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INTRODUCTION

Magnetic circuits are currently used in projectile fuzing circuits.
Specifically, magnetic setback generators are used to power fuzing cir-
cuits. Computer analysis, using magnetic field vector quantities, can be
a valuable tool in the optimization of such systems. A theoretical basis of
the finite difference method used to calculate the magnetic vector potential
in a nonlinear magnetic circuit is presented herein.

A typical magnetic setback generator is shown in figure 1. This
configuration will be used to derive results that will be generally appli-
cable.

The determination of the magnetic field distribution of a circuit
containing iron, current densities, and permanent magnets is not amen-
able to linear analysis. The nonlinear, partial differential equations and
boundary conditions for the cross-sectional region of a machine can be
defined, but analytical solutions to the defined problem are only possible
for the most simple cases. The difficulty is due to:

Material inhomogeneity - There are large differences in the
reluctivities of the magnetic material (iron) and nonmagnetic materials
(air, copper).

Geometrically complex media interfaces

Material nonlinearity - The reluctivity is a function of the
flux density in the magnetic material.

The approach presented here is to transform the system equations
into a finite difference formulation, defined at a finite number of discrete
points within the circuit. The resulting set of simultaneous equations
can then be solved by an iterative procedure, while taking into account
the material's nonlinearity.

The following assumptions are made:
- The field distribution is two~dimensional.
- The field is static (stationary).

- The machine is infinitely long (in the Z direction) and end
effects can be neglected.
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~ The magnetization characteristic of the materials is
represented by a single valued function, i.e. hysteresis is neglected.

- The material is isotropic.
- The eddy current losses may be neglected (see appendix A) .
The assumptions allow the performance of a two-dimensional analysis.
Of course, a three-dimensional model would be more representative of
the physical problem (at the cost of increased model complexity and com-
putation time) . Nevertheless, the model presented should yield some

useful results.

The following notations will be used throughout this report.

—

A - Magnetic vector potential

B - Magnetic flux density (magnetic induction)
-

H - Magnetic field intensity

I - Current

J - Current density

L - Path segment

-

M - Magnetization vector

S - Surface area

-

Ay - Unit vector in the X direction
h - Mesh cell dimension

¥ - Permeability

v = Reluctivity

p - Charge density



__ BT 8 ~
v - The vector operator (V = 3% x + 3y 2y
a -
* 3z %)

THE NONLINEAR VECTOR POTENTIAL FORMULATION
The Basic Equation

Electromagnetic field problems can be solved through solution of
Maxwell's equations with appropriate boundary conditions. Unfortunately,
in many cases the mathematics become difficult when using Maxwell's
equations directly. The magnetic vector potential (A) is used in this
formulation to simplify the mathematics.

The partial differential equation describing the vector potential
for steady magnetic fields in two dimensions using rectangular coordinates
is:

Va2 v 28 -

X X Y = (1)

where v, A, and J are the reluctivity (see appendix B), the Z component
of the vector potential, and the Z component of the current density, respec-
tively.

N Equation (1) will now be derived. The magnetic field intensity
(H) is defined to be

- - -
H= B=vB (2)

k= L

where M is the permeability
v is reluctivity
B is the magnetic flux density
The point form of the Maxwell-Ampere CURL equation may be stated:

CURLH = vxH=J (3)



The magnetic vector potential (K) is defined by:

CURLA =V xA=B (4)
and from Coulomb's convention

DIVA =v+A =0 (5)

Since we are only considering direct currents, for which the
charge density (p) is constant, the continuity equation for the current

density vector (J) is expressed as:
DIVI=v.T=-9 = (6)

That is, the current or charge per second, diverging from a small volume,
per unit volume is equal to the time rate of decrease of charge per unit
volume.

Substitution of (2) and (4) into (3) results in:
CURL ﬁ = CURL (v§) = CURL (vCUPRL A)

- -5
therefore, CURL (VCURL A) =J (7)

It is now assumed that the system under study possesses axial
symmetry, thereby allowing a description of the magnetic field in two
dimensions, i.e. a cross section of the system (appendix C). It is also
assumed that there is no magnetic flux in the Z direction, i.e.

-
BZ =0, g—lzi = 0. In addition, it is assumed that current will only flow
perpendicularly through the cross section; i.e. ‘?X =0, JY =0, ‘?Z =J.

Since the vector potential is in the same direction as the current density,

:& = ZY =0 and K= ‘XZ Equation 7 can be written in its explicit form by
definition of CURL

B = CURL (&)
24, 2A, dA. A dA. DA

"o Ayt lag— - =] a

oY 8z [°x " \az “ax | T \3x "3y |3z



- -

where ax, a a, are unit vectors in the X, Y, Z directions.

Y, °z
Theref g Wy =B
ereiore, Y 3z = X
aAX _aAz .
9Z oX | T Yy
aAY ] aAX »
oX oY yA

-—
Therefore J

S -
CURL (vB) = CURL (v CURL A)

Tl F 8
_[2vBp 2By s 2 By) 3 B
oY 2z X" |8z aX gy

) Tia(v By) 20 B,
3X Y Jaz
D £ S 4| T N e S AT
Y 3x "y ay || "az |Y|3z ~3X X
o [,[%%2 %Ay)) o [ 128y 2ay)71.
az |V\aY oz ox |V |ax T~ ay &y
o [ [Px 38,01 5 [ (o4, oAy s
ax |Vlaz T~ ax aY | \aYy ~az Z

-5
Substituting the values AX = AY =0and A = A, into equation (9)

Z
yields
I I O e AV S P RPN P
3z ax ax iaz Vi ay s
L. r -
v [L[-222)] Ja [ 1222\ >
lex |"| ax [] ~ay oY z
(W
- - - r N
=6_V9A]+_V6_A pa ] 2a]]
EY 3 oz | V| 3y 1ax V1™ 8x|]
3 o2 -I
A
S (5% o



- O0A_ |- oA
3_[.] 3 [} z”
Therefore , =28 fyl Sl @ iy Z
erefore JZ 3% v\ ax) aY[V{a I
=2 [y[2z)] .,
X 2z | VYlax =
[ 3A )
3 Z
=5 [v s /| =0
0 J0A o oA
.2/ b = == =_ 1
Therefore, 5% V6X +6Y vaY J (1)
where J=Jzaz
—d
A—Az az

Equation (1) is the nonlinear equivalent of Poisson's equation.

For air regions which do not have current density, equation (1)
reduces to Laplace's equation.

a?A 3*aA
ax? *ayr -0 o

For air regions which include the current density fields,
equation (1) reduces to the linear Poisson equation:

alA a*A -3g
ax? T 3v? "y (£2)
0

where Vo is the reluctivity of free space.

For the iron regions of the magnetic circuit, it will be assumed
that the current density is zero, i.e. » No eddy currents. This is realistic
if we consider the iron to be made of thin insulated laminations lying

7



-
normal to the current density vector (J,). In these regions, the reluc-
tivity is a function of magnetic induction (B) so that equation (1) be-
comes:

3 A . 9 . BA . _
ax Wax ) tay Way ) =0 (13)

Permanent Magnet Sources

In order to include permanet magnets in the vector potential form-

—
ulation, the concept of a magnetization vector (M is used. Briefly, a mag-
netized body behaves as though there were an internal current with density

(CURL 1\_/}) analagous to .? (see appendix D). Under the previously stated

assumptions, M is in the X-Y plane and perpendicular to ffz.

For a system including permanent magnet sources, the magnetic

flux density (B) is defined to be

-— - —

B=u(H+M) (14)
Rearranging this equation produces:

) B-M=vB-M (15)

where His the magnetic field intensity

-
Bis the magnetic flux density

-
Mis the magnetization.

Restating the point form of the Maxwell Ampere CURL equation
(3) shows:

= N - [ N
CURLH =V xH=7J
Substituting equation (15) into equation (3) results in:

-~

CURL [vB- M] =J (16)



- - N -
Since Vx (A+B) =V xA+V x B, equation (16) can be arranged:

N - -~
CURL (vB) =J + CURL (M) (17)

By substituting equation (4) into equation (17) :
RS - —
CURL (v CURL A) =J + (CURL M) (18)

Previously it was found that, under our assumptions

Ay=2 (OA,, 2 9A
CURL (vCURL A) = 3% (v 3% ) + 3y (vaY )
Therefore, by substitution:
0 0A 0 oh . . > =
3R (v o ) + 3y (v av ) = [J + (CURL M) ] (19)
Next, CURL Mis explicitly expressed as:
N 1\7[: aMZ i aMY ; i aMX ) aMZ ; . aMY ] aMX ;
)4 oZ X az oX Y oX oY y/
(20)
For the circuit under consideration
oM oM
Z Z
MZ~0andaY —0,aX =0
Also, considering only the X-Y plane
EM_Y =90 ——aMX =90
aZ Y
therefore, by substitution
oM oM
CURLM = | — -
(ax 3y ) %z D



the total expression becomes:

2_ o, o oa o WMy oMy -
ox Vax’ Tay Way Y =~ ax

For air regions not having current density, equation (22) reduces
to Laplace's equation:

2 2

)
>
)
>

[
4
+
[o3)
3
1l
o

For air regions, including current density, equation (22) reduces
to the linear Poisson equation

9%2A 3%2A -7

ax? T 3y? “'vo

For the iron regions, it is assumed that the current density and the mag-
netization vector are both zero. Therefore, equation (22) reduces to

5 A . B 2A
ox Woax)*ay (Vay)=0

For the permanent magnet regions assume that the current density vector

is zero, and therefore, equation 22 reduces to
0 0A, 0 0A | _ aMX aMY

ox Vox''ay Wav)T ¥ Tax S

10



DISCRETIZATION
Grid System

In order to use numerical solution methods, the nonlinear partial
differential equation is transformed into a difference equation. In order
to do this, the magnetic circuit cross section is subdivided by horizontal
and vertical gridlines. The vector potential is then evaluated at the inter-
sections of the gridlines, yielding an array of discrete point values. The
rectangular area, formed by two adjacent horizontal gridlines and two
adjacent vertical gridlines, forms a mesh. Nonuniformly sized meshes
are used to account for irregular boundaries. That is, a fine mesh is
used where accuracy is needed, such as boundaries. Conversely, a
coarse mesh is used where reluctivity variations are small, thereby min-
imizing the number of gridpoints and resultant computations.

The grid system is constructed so that each row is cut by the same
columns and each column is cut by the same rows. All nonorthogonal
boundaries are approximated by stair-type contours. A basic mesh,
formed by the grid system, is shown in figure 2.

Reluctivity

The vector potential is defined at the grid points of figure 2, and
the reluctivities are defined to be constant over the area of each of the
four meshes meeting at a typical mesh point (0).

In order to determine the reluctivity of the rectangles, 0184, 0251,

0362, 0473, the average flux density (magnetic induction) at the center
of each rectangle is calculated. The X & Y components of the flux density

at the center of rectangle 0184 are calculated as

A; -Ag +A, - A

BX =1/2 m (24)
Al - Ao + Aa - A4
B, =1/2 B, (25)

(see appendix E) where h, is the distance between meshpoints 0 and 4,
and h; is the distance between meshpoints 0 and 1. The vector potentials

11



l:"/FII

X\\\

42
N

“i’4

I"’rll‘l

AR\

|

Figure 2. The basic mesh

12



at points 0, 1, 8, 4 are denoted as Ay, A;, Ay, A,, respectively. The
absolute value of the flux density will be

R [Ay - Ag + Ay - A \2
B| = + |-
B lﬁ 7

(26)

-
This value of | B| is used to calculate the reluctivity by using an approx-
imation to the nonlinear magnetization characteristic (see appendix B).

The reluctivities in the other three rectangles having gridpoint 0
as a joint corner are determined similarly.

FINITE DIFFERENCE FORM OF THE VECTOR POTENTIAL

In this section, the finite difference form of the vector potential
will be derived using two approaches , the point form and the integral
form of the Maxwell-Ampere circuital law. Although different forms are
obtained in each case, the results will be shown to be equivalent.

Point Form

In order to obtain the finite difference form of equation (1)

2 (v2,,2 (2

ay Vay) =Y

In terms of the basic mesh, the differentials will be replaced with differ-
ences (refer to figure 3).

A, - A
JA 1 0
Let ( X, , ~ By (27)
Ay - A
oA 0 3
(= = —_— (28)
0Xy_s hg

13



0A _
(aY, 0 h, )29)
9Y g 4 h,
Also let
Vab be the weighted average of vi and Vi along a-b
Vbe be the weighted average of Vi and Vi along b-c
Ved be the weighted average of VI and Viv along c~-d
Vda be the weighted average of Viv and Vi along d-a
Therefore,
aA) aA)
v == -V —=
a_ ( % ) _ ab oX 1-0 Cd aX 0-3
ox Vax '~ h, + h,
2
A, - A, A, - A, ]
_ 2 Vab hl — Vcd h3 J
h; +hy
(31)
v oA —v 0A
2 (%)_ bc 10Y ¢ da |9Y Jy_4
oy Vay’~ h; + h,
2
[ Az = Ao Ao - A4 ‘]
el "B " Vaa h, )J
- h; +h,
(32)

14
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By substitution equation (1) becomes:

(2) Vab (A; - Ay) - (2) de (Ag - Ag) + (2) vbC (A - Ay)
h; (h; +h;) h; (h; +hy) hy (h; +hy)

_ (2) Vaa Bo ~ Ad)

=-J
h, (b, + h,) T (33)
Let
2
2
2
a3 - h3 (hl +h3) (36)
_ 2
Substituting into equation (33):
Vab a,y (Al - Ao) + vbC (4 7] (Az == Ao) + de as (A3 ' Ao)
+Vda (!4 (A4 —Ao) =-JT (38)
Solving for A,:
JT + Alalvab + AzczzvbC + Ascr.:,vcd + A‘a‘vda
A, =
' N Vap F®2Vpe * @aVeg T % Vg,
(39)

16



The average reluctivities can be written as:

h, h,
Vab "Y1 B v R, Vo &R, e
hy hy
- = S o e 1
Yoe " Vi (5 v 5y YV B hy) (41)
h, h,
Ved "Vm (B E,? Vv (R T T (42)
hy hy
vda = VIV (hl + hs] * VI (hl + h3 ] (43)
where v. is the reluctivity in region I (a constant)

I

viI is the reluctivity in region II (a constant)
Vi is the reluctivity in region III (a constant)
Viv is the reluctivity in region IV (a constant)

h,

Let S

(44)
Bz = h, + by (45)
PR o

Bqe = W by (47)



The expression for A, becomes

Jp + A0 (ViBe + vyBy) + Agap (VB + vy Bs)
Ay (VB + Vi) + Ay VpyBs *+ viB1)
T Bt vpBa) + oy (VpBy +vipBe) *as (vipBy + Vi B)
oy (Vi Bs + VB

Ag

(48)
If the constant current density in the mesh cellsis J_, J._, J i -
: R e ) Gl '
then JT may be written:
h; h, h,h,
J.= J +J
i I (hy + hy) (hy + hy) II (h; + hy) (h, + hy)
hy hy hsh,
+J +J
I (h, + hy) (hy hy) IV (h; + hg) (h, + h,)
e JI Bl ‘34 + JII plpz + JIII 3253 + JIV ‘33 ‘34 (49)

Next, permanent magnets are included in the formulation. To do this, the
concept of the magnetization vector (M), which is explained in appendix D
is used. Figure 4 represents the basic mesh and includes the magnetization

-
vector (M) for each cell. The magnetization vector is assumed to be a
constant value throughout the mesh cell and, for the given assumptions,
it has only X and Y components.

In the previously derived expression (equation (22)) which included
permanent magnets, :

a_ ,BA .8 . 2A My My

ax Vax) tay ! ) =Ty Tx

ay Vv ay

18



Figure 4. Mesh cell with magnetization vector (W)
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The only term not evaluated was:

(M) b be the weighted average of the Y component along ab

BMX ) aMY
oY oxX '
Let
Y
da
Y
M)

(M)

Therefore at point 0

% X
( aMX) = (M) bc - (M) da
0

oX h4 + hz
2
Y Y
aMY N (M)ab ) (M)cd
oX /o h; + h,
2
By definition
X
o ® = My b + My by
bc h; + hy
(M)X - v !
da h; + h,

20

cd be the weighted average of the Y component along cd
be be the weighted average of the X component along bc

o be the weighted average of the X component along da

(60)

(51)

(52)

(53)



Y

M h, + MY h,
AL el II B
ab h; + h,
Y Y
T i (55)
cd h; + h,
Therefore by substitution
X X X X
[MII Ry # M, h’] My Ps * MRy
oM, -{_ h; + h, _| h, + h,
oY h, + h,
2
XX X Xy o
= 2 \Mpy - M) Ba + (M - M) B
h, +h,
(56)
R Y Y Y
MI h, + MII h, i MIII h, + MIV hy
am,, h, + b, h; + by
X ( h, + I,
=
Y Y Y .Y
_ 2[‘MI My Ba + [ My MIII)Bz]
(h; + hy)
(57)

21



Therefore, the complete expression is:

Al o) (vlpl + VIIpZ) + A2a2 (VIIpl + VIIIp:'I) + A3a3 (VIIIpz + v1vp4)

* Agey (Vi Bs + viBr) + Jp + Mg
Ao =

a (V1p4 + VIIBZ) + ap (Vnpl + VIIIBS) + Og (VIIIpZ + vl'vpl)
+ 0y (VIVp:’ + VIBI)

(58)
where,

! h; (h; + hy)
o = —2
s h; (hy + hy)

g = 2
s hy (h; + hy)
o = —2.
e hy (h; + hy)
h,
By = h; +hy
h,
Bz = h, + h,
hj
pS b hl + h3
hy
Be = iR

22



JT = JI ["1[}4 +JII ﬁlpz +JIII ‘32‘33 +JIV ‘33‘34

Y Y Y Y
g[(MI - Mpylfa + My - My B

M= h, + h,

~.

X X X
- [y - M:S By + My~ M)Bs]
(hy + hy) -

Integral Form

Ampere's circuital law may be used to derive the finite difference
form of the vector potential. Ampere's circuital law may be stated: The
line integral of the magnetic field intensity (H) about any closed path is
exactly equal to the current enclosed by that path i.e.

— -
f H . dL=1 (59)

Positive current is defined as following in the direction of advance of a
right-handed screw turned in the direction in which the closed path is
traversed.

Since
—h -
B = CURL A (60)
and I—f = VE (61)
- (62)

- —
Therefore, H =vB=v CURL A

23



Substituting into equation (59):
' A Y
I=5{vCURLA-dL (63)

Next, apply Ampere's law along the path a-b-c-d-a as shown in figure 3.

Therefore,
) -~ -~ b -~ Y ¢ S -~
y(vc:URLA-dL=I v . CURLA .dL+ f v. CURLA -dL
. ab be
a b
d - - a - -
+Cf Voq CUBL A - dL +df V4q CURL A - dL (64)

The weighted average reluctance along each of the path segments is:

th4 e th2

Yab™ Th; +h, L
V- Vi * vyprhs 56
bc h, +h,

. i} vIth + vIVh4 (67)
Cd hz + h4

. ) VIVh” + th1 -
da  h; + h,

Since the dot product between two orthogonal unit vectors is zero, the
following products are zero:
Y = - S S

- - -
3 = ] = ) ca ] = 0
Ay "Lap T8y "Lyg Tay "Ly =a, L

24



Therefore, after replacing the differentials with differences, the path
segments become:

h, + h,
ALab= 2
hi1 + h3
ALbc_- 2
h2 + hy
ALcd_ 2
h, + h;
ALdaz 2
and N
aAZ -0A ’
- _ Z 'S
CURLA—(aY aY+‘ 3% aY
(See appendix E.)
Therefore,
fbv CURL A .dL . = fbv i’ = .4t
o Vab ab abl ax 2y ] 9Ly
= v _ﬁ—! AL
ab AX ab
l'th4 + v

(69)

25



C

[ v
b

b

s~ = c [aAz ] = [AAZ]
¢ CURL A - dL = bf"bc v 2x] e T Vool ay | Alne

) vy + VIIIh3 A, - Ao-] ) h, + h, 7]
B hl & h3 hg 2

(Az = Ag) | vy

+
h2 2 2

] -
) VIIIh2 + vIVh4 ! ) Ay - A, - (hy +hy) i
h2 + h4 J h3 2 _l

h, 2 2

26
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(71)



+ (72)
hj 2 g

Assuming that the current density (J) in each region of the mesh
is constant, the total current enclosed by rectangle a-b-c-d-a in figure 3 is

Jh h J.h;h J . hh J . hsh
_ -~ > _Il4 le IIIZ3 Iv34
Iu-ffJ-dS—JZ(AS)— 2 t—3 1 =
1
=3 (JIh1h4 + Jthh2 + Jmhzh3 + JIVh”h‘) (73)
Combining previous results
- . .
- | =

. i} ﬁ i dl‘,:“=_ (Al Ao) VIh4 . VIIhz _ (Az Ao) VIIhl . VIIIh3 {
8 h, 2 2 h, K 2

. (Ao - Aa) VIIIhz X vIVh‘ . (Ao = A4) VIVh3 p VIhl !

h, 2 2 h, 2 2
L
(74)
Solving for the vector potential at point 0:
4
I+ 2 A, d
i=1
By = —2 (75)
z al
! i

27



where

1
IO = '4' (JIh1h4 i JIIhlhz + JIIIhZha + th3h4)
o s VIh4 + VIIhz
1 2h,
o Vi * Vs
2 2h,
Sl vIth + Vl”Vh4
3 2h,
v hy +v h
o =1 I
2h,

To include permanent magnets in the formulation, the concept of
the magnetization vector is used.

-
The magnetic induction (B) in a system including air, iron, currents,
and permanent magnets is described by

-

B =p(H+M) (76)

which, rearranged is

-

- — =Y Lo,
H = (B)y-M =vB - M (77)

1
B

Substituting equation (77) into equation (59)

S - D
§vB-M).dL =1 (78)
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or

A o -~ S
§vB~dL-fM-dL=I (79)

Rearranged , 5 S N
§VB~dL=I+§M-dL (80)
Since N
B = CURL A (81)
- - —_ -
therefore, /6 (vCURLA) -dL =1+ M .dL (82)

The only term not previously evaluated 15)6 M . dL . Using
figure 4 as a basis,

¢ i .dl P8 ot i Redie # T e
. =) . + . + .
: M ab bc cd
a b (o]
a._b -5
+ df M 'dea (83).

-
Note, that M in the two-dimensional case is located in the X-Y plane, i.e.,
= =90
M
X

Since the dot product between two orthogonal unit vectors is zero;
the following products are zero:

=y _xy S Ll”

A - -
Mab 'L I"bc—M Ld_Mda'Lda—0
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The weighted average of Td‘along each path segment is:

Y Y
oy MI hl++ MII h2
ab = h + h (85)
2 L
X X
sx MM+ Mgy (86)
bc ~ h +h
1 3
MY h +MYh
Sy  _III 2 IV &
X X
w Moy B3 + MLy 88)
e~ hy+ hy
Therefore, = -
M h M_h h_ +h
S S e B Tl i B i (89)
i ab ab h2 + hl+ 2
= FMX h + MII)I( h - (h1 + h3)
S X N IT 1 3
« dl, = ) (90)
{)‘ Mbc bC h]_ i h3
p M he MR |- () h)
F R e dD . = [ IIT IV — (91)
c o & h2 *h,
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-M___|h
1l 2

m Y

1vsh ‘

(92)

(93)

Substituting this result into equation (75), the final expression

for the vector potential becomes

4
A af + I, + M,
A, =11
g = 3
I af
o
where thu * VIIhz
a, = 2h1 y o, =

o o CIETN2 B VIviy 5
g Zh, 4
Ig =

T
Mg= 1/2 | MX - MX th « MY
(VI II} 1

MX _ MX
* ( Iv = III
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) VIVh3 + VIhl

2h,

(94)

1/4 (Jghyhy + Jpphyhy + Jppphohy + Jpyhshy)



The formulation derived using the point form of the Maxwell Ampere
law is equivalent to the equation just derived.

From previously defined variables,

-
. h
2 J hy 2
al(\)Bl}"'\) B)= \V] :4-\’
I 1182 (hl(h1+h3))il((h2+hu} 11(h2+hu)j

2(vph, +vpeh))

h,(h +h,) (h,*h,)
.4 Vihy + Vighy|
(h,+h,) (h,+h,) 2h, {
4
= (a’)
(h,+hjy) (hy+h,) 1 (95)
Similarly,
@2 (v B. 4+ Voo B3 = 4 (*) 96
I1"1 II1°3 2 (96)
(h +h,) (h,*h))

( = 2 o (97
ag (pppBy * VpyBy) = (h+hj) (hy+h,) (@ )
a, (voyB. + viB.) = 2 ) (98)

v “VIVE3 171 (hy+h ) (hy+h)) b
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Substituting into equation (58),

4 ) [ (hy+hy) (hyvh,) |
ifl Ajof + TIg + [ A !MT
iy == ~ (99)
4
I af
ji=1 1

Next, the magnetization term is evaluated.

2[{M§ - M%v}su . (M¥I 3 MgII)BZ]
L (h,+hj)

[(hl*hs)(h2+hu31 r(h1+h3)(h2+hh)}i
. J ) A !

-2[(M§I . M¥)81 + zmiII = M¥V}63] ]

(h2+hu) J

Py Y |
= (/2 [(hy+h) (hy+h))] {(MI ) MIV)Bu * (MII ) MIII}Bz}(h2+hu)

I R DR TN
UMy - My 8y \Mppp - MIV)Ba h1*h3)

"

(h +h.) (h +h )

\
(- \
Moy oy B T Y h; } .
= (1/2) l‘MI - Myl tho#hy) * ‘MII il E;;:;:T (h +h ) g
- o
B nk. M X X 3
+[<M1 "M (hy+h,) ' (MIV- MIII)(h1+h3)}(h1+h3)
\ ‘ y
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1/2 [(MX VS )h 2 (MY - M )h 5 (MX - M )h
1] 1 2 3

= M, (100)

Therefore, equations (58) and (94) are equivalent i.e.

4

.Z Aiai + Ip + Mg
A_1=1
0~ 4

-

a
i=1

Al“l (VIBM+vIIBZ) + A2G2 (VIIBI+VIIIB3) + A3G3 (VIIIBZ+vIVB“)

_ * A% OopyBgtvBy) 4 Jp + My

o (“18u+”1132) * a, (v1181+v11183) % oy (v11182+v1v8u)

+ Qy, (\’Iv83+\’181)
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BOUNDARY CONDITIONS

In order to solve the vector potential equations, it is necessary
to determine boundary conditions.

Using figure 5 boundary conditions that are consistant with the
assumptions can be determined. The various boundary types can be
described as:

Type A - Line A-B is an axis of symmetry, and, in this case,
it is also a center line of the magnetic circuit. Therefore, A-B
represents a line of flux, i.e. an equipotential where

A-B = constant potential (A)

Type B - The equi-potential A-B has its return path B-C,
C-D, D-E, E-F, F-A

Type C - It is assumed that the magnetic induction outside
the contours of the machine is negligible.

Type D - This type of boundary exists at air-iron interfaces.
At these boundaries, the tangential component of the magnet intensity
vector (H) and the normal component of the magnetic vector (§) must
be continuous. For a boundary that is parallel to the X direction,
these conditions are satisfied when:

9A = A
vcha iron VO(BY) air
and
(24 ALY
oX dron = X air

At air-iron boundaries parallel to the Y-axis, these conditions will
be satisfied when:

A _ dA
vciia jron © VO Cﬁi) air
and
(24 = (34
3Y  iron 3Y air
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Boundaries a-2% and b-c are of this type.

Type E - At air-iron interface corners, such as point 2
and point c in figure 5, all four conditions of Type D must be satis-
fied simultaneously. '

Type F - This type boundary is at the air-current field
region interface, such as #-c. It is assumed that the current
carrying material has the same permeability as air. At the boundary,
the tangential component of H and the normal component of B must be
continuous. Therefore, at the boundary

A = (8A;
6573 current (ax)

region

air

oA A
G3Y) current G air
Tegion

Type G - This type of boundary is at the iron-current field
region, such as c-d, d-e, h-k, or k-&. Since the reluctance of the
current carrying region is the same as in air, the boundaries are
the same as Type D boundaries.

Type H - This boundary is at the permanent magnet-current
carrying region interface, represented by line e-h. Since, in
figure 5, this boundary is parallel to the Y axis, the following
conditions must be true at the boundary:

& - &4
3Y” magnet Y’ current
region
9A 9A
) =V e
“(ax) magnet q (3X) current
region
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Type K - This boundary is at the permanent magnet-iron
interface, i.e. lines e-f and g-h. Since the boundaries are parallel
to the X-axis, the following conditions must hold:

oA = (oA

V%Y’ iron “(aY) magnet
(2A = (2
3X” iron 39X’ magnet

SOLUTION PROCEDURES

The vector potential (Ag) at a grid point not on an outer
boundary is given by equation (94), evaluated after the appropriate
reluctivities and o and B constants have been substituted. Thus, N
simultaneous equations are obtained for the potentials at N internal
grid points. The solution of the set of N simultaneous equations
yields the numerical value of the vector potential at the N grid
points.

The solution of the N simultaneous equations can be obtained by
an iterative procedure via computer. This is necessary, because the
coefficients in equation (94) are functions of the reluctivities that
are in turn functions of the CURL of the vector potential calculated
by equation (94). Using the relaxation method requires a two-step
iterative process. In the first step, the coefficients in equation
(94) are assumed to be constant and the vector potential is calculated.
In the second step, the coefficients, which are functions of the re-
luctivity, are recalculated from the numerical values of the vector
potential of step one. The new values are then used to calculate the

vector potential. This process is repeated until the vector potentials

have converged to values that are considered close enough to final
values.
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In general, the solution procedures may be summarized

1. Input of the permanent magnet data, the gridsystem,
and the nonlinear relationships v (reluctivity)= £(B) and
M (magnetization) = £(B).

2. Calculation of the coefficients of the difference
equations (initially, coefficients are assigned constant values).

3. Solution of the difference equations with point intera-
tion, line iteration, elimination (if v and M arg constant) or with
the Newton-Raphson method (if v and M depend on B).

4. Acceleration of convergence if the difference equations
are solved by iteration.

5. Check of convergence: Steps 2-5 are repeated until a
specified convergence criterion is met.

6. Calculation of characteristic values of the magnetic
field, such as the magnetic induction, the vector equi-potential
lines (lines of flux), etc.

CONCLUSIONS AND RECOMMENDATIONS

The finite difference approach to analysis of nonlinear electro
magnetic circuits is a viable technique. One possible formulation
and its theoretical basis are presented in this report. In addition,
system equations corresponding to those utilized in the existing
CLYDE computer program (appendix F) are shown.

It is recommended that the investigation be continued. Speci-
fically, it should be determined if the CLYDE program can be modified
to solve nonlinear electromagnetic circuit problems, or if a new
computer program must be developed.
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APPENDIX A

EDDY CURRENT LOSSES

In the two-dimensional model, infinite length in the Z direction is
assumed as well as homogeneity in the Z direction. If no additional
assumptions are made a loss of energy in the iron regions due to eddy
currents (circulating in the X-Z plane) must be taken into account. The
introduction of laminations reduces this energy loss, but also reduces
the effective cross-sectional area of the magnetic material.

EDDY
CURRENT

(Gﬁ/(mﬂ/

Therefore, the insulation thickness between laminations is assumed
Then, the only effect will be to eliminate eddy currents.

LAMINATIONS

to be zero.
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APPENDIX B

APPROXIMATION FOR RELUCTIVITY (v)

In order to utilize the finite difference method for calculating the
vector potential, the nonlinear magnetization curves of the materials
under consideration must be represented.

The magnetization curve is the well-known hysteresis loop shown
in figure B-1. This curve is nonlinear and multivalued. Since, for most
materials, this hysteresis loop is rather thin, it is assumed that the mag-
netization curve is monotonic and single valued. By using average
values of H for each value of B (or average values of B for each value of
H), average curves that closely follow the so-called virgin magnetization
characteristic can be obtained. In addition, it is assumed that the mag-
netization curves pass through the origin.

Therefore,
" _Hu+H2 - _Bu+852
AVE ~ 2 AVE ~ 2

A plot of the average magnetization curve is shown in figure B-2.

In order to minimize the calculation time for the vector potential,
a piecewise linear approximation is used for the average
magnetization curve. As shown in a figure B-3, it is assumed that
beyond a saturation magnetic induction (Bg), the permeability is that of
free space. The distance between Bg and the origin is subdivided into
n equal parts, denoted as AB. Next, all Hi's are read and stored. The
slope between all Pj's are read and stored. The slope between all Pj's
and P, . 's is calculated as:
j*1
H.+1 - H.
m =1
j AB
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In order to calculate the reluctivity for a flux density less than
in the interval j to j+1, the following expression is used.

(B-B.)m. + H,
] J
B

v = -Ii =
B
To calculate reluctivity at a point B > BS:

i HS + (B—Bs)vo
B

where Yo is the reluctivity of free space.
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Magnetization curve (hysteresis).
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Figure B-2.

Average magnetization curve.

47



Hg

Hj+l

H (FIELD INTENSITY)

(ALISN3IA XN14) 8

Piecewise linear approximation of the magnetization curve.

Figure B-3.
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APPENDIX C

THE LAPLACIAN OPERATOR

In Cartesian coordinates

V2A = 32A + 32A + 32A = f(X, Yon 20
ax2 a2 9z2

In two dimensions this reduces to
2 2
V24 = 34A + O A ¥
In cylindrical coordinates

2 2
V2A=_ia_R_aA+1(aA)+aA
R 3R\ 3R R2 | 342 3z2

By expanding the first term:

2 2
12 [\ 1 RaA,,a_A]: 22, 1
R T

3R 3RZ © 3R 3R2 © R
Therefore, V2A = a_ZA + 3_2A+ 1 A, 1 _32A = f(R
az2 aR2 R 3 RZ| 342

In two dimensions this is:

724 = 8%A, 3%A, 1 BA
R,Z 322  3R2Z R 3
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The relationship between coordinate systems is defined by the

following representation:

1
|
|
|
|
|
|

e . e s

50

R=Vx2+Y2
z=2
¢=Tan-1 %

X=R Cos ¢
Y=R Sin ¢
Z2=Z



Therefore, in general,

v2a = Q%A 4 %A, 324 - 3%A ., 1 9A , 1 32, 32
ax2  ay2 3z2 3R2 R 3R R2 342 az2
Note:
32A 32A
I = 20 = — + —=
£2=0, VA=-73 2

324 . 1A , 1 32
3R2 R 3R R2 3¢2

If ¢ =0, thenY =0
2 2
V2A=aA+ 9°A
ax2 az2

_ 92 R 32A

aR2 R 3R 9z2

If ¢ = 909, then X = 0

2 2
V2A = 9°A . A
3y 2 3z2
= _32A+ .%4' 32A

1
9R2 R 3R a3z2
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APPENDIX D

THE MAGNETIZATION VECTOR

The basic source of a magnetic field is electrical current. The
magnetic field, due to electrical current flowing in a loop and
observed at large distances compared with the dimensions of the loop,
is called a dipole field. The small current loop is referred to as
a magnetic dipole. The magnetic dipole moment (M) is defined as:

where:
I is the loop current

S is the area of the loop

-, . . . .
n 1s a unit vector in the direction
determined by the right hand rule.

Electrons surrounding the nuclei of atoms in matter have spin
and orbital motion. In effect, the electrons form current loops.
When viewed macroscopically, these current loops appear to be a
continuum of magnetic dipoles.

When the individual dipole moments in a material are randomly
oriented, their net effect is zero. However, if there is a coherence
to the orientation there will be a net effect, and the material is
said to be magnetized.

-
The magnetization vector (M) can be conceived as the net magnetic
dipole moment per unit volume, i.e.,

ﬂ = 1im 'm
AV-0 AV

The unit for magnetization is amperes per meter and is the same
dimensionally as the magnetic field intensity (H). The vector
will be zero if the dipole moments are random and nonzero if there
is some coherence of the dipole moments.
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A magnetized body behaves as though there were an internal currgnt
den51ty equal to CURL M and analagous to a current density vector (J).
CURL M is usually referred to as the atomic or molecular current density.

That is because the field contributions of CURL M result from spin or
orbital motions that are localized on the atomic scale.

The general definition for B in terms of its current sources is:

B=u@l+W
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APPENDIX E
X AND Y COMPONENTS OF THE MAGNETIC INDUCTION

B = CURL A = VXA
[ oag oAy ;x LAy BAZ ZY . BAY g e
Y 3Z 3Z Y Z

Since it was assumed that AY =Ay =0

N - BA
= CURL A =
Therefore,
BAZ 9A
BX = —= and By = - =%
Y aXx

As an approximation the average magnetic induction in the center
of the mesh cell can be calculated:

BAZ AAZ (A0+A1) _(A4+A8) A)j - Ag + Ag - Ay
2 2

B = = = =
X = 93X AY hy 2h,

B = = =

Y ax AX h, 2h,

Therefore, = " -\/rAl-A8+Ao-Al+ 2 Aj-Apg+Ag-Ay 2
B =\ /B = ——— = " F——
I l X + BY 2hl+ 2h1
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APPENDIX F
CLYDE SYSTEM EQUATIONS

Consideration is being given to adapting the computer program
CLYDE! to handle nonlinear electromagnetic circuits.

The formulation of the Harmonic operator for an irregular grid in
the CLYDE program is:

2A 2B 2A 2B

h2V2,6= ji+ ———_§+~_..__._f3+——————
b (by+b3) by (by*by ba(by+ba)| by (b, +by)

&

. 2A + 2B _6 = h2p
b1b3 b2b1+

A corresponding equation can be obtained by rearranging

and then multiplying by h2:

h2v2A, = [hZai]Al-+[h2a§]A2-+[h2a§] A3-+[h2a; ]A

"
[l
i=11i 0

lyse Bibliography No. 19
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