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SIJ?sNARY

A new separat ion criterion for two-dimensional unsteady boundary

layers is proposed here . This criterion is derived by analogy, from its

counterpart 
- 
for steady, three-dimensional boundary layers . Analogous

limiting streaml ines for the unsteady, two-dimensional case are first de-

fined , and an envelope of these streamlines is used to signify unsteady

separat ion. To de~n,nstrate this procedure, two previously studied prob -

lens are recalculated here . These are the unsteady responses to (1) a

sudden change in velocity in Howarth’s problem , and (2) an impulsively-

started circul ar cylinder . CXir conclusion regarding separat ion for the

cylinder problem disagree s with that of Telionis and Tsahalis based on the

singularity criterion , but appears to be consistent with the predic tion

of Proud man and Jo hnson. Finally , we propose a three-d ij iensional , i.m-

steady separation criterion on the basis of repeated applicat ions of either

the steady , three -dimensional separat ion criterion at successive t imes or

the unsteady , two-dimensional separat ion criterion at fixed coordinate

planes .
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1. UNSTEADY SEPARATION IN TM) DIMENSIONS

• 1.1. Introduction

For steady, two-dimensional boundary layers , the separation criter-

ion first conceived by Prandtl is defined by the vanishing of skin friction .

This definition is mathematically simple and precise, and its application

is convenient . Associated with this idea of separation , there have also

been a number of caim~n notions or symptoms , each of which characterizes a

c certain aspect of the whole phenomenon. These include :

1. Singularity - separation is said to reflect mathematically a

singularity of the boundary layer solution.

2. Reverse flow - separatIon is said to signify the onset of

flow reversal. -

3. Inaccessibilit y - separation determines a separated region
- ‘ - which is inaccessible to the upstream flow.

4. Boundary layer thickening - separation is marked by a rapid

growth of the bcxmdary layer thickness.

-
‘ 5. Break~iown of boundary layer assumptions - separation means

that the basic boundary layer assumptions bec nie invalid.

6. Computation difficulties - convergence difficulty and increase
0 

- 
of the number of iterations imply separation.

Some of these factors , individually or in combination, have become

synonymous with separation and have even been taken as alternative defini-
0 tions. Indeed, it is interesting to note that these charactristics a]iiest

imply one another in two-dimensional steady flow. 

-~~~~-------—---- - - - ---- - ---- -.- - —-—-•-.- - . -•-~~ --- - .----- - -  —•----- - 
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In the present study, however , we were concerned to know whether

these ideas are valid for the two-dimensional, unsteady case. We con-

cluded that saie of these are valid while some are not , and that new

ones are needed.

Items 4 thru 6, for example , are by and large still valid, but are

not suitable separat ion criteria . The breakdown of bounda ry layer assump-

tions is only a general qualitative statement , not a quantitative,

implementable criterion . The rapid growth of boundary layer thickness and

the computational difficulties are imprecise and unreliable , and computa-

tional difficulties can be caused for reasons other than separation .

Rott (1956) first pointed out that zero skin-friction does not

necessarily mean separation for moving walls. ?~bore (1958) recognized the

same, and proposed what is now known as the MRS (after 1’bore , Rott and

Sears) criterion. A similar conclusion was also reached by Stewartson

(1960) , who went on to distinguish between the term “separation ” and

• “breakdown,” or “breakaway.” “Separation” is made to re fer to the zero -

skin-friction point at the body, while “breakdown” is used to signify

other symptoms usually related to separat ion. Further investigations on

• unsteady separation were undertaken more recent ly by Sears and Telionis

(1971 , 1975) , who atte mpted to generalize mathematically the validity of

the Goldstein singularity and the MRS criter ion for general unsteady

boundary layers . Telionis and Tsahalis (1974a , b) presented calculated

examples in support of the Goldstein singularity criterion , while Williams

and Johnson (1974a , b) did the same for the MRS criterion. As more will be

• discussed later , items 1 through 3 no longer hold for the unsteady case .
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In this work, we shall first briefly review the work of Jkore, and

of Sears and Telionis (Section 1) and then propose a new unsteady separa-

tion criterion (Section 2) based on an analogy to the envelope criterion

for the steady, three-dimensional case. Next , calculated examples are

• presented in Section 3. Finally, the envelope criterion for the stead y,

three-dimensional case is applied at successive instants of time in order
• to derive a three-dimensional unsteady separation criterion. The smim

objective can be realized by applying repeatedly the just -mentioned two-

dimensional unsteady separ at ion criteri on. Thus , the resulting unsteady ,

three-dimensional separation criter ion may be looked upon as a unified

separation criterion including as special cases those for two-dimensional ,

unsteady separation and three-dimensional, steady separation.

A word of caution is needed regarding the coordinate notations. In

Section 1, because we shall for the most part review the literature on

the subject, it is desirable to retain the usual convention of denoting

the coordinates parallel and normal to the body, x and y, where u is the

velocity along the x-direction. In subsequent sections, z is used to de-

note the normal direction in accordance with the convention for three-

dimensional space , while other changes are introduced as they may arise.

Time is designated “t” throughout this work .

1.2. MRS Criterion and Goldstein Singularity

In a classical paper on unsteady separation, !bore (1958) defined

the separation for a steady moving-wall problem by

o
u~~~O ~ at y > 0. (la ,b)

r
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Here separation is marked by the simultaneous vanishing of velocity and

shear at s~~~ point above the wall. In contrast , these two conditions

are satisfied at a fixed wall for the usual two-dimensional steady case .
• 

~vbore illustrated the flow patterns as well as the velocity pro files as

shown in figure 1.

S.pcrat d

I —~~~~~~~~~~~~~~~/ ~~ .• :.::;.: .

~f~’f/fI/ fffff/I/ff f/ f/f ,’ ‘, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 1. MRS separation model for a moving wall.
(a) wall moving downstream. (b) wall
moving upstream.

~bore also suggested that equations (la ,b) may be applied to a quasi-

steady boundary layer in a coordinate moving with the separation point,

and that Goldstei n ’s (1948, Stewartson 1958) singularity for a steady flow

may also exist in the unsteady case.

Sears and Telionis (1971, 1975) pursued further the unsteady

separation question and attempted to generalize mathematically the validity

of Goldstein’s singularity and the MRS criteria for general unsteady bound-

ary layers. Following Landau’s (1959) approach to the Goldstein singularity

prob lem, Sears and Telionis expanded near the center of separation (x0y0)

(Figure 2).
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\

~~~~~~~~~~ 7~~k~v//m7/ 74L~~

Figure 2. Goldstein ’s singularity.

~B(*’t) _______u(x,y,t) u0(*,t) + 3y 1X0 
- x + — ~ (x0 -x) + . . .,  (2)

v(x ,y,t) 8(*,t) + 81(*,t) + .. .
~~~ (3)21x0 -x

where

(4)

u0(*,t) u(x0,y,t). (5)

Except that y0, u0, 8, and are allowed to be time dependent here, these

expansions are otherwise identical to Landau’s. Sears and Telionis identi -

fied

— ACt) (u0(*,t) 
- U5(t)] , (6)

where A(t) , u0(*,t) re in undetermined and
•

~
ts dx

U5 (t) — —,
~~~~~~~
, (7)

i.e., U3 is defined as the velocity of the center of separation. By

0

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ —~~ --~~~ - -~~~~ --~ •- —• _____
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insisting that v and are non-singular near (x0 ,y0) they obtained

and 

u0(~~O,t) 
= U5(t) ‘ (8)

~u0 (o ,
t) 

— au
— 

~ y=y(, 
— ° (9~ 

•

•

Equation (8) states that the center of separation is a moving stagnation
.r 

point, and equation (9) says that the shear vanishes at (x0,y0). Thus

equations (2) through (7) are considered to describe an analysis of the

unsteady Goldstein singularity , and equations (8), (9) to establish the

• MRS criterion for general unsteady boundary layers.

— 

The preceding analysis is not free from uncertainty. First , it is

obviously incomplete and hence not very convincing to say that the Goldstein

singularity or the MRS criterion has been demonstrated for a general unsteady

case. Second, the assumpt ion that v and are non-singular near (x0 ,y0) - -
the basis for equations (8) and (9) - seems to be arbitrary and no justifi-

cation has been given, except that it leads innnediately to the desired

conclusions. This assumption does not appear to be consistent with its con-

verse; i.e., v and are singular at x = x0, the basis for the expansion of

equations (2) and (3), unless one argues that v and are singular along

the line x = x0, excluding the particular point (x0 ,y0) and its neighborhood

in the middle.

The concept of MRS criterion certainly has an intuitive appeal in a

steady moving-wall problem, and its validity there can be readily accepted.

It is also clear that such steady flow over a moving-wall becomes unsteady

• to an observ er fixed with the wall or the separat ion point . However, it

_ _ _ _ _ _  _ _ _  _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _

• - - . • •• •- . •~~-~~~~~~~~~~~ •~~~~~ • -~~~~~~ -~~~~~~~~~~
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rm~ ins to be demonstrated that general unsteady boundary layers can be

looked upon in the same light and that general unsteady separation is de-

termined by the s~~~ MRS criterion in a coordinate system moving with

separation. Although solutions due to Williams and Johnson (]974a ,b) and

Williams (1977) provided support to the MRS criterion , their special

assunpt ions regarding the relation between x and t virtually reduce un-

steady problems to steady ones for which, as noted above , there is little

doubt respecting its validity. 
--

Later papers by Telionis and Tsahalis (1974a ,b) presented calculated

results , mostly for the normal velocity, and these were interpreted to

exhibit the features of Goldstein singularity. However, a recent cai.cu-

— lation of Cebeci (1978) has contradicted their claims in the circular

cylinder problem; and similar disagreements are also noted in this work

(Section 3~3).
• Aside from considerations of validity, neither the MRS criterion nor

the Goldstein singularity criterion is convenient to apply. In the case

of the MRS criterion , there is the need to define a coordinate system

moving with the velocity at separation which, in turn , is not known until

the location of separation is determined. Thus, iteration is necessary.

In the case of the singular ity criterion also there is no siiiq le way to

know where the Goldstein singularity is located . For nunerical solutions,

the separat ion is still decided by the usual sy~~tans such as rapid change

• of the nont~l c4~~onent of velocity, boundary layer thicknesses , skin
• 0 friction, or the increase of the ntanber of iterations , etc., while the

criterion will be used only afterwards to help Interpret the results.

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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However, deciding whether particular results really exhibit typical square-
root singularity can be rather uncertain.

Both the unsteady MRS criterion and the unsteady Goldstein singulari ty
were extended fran their counterparts for conventiona l, two-dimensional,
steady flows. 11~ ir extension to three-dimensional case remains to be
demonstrated. In contr ast , the unsteady, two -dimens ional envelope criterion
proposed in Section 2 or the analogous three-dimensional steady separation
criter ion can be readily generalized to yield a three-dimensional , unsteady
separation criterion (see Section 4).
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2. ANALOGY APPROACH AN]) THE PROPOSED
SEPARATION CRITERION

2.1 Tkisteady Analogy

The analogy approach for the two-dimensional unsteady boundary

layer is based on the observation that the relevant system of governing

equations eobodies a mathematical structure similar to that for the

steady, three-dimensional boundary layer. The latter problem has been

extensively investigated in recent years by the author (Wang 1970 , 1972 ,

1974 , l975a , 1976) , and results have revealed new features of fun.da-

mental significance. By analogy, what has been learned from these in -

vestigations can be applied to the two-dimensional, unsteady case.

• Various aspects of such an analogy were also previously noted by a manber

of authors , incluiing Stewartson (1960 , 1963) , Hall (1968) , Th~iyer (1969) ,

Krause etc . (1969) and Patel’ and Nash (1971, 1976) .

Based on the unsteady analogy, Wang (1975b) extended the concept

of the zone of dependence and influence for the steady, three-dimensional

case (~arg, 1971) to the unsteady, two-dimensional case. 11~ dependence

rule is especially 1n~ortant with respect to the finite-difference method

of solut ion because it serves as a criter ion for determining the conver-

gence and stability of minerical solut ions . Wang (1975b) further pointed

out (1) that the reversal of the crossflow over an inclined body (a

• typical , steady three-dimensional problem) can be calculated as long as

the dependence is satisfied , and that (2) neither the vanishing of skin

friction nor the reversal of the crossftow necessarily signifies

:2 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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separat ion. By analogy, reversed flow in the two-dimensional unsteady

case can also be calculated after passing thr ough the zero skin-frictio n

point so long as the corresponding dependence rule is satisfied. These

conclusions agree both with the MRS criterion regard ing that the vanishing

of skin fr iction does not mean separation , and with the work of Telionis

and Tsah alis (1974a ,b) and Phillips and Ackerberg (1973) regarding the
• 
calculability of unstead)~reversed flow; however, our conclusions were

• reàd ièd fran a differeiit viewpciiit. In the present investigation we applied

the unstead y analogy to the question of separation .

2.2. Formal Reduction of Equations

We could start fran the most general, steady, three-dimensional

boundary layer equations to demonstrate their reduction to those for the

two-dimensional, unsteady case. However, since we planned to employ our

existing computing codes originall y developed for the steady , three -

dimensional case to calcul ate examples for the present two-dimensional ,

unsteady case (Section 3), we chose to start from the equations written

for a body of revolution (figure 3). However, this imposes no restriction

t.’
~
14

Figure 3. Flow over an ellipsoid of revolutions 

-• - •- • ••- - --— —--— —- - - - - - -•- —~- -
-— - —  -—
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on the analogy discussed here, b.csus., as we shall point out, the smi~
set of unsteady equations will result by the virtus of the analogy trans-

formation, equation 16.

The coordinate system (fipa. 3) consists of ~~~~ e , z , ithere ~i and

e are parallel to the body ,~~facs ~~ s is aoreml to the body surface;
h~, h9 are the corrsspo,wI1?1 trlc coofficlemts; id u, v w are the

velocities . ~,v.rsal of the v-vslscity is allaumd In a~ o~~~zttng codes .

1~~ relevant equations are:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (10*)

+ v 1~~~ + W E  - 
~~~~~~~~ 

.4, (lOb )

_____ _______ 
av

+ U ~~ i~ae ~ 
• 0 , (lOc1

• with the boundary conditions:

u~~ v~~ w — 0  a t z ÷ O ’  (ila)

u a U , v~~ V, atz +cc , ,

where U and V are the corresponding outer-edge velocities .
• The pressure relations are given by

U h~3j.i + V 1I 36 - V2 (l2a)

o h636 
— U + V h63e + IN 

h~1L63U • (12b)

L ••~~~~-~ • - ________
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The limiting streamlines are defined by

h0dO 
= 

(v)~~0 + 
~~~~~ ~ 

+ - -- C~8
(u)~~0 + 

(.~1) ~.z + _ -_ — E ’  (13)

where Cf8 and Cf~ are the skin -friction coefficients along the 8- and

it- directions. They are defined by

ir cf8 = (
~ ) ,, (14a)

11 Cf~ = (
~
) ~ ~~0, 

(14b)

where R is the Reynolds number.

The two components of displacement thickness are

= 
V [(1-v/V)dz ,  (l5a)

1u2+v2 J0

- 
u (~1-u/u~c1z . (15b)U V’~J

Z~~/
Z J

~ - •
~~~

To obtain the formal unsteady analogy, we let I I
U ~ t , u -‘ 1,

8 x , U * 1, (16)
z Z , h

~~
+ 1,

h8 . h~(x).



U

13

H .

z, w z , w

u-I

Figure 4. Coord Inate transfoi~~ticn.

Then equation 10(a) vanishes identically, ~~~ equations 10(b c) become

_ _ _  — -
~~~~~~~~~~

, 

~4, (17*)

3v 3w
h~3x ~~E — 0. Cu b)

The boundary conditions (l1a,b) becc e

v — w o  atz o, (18*)
• v - V  a t z + ~.. (l8b)

• 11~ pressure relation (12*) vanishes, equation 12(b) beca~es

•~~ + V ~~~ . (19)

The limiting streamline equation (13) is reduced to

hxdx
dt 

— (~:)~_~ ~ (20)

— /~ Cf
AZ~~

• • • ••, •••• • • • -•-~- •--~---• -- • -~• • ••-~- •- -•----—--•~~.- • • • —‘--•-•~~---——•—-— •-—• •.-•• •
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where the definition of skin-friction Cf follows from equation 14 (a ,b) ,

Cf9 is redesignated as cf~ and Cfu vanishes. Similarly the displacement

thickness vanishes , and A10 is rewritten as
)

= 

f
(1_v/V)dz . (21)

0

In the time coordinate , there is , of course , no flow velocity to

speak of. Formal analo gy is achieved by imposing u 1 throughout the

whole flow field . A uniform flow component along a particular dimension

does not affect the rest of flow and, hence, is effectively the same as

no flow component at all along that direction . Also noteworthy is that

the condition u — 1 is appli ed even at z = o , although this seems to be

incompatible with the no-slip condition in equation 11(a) . However, our

rat ionalizat ion here is that the uniform flow is only an imaginary one

to achieve formal analogy, and , hence , relaxing the no-slip condition is

of no consequence. (~ i the other hand , insistence on a no-slip conditi on

would have introduced a vortex sheet at the wall , making uniform flow as

conceived impossible .

Next , equations 10 and 12 differ from those for the nost general

three-dimensional boundary layer equations only in terms containing

ah~/ae . Since h~ 
is taken to be 1 in the analogy transformation, those

terms would have disappeared anyway. Hence our use of equations lO(a,b ,c)

as the starting point of discuss ion causes no loss of generality .

It is noteworth y that implicit in the no-slip condition (18a) , v - o

at z - o, the coordinate system is fixed with the body. Also anong the

preceding reductions of equations, the reduct ion from equation (13) to 

~~~
•• . • • .  ~~~~~~~~~• ~~~~~~~~~~~~~~~~~~~ • . . _~~~~~~~_
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equation (20) is of particular interest in the present work because it

continues the concept of the limiting streamlines for which the pattern

forms the basis of determining separation.

Equations 17 through 21 are all written in nondimensional forms:

t is non-dinmnsionalized with a/V~; a is a typical length, V~ the

velocity at infinite ; x is non-diinensionalized with a, V with V,~, z with

, with VJ I~ , p With P00Vc,2 where R( Va/v) is the Reynolds ntàber,

‘v the kinematic viscosity, P~ the density at infinite. All these

variables are this in the physical forms, and no transformed variable is used.

• 
2.3 Propo sed thsteady Separation Criter ion

2.3.1. Steady, three-dimensional separation

Separation of steady, three-dimensional flows has been discussed
recently by Wang (1976) in sane length. Here only a brief recapitulation
is given to provide a background for introducing our proposed unsteady
separation criterion.

For steady, three-dimensional flows , the separat ion line on a body
surface can be readily identified from a surface-flow visualization ex-
periment. In such flow photographs, the limiting streaml ines are made
clearly visible. As these limiting streamlines approach a separation line ,
they turn tangen tially to merge with the latter . The separat ion line
obtained in this way has the appearance of an envelope for the limiting
strea ntines (figure 5) . In recent years , ntmerica l solutions of full
three-dimensional boundary layer equations have actually calculated the

limiting streaml ines according to equation (13) , and the formation of an

envelope has been theoretically confirmed (for example , Wang , 1974 , 1975*) .
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(a) (b)

Ope n separation Closed separation

c~~~~~~~~~~~~~~~~~~~ .

Figure 5. Three-dimensional, steady separation .
(a) Open separation.
(b) Closed separation.

Separation on a body surface can be classified into an open type

(figure Sa) and a closed type (figure Sb) . Conventional concepts of

three-dimensional separation fall into the closed type . An open separation

is a new concept (Wang 1972 , 1974 , 1976) . By an open separation is meant

that the separation line is not closed in the front 1~eside surface and

does not originate or terminate at singular points in the sense that both -)

skin-friction components vanish. The limiting streamlines on both sides

of the separation line originate fran the same front attachment point ; i .e.,

the separated region is accessible to upstream flow. In contrast , for a

closed separation , the separat ion line is closed around the body, passing

through the singular points of the limiting streamlines so that the limiting

streaml ines on two sides of the separation line originate from two different

attaclinent points.

1~~re is no surface flow across separation line, open or closed

(similarly for the separation surface above the wall) . In other words,

the skin-friction component normal to the separation line vanishes. Along

• - -~~~~~- - - ~~~~- - -
~~~

-
~~
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the separation line, the limiting flow is therefore confined to the plane

normal to the body, and tends to lift-off as the word “separation” implies.

It may be asked at this point why the vanishing of norxmel skin
- - friction cannot be taken as a definition of separation analogous to

Prandtl ‘s zero-wall-shear criterion for two-dimensional flows. The answar

is that actual determination of separation In accordance with this defini-

tion (i.e. vanishing of normal skin friction) is rather difficult , if not

impossible, because the separation line and its normal direction are not

known a priori, lie vanishing of normal skin friction seems to be mere a

consequence or symptom of tie separation phena~ non, instead of a con-

veniently iiqlementable criterion . Its relation to Prandtl ‘s zero-wail-

shear criterion is also shallow because the simplicity , convenience and

sane of the inmiediate consequences of Praixitl ‘s criterion are missing.

2.3.2.  Usteady two-dimensional separation

In analogy with equation 13, equation 20

h~dx
dt

may determine a family of limiting streamlines in the x ,t-plane for the

unsteady, two-dimensional case , and these streamlin es may also form an

envelope (figure 6). The skin frict ion ~~~ Cf - (~
) ~~~ 

as a ftmction

of x,t nust be first obtained fran tie complete boundary layer equations

17(a) and (b) . ~z is taken as a constant whose actual value has the same

effect s as tie length scales in an x,t -diagra m, but it does not change

the physics of the problem . For convenience, ~z may be set equal to 1.
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/ Zero - line ero Cf 
me

Figure 6. Two-dimensional unsteady separatio n.
(a) Open separati on.
(b) Closed separat ion.

At each point (x,t) ,  an arr ow is drawn based on the skin-friction

value to represent the local direction so that tie lines drawn paralle l

to these arrows represents the analogous limiting streaml ines . As these

lines cross the zero-skin-friction line , they turn downward, posing a

question as to whether an envelope to these limiting streaml ines will be

formed .

It is the author’s content ion that s~~h an envelope in the x,t-plane

may be taken as an indicat ion of unsteady separat ion. Further mere, un-

steady , two-dimensional separation may also be classified Into an open

type (figure 6a) and a closed type (figure 6b) . An unsteady open separa-
- 

- tion means that the separation line does not divide the x,t-p lane into

two unconnected regions . Therefore , it can be approached on both sides

!~y limiting stre amlines originating from the front body at earlier times.

Separation does not occur at every instant of time . The unsteady growth

C

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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of an impulsively-started motion fran rest provides an example of open

separation, because at early times , the flow is inviscid and there is no

- - 
separation to speak of. Separation occurs only over the rear side at

large times . In contrast, an unsteady closed type of separation means

that separation occurs at every instant of time, and the separation line

divides the x,t-p lane into two unconnected regions approached on two sides

by limiting streamlines not originating fran the same side in the x,t-p lane.

According to the MRS cr iterion , unsteady separation can no longer be

characterized by the wall shear . Instead , it must be determ ined by the

shear somewhere above the wall . While we agree that the zero -skin -

friction does not imply unsteady separation , it does not follow that

unsteady separation can not be characterized by the skin friction . It

appears to us that the question really hinges on what information about

the skin friction one chooses to use , the vanishing of local Cf or the limit-

ing streaml ine pattern . - In our study, we chose the streaml ine pattern to

determin e separat ion; and this streaml ine pattern depends , in turn , on

the skin friction distribution cf (x ,t) as a functio n of x and t.

The right hand side of equation 20 , (
~
) ~ + ~~z , represents a limit-

ing velocity . At fir st glance , it may be thought that equation 20

determines a path line, but thi s is not so because the limiting velocity

is determined by Euler ian formulat ion rather than . by following a particular

fluid particle . Equation 20 actually defines lines the direct ion of which

in the x ,t-plane coincides with the limiting velocity (z -‘ o) at that

particular time and space . In this sense , they are more appropriatel y

o called streamlines . l-bwever, since t is not a space coordinate , they are

not the streamlines as usually understood . 

- _ _ _
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3 CAL~ JL ATED EXANPLE S

To demonstrate the proposed separation criterion , two problems

previous ly studied by Telionis and Tsaha lis (1974a ,b) are reconsid’~red

here . The first is concerned with the unsteady response to an impul sive

change of }bwarth ’s linear outer-flow ; the second deals with the boundar y

layer growth over a circular cylinder impulsively started from rest . In

either case , the sudden change of the outer velocity innediately generates

a vortex sheet on the body due to the no-slip boundar y condition . The

subsequent diffus ion of such a vortex sheet in addition to convective flow

is the central physical process in these problems , which are intended to

demonstrate re spectively closed and open separations .

3.1. Method of Calculation

Our comput ing programs previousl y developed for the steady , three -

dimens ional bounda ry layers were modified for the present unsteady calcu-

lations , and two finite-difference schemes (Wang 1975b) were used . For

a fixed t ime t , scheme “a” (figure 7a) is first called for the non-reversed

flow region ; then scheme “b” (figure 7b) is called for the reversed flow

(a) x 

: - 

Cc)

3 _ _ _ _ _ _  
4 

_ _ _ _ _

2~~~~~~ 7~
I I
I ~- t  L—0.~ _ _ _ _ _ _1 2 1 Ut

Figure 7. Computation meshes.
(a) Scheme a. (b) Scheme b.
(c) Loss of points as t advances.

I

I ~~-_~ - -~~ -~~ -~~- - —— ~~~ --~~~~~~~~~~~~ — ~~~~~~~~~~~~~~~~~ 
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region. In either scheme, point 4 is the tmlaiown point to be determined

from known points 1, 2 , 3 , and the unsteady rule of dependence zone is ful-

filled at every point (x,t). Because of lack of initial data , employment

of the zig-zag scheme (figure lb) necessitat es , in general , the loss of

one x-station for each t-constant line (figure 7c) . This means that small

Ax and large At imist be used . Otherwise the calculable ran ge in both the

x- and t-direction would be significantl y curta iled and less reversed flow

would be determined.

Actually scheme “b” is applicable to both reversed and non-reversed

flow regions, but scheme “a” has the advantages of simplicity while not

losing a space station as in scheme “b” when no reversed flow is involved

in a whole t-constant line. Hence, if these two schemes are used in

comixinat ion, the range of calculation can be extended beyond what would

be the case if scheme “b” alone were used throughout the whole calculation.

Computation proceeds first along the space coordinate from the leading -edge

or the front stagnation point downstream, then advances in time.

3.2 Impulsive Chan ge of I-bwarth ’s Problem

To study steady separation , Howa rth (1938) considered the boundary

layer with an outer velocity V 1-ax where a is a constant . Our present

objective is to study the unsteady response of such a boundary layer

when V suddenly changes from V1 to V2 (Telionis and Tsahalis , 1974a) where

V1 — 1-a.~x , (22a)

V2 — l-a2x • (22b)

_ _  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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a2 shall be chosen to be greater than a1 so that the separat ion point

corresponding to V2 will be upstream of the separation point corresponding

• 1 
to V1. This is due to the fact that the current initial-value finite-

difference method of solution can only handle the case when separation

moves upstream.

Furthermore, when 1W - V2 - V1 is small compared to V1 and V2
(i.e. , small change), the boundary layer response will be slow in reaching

the final stead y-state . This consideration tends to suggest that the

present problem may not be a suitable example for studying unsteady

bounda ry layer growth even though simple linear outflow served well for

1bwarth’s original purpose . fbwever , in order to demonstrate our proposed

separation criterion , this consideration is only a side issue.

To start numerical solutions, the temporal initi al profiles v(x z ,t0)

and the spatial initial profiles v(x0 ,z ,t) are needed. The temporal

initial profiles may be obtained from the first approximation of the usual

smell-time expansion (see Scblichting 1968 , Telionis and Tsahalis 1974a) , i.e . ,

v(x ,z ,t0) — vm (x,z) + (V2-V1)erf ( z ~~~ (23)

\ 0/ :)

where the first term represents Howar th’ s steady solution corespondin g to

which prevails for t ~ o, en~ the second term represents viscous

diffusion due to the sudden changes V2-V1, with erf as the error function.

~I1~ spatial initial profiles may be obtained from the steady solution

for either V or V val id at snafl x. This is because diffusion and con-

vection affect the downstream flow only; consequently, solution near x o

is nearly independe nt of time. Further more, for small x , V1 and V2 are

H _ _ _ _ _ _ _
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almost equal. The required initial profiles may be taken either from

the numerical solution of the steady problem at small x or from Ibwarth ’ s

series solution with the first term only (Howarth 1938).

Siixe }bwarth ’s series solution is believed not to be accurate enough

for large x , the required Howerth’ s steady-state solutions corresponding

to V1 and V2 were first obtained by a separate computing program. In doing

this, it was found that results are very sensitive to the edge-condition,

i.e.,

/ \ V-v
- o or ,

where Vn i  is the velocity just one ~z below the outer edge . Although c -

0.01 is normal ly considered to be reasonable, it gives unacceptable results

for the present problem. The skin friction distributions with c = 0.005

and 0.0025 for A — 0.05 and 0.07 are shown in figure 8, and they still re-

veal some differences. The separation point is located at x = 1.78 and

2.42 for c — 0.0025 , and at 1.81 and 2.52 for £ — 0.005 . These values are

a little higher than those given by Howarth, and by Telionis and Tsahalis

- 
- whose values are 1.71 and 2.40.

By setting h~ - 1, equations 17 and 18 can now be calculated with

those bown initial profiles . The initial time and space were chosen as

to - 0. 06 and x0 - 0.0134 . The range of calculat ion extends spacewise

0.134 ~ x ~ 2.5 and t imewise 0.06 ~ t ~ 38. The x step , ~x, was 0.005 ,

and several values of the time step ~t — 0.04 , 0.10 , 0.2 5 , 0.50 were used.

~nal1er values (0.04 , 0.10) were used at early times (t ~ 1.0) ; larg er

ones (0.25 , 0.50) were used at later times , a value of 0.25 was used for

l.0 � t~~~13 and 0.5 for the rest .

-~~~
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a $ 0.07

€~~O O25

0 — 0.5 1.0 1.5 2.0 ~~ X

Figure 8. Cf of Howa rth’s steady-state problem.

The calculated skin friction cf is sixyin in figure 9.  At a fixed )

time , Cf decreases shar ply near the leading edge , then reaches zero and

• becomes negative . At a fixed x , Cf is nearly independent of time at smaller

x’s but decreases rather slowly at larger x ’s as t increase s. A zero-cf
line separates , in the x t-plane, the areas with positive and negative Cf

respectively . The ar ea of negat ive Cf calculated in the present problem

is apparently very limited .

The displace ment thickness A is shown in figure 10. At fixed times,

I -~
L ____________________________________________
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-~ Figure 9. Skin friction distribut ion.
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Figure 10. Displacement thickness distribution.
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A increases fran zero at the leading edge in the downstream, the rate of

such increase quickening somewhat upon approaching separation . Again,

using this symptom as a separation criterion is very imprecise and may

even be misleading. At a fixed x, A is aii~~st constant in time for

smaller x ’s but increases slowly at larger x ’s. Both figures 9 and 10

bear out the statement above , that the ~msteady response in the present

problem is slow.

Our main interest is to construct the limit ing flow pattern in

accordance with equation 20 once the Cf distr ibution is known ; then to

examine whether an envelope is formed for the resulting flow patten i.

Figure 11 shows the resul tant flow pattern , where the arrows indicate the

2.4 .

x

2.2 
~ 

Unsteady
separation line

(/11/ “~9” —
~~~~~~~~~....

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ “ i’, 
/ /

• / 1  / 1/ , I I,  /

L6 E / 1’, i f t  / / /

/ / / 1/  / 1 /  / / /
- Li m iting stream lines

L4 ’ / ~ ~j i / /
, I t I / f I

L2~ t / t  i / i  ‘ /
/ I. / i t  i t  it / 1 DIr t

o 10 20 30 .1)
Figure 11. Limiting flow pattern and separation line.
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, j local flow direction in the x,t -plane, and the solid lines drawn parallel

to the arrows are the limiting streamlines. The expected envelope clear ly

appears at the top, starting fran the initial steady-state separation

point and asymptotically approaching the final steady state separation

point. This envelope is referred to as the unsteady separation line.

Since this line partitions the x,t-plane into two unconnected regions,
the separation belongs to a “closed” type .

J

Some resul ts of the present calcualtion are compared in figure 12

with those of Telionis and Tsahalis (1974a) . There are agreements in

some general trends, but discrepancies in others . The differences in the

2.6 -

x
2.4 -

Present separation line

2.2 Present zero - Cf line

2.0 —

Separation line
L 8 -  byl. & T . — --—L8 1

—— —— L74
Zero -s line

L6 - by l.& T.

I I I _L4
0 10 20 30 40

1

Figure 12. Comparison of zero-cf line and separation line.
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separation location at the initial and final steady-state were discussed
above in connection with figure 8 , but the main differ ence has to do with

how the zero ~Cf curves and the separation lines approach the asymptotic

steady-state values. The Telionis and Tsahalis results indicate a much

faster approach than our s. It is not clear what causes thi s difference ,

and especially puzzling is the fact that we have used the same comput ing

program for the presen t Howarth’ s problem as we did for the cylinder

problem (Section 3.3) ; however , our zero-c f curve for the cylinder problem

agrees extremely well with theirs (see figure 17).

Agreements are also noted in ñgur e 12. Ixrmn ediately after the im-

pulsive change of the outer flow, the unsteady process take s over and the
zero-c f point and the separation point no longer coincide with each other .
For small times 0 � t ~ 1.0 , the zero-c f point moves downstream with t ime ;

for examples, x~ 1.35 , 1.75 , 1.85 , 1.95 , and 2.05 f o r t  a 0.07 , 0.10 ,
0.14 , 0.18 , 0.22 and 0.26. For t > 1.0 , thi s trend is reversed so that

the zero -cf point continues moving upstream . lvbreover, the relation be-

tween the zero-cf path and the separat ion line is very similar in both

calculations in spite of the differences noted above .

3.3. Impulsively-Started Circular Cylinder

The unsteady boundary layer over a circular cylinder impulsively

started fran rest , then moving with constant velocity, is a classical

problem (figure 13) . It has been studied by meny authors using a variety

of methods (Blasius 1908 , Goldstein and Rosenhead 1936 , Telionis and

Tsaha lis 1974b , to name just a few). In comparison to the unsteady
}bwarth ’ s problem discussed in the preceding section , the present one is

L • _ _ _
_ _
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more comon in practice, and more interesting with respect to the separa-

tion problen.

_ _ _

Figure 13. Circular cylinder.

Here the angular coordinate e is used in place of x in equations

17 through 20 , the metric coefficient h~ 
a he a 1, when nondimensionalized

with the cylinder radius . Inisediatel y after start ing , the flow is inviscid

with an outer velocity

V — 2 sinO. (25)

For the temporal initial profiles (t t0) the firs t approximetion

of a snail-time expansion is adequate, i.e.

v(6 ,z ,t0) V erf
(~~~~) (26 )

where erf is the error function.

For the spatial initial- profiles ( e e ~), solution of the steady, two-

L ~ dimensional stagnation flow is valid; or equivalently the first approxima-

tion of the series expansion for steady boundary layer may be used. They

are tabulated in standard texts (see Schlichting 1968) .

The initial time to and space x0 were set at to - 0.10 and a 0.5° ,

.the time step ~t was 0.01 , and the space step t~e was 0.5° . The time range

p
- — -- S- -— -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~
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.of calculation extends to ~ a 2 3 at which the solutions appear to have

reached the steady-state conditions.

Figure 14 shows the skin frict ion distribution in the e t-plane. - 

-

At fixed initial times, e.g., ~ a 0.1, Cf increases fran zero at the front 
-

stagnation point e = 0° to a maxiim.sn at about 0 80° , then gradually de-

creases to zero at the rear stagnat ion point e — 180° . At fixed larger - 
-

times , Cf falls to zero over the aft -body and then becoms negat ive.

C~ the other hand , at a fixed front -body station , e.g. ,  0 - 40° ,

Cf decreases slowly for small times , but then remains constant at later

times. This suggests that the front -body boundary layer reaches its - -

steady-state condition very rapidly . In contras t , at a fixed aft-body

station, e.g., 0 = 120°, cf falls rapidly with time and shows no sign of

becoming steady within the present range of calculation. This reflects

the idea that temporal development of the boundary layer is really con-

fined to the rear body.

The area (in the 0, t-plane) with negative Cf iS marked “reversed 
—

flow area.” Following that is an “~mcalculated area” which arises due to

the zig- zag finite-difference scheme mentioned in Section 3.1. }~wever,

at the rear stagnation point 0 ~ 180°, synmetry of flow requires cf to be

zero. Thus, one can reasonably conjecture that , in the “wicalculated

area ,” Cf varies as indicated by the broken line along ~ 0.9.

Large values of cf appear at early times because , inmiediately after -

the impulsive start , vorticity is concentrated in a vort ex sheet around

the body, and Cf ~S theoretically everywhere infinite. Also, it should be

noted that the rate at which Cf drops to zero increases with time, and is

accompanied by a sharp increase in the displacement thiclcness (figure 15). 
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Although these factors are two of several indicat ions which signal a

gradual approach toward separat ion , it is difficul t to define from these

signals precisely where separation begins; and such conclusions can be

misleading.

The firs t time at which Cf becomes zero ahead of the rear stagnation -

point has been the subject attracting a good deal of discussion. Some

authors (Blasius 1908, Telionic and Tsahalis 1974b) determined this value

as t 0.35, others (Goldstein and Rosenhead 1936, Proudman and Johnson

1962) gave t = 0.32. ~.ir determination for this value is 0.33.

Figure 15 shows a map for the displacement thickness t~. At fixed

initial times , ~ is zero at t = 0~ and uniformly thin around the body at

t = 0.1. At later times, ~ grows sharply over the rear body . At fixed

space stations 0 = 40° and 80° , ~ remains practically constant for t

roughly greater than 0.5.  In comparison , at fixed rear -body stations , e.g. ,

0 = 120° , ~ increases sharply in time.

The sharp growth of t~ over the rear body at large times, such as t

= 1.3, should be studied carefully . (~ie nvst guard against concl~~ing that

the sharp increase is an ininediate symptom of singularity and, hence, flow

separation. Such a sharp increase may not continue all the way to the rear

stagnation point . Instead , the increase may taper off as indicated by the

broken line in figure 15 because the outer -edge velocity as well as the ex-

tent of reversal decreases toward the rear stag nation region . In any event,

results of both cf and ~ agree well with intuitive expectat ions.

Figure 16 shows the limiting flow pattern in the 0 ,t-plane. Again

the arrows indicate the local flow direction in accordance with equation 20.

3 ’
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The solid lines drawn parallel to the arrows are the analogous limiting

streamlines. The crux of the matter here is to check whether an envelope

is formed to these limiting streamlines . It is somewhat surprising that

for a rather long time, roughly t = 1.7 (i.e., in the physical form ,

t ~ 1.7 a/V~ where a is the cylinder’s radius), there is no sign of any

envelope formation . Start ing from t = 1.7 an envelope appears to become

: visible, but it is still difficul t to pinpoint the precise starting time .

It may be t = 1.65 , 1.75 , or 1.80.

Based on our proposed criterion; we are led to conclude that no

separation occurs prior to t 1.7 , and that the envelope emerging there-

after can be designated as the separation line . The latter gives separa -

tion at ~ a 105°, when t = 2.3 , which differs very little frau asymptotic

steady-state value of 104.5° given by Terrill (1960) .

In the uncalculated area (figure 16), an estimated limiting stream-

line (represented by the broken lines) is inserted to indicate possible

trends. This streamline is based on the estimated (broken) arrows, which ,

in turn, arise fran the estimated negative Cf in figure 14. The open-type

separat ion obtained is analogous to that for the steady three-dimensional

case , because it is approached on both the upper and lower sides by the

limiting streamline s originatin g from the front body at earlier times.

Figures 17 and 18 compare our results with those of Telionis and

Tsabalis (1974b). Figure 17 shows that our zero-skin-friction line is in

good agreement with that of Telionis and Tsahalis as well as with that of
-
‘ Thoman and Szewezyk (1969) fran a Navier-Stokes solution. Figure 18 shows that
- o

Telionis and Tsahalis predicted a much earlier separation than we do. 
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separation is determined by the envelope criterion , theirs by the singu- -. /

larity criterion. In our calculation, singularity was not detected at

the place and time shown for their calculation. Figure 19(a), reproduced

from their paper, is cited to demenstrate the development of the singular -
~

behavior. The quantity plotted in figure 19(a) is the normal velocity, w,

at a certain height from the wall , which varies with time around the

cylinder. As time t increases to 1.001 and 1.101, w increases very sharply.

This effect was taken by the authors to signify Goldstein ’s singularity.

A similar plot (but not exactly at the same normal distance, and

with differences in scales and dimensionless variables) based on our calcu-

lation is shown in Figure 19(b) . As time increases to t = 1.106, w indeed

increases rapidly near 8 = 110°. However, after passing a peak value, w

starts to decrease and hence follows the same pattern as for smaller t .

When the boundary layer calculation was extended farther downstream, to

0 = 140°, we found that even there, termination was caused by the lack of( initial data mentioned above rather than by separation phenomena. It

appears, therefore , that the calculation of Telionis and Tsahalis was

terminated prematurely and that their inference from the Goldstein singu-

larity at the presumed separation points is doubtful.

Proudman and Johnson (1962) considered the boundary layer growth near

- 

the rear stagnation point . They concluded , based on a scaling argument, that
“separation, in the less trivial sense of a substantial modification of

the external flow, cannot ‘begin’ (in the limit of v -
~~ o) at any finite

time.” Presumably, in their framework, infinite time could mean some large

instant in an actual calculation, in which case the present prediction of

separation only after a long time appears to agree generally with Proucbmn

and Johnson.
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Figure 19(a). Normal velocity at n=0.1 (fran Telionis and Tsahalis,

l974b) . The scale on the left corresponds to t ~0.60l.

5.0 —

watz - L2 13
4.0 —

t ” L30 6

3.0 - 1.106

2.0 - 0.

1.0 -

0.656

0 ‘ I I I
40 60 80 100 120 140 160 180

6 (degrees)
-1.0 -

-2.0 -
Figure 19(b) . Normal velocity at z — 1.273.

•



~
‘ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ T~~~~
’ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ 

~““‘ .‘

40

Although we have argued that unsteady separat ion in this impulsively- 
-

started cylinder problem is of the open type , we did not expect its

occurrence to be delayed to such a late time. In this respect , the

present conclusions about separation at first were surprising. The present

cylinder problem has thus provided a crucial testing case for our proposed

unsteady separation criterion. This is because , in an open separation,

a deeper question is involved , namely, does separation occur at all for a

given time? In contrast, for a closed-type separation (such as in the

preceding }bwarth problem), separation is expected a priori to occur at 
-

all times between the separation points of the initial and final steady

states.

After the calculations described above were completed, we realized

that the preceding “uncalculated area” actually could be calculated. The

arguments are based on simple consideration of flow syninetry. As the

computation reaches 0 = 180°, the rear stagnation point (figure 20),

application of the zig-zag scheme shown in figure 7(b) could not determine

3

9~

_ _  

L
I_

Figure 20. Computation at the rear stagnation point . 
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- 
- point 4 in figure 20 because point 3 is outside of the computation domain.

Ho~ ver, in the present case (but not tnie for the Ibwarth problem dis -

cussed above) , since flow is symmetric at e - 180°, solutions at point 3

- are the same at the known point 3’ except for a sign differ ence. Thus

point 4 can be calculated , and ~~1oyment of the zig-zag schmme does not

necessarily prevent computation fran being continued up to 0 - 180° at all

times. It is clear that , at 0 - 180°, the parallel velocity v is identi-

cally zero, but av/ ae is nonvanishing, so that the continuity equation

~v
— 

w
enables one to determ ine a nontrivial normal velocity w.

0

r

~ 1) 
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4. UNSTEADY SEPARATION IN ThREE DIMENSIONS

4.1 Proposed Separation Criterion

The unsteady separation criterion for three-dimensional flows can

be derived in two ways: 1) from an extension of three-dimensional, steady

separation criterion , and 2) fran the two dimension unsteady separat ion

criterion . For the convenience of re ferenc e , let the first be referred

to as the time-fixed representation and the second, the space-fixed

representation .

- 1 4.1.1 Time-fixed representat ion

For the unsteady, three-dimensional case, it is intuitive to look for

an envelope of the limiting streamlines at each instant of time . In other

words, we apply the envelope criterion for the steady , three-dimensional
• separat ion at each instantaneous time. The instantaneous envelope will be

taken as the instantaneous separation line , and connecting a sequence of $

such separation lines results in an unsteady separat ion surface .

To illustrate, consider a simple system consisting of the space coor-

dinates x ,y,z and the time t. x and y are parallel to and z is normal to

the body, while u , v, and w are the velocities along x,y,z. Figure 21

depicts the body surface (represent ed by the x ,y-plane) at t - t1 and t 2.
The lines AB and CD represent the corresp onding instantaneous separation

lines, and the surface ABCD signifies the unsteady separat ion surface in

the x,y ,t-space . The arrow-curves are instantaneous limiting streamlines .

In the three-dimensional unsteady case , there is the question of open a
versus closed separation in both the t-fixed and x- or y-fixed planes .
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Figure 21. t-fixed representation of three-dimensional
unsteady separat ion.

(In figure 2l,an open separationinthe x,y-PlaIke iS shOWfl).

It should be clear that such. a presentation of separation can be

readily realized in experiment if one photographs the surface-flow pattern

at successive times.
•~~1

_______________ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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To construct the unsteady separation surface shown in figure 21,

the boundary layer solution mist be obtain ed first to yield the limiting

velocities (or the skin frictions ) ,

U0 U(X~y~Z O~ t )+  (
~
) z—o ~~~ Z + - - -

,

(27a ,b)

• V0 —

Then the equation

(28)v0 u0

determines the limiting streaml ines by successively setting t t1, t2,

t~. Equation 28 is the same as equation 13 except for the fact that u0
and v0 in equat ion 28 are time-dependent, and the same graphical pro-

cedures can be used to obtain the limiting streamlines . An envelope of

these limiting streamlines then becomes the instantaneous separation line , a

such as lines AB and CD in figure 21. Connecting the successive instan-

taneous separation lines in the xyt -space gives a separation surface such

as ABCD in the figure .

(~ie should not confuse this description of determining an unsteady

separation with a quasi-steady approximation. The crucial distinction is

that we are not advocating a solution to the unsteady boundary layer

equation by successively setting t equal to some constant . Instead , the

ful l unsteady equat ions are first solved exactly to determ ine the unsteady

velocity profiles u(x ,y, z ,t) and v(x ,y, z ,t ) ,  from which u0 and v0 are to

be obtained . This prescribed procedure reall y ameunts to a choice to
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present the results of the limiting surface-flow pattern in succession

of time. This procedure is obviously not different fran taking surface-

flow pattern pictures in an unsteady experiment at successively instants

of time.

4.1.2. Space-fixed representation

In the above t-fixed representation, we confine our attention to

the t-fixed planes, which is the usual experimental way of observing the

flow. This is certainly a strong advantage; however, it is equally valid

to consider the same problem by confining our attention to the successive

x-constant planes, figure 22 (similarly for the y-constant planes).

Separation surface

Plane x 1 ~..- Plane x 2

i~~~Ii

I / B Limiting streamline s
I,
I,

Y
y

t /

Figure 22. x-fixed representation of three dimensional
unsteady separation.
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Mmittedly, it is difficult to simulate this procedure in an experiment ,

but there is no logical preference of the present representation to the

preceding one . Using the relation

v0 d t ’  (29)

one can construct the limiting streamlines in the x-flxed planes such. as

those shown in figure 22. If envelopes like AC and BD are formed by the

limiting streaml ines , these envelopes can be analogously taken as the

separat ion lines . Connecting all such separat ion lines results again in

a separation surface in the xyt-space, and the separat ion surface thus

constructed should be the same as that shown in figure 21. Equation 29

is similar to equation 20. The x(or y)-fixed representation entails -2

obviously repeated applications of the two-dimensional unsteady separation

idea discussed in sections 2 and. 3. Again there is the question of open

versus closed separations just as in Section 4.1.1 above , but deta ils are *

i~~t repeated here .

It is understood that in the x ,y,t- space , the general limitin g

streamlines are defined by

~~~~—~~~~~~— dt. (30)

Ebwever, we are not interested in solving these two simultaneous equations

to determine general limiting streamlines in the x ,y, t-space . Instead ,

the two representations above confine our attent ion to either the t-fixed

or the x-fixed planes. The result of separation should be the same whether

equation 28 , 29 or 30 is used .
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~~ have illustrated that a three-dimensional, unsteady separation

criterion can be obtained fra n repeated applications of either the

steady , t1wee-di~~nsional separation criterion or the unsteady , two-

di~~nsional separat ion cr iterion . Conversely , we may say that our pro-

posed ~.msteady separation criterion for three-dimens ional flows is general ,

and logically includes both the known steady , three-dimensional separa-

tion criterion and the unsteady, two-dimensional separation criterion

discussed in Sections 2 and 3 as special cases . (ki the other hand , the

extension of the MRS criterion or the Goldstein singularity criterion has

J yet to be denonstrated.

4.2. Eichelbrenner’s unsteady criterion

Eichelbrenner (1971) also discussed the question of unsteady separa-

tion in three dimensions. His main idea is expressed:

.Thus we can define the unsteady separat ion line on the obstacle

as the path of a unique (also instantaneous ) stream surface on the

obstacle , which passes through an instantaneous zero-frict ion point and

separates the points of Groups I and II of the bounda ry layer .” The

points of Group I and II are further defined as those points connected by

an instantaneous streaml ine at the stagnation point (or line) , and those

which are not connected to this point .

0 In a manner similar to our preceding discus sion , Eichelbren ner ’ $

idea ameunts to enploying the steady-flow separation concept at each in-

stant of time. }bwever his concept of unsteady separation can be faulted

for the same reason as his concept of steady separat ion (Eichelbr enner 1973) , 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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namely, the characterizat ion of the separat ion line passing through the

zero-friction point and the division of points into I and II .  These

procedures apply only to the conventional kind of closed separation ,

but exclude the newer kind of open separation .

Eichelbrenner (1971) also states: “As the (instantaneou s) separa -

tion surface of the external and internal points is approached , these

streamlines become progressively tangential to this surface , which is

thus itself a (unique ) stream surface . Its path on the wall is then an

instantaneous wall streamline delimiting wall streaml ines at the ex-

terior and interior of the separat ed zone . It is an asymptotic boundary

of these lines (not an envelope). . .“

Again his inference to the interior and exterior streamlines is

valid only for the closed type of separation just noted. His emphasis

that the separation line is itself a streamline, not an envelope, renews

an old dispute . Earlier , Eichelbrenner advocated the envelope idea but

apparently changed later to the streamline version. Lighthill (1963)

first disputed the envelop~ version and suggested the streamline version.

~vbre recently, Legendre (1977) also concluded that he supported the stream-

line version. (bi the other hand, Stewartscn and Brown (1968) have argued

in favor of the envelope version discussed by Maskell (1955). Wang (1972)

pointed out that Lighthill ’s definition of separation fits well with ~the

conventional closed type of separation, but does not apply to the new

open type of separation.

Analysis of isolated singularities such as nodal and saddle points

(Lighthill 1963, Legendre 1977) and their combinations led to the con-

clusion that the separation line is a streamline distinguished from other

_ _ _ _ _  _ _  
_
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streamlines by its passing through the singular point . According to

this version of separation, the limiting streamlines meet the separation

line only at a nodal singularity.

On the other hand, based on the surface-flow visualization and

recent limited calculated results, the limiting streamlines tend to come

close together as they approach the separation line; or one may say, the

limiting streamlines turn tangentially into the separation line . In

particular the limiting streamlines do not appear to meet the separat ion

line only at the nodal singularity, instead different limiting streamlines

turn tan gent to the separation line at different points along the latter .

These features stron gly suggest that the separation line is an envelope

of the limiting streamlines . One clear advantage of the envelope defini-

tion of separation is that it applies to both open and closed separations.

In our previous work , we have used this envelope version of separation.

By definition , envelope is a singular solution of the differential

equation, say equation 13 or 20. So long as it is a solution , singular or

regular , of the same limiting streamline equation, an envelope is certainly

also a limiting streamline. At every point of the envelope , the flow is

directed along the envelope. Hence there is nothing contradicto ry to call

an envelope as a streamline. However, the streaml ine version of separation

discussed above not only refers to the separation line as a limiting stream-

line , but also conceives that the separat ion line must pass through the

singular points and meet the limiting streamline only at the nodal point .

It is these latter features which do not hold in general .

The dispute between the streaml ine and the envelope definitions of

separation is likely to continue presunably until n~re complete topological
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I.-
- surface-flow pictures over typical bodies become better understood and 

a

- nv re rigorous studies near the separation line are available. Meanwhile
- the running-together of limiting streamlines as the physical characteri-

zation of separation (with the implication of vanishing normal skin

friction ) seems to be well accepted; Ligltthill himself did not dispute

this characterization although he objected to the envelope idea . For all

intents and purposes, it appears that this particular feature alone is

suffice to identifying separation in experiments as well as in caicula-

tions even though the search for a universally-agreed definition of

separation may continue for some time to come.

3
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5. CONCLUSIONS

It appears that the validit y of the MRS criterion and the Goldstein

singularity criterion for general unsteady flows remain unproven. Al-

thoug h the solutions of Williams and Johnson have demonstrated the MRS

criterion , the special assumptions used there reduce the problems essen-

tially to steady ones for which the validity of the MRS criterion has not

been in doubt . The cylinder solut ion by Telionis and Tsahalis gave

support to the Goldstein singularity criterion, but this solution was

subsequently contradicted by later calculations. Apart from the basic

validity question, both of these criteria are inconvenient to apply; in

addition, the ir extension to three-dimensional case has not been shown.

- 
- 

The limiting streamlines and their envelope as the separation line

for steady, three-dimensional boundary layers have been well demonstrated

by experiments and to a lesser extent by calculations . These concepts

are ana logically applied here to the unst eady , two-dimensional case.

Pertinent equations are foi~nally transformed fran one to the other; simi-

lar limiting streaml ines are defined in the x ,t-plane for the unstead y

case ; and the envelope of those limiting streamlines is proposed as a new

unsteady separat ion criterion . This criter ion determines separation with-

out relyin g on usual symptoms such as rapid increase of boundary layer

thickness , etc., and it is also consistent with the criterion for general

unsteady separation in three dimensions discussed in this work.

Analogous to the three -dimensional , steady case , separation can also

be classified as an open or a closed type for the two-dimensional , unsteady

I p
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case. The word “closed” or “open,” means that the separat ion line as an

envelope of the limiting streamlines does or does not divide the x,t-p]ane into

two unconnected regions . To illustrate these types of separat ion, two

previously studied examples have been recalculated. The first one - un-

steady response to a sudden change of the }bwarth steady problem presents

a closed separation ; the second one - unsteady growth of an impulsively

started circular cylinder fran rest - presents an open separat ion . The

calculations were made through analogy using the existing computing codes

previously developed for the steady , three-d imensional probl ems.

Results have been compared to those of Telionis and Tsahalis. For

the first problem , agreements were noted in general trends of the separa -

tion line in relation to the zero-skin-friction line, but discrepancies

are found in actual locations of these lines . Also their results show a *

uuchfaster approach toward the final steady-state condition than ours .

For the second problem , results of the zero-skin-friction agree very well ,

but those of the separation line are entirely different . C~ir separation *

is determined by the converging together or an envelope of the limiting

streamlines, theirs by the singularity criterion . In our calculation ,

rio singularity was detected at the place and time shown from their calcu- *

lations. While they predicted a much earlier separat ion, we predicted

separat ion occurring only at large times. Onr separation prediction

appears to be consistent with that of Proudman and Johnson. 0

General unsteady separation in three-dimensions has been described

also . It is based on the application of steady three-dimensional criteri-
4on at successive instants of time . This simulates the usual sequence of 

~~~--~~~ -~~~~ -~~~~—~- ------ ~~ -~~~~ --- ~~ 
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observing an unsteady flow, and does not necessarily imply a quasi-steady

approach. Alternatively, it may be looked upon as applying the unsteady,

two-dimensional criterion to staggering fixed coordinate planes . Hence

the three-dimensional unsteady separation we propose here includes both

the steady, three-dimensional separation and the unsteady, two-dimensional -

separation as special cases . (Xir unsteady, three-dimensional separation
— 

• criterion differs fra n that of Eichelbr enner in that the latter contains

only the closed type of separation , while it excludes the open type.

- ~~~~~~~DG~~~~r
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