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THE FINITE FOURIER SERIES ~~~~~~.

THE HARMONIC ANALYSIS OF SKEW POLYONS
AS A SOURCE OF OUTDOOR 

- 
SCULPTURE S

/ L ) )  I .  J./ Schoenberg
/ \

Technical fiuinmary 2~ep~~t, $1960 —-

~~~~~ May b~79 - ‘
.

Li ‘ ‘ — f -- 
- - ABSTRACT

In (1 , 1251 and again in [31 Jesse Douglas established the following

Theorem 1. Let

IT = (z
0
,z
1
,z
2
,Z
3
,z
4
), (z

5 
=

be a closed skew pentagon in R3, viewed as a vector space. Let

z’ = ~-(z~~~2 + z
2

) Cv = 0,1,2,3,4)

be the midpoint of the side (z
2
,z ,2 j which is opposite to the vertex z~,.

For each v determine on the line joining z to z’ , the points

such that 

1 1 2 1f — z ’ = -,,~~(z’ 
— z ) ,  f — z ’ = — -i,- (z’ — z)

V V v~ V V v V v~ v V

Then

1 1 1 1 1 1El

is a plane and affine regular pentagon, and

2 _ 2 2 2 2 2TI — (f 0 , f 1, f 2 , f 3 , f 4
)

is a plane and af fine regular starshaped pentagon.

By an affine regular (starshaped) pentagon we mean an affine image of a

regular (starshaped) pentagon.

It is shown h~ re that the natural and inevitable source of Theorem 1

is the finite Fourier series of five terms . The affine regular pentagons

~~~ 
~2 represent essential ly the harmonic anal ysis of the pentagon H

Placing the or igin 0 of in the cent.roici of the vert ice’~; ot 11 , t ht’

coii~plete harmonic analys is  of H is summarized by the r e la tt on
Sponsored by the United States Arm y~~~i~~~r Contract ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~
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The Figure 1 shows a 2-dimensiona l illustration of Theorem 1 , but this

gives only a faint idea of the appearance of a 1-dimensional structure . The author

made a 3-dimens i onal st ructure  out of ~O thin wooden sticks , and was struck by its

appropriateness as a source of outdoor sculptures.

Theorem 2 (~~4) describe s the analogue of Theorem 1 for  skew heptiagons in R 3
.

Figure 3, of §5 , shows a 2—dimensional illu stration of Theorem 2. A 1-dimensional

model would be very desirable.

AMS(Mos) ~uh~ect Classification : 42A12
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Signif icance and Exp lanation

- 
- It is shown that a beautiful theorem of Jesse Douglas , of Plateau

problem fame, on skew pentagons [3), should be derived by using the so-

called finite Fourier series. Douglas’ result (stated as Theorem 1 in our

Introduction) states that in a certain figure formed of ten straight lines

1 2
in space, there appear two pentagons TI and fl which are plane pentagons

and affine regular, meaning the following : 111 looks like a regular pentagon

which is viewed for seme distance (slantingly) in space. Likewise ~~ looks

like a regular starshaped pentagon seen under similar circumstances. The

entire figure depends on the arbitrary choice of a skew pentagon H in space.

Our Figure 1 shows the case when the pentagon II , having the vertices

z
0,z1,z2,z3,z4

, is in a plane . This, however , gives only a faint idea of the

aspect of a 3-dimensional structure. The author made a 3-dimensional structure

out of 20 thin wooden sticks , and he was struck by its appropriateness as a

source of outdoor sculptures. Theorem 2 U4) describes the analogue of

Theorem 1 for skew heptagons (7—sided polygons) in space. Figure 3, of §5 ,

shows a 2-dimensional illustration of -Theorem 2. The author is now making an

illustration of Theorem 2 in space.

Acces j0~ 1~’or
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THE FINITE FOURIER SERIES II.

THE ~IARNONIC ANALYSIS OF SKEW POLYONS
AS A SOURCE OF OUTDOOR SCULPTURES

I. J. Schoenberg

1. Introduction. The previous paper (4) on the subject of the finite Fourier series ,

(f.F.s) dealt with some known~and some new applications to problems of elementary geomet r y

- • In the present second paper T~~.,,~applA .i.~~to a ~~~~~~~~~~ theorem of Jesse Douglas 4!~~on skew

pentagons in space. It is shown here that Douglas ’ theorem amounts to the graphical harmonic

analysis of skew pentagons and that it is also the source of striking outdoor sculptures.

This last opinion is shared by two great art experts , Allan and Marjorie McNab , whom I wish

to thank for their encouragement .

The case of a pentagon is discussed in §~ 2 and 3. Again with possible sculptures in

mind , we present in §~4 and 5 the harmonic analysis of a skew heptagon.

The theorem mentioned above is as follows. (See Figure 1)

Theorem 1. (J. Douglas). Let

(1.1) = (z
0,
z
1,
z
2
,z3 ,z4

), (z~~5 
= z)

be a skew closed pentagon in R
3 

, viewed as a vector space. Let

(1.2) = ~(z~~2 
+ z

2
) (v = 0,1,2,3 ,4)

be the midpoint of the side (z
~_2

.z
~÷2

1 which is opposite to the vertex

1 2For each v determine, on the line joining z to z~ , the points f , f such

that

1 1 2 1(1.3) £ — z = —~~ - (z — z )  f — z~ = — -
~~

- (z ’  — z )

then

(1 4) n i 
— (fi fl f)• f

l 
fi)— 

0’ 1’ 2’ 3 ’ 4

is a plane and affine regular pentagon, and

(1.5) = (f2 f2 f2 (2 (2 )

is a plane and affine regular starshaped pentagon.

‘nonsored by the United States Army under Contract No. DAAG29-75—C-0024 .
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ny tn ft tue r e j i t l a r  ( u h 1ydl  i en t aq n we mean an ii I i i .  t m  i i -  I a I , i t i l . t i

( St  at~ . utf .’il 1 ent  .tSl Tt

Theorem 1 wa~; , .e v t o  v e t  i t  v , but was i t t  t a ; ;i ly  d i  ; v , i i • l i t  - i v i  i i  ~~.i~~~~- i  - • L I )

( — ‘I , I *) • ‘cu;  I t  t ~i rc t i jh ly i xi lot e ;  t u s  prob lcmt ; . 1k ;i~~~ t h in; . i i  ,- i u -n v t lu,

pr o ( e rt  i i ;  1 v~~l i i . ( i  c i t -u i _ t n t ) :~~ i i , i - mat  i - ~~~~. t t i e o t , ’m I i - t i l l I .  .111 ,X . i i t t i 1,~

‘t q en e t a l  i c i i i  t -; in I i ,  12 ’ .] , .in i i l ;  a I t ; ’ ~ t O V  cii  d i i  .~~~t l~ i i i  I fl w i t  Ii .t I i i  I a t  I

i roof wh i t ; 1 , -c not s t -rn t o  b ca rt  i cu l a r ly  t r . t i t ;~~.t i  , i it  . i t s -  .t ut l i i  - - i t r i t - i t t  i i -  t i n

two ii I fe r t ’nt  d i  r , t  i ‘n. ; .

The natural founda t  i on ot  nouq l t ;  ‘ t hs ’orv ;ccm.; t i  t t ~ I I t  l i i i  i i  , I our i i , L  i t ;

To be sure , the  I . F .-; . i s  essent  ia I iy e q u i va l en t  t t he  i r o i t i  t i i ;; . t OV ij i ’ m . t t  r i i;; ii ;,

by Doug las .  However , i t  is shown in tha t  i t  we inver t  t he  I .F . t.  . t i  1 
~~~~~ 

J il l , i t t

in i t ;  u s ual  mr 1 ox form , but in i t s  s o — i ’a 1 1 * 1  r ea l  form , we at  e inev it abi v led t u t i t I t , ’

Theorem I . Fr~~n t I i i  point  of v i ew  Doug las ’ idea i t S  1 ly  qenera l  j r i -c  t i  th e  h inn on  ic m a  1\ • - I-

of skew h eptaqons  in H 3 (Theorem ~ ct ~4 )

The author  cons t ruc ted  out of 20 t h i n  wt~~jdeii ;;t i ’k ~ a 3— d imen s  j o n i l  mode l , w , i  I

over two f e et  in c i  ~ e , i l l u s t r a t i n g  Theorem 1. The al t os! .in i - of t h e  f’lane it  I i  ti~ r eg u l a r

1.entagcn .; 1 and was expected , hut en~~.v i t i l t  j u s t  the  sam e • e c ~~~~- i t  l i v  i ;  I h i , v I i  e

in two d i f f e r e n t  p lanes .  For co nt r a s t , the  s j it’~ .1 t h e  pentagons ~~ , , w i

p a i n t e d  in t h r ee  d i f f e r e n t  cot .r c .  The ct the  e n t i r e  s t r u c t u r e , i .0 .  i t n i r i i i i  i i i  i t

m o t ion s , depends on ~ i- il psr ar te ters  . This  l i v e  I;  i t  and I ‘I ii 1 , t k  ~f tymmet i v  a l l

t ot  i t t  j c t  i e f f , c t ; ;  and makes t he  ~.t ocet ic  of  the  a f t  m e  t , - i i i t . t t  1- n t  t i n ;  m o t e  c i t  ik i t i g

O r- tot  i t t  i t  i’h,t i ,; . M.t te of met  at  bar.; and ‘i a mote  hot . to  c i  ~~, , i t  w o u l d  ~ t s v i 1 e  a

,; t t i k i nq on t 1 0 1 - c ’  u l  p t u ri . Ou t- I q i i i - ,’ 1 5110w ; t h e  i’ m  ; - when h i t ’ ~.t ’nt .mq n Ii , I isv i n i  I 1;

K v t ’ r t  tc , ’-; .’ , .  , , , . in a ~ l , t ne . i’hi;;  , however , i i t ’ ,’.; ‘n l v  a I _ t i n t  i t ea ‘i t h*

- c t  f a i— j i ; n , n cj ’ t ; i !  ;~~ru t i i t i .

We al s o - i n s t  l U t  .1 I — I  tm -n ; i n i l  i l l  t i - ; t  l i t  i o n  ‘I Th e r ,’m •‘ i t t  1 I-  I I; i n  s o d -n

- I - ; t  i - k s .  Raced on i ck , w h e c t t - i -n , i t  : ;I i ; ’w;; t h e  t h u - i - a f f i n -  r egu l ar  ;. - t - t a ~~ -n - .

, pa in te ’ )  in  t l i r , ’, - - n t  u i - I  i ng  - ‘ l i - ; . T h is  mcde’l i n  v t  I ’  f t  - - ‘ i , ;  I , - t h u  a t  I ox - i t t

f o r  t h u - i  r ;- — eiittm ’nt on i t  - - c ujt i t -  I l t - ~’ i iii - i t t  i - u - - ; i l . - t  i i i  • ‘ i i i  i - ~t ;u -

amp le when t Is l i -  I t i : — _

~~~~
,. ,., - 1  i in  I ~

- l i i ,

_ * A

~ 

_ _ __ _ _ _ _ _ _ _
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( 2 . 6 ) ,  i .e.  f i nd  the individual terms and . This is where Douglas ’ idea comes i n .

From ( 2 . 3 ) , with = 0 , and writ ing w = , we obtain

2 —1 —2 2 — 1  —2
z

2 
= 

i~ v~ 
+ c 1

ii  W ) + 
~~2 Wv5 +

—2 — 1 2  2 —2 —1
- 

- 
= 

iWvW + C_ lwv ~ ) + + 
~—2

0
~ 

w

and therefore

= + z~~ 2 ) = ~ -(ui
2 + w 2

) ( l
1

i i  + 
~~l

it)v )  + ~~(w + w~~ ) ( ç s2 
+

But then, by (2.4), we have 

-‘1 ~~ •2 2w(2.11) = f cos — + f cos —
t V V 5 V 5

Since cos(4w/5) = —cos ( n/ 5 ) , all that we have to do n~~, is to invert the system of

-v
equations

‘1 2z = f  + f
V V V(2.12) - -1 w 2 2wz’ = —f cos — + f cos —
V u 5 v 5

Since cos(w/5) = ( l+f5)/4,  cos(2w/5) = (—l+/~)/4, we readily find the solution of (2.12)

to be given by

“1 1 1
f = C— z + Cl + )z’). —

V 5 ‘ii 5 v 2(..13) 
‘2 1 1 l+f ~= (7-i z + (1 — 7g.~z ’) * —.

Introducing the new points

(2.14) 
= - * z + (1 + *~ 

z

f2 =*z + (1_*)z e

we obtain the f.F.s. (2.6) in the form

(2 .15) - 
= !~3. f 1 

+ ~~ f2

Let us now establish Theorem 1 for the case where 0 c ~ . From the first relation

(2.14) we find that

1 1 -(2.16) — z ,~ = ig (z , — z~
)

while the second relation (2.14) shows that

t (2.17) f2 — = — 4.- (z ’ — z )
‘~i v v5 v V

(2.16), (2.17), are identical with the relations (1.3) that we wished to establish.

—5—
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- , 1. A proof of Theorem 1 i f  ~ I~~ . We point  out f i r s t  tha t  the’ definition of

t h u  pentagons (1.4) and (1.5), by the re’ls tii -tis (1.2) and (1.3) , remains valid in any

real vectOr space , in particular for R
3 

. The only statements still in doubt are (2.9)

and (2.10) .

Let

(3.1) F — ( !~, :1 ,~~~ )

denote the space figure obtained by (1.2) and (1.3), and let

(3.2) r — ( : :  • ::~ , :: 2 ) , t’ — C:: , :, 1 
,

• xy XI’ Xl’ Xl ’ X Z  X Z  X Z  X Z

— be its orthogonal projections onto the coord ina te  p lanes  xcy and X OZ , respec t ive ly ,

Since the construction of F is affine invariant , it is clear I hi,i t we can apply to the

plane figures (3.2) the results of the last section , in particular

(3.3) the pentagons 21 and are affine regular .
Xy XZ -

We now appeal to the following most elementary

jeumna 1. If the space pentagon

(3.4) = (X ~~~~~~.Z , ) ( v  = 0,1,2,3 .4)

has plane projections

(3.5) :
1 

= (x ,y) • =

which are affine regular pentagons, t hen  itseir is a plane pentagon which is affine

regula r .

Proof : The a f f in e  regular pentagons ( 3 .5 )  adnmit representat ions of the form

( 2 ” v  , 2~~;- i 2~~;’ ,
x — a cos — + b sin — , — a i’OS — + b’ sin —

-.- 5 5 ; i ’  5C3 • ~ — C COS ~~~~~~ + d sin z = e cos ~~-~~~
‘ 

+ sin

On comparing the first two equations of (3.6) we conclude that we must have a = a ’

h — b ’ • and so

2~~i- , 2 . v

( 3 . 7) v c cos~~~~~~~ d sin~~ —-
‘ V 5 5

2’ty
z = e cos —~~-— 4 f sin

— 7 —
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I t  Id  i ts .; t h a t  i s  art  a f t  i i .  rs - ;u l.ir u-i-nt ~i ; .; i i i i  . l iii. s t  i t ; ,  d h’, ‘ ~ - t i  ; t - i

- 0 - r i ;  na te  .;‘,- 1;t em of t hit ’ two  V t - i t  - i , ;  u (a,: - ,, - )  an :  v = ci , f )  . T ,;u~ h r  I

our t i lt  i t  i ;c, i i , - : n  1.

u - m , i u  k- , 1. Tb: ,- t s -  l - t - r ; t  i - i .  ;n ~
- , 1 

arid - I I  ;n I lit ’ Ar ; :; I L  r . :, t is ; ; ,

hut h,iv,- as - - ‘rmson ct - r . t , - u - t he  i - . ; i b 1 o ~~ I I , - v e i l  i I - t - ;  1 - :  - -

2 so 1 ; ;  to  m a x i m i z e  t h u . -  arti t i ’ , - ff,-ct -f  t I ; , - n I  t i e  . t i ; t ; ’ t u r -  i s  ;. ‘ c t t , ; ’ ;, ’ ~al an t

if course , ho 1 ., - l i - sn

2 .  :01; ; in’; ’ i -t t u rcil .‘ u i - n  i n  t ,  . , -on ;t t u~’l t ho 1 , - n t  i - ; i - . ;  - 
1 

,eni “‘ , a:;.h - t t In

if l ; ;

( 3 .8 )  ‘ L,o_, :. l , 2

w h i c h  r ov i d , -  t h e  f i n a l  harmonic  a n a l y s i s

1 ‘2
~~ 

~~~~~~ i ;  t ( _  8) This i~~ t s : mp l i f ie s  no ns id e r a b l y  t~ f i n a l  r on  h i  ion  ~ ii

f i n d i n g  f L  ;- _- t - t , i n~ :fl:; (3 .8) t Iu t - rn :a - lves  would require  t \ s i~ h i s n ot t : ’ t  t o  ino-ic i ’;; wi t h  .~~~n t  . 0

a cumbersome cn~np 1ications.

—8-
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4. The harmonic analysis of a skew heptagon. Our application of the f.F.s.

to Douglas’ theorem readily suggests the way to generalize his result to closed skew poly-

gon having k vertices. Having in mind further outdoor sculptures , we restrict our dis-

cussion to the case when k = 7 , hence

(4.1) 11 = (z
0
,z
1
,. ..,z6

)

is a heptagon. We have omitted the case when k = 6 for the reason that regular star—

shaped hexagons are not part icularly interesting. We commence our discussion by assuming that

(4 .2) 11 C a’

when the z are complex numbers . Their f . F . s .  and its inverse formulae are
V 6 6

r 0 1 r o(4.3) z = L C ~ C — L z vi (V = 0 , . . .  ,6)
V c i V  V 7 itt \)

where vi = exp(2wV/7). Again we assume that + + ... + z6 = 0 , hence C0 
= 0

and folding the f.F.s., as in (2.3), we obtain

- —l 2 —2 3 —3(4.4) Z
V 

= 
~~l~~V 

+ 1
~ l~v 

+ 
~~2 WV + C,..2 v\, ) + 

~~3~~v + C~,3w

The midpoint of the side of II that is opposite to the vertex z is

1(4.5) z’ = — (z + z
V 2 V+3 v—3

However, now we also need the further midpoint

(4.6) z” = 4 (Z
2 

+ z
V 2

)

Fran (4.4), and writing w
~ 

= vi , we obtain

±3 —l 3 2 ~l —2 ±1 3 ±2 —3 2
Z

+3 
= ( C

1- -~ w + C 141V ~ ) + (C
2

w
~~

w + C 2w vi ) + (
3

v i v i  + C~~w~ ~

whence

3 —3 ,, —l 2 —2
(4.7) = 

iti + ~ f 1 
+ ~ + iii ~2 + 

vi + ii)

V 2 v 2 V 2 V

if we wr i t e

(4.8)  f 3 = C i)  + C , v i~~ (j  = 1, 2 , 3 V =
V J V  ) V

Likewise we obtain from (4.4) that

±2 —l 2 ‘2 ~3 —2 ±3 3 ~1 —3
Z = ( r , v i u )  + C ii) (ii ) + ( C v i w  + ‘ :, ~

- is) ) + ( ~~~~~‘ , + , ‘, is- U’ ) ,
‘j~2 I v — 1 V 2 ‘~ —2 -

~ 3 ~‘ — 3  ~ -

whence

2 —2 - 3 —3 - — l -

(4.9) z = i
~ 

+ 1 5  f1 +~~ 
~~~~ f 2

+ 15 + t5i f
3

ii 2 ,) 2 

9_ 
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By (4.4) and (4.8) we’ see that flit’ rea l  I. ~‘ , of 2 is

(4.1 0) z — f1 + + f~

As i t t  t he  ‘i : u i ’  of pentagons • the analogue of lu t i s t  I as ‘ t tte -uu,’m w i l l  .i rio , - i t  wi - I nvt’rt

the i’3 system of equations (4.10) • (4.7), (4.9). Writing

(4.11) ~: . = -
~

- ( )  + vi i ) = cot; 
~

— - ‘
~~ , C ) = 1 ,0,1 ) .

We art ’  to solve the  sys tem

1 2 I
z = f  + 1  i t

V V V V

(4.12) z ’ — 0 f
1 

+ : f’ +
V 3 i- I u- —

z” = : f
1 

+ ~: t~~ + f
1

V 2 v  t y  l v

In terms of the inverse matrix

A
1 

H
~ 

C
1 

1 1 1 —1

(4.13) A 2 82 C 2 = t~3 ~

A 3 
8
3 

C 3 1 2 u
3

the solutions are

(4.14) f3 A , z + 8, ?. ‘ 4 C , z” • (j  1, 2 , 3~~.
~ v 3 V :i V

By (4.8) it is clear that the three heptagons

( 4 . 1 5 )  fl~ = ( f ~~, f , f~~, f~~, f~~, f~~, f~ ), (j 1 ,2,3),

are at fine ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(4 .1 6) 
3 6 ~ 5 4

,L’ , i ,1 , i ,1

respectively. In terms of the heptagons (4.15) we may w r i t e  ( 4 . 10 )  as

(4.17) fl — ,i
l 

+ +

However , t h e  heptaqonu ; (4.15) are not t i l t ’  ones t h a t  we wish  t o  cotustruct. Rather ,

fo l lowing  Douglas ’ lead , we in t rodu ce the  wei g h t s

A , B . C ,
(4.18) ,. = —~- , 1 . = —

~~- , ‘
~~
, , where tt , = A . + 8, 4 C ,

1 1 S . 3 S~ 1 3

and want to construct titi ’ iteptagons ,

(4.19) — ( f ~~, f ,~, f~~, f~~, f~~, f~~, f
t ) ,  (j  = 1,2 ,3),

-10-
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i .I\’ tt (’t i ’e t  I i , - - ; t t t \ ’ ,’u t  l’y

I ’ i .~ u i~ .‘ ‘ ; ‘‘ , i t  —
1 ‘‘ I \- I ‘-

We st ,-tt .‘ , ‘i iu i ,‘ : ; i t i  I

Theor em 2.

~~~~ 
‘
~~ — L’ _~~i ~ ,_ )

a skew hu’~ t a~cu~~ttt R , . , tid l e t

(4..’1~ .~~
‘ — 

1 
~~, — 

1 
~ +

I- .‘ I ’ +  I ~- — I ~‘ .‘ V I .‘ \‘ —

be’ t b .  ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ - ‘I 1) . i’~ ( 4 . 1 1 ) , (4.11) , i t t t ( 4 , Iti t wi

I i t t ’  t?te’ t),t’ee’ s~~t ii ci uui rn i ’t h’al w,’i~~i n t  i t

a ,, it , • i , + 11
1 

+ — I , ( I  —

In each of t he  ~ e’ven t r j~es

(4. .‘4) ‘r — ~~‘ , . ‘ 
- .• ‘‘l ( c  — 0 

is I-  I’ I’

~~, ‘~~~
‘!

~~~~~‘~~ 
the

f ,I, \‘ i-

a ui t h , ’ oen t t o i , I t o! -r w i t h  t h e  t h ”  tel :; ci wet~~1it :; ( 4 , 11 , teu j-e,’t ii’ei~ - l~ p t i v a l t ’ i u t l~~,

(4. .‘‘O ar-,’~~1~’t t nest I~~ t h.’ . 1 t 1~ ( 4 .  .‘i O - i’hii ’uI t t t , - t 1 - t t . e,2 ’j-t -a~j s.t t r ;

(4 .‘ ‘)  ::~ - 
I 

~ 
I
, ~ ~ 

~~
, I f I ) ( I  — 1 ,.‘, (1

(1 1 . t 4 ‘‘

at- ,’ plane’ hi tagons  t u i - 1  I hiel- a t , ’  at  I t t I , _ !’~~~~~~ I bu ’ I e~~i lM lu’j ’i ‘i~J cu tu  ( 4 .  Ii’) , u i ’ - -j  I i v . ’ t ~ -

Out ‘rhe’~su-ein .‘ i t  • ci ~
- s ’t t t  5, ’ , I o i l y  ,‘stabl I :; .i-0 i f  w~’ ,‘%.isiim,’ that 1 - a’ - I t i , t t  t

remaiut a t i t t , ’ i i  it - to t  low s ft-em t ,‘,-*,iouiI ttq ~ . ;j tn i  i i i  i s ’ t 11, ’,;, ’ (0 ,01 j u t  e xt  ,‘t i , I t , , . t ‘hi -- i  ‘ - i i i

1 ft~ an k’~ I , - lI
t

, jut I.art I c t t i , a r f u - ,an t hi,’ l emma : I I  - ‘ lli j t 5-1, ’ t( 1 ( i i  (1 , h i - . Is. ’ i i t i n e

~~1~1!’,’ , j - l a n , ’ ~~~~~~~~~~~~~~~~~~~~ 
II I t s e l f  ~~~~ ~~~~~~~~~~~ 

ansI  I i t s ’  I
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5. The construction of a space ~ode1 illustrating Theorem 2. By this we me a t ;  t~~tt :

construction of the figure ‘

(5.1) F = (f l , 111 , n2
1 11

3 ) ,

1 2 3 - -where 1, II , H , H , are the heptagons of Theorem 2 .  This  could be done g r a p h i c a l ly or

a sheet of paper by the methods of Descriptive Geometry . However , we have in mind a 3-

dimensional structure made out of thin (wooden) sticks .

For this purpose we need the numerical values of the weights (4.18). With sufficien t

accuracy for any physical construction, these are as follows :

°1 8i ~l 
— .08627 ,69859 .38768

(5. 2) a 82 1 = .78485 1.08626 — .871112 2

03 83 13 .3014 1 .2 1515 .48344

= —1.24697 , 
~2 

= .44504 , s3 
= 1.80193

The construction of the 14 points z’ and z ” by the formulae ( 4 . 2 2 )  presents no

d i f f i cu l t i e s .  These also determine the 7 triangles (4 . 24) .

In the plane of each T we are now to construct the centrojds (4 .25)  for the three
V

sets of weights (4.23). Here we use the following lemma which is too elementary to require

a proof (The reader is asked to supply a diagram).

Lemma 2.  Let

(5.4) T = (z, z’, z”)

be a triangle, and let

(5.5) f = oz + Bz ’ + is”

be its centroid for the weights a,8,y, with a+ $+y = 1.

If h denotes the intersection of the line joining z to z’ , with  the line jo in ing

z” to I , then the relations

(5.6) h—z ’ = p(z ’ — z) , f—h = ~ (h — z ”)

hold , where

(5.7) = -~~~~ -~~ • a = -‘v-

—12—
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Figure 2

We apply Lei~na 2 to each T with the sets of weights (5.2) . We drop the subscript V

and show in Figure 2 the location of the centroids f1 , f ’ , in the plane of the tri-

angle T - (z,z’,z”). Using Lenisa 2 and the numerical values (5.2) , we obtain the rela-

relations

— z’ — p
1
(z ’ — a ) ,  — h

1 
— ‘1 (h

1 
— a ”)

(5.8) h~ — z’ — 
°2 ~~~~~ 

— a ) ,  f — h — -‘ 2 (h — a”)

h
t

— z ’ — c 3
(z’ — z ), t

t
— h

3
— ’ 3 Ch

1
— z ”)

The numerical values of the ratios 
~~~. and i . , given by (5 .7) and (‘.2) , are

‘ 1 
= .14089 11

1 
— — . 38768

(5.9) — — .41946 ‘2 • .87111

— - .58350 ,‘~~ — — .48344

The locations of the points h1 and f1 in Figure 2
, are drawn I ; ’ scale. For any o the r

triangle I (z, z ,z”) the corresponding diagram is the image of Figure 2 by t he  affine

transformation mapping T onto T .
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Out- Figure 1 shows a 2—dimensional illu st rat ion s t  Theorem 2. It ‘;h i , sw:  Its’ thre.,.

a f f i n e r egular hept agons ~~ , , , i i i s i  . In ordet I o si m p l i f y  t he drawing it oh i , sw , on l y

the construct i on tit the thr ee v, ’t t ices

I .‘ I
~l ‘

correspond ing t st the triangle T
1 

— 
~~~~~~~ 

z~~ , 

~

J

r 

- 

I

/

\ -

i ’
_ -

N.

-
, -

I ’ i s ; i i t  ,‘ I

-14—
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Abst !act (continued)

be the midpoint of the ’ side ’ ~~
‘ ,. 

~

‘ ,! w h i c h  i ; i t t ’  to the ’ vertex z .

For each ~~‘ determine’ on the lint ’ ~oinii’~j : to ~‘ , the }~OiI1t~~ f
1 
,f~ , such

V — “ - “ V —

that -

— z ’ — -4— (z — z ) ,  f — 
~~~

‘ — — -L ~~~ 
—

~. V + 5 ~
- V \ \ ‘  I ‘~‘

Then

~1 1 1 1 1
- a ( t ~ , f

1
, ~~~. ~ f3 . f4 ~

is a plane’ Send e~ftjnt ’ re jular p~’ntagon, and

-H a (f ’~ f~~. f
”
~, f~~, f~~)

is a p1 .ane and ~~t fine ’ regular s tar~Thape’d pentagon.

Ry an affine regular (starshaped) pentagon we’ mean an affine’ image o’ a regular

(starshaped~ pentagon .

~t is shown here that the” natural and inevitable ~our~’e’ of Theorem 1 i s the’

- -  - 1 2
finite Fourier ‘~e’rie ’~i - ‘t t i, v ’  t er ms .  The affine’ regular pe”ntaqon~

; and

represent e’~~s~~nt  jail y the’ harmonic analysis of the pentaqon ~ . r i ac  in~ the’ oriqin

12 of R in the’ centroid of the ’ vert i~’eo of , the’ ce*flplete harmonic analysis of

is summarized by the relation

1-~
’
~ , l i + + c 2

~~~~~~~~~ ‘

The’ Figure’ 1 shows a 2—dimensional illustration of Theorem I , but this; gives

only a faint i ~i ’ ,e ot the appearance of a —d m ono iona 1 ot rt l ct t l r e ’ . The author made

a 3—diine’no jonal st ructure out of 2~
) thin wooden st jck~~, and was struck by its ~ip~’ro—

pr iatt ’neo; ao a oou - + ‘ of ou t  d& ”o*’ sen I p t ures.

Theo rem 2 ( ~ 4 ~~~~‘ ocr i he’ t he” analogue ‘I l’hoorem I for kew kept aqono in R .

Figure’ , of ‘~S , ohowo a .‘—d imens ional illustration of Theorem -‘ . A ~— d im en si on a 1

model would be’ very desirable.


