration.

From the dielectric tensor e (k , ~~~), 
we can now obtai n the die lec t r ic

response function , € L (k , _ )  which sive s us the long itudinal p ro per t ie s of the

plasma , and the d ispers ion relation of longitudinal modes

k. ~. (k , — ) . k  k~~ I - 

r ~)- nc2 -

= l +  
k 2 ~ l+~~~~~~~~~[W ( ~~~ - l )j A ~~~3~~)

~Y

(16)

~cc 2det j € - ( ~~~— ) 
~~~~ = 0 .  ( 1 7 )

From the dispersion relation , we can now consider waves propagating

perpendicula r to the magnetic field. For this case , k = 0 and k ~ 0
II

and using the same confi guration as g iven in F ig .  23 , the dielectric

tensor is written in the following form:

E -1€ O~~ \1 x

~~~ 
= 0 ( 15)

• — \\ O 0 • (
3)
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where 2 2k (n c2 )
€ 1(k ,~ ) = I - 

2 ~ (c~ -ni 2 ) ~ n ~~~ (1~~. a)

~ k n

k~~ (n2 ) 2 2~~~
2 ~~~~~~~~~~~~~ ]

o k n ~~~~~~
- n

E 3
(k ,~)) ~Z 

2 
~~~~~~~ 

(19.c)

(~2

c
~ 

(k ,~ i )  
~ 2 ~~~~~ 

r \ ( ~3 )  ( l 9 . d )

Substituting the resu l t  for  ~ (k , ~
) into eq. 17, we obtain two equations:

A) ( L c c ) 2 
= (20 )

This coresporids to the ordinary mode, with polarization ( t r a n s v e r s e  r r ode)

E ~~0 and E = E = 0z x y

B) ( k c  ) 2 
= (2 1)

This is the extraordinary mode , with polarization (hybrid mode).

E € ( k C ) 2

E = O  -
~?~

- = i  
~ 

(22 )
y x 

S

From eq. 21 and eq. 22, we note the following:

1) as k — ~ , € — 0 or E — 01 y

T h e r e f o r e , in the l imit of l a r g e  Ic, we ha ve the E ,~ con~ponent oni -, . or ~urelv

- 

- 

longitudinal  mode as the direction of propagation k = k x

-

~

S -

~

--

~

-

~
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2) as k — 0 , we have , from eq. 19 = € 2 and from ec .  21 , € 1 =± 
~

E
or -

~~~~~~
- = ± i , the wave be comes rig h t or l e f t  hand c i r cu l a r l y po la r ized .

y
Examining the individual cases  in g r ea t e r  detail:

Bi - * Fo r k — ~~, or 1 = 0 *

a) for  hi gh frequency case , neg lectin g the ion terms ,

2ic (nc2 ) -

€ 1 
= 1 - 

~
j ~~~~~~~~~ ~~ ~~~ 

o ( 2 3 )

Assuming also that we ha ve s t rong magnet ic  f ield and cold plasma , i. e . ,

k 2T
= 

e < < 1e -, 2 -

e

In the f r equency  range  of ~2 ~ < 2 T2
- - - e e

2 2k
eq. 23 becomes ~ _ Q~ 

e 2 \ i (
~
3 ) = O

Ic e

2 2k T  2 ~
• _ 

e k pe
since 2 \

~ ~~~ ~e = rnc2 = 2 2e Ic De e -,

2 7

we obtain fu r the r  approximation of ~~- ~~~ 2 
oe

k ~~~-~2
Or finally, we have e

Upper Hybrid Resonance:  ~~ ~~ + ~2e pe

* In the f r equency  range of ~ = nI
~~e

1 (1+
~~

n ) , n > 2 . eq. 23 becomes

i - 

k~~ ~~~~~2~~~~~e
) 

- 

k~~ ~~~~~~~~~~~ = a
Ic2 

~(~~
2 c22 ) k

2
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1 pe De n - 0or 2 2 - 

. 2  ~~n —

e

k 2 \
• De ii

solving for An = 
~ 2 

< - <  1

k 2 r l
- ( 2 l)c2 2

2 2And for  warm plasma , as Ic — ~~, 3 > > 1 are Ic > > Ice De

2k (n~2 ) . \
~ De e neq . 23 becomes: 1 - — 0

Ic 2 (nc2 ) 2An —

A (~~
)

or , again , An e i-i e < < 1  (25. a)
Ic

Thus , knowing An < < 1 , we have

Berns t e in  modes:  n ( 1  + A n )  . (25.  b)

b) for  low f r e q u e n c y  case , no longer  r e j e c t i n g  the ion t e rms , we have ,

for ~2 . < c ~~< c 2 e
f rom eq. 23

Ic 2 ( f l  ) 2 \ (~~ ) Ic2 . ~n n ) 2 \ ~S~~)
1 De -~- e n e  Di — n 

— a- 2 ~~(~~-n~2 ) - 2 — 5~ (L~-n c2 .)k n e Ic n

Since ~ < < 
~ e and < < 1 for  cold ions , w e have

(n~~~ ) 2 A ( ~~~)

n e

and 2 A 1 (~3.) —3 . 
-

Then , the equation can be fu r the r  reduced to
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k 2 .
- oe Di I 1 —I-r -) — 

7 7 —

e

or
2 2

(i.)

1+  pe 
- 

pi = 0
2 2 ~~2 22

e

~~
2

So1vin~~for -~~ : ~~2 2_ , Qi ~~~~~ pe e t  ( Z ô )

oe e pe
- 

~ 2 -

e

which corresponds to Lower Hyb rid Resonance

B2-~~ for  Ic — 0 , or  € = + €
- 1 — x

Considering onl y high frequency modes , thus re j ec t in g ion terms ,

case a) for € = - e , r i g ht handed ~ i rcu 1ar1y oola r ized  wave s , u s in g
S. - -

eq. 19 , we obta in

Ic 2 ( n2  ) 2 2 -

1 - 
~n ~~~~ 

A n~~ e ) = - c~ -n 9  ~~~~~~~~ 
( 2 7 1

As Ic — 0 
~ e < < 1  , set t ing ~ ~~ ~~~~~~~~~~ 

, where  An < < I 2 S )

For n = 1, values subs t ituted int o eq. 27 would g i ve A~~ , th en
2e

conditions set on eq. 2 would not hold , t h e r e f o r e  a cannot be 1

For n > 2 , = fl 1
~e~ 

(1 + A n )  , and A n  < < 1 eq. 24 yields

~2 
ri~ ’ 

2~ ~~2 ~~-, n~~A’
1 - 

pe De e n - - 
oe e oe n ( 2-a )

2 22 
- 

Ic 2 1n~~
; A n  2~~ 2 22 

- 

~~2 n2 A n  
-

A f t e r  some simp l i f ica t ion , we obtain
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- k 2 ~~~ 
-

- ~~pe 
— pe 

~~ + ~~~~n(n-l)22 -: An L k 2 - a n2 
- 

~~

r k 2 
B A- ~~~~1 pe e n- A.n 

~ 
Ic2 n ri-i ~

2
-~~~~~I -~~~~~A~ [ nA: 

- n-i

Solving for  A~ -

2

~ 
A~~~~~~) 

1 oe 

< <  1 (30 .a )

n(n -l)2 e
and

we have = n 12 e I (1 + A n )  for a >  2 (30 . b)

It is of interest  to point out that equation 30. a, for given plasma
frequency, A~ changes sign from - to + , which is important  when we plot
the dispersion curve later in this section.

case b) for e. = € , left handed circularly polarized waves.

Similar to previous case , the same development U followed , and we
obtain

C,., = n I c 2 t ( l + A n )  for n > 2 ( 3 1 . a )
and

2
A (~An = a e 

(31. bnc2 2 ~.,2e 1 oe
2 .n(n  ÷ 1)2.e

with A n  alway s > 0 .~ 
- 

-
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Now , we turn to equation 16 , and conside : the range of frequency a~
2. < ~ < < 2 , and these ran ge of v .uese

- - 5..) < < 1  — > > l .

I k I— ~- 1k I_ !. -

m

(.)-nc2
and a 

— > > 1  for ~~~O
fT -

~ 
in

~e < < 1  and ~3. < < 1

k 

1 and W 

Ic
1, I 

~ for a ~ 0

Using these values in eq. 16, we obta i:

2 2
- 

‘
~D i { :  ~~~~~~~~~ .)]  

0

( 3 2 )
2 2 , 2

De 
- 

EY K T~ 1~~ 
=

k 2 Ic2 ~~~~~~

which finally leads to

k 2T
= + ( 3 3 )

De

This is the electrostatic ion cyclotron m ~e.

Summarizing these results obtained n this section , we have derived

from the dielectric tensor 
~ 

(k , -~~) ,  the ispersion relation. From the
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range of fre quency and direction of propagation of interest to us , we ob-

tained the express io n for  the modes which are involv ed in our para r-: et ric

experiment , namely,

Upper ybr id modes, from eq. 24: ~~2 
= + ~~p

-
- 

- 
Bernstein Mod es , from eq. 25. b: ~ = I (1 + An) where , from eq . 25 .  a :

- k 2 A ( ~3 )
— Dc n e < < 1

Ic
- - 

~ 2 ) 2 +9  9.
Lower hybrid modes , from eq. 26: = + —~~~~ = ~ ~ Pe e t

1 c i  2 22
____ e pe

e

A s Ic— 0

Right handed c i r cu l a r l y polar ized wave s , f r o m  cc. 30. b

.~~~ n~ 9 1 ( 1+ A n )  , n > 2

2
whe re, from eq. 30. a: An = —9--- A~~ 1(~3 )  

~ - ~~~~ 

< < 1

n (n-1)~~

Left handed c i rcu la r l y polarized waves , f rom eq. 31,

~ 
~~e 1 (1  + An) for a > 2

where , from 31. b: An = ______ a

e pe

e
and 

Electrostatic ion cyclotron mode , from eq. 33,

- : ~~~ =9~ + 

1 + k 2/k~ 

-

•
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The dispersion relations of the modes we have just

derived are plotted in fig. 24. In our experimental se:-

up, the electron cyclotron frequency 
~ e ’ ~~~ = 1088

Gauss, is 3.05 GHz ; the microwave pump and the high fre-

quency instability with frequencies around 9.2 GHz , are

very close to the third harmonic of the electron cyclotron

wave . Using the electrostatic ion cyclotron dispersion

relation (33) and the experimentally observed parameters ,

such as instability frequency of 260 KHz and electron

temperature of 2 eV , we obtain a value of 7.5/cm for the

wavenumber of the electrostatic ion cyclotron wave . These

values and others have been tabulated in Table l(pagelso) .
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Iv-~ SU1~~AF~Y AND CONCLUSIONS

We have described an experiement in which microwave

induced parametric decay instabilities have been investigated.

Although parametric theories predict the excitation of de-

cay instabilities with a sufficiently large ~umt which o~~

supply enough energy to the coup led waves to overcome

their natural damping, it has been fcund ex~ erirn enta l~r

this is not an easy task. In the Polytechnic Hollow Cà~;hcde

Discharge device, there are many variables that must be

adjusted to their proper values for the interaction tc take

place. However , once this is achieved; the parametric cx-

citation takes plac e , and varicus characteristics of the

interaction have been observed. Employing a fast ~in d iode

modulator to switch the microwave pump from one fixed evel

above the threshold to one below , the decay process cf the

electrostatic ion cyclotron wave is studied . Continua ly

increasing the variable pump level until it exc eed s the

threshold value , the instability no lonEer decays intc ncise

but to a definite steady state am~litude. his not c-n y

illustrated the existence of the threshold power level ,

which is an important characteristic of the parametric ~ro-

cess,  it also demonstrate d a linear dependence of the decay

or growth rate with the pump power. A phenomenclogical mo-

del , which incorporates all the observed f eatur es of th e

wave evoluti on ~.nc1u din~ $aturati~ r., is used to :nterDret
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the data.

From the plot of y = C1P - C2, the threshold power

level has been accurately found , and also the linear dam-

ping term evaluated . This experimentally obtained na-

tural damping frequency , compared to the values of the pos-

sible collisions that can cause the damping of the electro-

static ion cyclotron waie , is found to be close to the ion-

neutral c ollision frequency , thus indicating the dcrainant

decay process is due to charge transfer. An important fin -

ding of the present research is the saturaticn mec hanism

of the wave . Using the phenotnenlogical model and the ex-

perimentally obtained values of the saturated amplitude as

a function of power , we have found the no:ilinear term is

proportional to the square of the wave amplitude. Plausible

mechanisms include the harmonic generation . 3ut comparisor .

of the value from experimental observations to the theore-

tically calculated value excludes the harmonic generation

process as the cause for the saturation prccess. Ano~her

mechanism which also corresponds to the n = 2 case , i.e.,

saturation term proportional to the square o±~ the amplitude ,

and turns out to be the dominant saturation phencmen cn in

our experiment , is the anomalous diffusion~

Areas possible for future investigations as a continua-

tion of the present effort are several . first ion and elec-

tron temperature measurements must be done ca re fu l ly  as ion
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hea ting due to parametric interaCtIon is a desirable result.

The measur e~ er.t of the wave nunber k is s t i l l  to be o.:r.e.

~iitr t”~~s, ~ ‘e -~ia~ -c” _~ g c d ~~~~c~ ca~ cc c” ec~~e~ ~~ e

HCD device has built-in cacabilities of mixing and feeding

other gases. Changing to a -d i f fe ren t  gas to r ech eck our

findings is alsc- a DoSsibility. From the  tresent m c d e  cf

oDer at ion ,  the olasma has  beer.  s - - i t ch e d  to  be cone  a n io r .-;ave

induced system , th i s  has also shc~-.-ed prcn i se  b e c au s e  e

less no is ie r  p lasma is a t t a ined .  Some wcr~ ha~ alr e a d y

beer . done as an extension to the tr esent  research .

~‘~‘0
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v-i. INT RODUC::c:’:

Plasma pa ra rn et r :c  ins tab i l i t i es  o c cur  ~~her ~ the  pump amp ii t~~de

exceeds a th re sho ld  which depends  on the se t  of coup led modes  and on

t h e i r  dam ping e f f e c t s .  It has b e c o m e  of special  i n t e r e s t  f o l l o w i n g  th e

recognition that such p roce s ses play impor t an t  roles  in the a b s o r p t i o n

of e l e c t r o m a g n e t i c  power 1. Exper imen ta l  r e s u l t s  showed that  p a r a m e t r i c

ins t ab i l itie s m ay fo rm a channel  fo r  e f f i c i e n t  t r a n s f e r of e l e c t r o m ag n e t i c

e n e r g y  into a ra ther  l a rge  s ize  hot  plasma , and t he non l inea r  e f f ec t s  of

th ese ins tabi li ties  m ay in t roduc e a mechan i sm which  heat s  p la sma  m ore

effi c ien tly than classical collisional absorption . Therefore , mos t  of t he

exper imen ta l  e f f o r t  has been expended on obse r v in g  the p lasma hea t ing

r a t e s .  Bes ides  p la s m a  h e a t i n g , theo re t i ca l  and e x p e r i r z-ien t a l s tuthes of

pa rame t r i c  decay ins tabi l i t ies  wi ll also y ie ld i n f o r m a t i on  about  the l i nea r

a nd nonl inear  dampin g r a tes  of the in s tab i l i t i es , and the deve lopmen t  of

plas ma tu rbu l ence .  In the prev ious  r e p o r t 3 , a detai led expe r imen ta l  s tud y

of the dynam ics of t he p r o c e s s  had been g iven.  Kle in  and Cheo 3 ’ 24 i n t r o d u c e

a tec hnique f o r  exper imenta l ly d e t e r m i n i n g g r o w t h  a rid decay  ch a r a c t e r i s t i c s

of pa ramet r i ca l ly exc i t ed  plasma waves .  They f ound that the domina t e

l inear  damp in g m e c h a n i s m  of the ion acous tic wave in their  p la s m a  is due

to ionizat ion col l is ions , not due to i o n - n e u t r a l  col l i s ions  which  is the usual

phenomenon . Th e i r s  is a un magn e t i z e d  plasma , whi le this e f f o r t  is t he

con t i nua t i on  of the i r  exper imenta l  s tudy in to  a ma gnetop lasma.  T h e r e f o r e ,

di f f e r e n t  modes are  involved.  Since there  a re  no available t h e o r i e s  f o r  our

exp e r i m e n t , a g e n e r a l  t h e o r y  is also developed by us ing s y s t e m  total

Hamii~onia~ appr oac h to dea l wi th  the p roblem.  Compar i son  wi t h  our  ex-

p e r i m e n t  has also b een made .

I ndeed , the de ta i led w a y s  of implementation of the ideas of par a: .~~~ c
)

decay i n st a b i l i t t e s  to p lasma h e a t i n g  is still develop ing. Grek and P o rk o lab

—
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Porkolab  et  al . ~~~
, a nd Okabavash i  et al. had p e r f o r m e d  e x p e r i m e n t s  by

shin ing  m i c r o w a v e  power ont o  a p las ma colum n in the e xt r a o r d in a r y  mode

of p r o p a g a t i o n  in the reg ion of t he upper  h ybr id  f r e c u e n c .  Wave l en g th

me a su r e m e n t s  of the decay waves sho’~ ed decay  into upper  h yb r id  waves

(and B e r n s t e i n  w a v e s )  and lowe r h ybr id  a n d/ o r  ion acous t i c  waves .  It was

shown that si gnificant ion and electron hea t ing  oc c u r r e d  oni y above t h r e s h o l d

f o r  p a r a m e t r i c  i n s t ab i l i t i e s .  There  were  also se~’era 1 e x p e r i m e n t s 0 ’ 7 , 8

p e r f o r m e d  in the re g ime of lower  hybr id  f r e q u e n c y  which  showed p a r a m e t r i c

• decay into lo’-~er hybr id  waves  and ion acous t i c  waves , ion cyc lo t ron  waves ,
ft

ion qu asi m odes , or  d r i f t  wave s ma y occur .  A g a i n , s t r o n g plasma hea t ing

was  obse rved  above t h r e sho ld  fo r  p a r a m e t r i c  ins tab i l i t i es  (b o th ion and

el ec t rons ) .  E x p e r i m e n t a l  t echn ique  to obse rve  the p lasma h e a t i n g ra tes  is

by  us ing  a multi g r id  e n e rg y  anal yze r  to m e a s u r e  the modif ied e l e c t r on  and

ion d i s t r i b u t i o n  func t ion .  Ano the r  t e c h n i que is also develop in g by  sw i t c h i n g

the p um p ~~wer b e t w e e n  two levels and us ing  the F a b r y-P e r o t  i nt e r f er o r t - t et er

to m e a s u r e  the ion t e m p e r a t u r e  g r o w t h  r a t e .

In the parametric process , the inc ident  pump wave is coup les to  two or

more  na tu ra l modes of the p lasma by sa t i s f ying both c o n s e r v a t i o n  of fr e c ue ri c-~-

ari d c o n s e r v a t i o n of ‘.~ave vec tor  r e l a t i o n s .  The f r e q u e n c y  m i x in g  allo- .vs

ener gy supp lied to the s y s t e m  at one f r e q u e nc y to be c o n v e r t e d  to a r~o t h e r .

The physical ori gin of mode coupling mechan i sm is fa ir ly  easy to u n d e r s t a n d

on a qual i tat ive bas is .  F rom l inear  wave  ana ly ses , the d ie lec t r i c  t e n s o r  of

the plas ma is dens i ty de penden t .  Hence it will be modulated by the p r e s e n c e

of the v ib ra t i o nal modes  of the p lasma , r e s u l t i n g in a mixing ac t i on  such  t h a t

the  in put  rad ia t ion  and v ibra t ional  modes bea t  t o g e t h e r  to produc e sun-i and

di ffe r en c e  f r e q u e n c i e s .  These  in t u r n  m ay  act  as ~ oI1rc ~~~ f~~r p ar ~~~~~~~~i~

ex c i t a t i ons  if the f r e q u e n c y  and wave v e c t o r  m a t c h i n g  c o n d i t i o n s

228
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are satisfied.

By assuming exp(-ir ~ t) time behavior for the mode of interest , decay

or growt h of the mode will be decided by the dispersion relation of the

system. Therefore , most of the theoretical investigations are directed

toward finding the modified dispers ion relations with the presence of a

pump wave in the system. The first work is done by S u m .  His theory is

largely based on the hydrodyna rrii c equations for  a cold plasma. DuBois and

Goldm an10 analyze the parametric coupling of Langmuir and ion-acousti c

oscillations based on a Green ’ s function perturbative method (ha rmonic

approximation), which is restr icted to the case when the radiation-induced

energy of the pa rticles is small compared to their  thermal ene rgy .  They

showed that the pla sma can be unstable to certain applied f r eque r .c i e s

for  pump power above a threshold , a cha racteri stic of pa rametr ic  excitation.

Later , Nishikawa ,11 and Lee and Su12 used hydrodynamic model and obtained

same conclusions. However , in order  to justif y the harmonic approximation

for greater  intensities, Jackson13 pointed out that it is important to est imate

the range of f requencies  which produces instabilities when the i n t e n s i t y  is

large.

Parametric coupling of electrostatic waves  in a magnetized plasma

. 14 15have been treated oy Aliev et al. , by Amano and Oka rn oto , and b y

Po rkolab ,~
0
~ 

I f and others. These authors used the linearized Via soy

equation with self consistent potential field , which can be solved ea s i l y

after transformation to the oscillating frame of reference. A lieve  et al.

foun d the frequency r an ge of a pump wave in which the plasma i s  u n s t a ble

turns out to be much broader than in the case of a unmagnetized plasma.

Amano and Okamoto extend the theory to inhomo~~eneous cases .  Por icciab

analyz ed the resulting dispersion re la t ion  of Aliev et al. in the limit of

22° 
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weak coupling, and obtained threshold powers to excite the upper and

lower hybrid (or ion acoustic) modes simultaneously. He also introduced

a new t~~ e of kinetic-dissipative instability. All of the above investigations

are based on electrostatic approximation for the plasma modes and hence

valid only for longitudinal waves. In the presence of a static magnetic

f ield , most of the plasma modes become hybri d, and the electrostatic a pproxi-

mation holds onl y in the limiting case.

In thi s investi gation a general formulation of th e parametric coup ling

equations in a homogeneous magnetized plasma is developed b y using

Harthltonian approach.’8 The coup ling coeff ic ients  of the p aram etric

equations are derived from the c ollisionless Boltzman -Vlasov equation.

With transformation method and trajectory techniques, the induced

polarization current s are  derived. Applications to various fo rms  of

modal coupling are given , and c omparison with experimental wori~s is

made whenever possible.

A set of experiment s in the Pol y HCD plasma was performed.  A

microwave horn is mounted at the end of the plasma beam. In order  to

obtain a quiescent plasma, a new technique to create an ultra stable micro-

wave su st ained pla sma is introduced. When the pump signal , at 9. 23 GHz,

is above the threshold level, the second harmonics of the elect r on cyclot r on

wave and the electrostatic ion-cyclotron wave are simultaneously excited.

The time evolution process  of the electrostatic ion-cyclotron wave is

studied by switching the microwave pump power from one level to another.

Linea r damping rate, initial growth rate , and the threshold p owe r can be

obtained.

In addition. the nonlinear saturation mechanisms observed in the

experiment are discussed.  An analysis  by using the guiding center

230
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tech nique was made and it is established the nonlinea r dam p ing is due

to the anomalous diffusion produced by the ponderamoti ve fo rces  of the

instabilities. Comparison with experiments is favorable.
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V-2. GENE RAL FORMULATION FOR THE PARA~~~ TRIC EXCITATION

1. Overall Physical Features

It is well known that the vibrational modes of a medium will modulate

the permitti.vity or polarizability of the medium. Assume that there exist

two normal modes or waves , S and L (e. g . ,  a phonon and a plasrn on) in

the medium with frequencies 
~~ 

and in the linear regime ; then they

will modulate the polarizability of the medium resulting from the density

• perturbation of the medium. The problem can be treated mathematicall y

by expanding the electrost r i ctive polarizabilit y in a Taylor’ s series in

terms of normal mode vibrational field SE related to S and SE related—s —1
t o L

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~o 6Es~~
(aoE

’3 )~ SE1 where i , j , a ~ 1, 2 , 3 or x , y ,  z
so. 10-

where the Einstein summation convention is understood. Hence the total

induced polarization due to the presence of a third wave field E is

a~ ..
‘~ ) SE +( ‘-~ ) SE ] E. =P~?+5P. + Ep.

1 ~ aSE o so. ~6E o icr j i 1 1so. ic

ac.. au ..
whe re ~~~~ ~~SE ~~ SE E,  and 5

~~1~~~a6E ~~ SE 1 E. a re  the induced
so. t o .

pola rization associated with the Raman and Brillouin effects .  Here  we

have assumed J E ! > >  J 5 E J and > >  I

2. Ha miltonian Appro ach

We firs t  no rmalize both S and L waves. Assume the pa rticles

associated with S and L have reduced masses  M and m , momentum

K and 4’, disp lacement s Q and U respectively. The displacemer.t and
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momentum va riables are the canonical conjugate pairs. Hence the wiper-

turbed Hamiltonian density H~~ and H~~~ areOs 01

k) ~ 
K 2 (k) , 2 2

~ 
{ 0-

~~~~ ~ (~
) Q (k) 1 (2 . 1)

2
k 1 4’

(k) , 2 2H 1 = r 0- + mL ~~ (It ) U (k) 1 (2. 2)

wh ere ~~~(k) and ~~~ k) are the resonant frequencies of the system without

the pump field , and the field associated with the corres ponding modes are

c2 .
SE (k) - 

M I 
~~~~~~~~ - 

1 K(k)  x~ (2. 3)
.Jn e ./~~0 0

SE (k) ~~ ~~~~~~ ~~
2 (k) U(k)  e 

~~~~ x~ (2. 4)— 1—  e — — —  e . J~~~ 
—

where ~~9 (k) and (k) a r e the resonan t frequencies with the presenc e of

pump field. is the background electron (or ion) density. 
~e and Q.

are cyclotron frequencies of the two species including the s ign  of the

charge. Here we also assume that a uniform magnetic field B0~ is

applied, and the plasma is singly ionized. It is easy to show that the

Poisson bracket relations hold:

~Q (k) , K ( k ) }  = 5(k , k )  5 (2. 5)

{U (k) , 4 ’ ( k ) }  = 5(k ,k) 6
3 

(2. 6)

The pump field is assumed to be spatially homogeneous (di pole app rcx ima-

tion). Hence the induced polarizations corresponding to the f requency

2 3 3  

—- -~~ - 
— _ _ - - _ _  — _L. _.. - ._ ..s._ . - . .  ,.f - 4yt~ ,- r  - ‘!-

~
—-— itfltItfMñNt1IN lJ~~
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___ -—

component s in question can be exp i ’essed as

5p (~~) 
= ) 6E~ (k)  E: ~~~~ c. (2 . 7)

SI. 
~~~~~ (k ) ° ~ 0- 3

1. —

(It) 3~.. +
- = 13 6E (It) E. -~~ c. c. (2 . 8 )Li aS E (k) 0 —

where the superscript s ‘b” denote respectively exp L+i... t) . Then the inter-

action Ha mniltonian densities for S and L are

H~~~ =~~P~~~ 5E • (k) = ~~~~~ ~~~ ~ ~
2 (k) Q . (k) + ‘ (K (k)x ~~).~S Si g j~~~ 51 e ,jj — ~~~ 1 —  

eJ i~~
(2 . 9)

~~~~~~~~ 5P~~~~5E . (k) - 5P~~~ [~~~ ~ ~ 
2 (k)U (k )+ ~~~e (~~~k ) x 2 ) . 7L L i  L i—  Li. e j~

— I — 
e .J~~~

(2. 10)

The total Hamiltonian densities of the S and L are

= H (k) 
+ H S

(k) (2 . 11

H~~~ = ~~~~ + H1~~ (2 . 12)

It is known in general that the equation of motion for any cononica l va riable

A is - -

2 2 (2 . 1 3 )
dt

where 1 / 1’  is the pheno mn eno logical r• ~ ..xation time , and H is the total

Ha miltonian density. (2 . 13 )  together with (2 . 1) to (2. 12)  can be used to

234 

~~~~~~~~~~~~~~~~



- -  --;

der ive the coupled mode equations:

Evaluation of the Poisson  b r acke t  ( 
~~~~~ 

. . ( k)~ H~’~~} with the

aid of (2 . 1) , (2.  5), (2. Q )  and (2 . 1 1 )  yields

2
‘2 ~ (k)

({Q. (k), ~~~ } , H~~~ } = - ~ (It) Q. (It) - ~
I. S 5 S — 1 —  e.J~~ ~

0

There fo re  the approp riate equation of motion for  Q . (k )  is given by (2. 13) ,

2
2 ‘2 ~~~(k ) ~~Q .(k)  + Z r  Q . ( k )  ~ ( F  +~~ (It) ) Q . ( k )  = - 

— SP”~’ (2. 1 4)1—  S I .  5 5 —  I . —  r 51
C .Jfl

0

with the dot denoting

Similarly by evaluating ( {K ~(k),  H~~~} , H~~~} with the aid of (2. 1),

(2 , 5), (2 . 9 )  and (2 . 1 1 )  we have :

} = - w 2 (k )K. (k) - M~~5
2 (k) 

e~~~r

and

K . (~ )+2r K . (~~ +( r 2 +~~
2 (k) ) K .( k ) = _ M ~~

2 (k) 
eJ ~~ 

~~ x 5
~~~~~

) m 
(2 . 15)

Equation of motion in the variable 5E5(k) can be obtained by combining

(2. 14) and (2. 15) with the aid of the relation (2. 3). The result is

42 , M~ (k) M~
r - -2r t - - (r 2 +

~~~
2 (k )Y 1 6E (k) = S 5~~(k) ~ S 1 (~~x S p (k)

~ ,~~
dt n e  n e

0 0 (2. 16)

Similarly fo r  the L mode we obtain:
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d 2 d ‘ ‘2  
m~~~( -z ) 

-[ — ~~ +Zr1
.
~~

.+(r’j +~~1 (~~ ) ) ~ ! ~~~~~~ = 

n e 2

2

________  
1k)

,~ (~~~x 5 P ~ ) x ~~ 2 . 1 7 )
n e

0

Thus, we get two coupled wave equations for S and L mc~ es w~t~-. the

presence of the third wave E. W h en the  Durr p p ow e r  is  n e a r  o r a b ove

threshold level , collisionless model can he used to calcu late the co~.p~in2
2 ‘‘coefficient s and rep lace r 5 ± ...5 (k) and 

~ ~~~~~ by the shiSt~~ri resonant

frequencies. Then equations (2. 16) and (2. F) become

2 M_ 4(k) M.~
r 

~~ 

~~~~~~~~~~~~~~~ : e~ 
~~ ~

o ° (2. 13)

ci ~ m~4(k) k 
________[— ~.— 2r1 -~

_+
~ j(k)= 2 ~~ ( - ) .  I — e (~~ x (2 . 1°)

dt n e  n e
0 0

2 ‘‘ 2 2 ‘2where ~_ ;(~ ) = r 5 ~~~~~~~~~~~ , ~~~~~ = r 1 w~~ (k)

Us ing  the fo l lowing relat ions

EE (k) = ~E (k) c. C . 5~~(k) 
= (5

.~~.;(.~~ ) C. C.

-
~~ (It)

= (k) — c. c. = 
~~~~~~~ 

(~~
) -

~
- c. c.

and combinin g the releva nt components , equations (2 . 1 8) and (2 . 1 °)  can be

rewr i t t en  as

2 - 2 Mw
4
(k’~ M~~~~( k ) ? ~

1~~~—2r~~~-~~ (k)1SE (k)= 5
, 5p ( k ) - -  - 

~~x SP~~~))x 2
dt n e  n e

° ° (2 . 20)
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-

4 ‘2
d d 2 m c..~ (It ) mW 1 (k) i ~~[—~- — 2 r 1 ~~~~~~~~~~~~~ 2 

— e (~~X 5 p (k ) ) X ~~dt n e  n e
° (2 . 2 1)

Here 2 . 20)  and (2 . 2 1 )  fit the standa rd fo rm of pa rametric coup led wave

equations with SP remaining formal, which is to be derived in the next

section.
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V- 3 , KINETIC AP PROACH TO CALCULATE THE
COUPLING COEFFICIENTS

1. Transformation of the Viasov Equat ions to the Osc i l l a t ing  Frame of
Reference

To derive the coup ling coefficient s (~~~~~~~1 )~~ and ( a~~~
I 
~ for

to .

determing SP , we sta rt f rom Vlasov equation for a homogeneous back-

ground distribution function i~°~:

e
x B  } .  -~~~ 0 ( 3 , 1 )3t m — C~~~a ~-o ava

where e , mn and v are  respectively the charge , mass , and velocity ofCl a

a pa rticle of species 
~~~. The corresponding solution can be wri t ten  in the

fo rm

f(o)(V t)= f (v~~~
_
~~7

t dtIR (t ti) E(t’),t) f ( v ,t) (3.2)

where cos ~ t sin ~2 t 0
a a

a (t) = sin 9 t cos 2 t 0 (3. 3)a a
0 0 1

e ~
=
in c

a

e t
~ =~~~ - 

a f 
~ dt’ ~ (t- t’) E(t’) (3.4)— a m -

a

Hence in the oscillating f rame equation (3 .  1) r educes  to

~f (v , t )  e 81 ( v , t )
v x B. . ________ = 0 3. 5)m c —  ~a 

- - — - -  - -- - -. -- -



Since any function of 
~~~ 

sa ti sf ies  (3. 5),  t h e r e f o r e , let ’ s assume

f (v , t )  = f (v , , ,  v , ), a Ma xwellia ri distributio n.
a0 —

t can be shown easily that to the f i r s t  o r d e r  equation for  the pertur-

bat ive d i s t r i bu t i o n  funct ion SI (v , r , t ) is
Cl a a

~6f ( v , r , t )  8Sf (v , r , t)  e 3Sf (v , r , t )
~~~~~~~~~~~ ~ • a a 

~~ ~~~~~~~ E(t )  xB T 
.

C1 8 r In — c — 0 _
‘y

(0 )e 8f (v , t )
+— ~- S E ( r  , t) • Cl = 0  (3. 6)

~~ aa _
a

~‘or convenience we t r a n s f o rm the ori ginal va riables (v , r , t)  to (v , r , t )
T h a  — —

of the osci l la t ing reference  f rame and in t roduce  the funct ion

~ (v , r , t) = Sf (v r , t )  = Sf (v~~~~~ f 
~ dt ~ (t -t ’) E(t ’) ,  r I , t )

a ” a C l  Cl ~~~~
— m :c — —

(3. 7)

w here r r + I
a a

C
and I = •_

__
~:~_ dt” R (t ’ —t ’’)  . E(t ’) (3. ~)in —

~~ 
—

a -

with

3Sf (v , r , t ) e 351 (v , r , t )
~~~~~~~~~~~~~~ 

_2
t~~~~ —~~~~-~~~~(t ’ ) —  f ~ dt 

~~~
( t_ t t )

~~~ 
a 7_ y

dl 8Sf (v , r , t )

~~~~~~~~~~ 
a~~~~a

cit
a

From (3. 6), t he equation fo r  b (v , r , t) then— —

23 °
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e 31 (v)
[- ~~-~~ - V .  -~ - -~-ci  (vx~~)~~ —~- 1~~ (v , r , t ) - ---~- 5E( r - $- 1 , t) Cl0

— or ~ 
— 8v 

~
. — — m — —

Cl 
(3. 9)

2. Integration along the unperturbed t ra jecto ry in th-e phase space.

Equation (3. 9) can now be solved by the method of characteristics.

In thi s method the perturbat ive distribution function is calculated in the

Lagrangian  system of coordinates .  Let ’ s de fine an unper turbed  t r a j e c t o r y

of the part icles  as  -

= .:~ 
.~~E 

~~~
i
ci

(
~~~

X
~~~

) (3. 10)

The solution of (3 .  10) is

= ~ , (t ’ -t )  V (3. 11)—a

and

r r~~~~— L. (t ’ -t) ‘ v (3. 12)

w h e r e  sin ~2 t I - cos ~2 t 0
Cl Cl

L (t) = - ( 1 — c o s  ~2 t )  sin~2 t 0 = 
- L R (T)d T

a a a

0 0 ~2 t
Cl (~ . I~~)

and

r r(t)  , r ’ r(t’) , V v(t) , v v(t ’)

Hence along the unperturbed trajectory (3. 10) equation (3 . ?) may be

written

= _~~~2~ 3 E (r ~ - ! , t) . a
8
0 ( 3 . 1 4 )

)

L



- - -: W 5 - W  
~~~~~~~~ - ~~~~~~~~~~~~~~~~

Substituting (3. 7) in (3. 14) ,  we obtai n

e
4- Sf (v ~~~~~~~~~~~ dt’ ~ (t-. t ’) E(t ’) , r + I , t)  =at 

~~~~~~~ 
in —

~~ 
— —

Cl -x

e 81 (v)
- —a- SE(r  -

~
- I , t) Cl° (3. 15)m — _  —

~~Cl

Because of the spatial homogenei ty  of the back groun d , we may a s sume  a
i k r

— . coordinate dependent of the non-eq uiiibrium increment 5f e Cl and
ik~- r  Cl

the per tu rbed  field -5E — e 
— Cl , Then (3. 15) becomes

e ik. (r — I ) e
Sf (v +~~~~~~ t~~ dt ’R (t- t ’) .  E(t ’) , k t )e  

— 
= - E E(k t )dt 

~ 
— rn — — in —

Cl -x  
Cl

31 (v) ik ( r+I
• ~~O e Cl (3. 1 6)

Let us , however , res t r ic t  ourselves to unstable (growing)  solutions .  We

can thus inve rt thi s differentiation by integrating (3. 16) with respec t  to

time along the unperturbed particle trajectory as

e e
Sf (v +~~~~~ j

t 
~~~~ (t -t ’) E(t ’) ,  :~ , t )  = - ~~~ r ~~~ t ’)in —

~~ 
— — m . 

-~ -cc a - .C

3f (v ’) I ~~~~ [I ( t ’)  — I (t) T
- 

~~0 e4-~
’ ~~ -~~e 

— Y cIt 1 (3. 17)

From equation (3. 12), let

o ( T ) = k ’ ( r - r ’ ) = -~~~- k .  L ( - - - r ) ’ v  and — : t _ t ’ (3.13)
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- -:~~J T_ ~~~~~ 
- __ 

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-- --

Then equation (3. 17) becomes

f
t dt r R ( t t l )  ~E(t ’) , k , t) = - ----~ — f

X 5 E ( k , t~ T)

a-f
•~ 3v , {c os (~~2 T  -

~
- 8) ~ + sin (ci; -

~~ 
8) ~ 

-

~

—io (i- ) i k.  [~~~ 
( t — - ) - t  ( t ) J

e Cl 2 d-r ( 3 . 1 9 )

where  we have used following relations

= v, cos 8 ~ + v , sin 8 9 ± v , ~

and

vi = ~~, ~~ s (~~~~ 
-r 8) ~c -

~~ v , sin (~ 2 -r 0) ~ ÷ V 11— — a — a

then

31 (v ’ )  81 (v) 81
_ _ _ _  = ~~~ [ cos (~~~T 8 ) sin (~~~T 8 ) y i ~~~~3

Cl Z

Let the time dependence of the pump elect ri c field be

E(t)  = 2
~~.i 

sin ~ t ÷ 2E 7 cos ~ t (3 20)

then

e
k [  I ( t — -r) — I (t)  7 = — -

~~
--— f  dt ’ ,

‘ dt !~~ 9. (t ’ — t )
— - 

~~~ .- — 
. 

- 
— _

Cl —

Cl - -

= ( a  , -‘- b ,) [ sin~~ t — s i n -~ (t — -r~~a- a 0

-
~~ (a - b  ) [cos  ~ t - c o s  -

~~ (t- -r) 1 (3 . 21)
Cl 2 Cl i 0 0
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and

!
t dt la (t t l ) E( t I)  i~~~- 2 2

Z [
~~Cl~ 

~~~~~~~~ ~:0 Cl (3.22)

where

e k A E. e 2
a 2 — ~- ~~~~~~~ , b 2 — ~- ~~x k E. , i 1 , 2

in 2 
- 22 Cli In 

~~ 

2 
- Cl

2

) 

—

— 0 a 0 0 a

— and

2 2
I I..) - 2

A ~~~~~~ (3.23)

0

and

-i(~) t  io~~ t
= I e = - I E~ e

( 3 . 2 4 )
— i~ t i~) t

= e ~~~~~ -~-2 e

and
2 2

2 W - c i

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :~ ~ (3. 25)

is the complex conjug ate of 
~~~~~~

.

We may then calculate the total induced current from (3. 19) as

53(k ,t) rn e fdv 1v+~—~- •t:.
t
~~

dt l
~~~~~

( t _ t I )

e
E (t ’ )  1 

5f (v--—— ~— r dt ’~~ ( t — t ’) E(t ’) ,  k , t)  (3. 2~~)
— Cl In —

a
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With the aid of (3 .  2 1 )  and (3. 22) ,  (3 .  26) becomes

SJ(k t ) = ~~~~~~
C l a  fdv f~~ dT~~4-i~~~~ 

W 
[A . ( E 4-E ) - A ~

— ~~ in — m 2 2 =
~~ 

— 1 —2 ~~a C l — i -2
0 a

4- af 31
.( E~~~±E~~~ J }  ( 8v 1 

[ c o s ( 2 - 0 ) x .s i n (.. T 0 ) - Y 1  
~~~

° 
~

}

— i~ (T)  i((a 1 4-b 2)[sinu 
t— sinW ( t— -r ) 1

. SE(k , t - r ) e  Cl e Cl~
L Cl 0 C)

cosW t-cos

(3. 27)

Sinc e

e a 1+1
~~2~~ 

sin u t  - sin W (t - T ) ] + ( a  2 -b 1 ) [cos  u t - cos  -~~~~( t - i )  
~}

± i ( h~~~~ t -iOu T

~ ( 1 ) q J (a -~b ,)J (a —b ,)e 
- 

~~ e 
-

h~~~ -cc Cl Ce q Cl Cl’-

f 
i(f+g)u t -igu -r

~ (
~~ 3 (b -a ) 3 (b -a ~) e e

f -—cc ~ a 1 a Z g ~ i ~

iu t -ju r)
i~~4[ (a 14-b ,) - i (b -a ~) 1 e 0 (l-e °

~

. a ,~ ~~

I 
i~~~t 1LW T

— ~ [(a  +b .,) -~- i ( b  —a ,) ~ e ~ ( 1 — e  ° 
) (3. 2 8)

‘- Cl ’ a~ a’ a’~

where J 3 3 , J a re  Bessel  funct ions  and we have assu med
ii , q f g

!a . F < < !  ~b .k<I.
a1

For the pa r amet r i c inter action , we have

fo r  the conserva t ion  of ene rgy
0 S I

and
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= - k for the conservation of momentum (di pole approximat ion)

where u and u are  the cha rac ter i s t ic  f r ecu e n c i e s  of two ~ lasma i n o d e s  in
S I - -

a collisionless pla sma with the presence of pump field.

Therefore , the induced cu r r en t  dens i ty  fo r  the S (or L) mode due to

the coup ling between L (or S) mode and the pump wave can be obtained wit h

the aid of (3. 27) and (3, 28)  as

3
- 

m e  W 
- 

3f
53 (k ,t)=-~ °~~~ ~~ •(E,—E,) ~dv ~~~~~ ~~~

° [cos (~ ~~E)~— a 
~~~~~

- , -~ a — L —- — OV~ a
Cl 0 a

-L r -i0 ( T )
-
~~ sin (0. T-~43~~~-~ ~1~~~-_Cl~ ~ }e ~ e

k .A  • ( E —E ) af
a —I —3 

f vdv ~
x d~~~~ao r c o s ( ~-~ —~~‘~ — s i n )~ —+ )~~ 1— _

~2~ ~ }

0 0 —

~~ I e
1’

~~~~~~ 1-e ° ) S~~~ (k , t) ( 3. 2 9 )

and

- m e 3 
u 3f

~~~~ 
}_

~~~

81 iu r -io ( )
+ sj n(2 r+~~)~~~~~~~~~~~~ }e ~ e Cl

* + 4-
- 3f 31

- f 
_

Cl u:_
l_ z  I f vdv J

° dT(-~2~2. [co s(2 ~~ 0) sin ~~~~~~~~~~~~~~~~ ~ }

k~i T  -ith (T) -iu r 
-

e e Cl ( 1-c ° ) } SE (k,t) (3. 30)

In ca r ry ing  out those  in tegra t ions , we specif ical ly  choose the wave vecto r

k on the x - z  p lane and wri te

(3.3!) 

~~~~~~~~
-- 5-- - - -

~~~~~~~
- - - i;- - - 5 5 - 5--5~~~ -~~~~~~~~~~~~ - - ~~~--~~~~~~~~~~ _ -~~ 



Equation (3. 18) becomes

8 ( T)  I~ I si n (2 1~ — 0) - sin 8 1 k ,, V, 1 T (3 .  32 )

whe r e

= k , v 
~~~ 

(3. 33)

then we have

~ XP [- i ~~~(T )  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

II

(3 .  34 )
Therefore , we obta in following relation

3f 8f . - -
fvdv r cc d-r {~-2- [cos(2-r--e)&+sin(~2-r+e)~i] ~~~~ ~~

} e~~~
0 ( T )  e~~— — -0 ov ,

+~~ Z
( 3 . 3 5 )

for a Maxwellian distr ibution function I
0

wh ere

= 
u-n 2 

, 3 k~ T/m2 2 
and 

~~~~ 
I ( ~ ) e~~ (3. 36

k , 1(T/rn ) 2

and
2 2

a( 3 , Z ;n) =~~ -A ( 3 ) ~~~~± [~~
_ A

n (
~~

) 2 3i\~ (3) — Z ~ \ (3)~~~-in (3) - -~-~ )

k , ci ik , 2
+ —a--- ZA (~)(~~ t~)4- (k , 2f ~~~~~~~~~~~~~~~~~ ( 3 . 3 7 )

Subst i tut ing (3 ,  3 5 )  in (3. 2~~) and (3. 30), the  resu l t s  a r e

24o 



r - - -5- -

3

In 

5 ( ~~. t)~~~[~~ k1(u 1 +n2 ) I 1 7 n ) h i \n (3 a~~
a a 0 ~~

W(Z °~
4 - i 3  \‘ (3 )~~~~~7 

- \ (~~~n rx a —a

2
Z a

k . ( ~~1
-
~-n~~~~) 

a(3 , z~~~; n ) f 1 W ( Z 7~ ) i -  
K L_ l

2

k~~(u -n 2 )

- (~~ _~ 
~~~~~~~~~ 

- 

(3 .  38)

and

2 6E (k~ t ) .~ [ k , (W
m T ( u -2 ) n — 5  a

a ci ~ Cl

I W(Z Cl )
-
~~ 

i \ ~ ( 8 ) ~ ] - 
~~~~~~~~~~~~~~~~

2

- 

~~~~~~~~~~~ 
k~~u - n2) ~~~~~~~ 

Z~~n ;n) [ 1~~
W ( Z

~~n )i  - “1 [~~~
- 

~~~~~

6 ~~

- 

~ 
[
~ 

1 
3

a~ 
Z7 .fl)[~ - W ( Z ~~~) ]

2

-
~ 

t o  
~~~~ 

[k ~~~~~ ‘ (E 1 
4- E , )  (3 . 3°)

— — ‘.
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where

Za = I a Z a = S ~~ , ,

I n  k1 (T /m )1 sn 
kit(T /

m )  Cl Ci

(3. 40)

whence the induc ed polari Itions a re  obtained as

- 
. 

- -1- 3 4 -SP (k , t)~~L~ Sf (k , t) S~~ (k , t) ‘ ( —
~~

--- ) (3. 41)S u S -
S 8OE ~

+ - .1~ 
a~~5~~~ (k , t) = — —i-- 3.~~, z , t) = SE (k , t) ( — ) E (3. 42)S 35E—s

where

and

24-i
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V-L DETAILED ANALYSIS OF THRES-iOLD PO W E F ,  AND
INITIAL GROWTH RAT E

i. Conditions and Pro~ er tie s  of the Instabi l i t ies  Oc cu rr ~n~ on the B a s i s
of a Genera l  Form of the Cou~ 1ed Mode Ecuat ions

In the following p a r ag r a p h we will show that the coup led wave equa-

tions (2. 20) and (2 . 2 1 )  d erived in Section II can be reduced  to the fo 1lowin~
scalar fo rm similar to those introduced by Nishikawat1 :

÷ ~~~ 
d 

+ 
2 

= i X Y E (t) (4 . 1)
dt S

1

2 1
d d ~~ +—
f 
÷ 2F~ ~~~~~ + Y -i~ XE (t )  (4. 2)

at

where  for  simplicity, we t reat  on ly the case with

= real > 0

Taking the F o u r i e r  t r a n sf o r m  of (4 . 1) and (4 . 2), we obtain

[~~2 
- -~~~~ ± 2iF u] X(c.~) = XE Y(u-u ) (4 . 3)

(u - u ) 2 
- + 2j~~ (u-u ) ]  Y ( -~ -u

0
) ~ E X( u )  (4 . 4)

where

X(t) ,  Y(t ) f~~ 
e~~~~ X( u ) ,  Y( u ) .

Sett ing the dete rminant of the coeff ic ient  inatrix equal to z e r o , th e  d isper-

sion relations which determine the f r equency  and damping (or  g r o w in g )  of

the waves unde r cons idera t ion  a r e  obtained , namely ,

249

- ,

—----5- — — —.--- - 5 -  — —--5- - — — ---- ——



-~~~~

[ 2 2  + 2ir -_ ]  [~~~~~~2 
- + 2ir~ (~~ - u ) ~~ - X M E 2 

= 0 ~~

If the solution of (4. 5) is w r i t t e n  in the  f o r m

x + iy (4 . 6)

then x and ( - y )  at -c the f r equency  and damp ing ra tes , res pect ivel y, of the

new normal mode with pa ram etr ic  coup ling ef fec t . It becomes unstable  if

y > 0 (4.7)

Conside r ing f i r s t  the threshold  case  in which y = 0, E = E and (4. 5) can

be separated into two equations

r5 x [(x ~ W ) 2 
- ÷ r1 (x-~ 0 ) ~~2 2 ) = 0 (4. 8)

2 ) r  2 ~(x -~~~~~) - -~~~~ 
- 4r5 F~ X (x - u ) - = 0 (4. 9)

Since F~ and are  a r b i t r a r y ,  the t h r e sho ld  intensi ty of t he  pump f ie ld

and the frequencies of X and Y are given by

x 
~ 

(-L1O)

x~~~- -u~ (4.tl)

~ _________

(4 . 1 2 )
a X~.t 

-

Thus unde r the condition of frequency match, there is no frequency shift

of X and Y at the threshold.

~Tith the numo field E > E , we no ionaer can set - .- = 0. Sub-
- - 0 C

st i tut in g (4. 6) ~n ( 4 .  5) and separa t in g  the real  and i ma g -n a r v  n a r t s , w o

obtain
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~~~~~

(x -V -~~~- 2 F 5 y)  
~~~~~~ 

- 7~ 2F1y - 4x~x - _
0 (~ ~F 5 ) (y ~ F~ )

0 ( 4 . 1 3 )

9 9 9 - ) ‘1 9

x~y+F) L x-~ 0
) - y - —~~ 

- F ,  y ,  + x- .~0 ) ( y -- F . ) x - y -~~~ - 2F 5
y )

= 0 ( 4 . 1 4 )

If the f r eque ncy  sh i f t  is small compared  w i t h  —
~~~ 

t h en (4 .  1 4~ can be ap-

pro ximated as

-2 ~~~(x-~ ) + F . y  ~~ (v+F

~ 2 2 •~~~~~ S £ ~ S

x - y  ~~~~~~ I’5~~ = = 0 (4. 1- 5)

and (4. 13) becomes

XLL E2 (4. j b )

A f t e r  some al ge b ra i c mani pu latio n . we find

-(F 5 +F 2) +/(F~~- T ) 2 ÷ X ~~E 2 /~~~~
2

1~~ 9 -)
- ( F

5
-rF

1
) ÷-/ (r~ -r5 -r 4r

5 r~~E;’E~~ -

= (4. 1’

y (y+2F5 )
~~~~ W +  2~ 

( 4 . 1 8 )

In genera l  F1 is mach l a r g er  than F5. therefore we may express (4. 17)

and (4. 18) in the vicinity of the th resho ld  as

E2 I
y=  F ~~~~- i j  (419 ~

C
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-5- 
- - 5 5 -  _ _ _

9 
_

/ 
) ‘ _

_ _
) - _) — - -- 

—

r- E \  r
~~~~~~~~~~~~~~~~~ ± .~~

_?_
~~~~~~~~~

__
~~~ j -

~H ~~~~~~~~~~~~~~~~ 

__
~

• _ 1 i  (4. 20)
s~~~~E / s £ IL \ c ,  L c  j

The init ial exponenttal gr o ’ -vt h r a t e  an d the f r e q u e n i c y  sn m f t  a r e  l~n e a r lv

p r o P o r t I o n a l  to the p-~ rn~~ int ens :ty .  T h e s e  r e su l t s  a re , ho w e v e r , va lid onl y

when the f r e q u e n cy  sht i t  is small compared to and the  pumn i n t e n s i ty  is

near  the t h r e s hold. These  phen omena had a c t u a l l y been  obse rved  in Stenzel

I 20 - - -and ong s expermment :n an unma ,gnet : zed  p l a sm a .

2. P a r a m e t r i c  Deca ’-- into Lon~ itud ina l \ tcdes  ( e l e n i t r o s t a t i c  a~~D r ox i matj o n~

Thus  we can w r i t e

6E ( k , t = -ik ~~ (k , t )  and 6 E (k , :) -ikó , L ,  t )  (4.  2 1)

and s u b s t i t u t e  t h e s e  r e l a t i o n s  in (2 .  20)  and (2 .  2 1 .  We have

7 - 
M k  

-± 2F ÷ _ ( ~
) 

~~~~~~~~ t )  = 
~~ 2 

- o~ (k , t )
n e ~~~ ao~~_ 

-

- 
o 

L 
—

~~

M L~~~ (k~~~~ (
_

&
~~ - i 4-

+ 2 9 k~~~~ zx k . (  
- + 

- . 

~ O - , t )  ~4 . 22 )
n e k  \~~~óE  ; -  -o - \ — .~~~ / 

- I
)

1

d 2 m_
~~L) - 

÷ -— - --f + 2I’~ ~~~ ± 
1 

) o~ (k , t )  = 2.2 ._ -

-5 
- 

-~~~ o 5~~ t )
n e K  - 36~~. 

-

- — 
0

2 2 -~~~ 

- /‘ \ _
mu ’~ ( k ) 2  

- I ~~~~~ + -
+ 

e 
~, < z x k - I - E 

~
, c LK , t )  (4 . 23)

n e 2k~ 
— — 

\
\

35E ) — —

o ‘- 
- 

S
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a) When the nump wave  is the ordinary mode and t he  decay waves
are  ion acoustic  mode and e l ec t ron  Diasma mode

Let E( t )  = 2E 9 COS ~0t z (1. e. , L
i 

= 0

and (4 . 24)

k = k z (i. e. , k - j = k, k 0 , 3 . = 0)

and the subs t i tu t ion  of (4 . 24) into (4 . 22) and (4 . 23) w i l l  y i e ld

d 2 d ~ - 
iM

4 n e 3 J - 
-

2 ± 2F ÷ ~.J k) o L ,  t )  = 
n e ~~ a 

~~~~~~~ 

<‘L k T~~ m

- w( S )~ £~o (k, t )  (4 . 25)
krTa lm

Ci ~) 
-

- 
- 4 3 -~~~2 imu , n e  —I d  d 2 + - 

- - -  S—+2F — +~~~(k)~~o(k, t) 9 2 ’~~ —_ _ _ _ _

dt ~~ 
— — 

n e k  am~ T a _ ~ k ~T

- W (- 
_______  

)~~E~~~~~~ (k , t )  (4 . 2 o )
k’/T

~
/m

~~J 
2 s —

Since the decay modes we are  cons ide r ing  a re  in the  f r e q u e n c y  d o m a i n s

su ch that

i/T/M << /k <</T /m << -~~ / k (4 . 2 7 )m s e

then  (4 . 25)  and (4. 26) become

. 2
d 2 - ~~eu 

-—s- + 2r -
~~~~ ± ~~~~(k,  t )  = i 

2 o ( k , t )~~ i t )  4 . 2 f - )
dt -

0

2 5 3
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1~

5-- --- 
ITI - 

I

÷ 2T~ ~ Q~~L .  t )  = - i  ~~~ —

~~ 
9 ,  t ) E ~~ ( t )  (4 . 2 9 ,

w h e r e  we have u s e d  r e l a t i o n s

2 24r n e2 ~ 0 2 o= I c T  /M , — arid k = — (4. 30)s e -~ oe n~ o d T- e

~ccations (4. 28) and (4. 29 )  had been obtained by N i sh ikaw a 11, who worked

wIt h  a h y d rodvnam ic  model. L we take  the  Fou r i e r  t r a n s fo r m  of (4. 28)
- - - 10ari a (-

~~
. 29), the resul t s  would be tne same as D~ Bois and Goldman

N tshj kaw a 1 ~~
, Lee and Su 1 2 

and Jacks  on 1 s~ ~~ conc lus ions.

The re lor e , the th resho ld  f i e ld  is g iven  by

r r r
= / ~ (° 3l)8 V r n  T n/ —

~~~~~~~
,‘

o e

where th = 2E 9.

l o I , 1 nie0 the t -um~ f i e l d  is e x t r ao r d i n a ry  mode (F~~B ) ari d
22 >>~~ 0

e pe

n th is c a se  we may  w r i t e

E 2 F ( x c o s~~~ t - v s ’ n u t )  (i. e . ,  E x E , E , = - )— o o - o —2 o — i  o-
and 

(4 . 32 )
k k  x - r k z

Sub st~tu t t n g  (4 . 32 )  in (4 . 22 )  and (4 . 23 - ), we obtain

2 
) 

i I ’vf~~~

+ 2r ~~~
- ÷ ~.~~~ ó k ,t )  

n e 2k 2
~~~~~~ 5~~~ 

k 6 P
3

)

iMu ’ ~~~
+ 2 2 k 4 . 3 3 )

n e k
0
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- -

r 
4

÷ 2r2 ~~~~~ ± u l~~ (k .c) = 

n e 2’ 2 (k óP~ 1 ± k 6 p ~ 3 )

9 _)
irn u’ - -

÷ 2 2 k ÔP~~1 4 . 34)
f l e k

0

3 - anaea~~~ l i- -— ) (~-~c~ ~ (3
- 2 ‘ 7~~~~~~~~~~~( 1”_

~~~ l _ W ( Z ~~~ )s a maTa
(_

~~~iT) ~ . 0

+ ~~~~~~~~n
(l a) 

1 - W ( Z a 
) ± W (Z~~ ).\ (

~~~~~~~
) + 

~~~~~~~~~~~~~~~~~~~~~~~ 

W ( Z a(~ -n~� ) sn £ n  n -~ - ino s a o 
-

- w(Z~~~ ]~~ o~~(k~ t) E e ° (4. 35~

r
5 P 

- 
- 

0’ O’ 
_ 

- ~
) -

~~~~ 
~~~~~ 

- W i  Zs3 m T ( u 2 -ç�~) ~ ~~~ 

~L. 4-
° L 

—

-j u t
÷ u W(z ~~~ ]JQ~~(k t ) E e 0 

(4 . 3 6 )

c 3 
~l - ’- —-~ ’I / n~l . \  ~o ) n 2  

-
4- 7 I 

~I n a  - .  _I~~~~•- -~~~~~~~
‘ ( _  

~~~~~ ~- --—~~~~ - V . Z -- 2 7 ( -n-1 ) . - - sri4-
1 a ~~ maTa(~~ -cr)  ii s -

~ o 
-

-

~~ n~~~a 1 -  W(Z a 
) - W(Z a 

fl~
~~~ fl ~I

- ~~~~~~~~~~~~~ W ( Z~~~~) - W(Z~~) o~~k, t)F e ° (4 3 i0 J
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C’
2 an e . ~ ( 1+ — )  , ,-‘~~ ~ —a~~~o — 

~~-~~~~~
-
~
- 

~~~~~~~~~~ o n a
- 13 

~~ ; maTa(u 2
~~~ ) k 

~ 
_

o In

+ u W (Z
a

) j )
0 (k , t )E e 0 

(4. 38)

(i)  Decay waves are  e lec t rosta t i c  ion cyc lo t ron  wave (ionaco us t ic  wave)  and u p p e r - h y br id  wave

Thus , we may as su me~/~~ << k /k  << 1 such  tha t  W ( Z~~~~) 0 ,

and W( Z i ) 0 fo r  all n and W ( Z e 
) 0 f o r  n 0 , W(Z e ) \  ( 3 )sn Sn - so c 0

With these  approximat ions , equat ions (4 . 35~ - (4 . 3 8 )  may be re-
duced to

3 2n e  k
i5P~ 1 = -~~

2~~~mT k~£ e ~

n e 3 k
oP

_
3~~ ‘~~S 2 m T  

~~~I e

4. 39)3
- (1 + k 2/ k 2 )11 2rnT u ~ d

ÔP~~3 0

and (4 . 33) and (4 . 34)  be come

2 iMeu -i~~~t -

~~~ 
+ 2 F ~~~ +~~2J (k , t ) = ~~~~~~

5 (1 ~~k
2/k~ ) E e  ° o ( k , t )

e 1 
(4 . 4 0 )

- 

2 °
d 2 

~I 

-
- -ie~~~ ( i + k ’ k ) 

- 
i~. t  

-

~~~ — 2 f f -
~~~ -i- _ , o , (.-~, :)= kT ~~~e Q l ~~K , t )Ldt e 

I_ 4 _ 4 j )

256

I , 
-

ill ~fIlIIthII ~~~~fr~... ~~~~ — ~~~~~~~~~~~~ —-  5- — —~~~~~ 
.—.-----—--- - —~~-~~~ --—-. - - - -~~~~~~~.--,- —-—— - -



r 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Therefore , the threshold field can be calculated as

E IT-f: -th s ~. 

~

. (4. 42 )
8V  irn oT e 1/ ~ s’4- I pe

2 2
2 2 k T / M  k T / M  2 2where  E = (2E ) , = 

~~~~
. + - 

.~~~ .~ 
e 

and k /k 1. Thisth 0 th ~ l+k /k~ l+k 2/k ~ d
.1. u

21had been obtained b y Porkolari

(i i) Decay waves are lower hyb r id and u pp er  h ybr id  wave s

In this case k / k  , t h e r e f o r e  W( Z ) 0 f o r  all n .

I~. I  I ç ~ 2 2
Since  = 

e + -~J (~ ) ± u
2 

+ — ~~~~~- =  + , ando 2 2 pe e 1~~~e I I s

2 2  2

~ = k 2T / ~~~2 2 j . __2_~~> l  ~~I~~ I + ~~
Pe \ ( 3 ) Z i ~ Ie e e k 2 , 2 — I e 1 e  e

d e

2
pe e S

jc2
an d ‘~~e + 

~~~~~~~~ 
k~ k~ ~:With these  approximations , equations (4 . 35) -  (4 . 38) become

3n e
= 2 Ô ( k , t)  E e
mTe pe

oP~ = 0s3 (4 . 4 3 )
n e  j u t

ÔP’ = - ° 
~~~(k ,t ) E  e11 2 ‘ s —  0niTe pe

6P~ 3 = 0

and (4 . 33) and ( 4 . 34 )  become

2 5 7
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-

2 1 iMe i~ - -j u t
+ 2F ~~ + J i  ~~ (k ,t) = 

S 
~~~k ,t)E e 0 

( 4 . 44 )
- d t  kmTL e p e

r 42 2ieu ju t
-

~~

--

~~ 
± 2I’~ ~~~~ + c ~~ ~~~(k , t)  = - 

2 ~~~(k , t) E e  ° (4.45)
dt T u  kL e p e

Therefore the threshold field can be calculated as

E [F rth = ,i s I pe 
(4 . 46)

8~~ irn T /~~s
u I ~

[
~ u 1c~T0 e S e

which also a g r e e s  with Porko lab ’ s result.

[ 2  ÷ 
~~ 

a -

where  £ - = (2E ) , , = i I pe 
— 

e ~ - 2
tn o tri  s e i 2 + ~ ~~1

- 
pe e

(c)  For  a fo rced  l inearl y pola r ized  pump f ie ld  with upper
hybr id  and lower hybr id  waves as deca y waves

In this case we w r i t e  F = 2E cog u t  x (i. e. 
~~2 = x E ;  F . =

and Ic = Ic ~ ± Ic Z (Ic /k <<
— 

.L H U .L \1M

9 2 7 2 2 2 2Sj n~~ ~ ~l + -~~~ Ic T /nu1  /c~ << 1 and
0 e p e e ~ e e pe e S

With these ap or oxim at ion s ; equations (4. 33) and (4 . 3 4 )  become

2 iMeu 4 - iu t+ 21’ + u2 b ( k  , t~ ~~ ó~ (k , t )E e ° (4 . . 57 )

dt mT kue pe

2 . -2ieu4 iu t
~~~— + 2 1 ’  ~~ ± )  ~~~(k , t ) = - 

I ó ( k , t ) E  e (4 . 4 8 )
- d t 2 I t 2 , 1 u 2 T k  S . 0

L J pe e

L 
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There fo re , the th resho ld  field is g iven as

Eth 
— ____ 

pe 
(4.49)

8V~~n T  u~~~1 ~~~~~~~~~o e  I

3. Parametr ic  Decay into E lec t ros ta ti c  Ion Cyc lo t ron  Wave and Ha r-
monics of Electron Cy c lo t ron  Wave (Hvb rid Mode) in a U n i f o r m
Magneto Plasma

For the harmonics of e lec t ron cyc lo t ron  modes , k j  is small

( j k j  4
~

kd ) suc h that  
~e ~~~ and W (Z ~~~ ) 0 fo r  all n.

Sin ce th e elec t r o st atic io n cy c lo t ron  mode is lon g itudina l wave , we

may assume & E (k , t) -i k~~~(k , t ) ,  where  Ic = Ic x + k  z with

1k /k < < 1. Ther : fore , W(Z e ) ~~0 fo r  n 0 and W (Z e ) \ ( ~~~)~~ l.

Because the nonl inear  coup ling due to electrons of the plasma is

much s t r o n g e r  than due to ions ; t h e r e f or e  we may neglec t  the ion te rms

of equations (3. 4 1) and (3. 42).  The resul t ing components of the induced

polarizations can be simplified to

3 2
- n e u  I -k - óP (k , t) = - -~~ 0 0 óE~~• ~ - 

e I s
S 

~ niT (u~-c2 ) I k u (u -c2 )e o  e ‘~ j.. o I e

- 3
_ _  - 

~~~~~~~~~~~ 

~~~~ 

(4 50)

ka P (k, t ) = - -—- - x
j . s i —  -

~~ 2 2 —I i 2 2s m T (u -~~~) k~~~~(u -c2 )e o e ~~~j o  I e

1 -iu~~~~(u~ ~~~~~~~~~~ ~~~~~ 1 ~+ - — y /  k x . A  • E2 2 k u  ( I j  e —

~ ) L
(4 . 5 l~
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3 -, 3

t) = 
~~ 

n e  
~~ 

2 ~~~~ 
t )  ~~ ~~ e I  

2 ~
I mT (u - 2  ) I c 4 -  (.. , - 2e 0 e ~~~~~ o e

9

+ ~~~~~~~~ 
~ ~~~~ ~~~~

. . 

~+i (4 . 5 2 )

j  L i

3 - 2
n e -c 1 -ij3 ~7 —i . —

2 2  O ( k , t ) k -~ 
e ; 2

I ml (u —~2 ) (-~ -e 0 e ~_ j_ O -~ e

• - i~ - 

-

-. e e l  y _ i k j _ Z
~~~ 

x • A . E (4 . 5 3 )
1 

~

3 -n e - ~ -

(k , t) = — 9 0 9 ~~ (k , t )  [z  - A - F~~ (4 . 54 )
13 4-

1 niT (u -I~~ ) - s  — e
e 0 e

and the coup led mode equations a re  g iven  by equa t ions  (4 . 3 3 ) a n d  ( 2 .  21). F r o m
:2

(4 . 2), (4 . 53 )  and (2. 21 ),  we obtain t he relat ion 15E 2~~ ’ t (  = i —s- 6 F 1(k , t ) ,
£

0
thus the d i spers ion  relation f o r  the L mode is g iven as

k 2 ( 5 - 2  ) 2 \ (~ 
) ~ -d .~ e n e 

— e ~e ~~, ______  9 - -
£ - 

(u - ri22 ) 
- 

~~ 2 — u -~~~~~~ n A ( ~~~) ~
Ic n I I e o ~

i I n I e

let n~2 1 (1 + ~~~ ) where  n > 2 and substi tute into (4 . 55) , we have

~c (n+l)~\ 
-

d n
2 2 (4 .~~6)

(n +l)u
pe

n (n

Since the  po 1arizat ~on of the harmonics  of e lec t ron  cyclot ron  wave  can be -

d e t e r m i n e d  f r o m  l inear  d i e l e c t r i c  t e n s o r  as
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~
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~

5E~~3 
k 1~ __________________
k 2 (4 . 5 i )

6:. , -c , — 4-
-~ - ,  oe

~~~
- t~~~~~ I ~i - --y

thus the l inearly po la r ized  pump field can be wri t ten  as

r 2 2
uo e 1 2E cos t

— - ‘ £ 2 2  2 o
I -~2 -

~~ 2 u
- o e 1 , ~ 

t~e
— 

‘Icc ’ ~ — 2
L 

u l j

T h e r e f o r e ,  the resul t ing  coup led mode equat i ons a r e  g iven  as

r ., 4

~~~ ~~2r~~~ 4- 4-2~~~~~(k t ) = 
k 2rnT (c.~~- 2 ~~) 2

- 1 - ( ~—-— ) (l- —-—r— )
~cc 2

4-I

-~~~~~t
- 

ie  ] 6E ~~1tk , t~ E 0 e ° (4 . 53)

2 1 (u +i~~ )e i

H 
+ 21’1 ~~~~

- ÷ ô E~~1(k , t )  = - 6E e  ° (4 . 59)

and the th resho ld  field can be calculated as

-1/ 2

E r r  1/2 u 2~ :2 2 
- 12th 

= 

~s uI (u 2 +c2 2 )~~
2u 

1

2 2 
- _____

0 e I e pe 
~ 

- 
~~~~~~~~~~ ‘l-~~~~~)
‘ Icc ’ ‘ 2

L ~I

— 4  
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4. Com~ ar : son  3e tween Theory  and Ex r i e r i m en t s

a. In the case  of p a r a m e t r i c  decay  in to  elect  r o s t a t :c  ion cy c l o t r o n

wave and second  harmonics  of e l e ct r o n  c y c l o t r o n  wave in a ‘crj fo rm mag-

neto plasma. (My experiment)

With t h e aid of ( 4 . 60),  t he value of ~a r a mete rs  can be found f rom

Table 2 , the t h r e s h o l d  f ie ld  F . is c a l c u l a t e d  astn

F - 13. 7 vol ts/ cmtn

Near  the microwave horn , the pump f ie ld  is almost uniformly d i s t r ibu ted

on the cross-section of the chamber , hence  the theore t ica l ly  p red ic ted

t h r e s h o l d  pump  tower  may be calculated as

Threshold pump power -~~~~~~~ x ~~r
2 x c 44 watts

wh e r e  r = 7 . 5 cm is the rad ius  of tne  c h a m b e r .

The threshold pump power, experimentally determined, is about

47 . 1 watts as show-n in Fig u r e  1 0. This  value is ve ry  close to the theo-

re t ically predic ted  value , and the extra  3 wat ts  is be l ieved  to be u s ed  to

sus ta in  the  plasma.

b. In the case  of pa ramet r ic  decay into lower hybr id  wave at u~ p e r

hyb rid r e son ance  with a l inear ly  polar ized  pump. (S. Hiroe and

• - ,  22 .
H. Ikegarn i s exper iment .

T 4 eV T . = 300 °K N = 3. 4 in t o r re

2~r x 3 .5  x I O ~ sec t 
= 2~ x 4 . 1  x 1O ~ sec t

-i -
, 0 - 1B = 1350 Gauss 2. 2 r x 1 .  O 5 x t O s e - :  l 2~~x3. SS x tO sec0 1 e

49 2
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~~ 10 -3u 27r x 1 . 4 x 1 0  sec , u . 2irx2. -~ox1O sec , n 2. 4 2 x 1 0  cmpe pi 0

1’ = ~~~ 3. 5 x 1 0 sec t F ~‘ 0 . 5  x 10 4
s e c~~-2 2 s 2 2 j r n . T  en

i e

= 0. 91 x 10 2 ’ g in. = 200 x 1 . 6 7  x t 0 24 g

From (4 . 4 9 ) , the e lec t r ic  field a s soc ia t ed  with the t h r e sho ld  power  can be

calculated and the r e s u l t  is

2.25 V/cm

and the experimentally measured threshold field is about  2 V/cm.
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V~ 3 .D E S C R T P T L O ’~: O F  EX P E R I M E N T  A N D  R E S U L T S

C _ 1 3  ~0 93 )4
Althoug h the t h eor ~es and exp e r in-ien :s ‘ - ‘ - of n a r am et r i :

coupling be tween  long ~t-c cl:nal ~le : tr or .  ~lasma waves and ion  a c ou s t :c

waves in an u nm a g n et i ze d  pl a s m a  have  been t r e a t e d  ex t e n s i v e ly  b y va r t ou s

2 5 7 2~au thors , onl y r e c e n t ly  did ex~~e r~m en t s  ‘ ‘ ‘ :n m a g n e t i z e d  p l a sm a  re-

por t  on the  decay  ins tab i l i ty .  Po~~kolab  and h i s  c o l l e a gu e s  h ave  dcr.e a

s e r i e s  of expe r imen ta l  s tu d ie s  of p lasma  hea t ing  due to the  P a r am e t r i c

decay  in s t ab t l i ty  of plasma waves  tn  a magne tic f ield and a h i g h - i r e c c e n c y

e l e c t r i c  f i e l d .  T h es e  decay  waves  have re la t ive ly shor t  ‘.vave en~~th s  and

broad spec t ra  such tha t  q u a s i - el e c t r osc at i c  modes may be a s s u m e d  and an

anomalous heat ing  p r o c e s s  can be ach ieyed .  In our e x p e r i m e n t, we have  a

re la t ive ly  small s ized  plasma beam. Work ing  on the slab model , t h e  ex-

cited waves are  of standing wave type with well de f ined  b o u n da ry  c on d i -

tj ons .  T h e r e f o r e , the  f r equ e n cy  s p e c t r a  of the  uns tab le  waves a r e  sh arp-

ly splIced.  The objec t  of t h e  r r e s ent  work  is -to stud y both e xp e r im e n t a l ly

and theore t ica ll y the  t h r e s h o l d  and satu ration ~f t he  p a r a m e t r i c  decay  in-

stabili ty of the second ha rmonic  of th e  e l e c t r o n  ~~clotr on  wave and ion

acous t i c  wave.

1. Ex~ e r i menta l  A~ oaratus  and P r o ce d u r e

The experiment  is p e r f o r m e d  in a h o l l o w- c a th c d e - ar c - d i s ch ar ~~e

(HCD)  nlasma sou r c e 2
~~, 1 5 cm in d i a m e t e r  and a vacuum c h a m be r  2rri

in length , as s h o w n  :n Fi gu re 1. The 2m long s t a in le s s  s t e e l  v a c uu m

c h a m b e r  is s ep a r a t e d  into two sec t ions , a s o u r c e  r eg ion  and  a d r i f t  re-

gton , b y a b a f f l e .  :n o r d e r  to g et  a hioh l  ionized and c o n f i ne d  ar g o n

P lasma boon-i in :he d r i f t  r eg ion , ~~e m ag net : c  f i e l d  :n t h e  s o u r c e  r e g i on

is a m i r r o r  f ie ld , h e n c e  it is ha rd to ge t  a total l y c u i es ce n t  : lasma. in

2o4
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our experiment a new p r o c e d u r e  is i n t r o d u c e d  to c r e a t e  an c l tr a s ta b i e

microwave  sus ta ined  p lasma. An antenna  ho rn is moun ted  on :he anode

and to send  t h e  hi g h powe r mic rowave  ( 15 0 - 2 0 0  w a t t s )  i n to  tn e  HCD p las  -

ma beam. I n c r e a s i n g  the  d r :ft  rna~~n e t i c  fie ld  and back g r o u n d  g a s  pres-

su re  to a sui tabl y hi g h range ( 1 . 5  K G - 2K G , 1 ~ - 1. 5~ of m e r c u r y  pres-

s u r e) ,  we can then  shut  off the s o u r c e  plasma completel y by s e t t in g  t h e

cathode gas f l o w  and b a f f l e  c u r r e n t  to z e r o .  Yet the p lasma still ex i s t s

in the d ri f t  reg ion sus ta ined  b y the  input  m i c r o w a v e .  This p lasma is

ver y qu iescen t  and well conf ined  in a beam. Adjus t ing  the exper imenta l

p a r a m e t e r s  ( such  as d r i f t  magne t ic  f ie ld , d r i f t  gas  p r e s s u r e , m i c r o w a v e

power , etc. 11 to p r o p e r  values to ach ieve  optimum ope ra t ing  condi t ions ,

we ob ta in  a sp e c t r um  as in F i g u r e  3, showing  the ins tab i l i ty  and i ts  har-

monics  due to p a r a m e t r i c  exc i t a t i on .

A s impl i f i ed  block d i a g r a m  of the expe r imen ta l  a~~oa:atu s is s h o w n

in F i g u r e  2. A f r e q u e n c y  s tab i l ized  Klvs :ron unit , o p e r a t e d  in x -b a n d  is

used  as the m i c r o w a v e  s o u r c e .  For  the m e a s u r e m e n t s  of the  gr o ~~~h and

deca y t imes of the exci ted  waves , a fas t  PIN diode s w i t c h  having  20 nano-

seco nd r i se  and fall  time s is used to modulate the  mic rowave  si g nal w h i c h

is fed  into a Kl y s tr on  ampl i f i e r , caoable  of 1K w a t t s  cw ou tpu t  at  the fre-

quency  of 9..23 GI-i z . Between the PIN diode and the  s o u r c e  two v a r i ah i e

atte nu a t o r s  a re  used  to ad jus t  the output levels .

Microwave  power  is t r a n s m i t t e d  th roug h waveguide  into the  p l asma

by means of a ho rn. Since the  EM wave In the waveguide  is TE 10 mode ,

the elect r ic f i e ld  in the  c h a m b e r  is l i nea r ly p o l a r i z e d  in the d i r e c t i o n

~er pendicular  to the un i fo rm magnet ic  field and almost  un i fo rml y dls t r i -

buted at the cross-section of the  chamber  near  the ho rn . Th e dia~ no~ r ic

devices employed in this  exp er iment  include ax t a l l y arid radially movable

Langrnuir ~robes.

-5-- —- - - 5 - — - -  5-5- — — - - - --5 -  -5— - a-—- -



- -—- -5- - -  —5---- -

C o

_ _ _ _

-Th

o.iE

c t c~
I _ _ _  

I w w I
“ I I~~~~

.- I w

E Z~~~ o w l

‘.0 
La~~]

~~ ~~~~LL -

a.

H L!~~H~~~~ 
h / 2 k \

_ _  

_ _ _  
_ _

_ _

j

J 7 

1

1~~ii~ _11
0~

< (fl (D
~~~

L~~ 7 r~ 7 

-5-- -——~~~~ —*_~~ 
- -



- - -~~ - --- - -- 

~~~
•- 

~~~~~~~

— - 
-

-

- - - ‘ . --

-~

FIGURE 3: FREQUENCY S P E C T R U M  OF ELECTROSTATIC ION CYCLO-
TRON WAVE
Fi r s t  Peak is the  Z e r o  R e f e r e n c e , Cente r Frequency = ~~/2~ =

228 1KHz , p 1. 2u ,  
~0 9. 23 GHz , P 1 

= 173 W (cw), Li~~~ar
Vertical Scale , 90 ELz . Divi s ion Horizontal  Scale
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FIGURE 4: TIME DOMAIN BEHAVIOR OF ELECTROSTATIC ION
CYCLOTP CN WAVE
P 1. 2~~, f = 9. 23 GHz, P 1 17 3 W ~cw ) , Horizontal
Scale 2~isX m , Ver t ica l  ScA le = . 5 V /cm
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o r d e r  to  ~ arar ne t r :ca llv  exc i t e  the e l e c t ro s t a t i c  ion c y c l o t r o n

waves  e f f ic : en t l v , the e x t e r n a l  dc m agn e t i c  f ie ld  is su i t ab l y a d j u s t e d  s u c h

that the f r e q u e n c y  of the pump f i e ld  is nea r  or  jus t  above the ha rmon ic  of

electron cyclotron frequency . We find that in the HCD device , the p lasma

is ve ry  u n s t a b le due to the ex i s tence  of var ious  types of low f r ecu e n c y  un-

stab le modes which a re  suspec ted  to be: r e s i s t i v e  d r i f t , ion ac o ust i c .  and

e l e c t r o s t a t i c  ion cyc lo t ron  ins tab i l i t i e s .  :t is b el ieved tha t  the  e n e r g y

s o u r c e  r e spons ib le  f o r  the onset  of t h e se  in s t ab i l i t i e s  mus t  come f r o m  the

excess  of the  f r e e  ene rgy contained in the p lasma not at the r rno dvnamic

equilibrium. In this regard , we find the possible deviations f r o m  equili-

b r i um o c c u r r i ng  in the  veloci ty sPace a r e  due to the m i r r o r  f i e l d  in the

source  region , and not to t he con f igu ra t i on  sp ace.  This conclus ion fol lows

from the fact that all the low frequency unstable modes disanpear af te r the

s o u r c e  plasma is t u r n e d  off comp letely.

Strong ly enhanced signals at the acous t ic  wave f r e q u e n c i e s  a re  oh-

s e rv e d  on ly when the pump power  exceeds  a th reho ld  level.  This  is the

ch a r a c t e r i s t i c  of pa ramet r i c  exci tat ion With the back g r o u n d  gas  o res  -

su re  r ead jus ted  to about 1.. 2 ~ the elec t ros ta t i c  Ion cyclot ron wave  be-

co mes most coherent  in t ime Qomain as seen on a s co p e  (Fi g u r e  4 , or

becomes  sh a r~~est  in the  f r eq u e n c y  domain as seen on a frecuency spec-

t~~m analyzer (Figure 3).

2. Me a s u r e m e n t  of Growt h and Decay Time s oi E l e c t  r o s :a t : - :  :n Cv c l -j -
t r o f l  Waves

The growth and decay  t i m e s  oi p a r a m e t r i c a l ly e x c i t ed  e l e ct r o -

s tat t c  ion cy c l o t r o n  w a v e s  a r e  m ea s u r e d  as a f u n c: : o n  of m ic  rowa- ; e r umr

~cwe r by ncodcla t :ng  t n e  pump as : iiu st r a te c  :n F igu r e  5. D ur : n~ t~v’e
T 1, tn e power is at level P~ ~ ~~th ~t h r e s n o i d  cower s- c ch tha t she

2 ~
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e l ec t ro s t a t i c  ion cyc lo t ron  wa - - e  g r o w s  to a f i n i t e  am r l a t ud e  as s h o w n  ir,

the sketch. At the end of t ime T
1 

and the beg inn ing of 0 ,, t he power  is

switched to a new level  P . If P . ~c P - , the wave decays to zero during2 2 to

t im e T 9~ providing that T ,, ~s ot s u f f t c i e n t  du ration , as shown in F i g u r e

5a. ~ ~ 2 > ~~5h and P
1 

> F
9

, the wa v e de cays  du rin g 19 f r o m  the am-

plitude exci ted b y P1 to a new nonze ro  s tead y s t a t e  amp litude co r r e s  -

ponding to P
2 as shown in Fi gu r e  Sb. Modu la t ing  the power  as d e s c r i b e d ,

the growt h and decay times, and the amplitude of the e l e c t r o s t a t i c  ion cy-

clotron wave , a r e  m e a s u r e d  a~ a func t ion  of F2, f o r  both be low and above

the th reshold .  The total time T 1 + 12 of the microwa-.- e si gnal is appro-

ximatel y 2 . 3  milliseconds and T 1 is typica l ly  7~~~ of thi s p e r i o d .

Photographs containing many t r a c e s  of the  e l e c t r o s t a t i c  ion cyclo-

tron waves are  used  to obtain th e gr o w t h  and decay t ime.  S ince  the plas-

ma beam is isolated b y a large  vacuum chamber , t h e  si gna l de tec ted  by

the optical s y s t e m  ( th roug h opt ica l  f i b e r  bundles  to the p hctomul t i p i i e r

tube) is too weak to overcome the inherent noise of the phosomultiplier

tube. Due to this , a Larigmuir probe to detect  the e lect rosta t ic  ion cyclo-

tron waves is used . The results  thu s obtained a re  f a i r l y good even w i th

the sli g ht diff icul ty of synchron iz ing  the excited si gnal with the  modulat ing

si gnal. This probe  detection techni que is al so used  to m e a s u r e  the s t e a dy

state amp l i tude  of the potential oscillation , thu s enablin g us to obtain in-

format ion  on the s a tura t ion  mechan i sm.

A series of photograp hs containing the average g ro’.vth and decay

of the e l ec t ros t a t i c  ion cyclotron wave is shown in F i g u r e  ~ wh e r e  the

pump powe r is modulated as ~n Figure Sb with  T 1 1. 1 ms and

T~. .6 ms and both P~ and 
~ 2 

are above the threshold level . First,

P1 is set to a l eve l  s u c h  that  the  i n s t a b i l i ty  is mos t  c o h e r e n t  -.vi:h she
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(c) P 2 65. 5 W , P 1 = 17 3 W

FIGURE 6: DECAY AND GROWTH OF ELECTROSTATIC ION CYCLOTRON
WAVE FROM ONE STEAD Y STATE AMPLITUDE INTO ANOTHE R
P = 1. 2~~, f 9. 23 GHz , Horizontal Scale = . 2 ms/cm
T 2 = .6 ms, T1 = 1 . 7  m s
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FIGURE 7: PHOTOG RAPH SHOWS THA T T H E R E  IS A TRANSITION
PERIOD B E F O R E  W A V E  REAi~L Y  STARTS TO GROW
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lowest poss ib le  neu t ra l  gas p r e s s u r e .  We t h e n  p r o g r e s s i v e l y i n c r e a s e

the voltage amplitude of the modulating si gnal (w hich is app lied to the

PIN diode s w i t c h)  to lower  the P 9 level , and the  s e r i e s  of ph o t o g r a p hs

are taken with the scope trace tri ggered to start when the power is

switched to F ,, level. The initial decay r ate of the in stability, when

power  is switched f r o m  P1 
to F,,, is d i f f icu l t  to be ca l cu la t ed  b e c a u s e

of i ts  s t r o n g  deoendence on the initial amplitude of the instability; t he re -

f o r e , the  a v e r a g e  decay  ra te  as shown in Fi g u r e  S is ca lcu la ted  by a v e r -

ft aging over the c-folding time, I. e. , the  t ime it takes  fo r  the  amp l i tude

decreases  to 1/ c  of its initial value. Figure 6 also shows the existence

of a transient before the wave starts so grow . This may be explained by

noti ng that  dur ing  both T 1 and 0 2 of the  g r o w t h  e xp e r i m e n t s , the e l e c t r o n -

neutral collision frequency is much larger than the a v e r a g e  decay  ra te  of

the electrostatic ion cyclotron wave shown in the Figure 8. During T2

the electron t e m p e r a t u r e  of the p lasma is lowered because  of d e c r e a s e  in

pump power , and at the end of T ,,, the electron tempera ture  r ises  back

quickly to its o r i g inal level , but it takes f i n i t e  t ime f o r  the f r e qu en cy  of

the instabi l i ty  to switch back. A typical  muli ipl e t r a c e  ph o t o g r a p h shown

in F i g u r e  7 c l ea r ly d i sp lays th i s  kind of delay phenomenon.  N e v e r t h e l e s s ,

the linea r relat ion between the initial g r o w t h  rate y and P2 is c l ea r l y

demonst ra ted  in F igure  9. The curve  in Fi g u r e  8 shows that as P 2 pro-

g r e s s i v e ly de c r e a s e s, (as noted in the s e r i e s  of ph o t o g r a p h s )  the  decay

rate i n c r e a s e s .  Eventuall y P 2 reaches  a power level such  that  it takes

the wave the per iod 19 to decay to zero as shown in Fi g u r e  10 , and this

co r responds  to the t h r e s h o l d  power .

Decreasing T ,, and i n c r e a s i n g  the t Ot a l  pe r iod  T
1 

+ T .~ (I .  e. , de-

c r e a s i n g  the  modula t ion  f r e q u e n c y )  of the  m i c r o w a v e  si gn a l , i t  is poss ib l e
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FIGURE 10: DECAY OF ELEC TR OSTATIC ION CYCL O-
TRON WAV E FR OM STEAD Y STATE AM-
PLITUDE INTO NOISE FOR PUMP POWER
I e ‘T’ D 1-~ I iZ r ‘1’ r I I I I I,J ~~~~~ j. ~~~~~~~~~ YY L. ~~~~~~~~~~~~~ j~~.,

P 2 = 47 . 1 W , P 1 = I 4 i W, T 2 = . 2 ms ,
T 1 = 2. 1 nis , Horizontal Scale . I ms/cm
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to lo w e r  the  power  l eve l  
~~ 2 to a lmos t  ze  r o .  Siog Ie and mu l t in le  t r a c e s

ph o t o g r a p h s  shown in F i g u re  11 d i s nl ay  t h e  c r o w ~h (and  deca ’.-~ of t h e  elec-

t r o s t a t i c  ion cy c l o t r o n  wave  as power  
~ 2 is v a r i e d  f r o m  0 w a t t  to 1 T .~

w a t t s .  Onl y a po rt ion of the  to ta l  p e r i o d  is s h o w n  in t h e  ~ h o t o g r an h .  The

wave sta r ts  to g r o w  onl y with the  pump power  exceed ing  th o  t h r e s ho l d

level s and it becomes an eigenmode  of the collisional plasma.  During

the  in i t i a l  buildup of the  potent ia l  o sc i l l a t i on, the e n e rg y  - d e n s i t y  a r i s i n g

f r o m  spon taneous  emiss icn  of the  backg round  plasma is c omp a r a b le  to th e

e n e r gy  d e n s i ty  p roduced  b y the paramet r i c  in te rac t ion .  T - e r e f o r e , to

d e t e r m i n e  the  init ial  g rowt h r a t e  we must  calcula t e t h e  gro-c~th time onl y

a f t e r  the wave has  a small f in i te  anool i tude .  This  value is also sho-.vn in

F i g u r e  9, and is consis tent  with the t h e o r et : c al  calcu la t~ cn f r o m  e c u a t icr .

(4. 17) .

T h e r e  a r e  two k inds  of damping  in our sy s t em .  L i n e a r  or natural

damping  o c c u r s  when the  pump is below the  t h r e s h o l d  l eve l .  O n c e  t h e

t h r e s h o l d  level  is exceeded , the ampl itude  of the  i n s t a bi l i ty  -.vouid t h e a -

re t icall y g r o w  to in f i n i ty .  Howeve r , due to the  nonl in  ear  damp :n g , the

wave a lways  r e a c h e s  a s a tu r a t ed  s ta te .  T he r e f o r e , the  n o n l i n e a r  damp -

ing would exac t ly  ba lan ce t h e in i t ia l  g r o w t h  ra te  of the wave  at tha t  P ar t i -

cular power level. If the pump power is suddenl y r e d u c e d  to z e r o  as in

the  case in Fi g u r e  j I b , its init ial  decay ra te  must  be equal to the  sum of

the  l inear  damping  rate and the initial growt h r a t e  of F i g u r e  h a .  i-ieoce

we have  a l inea r  damping rate  of about  0. 6 x 0~~sec 1 f o r  th e  e lec t ro-

s ta t ic  ion cyc lo t ron  waves;  th i s  va lue  is c o n s i s t en t w i t h  the  v a l ue  calcu-

lated f r o m  the  tail  of the d e c a y  d i ag r a m .  F rom this  va lue ,  we  can con-

clude t u iat  ‘ h e  l i n e a r  damping mechan i sm is due to i on -neu t r a l  co l l i s i rn s

with the  ion t em p e r a t u r e  of about  0. 6 eV . Th i s  value  of icn t em ner av ~ r e

2 7~
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has been  v er : f ~ed e x o er i me n t a l l y ~n K r : s s a l ’ s 2
~ t h e s i s  by  u s i n g  a Fabrv-

Perot tnterferrorneter .

3. Fr e cu e nc v  of E l e c t r o s t a t i c  Ion C yc l o t r o n  Wave  as a Fu n c t i o n  of P-c rn o
P o w e r

The f r eq u e n c y  shift  of the e l e c t r os t a t i c  ion cy c l o t r o n  wave due  to

pump power has also been invest igated.  These  exper imen t s a r e  con-

d u c t e d  wish cw m i c r o w a v e  exc i ta t ion, and the f r ec u e n c y  is m e a s u re d  on

the  low f r e q u e n c y  sp e ct r u m  anal y z e r .

Ele c t ros ta t ic  ion cyc lo t ron  f r e - .1uency is shown as a f u n c t i o n  of

powe r in F ig u r e  12  fo r  a f ixed p r e s s u r e .  As sho~.vn in Tab le  1 , t he  f re -

quency s hif t  is linear l y propor t ional  to the c h a ng e  of e l e c t r o n  t e mp e r a t u r e

with some d i sc re va n cy .  This can be  exp laine fr o m  the l i n e a r  p a r am et r : c

t h e o ry , which i n d ic a t e s  a f r eq u e n c y  sh i f t  due to f i n i te  g r o w t h  r a t e .  After

substitut ing all the known p a r a m e t e r s  into equa t ion  (4 . 20) , th is  d i s c  rep-

ancy  b e c o m e s  m o r e  evident .  H o w e v e r , w i t h  a m i n o r  c o r r e c ti o n , the

l i n e a r  r e l a t io n sh ip  b e t w e e n  the  f r e q u e n cy  sh ~f: and e le c t r o n  t e mp e r a t u r e

-change  is c lear l y s h o w n  in F i g u r e  13.

E l ec t ron  densi ty  wi th  the  p r e se n c e  of the  pump w a v e  is  a~ so

s ur e d bv -u s- :r tg t h e  p robe  t e ch n iq u e .  As shown ~n Fi g u r e  1 4  t::e e l e c t  r c n

d e n s ity  as th e  c e n t e r  of the  p lasma cc-lu~~~s d e c r e as e s  as the  ~~ss.~h - l ~ :-~-

: n c r e ase s .  Eu:  the  r u mp  p o w e r  i n c r e a s e s  ove r  some le - .-ei , sne : c n~ :at ~~
r a t e  m ay  cover the e n han c e d  d i f f u s i o n  rate , c aus ing  she d e n s i ty  s~~~ r~ ~~- -

agasn.

4. Su m m a ry  of Exne s-srrsen:a l  P ar a m e t e rs

Table 2 summar:zes tn e  basic ex r e r : me nt a l  pa r a m e t o -  -

g i v e n  a re  f o r  a ::.agneuc f i e l d  of 1. 64 kilograms and for a

2~ l
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TABLE 2 - EXPERIMENTAL PARAMETERS

~ uantity Symbol Value

ton (Electron) Density no 8 .8  x 10~~~/cm 3

~ eutral N 3 .9  x 10 13/cm 3

Eon Temperature T 1 0. 6 eV

Electron Tempe rature T e 6 eV
eB 5:on Cyclotron f requency j j ~~ 

3. 95 x 10 / sec

eB 0Electron cyclotron f requency  •
~~~~~~~ e 2. 9 x 10 1 /sec

~lectrostatic Ion cyclotron f requency
2 1 2

2 e 6 ,
~~~~~ + ) 1 . 3 x 1 0  / s e c

1 j +k 2X~~

3econd harmonic of electron cyclo- 1 oron f requency 5 . 8  x 10 / sec
10,

~ump frequency 5 .8  x 10 / s e c
on-neutral  collision frequency v~~= 2I’~ I .  2 x I 05/s ec

• ~lectrou -neutral  collision f requency  1en 2t’~ 5. 2 x I 06 /sec
2 1/24irn e

on plasma frequency ( ) 1 . 95  x 10 / sec

2 1/24irn e
flectron pla smaf requency (  ~~ 5 . 3  x 10 1 °/ sec

T 1/2
)ebye length e 

2 X D 1 .94  x 10~~ cm
4irn e

~.adial scale length 
~~~~

• 
. 48 cm

Tave number k 3. 3/cm

8T. 1/2
~n Larmor radius (—

~~~) /~2 .  r . . 48 cm
• irM Li

8T 1/2 
-

~ectron Larmor radius (—s ) / i2  r • x t o  2
irm e Le

3T. 1/2
• n thermal speed (—~j~ ) 2. 1 x 1 0 cm ,s e c

3T 1/2
lectron the rmal speed (—s ) V T 1 . 8  x t 0~ cm/secrrt e
in mass M 6 . 6 8  x 10 g ram
lectron  mass m 0. ~t x 10 2 gram
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Note that v. includes charge t r a n s f e r ) which accounts  fo r  about

half of the total rate. A c ros s - sec t ion  of 1. 3 x ~~~ 14 cm 2 is

used in the calculations.

5. Evidence of Parametric Excitation of E lectrostat ic  Ion Cyclotron
Wave

Experimental evidence and data are presented here  to show that the

electrostatic ion cyclotron waves a re  indeed pa rametrically excited b y

the microwave pump. It is found that:

a. The pola rization of the excited low f requency  wave is in the diiec-
tion perpendicula r to the dc magnetic field.

• b. It is a stand ing,  wave.

- • c~ The excited low f requency wa ve is the electrostat ic  ion cyclotron
wave.

d. The excited wave s s tar t  to grow only when the microwave pump
reaches threshold power.

e. Its growth and decay rates follow the theoret ical  l inear dependence
with powe r as predicted b y parametr ic  theories.

a. First  the axially movable probe is calibrated with respec t  to the
radially movable one. Then both probes are  used to measure  the
field strength of the wave at the same point but in two di f ferent
polarizations. We find that the axial field is much smaller than
the field component in the direction t r ansve r se  to the dc magentic
field.

b. Using the radially movable probe to measure the amplitude of the
t ransverse  field as a function of the radial position , the amp litude
is found to be maximum at the cente r and reduces to z e r o  jus t  out-
side the plasma beam. Hence we conclude this excited mode is of
standing wave type, and its wave number may be calculated f rom
the diameter of the plasma beam.

c. To support the contention that the excited low f requency  wave is
electrostatic ion cyclotron wave, we note that the observed fre-
quency is almost independent of the plasma densi ty  and dc magne t ic
field; there fo re  the possibili ty of exciting lower hybrid wave or ha r-
monics of ion cyclotron wave is excluded. We also note that the
observed e lect ros ta t ic  ion cyclotron f r e q u e n cy  matches the one de —
termined by the l inear d ispers ion  relation with known wavenurnbe r,
electron temperature ,  ion mass and dc ma gnetic f ield.  Since the
linear d ispers ion  relation of the e l ec t ros t a t i c  ion cyclotron wave is
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2 r~2 + k 2 T
e / l + k

2 X 2

the f requency shi f t  due to the change of electron temperature may
be expressed as

2
4ir~~M. e

1.

This linear relationship has been shown in Figure  13.

d. Multiple t race  photographs shown in Figure  6 and Figure 10 display• both decay and growt h phenomena of the electrostatic ion cyclotron
wave. Decay waves have finite stead y state amplitude only for pump
powers above a threshold.

c. Possibly the most convincing evidenc e of parametric excitation of the
electrostatic ion cyclotron wave lies in the main theme of this effor t ,

• i. c . ,  the growt h and decay rates of the excited ion acoustic  waves
are  linearly related to pump power as shown in Figures  8 and 9.

6. Simplified Theoretical Explanation

• The linear parametric  theory derived in the preceding chapter  g ives

us a consistent prediction of threshold power and initial g rowth rate.

Since it does not include the satu ration effects , it fails to descr ibe  the

growth or decay of the unstable wave from one saturat ed amplitude to

another. Nevertheless , the result  given in Eq. (4 . 19)  leads us to p ro -

pos e a pheriomenological model for  wave growt h and decay in the p resence

of saturation effects  as the pump power is rica: threshold.  The amplitude

A of the electrostat ic  ion cyclotron wave may be governed phenomeno-

logically as

E 2
dA o n-I-i-~ - = r 5 — j - i  A — c 3 A ( 5 . 1)

c

where  E~ is the square of the e lect r ic  field in the plasma produced b y

the pump and E~ is the square of the threshold field. is the l inear

287
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r

damping rate and c
3A~ is the phenomenological nonlinear damping rate

and n is an integer of unlatown value which may be determined from the

experimental data.

The exact solution of (5. 1) fo r  n > 0 is

A Jt
A(t ) = — ° (5. 2)

[i 

A~ c3 ( nYt 
-

_.2
where y I’~ —j - I is the linear growth (or decay)  rate and A0 = A(0)

E~

is the initial amplitude of the wave.

A s t - ” x

r ( 1- 1)
A~ (:0) > 0 for  y >  0 (5. 3)

and

A(:0) = 0 for y < 0 (5. 4)

Hence the value of it can be experimentally determined by plotting the

powe r of the steady state amplitude of the electrostatic ion cyclotron wave

as a function of pump power for  y >  0 as shown in Figure  15. With it = 2,

this g raph becomes l inear,  and is in agreement with the prediction of (5. 3) .

Setting it 2 in (5. 2) and (5 . 3), we obtain

A e ~~A(t )  = ° (5 . 5)
2 1/2f t + ~~~ (e 2Yt 

-
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1/2
and E4

1/2 
r5 (—~ - 1)

A(:0) = ( 1... ) = 
fo r  y >  0 ( 5 . 6 )

c3 c3

respectively.

Now we proceed to exp lain the experimental results  shown in Fig-

ures 8 and 9 by using (5. 1).

• Assuming the pump power is switched from P
1 

to (or P
2 to

as in the case shown in Figure 5b, then the wave decays (o r g row s ) f rom

• original steady s tate amp litude A(0)  to another stead y state amplitude ~~( c).

Rewriting Eq. ( 5 .  1) as

2 2
= r (—i - 1) - c.)A A =  I’ 

2 )+c~ (A -A ) A (5.7)
Ec c

for the growth case

where E
1 
and E

2 are the field corresponding to P1 
and P

2 respec-

r (.—
~~ 

- 1)
~~E

2

tively, and A~ = is the steady state amplitude of electro-
3

stati c ion cyclotron wave at P
~ 

power level , and

= [r s(1- 1) -  c3A 2 ] A =  - [ r ( 1
2

2 ) + c 3(A 2 .-A2
)]A for

decay case (5. 8)
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• E
2

2 
_ _ _ _ _ _ _  •where A = 

C :s the steady state amplitude of e lectrostat ic
3

ion cyclotron wave at P
~ 

power level.

Then Eqs. (5 . 7) and (5. 8) show that the initial growth rate (or de-

cay rate) is linea rl y proportional to the powe r level P2.
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v-6 . NONLINEAR SATURATION MECHANISM

1. Introduction

We have so far considered only linear parametric theory and a phe-

nomenological nonlinear equation which descr ibes  the low f requency  unstable

wave. Since saturation phenomenon is always present in experiments , an

important question must be raised in order to describe the kind of nonlinear

damping mechanisms which cause the instabilities to saturate. There have

been earlier attempts to describe the mechanism as due to induced scatter-

ing27 ’ 28
, and cascading

29 ’ 30 , 31 of the side band into even lower frequency

waves and resonance broadening
32. Other possible mechanisms include

pump depletion and quasi-linear effects (1. e. , heating). There is no

generalization to be app lied , because the nonlinear effects  may vary for

different experimental systems.  As an example , if one nonlinear damp ing

mechanism, amon g othe r competing phenomena , becom es dominant and

cause to saturate before  the pump depletion , then we must rule out pump

depletion due to priori ty,  or if the unstable wave is coherent , then we must

reject the mechanism due to the cascading of the sideband. Therefore ,

the dominance among di f ferent  mechanisms depends great ly on the geome-

try of the individual system , and the mode-types involved. Dis regard ing

the effect of irihornogeneity , sy stems may be classif ied into three c lasses :

(1)  Infinite plasma

When the dimensions of the plasma is much la rge r  than the wave-

length of the instabilities , boundary conditions need not be cons idered .

There fore , the exc ited modes are travelin g waves , and the spectrum may

be s t rong ly broaded. In such a case , th e sat u ration of in stabilf t ies may be

due to the pump being dep leted to the threshold level. Another  possibil i ty
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is the interact ion of the exc ited la rge-ampl i tude  oscillations amon g them-

selves , c aus in g  a cont inuous  flow of energy  toward the ~i r ge  wave number

reg ion . Thi s oscillation energy is eventually diss ipated into heat by col-

lisional damping, or via collective ef fec ts.  The threshold level of the in-

stability is thus increased , and a nonlinear sa turated state I-nay eventually

be reached.

(2) Bounded plasma with sheath

If the spectra of the exc ited modes are  sharp ly defined  beca u s~e of the

confines of the boundary,  the potential oscil lat ions of the low fre quency

waves may carry the ion bunch into the sheath region. Therefore , recorn-

bination of ion bunches at the sheath may be the dominant nonl inear  damp ing

mechanism in this case.  Since the recorribination rate  is linear l y propor-

tional to the density of the ion bunch , this nonlinear  damp ing p rocess  cor-
24

responds to the n= l  case.

(3) Bounded plasma without sheath

Excited modes are of the standin g wave type , produc in g a well defined

f requency  spectra.  From supercrit ica l  stabil ity theory ,  anoma lous diffus ion

of the plasma due to the low frequency  unstable oscillations may be one of

the nonlinear damp ing mechanisms, which corresponds  to n=2 case .

Another possible mechanism is the nonlinear  harmonic (or subharmonic)

generation , with second harmonic generat ion cor responding  to n =  2 case.

2. Theory

In this section the descr ip t ion  of the nonlinear damping mechanisms

for  case ( 3 ) ,  bounded plasma without sheath , will be ~iven .  The experi-

mental resul t s  in Chapter  V show that (a)  a densi ty decrea se in the cent r al

portion of the plasma column coincides with an increase  in amp lit ud e of

2 .3

_________ —



-______________ ______~~~~~~~~~~~~~~~~~~~~~~~~~~ — --- ~~~~ ---- - -~~~~~~~~ - -— -

-
• 

the instability. When pump power is increased over a certain level , the

ionization rate would cover the enhanced diffusion rate , causin g the density

to increase. (b) Harmonics of the instability are also excited. The ampli-

tude relative to that of the fundamental is small if the pump level is low,

but increases with an increase  in pump power.

It should be pointed out that since the excited mode is an electrostatic

ion cyclotron wave, these harmonics are still in the resonance region , and

they have the same linear damping rate as that of the fundamental mode.

• Neglecting the nonlinear damping of the harmonics , the nonlinear damping

rate of the fundamental instability due to its harmonic genera t ion  may be

defined as follows

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
(6. 1)

or

6E (2k , 2~ ) 2 ~~ 5F (3k , 3~ ) 2• s 2 s —  s 
+ 

$3 
—~~~~~~~~~~~~ ~~

s i  S .~~~~~~ 6E (k , ..~ ) -5 :.; ~ 
_

si  s —  s s i  s —  s

(6. 2~

where the left hand side of (6. 1) is the e f f ec t iv e  instabil i ty e n e r g y  deple-

t ion rate , an d t he r i g ht hand side is the damp ing ra te  of the e n e r g y  of the

exc ited harmonies in steady state. ~~ ( i 1 , 2 , 3 .  . . )  is the bandwidth of

each spectrum. Exper imenta l  obse rva t ions  indica te  that such an inf ini te

series  may be t runca ted  a f te r  the th i rd  harmonic  when pump power is not

too strong.

Knowing that the non l inear  damp ing ra te  in s teady stat e must  eaual

to the initial growt h rate .  can be ca lcula ted  f rom (
~~~
. 2) and Fi gure  3 ,
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however , this value is much smaller than the initial growth rate calculated

from (4 . 1 7) .  We may conclude that there must exist another kind of non-

linear damping mechanism which dominates in the saturation p rocess .

It is well established that d i f fus ion  exists in a magnetically confined

beam plasma , and usually pure  coherent longitudinal modes does not cause

an enhanced plasma loss across  the magnetic field. W ith the plasma dimen-

sion smaller than the wavelength of the oscillation in question , magnetic

field causes the charged part icles to gyrate and move towards the side

bounda ry to produce a field which causes the oscillating mode to become

• elli ptically polarized.  This induced field may cause an enhanced d i f fus ion .

While ordinary dif fus ion of electrons and ions ac ross  a magnetic field is

caused by coll isions with non-identical  particles , it has been observed that

certain oscillations seem to enable the plasma to acqui re  an enhanced dif-

fusion rate.  The behavior of a low tempera ture  plasma is then largel y

governed by the diffusion p~ ocess e s 33 invo lv ed , but the anomalous diffusion

can be visualized as a consequence of additional part icle  collision with the

electric field of the oscillating instability. This can also be regarded  as

made of E x B drift  motion of the part icles , and most read ily unders tood

f rom the test - particle point of view. Let ’ s writ e the equation of motion for

a single ion moving in a wave field with the presence  of a uniform magnetic

field B z as follows:
0

d r

(6. 3)
• d v

M~~-~- =e{E (r (t), t)+— vxB } =eEtr (t) ,t)+Mi7. v (r(t),t) x z

and the solution of 6. 3) may be expressed as
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v ( r ( t ) , t) = R .( t )  . ~ ( O ) + - ~~~f dt’ R . (t-t ’) . E(r (t ’) , t ’)

(6. 4)

r ( t )  = r (0 )  + 
~~~~~~

- L . (t). v(0)  +~~~- fd t ’ L.(t-t ’) . E (r ( t ’), t ’)

where
cosc2 .t sin~2 .t 0 sin~2 .t 1-cosc2 .t

R.(t) ~~~~~~~~~~~ L. (t) = _sin~~t cos~~.t 0 L. ( t)  = - ( l - c o sf t t  ) sin~~.t 0

0 0 1 0 0 ~2~t

Thus the position R (t) of the guiding center is obtained as

R(t) r ( t )  -~~~~~~~~(t)

= R - -~ —~~x f d t ’E ( r ( t ’)+z {v (0)t+ -
~ j - Jdt ” E

11 ~~~~~~ t
”) } (6. 5)

and the t ransverse  drift velocity of the guiding center is given by

dR (t)
V (r(t) , -t ) = = - .

~~— £ xE  ( r ( t ) , t)  ( 6 . 6 )

where 
R (t) = R -  ~~~~

- ~~x fdt’E( r(t’),t) (6.7)

with the aid of Eq. (6. 5), V (r ( t ) ,  t) may be expanded with respect to the

center position R(t) as

V (r(t),t)= V (R (t),t) + ~~ ~~x v(t) . VV (R(t), t) +_
i

_ —.1. — ~2 . — — 1—
1. 

(6 . 8)

= - ~~~~~~ { E(R ( t ) , t ) +  x~~ (t) . 7E ( R ( .) , t ) + . . .  }

Thi s would give the following relation immediatel y
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V (R(t ) , t)  = - —s- z x E  (R (t), t) ( 6 . 9 )
• —

.~.
— B0 — —

• where R (t) may be approximately expressed as

R (t) = R 0 
- f— ~~~x J d t ’E ( R ( t ’) , t ’)  (6. 10)

therefore , in the Euler ’ s coordinate system we have

• 
• 

V (R , t) = - -
~~

— ~~xE  (R , t )  - (6. 11)B — —
and

• V ( R , t) = .
~~~

- E (R , t) (6. 12)

Due to the spatially dependent fo rce  field , there  is a fo rce  d i f fe rence

between two different points , i. e . ,  finite excursion of the oscillating ion

brings itself into reg ions of different  field intensity. The explicit expres-

sion for the statement above is g iven by

~~V ( R 2, t) - .

~~~~ 

V ( R 1, t)  = 6R . ~ -
~~~~~ V ( R 1, t )  (6. 13)

where 
~~~~~~~~ ~~

now let’s define a force due to the force difference

V (R1, t) = <  .

~ T ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• (6 . 14)

where < > is meant to ensemble average

let 
~

5R =—~~ —~~ xJdt’E(R 1, t’)+2{v (0)t +~~j J d t ’ f
’dt’E (R 1, t”)~- (6. 1 5)

and assume

• E(R 1, t) = A cos k . sin ( ~ t +  
~~ 

) (6.  16)
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wher e k = k 5~ and ~ is a random phase which is a constant during the

period of two successive collisions.

Substituting (6. 15) and (6. 16) in eq. (6. 14), yields

(2 )
dV (R ,t) 2 tx 1  

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
B

0

< £~~~~~2 sink. R 1co s k.R 1j co s (~ t+~ )-co s~ 1cos(~~t+é )>

= S... k A2 sin 2k.R~ (1-cos wt) (6. 17)
• 4B

0

(2)
therefore , the maximum contribution to V (R 1) between two success ive

collisions is

(2) 2 2V (R 1 ) = kA sin (2k.R-,) -r (6. 18)
x Y c

0

and with the ass umption

1
( 6 . 1 9 )

where r is the collision time.
C (2)

Beca use of the spatial dependence of Vx (R 1 ), 
it will gi ve an addit ional

damping to V~~
(R j , t)

In fluid limit , is not the in itial position of the particle t ra jectory ,  it is

an independent variable. Thus

aR 1
= 0 (6. 20)

since

a (2 ) d
~~~

V (R i, t)+V (Ri,t).V [V (R
i
,t)+V

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(6.21)
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• This may be written as

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- 

cos(2k,,R ) r  V (R ,t)— — 1  c x — 1

= .~~~~~—E (R 1~~t ) - U ff V ( R 1J t )  (6. 22 )

where u . =

and 
2

= U . + ~~~ k 2 A 2 cos (2k. R ) r (6. 23)eff ~n 2B 2 — - - 1 c

Hence at center , where = 0 and

2
U = u. + -i--— k2A 2 / u . (6. 24)eff ‘~‘~ 2B2 ~

‘

Assuming A = ~ A , where A is the amplitude of E
~ 

and 0 <~~~ < 1

the nonlinear damping rate of the electrostatic ion cyclotron wave due

to the anomalous diffusion becomes

N c2 2 2 2
= —i k ~ A /2~ (6. 25 )

$ 
4B0 

S

3. Comparison between Theory and Experimental Result s

As mentioned in Chapter V, the nonlinear damping rate at steady state

must equal the initial growth rate. From Fi gure 9 the initial growth rate

y 1. 5x10
5
/sec for P

1 
= 173 watts is obtained. The amplitude of the

potential oscillation for  P 1 = 173 watts-can be found in Fi gure  4. Since the

arn pli:ude of the potent ial  oscil1a~ ion i s ~he i n t e g r a t i o n  of the amp li :ude  of

the field osc i lla t ion .  then A 1. OSxk = 3 .  5 volts ‘ c m is f ound .
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• First let’s calculate the nonlinear damping rate due to the harmonic

generation. From Figure 3 and Eq. (6. 2 ) ,  we find

= . 32x10 5 /sec (6. 2 6)

with the aid of Table 2 and Eq. (6. 25 ) ,  we have

= 10 ~
2x10 5 /sec (6. 27)

since

r5~~+ r5~ = y = l . 5 x 1 0 5

• we find
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V-7 . CONCLUSIONS

The physical origin of mode coup ling mechanism in an infinite plasma

• is described as electrostrictive effect. Based on this physical viewpoint,

a general approach to analyze the parametric decay processes  of plasma

• waves is presented. A set of coup led mode equations is derived by using

Hamiltonian approach , and the coup ling coefficient s are  derived f rom the

collisionless Boltzman-Vlasov equation. The threshold for  parametr ic

amplification of an electrostatic ion cyclotron mode (long itudinal wave)

and a harmonic of electron cyclotron mode (hy brid wave)  in the presence  of

external radiation of an appropriate f requency  has been found.
34

An exper iment is performed in a microwave sustained plasma. The

properties of the process are  in qualitative agreement with the theory.

Saturation of the instability is also observed in the experiment , and the

nonlinear mechanisms are  found to be anomalous diffusion and harmonic

generation, again , in agreement with the theoret ical  results .
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V-8. APPENDICES

APPENDIX A: NORMALIZATION OF THE AC OUSTIC MODE S

The f i rs t  step in the qua ntization procedure  is to write down the

Hamiltonian density. Let ’s define a lattic e for  a homogenous medium of

mass density p = n0M , where n~ and M are respectively the ion density

and mass , then attach a dressed vibrating ion to each lattice point. Let the

deviat ion of the mth ion ’s position f rom its equilibrium position X
m 

be

given by 
~~~~ we are Led ~~ writ e for  the acoustic modes35

n
-o P

(A .1)

Where for  the m n  term , q~~~4 1 = q 1 because of the periodic boundary - •

conditions and P = Mq , x = m ( ~1~) and C is the force constant.m rn m n L
0

The first term in the brackets  cor responds  to the kinetic energy of the

oscillating ions , the second to the potential energy associated with the

Hooke ’s law force .  We shall now proceed to rewrite H so that it has the

same form a s  the Hamiltonian for the linear harmonic oscillator.  Let us

express the coordinates and momenta Pm in terms of the t ravel ing

wave normal mode expansion

k — ik . x  k
= 

~nØ
M~ ~~) (a k e 

— m) and = ~
‘ q (A . 2)

~~(k) M q -i (~~~~~~) 2 (~ e~~~~~~~.a+ e ~~~~) and p = ~~~ (k) (A . 3)rn m 2% Ic k m

• , .+ . +where we rt ave a = - ~~ , a a = t_ ’ ak ~~~k k

302 

-~ • - • - - • - - -



- -~~~~~~—

no 
n o M~~’ ik. x -ik. x M~.’, ik’.x

.~~~~. E ~~ 
(..i) E ~~~~~~~~~ 

) 2 (a k e 
— 

~~~-a~~e 
— _m)(.~ )E 

~2 
k Y(a k , e 

—

m*1 m m l  k no k’ no

- ik’ .x
— 

~~~~ 
~~~~~ 

2 
k (akak

. ak a a1 + a~ 4) (A . 4 )

• and n

m= 1 ~~~~~~ 
- = 

~ ~~ L 
(aka

k + a a ~ + 4 ak +44 ) (A. 5)

.~~~~ . H = ~ E, $~ (a k 4 + 4 a~~) (A. 6)

If ak and 4 are now defined in terms of the new variables and

as follows:

a
k

= (
~~~~

t ) (
~ k Q + i  ) (A.7)

4 = (~~~ , ) 2 (~~~ Q~~ -i (~~~8)

then above Hamiltonian reduces to the harmonic oscillator form

H =~~~ ~~[K~~~
2 

+ M~~~
2 Q~~~~1 

. (A . 9 )

• With the Haniiltonian in the form above we proceed to quantize the acoustic

vibrations by postulating that the Q~~~, K (k) are operators that satisf y the

poisson bracket relations ( Q~~ , ~~~~ ~ = 5kk’

Now let us normal ize  the field produced by the acoust ic  v ib ra t ions
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11 ik. x ~ o . ~‘M
1- ik.x -ik. x

n0e 8E = e E 5E~~~e 
— 

~ ~~~~~~~~ ~ 
~ ~~~~~

-) 2 (a k e 
— 

~
.a k e 

—

m= 1 k m 1  k km= l o

(A. 10)

-ik. x -ik. x ik. x ik. x n ik. x
e 

— 

~m e 
— —m 

~ O e 
— 

.
~~~~
. 

~~ 
e — —n -rn 

E e 
—

m=l m= 1

no ik .x no ~~‘ M ik. x
.~~~. e E 8E~~~e 

— 

=- ~ Zn ) 2 (a k +4 ) e
t n l k  km=l o

n 1 1
o w’ M —  — tk. x

E ~ k ) Z (2~1 I ) Z Q(k) m (A. 11)
k m = 1  no

U 1

~ ( M Q e ~~~~ m
km= 1 o

M l  ~~2 Q(k) (A. 12)

Where is the resonant frequency of the medium without pump field.

LI the pum p field presents  in the medium and near threshold level or above ,

the resonant frequency will shift to undamped frequency 
~k 

in this case

we can keep the unperturbed Hamiltonian H0 as before , but change ~~ to

for the relation between 6E~~~ and Q(k)

.~~~~. H~~~ =
~~~ 

[~~~~~~~~+ M ~~~~~Q~~~ 
~ 

( A . 1 3 )

6E~~~ 
M 1 2 0

(k) (A.  14)
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It is easy to be general ized to three - dimensional case

2a .\ ~~, I 2 Q
(k) 

(A . 1 5)

6 E~~~ = - 
M 1 ~~2 Q(k) 

(A . 16)— e 4 ~!r k —

We can also generalize above procedure to an anisotrop ic  case , for

examp le , if there  is a uniform magnetic field B in the z direct ion

=

~~~~ 

~ , 2 Q(k)
] 

(A . 17)

= 
k Q

(k) t K (k) x Z (A.! 8)

where we have { Q~~~ K(k’)
} = and i2. = 

Mc
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APPENDIX B: NORMALIZATION OF THE OPTICAL MODES

Because of the bi g d i f ference between the masses  of electron and ion ,

ion cannot follow the high frequency electron oscillation, hence we can con-

sider this kind oscillations are optical modes in which electrons and ions

vibrat e against one another. Let ’s expand the displacements of the individ-

÷ual electrons tn terms of the normal coordtnates C and Ak , Ak

1 (k) Lk. V. 1 ~ ik 1ii e
~~~~

Yi r ~~~~
o e 

~~~= L ( 2 nm ~~,) (A k
e _ +

~ t
k
+ e

_
) (B . l)

In terms of these normal coordinates we may write the total energy  at any

time

~~~~ 
=~~~ ~~~ ó~~ü

2
÷ ~~~~~~( 6 Y i ) 2

j  

(B . 2 )

.
.
. H=4 Q’ (A

k
A
~~

+ A
~~
A
k
)

k k
(B . 3)

where we have A
k = - i 9~ 

A~ , A~ = j .

fl . 1
0 t k .y .  o - — tk.~~ • -tk. -~- .

.
.
. U~~~ e ~~ ( ~ ) 2 (A e ~+ A e

i 1  k k i= 1 2n m$2’ k k
0 ~~ k

n 1 .
0 —

= 

~ i~ 1 ~2n0mc2~~ 
(A
k
e +A~ e 

~~~fl )

~~ 
( 2n~ m~~~~

2
k~~~ + A ~~e~~~~~~~’ )

• (B.4)
n 1

1
4 

= 

~ i~~1 ~2n mc2~~ 
A k + Ak ) C 

—

306

I , .  
• ,



—~ = 
~~~~~~~~~~~ 

)~~ ~A, + A~ ) (B. 5)

1
. ,  rn~ 2 ’ —

~~~~~~~~~~~~~ = m = - i 2 
k )2 (A k - At) (B. 6)

.
~~~~~

. A~~A~ = 
~~~~~ 

~~~~~~~~ 
&~~

2 
- 

i ~~k ~~~~~ 
(k) 

+ ~~
k

~~~
(k) u (k ) ÷

-4 Ak 2
~

2 1
k 

~~~~ ~ U ,(~~~ -i ~~k k )
u

(k ) ÷ ~~~

- (k) 2

.~~~~~. H 5’ •X + rn ç~’ 2 u (k)
-

• 

2~~~~L m  k J

Now that we have obtained the Hamiltcriian c lass ical ly we may move d i rec t ly

to canonical operator form. Then and ~~~~ beco me canonical  va r i ab le s

satisfy the Poissan bracket relation

~ (k)U ,~~~~~~ , —

The final stage is to no rmal i ze  the field pro duced b y the  oD t i c a l  ~~~ra t i ons

n 
k ik. y~ 

n -, i ( 1 .

- e n  Ô E = - e  2~ ’ oE~ ~e ~~~~~~ ~
‘ - r n~~’

0 i= l k j = 1 k

. .  6E~~~ = 
1 m~~~ 

U~~ (B. )

For the same reason , if pump field is present and near  or above the t h r e s h -

aid level

• 2 , __.

.
.
. H~~~ =! ~‘t’ + m~ 2 ’~ • ( 5 .~~~o Z L r r ~ 

K

30T
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6E~~ = ___  
k (B. 10)

In three dimensional case we have

H
(k)

=~~~~
[
~~~ +m 2

~~~
k 2

J 
(B. l l )

ôE~~ 
1 m

~ k 
~~~ (B. 12)

We can also generalized above procedure  to the case that there  is an

uniform magnetic f ield B in the z direction
0

H~~~ 4 2 [ ~~~~ + m~~’~ U~~~ (B. I 3)

2
‘~‘~ k &k) + ~~~~~~~ ~ .(k) (B . 1 4)

-eB k ( k ’)
where 

~ e = m c  ~ ~ 6kk’ °~~
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