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Abstract

Empir ica l  hig h e r - r a n k  ( E H R )  ana lys i s  of a 185-sing le-year
se quence of Swedish age - spec i f i c  overall  fe r t il i ty  r a t e s , and o f a
related 68-s ing l e -yea r  mar i t a l  fe r t i l i ty  sequence , develop s a ti me
ser ies  model of the changing  age d i s t r i bu t i on  of b i r ths  in c ro s s -
sec tional and cohort pe rspec t ives .  The p rocedure  combines  the
da ta -gu id ing  and f lexibi l i ty  of Tukey s exp lora tory  data anal y s is
(EDA ) approac h with r o b u st / r e s i s t a n t  methods of es t imat ion to
detect uni fy ing pa t te rns  under l ying the d iverse  d i s t r ibu t ions  of
fe r t i l i t y .  The cen t ra l i ty  of examinat ion of r es idua l s , in achiev ing
opt imal  f i ts  to the data , in detect ing s ingular  d e p a r t u r e s  f rom fi t ,
and in in te rpre ta t ion  of the f i t ted desc r ip t ions , is emphas ized .
Technique s , new in thei r  detailed app l ica t ion to demo grap h ic da t a ,
are descr ibed in some de ta i l .

The close f i ts  obtained for  all sequences , coup led with  guided
choice of a standard  fo rm in which to use the f i t t ed d e s c r i p t i o n s ,
reduce the va r i ab i l i ty  in the f e r t i l i t y  data to a conc i se  and coheren t
de mo g r a phic p ic ture  which d i f f e r s  in impor tan t  way s f r o m  the
desc r ip t ions  other aggregate  f e r t i l i t y  models  have provided , whi le
having some si gn i f i c a n t  r e l a t ions  to other models .  Way s of r e f i n i n g
sti l l  f u r t he r  the EHR-f i t t ed  desc r i pt ions  to p rov ide  addi t ional  ins ig ht
in to the under l y ing st r u c t u r e  of aggrega te  f e r t i l i t y  d i s t r i b u t i o n s  are
sugges ted.  Use  of th is  anal yt ic  approach to ident i f y and deal with
e r ro rs  in such data is d i s c u s s e d .
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B. Cohort parameters centered on year at ~.ge 42-46. 94

Fi g. 17. EHR standard form time parameter ~~. before and after

• l inea r  c o m p e n s a t i o n  for  the total  ra te  
1
of fertility , cohort

age 15-49 ove ra l l  f e r t i l i t y  s equence , 1775-1929.  9 5
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A N  EMP IRICA L H I G H E R - R AN K  A N A LY S I S  MODEL OF THE

AGE DISTRIBUTION OF FERT 1LI TY*

Introduction

In efforts to understand the historical decline of fertility in  the now

industri alized countries and the potential fo r  f e r t i l it y  d e c l i n e  in  the l e s s

developed c o un t r i e s , a v a r i e t y  of i n g e n i o u s  m e a su r e s  of f e r t i l i t y  have

been c o n s t r u ct e d  f rom the av a i l a ble  da ta .  Such m e a s u r e s  s i m pl i f y  com-

p a r i s on s  a c r o s s  t ime  and p lace , and they can s h a r p e n  the exp lo r at ion of

associations between fertility change and social and economic change.

The va lue  of mul t ip le a p p r o a c h e s  app lied to dat a f ro m  d i v e r s e  sources

has been r epeated l y d e m o n s t r a t e d.
2 The p rob lems  of dea l i ng  wi th  incom-

Plete and e r r o r -r i d d e n  da ta  c o nt i n u e  to be a c h a l le n g e  for  new methodology .

Whi le  a g e -m a r r i a g e  d u r at i o n -  s p e c i f i c  and a g e - p a r i t y - s pe c i f i c  f e r  -.

t i l i t y  schedules  arc highly d e s i r a b l e  for  anal y s i s  of f e r t il i t y  c h a n g e , da ta

needed to ca lcula te  such schedules  have not been a v a i l a bl e  for  most t i m e

p e r i od s  and popu la t ions .  The r e l at i v e  a b u n d a n c e  of s imple  a g e - s p e c i f i c

• f e r t i l i t y  schedules  (both c u rr e n t  and fo r  e a rl i e r  period s , and usually by

V V _ _
~~~~~~~ 
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f i v e - y e a r  age g r o u p s)  has  encourage( l  e f f o r t s  to use , ins tead , t h i s  type

of d a t a  to c o n s t r u c t  models  c o n t a i n i n g  a small  number  of m e a n i n g ful
V

param eters for comparison. Two type s of such  models , both  based on

p r e - s e l e ct e d  p a t t e r n s , have been p r o m in e n t .  The f i r s t  of t h e se  seeks to

e x p r e s s  the net  m a t e r n i t y  f u n c t i o n  in.  t e r m s  of s p ec i f i c  f u n c t i o n a l  f o r m s.
3

The second r e l at e s  the  age d i s t r i b ut i o n  of f e r t i l i t y  to se lec ted  d e m o g r a phic

p a t t e r n s , u sua l ly fo r  an i d e a l i z e d  p opu la t ion  wi th  s p e c i f i e d  c o n s t r a in t s ,

such  as the a b s e n c e  of i l l eg i t i m a t e  b i r t h s  and the ab s e n c e  of widowhood

and d i v o r c e  in the c h i l d b e a r i n g  y e a r s .  One of t h e  mos t  p r o m i n e n t  demo-

gr a p hic  models  h a s  been  t h a t  of Coale w h i c h  t h e n  became the b a s i s  of the

C o al e - T r u s se l l  mode l  f e r t i l i t y  s ch e d u l e s .
4 

Th i s  model  has  had wide

app l i c a t i o n  and i s  c l e a r l y s u p e r i or  in i t s  d e s c r i p t i v e  c a p a c i t y  to a ny  of the

s i n g le f u n c t i o n  mode l s  so f a r  p r o p o s e d .

•l he p r e s en t  s tu dy  of t h e  age d i s t r i b u t i o n  of f e r t i l i t y  r e n o r t s  an

a p p r o a c h  conip l em en t a  r to  t h a t  of Coale and T ru s  s e l l .  I t  beg i n s  w i t  hout

a p r i o r i  a s s u m pt i o n s  abou t  the  exac t  shape or the  c a u s e s  of u n i f y i n g

p a t t e r n s  w h i c h  may  u n d e r l i e  d iv e r s e  age d i s t r i b u t i o n s  of b i r t h s  in an a c t u a l

p o p u l a t i o n  r a t h e r  t h a n  an i d e a l i z e d  one .  U s i n g  t i m e  h i s t o r i e s  of s i n g l e —

y e a r  Sw ed i s h  o v e r a ll  ~ ncI m a r i t a l  f e r t i l i t y  in  bo th  c r o s s - s e c t i o n a l  and

c o h o r t  p e r s p e c t i v e s , i t  a dop t s  emp i r i c a l  hi g her  r a n k  ( F l i f i )  a n a l y s i s

i n c l u d i n g  a p a r t i c u l a r  t ype  of r e - e x pr e s s i o n  of the  f r a c t i o n a l  f e r t i l i t y up

to soon’ cut  — o f f  age , and shows

how wel l  t h i s  method of ana l y s i s  deve lops  a d e s cr i p t ion  of t he

Sw ed i s h  d a t a ;

1W’ r - — — ——V — — - — — — V V - — — — 
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how well the EHR results , though quite empirical , fit into a

demographic model;

some ways  in which the EHR approach accommod ates aspects of

f e r t i l i t y  d i s t r i b u t i o ns  that  have been p rob l ema t i c  fo r  o the r models

when dea l ing  wi th  a c t u a l  p o p ul a t i o n s .

EHR a n a l y s is , as i n i t i a l l y  developed in M c N e i l  and T u k e y,  combines

the emphas i s  on d at a - g u i d i n g  and f l e x i b i l i t y ,  t y p ical  of Tukey ’ s

exp lo ra to ry  data  a n a l y s i s  (EDA ) approach , ’ wi th

the avo idance  of t roub le  f ro m  exot ic  values , and the re la t ive ly

hig h e f f i c i e n c y  un d e r  a n y  of a w i d e  v a r i e t  of c i r c u m s t an c e s .

typ ical  of r o b u s t / r e s i st a n t  method s of e s t i m at i o n .

The work  r e p o r t e d  he re  could be the  f i r s t  s t eps  i n  a complete  EDA of the

d iverse age distributions of f e r t i l i t y  f o u n d  in  t i m e  s e r i e s  and a cr o s s

popu la t ions .

A .  P r e l i m i n a r y  c on s i d e r a ti o n s

A l  . F e a t u r e s  of EHR a n a ly s i s  w h i c h  may  m a k e  it  p a r t i c u l a rl y appro-

p r i a t e  to the  t a s k  of d e s c r ib i n g  f e r t i l i t y  d i s t r i b u t i o n s .

E I IR  a n a l ys i s  beg ins  w i t h o u t  d e t a i l e d  a s su n i p t i un s  abou t  t he  d i s t r i b u -

t i o n  of the  d a t a  ( i n  t h i s  case , widel y v a r y ing age p a t t e r n s  of b i r t h s ,

r e f l e c t i n g  both  b i o l o g i c a l  and soc ial  f a c t o r s ) .  I t s  approac h is e x p l o r a t o r y ,

g ’z i d e d  at  e ach s t ep  by what  is l e f t , the  r e s i d u al s , a f t e r  some ad d i t i v e  or

m u l t i p l i c a t i v e  f a ct o r  has  been r emoved  f r o m  one d i m e n s i o n  or anothe r of

0 ‘ t h e  d a t a  or of t he  r e s id u a l s  f r o m  the p r e c e d i n g  st ep  of the  ana ly s i s .  Th is

i t e r a t i v e ’  i d e n t i f i c a t i o n  of r e g u l a ri t i e s  in the d at a  t h e r e , in each of the

________
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two -way tables of fertility distributions in t ime s e q u e n c e)  is  con t inued  u n t i l

the amount  of a d d i t i o n al  r e g u l a r i t y  removed in a s tep  seems neg l ig ib l e .

In the e f f o r t  to i den t i f y as ful l y as possible  the p a t t e r n s  which account

for  the v a r i a b i l i t y  in the data , EHR anal y s i s  a l lows for  the f ac t  that  some

da ta  po in t s  may be f a r  ou t s id e the t r u e ” u n d e r l y ing  p a t t e r n  in the set , be-

cause  of i n a c c u r a c i e s  or s ingula r  c i r c u m s t a n c e s .  U s e  of a f o r m  of robust !

r e s i s t a n t  e s t i m a t i o n  ( R R E )  in the i t e r a t i v e  f i t t i n g  p r o c e d u r e  g i v e s  c el l - w i s e

~ -e ig h t s  to the  r e s i d u a l s  at each  i t e r a t i o n  b e f o r e  s e a r c h i n g  for  f u r t h e r ad just-

n i e n t s  to the  f i t .  The choice of weig ht f u n c t i o n  is  i m p o r t a n t  if one i s  s imul-

t a n e o u s l y to e n s u r e  r e s i s t a n c e  to “o u t l i e r s  and a l so  avoid g i v i n g  undue

wei g ht to smal l  r e s i d u a l s .  At  the  p r e s e n t  t ime , one we ig ht f u n c t i o n  of choice

a p p e a r s  to be the b i s q u a r e  f u n c t i o n  of the r e s id u a l s .
8 

The i t e r a t i v e  f i t t i n g

p r o c e d u r e  u s i n g  th i s  ‘biwei g ht is d e s c r i b e d  in  A p p e n d i x  A .

R e - e’~p r e s s i o n  of da t a  to im p r o v e  l i n e a r i ty  b e f o r e  ana l y s i s  (a prac-

t i c e  a l r e a dy  we l l  d e m o n s t r a t e d  as v a l u a b l e  i n  d e m o g r a phic  r e s e a r c h)  i s  a

u s u a l  p r e l i m i n a r y  to EHR ana l y s i s .  W i t h o u t  a l t e r i n g  the  o r d e r  r e l a t i o n s

of the m e m b e r s  of the da ta  set , t h i s  t a k e s  a d v a n t a g e  of the g r e a t e r  ease

of e x a m i n i n g  l i n e a r  ( h e r e , a d d i t i v e-m u l t i p l i c a t i v e)  r e l a t i o n s  and d e p a r t u r e s

f r o m  t h e m .  Whethe r  log ,  r e c i p r o c a l , powe r , or more complex re-

e x p re s s i o n  has  been used to s imp li f y the da ta ’ s b e h a v i o r , d e - t r a n s f o r m a t i o n

can  r e a d i l y r e t u r n  r e s u l t s  to the  o r i g i n a l , r aw , cale .

Because  da ta  a r e  a lmos t  a l w a y s  the r e s u l t  of i n d i r e c t  or i mp e r f e c t

0 m e a s u r e m e n t, r e s i d u a l s  of v a r y ing s i zes  a re  expected in the  analy s i s .

A d i s t i n c t i v e  f e a t u r e  of the EDA a p p r o a c h  is tha t  n o t h i ng  is  d i s c a r d e d .

The EHR anal y s i s  does  not stop wi th  a model  and a s t a tement  of pe rcen t

~~~ ~~~~~~~~ 
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of the total variation in the data explained by the inodel. Instead , the

residuals are not only examined for further pattern at each stage of the

fiLting procedure but are also retained and examined in detail at the end ,

to see where and in what way the data depart from the fitted description

(e.g. , in specific years? at specific age cuts ’
~ ). This examination directs

both i n t e r p r e t a t i o n  and fu r the r exp l o r a t o r y  anal y s i s .  It o f t e n  e n h a n c e s

identification of major transitions in underlying patter n. It may add to

u n d e r s t a n d i n g  of the e f f e c t s  of s i n g u l a r  e v e n t s .  (For  e x a mp le , w i t h i n  the

context  of a popula t ion ’ s t r e n d  in age d i s t r i b u t i o n  of f e r t i l i t y,  what  e f f e c t s

has a war or a per iod of i n c r e a s e d  e m i g r a t i o n  had on childbearing

p a t t e r n s ?)  E x a m i n a t i o n  of the  r e s i d u a l s  may also aid in i d e n t i f y ing  depar-

tu res  which  a re  due to e r r o r s , and t h e n  i n  e s t i m a t i n g  a p p r o p r i a t e  correc-

t i o n s .  In a comp lete EDA . such  a p r o c e s s  may need r e p e t i t i o n , p a r t i c u l a r ly

a f t e r  f i n e  t u n i n g ’ the e x p r e s s i o n  of the d a t a .

A Z .  Focus of t h i s  EHR a n a l y s i s  of f e r t i l i t y

The biolog ical  and soc ia l  f a c t o r s  a c t i n g  on f e r t i l i t y  may a f f e c t  i ts  age

d i s t r i b u t i o n , i ts  level , or both.  C o n s i s t e n t  wi th  the  c u r r e n t  bod y of demo -

g r a p hic work  on f e r t i l i t y  models , we wil l  f ocus  f i r s t  on the  age d i s t r i b u t i o n

- - a n d  s p e c i f i c a l ly on the p r o p o r t i o n  of all b i r t h s , f o r  a y e a r  or a cohor t ,

which is attributable to women a given age and younger. The advantages

of u s i n g  the  cumulative distribution , rather than the frequency d i s t r i b u t i o n ,

inc lude :

• 

, 
. the greater ease of fitting the class of distributions which diffe r

in location and scale;

~~~~~~~~~
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the fact that the nature of any systematic bias in the data will

be more apparent  in a cumulat ive d i s t r i b u t io n  at the same time

that the influence of singular departures will be diminished.

We shall speak throughout of “age cuts” of this cumulative distribution.

for  example cut  at 24/2 5’ to indicate a separation of the proportion of

births to women aged 24 and below from that to women aged 25 and above .

In the final sections. the change in overall level of fertility will be related

to the parameters of the f i t t ed  f e r t i l i t y  t ime  s e q u e n c e s .

A l . Choice of data

A time series wi th  d i v e r s e  fertility distributions allows examination

riot only of the diversity but also of the dynamics of change. Choice of

the Swedish s e r i e s  was based on:

the length of the series of sing le-year schedules available;
9

the hi gh q u a l it y  of the  d a t a ;
10

the striking changes in both the age pattern of marriage and

the  l e v e l  of f e r t i l i t y  - which  should be r e f l e c t e d  in the age

d i s t r i b u t i o n  of b i r t h s ;

the o c c u r r e n c e  of s i n g u l a r  e v en t s  ( w a r s ,
1 1 

p e r i o d s  of h i g h

emig r a t i o n . periodic severe crop failures) which might be

expected to affect temporarily the level and/or the age

d i s t r i b u t i o n  of b i r t h s ;  and

the rich detail in the recorded marriage and fertility data to aid

• examination of demographic significance of the model parameters.
’2

To test the use of EHR analysis , 1775-1959 overall fertility and 1892-1959

I ’ V...
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m a r i t a l  f e r t i l i t y  were  selected. ’ ~

Of the d e m o g r a phic  f a c t o r s  w h i c h  a f f e c t  t h e  age d i s t r i b u t i o n  of b i r t h s .

some , in a d d i t i o n  to p a r i t y - d e p e n d e n t  l i m i t a t i o n  and sp a c i n g  ul  b i r t h s ,

a re  p r o m i n e n t  fo r  t he  Swed i sh  da ta  selected . A l a t e  m a r r i a ge  p a t t e r n

p r e v a i l e d , p a r t i c u l a r l y f r o m  the second q u a r ter  of t h e  1 9 t h  c e n t u r y  u n t i l

The p r o p o r t i o n  m a r r i e d  at a l l  c h i l d b e a r i n g  ages  above 19 then

i n c r e a s e d  d r a m a t i c a l l y w i t h i n  I 5 y e a r s  ( f o r e x a m p le , f r o m  0 . 17 to 0 . 4 0

1 5
fo r  those  aged 2 0 - 2 4 , and f r o m  0 . 4 8  to 0 . 7 2  fo r  t h o s e  aged 2 5 -2 9 1 .

The p r o p o r t i o n  aged 15 - 1  Q m a r r ie d  had n e v e r t h e l e s s  i n c r e a s e d  onl y f r o m

0. 02 to 0 . 0 by 1° 9 . W i t h  s i g n i f i c a n t  adopt  ion of p a r i t y  — d e p e n d e n t  u rn —

i t a t i o n  of b i r t h s , the  p a t t e r n  of m a r i t a l  f e r t i l i t y  d e c l i n e  w i t h  age (both in

cohor t  and in  c r o s s - s e c t i o n a l  p e r s p e ct i v e s  t h e r e f o r e  r e f l e c t s  two i n f l u e n c e s :

the  t e n d e n c y  fo r  l a t e r - m a r r y ing  women to have  l o w - o r d e r  b i r t h s

wel l  beyond age 2~~, and

• t h y  t e n d e n c y  fo r  e a r l i e r - m a r r ying  women to r e s t r i c t  t h e i r

c h i l d b e a r i n g  to y o u n g e r  a g e s . ’6

N e w  p r o m i n e n c e  of d i v o r c e  and r e m a r r i a g e  in t he  f i n a l  y e a r s  of the 1 775-

1Q 59  h i s t o r i e s  may a lso  have  i n f l u e n c e d  the  a g g r e g a t e  f e r t i l i t y  p a t t e r n s .

The t r a d i t i o n a l l y l a r g e  p r o p o r t i o n  of f i r s t  b i r t h s  p r e n ia r i t a l ly con-

ce ived  i s  of p a r t i c u l a r  i m p o r t a n c e  fo r  the  age d i s t r i b u t i o n  of m a r i t a l

fertility .
1 ‘ E n t r y  in to  m a r r i a g e  becomes  a b e t t e r  p roxy  for e n t r y  i n t o

childbearing than is possible w i t h  hi g h i n c i d e n c e  of p o s t - m a r i t a l  de lay  of

a f i r s t  b i r t h  (due  e i the r to c o n t r a c e p t i o n  or su b f e c u n d i t y ) .  To the extent

0

to w h i c h  m a r r i a g e  c u s t o m s  se l ec t  fo r  those  of p r o v e n  f e c u n d i t y .  however .

t 
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not on ly  at ages  15 - 19  but a lso at ages 20-24  in th i s  l a t e - m a r r ying popula-

t i o n , the age d i s t r i b u t i o n  of m a r i t a l  f e r t il i t y  shows some d i s t o r t i o n  towa rd

the lowe r a g e s .  This  may go fa r  in exp l a i n i n g  the  h i s t o r i c a l  absence in

Sweden of a “n a t u r a l ”  m a r i t a l  f e r t i l i t y  p a t t e r n  (as  t h i s  has  been i d e n t i f i e d

and d e f i n e d  by H e n r y
18 t even c o n s i d e r i n g  only  b i r t h s  to women age 20 and

above.  I l leg i t ima te  f e r t i l i t y  has also been n o n - n e g l ig ible for  the da ta  in

the p r e s e n t  s t u d y .  In each of the y e a rs  f r o m  1892 to 1959 ,  between 9°~- and

1 5’~ of the b i r t h s  c o n t r i b u t i n g  to the age p a t t e r n  and total  ra te  of overa l l

fertility are  not inc luded in the  age p a t t e r n  and to ta l  ra te  of m a r i t a l  f e r t i l i t y .

B. Procedure

B l .  Preparation of data

Y e a r l y a g e - s p e c i f i c  o v e r a l l  f e r t i l i t y  r a t e s  were  ca lcu la ted  for  the

I Q
y e a r s  1 7 7 5- 1 9 5 9  f r o m  r eco rded  c o n f i n e m e n t s  by age of mothe r in f i ve -

y e a r  age g r o u p s , 1 5 - 1 9  to 4 5- 4 9 , and the  fem a l e  p o p u l a t i o n  in each of

these  age g r o u p s  as th i s  is e i the r r eco rded  in the census  or recorded  as an

i n ter c e n s a l  e s t i m at e .
20 

These  s c h e d u l e s  were  c o n s id e r e d  in  c r o s s - s e c t i o n a l

p e r s pe c t i v e  in the  1 8 S- y e a r  sequence .  They were  also  cons ide r ed  separa te ly

f ’r  1 55 comp lete  cohor t s , u s i n g  the c u s t o m a r y  p r o c ed u r e  of i d e n t i f y i ng  a

g r o u p  of women by the y e a r  in which  they  were  aged 15 -19 , 1775- 192 9 ,  and

fol l owing  t h e i r  ch i l dbear ing  by f i v e - yea r  age g roups  un t i l  they reached age

4 S -4 9 , 1805-1959 .

Each schedule was f i r s t  cumulated to g ive t he f e r t i l i t y  r a tes  for

0 wo men a g ive n age and y o u n g e r , with age cuts  at 1 9 /2 0 , 2 4 / 2 5 . . .  4 9 / 5 0 .

Each schedule was then  no rma l i zed , i . e .  , d iv ided  by the ra te  for  women

1

~

•

~

..’ -- ---—----— 
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9

at age cut 49/5 0 , to g ive the propor t ion of the yea r ’ s (or coho rt ’ s) b i r ths

achieved by a given age.
22 C ros s - s ec t iona l  and cohort  t ime sequences of

overa l l  f e r t i l i t y  for ages 20-49  alone were  also p repa red  for  anal y s i s  in

the same way.  For br ev i ty , these four  sets of da ta  wi l l  be r e f e r r e d  to as:

X I S  and X2 0 ( c ros s - sec t iona l , age 15-49 and age 2 0 -4 9 ,  ove ra l l ) ;  C l 5  and

C20 (cohort , age 15-49 and age 2 0 - 4 9 .  overall ).

For comparative a n a l y s i s  of overa l l  and m a r i t a l  f e r t i l i t y  d i s t r i b u t i o n s ,

f our t ime sequences  were  used:  c r o s s - s e ct i o n a l  m a r i t a l  f e r t i l i t y  fo r  ages

15-49 and ages 20-49 for  the y e a r s  l 8 92 - l ° 5 9 ;  and the c o r r e s p o n d i n g

overal l  f e r t i l i t y  sequences for these  68 y e a r s .  These  da ta  sets  w i l l  be

r e f e r r e d  to as M X I  5 , MX2 O , XX 1 S and X X Z O .
2 , 24

The several  sequences  t r u n c a t e d  to age 2 0 - 4 9  were  included for  two

r e a s o n s :

to enhance c o m p a ri s o n s  wi th  those  s t u d i e s  and models  wh ich

exclude age 1 5- 1 9  f e r t i l i t y .  d i r e c t ly , or i n d i r e c t l y t h r o u g h the

choice  of ex t e r n a l  s t a n d a r d s;

to tes t  the r e l a t iv e  c a p a c i t y  of the  EI f f i  a p p ro a c h  to d e s c r i b e .

em p i r i c a l l y and demo g r a p hically. fertility h i s t o r i e s  with ful l

variability and his tories with some kn own sou rces  of i r r e g u l a r i t y

25
removed.

B2. EHR analysis

P r e l i m i n a r y  EHR anal ys i s  of 20th cen tu ry  U.  S. da ta  had sugges ted

that this  anal y t ic  approach  can d e s c r i b e  chang ing o v e r a l l  f e r t i l i t y  pa t t e rn s

more  or less  well in severa l  f o r m s .
26 No c o n s i d e r a t i o n  was g iv e n  in t h i s

~~~~~~~~~~~~~~
- 
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e a r l i e r  work , however , to the poss ib le  d e m o g r a phic significance of such

a d e s c r i p t i o n.  The present  a n a l y s i s  of Swedish ove ra l l  and mari t a l  f e r t i l i t y

t i m e  s equences  tested in de ta i l  a v a r i e t y  of combina t ions  of r e - e x p r e ss i o n

of da ta  and we ig ht ing  of r e s id u a l s  in the i t e r a t i v e  removal  of addi t ive

and /o r m u l t i p l icat ive components  f rom the data and f rom success ive  sets

o f r e s i dua l s . 2 ’  , 28 At thi s stage of exp lo r a t ion , des c r i p t i o n s  were r e s t r i c t ed

to f ive  p a r a m e t e r s.
29 Each combina t ion  was tested for g o o d n e s s - o f - fi t  to

the d ata by two criter ia:

t he extent  to which the f i n a l  set of r e s i d u a l s  appeared to be f ree

of pat te rn  or st r u c t u r e ;

t he p r o p o r t i o n  of the absolute  v a r i a t i o n  in the data  not exp lained
30

whe re z . .  = r e s idua l  for  year  i

~~[F. - - m e d i a n  F. V - .

1 _i (or  cohort  I I  and age cut j

F. = cumula ted , no r ma l ized
i -i

r e - e x p r e s s e d  f e r t i l i t y  ra te

for  yea r  i (or co hort i

and age cut j

R e s u l t s  are p resen ted  he r e  for  one e f f e c t i v e  r e -e x p r e s s io n - w e i g ht ing

c o m b i n at i o n  (as  jud ged by t h i s  p a i r  of c r i t e r i a  I combined  wi th  the it e r a t i ve

se lec t ion  of two t i m e - b y - a ge  componen t s fo r  each s e r i e s .

The se lec ted  r e - e x p r e s s i o n  is the folded square  root of the cumulated ,

no r m a l i z e d  f e r t i l i t y  schedule
31

F’. .  = (f . . I~ - ( 1 - f.
I i  i (  11

0 

-

T h i s  c e nt e r s  the d i s t r i b u t i o n  on the mean of the schedule and s t re tche s

and st r ai g h tens  both end s of the cumulated f e r t i l i t y  d i s t r i b u t i o n ’ s si grnoid

4- — — — — — V.-- - — -  —-- — V . —-- — ______— ~~- --V ___—
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configuration. The values for a giv en schedule are thu s transformed from

the r a n g e  (0 .  0 to 1. 0) to the r a ng e  ( — I  . 0 to 1 . 0) for analy s i s .

Set t ing  c 12 in the biweig ht f u n c t i o n  used in the  r o b u s t/ r e s i s t a n t

e s t i m a t i o n  (so t ha t  r e s i d u a l s  whose abso lu t e  va lue  i s  g r ea t e r  t han  12 t i m e s

the m e d i a n  absolute  value of r e s i d u a l s  a re  g i v e n  z e ro  wei g h t l  proves  to be

an a p p r o p r i at e  c h o i c e .  T h i s  i n c l u d e s  in t h e  f i t t e d  p a r am e t e r s  a hi g h pro-

p o r t i o n  of the  s y s tem a t i c  v a r i a b i l i t y  i n  the  da ta , w h i le  s t i l l  a v o i d i n g  d i f f i -

cu l t ie  s ~v i t  h ‘ o u t l i e r s . ’’

The d e s c r i p t i o n  developed  of each  t w o — w a y  f e r t i l i t y  t ab le  can  be

expre  s sed :

13 i .1 1 _1 i i

w h e r e  F. . r e - e x p r e s s e d  f e r t i l i t y  r a t e  for

y e a r  i (or  cohor t  i 1 and age cut

= - 1 ( f o r s t a n d a r d i z a t i o n)
3 3

z . .  r e s i d u a l  fo r  y e a r  i (or  cohor t  i

and age cut

The order of fitting for this expression emphasi zes the patterns in  t h e  age

d i m e n s ion  of the Ic r t i l i t y  m a t r i x :

the  i t e r a t i v e  se lec t  ion  of a cen t  r a l  va lue  fo r  the  d i s t r i b u t i o n  of

f e r t i l i t y  w i t h in  each age cut a c r o s s  t i m e , the  f o r m a t i o n  of an

age vec to r f r o m  these  s i x  ‘b i w e i g ht c e n t e r s ’ , and determ ination

of thi s vec to r ’s va r i a b i l i t y  in the time d i m e n s i o n;

f r o m  the re sidua l s , it erative selection of a second central value

0
fo r  each age cut , f o r m a t i o n  of a second age vecto r f r o m  t h e s e

p

_________________________________ 
__________________
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six “biweight centers ”, and determination of this vecto r ’s

variability in the time dimension;

i t e r a t i v e  improvement  of the two age vectors  (and t h e i r  sca la r

multipliers) from successive sets of residuals until convergence

occurs for A. and B..
32

.1 .1

Since EHR analys i s  places few constraints on the fitting procedure

(fo r example , not r e q u i r i n g  that  the age v e c t o r s  be o r t h o g on a l )  it  is possible

for  the scalar  mul t i pl i e r s  of the i t e r a t i v e ly se lected v e c t o r s  to be more or

less  l i n e a r ly r el a t ed .  This  o c c u r s  when the d i s t r i b u t i o n  shows appreciab le

v a r i a t i o n  at the f i r st  age cut (as  with the X20 , M X I  5 and M X 2 O  t ime

33 V

sequences or in cross-population comparisons) in contrast to variation

largely confined to the central age cuts (as with the Xl 5 sequence where

age 1 5- 1 9  fertility is alway s low). This outcome gives emphasis to the 
‘ 

-

importance of standard form re-presentations of fits as discussed below ,

page 26.

In  t ry ing to develop as sharp as possible a mathematical descrip-

tion of the regularities underly ing the data ’ s v a r i a b i l i t y , one s t a r t s  with

EHR analysis . Knowled ge of the data d i r e c t s  r e - p re s e n t a t i o n  of the selected

fit in a standard form; the re-presented f i t  then  d i r e c t s  f u r t h e r an a l y s i s

and i n t e r pr e t a t i o n .

C. How well has the EHR analysis developed descriptions of the Swedish

f e r t i l i t y  t ime  sequences?

• The motivation of this study of the age distribution of fertility was

exploratory--and successful exploration relies heavily on examination of

- - --—-- ---- V.- — - - - - — - ,

.
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the r e s i d u a l s , not only thei r  s ize , but more  im p o r t a n t l y t h e i r  d i s t r i b u t i o n .

Later , interpretation of parameters is also enhanced by attention to idio-

sync rac i e s  in the r e s i d u al s .  Our d i s c u s s i o n  t h e r ef o r e  s t a r t s  with the

r e s idua l s , u s i n g  those f rom the X i S  and Cl  5 h i s t o ri e s  to i l l u s t r a t e  some

of the considerations .

C l .  Size of r e s i d u a l s

Size of the r e s i d u a l s  is m e n t i o n e d  f i r s t , onl y because  i t  wi l l  be

important for the reader to have in m i n d  how r e l a t i v e ly small , in these

cases , the r e s i d u a l s  are  tha t  a r e  t h e n  be ing  examined  fo r  s t r u c t u r e .  The

familiar expre ssion of pr opor t i o n of squa red  v a r i a t i o n  exp la ined :

~~(z.
1 — -—---——- 

13

V. 2
~(F. - - mean  F. . )

13 11

showed f i t s  of 99. 96 -99 .  99~ c to be not u n c o m m o n  for  t h e s e  f e r t i l i t y  his-

t o r i e s  when c o m p a r i n g  v a r i o u s  c o m b i n a t i o n s  of r e -e x p r e s s i o n  and f i t t i n g

c o n d i t i o n s .  All  f i t s  a re  r e p o r t e d  here  (Tab le  1 )  in  t e r m s  of the less

e x t r e m e , and somewhat more  u s e f u l  p r o p o r t i o n  of the  l i n e a r  v a r i a t i o n

exp lained , based on sum of the absolute deviations

— 
1 3

~~ (F . .  - m e d i a n  F. . {
I _-I I i

One r e a s o n  for the g r ea t e r  u s e f u l n e s s  is  reduced  a t t e n t i o n  to a few large

r e s i d u a l s , l i ke ly  to come f ro m  s p e c i f i c  even t s  or s p e c i f i c  e r r o r s  in data

collection . In slig htly d i f f e r e n t  co ntext s, i t  may be desirable to use even

0 . 34 , 3~more resistant measures of quality of f i t .

t
— 
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Repor ted  and f i t ted d i s t r i b u t i o n s , fo r  r e p r e s e n t a t i v e  y e a r s  with ve ry

d i f f e r e n t  age d i s t r i b u t i o n s  of f e r ti l i t y
36 

and for  some y e a r s  of l eas t  good

fi t , a re  g iven  in Table 2 on both r e - e x p r e s s e d  and raw fraction scales.
37

Except  at two of the 1 1 1 0  c r o s s - s e c t i o n a l  age cuts  and 63 of the 930 cohort

age cuts , the difference between reported and f i t ted  v a l u es  is in no more

than the third decimal place on the raw fraction scale . Even working with

the full  mar i t a l  f e r t i l i t y  d i s t r ibu tion , i nc lud ing  age 15-19 b i r t h s , r e su l t s

38 , 39in  very  close f i t s .

C2. Structure of residuals

In p r a c t i c e , examina t ion  of the r e s i d u a l s  for  s t r u c t u r e  should come

f i r s t  in d e c i d i ng  be tween  v a r i o u s  c o m b i n a t i o n s  of r e - e xp r e s s i o n  and f i t t i n g

c o n d i t i o n s .  For data in t ime  sequence , l a r g e  r e s i d u a l s  wi th  t ru l y i r r e g u l a r

distributio n suggest

the  p r e s e n c e  of e r r o r s  in the da ta , or

the impact  of s i ngu la r  even t s .  V

At ano ther  e x t r e m e , l a rge  and hi ghly  pa t t e rned  r e s i d u a l s , p e r h a p s  for  the

end of a t ime sequence  a f t e r  an extended period of ve ry  close f i t , i n d i c a t e

a major  t r an s i t i o n  in the u n d e r ly ing  pa t t e rn s , and s u g g e s t  the need fo r

a l t e r a t i o n  in  the s p e c i f i e d  c o m b i n a t i o n  of r e - ex p r e s s i o n  and f i t t i ng ,

to accommodate  the new p a tt e r n  also , a n d / o r

• d i v i s i o n  of the s e r i e s  at that  per iod  to anal y z e  the  po r t i ons

s e p a r a t e ly.

0

—V V. —
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Table 1 . Fea tu res  of R e s i d u a l s  f r o m  EHR Fi t t ing  of F. .~~~~.A .+$. B .
• 13 1 3  1 3

to the Age Distribution of Fe~ klity , Expressed on the

Folded Square  Root Scale , in Selected Time Sequences :
• 1775-1959

07r V a r i a t i o n  
2 

Residuals

Sequence Explai ned Median Absolute Upper 90~~-
(linea r scale)

X 1 5  9 9 . 0  4.14~~ l 0~~ . 0046 . 0 1 0 1

X20 98 .9

C I S  9 8 . 5  8 .0 7 ~~ 10 ~~ . 00~~7 . 0 1 6 0

C20 Q8. 3

M X 1 5  98. 9 l . 7 6 x 1 0
5 . 002 6  . 0072 -

M X 2 O  99.  1

0

_ _ _ _ _ _
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V

V Table 2.  Repor ted  and EHR Fi t ted  F e r t i l i t y  D i s t r i b u t i o n s  on V

R e - e x p r e s s e d  and Raw F r a c t i o n  Scales:  Selected
Sequences  and Selected Y e a r s , 1775-1959

Age Cut

Source of
d i s t r i b u t i o n 1 9 / 2 0  2 4 / 2 5  2 9 / 3 0  3 4/ 3 5  39/4 0  4 4 / 4 5

X 1~ 1890

Re - e x p r e s s e d
Reported - 0 . 87 7 4  - 0 . 5 52 8  - 0 . 1 7 7 4  0 . 1 8 6 9  0 . 5 4 2 4  0 . 8 5 3 6
F i t t ed  -0 .  878 1 -0 .  5579 - 0 . 1 8 0 1  0 . 1 0 3 3  0 . 5467 0 . 8 4 6 7
Residual 0.0007 0.0051 0.0027 -0 .  0064 -0 .  0043  0 . 0 0 6 9

Raw f r a c t i o n
R e p o r t e d  0 . 0 13 4  0 . 1 4 0 2  0 . 37 55  0 . 6 3 1 0  0 . 8 54 2  0 . 9 8 1 3
F i t t e d  0. 0 1 3 3  0 . 1 3 7 5  0 .  3 7 3 7  0 . 6 3 5 4  0 . 8 5 6 5  0 . 9 7 9 5
R e s i d u a l  0 . 0 0 0 1  0. 0027 0 . 0 0 1 8  -0 .  0044 -0 .  002 0 . 0 0 1 8

x i s  1 9 50 V

R e - e x p r e s s e d
R e p o r t e d  -0 . 6 6 6 3  -0 . 2 0 3 5  0 . 1 9 2 9  0 . 5 1 3 1  0 . 7 7 0 9  0 . 9 4 12
Fitted -0. 6720  -0 .  2 029  0 . 2 0 2 3  0 . 5 1 8 9  0 . 7 6 8 2  0 . 9 3 7 6
R e s i d u a l  0 . 0 0 R 7  -0.  0006 -0 .  0094 -0 .  0058 0 . 0 02 7  0 . 0 0 3 6

R a w  f r a c t i o n
Reported 0 . 0 8 4 4  0. 3576 0 . 6 3 5 2  0 . 8 3 8 1  0 . 9 5 7 0  0 . 9 9 6 7
F i t t e d  0. 1) 819 0 . 3 5 8 0  0 . 6 4 1 6  0 . 8 4 1 4  0 . 9 5 6 1  0 . 99 6 3
R e s i d u a l  0 . 0 0 2 5  -0 .  0004 -0 .  0064 - 0 . 0 0 3 3  0 . 0 0 0 9  0 . 0 0 0 4

Xl 5 1792 (a w o r s t  f i t ~ )
R - -expressed V

Reported -0 .  8410 -0 .  5345 -0 .  1 789 0. 1829 0 . 5 6 1 0  0 , 8 2 6 7
F i t t e d  -0 , 8516  -0 . 5378  - 0 . 16 9 7  0 . 1 9 2 8  0 . 5 3 52  0. 82~~3
R e s i d u a l  0. 0 1 0 6  0 . 0 0 3 3  - 0 . 0 0 9 2  - 0 . 0 0 9 9  0 0258 0 . 0 0 1 4

Raw fractio n
R e p o r t e d  0 . 0 2 1 9  0 . 1 5 0 1  0 . ~74S 0 . 6 2 8 3  0 . 8 6 4 1  0 .9 7 4 3
F i t t e d  0 . 0 1 9 3  0 . 1 48 3  0. 3809 0 . 6 3 5 1  0 . 8 S 0 3  0 . 9 7 39
Residual 0.0026 0.0018 -0 . 0064 -0. 0068 0.01 38 0.0004

0

Table  2 - c o n t d .

- .  
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T a b l e  2 - c o n t d .

C 1~ 1800

Re  - e x p r e s s e d
R e p o r t e d  -0 .  8685 -0 .  5007 -0 .  0854 0 . 2 9 4 7  0 . 6 3 5 2  0 . 8947

- Fitted -0. 8655 - 0 .4 9 2 5  -0. 0875 0 .28 9 0  0 . 6 3 0 8  0 .904 7
V R e s i d u a l  - 0 . 0 0 3 0  -0 .  0082 0 . 002 1  0. 0057  0 . 0 0 4 4  -0 . 0100

V R a w  f r a c t i o n
R e p o r t e d  0.0153 0 . 1 6 8 9  0 .4 ~~~7 0 . 7 0 3 8  0 . 9 0 1 3  0. 0 899
F i t t e d  0 . 0 1 6 0  0 . 1 7 3 5  0 . 4 3 8 3  0 . 700 1 0 . 89 9 2  0 . 9 9 1 7
R e s i d u a l  -0 .  0007 -0 .  0046 0 . 0 0 1 4  0 . 0 0 3 7  0 . 0 0 2 1  -0 . 0018

4 C IS 1021)

Re - exp re s s ed
R e p o r te d  -0. 7256  -0 . 2 8 52  0 . 1 0 75  0 . 4 2 3 8  0. 6 Q34  0 . 9 3 4 2
F i t t e d  -0 .  7264 _ 0 .  i926  ( 1 . 1 06 7  0 . 4 3 2 7  0 . 7 0 3 3  0 . 8 83 7
R e s i d u a l  0 . 0 0 0 8  0. 0074 0 . 00 0 8  -0 . 0089 -0 .  0099 0.050 5

R a w  f r a c t i o n  V

R e p o r t e d  0. 0596 0 . 3025 0. ~ 758 0.7859 0 . 9 2 7  0. 09~~9
F i t t e d  0 . 0 5 9 3  0 . 2 9 7 6  0. 57 52  0. T Q I  0 . 9 3 14  0 . 9 8 7 8
R e s i d u a l  0. 1) 00 1 0 , O 0 4 ~ 0 . 00 0 6  -0 . 00~~4 - 0 .0 04 1 0 . 008 1

V 

C l  5 l02~ (a w o r s t  f i t  I
V R e - ex p r e s s ed

R e p o r t e d  -0 . 762 5 -0 .  3925  0. 002 3 0 . 4 6 0 8  0 . 7 7 7 7  0 . Q4 80
F i t t e d  -0 .  7681 -0 .  2969 0. 1 3 1 4  0 . 4 7 7 2  0 . 7 6 1 6  0 . 9 4 7 2
R e s i d u a l  0 . 0056 — 0 .  0956 — 0 . 1 2 9 1  — 0 .  0 1 6 4  0 . 0 1 6 1  0 .0 0 0 8

R a w  f r a c t i o n
R e p o r t e d  0 , 0 4 5 9  0 . 2 1 14  0 . 5016 0 . 80 8 1  0 . 9 5 9 3  0. p0 74
F i t t ed  0 . 0 4 4 0  0. 2947  ( 1. 502 5  0 . 8 1 7 6  0 . 9 5 3 8  0. 9974 —

R e s i d u a l  0 . 0 0 1 0  -0 .  061 3 -0 .  0909 -0 . 009 5 0 . 0 0 55  0. 0000

0

Table 2 - contd.
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Table  2 - con t ’d .

MXIS 1905

Re-expressed
Repor t ed  -0 .  2868 0 . 0 2 9 8  0 . 2 7 8 9  0 . 5 0 2 3  0 . 7 1 3 0  0 . 9 0 8 1

V Fitted - 0 . 2 8 8 8  0 . 0 3 2 5  0 . 27 89  0 .4 9 8 3  0 . 7 1 2 9  0 .9 0 9 4
R e s i d u a l  0. 0020 -0 .  0027  0 . 0 0 0 0  0 .004 0 0 . 0 0 0 1  - 0 . 0 0 1 3

Raw f r a c t i o n
V Repor ted  0. 30 14 0. 521 1 0 . 6 9 3 3  0 . 8 3 2 0  0 . 9 3 5 4  0 . 9 9 2 3

Fi t ted  0 . 3 0 0 1  0 . 52 3 0  0 . 6 9 3 4  0 . 8 2 9 8  0 . 9 354  0 . 9 9 25
R e s i d u a l  0 . 0 0 13  -0 .0 0 1 9  -0 .0 0 0 1  0 . 0 0 2 2  0 .0 0 0 0  -0 .0 0 0 2

M X l ~~ 1030

R e - e x p r e s s e d
Reported -0. 1107 0.2162 0.4395 0.6215 0.7903 0.9349

Fi t ted  - 0 . 1 08 9  0 .2 0 9 1  0. 4386 0 . 6 2 8 0  0 . 7 9 4 1  0 .9 2 8 8
R e s i d u a l  -0 .  0018 0 . 0 0 7 1  0 . 0 0 0 9  -0 .  0065 -0.  0038 0 . 0 0 6 1

Raw f r a c t i o n
Repor ted  0 . 4 2 1 9  0 . 6 5 1 1  0 . 7 9S4  0 . 8 9 4 7  0 . 9 6 3 4  0 . 9 9 6 0
Fi t ted 0 . 4 2 3 2  0 . 6 4 6 2  0 .7 9 4 8  0 . 89 7 9  0 . 9 6 4 6  0 . 9 9 5 3
R e s i d u a l  -0 . 00 13 0 . 0 0 4 9  0 . 0 0 0 6  -0 .  0032 -0 .  0012  0 . 0 0 0 7

MXI 5 1955 (a ‘ w o r s t  f i t ’)

R e - e x p r e s s e d  V

R e p o r t e d  _ 0 . 0 14 5  0 . 20 9 9  0 . 5 197 0 . 7 2 1 1  0 . 8 6 5 2  0 . 9 6 2 0
Fi t ted  -0 .0 2 54  0 . 3 0 2 9  0 . 5328 0 . 7 14 7  0 .8 6 3 5  0 . 9 7 3 1
R e s i d u a l  -0 . 0091 -0 . 0 0 3 0  0 . 0 0 6 9  0 . 0 0 6 4  0 . 0 0 1 7  - 0 . 0 1 1 1

Raw f r a c t i o n
Repor t ed  0 . 47 56  0 . 7 0 7 2  0 . 8~~28 0 . 93 8 6  0 .9 8 3 9  0 . 9 9 8 6  V

Fi t ted  0 .4 8 2 0  0 . 7 0 9 2  0 . 84 9 0  0 . 9 3 6 1  0 . 98 3 5  0 .9 9 9 3
R e s i d u a l  -0.  0064 -0 .  0020 0. 00 18 0 . 0 0 2 5  0 . 0 0 0 4  -0 .  0007

0

V. V ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ _ _ _  _ _ _  V
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Frequently encountered , also , are r e s i d u a l s  of i n t e r m e d i a t e  s ize

and i r r e g u l a r  enough d i s t r i b u t i o n  that  e x i s t i n g  p a t t e r n  i sn ’ t r e ad i ly seen .

The n , de ta i l ed  e x a m i n a t i o n  of the  r e s i d u a l s  is needed

to b r i n g  out the h idden  r e g u l a r i t i e s , and

to ind ica t e  what change in da ta  r e - e x p r e s s i o n  or f i t t i n g  will

accommodate the detected addi t iona l  p a t t e r n .

Two u s e f u l p r o c e d u r e s  are sca t t e r  p lots , i l l u s t r a t e d  below (see page 20) , and

40
d i a g n o s t i c  p lo t s .

In  these  examples of i r r e g u l a r  and p a t t e r n e d  r e s i d u a l s , the sum of

the absolute dev i a t i ons  f rom f i t  may ac tua l ly be the same;  it i s  the locat ion

of deviations that determines the ana l y s t ’ s r e s p o n s e  and lead s to bette r

u n d e r s t a n d i n g  of the dat a .  F i g u r e  1 shows a p lot of r e s i d u a l s  which

sugges t s  alt era t io n in s p e c i fi e d  r e - e x p r e s s i o n  and f i t t i n g ,  and also lead s

to con sideration of the period around 1910-1920 as a m a j o r t r a n s i t i o n  in

the  f e r t i l i t y  h i s t o r y .  I d e n t i f i e d  s t r u c t u r e  in  even  v e r y  small  r e s i d u a l s ,

as in the p r e s e n t  r epo r t , can s u g g e s t  d i r e c t i o n s  to move in s eek ing  s t i l l

s h a r p e r d e s c r i p t i o n s  of the da ta .

V C3 . Way s of look ing  at r e s i d u a l s

Of a number of informative ways of looking at residuals , three are

i l l u s t r a t e d  here for the Xl 5 and Cl r analyses:

schemat ic  p lots ,

s c a t t e r  p lots for  p a i r s  of age cuts , and
0

V 

. t in -ic sequence p lots for  each age cut .

~ 

-- - V V V V ~~~~~~~_  - 
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They d e m o n s t r a t e , in d i f f e r e n t  ways , the e x t e n t  to wh ich  the developed

descriptions have captured the un d e r l y ing s t r u c t u r e  of the f e r t i l i t y  h i s t o ri e s .

(a) Schematic plots order , by size , the residuals for each age cut , and

s u m m a r i z e  thei r  d i s t r i b u t i o n  wi th in  an age cut . These plots g ive a con-

ven ien t  p i c tu re  of the deg ree  of symmet ry  in the s p r e a d i n g  of r e s i d u a l s

around the median  r e s idua l  fo r  each age cut , and the d e g re e  of a g r e e m e nt

be tween  age cuts  in the amount  of sp read ing  of the r e s i d u a l s -  -both i n d i c a t o r s  V

of the ex tent  to which  p a t t er n  r e m a i n s  in the r e s i d u a l s .4 ’ For  Cl  5 ( F i g .  2 1 ,

90°’c of the r e s i d u al s  (a l l  of those  w i t h in  the r a n g e  f ro m  one i n t e r qu a r t i l e

d i s t a n c e  of the uppe r q u a rt i l e  to one i n t e r q u ar t i l e  d i s t a n c e  of the lowe r

quartile) are quite similarl y and evenl y distributed for all age cuts; however ,

the o u t l i e rs , ind ica ted  by the open and shaded c i r c l e s , a re  p r e d om i n a n t ly

pos i t ive  for  the f i r s t  two and las t  two age cu ts , p r e d o m i n a n t ly n e g a t iv e  fo r

the two central age c u t s .  In co n t r a s t , the  X I S  r e s id u a l s  ( F i g .  3) a re  more

compac t .  Whi le  s y mm e t r i c a l l y d i s t r i b u t e d  a round  the  m e d i a n  fo r  the  f i r s t

fou r  age cu ts , they sho w d i s s i m i l a r i t y  be tween  age cu ts  in the am o u n t  of

spread , however , particularl y in the interquarti le range. At even this

ea r l y s t age  of e x a m i n a t i on , one can  conclude , t h e n , tha t

some s t r u c t u r e  r e m a i n s  in  both cohor t  and c r o s s - s ec t i o n a l

r e s i d u a l s ;

what  s t r u c t u r e  is most  v i s ib le  l i es  in the o u t l i e r s  for  the cohor ts ,

but  a p p e a r s  in the m a i n  bod y of the r e s i d u a l s  fo r  the c ro s s -

sec t iona l  s e r i e s.
0

Ib) Scatter plots summarize the size and s ign  r e l a t i o n s  of r e s i d u a l s

- : .. 
•
. . . .
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for pairs of age cuts. They use the residuals , ordered in time sequence

for  any age cut , and p lot then-i aga inst  the r e s i d u a l s  o rde red  in t ime sequence

for each othe r age cut .  This  r eveal s  any tendency  for  the r e s idua l s  for  a

p a i r  of age cu ts  not to va r y r an dom ly wi th  each othe r , but to v a r y  toge the r

by year  in some sys temat i c  way-  - for  examp le , to have the same si gn and

m a g n i t u d e  fo r any selected y e a r .  To i l l u s t r a t e , t he X i S  r e s i d u a l s  for  age

cut 2 4 /2 5

show no sy s t e m a t i c  v a r i a t i o n  ove r t ime  wi th  those  for  age cut

2 0 / 3 0 (F i g . 4 A l ,

t end  to be of o p p o s i t e  s i g n  by y e a r  f ro m  those  fo r  age cut

3 9 / 4 0  Fi g.  4 B i ,

t end  to be of the  same si gn  by y e a r  as those  fo r  age cut

44/45 (Fig . 4C)~
2

c~ A t i m e  se~j~~~nce p lot of r e s i d u a l s  by age cut  can p rov ide  more

d e t a i l  about r e m a i n i n g  s t r u c t u r e .  We p r e s en t  such  p lo t s  he re  w i t h  the

r e s i d u a l s  e x p r e s s e d  on the  r a w  f r a c t i o n  sca le  so t h a t  the  r e l a t i v e  impo r-

t ance  of any r e s i d u a l  can be jud ged d i r e c t l y .  To emp h a s i z e  the  n a t u r e  of

the smal l  d e v i a t i o n s , t h e  r e s i d u a l s  have also been coded

0 — I +
< (M- 1/4 I) (M - 1/4 1) to (M4 1J4 1) 1 

~ ( M+ 1/4 II

where  M med ian  r e s i d u a l  ac ross  all yea r s and a ge cuts

I r a n g e  of v a l u e s  be tween  the r e s i d u a l  at the lowe r

25’~ point  and the r e s i d u a l  at the uppe r Z5 uT ~r po in t .

When  the 1 1 1 0  r e s i d u a l s  for  X 15  a re  o rde red  by value alone , I is then

= ~~~~~~~~~~~~ _ _
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the range  between the value of r e s idua l  numbe r 278 and the value of r e s i d ua l

number 832 .  Coding value s are shown in Table 3 for all three sets of

r e s i d u a l s  to be examined he re  in t ime sequence  p lo ts .

For the Xl S r e s idua l s , such a plot ( F i g .  5) c o n f i r m s  the schemat ic

plot i m p r e s s i o n  of few s ingu la r  d e p a r t u r e s  f r o m  f i t  at any age cut .  The

V y e a r s  1783 and 1 792 stand out as d e v i a n t s .  The p lot also locate s in the

t ime d i m e n s i o n  some d e p a r t u r e s  f r o m  random d i s t r i b u t i o n  which  were

detected  in the s c a t t e r  p lots of the p a i r s  of X i S  r e s i d u a l  v e c t o r s .  A ge

cuts  3 4 / 3 5  and 39 /40  tend to have r e s idua l s  above the cen t ra l  i n t e rva l

be fo re  1855 , then below the cen t r a l  i n t e r v a l  u n t i l  about 1 9 3 7 .  A ge

cuts  2 4 / 2  5 and 4 4/ 4  5 sho w the reverse , i.e. , a tendency for

r e s i d u a l s  below the c e n t r a l  i n t e r v a l  b e f o r e  1855 , above the cen t r a l  i n t e r v a l

un t i l  about 1937.  Th is  m e a n s , f o r  example , t ha t  b e f o r e  1 855 a sli g htl y

hi g her  p r o p o r t i o n  of b i r t h s  i s  r e p o r t e d  to have o c c u r r e d  be tween  the ages

of 30 and 40 in most  y e a r s  t han  the f i t  would have p r e d i c t e d .  R e s i d u a l s  
V

by age cut fo r  X20 have the same s y s t e m a t i c  v a r i a t i o n s  as those for  X l  5 ,

i n d i c a t i n g  t ha t  d e p a r t u r e  f rom f i t  is  not g r e a t l y i n f l u e n c e d  by age 15 - 1 9

f e r t i l i t y .

The lesser accuracy of the data in the early years of the series may

c o n t r i b u t e  to the observed  r e s i d u a l  p a t t e r n .  The d i s t r i b u t i o n  of r e s i d u a l s

s u g g e s t s  also tha t  a more comp lex model  may remove  the r e m a i n i n g

• 43
p a t t e r n.  In  the present report we want to show how much  c a n  be learned

f r o m  a r e l a t i v e ly s imple EHR d e s c r i p t i o n  of the f e r t i l i t y  t i m e  h i s t o r y .  The

I , —— . -  V- - V V 
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Table 3. Basis  of Coding of Raw Frac t ion  Scale Res iduals  in Time
Sequence Plots (Figs. 5 , 6 and 7)

Sequence Median Lowe r 2 5% Upper 25% 1 M - l/ 4  I M+ 1/4 I
r e s idua l  point  point

X i S  - . 000058 - .00 214 .00 191  . 00404 - .00107  .0009 5

V Cl5 - .000057 - .00215 .00256 .00471 - . 00124  .00112

MiS .000047 -.00099 .00121 .00220 - .00050 00060

“
I 

( 
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deci s ion  on whethe r to go to a more  complex model seeks  a p pr o p r i a t e

balance b etween p a r s i m o n y  and compl e t e n e s s  of d e s c r i p t i o n .  A model

s u f f i c i e n t ly complex to g ive an excel len t  m a t h e m a t i c a l  d e s c r i p t i o n  of

almost all va r i a t i on  in a data set can u sua l l y be found , but is at l east

V 

somewhat more l ikely to have lost d e m o g r a ph i c  s i g n i f i c a n ce  of i t s  pararn-

44
etc r s.

Time sequence  plots  of r e s i d ua l s  by age cut fo r  Cl S (shown in Fi g. 6

in coded f o r m  on the raw fraction scale ) present a very different picture

V f rom tha t  of X i 5 r e s i d u a l s .  When the  vec tor  of r e s i d u a l s  fo r  any age cut

( e . g .  2 9/ 3 0 1  is compared  to the v e ct o r  of r e s i d u al s  for  the  next  age cut

(34/35 in this example) shifted forward by f i v e  y e a r s , the f l u c t u a t i o n s

appear highly correlated. This visual impression is r e i n fo r c e d  by ca lcu-

lated c o r r el a t i o n  c o e f f i c i e nt s  ( . 6 3 - . 83 )  for the pairs of lagged residual

v e c t o r s  on the folded s q u a r e  root sca le  used  in the  f i t t i n g .  The f l u c t u a t i o n s

are less pronounced , however , for about a 4 0 - y e a r  span  ( e . g .  f r o m  1870 to

1910 for cohorts at age cut 24/251.

Residuals by age cut for C20 have the same p a t t e r n  as t h a t  observed

for Cl 5. R e s i d u a l s  f r o m  EHR anal y s i s  of the  cohor t  m a r i t a l  f e r t i l i t y

h i s to ry  for  the las t  38 cohor t s  in  the o v e r a l l  f e r t i l i t y  h i s t o ry .  u s i n g  the

same combina tion  of r e - e x p re s s i o n  and f i t t i n g ,  also exh ib i t  the l agged

pa t t e rn .

At  leas t  two ques t ions  about these  s y s t e m at i c  v a r i a t i o n s  need to be

explored:
0

Has the use of c r o s s - s e ct i o n a l  da ta  in f i v e - y e a r  age g r o u p s  to

V ‘
I.

V -- -— V. V - -VV.~~~~-V V. -. —_ -- -.
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c o n s t r u c t  the cohor t  h i s t o r i e s  c o n t r i bu t e d  to t h e  v a r i a t i o n ?
45

Does the  lagged p a t t e r n  r e p r e s e n t  a pe r iod  e f f e c t  on cohor t

* 
d i s t r i b u t i o n —  — e i t h e r  the  i n f l u e n c e  of r e a l  e v e n t s  w h ic h  have

a f f e c t e d  the  c h i l d b e a r i ng  of  a l l  age g r o u p s  to some e x t e n t  in

p a r t i c u l a r  y e a r s , o r  the dissemination of c r o s s— s e c t i o n a l  e r r o r s

to a n u nih e  r of c o h o r t s

F u r t h e r exp l o r a t i o n  i n d i c a t e s  t h a t  o t h e r  r e — e x p r e s s i o n s  of the  d a t a  coup led

w i t h  a m o re  comp lex model  can  b r i n g  at l e a s t  p a r t  of t h e  l a gg e d  p a t t e r n

f r o m  the  r e  s i d u a l  s i n t o  t he  f i t t e d  corn po tw ot s whe ii I h i  s i s des  i r ab le

The v e r  s m a l l  r e s i d u a l s  f o r  N I X !  5 I s h o~~-n in  1 - i g .  7 i i i  coded f o r m

on t h e  r a w  f r a c t i o n  sc a l e  and for \1X20 i n c l u d e -  no s i n g u l a r  d e p a r t u r e s

tr oii~ f i t , b u t  s o i n~ t e n d e n cy  at a l l  a -  c u t s  f o r  st  r e t c h e -  s c - i t  h er  above  or

below the c c - n t  ral i , ) t ( , r \ V 4 1

C4 . Cone  I u s  o ns  a bou t  r e  ( I C !  S

I . Some s t r 1 I , l r  r e~ n ) a , n s  ,, t he ’ ~n i a l l  r e s i c l \ 1 , l s  c t  • .,ch a t  t h e

ove r a l l  t e r ~ i l i t ~ L i i i , -  h i s t a r i , -~, , X IS . ~~~~~ C !  ,i n’ )  C20 . ) - \ t 4 - n s i o n s  , ) f

h i s  l-1 III  a no lv  si  S \~ n i l  1(1 n a t  I I  r V I I  I~ ,c s k

re  inn  re c O I , 0 , 1 e - ~~ d. s cr  I , (  j a  ‘( ~~~ r t  i I i t v  d i  si r i b , , ?  i O n s

-t  ‘Ii I~e • ( V i O l ) !  ~ he t t e r

jil l o t h e r r 4 — t ’~~ j ) r e S 5 n ) f l 5  O f  t1 ) ( ~ ( I o t a  r e s u l t  in  s t i l l  b e t t e r

j i s  1

2 .  j he’ d e s c r i p t i o n  of ea c h  o f  t h e  h ; s t , r , e - s  s s , i t t i c i , ’ ~~t l v  good to

p r ’ c e - e c ’ d t o

r e — p r e s e nt  a t  I (C of t h e  fit s in  a st a ri d a rd f o r  ni • .t iid

V 
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examina t ion  and i n t e rp r e t a t i o n  of the r e s u l t i ng  pa rame te r

vec to r s  which d e sc r i b e  the major  r e g u l a r i ti e s  i n h e r e n t

in eac h of the h i s t o r i e s .

D. R e - p r e s e n t a t i o n  of f i t s  in a s t andard  form

A s  sugges ted  above (see page lz the f r e e d o m  f r o m  most  c o n s t r a i n t s

in the EHR f i t t i n g  p rocedure  means  that  the f i n a l  f i t t e d  r e p r e s e n t a t i o n  of

the  da t a  is  not u n iqu e  but is one of many  exac t l y e q u i v a l e n t  l i ne a r  combi-

na t ions  of the p a r am e t e r s .  To d i r e c t  f u r t h e r  ana l y s i s  and to p e r m i t  corn-

p a r i s o n  and i n t e r p r e t a t i o n  of t he  f i t t e d  p a r a m e t e r s  of d i f f e r e n t  f e r t i l i t y

sequences , i t  is i m p o r t a n t  to r e - p r e s e n t  each  r a n k - t w o  f i t 48

a.A . 4 $13 .
I ~1 I

as an identicall y equivalent standard f o r m  c o n s t r a i n e d  r a n k - t w o  f i t

K
1 i i 2

where 
• 

a~~. + b$..

A .
’ cA V.~ dB .,

~1 V.~

a , b ,c ,d ,K
1
, and K 2 are constants ,

V 2

~I A . = ~II B . = 1 for standardization
V.1 V.1

and the total number of constraints equals 4

to ens ure  u n i q u e n e s s .

For  e x a m p l e , fo r  the X I S  h i s t o r y ,  the  f i t t e d  r a t e  ( a s  e x p r e s se d  on t h e

folded square root scale) at age cut 3 4 / 3 5  in  l ° 10  can  be p r e s e n t e d  in the

i d e n t i c a l l y e q u i v a l e n t  f o r m s :

V ~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _
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F
136 4 ~~~ 1~~6

A
4 
+$

1~~( 
13
4

= ( l . 4 5 4 8 H . 1 6 2 0 )  + ( . 0 8 9 0 ( ( . 4 7 7 2 t

. 2 7 8 1

= K ja ;~~~
A~ + K

2~~~~ 6 
B~

= ( 1 . 4 7 5 0 ) ) .  9c- ) 9 5 )  . 1 17 0 !  4- ( .  ~~102  ( .  2 2 2 2  ~.4754

= .2 7 8 1

C o n s t r a i n t s  fo r  s t a n d a r d  f o r m s  of r a n k — t w o  f i t s  a r e  of t hr e e  t yp e s :

. ‘ f i x i n g ’ ’ a v e c t o r  ( e ’ . g .  to  be a c o n s t a n t  or  to  he l i n e a r  or

r e q u i r i n g  i t  to be as n e a r l y as  p o s s i b l e  of a )~i ve n  f o r m ;

m a k i n g  two v e c t o r s  o r t h o g o n a l ;

m a i n t a i n i n g  a b s e n c e  of a m i xe d  ro\\  — b — c o l u m n  t e r m .

a.B . or
i 1 1

The f o u r  c o n s t r a i n t s  c h o s e n  he-re  f o r  a s t a n d a r d  f o r m  r e — p r e s e n t a t i o n  of

t h e  f i t t e d  f e - r t i l i t v  d i s t r i b u t i o n s  ~ -e r e :

l a l  t o  m a k e  a . aa .  b$. as  n e a r l y  c o n st a n t  as  p o s s i b l e , h~ - I VV.S

r e g r e s s i o n  (~~\ V j t 1 l  0 intercept I of  a v e c t o r  of  r ep e a t i ng  c o n s t a n t s

on a .  and  
~~

. . The  two  r e g r e s s i o n  c o e f f i c i e n t s  t h e n  eq u a l  a

011(1 1).

(hI to  m a k e  A , cA . 4 d13 . as n e a r ly  l i n e a r  as  p o s s i b l e , by a
1 - -

c a n o n i c a l  r e g r e s s i o n  of two l i n e a r l y  i n d e p e n d e n t  s t r a i g ht l i n e s

on A . a n d  ~~~
•
4~l 

1’}ie’ t~ vo e l e r i l e n t s  ( i f  t h e  e i g en v e c t o r  a s s o c i a t e d

w i t h  t h e  l a r g e s t  c a n o n i c a l  c o r r e l a t i o n  a re  t h e n  e q u a l  to  c and  d.

(A . a nd B . for all of the t i m e  s e q uen c e s  w i l l  he f o un d  in

— A pp e n d i x  B , T a b l e  B ! .  I

i-V ~~~~~~~~~~~~ - - ~~~~~~~~~~~~~~~~~ -- V ~~~~~~~VV~~~~~
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(c)  and (d l  to m a i n t a i n  d i a g on a l i t y ,  i . e . , the absence  of both a . B .’

and a,’ ’  A . in the expression.

C a l c ul a t i o n  ( f r o m  A ’. ,  a ‘

~ B .,~~ .,  a , b , c ,  and d l  of the ~~~. 

- 
and B . to  mee t

1 1 3 1  1

these  r e q u i re m e n t s  is  shown in A p p e n d i x  B. De ta i l ed  c o n s i d e r a t io n  of

a l t e r n a t iv e  s t a n d a r d  f o r m  r e - p r e s e n t a t i on s  in the t w o -w a y  case  wil l  be

50
found in unpub l i shed  work  of T u k e y.

For all of the fertility time sequences the r e g r e s s i o ns  to f i x  al  
V

are quite clear , wi th a f i t  of at l e a s t  . 9 83  based on sum of the abso lu te

d e v i a t i o n s  f r om  a v e c t o r  of c o n s t a n t s  (A p p e n d i x  B , Table  B2 1.  The

g r e at e r  d e g r e e  of d e p a r t u r e  f ro m  c o n s t a n c y  fo r  the  Cl  S , C20 . and M X I  5

sequences  is  a t t r i b u t a b l e  to a sma l l  n um b e r  of m e m be r s  of each  sequ e n c e

(see  Fi g s .  R and 15  below , p a g e s  86 and p 3 ) .

The c a n o n i ca l  c o r r e l a t i o n  a n a l y s i s  to f i x  A . c lose  to l i n e a r i t y

p r o d u c e s  ci g e nv a lu e s  of at l e a s t  ~~ )~ 1 fo r  the  f i r s t  ca n o n i c a l  v a r i at e  fo r

each t ime  se q u e n c e  (A p p e n d i x  B,  Table  B 2 .  T h i s  m e a n s  t h a t  each of

the A . ve c to r s , composed of A . and B . in  p r o p o r t io n  to  t he  cor re -

spond ing  e l e m e n t s  of the  f i r s t  ei g en v e c t o r , d e p a r t s  f ro m  l i n e a r i t y  by no

m o r e  t h a n  0. l ° - .

The  “ s t r e n g t h”  of a c o n st r a i n t  mi g ht be c o n s i d er e d  i t s  r e l a t i v e

i m m u n i t y  to samp l i n g / m e a s u r em e n t  f l u c t u a t i o n s  as t r a n s m i t t e d  by the

fitti ng process . It is possible that a differen t set of constraints w i t h  as

g r e at  or g r e a t e r  ov e r a l l  s t r e n g t h  could have been  c ho s e n  e . g .  by f i x i n g

0 one  vecto r exact l y ,  i n s t e a d  of as  c lose  as p o s s i b l e  to  l i n e a r I t y :  or by

m a k i n g  one v e c t o r  o r t h o g o n al  to a f i x e d  one , i n s t e a d  of f i x i n g  two v e c t o r s ;

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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or by fo rma l  o r t hogonal i t y , wi th  A~ i B . and ~~~~
. i 

~~~

. I .  T h e r e  is sonic

r e a s o n  to expect , howeve r , that  d e m o g r a phic  i n t e r p r e t a t i o n  of p a r a m e t e r s

would be more difficult in many of t hese  c as e s .

For  c om p a r i s o n s  be tween  t ime  s e q u e n c e s . we i n c o r p o r a t e  the  con-

s t a n t s  K . and K
2 

in the t ime  p a r am e t e r s :

a . K a .  ,
1 1 1 1 2 1

so that each of the elements of the ith fitted fertilit y d i s t r i b u t i o n  is

e x p r e s s e d  as

F. - 
‘
~ a . A +

1~ 1 1 1

The age v e c t o r s  A ’. and B . f o r  a l l  of  t he  t i m e  s e q u en c e s  w i l l  be f o u n d

in Appendix B, Table B3.

E.  R~~l a t i o n s  b e t w e e n  the  age d ! st r i  it on of b i r t h s  and  t h e  c o m p o n e n t s

of a s t a n d a r d  f o r m  E I I R  f i t

We a r e  now r e a dy  to look c l o s e ly  at  t h e  two  c o f l l } ) O i l O n t S  of  a f i t ,

a ‘ A . and  $ B . , v i e w i n g  each  as  a v e c to r  co mp o s e d  of one e l e m e n t  t a r

each age c ut .  We a s k  wha t  c h a n g i n g  e ach  c o m pon e n t  v e c t o r , by v a r y i n g

a .  or $~ 
d o e s  to the age d i s t r i b u t i o n  of b i r t h s .

The’ f i t t e d  X l  S h i s t o r y ,  w h i c h  i n c l u d e s  a l l  b i r t h s  and a l l  w o m e n  aged

1 S— 4 ~ , i s  s e l e c t e d  f o r  t h i s  e x a m i n a t i o n .  The ex t  x ’eri i e  v a l u e s  w h i c h  t lie

e l e m e n t s  of each  cox i ip one  n t  v e c t o r  as  s u me  f o r  t h i s  s e q u e n c e  a re  shown

i n  Tab le  4 .

0

‘V — — —  - V VV. V.V. V . V • V ~ V
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Table 4, R a ng e  of C o n t r i b u t i o n  of Componen t s ~~, A . and $. B . to the
1 1  1 1 V

F i t t ed  D e s c r i pt ion of the X l 5  Sequence . Folded Square  V

Root  Scale

•
~I~ inn ’  Pa r a i i ie te  r C o m p o nen t  ~-\ ge  Cut  

V

a . 19/ 2 0  24 / 2 5  2 9 / 3 0  34/35 39/40 44/4 5
1 1

Low 1 . 42 0  - . $~ 4 - . - . i 9 5 3  . 1 6 6 1  . 5 1 1 2  . 8066

M e d i a n  1 . 4 7 7  - . 8886 - . ~ 782 - . 2 0 3 1  . 1 72~ . 5 3 17  . $389

Hi g h 1 .  5 18  — . 0 1 3 2 — . 04 3  — . ~087 . 17 7 6  . 54 6 5  . 8622

Low - . 0 3 8 6  - . 0 1 1 1  - . 0106  - . ~2 l  3 - . 0 1 84  - . 012 7  - . 00~~

Hi g h . 8 4 2 7  . Z 4 l ~~ . 4 2 7 6  . 46 5 6  . 4 0 0 6  . 2 7 7 3  . 1 2 1 2

* * * * * * * * ~ * * * * *

T a b l e ’  . A g e — S p e c i f i c  F e r t i l i t y  1)i s t r  i b u t i on s  (r a w  s c a l e)  Based  on the  A ge

P a r a m e t e r s  A . and B f o r  X1 and  I n c r e m e n t s  i n  t he  T im e

P a r a ni et e  r s a. and ~~

a . 1 . 4 7  • 47 1 . 4 7  1 .4 7  1. 42 1 .  52 C h a n g e  by 0 . 1

C h a n g e  by 0. 1 0 0 . I 0.  05 0. 03 0. 05 0. 0~

A ge
Gro u p  C h a n g e  in  1( a )  ( ( a )  f ( a  ) t’(a f a  ((a) C h a n g e  in 1( a )

I c _ l u  . 1)0( 3 . 0 1 2 ) )  . 0 1 8 3  . 0 1 5 0  . 0 2 2 2  . 0fl~~1 - . 0 1 3 1

2 0 - 24  . 02 0 9  . 1 1 6 3  . 1 372 . 1 2 67  . 1 3 0 1  . 1 2 2 2  - . 0070

. 0 1 1 0  . 2 3 0  . 2 4 1 %  , 2 3 ’ ~ • 2 ~~f l1 . 2 - 4 1 5  . 0 1 14

— . 0 05 5  .2 6 2 2  . 2~~( 7  .2 ;u 6  . 2 ~~0$ . 2 ( 8 3

35 — ~~) — . 0 1 5 0  .226 3 . 2 1 1 3  . 2 1 8 8  . 2 1  3 1 . 2 2 4 4  . 01 1 3

40 -  ~-4 - . 0 1 4 0  . I Z u S  . 1 1 5 . 1 2 2 4  . 1 2 4 4  . 1  l~~6 - . 00 4 8

5 — t ’ ~ — • 0 0 3 7  . 02 3~ . 0 10 8  . (12 I (~ . 02~~ 4 . 0 14 0  — .

— V_ V _~V~~~~ —
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The a : A . v e c t o r  r e p r e s e n t s  (on  the folded s q u a r e  root  scale used  in t he
1 .1

fitti ng) an underl ying pattern of cumulation of births by age. I t  i s  c e n t e r e d

V on z e r o  at the m e d i a n  age he re , 32.  7 y e a r s )  t h a t  the  m a t e  r n i t y  schedu le

~vou1 d have  i f  no $. B . ~~t ’ re added. The’ r i b  r e  n e g a t i v e  t h e  v a l u e  of

a A . at  an  age cu t  b e low t h e  flIed i a n  age . t h e  sn i i a l l e  r t he  propo r t  i on  of

t o t a l  b i r t h s  i n c l u ded  by t h a t  age cut ; the’ t r i o  re  p o s i t  ive ’  t h e  \ V a h l e  of  ~~ A

at an age cut  above t lie ru ed n a z i  age- , t lie hi g h e r  t h e  p rop o  r t  ion of t o t a l  b i r t h s

i n c l u d e d  b y t h a t  age c u t .

The a d d i t i o n  of the’ $~ 
B vec to r m a k e - s - n o n — l i n e a r  a l t e r a t i o n  i n  t h e

c u m u l a t i v e  maternity S :h edule  e x p r es s e d  iii a A . . ‘F lic re  s u i t  i s  a c h a n g e

in  s h a p e . and  in  m e d i a n  age , of  t he  s c h e d u le ’ . .‘\ p o s i t i v e  v a l u e  of

l o wer s  the ’  m e d i a n  age , a n e g a t i v e  \ V a l u e  r a i s e s  it

To see  r e a d i l y th e  e f f e c t s  of c h a n g e  in a and /~~ r 
~~~~V 

we

c o n s t r u c t  a s e r i e s  of  f e ’ r t i i i t v  d i s t r i b u t i o n s  based  on A . a n d  B . . 
V

V 
_1 .1 V

a r i d  u n i f o r m  i n c r e ’n i e n t  5 i n  a and 13.

d c — f  r a n s l o r t l i  t h e s e ’  d i s t r i b u t i o n s  f r o m  t h e i r  f o lded  s q u a r e  root

s c . : l e ’  to  the  r a w  f r a c t i o n  s c a l e :

. e V . x p r (~ ss  the  d i s t r i b u t i o n s  i n  r~o n — c u n i u l a t e e l  f o r m  (Table 3 i .

V’\ ~~
() s i t  iv ~’ c h a n g e  in  8.

’ dec r ea s e s  t h e  p r o p o r t i o n s  of  b i r t h s  in t h e

f o u r  hi g h e s t  age  g ro u p s . m u ’  r ca  ses  t h e  p r o p o r t  i o n s  in  t h e  t h r e e  lowe st .

On th e ’  ot h e r  h and , a p0 s i t i v e -  c ha n g e  i n  a .  i n c r ea s e s  t i le  p r o p o r t i o n s  in

the  c e n t r a l  p a rt  of t he  c h i l d b e a r i n g  y e a r s  at the ’ e x p~’nse of t h e  two lowes t

and two  hi g in ’ st  age ’  g r~~ups  . Since  a .  1 S a rn-ar — en n st a n t  . a nv s h i f t  a I

V ~~~~~ ~~~ V ~~~~~~~~~~~~~~ ~~~~ - 
V , ~, ~“~~ % • ~

. —
I.
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b i r t h s  t o w a r d  or away f r o m  the  c e nt r a l  ages  is  l i m i t e d  to a n a r r o w  r a n g e .

5 1
In  f a c t , the f u l l  r a n g e  for  the  X i S  sequence  is covered  in Table 5 .

To u n d e r s t a n d  s t i l l  b e t t e r  wh at s o r t  o f  d e s c r i pt ion we a r e  d e v e l o p i n g ,

let us  s h i f t  our  emp h a s i s  f ro ru u  the b i r t h s , t h e  o u t c o m e , to t he  d i s t r i b u t i o n

of exposure to this outcome. If we c o n s i d e r  each  woman  as a p o t e n t i a l

a c t i v i t y  s t a t e , and a b i r t h  as ev i d e n c e  of a f u n c t i o n i n g  a c t i v i t y  s t a t e , the

sy s t e m a t i c  v a r i a t i o n s  e x p r e s s e d  in a .  A and $. B . seem natural ones

fo r  Ic r t i l i t v  d i s t r i b u t i o n s.  W h a t e v e r  p r o p o r t i o n  of a l l  p o t e n t i a l  a c t i v i t y

s t a t e s  is f u n c t i o n i n g . t h i s  a c t i v i t y  could be d i s t r i b u t e d  ev e n ly  a c r o s s  age

g r o u p s  if  women  of a l l  a g e s  had equa l  o p p o r t u n i t y  of b e c o m i n g  a c t i v e .  The

pr o p o rt i o n  of women  both  b io log i c a l l y s u s c e p t i b l e  and exposed  to  the  po s-

s i b i l i t y  of p r e g n a n cy  i n c r e a s e s  o v e r  t h e  e a r l i e s t  c h i l d b e a r i n g  ages .

h o w e v e r , and d e c l i n e s over  the  hi g h e s t  a g e s .  A f i r s t  n a t u r a l  v a r i a t i o n

f r o m  u n i f o r m  d i s t r i b u t i o n  is , t h e r e f o r e , some deg re - c  of c o n c e n t r a t i o n  of

f u n c t i o n i n g  a c t i v i t y  s t a t e s  a ro u n d  t h e  m e d i a n  a g e .  T h i s  i s  a c c o m m o d a t e d

52
i n  a.A ..

I I

A second n a t u r a l  v a r i a t i o n  i n  the  age d i s t r i b u t i o n  of a c t i v e  s t a t e s  is

a s y m m e t r y  or s ke w n e s s .  Hi g h i n c i d e n c e  of de l a y  in the  o n s e t  of f u n c t i o n i n g

of p o t e n t i a l  a c t i v i t y  s t a t e s  a n d / o r  e x t e n s i o n  of f u n c t i o n i n g  to hi g h e r  ages

would c o n t r i b u t e  n e g a t i v e l y to s k e w n e s s;  hi g h i n c i d e n c e  of e a r ly  onse t  of

f u n c t i o n i n g  a n d / o r  c u r t a i l me n t  of  f u n c t i o n i n g  at hi g her  ages  would c o n t r i b u t e

p o s i t i v e l y to s k e w n e s s .  The net  e f f e c t  of t h e s e  opposed i n f l u e n c e s  on the  V

a s y m m e t r y  of the d i s t r i b u t i o n  is ac comm oda ted  in $. B ., .

V 
D i v e r s i t y  b e t w e e n  women  in the  age p a t t e r n s  of a c t i v i t y  may  coot r i b u t e

V V
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to a t h i r d  n a t u r a l  type of v a r i a t i o n  in o v e r al l  f e r t i l i t y  d i s t r i b u t i o n s - - a  m o r e

e ven  s p re a d i iu g  of f u n c t i o n i n g  a c t i v i t y  s t a t e s  a c r o s s  a p o r t i o n  of t he  repro-

d u c t i v e  s p a n .  A s i m p le e x a m ple m ig ht be the a g g r e g a t e  d i s t r i b u t i o n  fo r

two su b — p o p u l a t i o n s . one of w h i c h  a t t e m p t s to  l i m i t  i t s  c h i l d b e a r i n g  to

53
ea r 1~’ a g e s , w h i l e  the o t h e r  d e l a y s  a l l  c h i l d b e a r i n g  to h i g h e r  a g e s .  T h i s

t h i r d  t y p e  of  v a r i a t i o n  is  exp lored  ii i  l a t e r  w o r k  w h i c h  f i t s  a t h i r d  corn —

p a t ie n t  t o  t he  f e r t i l i t y  t i m e  h i s t o r y .

We proceed now to e x a m i n e  the  t wo  c o m p o n e n t s  a A . and $. B .

d e v e l o p e d  in  the  1) r e ’seri t  w o r k  f o r  e ach  of t h e  S w e d i s h  f i n n ’  s e q u e n c e s

a n a l y z e ’d .  The nex t  two s e c t i o n s  c o n c e n t r a t e  on t h e  6 8 - y e a r  s e q u e n c e s  f o r

m a r i t a l  arid o v e r a l l  f e r t i l i t y .  We a s k  wha t  t he  c o m po n e n t s  i n d i c a t e  about

the d i s t r i b u t i o n  of f u n c t i o n i n g  a c t i v i t y  s t a t e s  and abou t  c h a n g e s  in  t h e i r

d i s t r i b u t i o n  i n  this  p o p u l a t i o n .

F .  Sor i ie d e n u o g r a p hic_ in i p l i c a t  ion s  of t h i c  f e r t i l i t y  c o m p o n e n t s  d e r i v e d

bv E I I R  a n a l y s i s  ) c x a r u u i n a t  ~O f l  of t h e  I 8°2~ 1 930  d a t a )

We a p p r o a c h  t h e  q u e s t i o n  of d e ’m o g r a p h i c  s i g n i f i c a nce  i n  s e v e r a l

S t a g e s :

e x a m i n e  the  d i s t i n c t i v e  f e a t u r e s  of  the  FHR corn pone nt s of MX I S

M X 2 0 , X X I S  and X X 2 O ;

c on ip a r e  the El-I R riiodel p a r an b e t e  r s f o r  m a r it a l  f e r t i l i t y  w i t h

the  p a r a ni e t e  r 5 of the Coale  m a r i t a l  f e r t i l i t y  mode l , g i \ - in g

l ) a r t i c l l l a r  a t t e n t i o n  to the  “ n a t u r a l  f e r t i l i t y ’ s t a n d a r d  and to t h e

P m e a s u re  of ‘degree  of c o n t r o l ”

d i s s e c t  m a r i t a l  f e r t i l i t y  f u r t h e r , to e x a m i n e  s e p a r a t e ly  the  c h a n g e s

- -  __
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in distribution of functioning activity states not associated with

change in level of f e r t i l i t y ;

d i s s e c t  f rom the ove ra l l  d is t r i b u t i o n  of f u n c t i on i n g  a c t i v i t y  s ta tes

that  por t ion  of change  not as soc i a t ed  with change in the d i st r i bu -

t ion of mari t a l  f e r t i l i t y ;

de r ive  level -compensated  d i s t r i b u t i o n s  of f u n c t io n i n g  ac t iv i ty

s t a t e s  in o v e r a l l  and m a r i ta l  p e r s p e c t iv e s ;

a p p r o x i niat e  a g e - s p e c i f i c  p r o p o r t i o n s  of m a r r i ed  p lus c o h a b i t i n g

ac t ive  women f r o m  t h e s e  le v e l - c o m p e n s a t e d  d i st r i b u t i o n s .

F l .  EHR component s  of m a r i t a l  and o v e r a l l  f e r t i l i t y  h i s t o r i e s

For each of the 6 8 - y e a r  m a r it a l  and o v e r a l l  f e r t i l it y  s equences . the

f i r s t  component , a .  A . , r e v e a l s  the m e d i a n  age

M X l ~~ 4 0 . 3

MXZO 31 .0

X X 1 5  3 2 . 6

XX2 0 33 . 5

t ha t  the cumulated  m a t e r n i t y  schedule  would have if none of the component

$. B. w e r e  added .

Samp le f e r t i l i t y  d i s t r i b u t i o n s  c o n s t r u ct e d  f r o m  the componen t s  a A ’

wi th  o~ equa l  to the  m e a n  of i t s  n e a r  co n s t a n t  va lue  fo r  each s e q ue n c e)

and $. B. (w i th  i n c re a s i n g  value’ s of $. h can be examined  in Table 6 for

two of the  s equences , MX 1 5 and xx i  ~~~~ The distributions are expressed

in t h r e e  f o rm s :  the cumula ted  f o rm  on the folded s q u a re  root scale used

i n  the f i t t i n g ;  and both cumula t ed  and n o n - c u m u l a t ed  f o r m s  on the raw scale .

P
The extent to which the distribution Gf functioning activity states for

- - V  - - ~~~ - V
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each sequence shows some underlying concent ration in the central portion V

of the reproductive span is most easily examined in the raw scale non-

cumulated distributions implied by a.A~ alone with no ~~
‘ B added. With

additio n of $. B . ,  the dec l ine  in m e d i a n  age of functioning activity states

V is clear in the cumulative distributions on either scale. For XX I 5 , incre-

ments  in /3 over  the obse rved  0. 04 to 0. 82 r a n g e  r e s u l t s  in more  than  a

f i v e - y e a r  dec l ine  in t h i s  m ed i a n  age .  The d e g r e e  of a s y m m e t r y  con t r i b -

uted to the d i s t r i b u t i o n  by $. B . at each i n c r e m e nt  of 3 r e f l e c t s  the  net

imba lance  in  the f o r c e s  which  d i s c o u r a g e  or i n t e n s i f y t he  f u n c t i o n i n g  of

po ten t i a l  a c t i v it y  s t a t e s  at lowe r and h i g h e r a g e s.  C h a n g e  in a s y m m e t r y

niay or may not be accompan ied  by c h a n g e  in the  leve l  of f e r t i l i t y ;  and

c o n v e r s e ly ,  change  in level  may or may  not be a c c o m p a n i e d  by c h a n g e  i n

‘~symrn f ’ i ry .

The l imi ted  y e a r  to y e a r  v a r i at i o n  in the  t i m e  p a r a m e t e r  a .  r e s u l t i n g

f r o m  r e - p r e s e n t a t i on of f i t s  for  the  M X I  5 , M X Z O . X X I  5 and X X 2 ( )  h i s -

t o r i e s  can be e x a m i n e d  in Fi g s .  8 and 9 . Whi le  t h e  a ’ s d i f f e r  in l eve l

by seque nce , the small  d e p a r t u res  of a . f r o m  c o n s t a n c y  a r e  s i m i l a r  fo r

all  s e q u e n c e s .  The mos t  p r o m i n e n t  v a r i a t i o n  i s  the peak at 1 9 4 2 -4  5 . The

M X !  S and XX1 S a . s also show a sli g ht r i s e  a f t e r  195()  not seen fo r  t h e

MXZO and XXZO histories.

Year to year variat ions in the skewness parameter 
~~~

. for  the four

time sequences include some distinc tive features (Figs .  8 , ~~:

• 
. a lower rate of increase in skewness of the distribution toward

the  y o u n g e r  ages  fo r  all  f o u r  s equences  be fo re  1920 , hi g h e r  fo r

—

~~~ ~~~~ - 
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all four between 1920 and l9~~S;

a d i v e r g e n c e  of m a r i t al  f r o m  o v e r a l l  f e r t i l i t y  s k e w n e s s  p a t t e r n s

between 1935 and 1950--the continued rise in positive skewness

fo r  X x i  5 and X X 2 ( )  wh i l e  s k e w n e s s  fo r  M X 1  5 and M X 2 O  f l u c t u a t e s .

Wha t  would these  r e s ul t s  mean  i n d emog r a p hic  te rms ’? If the degree

of p o s i t iv e  s k e w n e s s  of the  m a r i t a l  f e r t i l i t y  d i s t r i b u t i o n  i s  c o n s i d e r e d  to

be due m a i n l y to a ( le c l i n e  in  f u n c t i o n i n g  a c t i v i t y  s t a t e s  at hi g her  ages ,

the  f i t t e d  p a r a m e t e r s u g g e s t s  a c ce l e r a t i o n  of t h i s  p r o c e s s  fo r  1 5 y e a r s ,

the n l e v e l i n g  or e v e n  some r e g r e s s i o n  fo r  a 1 ‘ V — y e a r  p e r i o d  b e f o r e  r e sump-

t i o n  of  t h e  t r e n d . I f  t h e  d e g r e e  at  p o s i t i v e  s k e w n e s s  of t h e  o v e r a l l  f e r t i l i t y

d i s t r i b u t i o n  i s  d te n i a i n l v  to t h e  c o m b i n e d  e f f e c t s  of l i m i t a t i o n  of m a r i t a l

f e r t i l  i t ~’ at h i g her  a g e s  and the  pr opo  r t  ion  m a r r i e d  and  b r  e n t e r i n g  c h i l d —

be a r  i ne a t  t h e  y o u  t i ge r  ages . t h e  d i ve r g e  lice of ave r a l l  ~~~. f r o m  n i a r  it al

$. h a s  p i c k e d  up the  s i g n i t  ~c an t  i n c r e a s e s  i n  a g e —  s p e c i f i c  p r o p o r t i o n s

n ia  r r ied wh i c  hi occur red b et  ~\ V e ( .  Ii I ‘~ a lI d 1~~5 1) , T h e s e  1)0 s s i h i l i t i  es a r e

( ‘x a ! 1 u M I 4 - ~ l he lo~~- a t s - ~ - e r a l  l e v e l s  at  d e t a i l .

I ,?.. C o r i i p a r i  sun  of t h e  El IR and  Coale desc  r i p t i o n s  of m a r i t a l  f e r t i l i t y

l- ’or  a f i r s t  b road  e x a m i n a t i o n  of demographi c si gnifica nce of the

E I I R  - d e r iv e d  ma r i t a l  f e r t i l i t y  p a r a l ie te  r s , c o m p a r i s o n  w i t h  a model  whose

parameters are considered to have demographic meaning may be u s e f u l .

We shall therefore compare the  p a r a m e t e r s  of the E l-I R model  of m a r i t a l

f e r t i l i t y

• V ii i _i I

w i t h  t h o s e  of the  Coale model  of m a r i t a l  f e r t i l i t y

________________
V 
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r ( a l  M n ( a ) e

which become s , wi th  o m i s s io n  of M , the c o r e  of the  C oa l e- T r u s s el l  model

f e r t i l i t y  schedu les  for  an i de a l i z e d  p o p u l at i o n .

Each  model of m a r i t a l  f e r t i l i t y  c o n c e n t r a t e s  on t h e  age p a t t e r n  of

f e r t i l i t y  apart  f r o m  level , but

- r ( a )  r e f e r s  to the f e r t i l i t y  r a t e  fo r  women w i t h i n  an age g roup

( e . g .  3 5 - 3 9) , while

F. . u s e s  the n o r m al i z e d  c u m u l a t i v e  d i s t r i b u t i o n , and t h e r e f o r e
i i

r e f e r s  to p r o p o r t i o n  of tota l  f e r t i l i t y  a c h i ev e d  by an age cut

( e . g .  3 9/ 4 0 ) .

Each model  r e l a t e s  its own e x p r e s s i o n  of an o b s e r v e d  f e r t i l i t y

schedule  to a s t a n d a r d  s c h ed u l e :

n ( a ) , an  a r i t h m e t i c  mean  of ten  of the  s chedu l e s  i d e n t i f i e d  by

H e n r y  as h a v i n g  a ‘ n a t u r a l  ‘ m a r i t a l  f e r t i l i t y  p a t t e r n ,

A . , a cumulative m ar i t a l  f e r t i l i t y p a t t e r n  e x t r a c t e d  f r o m  the

f e r t i l i t y  h i s t o r y  or  o the r g r o u p  of s chedule s ana l yzed .

Each  model has  a m u lt i p l i e r  of i t s  s t a n d a rd s c h e d u l e :

M , a v a r i a b l e  sca le  f a c t o r , ’~ 
-

a , a p o s i t iv e - v a l u e d  n e a r - c o n s t a nt  w h i c h  i s  a m e a s u r e  of the

e x t e n t  to wh ich  the  c u m u l a t i o n  of b i r t h s  e x p r e s s e d  in A ’.

accelerates toward the median age of A ’. and the n decelerates

o ver  hi g h e r  a g e s .

• Each e x p r e s s es  d e v i a t i o n s  f rom  it s  s t a n d a r d  p a t t e r n . n ( a t  o r  A .

in t e r m s  of a s t an d a r d  p a t t e r n  of d e p a r t u r e  w i t h  age :

- -~~~- ‘  V -- 
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- v ( a u . a l o g a r i t h m i c  d e pa r t u r e  f r o m  n ( a )  above age 24 . based on

4 3  r e c e n t  s c h e du l e s  and i n t e r p re t e d  to r e f l e c t  the  age p a t t e r n  of

c o n s c io u s  i n t r o d u c t i o n  of b e h a v i o r  to c o n t ro l  f e r t i l i t y  a f t e r  soni c

d e si  red nu nhI) e r a I c h i ld  re ii is r e a c h e d  -

- B . s p e c i f i c  to  t h e  l ertilit v h i s t o r y  or  oth i e  r g r o u p  of s c h e d u l e s
V Sq

a n a  lv ze(I and i n c l u d  i rig a l l  age  c ut s  iii i t s  r oug hl y q u a d r at i c  p a t t e r n .

Each  mode l  pr o~’ides  it m e a s u re  of t h e  d e g re e  of t h i s  d ev i a t i o n :

- i i i , i n t e r p r e t e d  as  m e a s u r e  of d e g r e e  of c o n t r o l ’ ’  of f e r t i l i t y

at  hi g h er  agt ’s an d  e x p re s s e d  i n  t h e  e x t e n t  t o  w h i c h  t h e  n i a r i t a l

f e r t i l i t y  d i s t r i b u t i o n  above age  .~4 i s  p u s i t i \ e l y o r  o c c a s io n a l l y

n e g a t i v e l y skewed  a c c o r d i n g  to the  age p a t t e r n  of v ( a i

- - t he  e x t e n t  to w h i c h i  t h e  w ho l e  age d i s t r i b u t i o n  of m a r i t a l

f e r t i l i t y  is skewed a c c o r d i n g  to an age p a t t e r n  determined by B .

We a s k  f i r s t  w h e t h e r  t h e  p a t t e r n  e m p i r i c a l l y d e r i v e d  f o r  Sweden and

e x p r e ss e d  i n  a A . is a r e f e r e n c e  s t a n d a r d  at a l l  co m p a r a b l e  to  t h e
1 1

t i g ht l y c l u s t e r ed  f a n i i l y of p a t t e r n s  r e f e r r e d  to as  n a t u r a l  m a r i t a l  f e r t i l i t y

d i s t r i b u t i o n s .  The s i m i l a r i t y  of  ( I  I t h e  n o r m a l i z e d  a g e - s pe c i f i c  s c h e d u l e s

i m p l i ed  by a A ’. f o r  M X Z ( )  and  ( 2 1  sonic of H e n ry ’ s sc hed u les . n o r m a l i z e d
I 

V

to c o n c e n t r at ( ’  on p a t t e r n , i s  i mm e d i a t el y a p p a r e nt  i n  t he  t i p p e r  p o r t io n  of

Table 8 ( s e e  page  51) b e l o w)  w h i c h  r e l a t e s  m a i n l y to a n a l y s e s  i n  a l a t e r

s e c t i o n .  I n  f a c t , ~~~~ . A . is m o r e  l i k e  5O l i i C  of t h e  ‘ ‘ n a t u r a l ’ d i s t r i b u t i o n s

t h a n  the  l a t t e r  ar e  l ike  each  o t h e r .

The r e l a t io n  is  c l a r i f i e d  wh e n  each  of H e n r y  s s c h e d u l e s , i n

c u m u l a te d  n o r m a l i z e d  fo r m , is  a p p r o x i m a t e d  b~’ a wei g h ted  sum of t h e

- - 
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Swedish A . and the Swedish B ; , (That is , each schedule is re-expressed

on the folded square root scale used in the EHR ana l y s i s , and r e g r e s s e d

on the A ’. and the B found for MX2O. I The  d e g r e e  of c e n t r a l  concen-

t r a t ion . a l .  r a n g e s  f r o m  1 .0 8 3  to 1. 20 . not u n l i k e  the range of 1 .080 to

V 1.138 for MX20; degree of skewness , 
~~~

. . r a n g e s  f r o ni  0 . 0 3~ to 0. 2 18 ,

compared  to a low oI 0 . 2 04  for  M X 2 O .
60 ’ 61 C l o s e n e s s  of f i t  of some of

these  EHR a p p r o x i m a t i o ns  to the r e p o r t e d  “ n a t u r a l”  d i s t r i b u t i o n s  can  be

ex a m i n e d  in raw scale n on - c u m u l a t e d  f o r m  in A p p e n d i x  C. The r e l a t i o n

b e t w e e n  n a t u r a l  f e r t i l i t y  d i s t r i b u t i o n s  and EHR - d e r iv e d  age p a t t e rn s  can

of cou r se  be more  fu l l y examined  when  a more  g e n e r a l  A . and B ’. h ave

been d e r i v e d  f r o m  a fu l l  r a n g e  of f e r t i l i t y  s c h e d u l e s  r e p r e s en t i n g  a

v a r i e t y  of p o p u l a t io n s  and p e r i o d s .  T h a t  f e r t i l i t y  d i s t r i b u t i o n s  i d e n t i f i e d

V 

as h a v i n g  a “ n a t u r a l ’  p a t t e r n  may be c u l t u r a l l y  d e t e r m i n e d  s l i g b it v a r i a -

t i o n s  of a m o r e  g en e r a l  p a t t e r n  u n d e r l y i n g  a l l  f e r t i l i t y  d i s t r i b u t i o n s  is

g i v e n  f u r t h e r  s u p po r t  i n  a l a t e r  s e c t i o n .

We nex t  t e s t  w h e t he r m and $. a p p e a r  to m e a s u r e  t h e  s a m e

phe nomeno n in a f e r t i l i t y  t ime  s e q u e n c e.  We u se  the  e x p r e s s i o n

l n j r ( a i ,/ M n t a
iii

v (at

w i t h  t he  v a l u e s  of n ( a t  and v ( a (  u n der l y in g the  C o a l e - T r u s s e l l  model

s chedu le s , and wi th  M = 
r ( 2 0  ~~ , as in the  Coale mode l  of  m a r i t a l
n ( 2 0 - 2 4 )

f e r t i l i t y  a lone ; and we ca lcu la te

n-i for the reported 1892-1959 marital ferti lity schedules,

• . m for  the f i t t ed  schedu les  r e s u l t i n g  f r o m  the EHR ana l y s i s  of

thi s 68-year time sequence.

V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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In  o r de r  t a o b t a i n  f o r  e a cli y e a r  a si  r ig le v a l u e  of in to  com p a re  w i t h

- a wei g hted ave r a g e  ru i s  c a l c u l a t e d , we i g h t i n g  the  m at each age

by the p r o p o r t i o n  of th ie  \ ‘ ea r  s l ) i r t h S  o c c u r r i n g  to t h a t  age g r o u p .  T h i s

e i i i p ha s i z e s  the  shape  of t h e  s ch e d u l e  o v e r  t h e  c e n t  r a l  a g e s  of c h i l c l h e a  r i n g ,

the  por t  ion of t h e  s c h e d u l e  w h i c h  Coale  and T r u s  .se ll  c o n s  i d l e r  to  be of

pr ir i i a  rv  i f l i p O r t a n ce  ii e st in i a t  i ng t h e i r  ‘‘ (leg ree  o cont  rol  . ‘ ‘

P l a t t i n g  
~~~

. f a r  N I X I  ~ and for  N I  X2 0 in  t h e  s a m e  f i g u r e  w i t h  wei g h ted

;t v t ’  r a g e  i i i  f o r  f i t t e d  s c h e d ul e s and we i g hte dl ave  r a g e  ni f o r  repo  n e d

s c h i e ( l L i l e  s F ig . l O t , d en i on s t  r a t e s  t h a t  av e r a g e d  ni  ar id $. have t h e  same

n i t t t ’r n  of v a r i a t i o ns  o v e r  t i n i e  and d i f f e r p r i n c i p a l l y  i n  s c a l e .
63

F ~~ . C h a n ge s  i n  t h e  m a r i t a l  e r t i l i t v  d i s t r i h i t t i o n  r iot  a c c o u n t e d  f o r  by

c h a n g es  i n  lev e l  of m a r i t a l  f e r t i l i t y

\ a w  t h a t  t h e  ( h ’ r u i u ) g  r a p hu u: g n i t  i c a n c e  01 t he  E J I R  d e S c r i p t i o n  of

V m a r W i l  e r t i l : t v  h a s  h i - i - T i  e ’~a I u ) i n e d  b r o a d l y ,  we s h a l l  go f u r t h e r  in d i s —

~e’ - 1 i i u ~ i h . - i~~~’ ( l i s t  r i b u t i o r u  a t  n a r ~ t - i I  ‘ r t i l ~ t~ and  i n  a s s o c i a t i n g  c h a n g e

w i t h I I u 4 t ~ ’r l v ~ n~ r a - n i u c r a p h i c  t , r ~ - t a r s  .~~~~~ ne c i f i c a l l y .  wi s e p a r a t e  f r o n i  t h e

l i t l ) I  p a r - i n i e t e r s  N I N a  and \ I X ~~. t h a t  p o r t ion  at  c h a n g e  w h i c h  i s  n o t

. t c c o i i n t e r l or  by t h e  c h i a n ~~eS i i i  t o t a l  r i t i ’  of  m a r i t a l  f e r t i l i t y  \ I T t  a v e r

hie ~~- ‘. i - a s i f  t lie hi  t o r y

To i t cc on i p l i s h  t h i s  s i ’p a r a t  i on . wi u s e  r e c r e s  s i a n  as  ex  I r i s r o n .

r ’ c r i ’ s s i n c  t h e  N I N a . and N 1 N $ .  o r  ( ‘a ( -h  t i me  s , ’ ( 1 4 1 , ’n c - on  t h e  c o r r e —

sn o n d i n g  Nil ’ . T h e  r e c r e s s i o r i  r e s i d u a l s .  r e t e r r e d  to  as  N I N a  - N I T  
and

• N I X $ .  \ ‘I’ 
t o  d e n o te  t h e  t u n i c  p a r a : u u i ’ t P r s  l u n e a r l v  u ’ ’ r u u u u i ’n s a t e d  b r  N I T .

a r e  ~ho wr i n  l’’ i g .  I i .  ‘1’he N I \ a . \~ .1 ~~~~~~~~~~~~~~~~~~~~~~~ s a g L ’ S t  t h a t  \ e r v  l i t t l e ,

L - 
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if any . of the small  amount  of v a r i a t i o n  in MX a. can be accounted  for  by

change  in MT . ( C o m p a r e  spread  and p a t t e r n  o v e r  t i m e  in t h e  u p p er  po r-

t i o n s  of Fi gs .  8 and 1 1 .  ) The r e g r e s s i on  c o e f f i c i en t  of MT for  each s e q u e n c e

(Table  7)  c o n f i r ms  th i s  im p r e s s i on .

In c o nt r a s t , a s i g n i f i c a n t  amount  of the  ch ange  in MX~~. can be

accoun ted  for  by c h a n g e s  in MT .  The r e l a t i o n  can  be jud ged both f r o m

the r e g r e s s i o n  c o e ff i c i e n t s  (T a b l e  7 t  and f r o m  c o m p a r i s o n  of the lowe r

j )o r t ion  of Fi g.  8 (MX ~~. o v e r  t i n u e  w i t h  the lowe r portion of Fig. 11

(M X ~~ MT . 
o v e r  t i m e ) .

A t  the same t i m e , the  p o r t i on  of c h a n g e  in M N $ ,  not accounted  for

by NIT has  some si g n i f i c a n t  f e a t u r e s  as  e x p r e s s e d  in

the  t r a n s i t i o n  f r o m  p o s i t iv e  to n e g a t i v e  at 19 1 1)

- the long l a r g e l y n e g a t i v e  s t r e t ch  f r o i i i  1 ‘~ 1 I to I ‘4 3 ( w i t h  one

r”t abl e  e x c e p t i o n . 192 0 ,

- the  i n c r e a s i n g ly p o s i t i v e  v a l u e s  a f t e r  I u5 1)~

These  r e s i d u al s  can be i n t e r p r e t e d  in t he  f o l l o w i n g  w ay :

0 i n d i c a t e s  that  change  in  N I X $ . is  p r o p o r t i o n a l  to c h a n g e  in NIT

in  t i-ic o p p o s i t e  d i r e c t i on  ( e . g .  t h a t  i n c r e a s e  in  s k e w n e s s  of t h e

di  st r i b u t i o n  t o w a r d  the  y o u n g e r  a g e s . a c c o r d i n g  to the  p a t t e r n

d e t e r m i n e d  by M X B  . p a r a l l e l s  t he  d e c l i n e  in N I T  and could

t h e r e f o r e  be e n t i r e l y  a c c o u n t e d  fo r  b y such  a d e c l i n e  in  func-

t i o n i n g  a c t i v i t y  s t a t e s  at  the hi g he r  ages

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—.-



43

Table  7. Reg  re s s i o n  C o e f f i c i e nt s  ari d C o n s t a n t s  in  L i n e a r
C o m p e n s a t i o n  of EIIR T i n u e  P a r a r u i e t e  r s f a r  t h e
I .evel af  1-c r t i l i t y and f o r  Otb ue  r Se lec ted  F a c to r s

C~ flu pe n sa  t i on  For  R €‘ g r e s s io ii Co ii s a nt

of Cue tfi c ie u t

N I X I  a. MTI S 0. ) u 1 ~ 1. ~~~3

MX 2 I )  a. N 4 T21 )  0 . 004 ,

N I X 1  $. Nt_ r I 5 -0. ~ 3( 1 .  ( - ( 4

V N I N 2 O  $. MT~~
) - 0 .  40 ( 1 0. ~ 1 7

N N l  N I X 1  0 . 4 7 0  0. ~92

X Y ~~Oa .  N I X 2 O a .  0 .  7 1 3  0 . ~~~

N \ 1~~~~. \ 1 N 1~~~~. 1 . 1 0 1

N N 2 0 $ .  \ I N ~~0 I - 3 ’4  -0. 1 ~ 3

N N l a . NJ ’ 1 0 . 0 1 ~~ 1 . 4 ~~~

\ \~~() a. N T Z O  0 . ) 0 l  1. 1 ‘~~~

N \ l  ~~~. X T I  -0 . i ( ,( ,  (1 . a~

N N ~~I ) $  N T~~0 -1  - 0 i n ~

Cl  a. C F I  - 0 . 0 1  3 1 .  4~~~l

Cl  ~~~~~~ 
CT 1~~ - 1 .  O0~ 0 , ’) ~- - )

j
—
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~ i n d i c a t e s  t ha t  c h a n ge  in MX$ . is  g r e a t e r  t h a n  c h a n g e  in  MT in

the oppos i te  d i r e c t io n  ( e . g .  t h a t  s k e w n e s s  t o w a r d  the  y o u n g e r

ages  a c c o r d in g  to the  p a t t e r n  d e t e r m i n e d  b y M XB • shows

g r e a t e r  i n c r e a s e  t h a n  co r r e s p o n d s on t h e  av e r a g e  to  the d e c l i n e

in  MT . and t h e r e f o r e  i n d i c a t e s  a d i s p ro p o r t i o n a t e  s h i f t  of

f u n c t i o n i n g  act  k - i t s ’  s t a t e  f r om  hi g he r  to l o w e r  a ge ’s l .

— i n d i c a t e s  t h a t  c h a n g e  iii MX $ .  is  l e s s  t I t a n  c- r r e sp o n d s on the

ave rage  to c h u a r u g e  in  N -I T i n  t i - i c  o p p o s i t e  d i r e ct  i on  e - g - t h a t  t h e

age d i s t r i b u t i o n  of b i r t h s  i s  not  skewed  t o w a r d  t h e  y o u n g e r  age ’ s

ac co rdl i rig to the  p at t e  ru - i  d et c  r r i i i  ned by NI  N ‘~ 
as n iuch  as would

have  been  p r e d l i c t e d l  f r o m  a d e c l i n e  in  NI ’ I ’  due  e n t i r e ly  to d e c r e a s e

in  f u n c t i o n i n g  a ct i v i ty  s t a t e s  a t  t i - ic  h i g h e r  a ge’  s ( .

A d e u u i o g  r a p h ic  v i e w  of the  o b s e rv e d  v a r i a t i o n s  ove’  r t iu i i e  may  i)e t h a t

- F r o m  10 1 0  to 10 4 3 , t h e  s l i g h t l y  c l i s p r a p o r t i o n a t e  f r a c t i a n  of

t o t a l  f e r t i l i t y  a c c o un t e d  ba r b~ ~~onie ’ n it h i i g h er  ~i g n ’ s  r e f l i ’ c t s

t h e  c h i l d b e a r i n g  b e h a v i o r  at  c o h o r t s  w i t h  a h i g h i n c i d e n ce  of l a t e

i iua  r r r a g e .

A f t e r  1~~S0 , o l d e r  w o men  w e re  l i m i t i n g  t h e i r  f e r t i l i t y  d i s p r o p o r —

io na t  i’ l y more hi i g lil y t ha ii y o u n g  e u’ wo rue n . r u i e  in In ’  r s o f  t i le

p o s t — i  0 3 e a r l i e r — m a r r y i n g  c o h i o r t s

1 } ue ’  d e r i v e d  p a r an i e ’t e r  u u u a v  r e l ) r C s  nit , t h u e n , a s e p a r a t i o n  of e f f e c t s  of

m a r r i a g e ’  e r i t r ~ ’ p a t t e r n  f r o m  t h e  e f f e c t s  of b i r t h  l i m i t a t i o n  pe r  se . in  a V

c r a s s —  s i - c t i o u i a l  v i e w  of the  a g g r e g a t e  age ’  d i s t  r i h u t i o n  of a c t i v i t  s t a t e s

t u n c t i o n i  r ig w i t h i n  m a r r i a g e  -

— ____________________________ ___________
— 
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F 4 .  C h a n ge s  in the  o v e r a l l  d i s t r i b u t i o n  not a c c o u n t e d  fo r  by c h a n g e s

V i n  t h e  n ia n i t a l  d i s t r i b u t i o n  of f u n c t i o n i n g  a c t i v i t y  s t a t e s

we look iii one’ o f  the  p o s s i b l e  d i s  s e ct i o n s  of t h e  age ( l i s t  r i b u t  i o n

of ove ’ r a i l  f e r t i l i t y .  By r e ’g  re s s i o n , we s ep a r a t e  f r o r u u  t he  t ifl~~ ’ p a r an u e t e  rs

V a . arid f~~. 
fo r  o v e ra l l  f e r t i l i t y  t h a t  po r t  ion  of c h a n g e  w h i c h i  c a n n o t  be

a c c o u n t e d  fo r  by c h an ge’ i n  t he co i -r e Sp o n d i n g  m a r  it al fe r t i l  i t v  p a r a m et e r s .

C o e f f i c i e n t s  f r o m  r e g r e s s i o n  of the  NX a ‘ s on the  c o r r e s p o n d i n g

NI Xa . ’ s s i g n a l  t h a t  t h e i r  v a r i a t i o n s  o v e r  t in i e  , ~v }iile c o v e r i n g  a n a r r o w

r a n g e . a r e q u i t e ’  hi g hl y r e l a t e d  ( ‘rab bi ’ 7 , page  43 a b o v e) .  The pos t  — 1~~~0

o i l  f a r  N X i  ~a 
‘

~ 
c a r - i  he f u l l y a c c o u n t e d  f o r  b ’ N I N a  - C o nu p a r e  sp r e  ad

a rid p a t t e r n  ov e r  I i  iii e af  N N~ , i n  t lie a ppe r p o r t  an  of 1-’ i g . ‘~ , and

NNa 
- \ IN a~ 

i n  t h e  uppe r p o r t i o n  of F i g .  12 .  I A p o r t i o n  of t he  n ea k  ~n

XXa i n  (h e  1 ‘1 -~~}s r e m a i n s  in t h e  r e g re s s i on  r e s i d u a l s , XXa . -i-NI Na ,

h ow e v e r , a rid i n v i t e s  t i i r t h e ’r i n v e s t i g a t i o n .

G a ’ f f i c i i ’ n t s i r on i  t h e  r e ’ g r e s s i o n  of t he  N N ~~. ’ s on  t h e  cor r e-

s p o i i d u n ~ N I N ~~. ’ s i n d i c - t l i -  a h i I ~~bi r e l a t i o n  b e t w e e n  t h e s e  p a r a u u i e t e r s

( T a b l e ’  7,  .~~~\ t t i u ~- san ~~- t i l l  i ’ . l h , -  r , - L ’r i ’ s s i o n i  r e s i d u a l s  X X ~~~~ \ I N ~~~
V

s how d i s t i n c t i v e  v ; n r : , t ’ , u - s  a \ e  r ~i n a ’  n I - ’i g .  1 2 r :

t h e  t r i n s i t i o n i  ‘ r o l l ,  ‘ ‘ - - a t  1 ’ l ~~ .

t h e  ‘ l e c l i r ’ -  t i  ¶ ! ~~ u , ~~~t ‘ L a i i V . ;~~~
V i r - y e l  of I ” 2 ~~~ i ’~ 3 ,

t h e  s h a r i  r i s e  b~~’’ . ’ -~~- n i  I ~~~ a n - id 1~~~~1 Z , w i t h i  t r a n s i t i o n  to  at

a

t h e  d i v e ’  i’c ’nc ’ a t  N N I  ~‘~~~~~

‘ 

- NI X i  
~~~ 

f r o m  N X 2 O $ .  
M N 2  0~~ 

a f t e r

1° (

-V. - 

~~~~~~~ - -
-

V V 
~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~~~~~ ~~~~~~~~~~~ ~~~~~.
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These residuals can be i n t e r p r e t e d  in the f o l l o w i n g  way :

O i n d i c a t e s  that  change  in XX $.  is p r o p o r t i o n a l  to change  in

MX~~. in  t h e  same direction (e.g. that a n y  in c r e a s e  in p o s i t i v e

s k e w n e s s  of the overall fertility distribut ion could be entirely

accoun ted  fo r  by change  in d e g r e e  of p o s i t i v e  s k e w n e s s  of the

V 

m a r i t a l  f e r t i l i t y  d i s t r i b u t i o n ;

~ i n d i c a t e s  t h a t  c h a n g e  in  X X $ .  is  g r e a t e r  t b - i a n  c o r r e s p o n d s on

the  ave  r a g e  to ch ange  in MX $.’ in - i t h e  san - i -i c  d i r e c t i o n  ( e . g .  t h a t

t he  c o m b i n e d  e f f e c t s  of c h a n ge in p ropo  r t  i on  e n te  r i n g  m a r r i ag e

by age and the  p r op o r t  ion h)y age ha~ i ng ar - i  i l l e g it i nn a t e  c h i l d

have  c o n t r i b u t e d  to g r e a t e r  p~~s i t i~-e ’ c ha u i g e  in - i  s k e w n e s s  of t he

o v e r a l l  f e r t  i l i t  ~
‘ d i s t  r i b u t i o n  t i - ian - i  c an  be a c c o un ted f o r  by i °  S i t i v e

c h a n g e  in S k e w n e sS  of t he  m a r i t a l  f e r t i l i t y  d i s t r i b u t i o n ) . 6 ’

— i n d i c a t e s  t h a t  c h a n g e  in  X X $ .  is less t h a n  c o r r e s p ond s on t h e

ave  r a g e  to c h a n ge  in - i NI X$. in  the  sar i i e  d i r e c t i o n - i  ( c .  g - t h a t

p o s i t iv e  s k e w n e s s  1 ) !  o v e r a l l  f e r t i l i t y  shows  l e s s e r  i n c r e a s e

t h i a n  does  p o s i t i v e  s k e w n e s s  of  n i a  r i t  al fe r t  i i i  ( V  . s u g g e s t i n g  t h a t

t h e  p r o p o r t i o n  of w o m e n  m a r r i e d  a u d i o  lV. e n t e  r i n g  ci i i  l d b e a r i n g

at y o u n g e r  a g e s  is not  i n c r e a s i n g  as  r a p i d l y  as  t i-ic d i s t r i b u t i o n

of m a r i t a l  f e r t i l i t y  is sh i f t i n g  t o w a r d  tb - i c  \ - ou n g er  age s  I .

‘\ d e m o g r a p h ic  v i e w  of t he  v a r i a t i o n s  p i c t u r e d  in  Fi g.  1 2  may  he t i’ia t :

To a s m a l l  e x t e n t  b e f o r e  10 !  c , and to a g r e a t e r  e x t e n t  a f t e r  1940 ,

the  age d i s t r i b u t i o n  of o v e r a l l  f e r t i l i t y  in  t h e s e  t i m e  s e q u e n c e s  is

p o s i t iv e l y influenced by tb-ic age pattern -i of entr y into cohabitation

a~ - - - -.  -- - ~-T~~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘~~~~~~~~~V~~~~~~~~~~~ V V -~~~~__ _ _ _
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and , in - i the final ye’ars of t he  s e q u en c e s , is  p o s s i b l y a l s o

i n f l u e n c e d  by r e c e n t  i n cr e a s e s  in m a r r i a g e  d i s s o l u t i o n ( ;

- T b-ic d o n u i n i a t i o n  of  the  age  di  s t r i b u t i o  nu of av e  r a i l  f e r t i l i t y  by tb - i c

age  d i s t r i b u t io n  of m a r i t a l  f e r t i l i t y ,  e x t e n d i n g  f r o m  1 9 1 5  to

1 9 4 ) )  an - id at i t s  g r e a t e s t  b e t w e e n  1 92 5  and  J 9 3 ~~, d e c l i n e s  r a p id ly

w i t h  t h e  1 (1 3 S —  I ( 14 $ s h i f t  of t i-ic i i ia r  r i a g e  p a t t e r n  to  v o u n g e  r a g es ;

- A f t e r  1 (14$ , a s u s t a i n e d  p o s i t i v e  i n f l u e n c e  of t he  age  p a t t ’ r n  of

cr - i t  ry  i n t o  c o h a b i t  at ion - i  f o r  N X l  5 , but  niot f o r  N N2 0 , n i ay  r e s u l t

f r o m  i n c r e a s e d  r e l a t i v e  i m p o r t a n c e  of i l l e g i t i m a t e  b i r t h s  at

age 1 ~~~— 1’) w h e n  t o t a l  f e r t i l i t y  r a t e  i s  l o w .

A n a p p r o a c h  fo r  a p p r o x i m a t i n g  age — spec i f i c  p ropo r t i o r n s of m a r r i e d

p lu s  c o h a b i t i n g  a c t iv e  w o m e n  is  i- lcv e  l apcd  b e l o w , heg i n n i  r i g w i t h  l e v e l  —

c om p en s a t e d  d i s t r i b n i t i n n i s of  o v e r a l l  and  m a r i t a l  f u n c t i o n i n g  a c t i v i t y  s t a t e s .

1 .  L e v e l — c o m p e n s a t e d  d i s t r i b u t i o n s  of f u n c t i o n i n g  a c t i v i t y  s t a t e s  in

o v e r a l l  and m a r i t a l  e r s O e c t i v e s

i n  a p r e c e d i n g  s e c t i o n  (~~~~
- ‘ - page ’  41 a b o v e ’ ’ , we u s e d  r e g r e s s i o n - i  to

e \c i ud e  f r o m  t i - i c  t i m e p a r~i n n e ’ t e ’ r s  . N I N A  and  N I N $ .  . t h e  e f f e c t s  of

c h a n g i ’ i n  l e v e l  of  m a r i t a l  H - r t i l i t v  o v e r  t h e  ( 8  y e a r s .  1~e v e l — c o n i p e n s a t e d

v a n ’ i , e t i o n  was  e x p r e s s e d  i n  t i - i c  r e s u l t i n g  v e c t o r  p a i r s  of r e g r e s s i o n  r e s i d —

‘ : . e l s , NI Na 
MT 

an - id N I N $ .  N I I ’ - We f o u n d  t i - i c  v a r i a t i o n  i n  N I N a . t o

be hi g h l y  i nd epe  ride n t  of c h a n g e  in - i  N I T  . and f o u n d  M X $. to  h i a v e  sv s te n i a t  ic

v a r i a t i o n s  not  ~e s  s o c i a t e d  w i t h  c h i a n g e  in N I T .  N o w , t b - i c  p a i r S  of r e s i d u a l

\ - e - c t o r s  h ’ c o n n e ’  t h e  b a s i s  f or  c o n s t r u c t i o n  of y e a r — b v —~ ’e a r  d i s t r i b u t i o n s

of f n i n i c t  i o n i  r i g a c t  iv i t  v s t a t e s  , f r c i ’d of as soc i a t  i n - i n  w i t h  c h a n g e  in  t h e  l e v e l

- --

- ‘  
V 1.T~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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of f e r t i l i t y .

First , the level-compensated time vector MXa .
MT 

is cen te red

on the cons t an t , k 1 , f r o m  the r e g r e s s i o n  of MXa . on MT , so that

V MXa . is compensa ted  to a s t andard  level  of f e r t i l i t y .  Then each e lement

of this  vector (k 1 + MXa MT
) is mul t iplied by each e l e m e n t  of the age

V vecto r A~~, and each e lement  of the l e v e l - c om p e n s a t e d  v e c t o r  MX$ MT

is mul t i plied by each element  of the age vec to r  B to f o r m  the p a i r s  of

c o m p o n e n t s  fo r  each yea r  at each age cut .  Summing the pa i r s  of com-

ponen t s  wi th in  each cell of the m a t r i x  the n g i v e s  a t ime  sequence  of

standard-level-compensated distributions of functioning activity states

for the m a r i t a l  f e rt i l i t y  h i s t o r y .  For  each y e a r  i and age cut  j ,  the

comp lete  l e v e l - c o m pe n s a t e d  e l emen t  i s :

M = (k
l

+ MX a . MT 
) A . + M X ~~. MT 

B .

where MXa .
MT 

and MX$i
MT 

= MX~~ . and MX~~. l i n e a r ly

c o m p e n s a t e d  for  MT

= c o n s t a n t  f r o n i r eg r es s i o n  of

MXa . on MT

We can  c o n st r u c t  the  c o r r e s p o n d in g  s t a n d a r d - l e v el - c o m p e n s a t e d

d i s t r i b u t i o n s  for  each  o v e r a l l  f e r t i l i t y  hi s t o r y  a f t e r  r e g re s s i o n  of the

XXa . ’ s and XX$ . ’ s on the c o r r e s p o nd i n g  N T ’ s. For each y e a r  i

and age cut , the overall f e r t i l i t y  lev el-compensated element is

= (k
2 + XXa

~ .XT .
)A
~ 

+ X X $ .  XT 
I3~

I ’ — - — .— — -—  . — V — . V
V -
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w h e r e  X \
~~i N T  and xx . XT~ 

- N N ~~ and XN$, l i T i e ’ a r l y

c on i i p en s a t e ( 1  o r  N I

1< = c o n s t a n t  f r a n - i  r e g r e s s i o n  o f

N N ~~. or-i N T

‘These e x p re s s i o n s , NI . .  and N . . . on -i the-’ talded square root  scale used i n

the  F uR  anal~’ si s , are n-i-ia re u s e  j u l  t u s  o n c e ’  e xi re-s sen on t h e  r aw  f r a c t i o n

scal e , a nd de — c u m u l at e d  to g ive I he s t a n - i d a  rd — l e v e l  — can i ip e  ni s a t e d  age ’  —

s n e ’ c i f i c  o v e r a l l  and  m a r i t a l  f e r t i l i t y  d i s t r i b u t i o n s  <. - and NI . , .
- I~’ i i

J” or  m a r i t a l  f e r t i l i t y .  we c m  c o n i p a r e  s o n i c .’ ~i t  t h e se  l e v e l —

c onn p c n - i s a t e ( l  p a t t e r n s  \ \ i t h  t h o s e  i n i i p l i e d  by 
~ 

A a l o n e , ar id  witbi  sonic

of t h o s e  i d e n t i f i e d  as  h~iv i n - i~ a n a t u r a l  V f e r t i l i t y  p a t t e r n .  I n s p e c t i o n  of

r ah l e  ~ r e v e a l s  b o t h  s i n i i i l a r i t i e ’ s  e . g  . . G r e ’t ’n - i l a n i d  i ~O l — i ~~ ~0 an - i d  Sw - eden

i ’ ’ ( ; h l t i t t e r i t e  1 - 1 2 1  _ i 1  ~O a n - id ~-~\‘. , ‘de ’n i ’ ~~~i and s am e  sm a l l  bu t  d i s t i n c t i v e

(l i f f e r e n i c e s  e - , t h e  l o w n - r  p r o p o r t i o n  ( i f  f u n c t i o n i n g  a c t i v i t y  s t a t e s  a t

ages 2 — 2~~, a l s o  hi g he r  p m -  pa n - f h a  ni a t  a g e - s  4 0 — 4 4  . n ( l i e ’  c - i  r 1 e r  Sw-cd i s  h

sch iedu le s t F i an - m i n  a l l  a t h i e - r s  - e v en  th e ’ l a t e r  S w e d i s h . \‘m e  appear to be

d e a l i n g  w i t h  a close faniilv of d i s t r i b u t i o n s  r e f l e c t i n g  c u l t u r e ’ — s n e ’ c i f i c

s l i g h i t  v a r i a t i a n i s of a nno re ’  ce ’n w r a i  u n d e r l  i n c  p a t t e r n - i — — O n i  w h i c h . t h e n

t h e  p a t t e r n  of d , ’ c l i n i c  of m a r i t a l  f e ’ r t i h i t v  w i t h i  age  i s  i npose’d w i t h  v a r y i n g

i n t e ’ n i s i t y .

F’o r o v e r a l l  f e r t i l i t y  . the l evel  — c omp en i  s a t ed  p a t t e  rn - i s ( e x a m p les  i n

T a b l e  ~~) s h o u l d  r e f l e c t  bo th

- t h e  t i n n i n g  of e n t r y  i n t o  c h i l d b e a r i n g ,  an - i d

0

-p

~~~~~~~~~~~~~~~~~~~~~~~~~~
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‘l’ able  8. EHR S t anda rd  D i s t r i b u t i o n - i s FUR L e v e l— C o m p e n s a t e d
Di st r i b u t i o  i-is an-id ‘ N a t u r a l  Di St r i but  i n n  s of  N I a  r i f  al
F e r t i l i t y ,  Se lec ted  Ex a n i p les

Source of I) i s t r i b u t i o n i  A ge ( rm i p  ~~~~
‘

- I ( a t
2 0 — 2 4  2 5 _ 2 ’ I  30— i4 ‘,~~~~~ ~ 9 40 44 4 

_
4Q LI

E H R  S t a n d a r d  ~ A
1 .1

( w i t h  lowest  ~ , 1. t ) $ O i  - 24 7  . 2 1 1 0  - 21 ) 01 . 1 $~ l i  - 1 2~~4 - 02 41

( w i t h  hi g h ’ie ’st  a ” . l l ~~$ . 2 - ~4 ,’~ . 2 2 1 2  . 2 i 0 7  1 ’6i  . 1 2 - ) $  . O 1 ~~4

l !u t t e r it e s~~
N-la rriag es 1021 ~~~ ~O ~2 1 4  - 2 2 9 4  .2 0 4  . 1 S’ 6 . 1 0 1  - 0 2 7 1  10 . 9
M a r r i a g e s  b e f o r e  1 12 1  . 24 2  . 2 ) 0 2  . 2 1 6 1  . 1 1 0 1 . 1 0 4 6  . 0 1 4 8  ~~~. $

Canada~~ V

N t a r r i a g e ’ s 1 7 0 0 — i  7 3 ) )  - 2 ~~
-‘$  . 22 ’) 3 . 2 2 4 2  - I - 1 0 7 ’)  . 01 • ‘ ~ 10 . 8

No rwav
N l a r r i a g e s  I $ 7 4 — i  $76 - 24 )4 - 2 “ -

~~~ . 2006 - I 77(  . 1 1 0 6  . 02 2 $ . 1
(21

G r cc nil a n-id
1 8 5 1 — 1 9 0 0  .2 4 6  . 2 ) 0  . 2 2 ~ , f ~~~l • 09$ . 0 i  7 . 7 0
I ~O l  — I ’ -) ) ‘)  . 271 - 2 2 °  . 20 $ - 1 (Y) - I 04 - U I  8 7. 84

T a i w a n
(w o n i r n i  b o r n - i  c. l ( 1 O 0 i~ - 2 ( 2 6  - 24 t H  . 2 2 0 1  . I $ 2  - 08 2 )  . 00;$ ( . -~~~

Sw’eden 
-

f ( A  ,B 2 ( 7 6  . 2 1 8 ) )  . 2 ( 14 4  - 1 ~ ‘~ 1 . ! 2 2 8  . 0 1 8 1  7. 76

f ( A , f t )  1 1 2 1  . 2 ( I . 2 12 2  .2 0 2 4  . i ° 1  . 1 2 8 ’  . t ) 2 2 1  . 0

f t A ,, B ) l ’ H S  . 2 ) 7 2  . 20 ’H .2 0 2  . I ’ ) - 1 6 . I H l  . 02~~~ L 2 ~~

f ( \  p 1 ° i  .2 ;  -;~~ . 2 1  ‘$ . 2 0  Y) 
- 1 8 6( 1  - i i  ‘~~~~ . 0 1 7 7  ~~. 07

t i A .1) t l ’ 1~~6 .2 7 2 ) . 2 2 $ ( )  . 21 ) 2 ( 1  - 1 7 i  . 1 0 7 1  . 0 1 4 7  ~~, ~~~~

Data  I r o n - i - i  h e n r y  , in c .  c i t .  i n - i  f oo t n o t e ’  1 $ .

( 2 1  I ) a t a  f r o m  I l a n sen  , 1- 1. 0. ‘‘F’ ra in  N a t u r a l  to  Con -i t r o l l ed  F e r t i l i ty :  St ad ~e s

i n  1- e r t  i I i ty  as  a Facto r of t i r e  b ~roce ss of  E c o n o u n i  ic  and  S o c i a l  I )cve ’ lop —

r u e - n t  i n - i  L r e en l an d  c. l 8~’l ~~ I~~ 7S . ’ ’ p r e s e ’n t e ’d  a t  t i - i c  I U $ S l ’  Se n ’ n i n i a r  o n - i

• N a t u r a l  I” r r t i l i t y ,  P a r i s . M a r c b  1 , 1 7 7 .

- -- -V
.
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- t h o s e  c u l t u r e — s p e c i f i c  f a c t o r s  w h i c h  d e t e rm i n e  the  t i m i n g  of

f u n i c t i o n i  ng of  ac tivity states s u b s e qu e n t  to a f i r s t  b i r t h .

T h e s e  c o n s t r u ct e d  d i s t r i b u t i o n s  , f r e e d  of  as soc i a t  ion  w r t h i  l ev e l  of

a c t i v i t y  w h i l e  r e t a i n i n g  as s o c i a t i on i  w it h  t i m i n g  of a c t i v i t y, become the

basis of a p p r o x i m at i o n s  of ag t ’ - S l ) ( ’c i f i c  p r o p o r t i o n s  of m ar r i e d  p iu s

c o h a b i t i n g  a c t iv e  wonn en i .

F6 .  Use  o s t a n d a r d —  ‘e v e l _ c o n r i iw n i s a t c d  d i s t r i b u t i o n s  of b i r t h - i s  to

a p p r o x i m a te ’  a g e —  s p e c i f i c  p r o p o r t i o n s  of m a r r i e d  p l u s  c o h a b i t i n g

a c t i v e ’  w-ome’ n

A c t u a l  ~a n m l a t i a n s  o f t e ’n  d e p a r t  f r o m - i - i  t u e  h y p o t h e t i c a l  i d e a l i z e d  one

i n  i - x i ) e ’ r i e n c i n l g  p r e m a r it a l  n r e ’ g n n n c \ ’  arid i l l e g i t i m a c y  at si g n i f i c a n t  l ev e l s

Suci~~1 c o s t a r ’ of t i i c ’  t~~ i i ~~ m n ( I  p l a c e ’  d e t e r m i n e  t h e  s i z e  and  ag e ’  c o m n p o s i —

t~an at  t h e ’  n O n — i i i a r r i e ’ ( l  c r a li  e xp o se d1 t o  p r e g n a n c y ,  and . fo r  men ’n b er s

of t h i s  g r o a n . s t r o n i . _ ’lv  i n f l u e n c e  t h e  o i i t c o n n e  of p r e - g n i a n c y , i n  t e r n - i - i s  of

cb ’ r t i a n . or c i i  i l l e _ g i t i n n ~m t i  b i r t h , or  a c a u i c e l ) t i O n i  leg i t i m a t e d  by m a r r i a ge

be- f o r e  t h e  h i r t h .  W : t h  a c ive ’ n n m o p o r t i o n i  of  u n m a r r i e d  women exposed

t o  p r e g n a n cy , q u i t c ’  ( l i f f e r e ’ n t  V c g e  d i s t r i b u t i o n s  of m a r i t a l  f e r t i h i t v  can

m e ’ se i l  t , d c  p en - i d  i rig n i - i :

- t h -  -ie p a r a t i n ) n  h~- age int o those n n a r r v i n g  and t h o s e  not m a r ry i n g

}) e ’t ’) r , ’  g i v i n g  b i r t h  to  a n i o n — n u a r i t a l l y  c o n c e i v e d  c h i l d , an - id

- t I e ’  r e l a t i o n . in - i  m a g n i t u d e  and age  d i s t r i b u t i o n , b e t w e e n  t h e  p r e —

0
n ina  r i t  ~n l  1\ conc c ’  iv e ’d l eg  t i n n a t e  h ) i r t h s  and post  —maritall y conceived

b i r t h - i s .

p.
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Table 9. EHR Level-Compensated I ) i s t r ih u t i o n s  of
C r o s s - S e c t i o n a l  Ov e r a l l  F e r t i l i t y ,  Se lec ted  Y e a r s

Source of I ) i s t r i b u t i o n  A ge G r o u p  7

2 0 - 2 4  2 5 -2 9  30- 34 35- 3°  40 -44  4 5 - 4 9  5 i”~~ 
f(a(

EHR Standard a~~A . - 1 044 - 2 1 3 6  - 2 S T l  . 2 4 7 1  - I 5 6  . 02 22  
- i

f(Aj .B~~ l 8~~5 .1020 .2 1 1 8  .2 7 2  .24 8 9 .1570 .0226 4.O~

f~A , . B . ) 1 ~ 2 1 - 0988 - 20 3 4 - 2531 - 2 5 1  - 1656  - 0280 2.  83
3 3

f ( A ~ , B 1  1°3~ . 0 7 7 1  - 1 9 0 3  .2 5 ~~() . 2 6 7)  . 1 8 1 1  .02 8 2  1 . 6 1

f ( A ’; B . ( 19 5 1  . 1 4 7 1  . 2 3 ~~() . 2 5 1 7  . 2 17 9  - 1259 .0183 2.11

f A ~~, I3H 195 6  . 1 7 0 1  . 2 S 3 ~ . 2 4 9 4  . 20 2 7  - 1096 . 0 14 7  2 . 0 0
3 .1

0 
V
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Resulting problems for aggregate fertility model s  can  be s e v e r e , bo th  in

d e s c r i p t ion  of the age d i s t r ib u t i o n  of m a r i t a l  f e r t i l i t y  and in  e x p r e s s i o n

V of age-  s p e c i f i c  p r o po r t i o n s  of c o h a b i t i n g  won ien .  A ge 1 5 - 1°  b i r t h - is , or

b i r t h - i s at m a r r i a g e  d u r a t i o n s  of l e s s  t h a n  two y e a r s , a r e  o f t e n  omi t t ed  to

lessen or avoid the e f f e c t s  of n o n - m a r it a l l y c o n c e iv e d  b i r t h s  on model

dc-sc r i p t i o n s  of f e rt i l i t y .  The d e m o g r a phic  i m p o r t a n c e  of bo th  the t i m i n g

of f i r s t  b i r t h  and tb-ic l eng th  of the  f i r s t  in t e r b i r t h  i n t e r v a l  a r g u e s  s t r o n g ly ,

how-ever , fo r  s e e k i n g  way s to inc lude  in anal y s i s  t h e se  p o r t i o n s  of aggre-

g a t e  da ta  w h i ch  cover  the beg i n n i n g  of c h i i l d b ea r i n g  f o r  a si g n i f i c a n t  p r o -

p o r t i on  of women in m an y  p o p u l a t i o n s .

We have already seen t h a t  El-jR a n a ly s i s  can  p r o v i d e  e x c el l e n t  f i t s

to v e r y  d i v e r s e  d i s t r i b ut i o n s ,  in c l u d i n g  m a r i t al  f e r t i l i t y  d i s t r i b u t i o n s

hi g hl y i n f l ue  need by p r e nia r  i t a l  p r e g n an c y  - F u r t h e r exp lo r a t i o n  s u g g e s t s

i n f o  r r n a t i v e  w ay s  of d e a l i n g .  in - i  t he  a g g r e g a t e , w i t h  t h o s e  fu n c t i o n i  rig

act j \ V i t \ ~ s ta te ’  s w h i c h  lead t i - i  i l l e g it  i n i a te  b i r t h - i s  m a t h - i c r t b - i a n  to p r e c i p i t a t e d

m a r r i a g e s .  A t  t i i i s  s t age . we use  l e v e l — c o n i p e n s a t e d  d i s t r i b u t i o n s  of

f u n c t i o n i n g  a c t i v i t y  s t a t e s  as tb - i c-  b a s i s  fo r  a p p r o x im a t i n g  a g e —  s p e c i f i c

p r o p o r t i o n s  of n i a r r ie ( 1  p il ls  c o h i a b i t i n g  a c t iv e  women  ( r e f e r r e d  to as  MPA

w o n n i e n  f o r  b r e v i t y ) .  T h a t  is , of the  p o s s i bl e  c o m b i n a t i o n s  of e x p o s u r e

,cn d a c t i v i t y  s t a t us :

Marri ed Not married Not
but  c o h a b i t i n g  c oh a b i t i n g

F’u n c t i o n al l y
a c t i v e  1 2 N

0
F u n c t io n a l l y

i n a c t i v e ’  3 4 5

- .~~ — , ‘  .V — -V
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we approx ima te  the a ge - s p e c i f i c  p r o p o r t i o n s  of ( 1  + 2  + 3 ) .  We i l l u s t r a t e

the a p p r o a c h  with the c on v e n t i o n a l  o v e r a l l  and m a r i t a l  f e r t i l i t y  s e q u e n c e s

anal yzed  above (and then s u g g e s t  othe r p a i r s  of s equences  whose ana l y s i s

may further aid understand ing of the phenomenon).

The total  r a t e s  of o v e r a l l  b i r t h s  and leg i t ima te  b i r t h s  f o r  each y e a r

a re  d i s p e r s e d  a c r o s s  the c o r re s p o n d i n g  l e v e l - c o m p e n s a t e d  p a t t e r n s  N~

and NI~ derived for tha t  y e a r .  Th i s  p r o v i d e s , f i r s t  of a l l , a level-

compen sat ed ove ral l  f e r t i l i t y  r a t e  and a l e v e l - c o m p e n s a t e d  m a r i t a l  f e r t i l i t y

ra te  fo r  each age g r o u p  in each y e a r .  A n  a p p r o x im a t i o n  of the p r o p or t  ion

of MPA women in y e a r  i an-id age g r o u p  j is t h e n  c a l c u l a t e d  as

X~ . (X T 1 S
p - ________

i j  M~~(M T ) ( R (
1 _ i

w h e r e  ( X T ) ( 5 )  = t o t a l  r a t e  of o v e r a l l  f e r t i l i t y  e x p r e s s e d  as

mean nunibe r of child rem -i per w’on an over tine

r e p r o d u c t i v e  span  of a sy n t h e t i c  cohor t

( M T ) ( 5 (  = t o t a l  r a t e  of m a r i t a l  f e r t i l i t y  e x p r e s s e d  as

mean number of children per married woman

o v e r  tb -ic r e p r o d lu c t i v e  span  of a doubl y sy n t h e t i c

68
c o h o r t .

A pproximations based on XX2O and M X 2 O  p a r a u - i c t e r s  a r e  s h own  i n

Fi g.  13  f o r  t h r e e  age g r o u p s  which  have  e x p e r i e n c e d  s t r i k i n g  a l t e r a t i o n

of m a r r i a g e  pa tte rn ove r  the 68 y e a r s  of the  t i m e  s e q u e n c e  a n n a l y z e d .  Tine

0
s i g n i f i c a n t  c h a n g e  in a ge - s p e c i f i c  p r o p o r t i o n s  m a r r i e d . beg i n n i n g  i n  1° 35 .

and the d e c e l e r a t i o n  in  c h a n g e  a f t e r  1~~4~ a r e  clearly p ick ed up by t i -ne

p. 
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: ; ‘  a~ ( a r V ) x I n n a t  i n s  can - i  be i n i i p r ov e d  . h o w e v e r , by EHR a n a ly s i s

ti  h a s ’ t ” o  a d d i t i o n a l  s equ e n c e s :

1e ’ t : u i i c ~ c ’ f ’ r t i l i t v  s e q u l e ’n c e  c a l c u l a t e d  f r o m  l e g i t i m a t e

b :r ’h s  by V
j ~~~~ 

~~f : u . o t h e r , ari d t he  ¶~~t a 1  f em a l e  n o p u l a t i o n  in e ach

cr a M ) t o  a t i r  \v~th  m a r :t a l  fe r t i l i t y :  and

a n n - ~ r r i c r h  or  ac t  i’ - e  lv c o h a b i t  i ui g  - fe  r t i l i t  seque rice \ V h i C h

~ :m L D l y  i f l C l r i C e ’ s  oh  - o n — n a r : t a l  o n c t i o n ~ n g  a c t i v i t y  s t a t e s  on t h € ~

i, s i s , .~~} V e t h e r  or  ¶ he ’v n r e c : n : t a t e  n i a r r ~ a~~e b e t o r e ’

‘h e ’  b : r t b ,  o o n n n — n n a r ~ ’ - n l l v  c o r c c - ~ ’ e ’c c h i l d  ~o p a i r  w~t h  o v e r a l l

1’- - I
- r i I

] } o  h n u ~~c - d ~ a ’ i- goa l :n r c ’ f i n : u ~~ a n d  c - x t e ’ r i r i : r i g  ~ h e ’  a n a l y s i s  i s  ~~
- d c .  - la ~)

i s  c u n C i s c ’  ar i d ~s e - f ’ i 1  in  d c ’ s c r i ~~t : o n  a s  t in ’ d a t a  \ \ i l l  a l l o w  o~ a o : : i t ~ or i  S

c~i - , c - r i e n c c  a t  c h : l d b e a r in g .  w V i t h , V l  o i t ~~id e  o f , a n d  i r i f l ’ i e - n c~~~g i c - g a l  m a r —

r : - 1~~c .  Ta Y n L  V I ( ( , V i ~~ $ a , V c ~ ( - ) f  ( I ,  r i c h : e s s o f  ? f l e  (la~ a o r  t h i s  one-

~ nd o f  ¶ } c ’  s t r c ’ n n ’h s  of  t h e  FUR  ;n r i n r o a c h  t o  ~hc  d a t a . t h e  lar g er goals are

l e a s ’ t w o :

to  c ’x a a n d  u n d e r s t a n d i n g  of  t h e  o u t c o m e ’  o f  p r e gn a n c y

i n  t in ’ e a r ly  y e a r  s of c h i l d b c - a  r i n c  i n  t h e -  c o n t e x t  of  a p a r t i c u l a r

soc ( ‘ t  V c h a n ~ i r ig  n y c ’  r t i n - i - i c

- t o  t e a s e  ou t  n i o r e -  i n f o r m a t i o n  on t i - i c  age- — s p e c i f i c  p r o p o r t i o n s

c o h a b : t i n g  w h i c h  a re -  ap t t o  u i n d e ’ r l i e  t h e  o b s e rv e d  f e r t i l i t y  r a t e s

f o r  t i i c ’  c - a r l ~’ p o r t i o n  of t h e ’  re p r o d u c t i v e ’  s p a n  w i t h i n  t h e  c o n t e x t

of  re n o p i i l a t i o n s comp l eh -  age  p a t t c ’r n  of  c h i l d b e a r i n g .
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G. C h a n g e s  a c r o s s  tin- ic in cohor t  and c r o s s-  s e c t i o n a l  a v e - r a i l  t c ~ rt  n l : t v

p a t t e r ns  ( selected o b s e rv a t i o n s  on the full 177 - i ~~~ f e r t i l i t y

h i s t o r i c ’s )

I) emograp hic imp l i ca t i ons  of t i n e  EHR co m p o n e n t s  have  b e e n  e x a m i n e d

at s eve ra l d e pt h s . u s i n g  ti -n e d a t a  of  e x t r a o rd i n a r i l y hi g h-i q u a l i t y  f o r  t he

6 $ -y e a r  c r o s s - se c t i o n a l  o v e r a l l  and m a r i t a l  f e r t i l i t y  s e q u e n c e s .  N ow -  we

turn to the 185— year overall f e r t i l i t y  h i s t o r y  in c r o s s - s e c t i o n a l  and c o h o r t

perspectives. The ana l y s e s  of ti -ic X i  5 , X 2 0 , Cl 5 ar-id C20 time sequences

p r ov i d e  s ey er a l  u n u s u a l  o p p o r t un i t i e s :

to e x a m i n e  in -i FUR model  t e r m s , t h e  r e l a t i o n  b e t w e e n  c h a n g e s

i n  c o h o r t  and c r o s s -  se c t i o n a l  d i s t r i b u t i o n s  of l a n c t i ~~~’ u u n g

a c t i v i t y  s t a t e s  ov e r  an - i  e x t e n d e d  PC n o d ;

- to d i s c o v e r  how n i ne  h c a n  be cled u cccl about  ch n a  ng e - , f r n - i  in I- 1 h R

ar-ia lv si s of o v e r a l l  fe’ r t  i 1 its ’ a la  - i c ’

- to see how FUR a r a l v  s i  ~ h a n d l e  s d a t a  01 Sa i n e w  h a t  le- ssc- r

a c c u r a c y  in  c o m b i n a t i o n  w i t h  d a t a  of ~o -r v  h - ni g h q u a l i t y .

Gi  . C o n i p a r a b il i t y  of c o h i o r t  an - id c r o s s —  s e c t i o n a l  FUR compo n - i e n t  S

A f e r t i l i t y  model  m ay  r e a s o n a b l y be que ’ s t io n e d  (i n-i i t s  r e ’l a t  i~~e’ c apac  i t  ~
‘

to h a n d l e  c ro s s - s e c t i o n a l  and co }ior t  d a t a .  E a c h  of t h e s e  p e ’r s p c c t iv e s  on

f e r t i l i t y  cl i  st r i b u t i o n  s ~ r~~ ’j ~1 ’  s i t  s ov.’n c h a l l e n g e  t o  a p p r o p r i a t e  d e s c r i p t i o n

.~\ cross — s e c t i o n a l  s l i ce  is tb - ic  con l i po s i t e -  of a s m a l l  po r t  ion of t lie c h i l d  —

i)ea ring experience of each  of m a n y  c o h o r t s  whose  d iv e r s e  h-n i s t o r i e s  i n f l u e n c e

t h e i r  b e h a v i o r  at any g i v e n  p e r i o d . The pe r iod  in which i  the  c r o s s - s e c t i o n a l

s l i c e  is ta l- e- n the n h a s  i t s  own i n f lu e n c e  on t h e  e x p e r ien c e  of a l l  of t he

p . ’

1
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c o h o r t s  of win n - i - ic -  n-i p a s s  i rig t i i r o u g  h the  pc n o d  at ~‘a r i o n s  age- s -

l- ’o r  ti -ic f e r t i l i t y  ra t e ’  m a t r i x , s u b m i t t e d  to E I I R  a n a l y s i s  i n  c r o s s —

s e ’c t i o n  (b y  y e - a r t  ant I  on  tb - i c  d i a g o n a l  (by  c o h o r t  ,
10 

t l - i r e ’ c -  of the possible

o ut c o n n e  s a rc- tb - na t

t i - ic  u n d e r l y i n g  s i m i l a r i t ie s of  t h e  d a t a  in c o h o r t  and c r o s s —

s e c t i o n a l  f o r m - i - i s  m ay  d on i i n a t e  t h e -  f i t t e d  p a r a n Y i e t e  r s  - l e a v i n g

i n i  t i - ic  r e s i d u a l s  n n o s t  of t h e  d i v e r g e n c e  of t i- ic t w o ;

- t he  sy s t e m a t i c  d i f f e r e n c e s  may  be we l l  c a p t u r e d  in - i t he  s e p a r a t e

se ’ts  ( - i f  f i t t e d  p ar am e ’t e  r s  fo r  c o h o r t  and i er o s  s — s e c t i o n a l  s e q u e n c e -  s

- e ’i the r ~
V t ru e~~

V s i m i l a r i t i e s  or t r u e  d i f f e r e n c e s  b e t w e e n  c o h o r t

and  c r o s s -  s e ct i o n a l  u n i d e r l v  i n g  r e g u l a r i t i e s  may  be o b s c u r e d  b

d i f f u s i o n  t h r o u g ii f i t t e d  p a r a m e t e r s  an - id  r e s i d u a l s  for  on - i c or  both -i

se q u e n c e s .

W e f o u n d  above ( s e - c  p a g e s  12  to 2~ I t h a t  t h e  pre ’ s e n - i t  E I I R  a n a ] v s i  s

- h a s  i~i v c ’n  t h e  ove r a i l  f e r t i l i t y  se ’que ’ n i ccs  d o  se f i t t e d  de s c r i p—

t i o n s  in  cob -ia r t  p e r s p e c t i v e , and  s t i l l  d o  s e r  f i t t e d  d e s c r i p t i o n s

in - i  c r o s s  — se ct i o n a l  p e r s p e ct i v e ;

h a s  l e f t  a d i  f f e  r e m i t  \V pc of r e ’ g u l a r  i tv  i n  fhe s m al l  r e s i d u a l s

f r o m  t he’ c r o s s —  s e c t i o n a l  an a l y s i s  ti - i a n-i i n  t h o s e ’  f r o n i  the cobia r t

ar i a lv s i s .

L~oo k i  ng fo r  sv s t en i a t i c  d i f f e  r e ’nces  i n  t h e  c o h o r t  a rid cross — s e c t i o n a l

I I t  e d  p a r a m e t e r s  is more pro f i t  ab l e  a f t e r  f i n - i c  — t u n i  rig ti - ic f i t s .  l ie  re -

we ’ concentrate on t i n e  s i m i l a r i t  ic ’ s of t h e  p a i r s  of can i p o n e n i t  s ~ A . and

~~~

. U , so f a r  d e r i v e d  u s i n g  t in e  f o l d e d  s q u a r e  root  r e - e x p r e s s i o n .  We g ive

p.
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n a r t i cu l a r  at t e n t i o n  to the  X i  5 andl Cl 5 t i n -ne- h i s t o r i e s . an - id  c o n s i d e r tho s e’

f o r  N 2 t )  and C ’O in h - ss  di e - t a i l .

Tb -nc  c o m p o n en t s  ~~~A .  and B B ~ m i n d e r l y i n g  t h e  N 15 s equence  1-nave

already been examnine’d above (see’ p a g e s  2 1  I 3 3 )  t o  e - s t a h i i s h ’ i t i -nc  f u n c t i o n

of each  co m p o n e nt  in d c - s c r i b i n g  a f e r t i l i t y  t i m e  hi s t o r y  - H e r e ’  w e  c o n s t r u ct

tb - i c ’  same model  d i st r i b u t i o n s  for  t h e  CI  s e q ue n c e  so t h a t  ‘Fable  10 ear n  be

c o m p ar e d  d i r e c t l y w i t h  Table ’ 4 , an d  T a b l i ’  I I  \V i t h i  F ab le ’  ~‘ .

We see t h a t  a . A . has  a s l i g h t l y w i d e r  r a n g e ’  f o r  Cl  ~ t i - i a n - i  f o r  X l  ~~~,

ari d $. B . has  a sli g ht l y l o w e r  and n a r r o w e r  r a n g e  f o r  CI  S t b - i a n  f o r  X I  5

I T a b l e s  1 0 and 4 ( . W in e ’ n-i w-e t u r n  to Table- s 1 1 and 5 , bowe \ e’r • w e  fi  rid

p r o n o u n c e d  s i m i l a r i t y  f o r  N i  ~ and C l  i n n :

- tb - ic ’ r a w  s c a l e  s c h e d ul e s  d e f i n ed b y a g i v e - n l e v e l  at  ~~~~. and

~~~~~~, a r -id in

- t h -  m a L i n i t e i d c  and d i r e c t i o n  of  c h a n g e -  in - i tb - ic -  d i s t r i b u t i o n  as

c ’a c h  comp o nie ’ r - it i s  v a r i e d  in eve- n r n c r e r u e ’n t  s w h i l e  t h i e  o t h e r  i s

he ld  c o n s t a n t  -

T h i s  n i ea i  s t i - n a t  c h a n g e  in tb - ic  se t w o  h i s t o r i c ’ s o v e r  t i n - i - i c  c a m  r e - a s o n a b ly

be’ c om n ar e d  below l iv  m e a n s  of t h e s e  El -IR t i n - i c  p a r am e t e r s .  
2

G2. Son-ic i n t e r s e c t i o n s  of c o h o r t  and  c r o s s —  s e c t i o m n a l  age  d i  St r i b u t  on s

of f un c t i n  n i n g  a c t i v i t y  s t a t e s , v i ew e d  throug h i-~1iR conr ipon e  rit s

Before Superin~~()si ng t h e  c o h o r t  and  c r o s s  — s e c t i o n a l  t i m - i - i c  p a r an u ’t e r s

we  look  at  t h e  p a r a nu - t e r s  fo r  e a ch  se~~~r c n c e  i n d i v i d u a l l y , to  n o t e  th e ’

p. V
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Table  I t ) . R a n - ige  of Con - i t  r i bu t  i o n - i  of  C o n n  pane  m i t s a. A .
‘

~ and ~~ B
I I J

to thie Fitte’d I)e se r i pt iomi  of t uie c i  ~ Sc’qu e ’nce ’ • F’olded
Square ’  R o o t  Scale

Tin r ic ’  P or  a m i n e  t e-r  Con- i  porn ( ‘ n - i t  A g e ’  Cut

a.A . I~~~20 24/25 2 ’l~’ 10 34 /3 5  30/ 4 0  4 4 / 45

Low 1 .  (( ( - i  — ‘ ~-i 3 2 5  — . ~ 4 2 - 4  — . 1866 , I ( 0 ~~ - f l 7 ( )  - 79~~4
Nh - th an  1 . 4 5 )  — . 5 5 3 0  — . S~’5 I — ‘ 

1 1 7 1  - 1 5 ) 2  - 5 % $ 7  , 547 0
h i g h 1 . 544 -- . 12 0 1  - J O b) )  - . 2 0 ( 4  - 1 87 1  - 56 1 8  - 854 3

Low — . 0 ( 2 4  — . 0 1  2(  — . 0 2 1 5 — . 0 1~~0 — . 0 3 1  - — . 0 2 3 — . 0 1 0 0
h i g h - 6 3 2 7  - 12 8 2  . 301~~ . 3~~ - ~ - 3 1 7 7  . 2  ( 2  . 1 0 18

* * * * * * * * * * * * * * * * * *

T a b l e  I i  . . ‘ \g e ’  — Spec i f l c  In er t  i l i t y  I ) i  st  r i b u t  i o n i s  ( r a w  scale- I Based
or  t i - i c ’  A g e  P a r a n n e ’ t e r s  :\ and n : f o r  C l  and  T n c r e - n u c n t  s

in  t i n e ’  ‘I ’inn ’ P a r a n n e t e ’r s  a: and

a. 1 . 4 7  1 . 4 7  1 . 4 7  1 . 4 7  1 .  -l~ I .  2 C h a n g e -  by 0 . 1

C h a n g e  b\- I L l  1) 0 . 1  0 . 0 5  0 . ()~ 1) . 0 0 . o~

A g e ’  C i n . i n g e ’  in - i  f t a  f ( a (  f a  f ( a  f a )  f ( a i  C h a n g e  in - i  f i a t
G r o u p
1 5 _ J o  , 00 4( - 0 1 15 . 0 1 81 - 01 57 - 02 lb  - Q 0 7  — - 0 1 3 3

20—24 . 1 ) 211 . 1 1  ( 1  1 380 . 1 2 7 4  - 1 1( 17 - 1 2 3 1  — . 0076
. 01 11 .2 31 0 .2 ( c c) .2  18( . 2  127 . 2-1 4 1  . 0 1  1( -

3 ()_ •
~
.( — 004 3 2(~ 11 2 5 8 8  2 6 1 1  2 2 3  2 6 ) 1  Dl  7(

0 3~~~~~3 l  — 0 1 4 5  2 2 ( 7  2 1 0 2  . 2 1 7 5  2 1 1 8  2 2 2 °  . D l l )
( f l — L 4  , 0 I 5 1  . 1 2 8 2  . 1 1 2 3  . 1 2 0 2  . 1 2 2 4  . 1 1 7 1 1  — . 005 4
( 5 1° — . 00 ~V 1  . 1) 2 1  (, . 0 1 7 7  - 1) 1 1 6 . 12 72 . 01 12 — . 0 1 - 4 0

— — — - V  ‘_ __~ — __
~~~~_~ •

_,~V V ~ , V~~~~~~ V — —
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d i s t i n c t i v e  f e a t u r e s  (Fi g s .  14 , 1 5 ) .

The p a i r s  of a s  ( fo r X i S  and N 2 0 , fo r  Ci  5 and C2(b d i f f e r  p r i n -

cipally in level . Ti-ne narro’.v range of d e p a r t u r e s  of a . f r o n n i  c o n s t a n cy

is s i m i l a r  in - n a l l  of the h i s t o r i e s  ( excep t  fo r  some of t h e  p o s t - i  0 1 4  c o h o r t s) . ’

The pairs of ~~ ‘ s ( f o r  X i S  and X 2 0 , fo r  Cl  S ar-id C20) also differ prin-

ci pall y in - i level.

T w o  p e r i o d s  of t r a n s i t i o n  are’ sugge-sted for Ni and N20 , thiree for

C 1 5  and C20 :

- a p r o n i i n e n i t  i n c r e a s e  in  p o s i t i v e  s k e w n e s s  of t ui e d i s t  r i b u t i o n

at l 8 8~~~l 8° 5  fo r  N i 5  and X 2 t )  ( F i g .  14 , lower secti onl and for

those  c o h o r t s  s t a r t i n g  t h e i r  c h i l d b e a r i n g  at age s  1 5 - 1 0  about

186 0— 1 $( ~ and t h e r e - f o r e  in  t i t e  lattc ’ r h a l f  of  t h e i r  c b i i l d h e a r i n g

v e - a r s  inn I $$~~ 1 $ ( V) 5  (F i g .  i~~~. lowe r s e c t i o n i  — — s u g g e s t i n i g

p a r it y  dependent iin ri itation of births:

- a t u r n  t o w a r d  n e g a t i v e -  s k e w n e s s  at 1$~~~- i  $4 fo r  X i S  and X 2 O

( I - i g .  14 , low’e r s e c t i o n - i ) and f o r  t i-nose c o h - n o r t s  s t a r t i n g  t h e i r

c h i l d b e a r i n g  at ages  1 5 - I  ~ in  1 8 5 0 - 1 8 4 0  and ti-ne refore aged

2 0 — ~~~ in 1 8 3 5 - 184 5  ( F i g .  15 , lowe r s e c t i o n( - - s u gg e s t i n g  i n c r e a s e

i n  age  of m a r r i a g e  a r o u m d  I 84 0 :

an  a b r u p t  c h a n g e  in c o b o r t  b e h a v i o r  bcg i n m i n g  w i t h  t h o s e  c o h o r t s

age ’d 15 - 10  a f t e r  1 ° 14  ( a s  ~ud gcd by bo th  
~ 

and 
~~~

.

T h i s  l a s t  t r a n s i t i o n  h a s  a l r e a dy  been si g n a l e d  in  t u e  coho r t  r e s i d u a l s

( F i g .  (i . T h a t  t h e s e  v a r i a t i o n s  may  r e f l e c t  ne- w paU c ’  m i s  in  the  cohior t

a g e -  d i s t r i b u t i o n  of f u n c t i o n i n g  a c t i v i t y  s t a t e s  i s  s u g g e s t e d  by t b-ic c o n i b i n a t i o n

a.

- k-- — -- - —~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -
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of s t a b i l i t y  in p o s t — l 9 l  5— c o h o r t  t o t a l  r a t e  of f e r t i l i t y  a f t e r  the  e a r l i e r

f a i r l y  s t e ady  d e c i i n e , and tb -n e r a p id e v o l u t i o n  w h i c h  t hese  co h o r t s  expe-

r i e n c e d  in - n age pa t t e  rn  of f i r s t  m a r r i a g e , in  s t r i k i n g  d e p a r t u r e  f r o m  the

75
cohorts aged 1 ~— l 0  b e f o r e  191  1 . (That specity lng a ditfere nt c o n i b i n a t i o n

of d at  a me — e - x p  re - s s ioni  ar-nd f i t t i n g  m a y  bette’ r accon’nmflo dlat e suci i  v a r i a t i o n s

has  a lr e - a d  beer -n  s u g g e s t e d .  I

In n  the ’ c on t e x t  of t ine f u l l  l $ — v e a r  s e qu e n i c e  if  a . s and  f o r

t hie X I  and  N 2 I )  h i s t o r i e s , t h e  p e r i o d s 1 fl 0 — 1 1 1 2 1 )  and t h e  p e r i o d  a r o u n d

10 4 ( 1  n i ig ii t  be t h o u g iit s n n i a l l  ab c r a t i o r i s in - i  an  o n g o i n g  t r e n d . One w i l l

re  c a l l  , h o w e v e r  , t h a t  t u e  s e pe’ r int l  s we me ’ identified in - i c-ar 1 i cr  po r t  i o n s  of

t h e  a n a l y s i s  as  t r a n s i t i on s  - a p p e - a r i n i g to i n v o l v e  bo th  c h a n g e  i n - i  m a r i t a l

fe r t  i l i t v  p a t t e  r i - i s  and c iia m - i g e ’  i n  t he  ag e-  pa t  te - rn - i  of emi t my in to c o h a b i t a t i o n .

( R e c a l l  F i g .  I , e - \ - id i c ’nc e  as  e a r l \  as  tb - i c-  FUR f i t t i n g ;  a l so  Fi g .  1 1  on

l i n i e ’ a r  c o n - i - i p e r - i s a t i o n - i  of t h e  n n a r : t i l  f e r t i l i t y  s e q u e n c e  p a r~im e t e ’r s  f o r  t o t a l

r a t e  of f e r t i l i t y  and l - i g .  12  on l i i u e ’ a r  c o r n p e n s a t i o n i  a t  t i n e  o v e r a l l  f e r t i l i t y

s c - qu i e n c e  p a r a m e t e rs  fo r  m a r i t a l  f e r t  i L t ~~. 1

For  a m o r e  v i v i d  i m n - i p r e s s i o n  at  s o n - i - i c -  i n i t e r s e ’c t  i o n s  of c o h o r t  an - id

c r o s s — s e c t i o n a l  e x p e r i e n c e , we s n i p e ’ r i n i p Ose  t h e  p a i r s  of time vectors.

I - o r  c - x a n n p le . w i t h  Cl  5~~. c e - n t c r e ’d  o n - i  ~ e a r  at  age  3 i 1 — 3 4  ( F i g .  1 6 A i . on - ic

s t - c - s  t h i a t , b e f o r e ’  i~~08 . t i i - e x t e m i t  to w h i c h  t h e  c r o s s — s e c t i o n a l  age  d i s t r i b u —

io mn a t  f u n c t i o n i n g  a c t i v i t y  s t a t e s  w a s  c h a n g in g  i n  dcg re-c and d i r e c t i o n  of

ske’wnes s w a s  ye r y  s i nn i l a r  to the extent to  w h i c h  cob~a r t s  t h e n  at th e

centra l • c g a ’  s of childbeari n g were s h i f t i n g  t h i e i  r age p a t t e r n  01 a c t i v i t y  to

0 v o u n g e ’r  or  o l d e ’r  a g e s .  Ti -ne  p a t t e r n s  a v e r  t i m e  t h e n - i  d i v e r g e  s h a r p l y .  I f
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one moves  the p o s t - 19 0 7  C 15$. s f o r w a r d  anothe r 1 0 - 1 5  years on the

V 
t i n -ne  l i n e - - ( F i g.  16B shows a sh i f t  of 12 yea rs , so tb-nat these cohort values

a r e  then  s u p e r i m p o s e d  on those  for  X l 5~~. for the years 1920 and after )--

the patterns of change in the two sk e w n e s s  v e c t o r s  are again ext raordi .

naril y sim i lar  for  about 25 years b e f o r e  p a r t i n g  a b r up t ly once  more  about

1 9 4 5 .

We learn more about the r e l a t i o n  of t h e s e  p a t t e r n s  by a f u r t h e r

di ssecti on o f th e cohor t param ete r ~~~ . . By LS r e g r e s s i o n  of Cl  5$. o r-i

CT , w e  s e p a r a t e  in to  the  r e s i d u a l s  t h a t  p o r t i o n - n  of  c h a n g e  in  $. not

a s s o c i a t e d  w i t h  change  in l eve l  of f e r t i l i t y  ( F i g .  1 7 ) .  ( T h e  r e g r e s s i o n

c o e f f i c i e n t  and co nsta nt a re  i nc luded  i n Table  7 , pag e 43. I The cohorts

w-i th  p o s i t i v e  r e s i d u a l s  are  t h o s e  whose  d i s t r i b u t i o n  of f u n c t i o n i n g  a c t i v i t y

s t a t e s  is skewed more toward the younger ages than would correspond on

the a v e -r a g e  to the  level  of f e r t i l i t y ; the c o h o r t s  w i t h  n eg a t i v e  re sid uals

a re  those  w i t h  l a t e r  age d i s t r i b u t i o n s  of a c t i v i t y  t i - nan  would c o r r e sp o n d

on the a v e - r a g e  to the  l e v e l .

If we d i r e c t  our  a t te n t i o n  to the c o h o r t s  aged l~~-l0  in 1892-1917 (and aged

30- ~4 in  l Q 0 7 _ 10 3 2 ’) , we see t h a t  the- d i v e rg e n c e  of c o h o r t  f r o m  c r o s s- s e c t i o na l

p a t t e r n  over  t i m e  in Fi g.  16A begins precisel y w i t h  those cohorts which

adopted an e a r l i e r  th a n  a v e r ag e  age p a t t e r n  of l e v e l - c om p e n s a t e d  a c t i v i t y .

The  a lr n o s t - s up e r i n -nposable  b e h a v i o r  fo r  2 5  y e a r s  i n n  F i g .  16B i n c l u d e s  al l  of

t h e s e  c o h o r t s  w i t h  the e a r l i e r  p a t t e r n , and the  d i v e rg e n c e  at 194 5 i s  pre-

• 
c i s e ly wi th  those cohor ts  which r eve r t ed  to a l a t e r - t h a n- u s u a l  age  p a t t e r n  of

l e v e l - c o mp e n s a t e d  a c t i v i t y . (One may i-note tha t  fo r  the  c o ho r t s  covered  by 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘
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F ’i g .  1613 , t o t a l  ra te ’  of f e r t i l i t y , ex p r e ’s s e - d  as mn e’an numbe ’ r of c h i l d r e n  pe r

w o n n a n n , droppe ’d  f r o m  3. 50 to 1. 88 , wh il i ’  c r o s s - s e c t i o n a l  t o t a l  ra t e- in  the

v e ’a r s  1020 104 5 d ropped  t’ron-r 1 . 2 3 to 1. 70 ar - id r o s e  a g a i n  to 2 .  6 3 . I

C o m p a ri s o n  of t i -ne  c o h o r t  and c r o s s -s e c t i o n a l  s e q u e n c e s  of f u l l

l e v e l — c o n n i p e n s a t e d  d i s t r i b u t i o n s  of f u n i c t i o m i i m n g  a c t i v i t y  s t a t e s  ( a s  f o r  the

6 $ -y e a r  m a r i t a l  and ov e r a l l  f e r t i l i t y  seque it c e ’ s . p a g e s  47 to  51 above)

i s  r e s e r v e d  fo r  a l a t e r  d i s c u s s i o n  of t h e  p a r a m e te r s  r e s u l t i n g  f r o m  f i n e -

t u n i n g  the  f i t s .

G 3 . Cohor t  v s .  c r o s s - s e c t i o m n a l  e v i d e n ce  f o r  d a t a  p o i n t s  of l e s s e r

a c c u r a c y

A m a j o r  b e n e f i t  of FUR a n a l y s i s  of f e r t i l i t y  d i s h  r i b e i t i o n s  was  ex p e ct e d

to he t i n e  c a p a c i t y  to e x t r a c t  the  u n d e m l y imig  r e g u l a r i t i e s  w h i l e  r e v e a l i n g  tb - i c

p o i n t s  o r  pc - r i n d s  of  d e p a r t u r e  iron -i  t in e  t r c - n d  or  t he- u s u a l  p a t t e r n .  \Ve

have-  c o n c e n t r a t e d  i n  p r e c e d i ng  s e c t i o n s  on t h e  r e g u l a r i t i e s  and t h e i r

f u r t h e r  c l i s s e c t i o r ’i , in  o rde ’ r to  l e a r n  m o r e  abou t  the  d y n i a n i i c s  of c h a n g e

o v e r  t h e  t i m n i c  s e q n n e n c e s .  I l e ’r e  \\~~‘ ope n t h e  q u e s t i o n  of t h e  li a r - i d l i n g  of

d a t a  c - i f  l es  scr  a c c u r a cy .

Some e r r o r s , p a r t i c u l a r l y  in the  p o p u l a t i o n  d at a  b e f o r e  about  1840 ,

are-  t houg ht to e x i st  i n  the  y e a r l y  d a t a  f r o m - i n  (‘.r u n d d  r a g e n  used  to c al c u l a t e

the  l i re ’ - 18 7 5  a g e - sp e c i f i c  f e r t i l i t y d i s t r i b u t i o n s .  ~~~ ‘ (Ti - i c  p o s s i b i l i t y  of

othe r c o n i n n on type - s of error — — a m i s s  i o n s  of b i r t h s , n n i  sp l a c e nn e  n -it of

b i r t h s  i n  t i m e , n n i s p h a c e m i i c n t  of wo men  by a g e - — m u s t  a l s o  he c o n si d e r e d .  1

• ‘ F r o m  t u e  1- 1{R a n a l y s i s  - w h a t  g e n e r a l  e v i d e n c e  of such  e r r o r s  i s  t h e r e ?

The  FU R  -de ’  m i v c d  t i m e  p a r a n n e t e  m f o r  N I  S an - id N 2 0  d(i not e x h i b i t

1~ - — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •V —p.
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much  y e a r -t o - y e a r  i r r e g u l a r i t y  ( F i g.  1 4 ) .  The onl y s i n g u l a r  d e p a rt u r e s

V a r e  in $. f o r  1783  and 1 792.  ( F i g .  S shows these two ~‘ears to he a be r r a n t

F in the r e s i d u al s  a l so .  In  c o nt r a s t , the t o t a l  r a t e  of f e r t i l i t y  f l u c t u a t e s

r a the r w i d e l y f ront  y e a r  to y e ar  b e f o r e  1870.  It  a p p e a r s  tha t  the  age

d i s t r i b u t i o n  of b i r th s  in c r o s s - s e ct i o n  may be f a i r l y a c c u r a t e ly r e p r e s en t e d

by the  r e co r d e d  da ta , eve n thoug h the  l e v e l  of f e r t i l i t y  mn a y  be v a r i o u s l y

inn error for the early years .

C o h o r t  h i s t o r i e s  c o n s t r u ct e d  f r o m  the  c r o s s - se c t i o n a l  a g e - s p e c i f i c

ra te - s w o u l d  r e f l e c t  any y e a r -  s p e c i f i c  e r ro r s  in  l eve l  in t w o  w a y s :

Ti-ic l e s s  a c c u r a t e-  r a t e s  fo r  one y e a r  w’ould be d i s s em i n a t e d

a c r o s s  s even  c o ho r t s  at one f i v e -y e a r  age g r o u p  in each  c o h o r t .

T h u s  the age  d i s t r i b u t i o n  at  b i r t h - i s  in  e a c h - i  of the  c o h o r t s  would

be d i s t o r t e d  in  a different w ay .

- The cohort total rate- , t h e  sum of t ine in i o r e  o r  l e s s  a c c u r a t e

a g e- s p e c i f i c  r a t e s  a cr o s s  ti -ne s e v e n  age g ro u p s  f o r  a c o h o r t .

wou ld s e r v e  to av e r a g e -  o u t  e r r o r s  in c r o s s — s e c t i o n a l  t o t a l  r a t e .

C o h o r t  t o t a l  r at e  s h o u l d  t h u s  fo l low-  a sm oothe r c o u r s e  t h a n

does  cross-secti onal total r a t e .

The p i c t u re  g i v e n  by the  FUR c o h o rt  a n a l y s i s  i s  c o n s i s t e n t  w i t h  such  a

di  s s e n i i nat  i o n n  of c r o s s —  s e c t i o n a l  e r r or .  In con j u m n c t  ion w i t h  the  f i v e — y e a r

l agged  p a t t e r n  in t he  r e s i d u a l s  (F i g .  (-i
V
( j u mp i n e s s  is  e - v i d e n t  i n  b oth - i  a .

and ~~~. at about  f i v e - y e a r  i n t e rv a l s  ove r the  e a r l y p o r t i o n - i  of  the  Ci  ~ arid

• C20 histor ies (Fig. 1 5) .  At ti’ne s a m - i n c  t i mmie ’  c o ho r t  t o t a l  r a t e  i s  n -nuch l e s s

i r r e g u l a r  t h a n - i  c r o s s - s e c t i o n a l  t o t a l  r a t e .

- - ~~~~~~~~ ~~~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~-
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I ’hn o u t c o m e  don ’ s not , a t c o u i r S e ’ , p r o v e  e’ r ro r , s i n c e  ci  r c u r n s t a n ce  5

~ h i c h  a c t u a l  lv  a l t  t ’ re- d Ic rt i i  i t  ~
- r i t e ’  s in  a pe r iod i  would  h a v e  a s i m n i l a r

i m p a c t  a r c  a g g r eg a t e  d a t a .  I t  v o l i t i o n  i s  s i g n i f i c a n t  ini  d e t e r m i n i n g  w h e n

a o t e n n t i a l  a c t i v i t y  s t a t e - s l r e ’  u n i c t i o i i i r i g ,  c o h o r t — t o — c o h o r t  v a r i a t i o n  in t b -ne

t i n n i n g  a t  b i r t h s  ~ e r  t h e ’ r e - p r o d u c t i v e  sp a n  wou ld  l ead  to i r r e g u l a r i t y  i n

c r c ~~s — ~~ - c t i o n c l  t o t a l  r a I n -  c - \ e n  w }i e ’n  d i f f e - r e ’nc e s  b e t we e n  cohor t s in  a v e r a g e

v n n i l c e - r  c i t  b i m t h s  p e r  w o r i n a n  i s  sr n a i l .  The l a g g e d  P a t t e r n - i  seen e a r l i e r

m i  t }ic ~ c o ho r t  re s i d u a l s  (Fi g. 6 )  m i n a y ,  t h e n , have-  d i f f e r e n t  c a u s e s1 or  a corn —

h r n c t t o n i  a r  c I c n s t ’ s . i n  d i f r e ’ r e ’n t  p o r t i o n s of t h i s  t i n - i - i c  h i s t o ry .  One a p p r o a c h ,

in  t h i s  i n s t cmic e ’  , r n i a v  lu ’ to  w o r k  b a c k w a r d s — —  r e c o n s t  m u c t i n g  c r o s s —  s e ’c t i o n a l

ra te ’ s f r o m  c o h o r t  r a t e s  a f t e r  f i n e — t u n i n g  the  FU R  c o h o r t  f i t s .  B road  u n d e r -

s t a n d i n g  of c - m t  i l i t v  d a t a  arid k n o w l e d ge a t  the p o p u l a t i o n i s s o c i a l  h i i s t o r y

can - i  be i m p o r t  an t  a i d s  in cxp lcn r i n g  ch oice- s in such  a pr oce-  s s -

11. C o n c l u s i o n s

!:m i n p i r i c  i l  b i g h t -  r r a n k  I F F I R  1 a n a ly s i s  pm o\ ’es  to  be a p o w e r f u l  m e a n s

of c ’ x t r a c t i n c  t h e  p a t t e r n s  w h i c h  u n i t y  a long  and v a r i e d  t i n n e  s e r i e s  of

a g e ’ — s n e r f i c  l e r t i l i t \ ’  s c h e ’ d u i l a - s .  A n a l y s e s  of d a t a  i r  s i n g l e — y e a r  t m n i e

s e qu i e ’n c ’-  d e m o n s t r a t e -  t i - n a t  dl y n a f l u i C S  of  c i n a n g e  as  w e l l  as v a r i e t y  of

n - c I t e  r n  can  he c a p t u r e d  in the ’ f i t t e - d d e s c r i p t i o n s .

13y e m p h a s i z i n g  t he  c e n t r a l i t y  of e x a m i n a t i o n  of r e s i d ua l s  in  a c h i e v i n g

o u t  ~n n a l  f i t s  amid  i n  i n t e r p r e t a t i o n  of t he  f i t t e d  d e s c r i p t i o n s , the  r o b u s t  /

r e s i s t a n t  and d a t a - g u i d e d  a n a l y s e s  r e p o r t e d  h e r e

• p r o v i d e  u n u s u a l l y c lose  f i t t e d  d e s c r i p t i o n s  of the  d i v e r s e  age

d i s t r i b u t i o n s  of o v e r a l l  anti m a r i t a l  f e r t i l i t y  in  bo th  c r o s s - s e c t i o n a l

V —— ____ ___ ~~ ~_ •_  • .~~,_ . .a.rn*
p .

Vi 
- -- — V - --—---.--—---—---- ’-- -- -- —-—-- V.

-

~~__4_ ~ 
-- L...~ .-~~ . — ~-.—- -- — ———~ — __  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— —-



V V~~~~~~~~~~ V V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V V~~~~~~~~~~~~~~~~~~VVV __

66

and cohort  p e r s p e c t i v e s ;

- t a k e  son-ne m a j o r  s teps  in r e d u c i n g  the  v a r i a b i l i t y  in the  f e r t i l i t y

da t a  to a conc i se  and c o h e r e n t  d e m o g r a phic p i c t u r e  w h i c h  d i f f e r s

in - i  i m p o r t a n t  ways  f r o m  the d e s c r i p t i o n s  o the r a g g r e g a t e  f e r t i l i t y

models  have p rov ided , whi le  h a v i n g  son-ne si g n i f i c a n t  r e l a t i o n s  to

o t h e r  m o d e l s ;

- su g g e s t  ways  of r e f i n i n g  s t i l l  f u r t h e r  the  f i t t e d  d e s c r i p t i o n s  to

p r o v i d e  a d d i t i o n a l  i n s i ght  in to  ti -ne u n d e r l y i n g  s t r u c t u r e  of aggre-

ga te  f e r t i l i t y  d i s t r i b u t i o n s , and w a y s  of i d e n t i f y ing  and d e a l i n g

w i t h  e r r o r - r i d d e n  d a t a .

D e m o g r a ph i c a l l y g u i d e d  choice  of a s t a n d a r d  f o r m  in  wh ich  to use  the

f i t t e d  d e s c r i p t i o n s  so f a r  deve’loped lead s to s e p a r a t i o n  of t he  f e r t i l i t y

d i s t r i b u t i o n s  in each t in - ic  s e q u e n c e  (o v e r a l l  or m a r i t a l (  in - i to  t h r e e  com-

p o n e n t s :

- a n e a r l y - f i x e d  p a t t e r n  of c u n n u l a t i o n  of b i r t h s  w i t h  age , on w h i c h

a re  in-i i poscd the  m aj o r  v a r i a t i o n s  in  the d i s t r i b u t i o n , d u e  to

c h a n g e  in level of f e r t i l i t y  or to the  t i m i n g  of b i r t h s ;

• a c o m p o n e n t  which c o m p r i s e s  the a s s o c i a t i o n - i  of c h a n g e  i n  the  leve l

of f e r t i l i t y  w i th  c h a n g e  in i t s  age d i s t r i b u t i o n ;

- a componen t  which e n c o m p a s s e s  e f f e c t s  of  t h e  t i n n i n g  of b i r t h s ,

a p a r t  f r o m  level , on the  age d i s t r i b u t i o n  of f e r t i l i t y .

Th i s  s e p a r a t i o n  p roves  to be an e f f e c t i v e  one i n  e f f o r t s  to d i s c e r n  in  the

a g g r e g a t e  the r e l a t i v e  c o n t r i b u t i o n s  of the  a g e - sp e - c i f i c  p r o p o r t i o n s  of

women cohabiting and the age patterns of childbearing of c o h a b i t i n g  women .

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
..

~~~~
... 

~~~~—--.—~~~~~ -.



V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - V -- -- - -—-----

67

\\- c’ p r e s e n t  h e r e  not a ‘ f i n i s h e d ’ mode l  but  i n f o r m a t i v e  and p r o v o c a -  V

t iv e  s t eps  in t he  c o n t i n u i n g  se a r c h  f o r  u s e f u l  and m o r e  r e f i n e d  way s of

l o o k i n g  at the  f u l l  d i v e r s it y  of f e r t i l i t y  p a t t e r n s  in c h a n g ing soc ia l  m i l i e u x.

The succes s  in  deve lo p ing  a sound d e s c r i ptio n of a long and v a r i e d  f e r t i l i t y

h i s t o r y  e n c o u r a g e s  a fu l l  exp l o r a t o r y  a n a l y s i s  w i t h  e x t e n s i o n  of t in s

E H R - b a s e d  work  to c r o ss - p o p u l a t i o n  c o m p a r i s o n s  of f e r t i l i t y  d i s t r i b u t i o n s .

p .—~
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FOOT NOTES

The work on which  th i s  paper is based was  begun  at the  O f f i c e  of Pop-

u l a t i on  R e s e a r c h  and cont inued  in the D e p ar t m e n t  of S t a t i s t i cs  at

P r i n c e t o n  U n i v e r s i t y .  I r e c e i v e d  u s e f ul  c r i t i c i s m s  f r o m  A n s l e y  3.

Coale , N o r m a n  B. R y der . and B a r b a r a  A .  A n d e r s o n  at v a r i o u s  s t a g e s

of the work , and Donald R .  Mc N e i l  g a v e  g en e r o u s l y  of t e c h n ic a l  a d v i c e

dur~ n n ~ the ea r l y s t ages  of the anal y s i s .  I am p a r t i c u l a r ly indeb ted  to

John W. Tukey  fo r  h i s  a dv i c e  and s u s t a i ne d  i n t e r e s t .

1.  Some no tab le  examp les a r e  found  in  the “ B r a s s  me thods ’ ( b roug ht

t o g e t h e r  in B r as s , W • ,  1075 . Methods  for  E s t i m a t i n g  F e r t i l i t y  and

Mor t a l i t y  f r o m  Limi ted  and D e f e c t i v e  Data , A n  O c c a s i on a l  Pub l ic  a t i on ,

a Chapel  Hil l :  U n i v e r s i t y  of N o r t h  C ar o l i n a . I n t e r n a t i o n al  P r o g r a m  of

L a b o r a t o ri e s  fo r  Po p u l a t i o n  S t a t i s t i c s) ;  and in the Coale i n d i c e s

(Coale , A . 3. , 1967 , “ F a c t o r s  a s s o c i a t e d  wi th  the d e v e l o p m e nt  of low

f e r t i l i t y : an h i st o r i c  sum’-r lary , ’ in  New Y o r k :  Un i t e d  N a t i o n s ,

Wor ld  P o p ul a t i o n  C o nf e r e n c e , 2 , P P . 2 0 5 - 2 0 9 1  s u b s e q u e nt l y used  in

a s e r i e s  of m o n o g r a phs on tb -ne d e c l i n e  of f e r t i l i t y  in Eu rope  (C o a le ,

A .  J .,  A n d e r s o n , B. A . , and H a r m , E .  ; Knode l , J . E . ;  L e s t h a e g he , R .

L i v i - B a c ci , M. ; Van de Walle , E., Princeton: Princeton University

P r e s s ;  F o r r e st , J.  D . .  P h . D .  d i s s e rt a t i o n , P r i n c e t o n U n i v e r s i t y  1

2 .  A n  e x a m p le of p r o d u ct i v e  r e a p p r a i s a l  of a d m i t t e d l y f law-ed d a t a , u s i n g  V

n ew  t e c h n i q u e s , is  found  in B a r c l a y , G. W . ,  C o a l e .  A .  J., Stoto , M A.,

and Trussell , T. 3., l’176 , ‘A reassessment of the demography of
t r a d i t i o n a l  r u r al  C h i n a , ” P o p u l a t i o n  Index , 42 , pp .  6 0 6 - 6 3 5 .

3. See Key f i t z , N. , 1°77 , I n t r o d u c t i o n  to tb -ne M a th i em n at i s of P o p u l a t i o n .
w - i th  r e v i s i o n s , R e a d i n g ,  M a s s .  : A d d i s o n i — W - s l e y .  pp -  140- 16° . and

B r a s s . W. , 1 7 4 , !V P e r s p e c t i v e s  in p o p u l a t i on  p r e d i c t i o n :  I l l u s t r a t e d

by the  st a t i s t i c s  of Eng land and Wales .” Jour .  R o y a l  S t a t i s t .  Soc. A

137 , pp.  5 3 2- 5 8 3 , fo r  d i s c u s s i on s  of the  most  w i d e l y s tudied  f u n c t i o n s

and the  ext en t  to w h i c h  t hey  f a l l  shor t  of d e s cr i b i n g  a r a n g e  of f e r t i l i t y

d i s t r i b u t i o n s  a c cu r a t e l y .

4 .  Coale , A .  3. , 107 1 , “Age ’  p a t t e r n  of m a r r i a g e , ” P op u l a t i o n  S t u d i e s

2~~, pp .  19 3 - 2 14 .

- Coale . A .  3. and M cN e i l , D . R . ,  1972 , “The  d i s t r i b u t i o n  by age of the

f r e q u e n c y  of f i r s t  m a r r i a g e  in - i  a f e m a l e  c oh o r t , ” J. A m e r .  Stat.

A s s o c .  67 , p p . 7 4 3 - ’ 4 0 .

Coale . A .  J .  and Tr u s s e l l , T .  3. . l~~74 , ‘ Model  f e r t i l i t y  s c h ed u l e s :

v a r i a t i o n s  in the age st r u c t u r e  of c h i l d be a r i n g  i n  h u m a n  p o p u l a t i o n i s ,“

P o p u l a t i on  I n d e x  40 , pp.  1 8 5 - 2 5 8 .
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Since  a g iven  p o p u l a t i o n  may d e p a r t , to a g r e a t e r  or l e s s e r  d e g r e e ,
f r o m  the a s s u m p t i o n s  anti  ex t e r n a l  s t a nd a r d s  on  w h i c h  the  model
s c h e d u l e s  a re  based , t he  model  i) ar amet (’r s may n - not , of c o u r s e ,
r e t a i n  P r e c i s e  d e m o g r a phic  m e a n i n g  in  f i t t i n g  a c t u a l  f e r t i l i t y  sched-
u l e s .  Coale  and T ru s  s e - i l  r e p o r t  t h a t  the  d i s c r e p a n c y  is e s p e c i a l l y
p r o n o u n c e d  when m ar r i a g e  or c h i l d b e a r i n g  p a t t e r n s  a r e  c h a n g ing
( b c.  c i t .  in f o o t n o t e  4 , p. 193 ) .

6.  M c N e il , D . R . , and T u k e y ,  J . W . , 1075 , V V I ~~i g i-n(~ r _ ( ~- i r d i e r  d i a g n o s i s  of
t w o — w a y  tab le- s . i l l u s t r a t e d  on - i  two s e t s  of d e m o g r a phic  emp i r i c a l
d i s t r i b u t i o n s , ’ B i o m e t r i c s  31 . p p . 4 8 — S l O .

7 .  T uk e v . J. W . . 1177 , Exp l o r a t o r y  D a t a  A n a l y s i s ,  R e a d i n g ,  M a s s .
- \ d d i  son -  W e sh - v  -

See \ I o st e l l er , F . . and Tuke’ v . J.  \ V . .  1977 , Da ta  A n a l y s i s  and
R e g r e s s i o n , R e a d i n g ,  M a s s .  : A d d i s on - W e s l e y ,  p a r t i c u l a r l y

pP~ 
3~’ 1 — i 55 , f o r  d i s c u s s i o n  of t h e  d e - s i r ab h ’  p r o p e r t i e s  of the  h i —

wei g h t  in suc h - i  p r o c e d u r e s .

Sing h- _ y e - a r s c b u ’d u l e s  w e r e ’ p r e - f e r r e d  because ’  of t h e  b e l i e f  t ha t  the
v a r i a b i l i t y  in  d a t a  a t  t h i s  lev e l  of d e t a i l  c o n t a i n s  u s e f u l  d e m o g r a phic
i n f o rm a t  i o n  r i o t  c a p t u r e d  in - i  t e n — y e - a r  o r  f i v e  — y e a r  a v e r a g e s  even
whien  sv 51 en I a t  ic Jo iii: — te ’ r rn  c b i a n g e -  s o v e r  t i m e a r e  g r a d u a l .

1( 1 . For  a c o n c i s e  d e s c r i p t i o n  of t he  s o u r c e s  of S w e d i s h  p o p u l a t i o n
s t a t i s t i c s  f r o m  the  e ’a r l i e s t  t i m es , am-id f o r  a d i s c u s s i o n  of the  q u a l i ty  V

of t int -  d a t a  and i  the ’  a c l j u s l m n e - m i t s  t h a t  have  been  mnade to e a r l y da t a , V

se e -  1-l o t  ste - n , F . ant i  Lai d st r o n i  , H. . 1076 Sw e d i s h  P o p u l a t i o n
H i s t o r y .  Stoc - h o l mn : N a t i o n a l  C e - m i t r a l  B u r e a u  of S t a t i s t i c s .

1 1 .  A l t h o c i c h  1814 w a s  t h e  l a s t  v e ’ar  in - i  w h i c h  Swe ’t i en  was  a c t i v e l y e n g a g e d
i n  a \var  . s u b s e - q u n t - n t  c o m i f l i c t s  h av e  a f f e c t e - d  tFic c o u n t r y  to a g r e a t e r
o r l e ’ s s - r  c l e ’ g r e . e - . ( F o r  e \ amp le . t h e  p o s s i b l e  e f f e c t s  of W o r l d  War  II
on S w e ’c i i s h  f e r t i l i t y  a r e  -o n s i d e r e d  i n  H y r e n i u s  , H., 1 046 , ‘‘Th e

r - l - t t  ion - i  b c - t w  c - e n  b i r t h  r a t e - s amid e cono  m i  c a c t i v i t y  in  SwVe .d en 102 0_

l’~44 , - ‘  I t u l  le ’t i  n of t i - i c  O x f o r d  Un iv e’  r s i ty  I n s t  i t ot e  of S t a t i st i c s  8,
p p .  1 1 - 2 1 .

12 .  T I n e  ‘ x t e ’ m n s i v e ’  r e c o r d s  of e c o n o m i c  and s o c i a l  v a r i a b l e s  a l so  encour -
a g i -  l a t e r  t e - s t s  of the  v a l u e  of a d e r i v e - c l  f e ’ r t i l i t y  m o d e l ’ s p a r a m e t e r s
i n  s u b s t a n t i v e  r e s e a r c h  on - i  e c o n o m ic and s o c i a l  c h a n g e .

‘- w  c i t  n-i l~~78 G r un d t i r a ~~~aI~~~v c r i ~~e ‘, B (  f o l k n m n ~~s- ’, t a t ’ s t n k  fo r  a r e r n

• J 7 4 ~~- i~~7~~, S t o c k h o l m :  N a t i o m i a l  C e n t r a l  B u r e a u  of S t a t i s t i c s .

~, w c - d e ’ n , 1 5 7 5 _ l a I n , Sve ’r i ~~es O f f i c i e h l a S t a t i s t i k : U e - f o l k n i n ~~s-
S t a t i s t  ii— ,  Stockholm: N a t  j c i m i a l  Ce ’m t r a l  B u r e a u  of S t a t i s t i c s .

V V - - —— . -.~~~~~~~~ ‘ --. .. V .- , ’..
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Sweden , 1911-1959 , Sveri ges  O f f i c i e l l a  S t a t i s t i k :  B e f o l k n i n g s r o r e l s e n,
Stockholm:  Na t ional  C e n t r a l  B u r e a u  of S t a t i s t i c s .

Data fo r  s ing le y e a r s  t h roug h 157 5 , as a d j u s t e d  fo r  obvious
o m i s s i o n s  and p u b l i s h e d  b y the B u r e a u  in the  s ing le a p p e n d i x
G r u n d d r a g e n , were p r e f e - r r e d  to S u n d b a r g  ‘ 5 l a t e r  more  e x t e n s i v e - l y
r e v i s e d  fi g u r e s  by f i v e - -y e a r  p e r i o d s  up to  1860. Even  w i t h  some
e r r o r s , a l a r g e r  n u m b e r  of dat a p o i n t s  have  a d v a n t a g e s  o v e r  aggre-
ga ted  da ta  for  the exp l o r a t o r y  type  of a n a ly s i s  p roposed  h e r e .

The m a r i t a l  f e r t i l i t y  h i s t o r y  c o v e r s  t h a t  p o r t i o n - i  of the o v e r a l l
f e r t i l i t y  h i s t o r y  fo r  w h i c h  r e c o r d e d  da ta  a l low c a l c u l a t i o n  of y e a r l y
age-  s p e c i f i c  n n a r i t a l  f e r t i l i t y  r a t e s .  I3efor e ’  l S°2 , d e c e n n i a l  r e p o r t s

of popu la t ion  by age an -nd m a r i t a l  s t a t u s  combined  a r e  a v a i l a b l e ,
beg i n n i n g  wi th  the c e n s u s  of 1870. R e p o r t i n g  of  c o n f i n i e n n e n t s by age
of nn othe ’ r and leg i t i m a c y  of b i r t h  c omb i n e d  b e g a n  in 1868.

The s e r i e s  was s topped  at J O S O  b e c a u s e  of the ’ w i s h  to inc lud e as
f u l l  a v a r i e t y  of age pat te ’rmi s of c h i l d b e a r in g as  would be c o n s i s t e n t
w i t h  r e - la ted  ana l y s i s  of av e - r a i l  an-id m a r i t a l  f e r t i l i t y ,  but  to s top
shor t  of t he  r e c e n t  in c r e a s e d  d i s s o c i a t i o n  of ch i i l d b e a r i : i g  f r o m
m a r r i a g e .  T h e r e  wi l l  be’ va lue  now in - i e ’x t e n c l i n ig tb -ne  se- n e- s to  see
how new c o h a b i t a t i o n  am ci m n a r r i a g e  p a t t e r n s a r e  i n f l u e n c i n g  t h e  age-
d i s t r i b u t i o n s  of overa l l  and m a r i t a l  f e r t i l i t y  as seen t h r o u g h EHR
p a r a m e t e r s .

14. Socia l  and p o l i t i c a l  f a c t o r s  c o n t r i b u t i n g  to  ei g b - i t e e - m - i th i  and ear] nine-

t e e n t h  c e n t u r y  m a r r i a g e  p a t t e r n s  a r e  d i s c u s s ed  in - i U t t e r s t r o m ,  C. ,
1962 , ‘‘Labour po l icy  and p op u l a t i o n  t i ioug ht in ei g h t e e n t b i  c e n t u ry
Sweden , S c a n d i n a v i a n i  E c o n i om i c  H i s t o r y  R e v i e w  10 , pp.  2 6 2 _ 2 7 1 .
A v i e w  of Swedish  m a r r i a g e  c h an g e s  in  t e r m n s  of p r o p o r t i o n  of y e a r s
b e t w e e n  ages  ~~ amid S I )  l i v e ’d  in the m a r r i e d  s ta te ’  by a b i r t h  coho r t
of  ~v on n e n  , 17 ~‘ 1 ~ 1d 1 01  , w i l l  he ’ f o u n d  in R y d e r  , N - B. , 

- ‘flie i n f l u e n c e
of d e c l i n i n g  m o rt a l i t y  on -n S w e d i sh  r e - p r o d u c t i v i t y  , ‘ ‘  C u r r e n t  R e s e a r c h
in H u m a n  F e r t i l i t y ,  P r o c e e d i n g s  of  a r o u n d  t a b l e  at tint ’ l0~~-1 a n n u a l
c o n f e ’r e n c e , M i l b a n k  M e - n - rio r i a l  Fund , pp .  6 5 - 5 1  . Am - i a na l y s i s  of
s i n g le- - y e - a r  m a r r i a g e  c-nit my p a t t e r n s  of p o s t - 1 8 5 0  b i r t h  c o h o r t s  w i l l
he ’ fou n d  in E w ban k . D.  C. , 1 17 - 4 . A n  E x a m i n a t i o n  of Sev p r a l  App l ica-
t i o n s  of the S t a n d a r d  P a t t e r n  of A ge at F i r s t  M a r r i a g e .  Ph.  1” . d is-
s e - r t a t i o n  , P r i n c e - t o n  U n i v e r s i t ~ -

15 . For a s u m m a r y  of g o v e r n m e n t  e f f o r t s , b e g i n n i n g  in - i  19 ~7 , t o  e n c o u r a g e
n i a r r i a g e  in somne ’ s e g m n e ’n t s  of t he  p o p u l a t i o n , see G l a s s , I ) .  V . , 1 1( 7 ,
P o p u l a t i o n  P o l i c i e ’ s  anti  Movemen t s. London -n : C a s s , pp.  ~2 -  I U -

16. Page has  e ’xamined the- e f f e - c t  of m a r r i a g e  d u r a t i o n - i , i n d e p en d e n t  of
age ’ , on t h e  c h i l d be a r i n g  p a t t e r n  in - i Sweden  s i n c e ’  1~ 1 1 - ( P a g e . H .  .1.
1977 , ‘ ‘P a t t e r n - i s u n d e r l y i n g  f e r t i l i t y  s c h e d u l e ’s :  A c ] t ’ c - o m r i p o s i t i o m n  by
both age and m a r r i a g e  d u r a t i o n , ’’ P opu l a t i o n  S t u d i e s  ~l , pp . s c _ l 1 ( , . I

p I
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1 7. m i  ead ’h y e a r  f r o m  l Q i  1 , when r e - c o r d i m i g of b i r t h s by d u r a t i o n  of
r n a r r i a g e b e g a n , u n t i l  1059,  t h e  f i n a l  y e a r  of the -~ f~~~~j~ j ( y  s e q u e n c e s
a n a l v z e ’d  in i  t i’ne p re ’se ’n t  r e p o r t , a p p r o x i n r i a t e l y 7 — 5 5 ” - of a l l  leg i t —
i nn a t e  b i r t h s  to \ vo mne mi  aged 15 — 1 9  amid a p p r o x i m a te l y 3 4 — 4  5°~- of all
l e g i t i n n a t e  h i  r t h - is to w o n n e n i  aged  2 0 — 2 4  a re  r e p o r t  c-cl t o  have  be ’en
p r e n n a r i t a l l v  con ce ’iv e ’d .  See H o f s t e n  arid L u n c i s t r o m n , op .  c i t .  in
f o o t n o t e  10 , pp .  2 6 - 2 0 , as wel l  as Sver i g e - s O f f i c i e l l a  S t a t i s t i k :
Befo  lk n i n i g  s n o r e]  sen .  10 1 — P1 5 V) 

-

1 5.  H e n i r y , I~ . . 1) 6 1  - Some d ata on - i  n a t u r a l  f e ’ r t i l i t v , ‘ ‘ E u g e ’m n i c s  Q u a r t e r ly

5 . pp.

1~ 1 . b e - g i n n i n g  in - i  1 155 , l i v e  b i r t h s

20 . Da ta  by s i n g le y e a r  of age  of  n - i i o the ’ r a r e  a v a i l a b l e ’  a f t e r  l S Q O , bu t
w i l l  nio t be c o n i s i d e r e - d  i r  tb - re  p r e s e n t  a n a l y s i s  s i n - i c e  ou r  i n t e re s t  h e r e
i s  in - i  d e ’m n o n s t r a t i n g  how m u c h  c a n  be - l e ’a r n i e d  f r o r n  m o r e -  w- ide lv
a v a i l ab l e -  f i v e — y e a r  age  g r o u p  d a t a  by tb - r i S ex p l o r a t o r y  a p p r o a c h .
C o n s i de r a b l e  re -a l  i r r e c u l a r i t \ ’  is . 01 cou r s e . a i ’ e -r ag e -d  out  i n  the use -
of  t h e s e ’  f i v e — v t - a r  ag e  gr o u p s  . Si g r i i f i c a m n t c h a n g e ’  f o r  e x a m p le , in - i
n i a rr i a c e  n a t t e r n s  nnav a l s o  o c c u r  w i t h i n  su c-h ar - i a g e  g r o u p .

2 1 .  T h e se  are -  n o t , of  c o u r s d - . t r u e ’  c o h o r t s , but  o v e - r l a p p i n g  a p p r o x i r n a —
V t i o n i s  -~~l on t b - r e -  b i a s .

2 2 .  The s u n n  of a g e —  s p e c i f i c  r a t e s  t o m  t h e  f i v e - — y e - a r  a i e  g r o u p s . f~ a)

e ’X p r e  ss e- d in - i  the ’ r a t e  f or  w - o mn en i  at a g e  cu t  4 1/  ~0 , w i l l  be re  i~- r re d
t o a s  ‘ t o t a l  r a t e . ’ N i u l l i n l i c a t i o n  of t h i s  r a t e ’  by f i v e -  g i v e - s . f o r  e a c h
c o h o r t , t h e ’  m e ’an  c o n m i p h - t ec i  f e - r t i l i l  p e r  w om a n , a n d  g i v e - s  ion each

V . c r o s s  — s c - c t i o m i a l  s c h e d t m l e  t h e  c o n v e n t i o n a l  ( -x p r e - s s ion - i  a t  TFR  . or

m e a n  n i u n i b ’ r  01 ch i l d r e ’n i  p e r  wo m i t a m l  ov e r t b - i t -  c h i l d b e a r i n c  y e a r s  of
a sv n t h i e ’t i c  c o h o r t .

2 3 . T h ’  p a r a m n e ’l - r s  f o r  N N 1 ~ amid  N N 2 ) )  a n  be e ’x p e c t e d  to d i f f e r  s l i g h t l y
t r o r n - n t h o s e ’  f o r  Xl  ~ and  X2 0 bee a n i s e -  the ’  to  rn -i (- r a rc  d - v e loped by
f i t t i n g  t h i e  V e - r t i l i t v  e xp e r i e ~~nce  of  t h e ’  l a s t  65 v - a m s  a l o n e . d i vor c e 0
f r o m - n - i  t h e  e - x i ) e - r i c - m l c - e ’  o l  the ’  ‘p r e ’ce ’d in g  1 1 7  t e a r s .  The t i m e  r ’ m’am —
e t e ’r s  a .  amid b r  t h e  X X I  and N X 2 ( )  h i s t o r i c - s  I r e  se - c -n  b e l o w -  t o

t o i l ow t h e  s a m e p a t t e r n s  of  v a r i a t i on  as t i - r o s e - of t h e ’  Xi~ and X2
h i s t o r b - s . howev e ’r , and  to d i f f e r  m a i n l y  i n - i  le ’v - l ( s e t -  i a ~~ ’~ 57 amid

F ’ i t t i n u . ~ ~iie’ s h o r t e r  se qu e n i c e  a l o n e  d o e - s  c o n t r i b u t e  t o  t i n e —
t ’ i m - i i n g  o t  the  f i t  or  tb - r a t  p o r t i o n  of t h e  l o n g n - r  s~ ( ( - i n c ’ n ce .

2 ) . ll e ’ s m i l t s  of a c o r r e ’ s p o m - i d i r 0 1  a n a l y s i s  on c o h o r t  o~~e - r a J 1  and  m a r i t a l
f e r t i l i t y  se ~~~n e ~n c e s  or t h e  l a s t  35 c o h u r t s , t ho se ’  aged  1~~_ l °  in - i
l~~’1 2 _ l 1 2 ’ ) . \\

V i l l  he r e ’ f e - r r e - d  t o  h i n t  no t  re p or t e d  in - i  d e ’ l a i l  h e ’r c .
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2~~. In  an- i e x t e - n i  ed EHR a n a l y s is , t h e  p o s s i b l e -  v a l u e - c c l  f u r t h e r  t r u n c a t i o n
c a n  be e x p lore-cl .

2 6 .  Mc N c - i l  ami d T u key  . b c  - c i t .  in - i  f o ot  n - n o t e ’ 6

2 7 .  Com p a r i s o n  of r e s u l t s  f o r  tb - i c- \ ‘ a r i ou s  c o n i l ) i n i a t i o n i s a re  i n c l u d e d  in
B r e - c ke n r i d ge . M. B. , 1 176 . Tu ne S e r i e s  M o d e l  of A g e - S p e c i f i c
F e r t i l i t y :  A n  .-\ pp l i c a t i o n  c - i f  Fxp l o r a t o r ~’ D a t a  A n a l y s i s .  P1 .  D.  d i s —
se rt i t i o m i , P r i m - i c e - t o n  ‘ n i v c r s i t v .

2 8 .  Ti-ic i t e  i v e -  f i t t i n g  p r occ ’du  r e s  ant I  d i s p lay  ~ rog r a m s i m~~le m e n it  ed
by NI - i - N c - i l  in  A l ’  I~ f o r  u s e  w i t  hi l a r g e  d a t a  se ’t s and  an in - i t en a c t  i t t -
c o m p d n t e r  a rt ’  b r o u g ht t - r g ’t h e r  ft Vie N e i l , D.  R . , 1077 . I n t e r a c t i v e
l ) a t a  A n a l ~’s i s  , Ne ’w Y o r k :  W i l e y .

2 1 . F .  J - Or a v  ( 1 1 7 7 )  , A n  E x n , a n c l c ’ d  Ex p l o r a t o r y  D a t a  A n a l y s i s  Stud y
of  A g e — S p e c i f i c  F c - r t i l i t y , S e n i or  t h e ’ s i s . P r i n c e t o n i  U n i v e r s i t y )  bias
s i n c e  b e - s I c - c l  a v a r i e t y  of f i v e  — and  s i x — p a r a m n e ’ l  e ’r  m o d e l s  am - id one
e- ig ht — p a r  ar r i e0  em mode l  on t h e  X I S  se ’C]uc n e t ’ , U Sj  ng  t h e  fold cci s q u a r e
roo t  r e — e x n ) r e - s s i o n i  ant i  v a r i o u s  \ k e i g i l t i n l g s .

30 . W h i l e  th u s m m ’ a s - i c r e  i s  l e ’ sS  e V , i - i s i t i V e ,  t o  a 5 V f l  J~ n i u n r iber  of  l a r g e ’
re s i d u a l s  t h a n - i  i s  a s q u a r e d  v a r i a t i o n  c r i t e r i o n  of i t , i t  c - a m - i  s t i l l
) r o c n l c e -  a m n i s l e ’ a c h i n g  i n n n m n ’ s s i o n  of  p oor  f i t  m’ un a v e ry  good o v e r a l l

f i t  w i t h  a f e w  ‘ o u t i i e - r s .  T h i s  c r : t ’ - r i o n  f n t  i s  h - s t  u s e d . t h ’ r e f o r e ,
i n  c , n ~~m n c t i , n  w i t h  d - t a i l ’ci e - x a m n i n a t  i o n  o t  r , ’ s : ’ i ’ na l s  t o  c l e ’ t e r n i n e
t h e -  na t u r e -  of de n o i r t i r e s  r , - i m f l  f i t  . ‘\ r ’ - - - - n u t  d e v e - l o : o - d  r o b u s t
m e a s u r e ’  of v a r i a n c e  of  r - s i c l n i a l s n r o v , - s . in - i  ‘n L . n v  C H I C - x I s , to he-  a
n i o m ’ e u s e fu l n i t - a s - I r e ’  - i f  f i t , ~~ l e s s  O n — t o r ch by o u t l i e r s . ’’ T h i s

d e s c r i b e ’c l  in - i  \ I o s t e l l e - r  ; e f ld  Tu ) . ( - ’ ; . O n ; . n - n t .  i n  f oo t  m o t e  5 ,

pp .  2 0 7 — 2 0 S . b ias  he ’ e - n  u s e d , i n  s l i e ~ I l y  m n e ) d : t  ed a r m , i n  c - x t e m - i —

sj o n s  o f t h e  p r e se n t  ~v o r I ~ I n  s i m : u i I v  c h o i c e -  h - t v - e ’ n  f i t s .

U . T h e -  s i m i l a r i t y  to t h e  l o g i t  w i i i ch  B r a s s  b i a s  ‘i s e d  so r ) r o d l u d - t i v e l\-
w i l l  h e -  n o t e d  -

I f  t h e -  f i t t i n g  had s t a r t e d  i n s t -ad  w i t h  tb - i c  t i m e d i m e n s i o n  of l b - i c ’
m a t r i x , a s i m i l a r , h i n t  p r o b a b l y  n o t  t n r e c i s e ’ l v  e q u i v a l e n t  f i t t e d
t i e - s c  r i n O  i o n  would  ha~’e’ > e - e ’ n g - n e ’ r a t e d .

3 3 . The  g e n e r a l  c a s e  i n c l e V ld e s  v a r i a t i o n  at e ’ i l l - i e r  e n d  cu t  i n  r c - I a t i o m i  to
u } ~~- ‘ e t h e - r ;  h in t  i n n  a f e r t i l i t y  d i s t r i b u t i o n - i  c m m m n u l a t e ’ d to  a g e -  4 5 _ 4 1 ~ t h e
v a r i , n t  i o n  :ct  t h e  l a s t  a g e  c i i )  i s  a l w a y s  sm a l l  u n d e r  u s u a l l y  e n c o n m m i —
I e r e ’cl  ci  r r n n m s l a n c e s  -

p .
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~4 .  .-\ b out  ‘~~
70’c of tb - ic ’ sq u a r -d v a r i a t i o n , o r  about  S6’7 of t he  a b s o l u t e

v a r i a t i o n , is  t a k e n  u p  by t i t t i n g  a s imig le t i m e — i n d e p e n d e n t  c u m u l a t i v e

t h i s )  r i h u t i o n n .

~~ W h i l e  h it ’ r o b u s t  m e a s u r e  of  v a r i a n i c e’ . S , ( s e e  t o o t n o t - 3 0 )  was
hi

not  use - t i  in  th i e  f i t t i n i g  p r o c e s s  i n - i  t b i e  ~ - on lc  r e ’por t ’d h e r e ’ , v a l n n c - s  of

of r e s i d u a l s  f o r  s e ’ v e - r a l  sc ’q u e - n c e ’s  a r e -  i n c l u d e d  i n - i  T a b l e  I f o r

c o m i l p a n i s O n

~~(‘ . N ’  a t t e m p t bias  b c - e r  made ’  to p i ck  ‘b e s t  f i t s  - 
-

I T .  W i t h  a f o l d e d  l i n e - a n ’ i z i n g  r e - — e x n r e - s s i o n i  ( s u c h  as  tb - i c  f o l d e d  s q u a r e
n ’ )  - i t  t w h i c h  c t - m i t e  - r s the ’  c l i  st  r i h u t  ion  on ~m i t  s m e a n  , t h e  ~‘a l i m e - s at a g e

cu t s  n e - a r  t h e  c - e n t e r  a re  ch a n g e d  r e ’ l a t i v t l\  l e s s  t b - i a n  t h o s e  at  t h e
e n d s  of t h e  d i s i  r i h i n t i o n  in - i  t h e  p r o c e s s  of  r e - e x p r e s s i o n .  T h e r e f o r e~
a r ’ s i d u a l of a C i t - i - f l  S i Z e . whe n it  a p p e a r s  at t h e  l o w e s t  or hi g h e s t

a c e -  c - i : t  s . w i l l  have ’  r e ’ l a t i v ’ I y l e s s  s i g n i f i c a n c e  f o r  t h e  f i t t e d  d i s t r i b u -

t i o n - i  on - i  the -  r a w  f r a c t i o n - i  s c a l e ’  t i - r a m - i  w i l l  a r e s n u  a l  of t h e  s a mn e  s i z e

wh ie ’n  i t  o c c u r s  at  one of the ’  c e n t r a l  a g -  c - i t s .  Fo r  e - x a n f l n ) l e ’ . w i t h

t h i e ’  fo l Ot -c l  s q u a r e -  r oo t  re  — ex i~ re ’ s s i t - i n - i  , a r e ’ s id u a l  cf  (1 . 0 1  ~ i l l  hav e ’

i t s  h f th e ’s t  the — I  r a n i s f o r m n c d  v a l u e . 0 . 001 , at t u e  c e ’ n t e r  of t h e  c i i m n u —

l a t - i - d  n o r m a l i z e - t i  f e r t i l i t y  c l i s t r i b u t i o n i  an - id w i l l  h i a v e  p r o g r e s s i v e ly

l o w e r  d e - t r a - i s f o r n n e d  v a l u e - t o w a r d !  e i t h e r  t a i l  of  t u i e  d i s t r i b u t i o n .

35 . t h i s  i n c l u s i o n  h a s  g - n c r c l i v  h e - e n ;  c o n s i d e r ed  n r - i b l e m n a t i c  b e c a u s e

- i t  h - r i~~h r a t e - s  01  n e r e r n a n i l a l  n - i r c - c H - I n i c y .

10 . T ’ i - i - d i f f i c u l t i e s  wh i c h  m a t  n n o c l e l s  h a k e -  m i  f i t t i n n g  t h u  b u s  of

0 r t i l i t y  d i s t r i h e n t  i o n - i s  b i a v e -  o n i n be ’e ’ mi d i ~~n n i s ~~ ’d as  r e - l a t i v e ’ I y  inn-
n i i n o r t  t n t .  Good I i  in  t I - i~ t a i l s  n ay  b e ol  p a r h i c u l e r  in r m p o r t a n c e .

) V - i , e \ , e , y t ,r  ~v h e ’ m  t o t a l  fe r t i l i t y  i s  l o w  in t h u  e g e  n V - i t t e - r n i  of  e - n t r y  i n - i t o

co h a l n t ; c t  i - i n n  i s  c h a n g n  n - i c

~0 . T u k e - ~ ’ . o p .  c i t  i n - i  f o o t  n o t e -  1, n .  ~~~~~~~~~~~~ ~~i 5 ;  \ b o s t e l l e - r  an - id  ~~~~~~~~

o p .  c i t .  in  f o o t n o t e -  5 , n - i n . 1 - 1 2 _ h a l ,

4 1 .  T h - ~, ’ -  d o t s  s bi ow as  e box t b c ’  i e i t n r q t n a r t i l e  r a n n g e  a t  t b ’  r e s i d u a l s
f o r  e a c h  of  t h e ’  s i x  a g ’  c u t s  1~ 2 0  t o  4 4 / 4 5 , w i t h  l o c a t i o n  of  th e ’
- n l e r ( i . c n  r e - s i c l u a l  i n d i c a t  ccl by a b a r  ‘l ’he - r e l a t i v e  p o s i t i o n s  of u p per

a rid I d u e -  r ‘en I l i e ’  n-- i w i  t h i m n  n i n e  - i n - i t t ’  rq ii  a r t  i I t ’  d i  s t a n - i c- c- of t h u  cm ppe r am - i d
lo~i e - r  q u a r t i l e s a r e -  i n d i c a t e d  by an - i  x h e ’~~on d e a c h  e n d  of  t h e  h e x .
O u t l y i n g  v a l u e ’ s  w i t h i n  1 . 5  t i m i ’ u ’ s t i -ne  i n n t e r ( l u a r t i l ( ’  d i s t a n e ’ e of  ea c h

q u a  m l i i  e ’  .1 r c -  s im o w n  b e ’ mp t v  c i r c l e ’  s , w- hm Ic  n - c - s  i d i n a l  s fi n r I h e r  out

• c rc 5~~~() w fl (v-i - s h e d e . d i  c i r c l e s .

V ~~~~~~~~~~~~~~~~~~~~~~~~~~~ V~~~~~ V
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4 2 .  When an a p p r o p r i a t e ’  c o m p o u nd  n o n - l i n e a r  s m o o t h i n g  p r o c e d u r e
( s e e  Tu k e y , op.  c i t . in - i  f oo tno te ’  7 , p p . 2 O 5 - 2 6 4  and 5 2 3 - 5 4 2 )  is
app l ied  to  tb - ne ’ r e s i d u a l  v e ’c t o r s  by age g r o u p  to  d e e -n n p h a s i z e  i r r e g -
u l a r  f l u c t u a t i o n s  , t h u s  p ro v ic i  in ig  nno re  sc- n-i s it ive d e-t e c t i o n  of l)at te m s
of c o — v a r i a t i o n , t he  t i l t s  in - i t h e  s c a t t e r p lo t s  l ) e r s i s t  , f u r t h e r  s u p —
p o r t i n g  the  semi sc’ of some’ r e n i t a i  n - ni  ng u mici e r  1~’ imig  s t r u c t ur e  in  thu-
s m a l l  r e s i d u a l s .

4 3 . A t r i p le nnu l t i p l i c a t  i v . ’ nnode l , i n - i  - o n n b i n a t i o n  w i t h  the ’ f o lded  s q u a r e
root  re- — e x p r e s s i o n  ami d c - 12 in - i t h e  w e ig iit f u n c t i o n i , does r e nn o v e

V t h e  long  s t r e t c h - n c - s  of r e ’ s i d u a l s  above ’  or b e l o w  t h e  c e m i t r a l  i n t e r v a l .
but  d o e s  not  r emove -  i n t e r — a g e  g r o in ] )  s t r u c t u r e -  as s e ’ e ’ n - r  i n  s c a t t e r —
p lo t s  of the d i m i n i s h e - d  r e s i d u al s  ( I l r e c k e n n i c l ge  , Vi. B. , and O r a v
E. J. , ‘ ‘A ni  - xp an - ided  E H R  a n a l y s i s  of t u e  age d i s t r i b u t i o n - i  of  f e r t i l i t y ’ ’

( i n - i  p r e ’p a r a t i o n(  , w h i c h  w i l l  c o n n b i n e ’  r e s u l t s  f r o m  Orav . op.  c i t .  in
f o o t n o t e  2~ , a nti p a r a l l e l  amn al y si s an-ic ! r e - s c - a r c h  b the ’  pr c- S emit  au tb i o  r I -

44 .  A m i s c ’on nbe’ , F . J . , 116 7 . ‘ l o p i c s  i n  the ’ i m m v ’ s t i g a t i o n  of l i n e a r  rela-
t i o n s  f i t t e d  by t h e  m e t hod  of le ’a st  s q u a r e s  . ‘ ‘  J o u r .  R o y a l  S t a t i s t .
Soc . , B2° , l i i -  1 1  -~~2.

4 S , In - i  EHR a n a l y s i s  of p - i i s t _ l ,k 6 i  s i n g le- - y e a r - o f - a g e’  c o h o r t  d a t a  f o r
Sw-edt ’ n , l a g g e d  p a t t er n  pe ’ r si  st s i n  tb - i c-  re- s i d u a  ls  , s in g  ge - s t  i r ig t h a t
f a c t o r s  in  a d d i t i o n  to a g e ’  g r o u p i n g  amid metbiod of c o n s t r u c t i n g  t i - r e
c o h o r t  s ( ’q u n e n c ( ~ s m u s t  be ’ Suing N t .

4 6 .  T h i s  q u e s t i o m i  r e ’ c e ’ i v e - s  f u r t h c - r a t t e ’ n n t i o r  b e l o w  ( s e e page -  6 4 .

47 - Br cc k en - i  r i d g e  . U n p u b  I i  shed

4 5 .  w h e ’r e -  r a n k — t w o  r e ’ f e ’r s  t o  the ’  sum of t w o  r a n k — o n e ’  t e - r n m i s , an - ic! a
r a n k — o n e ’  t e rm  is  the ’  p r o d u c t  of a c o n s t a n t  by a f u n c t i o n  of  row al a n - i c
by a f u n c t i o n  of  c o l u n i m n  c l o n e .

40 .\ m n o c l i f i c a l  i n n  of a p r t e g r a m n  w r i t t c - n  b~ A l i s o m i  P o l l a ck  w a s  use - t i  for
t h i n s  p r o e e ’ c l u r e .

~ 0 . Tu k ey .  2 .  W. . 1 17 7 , V V ~~ r a n s f a c t o r i a i  f i t s .  The  l i n e a r  g c ’ o m n e t r v  i n
the  t w o — w a y  c a s e -  -

S I . For  a m n ~’ o n e  a c e -  g r o n Vl p ,  the  a m o u n t  - i - i f  c h a n ig e  in - n f a I cmi t b c -  r aw -
s c a l e ’  v a r i e s  s l i g h t l y ant i  s y s t e m a t i c a l l y  o v e r  r e p e a t e d  i n i c r e ’m n e ’n t s V

in  $.
‘ t o  h i g h e - r l e ’vc l s , h o l d i n g  a ’ . c o n s t a n t , o r  o v e r  r e p e a t e d

i m m i ’  r e m n e - n t s  in  a to 1-ni g ht-  r I eve  Is  - hio l d  in ig  
~~~

. c - o n  s t a m m t — — a conse —

dl 1 e ’ n u - e of h a v i ng  i n s e - d  a n - i o n — l i n e a r  re- — e - x p r e ’ s s i o n  of tb - i c  d a t a  in  t h e
f i t t i n g  p r o c  e d u n r e ’  - V

~ 
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2 .  Wht ’n omi t ’  i s  c o t i s i c l e r i n g  l e s s  t h a t - i  a l l  p o t e ’ m - i t n a l  an - ic !  f u n c t i o n i n g
a c t i v i t y  s t a t e s , e . g .  the  a c t i v i t y  of n n a r r i c ’d  wome’n o n ly , or  of

\von vne ’ n above  age - 1’-) onl y ,  a e xp r e s s e s t i-ic’ t e ~ n d e - n a - v  o r  a c t i v i t y

t o  be- pu l l ed  t o w a r d  the  mn e-d ian  age of a A . r a t b i c -  r t i n a n  to be ci i  s —

r i but  ed even l y b e y o n d  t i-ne I i  r st a g e ’  g r o u p .  whia t  eve r m i r o  por t  i on  of
a c t i v i t y  is  a t t r i b u t a b l e ’  to  t h a t  f i r s t  age ’  g r ou p .

3. At  t i m - i - i c ’ s  . suc h-i s u b —  p o p u l a t i o n - i s  w i l l  he’ r e - a ( i  i l~ ide  at i f i  abh ’ e t h n i c
r e l i g i o u s . re ’g i o n a l  . or o c c u p a t i o n - i a ]  g r o u ps  - \ V i d e - s p r e - a c i  i n c i d e n c e
c )  hi g hl y i n i t e r n i i t t e m i t  a c t i v i t y . w i t h  va rv i ng c a - i n  s e - s  , m a y  a]  so be ,

a s i g n i f i c a nt  s o u r c e -  of c l i v e r s i t  b e t w e en  wo mn e ’m i  c o n - i t  r i b u t i m n g  t o

s p r ’a d l  of  t b-ne a g g r e g a t e -  d i s t r i b u t i o n .

Bre ’ c - k e ’n i r i c i ge -  am - i c!  O r a v  - I n c .  c i t .  in  foot  n - i n - i t t -  4 3 .

~~~ A . and B . f o r  all  sc ’que ’ n i c c ’ s  ar c  s h o w n  in  A p p e n d i x  B , Tab le  P, I .

56 . H c ’n r v , b c - . c i t .  inn f o o t n o t e 15 T b i e ’ s e  n - o - In ’ d - i u l e ’ s  a r e  c o n s i d - r e d  to
r e p r e s e n t  the ’  a g g r e g a t e -  c h i l d b e ’ a n i m - i g  e x n e r n c ’ n - i - e ’ of c o u p le’ s whie ’ m
t h e i r  b e h a v i o r  a f f e c t i m i g f e r t i l i t y  i s  no t  i n n f l n n e n c c - c !  by t b - i c ’  n u n i b e r  of

c h i l c i r e’ ni a l r e a dy  h o r n - i  t o  t b i e ’nrn , Su ch  d i i s t r i i ) U t i o n i s a r t ’ , i n o w e - \ e ’ r ,
r e - c o g n i i z e - c I  to  r e f i t - c t  c u l t - n r a 1  a r i d  b i o l o g i c a l  v a r i a t i o n i s w h i c h  m n a v
niot b~ a ge — a n -ic ] air lv  — i nd e ( - i t ’  mid e n i t

~7. In i  the -  a b s e n c e -  c f  - c o n t r o l . NI i s  i n t e r p r e t e d  a s  t i n e ’  h - v t - I  at  wi n ch
n a t u r a l  f e ’ r t i l i l y  i s  e X p e ’r U ’f l c e d l  i n - i  t h e  p r e s e ’ n - i e e-  c i  • V c(-i m - i t r o l  - h o w e v e r .
T r - n s s e ’l l  r e - p o r t s t h a t  NI  . c p p e a n ’ s t o  be ’ a c o m n n o c s n t c ’  of  s e i ’ e ’r a l  fac-
t o r s :  not  on ly  t h e  ie\ ’ el of n n n t ! e ’ n l v - i n - i g  n a t u r a l  f e ’ r t u l i t y , h i n t  a l s o  f u n c —

l i o n s  o f  t o t a l  f e r t i l i t y  e r  d c - c r c - c ’  o f  c ’ n n t  r o b  of  f e r t i l n t y , a m - i d !  \ a r ia t i on s

ft t i n ’  c i i s t n i h u t i o n  cl ime ’  t o  sp a c i n g  a t  b - n i g h - i i c v e ’ l s  of b n r t h  l i m i t a t i o n .
Th e s e -  f a c t o r s . he c - er ic  l n n d e - s  - c- l i n d e -  s e - M a  m c t  i o m l  ~v i t b i  t u i e  e x i s t  i n i g
m o d e - I s  of a g e - s p e c i f i c  r n a r n t a l  f e r t i l i t y .  T r u s s e - J I . T 
p r e ’ s e - n t e ’ t i  at  t h e ’  J l ’SSP  s - m i l i n a r  on - i n a t u r a l  fe r t i l i t y . P a r i s ,  M a r c h
J 177

~~5, T r i n s s e l l  i c i c . c  i t .  m i  f o o t n o t e -  5 7 (  d i s c u s s e s t h e -  ne t-cl  f o r  m o d i f i c a t i o n
of v ( a I  t o  i n c l u d e ’  a m a r r i a c c ’ — r l u r a t i - i n n  c - f l ’ c t . a n - i d  t b - i t ’ p r ob l em s  of
d o i n g  t h i s  e x t -c ’ I- i t  i n - i  an  o\’c ra Il f e r t i l i t y  m a c i t - I

The ’  fa ’t t h a t  B ,’ i s  not p t ’gg c ’d  to  a n y  p a r t i c u l a r  a g ’  n n , e v  be- o t  p e ’ r —

t i c i u l a r  i n n p o r t a m m c e ’  i n - i  d c ’s i - r i b i m i g  f e - r t i l i t v  c h i s t r i h i n t i c e n i s  s u c h  as  t hi n se -
m n  t in ’  S’v - e’d I si-i t i m e -  s e- qunc  r ices  - in  w h i c h  low o rd e ’ m’ h i  r t  1-i s i n - i f ]  Ut’  nc c V

• t h e ’  c i i s h r i h n m t i o n  we ’l l  above  a c e -  25  f or  n i n i s t  o t  t b - it- p t - r i n d  a n a l y z e d .
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60.  Mean  n u m b e r  of c h i l d r e n  per woman fo r  the  n a t c ur a l ’ s c hi e d u l e s
r a n g e s  f r o m  10.9  to 6 . 2 , compared  to a hi g h of 7. 76 for  M X 2 O .

6 1 .  When Sundbarg n s e s t i m a t e d  a g e - s p e c i f i c  m a r i t a l  f e r t i l i ty  r a t e s  for
ages  2 0 - 4 9  fo r  fi ’ce- - yea r  p e r i o d s , 17 50- 1890 , a r e  appended  to the
6 8 - s i n g le - y e a r  s e r i e s  for  1892-1959 , amid the  whole s eq u e n c e  f i t t e d
by t he same EHR p r o c e d u r e s  used in t h i s  r e p o r t , t i -ne 29 v a l u e s  of

V a .  and 
~~~

. c o v e r i n g  the f i r s t  140 y e a r s  f l u c t u a t e  s l i g htl y a round

the v a l u e s  of a. and $. fo r  1892- 1894 .

6 2 .  If the  Coale  model f i t s  a schedule -  p e r f e c t l y ,  tb -ne v a l u e  of ni w’ill  be
the  sam-n e  at all age s , i n d l i c a t i n i g  t i -nat  t he  p op u l a t i o n  fo l lows  the
s t a n d a r d  age p a t t e r n -n  of d e c l i n e  of f e r t i l i ty  w i t h  u n i f o r m -n  i n t e n s i t y .
The c al c u l a tt d v a l u e s  of m for  tb - n c- sc ’  S w ed i s h  h i s t o r i e s  do sb-now
v a r i a b i l i t y  w i t h  ag e ’ f o r  any g ive- n -i v t - a r  and  v a r m ’  i n  d i f f e r e n t  ways  in
d i f f e r e n t  pe ’r iods  , probab l y d u e ,  at l e a s t  in n p a r t , to  the  effect that
c h a n g ing  age p a t t e r n s  of  m a r r i a ge -  an-nc ! e n t r y  i n t o  c h i l d b e a r i n g  h a v e
had on -i t h e  c r o s s — s e c t i o n a l  s c h e d u l e s,

63 .  A ne- w p r o c e d u r e  fo r  d e t c r m i m i i n g  a s i n g le value ’  of rn b y r e g r e s s i o n
(A. J. Coale , personial c o m rnu n i c a t ion  also e nn p i i a s i z e s  t i-ne shape
o f t h e  s c h e d u l e  over  the  c e n t r a l  age s  of c h i l d b e a r i n g  an -id o m i t s  some
hi g h e r  ages  t ’n t i r c - l y . B y r e m o v i n g  d e p c ’n d e n i c e  of  NI on age g r o u p
2 0 — 2 4  but l e a v i n g  v a t  p egged  to  t ha t  age  g r o u p  , t h i s  p r o c e d u r e
p r o v i d e s  fo r  these ’  S we d i sh - i  s c h e d u l e ’ s  a t i m e s e qu e n - i c e  of ni w i t h  tb - i c
same’  p a t t e r n  of v a r i a t i o n i s as  t i-nose in  Fi g .  10 but  w i t h - n  va lue ’ s r a m g i n g
I r om - 2 to 1. 7. Al l  of t i - i t - s e  p r o ce d u r e s  a pp e a r  , t h e n , t o  p i c k  up  t h e
s a m e- p a t t e r n - i  of c h a n g e’  o v e r t i m e  in - i  t i -n e - s e’ s e h i ec i u l e ’  s - Tb -ne FI-IR

s t a n d a r d  t o rr n  p a r a r n e ’t e r  
~~~

. a p p e a r s . howe ’vc ’ r . to  r eg i s t e ’ r more-

f u l l y  i m  a ~ i n i g I e ’ p a r a m e t e r  ( s e e  a g es  4 1  a n d  4~ the  c h a n ge  in  a g e
cli st r ib u t i o n  of f e r t i l i t y  a s s o c i a t e d  w i t h  l i ’ i i i t a t  ion  of b i r t h s  than  do
t h e  C o a l e - — T r u s s e ’l l  p r o c e - d i n r e s  , w h i c h  v a r i o u s l y  d i v i d e  t h e  f o r c e  of
t h i s  c h a n g e ’  be - twe en  m a c t i n g on -i v ( a  and  Vi a c t i n g  on n ( a
d e p e n d i n g  on the  mn eth iod  of d e l  e ’ r r n i n i n g  u n .  Th i s  d i v i s i o n  may , in
son -n c-  i n s t a n c e s , be’ of c o n s e q u n e n c c ’  in  ti - n e - i n s e  o f  the ’  C o a l e — T r u s  s e l l
m o d e l  t c ’ r t i l n t v  sc i - i e ’d u l e s , wh i c h  i n c o r p o r a t e  t h e  Coa le  model  of
‘n a r n i a l  f e ’r t i l i t y  ex c e p t  f o r  o n n i s s i o n  of  NI:

mn - v I a I1 ( a )  - G ( a ’ m i t a e ’

w h e r e  f l a t  a g e - s p e ’c i f i c  o v e r a l l  f t ’ r t i l i t v  r a t e
G ( a t  a g e — s p e c i f i c  p r o p o r t i o n  e ’v e r -m a r r i e d

To the  ex t e n t  t h a t  v a r i a b l e  a s p e c t s  of m a r i t a l  f e r t i l i t y  would have

V p.
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been i n c o r p o r a t ed  in M a c t i n g  on n ( a ) ,  t h e s e  a s p e c t s  would be
absorbed  by G ( a ( , t h u s  a t t r i b u t i n g  to t i-ne age  p a t t e r n  of m a r r i a g e
sonne- of the  v a r i a t i o n  in  the  ove r a i l  -I t ’  r t i l i t y  c l i s t  r i b u t i o n  ac t u a l l y due
to marital ferti lit y

64 .  To ta l  ra te  of m a r i t a l  f e r t i l i t y  r e f e r s  to t b-ne s um of a g e -  s p e c i f i c  r a t e s

for  the - f i ve - y e a r  age  g r o u p s , ~~~ f (a( , e - x p r e s sed  in ti -ne r a t e  fo r
j = 1

w o n f le -n  a t  age  cU t  4 1/ 50 . 
-

6 .  Se- c M o s t e l ] t ’ r and T u k c ’v , op .  c i t .  inn f o o t n o te  5 . pp .  2 6 8 — 2 7 0 , fo r
V d i s c u s s io n  of t h i s  u se  of r t ’g r e s s io n .

66 .  Impre n- - i  s i o n s  of c h a n i g e  in  n ia  r r i  a g e -  pa l l  c - r n - i s arc-  bas t -d  on a s u r n m n a r v
of some’ of  E w b an ik s f i n d i n g s  f o r  s i m i g le ’ — y e a r  b i r t h - n  coho r t s of 18~~1 —

I F w-ban k  , b c  - c i t .  in - i  foot  n o t t ’  14 1 . To be’ coni  si s t e ’n t  w i t h  the -
c l e ’ s i g m a t i o n  f o r  c h i l d b e ’a r in g  e - o h or t s  by f i v e — v c ’ a r  age ’ g r o u p  used
t h r o u g hou t t h i c ’  r e s e n t  w o r k , t h e  m l i c ’ a n  and ~V a n i a n ic_ e  of  a ge-  at  m a r —
r i a g t -  fo r  - o h or t s  a c e d  J _ J 1  i n - i  a g i\ ’ e’n y e a r j~ t , c i e n  h e r e  as tbi c
a v e - r i c e  of Ew b ank s \ a l u n e ’s o r  t h e ’  l i v e  coh o r t s c om p r i sin g  t ho s e

~~ho h ,t ’c a n in e ’  1 5— 1 i n  I h :i I ~ c _ c  r -

Y e a r  a t  .‘\ ge - 1 — 1 °  :\ g e .  at Ntu rriag e’

~~( r a n g e -  I ~~ r a n g e - -

V e e r s  y e a r s
1 87 6 - 1 S7~ 2 7 . 7 1 - 2 7 . 6 !  6 62 - 1 - . 1 )

1 5 5 0 — 1  5 1 1  2 7 .  5 4 — 2 7 .  2 s  6.  ( 0 — 6 .  4 ( -
b~~~)2~~l ’ ~ 1 1 2 7 .  2 2 - 2 7 ,  0U 1 ~~~~~~~~~ ~4
I ~ l 2 _ I l l  7 21. 2 — 2 7 .  6 6 , ( 4 — 7 . 1 1

1 1 1  ~ — b  0 ) 1  2 7 .  7 0 — 2 7 .  75 7. 1 7 — 6 , 75
1’ 122 ~~1’ 12 1 2 7 . 1 4 - 2 1- i . ~ ~~~, ~~~~~~~~
l 0 30~~1 ’n 4 l 2 6 . 4 1 - 2 4 . 4 6

( 7 . Si~~m - i u f i - a n - i t  I t ’v e l s  of w i d o w h o o d  or d i v o r c e -  at c h i l d b e a r i n g  a ge s
wou ld  , of c o u r s e -  , a l s o  add to t b - n e ’  t i e g  r e’t’ c) I po s i t i v e ’  s P -wnw S S of
t he ’ a v e - r a i l  f e r t i l i t y  d i s t r i b u t i o n .

( 5 . T h i s  -x p r e s s i o n i  of n it - an  m i u m m n b e - r of c h i i l d r e ’ n n  p e r  m a r r i e ’d  wo n ru an  i s
s v n t h i t ’ t i c  f i r s t  of a l l  in - i  t h e  sanne- sen se- -c s is t i n e  c r o s s — s c ’c t i o n a l  ‘f i’ R
e’ xpr c’s se -C! by ( XT t ( s ) ) :  i t  s c u m s  t he f e  i’t i i i  I V e’ xpe -’ r m e mice  ‘ 1  wonie ’ mu in
a m i ni mi)t- r of di  ffe’ rem it age en h -nc ) r t  5 at  a g i ~ en time’ as i t  t h i s  we ’ r e t h e
c h i l c i b e a n ’ i m i g  e x p e r i e n c e  ot  a s m n g lc c o h o r t  - i n \ e ’ r  t i m e ’ . Tine e x p r es s i on
is  syn t h e t i c  in  1 se ’ u ’on i d  s t - m u s e  a l s o :  i t  s u m s  at  a g i v e n  t i m e  th e ’  t

V
e r _

i i i  t y c x  - i i -  r i e n - i - i- c ’  b y a g e ’  -i n t t h o s e ’  wo me nn who we’ re- t h e  mu n - i - i a r r ic—c l  , as

i f  all of t i - i t - s e ’  wom en h-nacl b et - n  m i  a s i n g le’ m a r r i a g e -  c o h o r t  w b i i c h i

• s t a r t  c’d c - h i  i dhe ’  a r i n g  a t  a g e  1 ~~ — 1 1  a mu ch bore’ c ’}i i  Id r e ’m i  at c-ac ’ ii age  at
t h e  s a m n u ’  rate’ as d id  t h o s e ’  w i-no w e r e  a c t u u a l l y  m a r r i e d  at  t i -n a t  age .
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60 , F u r t h e r  work  shows tha t  both a l e g i t i m a t e  f er t i l i t y  sequence  and a
“ m a r r i e d  or ac t ive l y c o h a b i t i n g” s e q u e n c e  can  be as well f i t  by EHR
a n a l y s i s  as ca l - i  the o v e r a l l  and m a ri t a l  f e r t i l i t y s equences  ana l yzed
h e r e  B r e c k en -n r i d ge , u n p u b l i s h e d) .

70.  R e c a l l  t h a t  two t r i a n g les  of i n c o m p lete ’  coho r t s a r e  o m i t t e d - - o n e  at
the  beg i n n i n g  of the sequence , one at the e n d - - s o  t h a t  a m at r i x  of
l8~ y e a r s  p r ov i d e s  155 comp le te  c o h o r t s .

71 . B r e c k en r i d ge and Orav , b c .  c i t .  in f o o t n o t e  4 ~~.

72 . The c o m p a r a b i l i ty of X2 0  an -id C20 time ’ p a r a m e t e r s  can be estab-

l i shed  in the  same way f r o m  the appropriate’ pairs of A . and B . age

v e c t o r s , wh ich  arc’ shown fo r  all  s e q u e n c e s  in - n A p p e n d i x  B , Tab le  B2 .

73 .  The ’ l 1 4 2 _ 1 ) 4 5  a b e r r a t i o n -n  in a’ . f o r  bo th  X l S  an - id X 2 0  and the post-

1051) r i s e ’  inn t h i s  pa r ame -t e ’ r f o r  N l S  hav e -  a l r e a d y b een - i  n -noted  in -n t h e
s h o r te - r t i m e  s e-q u e n c e s , XX 15 an-nc ! X X 2 0  ( s e - e  page  16 I .

74 . T h e r e ’ , a f t e r  1000 , onl y the cohort s of 10 14 19 17 , 11 15 , 1920 and
19Z 1 f i t  the ’ nnod e l  w i t h o u t  definite’ de ’parture for at least one age cut.

75.  Ew h a n k , b c .  c i t .  in - i  f o o t n o t e  66.

76.  H o f s t e n  ant] Lund s t r o m - i - i , op .  c i t . in  f o o t n o t e ’  10.

77 . The ’ y e a r  1702 is  n o t a b l e  fo r  t i n e  a s s aa s i n a l i o n  of K i n g  G i u s t av u s  I l l
a f t e r a pe r iod  of p o l i t i c a l  u n r e s t  . Seve-re  f a m i n e  is v a r i o u s ly
r e - c o r d ed f o r  y e a r s  I ron -n  1780 to l7 8~- . (T h om a s , F) 1q 40 , Social
; ! V~~~i~~~~mic A sP e ct ~~V of Sw- c - d i s h  P o p u l a t i o n  M o v e men t s . l7~~0- l 9 3 ~~.
N e w  Y o r k :  M a c m i l l a n - i , iw. 81 — 8 8 , 10 2 — 1 0 8 , i cie ’ n i t i f i e ’ s 1 7 5 0 — 1 7 8 3  and
l 7 5  as y e a r s  of m aj o r  c rop  failures. Utterstrom , G. , 1~~~4 . ‘‘Sonne
l) ap u i l a t i o n  p r o b l e m s  in - i pr t ’  — i n du st r i a l  S w- t - t f e n  , ‘‘ Sc a n c l i n a v i a n
Eco n -n onr i i c  H i s t o r y  R e v i e w  2 , pp.  10 3 - 1 6 5 , q u e s t i o n s  the  h a r v e s t
i n d e ’x  w h i c h  was  T h o m a s ’ criterion -i , anti iden it ifie S 178 ~—l78~ as
f a m i n e -  y e a r s .  I W h e t h e r  t h e s e  c ir c u m s t a n c e s  a f f ~~cted the  a c t u a l
l e ve l  arid age  d i s t r i b u t i o n  of b i r t h s  in t I n e  y e a r s  in - i  q u e s t i o n , or
whether they  le .d to e r r o r s  in - i  p op u l a t i o n  e’ st in -n a te ’ s o r  in -n r e c o r d i n g
of b i r t h s  is open  to i n v c ’ s t i g a t i o m - i .
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estimated from EHR-der ived  level-compensated dis t ribut ions of
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A P P E N D I X  A

A R o b u s t / R e s i s t a n t  ~‘ocedure  f o r  the I t e r a t i v e  F i t t i n g
of Two Mul t ip l i ca t ive  Components  to an M x N M a t r i x

The i t e r a t i v e  f i t t i n g  p rocedure  used  in f i t t i n g  two m u l t i pl i c a t i v e  com-

ponen t s  to a f e r t il i t y  m a t r i x  - F. . ,  can be s u m m a r i z e d  as fo l lows :

Cel iwise  wei g hts  w ,, are  based on the b i s q u a r e  f u n c t i o n
13

w ( u )  ( 1- u
2 ) 2 

fo r  ~~~ < 1

w ( u )  = 0 o t h e r w i s e

S ta r t ing  with

( 0 )  ( 0 )  2 2
w , ,  = I l - ( F . . / c s  I

1,1 1,1

where  
( 0 )  

= m e d i a n  F. .

c = a c o n s t a n t  of a s s i g n e d  va lue
(so that  r e s i d u a l s  of s i ze  g r e a t e r
than c t i m e s  the m e d i a n  absolute
d e v i a t i o n  a re  g i v e n  ze ro  wei g h t )

~~~~~ ~~ F, .  w~~~~/~~~ w~
0)

j 1  ‘~ ‘ -
~ j = l  ‘-~

( 0 )
~~~ , = 1

and d e s i g n a t i n g  the r e s i d u a l s  at i t e r a t i o n  m

( n i )  ( m l  ( m l
z , ,  = F . - (a ,  A .

ii 1J 1

and w ei ,~hts  at i t e r a t io n i-n

(ml  (m l  (ml  2 2
w , ,  = 1 1  — ( z , , / c s  ) I

13 ii

( m l  , (m l
where s = m e d i a n  z , ,

13

the e s t i m a t o r s  of A . are improved

(m + l )  ( m l  
C 

~~~ (ml  (ni ) / ~~ ( m l  ( ni)
A . = A . + z , ,  w , ,  

~~~~ , / w , ,  ~~~.
3 j = 1 13 1) 1 
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a nd s t a n d a r d i z e d

A .
( m+ l  I 

A .
(m+ l )/~~~~A

(m±l 1 ) 2

and the e s t i m a t o r s  of 
~~

. are  i mp r ov e d

(ni+1 ) ( 1  
r 

(ni+1) ( m + l )  )m~~1 1  ~ 
r ( + 1 )  (m+1  I

=~~~ + ~ z, , w. A , w ,, A .
1 1 . 1) 1 , 1) 1

1=1 ‘ 
. . i = l  -

Iterations continue until a se lec ted  c o n v e r g e n c e  c r i t e r i o n  is met

I - [~~ (c s
( + l  

)Z/~~ (cs
(
~~~ )

2 I < €

The residuals z . .
(
~~

1+
~

11 f r o m  t h i s  p o r t i o n  of the f i t t i n g  p r o c e d u r e  are

the n examined  in the same way fo r  B ., beg i n n i n g  wi t h

(m + n )  (m + n )  / (m + n l  z 2
= [ 1 — (z , ,  / c s  ) I

1_i 11

) 0 )  ~~ ( m + n (  (m + n ~ /~ (m ± n )
B . -- . .  z , ,  w , , ( , .  w , .

Li 
- 

1- _i 
=

=

- - ( p )  (p )
and iterating to convergence in 13. and -

The two-stage procedure is then repeated for the residuals ~~
(m+n+P)

and so on iterativel y to c o n v e r g e n c e  in f i n a l  e s t i m a t e s  of A . 
~~~

.. B . •
~~~~

, .

Optim al values of c appear to vary somewhat with the data and the

desired degree of resistance to outliers. Values between 6 and 9 are corn-

n-io nly useful. Least squares estimators are approached as c —~ ~~.
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APPENDIX B

A Selected Standard Form R e-p r e s e n t at i o n  of a Rank-Two Fit

To r e - p r es e n t  F, .  = ~~,A , + ~ , B , as an i d e nt i c a l l y equiva l en t  ~~~~ , A . +
11 1 1  1 3  1 J

$i  B , -

let ~- : -  
a~~ + b~~ = 

:-
~

4 A cA + dB = ~~ - d B

Then

= —

~

--- A -  bBA - a dB)  + (1 + ~~~~ )~~r~

/ b d ’  d f b d \  b
11 ~ 1 +— ~~~q - —  and I 1 +

\ ac / C i.. / a

• 
[± Pa ( 1~~~~ )1a A~~+ ( 1 + ~~~)($ ..

~~ a ) (B _ P A )

d b
S u b s t i t ut i n g  q = 

bd 
and p bd

c ( l + )
ac ac

F. . - - [ - 
db 

bd 2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
d~~ ][B - 

bA ]
a c (1+— ) ac (l+—l ac(l-I-— )

ac ac ac
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+ (i +~~)s . B~ac + bd ac
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Table BI - Fitted Age Parameters (folded square root scale)
Derived by EHR Analysis of the Age Distribution
of Overall and Marital Fertility in Selected Time
Sequences . 1775-19 59

Sequence Parameter A ge Cut

A . 19/20 24/25 29/30 34/35 39/40 44/45

x i s  - .58~~ - . 3504 - .0889 .1620 .3949 .5888
xX1~ - . ~~31 - .2570 .0108 .2453 .4530 .6199
Ci S - .5810 - .3478 - .084 5 . 1 6 69  . 3986 . 589~

Mx ic - .1093 .1154 .2802 .4190 .5449 .6510

X20 -.4620 - .1323 .1816 .4729 .7159

X X Z O  - . 3393 -.0055 . 2 7 9 3 .5284 .7264
C20 -.4467 -.1149 .1969 .4829 .7178

MX ZO - . 1429 . 143 1 - ‘661 5595 .71 56

B .

xl 5 .2820 • 5047 - .4772 - 3 ~29 . 1493

xx i s - ~~79 - ;229 . ;soz .46~ 9 .2818 .0349

ci s .2177 .4860 .562 3 .4976 .3627 .1455

Mx 15 .6627 . 533 9 - 3907 .2171 - .0120 - .2754

XZ0 .62 5~ .6079 .4404 .1954 - .0834
xx2O . 5862 - 6048 . 478~ - Z~ 44 - . 0850
C20 - 5S84 .60Z~ .4885 .2926 .0217

MX 2 ()  .(~3l4 . 783 .4i4~ .117 5 - .2855

. •
~~~

- --
~~~~~

-
- -  

~‘ :.
S. ,
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Table 132. Results of Regressions to Fix EHR-Fitted Fertility
Distribut ion Param eters for Re- presentation of Fits
in a Standard Form

LS Regression Degree of Fit Canonical Regression
Sequence Coefficient s (linear scale l Elements of First Eigenvalue for

Eigenvector First Canonical
a b c d Variate

X l  5 .6867 . 0062 - ~~ 03 . 987 5 - . 0899 - 99 89
X20 . 84 0 3  - .2862 .9921 . 8948 -.2724 .9996

XX I5 .6880 - . 0997 .9932 .9532 - .2536 .9997
XX2O .8061 - .2560 .9934 .9321 - .3562 .9999
C15 .950S - .0249 .9828 .99~ 4 - .0886 .9989
CZ0 1.07S - .2428 .9846 .9415 -.2808 .9997

M X I S  .6951 - 4293 .9893 .8070 - .5936 .9994
MX2() .7808 - .50 33 .9915 .9463 - .3288 . 9999

— - _ _
- —;•

~ 
• 

_ ?— --- ______________ - - - 
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Table 133. F itted Age Parameters  (folded square root scale)
After Standard Form Re-presentation of EHR Fits
to the Age Distr ibut ions of Overal l  and Mar i ta l
Fertility in Selected Time Sequences , 1775-19 59

A ge Cut
Sequence Parameter 19/20 24/25 29/30 34/35 39/40 44/45

A .
1 3

a

X IS 1.476 0.019 -.6016 - .3915 - .1375 .1170 .3600 .5680
xxis 1.468 0.013 -.5989 - .3776 - .1292 .1158 .3603 .5821
cis 1.479 0.030 - .5965 - . 3886 - .1337 .1217 .3639 .5728

M X I 5  1.2 2 6  0. 018 - . 4 8 1 6  - .2 2 38 - . 0058 .2 0 9 3  .4468  .6888

X20 1.20S 0.013 - .5838 - .2839 .0425 .3699 .6633
XX2O 1.187 0.011 - .5250 - .2206 .0898 .4087 .7075
C20 1 .203 0.023 - .5774 - .2775 .0482 .3725 .6697

MX2O 1 . 106 0 .013 - .3428 - .0547 .2102 .4908 .7711

range of ~~~.
‘ B .

X I S  -0.039 to 0.843 
- 

.2 870 . 5074 . 5 5 2 5  .4 7 54  . 3291 . 1438
xxi s 0. 037 to 0.81 5 .2801 .4846 .5502 .4983 . 3468 .1245
C15 -0 .062 to 0.633 .2025 .4771 .5603 . 5022 .3733 .1610

MXIS 0.473 to 1.144 .5056 .5140 .4788 .4042 .2757 .1075

XZ0 0.191 to 0.971 .4826 .5802 .5178 .3674 .1654
X X 2 O  0. 140 to 0.849 .4575 .5758 - 5408 . 3834 - 1402
C20 0.168 to 0.802 .4527 .5709 .5273 .3975 .1819

MX2 O 0 . 2 0 4  to 0 7 1 1  .4 521  . 5622 .5451  . 4008  .1474

-
~~~~~ :~~~

-

~~ ~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ =~:~~~ ~~~~~~~~~~~~ -~~~~~~~~~~ - ~~~~~~~~~~~~ 
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ci APPENDIX C

Tab i. C L .  The A g. Distr ibutions of Natural F ert ilI ty , R eporte d~~~ and F itt ed as
Weighted Sums oF the A~ and Der ived by EHR Analysis  of the
Swedish Ag. 20-49 Marital Fertility Time Sequence (or 1892-1959

EHR Time
Source of Distribution Parameter Age Group

a~ 9* 20-24 25-29  30 -34  3 5 - 3 9  40- 44  45.49

EHR Standard A with lowest 0i 1 . 0 8 0  0 .2 4 7 3  .2110 .2001 .1891 . 1284 .0241

with highest a~ 1.138 0 .2348 .2212 .21 07 .1961 .1238 .0134

Hutterites Reported .2514 .2294 .204 3 .1856 . 1 0 1 5  .0279
1921-1930 Fitted 1.083 .0576 .2633 .2177 .1090 .1807 .1180 .0213

Rcsid ’ial  .. .0 1 19 . 0 1 1 7  . 00 5 3  . 0049 - . 0 175  .00b6

Canada Reported .2358 .2293 .2242 .1899 .1070 .0139
1700-1730 Fit ted 1 . 1 5 1  .0354 .24 22  . 2 2 7 4  . 2 1 1 9  . 1 9 2 0  . 1 1 6 !  . 0 1 0 5

Residual - .0064 .0019 .01Z3 - .0021 - .0091 .0034

Hutterites Reported .2425 .2302 .2169 .1909 .1046 .0148
before 1921 Fitted 1. 141 .0495 .2482 .2274 .2098 .1887 ~~~~~~ .0114

Residual -.0057 .0028 .0071 . 0022 . 00 119 .0 0 3 4

Europeans of Reported .2562 .2354 .2200 . 17 7 3  . 10 4 0  .0071
Tunis Fitted 1.1 65 .0948 .2561 .2365 .2123 . 1 840  . 1 0 3 9  .0 0 7 !

1840-1859 Residual  . 000 1 - .0009 . 0077 - . 0067 .0001 . 0000

Crnlai Ilt’(II,r ted - 2643 .2523 .2252 . 1682 . 014 4 I . 0000
1674-1742 i- itti~d 1.182 .1650 .2727 . 24 7 2  . 2 12 5  . 1 7 4 2  . 0896 . 0039

— . 00144 - 005 1 . 0 1 2 7  — ( 1060 . . 005 5 - 30 ,11

Norway l le(~IIrted .2434 .2336 .2096 , 177 6 . 11 ( 16  ~02 5 2
I~~74 - I 8 7 ( ,  1-~~I t ~-cI I - ( 19 1  - ( 1449 . 2 57 7  . 2 179  . 2 0 09  . 1 8) 6  . 1 1 9 7  . 020 1

I l t . s t c l i i a l  - . 0 1 4 3  . 0 1 57  . 0 01 47  - . 0000 - - 009! . 0( 151

I lo u rR e o i s i e  of Reported .2602 .2421 - 2 1 8 7  - 1 8 39  . 0 8 2 3  . 01.1 7
G,’nt’va 1’ i t t e d 1 . 1 5 5  . 12 9 6  .2 6 8 3  .2 3 8 5  . 20 92  . 1 7 7 3  . 009 1 1~ Il7 5

• befo re 160 ( 1 f l es i d ua~ - . 0 0 1 4 1  . 0 0 3 6  . 0095 . 0066 - - 0 1 6 8

Taiwan Reported - 2626 .2403 .2201 - 1892 .0 82 0  ,
c.1900 F~t t~d 1.174 .1287 .2639 .2419 .2126 .1704 .0969 ~~~~~

Rc~ iciua1 - .0 0 1 3  - . 0 0 1 6 . 0075 . 0098 - . 01 4 9  . 00 05

fl IIIr g ( n i 4 r o  of R~~pnrtM .27 88  .2 576  .2278 - 1 524 .0749 . O O R c

:e-tw va k - t l ( e ~1 I . 163  .2184  - 292 8 . 2490  . 2065 1636 . 083 )  , 00 4$
1(1(1(1-1649 Residual -.0140 .0086 .0213 - .0112 - .0084 .0037

Sottev ille- Rep orted .2682  . 2 5 1 4  . 2291 . 1760 . 0698 .0056
L es-Roue n Fitted 1 .200  . 1849 .2744  .252 6 .2 14 7  . 1 72 5 . 0837  . 0021

1760-1790 Residual -.0062 -.0012 .0144 .0035 -.0139 .0035

Iran Reported .2642 .2475 .2174 .1706 .0870 .0134
1940-1950 Fitted 1.141 .1460 .2762 .2377 .2061 .1733 .0978 .0089

Residual -.0120 .0098 .0113 -.0027 -.0108 .0045

India Reported .2609 .2326 .2278 - 1712 .0808 .0267

• 194 5-1946 Fitted 1.093 .2395 .2769 .2274 .2001 .1735 .1063 .0158
Residual -.0 160 .0052 .0277 - .0023 - .0255 .0109

11 Dat a from Henry, b c .  cit. in footnote 18.

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ -j ------ - ~~~~~~~~i,. ~~~~~ 
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A P P E N D I X  D

THE RELATIONSHIP OF EMPIRICAL ANALYSIS TO
MORE NARROWLY MODELLED ANALYSIS

Jo/i ,, U .

Princeton University and Bell Laboratories
Princeton. New Jersey 08 540 and Murray Hill, New Jersey 07974

.4BSTR.4( - T

If we are to make proper use of both empirical analysis and more narrowly
modelled anahsis -- in particular to make good use of both EHR on the one
hand and the Coale-Trussell ferti lity schedules (and their analogs and generah-
iations) on the other -. we need to understand quite clearly both the charac-
teristics of the two approaches and their interrelation. The discussion that fol-
lows is intended to be a step toward such understanding.

I. klnds of ” Models ’
The word “model” is one of those which means quite different things to different people

or to the same person at different times. At one extreme it may be both almost completely
normative and very precise , as in the mathematical expressions which describe the motions of
two (or three I bodies under Newtonian gravitation , Here the discovery of “unexplained”
(meaning “beyond the narrow model”) deviations can be of great importance, as when the
advance of the perihelion of Mercury was v ital in the assessment of Einstein ’s theory of rela-
ti’. i ty The ex istence of such precise normative models almosi always seems to depend upon a
long se ries of interactions between experiment or experience on the one hand and concepts and
theory on the other.

At another extreme lie “models”, like those discussed in the next section. that are highly
adaptable. because the) involve so many more constants , which can be adjusted to give a good
fit and w hich , because of the diverse kinds of behavior to which these constants are adapted.
are thought of almost entirely as providing empirical descriptions. Here the emphasis is on the
ability to describe very diverse phenomena in a single way, and the discovery of more or less
systematic des iat ions is often a call to increased flexibility -- to the use of still more general
“models” to absorb these deviations.

In general , a “model” seems to tend to contain two elements , the collection of things from
which one is to be selected to describe a particular instance (the “stock”) and, often, explicit or
implied guidance to aid in interpreting the meaning of whichever element of the stock is
selected (the “guidance”) , although -- especially in the two extremes just discussed --  the latter
element is often very weak -- or even nonexistant.

In the context of multiple regression . Mosteller and I (1977) have introduced the word
“stock” (the word “posse” has also been used) for the collection of possibilities that are to be fit
-- from which one is to be selected as a useful description. In the extremely flexible case just
described we are concerned with “broad stocks ”. (By contrast , a stock involving only a few .
hopefully well-selected , constants would be a “narrow stock” .)

•PreNred in pj r I In connecit on aItil research at Princeton ~ : nI.,erc ,t ~ sponsored by the Army Resesrch OVtlcc
( Durham)
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The second extreme , in which flexibility is emphasized but guidance has yet to be
included, is reasonably- referred to as involving “broad empirical models” . (The fact that gui-
dance is avoided initially need not mean that it cannot be added, as Breckenridge ’s paper illus-
tr at es. It may well be v ery desirable to start with an emphasis on adaptability ’ and consequent
good fit and then move to an emphasis on guidance in the interpretation of specific fits.

Still another extreme is g;ven by relatively narrow- (e.g.. few-parameter ) models where it
is felt that the wa y in which the constants enter into the algebraic or other expressions is such
that w-e can make useful interpretations ot changes in any particular one. A good type instance
might be compartment models in biology, in which the passage of a traceable substance through
the body -. perhaps in and out of the blood stream “- is modelled in terms of very - simple
differential equations -- differential equations in which only the rate constants are to be fitted to
whatever data has been observed. Here a change in one constant may’ be rightly given a
different interpretation than a change in another. However , there need be no feeling that close
similarity of actua l occurrence to what can be modelled is essential (or even very likely) . Devi-
aliens, if not too large, are often recognized as something to be anticipated and overlooked. We
might call such models “separating models since their main purpose is to separate information
into pieces that, at least hopefully, bear upon separate aspects of what is being studied. Here
guidance is an important part of the model. As a consequence, for example , the concern of
economists for identifiability is natural.

A very important class of models (unfortunately frequent , as some would say~ sometimes
hard to separate from the previous class ) are those well described as ‘ narrow empirical models .
Here we have found a way to describe most of the detail of some behavior in terms of a few
constants This offers iw o  great advantages fir st , we can often compare situations more
effecti v ely and more intuitiv ely if we have each of them described in terms of only a few
numbers. Second . we can usually gain precision by estimating only- a few constants from the
data , leaving the bulk of the impact of irregularities , deviations , and sampling fluctuations to
the residuals. (As compared wi th  broad empirical models , these models will involve fewer con-
stants . perhaps many fewer. h ere. in coflIrasJ In separat ing models, guidance is prominent by
its absence , and fit may be less than , or even far from , perfect -- imperfection of (It being
accepted in return for the two advantages just cited.

The last class of “models ’ we shall choose to mention here is that of systems of “transfer-
ring models ’ by whose aid we hope we can effec t iv el y trans ler what can be learned from obser-
vat ions of ver y different sorts into common terms. Economist s hope that some of their models
arc of this kind, as when they compare the results of cross-sectional studies with those of stu-

• dies of time series h ere guidance is likely to be much more important than stock.
Bridgeman ’s ( 192” ) discussion of operational constructs in physics , in which , for example,
masses measured in different w a y s  represent different concepts , illustrates the delicacy of such
translers.

In thinking about the list of model types just sketched
• normative models
• broad empirical n~odets
• separating models
• narrow- empirical models
• transferring models (or model systems )
we need to be careful to remember that these have been isolated as characteristic extremes. and
that many real situations are likely to be mixtures of at least two of them.

Finally, a mathematician might hope for very frequent successful occurrence of “interpola-
tory models” with whose aid careful measurement in a few well-selected situations tells us about

• what will happen in many other (intermediate ) situations , Such models are at least very close
to being precise normative ones. The models used in such fields as the strength of materials
and rates of chemical reactions often come close to doing Just this. Outside of classical physical

April 28, 1978 
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science, however , such models seem infrequent.

2. The general character of combinational broad stocks, such as those used In EHR
It is important to recognize that the expressions fitted in empirical higher rank analysis (in

EHR) are selected from broad stocks and do belong to one or another class of very flexible
stocks. These classes make ve ry little, if any- , use of our understandings of the mechanism
underlying the data. They strive to mobilize their intrinsic flexibility - and to be guided by the
data in the way- that they dispose this flexibility to provide relative ly close description. As Breck-
enridge has emphasized, they- are usually’ well adapted to relatively- automatic generalization --
something that can be more difficult for narrower models.

The classes of such flexible models so far of greatest importance are defined in terms of
the simplest arithmetic operations , beginning with a single “+“ sign (or perhaps two such) ,

Additive fits w -ith tw’o crossed categories take the form

i’ , — a + h + -

and are often made of the greatest use by writing
— q(da ta , )

where q is a well-chosen monotone function (the choice q (:) — log is but one frequent exam-
ple). This sort of approach not only underlies the widespread ramifications of the analysis of
variance (perhaps the most widely ’ used of our nonelementary statistical procedures) but also
play’s a key role in axiomatized fundamental measurement (Luce and Tukey - . 1964) .

Multiplicative fits are almost a twin sib to additive fits, as the formula

and the transfe r rule
lower case letter log of capital letter

shows for multiplicative fits invo lvi ng only positive .4 . B and C’, . Their importance here lies
not in this twin-relation but in their facility for generalization.

Not only
.4 + B C ,

but

and
4 + B ( , + 1) E

offe r convenient generalizations of simple multiplicative models , conveniently described as
higher-rank models. (We find using this general-sounding term fairly freely- for a somewhat
special-appearing class reasonable, in part because the twin here

a (b , + . )(d + e , )

has not , at least as yet , often proved to be a stage of description that was helpful on our way- to
understanding, )

We can go on easily- to still higher complexities , to stocks in which we sum still more
terms of the form

(function of row ) x (function of column) .

•
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3. (‘omments on EHR ana lys is.
A number of comments about the use of EHR and the corresponding stocks deser ve

attention here The most important have to do with re-expression and re-presentation.
Re-expression can grea t t y influence the satisfactoriness with which a well-selected example

from a stoc k of a given kind describes the data. We are familiar with this in circumstances
where we understand , in detail , what is happening. We tend to forget that ii is almost equally
likely to he so when we lace less-understood (perhaps still-impenetrable ) situations in a very
empirical mood.

II’ we were given , for a collection of cylinders , volumes , cross-sectional areas , and lengths ,
we would shrink from anyone who proposed to fit volumes with

(a function of cross-section ) PLUS (a function of length)
since we would recognize the need for TIMES instead of PLUS. Even in this case , we might
not stop to think that , if we worked with log volume instead of volume -. a very simple re-
expression --  w e could use the additive broad stock v ery ’ effectively .

Ii we had data on blood pressures . I fear we would be much less likely to shun the PL[S
p 

j nj lys is 0 raw blood pressures , much less likely to pounce on the advantages of a PLUS
a naly si s of h’~ blood pressure. though such an advantage would be there. And as w-e move
toward ev en less understood data . we are even more likely to “miss the boat ” when re-
ex pression would help There is no intrinsic reason for this: w-e have only failed to learn to
take advantage of our opportunit ies.

The issue of re-presentat ion. discussed by Breckenridge above, is of a very different kind.
Wh ere re-ex pression sought for us a wa~ 10 find more useful fits , more useful by doing a better
tob of tilting, we now are tf~ing to do a more useful job of looking at the exact same fit. As a
simple example , consider a ht

2 1 B 2 I)

which can also he wri t ten
( - 1  ~ 

( ( ( 8  ~ 1) + ( 4  — (~ 
) ( B  — I) , )

(Not ice careful ly that these tw o  f o rm s  are algebraica lly identical, as can easily he seen by multi-
plying out the second form i Here there is no question of changing fit , only of rew-riting it.

If we are to compare the results of such a fit applied to two  or more sets of data , w e badly
need to scek out a distinguished re-presentation of each fit , at least so that the results wil l  be
conveniently comparable II one loo ks like

2 4 8  + 2( l)

when the ot her looks like
( . 4  + ( ( ( 8  + lit + ( 4  — ( ( ( 8  — 1) 1

we ma~ miss an instance (If a striking resemblance, somet hing w’e ought take only the least pos-
sible chance of doing.

Another w ay in w hich re-pre sentation can be important arises when we can find a re-
presentation. say -

I F  + (: //

in which one factor , say / . is very nearly constant This offers us the opportunity to try a less
general si~~k , say

/. • + (, /1

• 
with I “ approximatel y given by I. times the (nearly- ) common value of I,.

Empirical fits w ith broad stocks need not -- and often should not -. be thought of as ends
in themselves Often they play important roles in leading us to simpler fits , simpler fits which
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may or may- not gain a more or less normative character .

4 . The structure of the Coale-Trusse ll models.
Let us look next at the internal structure of what might be thought of, by some at least ,

as almost the antithesis of the higher-rank broad stocks we have been discussing. The Coale-
Trusse ll model schedules are traditionally thought of as involving one constant , ,n, and one

variable function of age a. (1(a) , in the form
t ( a )  —

where ,,(a) and r ( a )  are fixed functions of the age, a.
Once we think of dealing with a single population at several dates (or in several cohorts )

or once we think of dealing with several populations , we need to subscript ni and G(a ) .  We

may as well also subscript a, since we will only be using discrete age-ranges. This gives us

/ ( a )  G, (a , ) n(a , ) t ’ ’ . i t j , I

and, once we take the (natural ) logarithm.
log (a , ) — log ,,(a , ) + log G, (a ,) + ,n t - (a ,)

which is of the form
— k  + ( ‘D + E L ,

where A and L are fixed
This is now obviously a special case of

B + ( ‘D  + E F ,

an often usefu l, but special case of the rank-3 stock
-l B +( , D + EF

Thus there is no necessary antithesis between such models and empirical higher-rank
analysis. There may well be a difference in purposes and in style. If we thought of the empiri-
cal higher-rank analysis as an end in itself, a vast gap might indeed open up between the
approaches. But it

’. as we ought , we think of ’ such analyses as the first step, in which the regular
behavior of the data is to be encompassed as thoroughly- as we can (going to still higher rank
when necessary) . so tha t we are ready- to proceed to seek out as great a simplification of the
EHR fit as we believe the data and our purposes , combined, will sustain, there will be no
antithesis -- and the gap may be very small.

It need not happen that , as the Danes are reputed to put it , we “fall with our nose in the
butter ”. The effecti ve few-er-constant fits , if they exist , may’ not be such that they’ can be found
in such a way- : it may- not be possible to convert them into higher-rank form by’ re-expressing
the response. When this does happen, we will have to work with the facts as they are, but we
should not. I would argue , accept that it has happened without carefu l inquiry.

~~. Comparison of the two models.
A few- words about the detailed differences between Breckenridge ’s EHR analysis and the

* Coale-Trussell schedules are in order The first major difference is in the chosen response.
between

fertility at an age (fo r an age-inter val )
and

‘ accumulated fertility up to an age-cut
(as a fraction of total)
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The fact that one takes the logarithm of the former. but the folded square-root of the latter is
also important, but perhaps not as important.

Beyond this, the question of how complicated -- or simple -- a stock one uses (how’ broad
or how narrow ’ ) is mainly a matter of detailed purposes. (I argue strongly that the practical w ay
to begin is to fit the broad stock , going on then to whatever degree of reduction is appropriate
to the comb ination of data behavior and our purposes. )

Wh at are the main issues of choice in this situation? I believe that the purposes toward
which the Coale-Trussell schedules are directed combine, to various degrees. those typical of

• descriptive models,

• separating models. and
• transferring models,

with decreasing emphasis as we move down the list. I Ans ley Coale chose to emphasize the first
two of these , in an independent assessment. )

For the first purpose, description , we want to (a ) make our fit to the diversity of the real
world as good as we can. subject to (b) holding the number of parameters to a minimum, For
this purpose, ii should not be important w hether we work with fertility in age ranges or with
accumulated fertility. Equally it should not matter what re-expression proves to be useful.

The analysis suggested in the closing paragraphs of Breckenridge s paper, in which empiri-
cal higher-rank analysis would be applied to data from a wide variety of countries (and time

periods) , would be a natural f irst step in an FUR search for just what description would be most
useful To be fully effective , such an analysis ought to explore t he advantages, not only of
age-range vs accumulation , but also of varied re-expressions of each.

The absence of effective , experience-tested techniques for guiding the exploration of re-
expression in such situations is to he regretted. but we must start to learn somewhere ,

Once we understand clearly both how we can do relati vely very well with both broad-stock
and narrow-stock fits. it will be time to ask how well the results serve our needs as separating
and transferring models. Then we can sensibly consider w hat changes in the structure of the
empirically best-fitting models it is wise or reasonable to make in order to do better in separat-
ing and transferring.

We oug ht. in Student ’s words , plan to ‘use all the allowed principles of witchcraft ” .
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