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D E L ’  l-:( ’’i ’ioN AN t )  M MSI-: I~S l’I ) .I.\ l ’l ( 15 01-’ ~.l F MollY i FSS 5( 15 l I N E A R

l”I N (, ’t ’ R)N :\ 1.5 01” RANDOM P ROC FSSFS iN t ; .\U S SIAN WHi T F N OISE

I t nt raduct it ’l l and I )i sSe ~~~ at ion ( 
~ut I m e ’

I lit ’ t he orv  of dcl ce -I ion and in in i mum mean squa l’e em . nor ~ I MS F I estimation

for Ln own si gn:i Is in  G au s s i a n  noise ’ and for (;aussiall  processes in G:ius sian

noise art ’  w i de ’lv  a~ a i l ab ! ’ I , I I and we’l l  known .  I b is is clu e to 4’he’

sue i’ess ful app l ie:lt  ion of I he t heor ~’ in s o lv ing  n l :t n v  pm ’ t l I )  he ins ‘o f p ra ( ’t icah

in t e r e s t . l’hc n on l inea r  the~’t’v is maot as wid et~’ i~rto wn due both to a lack of

sa int  1 I f lS  t o  pr ot i l ’ ins  of gen& ’i ’ :iI i n t e n t - s t . and to  t h e  m a t h e m a t i c a l  background

r equired to fa l lo w mans’ of t he’ proofs wh icli  r e ly  on measure th eory and the

s to ch ast i c ’  calm. ’uius . Ilt ’et ’ nt lv , se ve r al  text s :{ , 4 J hav e :ippeaz’ed to make th e

n o n l i n e a r  t h eo ry  more’ :i~ a m  l :iI ,lt~ I I~ he ’ av t ’m ’agt’ t ’I1~~illeel’ .

I n th i s  d i s ser t at  It ’l l , t he’ Kar hucn e n —t , o t ~ve’ exp ansie)n and the ’ Vol t e r t ’a func —

I ional expans ton are useti to den i~ t ’ result s for  det ect ion and ~1 MSE e s t i m a t i o n

t am ’ nonl ne’a i me ’ ma t .\ less f u n et  ie ’n:m I s of random processes . In al l  ease s con—

side red , the’ ohsc l’va t  100 P roe - c’S s is a ssti m e d  to conta in  an add it i’~ e I, auss ian

whi t e ’ fois t ’ component . Since ’ the  r esul ts  :m re’ shown using s imp le concepts . th e~

c-an h,e t’aS m l v  fo l lowed It ~ mast gradti;tte students with no lmae’kground in measure

theory or th e s tocha st ic  c a l cu l u s

a ‘.‘hapt en U , a Volt e’ r n-i Iune’t iona I expansion for t i-ic likelihood ratio is

dc t’,yed fa t’ det t ’ct ion of a n o n l i n e a r  me’nio rv Less fun c t ion al  of a random prc’e’ess

F’o t’ the  s pet - m l  case of detect ion of a i era — men n G acts Sian process , t h i s  Volte nra

funct ional e’xpa flS ion is reduced to we’ II known re sults  . ‘l’wo exa mples of

en Ictilat t ag \~o i t t ’ r ra ke rue’ Is for det e’e’t ion of non Ii nea r me mnorvie ss funct ional  s

l — 1
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, c ’ no-- m e n u  acts ~ 1 :10 ~~

i ’ t I c c ’SS t ’5 :1 I’d pm ’c’se’nted . I )e’tect ion of nonl m ne’a I’

me’ ma i’~ l e s s  iumte ’t iona ls ot tie PrOe ’ c’ss c’s is coils ide ’ ,‘etl , 311(1 performance of the

I runc:ite’d \‘olte ’ nra e’xpans ion t o  inpa red w i t h  the  opt i mum pt ’rfot’niaiu’t ’ for a

phase - —modu la t ed  S~ f l U S 0 1 I i . For long observat ion t imes , a class of non—

lt ne;ct’ m ti e ’s ant i  s t : i t i o n a r \  ~~a e i s s i : m n  processes is co n s i d e r e d  for  w h i c h  it is

pass ible to reduce t h e ’ Volte’ i’ra f emne ’t IOn:I I e’xpzi ns ton ,  \ 5 an exa m p le , it is

shown t h a t  t i  rst a ~~~~~~ i~ I h i t  I t ’ rwo rt h l hln Se’ mcx lii l:it ion of :1 S i flU SO id iS It Ole mlie ’ i’

ot t h i s  ~‘ Ii ~ s . i’ e’,’fc~ t ’ m n : in c c ’ is d e r i v e d  to , ’ t h i s  exampl e ’ .

In Ch : t j l t e ’ u’ I l l , M MS F e s t i m a t i o 0  of a n o n l i n e a r  mernorv less  funct tona l of

:i m’all dOm pro e’e’Ss ems tag nonl  inc -a i’ c ) I I s e  rv a ti on s  IS (‘On S idei’~ t1 . E s i n g  Bave ’s

lan and the’ N arhune ’n— l oeve’ e’Xp :tfls iOn . an expression for the apo sterm oni

p rohah i l  it v dens it  v t’unct ion ~j xi f 1 of the e’oeffi c ient s of the Na rhun en— I oc~’c’

‘ \ I I . i ( i S i O f l  at th e ’ m’ : imh in i  process is ob t a i n e d .  t ’ sing this , a \‘o lt er r a  funct ional

c’X p at l s lc ln  is ~~i \  en t eit’ the’ M M Sh ’ e’St iu l I : i t e ’ of a n o n l i n e a r  me’rno ,’vless f u n ct i o n a l

of the ’ random pro c ess . For th e ’ spt’ci:il case of MM SE m ’st imat  ion of a zero—

nle’an ( :tiIss inn  proe’e’ss u Sing  1 in e ’a I’ ob: .ervat  ions , the  \‘olt erra expansion is

,‘e’d uce ’tI to we’ll known r esul ts . A l so , for  th ~’ case of M M S E  e s t i m a t i o n  of a

non Ii ne~t ,~ me ma r~ It ’s s func t iona l of a zc no — men n ( aus S i3fl ~ t’OCe ’S 5 Us m r1a~~~nea r

e l I ) S e  rvat  ions , th e  \‘olt c’ nra fu n e ’t iot ia I ex~ :t us ion is show n to reduce to res~~h ~

obta ined h~ I. l i st-n I SI . l ’hc ’ e’onnt ’ct ion he’tween M r% I SE c’St I mna t iOtl and det i’ct iou

he’orv is s hon n by using the  \‘olte nra f cm n ct ioual cxpauis ion to der ive :i s tochast ic

di ffc t’ent m l  eeltmat ion to n  t he’ loga ni t  hm of tile ’ 1 ikel i hood i’at io . I ’hi s result ~‘as

oht ,i i ned b~ Na i l : i t  h i i I its ing the’ I to  stoe’hast I t’ e’ak ’ultms . S stems of d iff e’re ’nt in I

equations cle ’scribing the ’ MMSI  c’Si ima t e ’  of a Gauss i an  f i r s t  order Butte ’rworth

process  ‘~% it li I i f lc’:l 1’ ou st’ i’vat ionS and t h e’ square ’ of :t GauSs 11111 t ’irst orde’r

Butte’ rwort II peace’ ss w i t h  squn red obse’ rv: it  ions ~I re ’ obtained . ~i MSE e s t i m a t ion

I — I
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of t ie ’ pro e’ e’S St ’s IS I ons ide ’ r e ’d . :t 11(1 as an e’xa nilile’ , M MS F est I rti:et ion of t i le ’  (it ’

h ,i t ’ at :t S if luSo id is  pr ese’nted a long w m t h  pe i’t’o i’nia net ’ .

t ’hapt e’i’ I\ ’ is a s um m a r ~ e)f th e ’ I ) r i m l t ’tpli i i t - su i t s  of the ’ d i s se ’r t at  ion and

s t i i ~~~ ’ S t I ’ i l S  to t’ t u ( i i t ’ e’ wot -L ,

I I’ I c ,  iOi,I5 R~’sei l ts in  I ) t ’t e’e ’t ion ant i  M MS F~ L ; s t  i mat ion for  Sou l i Oe ’:i I’

Prob lems -
‘ 

-

S~ St e ’!llS at coup le ’d I l O n h I f l e ’: t I ’ t h t t ~’ t’t ’nt in !  c’q il:I t  ions lo t ’ the ’ e’ond i t  ion a l

fliOilletl t s of a r a n d o m  pro~ css n c  i’c fm m ’st n igor ’ouslv  eie ’r i~~e’d b~ Nus titic’t’ 1 7 1

lk’ve’IoltuIle ’llt ot t li~~Sc’ c ’q t i : I t  ions n :is pi’e’c’e’eled t)\ t ilt’ f o r m u l a t i o n  of a pa il in!

differential c’e lua t  ion ton the ’ a Ikls tc ’I’iot’ i jxlI at t ilt ’ s t a t e’ a t a random pl’c)e’t ’ss

)k n o w n  as Kus hnc t ’ s e ’qu at i on t , also ( I t ’t ’lVt ’(l h~ l su sh n er i  ~I and l a t ’r  b~

l hue ’~ 19 1 . An c ’\ t c ’l Ie ’fl t p r e se ’n ta t  ion of this th eot’~ is gt v en  in J a z w i n s k i t  31 .

Kem shne’r s c’qt la t  ion I1IUS I be ’ interpret ed fo, ’n i a I I ~ , s ince  the re is no t h e’orv for

st 04 h:ist i t  pa i t  in  I th i ffe’ t’c’nt ia I e ’qu: mt ions . Tile’ e’qt m at iOflS let i’ t he ma nle’nt 5 . ii
ho we-y en , ha~ t ’ been t’igo t- d l uSl\ e’stabl ishe’d b~ Kushnet’ , I, n f o rt un n t e’i~ , th i s

s steuli of e’qcm :mt ions is i nfl n itt’ , and the ’ re’ does not appea r to he a ny  t ’on~ enie ’nt I
wa of sol~ lug th e-ni . 1 n i  winsk i has sugge’sted se’ve ’t’al a p p r o x i m a t i o n  technique’s -

sue-h as t ru ne-at i rig the’ s St e’ 01 , at ’ :15 s urn m ng a recurs io 11 b etween the 1110 mc’nt ~

15CR-h as a Gauss t an  t’ee’tml’ sioni so t h a t  the ’ 5 \  St e ’ T i i  may be’ closed 13 1 . Sonic’

simulation results are :iv :iilable in t h e ’ I mt e ’ratu,’c’, Kushne’i’l 10 1 , fat’ example ,

stic -vessf uIl~ simulated a (Litissian typ e  f i l t e ’r on :t nonl in e ar  se ’c’orid orde’r

s v st e m l i  with Ii ne ’ i r  nie’asure ’tii ents - ‘t’hese f i l l et ’s are’ not used It S 4’ \t enS ive ’ 1

as t ilt ’ l m n e ’a F t / t ’cl or ex t ’n&l ~’d Kal man fil t e’rI ~I . and So the ’rt’ lire’ not m a ny

siniulation i’e’stml t~” :iv :iilalilc ’.



Another approach that appears promising for the discrete filtering of

Markov processes is based upon Bayes ’ law. Let Z~~~~ denote the sequence

of data Z 0. . . . ,  Z K 1 .  ~Is~~g Bayes ’ law l 111 , the a posterior i pdf of the state

of a random process is given by

P Q(
K I Z )  = 

P (X K l Z ~~~ 1) P(Z K !X K ) 
(1-1)

P (Z K
I Z  - )

P (x K z K _ 1
~ = fp (x K l I z K _ 1 ) p~~K I x K l ) d x K l  (1-2)

= f p(x~~i z ~~~ 1) P(Z K I X K ) 
~~ K (1-3)

where the state X K evolves according to a nonlinear difference equation

= F
K

(X
K 1’ Wx i ) , ( 1— 4)

and t he measurement data is given by

Z N = h K (X K, ‘K~ 
(1-5)

and where ~~~ - ~ 
and V K are uncorrelated Gaussian white sequences. In

So renson i 1 l j , the a posteriori pdf in Equa tion (1- 1) is approximated as a -
‘

multivariate Gaussian densit y .  In Hecht l 1 2 1 ,  multidimensional Gaussian

quadrature is used to perform the int egraUons in Equations (1—2) and (1—3)

and provide a very close approxim ation to the evolution of the a posteriori pdf.

These ideas are extended in Duct’, et al . I 131 and s i mulat ion results repo rted .

The technique appea rs to he ver y promising even though the computationa l load - ‘

is heavy , even for problems of low dimension .

Othe r techniques for Mt t ISI ’~ estimation include the partitioning theorem

of Lainiotis i i- l I and the Volter i’a approximation of N atzene lson and Gould I 15]

L a iniotis obtains a l ia v sian re la t ion foi’ the a lx st eriori i~~f of the state via his

I —-I

L - - -



j i l t  m t  it t e ’m it m tg I hle’01’ t’ In . Nat /ent’lstiml ~t i ieI  t ;ould elm ’ i’i i- i ’ st st e ins of in teg ra l

e’qtlilt b its to lie s i t t  cd to alit It Iii I liii 5t h  ontlei t’ \‘eilt e’ nra fil le t i’ whie ’h m u t  111mb i.e~~
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Ut ’ I t  lit- n I t ’  ehmi lejime ’ t i l t s  cc’ stilt ed i t t  ~I MS F e s t i  mna t 01’S fel l’  pi ’obIt~Ins of gei m le t r at

Imi t e ’ re ’i t t

\ Iom ’ r et - em i t  Iv , ) Ise ’mi I I i1:ts ibt .t ine’eI e x a c t  r esult s  for !~I M S I *. ‘st I m n : i t  iou at

:1 11011 t im ’ : i  I’ l i l t ’  l i i , ’  m y l  e ’ SS t u m i d  loon I - I a GIIUHSLiIII j1I’ ~~ce’55 Ill & ;auss t tun w h i t e  u o isem

us in g  l in e ar  ‘Ii ~— e i v , t I  l e i m i s ,
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t, i I S e ’O\ t ’ t ’ t t I I t t  ~-t Ii~ve’tt tie’ I I i i i  fat’  ( : it iSs 1:111 ~t m ’ oc ’esse’s i l l ( :iii ssiitml wh i te ’  t i t l I s t ’ 111111

l i m u  ~t mie h St m’at t ’m io y i t ’ i i ?  17 1  I on  ele ’t ec ’t i ’mi of a el i  flits ion proe ’css III I : i t I ss t h u  w h i t e ’

riot ~‘t ’ , I 1t i I l t ’ a m i I I “ I  I ite ’r i i  L ,o r t ’i i S  It re ’dt ’ n i~’ed the ’ work of Sosul im i t i t le1 St r atom ior itli

u s ing  t h e ’  I t o  I t l t e ’ l ’ j i i ’ t ’ t h i t  t e t m i  at th e  stot ’ha st Ic tii t egi’al . Kn i l , t t h j  61 la t e ’t ’  ge’t le ’i’ i i h i I e ’d
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1

CHA PTER II

DETECTION OF NONLINE AR MEMORYLESS FI INC TIONA LS OF

RANDOM PROCESSES IN GA u SSI AN WHITE NOISE

2 , 1 Derivat ion of the Volterr a Series

‘l’his pa ragraph considers the p roblem of detecting a nonlin ear memoi’yless

functional , A S(t , - ) , of a i’andom process , m(t) , in addi t ive Gaussian whit e noise

n(t ) ,  [ sing the K a rhunen—L eu ~ve expansion , a Volterra functional expnnsion * is

obtained fot ’ the likelihood ratio .

Conside r the detection problem

li i : i’ (t i = A Sit , f l i ( t ) J  + n ( t )  0 ~
-- t - - T (2— 1)

H 0: r~t) = n~t )  0 ~~
- I - - T (2—2)

where mi(t ) is a zer o ~ie~tn Gau ss i an  pu’oCesS and m (t t and n(t~ are independent

prOcesSes Wi [It cov~m i’i~incc’

N~1~t 1, t 2 ) = E ( f m ( t 1~ — E Im~t 1) 1 } ~
‘ni (t 9 ) — E [m (t 9 )J } ) (2 3)

K ( t 1, t , ) = E1n~t 1) n( t 2 )1 = 4 ô(t ~ — t 9 ) (2—4)

Suppose’ that  m(t ) tilt s the  K arhunen—L oe’ve expansion

m(t ) = m1 ~~~~ 0 ~ t ~ T (2-5)

where the eigenfunct ions , q •  ( t ) ,  and eigenvalues , A . ,  are solutions of

A 1 d!
1

(t) = f K~~ t , r i  4 1~r )  di’ (2-6)

lin(l where’

= j ’ m (t) ~~1 (t) dt (2—7)

‘A functional is a mapping fro m the observation space ~, r( t) ;  0 t TJ to the
real line. The \‘olt er r a functional expansion is the functional analog of the
Taylor series . 2- 1

— — 
— — —- — —‘



Cotisider the’ I i ’uncateel l ’epresentat ion of m( t )

mN~
t) = m~ ~ 1~

t)  (2-8)

1 = 1

and consider the hypothesis testing problem

1111 r N~
t )  = AS I t , mN~t ) l + n(t ) 0 — t - T (2—9)

U 0: r N (t) = n(t ) . (2—10 )

Not e t hat the mi, 1 = 1 , 2 , . . .,  N may be thought of as unwanted parameters with

probability density function p(m 1, . . . ,  ms
).

To obtain the likelihood ratio fot ’ the hypothesis testing problem of

Equations (2—1 ) and (2—2 ) , the likelihood ratio for the hypothesis testing problem

of Equat Ions ( 2— 9)  and (2—10) will first  be obtained . Then the likelihood ratio for

Equations (2 — 1) and (2 —2 ) wIll be determined by taking the limit as N— ~~ , Not e

that Equations (2—9 ) and (2—10 ) represent a composite hypothesis testing problem

where the probability density function (pdf ) of the unwanted param eters is p(m 1,

m N ). For this type of problem [1 , p. 871 , the likelihood rati o is
r

f p ( I , II ) p (O I I1 ) d O  H

\ (R ) = 
1 1 (2—11 )

f p (hl  I ~1, 
~~~ 

p( () I 110
) d O

where R is a random observation vector and Wis  a vector of unwanted random

parameters. To pose the problem in a form where Equation (2 —1 1) can be used,

r N (t ) is expanded in a K arh un en— I~oe~ve expansion (under the assumption m~t) is

given) in the set of orthonorma l basis functions ~‘1 (t ) , I = 1 ,

‘— - i
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- _________________

where ’

ni~
= —_——-————______..LJ.,........ ............,. 

•- —‘ 0 — t -- T (2 —12 )

~2 

~ 
tli j  

d~i (t )J (
I t ?

= I

and d’1 
(1) , I = 2 , , . , are Ctioat ’~ i irbi tr az ’j ly to complete the set of ba sis functions ,

‘Fhe’ expa nsion is

r N (t) = I .t , M ,~~~~ i’
~ ~~(t~ (2-13)

whe re’

‘I’
t

i 
= J ~~~~ ~~ct i cit , 

(2-14)0

Now define

M
1 N r~t~

t
~ 

= 

~~
‘ r~ ~;~~(f ) 

(2—151 = 1
lfld form the hy it bests test ing problem (given iii

~ , . f i N )

f  m N (~~ n(t ) }  ~‘ 1 (t )

I l l :  i~ = : (2— 16)

J~~’srt , n i ( t) J  n(t )~ ~~ 1 ( t)  (I t



r 1 J n (t ) dt
0

Il ~ : R 
, (2—17

r~1 n(t ) 
~~1(t)dt

The expected ~‘alue of r 1 conditioned on hypothesis H1 and on m 1, , ‘

is given b~’

/ S2 1t , mN (t ) I  T
F: (r 1 II

~ , ni t ,  , . . , ~~~ = A f dt +J n(t ) ~~ (t) 
dt)

f SiT , mN (T)I di-

= A ( 52(1 , mN (t ) l dt 
) (2-18)

and, lot’ I “ 1

T T
E(r 1 I I I ~ , rn 1, , . ,  rn N

) = F 
(
~ 

f Sit , mN (t ))  
~i (t ) dt +f n it )  ~1(t) dt) 

- - 

.

(1 o (.i 19)
IIow ’ve’r , sine’e

Sit , niN (t )J = Sit , nl
N

(t ) J  dt J ~~ ~
) (2-20)

and ~d (t ’ } (ot’tns an ort honor inal set , it follows from EquatIon (2— 19) thatI 
I’

E(r 1 111 1, ni~~ ... In
~~ 

= (1 1 2 . (2—21 )

Similarly

K(r 1 I h I ~ , rn 1, . . .,  mN
) = 0 1 1 . (2—22 )

2—4



- -

N
A l ao , r 1 uncle’,’ eit tu’r hype it heist s has variance ~ l~ ’! and the r 1 aret uncot’reilattid

and Gaussian ~heine’ei , s ta t i s t ica l ly  independent). From the ’ above dis-

cussion It tot tows that

~ (
~ 

N ,)~~
1
~ 

t
~
xp 

~~~~~~~~~~~~~~~~~ 

_ A~f s2 tt mN (t) i  tit~ )
~

s. 
~~~~

n i
’
~
] 

~ ~2— . 231

ttie l

ii . h o
) 

~~~~~ 1 M ‘2 ~‘~ P 

~~~

— r~

where 0 = t in 
~~
, . . . , nt~~) are the ’ unwttnte ’el parameters and where’

H ~r • 
I’ 

~~~~~

, From t- eiuat ion ~2— 2a )  • (2 — 2 . 1) and ~2— I I )  and taking the ’

l i m i t  as N • M ‘ 
, thc ’ I the I Ihotid rat tei for t ilt’ hvpei t hea ts testing problemii of

Equal ions o : ’ — I )  and 2—21 is alit ained :ts

I ‘S ~ ~~~ 5~~~ 5 I  h~~ ‘ ~~~It S S ~~~ S~~ J ‘ SSS ~ ~ ~
5 

~~

~
“ : ~

, 
I I - IS”I - ~i ”  5

’ , ~~~ 
‘ S ~~~~ ~“5’ 5’

(2 ‘ . i )

~ 

“ - - 5 - - _______- - ‘- “-- - - ‘ -  ‘ - -~~~-‘- .5 -’----- - -



(‘aneelung (~~N 1 ~~
1 2 exp 

~~~

— 

~~~ 
~~~~ r 12)out of th e nume rator and denominator In0 1=1  /

EciuaU on t 2 — 251 , tak ing the l imit  M—. and Integrating the denominator results in

A(r(t ) I t im J~.J e~~~
(

’
~~~! 

r(t ) Sit , nlN (t) l dt)

exp 
~~

_ 
~~2

J

T 

s2 [t , mN~~)I d) p(rn 1 ... mN ) dm 1 ~~
., dniN (2-26) I 

-

which can be rewritten in the form

,\ t r ( t ) I  = h i m  / f.NJ exp 
k~ 

1

T 
s(t , mN~t ) I 

(
r(t ) - ~ Sft ~ mN (t ) 1) d t ]

p~~~l, .. .,  m~~) dm 1 , . .  drn~ (2-2 7 1

Expanding the f irst  exponential in Equation (2—2 6 yields

Ai r (t ) J  = 

~ 
(
~

) JJ. J r(t 1
) ... r (t 1

) f1 (t 1, . ,.,  t 1
) dt 1 ... dt 1

(2—28 )

where the integrand contains the Volterr a kernel f , (t 1 t ,)

f i t l ,  ...,  = h im f.~f Sit 1, mN~~l
) J ... Sit 1, m~~~1 ) 1

exp (- 
~

— f S ir , mN(T)J e1~
)

p( rn 1, •
~~~~

•
~~ 

‘~ N~ 
dm 1 ... dm N 

. (2—29 )

2—6
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Letting N— .~° in Equation 02-2 91 f ~t , ,.., t ) becomes

t 1
) = E ~Stt 1, m(t 1

)1 ... sIt~, m(t 0J ex~
( ~~~ 

f  S2 1r , m( r )~ d r )~

(2— 30)

where the expectation is carried out with respect to the random variables
- )  T

m(t 1) .. . ,  m(t 1
) and ox~~(_ 

~~~

_. J ’ S2 1T , r n ( r ) J  dr) . Expanding the exponential

in Equation (2— 30 ) ) , f1(t 1, . . . , t~) can also be writ ten as

f i (t i, ,.. ,  t~) = 

~~~~ 
(

~~~T)
J 

~~ 
T 

4~~~

I . . . ,  s~, ~~~ , , ,

dt 1~~1 ... dt 14 ~ (2 — 31 )

where

S
K 

= SU N, ~~ t K ) l

Summari zing , the likelih ood ratio of the hypothesis testing probl em of Equations

( 2 — 1 1  and ( 2 — 2 )  is given by the Volterr a func tional expansion of Equation (2— 2 8)

with the ~‘oIt err a kernels defi ned i) ’, Equation (2—30 ) .

Note ’ that Equation ( 2— 2 ~ 1 is a physically realizable nonlinear operation

with memory on r(t ) . it is easily put in the form

= 

~ 
f.i, f  r (l’ - t 1

) ... r(r t 1
) ç~1~ .. . ,  t 1

) dt 1 .,. dt 1

_______ - -- —- -- - —



r

where

t 1
) = j!r (~) f 1 (t 1, ...~~ t 1

) U~t 1
) ... U(t~) (2-32)

and U(t ) Is the unit step . Also , each kernel f1(t 1, , ..,  t 1) I s symmetric in its

arguments.

2, 2 Hederivation of the Linear Hesult lot’ Zero M&’an Gaussian Processes

Consider

ASIt , ni (t) 1 = m( t )  (2—33)

where m(t ) Is a zero—mean GaussIan process with autocovar i ance

K ( t 1, t 2 ) = E[rn( t 1
) ni (t 2 )) . (2—34 )

For this case , the hypothesis testing problem of Equations (2— 1) and (2-2)

becomes -

li i : r(t ) = m(t ) + n(t )  0 ~- t ~ T (2—35 )

H0: r(t ) = n(t ) 0 t ‘- 1’ (2—36 ) k

where m(t ) and n(t ) are independent zero—mean Gaussian processes . From

Equations (2 — 28 ) and (2—30 ) the likelihood ratIo is

= ~ (~) J.L f r (t 1
) .,.  r(t ~) f1~~~, . . .,  t i) dt 1 ... dt 1

i 0  0 0 (2—37 )

2 — S 
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where

t 1) = E~m~t 1) .. m~t 1) exp F ~ 
m2 (r) dr ]

) 

. (2-38)

EquatIon (2-37) is now expressed in closed for m by obtaining f1 (t 1, ...,  t1)

as a sum of prod ucts of 12 (t k, t
i

) . From Equation (2—38)

f = E 
(ex~ [_ 

~~~ 
f  m2 ( r )  dT]

)  

, (2-39)

Expanding m (r )  in a Karhunen—Lo~ve expansion and using the orthogonality of

the eigenfunctions , Equation (2-39) can be writt en as

f0 = E [exP
(

~~~
_ 

~~~~ 

mj2) ]  
(2-401

where the pdf of m1, m2, . . .,  mN is given by

p(m 1, “.‘ = 

~

1

N 
exp f’

~ ~ 
(2-41)

(2 1r)N12
~~TT ~ 

j~~l

j = 1  J
and where the eigenvalues , A 1 , are solution of Equation (2—6) . From

Equations (2—40) and (2—41)

= ~~~~~~~~ ~ exp 
[-

~ ~~ 
÷
~

_) m~
2]

( . ) N/2 •77• x

_ j=1 
•~

dm 1 ... dmN (2—42)

2—9
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Kqu~t t ion (2 — 4 2 )  ma~- be rewr itt en as

N N 2 .~~

‘ 

_,~

‘

I t) = 7T N 
C) ] J ~ J 

- 

I

1 = 1  -
~~

—
~~~ 

_~~~ .•“ N “
. ) ) N ’ 2  .77~~,

o_ —

j 1  -~~~~~~ * A .

exp ( N 

______ 
elm 1 ., .  (IU1

N ‘ ( 2-4 3 )

‘l’he N—fold integr ation is re cognized to be unity since it is the volume of an N

dimensional density function. Takin g the limit In Equatio n (2— 4 3 ) it follows that 
‘ 

-

= N . 12— 44)

1 = 1

In the ensui ng development it is shown that f . 0 t  
~~

, . . , , t 1
) = 0 for i odd , l’ro—

ceeding with f 9~t 1, t o t ,

12 (1 1, t 2 ) = K (m(t l
) m(t 2) ex~~~ 

~ J rn 2 ( i )  
di ).  

(2-45)

Expand ing m(t 1 t , rn~t , and m(-r ) in Karhunen—Lo~ve expansion s, there results

f 2(t 1, t 2’~ = ~: fm i rn 1 ex~~(_ ~~
.— ~ 2) J

~ i ~t 1
) 

~ t (t ,~) . (2— 46)
I

2— 10
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lii Equ ati on 02—4 6 ) nate that

K ex~ ~~~

N N 2 -‘ “ “ in m
i~t 7~ N , •1 ~ ~l ‘2 

--

1= 1  ~~ N -
,

- - O N 2 1\ .:‘ 77 N
,’

~~~~~~~ ‘~
‘1

2 ~N \ - 
dm 1 ,,, ‘1

~~N (2 -471

N ~ J—u , - ,

F~’oni F:quat ion 2 — 47 )

I 
~~~~

: [- 
~= l

= 77’ N 
o 

N 
1 

,~ 
~

i = l  —
~~

-
~~~ ‘ \ 

~~~~~~~~~~~~~~~ 

1 2
-
— 

-- I - - i
~

where’ cS 
i Is tht ’ Kt’ e’t ’~ e’e’Le ’t’ del ta , From Equations 12 — 48 ) and o 2—k~ I

f 10 t 1,  t~~1 ~~~~ N 
2 

N 
~~~~~~~~~~~ 

~~1
(t 11 ‘ 12 4 9 ~

1 = 1  —-
~

-

~~~~~ 

\
~ 

i = l  —
~~~~~~~ 

~ i

2 — i l
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Si ni 1 .t i. lv ,

t~~, t 1, t~~) = ~~~~~~~~~~~~~~~ F: [m t 1 
m 1 m13 

m~4 ~x~~(_ ~~~~
‘

~~~ 

(t
1

) 
~~i 

1t ,, ) & ~t 1
) 

~ i ~~~~~~ 
I 2~~~~l

i 2 :t ’ -t

~vhe re

E 
‘2 

in . huh
i~ 

~ E ~ ~ 2) ]
= ~~~

\ t~1 1

~) ~ ~2 i~ 

I - t - 1

~~~~

, ~~~~ 
i 2 ’3~~ 

t2-5l~



From Equ at ions (2—51) and (2— 50)

2 2
f4 (t 1, t 2, t 3, t~ ) = 7~ 

N0/2 (;~)1=1 -~2 - + A
1

‘ ‘ 1~ A .  A .

~~~~~~ 

~ 11
(t 1) ~ 1 (t 2 ) 

~~~~ ~ ÷
‘
:~

~~~. (t 3 ) p .  (t12 ‘2 ~

+ ?~ 
~~~~~~~ 

~ 11
(t1) 4’1 (t 3) ~~~

1 2 2 2 ‘2

c 1.  (t 2) 4 . (t4) 
I ’

2 2

A A ,
÷ N ~ 1 (t1) 4 . ( t 4) 

~~ N 
‘2

11 =1  •-i.+ A l1 
12

_ i  ~~~ A.

~~~. (t a ) ~~. (t )J (2 52)12 12 3
,~

From Equati on (2-52) note that

1

T 

1

T ~~: ~~T 

T T  

r(t 2 ) r(t 3 ) r( t4) f4 (t 1, t 2, t3, t4) dt 1 dt 2 dt 3 dt 4 

2

= f0 (~) 3 J r (t 1 ) r(t
2 ) ~~~~~ 

N ~~~ (t
1
) ~~.(t

2
) dt

1 
dt
2] 

.

0 0 j 1  -T + X .

(2—53)
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Ge ’neral i i Ing~ f rom Equation (2— 53 ) obt a in

f , i ~~~ 
r (t 1

) ... r (t i
) f 1 (t .,,, t 1

) dt 1 , , .  dt~

= 
I ft~’ J I ’(t~~) r (t 2

) E ~~ 
~ ~~(t

1
) c ( t

2
) dt I ~~~

2 f ~ ~r 1  —~~—~~~ X~L — - lot’ I even
= (1 lot’ i odd

(2—54 )

From I- :quat ions (2—54 ) , (2 — 44 )  and (2—37 ) th e  l ikel ihood ratio Is found to be

‘5 5-

= 71’ N ‘2_ 1 X 
~~~ ~~

i 2

i = I  - - 4  X~~] i~ - o
i even

- I’ 1’ ,, (‘2

J j r( t~~) r (t ,) 
N 

- ~~
(t 

~ ~ 1
(t ,, ) dt 1 

(ft , (2-55) ;~0 0 “~~ ti .

*‘l’his fol lov’s fr i i n i

I~( fl ) “~N 1 = 
1
1 

i S )  I 
- ~ 

1N0 i odd  i e’vcn

where ’ th e ’  sum is t~v, ’i’ :il l N. way s  of d i v I d i n g  t he’ N
,, N/2 N

random var iab le ’s  Int o -
~~

- combinat ions  of pairs and whe’re F (m 1) 0 feir 1 1 ,

, N . See’ I I  , problem 3, 3. 12 1 .

- 
‘ — I -I 

~~~~~~~~~~~~~~~~~~~~~~ -- -- - - -



Redefining the index of the summatio n on i in Equation (2—55 ) the expression

for A [r(t) J becomes

T T
A ( r ( t ) 1  = N~ 

exp .J—. f f r(t 1) r(t 2 ) 
~~~~ N0i = 1  —

~~— ÷  A 1 o o j = 1  
~~~~

~ 1
(t 1) ~~(t 9) dt 1 dt 9 • (2—56)

The ser ies i n Equation (2—56 ) is recognized as the solution to the integral equation 1

N T
-

~~~~ 
h~ (t 1, t 9 ) + f h~~(t 1, T ) K ( T , t 2

) dT = K m~
t i~ 

t 2 ) . (2—57 )

There fore ,

h~ (t 1, t 2 ) = N~ ~ .(t 1) ~~~t 2 ) • (2-58)
1 = 1

From Equation (2—56 ) and (2— 58), the logarithm of the likelihood ratio is given by

in A Ir ( t ) 1  = 

~~~ 
r(t 1) r(t 9 ) h~ (t 1, t 9) d t 1 dt 9 -4 

~~~~~~~~ 

in (i .

(2—59)

This Is In agreement with known results [1 , p. 12 , Equation (2—26 ) 1 .

2. 3 Calculation of Volterr a I<erne ls — Some Nonl i near Exam ples

In this paragraph , three examples of computi ng Volterra kernels are pre-

sented . The fi rst two examples , a hard—li m ited Gaussian process and the absolute

value of :~ Gaussian process, are the only nonlinearities of Gaussian processes di s-

covered to date for which exact calculation of the f irst  three kernels is possible ,

The last example compares the perfo rmance of a receive t- based on ihe’ likelihood

ratio with the performance of a rece iver based on the truncated Volterra expansion

of the likelihood ra t io  for a nonlinea r memory less functional of a I) . C. process .

2—h i
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~1

2 , 3. 1 (lard—Limited Gaussian Process in Gaussian White Noise

Consider

SI t , ni ct ) J = sgn lm(t ) I  = I m(t ) > 0

= 0 m(t) = 0

= — 1 zn~t) -z 0 (2—60)

where m(t) is a zero—moan Gaussian process . From Equations (2—28 ) and (2—30 )

.\ [r ( t ) 1 

~ (~) f.~. J r (t 1) ... r(t 1) f1 (t 1, ..., t~) dt 1 .., dt 1
° ° ° (2—61 )

where

f 1 (t 1, ..., t 1
) = K (s~~ Im(t 1)I ... sgn(m(t 1 )I exp 

T 

sgn 2
t m( r ) I  d TI )

(2—62)

From Equations (2— 62 ) and (2— 60)

= K exp _

~~~~~~~ f sgn im(r) 1 dr = exp~~-~~~~~ ‘ (2-63)

Also , since sgn (m (t ) J Is an odd function of m(t )

(t i~ 
= 

~0 E~sgn 1m(t) J 0 , (2—6 4)

Similar ly ,

12(t 1, t , ) = f0 E~
’sgn Im( t 1) 1 sgn (m(t 9 ) 1’~ ‘ (2—65 )

2— 16
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~~~~~~~
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The expe ctation In Equation (2—6 5) is given in [19 , p. 198 , Equation 7-29 1 to

obtain

-) K (t , t , )  ‘1
f (t i, t 2) = f0 ~~ ‘ sin m 1 2 

(2—66)2 iT 
~~K ( t 1, t 1) K m (t 2~ t 9) ]

where K ( t 1, t 2
) is the autocovari ance of function of m(t ) .  Also

f3 tt 1, t 2, t 3 ) = f0 K ~sgn[m~t 1) J sgnlm(t 9 )J sgnIm~t3 ) ] ’  = 0 (2— 67 )

and f~(t 1, ... , t~) = 0 for ( odd. The general expr ession for f1 (t 1, ..., t~ ) for

i even app ears to be intract able , An interestin g integral expression is available

in [20]

Elsgn(m 1 ... mn )) = 

~~~ 
J N J ‘

~m~~~1’ “ ‘  “~N~ 

dw 1 :;: d;
N

(2— 68)

where 
~ m~~~i’ ~~~~ 

is the joint characteristic function of mi, i = 1, ... , N,

This expression is not available in reduced form for N ~ 4.

From Equations (2— 6 1) , ( 2—63 ) , (2— 64), and (2— 66) , i t fo llows that

A [r(t )] exp (A~ T)  [~ + (2A
)

2
1 

~ r 

J
-1 K~~(t 1, t 9 ) 1r (t 1) r(t 2 ) sin 

_____________________ I dt dt2 + ... .
~J K (t 1, t 1) K ( t 2, t 2 ) _J (2—69 )

2—17
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2. 3. 2 Absolute Value of a Gaussian Process in Gaussian White Noise

Consider

5(1 , m (t) 1 I m ~t) ’ (2—70)

where ’ ni (t) is a zero—mean Gaussi an process . Also , assume A= I to obtain from

Ket ua ti on (2— 2 8) and (2—3 01

.\l r ( t ) I  = 

~ ~ 
f .~.J r(t~~) . . .  r(t~) f~(t 1, ... , t 1

) dt 1 .,, dt 1
i = o  a (2—71 )

where,

T

... , t i
) = E~~Im ( t 1

) ... m(t 1) I  ex
~~F~~~ 

f lm(~ ) I dT ] ~ .

(2—72 )

Not e that Ii
1’ T

J r~~(~) 1- dT = f m~’(r )  dT , (2-73)

Hence , expanding m(-r ) in a K a rhun en—Lo~ve expansion whore the pdf of the

expansion coefficients is given by Equation (2-41 ) , 1 becomes

E 
(ex~ F ~~~

— f  m 2 
(TI  d r J)

N ~, [ 2 ~~~~~ (~ 1 
÷~ ) rn (2] thn~ dn~~~.

(27 r ) N
..(7T) 

-

t 1  (2—74 )

2— iS



With refe rence to the development of EquatIon (2—44) , EquatIon (2-74) can be

written as

\~~N / ’ ~
f = 77~ 

0 
— 

(2—75 )

1 1 2 ~

Similarly,

/ N  ,, \ ~ ‘~~

h i ~~~ = (
~ ~ ) .( ‘

~~~

.

. 

1 = 

N 
~ \~2 1 

( 2 i T )
N 2  7T’N

i = i — ~~~÷ x 1

N 
~~1

2 

dm 1 ... dm N . (2-76)

1= 1  $x 1 /
N I

\ -
~
2 + A

1 
/

To proceed it is convenient to define the random variable

Z 1N = m1 ~~.( t 1
) (2- 77)

where now , from EquatIon (2—76) , m1, i=  1 , ..., N are’ zero mean independ ent

N
—

~~~ A ,
Gauss ian  random variables of variance’ 

N . ‘t’hu s, / IN is ? ‘r o—m ean
-
~~~~~

\ l
Gaussian wi th  variance

NN o
A

1 ~

Z = 2..~ N 
— 

4’1 (t 1o . (2—7 8)
iN  1= 1 o

2 — I t )

—-

~ 
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From Equation (2—76 ) throug h Equation (2—7 8)

N N /2

N0 
E ( I Z 1N I ) (2-79) L

i 1  — - 4 - A
1

From Papou lis [19 , E quation ~5—4$ )]

‘I —

E(IZ IN I) = 

~
‘
~~

‘ Z ‘ (2—80)

Utilizing Equation (2— 58) In EquatIon (2—78 ) , f 1 (t 1
) may be expressed as

N / 2  N
f 1(t 1

) = •7’7~ N
° ) tJ__i~i h ,(t 1, t 1

) . ( 2— 81 )

1 1  — - ‘  4-

S imilar ly , not e that

12
(t l,  t 2 ) = ~~~ ( *N  

2~~~ 

~~~~ 
tm i ~~~~~~~~~~~~~~~~~~~

- 

(2~~)N ./ ~~~~ N
. A t

lit 
t - ~’ l — ~-~~~A

1/

oxp (— 

~ 
~~~~~~~~~ 

N 
—

~~~~~~ (1a11 .. . dm N
i = l  

T 
A i

\ N /
~~~~

‘ f  A~ “ (2 — ~2)

I’

2—20
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As with Equation (2—77 ) define the zero mean joi ntl y Gaussia n random variabl es

N
Z I N  = m 1 4 1 (t 1

) (2—83 )

N
= n . (2— S- I )

i = 1

1N and Z 2N have the prop er t y that

-)  N
lim a 7 

— 
= 4 h~~(t~ , t 1

) (2—8 5)N — ~~ ‘ iN  -

,, N
t im el — 

= 4 h~ (t ,, , t ,) ( 2— si ; )N —~~~ ‘ 2N - - -

llm E(Z
1~~ Z ,N 1 = ~~~~~~~ h~~t 1, t 2 . (2-S7)

In t e rms  of Z IN and

I e
/ N  N ”

12 (t 1, t 2 ) u r n  ‘77” N 
°~~ E ( I Z IN Z 9N I )  ‘ 2— 88 1N — . -’ 

I= ~1 4
From Papoulis [19, p. 221 , Equatio n ( 7 — 1 0 9 )  and Equation ( 7 — 1 1 0 1 ]

K ( I Z
I N Z ) N I )  

~ 
Z 1~ 12N~~~~~~~~~~~z~~~~~z j

sin ’
~ 

E ( Z I N Z 2N
)J  , (2—89)

~IN 12N Z 1N Z 2N

IIII.__ 
----—---- —-------— — —---- --‘~— 

~~~~ .—-- ----~~—~~ ~~~— — —- —
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From Equation (2—8 5) throug h Equation (2— 89)

Lit 1, t 2 = 
N 

2 
~ h ,~~1, t 1

) h~~~2, 1 2
)

\ t = I  .± 4- \ i I

f~ 
h ’ 1t 1, t 2) 

- 

h~ (t 1, t ,~)

L’ - h~~~(t 1, t 
~ ~~~~~ t 2 ) 

~~~~~~~~~~~~~~~ 

t 1 h ,(t 2, t)~~

sin 1 ~~~~ h ,~t 1, t~~l 
. t 2—90 )L h~ tt 1, t

1
) h~~t 2, t 2 )

.1 ‘1 ’)



Similar ly , it can be showfl tha t  [21]
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2, 3. 3 —\ Dc Example — Phase Modulated Sinusoid

F’or the dc case’, the sample functions a i.e random ~-a t’i ables , Hence ,

m(t ) m 0 t — T , ~2— 9 2 )

F’rom Equal ion ( 2 — 2 5 - ) and Equation (2—30 ) , the likelihood ratio Is given by

1’ T

\ I r t l l  = j4 (~‘~) J!J r~t
1

) ... i’(t
1

) f1(t 1, .,., t~ dt~ ... dt 1
0 0 

(2—93 )

~vhei’e

r “ 
‘ 

1’

• • , t
1

) = K S(t 1, m . . S~t 1, ml exp ( — 

~~~~~~

- 5 s~ —
, ni -1T

L 0

(2—94 )

( ‘hse’rve ’ that t h ’  Na rhu nen—I  ~oe~ve expansion of m ~t )  con sists of a single t erm .

h ence’ another expr ession for the likelihood ratio Is obtained from Equation (2 — 2 6 )

15

\ lr ~n)  = J exp f r~t S~~, ml dl - 

~~~

— f S~~t , ml elt

]

p ( m (  drn (2—95 )

whe re’ p t r n )  is t he’ a p ri ori pdf of in ,

I 4’l

S (t , in) +- n )  
~2—96)

whe’t’ e’

p i n )  = - -~— 0 - in - 2

= 0 t ’lsewhe ire  (2—97)

______________________ ~~. ~~~~~~~~~~~~~~~~



Fro m Equat ions ( 2 — 9 i) through ~~~~~~~ the likelihood ra t io  for th i s  problem

is gt~’en 1w

/ -
~~ - )  

‘1’

\ I r ( f l l  = 

~~~

— 

,J 

e’xp 

~~ ,J ’ r(t ) ‘O5(~~-~~ t ~ n~) (it — 
A 5 t + n~) ( l t ) df l L

(2—9S )

Let

I = f r (t )  (‘08 -
~~ ~It (2 — 9 9)

= i’ ( t )  sin ~~ t dt . (2— 10O~

The’n Equati on ~2—9S ) can be’ wri t ten  as

\ ( r c t ) 1  
~~~ J’ 

ex~
[
~~

\ 
~I cos m — Q  sin ml —

sin 2 ~ 1’ c,’os 2 ~ I’ — I

~ 2~~0T (‘os2m n 2

0

f 
sin 2m) J  din ‘ ( 2 — i o n

For ~ 1’ ~ ~ I the  second te ’ i’m In the argument of the expone ntial in Equation

t 2 — l O 1  reduces to  a constant independent of in and may be lumped wi th  the

threshold , Wh en t his approximation is not made , not e that Equation ( 2 — 1 0 1 )

can lx’ i’ewrltten as

1’
2N 2 —

0 ( I 9 ,~\ -\ [ r i,t I~~ = 2 J cxp ~~~
— (I cos in — Q sin ml
0

2 , sin ~ T
0 -

— ~~~~‘ - .  cos (2rn  + s ,) ~) di n
~ I a -‘0 ( —  C —

L - - — - 

‘ 

- - ~~~~~~~ =~~~~‘.
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~~~~~~~~~~~~~~~~~ 5~~ •~~
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1• -

From ) 2 2 , Equation (9 .6 .3 4) )

Z cos ~ 
= 10(Z ) + 2 cos(k 0)  , ( 2— 1 0 3)

k = 1

It follows that

,\ l r t ( l  
1

iT 

i
~~

(_ ~~~ 
sin :0T

) 
exp~~~~ (Icos m - Q sinm )]  

dni

~~~~ 

~~~~~~~~~~~~~~~~~~~~~~

exp (I cos  in - Q sin m ]  cos(k ( 2 m + ~~~T) l din , (2-104)

N ot e’ that

5 exp [~f~
- (L eos in — Q sin m)1 cos(k(2m + 1

0
T)] din

= cos k~~0T 
~~~:

exp ~~A 
~1 cos in — Q sin P11] cos 2km din

— sin k~~~T J exp [~
‘ (ic o S m — Q s in m l l  sin 2k m  d i n .  (2— 105 1

2—21;
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From [23, Equations (3. 937—1) and (3. 937—2 )]

exp (I cos m - Q sin m)J cos 2km dm

= (J 2 
~ Q2 [(I - j Q) 2k + (I + J Q) 2k ] ‘2k 

(12 + Q 2 ) ]
(2— 106)

and I
2~ 

exp~~~~ 

1

0s m _ Q s i n m)
] 

sin 2km dm

= j~ (1~ + Q
2 [(I - j Q) 2k 

- (I + j Q) 2k ] 12k (12 + Q 2 ) 
]. 

(2-107)

where j = \j-1 and k = 0, 1 

Consequent ly, Equation (2— 105) is evaluated as

j
iT 

ex~~[P 
(I cos m _ Q s i n m ) ]  cos Ik (2m + ~ 0T)] dm 

L

= i T ( 1 2 2 
‘2k (12 Q 2

) ]

cos k~~0T ~ 1 - J Q ) 2k 
+ (I + .Q) 2k )

- j sin k~~~T [(I - ~Q)
2L 

- (I + ~Q) 2k ] • (2-108)

In polar form

2—27
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(I  - jQ) J~ = (
~~~4 

f Q
2

) k (, i2k tan~~( Q/ I )  (2 - 109)

(I - j Q ) 2l~ = (
~~~2 ~ Q 2 ) k 

e+j2 k tan ’(Q / I )  
, (2-110)

l’: xpi ’e’sstn g cos k~~~’I’ and sin k~~~’l’ as su ms of exponenti als and making use’ of

Equations ( 2 — 1 0 9 ) , (2 — 110 1  it follows that

‘k(1 — j Q )  (cos k~~~T — j sin k c-..’ ’F) (I + J Q) ’ (cos ku , T .1 sin k u ’i’)

-) ‘ k  — 1 Q= 2(1 4- Q~ ) cos (2k tan 
T 

~
- k~~~’l’) . (2—111 )

1-’ro m Equat ions (2 —111 1 and (2—10 5 - )

f oxp cos in — Q sin m)J cos ~~(2m + ~~~‘I ’ ) J dm

= 2~ ‘2k (12 
4- Q4 ) ] ~~ 

tan
g 

k~~~T) (2- 1 12)

for k 0, 1, 2 , . . . •

Subst i tu t Ing Ketuation (2 —112 1  into (2 —104 )  the express ion for th e hike’hihood i’at Ia
I)( ’( ’aflle’S

A 1 ’

- \ l r ( t l I  = 

~ 
( A 2 !’ ~~ 10 (I~ + Q~~~

]

2 

~~~ 

‘lc(  
~~~~ 

8~~~~~T) 
l
9k [~~ (~2 

f (~2 )~~
]

(‘OS [k(~s T  + 2 tn n ~~ • (2 -11 3 )

2—2 5 -  
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Note that  for = n~ , n ~ 0 or for ~ 0’r > “  1, Equation ( 2 — 1 1 3 )  simplifies to

A T
—

~~~~~
‘
~~~~~~~ r ‘ - 1— o 12A 2 2~~ I

-\ lr ( t ) 1 = e 
~~ I~r 

( 1 4- Q ) , ~2 1  14)
L°  J

This is in agreement with a previously published result Ii , Equation (367 11 .

The pe r formance using Equation (2—114 1 is also documented I I , p. 34 6] .

Now consider Equations (2—93 ) and (2—94 )

A 
‘
~~
‘ 

->= K exp — ‘s— J cos (u T + in) dT

0

( 
A 2” sin~~ T

= i-: exp~j — Q_ + 

~~~~~~ 

cos~~m + ~ 0Tl]~ . (2— 115)

From EquatIons (2—11 5) and (2—97 ~

~ 
2.~,

2ir r2N 2 .,  sin ~ Io 1 1’ J A I  0 , ,
= 

~~

- —  J exp [_ — 
~~, Sj ~ cos(2m 4- 

cc ~ din .

0 0
0

‘rhis inv olves a well knmvn integral [22 1 . Consequent ly,

~N / 2., sin ~~
= C’ ° 

~~~ 2N 
~~~~~~~~~ 

) , (2 —li t ; )

Using ~ ‘I’ = a ,r in Equation (2—116) ,  1 reduces to

~
2i.

I ’

I = e ( 2 —117 )

2—2 9
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From Equation (2—94 ) , f 1 (t 1 ) is given by

f
1(t1

) = K ~cos (~ t 1 + ml exp 

~~

_ 

~~ J cos (W T 4- ml d r ] ~ • (2-118 )

Performing the integration in Equation (2—118) there results

2 sIn~~~~Tf 1(t 1) = E~ cos (~~~t 1 + m ) exp~~_~~~ T 
~~~ ~

° cos (2m + ~~~T)]~ )
(2— 119)

For ~~T 1 or ~~ ‘l’ = n ir , a ~ 0 Equation (2—119 ) simplifies to

A T
2N

= E(cos (~~~t 1 + in)) e 0 (2—1 20)

Expanding the sinusoid in Equation (2—120 ) using trigonometric identities there

results

2ir
1 1 •

f1 (t11 = cos ~~~~ 
~~

— J cos rndrn
0

A”f2-i r — -
~~~~

j ---

1 i~ - o
— sin 

~~

— j sin mdrn e
0

= 0 . (2—121)

2— 3k )
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From Equation (2—94 1 , f9(t1, t91 is given by

f 2 (t 1, t 21 = K cos(~ t
1 

+ ml cos(w t 9 * ml

2,, r sin~~~ ‘1’ 1

exp 2N j 1 4- —~~~~ 
.,,
° cos(2m I- I ) j  ) (2—122 )

0

For ~~T ‘
~ I or ~~ ‘r = ai r , a ~ 0 f2(t 

~~
, t 2 ) becomes

2N
f 2 (t 1, t cc l = Elcos(u. t 1 + ifl) (‘OS(u ~ t 0 ~

- ml l ~~ 
° . (2— 1231

Expanding the sinusoids in Equation (2—1231 and taking the expectation I here

results

f 2(t 1, t 2 l = Icos ~~~ 1 cOS ~ 0t 2 * sin ~~)t 1 sin ~
)

0t 2 1

2N
• e . (2 .-124 1

Using Equations (2—117 ) , (2— 1211 and ( 2— i  24) in (2— 93 1 , an approxim at ion  to the

l ike lihoo d rat io , using only the fi rst three te rms , can he wi ’itk ’n as

= (‘ 
() [ i(~~

)

2 
~l ’  ~ - Q2

)] 
( 2 — 1 2 5 )

where I and Q are defined in Equat ions (2—991 and (2—100), respectively and the

subscript refers to the exponent of

2—31
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Not e that both Equations (2—125 ) and (2 —114 )  are monotonte functions of

(r + Q
2 , It follow s that  for ~ 0T n i r , n ~ 0, the perfor mance of a receiver

based upon .\Ir(tlj and -\ 2 1i ’(t ) J are identical even thoug h ,\ ( r(t) 1 and A9 ( r( t ) J  are

\‘ery different funct Ions of (
~~ 2 

f Q2) Inclu ding the first five terms of the
likelihood ratio , it can be shown that

A T

~~‘R r 1 “A -,
= e ° L1 ~ 

+ Q_ )

1 “A -‘ - 2 
S+ j~~ (~) (r + Q~ ] (2-126

“A~‘here the sub scr ipt r efers to the hi gh:st expenen~ of ~~~~
— 

• Equation (2—126 ) is

at ~ o a monotonic functi on of (1 + Q )  . Note that expanding I~ ( )  in Equat ion

~2—1 14) in a Ta ylor series results In

-\ tr~t)) = e
0 

Li + ~~2 
4 Q 2 ) 4- •__•(_•_••

~ 

(
~~ 2 

÷ Q 2 )
2

÷ 
r

(2—1 27 )
hl& ’nce, 

~
\2N E F t ~ J Is obtaI ned by truncat ing the expansio n of .\ f r ( t ) )  after 2N + 1

term s . ~~~~~ all th e coefficients in t he expansion of l i ’)  are positive and since

(I  Q )  Is positive it follows that  both A9N ( r( t ) )  and A ( r ( t lj  are zuonotonic

functions of (
~~ 2 

~ (~2 ) 
2 

GeneralizIng , ft follows that receivers based upon
A (t ’~t ) an(I \

2N
( r(t

’4 l hav e Ident ica l perfor mance for ~‘ ‘I’ = n ir , It follows th at

- --~~-- _ &5_ ~~~S_~~~~~~ -5.~___ ~~~~~~~~~~~~~~~~~ 
- —



it is not always necessary to take man y terms in th e  Volterra functional expan-

sion of A t r ( t ) J  in order to obtain acceptable performance, Of course , for this

example , .\ 2N l r ( t ) J  N = 1, 2, ... all  turned out to be mnonotonic functions of the

-, ‘) .i

same statistic (1 4- Q l  . I-’or most nonlinear problems the sufficient statistic

for .\ .) [r (tl) will not be the same as the sufficient statistic for ,\ t r ( t ) 1 ,  This is

apparent from Sec tions 2.3. 1 and 2. 3. 2 where the formula t ion of a sim p le suffi-

cient stat istIc appears unlikely due to the form of the \‘olterra  ke rne l s  i. e, , S

higher order kernels cannot be expressed as combinations of lower order

kernels ) . Then , the closer \ ,)N Er(t ) l  approximates .\ (r ( t ) 1 , the closer the

receiver perform ance approaches the optimum. In general , it is not clear

how large N must be to obtain acceptable performance.

2. 4 Sun ’s Theorem and Asymptotic Receivers

In this section , It is shown that for the class of nonlinear It ies, S It , in (t 11
and Gaussian processes, in (t 1 , satisfying Sun ’s Theorem I 24] the higher orde’ m -

Volterra kernels are representable in terms of lower order kernels as the lengt h

of the observation Interval goes to infinity (F-— ‘c) . For this  case , asymptot ic

sufficient statistics can be obtained for which pe r formance can be de’Iei’mtned,

2. 4 , 1 Asymptotic Receiver Derivation

From par. 2, 1, the likelIhood ratio for the detection problem of Equations
(2—1) and (2—2) is

Atr (tlj ~~~ 1 (~) J .~.J r(t i l . . .  r(t
1
) f

1
(t 1, ..., t

11 dt 1 .. . dt 1
I o  ° ~ (2 — 12 5 - )

~Sun’s t h e ore m is discussed in Aph-a’udi A ,

2—33
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where

hi (t i, ... t 11 = K çsit1~ m(t 1
)] , ,.  S(t~, m~~1l J

exp~~-~~~ J S
2
IT , fli(T )] dT ) . (2-129 1

in this section , asymptotically optimal receivers are obtained for the special

case

t 1
) K K -

~ Sit 
~

, m~t 1l] . . . SR i, m~~il1 } (2—130 )

where K is sonic pr oport ionality constant independent of I .

At this point it Is convenient to define

d1(t 
~~

, . . . , t~l = E{S1t 1, ni (t 111 . , . S(t~, m~t~) J ~ . (2—131 )

From Equation s (2—130 ) and (2— 13 1)

t 1
) = K d~(t 1, . . . , t~) (2—132 )

Suppos e that d1 (t
1, ..., t 11, where 0 t~ T for J = 1, ..., i , is

eWauided in a mult idimensional Fouri er series . For I = 1 , 2 , and 3 the

expan sions are’

11 2 ir i 1 1’~ 
2 ir i 1d 1 (t 1

) 
‘

~~~~ 

d1 cos ‘r 1 ~ 
di sin t 1 ~2 —1 3 3)

i 1 = o  
- :

For many an gle ’ modu 1 a t ed sinusoid s, Kquat ion ~2 — l 3 m  applies, An ang le .
modulation example is t rented in Sect ion 2 .4 . 2 . 

-~~~~~ 
-
~~~~~~~~~~~~~

-- - -—-
~~~

- -  --



- -

iç—’~ ~~~~~~~~ ,,
~~ 

2~~i
1 

2ir I,,
d 2 (t 1, t 2 ) = L._1 L_~ ~l’ ~1 ~~~~~~ T 

—

1 1 = 0  1 2 0

5 )

4- sin 
~~~~

, 
I 

~1 ~~~ 
~~~~

, 
2

- )  .‘- I - ‘  “- I23 ~~
- 1 2

4- d~ ~ 
cos 

~~ 
t 1 sin 

~

, t ,,
I 

- )  —

f d1 sin 
~l’ 1 sin — t ,) :11 2 ( 2—13-I )

‘5 ‘~~, -‘~

d.~1t 1, t 2, t .~ = ~ ~ ~ ~~~ 
2
~

T I
I t 1 (‘OS 

2 T
~

i 2 t 2 cc ’cs __ ._j .2~ 1 :1
1~~~ 0 13 = 0  — 

,~~

‘ ‘ — I  - )

c 
~~~ 

~ 
~ ~ ‘ ‘  t & t ~S — — — — —  I & ‘Os — —--— I -1 2 3  1 1 1 — I

2~~m~ 2~~I 2 ~~~~
~ 

e1
1 I ~~~ - --—j-;-’-’— 1 1 S t  ii “rj~~” I ,

~ 
( ‘Os ‘j T  I

1 2 a

-) 1 ‘~
34 1 2 a

‘ ci . - - (‘o S  — -- —-— t COS — —— - - —  I s in  — — - — —

‘ 1 ’2 ’3 1 1 2 1 3

‘-) - I  “ “i

i i i  
“~~~‘ I 1 ~~~~~~ ‘j ~ ’ ~~~2 ~~~~~~ ‘ j ”  ~

c - - sit - i  
~~~

-‘‘ — t (‘05 ——- ----— t~) SIn ‘— “ “ t - 
S

1
1

1 2 1 1 1 I — I , 1

.) 
“ 

- 0 ,, 0:17 
~~~~~~~~~ 2 - “ 3d — —--— I , ~~~ —.-----:——--

1
1

1 2 1 :1 I 1 1 2 1 a

5) ‘) • 0 -.35- _ I
lci , - ~~t n —

~
——— t si n —rj- —

~
- t , s In  —--

~~~~~~ t~I 1 - (~~~13~
))

L _ __ 
——- - —-~~ 
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F= 
_ _ _

I’he Fourier coefficients are determined In the usua l manner.  The firs t

few art ’

LI1
~ 

~~~ ,,J ’ d 1 t 1) e~os — -j.
1 

t~ dt 1

12 2 f ’ t1 1(t 1
) 

~~~ t 1 dt 1

1’ • 1’ -

d .  

(

~~~~~

)

2 j  j” d 9~t 1,  I2 ) cos t 1 cos 
2ir t

2 t2 dt 1 
dt ,,

At th is  point it is convenient to define

x 
~~~~~

- 5 r ( t )  cos t dt (2— 136 )

v .  ~j -1 5 r(t ) sin t dt (2 137)

Under ii , x . and v. , 1 0, 1 are l o in t lv  Gaussian and s t a t i s t i c a l ly
C) I - i  -

ind ependent with

II 1 Efl- . fl ) 0 t2—13$’
~ 0 - i  0

and

E(x . I Ii ) ) I 2A l’

I-~~~. V

1 

ii ,) 
2 II 

(2— 139)

E~x . v 11 ) (1 .i - I  o

2-311

-
~~~~~~~~~~~~~ ~~~~~~~ - ~~- - -



Under l1
~
, x. and v , c 0, 1 . . . , may be a s y m p t o t ic a l ly  )ointlv Gaussian,  4 1n

Appt ’ndi x A , t Ii is is shown for the case S I , in ( t i i  = cos ‘in (t ( 4  1’ he proof

mak es use of Sun ’s l’heore iu and the Cranwr—W old I’h ’orem . 1 1’he &‘xpected

~-:i tue of ~ e’ondit loned on II
~ 

is

II )  A~ J A E-S[~ , m(tll ‘Os t dt - J 1-:In u ) l  c’os I dt

0) 0 
1:1

1

From Equations (2—i 33) and c2— i 31) it follows tha t  
-

‘

~~~ 
II ~ ) ~~(~~N~ 1 ) d ~ 

I (2 I 4 ( ~)

Similarly

1 “\  ~
- p ~-0 ’

~~I 

~ 
_ ‘

~~~ 

(2 -14 1)

I n l ike manner

5)

E k x .  x
1

( U 1
) ! ~2.;2 .l.

) d~1
1 i 2A~~I 

“
~il 

2 -142 )

E(xi 
~~~ 

1u 1 ~ (2A
2
t5) d~ ’~ 42-1 4 a

~~~~ x
1

1fl 1
) ~ (~

.-~;~) ~ ( 2~~144I

E ( V .  v
1

111 1
) ~~- ~~~~~~~~~~~~~ ) (1~~ (2.~~ r )~ .

~Sun ~s t heort’ni i’t’q ui i’es t hat in (t I be a zero mean st at loan i’v (~ nti s sia n
process. Otht’r rest r(t ’tion s on in (tI and s[t , in(t ) 1 are discussed in A ppendix  A .
An example which satisfies Sun’s theorem is presented in Section 2 . 4 , 1 ,

___________ —J
-
~~~~~
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7

i t i l t - i n g  the asymptotic stati stics of Equations (2— 13 6 ) and (2—137 ) it is possible

U) obtain the Fourier coefficients of Equat ion (2-135) in terms of the Fourier

coefficient s in E quation ~2 —1 33) and 42—134 4 . To see this , recall that if

• -‘ and are iot n tlv ;au sst a n , it follows that [25 , p. 711

E(z1 ?

~~ 

z~~ ( i-:~~ . - 

~~~~~~~~~~~ 

E
~~~~~ k

)

— E~z . 4  E ( z k
) I E~z

1
)

- i K z
1 

zk
) - K(z

1
1 E(z k ) I E (7 .1

• E ( z . l  E ( - z
1
) E (z k

) (2- 146)

Cons ider

~ 
x~~I I l ~ ) 

1’ 

~~ ~~~~~ 

[.~ ~~~~~ 

(t 1,  
t

2 ,  
t

3
)

• A —j~’- d 1 t 1 ó ( t 2 — t :~
)

I
N

- A —p’ (1 1 (t 2 ) ~S( t 1 
— t :11

N 1
- A— ~2’ d 1 (t:3

) ó(t 1 ‘- t 2 1 1

t -os ~~-~~~-~- t
1 

cos ~~
—

~~~~
- t 2 cos ~~~~~~~~~~ t :1 d11 dt 2 (ft 1 .

( 2— 14 7 )

From Equa l ions 2 — I - I T , ( 2 — 1 35) and (2 — 133)

~: ( X ,  H
1

) (2A

:

5 F )  d~~~~~~ 
+ (2A

2 ’1’
)

~~ 11 

~~~

d~~ O k d~~ O .~ ) 
• (2-145-)
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~ n th e  other h a n d , su l ) s t i t u t L n g  E qua t i on s  (2—1-10 ) and (2—142) tflto 42—l -1~h

~ ie lds

~ I ~ ‘k 11 I~ 
~ (2~~~~1- 

) (
~~

2 1 ~~~I - (1~~ (1~ ~ - d~~ d~ 
~ 

- 2 (I~~ (i~~~~~

- 
I 

ç

~ 2~~~~~~~~~ I ) ~~ 
~ Ik 

- d
1 

oS ik d~~
1 s~~

) ( 2 -14 i4 4 5
’

t ’ompJ l’iflg l-:o~u at  tOIl S ~2 — I - l 5 - )  w i t  ii ~2 — l 4 ~)) . it fol l ow s t h a t

~i~Y ~i I  
dj ~ d~ - 2d~~ d 1 

1 - (2~~1~~0)

In a m~inne r si mik i  t’ to t hat used in the  dev elopment of 1- qua t  ion ~2— 1•I  S 4 ,

x
1 -

~~~~ 
1~~~~~~ (2~

2
-r ) - 

1 
(2~~ F )  

~ j k 
~~2

S c i h s t i t u t i ng  E q u a t i on  ~2 — l 4 O )  to  ( 2 — 1 4 . ) )  in to  ( 2 — 14 6 )  r e sul ts  in

\
l -\ II I

) 1

( 

2A~~l ’~ 
( l

22 I n 
5 ~~2 

~~ - d~~ d~
2 

- 2d~~~~~ d
1

1 d 1
h 1

~

- 
1 

(2.
-\ 

I )  ~ 
2 

(2 - U ~~2~~

Co m p a r in g  Equa t i ons  ~2— l~ II w i t h  ~2 — I ~~24 , c)l)5t ’I’yt’ t h a t

2” 11 ‘~~ 11 2 1 12 12 11 11d ,
‘ 

= d ., d - (1 d . ii d . - 2 d .  d d .i~ k ik 1 ~h t I k

S i m i l a r ly  - it is re adi l~ show n tha t

“~~ I I  ~ 1 1’  ‘~~ ‘~ 11 11 P 11
~ lk ~~~~ 

5 ci~~ (l~ cI~~ — 2d . d
1 

d
h

34 21 12 23 i i  22 i i  11 11 12 
5) - -0 )

1k ~~ 
d~ d~ d

1 
- c1~ d

1 
— 2d 1 d 1 dk

2—30 



d~~k d~
4 d~

1 
‘ d ~~ d~

2 
+ d~~ d~

2 
- 2d~~

2 d~
2 d~~ (2- 156)

) -~ 
~~~ 4 11 5)3 

~~
.) 

1~~ 11 1 ’
= dj ~ dk

” ~ dik d. d~~ d1 — 2d. ‘~ d~ dk 
(2—157)

d~~ d~
’ d

3 
d~~ + d~

4 d~~ — 2d~~ d~
2 d 12 (2—158 )

ij k ij h 1k ; jk t I j k

:3 5- -4 1 ’  ‘4 1~~ 
‘)4 1~~ 

1-
~ P

= dj .  d~[ ~ 
~
1ik d~ 

- 
+ d;k d1 

- 
— 2d 1 d~ 

— 
. (2—159)

With reference to Equation s (2—133 ) and (2—134 ) , now consider

d 1I t ~~) d 2 6 2, t
3

) ‘- d1(t ,) d2(t 1, 13 4 -+- c11(t 3) d9 (t 1, t 9 )

~~~~~~~~~~~~~ d~~ + ~~~ d~~ + d~~~

1 
d~~1) cos t 1 cos ~~~ t 2 cos

i j k

(12 d~~ s j
11 

dj~
’ + d~~ d~~2)  ~~~ 

2ir i t 1 
cos ~~ -‘ t 2 cos t 3

(j
ul  

d1~ 
+ d~ dj ~ d~~ d~7) COB ~~~~~~~~~ t 1 sin ~4~’1 t 2 cos ~~~k 

~3

(~
i1 

d ’,,~ d~~ d~~ ÷ d~
’ ~~1) cos ~‘~-~- t 1 cos -~4~1 t

,1 ~~~~~ 
a -ir k

+ 
(d~~~

2 
d~~~

’ 
~ d~~~

’ 
d~~( ~ d

11 
dj ~ ) 

sin ~P t 1 sin 
‘ 

t 2 cos t3

(ci~
12 c1~~ ~ d~

1 
dj ~ ~

- d~~ dj ~~) 
sin t 1 cos t ,, sin ~4-~- t 3

( 1 1  24 12 23 12 23\ 2 r i  
~~fl - 2ir k

+ ~d1 d~~ ‘ d~ d ik 
4 - d

k 
(i

j j )  
c0s

T
t
l 

~~~~~ 
T ~2 sin —~ — t 3

(
~ i2 

d . 3 (i~ d~~ ÷ d~,
’ d . 1~) 

sin ~~~ t 1 sin ~~J-t 2 ~ 
2~~k 

~3

(2—160 1

I
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:\ lso ,

(l
i lt 

~ 
d 1 

(1
21 d

~

~ V ’ 11 11 I I  2 i r i  2 ir i 2ir k
r ~, ~~~~~~ ~~,_ ,6 d

1 
d d

1 ~~~
) S —i-

~
—-— t (‘OS j ’  t s) ( 0 ) 5  

~~~~~~ 

11
I j k

12 11 I I  2 i r i 2 i i j 2 ir k
4- d 1 

(I .  (I~ S in  j~~~
l
~ 

~~~~~~~ 
T

’ 2 
~°~~~~T

1 :3

11 12 I I  2 i r i - 2 ir j 2 ir k
F (l~ d~ d i. 

( O S  
~~

j-
~ 

t 1 Sl i t  Th~ 
1 2 (‘05 

~~~~ 
1 .3

f d~~ d~~ i~
2 

COS ~~~ I .~ os 
~~ 

sin ~~~~ t
~

12 12 I I  . 2 ii i - 2 i r i 2 -ir k
4- tl (1. (I Sill -

~~~ — I Sin - t (‘OS — —
~——i L I 1 I 2 1 3

~ ~
i2  ~11 

i
12 

~~~~~~ ~4-~ I (‘OS t sin
1 .1 k I 1 I 2 I 3

11 12 12 2 i - 2 it - 2 i r k( I .  ( I .  i~ COS 
~ 

t~ Sifl 
~ 

I~ ) ~~~~ 1’ 1 :3

~~ ci~
2 ol ~~ sin ~~~ I~ sin  ~~~~ t 2 s in 1 :3 ( 2 — 1 6 1 )

Su b s t i t u t i n g  I-:quat ions ( 2 — 1  ~> O )  at id ( 2 -1  53 )  hi ’ough ~2- 1591 into E qua l ion ~2-135)

and making  Use of Equations ( 2 — 1 6 0 )  and ~~— I 6 l l  it f o l low s  t h a t

1 ’ ~~ 1.3 ) d h l I
boI ,, h t 2 , 1 :3 ) I d

1 
(t , 1 (12 (1 1, t

11 1 

~~~~~~~~~~ 

d 2~~l

— 2( 1
1 4 1 1

1 ( 1
1 (1 2

) d 1 (1 .3 ) ( 2 — 1 6 2 1

I
w in - i- , -  c lenott ’s ‘‘Is a sy m p t o t i c a l l y  e q u i v a l e n t  to ’’ ,

2 --I l I
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Not e t hat Equat ion ~2—1 ( i2)  ~nut be written In the forin

d .3 (t 1, I .,, t .~) -
~~ I d 9(t 9, 1 .3 ) — (1

1(t 9 ) (1
1(13) 1 d 1(t

1
)

1d 2(t 1, 1.3 1 — d 1(t 1
) d 1(t 311 (1

1 (t 9)

4- ~~~~~~ 1 2
) — u i (h i l d 1(t 911 d 1 (t .3 )

~‘1~~I 1 (I~~(t 2 ) d
1 (t 31 . (2 — 1 63 )

:~~l S o ) , not e t hat lice asymptotic form of d ,3 (t 1, t ,~, t ,~) is symmetric  in its arg il—

11k-n t S. h t ’I lowing t h e  same procedure that  led IC ) Equation (2— 162) It can be

sliowti t h a t

d 1 (t 1, t ,~. t 1, t 1
) d 2 (t 1, t 9 ) d .~(t .3, t 1

) 
~ 2~~1’ 

t 3
) (12(12, t 4

)

* (12 ( 1 1, t i
) (12( 1 2, t 3

) —2 d 1 (t 1
) 

~~~~~ ~~~~~ 
d 1~t 4

) ,

(2 — 16 4 )

E quat ion (2 — 16- ) ) can be r ewr i t t en  In the form

d 1 (t I ’  ~~ ~~ t .t I 1(12( 11, t 2 ) - 
~~~~~ 

(1
1 (12 11 (d 9(t 3, t

1
) - d 1(t 3

) d 1 (t 111

r 1d 2( 11, 
~~ 

- 
~
1

I
(1 

l~~ 
h1

1
(1

3
11 101 2 (12. t 4

) - 
~~~~~ 

d 1t1411

((1
2 (1 1 ,  t I

) - 01 1 (1 11 1~ (14 ) 1 ((19( 19,  t 31 - 
~
1 i ~~~ ~~ 

(13 )1

4- (oL ( t  
~~ 

- d
1 

(1 i~ 
d~ (t 2 ) 1 d 1 (13

) d 1 ~~~

~ Id 2 1 I ’  t •3 ) — d 1 (t 1
) d 1 (t :1’lI d 1 (t 9 ’, (1

1 (14
)

1d 9(t I ’  t
1

) — d 1 ~~~ 
d 1 (t 1 ) 1 d 1 (1 2 ) d 1(t .3 )

Id ,~t 1, I i ) — (1
1

(t 2 1 t1 1 (t ,3 ) J d 1 (t 11 (1
1 (14

)

I- I (I .~(l :•~ t 1
) — 0)

1
( 1 1  ~11 (t _ 1 11 01

1 
(t 1

) d 1 (t .1 )

d , (t .1, t
1

) — (1
1

(t •3
) (1

1 (t 1) 1 (1
1 (1 1

) (1
1 (t 2

)

(l
i lt I~ 

d
1 ~~~ 

(l
~ ~

t~~) (1
1 (t 4

) . ( 2 — 1 6 5 )
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At this point it is conven ient to let

= f i.J d~(1 1, ..,, t 1
) t’ (t 11 .. .  r(t 1

) dt 1 . . .  dt 1 (2-1661

fl
1 = 7/ = f  (I

~~
(t ~1 r( t 1

) 6t 1 (2—16 71

= J J 1d 9(t 1, 1 9 ) - d
1

(t
1 1 d 1(t 9 ) 1 r (t 1

) r (t 2 ) (It 1 dt 2 (2-165-)

Uti l izing Equation (2—1 (3 3 1, it follows that

I-i -
~~~ 3n p 4- - (2 169)

S imi la r ly , making use of Equation ( 2 — 1 6 5 ) , t hero’ results

-, -) 411
4 

-
~~~ 3 i’ + 6 7 1 i ~ - (2— 170)

Substi tuting Equation (2—161 ;) into ) Equal ion (2—125 - ) nnd making use of Equation

(2— 132 1 the  llkeliho (xJ ratio may he expresse(I as

A Ir~~ J N I 

(
~A )

I 
fl1 - (2-171)

h owever , for some (‘ases n 1 can be interpret ed as the ~th moment of a Gaussian

random variable z with mean ~1 and variance i - . The cliarao ’t em’j st Ic t’unct ion of

z is given by

EIexp (~~z) J = exp
(~ 

w
2

1

~ iT n~ . (2—1721

2 — 1 3
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Comparing Equatio ns (2—171 ) and (2—172), it follows that

. \ F r ( t ) 1  -
~~ K exP [l çA)

2 
~- +. (~) ~] 

. (2—173 1

‘ 7  nat I (teat Ion (~‘i t lit’ ~s-ns- r to it: at isa~ t o  n 1 at this point , hough eon,- tn ( -In g
In t i,- tig ht o( ~quat ions (2 -069 )  zinsi 1—170 1) 

• has Itot tt, ,’n g It ~~El , Fquai Ion
- - — 1 1,10 ean h, prnvt-fl l v  tnt other ni,-t hos t whieh i- i-I it’s on on s~hss’t-,-at ton slut- Is ’
\ N u t t ~i ii augg, -at , - ,i to 14- Ia s lUi lsol  In a prio-aiv s— s’nin,unieitiiost _ Front
Fs 1 utll I sat a 1— I I I ansi (2—i  :ccn it ct -st tows t hat

~ 4- (.5P~~~~ 5 r u  sit , ns~~il si t -
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i’~ ptuiiI i- t I  in  1- ouri.-.- sorts’s to obtain
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Substi tuting Equ ations (2— 16 7 )  and ~2 — l  65 -)  Into ) ( 2 — 1  73) th e  logat’it bin of th e

likelihood ra tio is a sympt otic a l lv repre sented as

I n \ I r ( t l l

-) 1’ 1’

~~ f f i  (I .
~
(l i, 1

2
) -  d 1 (l 1

) tl l (I ) ) 1 nt 1
) n i l  d1

1 ~lt~
0)

I 
~~‘ J t1

1 ~t ~~1 r(1 dt In K i :’ - l  I)

Ri-cal l  from Equa l ion ~2 — 1 3  1) t h a t

01 2 (1 1 . t 9 ) - - K ( SI t 1, i~i t t 1 ) I  SI t 9, m(t 9 ) 1 } ( 2 — l 7 ~t \

(1
1 (1 1

) - l- : -~ s(t 1, rn (t 1 ) J ~ ( 2 — 1 7 6 4

F:quat ion ~2— 17-i l i e l t l s  th e  :i svmp t c t t  ic receiver . I l owevo- y ’ , cons u l ( t i n s

have’ not been found undo - r wh ich  1’ is large enough for 12— 1 7 - I )  to  a

2 . -I - 2 Asympto t i c  Receive i’ Performance

l-’roni E quat ion  2 — l7 -i ’ , a receiver ha seti on I he log:i r i t h m of l itt-

l ik e l ihood ra t io  for long ohst ’rvat ion I imcs is

,, ‘I ’ ‘I ’
1’ [i - ~t 1~ ci i’( t ) I  -,  Il K 

~~ 

~~~~
A)  5 J 1d 9(1 1, t 9 ) - d 1 i t ~~l 111(1 2 ) 1 i”l I~ 

I’ (t 2 )

~~~~~ 

i’(l~~l d1
1 (2- 177)  

~~~~~~~~~~~~~~~~~~ 
-



where

d
~ 

(t1, - . . , t
1

) = E S f t 1, m(t 1)J . - S(t~, m(t 1)} . (2—178)

Recall that r(t ) = AS [ t , m(t)] + n(t ) under hypothesis H~. In this section ,

it is shown that the conditiona l moments of I ’  [ r (t)] given H 1 and the con-

ditional moment s of I ’  [ r(t)] where r(t ) = AS(t) + n(t ) are asymptot ica lly

equal provided that S(t ) is a Gaussian proc esses with the same mean and

autocovariance as S [t , m(t)] and provided that m(t) and S(t , . )  satisfy Sun’s

theorem . It then follows that the asymptotic perf ormance of the asymptotic

receiver may be found by considering the Gaussian process 8(t ). Conditions

on the length of the observation interval , T , under which the asymptotic

performance of the asympt otic receive r closely approximate the perform ance

of the optimum receiver , have not been obtained. : -

Con8ider the random variable

T
Z 1 = f r(t ) s[ t , m(t )J dt (2—179)

0

wit h moments

T~ T

E(Z ~~~~) = ~ 
~ ~ =J ” . .f ’ r(t ~). - . r(t 1)E ls[ t 1, m(t 1

)] . . .s[ t~, m(t~] I

dt 1. . . dt~ (2—1 8 0)

and the Gaussian random variable

Z
2 

= f  r(t ) S(t) dt (2-181)

2—46 
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I
with moments

T 1 T
E (Z ~~ ) = ‘/

2 , =f . .f r(t 1 ) . .  r ( t . ) E [S( t 1 ) , . , S(t .) ] dt 1 , , , dt ., ( 2-1 5 -2 1

If nI (t ) and S(t , , 1 satisfy Sun ’s t heorem and if ~ ~ 
= 

~~~~ 1 and i~ ~ 
= 

~~~~~ 
0

then it follows from par. 2 . 4 . 1 (8CC footnote pg. 49) for T•~ . that 
-

‘ l i  
• (2— 15-3)

f o r i . 2 ,

Substituting Equa tions (2—1 8 0 )  and (2—15 - 2 1  into (2— 183)  there r esults

F ?s[ t 1, fll(t 1) 1 . , .  S~ t~ m(t .)] I E( S(t 11 . . S( t . l 1  . (2 -18 4)

Now consider the moments of ( ‘  [ r(t ) 1 under From 1- qu at iOn (2 — 1 77 1

it follows that

F ({ ~ ‘ [ r ( t ) ]  ~ N ii
~~)

N - -‘v—” I N \ (  E \  1
’ 2 A \  K i - i

= 
‘5_ i / ‘4. 2 )  ~

1=0 °

E(~J f  r~t 1 )r(t 9 )[ c1 9(t 1, t 9 )-d
1

(t
1

)d
1

~~1 9 ) J  ~It
1
~~lt 9 

(

[t . 
l’(t )d i ( t ) dt

] 
I l i i ) . (2 1 5 - 5 l

- - - 
~~~~~~~~~~~~~ - ________________________________________________
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Expanding the a rgument of the expectation in Equation (2—185 ) there results

E{[c-s:(r(t))1 
K~ ~~~

(
~~~

)

K J ~
, f  E [ r ( t ) . . . r ( t K P H 1I

d l (t N
) dt 1. . . dt~

~~~~(K) (i)
i
(9
~~

) 

K+ - i  f  K
~ t fE [ t r(t 1 ?

[ d 2 (t 1, t 2 ) — d 1 (t 1)d 1 (t 9 )} , , , f d 2 (t~ .~~~, t 21 )— d 1 (t 2 • 1 )d 1 (t 2 . i }

- . d l (t K . l  dt 1. . .dt
N I

. - ( 2—1 86 )

Focusing attention on the expectation in Equation (2 —18 ( 3 ) , not e that

E [ r(t 1
) ,  , , r(t K . )  I 

~~~~

= ; ( AS [t 1, m(t 1
)] n(t As [t K ~~~

, m(t K I  ~ 
n(t x+~

l I I li
~ 

) .
( 2 — 1 5 - 7 )

Consider first the case for which Ni- i is an even integer . Multipl ying out the

right—hand side of Equatio n (2—1 8 7 )  and simplify ing those te rms involvi ng n (t l

as a factor , it follows that

E [ r(t 1 ) .  - , r(t
~~~

.) 11 11

= A N f 1  F si t 1, m(t 1)] . ,  , S[ tx . ,  m(t K I .) ]  I

v i — 2  
~~ E[ n(t .  )n (t

i - N
F; 77 SF t . ,  t -n(t~)] 

~
�j

l~ 
i ,~

j - 1

(_ ,
~

) f” F [ n( t 1 ),  - .n (t ~~ ) 1 (2 1 8 5- 1

2-4 8
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whew the first sum is over all  2’ (K~~i— 2 ) !  ways of choosing two ar gument s

from N t- i . Evaluation of the expectations involvin g the noise term , alth ough
known , are not required for the a rgument to follow . Similarl y, for ( i + K )  odd

E[ r(t 1), . . r(t . K
) li ii

= AK~~ F’ sf t 1, m(t 1)] - . .s[ t i+N~ 
m(t . t-N~

1 I

~ 
- i-2  

F;[ fl (t . )n (t. )}

H i t - K

7T S [t ., m(t .)J I�I 1~
j 5)

N t - i — i

~ ( f~) 2 

~~~ E s{ t 1 ,  m(t. )] (I
E [ f l( t

1
) ,  . - n(ti 1

)n(t. ~l . - n(t 1. ~1 1 (2-15-91

Substi tu t ing E qua tion ~2—15 - 4 l into bot h Equation ~2— 1881  and ~2— 189) re’s~j It s i i-~

Ef r(t I L. r(t N . ) t 1 1
11. E[ r(t l L . r ( t N . )  r (t ) = A S( t ) f l( t ) ]  (2 - 19 0 )

Use of (2—190 ) in ( 2 —1813 ) leads to the conclusio n that

F ( I ’  I r(t )~ I 
N , 11 ) ~: ( [ r(t ) } I K 1~~~ AS~t i +  i1~t ) )  (2 191)

Since the probability densi ty function of ( [ r ( t ) J  given li
i 

is determined iw
the mom ent s of I r~t l} gi 5_ ’Cn li i. it fo ll ows that

(X t i l
l

) I C ~r (t)=A S(t)  t f l ( t ) I X I r t l  AS~t +-n (t )J ( 2 — 1  92)

2 — 1 9
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and that the detection probability

= f  p
1 I H 1 

~~ I H 1 dX (2-193)

may be evaluated by considering

~~~~ 
f  

~1 r(t )=AS(t )+n (t ) [ X ? r ~~)=AS(t)÷n (t)] ~X (2-194 )

for T-’- . Therefore , the asymptotic receiver operating characteristic (R . 0. C)

of the asymptotic receiver is evaluated considering an equivalent problem

where , under Il ’, r(t ) = AS(t )-4- n (t) , S(t ) is a Guassian process with

El S~t) J E ~S[ t , m~t)] I , (2—195)

and

Ef S~t 1)S( t 2)} = E S[ t 1, m~t 1)J sit 2, m~t 2 ) ]  - (2-196)

\ \hen Equation (2—177 )  is the low energy cohe rence (I . E , C )  receiver (see ~ 
-

Appendix C) for S(t ) , the asymptotic performance is easily obtained using the

Chernoff approximation of Appendix C.

Assuming that T is large enough so that the asymptotic receiver is a

good approximation to the optimum Neyman- Pearson receiver , performance of I
the optimum receiver will be closely approximated by the asymptotic performance

of the asymptotic receiver . It has not been possible to obtain general conditions

which assure that T is sufficiently large .

2—50
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2 , 4 , 3 An Example — F’irst Order Butterw orth Phase Modulation of a 5- inusoi d

For this example , let the hypotheses be given by

Ii i : r ( t ) = A cos [ca 0t + m(t ) ] n (t ) , 0 — t — 1’ ( 2 — 1 9 7 )

I i :  r~t l  = n(t l I) t T ( 2 — 1 9 5 - i

where’ m(t l and nit ) are stat ist ical ly independent Gaussian random processes wi th

the prope rties

E [m~t ) ]  = F In t i l l  = 0 ( 2- 199)

E[m(t 1l m ( t , 1 = Pe~~ 
‘
~~ l~~~~2 (2-20 0)

N
E[n(t 1)n (t 9)] = —

~~~~ ó ~t 1 —t 2 ) . ( 2 — 2 0 1 )

From the corr elation function assumed in Equation ( 2 — 2 00 ) , the spectru m of

111(t ) 15

S (as )  = 
~~ - )  - ( 2 - — 2 0 2 )m

From par . 2 . 1, the likelihood ratio is

A [ r ( t ) ]  

~ 
~ ~ ) f  .Jr(t l ) . . r(t

~
)f 1 (t 1 , ..., t

~
l dt 1... cit . (2 -203 )

wher e

(t 
~~~~~~ 

, t . )  = F 

~ 
[
~ t 1 fl~ , , ,  COS [~ t *m  (t ~

]

C XJ) { - J co)8 [~~~ 0
t t -n~ t ) ]  dt 

~ 

) - (2-204 )

2 — s i  

~~~~~~~~~~~~~~~~~~ - -  - -~~~~~~~~~~~~~~ -~~~~ -  - _ -



- -- — — — ~~~~Ji: - 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -“i

E xpanding the exponential in Equation (2-204), f t (t 1, - . . , t 1
) becomes

f . ( t 1, ,,, , t .) =~ 4 

~~~

_ 

~~~~~~ J , ~ ,f
~ ~

cos[a t 1 fm(t 1 ) }. . ,  cos6 t.  -m ( t . ) ]

cos2 [~~~t 1 ~ 
+m( t . 1 )] ~ , cos2 [m t. ~~ i t-m(t )] }

dt , - . , clt . - ( 2 — 2 0 5 )
1 - -i

5~Recalli ng that cos ~= ,~ i i  cos 2 o)  it follow s that

F ~ cos 1a 0t 1 m 1t 111 . . . cos[ca 0t 1 t - m t 1)] cos 2 [c~ t . 1~ m(t . 1 )] -

cos 2 [m t . ~~~~

= -4 F cos&i~0t 1 -~~~t 1) ]  - , ,cos &a0t. ~m ( t . ) J

Terms involving 2 cn O
t
N

; K = i - 1 , - - (2 -2 0 (3 1

Hence , the integrand in Equation (2—205 ) involves a constant w ith respect t o the

variables of integration plus rapidly oscillating terms which contribute negligibly

to the integration , Consequently, Equation (2-205) can be written as

I . )  c ° E cosiw 1
1 

sm ~t 1)] .., COS[w 0
t . + - m ( t ) ]  ~ . (2 207)

Comparison of Equation (2-207 1 with Equation ~2- 13o1 shows that K = ~~~~~~~~~~ 
2N~~

In A ppendix A it is shown that x. and v .  defined by Equations ~2 — l 3 6 )  and ( 2 —13 7 1

2-52 
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a re- as vmptot ic:i liv G aUSS ian when S (t , in (t i i  — cos ~~ t +m (t ( 1 . 1 tenet’ from

E quation ( 2 — 1 7 7 1

e r i t i i  = ~ 
~ J f  [d 9 (t 1, t ) (-(l 1 (t 1)d 1 ( t ,(J r(t 1)1’ (t 9 ) (It 1 (It 2

‘ ( )  f  (l
~ (t 1)r(t 1

) (it
1 (2—2051

where , from Appendix B,

(1 9 ( t 1, t 2 = F; -os[~~~t 1 ‘fll ( t COS [ t 2 +ni (t 9 (]

-i~ r 
~~~i 

5 t  1 — t - ?cosh (PC — I cos ~ ~ t o

sinh (Pc ° ~1~~ 9 1 sin ~~ t
1 sin ~~ t 2 ]

anti H

d 1 1t 1
) = F; cos [J \ t

1 
- m~t ~

] } = e~~~ 
2 

~~~~ -

In :~ppendix C par. ~~
‘
. 2 it is shown that  F;ciuat ion ~2— 2 () s 1 can i-se interpreted as

the i F:C receiver for a Gaussian process with  mean and autocorrelat ion gi~-en [isv

F ;qcia ti on s ( 2 — 2 1 0 1  and (2 — 20 9 )  respectively . In Appendix I) par . D—2 it is shown

that the LEC condition applies for this process over a \%‘i (ic range of values for

P and (IT . As discussed in pa r . 2 , 4 . 2 , tilt’ asymptotic performance of t h ’

asy mptotic receiver is evaluated by considering an equivale nt problem where ,

under Il ’, r(t ) = AS ( t )  * n ( t 1 where Si t  I is a Gauss ian process with mean and auto—

covariance given b Equat ions ( 2 — 2 1 0 1  and (2 — 2 0 9 1  respectively , As pointed out
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in Appendix C 1sec (‘-23) , the LEC receiver for the equivalent problem is

determined from E quation ~2— 20S ( , t’ sing onl y values of P and t~T such that

the 1.EC condition applies , performance is obtained by employing the Chernoff

approximation discussed in App endix C . From App endix C

1 FA 
~ [e

52
~~~ ~~erfc ~ (S\ -~~~~) 1 (i - 

~~~~~~ )

- 
S)[1-S~~~Sft 1 (2-211 )

~~~ J

1)
1) 

1 - 
- ( l- ~~ ip (S)  

e ( 1
~~~~~~~~ 

2 erfc~ [(1_ S 1 \
~~~~~~ ) J L 1  

j~~ S) (1—S )
3 ]

- 
S i {1_ ~~(S) ( 1_ S) 2] 

(2 -212 1
(3 \~~~~~~( ( $ ) ) 3 2

where’ S is chosen so that ~~~S = ‘~ , 0 - S -- 1, and ‘~ is the threshold , Also ,

from Appendix (‘

p~S1 
—8 1—Sl 

2 

e
2h s 1 

~ 
~21~~2i [ 

~~~~ 

— 
1_

~~~:~~~~~

’ ]
- ( 2-Si 1~ , H’ - Li~~ C 

101) ] 
~

(~‘)  c~~ siF ) - (2—213)

2 — 5 1  
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2 . 4 . 4 Subopt i mum l) cte c’ti oii  a t a l - i i-st li-dc i- l3ttt te rworth Phase M~ t 1iil ited

Sinusoid

in the hvp othe ’sis test ing problem of par . 2 . -1 , 1 , the hypotheses t re

lI ~~ 1’( t )  ~-\ t 0 5  ~1 t  - i i i~t ) J  - 1 1 ( t )  - ~i -  t l ( 2 - 2 1 - l i

1i~ : r ( t )  11(t )  , 0 —  t — 1 ~: — 2 l 5 1

~vht ’ re 111(t) and 1 1 ( t )  :t i~&’ ~ e I-a nlt’an independent Gaussian pI’oet’sscs ~ i t h au to— r
c O F  re l at ion (auct ions

—s --is ~t — t~ _ )

i~ I fl1 (t
1

) l1i( t 2 11 R ( t ,~ t 2 1 P e - 
~2-2 1t )

~ I I l ( t ~~1 u~t 2 ( 
I 

s -- s S 
~~ 

- 12 ) . ~2- 21 7 1

C onside r t he detector sketched in l -igurc  2 — 1 2  wh ic ’h is op t imum for dctc ’c’t io n of

a si nuso id having a constant  random phase angle u n i f or m l y  d i s t r i bu ted  on 0 2 I

In this  sect ion , t ilt’ pci- to n uance of thi s  tie t s ’cto V ~s dete rail ned (or (lit ’ liv pot lie St~s

s is t  F ;s -1 uat it - sn s  (2—214) and 12—2LP . -\s e\peeted , t lit ’ opt in ium de te ct ot - is shown

to out pt’ r t o  r iii ( 1k’ deteeto 1’ 01 i - i  t~ i 1 i c  2 — l  2 , 1 loweit ’  F , t ot ’ Si ti t i  (a not St ’ is i t i  05 
- 

-

1SN R’ s+ bc-low the threshold of the O p t i l i l L i l i l  dett ’cts --sr , subop t t i iu t tm dt ’tc ’c~t~ i’ pt’r —

forni anc -e is close t c  the as s- l i lp Io t i  c’ pe n f o i - inanc -e of ( lit ’ isv mpt ot  ic re~-ei vt ’r .

It  iS  c-a nvenien t  to de t i t i t ’

2 \  — P  2 J ~~~~~ eas 
~~

-
s-~~ 

dt ( 2 — 2 U 1

ant i

Q ~~~ e~~~ 
2 r h )  si n - - t  s - it .
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Figure 2— 12 . A Subopt imal Detector

I Nis s t c  tha t  undet - hypothesis 1-I~ , I and Q are zei -o mean statistically independent

P tus s i an  random variables of var iance

- i s  _
~~~2 2 2A~ - 

e -- - - -- r — iT — - a 1 ~ ‘0)
- j u t  Q I B  N a 2 - ( —  — —

0 0 o

I-’roni Appendix A , it follows that  under hypothesis 11k , 1 and Q at-c asymptotically

I jo int 1~ Gau ssian . F’rom E quation ( 2 — 2 1 S )

E( I l i t i
) ~:‘ e ” 2 f ~~~:\ cos [~~0t + m ( t ) U  + n( t)  cos ~~ t dt - (2 -221 1

- 
° I)

- With reference to Equations (2 — 221 )  and (B—6 i , the mean of I under hypothesis

is given by

-
~ 

hl i , i i  ~~~‘H 1
) 2 ~~‘i’ - 

( 2 - 2 2 2 )

2— 6 8
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where double frequency terms have been ignored . Similarly, the mean of Q

under hypothesis H 1 
is given by

1Q 1 H 1 
= E(Q I H 1) - (2—223)

t
The second moment of I under hypothesis H 1 can be expressed as

E(1
2
1H1) (

~~~2)~ e~~ cos ~~t1 
cos ~~t2 ~:0 0 1-

E ( {A  cos [~~~t 1 + m(t
1

)j  + n(t
1)~ ~~A cos + m(t

2
)] 4

+ n(t~ ) })  dt 1 dt 2 . (2-224)

From Equations (B—23), (2— 216), (2—217) and the statistical independence of -

m(t) and n(t), it follows that 
—

E 
(~~
A cos + m(t 1)j  + n(t 1)} {A cos ‘~ o~2 

+ m(t 2 )J + n(t 2 ) ))

A
2 c~~~ [Cosh (~ 

_ a I ti
_ t

2 1) cos ~~ t 1 cos ~~~~

~1- 0 _ I t  - t  I
+ sinh (P e  1 2 ) 

~j~~s-~0
t
1 Sifl~~ o

t
2]

N
+ —

~~~~ ô (t
1 

— t
2

) (2 22 k ) )

I

2— 6 I)

~ 
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~~~~~~~ 

-
~~

- 
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Substituting Equation ( 2 — 2 2 5 )  into Equation (2—224) yields

E( 12
111 1) (2

A 2
T)

2 

- 
e P 

T 2 
~~ 

f COS h (p e
_ 0 _ I t l t 2 I )  dt 1 dt 9

2 -P

+ N a  
‘ 

~~

-

~~

— - a T  (2-226 ) H

where double fr eq uency terms have been ignored . With the aid of Equations

(( ‘ -69) and (2-226 ) , it follows that the second moment of I given hypothesis I t 1
can be wri t ten  as

E(I 2 I H ~ ) (
~~

) ~~~~~ IUT) 2 ~~~ p2i [
~

, 
- 

(1 -

+ — - e - u l  , ( 2 — 2 2 7 )N u
0

From E quations (2—227)  and ( 2 — 2 2 2 )  it follows that the variance of I given H1 is

-s 00

2 — ( A
2 

~ -2P c-~ 
~~ 2i [aT ( 1  - e_ 2 i 0 _ T)1(T

h u  
- 

~~ 2i 2 j

+ ft’a - e~~~ ‘ aT - (2-228

Similarly , it is readily shown that

2 - -

2 ( A 2 
\ -2P ç-

~~ 
~~ 2i + 1 [ 2a1’ 2(1 ~~~~~ 

(2 i  I 1)a T )°‘Q I H 1 
= 1+\ N0a )  

- e 

i - = () 
(2i ~T~i [ 2 i + 1  

— 

(2i+l)’

A 2 _j )
i • e ‘ aT ( 2 — 2 2 9 )

0

and

E(IQ l u l l ) o . ( 2 — 2 3 0 )
2—7 I)

_ _ _ _ _ _ _ _ _ _ _ _  -4
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The suboptimum receiver of Figure 2-12 forms the detection statistic

9 -)
I = l~~ + Q (2—231)

From Papou lis 3 ] ,  the p. d . f . of!  given hypothesis H 0 is given by

2 2-L /2o
~~~~ ( L I F f ~ ) ~~~ e ° 

, L > O
0 17

H

0 , L <  0 (2—232)

where

= °‘1 1 H 0 
= 17Q 1H 0 

(2—233)

From Miller 1 25 , p. 301 , the asymptotic p. d. f . of ! given hypothesis H1 - -

follows as - 
-

(L
2

+ q ~
1
~~

P1 I H  ( L u l l 1) = 
171 I H 1~

7Q l H 1 
ex: - 

2
~ I l H 1

c-’- F ( m +~~ )
- L...~ r (1/2) F( m + 1)

m - ( )

L(17
~~,H

_
~~~lH

) Li1J ,H ~~~

I H 1 
~~ I H 1 

rn s-~
2 

)
L > 0

= 0 , I. ~ 0 • (2-23-l i

2 — 7 1
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The false ala rm pro bability , 
~~FA’ 

is

~ FA 
- - f PI I H

(L il lo) dL (2-235)

where -y is the threshold setting. Substituting Equation (2-232) into Equation

(2- 235) and performing the integration results in

~ FA 
= exp~~- ) , (2-236 )

The detection probability , 
~D’ 

is given by 
r.

= f PI I H 1
IH l)

~~~ - 
( 2-237)

It  is convenient to define

a = q1 H/ 11 H 1 
( 2-238)

b = 
~~~ l l H

1 

(2-23 9)

c = 

~ IH ~ 
/ 17Q I H~ 

~2 240)

d = 

~~Q ) H 1 
- 

~ I I H 1~
’ ~:in 1 

- 
(2-241)

Substituting Equation (2—234) into Equation (2—237 ) and mak ing use of Equations

(2-238) - (2-241) there result s

00 1r (m  + — )

C 
F(1/2) F(m 1) dm 

~~m+l~~’ b) (2-242)

2- 72
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where QK (a , b) is the generalized Q function

00

QK (a , b) = f X (
~ )

K 1  
e’

~~~
2 +a 2

)/2 I K_ l (aX) dX - (2-343)

From Equations (2-236) and (2-239), the paramete r b can be written as

r 21 - 2 ~ l n P
b = L FA , (2-244)

11 H 1

Consequently , Equation (2-242) expresses as a function of 
~ FA’ (A 2

/N0a),  P ,

and aT . Making use of Equations (2— 220) , (2—222),  (2— 228) ,  (2— 229 ) and (2—238) —

(2—244 ) , miss probability , 
~~~ 

= 1 - 
~~D~~’ 

is plotted in Figures 2-13 through

2-17 as a function of the time-bandwidth product , aT , for various signal to noise

ratios , A2/N0a , and the fixed false alarm probability , 
~ FA = ~~~~ Sub-

optimal performance is compared with the asymptoti c performance of the

asymptoti c receiver in Figures 2— 18 through 2-21 for parameters of interest .

Note that suboptimum performance approaches the asymptotic receiver per-

formance as the signal to noise ratio, A 2/N0a , decreases .
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t
CHAPTE R III

MMSE ESTIMATION IN GAUSSIAN WHIT E NOISE OF A NONLINEAR

MEM ORY LESS FUNCT IONAL OF A RANDOM PROC ESS k
USING NONLINEA R OBSERVATIONS

3. 1 Derivation of the Volterra Series

Consider the problem of finding the minimum-mean squared error

(MMSE) estimate of a nonlinear memoryless functional of a random process

when the observations have the for m

r(t) = AS It , m(t) J + n(t) 0 ~ t ~ T (3—1)

and the MMSE estimate desired is

~ I T , m(T) 1 = E { g F T, m(T) I I r(t); 0 ~ t ~ T } (3—2)

where n(t) is zero-mean Gaussian white noise and

E [n(t 1) n(t 2 ) I = No12 ~ (t1—t 2). (3—3)

To find the MMSE estimate m(t ) is expanded in a Karhunen-Loe’ve expansion ; -
on I 0,T] .  This yields

N
L.I . M.

m(t) = m1 ~~ 
(t) 0 ~ t ~ T (3—4 )

N— 0o

1=1

where

X~ ~~ 
(t 1) = j  K ( t 1, t2) 4 . ( t2)dt 2 (3—5)

T
m1 = f  m(t ) ct 1(t)dt (3-6)

E I m(t )J = 0 (3-7)

K ( t1, t 2) = E I m(t 1) m(t2)J . (3—8) 1
3-1
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The Joint Probability denaity fun ct1o~ (p. d. f .)  of in1, ..
~~~~
, m~ is denoted byp (rn1, .. , ~~~ Let

mN (t)  = E m1 ~1 (t 

(3-9)
and Consider

rN (t) = AS I t , mN (t) I + n(t) 
• 

(3— 10)Assuming in1, ~~~ •. .,  N, ~~e given , rN (t) may be e~~anded in a Karh~~0~
Loe~.re exp~~~j0~ to obtain

rN (t) 
~~~~ r~ z~~ (t) O~~~t~~~ T 

(3-11)
wh ere the fi rst eigenf~~0~j0~ is chosen to be 

i~J
N 1

S f t

~ 

(3— 12)/7 s2 
in1 ~ 

(t) j dt (
and ~~(t) . J ~ 2 are Chosen arbitrarily to complete the set. Clearly

N

/ rN (t) s [t E ~ J \I m~ ,
.
• • • ;  inN ) = E 

(
~~J~ 

~~~~~~~~~~~~~ 
dt )S L~’~~1 ~ (t )Jdt /

3-2
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From EquatIons (3—1 3) and (3—1 0 )

K(r 1 1 m 1, mN~~~~~J~~ [ t~~~~~ mi~~i (t)
]

dt ~ (3-14)

1=1

A lao , from the e orth ogonality of th (I ) and EquatIon (3— 11)

K(r~ l m 1, . , fli~~) 0 , j -2 (3— 15)

In addit ion , t he condit b u n  I van nnct~ of r.~ IS given by

N(I ___
~1 .1 ( 3—1 6 )

r j ni h ‘ “N 2

It follows from Equations ~3— 11) throug h ~3— 16 an~ the jo int norma lity uind statistical

Endepondence of the r j when m 1 nrc given (t int

()r i
_A(182 It , lU~~(t)Idt)~ ~

2
i~~~~ rj

2 )
p~r .... , r tn~ ni =M l  N M/., H

( R N )0 (3—17 )

A pplying Bayes ’ 141w to Equat Ion (3—1 7) results in

p(m 1, . • “1N ‘ l’ . , r~1)

exp ~ ~~~~ [(r l
_A

~iS
2 [ t ~ mN~~)](lt ) + ~~~~r~ ] ( m l~.~ P mN

/
~~ N )

f .~.f ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(
~ 

N0) (3—18)

3— 3

--~~~~ 
__f

---



l e t

N

g It , N(t
~ 

g I t ,~~~~ m1 ~ L 
(t ) J (3—19 )

The expect at ion of g çr , m N~~
1
~~ ’ ~u y en r 11. . , r M may then l~ expressed as

K ~g( ‘1’, “N~
1
~

1 •r 1, . . . , r~1

- ~~ ~~~~~~ )
~~ .~~~~:r 1~] 

~

J. .
~~ 

i~ 
iit ..~i’i~I ~~~~~~~~~~~~~~~ P(U’ nt M~

din %. .

( i r s )  --

— ~~
_. 

[(r 1~~i~ / S
_ 

I t , lt N t t t I  ~~ 

~
) •

~~~~ 
t ] 
~5 . —— - ———--—-— —— —- -

~~~ 

- -  ——- —---- — flt
N

ktltt drn
5

(~r N \

(3— 20)

(‘anee ’lltng common factors In the numerator and denominator of Equation (3—20 )

and taking the’ limit as M ~
. , the conditional t1xi~~ctat Ion becomes

~ g E l ’ , mN
( I )

~ 
r( t ) ;  0 t ‘I’

- ~I:~ 
F , 

f
siu . m N I~~~r0~~~~~~~~t . m N~~d~~

tft
)

uwu m~~ tIm . (Im
N

c’~p ( ~ / sit . l t t N tltl ~ r~t t  — ~ (t . ni~~ i i l  I ~~ ) p~ni ‘
~ N~ 

tIIIt 

-, 

(3 — 2l ~

.1-4



7

Taking If m N-. ” , the denominator of Equation (3—2 1) Is identical to Equation (2-27)

while the numerator differs only by the’ factor g(T , mN (T)) . Following the same

procedure used in developIng Equation (2-28), i t follows that

E ~gfT , m(F)J I r ( t ) ; 0 -  t -  T~
T T

— ~ -j~
- (~ft~) 

f .~ .f r(t~ L .  . r(t~)h 1(T, t 1, . . ., t 1) dt 1, .. .dt~

~ * (~
) I 

~~~~~

• •
~~ 

r(t 1) . . . r~t 1)f 1~~1, . . . , t 1) dt 1, ...,

i=0 ° ~ (3— 22 )

where

, t 1) = E (s[t1~ m~~1)1...S[t 1, m~~)]exp ~~~
- 

~~ 
f  s2E~, m(1)J d~
° (3—23)

h 1 (T, t 1, . . ~~~ E 
(

~tT~m(T)] S[t 1, m(t 1)]

T2
s[t~, m(t 1)] exp - 

~~~ 
f  S [

~~, 
m( 1)] d~ 

~
). (3-24 )

0 t
Equat ion (3-22) - (3— 24 ) are used later in this chapter to demonstrate that pre-

viously known results can be obtained by this alternate approach . To reduce

EquatIons (3—22 ) - (3—24 ) to a form which is more suitable for implementation of

the estimator , it is assumed that the MMSE estimate of g(T , m(T)) is expressed in

terms of a Volterra functional expansion according to the relation

~ [T, m(fl] ~ L (
~

) 
12 J • ’~J r ( T 1) . . . r ( r 1

)

e ( r  , . . ., r. ) d r 1. . . d r .  (3—25)1 
~2 ‘2

3-5
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~~~~

where C
1

( r 1, •.. , r 1
) Is the j th Voltorra kernel of the ’ estimate . Equating Equations

t 3—25 and ~3- 22~, there results

I T 1’
~~~ ‘ 1 / 2 A \ 2 1 i9  c

j r  
~~~~ ) J • • • J  r ( r 1) . . .r l r 1 )c~~( r 1, ... , i •) 1 1 2

12 0 0 0

~~~~~ 
(
~~~

)
i].~~.~~~r(t l ) ... r~~

f )h i tT , t l, ..., t 1 ) dt 1, ~~~~~

‘
~ 

_J_~. ( . )  •,J

• 1
_•J

~r(t ) ..., r (t 1 )f i~~t , t 1 )dt 1 dt 1
0 ()

(3— 26)

Mult ip ly ing bot h sIdes by the likelihood ratio , which is the denominator of

Equation ~3— 22 ) , (3— 2 61 becomes

~~~~~ ~~~~~ 
cA)

1 2

J

11
:1

2Jr(t ) r(t . )f , (t i, ..., t . )
i
1

() l2~ 0 o o

rv 
~~~ 

r ( r .  )e. 
~2 2  2

(It ... dt d ... ti1 i
~ 

1 ‘2

= 

~ (~~) f .~ 
.J r(t~ L ..  r(t .)h ~~T, t 1, ... 1 t~) dt 1... dt 1 .  13-2 71

EquatIng terms of l ike power ~n (~~) , it follows that

h0 1T

f • ~3— 2~ (

— f 1~t 1~~0 (3 29)
‘0

a—i;
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t.
— 2 f 1 (t 1 )e 1 (t 2 —f 2 (t 1, t 2)c0

~
, t ,, l f .

0

In general , e 1t t s  g tv en iw

e, (t t
1

( 
h , (T , t~~~~. . . t~~1 - 

L i  ~~~~ 

fk d I .  • t k
)c . k (t k . 1’ •

fb (t , t . (e~ r
— ——— — .  

I I 
3— 3i

Observe that t’~~ t , t . l can he obtained expl i c i t l y  in t erms of h
1 11’, t 

~
, . • , t )- j

and f~ 1t t j , k 0 , 1, • • . , . (‘onsequent lv • the a ssunietl form of the M MSE

es t imate , gi ven in I’ quat ion  ~3—2 5) , is va l id .

3 . ~ R eder iv at  ion of the l inear Re sul t  ~~ Zero Mean ( aussian Processes

In th i s  sect ion it is assumed that

= m ( t )  n 1t l  0 — t — •1’ (3— 32)

where m (11 is a z e r o— mean ( auss Ian process and the des I red M MSF eat i mate is

g 1T , m~’I’11 r m = F ( m( l’1 r ( t ) ;  0 — t — T . (3 33)

From Equ al ion ~3—22 ( — (~l— 2 I ( , n~~I 1  IS gii’eii by

i 
(~ ) 

I 

~~~~ 
./ r ~t 1 ... r~~~h .( r , t 1 , .... t~) dt 1, .. . , dt 1

— . 0 0fl i ( l )  . T T
I 

~ ) 
I 

•,~
( r~t c... r~t 1 1f,~t 

~
, .

~ 
, t )  tIt 1... itt 1

I I )  (I ~

3—7
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where

and 

f 1~t 1, . . . , t~) = E ~m(t 1) . . . m(t i ) exp ~~ f m 2
~~~~ r ] ~ (3-35)

h~~~’.t 1. . . . , t 1) = F: ~m~~ )m~~1). . . m(t 1) exp [ - ~~ J m~ (r ) d T ] ~ (3-36)

The denominator of Equation (3—34 ) is the likelihood ratio of Chapter Ii

par . 2 . 2 . Hence , from Equations (2—56 ) — (2— 58)

ft (~~) ~~~~ .Jr~~1 ... r(t 1) f 1 (t 1, ... , t .) dt 1... dt 1

=

~ ~~~ 

N~ /2 exp 
(

~~ 
J Jr(t 1)r~t 2)h .~~1~t 2

) dt idt
2) 

(3-37)

where h .(t 1, t 2
) is the solution to the integra l equation

~~ ~~~~~ t 2 # f ~~~~~ T)K m (T
~ 

t 2 ) d r  = K m (t i~ 
t 2 ) (3-38)

and where

K ( t 1, t 2 ) = E(m(t 1) m(t 2
)) . (3—39)

To develop the numerator in closed form , note that

= ~:(
m(~ne~~ (_ ~~~ fm

2 (r ) d
r) ) 

. (3~~ 0)

3—s 

~~~~~ - ~~~~~~~~ . . Eli
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Fol lowing th e proee ’du re’ previou sly used in ( ‘haptt ’r ii par. 2. 2 , m(t ) is expanded

in :t N arhunen — I .ot ”ve expansion to obtaIn

1 = F 
(m i exp 

( ~ 
.!\

)  
~
) ~~ 

(F) . ~3-4 1

However ,

~~~~~N 
f ’  2 \  ~

~: (m i exp ~~ tui 2)) = ~,, j .~.j 
tfl

i 

~ 
~~~~~~~~ 

)
- s  

~2rr )~~~-

~ini . . . dni

= 0 . ~3—4 2~

It follows that

h~~’i’ = 0 . ( 3 -131

Simila r ly .

h 11T , t~ = F: (mcl’ ) m(t i
) (‘XI) 

(- 

~~ 
J m 2 ( - 1  

dr ) )  
(3-4-I l

With refe rence to Equa t ion (2 — 45 ) , h 1 ~‘l’ , t is identica l to f~)( l~ t 
* 1-’ron

Equation (2 — 4 9) it is concluded that

h 1 ( 1’, t 1
l = 

-. 

N~ ~~~t X ~ ~ I ( 1) ~~~ 1~ 
~3_4~t )

—

- - -- -~~~- -- .---- -~~. -~~ -- ________



Use of Equation ~2-55) in Equation (3 5) results In

N 2  ~ N
h 1(1’, t 1

) = N $ ii~ 1T , t 1i . (3—46)

i = 1  °

It is also readily shown that

h2 (T , t 1. t 2) = 0 
(3 7)

N 2 -‘ (N  \ 2

h3iT , t 1, t 9, t 3
) = 7T ~~~

—‘-

~~ 
.—

~
--- 

~~~~~~~ 
)

i~ 1 o

[h ,~T , t 1)h ,~~2, t 3
) h~~~’, t 2)h~~~1, t 3) ~~~~ t 3)h~ (t 1, t 9)] .

(3—4 8)

ln genera l, ~~~~~~~~~~~~~ 
is given by

N 2 2 IN  ~ 
2

h,(r , t 1, . . ., t 1) =  -
~~~~~ ~~~

— -
~~~~

---

~~

-—

~~~ h .~~ , tk h ,(~~ , t~ ~~~~~~~ ~‘¼)’ I odd

= 0 , I even (3-49)

• S

3— 10 
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1—1
Whe re t be SUHI Is overall  1 2 ( I~~~

) w a s  of pa r t i t ion ing the set

[T , t , . ,  t 1~ Into ~-~—~- pairs . From E quation ~3—-I 9~ , the 1th  i—fold  int egration

in the numera to r  of E q uation (3—3 4 ) can be expressed :iS

J .  .f r~~1 .  . . r ( t . h ( I ’ , t 1, . . . t . )  dt 1. . .dt .

~ 7T N 2~~~\ (
~~~

) i - l ” .
1 : 1  ° 

2 ’ (!. .i )

~J 
Jr ~t 1 r~~2 h .(t 1, t 2 ) dt 1 dt 2 ]

h (l’ , t 1l r l t ~ (it 1 ] i odd

= 0 i even . (3— ~) 0 l

3— 11

_ _  __ _ _  
-



W i th  the aid of Equat ion i3— 5 0 ) , the numerator of Equation (3— 34 becomes

1 
( 2 )

1 
~~~~~~~~~~~~ . . r(t~)h~~ ’, t 1, . . . , t~) (ft 1. . . dt .

= 
[]Jr(t i )r ~ 2 )h .(t i~ t 2 ) 

~~1 dt
2 ]  

~~~

i otid

N 2  T

N 2 -  ~~ f 
h~ (I’, t 1l r l t 1 dt 1

T
= ~ N 2 ~~~\ . J h~ çr,t

1
r(t1)dt1

t= 1 o

exp 
(~~~ 

ff r(ti)r(t2)h.(ti. t 0)dt idt2) 
. ç3-51 1

Substituting E quations (3-37) and (3—51) int o Equation (3—34 ) , the expression

for m(T) reduces to

r n (T ) =J  h~ (T , t 1lr ( t 1)dt 1 (3-52)

where h,~T,t
1 is the solut ion to the integral equat ion

N T
-

~~~~ h , T , t 1i h ,(I’, T ) K
m ( T • t

1
) dT = K~~~T , t 1

) . ~3-53)

This agrees with  a well known result [i , Chapter (3 Equations (23) and (17 ) ]

3— 12 
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3. 3 A Stochastic Dif ferential  Equation for the Loga rithm of the Likelihood Ratio

In this paragraph , a stochastic different ia l  equation for the logarithm of the

l ikel ihood ratio is developed .

From Chapter II par . 2 . 1, the likehood ratio is

A (r(t)) = ft (~
) J . ~~~~~~~~ r(t~)f 1 (t 1, ... , t . )  dt 1... dt . (3-54)

where

f~(t 1. ... , t~) = E(S (t 1, m(t 1) ) . . .  S(t., m(t.)) exp (_ ~~~ JS
2

(r , m ( T ) ) d T ) )  *

(3— 55)

Observe that the likelihood ratio is a function of T . Consequently, we consider

the derivative of A (r ( t ) )  with respect to T . First consider

~~~ 
dt 1 = f  [ ~~ f

1
(t

1
) 
] 

r(t 1 ) dt 1 ~ f 1 (T) r (T) . (3-56)

Similarly,

~ JJf2 (t 1,t2) r(t 1 )r ( t 9 )~!t 1dt 2

T ‘1’ 1
= j  f f2

(t 1,t2)r(t 2)dt
2] 

r(t1)dt1

~ r(F) f  f
2

(F,t2 r t 2 dt 2 . (3-57)

3-13
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Since 1.~1t • I ., ) Is symmet r I c  In Its a rgum ents , E quatIon (3— 67) sImp lifies to

~
- -

~
-

~& 1 1 1 :t ( t 1. 19 )”t 1 )r(t 9
) itt 

~ 
dt 9

0 0

- j  J [ ~ft ~~~ 
1, 12

) 
] r(t l )1

~
1
~~ 

itt itt 2

i 2r(l’ ) 
J 

I ,,( ’i’ , t , ) r ( 1 2) itt 9 . (:1-58)

More genera fly , It can be- shown th at

~~ J .L J  r (1 1 L . 
~~~~~~~~~ 

(~ ) cit 1. .  . tli
1

— 
J

’

•
’ 

~,/ [ ~-j- f~(l~ t 1) 
] r(1 1 L . . r t

1
) d l i . .  . itt 1

i I r( I ’ . .. J t I t 1 . 1 ~t 1 ~~~~~~~~~ 
.r(11 1

) cit 1 .. . e1t 1 1
( 3—S t))

‘1

: 1- 14 

~~~~~~~~~~~~~~~~~~~~~~ . - ~~~~~— -  ~~ - .~~~~ - ------ -~~~~~—



1’hi ’ re tort - , the derivative of .-\ ( r ( t ) )  w i th  respect to 1 may be expreisewet as

- ~~~~~t (2A
)

t

J •f [~~ 
t~ (t 1, . .., t 1)] i’(t 1

) . . .  I’( t
1

1 cit

i—i )  t I  0

1~ l~’

~ 
r l l )  ~~~~~~~~~~ . . . , t 1 ) r (t 1 L . . r(1 1 )ii t 1 . . . tt t 1

‘I i t

E quation ( 3— t ’~)) is f ur th er  s impl i f ie d  usIng the eat inia t ion r esu lt s fr om par . 3 . 1 
*

( ‘ief lakte I r  the M MSI-’ est imate  ot S (F , t u(t ’ ) I • then

g(t , 111( t ) )  — 5(1, i i i (t ) )  . (3 —6 1)

From E qual Ion ~:t— 2-1 ) , h 1 1 F , t~ , . . . , t ~) he~ ont~ia

tì~t U , t , . . , t 1
) — t-: ~s( 1 , nhçF ) 1 s (i 1, ni(t 

~~

~~~ 
in(t 1

)~ t \ p  
~~ 

f S ç r , n i t r ) )  c i t  
] 

~ ( 3-fl ’)

~% hlL’tt , froni Equa l ion (3—23 ) may ~tso be expressed as

h 1(r , t 1, . . . , t 1
) — t-

1 ( 1 , 1 1 , . . . ,  t 1
) . (3— 63 )

~ubst 1tuttng Equat ion (3— 6 3) in t o th e numerator of Equat ion ( 3 — 2 2 ) , it  is c’o nc- tu c(ed

t hat the  ae’ce~neI t i i rn t  of EquatI on (3 — lW ) is given by

F I

r (U )  
~ (~~,) 

t
f .Ji 1 ~ 

I - , (~~, . - . , t )  dt .

I I t 0 ii

i~~l ) S  ( t , uit F ) I ~ \ ( r ~t )~ . ~3—t -& l

- —--—S -—p - ~~~~
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To simplify the first term of Equat ion (3— 60), consider the MMSE estimate of

S2(F, m(T)). Now

g(T , m(T)) = S2(T, m(F)). (3—65)

Observe that

f
~
(t1, . . . , t1)= -~~~ E S2 [T, m~~)] s[t1, m(t 1)]

S[ti~
m(t .)] exP (-F fs

2[ r~m ( r ) ] d r )

= — 
~~

- h1 
(T, t1, . . . , t 1) . (3—66)

Substituting E~ iation (3-66) into the numerator of Equation (3-22), the first term

In Equation (3—60) is expressed as

ft (~~~) 

~~~~~~~~ 

~~ 
f1 (t~ , . . .~ t1)] r(t1). . .r(t~) dt1. ..dt

1

= - ~~~ ~2 [ T , m(T)] A [r(t)] . (3-67)

Combining the above results Equation (3-60) becomes

2 ~\
A [r(t)] = — ~ — S2 [T , m(T)] A [r(t)]

+ r(T ) ~ [T, m(T)]A [r(t)] (3—68)

3-16 /
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Dividing both sides of Equation (3—68 ) by A(r(t)) it is recognized that

I n (A (r (t )) = r(t) AS (T, m(T)) —~~~A
2 

~~
‘[T , m(r)] } (3—69)

The result in Equation (3—69) is consistent with the use of the Stratonovich

stochastic integral implied in pars . 2. 1 and 3 . 1 where Integrals were manipulated

using the ordinary integral calculus . E quat ion (3—69) is easily modified to be

consistent with the use of the Ito stochast ic calculus via add it ion of the correction

term

~ A
2
~~~

’
(T , m(T)~ — A2 S2[T,m(T)] ~

as pointed out by Duncan [18] to obtai n

~~ In s~ A[r(t)] ~ = jj -~ 
AS [T, m(T)] {r çr) —~~~ AS [T , m(T)] } . (3—70)

This latter result was obtained by Ka ilath [6] usIng the It~ stochastic calculus .
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3.4 MMSE Estimation in Gaussian White Noise of a Nonlinear Functional of a

Zero Mean Gaussian Random Process Using Linear Observations

In this section

r(t ) = m(t) n(t ) O r  t -  T (3—71)

where m(t) is a zero-mean Gaussian process with autocovariance

K ( t 1, t 2 ) = E(m(t 1)m(t 2 )) (3— 72)

and where n(t ) is zero-mean Gaussian white noise with

N
E (n(t 1)n(t 2)) = .-

~~ 6 (t~—t 2 ) (3—73)

The MMSE estimate desired Is - -

g(T , m(T)) = E(g (T,m(T)) l r(t); O -~ t -~- T) . (3—74 )

From Equations (3—22) — (3—24)

T T

~~~~ (~~
_ ) ‘ f .  ~~~~~~~~~ r(t 1)h1

(T,t1, ... ,t1) dt1...dt~
g(T , m(T)) = 

— 

T T (3~75)

O 

.,[rit1)... r(t1)f1(t1, ... , t1) dt 1...dt 1

where

f i (t i, . . . , t 1)= E 
(

m(t l) . . .m(t 1) e~~ (
~ 

~~~fm
2 (r) dr ) )  (3-76)

and

h1~~, t 1, . . . , t 1) =  
E (~~~~m~~))m(t l ) . . . m(t i ) exP 

(_ ~~~ Jm
2

(r) d r )
)  

.
(3—7 7)
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The denominator of EquatIon (3-75) is recognized as the likelihood ratio . From

Equation s (2—56 ) and (2—58) the l ikelihood ratio Is expressed as

ft (~~~)

1
f.~~Jr ~ i)... r~t I )f i (t l.... t i )dt 11... dt j

T i ’

7T N
0

’2 
~~ 

ex~
[
~

_ 
Jfr(t i )r(t 2)h .(t 1, t 2 ) dt idt

2 ]  
(3-78)

where h~ (t 11 t 9 ) is given by Equation (2-57) . The numerator of Equation (3—75)

must be treated separately for each choice of g(T , m(T)) . As an example , let

g(T , m(T)) = m 2(F) (3—79)

For this case

h0~~) = E (m
2~~) exp (

~ ~~ 
f  m 2 ( r )  d r ) )  (3-80)

With reference to Equations (2—45) , (2—49) and (2—58 ) It follows that

N / 2  2 N
h0(T ) =  7TN / 2 f X  -~~ h~ (1’, T) . (3— 8 1)

1=1 0 1

Similarly,

h 1(T, t 1) = 0 . (3—82)

‘

1
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Also, from Equations (2-52) and (2— 58)~

N / 2  2 N 2
h2 (T, t 1, t 2) = 

~~ ~~ 
(~~~) 

[h~(r,T)h~(t 1,t2)

+ 2 h~ (r , t 1)h~Cr , t 2)] . (3— 83)

To proceed, It is readily shown that

h3(F , t 1, t 2, t3) = 0 (3—84 )

N / 2  ~ Nh4(r , t 1, t2, t3, t4 ) =

~ 
~~~ N~/ 2 +  Xj  

(_

~
)

[h~fr , T)h~ (t 1, t 2)h~~t t )

h S(F, T)h~ (t 11 t3)h~ (t 2, t4 )

* h~~(T, T)h .(t 1, t
4

)h~~(t 2, t
3

)

+ 2h~ (F, t 1)h~çr , t2 ) h ( t3 t )

+ 2h~(T , t 1)h~ ( T t ) h ( t t )

* 2h~ (T, t2)h~ çr , t3) h ( t 1 t )

+ 2h
~(r,

t
1)h~ (T,t4~h ( t t )

+

+ 2h~(T, t3)h~ (T, t4 )h~ (t 1 , t 2 )J (3—85 )
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and so on. In general , h~~(T 1 t
1~ . . . ,t~) is given by

1÷2

N / 2  ~ I N \
2

h~~
(T , t i, . . * ,t1

) = 7T N / 2 +  A

[

~~~ h1 (T, T)h1(t., ti
). . .h~ (t

~~~ 1 t~~

+ ~~~ ~~~~~~ )h~
(T,t. . . . h~ (t~~~ , t~ ) ] , i even

= 0 • i odd (3—86)

where the fi rst sum is over all i~/2 2 

~~ 
ways of partitioning [t1, . . * , t 1]

into -~ pairs and where the second sum is over all I . i~/2
u /”2 

(-k ) ways of

part it ioning [T, T, t 1, . . . , tj into + 1 pairs not included in the first sum.

From Equation (3-86), the 1th i-fold integration in the numerator of Equation

(3-75) can be expressed as - -
~i+2

T I 2

J.~~.Jr(t 1) ... r(t 1 h~ T~t 1~ ... t 1)dt 1... dt 1~~ 1TN ,’2°4 x 3~ 
(~)

I T T  ‘/2

h~ (T , T) 

~~~~~~ 

r(t 1)r(t 2)h~(t 1, t2)dt 1dt 2

2 2 ( 2 ) ~ 
0 0

i_ _ i

~~ 
[Ir(ti)h*~~~

ti)dt
i] 

2 

~ 

jjr(ti)r(t2
)h *(t i~t2)dt idt

2] 

2

2 2 ( 2 )~ ° 0 0

i even

=0 , i odd . (3—87)
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From Equation (3-87) , it follows that the numerator of Equation (3-75) Is

ft (~ )
i J . .f r(t 1) . . . r(t 1)h 1~~, t 1, ... ,ti

) dt 1. ..~~ 1

a I

= 
N~~~

’2 

~ ~~0 2~
2(L ) (

~~_)2 -1

l even

f r(t 1)r (t 9)h ,(t 1, t 2) d t 1dt 2 
~ 

2 

-

+ ( [r ( t i )h .(T~ t 1
)(it

i)  
2~~~~( 2 ) ’. 

(~)
i even

(JJ r~ 1)r(t 9)h~ (t 1, t9) dt1 dt
2 ] . ~~

Reduci ng the summations in Equation (3-88) to closed form results in

. T  T

~~~ 1~ (
~

—) ,[.Lf rct 1~... r(t i)h1(r .t1, ...,t1) dt1...dt
1

= 
~~~~~N0

’2 
exp [
~ 

f fr ( t 1 r(t 2 h~ (t 1~ t 9 ~~ldt
2 ]

-~~~ h~(r , T) [i r(t 1)h~ (F , t 1)dt 1 ] (3-89)

:1—22

___________ ____________ -_____



From Equat ions (3—751 , 13—7s , and ( 3 —891 the MMSF : es t imate  of m (1’ is

given by

~1’ 
—

N0ni (l’) = —~—- ~~~~ 1’) I [ 
h ,1’F , t ) r d ldt . (3 90)

However , from Equ ation (3— ~)2 )

T) J h~ (F , t 1 )r (t 11 dt 1 . (3— 91 )

Eu rthermore , it is known that [i]

~ (F = ~ [in (F ) — in (1’)] r 11) ;  0 1 — I’

= —
~~— h 1 1 , ‘1’) . t 3 — 9 2 )

He nce, E quation (3—90 ) may be expressed as

m (1’) = (F ) • in Fl ~3—93)

which is in agreement wi th  Olsen [51 . MMSF estimation given by Equation

( 3—74 using the observation Equation (3— 7 1) has been studied Lw Olsen [5] using

a technique much more efficient than the one presented here . For this  reason,

no further consideration ivill be given to th is  class of MM SE estImation problems .
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3. 5 Svstenis of DIfferent ia l  Equations Describ Ing the MMSE EstImate

in thIs  section , EquatIons (3— 22) - (3—24 ) are used to obtain d i f fe ren t ia l
equations for g(T , m(1’)). Two examples are considered . In the fi rst , the
method Is illustrated 1w considering a linear example for which g(T , m(T)) =

AS(T . m(T)) = ni(T) where m(t ) is a zero-mean Gaussian process wi th  a fi rst-
orde r Butte rworth spect rum . Using results derived by Olsen [5] • the Kailman
f i l t e r  equations are obtained . In the second , a nonlinear example is considered
for  which g(T , m(T)) AS(T . m(T) ) = in (T) where m(t) is a zero-mean Gaussian
process wi th  a first -order But terwor th  spect rum . It is shown that , since results
comparable to those obtained by Olsen for the case AS(T , m(T)) = ni(T) are not

available In the more general nonlinear case, the a stern of differential  equations
contains an inf In i te  number of equations .

3. 5. 1 A l inear E ’arnp le: F i rs t -Order  Butterworth Process

In this  sectIon . the Kalnian f i l ter  equations are derived for the MMSE
estImat e of a zero-mean Gaussian fi rst-order Butt erworth process in Gaussian
w hite ’ noise . The observation equation is

r(t) = iu(t) + n( t )  , 0 t T ~3—94)

whe re

— o t 1 t9 1
K m (t r t

2
) = E [rn(t 1) m( t 2 )] = Pe (3~~ 5)

and

n(t1
) n( t2)] = - -  O(t~ - t9) . (3-96) 

C

The MMS E estimate desired is

~~r , rn~T)) = fli(T) . (3-97)

From Van Trees ~1. p . 54 7] . m(t) can be realized by the differential  equation

ni(t ) = a m(t ) + w(t) (3— 98)

where w(t ) is a zero - mean Gaussian white ’  noise process with autocorre lation

E(w(t 1) w( t 2)) = 2 U P ó (t 1 
— t
2) 

. (3— 99 )
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Froni E quat ions (3 - ~2) (3 24 ) , the ’ MMSE estimate of mIT) is

~~~~~~~ 

-h-- (h) ’ ]1 .
~~~ 

r(t 1) ... r(t 1) h 1~T , t
1 

t~ ) dt1 ... dt 1
I 0 °r °f ( 3— 100)

~~ 

(

~~

0 )

L f .~ J r(t~ ) ... r(t 1) f 1(t 1 t .) dt 1 ... dt 1

where

~1’
h 1~T. t

1 
U )  E ) m~i’) ni~t ... m~t 1) exp 

~~~~ 5 in 2 
( 1)  di ç 3 101)

and

T 
I . )  = fli( t

1
) ... m(t 1

) exp - ~~~ 5 in2 
( i)  d i i  . ( 3-102)

Re~’oguizing t he’ denominator of E quat  ton ( 3— 100) as the likelihood r at io . m( T)
can b~’ w ritten as

i~i .\ -~~~~~~~~ 
1 ~2 ) ij  .Jr(t 1) ... r(t i ) h1(T , t 1 t i ) dt 1 ... ~~ (3~ 103)

where the argument of m(T) and .\ ( r ( t ) )  have been suppressed for notational
econouiv . Taking the derivat ive of E quation (3— 103) wit h respect to T and mak ing
use’ of ~:quauon ~3- a9) . there’ results - 

-

in \ ~~. r(T) 
~~ ~~f ~~.J r (t 1

) ... r (t~) h1 , 1 T~ T . t
1 t~ ) dt 1. . . 

~~

~~~~~ 

j-~
- -

~~~~J iJ
rt c 1. . . r (t 1 ) k~( T. t 1 t~) 

~~~~~ 
t1t 1 ~3-l04)

where’ the ’ ‘ dot ’’ denotes

“— — .‘

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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F roni E qual Ion (3— 101) i t follows t hat

-I- 
1 1 =  F ~ tu’ t l ’ ) r n (t

1) . . . nt (t
1
) exp ; _ -~~

_—
_fn 1 ’( r ) d~~

j

r
L - ui( ’F) + w~ 1’) 

-~ rn~t ... m(t 1
) exp —

~~

--- J f l 1 (  ) (1 r J .

(3 - 105)

S-~n~-e i~~’t )  and w~ 1 1  ar e’ sta t i st ica l lv  indepe’ndent for -: ~
‘ it fo ll ows th at

T
h (l’ . t

1 ) F m3(T) nt(t 1
) ... m~t~) exp ~- - ~ f m

2 (~~) ( 1*

- F: nl(T) ni(t 1) ... m( t . )  exp ;~~ ~~~ Jfl
2

) d i -

( 3 l0t~

~If ls  ide r the ’  second 5cr I t S  in  F qust ~~ ~3 —104) .  Substt tut  i~ g E quation ( 3 — 1  ~ t )

ba ck a u t o  t h i s  ser ies and ni akina ~ use ’ of F quat i ons  ~3 - 2 2 1  - ~3 — 2-1 ) th ere ’ r esti its

- 1’ 1’ ‘1
~~ 

~~ 
~~ ;~~

__- ‘
\ I .~~.f

r(t i 1 ... r(t 1 1 h 1 1’. t~ 
i 0 - 0 0

— III ’ \ — 0 in .\ . ( 3 107)
0

Si ma Is i-l~ . h . 1T . 1. t ) ca n he w r i t t  en ast~~l I

h
1 1 ( i . F . t

1 
I . )  = F t11 (l ’ l m~t 1~~.. tn 1t , l ~~~~~ J

— 

~3 lO S)

L -

~~

-

~~~~~ - -- -~~ 



From E quation (3-108) and E quations (3-22) - (3-24), the first series in Equation
(3-104) 18 given by

i~r (~~~)~f~~.J r(t i) .., r(t~) h~÷1(T, T, t1, . . .,  t1) dt 1... dt1

= ~~~~~A . (3-109)
From Equation (3-68)

A = ~~
— 1~~”A ÷ ~~ — r (T) tc~ A . (3-110)

Subst itut ing E quations (3-107), (3-109), and (3-110) into E quation (3-104) there
results 

H
-
~
‘ 2 r 4 -~ 2 1 i ‘2’~ ~m = -ci in +

~~~~
— (m -m  

) r(T) -~ m +~~~ m m . (3-111)

From Olsen [5, Table 2.2]

4” ~~1 /-?~ “ 2 ’m = m ~3m - 2 m  ) .  (3—112)

~~bstituting Equation (3-112) into Equation (3-111) yields

- + 
2 (/?~~~~2) ( r m - i~~) .  (3-113)

4 \ A2To proceed , it Is necessary to derive a differential equation for m - m .
To accomplish this, a differential equation is first derived for Let
g(T , m(T)) = m2

(T), then from Equations (3-22) - (3-24) it follows that

= 

~ (k ) i[~.1r(t l) .,. r(t.) h1(T, t1, ... , t1)dt 1 ... dt1 H

(3— 114)
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1 1~~(T, E . , t 1) = F m ( ’ I’) m(t 1) ... ln~t1) exp~ - 

~~~ J ni ( r )  
(ITJ

(3-115)Taking a he derj vuth ~ of Equati0~ (3— 11-1 ) there z~esu1ts/\ /~\ . /~\in \ ~ ~fl -h-—- ~( 1’) n-a \

I 
‘
~~
‘ -

~~
‘

~ 
(
~

) 5. .J r (1 1 ) ... (t 1) h1 (T , 11, ..., 1
1) dt

1 ... cit 1

(3—1 16)Front Equatiofl  ( 3—1 15)

1 1 ~ 
‘Fi~ ti- , 

~
) - I: n~ in (t 1) .., m 

~~
) ~~~~~~~ - 

~~~ 5 n1 ( r )  
d i]

2 ‘fl (T ) [ - t a m(T) wçr)J 111 (t
1 ) . . .  m(t i ) ~~~ ~~~~~~~~ 

( T ) d TJ  

~
(3— 117)

I



Note that  both n a(F) and w(’l’) appet a r in the second expectat ion in Equation (3—117) .

Equation (3—117) can be wri t ten as

~ 
(F, t 1, ... , - F f t

4 
(F) 111(t

1
) ... 111 (t

1 ) exp [_ ~ J m
2

(r )dTj0 

,
~
, 

0
0

- 2  t i E  ~m 2
(i~) 111(t

1
) . . .  

:(t
i ) ex~ -~~~_ 

J m
2
~ r)  (IT] ~

2 

~~ 
(- *. )ç.i..j F [lv (‘I’) an (T) in (t1). . . in (t1 )rn

2 
~~~~~~ in

2 
(t

1 +j )] - -j O  0

ef t 1 1 .  . . (It 1~~ . (3-118)

Note thut

i- : [w(i’) in (T ) 111(t
1) iu (t 1) m ( t 1 1 ) ... n12

(t
i l )]

F: ~v (‘1’) m (1.)] ~: [111 (t
1 ) ... an (ti ) ita (t 1 i~ 

. . . m (t~ ~)]

i terms in volvin g F ~ (F) 111 (1
k )] ; k 1 I i j  . (3-119)

~~nce w (‘I’) and in (t~ ); k—i i t~ ; are statist ically independent , onl y the lit-st
term in F:qtuatioit (3—119) is noni.ero, ~ ibst 1tut1iig Equation (3— 119) into Equation
(3 —1 18)  and recall ing trout \‘an Frees [i , p. 532 ] that

~: [w (I’) in (F)] P. (3—120)
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it follows that

h1(T, t1, .., t1) = - E m4
~~ ) m(t 1) ... rn (t~) e~~ [

~ 
~~~~J m

2
(r) d r ] ~

- 2 c F  E m2 (T) m(t1) ... m(t1) e~~ 
~~~~ J fli 2 (r )  di]

+ 2 ci P f~ (t 1, . - . , t~) - (3—121)

&ibstituting Equation (3-121) into Equation (3-116) and m aking use of Equations

(3—22) — (3—24) and Equation (3—68) there results

/~\~~~~~~~~/~\ 2m — - 2 c i m  - fl--- m + 2 a P + ~~~— r( T) m

1 /2”‘~ 2÷ ~~— m - ~~— r(T ) in in - (3—122)
0 0

From Olsen [5, Table 2 . 2]

/~\ /~~~ ~~4m 3 in - 2 in , (3—123)

&ibst ltuting Equations (3-123) and (3-112) into Equation (3-122) , in is given by

m ~— - 2 c i m  + -
~~~~

- [ (3 m m  - 2 m  - m m  
) 

r (T)

1 ~~~~~~~~ A 4 \ 1
+ ~ - (~ — 3 in -a- 2m ) J F 2 ci P . (3—124)

Let

in — m  . (3— 125)

It follows that

- 4
~~= m — 2 m m  . (3—126)

- 
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~ abst i tu t i ng  1-quat ion (3—12- i ) ant I  ( 3— 113 )  b I t t )  E ( I t I Z t t i O I t  ( 3 — l 2 t 1 v I t ’ l t I s  — -
/~~ ~

- . 
~ 

F / 
~ 2 

~ ~~ ~~~~~~~ •i 
~~ _ l 1

~~~~~~~~~~~~~~~~~~~~~~~ L2 111 12 111  i _ I ilI Ial _ 4 1 1 1

J 

I 2 u J ~

— 2 t a  1. — ~— r
2 

2 t a P • (3— 127)- I- )

~ aani t ta r i i ln g ,

— ~ N ~ [ ~~~~~~~~ — an ] a, 3— 12 8)

— — 2  o — P ( 3 — 1 2 9 )

in ag re ’emcut u i t  ii well  kaaowii  re-sit i t s  [1] -

Rela t ions  like ’ E quat ions (3— 112) antI  ~3— 122 )  a i-c not gellca -a l i v  av a i l a b l e -  1111(1

the  s stein of ci i f te  rent lal etluat ions cannot I ) t ’ rt ’t t t t ce d to ii Uni te  sv st ein of equ al —

ions as u i  the I Inca r cast’, A nonilnt -a r ex amp le which leads to 511 i 11(i i l i t e  system

01 eqtaat b its is coitsielt ’ ret I in the next sect lola .

:;. . 2 ~ N onl  i u - ~a a- F:xa mple ’ — Stqua i-ed l- i rs t— ( )rde i. Uutt e ’ rwo rth Process

In t t~Is pa rag raph , a atoit i inca m- thse’ rvation equation is cons Ide red . In

t ar t k -tala r . the ’ r e’e-e ’i s-ed s ignal  is assumed to he

r( t )  111 ( t )  i n (t )  , (1 t ‘— ‘I’ (3— 130)

where ’ I n ( t )  is a it ’ 10 mean ( aeassian process ~ ‘1t h fi ra t —or de r flutt ei-woz-th

a utocorrelat ion

— u  ( t
~ — t , I

K~11
(t 1, t , ’i P e’

3 — 1  I 

~~~~~~~ - -~~~~ ----~~~~~-~~~~~~~~ . - - -—-~~~~~~~~~ - -~~ - - - - 



~~~~-~~ - - - ---- - - -

and where n(t) is zero mean Gauss ian whi te noise with autocorrelat lon

N
E (  n(t 1) n(t

2)J 
= —~~- e5 (t 1 

— t 2 ) - (3—132)

The desired MMS E estimate is

m(T)J = m 2 (T) . (3-133)

The objective is to obtain a system of differential equations whose solution

y ields ~(T , m(T) ). From Equation (3-22) - (3-24), the MMSE estimate of

n1 (T) is

T T

m - (T) = 

~~~~:
-e;- (i-) J •

~~~
. f r(t 1) . . .  r (t~) h1 (T , t 1 , . .  . , t 1 ) dt 1. .  dt 1

~~* ) 
I 

•~ f r(t 1 ) . . .  r(t 1) f1 (t 1, ,  . . , t i ) dt 1. . .d t 1

(3—134 )

where

h
1 

(T , t1, . .., t i ) = E ) m
2(T) m2(t 1). . . m

2(t 1 ) exp 
[- 

~~ 
J rn4(r) d i ]

(3— 135)

and

f
1
(t 1,. . - , t1

) = E ~m
2(t 1). - . m

2(t 1) exp 
[_  

~~~ 

f m
4

(r) di] . (3-136 )



Recognizing the denominator of Equation (3— 134 ) as the likelihood ratio ,

m (T) can be written I n the form

/\ ‘1’ ‘1’
1 -~~~ i111 -‘ -j --
~
- 

~—) f . - - 5 r(t ~~). - . r (t~) h1(T , t 1~ ..., t~) dt 1., .dt
i -

1 ( 1  1) 0
(3 — 137)

Tatking the derivative and making use of Eqt aatlo n (3— 59 ) yields

/‘\ A ‘I’ ‘I’

~ 
2~~ 

~~ 
r(T)~~~~~.j!,~ (L)  5

i t) 0 0

r(t 1 ) . . - r(t 1
) h 1 1(T , ‘F, t 1, - - - , t 1) dt 1 - . . (It 1

1 ) 
f 

- .f r(t ~ ) . .  - r (t~ )
i t )  1) (1

(‘F , t 1, . . . ,  t~) dt 1. - - dt~ . (3- 138) t

[-‘roan Equations (3— 135) , (3—9 8) and the argument leading to EquatIon (3—121 )

it follows that

h 1(T , t 1, . . - t 1
) - nt~ çr~ n1 (t 1). - - fl1

2
(t

1
) CX[) 

~~~~ f in
4

(i )  d r ]

- F i11 (T) 11l (t 1
) . .  . 111 (t . )  t ’X[) [ - ~ ~~ 

111
4

( r )  ci 
r] (

i ~ 1 P ~ fl1 (t 1). - . tU (t
1
) ~ [ - ~ f 

1U
4 ( ~ ~ ~

] ( -

(3—1 39 )
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Also,

T
h~÷1(T , T, t1, . . - , t1) E m4(T) m(t 1). . . rn(t~) exp [ - 

~~~ [ 
m4(r ) di] (

(3— 140)

Substituting Equations (3-140) and (3-139) into EquatIon (3-138) and making use of

Equation (3—22) — (3—24 ) results in

2 4’ i i~’rn A -a- rn A =~~~— r(T) m A - ~~~- m  A - 2 c 1 m A ÷ 2 a P A .  (3-141)
o 0

From Equation (3-68)

2A = - ~~
— in A + ~~— r(T) m A .  (3-142)
0 0

Substituting Equ ation (3—142) into Equation (3-141) and simplifying yields

2 
2 

1m = - 2 a r n  +~~ — ( m  - i n  ) r(T) +~~ — (rn r n - r n )
o 0

+ 2aP  . (3— 143)
4Similar results can be der ived for rn and rn - For in , let g(T , m(T)) m (T).

From Equati ons (3-22) - (3-24 ) ii follows that

T T‘i\ 1 2 ~~ C iin A = j -~
- (~—) J .,. 5 r(t1)~~.r(t1) h

1
(T, t1,...,t1) dt1...dt

1
1=0 0 0 

(3— 144)

where

T
h1(T , t 1,. - .  t1) E m4(T) m2(t1) . . .  m2(t1) exp [ - f m4(T) d1] .

(3—145)
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l’aking the de’ri ~at i~-c of I-:eiuatiou ~3 — 1-1 4 ) there ’ re-suits

4’
111 ‘c + 111 -‘ l\ 

r(T ) in ‘c

I ( 2 )
1 

f .  
~
. J r(t~ ) . - - I - (t . h

1(
’I’, t 1,  - .  . ,t~)

tit - - - cit -1 t

( 3—1 4 6)

l-’rom Equations ( :1 — 14a) anti (3— 98 ) , tIlt ’ derivative of h i ( l  t 1, - - - , t I  is

gi~’en b

h.t I , t 1 t
1

) - F itt ’ (l’) i1i ( t
1

) .  - . 111
2

(t
1

) t ’xp ~~ / n~
4
~~ ~0 0

- -10  F; 111
4

(T)  n1
2(t

1
L.. in

2(t
1
) Cxi) 7 m4 ( r ) (1~

]

+ 4 F n1
3
(T) w ( i )  ni 2 (t 1.  - - nh (t

1
) exp ~~~ J m4 ( ~ ~j

(3— 147)

C
l’t) s tmpl i tv  the a ast te’rin of Equation ~3— 147) , ti r st expand the e’x~aoncntia1 to

obtai n

1l1
3

(T) ~v( i’) m
2

(t 
i 

) - . - ni (t~) e’xp 
~~
- 

~~ f in~~ ~ ci r

L 
O

()

( - ~~~~

)

) 

J. - .  f F:~mn 3(T) w(T ) m ( t
1
1 . . - n1 (t t

) m4 (t 1 ~~~~j 1) 0 0

fll ( t
~ I ) ~~ 

dt 14 ~
- .  - dt~ 

~ 
- 13-148 )

-

~ 

- - 
- -



Since w(T) and m(t ) are independent for t — T it follows that

El m
3
(T) w(T) m (11). - .

m ( t
1

) m4(t
141

).. - m
4 (t 1+~)I

= 3 El m(T) w(T )l  E( m (T) m~ (t 1). - - m ( t 1) m (t 1 + 1~
- - - in (t~ + J ) I -

(3—149)

Substituting Equation (3—149) Into Equation (3—148) it follows that

h.(T, t 1, - .,  t~) can be written as

T

h1(T, t1, .. - ,  t 1
) - F: m

8
(T) m (t1)... 

m ( t 1) exp - 

~~ 5 m4 ( ~) d r ~
0 

~~0 j

- 4 a ni4 (T) m ( t 1). - . m ( t 1) exp 
~~ f m4 ( r )  

dT ] ~

+ 120 P E~ m
2(1’ mn 2(t 1) . - - in (t 1

) exp ~~~ fm ~~ r d~
] 

~~.

(3 — 15 0 )

Subst ituting Eq uation (3-150) into Equation (3—14 6 ) and makIng ease of

F:~1uations (:3—22) — (3— 24 ) and (3 — 142 ) results In

4’ 2
m = — 4 a in ~— (in — in in ) r ( I ~j

-
+ ( HI — u t  ) 1 2 ci P flI - ~~ 

— 1 a 1)
0

3-at;
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I . :\pprt ’\ i l11:Ili e)ilS to th e’

so lu t ion  ot Eq ea at i o n  (3—I ~~2) l n: a \  he obtained by assuming a va lu e tol- N such

t h a t  Iii  l o t  II N 01’ I ) V :l~~~t Il1lil1g :1 p t t t i t u l a r  t e l i t i  ( e t a  th e ( - e t a l d i t l o a l a l

i t . ti - I . t t t  II1 ( F ) )~1 en r ( t  I :  I ) t I . so tha t  h igher  order m o t n t’nts ¼ ail be

expi-essed an t e r a~ts of lo~ e r — o i c k  flIt ‘ulents - These tcchlnic it aes ha~ e’ been

:a~tp I ied ~) 1% i th  SOIlft’ success -
- I; ~ i MS K I- :sti I l l a t i o n  I t ’ i  t i c  Prot - e’sscs — Ait F \a inpl t ’  : l- : sti  m at ing (itt ’

Phase of a Simasoi ( 1

I)e tect ion of noI l l ia l c a r mt ’n torvl css t u i lu t i o f l a l s  of (IC processes was

e-o nsick ’ i t’d ill  pa i- . 2 . - :~ - I I I  this pa rag r ap h , t he list i m a t i o a l  proble ’ an as

t ’oiIS i( Iel-ed . 1”o r th e special case of tic i - o ~e’~s’s

I UI , I )  - I ~ ‘I’ (. 3 — 15:3~

w here the’ pr obabil i t y de ’nsit~ I uiae - t ion ~p _ d . f , I ot I I I  is ~~i\  t ’il b~ 1 111 1 ~c1 - Sinct’

t h ’ i - e  is onl~ one’ t e rm in t i l e ’  Karh e a neia— I oeve expansion of m( t  I , i t  follows



from Equation (3- 18) tha t the conditional p. d. 1. of in conditioned on the

measurement record r(t) A S(t, m) + n(t), 0 t ~ T, Is given by

p~~~M I r(t); 0 t 1’)

f r(t) S(t , M ) dt - 

~~~ f S ( t , M ) dtl m~~’~

- 

f e x~ 
[ ~~~ J r(t ) S(t , Ml d t - 

~ f 
5
2
(t, M) dt] P~1(M) 

dM 

-

(3—154 )

As an examp le , cons ider

S(t , at) cos (~~ t + in) (3-155)

and

p ( MI 0 ’-~~M ’ -~~2 T
fit 2 T  — —

0 elsewhere - (3-156 )

The observation equation is then gi~-en by

r ( t )  A i-os (‘~~t in) n(t) - ~3—1 57)

Estimation of a constant random phase angle of a sinusoid embed ded in additive

wh ite Gaussian noise has been considered by Abbate and Schilling 1 26 and also

by Babcock I 27 I - In this section, after obtaining an expression for  the MMSF:

estimate of in, performance of the estimator is derived -using a new approach .

The method used i n thi s para graph for deriving the estimator and its perform-

ance is more efficient than is the Volterra functional expansion.

:3-35



Substituting Equations (3-155) and (3-156 ) into Equation (3—154 ) there

results

P~~( M I  r ( t ) ;  0 - t < T~

r -“ 
- T

~ r (tl  cos (~0t M) d t -  cos 2 (~0t + M) 
dt ]

f exr r(t)  cos (~~ t M dt - 
~ f cos 2 (~~ t M) dtl dM

O < M ~~~ 2ir

0 , elsewhere - (3—158)

From Equation (3-1551 anti the development leadi ng to Equation (2—113) it

follows that

P ( M $ r (t ) ;  0 <  t 1’)

H 2, ,  sin~~~T 
1exp 

L~~ 
(I cos M - Q sin M) — .~~~~~~ - 

~~ T - cos (~~ T + 2M)j

2-T 

~ ~
(- ~~~ - 

sin~~~T) 

~~ [
~~ 

(~2 
+ 

2 1/2]

a- 2 ‘k ( 
A 2T sin L~~ T) 

1
2k [

~~~~~i
2 
+ 

2 1/2]

- cos [k (2 tan~~ * ~~T)]  ~

0 < M ~~~ 2ir

= 1) , , elsewhere (3—159)
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where

T

1 1 r ( t )  cos t dt (3-160)
J 0

r (t ) sin ~~t dl - (3-161)

For T l1~~, a 
t , or ~0T > > 1, Equation (3— 157) s implifies to

exp cos M - ~ sin M) 1

p ( M I r i t t ;  1) t i’) =
111 — -) - -

l [
~~~~~~~(T ~~ +~~~2 )

’ 
2]

= 0 , elsewhere ( 3 — 1 6 2 )

where

-
~~~~~ I (3—163 1

~~ - (3—164 ) r

Front Equations ( 3 — 1 5 7 ) , (3— 160) and (3— 1631 , the mean o f T  conditioned on in is

g iven  by

I

E ( I I m  
AT f -‘c cos (~~~t - in) cos ~~ t dt - (3—165)

i — i llL~. __-. 



-~~~~~~~~~~ ‘—— -

Carrying out the integration in Equation (3-165) there results

E( I $m)  = cos m - (3— 166)

Similarly , the second moment of T conditioned on in follows as

T T

E(1 2 1m) 2 2  5 5 [A 2 cos (~~ t1 + m) cos ~~~t2 + m)

+ 6 (t~ - t2)] cos ~0t1 cos ~0t 2 dt1 dt2 - (3-167) H

Carrying out the integration in Equation (3-167) yields

E(f 2 Im) = E2( l lm )  ~ - (3-168)
A T

From Equation (3-168) it follows that the variance of i conditioned on m is

given by

2 N0
(T = — - (3-169)11 1111 A

2
T

Similarly , it can readily be shown that

E(Q Im)  = — sin m , (3_ 170)

2 N
(7 = —s— (3—171)Q im  A 2T

E(IQIm) = E(l I m) E(Q Im) - (3-172)

Since, given in , r and Q are j ointly Gaussian , Equations (3-166) and (3-169) -
(3-172) completely describe the statistics of I and Q.

3—4 1 
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‘Fhe MMSE estimate of in is the conditional mean of na given r( t ) ;

0 t ‘~ T. Therefore , front Equation (3-16 2) ,

A 1 
2~ 

exp 
[
~~i (r cos M - sin M)]

— — 5 M dM - (3— 173)

i [ ~~~ ’(i 2 ~ 2 )
1
~”2 ]

Equation (3— 173) is useful for obtaining the conditional bias and variance of
A
at by numerical integration . The integration in Equation (3-173) can be

carried out b first considering the generating function

exp (Z cos 0) = 1
0

(Z) a- 2 1k~~~ 
cos k O  - (3-174 )

Seab stiteat ing Equation (3-174) into EquatIon (3-173) there results

= 7 r f 2 ~~~~~~ (H ) ~
_ 
J M cos [k(M + O ) J dM (3—175 )

where

— ,) _0

— ~~~
— I (3— 176 )
(1

a) tan 1 
~~ - (3-177)

L 
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F’rom the C . It . C. tables [2 5 , EquatIons 389 , 393J

~~~f
M c o B I k( M - I o ) I  dM

- cos kO ~~ f M  cos kM dM

- sin k o  
~~ f M sin kM dM

sin k o  - 
( 3— 1 7 8 )

Substituting Equation (3—178) Into Equation (3—175 ) yields

I R
in — :r 2 

~~~ k 1 0(R) sin k 1  - (3—17 9)

Note that for A T/N 0 0 (no observations), It - -  1) and it, the a priori

est im ate ’ . Also, for A 2T/N 0 ~ (observations oat 10 , ~~ ), it follows that the

va t  lances of I and Q are zer o. ‘l’his results in I) = — at - In addition ,

1 (I t )  -,
) 1. Consequently , for A ’I’/N () - EquatIon (3— 179) can be

wr i tten as a-

lint Jr — 2 
S ifl kfl l  (3— 180)

-
~~

— -
~~~~~ k - i

Front the (‘1W tables j 25 , p. 464 1 the right—hand side of EquatIon (3—18 0)  is

t -ecognt-ied as the l”ourler series for in on ( 1 ) , 2n I - Hence , — m  as

• ~‘0 - Equation (3— 179) (S plotted in F’igure 3— 1.
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A‘[‘he bias and var ian ce of in can be obtained by expanding the’ integrand of

Equation (3— 173)  in a Taylor series about the conditional meiins ofT and Q as

suggested by Paipoulls 1 19 , p. 2 12j Since the variance o f t  and Q approaches

ze ro as A 2 1. - N approaches iatf ln lty , this appi’oxl mat Ion to the b izt~ ant i

Var i ance  ot is best for large SN R ’ s, A T  -~ N .  I-’romn Papoulis I U)~ anti

the antlepend esnee of I and Q

2 I t~ \2  2 \2  2e t A 
_

~~~
__ (r_ —

~~~~ili l ill ~I T (-‘ ( l i m I t )  h a l  0
~~ T E( T I all ) ) ~~

~ E~Q $ m  Q E(Q I m u ) J  (1 181)

and

A A
K( ali I ’ll) Ui 

— — (3—182)
I = E( 1 l ilt)

= I- :(Q~~il l)

‘(‘he iut’aii Sqela re’(l esti mat loll V i’ror is gi~-e’n by

h- [ ( in — in) lU l l

- )  A
(F (in ~fll ) — I l l )  - (3— 183)

in I fit

Making use of Equations (3—1 66 ) , (3— 170 ) and (3—1 7 3 )  in Equa tio ll  ( 3 —1 5 2 )

the Fe’ resLalts

27r (‘X[l (~
_~.i_ Cos (X — ni))

I - : (n i In~) — T~~ X 

I
~ ~ dX - ( : 3 — 1 8 4 )

3— -I ~



‘I’aking the ’ pat -t i :a l  derivat ive of in with respect to I lit Equat ion (3— 173) yields

A 2~ 
(

~~ ‘c
2

I ’
c ( ) 5 X )  -)

~ 5 x 
l ( A ~~’I’

%
1
r

2~~~~~
2) 

- 
(
~~ r T 

)
0

i~ (~~i ~~1
2 ~~2 )  

~~~ 
[
~~~

‘I’ ‘Os X~~~~~si n \)1d\ -N ) j
0 

(3 - l8~ )

Su b s t i t u t in g  Equat ions ( 3—166)  and ( 3— 17 0)  into Equation (3—1 85 1 it follows that  - -

—4

“IT I (”
~—1\

~ J 
X cos X - ______  X cos in

~ 
E(I l ni ) ~~~~~~~~ 0 ‘o~~N~~’)

Q E~Q l  i n )

exp 
[
~ ±i’ (‘Os ( X - m)] (IX - (3-186 )

a-



Simila ely , tak ing the partial of with respect to Q there i-e~su1ts

f A T  -
A — — sin X -)

~ ~~~~ ~~~~~~~ ~~T
2
~~~~2 ) ~~~~~~

’40 - :

( A ’l’ 1 — 2  — 2 \I~~~~—~ ——~~~~l Q r 2 ~1/ exp q;~.i (1 cos X - Q Sill X dX
I 2 ( ~~~_i~~~~T2 +~~~2 )  L ° J

0 (3— 18 7)

Substituti ng Equations (3— 166 ) and ( 3—1 70) into Equation (3— 157 yields

/ - ) \
- -

F:~~I m )  

- 

‘0 (
~~~~

’)  ~~ ~

- 

[x
sin x :’

(

~~~~~

) 
~~~~

Q E(Q l in)

exp COS (X - m)] (IX . (3-188)

EqLaat i on (3— 184 ) was evaluated by numerical  iattegration to provide’ the estin ia—

tio at bias plotted in F’igu re 3-2 . Equations (3-186 ) and (3-155) were also

evaluated by nuill er ical integratloil and used in Equations ( 3—181) and (3—I 83)

to pi’ovitIe the estim ator variance and mean squared estimation e’l’roi’ plotted

in Figures : 1—3 and 3—4 , respectively - Note tha t  the e s t imator  bias , \ -ar ianee - 1

and nie’an squared e ’st inlation erroi’ ai-e all condItioned on in and , there ’for e , - —

a i-e sanlpl e ’ func t ion  depeaident .
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(‘lI API’F R IV

SI’ M M A R Y

4 . 1 Princip a l Results

In ch a pte r 11, pa r - 2 . 1, the  hypo thes is  test tag prol~k’ni

r~t )  = A s [ t , m(t ) 1 fl(t ~ , 0 t 1’ i 4 — 1 )

ii ) : r~t = n t t ) , 0 - t — T

as coatside ’ rcd where n~t i~~ a .‘e ’re e me’an ( aLlssian process and 111(t ) and fl t t )

are independent p roct ’ s se’s wi th  covari ance

K at 
~
, t 2 ) F [ nt~t 1

) nt (t 2 ) I ~4 -3a

K 1t 1, t , = F [ n~t 1 F n 1t 1) 1 = —s—— ~ (t 1— t 2 ) - (4 —4 1

Using t he’ Karhun en— I otke’ expansion , it is shown that the’ V olterra functional

expansion for the ’ I Ike ’ 1 ihood rat io is given by

= 

t z tl 

~~~~ 

(

~~~~~

)

t 

J~ 
r~t 11 r~t .)  ~~• 1’ - - - ,

~4 — ;:-~)

dt - - . (It .I a

-where the ’ V olte’rra kernels , f. (t - - - , t 1 are expressed as

~ I t • )  = F ’ s[ t 
~
, a n t t i~

1 - - s [ t~, nl( t ) 1
-I’ A — a ;)

(‘XI, 
~~~

— 5 ~ [ r , in t~ t 1 d~~ ~ -

4 — i

—~ — ~ -_,—~~~~~~~ -,i—-’



In par . 2. 2, Equations (4-5) and (4—6) are reduced to the well known

results for detection of a zero mean Gaussian process . In par . 2 . 3, three

nonlinear examples are presented . In the first example , the first three

Volterra kernels are obtained for detection for a hard—limited Gaussian

process . In the second example , the f i rs t  three Volterra kernels are ob-

ta ined for detection of the absolute value of a Gaussian process . In the last

examp ie , a sinusoid phase modulated by a dc process un iform on [0 , 2ir J is

cons idered . The likelihood ratio is derived for this example. For the

special case ~~T nr , n � 0 or w T  — - - -~ 1 it is shown that the performance of

a receiver based on the likelihood ratio is identical to the performance of a

rece iver based on the trucated Volterra expansion of Equation (4-5) provided

that at least two terms are used in the expansion .

In par . 24, Sun’s theorem is used to sum the series in Equation (4-5)

for large T . This is accomplished for the special case where the Volterra

kernels have the form

f.  (t 1. - - . t~) K E ~ S [t 1, m(t 1d - - .  S [t i, m(t )j  , ( 4 7 )

where K is some constant independent of the index i , and for nonh inearities - 
-‘

Sit , ) and processes m(t) which satisfy Sun’s theorem. As an example, the

asymptotic receiver is derived for a sinusoid phase modulated by a first—

order Butterwort h process . The asymptotic performance of this asymptotic

receiver is also obtained and compa red with the performance of a suboptimum

d etector -

In chapter 111 , par. 3. 1, the problem of finding the min imum—mean

squared error MMSE estimate

~~[ 1, nt (T) J = F: ~g[T . m( T)) a- In 0 ~ t -
~ T } (4-8) 
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is 1-onsidt ’re ’~I ~v Iit ’re th e ohscrv~at Ion eq ua t i on  a s  gav e ’at iw

r a t )  A S I t  - i n it  i i  - t t a . t 1 . -1 —~h

l’ s i-a th e  K ar hune n— I oe” ve expans ion  a nd P~a e s ’ law , at as shown that

— 

~~~ 
r i i i  h 1 , I i i  di 1 - - - di

~L 1’ . ~, L 1  1 —- -— - -
~~~~~~~~~~~~

- - — - — - - —-— - - -

r i  l I l a . . .  ~tt

where

h ~~ U - - - ‘~~ 
~I i- [ I ’ , t I l l  i i j  ~ [ t  

~
, lIla.t . . . S [t .,  m

1’ ( 4 — l I )

~ ~2 . 2 )
— 

~~~
- 

a.) 
~‘ !Tt ( i ]  ~I i~

aatd ~ he ’i~e ’ I ~t , t . a  a s  g iv on  Iw 1- qu at i on ~4 — 6 ) .  l t a s shown fh a t  Equa —

toit ~-l — I ~) can he reduced to

1’, nt( [’) ) = 
~~~ 

~~ 
5 r a . t 11. . r ( (~ F H

~1 i2 i

- t , _ _ . ,  t . a al t - . . dt -i l  i 1 a

whe re

(-1 — 13)

i I’~ - t 1 I~ C )

~ I d 1’~ 0 
— ~4 — 1-i ) 

-t

a n a l _ an gene ra t _

- 
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h 1 (T , t 1, - - t . )
c . t 1, - . - $ t .) =

I a

- 

k = i  

(~) 1~ (t 1, - - . , t k ) e . k ~~~~~ - - ~t)~ 
(4-15)

f. (t 1, - ., t. ) e0
f o 

-

In par . 3 . 2 , Equations (4- 10), (4-11) and (4— 6) are reduced to well

known results for MMSE estimation of a Gaussian process using linear ob-

servations . In par . 3 3 , Equation (4—1 0) is used to obtain a stochastic dif— r~1

ferential equation for the logarithm of the likelihood ratio. In par. 3 4 ,

Equation 14- 10) is used to determine the MMSE estimate of the square of a

zero mean Gaussian process using linear observations . This result is shown

to be in agreement with the work of Olsen [5] . In par . 3 5 , Equation (4-10)

is used to obtain systems of coupled nonlinear differential equations for the

MMSE estimate . Two examples are conside red . In the first , the Kalman F- ,

filter equations are derived for the MMSE estimate of a first—order Butter-

worth process with a linear observation equ3tion . In the second , an infinite

system of differential equations is derived for the MMSE estimate of the

square of a first-order Butterworth process with the observation equation

r(t ) = m2 (t) -
~ n(t) .  In par . 3.6 , the MMSE estimate of the dc phase of a

sinusoid is derived and the estimator bias , variance and mean squared error

are obtained .

4—4
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1 . 2 Sugges t lulls for  F t a t t a i e  Work

‘l~ lit ’ a-csu lt s of pa r • 2 . -1 app ly on ly fot- Ia i-ge’ F - It  h:a s 110t he& ii p~ ‘ss ih it ’ ,

ha weve r , to tI et  cra~ inc 110W Ia rge ‘I a i l t as t  be for the  a sy n~ pt 1 Ic reset Its to he

good ta ppro x i mat  ions - A east ’ fea I ext ens j i l l - a of the  results  of ( l i i  ~ I) :a r _ won Id I ie

t an est i l l l t l t c  o f t he  lengt Il of the  ail ~se i — v a t  i a ) n  i i t t e r v t a  I r equi red  fot— I he

t i sy l l l p t ot i t  r c s e a l t  s t o  app ly .  Fi l i s  m i g h t  he t a CCoflIp l i s t I c a l  for a pa a—I i c u l t a  a—

1i ra ihlean by a M onte ’ ( ‘a rla s i t l i t t I t e t  j oit au t h e  tsy 111111 of ic receiver  It )  oW a in - -

l ) e i t a ) r l l i t a l I c t ’ - ;~il0t ti ( ’r j n t e i — c sf i l l ~ & ‘Xtt’Il s loll Of t i l e -  1 C 5 t 1  I t s  a ) f  pta ) — . 2 . -I wou ld

ca)ns i de  r l r ee i aacna- v  I l l o a l t a l t I t  loll  of a s i nuso id  —

:\lI i l lt ( ’ ln’st  tug  t a p j u l i c : a f  1 ) 1 11 of t lie t - e s i a l t s  of pta a — . 3 . I t v ana hl he found in

e t~t i 111th ing I he’ phase of a s inusoa ii . Ft ~r large  ‘I’ , I he’ \‘ olt err-a kernels in

i-: qu ; at io n  ( - 1 — 1 2 )  ctaal In ’ a p p r u x i t u : a t e ’d by l ilt ’ approach u t i l i z e d  in par. 2 . 1 - :t

I c t o l i l i g  t o  i - a I ( a t a t i a ) I l  ~2 —: ~0 ( _ I l l  p r i n c i p l e , tIlI\’ l l un l i ) & ’ i -  of \ o lt c r r a  kernels

c:ifl in  t a , ) p l - a ) x i a a l a t a - I t  u s i n g  t h i s l l l C t I l a ) I I _

-l -



APPI- ’N DIX A

ASVM P’l’O’l’[(’ NO RMA L.IT\’ 01” AND
A. 1 Sua’ s I’heo rem

l’he’ asy allp tot Ic bt’h~~- io a- of x . zan el 1 a a- c’ dete t -nh ine ( 1 ta -on i Sun ’s theorent 1241 -

Sea n ’s t lieore-in is s t ate - al ta s follows .

l e t  l l i ( t l  lie- a real , s t a t i o u t a a - ~- G a i a s s i a a i  process wh it- h is Coait itnaou s in
t he second ant -an , i . e.

1. h a n  F u t ( t )  — 

~ ‘(t ) l  ~ U ~r t , t 
N

2 . E l m ( t ) I  = (F V t

~ 
I~11

( r )  = El m ( t )  al l( t  r ) J  
Lt

)
~~~

T
5

i1t~~~~ 
aL

r

- ‘0

with f  ~~~~~ tI~ L

Let g(t , 111 ( t )  ) he a t i alt e— ( leI ) caRl e ’l lt memoi-yless fean et loat that sat lst ’Ies

4 . E - ~g l I , m(t f l  ~
‘ = ()

F ~g t , fll(tfl ‘ ~
- “ V t

1 . ~: ( g  t , lll (t)j - g 1t ~1. nl (t )I 2 
- ~ ~ t

7 . A p - (1 ex i s t s  sue ’h tha t

a l f ) , ni~ t 1 l I p)  j g ~t , a l l ( t  I 1111)1

t t> i Il 1) , t I , 

—‘ I

L ~~~~~~~~~
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~1

l.ct

~ III~
”

~~ 
~~~~~~~ 

5an~ ’~ 
I 

~~~~~~~~~~~ 

- (A 1)

I t

I p

I S~~~~~ ) d~ ‘- .o
lii

—II p

and

ii p N
-

9 . ~~~~~ 

~o I (
~

, 
~: ~) S ( ~ ) k~

exis t s  aatd is finite ’

then as ‘1’ -o

1l~ \T  , - -  

g I t , I l I ( t ) I  cit ( A — 2 )

~5 asvlnpto (lcttllv ( th t iSs j thu  wi th  inr it in ce ’

h im E~Z 1~ ) -~~ -

F’ronl Fitelson , [29 1 (‘ot la h i t  R)fl 1 impl ies  that R (~~ 
I is continuous - Also , from

F’atelson , [301 conal it i on S is related to the large’ frequency beha V ior of Sin~~1 I .

I-’or tllt-i taalct ’ i t

I
at

1 (‘,, I~
-,.- J  

---- ____ 
.,



where C 1, C2 0 and U ~ 1, then S - ( ~ ) would satisfy

2n w u (A- 5)
n ‘0 1 

~ ~ 2 + 
P I

and condition S follows . In condition 9 , note that

/ NI sin —
~~~~N ( 

aS (~j )  - (A—t i )
\ s i n ~

Theas , condition I) is ta lso sa t i s f ied  if  Equatio n (A— 4) applies.

A . 2 JoInt Asymptotic Normality of x 1 and In par. 2.4. 3 for
S I t , m ( t ) I  cos t a m ( t ) ~

Ill th is Pil rag rap h i t  is shown th t a t

~ f { A COS t a ltt (t)~ I n(t )  } cos t dt (A-7)

V .  

~~ J A cos t + in( t )  + n ( t )  sin I dt (A-8)

wlic’a-e I 0, 1 , - . - az-e asvniptot1cal1~’ joint ly Gaussian . it Is assumed that m( t )

and n(t )  are independent zero fllCflfl Gaussian processes with

F( 111(t )  m(t I ~~

N (A-9)
Ej  n( t )  1i(t I 

~ ) l  — - —  (S(r)

L _____ ____ _ _ _ _ _ _ _  
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- - -  -. — -.-
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First note’ tha t  x .  and 1 can be wri t ten as the sum of two ra and un i variable ’s.

Spe ’cifical l F

2 A \ I 

~~~~ 5 cos I ~0t l1l(t) J cos t (It
~ O ~~~~ 

J n( t )  e’os t dt ( A- la. ) )

tIn d

1’
‘~~~ \ l  1 1 2 11 1— 

N 
— j COS I~~) t + t l l ( t ) I  sit -a — j ~

—— t dl
0 \ I

(1

- 
2 .~ \1 

- ~~~~~ J 1 1 ( 1 )  Sil l  t III - (A - l i )
0 \ I  0

since’ tile’ te i llI S i l l  l-:~1eaat Ions ( :~ — 10) and (A — 11) Involving 11(t) a i.e j ointly

;t a e t s s i t t i l  foa i 0, 1. - - , it r e l l i t a in s  to  8)10W th a t  tile ’ f i r s t  t( ’ t’flIS il ivolvi l ig H

m j t )  ill F ;quat ions (:~ — 10) anti jA — l I a  t a re  asvmpt ot k-ally j oint l y Gau ss ian  ill

orde a- to show that  x~ tan d 
1 

t are :IS\ Ill ptotk ’allv jo iliti Gauss ian  tor  I 0, 1, - - -
1 It tile ’ C’ ra nle’ a. — \Vold Theorem ~ it is s u f f i c ien t  to show that

V ,1. —

~

--—--— g I l , n l ( t ) I  ‘~~~~~~ 

~~ 
a . ~~~~~ _J ‘os ~ ‘ t  a l l l ( t ) ~

1) 1 0  0

(‘OS . L i ( d t a b~ ~_L 
~~~ i ~~~t I lll (t)~ S il l  

-~~~~ I eIt~ ( A-12)
\ - I  a.’

~ Iii  tilt’ (‘i t a i l l e  a —  \Vold I’heorelll If Z \ ta x . Is ( ‘,auasslan t a u l -  any
1 1 1 1  -

~ 1 ‘ N’ then x~ - I l , _ _ _ _  N a i-a’ iOi I l t l y  Gauss ian . S - s , for example ,
[i  9. ~~. 

23 1, problem 7— 2 3 .1
A — -I



—--.-~ 
- -  -

is USY tnpt eat ic al l  ( lat assian to t -  any arbi t rary a~, b1, i 0, 1, - . - , N to show

S I ~~TTthat con I ~~ t l l l ( t ) j  Con ~- -~.~-- t dt and
0 1

~~L ~~~ ~~~~~ 
+ a l l ( t )  j sin (it for I 0, 1, - . ,  N are asyn ipt ot lciallv

j oin t 1~- t iat as Sian . Assume’ t i la t  the pa-ocess 111 (t )  sa t is f ies  conditions (1) — (3)

of Still ’s t iie oien i . I)e’ t ine  g( t . m ( t i  ) t o  be’

gj  1 . 111 ( 11  I g I l , 1 1 1 ( 1 )  I - — i- g I 1 , 1 1 1 ( 1 )  j :- ( A — 1 3 )

Obse rve that  e ’onelit tollS (4)  n a t a l  t - ~ ai- c- sat istk ’d I ceunditj on (~ ) Is satisfied since

g ( t  , 19(t )  1 Is bentank- d j - (‘uncu t iou (6 ) is satisfied because’ the continuous and

bocanaled b eht a v io i -  of g (t - l n ( t  ) I gea a ra ill cc’ s the continuity of H (t , t 0 for all t

and t - To see’ that condition ( 7) i s sat isf ied , le’t ~ for some’ M , K0 o K I
1111(1 let p K’l’ . Then , from Eqe an t l au l s  (A— 12) and (A—1 3)

g j  I - I l l ) , 111 (1 + 111)1 I

_______ 

N 
_____ _____

2 A — ,. j ~ 
~~~ ~~ ~~~~~~ 2 n M  nK’I ’  a nI( t + nor]

/ 2 n 1 2 r i  - , .COS (,,

—____ ( . u K  I

+ I)
i 

si l l - 
2 n M  

- u K  I 111(1 + I l l) )
]

- 1 2 T h  2 n 1  - ,san  ~ --- -
~~
-- t a —v-— - at K 1 

) 
dl

I l l ) , 111(1  up) I

g I t . la I d  1) 1) 1 1 ( A—I- I )

t- ’I tt ’lson has earn ~cctt t  real , 29J I i~ a s i t n i  lai r context , th at  Sum ’s Tht ’ort ’i11
applies a I so t ‘‘r 0 I! rat lIe i~ ff11111 j u s t  fot- ti le ’ dense set eased here . This
ale ’ nse set is not i-cry re’st n - f i v e  since’ 2 iiM , K’l’ ca a i he’ I l lu ale arb1ti- ia i t 1~( lost ’ to aa i ~ - -

~~~
, , H by a staita b le ’ e- ilauj (- e ’ of M an d K .

IItIL.~ — — - - - —



Assume that the spectru m S ( ~ ) satisfies conditions (8) and (II) .  (Any
spectrum satisfying Equation (A—4 ) will also satisfy conditions (8) and (9) . )
One example Is the flrst—oi’dei ’ Butterwoz- th process for which

2ai P 
(A- 15)

which satisfies Equat io n (A—i ) by inspect Ion . Hence , it follows from Sun ’s
theore m I hat 1T as asyn ipt ot t en ily Gauss inn for all a 

~ 
1) 1, and it follows front

tile ’ (‘ran le ’r— WoI ( i  theore m th at  
- -

LOS (~~~t + 111(1)] cos t dl

(A—it! )

~ / con ~~ t + 1 9( t ) ]  sin t dt

fl l~C as\ il1ptotIca11~- jo intly Gaussj a~ for I 0 , 1, - . - , N and N arbitrarily
‘ n MIa rge’. but  f i n i t e ’, and for 

~ 
- • - j - -— . ’l’his in turn I anpi les that  x 1 and

as gi~ en by Equations (A— ? )  and ( A — s)  are asymptotically j ointly Gaussian .

U

— ‘— a;

-~~~~~~~~
-
~~



AP1~EN DLX II

\‘oL’l’l- :RRA K i-:1!Ni-: 1,S FOR A PII AS E—MODU LA’l’E l) SINUSOID

F ’P  ‘l’t )  ‘l ’ i I IRI )  ORDER

:~ SStlflt t’

Sit , nl~t ) 1  = coslu t tll ( t ) 1 ~13—1 )

where’ m(t I is ti /e ’ro— flleall (‘~t iussian process and

l im it 1
) il f t 2 ) I H ( t  1’ . (13-21

II . I I-:va luat ion of (I (t I

iIv de f in i t i on

= I- : causl ~~~~ 
I l l a t  

~~

j l i l t t
1

I — j t1l(t
1

)~

~~~ ‘J 0t 1 
~2

e

- 

-J nl(t 
~

— s i n u ~ t I’ -o I 
- —  

2 j  a. 1 1—:1 a

Ely tassu ani p t i on , lIt (t
i

) ni~ is a icro- mean Ga ca ss i ta n  raal ( loan variable ’ with

probabil i t y densi ty  f ianc t ion

19
— 

I ‘- I
21! (t t 1 -1 111 1 1

P a m I = 0 ( 13— 4 )

~~2 — I !  (t t )
in 1’ 1

In add i t io n , obse’rve t h a t

i- ~ 
7
~~i)  = ‘

~~ 

a’ 

p
111 t t 1 ~ (1 1—5 )

11—1

- - - - -—



where 
~ nt ~~ I is the characteristic function associated with p(m 1 a . Use of

I
Equation (B—5 ) in Equation ( 11—3 ) yieLds

ei
1~

t
1

) = ~ 
R m d~~ i 

~~~ - (B-ti )

U . 2 Evaluat ion  of (i 9 (t 1, t 2)

1!v defi nit ion ,

(19 (t 1, 12
) = F {cos l  ~J 0t 1 flI (t 1) 1 cos [ - ~~,t 9 + fl1~t ,)1 

( 13— 7 )

i sing t r igonometr ic  identit ies , Equ ation (B—7 ) i)( ’contes

d9 (t 1, t 9 ) = (‘OS ~) t
1 cOS ~) t ,, 1-: I cos 111 (t

1
) c-os m(t 9 )I

— Sin -~~ t 1 c08 ~~ t 9 F: I si n 111(t 1
) cos l u( t 2 11

— (‘OS 
o 2  Elcos m(t 1

) sin nt~t 2 )j

~ sin sill ‘~0t 2 E l s in  111(1 1
) sin n1 (t 9 )l - ~h 1—S )

Let in (t 
~

) = m~ , n~ t 2~ 
= 1112. Then

i r( j m 1 — i n’a 1\ ( ~~~~ —j m ~ \ ~~E~cos m~ cos lit 9 ) = F 
L~~~

’ ~ e ) ~e — + e J J 
+

= ~- [,-: (e~
°
~

1 4 Ut 9)) ( u r n 1 — Ill ) ))

( j~— n t 1 * In ,)
+

( b — rn 1 — fl1 , )~~
+- E \ e  . 13 ))

11—2



Since m it )  Is a i er o—rnea n  Gaussian random process , nt 1 and m , aa~c’ Ze ro—

mean Gaussian random variables with probability de ’nslty funct ion

I -l ( f lt 1— — ( in in I K
p(1t1 1, fl1 9 1 = e’ 

2 1’ 2 Ill \~fl 2 (11 — 10)

111

wile re’

R a t 1 , t
~~

) l!
~~

(t i,  1 2 )

- ( I l — I l )
I! (1 , I 1 U , I I

in 2 1 an 2

tin el t i le ’  L’orr espau ald in g chau ’acl a r t  st Ic fune’t ion is

( 1 a. ‘-a’ III 1 -, - )  m , )~
~~~~~ “‘ 2~ ~~ 

— 1

-~~ 1 K
-- l ll 1~~~~~) - ( 11-12)

It fo lla ’ws t iltl t

~~~~ n = ~: (a ,
H 1

~~1 
f I l l) )  

= 
~ I I! a t ~~, 

~~~ 
+ i! (t 2 , t ,1 + 2I! (t I ,  t 9 ) 1

(13—13 ) —
t ’~ l , —11 - F (0 1 — 111 2 )) 

e’ 
I R ~~~t 1, t 1 R a . t ,, 1 2 1 — 2 R 1~~t 1, t , ) 1

( 1 1— 14 )

( — I a f l 1 
- n1 , a \  ( j (I9 .~ +

4~~— 1 , — l a  -— l- \ e’ -- 
) = F:~ \e’ )

( 
~~~~~~ 

— n ,, )\ ( ia. nt~ — ln ,I ’
\

-~ a .— l , l~ l-:~~e ) = E~ ~c — 
/ (11 — 16 )

Wile’re ’ ala ’not es cotnplt ’ x Cotl i aigat I on . I - se of Equat i a + n  a. 13— 1 :1 t ha-ough (1 1—1 6 )

in Fa~u i t I t  ton ( 11—91 t’csiilt s i n

— IR t - t 1 a H ~t ~~~- 2 m l  1 111 2 —i - t e ’ a ’~ in
1 

(0S nI , ) a ’ (‘0811 J H~~ 1t 1, t 2 )j

( 11—171

- - ~~-~-— ~ --,— — -  - — - ——--- 
- -- -



-r

Si ml Ia n y ,

Ht- &’s in
1 

sin na ,) = ~~ (1 , 1) - ~ (1 , -1) + ~ (-1 , Il  - ~ (-1 , — I I I  --

I -‘a ‘t I ~t u a t  t on s  t B — I  :fl through ( 11—16 )  in Equal Ion ( 11— 18) yields
R o s  in

1 
s in  rn ,) = ~) 

-

in a ~ a ma tat - nunnel ’

~~~~ l i l~ a~~’~ Tfl .,~ ~I - ( 11—20 )

i _ i l  —

Fis an 111
~ 

s j~ ~~~~ — 4 (~~(l , 1~ — ~~( 1 , 1) — ~ t — 1 , 1) * ~ ( 1 , — I I I- 

11-21)
St ‘t F aluti tj e ) fl s ( 11—1 3 a I hi-ough ~B—1a ;) in Equation 1 11—2 1)  results in

- 

~ 
(R ~~~t~ , t 1

) 
~ 

H
~~

(t ,, t , ) 1I~~sin (1l
~ ~tn n-a~, ) e’ S inh (R ~~ (t 1, 19) 1

( l1 —221 - - -

Substit ut ing the ’ above a- & ’setl t  s into Equation ~l 1—Sa , it follows that

- ~ (R 1t 1, t 1~ R~~~t 2, t 2 1jal , ( 1 1, 1 ,1 = 0

e’0S hI R~~ (t 1’ 1 2) 1 c’os ~ 1 ~ 01

sinh IR ~ 1t 1, t 9 ) ) sin sin 
~~,,t 1 - (11 —23 )

11.3 E\. a hla
~~on of d .1 at I , f I a

l1~- de’f in i t i a ~n ,

( 1 1  
- 1 , , t , ) — 1~ 

- e a ~ S( ~~’ t 19(1 ) j  cosk’ t , f l l ( t , ) j  Ca~S~~O t , + X1i (t t i .
3 1 - o I 1 o — 0 3 3

( 13 — 2- t i

11-4

k -
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1’ ro t ia  t ru gona ’al-tt ’t n e  Iala ’ t’a t it It ’s - I :a iuat ion (11—2-1 ) becomes

I t t  , t ,, 1 , ) = l I ~~t a a S ~~~ I ~‘a’5 ll1 — s In~~.> I sifl nl 13 1  , o l  I o l  1

Ca’S -‘-‘ I t a ’s In,, — Sill  -~ I , sin flI
— a ’ 2

Cc’s —~ I (a ’S t 11 — Sil l  -~ ‘ t~ sill fl1 _ 1 1  ( l ! — 2 a 1aa . .1 0 3 3

~ I - ac -n ’  in . , a 1 _ 2 , 3. t ’:i t~t \  i i lg  e’ut the  p i O d L i c t s  in Equat io n i1—2 ~ t results  i i i

i~~ t 
~
, I , t 1

) c c’s -
~ 

Ca’S ~~~ (‘05 ~~~~~ U c o s  lfl~ (‘a’S 111 9 (‘(~5 19
3

)

— s ill  --~ I (‘a’s —--a t -‘ ~~~~ -- t [(sin 111 (‘05 I-a-a cOS III 1a a l  o _  03 1 2 3

— (‘OS I sin -~~‘ 1 , ca’s I ,, F (C a ’s t Il SIn 01 (‘a’s 111, 1a a  I a a - -  a~ , ‘ 1 2 .3 - -
— Ci’S -~ t ~os ~) t - sin ~, I - 1- : Ica ’S in (05  111 sin n-a 1a) 1 a — a’ - a 1 2 3

s i n  --~ t sin t (‘05 ~—‘ t l- (s in in sin in Cc’S in ,)a~ I o a, 3 1 2 -‘

~‘ia1 -~ I Ca ’s --~ I ., s it -i -
~

_‘ 1 . i - : (si l l  m cos in siit in , I0 1  O . O o  1 2 3

c _ a ’s ~-) 1 si t - a  ——) t , sin -~ 1 E~cos in sin in . SE f l  in . )0 1 a~ 3 1 2 3

— s in  I s in ~ I s in ~~ f~ I- (si n in sin n-u sin m )  -a ’ I a’ — a’ 3 1 2 3

~\ aa t t’ t h a t  t he  iot li t  paob :a i i i l i t  i a Ia’t i si t~ f L i l I c t i a ’ i l  a t  t 11
1 

, i i i , ,  a n a l  19 , iS 
- -

rn
I ~_ 1~! 1

— 7 ( l i i
i 

Ill , IlL
1

) K iii .,

P Oll 1’ ~~~~ = a ’
2~~a 1K -

In ( 11-271

-~



—

whe’re’ t i l t ’  covani ance f l a t  r ix is

R 1~~(t 1, t 1
) R ( t 1, t ,) R~~ (t 1, t3

)

K H n~
t 2~ 

t 1
) H i t 2, t 9) R ( t 9, t 31 (l1— 2~ ) 

-

~~~~~~ t 1
) R~~(t 3, 12

) R n~
t a, t 3) -

h a t  corresponding charac te r i s t i c  function is 1
- 

~ ~~~~~~~~~~ 
K~~

(
~~~2 ) -

\-~~~~ / I-~~~~~~, ~ 3l = e (B—29 )

It fa ’llows tha t

I t Ca ’S in
1 

Ca) S fl-a
2 
ca)s in

3
) ~ ( 1 , 1 , 1) ~ (1 , 1, — 1 1 + ~ (1 , —1 , 1)

~ ~~~~ 1, 1) ~ c~ (1 , -1, -1) + O ( —1 , 1, -1)

‘~~ t - I , -1, 1) 
~

- a’ (-1, -1, -1) )  - ( 11-30)

all

i l— a!

__________ - - - -  ~~ 
___
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As a result , ( 13—3 0) c-an be wr itten in the form

1 -
~~~ 

I R ( t 1, t 1
) + H(t 9, t 9 ) R~t 3, t 3)

F~(cos in
1 

COS in 9 (O S  £11
3

) = — - c

+ 2R(t 1, 1 9) + 2 11(ti, t 3) + 2R( t 9, t3)

-4  [ R ( t ~ , t 1) + R t 9, t 2 ) + R(t 3, t3
)

+0

2 R( 1 1, 19 ) — 2Tht 1, t3) — 2R (t 9, t3) ]

+ e ~ 
[ R ( t 1, 

~1 
-- R( t 9, t 9 ) + R(t 3, t 3)

- 21! (t 1, ~~ 
+ 211(t1, t

3
) - 2R(t 2, t3) j

- 
4 I R ( t 1, t I ± R ( t 9, t~ ) + R (t 3, t

3
)

- 2R (t 1, t 9 ) - 2Tht1, t
3 

+ 2R(t 2, t 3)

+ e 
4 i  R(t 1, t

1
) + R(t 2, t 9 ) + R(t 3, t3

)

— 2R(t 1, t 9) — 2R(t 1, t3) -a- 2 R(t 2, t3) ]

÷ e ~ I R(t 1, t 1
) + R(t 2, t 9 ) + R(t 3, t3

)

- 2R (t 1, t 9 ) + 2R(t 1, t 3) - 2R(t 9, t3)

+~T~~
11

~
t l~ 

t 1) ÷ R(t 9, t 2 ) + R(t 3, t3)

~ 2 R (t 1, t 9) — 2R(t1, t
3) 

— 2R(t 9, t31]

4 I R ( t 1. t 1 ) + R (t 2, t 9) + R(t 3, t3
)

a f 21!t t 1, t9) + 2R (t 1, t 3
) + 2R(t 2. t3) I -

(B—31)
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Equation (B—4 0) can be simplified by noting that

cosh a cosh b cosh c — sinh a sln h b sinh c

1 a-s b -a- c a - s b - c  a-b -s c a — b — c  -a+b+c=~~~~ i(e  + e  + e  s e  + e

— a - s b — c  — a — b - s c — a — b — c  a+b - s c a - a - b — c+ e  ) — ( e  — e

a — b - s c a - b — c  -a -s b -a- c —a - a -b - c  - a—b- s c— e  + e  — e  + e  + e

— a — b — c— e
This simplifies to I ’

cosh a cosh b cosh c — sinh a sln h b sin h c

= ~~t e  
b_ c s e a_ b  

+ e 4b ÷ e~~~
_ b

~~~j - (B-41)

Comparing Equation (B—41) with the first group of terms in Equation (B—40),

where

a =  R(t 1, t 2)

b = R(t 1, t
3

)

c = R ( t 2, t
3

) ,

it is observed that a

~ [_ R(t1~ t 2 ) — R(t 1, t3 ) — R(t 2, t3) — R(t 1, t 2 ) + R(t1, t3) + R(t 2, t3)
4 e e

+ e
+1

~
t1~ 

t 2 ) — R(t 1, t 3) + R(t 2, t3) 
+ e

+1
~~

t 1* t
2

) + R(t 1, t3) — R(t 2, t3)]

= cosh [R(t 1, t 2)] cosh [R(t 1, t 3)1 cosh [R(t 2, t3)]

— sinh f R(t 1, t 2 )1 sinh I R(t 1, t3)) sinh I R(t 2, t3
)) 

(B— 42)
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Similarly ,

cosh a cosh b sinh c — sinh a sln h b cosh c

1 a + b + c  a -I - b — c  a - b + c  a — b — c  — a - s b - s c  H= — i ( e  — c  + e  — e  + e  a8

- a + b - c  - a - b - sc  - a - b - c  a - s b - s c  a - s b — c— e + e  — e  ) — ( e  + e

a — b + c  a — b — c  - a+b - + - c — a - s b - c— e  — e  — e  — e

— a — b + c  — a — b — c

1 a - s b - c  a — b 4 - c — a - a - b  r(’ — a — b - c= 4 [e — e  — e  -S e - (B—43 )

Hence , the fourth group of terms in Equ ation (B—40) may be expressed as

r-~
(
~1~ 

t 2) - R(t 1, t3) - R(t 2, t 3) - R(t 1, t 9 ) + R~~1, t 3) + R(t 9, t3)
a -

~~ L~ 
-e ( a

- e
*
~~

t 1I t 9 ) - R(t 1, t3) + R(t 9, t 3) 
+ e~~~~~

1’ t 9 ) + R(t 9, t3) - R(t 9, t 3)J

= cosh [R (t 1, t 9 )J cosh [R( t 1, t3)J slnh ER(t 2, t3)J

— sinh IR ct 1, t 9 )1 sinh IR ( t 1, t3)J cosh FR( t 2, t3
)] 

(B—44 )

Redefining a , b , and c as

a = R(t 9, t
3

)

b = R(t 1, t 2)

c = R (t 1, t
3

)
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The third group of terms In Equation (B— 40) become

1 r_ R(11, t 9 — R(t 1, t 3
) — R(t 9, t 3) — H(t 1, t 2 ) + R(t 1, 13) + R(12, t3

)
-e

+ e 
R(t1, t9) — R(t 1, t3) + R(t 9, 13) 

— e 
R(t 1, t 2 ) + R(11, t3) — R(t2, t3)]

= cosh I R(t 1, t 9 )J sln h [1t(t 1, t3
)j  cosh ER (t 9, t 3) I

— slnh ( R~t 1, t 9 ) 1 cos h I R(t
1, t3)1 sinh I R (t 9, t 3

)) 
(B—45)

Similarly, the second group of terms in Equation (B-40) may be expressed as

~ r 
+ R(t 1, t 9) - R(t 1, t31 - H(t 9, t 3) -R ( t 1, t 9 ) + I1(t 1, t3) + R(t 2, t3

)
— T L e  +e

+ R(t 1, t9) - R(t 1, t3
) + R(t 9, t3) + R(t 1, t 2 ) + R(t 1, t3) — R(t 2, t3)

- e  -e

= sinh IR (t 1, t 9)J cosh IR ( t 1, t3)1 cosh ( R(t 9, t3)1

— cosh (R (t 1, (
2 11 slnh (R( t 1, t3)1 stnh Il1(t 9, t311 (B—46 )
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From the above results it is conclude d that

— ~. [R (t 1, t 1) + R m(t 2~ t2) + Rm(t 3~ t3 ) J
d3 (t 1, t 2, t 3

) = e

(
cos ~~~t 1 cos ~~0t 2 cos 

~ ot 3 (C osh I R m(t i~ t 2 ) J Co8h [R m(t i~ t3) J cosh [R m(t 2, t 3 ) J

— SIflh [R m (t i~ t2)J sinh i Rm (t i~ 13)] SiflhER m (t 2a t 3) I }

+ sin w t 1 sin ~~~~ cos ci t
3~ sinhIR (t 1, t2 )J COSh ER (t i, t3) J cosh [R(t 2, t 3)1

— cosh ER (t 1, t 2)J s inh lR (t 1, t3)J sinhlR (t 2, t 3) 11

+ sin ~~~t 1 cos w t 2 sin (a) t
3
( CO ShE R (t 1, t 2 ) J SiflhlR m(t ia t 3 )I cosh(R m(t 2, t 3)1

— sin h (R (t 1, t 2)] coshlR (t 1, t 3)1 siflh(R m (t2~ 
t3)1)

+ cos sin ~~~t 2 sin ~ t3( coshIR (t1, t 2 )I cOShI Rm (t i~ t 3)) SInhIR m (t2~ t3)J

— SinhER (t i, t 2 )J Si flh[R m (t ip t3)] Co$ h [R m (t 2~ t3 ) J })  - (B 47)
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where

r1 f r(t) ~1(t) dt 
(C-6 )

AJ E [ S (t) J ~~(t ) dl - (C- ?)0 

rEquation (C-5) may be rewritten as

£ n A [ r(t ) 
~ (~~~

_ 

)

2 

?~ 
x1 + 

~~~

)

l 

r .2

+ (
~
-)± ~~~~ (i + r.

- 
1 

( 2 )  ~~~ 2 
(1+ 

~~~

)

_ 1

~~~~~~~~~~~~~~~~~ 

in ( i + .~~.i) 
- ( C-8)

C-2
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F’rom Equation (C-10) and the o rtho gonal ity of the eigenfunct lons a~~~( t )  on

0 , T I It follows that

T 1’

~~
. 

~~~ f f i’(t~~) r(t 9 ) R~ (t 1, t 2 dt~ dt 9 ((‘-11)
i — i  (I a )

- ‘

r . j E (  5 (t) I r ( t )  dt (C 12)
i - ~ l 0

~1. ~~~ r
~ f J 

E[  s( t
1

) j  r(t 9 ) K 8 (t 1, t 2 ) dt 1 dt 9 ‘-13)
i = l  0 () a

-I
-~~ T T

yj
2 

-— 

J
( f i~:

2 
L s~t )  ] dt ((‘—14)

i 1 (1 1)

= 1
T 

~ 
E (  s ( t 1

) I E [ s ( t 2 ) 1 K ( t 1, 
~~ 

dt 1 dt 2 ((‘-1~ )
i = l  (I 0

T a
-

A
1 

K 5 ~t , t l dt . ((‘ —lii )
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With  the aid of Equations ( C — l U  through ( C— 16),  Equation ( C— 9 )  can be expressed

, T T
In  .\ ( r ( t ) ) = 4 (*- 

) 

- J f r(t 1) r(t 2 ) K
~ (t 1, t 9 ) dt 1 dt 2

0 0

÷ 

~~ 
J E l  S (t

1
) I r(t 1

) (It 1 
~a 

-

-

a) r I
— (

~
—
~ f f  E l  s ( t 1) I r(t 2 ) K ( t 1, t 2 ) dt 1 dt 2

- 4  (~ ) J E 2 [ s ( t ) j dt

F ! 

(
~~~

)

2 

] E~~s(t 1) j  E l s ( t 2 ) j  K 5 (11, t 2)d t 1dt 2
(1 0

- ~ (~ ) f 
~~ 

(t 1, t1) dt 1 (C- 17)
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Focusing attention on those terms in (C— 17) involving the observation r(t), it i s
clear that the LEC receiver is given by

~ ~~ 
2 

~~ 
r(t 1)r (t 9) K (t 1, t 2 ) dt 1 dt 2 

H 1

~ f r(t~ ) Ef s(t 1)]- f f  Efs(t 2
)} K ( t 21 t 1) dt 2 dt 1 ~ ~ (C-18) - 

-

-

where y is the threshold . 
a 

-

In Section C . 2 a case of interest is considered for which

~ f E [s(t 2 )] K8 (t 1, t 2) dt 2 is negligible with respect to E[s(t 1)} - Let

y 1 (t 1) = E[s(t 1)] (C—1 9)

y 2 (t 1) = E[s(t 1)I - 

~~ 
f  E[ s(t 2)) K 8 (t 2, t 1) dt 2 (C-20)

Define the norm of a signal y(t ) to be

I !  y ~~~~~ y2
~~~ t (C-21)

It follows that the squared relative error between y 1(t 1) and y 2(t2 ) is given by

2 (~~~1(t 1) -y 2 (t 1) ~ 2 
~ o ~~ 

[JE[S t 2 11 K8 (t 2~t i )dt 2] 

2 

dt 1 
-a- 

~\ 
t t y (t ) f l  

) 
— 

T

f E 2[s(t 1)J dt 1 (C— 22 )
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2
~~< i implies  that  y 1(t 1

) is “ close” to y 9~t
1

) in a squared error sense , or , that

~~~~~

- f  F: [s~t 9 t] N at 9, t 1
) (It 1 is negligible with respect to E [ s t 1)] - For the case

considered in paragraph C . 2 , it is shown that c 2 << 1.

The 1,EC t’cc -eiver then becomes

~ (~ ) -: ~~~~ 
I’tt

1
0t t 9/ K 1t 1, t 9 ) dt 1 dt 9

~ ~~~~~~~ 

f  r~t~~) E [ s ( t 1 ) } dt 1 ~~
‘ (C-23)

o H 0

C. 2 -Just i f icat ion of LEC Receiver Interpretation in Par. 2 .4 .3

In par . 2 . 4 . 3 ~ at , m~t ) )  cos (~~~t+m (t , ) .  From Equations (2— 209 ) and

2-21 ( 1) , the mean and variance of the equivalent Gaussian random process ,

s t t  = A St t , m a t o , used in determining the asymptotic performance of the

a s y m p t o t i c  receiver are given by

- -~~~ a-

E [s 1t 1)J = ~ e 2 cos

- )  —l~ ( /  ft — t I
N t 1, t 0 ) = A c  [cosh (Pc 1 2 1 — ii cos - 1~0t 1 cos 1a

0
t 2

- —a l  ‘ a.  —t - .sinh (Pc 1 2 1 sin ~~~~ sin

With respect ( a ’ C — i S )

3 P

J 
E[ si t 2 )] ta. 2 . t~ )dt 9 = ~~ J {cosh (Pe ° t l t 2 )~~I } dt 2 cos ~~~~ (C— 24)

_ -J



~~_~~ _-~~~~ - 
-- ________________

where the contribution from the double frequency terms is recognized as being

neg ligible . Expanding cosh ( . )  in Equati - on (C-24) obtain

T

fE [s(t 2)] K (t 2, t 1) dt 2

3 ~3P/~ T

eos~~ 0t 1 [4 f
exp(Pe~~~

t i t 2
o ) d t 2

+~~~ 

J
exp (_ Pe ° t i ~~~~~~~~~ 

] 
-

However , —

fexp(Pe~~~
t 1 t 2 ( (It

2 = T 
(i 

~~~~~ 

~~ 4 f e t 1
_t

2 ? dt~~ -

Note that (-I-

T t i T

e~~~ ~~~~~ cit 2 = 4 f e ’~ ~~~~~ dt 2 + 4 5 e~~~
t 1

_t
2 dt 2

0 0 t 1

= e t
~ ’~l 

(e ’°~~ -1) 
~ e~~~1 L

ia ’r -e~~~
’
~~

kiT -kwT 

~~~~~~~~~~~~~~~~~~~~~
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I

Simi l a r l y , J cxp~-Pe ° ~ 1~~ 2 1 dt 9 is obtained by changing tile sign of P in the

:thov& ’ result . (‘onsequent ly,

JF: [s(1 9 )I K ( t ;~ t 1 ) al t )

— 
:~~~ t ’ 

2 
S ~~ I~~’ r i~~~~

_ 2 i a t t 1 
~i~ c l O l e

_ 1U( 1)— 1 (a’s 1
1 ?  ~~~~~ L~~ T’1’ 2ioT - 

-;

: \ I S a , w ith  respect to E qua tion ((‘ —22 )

1’ 
- 2 —P- 1’f  F: [ ~ t ) 1  alt = - (C—2 6

Subs t i tu t ion  of E quat ions  ~(‘ —2 ~ ) and (C— 2 ( ) into Equation ((‘—22)  results in

2 (~~~~~~J ?
I 1 s (t 2, t 1) d t 2~ 

2 

dt 1
= 

2 

l, :2 [s(a
i ) l d t 1 

‘- - - 2

~~~~~~~~~~~ 

- 4 f 
cos 2 

~~~~ 

~~~~~~~ (2_ ~~
2i

~
t i_~

_ 2b0 I ~2a aa t

2 
~, _ 21 ’ 

- 

~ J

cos
2

m t i ~~~~ 
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alt
1

- 4 
~~~ 

~~~~~~~ - ((‘ -27 1
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Observe In Equati on (( ‘—27 ) that a

~~~~~~~~ 
— e~~ ~~~~ ~-j- = c~~ (e~~~ — 1) < 1 . (C— 2 S)

i i  1=1

It is concluded that the inequality in Equation ( ( ‘—22) is easil y satisfied provided L

<< 1. This is the case which is considered in par . 2 . 4 . 3. where use is
a~

made of the Ia E C receiver given by Equation (( ‘-23) .

C . 3 Receiver Performance

‘[‘he receiver performance presented here follows the development given

by Van Trees [21 -

(‘ . 3. 1 Chernoff Approxiillat ion

The Cherno ff approximat ion to receiver performance was first introduced

by (‘ollins [31]. If c is the logarithm of the likelihood ratio , the false alarm

probability is given by

= J P 1 ~ 
(L!11 0

) (I Ia (C 29)

while  the detection prob abil i ty is given by

l [) = J I)
ç a . L!1I 1) d l~ ((‘-30)

where P 11 ~ ~~~~~~~ is the conditional p . d . f. of t’ -ondit ioned on II 
~
. In Van

Trees [ii  it is shown that

t a ( L I I )  - ~, 1a p
1 !H Q 

( 1 I h o) - ((‘-31)

C — 1 ( )  
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The’ nic)nleflt generating function of a , COfl( I it iOfl e(I on hi d, is

= 
J 

( t q I I  ~~ h I
d

) d L - ((‘-321

Now let

= ~fl ( c ~a
1 ~ 

(Sfl (‘ — 3 3- a.)

and next define a t iIt C ( 1 r~indoni variable x~ w i th  pdf

~~~ ~X) = 
~ SX 1)

1 li p 
(X ll~~) 

~ SX-~~(S) 
~~ !II~~~~ 

I1~~) - ((‘-3-I ) 
a

~~l hl ~~~~~
1 110 )dL 

- -

From F:quat ions (C-34) and ~(‘-2 9)

1 FA J 
p ( S)  - SX 

~ (X) d X -

F:qu at ion ~(‘—3 5) may be- r ewr i t t en  as

= ~~~~~~~~ J e~~~ ~~ P (X)dX -

Be’fore p roceedi ng, note tha t

J ii li p ) (IX

1-~ x )  = - ~(‘— 37 )

J 
, Sl, P a h o 

( I  11 0) d l ,

( ‘- I l  

_________



~a’ _~--

It follows from EquatIons (( ‘—37 ) , ~(‘—3 2 ( and (C—3 3) that

1-: ( x )  = p(S) = ~i (S) - 
((‘—3S )

S imi lar ly ,

ci = I (5) - 
((‘ 39)

:~ standa rdized random variable is now def ined as

X — (1 (5)

V = _______ ( ( ‘—40)

(1 ~S)

In the Chernoff bound one chooses s so that

~a (5) = ) - 
(( ‘ — 41 )

With the aid of l- quations ((‘ —41 ) ,  (C— 3( ) and ~C—4 0 ) ,  the false alarm probabi lity

is e’xpresseal as

~~FA = e~ 
~~~~~ 

- 
~~ f  ,

~~ 
p (Yl alY - ~C-42)

Expand P~ (Y1 in an Edgewort h series to obtain a

P ( Y) = a~a ( Y )  - ~~ (Y )

al iO(V
a ~~ ~ (41 (Y) ~~~~ ( V I ]  a - 

((‘-431

where

II ~ (V) = I

I I i ~Y) = Y

-, ((‘— 44 )
a II , ( Y) y — l

lI ,i (V ) =

(‘- 12

— .—~~~~~~ -. - -~~~~~ —--- - -- -~ — — — — - - - - ~~~~~~~~~~~~~~~~~ -~1
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_

anal

(n)

= [1 (5 ) 
- ( ( ‘—45)

n - . , ii -’ -
-

Writ ing out the f irst  twa) terms of the Edgt ’wort h series it follows that

J 
~~~ P~ (Y) d V

1 i~
’ 

SV ~~s ) y  ...y 2 2e dY 
4

%/2 1r J

~ pa ,S) 1 1 3 5 V ) Y Y 2 2~

a - 
3 f  ~5~~

1 p(5)  ~~
, ~~ 2 2 

(C-4~ )
(I

At th i s  point it is convenient to define

i c n -~~x ~
2 2

I 1 = X a’ C’ clx - ((‘ — 4 7)n

Integrating F:quat ion ((‘—47 ) h~- part s, there ’ results

I ~~~~ (n - i )  1n-2~~’~ 
- 

~ 1n 1  (~~) 
~(‘-4S)

~‘—1 3

~

-

~

- -~~~~~~~ -“- -~~~~~~~~-~~~~~~~~~~~ -~~~~~~~~~~~~~~
-
~~~~- _ _  

_



-
~~~~

Note , by direct integration , that

I )  = e~~
3 2 2 

erfc~ ( — i ) (C-49)

1 ~~) —
~

-—-— — ~e ’~ 
2 

erfc * (~~) ((‘ SO)
1

where

-
I ‘

— -)
erf c~ ç f l )  ~ e dx - ( ‘—5 1)

I’sing the recursive result of Equation (C—4~ )

l3( I = — ( - i  a 3i3 a- — 2 
erfc~ ( -~ 1 . (( ‘—5 2)

Ident i fy ing ~ wit h S ~a(S , it follow s that

~~~~~~~~~~~~ ‘~ P (V I dY
) 

y
0

= e erfc~ (S%~i(S) l

9 .-  
- a

c( S)

~ _________ ~ 1Y(s —1 5~l~~.(5)) 3 2 e 2 erfc * (SV~~~ ))

6(p (S)) 3 2 ~~~
+ - - (( ‘— 53)

(‘— 14 -

~~~~ - --~~~ ~~~~~~~~~~~~~~~~~~~~ 
-



From Equations (C-53) and (( ‘— 42 ) , the false a la rm probability is approximated as a
‘
~~ ~,p(S)-Sjz(S) aS p( S) 2 erfc ~S V~c s )

~~~~~~~~~~~~~~ 2 erfc~ S~~/~~(S))

— 
p ( S) ( l—S’ jc ( S) ) e~

1
~~~~

5
~~

5) 
((‘ 54)

where 0~ S~ 1 and is chosen so tha t ~~ S) = -

From Equations ((‘—31) and ((‘—34), observe that

~
‘

I !H ~ 
~\ = 

-(S- 1)X -p~S( 
I’
~5 

(N) - (C-55)

IUse of Equa tions (( ‘—55) and ((‘—30 ) result in the detection probability being

expressed as

P1) = 1 - e~~
51 ‘a. l S)p (S) j  ~~~~~~~~~~ 

V P Y )  d Y - ~C-56 )

In a manner s imilar  to the development of Equation ~C— 54 ) from (( ‘—42 ) , it can be’

shown that E quation ~C— 5(~ can be written as

- 2 .-
— ~, p(S 1 4 - ( l_ S Ip~Sl a-(l— S) p~S) 2 erfc~ [ ( 1—S) VI~-~ 1

p(S~( 1-S) 3 
e 5 1_51 51 i-Sl~ p~Sl 2 erfc [~~1-s)~ /~~~) ]

a 
SI( 1-~t (S ) ( 1-S1~ ) ~~~51 a k l-S)p (S) 

((‘
5 7 )

~~~ (p (S)) ’ -

where , as before , a.) - 5- 1 and i s chosen so that ~~S) = -

L ____________________________



C . 3. 2 LEC Appr oximation for jc~~~

From Van Trees [2 , p. 35) a simple expression for 1.t(S) can be obtained for

the LEC case .

L ( S ) = 4 [ ( l _ S ) t h ( 1 +~~~ _ ) _ I f l
(

i + N ’)  ]
2 N 

0 0 -~~S~~ 1 - (C -58)

i= 1 o/ 2(l S) 1

Denoting the first term in Equation (C-58) as /2R (SI and the second as MD (S). note

that

[LR (S) . -
~ ~~~~~~~~ ~ (i_ S)

[
~~~

_ 
~~~~~~~~~~~~~ 

~~~ 

2 
~~~~ ]

- [ (l-S) - (1-S)2 2 

~i
2 

+ - .  - ] - (C-59) . 1

Because of the LEC assumption it is necessary to retain terms only up to order

2X. \ 
2 r

(since the linear term s cancel) . Hence , for the LEC case

~~~~~~~~ 
-S(1-S) 

! 

2 i J K 5
2 (t 1, t 2 ) dt 1 dt 2 - (C-GO)

Similarly,

= 
—S (1 S) 

~~~ [ 1  
— 

2x 1 (i—S) 
+ ] 

~ 

- (C— t 31)  

a

(‘-16



2X.
Retaining terms only of order in Equation (C —fl 1), there results

P1) (S) _ S(~~S) ~~ 

~~ 

[ s a . t a ]  dt - 
2 

(1-s)

f  JE [s(t ~ ) ]  E [s(t 2 1 } K~ (t 1, t 2 )dt 1 dt 2 -

0 0 (C-62)

It follows from Equations (( ‘ —~ Sl , (C—GO ) and (C—6 2) that

/A (S) 
~~~~~ ~ 

~~~~~ 
(C— 63 )

(‘. 3. 3 Evaluation of [I (S) as Required in Par . 2 .4 . 3

From par . 24 .3

P a
E~s~t)) = Ae cos a a) t l (C 64 )

and

K ~t 1, t 9 ) = A 2 e~~ ~ [cosh (Pc ° 
‘~l~~2 11] cos ~~ t1 cos ~~t

2

F s inh (Pc ° at 1...t 2 ) sin a it
0

t
1 

S~fl a 0t ,, } - (( ‘—65)

Consequently

J f  K 5
2 (t 1, t 9 ) dt 1 (It 9

:~~ ~,_ 2P
1~2 

- 1 JJ [cosil ~2Pe ai t 1 t 9 ) 2  cosh(Pe~~ 
‘~ 1~~~2 ) + 1

o ()

((‘-66)
where double frequency terms have been ignored .

(‘— 1 7
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l o  per form the integration in Equation ((‘-66) consider

~~ J J exp (P e~~ 
t l~ t2 ) dt 1 dt 9

= a 

~~~~~~~ 

- — ~~~~~~ dt 1 dt 2 - ~(‘- P7t

However

~~ fJ c~~~~
t 1_t 2 t

dt 1 dt 2

= [ J2 e 
a ial (t 1- t 9)  dt 1 F 4 e~~~t l_ t 2 ) 

dt 1 ] alt ,

1 ~ r —k It ., ( e ‘ jOt 9 
~ a tail ., ( e

_ t
~~

I _e~~
0t 2 

~ 1= j~
- 
j  [ 

e — Ii,,, ~ia I’ ) 
e — 

~ -ic~T I j c-It 2

—i a- I’ — u ir  k-cl’
— 

1 
- ~c —1 ) e (e — 1) a __L_— 

- ia iT - - , 2 - 2( 1 ( 1 1 1 —( u -a r)

‘ l—c ~~ I= iaT — — (  

- , 2
(iU 1 )

There fore, from Equat ions  (( ‘— 6 7 )  and (C—6~ ) ,

~~ Jf exp ~Pe~~
1 t t l_ t 2 ) (I t 1 dt 2

= ~~~ [ 17;~i’ 
— 

2~1_e~~
0I ’) ] - ( ( ‘— 69 1

~ i ( 1( 1 1 )

(‘— I S

-~~~~~~~~~~~~~~~~ -~~~~~~--



U se of F cluat ions ~C —69 ) ~fl ((‘—6 6 ) results in

-r -i’

J J K a . t 1, t 2 ) (It 1 al t ,

4 p ~ ~ -
~~ r — ‘ioi’ 1

A c T 
~~~
‘ (2P ) 2 2 ( 1—c — 

I

2i ’. [ 2i~ ’I’ — 

2ia ’I’r

— 2~~~~ ‘~~i [ ~~ ai i’ 
— 

2 (1~~~~~~~
1 t ] - (( ‘—7 111

Hence , with reference to Equation (( ‘ —70 )

= _ SI.~
_
S) [ 

(

~~~2

) 

- 

~,
_ 2P  

~ 
~~~~~ [ ~:fl’ - (1~c 

.~tci l) ]
— 2 ~~~ 

~~~~ — 
(1~~~~. aci r ) ] 

~ 

] - ~C— 7 1( f.

Similarly ,

~1’

J 
F~ [s t fl ~lt 

:~.- \ e T

= 
~ 

C 01~ ((‘-72) - 

-

(‘-19



~ a Z ~~~~~~.—.----..--- -T ~ 
—

and

,, T T

(~~~) 
— 

,J f 
E[s t 1)] E[s t 2 fl K ( t 1. t 9 dt 1 dt 9

~~~ 

2 
;~4 e 21

~ - 

~ f f  [cosh ~Pe~~ 
~~~~~ ~ -i) dt 1 (it 9 (( ‘-73)

where double frequency terms have once agai n been ignored . Use of Equation

( ‘— 6 9 1  in Equation (( ‘—73 1 results in
(9

2 JJ F:[s(t 1
)) E [s1t 2

) } K~~t 1, t 2 ) dt 1 dt 2

= 

2 

e 2P ~~~i (~ 
- (1~~~ 2~~

T

) ) ]  
( C-74)

Hence , from Equat ions ~C-7 4) , (C-72) and (C- fl?)

— S( 1-S) 

(~
_ e~~ caT - 1-S~ 

2 
e 2

~
’ 

~~~~~ [ aT

— 2 l i a 1’

______I ] 
~~~ 

- (C-75)

Adding /2 R (S) and p a (S) it follow s that

[I ( S)  S( l-S)  

(~~~:~~

2

e
_2P 

~ 
~ 

____ 
r T 

- ~ ]
- (2-S 

~~~ 

P 2 i [~~4. 
- i~~

_ 2iu T 1 ] + 
(~~~) 

C~~~~ ~ l’ ) - (( ‘-76)

( ‘—2 (1

- —
~~~4M~~4
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D . 1 Der iv at  j am

Consider the inte ’gra I equat ion

\~~ 1t 1
) = ~t 1, t 9 I ~ 1 t 2 i alt 9 ( D - I )

a 
where \ is an etgenvalue anal 

~~~

. II is an e igenfunet ion associa ted w i t h  \ The
low energy coherence 1LEC 1 condi t i on a l p l  ics if [2]

N

2
°

Nwhere ~ is the modulus of the largest ei genvaluc and 4 is a white noise
leve l - I f K( t  t ,~ S an auta ova rianee for a s tat ionary process , the eigenvalues
can be’ bounded h the m a x i m u m  value of the spectrum [1] - It is then easy to see

wh ether 1-~quat ion  I ) — 2  appl ies  without  ac tual ly  solving E quation ~D—1 for the
e igenvalue s .  Unfo r tuna t e ly , no s imple t echnique for de te rmining  a t ight bound

on ~, ,
~~ ~~ 

is a v a i l a b l e  when N a t  

~
, t~~ is an auto covar iance ’  for a nons ta t ionarv

process. The purpose 4 af t h is ap pendi x is t o prov ide a technique for d e t e r m i n in g

a t igh t  bound on ~ ~ 
for th e more general nonstat tona ry case .

- - - Let

K1 t 1. t 9 a - K~t 1, t , l = F . t 1 t 9) ( I) 3)

where ~~ t
1 

t , is an auto covari an ee for a s t a t i o na r y  pr ocess - From E quations

l I ~~1) Zl fld D — 3 i

\ ~(t~ ) _J E 1t 1 t , a - t 9a alt , / ~ 1 t 9 ) ~1t 9 -

— -~~- ___
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Let

e(t1) =JE(t 1, t2) ~ (t2) dt2 .  ~~-5)

Following the development leading to Equation (C—22) it follows that If

fe
2(t1) dt1 ~ < x 2J ~

2 (t1) dt1 (D-6)

then

T
A ~(t1) J K(t 1, t2) ~ (t2) dt2 (D—7)

0

Consequently, the eigenvalues and elgenfunctions associated with K(t1, t2)

approximately satisfy Equation (D-7) and i~(t1, t2) can be used to obtain approxi-

mate values for A provided that Equation (D-6) applies. From Equation (D-6)

f  e2(t~) dt1=f [I E(t 1, t2) ~ (t2) dt
2 ]  

2 
dt1 .

Use of Schwartz’s inequality in Equation (D-8) results in

e2(t1) dt1 ~ f  [I E 2(t1, t2) dt2 ~
2(t 2) dt 2 ] dt1 (D-9)

0 0 0 0

However, the elgenfunction s have unit energy. Hence Equation (D-6) is applicable

provided

T T

f f  E 2(t 1, t2) dt1 dt2



Lt~ea iI t hat I L~

‘
~ t~~x 

- I J ~“ ~ 
K~t 

~
, t~)~ f(t~,~ dt (1)-11~

whe~rc

/ r~ tt~~ itt 1 
— I . (1 )—I

lli~n t e~, L~quz*t Ion ~I )—t i )  ss 881 tsfi e~d for t hi Ia rgt~st e~ige~nvalut~ if

1’ I

f J
. 

~~~~~~~~~ (tt L it t ~,

—~~~~~ ~~~~~~ -
~~~ 

.) ~~~~~ 
(l)-13)

[/ : (~t 1 (1 I ’ t .,~t (t 2~ itt IH ] -

whe~rt’ 1(1 sat slit’s iquat ion tL ~~
— I ‘i

l’tw i t e ~tturt ’ for obtain i ng an upper bound ou MAX’ t he lar gest eLgenvalut~

assot iate d with t~ t 
~ 

t .,~. is a s follows :

1 . t iven K~t 
~
, t ,l , (ormutate ’ , by t r i a l  and erro r, a rovar ianee funetion of

a stationary prot’ess, N~t :‘~ 
for whieh the ine~(jualit y in I~quation

L U— 131 is sa t isfk ’it .

2 , h aving lounit a suitable’ K~t 
~
, t ,,1, ttctermitw an uppe r bound on the

largest eige’nvalut ’ assorinted with Kit 
~ 

• ~

3. This upper hound is used as an uppe r bound for A MAX

Observe tha t (hi ’ inequality In Kquatk ~n ~P— 131 may he satisfied only for a limited

rnngt’ of pn ra n~e’te’r values associated with the random process . ‘l’he upper bound

is then valid only for this rest rtete’d range.

I 3



D, 2 Calculation of Region for Which the LEC Condition Applies in Chapter fl
Par, 2.4 .3.

In this paragraph

R ( t 1, t2) = Pe”° t1•••t2~ (D— 14)

AS [t , m(t)] = A cos [a~~ t -s-m (t)) . (D—15)

From Appendi x B

A d1(t1) = AE s(t 1, m(t 1)) = Ae~~ ”2 cos ~ 0t 1 (D—16)

A 2 d2(t 1, t2) = A 2E $ S[t 1, m(t 1)J SEt 21 m(t 2)) I

= A 2e~~
’ [ cosh (Pe~’0! t 1 t 2 !) cos~~ t 1 cO8~~~~t

2

+ sfnh (Pe ° ~~~~~~ ) sin (J)0t1 sin ~ 0t2 ] (D—17)

Let

K(t 1, t 2) = A 2 [d 2 (t 11 t 2) — d1(t 1) d1(t2)J

= A 2e~~~[[cosh (Pe~~~t 1_t 2 I )_ lJ CoS~~0t 1 CO S~~~~ t
2

+ sinh (Pe~~~t 1 t 2 !) 8tfl~~ t 1 sin ~j~0t 2 } . (D—18)

Through a proces s of trial and erro r , i~(t 1, t 2) is chosen to be

K(t 11 t 2) = A2 

~- {  exp (Pe~~~t 1_t 25 _ i ]  cos~~0(t 1—t 2) . (D—19)

k
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Recall tha t

J J  E ( t 1, t 2) dt 1 (It
2 = Jf  (K~~1, t 9 ) - K(t 1, t 2 )) 2 

~~1 ~~2 ,

0 0 0 0

From Equation (I)—181 — (D— 20)

f  f  E 2 (t 11 t 91 dt 1 dt 9 A 1 -2P f f  (2 exp (_2Pe~~ lt~~t 2 I )

—0 t i —t ,,
— 4 t~xp (—Pc ‘ —

+ 2 (It 1 ~it 2 (D—21)

where double frequency terms have been dropped since they contribute negligibl y

to the integration , From Equat ion (C’-67) and Equation (D—2 1)

•j : I E ( t  
~ 

t .~i (It 1 itt 2 A 4 0—2 P (—2 P1 1 
( 1  — 

(1 C _ b r ) )

—2 ~~~~~~~~ 

~~ — ~ ) ] . (D— 22 1

In Equation (D—1 3) let

fit I = eos ~ 0t • (D—23

It follows tha t

f J  f(t 11 K(t 11 t 21 f(t 2~ dt 1 dt 2

-
~ A 2 2 f [ c ~~ (cosh (Pc ° t l~ t 2t ) 1) dt 1 dt 2 (D—24 1

D-5



~~~~~~~~~~~~~~ ~ _____

where, once again, doubLe frequency terms have been dropped. The right side of

Equation (D-24) can be expanded so that

f f  f(t~ l K(t 1, t 2) f(t 2) dt 1 ~~2

A 2 2 JJ e ~ 
(ex~ (Pe~~ 

lt l •••t 2 1) 
+ exp (_pe~~ !t rt~ 5 _ i)  dt 1 dt 2 .

° ° (D-25)
From Equations (D-25) and (C-67)

ff f (t 1) K(t 1, t 2) f(t 2) dt 1

A 2 4~ 
. ~~. 2~~~~ 

~~~ (~~~~~

- (I~e 2t~T
)) . (D-26)

With the aid of Equations (D-28) and (D-22), Equation (D—13) becomes

(— P) t (21—2) f i  (1— e’ t
~~ )

— 

~~IaT (bT) 2

(D—27 )/ C’, ‘1’ t(V’ P~~ 1 1 2( 1—e ’~~”~~) \ \
~~~~~~~~~~~ \~

LCb~T - (210T)2 ) )
The random process parameters of interest are P and ~T. Note tha t increasing

P decreases the left—hand side of Equation (D-27) while increasing aT Increases

the left-hand side of Equation (D-27). The left-hand side of Equation (D-27) Is

plotted In Figure D-1 for representative values of P and aT , Only values of P

and aT for which Equation (D-27) is satisfied are considered in Chapter II
par. 2.4.3 .

D-6
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The power spectral density associated with K(t 11t 2) Is

~ I~L \1 f  e~~° A 2 !! ~ iPe &T 1 -l ] cos ~~~ dr  . (D-28)

E xpanding the exponent ial in Equation (D-2$ 1 and performing the Integration

results in

~2 
e~~ 

~~~ ~ ~~(w~~o )
2 (i(~) 2 (~~~~~) 2) ] (D-29)

The peak of S ~~~ assuming o 
~

‘

~~

‘ is

= C 19’ (D-301

The LEC condition applies provided ~ (~L~~) MAX ~~ ~~~ Consequent ly, it follows

from Equation (D—301 that the I .E C cond it ion appl ies if

A —I ’ P t
e ~ 1, (D-31)

The Inequality in Equation (D-31) is satIsfied throughout Section II par. 2. 4 .3.

- — - .
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