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ABSTRACT

The t~-ansLent behavior of the LMS adaptive filter is studied when configured as a
canceller operating in the presence of a fixed or variable complex frequency sine-wav e
signa l buried in white noise. For a fixed frequency signal , the mean weigh ts are
shown to respond to signal more rapidly than to noise alone. For a chirped signal , a
fixed parameter matrix first-orde r diffe rence equation is derived for the mean weights
and a closed-form steady-state solution obtained . The transient response is obtai ned
as a function of the eigenvectors and eigenv alues of the input covariance matrix . Suf-
ficient condi tions for the stability of the transient response are derived and an upper
bound on the eigenvalues obtained. Finally , the mean-square error is evaluated when
responding to a chirped sl gnul . The ga in coeffic ient of the LMS alg ori thm is determined
that  m in imi zes  the mean-squa re error for ch i rped signals as a function of chirp rate
and signa l and noise powers.
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I INTRODUCTION

The LMS adaptive filter has been proposed and used in situations where the statistics
of the inpu t processes are unknown or partially known The structure of the LMS
algorithm for adjusting the weights of the adaptive f i l ter  requires quadratic operations
on stochasti c input data which , In general , are difficult to analyze. Under the
assumption of statistically Independent data samples , the mean weigh t vector and the
covariance of the weigh t fluctuations have been obtained for a variety of stationary input —

data statistics ~~~~~~~~~~~~~~ Special configurations of the LMS al gorith m , such as noise
cancelling line enhancing ‘ ‘ ‘ ‘ , spectral analysis ,~ ‘ — and single fre-
quency line detection ’7_ 101 , have been studied in considerable detai l . The special P

characteristics of the LMS filter configuration have been used to aid in the analysis
of the behavior of the algorithm.

The purpose of this paper is to present some exact analyt ical  results for the LMS
algorithm configured as an ada ptive noise canceller when the input process consists of
a chirped sine wave in addit ive stationa ry whi te  noise. Althoug h some previous work
on LMS algorithm behavio r in a non-stationa ry envi ronment has been publisned
only one E lb l ha s investigated the response of the LMS algo rithm to chirped sinusoids
in ~‘h ite noise. The analysts is performed by assuming the chirping is slow enough
so that a quasi—stat ionary model for the mea n weig hts can be used. In this paper ,
exact analytical results are obtained for the chirped sinusoidal signa l with a rb i t r a ry
chirp ra te. Since the adaptive ca ncelling of dynam i c  si gnals is a key element in -

5

cancelling, line enha ncing and frequency tracking, the analytic a l results for the above
model have wide applicability.

Two principa l results of this pa per are
1. A closed fo rm ana lytica l expresston for the LMS mean weig hts in a dynam ic

signal environment.
2. Expl icit tr ade—off results between fi l ter  pa r ameters , w ei gh t  va ria nces ,

mean-squa re-erro r , and inpu t signa l dynamics.

The latter result is of special interest since it shows explicitly the compromise
between fa st adapta t ion in order to respond to var ia t ions  in the inpu t sta tistics and

slow adapta t ion to reduce the fluctuations in the adaptation process Itself.

3 
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For the narrowband signal in white-no ise case, the configuration shown in Figure 1
can be used to model the above LMS algorithm functions.

With reference to Figure 1,

j(~~ 
flAt +w (nAt ) 2/2 +0)

d(n) = a5e ° + n
1(n4t)

~ is chosen so that n1(n~ t) and n1(n~ t -~) are un-correlated. On the other hand ,
because the desired signal is a chirped sine-wave, it decorrela tes more slowly than
the noise.

4
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U. DYNAMIC MODEL FOR THE INPUTS

The algorithm for changing the complex weights of the adaptive filter is given by l i d

Wln +l)  W(n) + [din) - xT1~ \Vtn~] X ’~n~

= \~
‘
~n) ~ ~~~ X in) — X~~n~ x

r
~n) \V (n)~ ii)

where W(n) filter weight vector at time n , d(n ) = desired sign al , X~n~ = obsex~’ed
data vector at t ime a , and where ~ and T denote complex conjugate and vector
transpose respectively .

Averaging equation ~1 and assuming U the data sequence X t n is stati sti cally inde-
pendent over time hi_ 4l and 2) the present weight vector and the present data vector are
statistically independent 1 ~ yields

E~\V~n+U1 ElW~nll 
~~~~~~~~ 

— R~~kiVi E

where R
~~

(n) = E dtn X t n l .  R~~ t n) = E [x ~~~~x T 
in~~.

In practice the algori thm sampling interval ~~ t) is usually chosen to correspond to

the delay 3 between the taps of the adaptive filter. Furthermore ~~~~ is usually
chosen to correspond to independent samples of the noisy data . Hence the delay .~~

is chosen to be integer multiples of (it )  in order for the noises in the two inputs
to be un-correlated. ~.)i the other hand , th e longer th at ~ is chosen , the less
correlated is the signal component . Thus choice of ..~ 3 is the best that can be
accomplished .

When the input consists of a complex sine— ~vave with l inear l y—var y i ng frequency in
additive noise,

j1.~’t ~-~~C 2 + -O ~
d(t) = e + n~t)

Other integer values of ~ for the bulk delay ~ can be studi ed using the subse-
quent analy sis and the result s show that .~~ = ~S yields the best fi lter performance .

a
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- - -S

where ~~~ signa l power , = signal frequency , ~~
- = rate of change of sign al

frequency , 0 = random phase of signal and the noise is independent of the signal
with noise power r~~ and normalized covar i ance matrix G , then

= (T G -4- ~~ D(n) D *(n) T (4 )

= -
~: 

D~n~ t5)

where

T / i~~Os ~~~~~ - j ~~ w/ .5
C

j
~- mö - . - ~ ~~~~.0 j-- md a ...j m ~ ~~

- .1 
- 

-

\IO .

~
‘o~ j~~.M~5 n  ~~~~~~~~ ~e e e

with M = number of complex weights.

U sing Eqs. (4) and (5) in Eq. ~2) yie lds

r T 1 -
~E(W (n-s-1)J — 

~~ 
G + j5 D (n)D * (fl) E [W(n ) j +~ic- D(n)

For white noise , G = I. Define

M(n) = I + ~~~~~ D(n D*(n)T

For any a , the eigenvectors of M(n~ are the vector D~n and any set of tM-i )  vec tors
orthogonal to D(n) . The associated eigenvalues are

1 
= 1~~~M

* 

- —-S — ~~~ -S :~~~
-
~~~~~~
=- - .5—- -~~~~~~~ ~~

-- -
~~ z~~

_ 
~~~~~~~ 



- -

X 2 X3~~~~~~~M 1 (9) 
-

-

Note that the eigenvalues are independent of time . All the time variations in M(n)
are contained in the eigenvectors . This special property of M(u) is exploited to
obtain closed form solutions for Eq . (7) . - -

.
~

7

~~~~II_
____________ - - ~~~~~ ~~- -

~~~~~ ___



-- - - - -~ --~ - --~~~~~~- - -~~

T I ll. SOLUTION OF EQ (7) FOR THE MEAN WEIGHT BEHAVIOR

Since M(n) is Hermitian , there exists a unitary transformation P(n) which diagonalizes

M(n) for each n,

P(n) M(n) P 1(n) = A = Diag (X i, x 2 . . A~~) (10)

The are not functions of a. Due to the special form of D(n) ,

DT(n ~~ D~ (o) (11)

where

. 2
V = Diag (a , a , ... , a~5, a = 

~~~

Also P(n) can be written in terms of the eigenvectors of M(n) ,

P~ (n) =~~~~~[D(n)~ R1(n) , ... Rm i (n)] (12)

where~ = conjugate transpose and R1, R2 ... R\11 are M-1 mutually ortho-normal

vectors , also orthogonal to D(tt) for each a. Using Eq. (11),

P(n) P(o) (V*) ’~ 
(13)

Using Eqs. (8), (1~ ) and (13) and defining Z(n) = P(n) E ( W ~n )I ,  Eq. (7) can be written

in terms of Z only as

-1 r 2 1
Z(n+ 1) = P(O) V~ P (0) L’~°~ 

A] Z( n) + ~~~~ P(0 ) V~ D(0) (14) - -

S

~11J. 
-~~~~~- - - - - ~~~~=~~~~ -~--~ --5-- -- —~~~~ -.5— - 
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- - J _ .

Since Eq. (14) is a constant coefficient linear difference equation , with P(O ) = P0, it

follows that
I— -

Z(n) = v~ P0~’ [i - Z(0)

~~~ ~p y* p~~~ [i_~~~
2
x]~ P0 V~ D(O) (15)

Before investigating the general case of Eq. (15) , consider the fixed frequency
sinusoid signal case when V = I and Eq. (15) simplifies to

Z (n) = [I_~~n
2
X] Z(0) + 

2 ~~~~[I~~~~
2
X]

m 
S (16)

where = (J ~ 0, 0, ... 0). Expressing the matrix sum in closed form

Z(n) = [i_~~~
2
x] Z(0) +— 1~~.. 

A
1 

s - (I-~~r
2 X ) fl] (17)

n

Thus, using Eq. (9), the components of Z(n) are given by

z1(n) 
= - 

(
~~2 + M~52)] 

Z
1(0) ÷ 

1+M~~/o~
2 - - 

(
~~

2÷M~~2)]

z~(n) = 
[i 

— ~~2] z~(O) (18)

j = 2,3,... ,M

9
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I
2Hence , for p(0n +M o~ ) < 1 , the response of the weigh ts to the signal frequency is

more rapid than to any other frequency . If (0) 0 , i = 1, 2 , . .  . M 1 then z1 (n) Is the
only response ,

z1(n) = 
S~~~~~~~fl

2 
1 _ [~

_ ~ (~~2+~ I~~
2 )]
~ 

(19)

Transforming back to the original coordinate system ,

“ / 9  a

E[W(n)1 = P 1 Z(n) = 

~ 

2 - - ~ 
(
~~2 ÷ MJ 2)] 

1D(0) (20)

S i a

Hence , the mean weights are scaled versions of the desired signal response . From
Eq. (18), note that the time it takes the filter to adapt from zero Initi al conditions and
learn the signal Is less than the time required to forget the signal if it disappears .
That is , from Eq (19) , if z.(0 ) 0 , j = 1, 2 , .. . M , signal response time is propor—
tional to 1 - ~~~~~~~~ ) . If the signal suddenly disappears so that z1~0) ~ 0 , then

from Eq. 117) with r = 0, the decay time towards z1(n) = 0, is proportional to

~~~~~~~~~~~

10
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IV. STEADY- STATE WEIGHT BEHAVIOR

The explicit solution of Eq. (14) requires evaluation of the eigenvalues and eigenvectors
of the matrix operator in brackets in Eq. (15) (see Appendix I) . However , the steady-
state solution to Eq. (14) is obtainable without knowledge of the eigenvalues. In Eq. (15),
set Z(O) = 0 (zero initial conditions) without loss of generality . Let Q be the matrix of
eigenvectors of the matrix P0V~P0~

1 
~r_~~~2x~ and A = Diag ~~ 1’ A 2 “my I,e

the matrix of eigenvalues. Thus

Z(n) ~~2 A P V*D(o)

= ~°r~
2 

Q(
~~~~~~ \m)Q

_ 1 
P0 V* D(o) . (21)

E A~~~ = Diag[1
~~

\
1 

“~:~: 
...

_ _  (22)

for <1 for all I , and

( I — A ) ’
~~ (23)

11
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In Appendix I, it is shown that 
~~ j I < 1 , for all I if 0 <  ~ (cr 2+M a

~
2) < 2 .  Let Z

53 
=

im Z (n) Then , using Eq. (23) , Eq. (21) becomes

= ~~~~ Q( I— A(1 Q 1 P0 V~ D(o)

~~2 
~ 0 [v - (1 - a 2) I~~~ D(0)

= 

1 + 
‘
~~~~~ 2 D0~ [v - (1-iJ.cr ~

2) i]_1 D(O) 
(24) —

-

The steady-state weights are the quantities of interest. Note that they will be time
varying, even though the adaptive filter is in steady-state. Here , steady-state implies
that the adaptive filter has converged , interpreted as the convergence of the trans-
formed weight vector Z(n) . However , the filter has converged to a time-varying
solution to follow the time— varying , non—stationary input signal. Thus , when Z~~ is
inverse transformed back to the mean value of the weights , the transform is via the
eigenvectors of the input covariance matrix , which are time—vary ing. Let E(W

55
(n) 1

denote the mean value of the steady-state weights at time n.

E[W 5(n)] = P~~(n) Z 

2 
-

~~~ [v_~i-~~~ 
) I] D(n)

= (25)

2 
1

k 1  ejW~~ - (i_ ~~ .~ 2)

As a check , Eq. (25) can be compared with the steady-state value of the weights in
the stationary case, i.e. , with ~ = 0. For that case V = I , D(n) = D(O) and

2/a2

E[W35
(n)] = 

2 D(o) (26)
W 0  1 + M 2

which agrees with Eq. (20) when n —
12

-I.
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Computer evaluation of the steady-state mean weights in Eq . (25) is presented in
Figures 2— 5 for 1 5 Hz/sec and in Figure 6-9 for 1 1. 25 Hz/sec . In all cases , r
the filter has 128 taps with ~~ .1 . The stgnal-to-noise ratios are varied from
10 to 10~~’ . The figures dispLay the magnitude and phase of the weights across the
filter. Three interesting phenomena are displayed in these figu res:

1. As the signal-to-noise ratio decreases , the adaptive fi l ter uses more
of the taps but at lower amplitudes ,

2. The tap phases follow the movement of the linearly varying frequency
Input ,

3. As ( increases , the taps at the far end of the line contribu te relatively
less to the filter output th an those taps at the beginning of the line.

These phenomena can be explained as follows:
1. The two sources of randomness that contribut e to the fi l ter  output mean—
square—error , are input noise and algorithm noise (weight rn isadjust rnent) . The
contribution of the input noise to the mean squa re erro r decreases linearly
with the number of taps whereas the algor ithm noise increases linear ly
with the number of taps. Thus , at high input signaF-to-noise ratios , the
algorithm noise is the limiting facto r and few taps are needed. At low
Input signal-to—noise ratios , input noise is the limiti ng factor and a
large number of taps are needed in ord”r to reject the input noise.
Eventual ly algorithm noise becomes the significant factor.

2. The figures show only the mean values of the steady-state weights at a
particular instant of time after the t’ilter has converged . Hence , there
should be a quadratic phase shift with the tap number in accordance with
D(n) in Eq. (6) . Comparison of FIgure 3-5 with FIgure 2 and FIgure 7-9
with Figure 6 shows that the steady-state weights do display this behavior .

3. The filter trades of I coherent integration ~proportional to the number of
significantly non—zero welghts agains t the phase changes required at each
tap to foUow the chirp ed signal . Since the phase change required at each
iteration for each tap grows linearly with tap numbe r (entries in V~ ,
weights at the far end of the line must make large phase changes in corn-
parison to those at the beginning of the line. Note that the quadratic
phase correction along the tine , D(o , is independen t of time. Hence ,

1 :i

~~~~~~—- — -



_ _ _ _ _ _ _ _ _ _ _  

_ _ __ _ _ _ _  --

once the filter estimates f0 and 1, it knows D(o) and can introduce these
phase corrections statically. On the other hand , the filter must change
phase by the entries in V at each iteration. Large phase changes are
most easily made when the magnitude of the weights are small. In Fig-
ure 3-5, .~~~ø 211/ 1OM radians and in Figure 7-9 , ~~~ ø 2~r/4O M
radians. Hence the Mth weight has to change by n-/5 and i,720 radians ,
respectively . In order to accommodate these large phase changes for the
same algorithm step size , the weights of the far end of the line must be
smaller than those at the beginning of the line. As I decreases , the dLf—
ference in phase changes at the two ends of the line decreases and the filter
can make use of signifi cant values for the weights at the far end of the line .

14
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V. THE MEAN SQUARE ERROR [N STEADY-STATE

The error , c (n) , is the difference between d(n) and the filter output , wT(n) X(n) . Its
mean square value is given by

E 1jE(n~ 
2] E~ [dn - w

T(n) X(n)] [d*(n - W~(n) X*(n)1

E[d(n) d(n)*]_ E[WT(n) X(n) d* (n)] - E[d(n) W~ (n) X*(n)]

+ E[WT(n) X(n) W~ (n) X*(n) ]

Using the assumptions preceding Eq. (2),

E [I E (n)12] = 
(a

2 + ~. 2) (7 2 2 Re ~E [W(n) j~ D(n)~ + E[WT(n) X(n) W~(n) X*(n)] (28)

The middle term in brackets in Eq. (28) can be evalu ated using Eq. (25) and is given
by

+ 
(7 2 f (e ~ k ó _(1_~L(T 2

))
ELW55

(n)] D(n) -M 2 —1 (29)

1+~J.a 2 
~~~(e J ’~~

5_ ( 1_ii. 2
))

The last term in Eq. (28) can be evaluated as follows. Let the weight vector be
written as a mean value plus a zero-mean fluctuation process.

W(n) = E[W(n) ] + r,(n) (30)

15 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Then

E [WT(n) X(n) W~ (n) X * (n)] = E[W’(n)] E[X*(fl) X
T
(n)] E[W(n)]

+ E~C~(n) X’~n) xT 
~~ ~ (n)] (31) V

The first term in Eq. (31) is known. The second term in Eq . (31) is

X (n) xT(n ~ (n)] E[~ 
‘tfl) E [X*(n XT nj  ~ (11) ]

= 
(

~~~~2 + (7 )E[~ (fl)~~(fl)]

= 

~~ 
+ J n~ ) M o w ‘ (32)

assuming the weight fluctuations are stationary, uncorrela ted fro m tap-to -tap, and
hav e the same variance ~ for each individual weight. Thus , using Eqs . (31) and
(32) in Eq. ~~~ yields

E k(n )~
2 

= (7
2 1 - E W(n~ 

+ D(n)~ J~~ ~1 + E W i n )j  
4
E W~n)

~ M ((7 2 
+ ~~~~~

2)  
fl 33)

2 — (M+l) ~L J

4~~~~u here ~~ has been app roximated by the weight fluctuations under noise alone1 ~ ~~ .

The first term in Eq. (33) represents the error in estimating the chirped complex
exponential signal. The second term is the sum of the noise power in the reference
channel and the noise power passed by the mean weights of the adaptive filter. The
last term represents the weight misadjustment variance multiplied by the total input
power.

Eq. ~33 ,normalized by the total Input power , has been evaluated as a function of ~~~
for M = 16, ~., 64 , sign a l—t o—noI s e ratios of 0 ~ind ~lO dB m d  va riou~ :~

— 
.

FIgure 10-15 , the trade-off can be seen between static and dynamic contributions to



F-

~~~~ ~~~an~square error. in each case , the re is an optimum selectiofl of

whiCh minimizes the deleterious effects of signal errors , Inpu t noise and weight

misadiU3~~ ent noise. Comparison of the filter performance for ~ncreasiflg input

signal_to_noise raUo~ verifies improved system performance. On the other hand , for

sufficientiY la rge ~ 6 and S~~R tO dB, It is seen that the normalized man square

error increases as M Increases. This effect is due to the weight mis_ad$UStm~~t

noise exceedL1~g the longer coherent integration gain obtained with larger filters. As

decreases , a point is reached where sufficient 5moothlng time is ava ilable

(small ~ ~ to reduce the weight misadj ustment noise to a level so that improved

per fo rman ce is obtain ed for longer filters (e.g. 6 4 x 10~ ).

it can be seen from Figure 10-15 that the optimum selection of ~~~~~~~~ 
for a given filte r

len~~h M and signal_to_noise ratio , varies in the s~~~e manner as~~ 6
2 . ~ s ~~o 2

increases , a large r value 
~

1
~~~n is required to achieve the mInimU~~ ~~e~~_ square

error. However this minimum ~~~~ _square error Increases as ~~~. The filter

has less time to learn the statistics of the signal and hence must make a target

as the price fo~ respond
ing tO a faster moving 

signal.

I
1
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CONCLUSIONS

A mathematical model of the mean weight behavior for the LMS adaptive filter has
been presented when the filter is operating as a single frequency line enhancer and
line follower. For a fixed frequency complex sine wave input , the LMS filter weights
have been shown to respond to signal and noi se more rapidly than to noise alone. Thi s
implies that the fi l ter  learns more quickly that a line has appeared than it is able to

fo rget that the line is turn ed off.

When the signal frequency is changing linearly with time , t h e  mathematical model
predicts a t ime—varying behavior of the filter m ean weights necessary to respond to
the changing signal frequency . As the chirp rate increases , the fi lte r r educes the
relative amplitudes of the weights so as to adjust the effective filter length to optimally
match the properties of the signal. That is , for example , suppose the filter designer
selects a filter of length M = M 1~ However, the chirp rate is sufficiently larg e so that
the change it~ signal frequency, between algorithm iterations , is greater than the band-
width of the filter. Then, the LMS algorithm will automatically scale the amplitude of
its weights to have an effective length M2, M,, 

~ 
M1, such that the signal remains

inside the adaptive filte r between iterations . As long as the sign al frequency lies
within the LMS filter bandwidth , the LMS filte r algorithm can track the changing fre-
quency since there is suffi cient corre lation between the two inputs to drive the LMS
algorithm in the correct direction .

The mathematical model of the mean weight behavior has been used for selecting ~.,

the adaptation coefficient of the algorithm , for a wide variety of signal and noise
parameters. The criteria of optimalitv was that of minimizing the filter output mean
square error , since the error is the driving term in the weight adj ustment algorithm.
(An alternate criteria , based on a signal detection model using the fi l ter  output , could
also be a candidate for opt imization.) A set of curves of normali :ed mean— square
error as a function of signal-to—noise ratio and chi rp rate were obtained . Fr y - in  these
curves , the following observations can be made:

1. For a given signa l—to—noise ratio and ~‘hi rp rate ~~~~~~~ there ex ists an
optimum selection of u that minimizes the overall mean square error .

2. For slowly changing signal frequency , the mean square erro r e xh ib i t s  a

relatively broad minimum . This is because a larg e rang e of ~v i l i
follow the sLowly changing signal frequency yet ~il low sufficient s~n oot hm n~

Is

IL -— — -  — --—_ -
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so as to keep the weight rnisadjustxnent noise below a certain minimum.
On the other hand , for a rapidly moving signal fr equency , mism atch in
selection of ~~~~~~~ can cause a significant increas e in mean-square e rro r as
compared to the optimum selection of ~~

3. As a system designer , one would choose a that would be optimum for
the fastest chirp rate expected. The mean square erro r would always be
upperbounded by the mean square error for the fastest chirp rate.

~1 
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APPENDIX I. EIGENVALUES OF TRANSFORMATION MATRIX

In order to easily evaluate the mth power of a matrix , the eigenvalues of the matrix
are needed. The matrix in brackets in Eq. (15) is

v* ~~~ - 
2
~] = p

0 v* [p0
_ i 

- 
2 p

_1 

~]
= p0 v* [r - ~~

%

2 

~I(0)] P0~
1 

(I-i)

Since P0 premultiplies and P0~
1 post—multi plies R~=V* [I_~ o.~2 1~I(o)] , it is only neces-

sary to find the eigenvalues , A ,. of R. The eigenvalues of R satisfy :

V * [i - ~ ( 2  r + ~~2 D0D0÷)] -~“~= ~i - - - ~~~~~~ D~ D~~ = 0
(1—2)

where

= D(0) and denotes the determinant.

Because of the simple structure to R , an expression for the eigenvalues can be found .
Given a matrix of the form B = A + a1b1

+ where a1and h~are column vectors ,

IBI = IA I [ 1  +b 1~~A~~ a1] (1-3)

- -

~ -



Thus, with A = ~1 - p. CT~~~~ I - AV , a1 
I)) b1,

(1_p.u~2) 
~ •- - p.&T D0 D0

4
~ ( i_ p .~~ -) I - A V~~I - p . 7

Dtag ( 
~~~~~~

, ,) .
~
-—. . .  

M
a~~.\ (i_ ~~~~~~~~~) 

a - \  ~i_p .~ç) a -~‘I 
O~

~~~[i 
2]~~~ ~~

‘ 

_ “ T  

m

1 - p.t i~~ iw-l -

~~ 
a -A

The term in brackets yields an M’ th order p L ) ly nOnhia l  in A for which there is no
general analyti c solution. Eq. ~I-4) must be programmed on a digital computer for
va rious p., J ,  ,r and a .

Alth ough exp lici t  values of A are not obtainable , a si mple upper bound on the cig en—
values of A and hence on the transient behavior ,)t  Eq. t 2 1 are obta inable. This

upper bound on the cigenv alues is useftil since it is an indication of the slowest possible
response of the system.

Let u be an eigenvecto r of the matrix in Eq. 11— 1) with associated cigenva .lue, A
Then , with u+~i = 1 , u~ lu u . . . u

— —  — a’

-\ 
~~~ 

= p \-‘ P,~
1 ( [ _ ~.~r

11

2
\) ii (l — ~~

— Now ,

~~~ 

2 u~~I-~ ,r \~ P 1 
~~~~~~~ 

p 4 p \ ‘ 
~ ( I - t R \~~u
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1

Using = and V~ = V~~

A~~~
2 

~~~~~~~~ 

~~~~~~~~~~~~~

M

M 

= Iu i I 2~1 - p.(%
2 + Ma52)~ + 1- p.a 2~ 

c~ç- 
(1-7)

Let q = �1 an d p =  1-Q = ~~~~ �1. Then

2 2 2 
2 2(1_ q)~1_ p .(o. ÷Mo. )

~ 
+ q i — p . a~

= p. (~~
2~~~~2)~~ + q(i_~~~

2~
2 

- 1-p. (~~
2÷MU 2)~ 2 )  

4

~~
_ p.~~

2~ for ~~~~~~~~~~ p .(~~2+~r~~2~ (1-8)

Similarly

2 2 2 ~ 2 2 2 2

~~~ 

= p~1-p . (~ 
+M~~ )

~ 
+ ( 1~p)~ l- .p .L7~~ � 1-p.(a~ ÷l~I~y )

~
for~1_~~((r

fl
2÷McT52)j � ~~~~~~~ (1-9)

Eqs. (1—8) and (1—9) lead to the following bounds:

(13 ir p. (%
2 ÷ M o.- 2) � 1, assuming o~ ~ o

1- <1 (1-10)

- 
24
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® 

~~p .(o.~2 + M o .52)>1but p.a~2 �1, then for o. 2
~~ 0

9 2 2A � I. - < 1 for p .Mo~ �

and

2 2 2 2 9 9
� i-p . (o~ +1~lc~ )~ 

for > 2 (l-p.J~~) (1—11)

in the latter case, I” i12 < ~. ~~~~n
2+M0s2)< 2

® If p.o.~~> l t h e n

! 1~~~
2 ~~i_p .(o.2 ÷ r ~io.82)~

2 
(1-12)

and

1 if p .(o.~~
2 1~Mo .

5 )  
< 2

Combining these , it can be seen that A 1J < 1 if p. (~~2 ÷ Mo.52) <2. Since 1 Is
the condition for existence of a steady state mean weight vector, p. (o.~ +l~Io . )  < 2 is
a sufficient condition for a steady state solution. It is interesting to note that the bound

~n in each case is j ust the magnitude of the largest eigenvalue in the stationary
frequency case, with o~~ , a~ , p. and M unchanged. Further

2
p . (o.-~ ÷r~1o . ;)<2

is the condition for the convergence of the adaptive canceller in the fixed sinusoid
case. This leads to the surpris in g conclusion that if the mean weight vector achieves
a steady state value in the sta tiona ry case for given -r , , cr , M and p., then a steady
state solution will exist for those paramete r values regardless of the rate of change
of frequency .

25

T

____________________________________________ ~~~~________________



I

A more direct result for convergence , can be obtained as shown below . This latter
app ro ach does not bound the elgenvalues however. -

From the discussion following Eq. (I-i) it is seen that R Is similar to Q and therefore
has the same eigenva iues. Fro m [181,

u r n  ~~ Am_i 
= (I - Al’ (1-13)

fl—co ~~m 1

if the L2 norm. of A is less than unity, i .e., IIAI~ <1 . In our case , R = A and

. iIRII iIv* [~_p.o.~2 
(A)]  

~
j � IJ~1I ~j I 

- p.~~
2 X j f (1-14)

But ~V* = 1 and J j I—p. o.~2 X I I  can be evaluated explicitly as the square root of the
largest eigenva lue of the matrix [i - p .o~ x] [r - p.o.1., x] .

But - p. o.1.~
2 

A] is sel.f-adj oint and has only two distinct eigenv alues .

A 1 = i. — p .f r2  ÷

= 4~~
3 

= X
M = 1 - (1-15)

Hence 1 - p. (~~2 + Mo.5
2
~ <,

and

1 —
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which implies j A~ < 1 If

O < ~~ (ci
2 + M o  ) < 2  (1—16 ) 1

In agreement with the discussion following Eq. (1-12).

~
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