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AgSTRACT

A review of the existing theory on instabilities in a

magnetized beam—plasma system is presented with emphasis on the

unstable electromagnetic waves in the frequency range between

ion cyclotron frequency and the electron cyclotron frequency.

The strengt)~ and weaknesses of the various theoretical models are

discussed and it is pointed out in which direction future work

should proceed. both the unbounded and radially bounded

problems are considered, using both a quasistatic treatment

and a fully electromagnetic treatment. Plots of the dispersion

curves and a table of the quasistatic growth rates for four

of the instabilities are given for reference.

Work on this report was supported
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Introduction

The use of relativistic electron beams for heating a plasma to

thermonuclear temperatures is presently under extensive investiga tion.

It has been shown that binary collisions can have little effect on

plasma heating so that collective effects are of major importance.’

Many studies have been made using various techniques to investigate

the propagation and stabili ty of waves in beam—plasma systems ,

however, the picture is still not complete. The weaknesses of the existing

linear theory can be brought out by a qualitative discussion of some of

the work that has been done to date.

First a review of the various equilibrium models that have been

used will be presented and then a review of the beam—plasma interactions

that have been studied will be presented . The emphasis here will be on waves

with frequencies between the ion cyclotron frequency and the electron r
cyclotron frequency and , in general the electron beam and plasma will

be assumed to be cold, although some investigators have treated warm

2,11beams. Furthermore , the beam will be assumed to propagate along a

uniform magnetic guide field , 
~~~~~ 

and to be much less dense than the plasma.

EQuilibrium Models

Obviously the simplest model for a beam—plasma system consists of an

infinite homogeneous cold beam passing through an infinite homogeneous

cold plasma. Under these conditions it has been shown that for a beam

much less dense th’~n the plasma the dispersion equation can be separated 
into

three sets oIl waves when l~ u ’ longitudinal waves, and transverse waves with

l e f t  and right circular polarization.3’4 The purely longitudinal modes
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wi l l  not be discusaed at Length here since a summary of these results can

be found elsewhere.
5
’
6 

This model has been used by many investigators

in study ing the beam—plasma interaction problem for transverse waves ,

however it is not a very realistic model.
3’4’6’11 ’~

5 
Physically the

electron beam and plasma must be bounded both radially and axially ,

although the bound on the axial extent is probably not as crucial.

Once finite radial dimensions have been introduced in the problem , it

has been shown that the longitudinal and transverse waves are no longer

decoupled .3’6 For this reason the results of this model could be

misleading .

Another weakness of this simple model an applied to very intense

election beams is that it ignores the transverse energy of the beam . In

order to improve upon this some authors have used a helical beam or

streaming oscillator model, where all the beam electrons gyrate about

the magnetic field lines with the same transverse veiocity .~
l
~
17_23

~
39

Although this is an improvement on the simple model it still suffers

f rom the problem of infinite radial extent.

Treating the case of finite radial size, of course, increases the

difficulty of the problem inunensely. To simplify matters somewhat,

the quasistatic approximation was used by investigators who first

attempted to solve the radial problem.7’24 28 
In this approximation

the curl of the electric field is set equal to zero, in which case the

theory is only valid for waves with a phase velocity much less than the

speed of light. To treat the case of waves with phase velocities near

the velocity of light some investigators have nov tackled the full

elec tromagnetic problem with railal boundaries ,4,21,30,31 Co~~arisons

of the full treatment and the qua.istatic treatment have revealed that

- 
_ ___ 1~ _I-•-- -- -
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the dispersion curves calculated from the quasistatic treatment are in

error for beam energies in excess of 80 keV.3° Furthermore , the quasi—

s ta t ic  t reatment  incorrect ly  predicts  that  the upper pass band of a cold

plas ma waveguide is of a backward wave nature , whe reas the f u l l  t r e a t m e n t

pred ic t s  it may be of a forward nature when ce pe

In most of the work that has been done to date on the bounded beam—

p lasma problem the electron beam has been assumed to either fill a wave—

guide or have a square radial  p r o f i l e .  This type of mode l is simple

to wo rk wi th  but  is lacking somewha t in physica l content , p a r t i c u l a r l y

if k R < 1, where k is the radial wavenumber and R is the radius of
I ‘~. I

the beam. Some results have been obtained by averag ing over a sharp

boundary at the edge of the beam—plasma interface.
27 Also some work

has been performed on modeling a beam profile by a series of cylindrical

electron beam shells.30 In this case there was some indication that

the faster growing modes may be suppressed . However this is s t i l l  an

area where there is much to be learned .

One f ina l approximation that has been used on occasion consists
7 32o f assuming that  the applied magnetic f i e ld  is very la rge . ‘ This

app roximat ion obviously ignores all cyclotron e f f e c t s  that would occur

na tura l ly.

Of course there are situations that arise where any one of these

models will be appropriate but it seems that to thoroughl y explore

the problem of heating a plasma by an intense relativistic electron

beam,the full electromagnetic treatment including radial dependence

should be used . This is particularly true for relativistic beams since

a large -y enhances the coupling between the transverse and longitud9 a1

modes. This coupling is even further strengthened by the presence of

L. - ~~
--—
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~eif magn ett c  f i e l d s  and beast rotation which have received littl e

attention in the literature at this point.

Ream-Plasma inte rac t tons

A beam-p lasma Interact ion may occur whenever waves which propagate

on th e’ electron beam occur in the same reg ion of —
~~ space as waves

that propagate in thi. plasma . Since It was assumed that the beam density

Ls much less than the’ plasma de’nsltv , the~ plasma waves a~e essentially

unatle ’cte’d 1w the’ presence’ ot the’ beam except at these isolated points

ot  interaction . At these potuts the plasma waves are said to he in

qvn chrontsm with the beam. Essent tal lv these interact Ions correspond to

re’sonance’s he’twee’n plasma waves and the longitudinal or transverse

motion ot the beam electrons . The beam waves involved in the resonances

with the long itud i na l mot ion ot  t he ’  beam electrons are the last and s tow

beam space charge waves , and the beam waves involv ed in th~’ r esonan ces

w t h t h e  t r~ensverse mot ton ~ t t he’ beam e lect  rons at - c’ the  t ast and s low

b,’.irn vc lot ton wave ’s . Ft  gun ’ 1 g i ve s  a — k p l o t  o t t he’se’ beam waves I or

he’ ~ as.’ ot  ..n in I n I t e’ homogeneous cold beam. Si ‘ice e icc t rons r o t a t e

In a I gh t hand • . . n~~ e’ shout t h e  magnet  Ic guide f i e l d  , s t ro ng beam

v, l ot ~‘n t n t .~ ..~~t tons should  occur  w i t h  r i g h t  hand p o l ar i z e d  p lasma

~~~~~~~~~ a points m a r k e d  1w a + on Fi gure 1 and weak interactions should

ur at  point  s m.n keel by .1 —

When an uns t ;ih Ie~ tnt e rat ’ t ton occurs such t h a t  the  phase ye b c  i t  v

ot t he’ wave Is e qu.e 1 t o  t he  ye b c  I t  v ot the beam , V ,~ — Vi,. i t  is

considered t o  he due’ t o  t h e ’ Vavitov-Cherenko v effect. When V V b~

then the in stabilit y is due to the  anomalous flopp ier  e f f e c t  and when

V , ‘ V~, the in stabilit y is due t o  the norma l floppier effect.
t
~

-

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _



In st ab  i l l  t i e s  due ’ to  th e’ norm al Dopp ler  e f f e ’ct are’ only poss ib  it ’  i t  the ’

beam e l e c tr o n s  possess t r a n s v e rs e  e’nergv . However , in  genera l

an in s ta t  t i l t  y is s imply  I d e n t i f I e d  1w n amIng the  beam wave’ anti pl asma

wave i n vo l v ed in the  in t e r a c t  ton .

An othe r  class i t  t c at  ton t o t  t h e  t i l t  f e ’r e’nt beam—p lasma i nstab t i l t  t i ’s

invo I vt’s c Ia ss I t  v I ng the type ’ of med turn in wit i cli the ’  wave’ i s  p ropaga t i u g

A rc ’,cc i Vt ’ m e d  t urn Inst _ tb i l l  t v occu r s  when the di e’ I ec t c i  c c ~‘us t an t

become’s nt’gat lye’ Sflel a Ve’s 1st lvi’ medium Ins t  a b i l i t y  occurs  when a

ne’g~t t (V t ’ e’ i t t ’ r gv wav e ’ grows as i t  lOse’s en ergy due ’ t o  l anthiem clamp I ng . /

One’e’ an i n t e r a c t  ion is tdt ’nt  i f  it ’d i t  mus t  be d~’t e’r m in e ’d wh et  her

or not tht’ wave’ is evanescent  , convec t  iv e lv  u n st a b l e ’  or a b s o l u te ’  lv

emit s t a b le ’ . Met hotis have been worked out f o r  mak ing  t h i s  tie’ t e’ rm i n a t  ion

by Inves t  iga t  tug tht’ poles of the  d ispers ion eqecat ton . ‘ ‘ 01w b u s ty

a convt ’c t lvi’ I n st ah  l i l t  v w i l l  have ’ l i t t l e  impor tance  i f  i t  conv e’c t s

out o the svs em b et  ore ’ i t  grows t o  an appr ec t able ’  levi’ I . Si in tl .i r i  v

an a b s o l u t e ’ i n s t ab i I itv is ignorable’ it it grows on a t t int’ s ca l e ’ mu ch

slower  than th~’ t ime sc .tle of the e’xpe’r ime’nt . The’ s igu t t :ance ’ ot t hi’

t nt. ’ and I e ’ngt ii St ’ ,i I i ’s ot the be a m—p lasma svs t em J r e ’ d t~~ e’us~~ t’d in

g rea t  ,‘ m dt ’t a  i i  by a I .‘w a u t h o r s .

~~~~~ tie ’ r now t li e ’ uns tab IC ’ t n t  t ’r ac’ t to~ t h a t  have’ been st ud I i’d

i t ~~ t h e ’ t n t  t n t  t e homoge’ne’otis cole1 beam p lasma mode l . For propagat ion

exa5 I iv  m l  ong t hi’ magnet I c $tmi  c1t~ I Ic ’ 1 d , t h e ’ l o n g i t u d i na l Wave ’s , t h e ’

r I gim t c i r e’u 1 a rt  v p o l ar  i ?e ’d wa ve’s and the  It ’ t t c I rc ul at- l v  pol  a r t  :e’d w ave ’ s

ar t ’ a l l  uncoup led . Itnek r these c o n d i t i o n s  t h e r e  a r t’ I e’w he’ani—p 1 asma

m t  e’tac t i ons . ‘rhe’ t n t  e ra t ’ t ton  w i t h  the’ I argt’st grow t h oc c ur s  w t m e ’,t a

p lasma Langmu I r wave is in sync hron I sin wit h a beam space char ge’

wave’ 
7,9, 11, 12 ,14 

This is ine ’re ’lv the’ well knowia two—st ream



instabilit y . There is also an interactIot ~ between the  s low beam

c V C t ot  non wave and the ’  plasma ion cv c lot  ron wave as wel l  as o th e  i bowet’

tre~uencv tustabtitt ies but t t~t’~~e are’ a ll  below the’ frequency r ang e’ ot

I n te r e s t

I t  t h e’ he’am ~ 05 Si’s St’s t r a n sve ’ r Si’ e’fle’ r gv  as wi’I t  as t h ~’ s t ream tu g

cite rgv a tong he’ app I t  i’d I t e ’ Id , t he’n even I o t t h ’  case ot k ‘ I  lit’

beam is  c.ipah Ic of d r i v i n g  aeld i t  Ion.t I p l a sma  wav e ’s emits t .-mb I . ’ when t lie

,‘V c lo t  ron resonance’ c o n dt t  ton Is sat 1st It’d , — l~ V
1 

+ 0. ~~~~~ I • I I

I n  I a c t  • when ~ is  not pa ra lie ’ I t o  t he’ m agn e’ t i c  I Ic  I ~l C lie ’ gr  ,‘w ( h I .1 t i ’S

ot ti e’ cv c lot i on Ins t ab l ilt it’s cit ss- etssi’d he’l ow sh oem I d a I ~.s ’ be’ mod i t  ic ’.l

wheti t he’ he,im “o s se’s Sc ’ s r .uasv.’ t se’ e’net ~~ 
I I

i t ’ t h e ’ pi’rpe ’nd i c e i l . e i  w.-even umt ’e’r t s a l l  owt’d t o  be’ non •
~~‘ i • t hen some’

ot  C hi’ e’I cc t s 01 1 In  i t . ’ t ad I .i l  s I .‘.- s a n  b.’ s inn tat el - Ut C s  t ~‘ c e’ d U t  c

ii .is he’i’n c . m r r  t e st  o u t  u s i n g  b o t h  t ime ’ , t m i . e s t s t a t  I c  ep~’t .‘~~tna t t , ’i t

fl
.m m is t  C he ’ t u i i  e’ 1 ec t rom.-e gut’ t t t i  c’S t men t , howe’~ i ’ t a na I t I c  e’ 

~~~
‘ i .- ~ s I , ‘ii ~.

t~ ’t t h e ’ gnowt  It r at  t ’s at  i’ on l y  .;v~m t 1 .eh 11’ 1 t o m  t tie ’ e ’ I e .  C i  - at  1, a t m . .  l v  s

He ’t e’ I he’ 1 t Sng i t  imil i mi a I and I tansy .- t SI • wa vi ’ ,, b~’ 5 ,‘m~’ ~ 5 ’up I c.t , .td t t ig  t .‘

tw o  new t n t  e ’ t ’a , ’ t I Ot is .  Fo i l iii’ I C i  st  appe ’a s ~~t m e - m ~~~~~~~w a~ • - a~. 5, ’. —

P. , • 1
t , i t e ’ .l w i  I i i  t h e ’ ~‘ m - : t a  c v .  l o t  i on w ay . - bi a t ~ h l’ t 5  s ’me~~s -- v ii. h i  ~‘noc~~~’w l b a

p. m . . ’ .-h a t ’ ge wa Vt ’ . Ihe’ s ’t  her  i n  t e r s e ’ t ion oc cu rs  b~’ wet ’tt a p 1

I . e m ~ ,~iu~ t i wavc ami d a sl ow  beam cvc l o t  i o n  w ay .’ . i to th  t he ’s e ’ t f l t e ’ t  a ct  I ons

. m r e ’  m m m i . . t a b l e ’ a mi , i e’ xpr e ’s s m .‘u f o r  t h.’ i i  qelas 1st at Ic grow t it t a t  i’s c.-tn

b’ 1 ~und in V ,mt’ ii’ I . In  ,jctel i t  ion t o  1 hie~~i’ .t t h i r d  new t us t ,‘tb l i l t  ~ ‘

an 1st’ s s I iac~’ Ii,’ t ~ ans~~’ i Set w a v . ’s lie’ I onge’ t sp l i t  i t t  ci’ lv  In  t o  t I gh t and

le t t c lt-ceita*-iv p~ t .ent ted waves. This t h i rd  new i n s t a b i l i t y  i n v o l v e ’s

*
Many re’t e’te’tiCes t or this Inst  sli t li t ~

- may he’ I ound iii Re’t s . S anti  Ii

L - ~~~~~~~~ - - .~~
‘
~~~~~~:~~~~.:: ~ 



a W.IVe’ a ssoc t a t  eel w i t  ii t l i t  ~ 
I .isma c c lot ion ~ a V S b r a n e-li , and a I ow ‘i ..

5 y c  lot  ton wave , I t s  gr•’wt ii l i l t ’ can  a l s o  be . ‘ t t m i d  i i i  l a b i . - I

F i na l  I v , the  t w o — s t  ream i n s t a b i l i t y  hecomett  sle ’pe ’t is le ’it t cm t i l e ’  .mug i e ~ . ‘t

prop.mg.mt Ion as Indlcatt ’d l i i  Tj b l e ’ I S in ce ’ t l m c ’ ~‘ .i’. ,  i s  no I~tn~’., i  t i  v t ’ l l l ~’.

,‘ xac t l v  a long t i l t ’ magtie I i c gel i de ’ I I t ’ l i t , Ft  g i t  I s ’ ._‘ ~Ii,/w~ t im e ’ p t m ~ i t  i I I

o t t he se ’  int e ’ra ct b u s  oil a .—i’ d i mgr ,un , and t h e ’ l . i l ’e ’l s i~e’t ~ t- r t u g  t o

l i s t  .eb e I i  t v  are I I si i’d in  I ab I t ’ I I i t t  s octupa r i - s i t

I i i  orde r  t o  t .e c i 1 it a te’ t-onm p irl son s , ‘lable’ I I i t  • xp re ’sstomis ‘i  t m,-

s~i . s W t t i  i a t e~; s it  t h t ’~ t’ f e i t i r  i i i s t . m i s i I I I  i t’S i i i  t l i t ’ .’, ’ 51 i t  1 ’ i ’ent  p . I t ’~Imn e ’ t t ’i

t e ~~ Inie ’s . ‘lilt’ qua~;t s t a t  t~ a p p ro x im a t  ion ( /k c) w.m ’- used iii de ’i i v  i t i s ~

i l l  t ’ I  t h m e ’Se’ exp i- e s si o n s  ss ’ t h a t  t i l e ’ r e su l t s  t t~ i t i m e  C l i e t t ’ii ks ’v i n s t a l ’ i l i t  1 c •

- ~ k v 1 shout  ci be.’ use’ct c i t i t  i otis  I v  WIle ’fl t i l t ’ I’ t ’am I s tt’ I .11 V ( S t  ( s ’ . h o  r

. 1 i t ot i r e ’ l a t  iv ist tt~ be’am t i l e ’ e ’ x p l ’ e s Si o f l S  a rc.’ cort~’et ~.
- i t  li = 1. VIto

t innier  t c . m  I t actors ’ are’ biot ii equa l to tin i t v t , ’i t ht’ in I in i t o
c’hOt ’  0 -

be ’am p lasma prob lem . If t he’ p la sm .m t i l l s  a c y l i n d r i c a l  w a v c ’gu i dc’ oI

r ad i u s  K and the beam p r op a g a t e’s a lon g  t h e ’ axis w i t h  a r a d i u s  I

Ii RI , t iieit~~

- 
r
)1 

r~
t i -i i’m~ - K - - i t — I  m K ta# 1 n~ K

he ’r  K ’ 
~~~~ 

~~~~ 
I

. i u m , t
( — ~ ~).I ~

t n+ 1 n ’ K ii mm R n+’. i t .  K
‘5 

— - .

.I ’ (x  I
Ii f l \

where ’ x is t he’ v t  hi r oot  ot the t at  It ortk’ t (less, ’ I I unc I I s ’ t l  . N s ’ I i ’ t hat
U”

It: the beam ,iI s~’ t i l l s  the’ wavegem i s t e ~ ( r— RI t lion ag.m i t t  ‘ s - l i e ’ t ~~~
‘‘

c

For the i n f  t n t  It ’ beam p lasm,i t~85C ‘ I t ime angle ’ he’t We ’e’n t i le ’ wave ’ ye ’s’ t o t

k and tha ,’ .mx i.m l magnet I c  f iel ci , howe.’ve ’r t cit t i l e’ bounded hit’am plasma

. - -  _ _ _ _ _ _ _ _
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c.ase ‘,‘ is defined by

k Rz
cOSC’m —

2 2  ‘
.k R + x

2 f l \

I t  should he pointed out  tha t  aside from the definition of the  angle ,

th ~ dispe rs ion  r e l a t ions  in the quasistatic limit for .in infinite or

bounded magnetoacttve plasma in the absence of the beam are i d e n t i c a l,

with the two roots given by ’5

2 
H) + . 2)~~l [44s;~~~

Here’ -‘j~ 
is the e l ec t ron  plasma f requenc y  and 

~~~ 
is the e lect ron  cy c l o t r o n

treq uene’v.

In d er i v i n g  the r e su l t s  of Table  I 8 h 16 ,
~~ it was assumed t h a t

1 and ‘ / .~~ ~ I where ~ is the growth ra te  of  any instabilit y with

t r e ’que ’ncv suet where “R 
— 

~c
/’1 b These conditions are easily s a ti s f  ted

(f 
~ s’. 1 when ‘ -‘ ,and for instabilit ie’s a .‘iuad d when ‘- ‘
h n / c ‘

~ 
p - c p

For i n s ta b i l i ti e s  li aüd c w i t h  us the  above condi t ions  are only
c p 3 ‘ F

s a t i s t  led i f  ~~ f o r  i n s t a b i l i ty  h and —
~~ 

—
~~ for instability c.- - 3 . .

~
‘5 

~b’p P
I t , !iowovt ’r , we replace the above conditions with the~ cond ition that

,.5 ,\ 

~ 

‘ S 
~

t h e’n the growth rates of i n s t a b i l i t i e s  b and c are shown in Table I I  dnd

.I re’ va l id  b r  (— ) .-~~ 1, Note t h a t  in this case these two Instabilities
ft
p

have essentiall y coalesced since the magnetic field was assumed very

weak, imp ly ing  th at

__________________ —. --.-— -— -“- ‘-----— 
-—— ,t;, .
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F~ r this r.’.msoii th e.’ gro wl  ~m r a t  e s  ar e  I d e nt i c a l

The’ most im p o r t a n t  r osei l t h a t  is obta m e d  I ron the m l  or m at  b i t

in t h e se ’ t a b le s  is  t h a t  in  c e r t a i n  p ar a m L’te. ’r range.’s t h e  growth rate’

of the ’ two—st ream in stahi ii tv i s  h u t  t he  l a r ge s t  g r o w t h  r a t e .  ~ i ms-n
/ IC

1 
\l/3

t h e  g r o w t h  r a t c~ in T ab l e .’ I a re  v a l i d  i t  ( - ‘ i - 1 . i n
C 

~ -

/ b \ Y. I s l i er
t h i s  c a s e  i t  I - 

~ 
j > t h e n  t h e  g r o w t h  r a t e  ~s t  c y c l o t r o n

i n t e r a c t  ion A i s  l a r ge s t ,  Al though i t  has not  been p o i n t e d  our  In  t i m e

1 itt ’rateire , in the very weak relativistic be am case 
~~~ 

- ,

- i) when ‘- ‘ ~~~~. , t h e  cy c l o t r o n  i n t e r a c t  ion b a l so  has t~ e largest

growth rate i~ 1 • -  

~~~ ~~
) 

~~~~ 
(
~

,) ~~~~~~~~~~~~~~~ N o t e  tha t t h i s

instability has its maximum growth rate for propagation exactl y perpen-

dicular to the magnetic guide field as does the Weibel instabilit y .

However the growth rate of the Weibel instabilit y ’6 is only

- _~ 2~ l / 2

= f~ t \ ’  “ tb ~.2
\ 

) 
—/ ~~~~~ k

2
c
2
+-, -‘J p  2 ‘

p b

which is less titan the growth rate of interaction h by a f a c t o r  of
,.

- 
~l / 2  “ v / n ~l / 2

I ~ . The W e i b e l  i n s t a b i l i t y  also st a b i l i z e s  fo r  —s
\ .  / C p~~~~ 

ii /c b b p
so t h a t  b r  very weak r e ’lat  iv ist  I s ’ beams interaction h will he the most

i n T o r t a n t  instabilit y wh en tu e magnetic field is not too smal l  ( cs/
K 

1) .

Num erical solutions of the full electromagnetic dispersion equations

have.’ been compute.’d for the case of an infinite homogeneous beam plasma

system,9’16 
The spe’ctrum in k space tended to he wider for the

Cher enk ov  i n s t a b i l i t ie s  than  fo r  t he  c y c l o t r o n  i n s t a b i l i t i e s .  In a

— -. _____ _ ‘-—____~~~~ a~~~~~ ____ ~- -~— - -—
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strong magnetic field the growth rate as a function of angle of the

linear electron two—stream instability was shown ~o be narrower  in

angle than the results found using an electrostatic treatment.

Essentially the two—stream instability becomes one dimensional in the

direc t ion along the app lied field in the stroiig fieldcase. This is in

sharp contrast to the weak magnetic field case,where the two—stream 
-‘

instabil ity has a maximum growth rate for waves propagating perpendicular
y n~ 1/2

to the magneti~ f ield . When w ‘- (—
~

—-
~

-) um , it was also found thatce 2n pe

the gr ow th ra tes of plasma waves driven by an interaction with the slow

beam cyclotron wave become independent of the beam energies.

Since all the longitudinal and transverse waves are coupled in

the radial ly  bounded problem , it would be reasonable to assume that the

four instabilities discussed above will carry over to the bounded

pr oblem , and , in fact , they do. The most interesting consequence

of these findings is that the analog of the two—stream instability

is not necessarily the only important instability. It is now necessary

to investigate all four of these instabilities , and possibly more ,

in order to determine the mechanisms involved in heating the plasma .

The qtiastst;~tI c approximation was employed in the first attempts

to solve time radiall y oounded beam plasma problem.7’24 28 Us ing this

approximation th e waves that propagate in a plasma filled waveguide

d iffer somewhat from the plasma waves found in the unbounded case. Note

from Figure 3 that the character of the wave changes depending on

whether or °pe is larger, and that the upper pass band is a backward

wave in this electrostatic model. Figure 4 indicates the dependence of

the waves on the radial wavenumber in the quasistatic approximation .
37

_______ 
_________________________________________________ 

~~~~~~~~~~~~ -~
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Figure’ ~ shows t he . ’  beam modes super imposed OVt ’ r’ t he  p i asma I ill ~mI

wave’ gem ide modes and bud i e’a t es time posit ion o I time t our I n t e ’  mc ions

Note’ tha t t h e ’ m t  er~m c t ion be twee. ’n the  slow be’.mm eye - l o t  ron wav e ’ , mi td  t h e

backward wav ’ Is an absolute’ I us t a b  i l l  t y wit t i e  t h e ’ c i t  her t im ret- t i t l e ’ i  i s  - S

t i o ns  a Fe ’ a i t  ce) ltV e.’e.’ 1 1 Vt ’ I us t a b  b i t t  ies . I t has bt’e’n I oeamnl h m , i  t t i e ’

i t t  t e . ’  rae t ions e’ Xt c1tei I me t  o re.’g ions o I I resonance’ t in t  t hat t lie’ I a r

grow t Ii r a te . ’  s or cci r wime n t itt’ p 1 asmna waves a re’ In sy n c i i  r ou t  sni w i  ( I i  t lit ’

beam. Vu r t imermor t ’, the ’ li i gh I req ue. ’ncy i n st  ab i i i  t be’s t end t o he ’ dom I nan

and im 1gb e’ 1e.’(’ t ron th e . rma 1 energies are necessary t C) oht a in a t rong

7
i n t e r ac t  Ion w i t h  t ime . ’ ions . ‘f lmt s  is t r u e  since the  e ’1e.’c t r on s  t en d  to

shor t  out any low f r e q u e n c y  e l e c t r i c  f i e l d s .

i’he quasistatic approximation is only valid for waves with ph ase

velocities mucht less than the speed of li ght , hence it was found

that the approximation is not appropriate when treating relativi stic

e l ec t  ron beams, part Icularly when treating Cberenkov interact Ions ,
30

I t  h a s  , m 1 ~, o he’e ’ii shown t hta t t lie. ’ backward  wave I IC F’ I gu Fe ’ I may be’ a

I , s rw ,i rd w .m ye t .~~ 0 ‘ whtet the qua s 1st at Ic ’ appr ox I iu~ t I ott I s  not
e’e’ p0

Whmc ’ii t h e ’ b e t h !  e’ 1 or t r omagnt’t Ic t r e a t m e n t  is  e’nmp h oyed t im e.’ same.’

oem r i t t t ~ ’ rae ions are. ’ present , however many new resu its art ’ t ounet .” ~ ~~ 11

ii I” I cu re ’ u t ime l i n e ’s marked  11 corre’spond to  gy r a t i n g  beam t’ lt ’c t rons

I r s ’ i ie ’, i t  i v  romp le’ t e’ I y decoupled f rom the plasma , and the. ’ curve ’s

I’ and Q e’or re ’sponei to  plasma— I [ l i e d  wave. ’gul tie’ modes . Ne’ i t  1w t’ 0 I I hit’s-it ’ t e a t  ut -es

e)t t h e  d i s per s i o n  curves  are present  in th e” q u asi st a t  Ic calculat ions In

Fi gure ’ 5h .

i t  the  ic -mn dynamics are I gnor ed and the beam is treated non—

r e ’ i a t i v i s t i c a h iy ,  t ime  f u l l  e’ le. ’e’t r o m a gn et t c  theory  fo r  a r a d i a l l y

bounded sys t em tins shown t h a t  the quas ( s t a t  i c t r e a t m e n t  is in

L L -  —-~~~~~~~--~ -. ~~~~~~~~~~~~~~~~~~~~~~~~~~ - ‘
~~~~~~~~~~~ ~

— -
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lair agreement If -‘ However when ~ ‘ w and ~ 1 , t he’pe ce cc pe Km..
cc’

two theories d ii Icr considerably in the upper plasma modes. h ere’ R

is the radius of the e’ylindricai waveguide , The backward wave p r e d i ct e d

by quasistatic theory transforms into a forward wave under these

cond i t  ions , and thus the nature ot the interact ions between time wdve’ and

the beam ehaitges considerably. The interaction of the plasma lower

pass bane! wave with the last beam cyclotron wave which prev i ously r e s u l t e d

in an e’vanesce’nt wave now yields two normal propagating waves. The’ three—

wave interaction of the plasma lower pass band ,wave wi th the fast and

slow beam space charge waves now splits into two two—wave interactions ,

and finally coupling with empty waveguide modes becomes possible , In

contrast to the quasiatatic treatment.

When ion dynamics are Inc luded and the’ beam is treated re’lativ-

ts t tcal l y it was found from numerical calculation of ttte dispers ion

curve’s tha t the quaststattc approximation was not valid if tlme beam

energy exceeded 80 keV and the radial wave number was not too  s m a l l .  hO

Fi gure ii c l e a r l y  shows the d i sc r e p a n c i e s  between the d ispersion cu rve s

i redtcte ’d by the two theories. Since It was shown that im i git beam

energ ies are m ’ce ’ssarv t o  deposit a large amoutt t of energy in time tons ,

time.’ feih I e’ie ’e-tromagne’t Ic t reatment must be used to explore ion heat l ug .
k

In f~m ci , fo r  l arge ’ values  of the  r a t i o  the interaction between
H

the lower p lasma pass band and the last beam space charge wave theor-

eti c -ally produces ion energies comparable witit the electron e’nerg ie’s

involved when ~~~~ 
‘ 1. Since the Instabilities associated with the

uppe r plasma pass band (see Figure 3) were shown to have higher

growth rates , m o d u la t i o n  of the henm was suggested to  enhance the

growth of the desired mode. In one example’ It was calcu lated t h a t  the ’

~5*



1 3

ions attained energies on ttte order of 400 eV bet ore imoni Inear e l i  cc t

l imi t ed  the growth of the i n s t a b i l i t y  when an e l e c t r o n  beam oI 1 L b  A

30
and 80 keV was used.

Summa r!

In snir~ a ry  there  are a t  least tour instabilitIes t h a t  a re ’

impor tan t  in the r a d i a l l y  bounded beam—plasma p r ob l e . ’n m. i t  st’t’ms-m t i t a t

a full electromagnetic treatment including relativistic e ’t f e e ’ t s  i s

required in order to properly describe ti-m e mechanisms involved in

hea t ing  the plasma ions . However very l i t t l e  work has been done on

considering the effects of self magnetic fields or beam rotat1~m aithotighi

18 It)
there is experimental evidence suggesting tha t it may be important. ‘

Another area which also w a r r a n t s  i n v e s t i g a t i o n  is time e f f e c t s  of the

radial beam p r o f i l e,  in general , the beam is assumed to f i l l  the

en t i r e  waveguide or to have a square p ro t ’i le  w i t i r i t  de)e’s t ’iot g ive ’

real istic results when th e radial wavelength is of the ’

same order  as the radius of beam or la rger  (k 1R ~ 1) .

The autimem ~’ wishes to express h i s  a p p r e c iat i o n  of t ime ’ advice

and encouragement  of ~J .  U.  Cu l l l o r y  du r ing  the course nt  t h i s  w - i r k .

‘Fl it s  work was supported by Na t ional  Sc ience Foundat ion and tite.’ O f t  ice

of Naval Researcht .
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FiGURE 3 — PHASE CHARACTERISTIC OF ELECTROSTATh’ WAVES I N  A

PLASMA—FILLED WAVEGUIDE. ~ IS THE AXIAL WAVENUMBE1~. [FROM

T R I V E L P I E C E , A. W. , SLOW WAVE PROPAGATION IN PLASMA WAVE—

GUIDES, SAN FRANCISCO PRESS INC., SAN FRANC i SCO ( 19~~ ) . )
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FIGURE 5 — a ) SEPARATE DISPERSION CUR VES FOR PLASMA ELECTRONS
(SOLID L I N E S )  AND BEAM ELECTRONS (DASHED L I N E S ) .  D I S P E R S I O N
CURVES CALCULATED US ING b ) THE QUASISTATIC APPROX IMATION AND
c) THE GENERAL SOLUTION.  ALL CASES FOR
n k C

.1 , •~ = 1.5 , ~ 0.5 , ~~~ 2 . 0  [ FROM AD L AM , J . f l . , PLASMA PillS. 13 ,

3 2 9  ( 1 9 7 1 ) . ] .
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FIGURE 6 — DI SPERSION CURVES CALCULATED USING a) THE GENERAL

SOLUTION b) THE QUASISTATIC APPROX I M AT I O N .  BOTH CASES FOR
w k C

= 0.1 , —
~~~ = 1. 5 , 8 0.86324, = 1.0, BEAM ENERGYn w (1)p p p

500 keV . [FROM ADLAI4, J . H . ,  PLASMA PHYS . 13, 329 ( 1 9 7 1 ) . ] .
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