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ABSTRACT

This report presents a group—theoretical interpretation of the structure of

certain completely integrable Hamiltonian systems. These systems generalize the

nonperiodic Poda Lattice system. Since all of them owe their special properties

to the same group—theoretical mechanism , we call them systems of Toda type.

This mechanism also provides a foundation for understanding many other completely

integrable systems, including the Korteweg—de Vries equation , which will not be

discussed here. We give an invariant definition of the class of systems of Toda

type , and a method for explicit integration of all systems in this class in terms

of rational combinations of linear exponential functions.
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~; Lt ~NIFI CANCE AND EXPLANATI ON

It is very unusual to be able to give explicit solutions of nonlinear dynami-

cal systems in terms of well-known “elementary ” functions. Whe n this is possible,

some special under ly ing algebraic structure of the dynamical system is usually

rt’s}n)nsible. Often a continuous (Lie) symmetry group appears in such problems , and

r its role is worth understand ing, for application to other problems which mi ght bear

a similar relation to group theory. In this report we describe how certain con-

struct ions in the representation theory of Lie groups enable one to solve a number

of d i f f e r e n tial equat ions, including the well-known Toda Lattice equations , in terms

of rational functions of exponentials. Some of our results also illuminate the

behaviour of a number of other integrable dynami cal systems , among them the Korteweq-

de Vz-ies equation and the Euler equations for motion of a rigid body .
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ON SYSTEMS 01’ TODA TYPE

W . Symes

~1. introduction

This r ’po:-t presents a group-theoretical interpretation of the structure of certau~ cots—

pletely inteqrahle Hamiltonian systems. These systems (Ui, (2~) generalize the nonperiodic

Toda lattice system. Since all of them owe the ir special properties to the same qroup—theoreti-

cal mechanism (Theorem 2.2 below) , we call them systems of Toda type. This mechanism also ~‘x o-

vides a foundation for understanding many other completel y integrable systems, including the

~orteweq-de Vries equation , which will not be discussed here . We give an intrinsic definition

of the class of systems of ‘roiia type, and a method for explicit integration of all systems in

this class in terms of rational combinations of linear exponential functions.

Our results amplify and extend in various directions the work of Moser 12 1 , Adler (31, [41,

Kostant (SI , and others.

The study of completely inteqrable systems proceeds in three stages: (i) identification

of th~ sytsplectic structure which gives the system its flamiltonian character; (ii) identtf: -.:~

tion of f i , ~ ;t nte~t,a1s (action variables or constant s of motion) ; (iii) identifi cation of a

complementary o ’ t  of variables , and computation of their evolution under the various Hamiltonian

flows as~~oci~~te.t to the first integrals, if possible in terms of “elementary~’ functions. This

~ro i l im was the stuff of earl y mechanics , and has long since been abandoned , for very oeod

reasons, as an approach to the gtudy of general Hamiltonian dynamics. The systems considered

h.:.’, liowi vi r , idm i t this approach because of their basic connection with certain Lie orou}’s,

which I t o v i d i ’ S  a rei~~rk~hl,’ amount of structure not otherwise to be expected . In fact , each of

the il~~w.’ steps , as c a r t  i i’d ou t  below, is the reflect ion of group—theoret ; c c i r c um s ta n ce s .

( i )  The •;vm~~l,n’t i. manifolds on which the ~;ystems are defined are orbits of the coad~oint

act ion of .1 l i i ’  01 o:tp : on t h. dual of Its ti e algebra, with the nat u ral  svTnpl ect I c  st i’uct uie

i - o h s ,’ i vat  ion  • whieb ~
- ‘ s a r r u~- i a l  i-ole , i s due independently to  Mark A d l e r  and

• Bet- t ram Kostant

~ ‘:: s ’ i . ’ f  by t he flnj ted ~;t it  c Army under Contract No. I A1 ;2 q— 7 S—1 ’—o~24 , rh i ‘~ mater ial is
• t~,, ..’d upon work •o:;~~’e: t . 1  by the Nat ton al ~c i.’nc. ’ Fonn.iat ion under  ~ ran t  No. MCS1R—~~~’2S
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(ii) The constants of motion are coadjoint-invariant polynomials of a larger Lie group L in

which the Lie group G of (i) is embedded as a subgroup; their involution is equivalent to the

existence of a complementary subgroup H (Theorem 2.2).
I

This  r e su l t  is due independently to Kostant , and generalizes a theorem of Adler (3) . In-

deed , the work reported here began as an attempt to reconcile Adler ’s results with some puzz-

ling computations in (61.

Points (1) and (ii) are explained in section 2.

S ( (iii) On certain orbits , the coadjoint action of G coincides, along the consnon level sets of

the integrals (ii), with an action defined by the inclusion G c L. Under a natural nonde—

generacy hypthesis, these turn Out to be exactly the orbits on which tbe L—invariant poly-

nomials provide Lagrangian polarizations, i.e., completely integrable systems (Theorems 4.3,

4.5). This result is explained in 94, and generalizes a well known fact about Jacobi (syin—

metric tridiagonal) matrices, which are in a natural way a coadjoint orbit of the group of

lower triangular matrices: any two Jacobi matrices (with discrete exceptions) which have the

seine simple spectrum , are similar by a lower triangular matrix.

(iv) The class of systems of Toda type is defined as follows. The Lie algebra 9. of L is

a normal real forts of a complex semi simple Lie algebra in. The Lie algebra h of H is the

+1 eigenspace of a Cartan involution of 9., i.e., the intersection of a compact real form

of in with ~~. The Lie algebra ¶ of G is the complementary (to h) Borel subalgebra in

S 9. The dual ~~ is identified with h1 in the natural way (via the Killing form). Let

c c be the corresponding Cartan subalgebra . A coadjoint orbit 0 of G in is called

a Toda orbit if  ( i )  it contains a reqular point a C (this condition is the guise assumed in

this setting by the nondeqeneracy condition mentioned in (iii) above); (ii) dim 0 = 2 rank t.

A sy s tem of Toda type is a Hamiltonian system on a Toda orbit  0 in h1, with the restriction

of an L — in v a r i an t  f u n c t i o n  to 0 as H a m ilt o nt a n .

— 2 —
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In ~S a ‘ c t  of coordinates (not qu i t e  canonical )  is constructed on each Toda orbit. Half

of t ci ’s,’ ate ’ [-invariant functions , which generalize the eiqenvalues of lacc ’bi mat t Ice ’s . The

other half are analogous to the norm i ng constants of Sturin-Liouville Theory.

In ~e’ the representation theory of Is used to describe the trajectories of systems of

‘rod e type . A scheme is given based on the results of section 4, which enables t h e  m a t r i x  ole-

me’nt ’i of representers of trajectories in  each irreducible representation of t to be expressed

as rat tonal functions of linear exponentials in “time ” with coefficients rational iii the matrix

elements and spectrum of the initial representer .

For thi s last stunt , we use a EuCl idean structure on each irreducible representat ion space ,

for which the Cartan involution on goes over into metric adjoint . In an appendix to  ~S we’

d i ve’ a completely algebraic proof, which seems to be new , of the (well—known) existence of such

a metr ic , t’y way el f  the Ve’ t~ma module construction,

• We’ me ntion several ways in which the theory developed here falls short of what has been

a’hieve ’,l by others iii specific examples . First , the results of Sect ion ~‘ amount to  a par t  id

s o l u t i o n , in t he  St V i t’ of ~e 1 ‘ fand—Levi tan (7 1  , of a brand of I nv,’ts,’ spoct t a t  problem.  We’

f a t  I , however , to  give  an a priori characterization of the set of npee ’t rat data t oy  all repre-

sent at ions and all Toda orbits. Also we are able to parameter I ~e on ly  a ~ar i ski  —oj ’on subset

‘1 t h e ’ r.’t’ r esent  ,‘rs of points in Toda orbit hav i ng the  same spectrum as a fixed poin t  . These’

~~iii i 55 i O f l S  ‘ont iast with t he ’  sat 1st .act  or i 1 complete solut toics of the inverse spect rd problem

for Jacob i matr i~ c’s (which form a Toda orbit) , detect ibed by Moser ( .~1 , e o l t i b — W e l sh  (Hi , e oluh—

di’ Boo r ( 1 )  , cud c a s, ’— K ac ( 1  1 • on w hi ch  t h e  present t heory is mecd,’ l e t  • Kost ant (SI has at so

qi  von a much moi e complete t reatme ’nt of the I iwerse spe ’c t t a t  1’iob 1cm I en the Jacobi sot i n

sp i  i t  -. ‘ri -~ nn~’ 9 i ’ real  l i e  a lgeb ras .  H i s  Wet-k I nclud ,’~ the t rea ta len t  of Moser (2( as a up” ’ cal

case’ ( Mces , ’i  ‘ ‘, work in  t u r n  se,’ms t o  i ’  back t o  work of St tot 1,’t e 1 . t e e’spt t o  I hi’s.’ f a i l  tug s , how—

• out r e s u l t  -~ cuff ice to not VI’ oxpi l i t  I i ll ot t hi’ systems of Tod a t vp. as ,I, ’ , ’i c l i i

, .bov,- .

w. f a i l  I ’  expl t cat.’ t hi’ mapp ing between t h e  ,‘ooid c n at  ~~~~~~ 9 S and t he’ m a t r i x  eli’ —

ment s of vii I o t t ’ . repr esent  e rs.  I t  w i l l  I’, ’ , ‘lear  to t h e  readet that informat ion i s  neeele’d about

the’ orbit under  t it. ’ - -cc l i i  ‘cc ~’ II ‘f a m a x i m a l  v• . t  ot t o t -  each i i t , ’ ii ie ’ it , t  ,‘ t- .’pre .sentat  t on  of
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This m4tter is related to the problem S t characterizing p . - c t t . . i  l i t . , , :5. 10 t - i ~~- i  i t

The Jacobi matrices (sysitietric tridiagonal matrices with pos itive ct1 — -iiaqo naI ,- c t  t i t . )

form a ‘rode orbit (this is explained , for instance , in ( l i t .  Their  t m m e ’e l t , t t c  ‘~~ n . - t o l i z a t  t o t - . - -

are the  .ia5 -obt Sets in split semisimple Lie algebras (Sc’.’ ( S I ) ,  w h i c h  art ’ t he ’ o r b i t s  of certain

principa l nilpotent elements. The Jacobi sets are the appropriate phase stSae ’e~. for the general-

ized Toda lattice systems first described by Boqoyavlensky (?4( . These are not , however , the

ccii i v leda or b it s ,

The’ author has described a 6-dimensional non-Jacob i Toda o rb i t  of the group of lower t r i -

angular  4 4 ma t r i c e s  of d e t e r m i nan t  1, and -~ ec ”utpci  t’l.arboux e cOt d i n a t o s  and a family of

I Poisson—cOtIsiut tog funct ions (12511 . The author  has also located a number 01 o thet  Toda ort ~e t s

in the n s n lower triangular qi-oup ( (2t ’ (); they  appear to  he quite numerous. The Jacob i

o t t  i t  appears to be the etc l v  such ‘rect a orbit cc,itt; tnt c no e’;tt i ce l v  of re-’qul a i c 1 e’t ict’ict s , however ,

a lth oug uc we have not proved this.

It is interest ing to note that the basic result on systems in i n v o l u t i o n  (Theorem 2 . 2

below) has a range of applicability far beyond the class of systems of Toda type , is defineSl

here . Some finite-dimensional examples, including a very Interesting one due to Mumford .

van Moer beke , and Adler , are described in ~3 , with detailed matrix computation of various

Hamiltonian vector fields. With slight modifications, this result also yields the various sys-

tems in involution associated with the Korteweq-de Vries equat ion , t he “nonlinear Schrodinge r ”

equation , the. Euler—Arnold generalized rigid body motion , and the equations of geodesic flow on

an ellipsoid ; see (31, (11), (121. Adler and van Moerbeke 11 11 use this theorem in the c o n tex t

of Kac-Moody Lie algebras , in their work on periodic generalized Toda lattices. I t  also yields

the constants of motion for the sine—c,;ordon (131 and itac-Moerbeke (141 equations though with

the wronq symplect ic s t ruc ture.
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§2. A Theorem on Systems in Involution

A Poisson Structure is a pair (M, { }) ,  M a smooth manifold and { } a map

{ } : C~ (M) x C~ (M) -•

satisfying :

(i) } is antisyinmetric and bilinear

(ii) { } is a derivation in each argument

(iii) {F{G,H}} + {H{FG}} + {G{H, F} } = 0 for all triples F, G, H s C~ (M)

Any H C (M) defines a vector field via the prescription

D
H
F = {F ,H )

is the Hainiltonian vector field of the (Hamiltonian) function H.

Symplectic structure provides a special instance of Poisson structure. Suppose M comes

equipped with a closed nondegenerate two form w. For any H ~ C (M) specify the vector field

DH by

W J D H =d H 3

and define

{F ,H} = w (DF 
A DH )

Then j,} is a Poisson bracket, and
a

D F (F ,H }
H a

Poisson structures form a larger class than symplectic structures. Still it is not hard

to convince oneself that any Poisson structure is stratified by sytnplectic substructures; see

some remarks in (3], -

The following class of Poisson structures, studied initially by Kirillov (15] , will be

central in what follows. Its relevance in this context was observed independently h~ Adler 13)

and Kostant (51,

Let G be a connected Lie group over F , ~ its Lie algebra, ~~“ its dual. To ever~’

x • ~ is associated the endoncorphism ad X of ~~~. To every It e C is associated the

— 5 — 
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automorphism Ad X of

Ad It : y dL~odR~(y)

where y j is interpreted as a left—invariant vector field on G and Lx~ 
Rx denote re-

spectively left and right multiplication by It in C.

Denote by ad ’, Ad’ the contragredjents to ad, Ad, that is

ad’x = — (ad x)*

Ad’X — (Ad X 1)* .

Thus for

(ad’x(ce), y) = (ci , Fy,x l>

The representations ad’, Ad’ of j, C in End (1*) are called coadjoint,

For a smooth function F : -
~ F , define the gradient VP : * ~~ by S

(a, VF(a)) = dF(ce,a), (a, ci) s X 
~

Kirillov s Poisson bracket on ~~~~ is now defined by

{F ,G } ( a )  I (ci[VF(ci) •VC (a)]

for F,G e C(~~). The proof that (~ * ,{ }) is a Poisson structure can be found in [16] ,

Ch. 2, as can the following facts:

The Hamiltonian vector field for H t C(~~) is

D~(a) (a, ad’(VH(ci))(ci))

Obviously D
R is tangent to the orbit = of C through a (under A d ’ ) .  These orbits

are symplectic manifoldsc for

U = (a, ad’x (a)) s T 0 V , v = 1,2V V a c i  a

define

A I (a , [x 1,x2 J )

Then a is a symplectic form on 0 .

—6— 
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So t hc - t a t  t I icat ion me ;- t ..cio’d ,ibScV , . 1 t  ,ictua 1)~ - .-f fc’ct ~~cl by the  ~d ‘C — orbit decompe—

s : t  io; ‘t ~~~~~ in  th i s . . i - ; c ’

~~ YS~S ’I c t hat e’ach o i l ,  it  ~
‘ i s  a homogeneous sytn p lect ic man I to J . .e. the act ion  of C is

ic .i’tJ. t t , ~ntc -L t t v e . Ftote also that the y e st t i c t io n  of the Hamiltonian vector field

0 1’ - - c, - tc’tntine,l alt e_ idy by t he  r e s t r i c t  t on  of the Hamiltc’nian H to c~a

NOw .ct .fl.cs, t hat ,i :s a suhalqebra of another real Lie algebra ~~, w i t h  connected

-~~ I . c -i h he a , oml’I , ’r t t ’n t ,t r \ -  c;utc51.ac -,., Then t bce ’ dual of the in.’lcision ~ is

-i I i n e c i  1 tc~ not  j-ht sm when ;o5t ; t ct c ’d t o  . Use this isomorphi am t o  ident i f y o * wi th h 1 .

- c i i  -c  .:
‘ h a i so , but  only one of these ide’nt if I c’at ions wi 11 he of much use. r~~tiote by

- 
~~~ 

th e  c i  .‘ ~c - 5-t  ion s  rel at lye ’ to the decompositions ~ • h ,  * • .

-‘ .1 .

I Fot  F S , * donut.’ a lsc ’ Icy F the rest  c lot  ~ Ofl to h~~’ ~~ . Denote’ by

V F  : -: * ct t o ’  ~ t .i5hic ’nt of as a funet ion on o~ , and by VF : t he  g r a d i e n t  as

t s t : t , t  ton i t  . The ’ti for  - i  ,

V F ( ~~)
9-

( i i  ‘e;ic ’t 0 1’’. id  ‘ t h i , - represenrat ion of ~1 in Fitch (h
1) c icdt icc ci 1w t h e  coad ~oi ot t o-

t s - - ‘ t ’ t  .~ t I ‘it  .t  on ‘; ‘ by the ’  id~~nt  i f  icat ion  g * h~ . Then foi- x r ~~~, ci C

id’ x (~eb

c e h c t , ’ Ott lh, ’ r . h . s  ad’ meAns ad’ :

The ~- t  ,‘o f i t  t i i v i  a t  . The not at  ioOs i i t t  ; e.1~ice3 iii the statement w i l l  he UOc cl t hioughout

I\.o .-.‘mc-sJ ,‘~i5  t Iv that .id ‘
~~ 

I I t S I t I S OS  .1 I c ’ t ssoit bracket ott Ii o ti’e’n by

ir 1 , F’ , ) (,t t ~ I i , 
i
’
~~l 

(c,~ • 
— VF~~(a~ )

ct - ..t Itatni ,‘tican ve’.’t ot t t , - l , h n

F
i t )  ( 1 ,  1 ad’ (‘ V F ( t t )  ( c i ) )

Si

N. ~ i n  .‘, h i i . -o the 5lass ,~ • , 
• 

* - ‘1 id’  — tiwat- i ant fonot i o n s  on , di’! i ned by

- - _ - -
~~~

-— ---  —— --
~~~ 

- 

-
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= II-’ , C 1 1 1  1 Vr~~’t , .i~t ’ x c c i I %  — ~ f~~i ,ilI -i ‘ ~~~~, s s .

‘Fh~- -~.’ at ,’, of co urse’ , .‘ica~’t I v  those fu n c t  t o u t- Cc ’u tuc t .in i c ’ t i  I bc , A~t’  — c u  t 1  t ‘- 1 i t s

The. t oh i ow t r i g  ‘rhceorem i s  basic tc’ what follows

em . .  . Sct I’p c ’s~’ t h a t  Ii Is ~ l c-c ’ .t c-ut - .s I oet’c a ,‘I . Then:

I is  a system in  involut ion , t . e. tot  F’ ,F , ‘ , ( F  • 1h~ 
1 . ,~

L 1 .

( i l l t o t  I’ 
~~
‘ the Pl~i~t i t u n i  iii v e c t O t  f t e ~ hi is  gtv,’ic 1”

h

( S i )  — ~a , ad’  I~ VF’(t c I (ci ’ III

— I i , —ad ’  
~~‘ h~~

’
~~~~ ’ ~i 1 1

~,‘m.t t i,s

1’ to his paper ( S ) , tt . Kostant  has oiven a version of t h i s  t h e ’,’t -em . It s ~!o,’t t i ~~~~~~~~~~~~~~~~

isat ton ot Adlet ’s pr~~tf of theorem 1 en Ref. (1].

21 The’ !otmiitae i i • espc’c ia I I  y the ’ sc’c, ’nd , genet-a Ii ~e the tot-mit l~ t ot t i u t  i n n  t .‘s ima 1 so—

spect t a t  sieformat ion of mat i i ci’s ~‘i s’ l ’e ’r itoe uc , t h e ’ ‘at i i  it of wh i ott t t t c ~ .out t ext ct h a

~dV e~ it at l~ cn , T,~ i.a latt Ic.’, ,- . , was po t nt  i’d out by P. I,,ix in  I I ’ )  . l’h,’ t b u t  ng -
, i t c ’t i c e

is I h i t  t h i , ’ p t o  c , , -t  ion ‘
~ is  m :  cc ’s i tco in  I t ~-nt s - t ad ’ iii  t—o t h ’ : t , : hu  — ‘-a:: , l  cc t h e - c .
h i

1 1 1 F’c_i i -t , X i , and ‘-‘ .- - , ~~~‘ have

S~ , .ad ’x~~,-.’ , VF (ah

Ia , I V F t a )  • x ) ~ 1 —ad ’ i\ ’ F’ i,t l I 
~~~~~~~ ~~

\

e. F , i t and s’n Iv  If

ad’ (t’p(, ’~) )  
~~~~

— ad’ ~~ ‘. 1 ( i~~~’ (cl i • itd ’ 
~~~ \~~b’’ c i ’ft

s,’ u - i  r 1,  F , , , c ,  h i ,

-~~~-

*

-~~~~~~~~
- 

~~~~~~~~~~ 

-
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I F  , F ( i i  c , S_ _ F’ ( c )  • hi VI’ . (ci ) 1)1 2  c i t  ~~, 2

= (ad’  ( . ‘,‘F ( 1 ) ) (~~) • 1 ‘5 ’ F ( ci))
q 2

— — ( a d ’ (~~1
f’

2
(,i ) I ( c i ) ,

— — ( .  “Ft a)  , “F (ci ) ))
h 2

(_ i  • . f_i
\ l , (ci ) , ‘t I ’

1 
( ci ) ) )

(a d ’ (9
9

VF
1
(ct) ) 

~~~~~~

- (ad ’ (~~~VF
1

( c i ) )  ( S i ) , 
h

VF
2
(c))

= - ( s c , t
1

’2F
2

( c i )  , h F l ( c i ) ) )

— o

Note that the last s tep  works o n ly  i f  1_i is a subaiqebra of ~~.

( i t )  h r  F - ‘~~~ a ‘

- ( c i )  ( a , H ad’ ( H  VF( ci ) ) ( c i ) )H h t 
~

= ( t , -ad ’ (fl
h~

’F(0)) ( a ) )

whe re the  1 b, ’5 - ntc ’,s s upe r f l uous  because a d ’h ( h 1) c h1
, as can eas i ly  be checked . However ,

h
t- ,’ccius,’ of (its’ .i1 ‘ — i n v a r i a n c e  of F ’  t h i s  is the sa.’ne as

(ci , a d ( H  V F ( c i ) )  (ci) )

q .e .d .

S i n ce  the’ ) -u t ot  of Theorem 2 , 1  depends onl y on the propert ies  of the g r a d i e n t s  c F ( t h ,

I’ - 
-

c we have’ the following local version :

‘o r , .’ I , l O t  . 1  ‘1 denot e  the co l l ec t ion  of loca l ly  a d — i n v a r i a n t  fun c t i o n s  in t i c  open toct

~~‘, i . e .  those I’ , C (~~) s a t i s f y i n g  -

ad’ (VF (ci ) ) (ci) = 0, ci •

Then ‘ ‘(  ‘) is a s \ ’ - s t c -m in i n v o l u t i o n  on (1 n h t , and f o r m u l a e  ( i i )  cihove ib id a t all
h o 1

~1- i  • t i  i c h

_ _ _ _ _ _ _ _ _ _ _ _ _  

U-
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§3. Examples

All of the instances of Theorem 2.2 investigated to date involve the compact/Borel decom-

positions of semisitnple algebras, at least so far as this author knows. This section is devoted

to a description of several such decompositions 9, = a ~ h , and a display of exemplary computa-

tions for each resulting system in involution.

The computations get rather explicit in part II. This explicitness is meant on the one

hand to connect our invariantly—formulated results with many matrix manipulations found in

other papers on the subject. On the other hand , a collection of apparent computational coin-

cidences suggests the need for a s~ stematic study of the behaviour of the s~~~tems of Theorem

2.2 under various algebraic and functorial manipulations of the underlying Lie algebras . Such

a program remains to be carried out.

The decompositions are presented in part I, in terms of a root system for the split semi—

rimple real Lie algebra it.

The Cartan—Killing form of 9. allows a canonical identification 9, ~ ~~~~, under which the

adjoint and coadjoint representations coincide. Explicit formulae are given for the Hamiltonian

vector fields and Poisson bracket, and h ’1’ is determined.

The first three examples are variations on the compact/Borel decomposition theme. The

first is the real compact/Borel decomposition of a normal real form (see [18] , Ch . 1 for the

def in i t ion)  , and forms the subject of the last two articles of this paper. It was first con-

sidered in this context by Mark Adler and Bertram Kostant. Examples 4 and 5 are due to Ken

Macrae and the author. Example 6 was invented by Mark Adler [11] to treat the asymmetric Toda

Lattice systems of van Moerbeke and Mumford [19] . Our contribution is to show how Adler ’s re-

sult follows from Theorem 2 . 2 .  Example 7 is particularly noteworthy: it shows that Theorem

2.2 may actually have no punch in certain situations , i.e. the collection of coninuting vector

fields may collapse to the zero field .

In part II 9, becomes uniformly s9.(n,R) , and explicit matrix computations of all

quantities mentioned in Theorem 2.2 are given.

-10—
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I .  tu om , ’ de’cc~~ icos i t  i c c f l s  c c l  semisirn isle’ t,c’’ at cie ’hi ass

- 
I . lot m be a compl ex s em i s im p l e  I i , ’ a l c u i ’ I S n  a , and s e l e c t a c , i t t  t i c  seilc .ilijc’bi a j ‘ rn .  l e t

Ice tb, I ~~~~~ ‘sy s t e m  ( c c i  I lie’ p a i r  (m ,J, ) , P a syst em of positive. i c c ~ct  .5 ,

t n = 1 ~~~ 
‘I m •m

• l i ’  ‘1

th,’ n c c c c t  - c I ’ ,ic - i c ci , ~ c .omIcos i t ion . t\, c ’c s t  d i i c c t I c c  2I1 I , t.’h. 4, t li eu ’ l ’ s  ,i Wo~~1 I c ,~s i t ;  c c i  tnt t hat i s ,

t u e — n c ’ i t  c~ I’,i’c l ’ s Vc ’ S t  c ’ i t i  of m suc’h tha t-I —)

L~ , ‘i I — c ’s’. ‘1 ,
Ii 1 , l ~ ‘4 4 5

wlie i e c ‘ - c~ c m i  I ~c ’s5 c + B i s , i  l ion—r e ro l oot and c ’ — — c ’ • A l cc c c
‘1 , I~ ‘1

tl~ ,~~
‘. I — “ ‘‘V ~~

‘) ‘1 -

Ie’,1 ~~~ 
— K( I , (( )

wlie’i e K ( , ) denote’s t lit’ K i l l  i n s j  form , view, ’sI also icc a ( n c o n c c i e c , , - i i . ’t - at  cc ) t o i m  c’ic i~ c r c  t i c , ’

( c i S ~,’ i S c i i . _ way .

i S - i i c c t  c ’  l’t’ lb .’ ~~~— l i n e a t -  spSn ‘c i  o , 1t : ‘1 ‘ ,\ , l o t  c ’ Lii ’ 1 is’ l i n e a r  map •

ii’!  t i c, ’ - )  i c _
i

S 
‘ ( c ’  ) — 0 , ~c ( : ’  I —_ 

‘1 ‘V ‘1 ‘- ‘ 1

I ,a. - t  - u  ( cc , ~~(c  c ” 5 ) ’Oi ica l 1 1181 c i i ,  1)

1) i - - , i ,s,’m c  - - ( m i s t . ’  t i e  a t c i , ’ I c m  ci  ccvo t E . IS  c ’cil  t e c h  ‘i normal t-t’aI (c - - i -rn of m , I h a n k c ,

I , -  ‘c i L c e ’ l s c w  ( c t c ’ , c 18 1 )

-
c 

‘~ -~ In  Li n t. c — - •i cc t c cc c tS c i ~‘ ic I ‘inc ‘ ‘I , and c ’ 
‘ I

l b  Ic = 1w ct (w) —w i ct ; a s c m h c ~~ic j e h i  t c if  , .‘iIIci K I o c t  I i c - I  c ’c t  t c c ii c ’ s  I i r ’c ,a t  iv.-

-I ’’! t i c  I c ’

i t  h t 
— 1w ‘ : K(w ,x) — 1. 1 c ii)

(w ‘ : ‘(w) — W I .

‘ , )  c ’ — I-I — I inicar ‘-~‘,ucc c~ t ~~~~ 
, ,\ , 1’; .i e’aita,t cs c t l c , i l c n , ’ I c n  -a c f  - , t f l cI c ’ -

— 1 1 —

— , .
~~~~~

. 
—~~ 

— —-i— —— ,~~ ~~~

- 

~~

- 

~~~~~~~ ~~~~~~ 
-

~~~~
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6) [hi,h U
J c Ii, and K is positive—definite when restricted to h~ , which consists of semi-

simple elements.

7) Write = ~ R Z~ • Then are nilpotent subalgebras of ~ and a = c • n is a
yeP

subalgebra of ! complementary to h. In fact, 
~ 

is a Borel subalgebra - i.e. a maximal

solvable subalgebra of 9,.

Since K is nondegenerate, you may use it to identify t wi th t~ . Having done this ,

you compute, using the antisyimnetry of ad with respect to K,

ad’ = ad

When is identified with h~
L as before, for F c S (which is now the class of ad-

invariant functions on 9, i.e. the class functions), ci s

D F ( ct)  = (ci,

= (H VF(c t )  , a]

- - The Poisson bracket is (a h , F1,F2 
c C (9.*)):{F1,F2}(a) KIn , (H VF 1( ct) , f l V F

2
( c i ) ] ) .  The

number of independent differentials of functio~is in S at regular points is equal to the rank

r of 9, (which is the same as the rank of in)

2. Complex Borel decomposition

The complex Lie algebra in = £ ø~~ iIh may also be decomposed over ~~~. The subalgebra

is now a maximal solvable complex suba lgebra:

~cme P

and its complement is the (— 1)  eigenspace of o,  extended complex—linearly:

— (Z 1~ ~
‘ Z

~~
)

acP

The expressions for Hamiltonian vector fields and Poisson brackets remain as in Example 1.

The class functions on in are holoinorphic, and yield r = ( r a n k  rn) T-l inearl ’1’ independent

holonmorphic differentials at each regular cm ~ in.

—1 2—
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3. llec rmitian Borel Decomposition

‘rhe complex Lie algebra in may also be considered as a real Lie algebra which leads to

the decomposition in = ~, 0 Ii

—

~
yeP

h = v ~i ’ c e h 0 J i . h 1 
.

Here ~ is a maximal solvable real subalgebra of at, and h is a compact real form of in.

Again the Hamiltonian vector fields and Poisson brackets are given by the expressions in

Example 1. Since the underlying action is the same as in Example 2, the class functions are

still holomorphic, hence there are r linearly independent (over It) differentials at each

regular ci ~ in (Cauchy-Riemaan equations) .

The following two examples are based on sI(n ,It) . The standard choice of CSA is

c = d0 (n ,R)  , the n n diagonal matrices with zero trace. Then — n~ (n , It) , the

strictly triangular matrices. The involution a turns into ordinary matrix transpo—lower

sition , denoted by superscript Also convenient are

t~ (n,It) — d0
(n,I~) • n~~(n , It)

4.  Let t = sg (2n, It) , and select a and h according to

= : A t ( n , It) , B, C, D e n(n ,IR)
’

= sp(n,IR) -{,(~•f:~:) 
: B = Bt, C = CA

In these formulae the matrix blocks are n x n. An easy computation shows that

Pet each regular ci . hi there are it independent differentials of class functions on 4 _ i .

¼ -13-
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S. Let ~ —

— t ( n , It) , h - n 4 (n ,~~) ,

h
i 

— t 4 (n , If) .

Note that the. class functions for ci h depend only on the diaqon~ l entries.

ii . In t h i s  example’, is  as in example 1.

Let — t • t , and make ~ into a Lie algebra according to the I c t e sc r i p t t o n

( ( x , y ) ,  ( z ,w ) ) — ( I x , z j ,  — ( y , w l )

Then ~ is semisinipte with Killing form

K (  ( x , y )  , (z , w) ) — K (x , r) — K(y,w)

Denote by h the antidiaqonal subaiqebra :

h = ( ( x , —x ) x .

Then h
i, identified with a subset of ~~, is j u st h i t s e l f :  h~ — h .

Set

((xiz, z-i’y) : * i t ,  y n ,  a cI

Then ~ is a subalgebra of 2 - in fact , I9,,~1j ‘ n • n .  I t  w i l l  be’ verified in h’ ,u m t  i t

belc , in the course of computing projections , that

2 - a s h

Claim:  The class of restr ic t ions of class functions on p to h
t 

— It , c - s c m n s ’isl,’s wit h

the class of functions on h of the term

F(x,—x ) = f ( s )

where f is a class function on ~~.

To see this denote by It the antidiaqonal map : x “ (x , — x ) , and compute t hi’ , im tt , ’mei c t i al

of f — F ’ cc le , for any F C (~ )

_
~

_u
~~~.r~~~~~~~ tc

~ , ,
- —. - — —= —

—.- ——-- -s--- _____________s_’._=--’_-___~~~ 
_______._,_....=— ~~--
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I
- dF’ “

— d F ’ ( ( x , — x ) , (~~, -ii ) )

1 pal- i toul.ai • if x — (x , u I  t h i s  is

df (x, l’c ,u)) — dF’((*,=x) , ( l x ,ul , —I x ,ufl)

— dF( (x,—x ) , ((x, -x). (u ,—u )))

so , i f  F i ’s a cl a ss  func t ion on ~~, then f is a class function on £ , and coincides w i t h

t he  i , ‘‘s i I i , -t  ic c l c  , c t  F to It as above .

c c ’ I c V , ’ l ciely, .cem ~~’j’ c cs, ’ f i s  a class f u n t  ion on I . A func t ion  of j_i whose restrict ion to

ii m cix Is’ i,1, ’mi t  m f i t ’d w i t h  f as above i s , for instance 4

F (x,y ) (Ix) .

Then

•IF( (x ,—x ) , (x, —x) , (n,V) 1)

— ,it’ ( (x , — x )  , ( (x ,ul , (x , vl I )

— df (x , Ix ,u I ) — ci

ø i n ,  ,‘ i i c c  a c - l a s s  f i m~’t i c c I b  on , So any class fumie ’t i on on is the’ rest riot ion of a

I.isc , tun ic ? toni on ~ - to It, and the c ’lalm I s proved.

Not ,’ I hat t ic , ’ p i n t  i n i ci via K between and h is

~ ( I ,ni) , (x ,—x) ) — K(&+n, x)

ri c ’”’ c ,- c ls - - • ccc  ‘w impli es Th.’ecm-i’m of Adler and van Moerbtike I l l )  : the ’  ad—i nvar last ( m id i oncss

, ‘Ic 5 , tI,tIc ’sfc’ I l ,si f c c  the’ antidia qona l h — h 1 
‘ r as above , form a system in involution . 

c .‘‘~ Fxampl.’ I with — sI ( i i ,  P) , t cu t  m c ’v em c c ’ the’ rol ,’s  c i t  and I t .

II . s ’omI cm l t a t  t onci for sQ in)

iii .‘x •amp l , ’cc 1 • .~ • I , and ‘c , make the. f i t )  lowinci s ico m cc’s:

I — s((n ,lt) at — ‘ s I t ( n ,~~)

— ‘ si ~~~ ’~
’
~ 

c — i1 1 ( i i , )t)

it — n (n,Ii) 

. ~~~~~~~~~~~~~~~~~~~
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The basic decomposition is t — n + it + A useful notation for the projections ri’lativc

to th is decomposi t ion is

A - A+ + A0 +

A ~~n , A  c c± —t 0 —

Matrix transpose realizes the antiautomorphism a, and is denoted by superscript

The rest of this section is a list of useful projections and Ham iltonian vector f ields.

The Killing form is, up to an irrelevant constant,

K(A,B) — tr AB

Iii each example, the class S is generated by functions of the form FE — tr AK . The most

interesting (or most ubiquitous) such Hamiltonian is F2 — ~~‘ tr A
2. The gradient is easily

computed:

VF
2
(A )=A .

The Hamiltonian vector field for F
2 is written out explicitly in each case: it is

A — tA I nhAl .

1. fl
hA

~~~
A+

_ A
~

II A - A + At + A
9, - + 0

— + A
0 + ~~

) .

For A c It , II A — 2A + A , and the H.V.F. for F is— - 0 2

A — (A _ + A 0 + At , A t 
- A _ i

— 2(A _ ,A~ ) + (A 0At ] — 1A 0
,A _ ] .

‘(he restriction of this V .F. to the Jacobi orbit of C — exp g, in h1 (to which the V.P.

if tangent, of course) yields Flaschka’s version of the Tod a Lattic equations . The matrix

-If.—

I 

- ____________
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formulae ,thove were first written b~ i ’ i a s  - ~-a 12 1 1 ,  and were used by Adle.r to prove the’ involu-

tion of .~ in this case (3) . See also van Moerbeke 122 1.

2. The formulae in this case are the same as In example 1 , except that eacTh matr ix is

now complex. In terms of the real and imaginary parts , A - A’ + v - I  A” , the H.V .P. Fcc :

F) t S

* A ’ — T(A’,A ’) — T(A’,A”)

A” — T(A’,A”) + T (A ” ,A ’ )

where ,

T(A,B) : - ~~~~

3. — + iA ” + A~ + I (‘  —

it — IA~ — A
,,

t 
+ i ( A ”  + A~ + A ’

t ) )  (=  u (  ) )

‘ 
— {A + A 4~ + A t + i ( A ~

t 
— A ” ) )

For A c h
1

, A — A’ + IA ”

So the H.V.F. tOt F
2 is

A’ — IA’ , ii ~~~~ 
— IA ” , H A” )

h 1

- T (A ’ ,A ’) + T ( f l  A” ,
Ii h

A” — (A ’ , II A ” I  • h hh
it
A’ , A ” )  .

h i 
—

- l  ‘ -

- . ~~~~~~~ — ~~—
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4 .  Fot (- —f~ 
!�~~

- 

i
ll 

(
~f~o) - ( :- t:~ )

* +with X - -A - A + A , V — B + B , ‘- - 1’ + 1’- I) + - - - -

The. H.\ ’ . I’ , for  F ., becomes

A — {A ,x) + B~ - YC

H AY - BX t 
- ~~ + VA

-t
C C X + A 7 ,- Z A + X C  .

Notice that B — C — 0 is an invar iant submanifold for this flow , on which th~ vec t o r

field reduces to

A — IA ,X )  — 2 ( A  + A 0 , A l

which is an asywemetric version of the ‘(ada lattici’ system - compare examples 1, ii .

— (A + A
0

) h - ( A )

- (A 0 + A 4
)

for A It1, H A — A , so the H.V.F. for F is
— +

— o , A4 — 1A 0 ,A 4 1

Notice that this system is linear , and that A 11 is  fixed und er a l l  t he’ f l ows

fi . The prolections on and ii are

— (A + B • ~(A 0+B0
) ,  ~- (A 0+ B )  + H + A )

— (- it • ~ (A
0

—H~
) + A , B + 

~
(R )~

A t ) — A )

-Ill-

L _ 
_ _ _

—-5—— _ _ -_
~~~
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wit i,~~c - . scw c t h a t  — ~c S h as asserted in part 1 . To ,- ,an Iy out the prescript ion Of

rh,’.’i~’m :..’, you need an A,j-imtvarjant f u nct i on  on S which reduces to F., on the’

dtac~onal  subspace,  as per part I. Since any such ex t en s i o n  w i l l  do, choose’

F 2 { A , B) t o  A

Then

— (A ,0)

‘~1 VF 2 (A ,—A) — (~ A 1 + A , — A 1 — A )

and t he’ H.~’.F. for I’, is (A ,A) with

A - (A , 
~ 

A~ + A l

which at-c the non-synmietric Toda equations ~f Mumford - van Moerbekc’ (19) and Adler - van

-Moot t’e ’¼~’ I l l )

t I c  ~7cn er.~l , tot -  F a class f imn c t  ion on cc~ In , RI and F(x ,v) F( x ) , you ob ta in

A — IA , 1
,-1\’i’tA)~~1 +

iconit’ . i i c ’ ( I l l ) .

Not c .,’ that wit It — c c l i i , El , It — t ( n ,  El , ~‘oct have — c c ( I t , I~i , Si cccv’ .s11 t ic, ’

a d — i  Icval- i,int funt ’t ionic on S C ( n ,  E) van i sit ident i ca l l  y on it , Theorem 2 .2  v io l  ds ,‘xci ,’t lv

not it l td in I It,’ was’ of nottt r iv Ia 1 .‘onmtut 111.1 ~‘ect or I c ,‘lcic c i Ii t h i s  .‘as,’ , t h e ’ problem Ice’ 111.1

that the i sot t c ~~)’ V a l.t e’h ia for  ~t is a c t u a l  lv cottta Iced in It. Much ncoi-,’ i ii

mast,’ ,‘ t t i i i  cc i ie’,j in t ite’ fl~~c t s,’.’ t I oil

— 
~

_ _ _ _ _ _  111—il- —‘~-~~~ ~
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~4. completely Polarized Orbits

This section is devoted to the proof of a remarkable fact about those  o r b i t ’ ;  of ~ on

which the - ad’-invarlant class defines a complete p o l a r i z a t i o n. Th i s  I - r o p I ’r t v  i s

generalization of the following observation (rain linear algebra :

Any two nearby syemetric Jacobi matrices with the sante spectrum are con~ 100.-It , - t’~- ~ I- -wet

triangular matrix.

As might be suspected , this fact is behind the Gel’ fand—Levitan — st y le  sc’ lc t t  1 c n ot  t i c ,’ c cc-

verse spectral problem on certain orbits, to be presented in SE..

In this section t is an arbitrary Lie algebra over F with connected group L. t I c  }c , 1 i ti~~

cular , I is not required to be semnisi?nple. As in S2 , is decomposed as a direct sum ~c(

sub-algebras ~~, and It.

The central object is the class ~
‘ of ad’-invariant functions on 1 .  The m a i n  f,i ,- t c ;

about this class are contained in the next leiwea. In it , the ad’—isotropy algebra of ct

is denoted C : i.e.
-‘a

C — (w C : ad’w(a) — 0)
-a

LeminSa 4 . )

a) For some open Set N c ~ a , a , P implies

dim e - d inf dim
—a

The eleinents of S are called co—reqular, R is a Z a v i s k i  - open set of the .ffttte

space 1 .

bi For a e R there is a neighborhood LI c ~* of a so that

I - {VF ( a) : F ‘ SU7) I

and

0
1 

ci Li — (~ : F(B) — F (cn)YF ~~~ ~

In particular , (e,iel is tangent to ~~ if and only if (~c, Vf’(,cl’ — 0 f c ’i . e l l

F •

The proofs are elementary .

— 20 —
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Obviously s i t u a t i o n s  like th a t  if ox.- - le 7 , §3 , are unin teresting: there are no non-

t r i via l  orbits  in that example cot’~-~ - - ly polarized by S. Some res t r ic t ion  must be imposed ~‘rc

the decomposition ~ 0 it; the one that does the job is

IT) For a (necessarily open) set P c a c~ P implies

ad’x (a) = 0) = (0)

h : — {z t h : ad’z(a) 0) {0}

Remarks.

1) The ad’ appearing in IT) refers to I, so = a ~ h = h it t .  So the hypothe-

sis may be rephrased: 9. intersects both a and It transversally. (hence “T”)

2) Situations midway between example 7 and hypothesis (TI have not been explored at all.

All the examples of §3 except #7 satisfy [TI .

The first point to make is that (Ti means roughly that functions in 5 have as many inde—

- . , , G
pendent differentials as possible when restricted to 0 it R n P, in a local sense . In fact ,

if a 5, then the Ad ,—orbit through a is cut out by the locally ad~~-invariant  funct ions

, SI l l ) , which have dims 9, independent differentials , according to Lemma 4. 1.  Hence the co-

dimension of ~~~~ 

1. 

~~ is d i m t .  According to the next lemma, if a c R it P, then the

codimetision of 0 it 0 in 0 is still dim 9,
ci ci a —a

Lemma 4 .2

Suppose (TI holds , and let a e N it P. Then

- G . C 1.dit T O d iUcTO n T O  + dim t .a c t  c i a  a n  —u

Proof : Denote

T O L = W = (ad ’w (ci) : w 

-

T O G = V = {ad ’x ( a )  = TI ad’~~(cm ) : x c a)a h

Using Lemma 4.1 for a suitable open U i a ,

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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V o W  — ( B t  V : dF ( c i ,$ )  c ) V P , :‘(:~) }
-1 ci ci

so

dim V it W = du n  V - d i m {dF  : F ccc cm ci
1 ‘1

Since - ~
‘ tic a s’.’tnple ’ct ic m a n i f o l d ,

dim (dF~ : F’ :~ ( )  }
ci

— disc {‘
~~

(t) : F e

= dint (— a d ’  (!1
~ 
VF (ci ) ( cI : F c .

~~
( }  I

according to Cccr. 2.3. According to Lemma 4.1, this  is the same as

= dim {ad ’~1 x (a) x C )
h -

~~

Suppose adY~ x ( ~t ) — 0 for x . . Then TI x ,. It . But by (TI , ( i i ) ,  x = 0 in  t h a t  case ,
It -ci it —a h

so x it t .  Then (TI , (i) implies x 0. So the l i nea r  map X .  a d ’ T I h
x ( cm) i s  i c cj . ’ct lv , ’ ,

hence the above is

= dim C
-a

q . e - ci .

Remark. 5~
. Lemma 4.1, for a suitable open neighborhood 1] of a S ii 1’ , the set c ’~~ it

is cut out by :~ (~~ ) ~~, and is a mani fo ld  (s ince the number of independent d i f f e r en t  i,cis re-

mains constant over , and equal to dIm C ) .  On the other hand , by Cor . 2 .3, this manifold

is coisotrol-ic in :*~
, being cut out by a Poisson — conut iut inci f a m i l y  of functions. Hetice i t o

dimension is  ‘-‘ dim C , and ,~~~
‘ it 11 is completely polarized by :~(~~ i f and o n l y  i f

d int 1L 
~ = dim 9.cm ci —ci

which is equivalent to

dim W n V  dim tci cc —ci

Ca l l  an o r b i t  of G in h t co—r e~ u l ar  if  i t  contains  a po in t  i n  S n Then t h e ’ mhccve c i i c t i i -

scent ~chows that the co—regular orb i t s  completely polar ized  by [‘U- ’) in some’ i ce i c c ihbo t-h~ ed V

~~



-~~

‘ c  c ti - ‘ ar ,  -~ m i m c i m , a l chmt ’nsio ,c  u s c - n T - - i  a l l  c c — c c- n’ 1, ce  c ’r ~ ’i I ’

c c  i c c i c ’  o r  c i . iu, i  ; . c ’ s o t - .c lcb- t’t c- of I , On - i t  c ) c lT tc c- , c O  t i  ~- _ i c x

.-t-I ’x ( i T  : X c c )

- t a d ’ z~~c )  .
~~~~

N c ’ T  e - ct W — + )T ~~ (net  ~1 ire -ct ) , and 1~
h 

if -i

ma in c , - so 1 t - ‘ t t t t  i cc ‘cc ’, t i c cii i cc

, ‘cs 4 - -

Scc i~c ccs, I ’!’) holds , and ci . ~ it P. The n [‘(‘ ) del irces a comple te  polar iz at  ion

- ‘:-; ~ lot sonic !ct’l~~hhOrhood V oct  -c i f  and on l v  i t

it V l~~ cc
ci ~t ci ci

P i - ,’c ’ t .  Thanks to an e l e m e n t a r y  r e s u l t  f rom syncp lect i c  qe o m Ot r v ,  ‘ ( - i w i l l  ~-omple’telv l’c d l ar l z , ’

[‘ if ~~ - t - ‘it  l v  i f  he t , i f l 0 c’i lt  ccp,ic’t’S to t he ’ co~~con love’ 1 sue f , cec ’s .i i , ’ spanned by t to-

h ash It ‘c c i  an ve -t or f i~~~1cj s of  telnc -t ions icc ‘ U )  The ,‘onrcon level our f_ i  - es a r , ’ c ’xc i , ’t I i  t h e  set s

.c.- oocr , l ij c i t  to Le~~~a 4 . 1 .  ~ t a , cc V t h i s  means

W it \‘ = oicl ’ (
~ t ’F (c i )  ) (ci ) c F’ • [‘U))

-c -i

= lad ’ ( ‘~~ VF’ t , i ) )  I i )  : F’ c [ ‘ U’ ) I

c w ,  I
it — c

= )ad’ :w w , 
Sc

by - ‘ci  - .‘ . and Le’mma 4. 1.

N ’ ’w -cu(- ( - c ’se - t h a t [‘c - ) oomplete’lv (s’ 1,,i i~~ e ’ s , ’ near ci~ C .c ’ - the’ ,t I ’c ’Vc ’ formtclac’ ho ld ,

m c )  ‘ctc )’c’ c’se • h so that

ad’ rUt ) ,- 1’ ’’ it V -_i _i

~‘ e c t _ c  in  lv ~~ cc V W cc V , so
1 c ci - ‘

Ama’ ~~~~~~~~ -A
5-- - - -
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ad’ z( cm )  = ad ’f l  w ( a )  = —ad’fl w(cu) c it Va

for some w € I .  Thus U~ it V C it V .  The opposite inclusion is established the same way,

so

~a 0~ = U !! n V
a a a ci

Suppose conversely that this last equality holds, and select w E 9. with ad’w(ct) € V , i . e .

ad’w(a) € w n V .  Set w = x+z , x 
~~
, z e h .  Then ad’ x ( a )  = ad’ w( cm ) - ad’z(cc) € since

ad’w(ct) e V .— and ad z(a) e U~ c h1, a being in h1. However this means that

ad’ x (a )  = TI ad’x ( a )  = ad’ x ( a )  s V
a

Hence ad’x(ct) € it V .  The assumption means that there must be some z1 c It with

ad’z (cc) € U~ it V and ad’x(a) = ad’z (a). But then ad’w(a) = ad’ (z+z ) (cc) c U~~ it V . Using
1 a a 1 1 a a

the assumption again, there is also x1 € a such that ad’w(cx) = ad’x1(a) . Then of course

z + z — x € 2. , so you have proved that1 1. —a

W f l y  c (ad ’ TI u ( a )  : u e 9 , }
a a h —ci

- But the other inclusion is trivial, and , using (Ti as in the proof of Lemma 4.1, you show

dim W it V = d int {ad ’ ll u ( a )  : ci € 9.a a h —a

= dim II 9,
h—cc

= dim 2.
-cc

q.e.d.

Call a a G - L point if a € R it P and

93a 0~~ = )1~~~a a a a

Cor. 4 . 4 .  Suppose a is a G - L point. Then 0’ it R ci P consists of C - L points .

Proof : Count d imensions .

q .e .d .

— 24—



_ _ _ _ _ _ _ _ _ _  -~~~~~~

‘I’) t c c ’  c em -l — 
c c —

c’ i cc a ci — I, f c c c c l ’ t  - ‘ c c - i c  t he re  e x i s t  a neighborhood of 1 and r ea l  a c c c m l \ - —

t c ,  nc cc~co

X : 11 cc 1) L ~ ,
a cc ~‘c

Y : 1/ cc c ’ I T  c ’ • H
a ci cc

sec t h a t  fc ’t  any ;) • V c c c cc c

It — Ad’X (~ ) ( n ) — Ad’ Y ( I ~Hci)

P where  bot h Ad’ — ac~t ioccs are c-f - on ~~

‘the pm-oof clepeimds oct the f o l l o w i ng :

l,, ’mma 4 c c  -

h o t Is’ cm c c c ,il l , ie  a lgebra , CI the corresponding connected qroup . Then:

I ~tctpptcse x : (0, 1 ‘ i cc  ci C 1 map. Then the initial value’ problem

X(t) — ~ ( t , X(t)) , X ( 0 )  — I

w i th

l,(t,X) : = dL
~
(x(t))

has globa l  c o l c t t  i c c i c , ;  ( m .e. defined on all of (0 ,11) of c - l c i c c c ;  ‘
~~~( (0,1 1 ; c )

c i ) Suppose ,c , lc I it lcm,11 ly  that x depends c u ’ c t t  i nuous ly  (or c_ k , or anal  yt ica ii y) oic sonic

pa m’ .-mmm ’ t er ic  - ‘rheic t he sol ut  I occ to  the’ ,1I’c’Ve Ict  It  Ia I va lue  problem depend s c c c i i t  i iiocc

i c c c  c_ k , tm acca 1 y t i cal l y)  etc t ice pam-amotec- ic , as a map into e’~
’ (Ic ’, 11 ;

Pt ~‘~‘f ( o f  I .ecntn a . II’ icc-c ci andai d theorems on cx i ot c ’ m c c ‘c on I qimene S S , accci c ’c ‘c ci i tt t toit  5 clC)’ettdi’ co’c

,‘ct pa rame’t eric l c ’i I cci t i a I vat no problems , and ,i compactness ai-qutmcmct , voct show that t hc’i-e c-

-‘ It cc’ t hat the h il t tat value ’ problem

t 
X ( t ) — dt x(t) ( x ( t 4 i ) )  , X ( 0 )  I

1,1 ’ , - I  c ’~ cc, ,lim t c’’ cc on — ‘ t - , fun - - ml I (0 ,l( . Cal I t l t i solimt c ‘c, X

c c ”

I’ ___— - 1 4
- ~~~~~~~~~~~~~~~~~~~~~~~~ -_ ~~~~~~~~~~~~~~~ -- ~~~~~~~~~~~~~ - -
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let Y , i,; , ~~ (0 , 11 and set

7- t) — YX t 
it _ t ,) , t 1 — - t - t , +

The ~ c t t — Y , - c ” , and

c~

1
t 

d t .~ 
~ 

X
1 ~~

(t _ t
~~
)

dI
\ 

c I l c
\ ~ 

(it (III

— 
~
11

~YX I t — i  ( i t  ( ) 1

— dl..,( ) i x I t )  1

This shows that any solut c~m of t h e  ) ‘c-~4 c Iem

X(t ) = t, ( t  , X(t) 1 , X ( c i )  —

defined on 10 , ~S 1 , — 1 , may lie extended to (ti , m imi  ( ~S 4 , - .‘ , 11 1 i,etcc e a ‘ii ,‘%ccm I cc,’l cci c ccc

exists.

(ci) follows from standard theorems oct depectii c’ttee ,‘cc h’ ci l amc ’t  “m ‘~ -

~ 0 c t  —

Proof of Theorem 4.~i:

According to c’or .  4 .4 , i t  S ~c 1’ cectS 1st s ent i t-el 
~
‘ of ~: — ~ , p.’ c c c i  cc , ‘c’

diln(T c~~
’ cc T 1 ) — dim C tom - R o ?c’ ci ) ‘ . I c c  pa m I c , ’ c m l c m c , I I c h o  c c c t c - c ccc l ‘i c i i i .  ‘,‘cc’ -i -ti,)

1c ,-i ~t - i’t It

rank , 50 c~~
’ it ~~ 1 5 1 1’ I s a qubecani f old of c~~ ’ ci 1~’ cc 1 . tIiicc c •c ,~~d - ~- 

~~ ~- , -ci I —
ci ti ci ci

a na l y t i c ’ (see ( 101 , Ch. 2)  so Is the I tct er see’t ion . A I sc’ I ic et e’ is  soim’ I,~’ c c i l c l ” ’c  Ic ~’~’)  -
‘ - 

- -V cc 1’
of ct So tha t  V cc ‘~ It c ~

1, i s  a c -c— wi se  cornice-ted amid s Im p ly  ~‘othicec ’t eel

S e I n e - i R • %T it ~~~~ and cienec t e’ by -~ t 0 , 1 )  V ci ci~ ,~ - 
c i .  

.~ccy I ’’ — i i ’  t,’i  t i c

— a , ~- ( 1 )  — it , Sicc ,- e’ ~ ( t )  T ( ( ) ([’
C
~ c )  c 1 ) , t hote ni~ st r’xi”t ~~ i t  ‘ ‘~~, i - ( i )  c Ic i n

which  (Thecirem 4 .  1)

— cici ’x (t ) (~~( t) )  — cm, 1 ’~’ ( t )  ) - ~ ( t ) )

I

I

- -- - - — - — - --~~~-_  --- - - -- 5 - ~~~~
-
~~--~~~~ - - -~~~ - -
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accurdimcq i cc  Lemma 4 . 1.  We c l a i m  tha t  it : (t) ,t1 • 
~~

, y : (0 ,1 1 It ac e’ C 1 m aps.  I it f a c t ,

because of (Ti t h e  map

it ad’x(L~)

is a linear isomorphism of onto a subspace of T 13
T ’~~, for It c S it 1’. A l s o , th e ’ , - ‘ I  ln c t  m c , m m

of such subspaces

E — HIt, ad’ x(It)1 : x r ~~, It ‘ N it /‘)

is a smooth subhundle of y(* ,. Hence the map A : ~ * ~ d e f i n e d  by
- So!

A ( ( i ~, ac) ’x ( ( t ) )  -‘ it

is well-defined and smooth. Since

x (t) A ( y ( t ) )

and ~c c c c  a C 1 map , it fc,l lows that x is t similarly y is c
1
.

Set f.R,X) dI, (x (t)).

)‘cccu c  c cling to l,enina_ 4 . i ’~, the m i t  id va lue  I cro b lem

X ( t )  F ( t , X ( t ) )  , X ( c’)

has a solution t cc C~ ( ( O , l ) ; c ; )  . Set

‘c ( I  I Pal ’ (X(t) ) (cc ) -

Then (0 )  — cc , .-mccd

• ad’ (c l i .  — l  ( X ( t ) ) ) (‘~ ( I  1)
IC ( I )

= ad’ ( i i i ,  )~ ( t  , X( t )) ( ( t  )
X ( t )

(a d’ ( x ( t )  ) 1 (‘~ 
( t )  1

nec’ a cccl ~ ohe’y the’ ,tame’ cit  f for e  m ,i i ci 1 ‘qil,l t I on -ccc,) have’ t lit ’ ,cam,’ t c ~ i I i a I I~ 
c i ~ 0 , I

c - c, i cc , - i , t o . I n  p a c t  i , - c c l , -cc

~ ( I )  — It — Ad ’X ( l )  ( c i )

______
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so set X ($)  2 X l i ) .

Similarly , Y (I3) I Y(l) , where Y is the solution of

‘1(t) — n (t ,Y ( t ) )

‘1(0) — 1

n( t , Y) DL~~(~~( t) )

These definitions make sense Only if the choice of path y is imimmaterial . To see that this i s

the case , let y : (0.11 + U ci fl be a C2 path with y(0) — cm and y(1) — ~i .  Reason-

ing as before , obtain an expression

B — Ad’ X ( l )  (a)

for some path X in G. In particular.

X(l)~~~~(1) GL

where

G1
~ • lx  E C : Ad’ X ( c i )  - a)

is the isotropy subgroup of a 1* - h1 under the Ad’ action of L on t , res t ric ted to

C: that is, — I. it G. We will show that X (1)~~ X(1) is in the connected component of

in CL; since the Lie algebra of is — (0) according to the transversality hypothesis ,

- the connected component of I is (I), hence Xli) — X C I )  as desired.

L C - 2Since U it cc 0 is simply connected , there is a C hoinotopy

r : (0,11 X (0,11 • U ci 0L 
~

with

r(t ,o) — y(t) r(i,s) — $

r(t ,1) — t) t(0,s) — ci

O < t , s < 1

You apply the construction explained above to each path t ‘~ r(t ,s) to obtain a C

hoinotopy

-28-
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: - - (0,1) ‘

wi th ~i t ,o) — X (t) , ~(t ,1) — X (t  c ~n parti cular

(I — A d ’~~( L , s) (a )  , ci a -

so that

-l
\(1

~
si ) x (1

~
s2)

~~~ s~ , cc , (0,11 - However • the image of the connected set (0,1) 10 , 11 uccdem the - ‘ ‘ c c —

tinuouc. mar’

s )  ‘. \ ( l  ~) h~~( )  ~~)

is  c ’occIme’ct •‘~i , hence Icc ’s in a component of ~~~~ S in~’e ~ C L , ii) — 1 
~ ( 1  , 0) • I , you c’,c, cc ’lciclo t e a t

thIs must Itt’ the component c if  I , namely (1). In p a r t i c u l a r ,  ~ ( 1  ,c’) 
— l ( 1 , 1)

X
1 ( l ) X ( l )  - I , as was assc’rted .

T hi s  shows t h a t  the map X is weLl—defined mci V c c d I l cc c~~~~. Similarl y the mcii’ I’-

well-defined .

The analytle - i t y  of IC and V f ol l o w s from ( i i )  cc( Lenvua 4.(’.

, i . , ’ .,i .

S t i c, ’,’ C — c~ • It, there i s  iconle ne I qhcliot-hood V o( I • 1, and cm tmi get.’ acca lvii , - mapcc

(1 • c acid ~ : V • H so that for aecy X Li , IC — 1( X ) ) ’  — 1 (Xh . to part ic~ic) at- ,

1 ( 1 )  — Itt ) I.

- 4 , 1 . The follow i ng diagram commutes

k 

- - 

1 ct 
0

H

~~~~~~~~

_

~~
:=
—

=---______~~~~~ 

~~~~~~~~~~ 

~~~~~~~~~~~~~~~ 
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§5. No rm i ng Cons tan t s

This  section exp lains another set of functions on it
1
, complementary to the’ Ad— invam cc c i

class functions , when is a norma l real form of a complex somis imple  t i c ’ algebra , dec’omposed

according to tice’ ccctclp act—Iiorel decomposi t ion as in § I , Kxanci’lc’ 1. ‘rhtcse’ ,irt’ a c l i  c~~ c ’t a ct a lo g  ~ t

the “norming constat c t  cc” of Sturcn—Ljouvj lie theory (or r a t h e r , the’ I r c c c i  pr ccc ’a 1 ccc ~c ta r e c;) - ‘they

are equa l tn number to the rank of !, and are denoted it below . The immediate ,mic, ’c ’~~t c c m ,, c c i

the It’s are the residues r~ of Moser ( 2 1 , w h i c h  in t u r n  date back t c c  the ’ work ,e f  St j o l t  j c c~.

The ma in  fac t  about the forming constants  is tha t  they form , toqe ther  w i t ) ,  c ’ c r t , c i c c  con ve .r c i e -n t

Ad—invarian t functions generalizing the eiqenvalues of symmetric matrices , .c system c c l  t,i it c tt ccc) s

with 2r independent differentials at “most” poin ts  of an o rb i t  of 0 ic c h~~; t h c c ;  c c ;  l’ i o l

5.11. This resul t  gives a complete set of coordinates on a “compl etel y p o l ar i z , ’c i” orb i t  (c o t

5.12). Curiously, we have not been able to prove these r e su l t s  wi thou t  resoi-t to re’}’c c ’c ;~’i ,t a-

tion theory, even though the definition of the B’ s has nothing to do with rqcre~c;ent.ct~~ons of

+~. On the other hand , the i r reduc ib le  represen ta t ions  of w i l l  be mc,’eded t ’ c c;c’lve’ the-’

various completely integrable systems, implied icc this situation by Tlceot-c?m 2.2, by means of

rational functions of exponentials (16) . An appendix to this section expose’s the basic facts

about the “highest weight” construction of irreducible representatioccs of via the’ Ve’rnia

Module , and uses this construction in a proof of the existence of a uniqete Ku cl i d c ’ac c  s t . r uc t cmm - c

on each irreducible representation for which the Cartan iccvolcttion ci i s  represeccted by t he

metric adjoint. This can be done more concisely by integration over the compact subgroup H,

but perhaps the algebraic proof given here (which seems to be c-mew) m igh t  ice ’ emse’ful ti c c’ontexts

where the analytic machinery is not available’.

Let K be a normal real form of a complex semisimple Lie al,i,’bc,c as in §3 , F,xampl,’ 1 , and

let t — 
~~, 
P h be the compact/Borel decomposition relative to a vector Cartan Suha1c~iebra C -

According to fact (Ec) listed in §3.1 , It1 consists of semisimple element s, c;o f , ’ m -  a c

C P Range (ad a) -- —a

C kemember that  and C~ are i d e n t i f i e d  by tIc il’ K i l l i ng  form K .  In hector of t i , i ~ c c ci , c c t i l l —

cation elements of h~ will henceforth he ,te ’c ccit eel by small  1,.u t in , t , a t  hoc t han c~r,-ok , let t crc; .

— 10—
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I mc t )c.~ same’ _ ; r c  c i  t • ~ w i  11 hencefc-c r t  It denote the  set of t c.cnm l a m  “‘ t met  cc c ’t j . tk~c5sicimca I I  v

an ,‘ I ,‘me m cc of w i  11 lii’ denoted also by a Ot eek 1 e’t t i ’m when v m c’we’d a,; an el  nmemct of i , c - i : -

c and ~. be’ low . T h e ’ re adei- w i l l  be warned by the’ phi . ic ; c ’ “dual t o  . . - cmndc’c K” . 1

Lemma “.1

( i )  Scmi’pose’ ~ i s a CSA and a ,c i s  r eo tm iar  . ‘I ’)cc ’cc I - It
1

I I i l Sem}~pcise ’ a h i 
icc regu la r  - Then there’ ox I cit ci S ice ’ iej), L ’c ’m icciceci : - of t h e  CSA C 

-~ cmi

sc’ that fe-mr any regular It e V , I — Ad V ( C  1 for sccme V c H .-It —a

Pi’oof: i i )  Under the’ icyptit he’ ccc’s , ~ — I .  Cl e’a t- i  y

d im ker (ad a l  I r — rank c -

Now dim C — c i s  even , amid

d im — 
1;( J im  C + r )  dim Ic — ~~( c i t C  C — r) -

I, Icc c mccc ’ I Pc , Ic 1 h

d im ke’r (ad 
h

t 
+ dim Rcimtete ’ (ad a I — •iim

r 4 d i m  h

and e’qua lit v ,-acc cicit y be at tat ned — as it must 1’.’ — it

dim k e r( ad  a I — r

d im Range (,ici a ( ) — d i m  Ic -

- the ’ c i t  ‘;t ,‘,~ cta  I i  ty Inept it’s — c )m 1 
, and the’ cce ’c ’e’ccci impl i, ’s t h a t  I, • Rcicc, , e’ (ciii .a

~~~ Siiccc ’ ( I-c 1, h I  )
L 

lh t , h t I ‘ i t ,  it is cleat t h a t

Range (ad a) ci h1 
— Ran ge’ (ad .i

— 
ci 

Raciqc’ (ad .i for a , ii ci I,’. This imp l it’s , by el emect t ary at eiume’nt cc , that

— II —
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T

the ’re ’  is  some neighborhood V of the id e n t i t y  in H, and a iieiqhborhood - ‘  c~ ~~~, 
-;~~c t tc,i t

:‘ , c c c c c c t s t s  c ’t r egular  po int s  b for which It — Ad V I a ’)  , some V e V , .m ’ ‘ ~~~. Hut t h e i c

U t - U AeI Y ( i )
I-i 

-b —a

c c .  a neighborhood of C --a

q~~ ’ .d.

Cor. 5.2. The’ comi act/Horel decomposition — P Pt sci tisfm e.c ; ( T I .

Proof : I t ’ s c lear  frone Lemma 5. 1 tha t  !a ‘ — ( 0  t ot r eq ielar  a h
1 

- On t he’ •‘tI-cer hcctmcd ,

q it h 1 
— C .  Sim cc o a regular element a tic contained in a unique CSA — c Ia ) - Ic ’ , •i o C

— it c(a) — lc )~ unless a c. Therefore you may take tot !‘ i n  t he  n ot a t  it ’ll c’ t t h e  stat ,-—
sen t of IT ) in §4 the set -

P — (h 1 \ • )

whi ch is ope n atcd dense as required .

q .~’ d .

Remark. As icoted in the  int roduct ion ,  an orbit is coreqular in  t h i s  ct ’ecte’xt i f  i t  - o m c t a i n s  a

regular point a I c ,

Lemma ~, 3

( i )  Let a h1. ‘then a is  contained in a CSA of C con tained  i n  h 1 .

( i i )  h t 
is the Ad H-orb i t  of ~- .

Pi oc ’f :  Select a c h
1; then a is in the boundary of an arc—wise ~‘e’ccc ce ’ - t ~-,i semk c s e’t ,‘t

cc N . Let a e h’ ci H so that a
n a. By connecting successive a ’ s w i t h  a m , ’,; in

1 H and using LaSses 5.1 and an easy compactness argument • you deduce the e’x 1st  emcce’ c ’t a

sequence (V I H so that  I — Ad V C I  I .n —a n - an 1

Set It — Ad V 1 (an) !a~
. Since H is compact , ( V ~~~} has a --o nve-e -ge’nt sumhiscs cluectc,’.

Ik’note it also by (V 1 }. Sinc e Pd is continuous , Ad V°(a ) — C, hi , - ,ii n n n — ,i~ a
1

~‘lc’se,j . Let Y — 1cm V n and select a neighborhood V -‘t L’ i n  .
n~~ 

-

— 1 2—

F4
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tI-it’ ,-o c cc’e ’c ,1, ’ccc ’,’ of l ice ctd to l l- - c , - - , - at II,’- - ,‘t a ~- oc,c ’ , - l  ,n ’cct cce cl ’cc , ’- ic i , ’icc c c cc emcee I ’ m  ;cc

,-on%3’ac-t 1 , , , , t h e m , - e ‘, ,~ c c , - m - i~;I’,’e -‘‘ci  
c c , c t ’ i~~ Pc t ie ,) an inte’qe’i N “‘ that

Ac’ I I Ad V IX I - ( , c m
0

s ‘ ‘~ , ii N .

c u t  the other hand there  is  anc ’t hem t n t  ne~ei Pt cc , ’ t hcit 1’ - ‘

~~
, C ,‘e n ‘ N . , )e(’cc,-e

A l V (1’ 1 — Ad ‘CU ’ I e
n n n

n mcix (N . , N1,) - Thus t tue cog ac- ti c i i  c i t y t

Ac) V (I -’ I — Ad V (Li I • ci mc *
0 cc cc

On the othec ),cin,t

Ad ~‘(h t — Ad ~‘iL’) • c t ci

!‘.d ‘C (ii I — Peel \ it si  • c~ it
ci it

However , Ad ‘C (ii  1 * a • a , ccc ’ A~1 ‘C- t b~ — a - TIcei ,‘Io c, ’ a is coic tacne ’~l cc ,  t he’ c’5i~n n n

Ad ‘C I Ic~ , ace,t I i  s p eo~’e’,i -

S if lce’  It t 1-; t h e ’  tin ion of the c’SA’ c; ,‘ciflt at  icee) in i t  , the qtic ’t t en t  c;l’ ,~c i ’ ,ut ’t a c ceed t ’~

uden t c C v c ii,i ,‘ I ,‘m, ’i, t ‘ ;  - - I It Is’ I ~‘ng e , , c i  t c u t Ice same’ c~~; ~\ cc ;  ccsetece’c I c ’cl .ic,,i 1 c ’c c i  h ,-oceq’a, ’ I -

I emma S - I ml may 1’~’ 1 itt c -c l’e ,‘t ,st as .cccc;e ’ i t c no that Ad H act ,; is ’OA I l \  II am, ’ ; I t  i c e  l v  ‘i c  i - c

‘tuc ’t C e’nt i’ ,ic~ - The’il .1 s cml’’.,’ ~‘.‘eepact icess aceinecceect c’st at’ Ic c ;hi ~~s c, i i t  -

~ ‘ma c ‘C - ~ y a c c c v  a inec  Ic ic -  Si-guSecit , s- oe m e~~cc show t hat ,‘a,-t , a c Ic t c ~ a memt ’,’t ,‘~~ 

- 

,e c c c , ,  - :; , ,  -

-~ -a ,- l,, e h
t
.

“‘4

F, ’, .iccc c’SA ‘ Pe~ l ice’ “c u t  e e ’I’c- ’-- e m h ~ ic c ’c c t ’  It — ‘C - It Ac) ‘C~ ¶ i ¶ ‘. ,ii ’ - , i t ’t e , ic e

Ia, I , C ic c i t , ’1 -

m e —

______________ __________ 
I

____________ 
_ _  - --5—.- 5 -- -~~~~~~ - —--~~_~~~~~--
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F c C St c,, ’t t Ica t ~ c 
a ,- l  ~cse ’,l scitu,,e c ’et l ’  ,‘t II — wh i , ’h , c -‘ c ’t ’ \  i 00’- , ‘-10 ’ ,’ 1’’ i

t , ’cc, ’,i -.e ’t - td~ ,c t ’,e - ; i c ’ t he’~tt e’m ,‘t I it ’ i’ti ’’c ’m v • It cc ;  cc I c , ’ ‘;,cV-c c ~~~~~ , cc , ’ c t ,cect t i, - , ’- t • ‘ ‘i ’’ - ’ ’

t h at  i t t , . cc.  .i IC cv t al l i t ’ c l  c , , ’ V i  ,t . h u t  t Iii’; c - ‘ ,-t e’, m  , sic, ,- ,- i t , ;  i c , ’ , l i c l , ’I ’i  a i - - - - i i i  .-m , , , , ’, t  i c e

t h e ’ not mali :,-e ,‘f ~ , w l e i , - Ic i s  ~ , , m , , , t  ‘ ace,) Pc c c , t  t i  co’ c i I ,  ac , ’; c c - i - t i  l v  -

I f  - i - - a ;‘i A  , t h , - c , - , -‘ scam,’ co-i ,ihtxii It~uo,i - I I I  - ~t u i  Ito -~~~‘~~~ - ‘  ~i e ’c ‘c ’ - - c c c

It ’ .iit,1 ,m n, ’c ,,htuc u c h ~ ei,l ~~ c u t  I ccc  It ‘c, ’ I lcd ‘ ‘ ‘ c ~ h-c - - •i c e c i l - i c e d ’ , ‘,I-I ,- - - - - i , ’, , i  , -;cscc .c

‘~,4I .1;

W i t l e  V c .~~ , l ’t  t -

S e ’t ,’,-t  a ba scs  , _ - - ~ ,c f - t\’e ~~ , ‘ , ~~ ‘ , , - ct

— Ac) V t~~ , ~1 I , I 

- I ~~ • h
1 

— 1 , _ _ _ , m cs act Ad— l i c ~-a e c a n t  ~-h, c c ~ - ,’ ,‘C l’,- u - ; e  ‘; fs ui i t,.’ ~
‘
~ ; - ‘c l i i  , c _ i ’ - e.- ’ c, ’c  ,

- 
,~ I is  the ne’ ight’turhcs~el en I-c

t 
c’,’vt’c cc,,, ‘ ( - I i  , t , ’e t Ice’ mc ’m,’i,t , -ci ,,) t~ c i t  ,- , ,~ —

l i t  —

Fc ’i an ac-b i t  rary  c e C anti reoumlae - ~ , \,‘ui ,‘.acl we c ti’

— ( c i ) c ~ 1.1 1 4 ’  :~, t a t , , I-’~

4 I L i t t  ,

The’~~~~ ’ s am , ’  net i qule’.v dcl e’u-mtnei) as fun d i ~ns ‘‘c~ 
- 1”~ ~‘ , ;c ii , t c c  , , ‘,,‘- t C u t  i -  1

y de c d ’s a long ci ~ txed e’SA u_ may he t i SOd by i e ’qum I r e  ccc, ~_ l - c~ , Rae, - , , ’ ,c~i -i 1 , Ito ’ c, ’’, I I i,e em-

t,i’nrmcis ,-i e i’ ,h’vctt ,’cl i c c the C,~~puit at toe, ,ct  ~‘6 -

The ?mmn , -t e tins

• St .  ~~~~~~~~

_ _ _ _ _ _  -~~~~ — -~~~ - - -~~~~~~~~~~--- -~~~— -‘- - - --~~~~~ _ _ _ _



— — - - 
U -

are ad— c n v a c  i ,iu, t - The i’~~1 \ ‘ i l c ’mtd l  c ing cn I -c 5 ’, ’i , t  .c us I he ’ r cu _ i  ;‘t m ,‘c; t c c c l  to , , ’ - - I- i i - I , . . . ,  t

Ad— invariant lsdl’C’tcomials to

Pt c o f :  liv definction , t,~c -m , , V - H t- l c c c cO t c ’ the tde ’ c e t i t y .

(Ad V I a 1 )  - Ad Y (~~~ ( a l l  Ad Y ( ~

so K ( (Ad V I a ) )  , Ad ‘C’ t ,tt) — K ( , (a  1 , a) wi, c cit cc h~ ‘Wc; t hat ‘C - - - ‘C ,t I t’ A’-) — t civa t i , mc , t  , F, ’, I . -c c I i

second asse’r t t c cl~~, c,ot c t h a t  fec- each a • ‘C .cc , - a f t  i ice ;~, ‘c ’m d~ n,it o f i t n e  I i , ’u , ’ - on c ( ,c

SO the’ pol ~-nom c a l  c - i x c ~c 
~ 

‘ ‘C r ) is the pot ~‘cccae t a t  r imc q c’mc d l  , c l  - c’\c - t- - ’c ci 111, 1 t O  ,itl , ‘ - -

theorem ( .~ I )  , flcjfl _ 2 i _ i t  t he  C e’St r c  ,~t cons  of t l,e~ A d— invac ’ i .mnt  1c 5, I vc,omla I s  t c ’ c l , O  n e ’ ,-x.e,-t I ~

the pal ynomia  ls en c (a) invar c ,int wit he i ,,51c ,cdt  t c c t tte Wev 1 sh ou ld c~ t h,’ I’ m i t  e . c t - i l )  -

Since the  basis  C -
‘ is A d — c  nvar  I diet , i t ’ s clea r  that the’ c’c~c ’f t  l c t  t’mi t S c ’t Vc cw O i~~~~~~~

I ’ - - in  tI ,e re’st c - c  5-t joc, of a ~i iven  Ad — c it y_ t i i an t  ‘c ’l ‘,‘n,imi.a I to - - ( a )  ,a i t ’ ,m , t u ,tl l ‘,‘ c ccdc ’—

pendent t ’f a , wh t~~h t cci i she’s the’ lcrs ’ c cf  -

‘ 1- ’’ - — ~ -

l.c’suta ’ ‘~~‘ ~‘\ ( a t  — ~
- I _ d c , c .

Fc cot ; ;i’1 - i ’ c ’’;O t c m i  ci cc ;  t oc,i 1 a t  - c-i ,’ 1~~~c~~I I’ , ~- ( ~e )  , x ) c ,  Th, ’i,

d \  (a , Lu 4 a , x )  1 - 
I 

(a , 1’)

~ (~c~ Id , ml ~ 
-
‘ t i t

• K( ~ c _ i t  , li t  N l ~ k- i t , Lu + j a , x l  1

s i u t 5 ’,’ t h e ’  ‘ ,; , e i ,~ c,cc,c;t ,ii ,t ,ciu c ’ (c i t ,mi,,1 cd t  I i l c ’cl O l i ~ci  t c c c~,cl,-i,- ,m ,t ,i -

Fc~c d l ’  ne’ r a I a , h , t l i t ’ same’ to i-tim I ci ii” I ci t ;  by , c’i i t i nic e I V -

c i - ’ - _ d i .

fle’note’ by \ the’ ic tv t ’c cc,’ ct  t he  tpou ; c I e V e ’— ci, ’ t c cci I c )  m at  m is 
,
‘ ( W h i c h

icc c I , ’ae I v  e ndei’e ’,cdent c ’f ci - -

1 , -mm-c ‘- ,
~~~~

. (a) - Y ~~ I L ( a )  , (,t l 1 -

-i c—

- -- - - - - -~~~~~~ 5 , - - -  - - - - --
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c c  - - ‘ i - c  cc , ,-~~~I,,’ ~~‘ s ic , - cc ’c,,; t ant a lonu cIa) , a requl  ar , \ ciu fle’t ’d sill lv c c i5(  , i t,

I c  ~c - I -

N~ ‘w

dK(c , ~~ ) ( a , Lx ,a))

• i~ - - , , - ) d;c (a, [x , al  1 -
-
‘ 1 t 1

t I - ~ - t -v e - i , I - c  • ‘ t x , , a l )  — C- (a) + , ad x(-~- (a ) ) + c c , ( ’  I ,  so
c C 1

dK(c ,~~~) (a , (x ,a))

— K(c , Ix ,~- 1 (a) ))

— —K(x , ( c , c(- . ( a ) ) )

— —K (x , I (f ~ (a) , 4 c 
(all, a))

= K ( (~~(a) ,~~ (a)) , (x,a ) 1

‘ - c c - m m ’  I I ~ x~’c t ’sc; c , cn s f c ’e dK (c , I t o  obta in  the asser ted foc iceu la.

q . e ’.ci .

- - , - - The I 
~~~~~ in involution tin h icc the Poisson -ct t - t i c t , , i  c - on * m , t t ,at c c c ,

(a , [V $  (a ) , V t ’ ( a ) ) )  0 -

K(a IV~~ (a) , V u~~( a ) l )

• K(a , I I f ~( a)  ,m4e .(a ) I ,  ( t ~( c i )  , m,(’ . ( a l  11 )

— —K ( t~~(a) ,m,(’. (a) ) , ( (f~(a) ,i- (a)), a ll

—K( (~~(a) 
~~ 

(a) I (c , ~ ‘ (a)))

— K (c , I (~~(a) ,l-~ (a)) q. (a))) -

S i n c e  ‘
~~~‘

‘
~~~~ ) — °, F R ~‘~ 1~~~l = F R  ~-~ 1i’ 1 I - That i s,  the last  l i n e ’  cc ;  ,cv,cS,cetc-ic cii  t , c .

~i in 5 - t’ the ’ f i r s t  l i i i , ’ is clearly antisylnetmetric , they Ix-eth v.cclish ,

q e c , ,i .

- tI c-
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I h i s  ‘ci ‘, m u  i i i -  c c e , ct  ccc mean t - e ’ _ I - cc ’ s .cx - e u n  i c , vo l u t  ion  u c ,  t I c , -  ~~— — o.o~ l oli ct I’

‘ ‘ I t c i ,  t c i l  c~~fl —~~ i ,  -

Rem a r k .  For — s e ( , c , E )  you can Cc~~fl( c t t O  c e r t a i n  q u a n t i t i e s  ( r ’ rc ’ I , c t , -d t o  t i c ,  ~~‘ c; 1-

Li n, - ,m 1 ‘ d O -  I - mc , t so t ’ f t c c l  c’c~t mt -i at ions - The C r  , considered L ’v Moser . 1 and c ,ec’ I . i  t i

S t l e ’l t l c ’cc , c , m t  cc; tv

= i 2 r 2
1 3 1 1

where t i c , - X’ s are a-c above for  a c e r t a i n  choice ~~~~ of bas is  in c = d (n ,~~) , i n f a - t  -

I h~- ‘ S a re ’ t h e - ec sic icvc ~l~i,’s of the s eletceetric matrix a , h
1
, where s~ (n, lP) 1cc ident if

w i t ) ,  i t  cc fu ru c ic l mc nt  d l  repu e sc-ntat b r, . The next po in t  to s oils icier is the re lat  c sin s ’t I h

St rui~-t l c cn cc h i d  ci c ’’’,’iOped t~’ the  v a i - i ou s  i c- i’c;lu - i b l t’ i- e’i’rt’scntat  ion,; sit c’ . In , I I1V ,a s , ’ -

though , the’ ,-cb, ’~’,’ formula shows that t to’ t’’ S do not g e n e r a l ly  form a sys tem in  iucvsc l cit ion.

Fec’ the’ remainder  of t h i s  c,c~ct i ecu , assume c’ , c. Let ~, , c’ lit dual t cc c i-v t to

K c I I  c nq ‘, ‘r icc , ~nd c l c ’i i s ’t c ’ by V (~. 
t he  c i  t , ’duc uhl,’ represent at i c cil of c wc t Pc h icih c’~~ t W O l  ~ h I -

V(~~) ~ ‘ ( - .) • \ V(~~)

V 
w h s - u c - x • v = i - ( x ’ - v f o r ~ c and v

k

Var c c’U S t , cc  t cc regarding the h iqhe ’st w, - ch i l i  t heory  are c o l l e c t e d  f~~ i easy cc fer e n c~e i i ,  I ho

Appendc x t c c t h i s  se ’ct ic i f l  - i-’c ci  now \‘ c ’U need t cc rec,’il 1 that

It If is  ,i~im i clant C let O c T 1 0  1 — as stia 11 hence for tl~ h o  c’cslu i c - cl — ci im 
~

‘(  ~)

.~) V~ ~) It - v , , wh ei-e’ v _c i cc  a ni.cx cmal ‘- t- 5-tor ci t  we’ i _ i ht , u~), c - ic sh .t i i  re’nca in t u x c ~_) c c -

the  c ‘-‘ut -i c i, c i t - i  _ i f  t he d cc . - c i c ; cc  ion -

I)  Ito c c  i s  a Fu, ’ 1 i l c o m u ,  m e t r ic  , on VI:,) hay i itch t ho peopert i t’s:

I i )  1,I = 1

( i t )  x 0(5) I c ’~ S ,‘ fl~

( i c e ’  IV (:) , V ( :, ) I • 1 , - ~V



Here t denotes the ad jo in t  of x € End V ( 1 )  w i t h  respect to < , )  - The met r ic  C , >  is

uniquely determined by these requirements .  Note that  h acts by skew-symmetric t ransfor-

mations on V (c~) ,  hence its connected group H acts as a subgroup of the orthogonal group

of (,) . Likewise , h1 acts by symmetric transfor,mcations on V(t ).

4) If  v s V(~~) ,  I C It , x = IZ a root vector ( ( Z } is a Weyl basis of c , as in §3) ,

then x - v e V ( ~~) -c+a

Note that K ( n ~~,c) = 0. If you denote by a ÷ ,a0 the components of a c in the decom-

position c = it • c ~ n~~, then

K ( c ,a)  = K(c , a
0)

=

= (v0 , a
1~-v~ >

by ( 2 )  and ( 3 ) ( i )  above. By (4) , however , a
÷

v0 = 0 and a v
0 r ~ V(~~) ,  so by ( 3 ) ( i i i)

= (v 0
, a’v 0 c

Now apply these considerations to the ad—invariant  basis (~~. (a ) } in the neiahborho d

U(j) , together wi th  the notation and proof of Lemma 5.7  above , to obtain

Leimna 5.9. Set 4c . (a) = ~ A . . m j . ( a ) . Then
:i

8 (a)  = (v
0 , qc . ( a ) . v0 )

Remark. Note that , apart from the normalization of the maxima l vector v
0 

implici t  in the

definition of the metric C,) , this formula holds independently of the irreducible representa—

tiOn chosen.

For the remainder of this section , ~ will  be a fixed dominant integral  element of c*

and mention of it wil l  be suppressed : thus , wr i te  V for V(~~) ,  V for V(~~) ,  and so on.

Denote by ‘~ the ( f i n i t e )  collection of nonzero weights of V t and for 
~ ~ c~ let P be the

orthogonal projection on V .

— 38-
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As remarked above , a h1 acts on V symmet r i ca l ly  with respect to (,) hence is dia—

gonalizable  over F by an orthogonal transformation. In view of Lenucca 5.3, a ‘-~~ is even

conjugate to an element of c by Ad H. ‘T’u avoid aceebiquities arisina from the discrete nornea1-

izer of c in Ad H, select a
0 

h
L 

and t H for which Ad Y
0
(a
0
) e. As in the set-up

preceding the definition of the Ad-invariant basis ( is . ) , let 7 denote a neiqhborhood of

c(a
0
) in h~~, and V a neihborhood of the identity in H , :o tha t for  a ‘ 

‘/ ,

a = Ad Y(a,a
0
)

1
(a ’) for a unique V (a,a

0
) . V C H , a ’ t cIa 0

) .

For a e 7 pu t

P (a) = Y(a .a0
)

1
Y
;
’P !~ Y (a,a

0
)

and

= p (Ad (V
0
Y (a,a

0
))(a))

• X P o , udIV 0Y(a ,a0) ) (a ) )

where c , c is dual  to p , c - under K. Then (ic * : p I’) is another c o l l e c t i o n  of Ad—

i n v a r i a n t  func t ions, and a - P (a)  = tc * ( a) P (a)  so a has the spectral expansion in V u

a = ~ J * ( a ) P  ( a )
pt c~

Any e:_ c’lomorphism of V commuting w i t h  a must commute w i t h  the P (a)  - However , e lements  of

c ( a)  must a c t u a l l y  be l i nea r  combina t ions  of the P (a) : for c ( a )  = c , t h i s  is mt ’i c ly  a ‘e-

statement of th’~ wei~~it decomposition , and the property is carried to a r b i t r a r y  a h
1 by the

actior of Ad H,  t’canks to Lemma 5 .3 .  For the ad- invar ian t  basis ~ . (a)  of c ( a )  in U ,

w r i t e

mjc.(a) = ~ r~P (a)
pc ,t ,

Also d e f i n e

p (a) 
~~0

’ P (a)v
0
)

= r ( a )
ii

— “ 9 -
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5—=- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-
~~ ~~~~

- -5--- - -~~~



-5 

-~~ -5’-

where r (a) S P (a)v 0~
. Note that ~ r

2 
= 1 since (v0,

v )  = 1. in view of the above
p p p

reasoning and definitions, arid Lemma 5.9,

Lemma 5.10

I i) 8
~
(a) = 

j~~l • 
A . r ~~~ (a)

( i i )  p *(a)  = ~ r~ X ,(a) where {i’~~} is defined by
5=1 

p

c (a )  S A dIY 31a ,a0
) Y

0
1) ( c )

~ f~~ c , ( a )
5=1 ~

The central result of this section is

Prop. 5.11. The matrix
r

({ B, , X })
1 ) , ~~~

~. , j l

is nonsinqular on ii R it I’, for suitable choice of the highest weight 4.

Proof .  Use Lemmas 5.6 , 5.7  to write

{B ~~.A
5

} (a )  = K(a, (1t~V6~(a). fl~VA
5
(a)1)

k=l ik (8 R C a )  
~4lk ( a ) i . 8 i ~. ( a ) j )

Since A is nonsingular, you need only show the non s ingular i ty  of

K( a ,  mfl
a

F
~~

a)
~~*k

(a) )
~ 

fl~ 4c
5
(a))

= — K ( a , tTt~~
R( a1 II k

(a) )
~ ~~~~~~~~~ 

(Lemma 5.5)

= K(Il RIa),m)i
k
(a)J, (a ,

= K ( R ( a ) , ctc
k

(a) ]
~ 

(a ,

since (a, 8h~
’j1 c h1

-40’- 

________ 
_ _ _  

4



~

- - - - -—  ~~~~~~~~~
—

~~~~~~
--- - -

_ K ( l I
hcl ( a )  - (.1 , ()~( a)  

~~~~~ ~~

= — K ( ” 1 - ( a )  , ~ ,c) )

(r e c al l  that  c = 
~ 

+ 1E,,a) for -, N it h~ )

= K ( c , (I
~

c k
(a)  , )l

h
(c

S
( a )  1)

= (V
O
, 1

~ k~~~’ 
ll~ lIc

5
(a))v~~ -

Since h~ acts s y m m e t r i c a l l y  and h skew-synunetr ical ly  on V , th i s  is

• 2 (~~~( a ) v
0 , 11

h~~j
( a ) v

O > -

t)iqress for a moment to consider any x h1, written

x ) x(Z +Z ) + x
+ 

a a -a 0

where’ • c, x F for  a and 

~~~ cc
1 is  the Weyl bas i s .  Then

Ii x — x (7 -  — :~h ci ci —cc
— +

cit A

hence’

l l x v  = -
~~~~~ 

x Z  vh (I -
~~~ a -ct 0

cit A

s ince  V • v • 0 , cc • A .  So
ci 0

il
hx - v0

.~~~x v0 + x 0 
-

• - x - v0 + - V
0

- X - V
11 

+ (V
0

, x0 
•

— — x - V~1 + (~~ , x - v
1) V

0

Apply t l c i c ;  resu l t  t i e  the  last expression preceding the d igress ion to o b t a i n

(c4
k
(a)v , U h

d)h j ( a ) v o >

— ( m(c
k ( a ) v , i s . ( a ) v 0 ) + (v

O
(c k (a) v

O
) (v ) , C’

5
(a ) v

0
) -

— 41—
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This symmetric r “ r ma t r ix  w i l l  be nonsingular  If  and on ly  cf  for any

q Fr
\ ( O ) ,  ( ‘=  ~ q

3 t’ . (a) , the quantity

- 0,1 v
0
, v0) + (v

0
, V )

2

does not van i sh .  But ~c is simply an a rb i t r a ry  non zero element of 0(6). Wi i t , ’  (‘ = i(c~ +

with g,0 c and ~1 ~~~ — ~~ 
it h1. Since a ht i N c  ! , the hypoth esis I T )  i t ,  ‘c , e i  (cc l i , ’-l

at a; which means among other things that c(a) it c = (0), hence c
i ~ c c . I t  c , I c i  i c e -  sheowci

that , scci ct ’  a I c- , for su i t ab le  choice of I. the sUbspace V
4 

is  not sic e m ’m e n c c ) ’ a s - e ’ oh  a.

This i m p l ie s that  0 
~ 

• 
~ 

= -

Thus

2
— (e(ev

0
, i)cv0

) + (v
0 , ,1V

0
) •— ( e J c

1v 1, ~c
1

v 0
) ~ (1

which completes the p roof .

d . o . d.

Cor. 5.12. Suppose that a h X cc H it P l i es  on a completely p o l a riz ed  o rb i t  c ’~
’ i.e. is o

G— L po in t .  Then the func t ions  ~~~~~~~~~ ~~~~~~~~ form c coor d ina te -  sy st t -nc on ( mc ,i u c ’ iechh or—

hood of a.

Proof. Suppose there were some (q,p) so tha t

~ + p~dA~~(a) — 0 -

i—l  T ~)
a s

Then, for k 1 r

1L q 1( 8 1
, 1 } ( a)  = 1) -

Since (1 ,1 1 E 0 tha nks to Lemma 5.5 and Theorem 2 . 2 , by the previous P ropos i t ion , q — 0.

However the differentials of the X’ s are everywhere’ in depemcdent ( l emm a ‘c .t’ ) so p - 0. Thus

the 2r functions 81 ...B \ i . . . X  when r e s t r i c t ed  to 0” have linearly iicdt’~cemede’nt c h i t t ’,’ i t ’ c c -

tial s at a , hence define a coordinate system in some ne ’iqhborhood c c l  a , c ; t i c c e ’ d i m  c = .‘c

c) .~~’ ci.

—4 2—
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~~ j~~nd i x to~~~ect iocc~~~. c ’,ltiomc tcaj F,uclideamc sti-uctue-e on hiqhe ’st  we i —e ht modules VI  \ )  -

As in  ~~~, en is a complex semisimeple Lie AlqeL)ra, a normal real form , j  t a

cartan secba lqe ’bra, \ t he ’  set of roots for  (!,1) (i.e. the aet of root s for  (en , 
~

a pos i t  cve~ root system , (n ) the sum of the  1iosi t lye (neejSt ive) m’ct c i t  cc )c ,cces ,

- the corresponding Borel sulalgebra .

Fol lowing Humphries , ((23) 20 , 21) for 1 construct the one—dimensional h—modim lc’

D I X )  — It - v 1 by the rule!

(Z+x)v
0 

= X (z)v 1 • ‘  t j~
, x t i_c

Denote by hT( () and U ( b )  the un iver s al  envelopimcq a lgebras  (over It) of ac_cd it . Thce’ce

D I X )  is n a t u r a l l y  a IJ(b) -modult ’ . D e f i n e  ( v i e w i n g  11(t) as .e right 11(b)-module)

• U(( ) VU(b) 1 3 ( A )  -

Z( \) is naturally a left IJU ) module.  Aecoc-d imcq to thee t ’oietcare — R i c k h o f f - W i t t  theorem , t i ( ~~ )

is a free (JIb) module ’.

For this s(cpendix, set for cc ,

x V , V — V
cc e cc ci

where I V )  is  a Weyl b .eci is .  Ms cc w r i t e ’

Ix •y I = e ,
ci ci cC

so tha t ( C c  t X
ci ~~~~~ 

I spate ,e TI~S of for 0._ cc- ic  cc t A
4
.

Then a basis for- V (’) ( c c

V V
() 

: tce ,c 
L ”•’ 

t
m ~~ ~~~ 

- 8m

F’iom now ore w i t  to v ,1 for I V V
,1 

, 7,( ) , so t heat you caet ccm i t  t hee ’ V c c i  t lie ’ ,-ctneve ’ e ’xi ’m , - ;‘; —

c c i i  for hac, is v, ’c ’ t c c r  s -

The need ed ,‘ 7,( 1) c s c ;t , m c t o m ; 1  , - c i i ~ ’ i n  the  I e’e ’m e teo lcs ,v  c c l  ( ,‘~~1 , ccci has t h e e  t e l  low i ng

) ‘ i ’ o)’, ’l t i

I )  V ( \ )  — 1 1 ( u ) 
~

‘ct 
* i I ( ( )  V

e

-4)- 

—-- -5 --- —---- ‘-------- --‘--5 - - -5-



2) Z(A) — ~~~ Z(A)~
1J<A

where ‘- is the usual part ial  order in j~ and

Z ( X )  — (v c Z( X ) z • v = p(z)v ’~z e

The u ‘ ~ 
for which Z ( A )  ~ 0 have the fo rm

p — A —  
~~~~~~~~~ 

k e Z

ccc: LI

If p has this  form , a basis for Z ( A )  is as follows. Let the posit ive roots be

described in a fixed order — (a •••a I .  For ~ = ( I  .-  .~~ ~ 7
m set1 en 1 en

I I1 eec I
V * Y Y V  ‘/ ‘V

01 en

For a dominant integral weight v , let P(v) denote the collection of I • Z+m fo r  w h i ch

V 

~ 

l~ a.  S I • a. Then a basis for Z (X) is

(v
1 

: I P(X—p)} .

in particular , dim 5(X) = IP (A—p ) l

3) z(X) is an indecomposaMe t—mnodule , and has a unique maximal proper submodule , ci , ’c ; c i m b e ’d

as follows: Set
I II 1 enx = x  •-~ x for I e Z  -
a a1 in

Note that, if V c 5 ( X )  , than
i,m

v 7-1
~~~im—i’a

H’

_

x • v ~~ 5 ( X )
‘cm

so it 1 
‘ v , Z(X),~ — It • v0 if I P ( X — ~c ) ,  an d x T 

V = 0 i f  I • cc 1 — (i .

—44—
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I
ciet Y ( \) 

Xl 
• Iv ‘ (\ ‘ 

- 
- x

T 
V 0 VI  P(  i - i c )  I

1(1) — ~‘ ‘~i -

( ‘ — 1

p Then I l l)  is the unique maximal ~, roper sub module of 7 ( 1 )

The main theorem in the subject  is as fol lows.  Let ci
1 • • •  Cd be the simple i-oats ,cf the ’

p os i t ive system A 4 
(see ( 23 1 10 .1) ,  and put z . = (x ,y.1 . Then Z. j~, and x ,  y ,  z

spate a subalqebra of isomorphic to s ( ( 2  It) - A weight • j  is  ca l led  ~~~~~~~~~ i f

I, I l ” - c~, and dominan t  i f  l I z .)  0 , i —

The theorem alluded to is: V ( l )  V , ( \ ) / y ( X )  is a f i n i t e — d i m e n s i o n a l  i r r e d uci b l e  (-m, ’, i , , t o

i f  aced on ly  if is dominant integral , and any irreducible finite-dimensiona l Nmodule is

isomorphic to  one of these (see 12 3 ) ,  2 1 . 1 ) .

Now d e f i n e  a b i l i n e a r  form B cc ii  Z ( \ )  by the requirements

1) B ( v  ,v ) = 1
0 o

.‘) 11(7 (X ) 
~
‘ 

7( l ) )  = 0 , 
~

i I V

I )  Fc it I , I ’  e P ( I — i c )

11 (V 1
,v1, )

—5 I II m 1where x it •X
1

Th ’orom (Al)

I) 11 is sym m et r i c

2) ker B c c 7 ( 1)  — ‘ ( ( I)
c c cc cc

I )  I~’c c e V , cc , R (v,v W )  — B ( x .V  ,w)  , it • ,!(v ) 
-

Pe ’~ s~ f ~ it j ’ ) ’ , c ~C’ 7 c 3 . Thou

—
5 -I I .1

5~~~~ X V ~~~= 7  ‘ x v V 1

— (1 4 t ’ -c — ,~~- cc)  ( r ) i ,’~~

.i~c , ’ c iC ,IC ccci I f,a~-t ) aiteive , t h e  s i s  r o t c ’  i in l  e~~s ( i — I 1  • ci 0 , .~ 1000 01 h. ’t e e c  ‘ c c ’  I 4 1 - c c ’  •



is  not a w i gh t  c’f 7i\ ) -

Sdm} cpocce~ I • P ( I  —~~) , j  , ~‘ ( 1 —  v )  - Then c - i t  Pi e r

i i )  ( - ‘ I~ • ci 0 , whence x 1v , , 7 ( X )  w i  the  - — 1 + ( 1— 0 ) _c \ i,,,~

— ;1 t \  S i n O e  (I I VI

—

( c i )  (i—I)- — ~~~ i.,- , ~ —

or

( i i i ) t.1— I~~’ c m  I ,t , SO ic V and both R (x ’v
1
,v
0
) — — hi ( _c’ , v t  c c i i i , ,’ —

So in .aciv case t hie fennemla

B ( v 1 ,v
1

) R ( x ’v , .v _c )

holds fo r a l l  i , .1 By linearity,

B (w,v
1) — H(x 1w ,v,_c ) , w 7 - c l )

Next you estab l isle ~ as fc ’cl l ows :  Nate ’ t ic~ 1~~ ,, ei te’nds i c c a I in , c ,_ c c ,i i tt  emc’rp)e, -;nc ~‘t I l l

wcth the pr op en ty that

c’ ( r w )  — ci ( w ) c ! ( z )  -

5~ fc ’i i nst ance  ~~(1 1) — it
1
. For y n , I you can we i t O

— 
~ ~-+m 

c 1 (Th-
’

m ’n + l  ,1,7

where only finitely many c’ (I) I 0, so

R (v 1, ,yv 1
t — 11(v

1
,,yy

1
v 1
)

— R ( v 1, ~ ~ +m
m ’n + l  , c,~~’

— \ V c (t)R (v , . v )
+m ,1 3 ,1tn ’n +)  ‘12

- 4.- -

- 5_~~~~•
_
~~~~

_
~~~~~~
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— V \ c’ ,t )B~ x’
1
v ,v I

- - -4 - rn 0 1’ a
m- ce +l O X

- B ( (  
~~~ 

c~~(1ix
0). s _ c )

m ’n+ l OcX

— B(c ’(  
~ ~~~ 

c 1 tl )y ’
1
)v 1, ,v )

m~ n+ l  J c Z

— B (~’(yy t
) v 1, ,v

0
)

- B(x it-v

— B (x v 1, ,V
1
)

Since the v
1 are a bas is  and B is b i l i ne a r , 3) is established .

As above , let cc
1, . . . ,  ci be the set c _ c f simple roots. Since’ the s imple  roo t _c- e ’c ta i-s

it x gene ra t e  n • respectively y y genera te  mc , i-au can w r i t , - any v , leet eceI r + 1 r — —

any element of 7(1) , as a sum of elements  of the fc ’ m m

- V , i — i  ‘ e c-c - I Ic -

I r t’p,’t i t  t c ’cns al l oweci )

Ye_ cu have’ j’iove’d the symmetry (c ,’u t c_ cf I) , t ) _ c c ’c i ’ f c ii t’ , i f  vo em show t hat

v , v - . - . ‘-‘ - v

~~ 
i~~ 0 ‘ ‘

~~~ 
1
~~ 

0
i i ~

B ( V  - . - v - v , v - . . - i- - v
1

1 ~ 0 i~ c k i

1 c c i  a l l  seqclt’ni—o s i • j  i n  I i

Tht’ coa f  is a douh 1~ I cidiect Cccii  Oi_ c the  l , ’c , q t ) c  Ic + of t ie, ’ seqime’nce ’ c c  • - S m eet I t  ,_ c i c c cu i - .

i i -  w i t h  (I )  Oc if l 5t c l e ’i ’  t h e  a s se r t ion

B ( y  - . .  .y - V , it y - ..  . _ c ’  v 1
‘1 ‘he ‘ ~ 1

~ 
j~ ti

— B(y y
1 - - 

~k~~
i . . v V _c l -

~ t P c i ,  ‘c ,cI ’ cc c - c  c l’ t cc t o  lc ’cic ’t •‘ I to ’  l c ’nct P~ fc ’c w h e c h e  t hee ’ ici~’iet e t c  , ‘,c , _ c c , ’ , c - - - -, ’c t ,‘- t c  P ‘c c , - - l ice ’ ,e i, , cvc
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are I , 11 -
k~~ k~~

Note that is

B (vt_c . X
1c

V
0

) — B (y 1_c v 0 , v )  — 0

For he + — c 1 , 1~~ is part 1) of the de finitio uc of B. For he + i — 1,

B(V ,~1 , y . v
0

) — R(y
~
v,_c . v )  — c_ c

by 2 ) , s t n ce ’ e 7(l)

For he • 2 , refer the synlceetiv property 
~‘h e I 1 to the same fc~~ l e ngt h  Ic +

.is follows: Recall that Ix ,y ) — 0 , I j ’  , since cc , — a is clot a r - c d c t  i f  ,c , c , are’
I 

- 
3 j

simple .

B(y • ‘.y, v _c , y, ~••y v
‘I he 11 ~ 

0

— B(x - y , • - _ c ’  - v - y - • . - i- ’ v ‘I I icv  3)

~l 
‘1 

- 
‘he 0 - 

~~~ 0

he
• V c~ - ( \ c i , • ‘ .  ci , ) ( 7 , )

p — l  11
1
p ‘

~ +l ‘he ~l

S B ( y .~~~~~~~~~ ’~~’v . -v
0

, v 1
.~~~~ -v ,_c )

where here the hat meacis deletion. By induction ( I
he+ c 2 ) c -

— ~~~~~~~~~~~~ 1l~~~l ‘he 0 -

Thanks to II , this ish e + ( — l

l3 (y, .-y ~V • i’ - - - y ,  •v)
1 ~1 0 ‘1 

- 
‘he ~

ccc’ 1 k+~ - .’ and t1 k+~ — l 
Imply On the other hand ,

1’

-4cc -

LI 
_ _ _ _ _ _ _ _ _  _ _ _ _ _ _



- ‘ ‘~~5 
I

B ~~
‘ 1

1 
• ~‘ 

1 c ~~ 

- 

~~~

‘ c.’~~)

— ¼ 
~~~~~~~ — ‘—c ) (z )

- - I , !

‘ B( v - l i
he

c.
c c
~ 

i _c
1

_c
l~~~~~~~j 

V
~ _c )

so an app I t  cat c a t _ c  c ’t 
Ic ’ -1 ~‘- ~~ a!’ I i’-h~’ cc 11 

Ic 
The i nciit,-t  ion is complete.

F in ca !! ‘c - ~~~ at i t,,- Theon’etn i cc  are d c_ c ’  i ,ucc cocese ’qc.monce of )l of the d e fin i t i o n

q . c ’ . d .

c,\’nc I us con _‘) al lows “c,’_ct  t c’ ‘.‘ cow 11 ,_c c c a hc e 1 i mce ar for -ne on V (1 )  — 7 ( l )  / V ( 1 )  -

Lementea A 2 - l ot — cc~ (,‘, • atcd ccu~ -~-ase ’ that 1 is a ,jontjteant jietegral weight , so that l ’ ( \ i

is f i n  i t  e’—d Linens ianal - Theme I~ i s  p o s i t  i vy— d c  f i u c  i t o  ccci V ( 1) -

Let x .  y ,  .‘ t’~’ t he u c - c i ~~ 1 b a si s  of s~ ( 2 , Itt - so t h a t

(it ,?) — -~x , ,~~1 • ~‘v , ( x , V )  7 -

en — ,
~, 

( :~ - I’ - ,ec,d we i t , ’  I’-
I he

V ‘“ , -

~‘), , - c ,  ccc i n  ( .‘ )

• V — (m-~’k1 v~,
k

i _ c

‘he * ( r n _ k 4 l
~~~k l  -

rt _ c ,- V,’ , -t  ,‘t- cc i _ c ‘ ‘ ‘ ‘m 
span V ( ~. 

) - Ta c;h c ’w B pc’s t t c c.’e ’— cie ’ f i n i t e ’, we ne_cc_c_I ot cl  i- show thia t

~ k _ c ’  , V i -‘ ,c - ~~ i ,,  i , c .‘x. di’ f - t e cc e ’ f a n  he • 0.  Seeppacc e’ the at  i t  is t C u e ’ ~~~ c Ick he

I’ 1” k + 1 ‘‘k+ ~ 
- 

t k.I’ 
11
~~ he4 1 “‘he

t

~~~

- 
k 4 t  

1 1 ( _c k~
_c

Ic
d

f - c  he — ~i , r n — I .
_ .h 1 _

- ~~~~~~~~~~~~~~~~~~~~~~~~~ 7~~~~~~ TS 



The i ,i_ c’a of t 1,~- pi o,,ct’ of peaS i t  ive— ,i_ c’ t i n c  t c ’ i i c ’ss j  te c c e ’il, ’ 1,1 1 15 1 c ’ US_ c’ P I c O  ox i c c  t _ c’nc~,’ 
, ‘t 1~ ‘I cc

ccl suba!,o’lcr .c cc a t  i s_csiec)rphic t o  s~ ( 2 , It) -

Theorem J’ - — 
S ci (-(‘,c Sc’ 1 i cc ~j orn c r c _ i c c  I cc ,  t 0c~ t ,e I - ‘I’he ’ ci }t S ~~~~ - i t t V c ’ — ,l, - P i i i  i t c’ -

Proof: Su1,cpose not - Thc ’cc t h_ c’t c ’ i s  a we’ i g ht  ~c c c l  mi ii m cccl 1 -c c - i tic — ( ~c) so t h a t  h~

not positive—do h O c  te  - (The ~lc t  m i  tici n of the ’ lc ’ccgth i  cit .1 We~j q h i t  t c cl Iaw c c  I cc ’ -i c cc c t c ’ P l’ r ’_c c j _ . ~‘

in t h _ c’ ne x t se_ -t m at, - ) So le ’ c,’t 0 1 v , I’ far which B (c.- - v i  ~ cc . 5-i nc_c’ V I ci , t ic , -~~, - muc ,t

exis t  a ,\ t O t  w h i c h  x 
~~~~~ 

� 0 . ( ln de ’ _c’d , t ic i cm is a p t’a(c,’ i t  v c c l ’ ,cl I i c -ct  c _ c t - cc whit - ic  c c c i i i ’  cv, - i c c

the  quot cent V = 7 1’ , a-c is cc. ’  c_ clou t f rom the ,t_ c’f m i t  i ,c~ at ’ I’ c u i i , ’ ic ,d i’c’VO -

Let ,‘lc’tc att’ the span of it - i- , and  • L x i’ I - Thai, is .m simbalcictu a c ’f
ci ‘ ,_c a c i i

isomorph m _c - t c c s ( 2 , It) - Let 1” he the  _c~Vc ’ I c c - ‘—nec _c-lu l~’ c_c e ’cce ’ra I c_cl by v - V ‘ 3.5 i c~cl0_ c _c ’ifl}’acc i

bl t _ c , s i nCe ’ i t  is  _c’i’cl cc; since is  secceisimple, ‘c- ’ i s  a c tu a l ly  i r re ’duc ib i _ c’ ( W _ c ’y l  ‘ S ‘l’i~Cc ii’ e ’iii ) -

Let v be a max ima l v ect o r  fo r  V , and let  v • v - v , . , . ,  v he’ ,c L c ,ecc 1 c c ,c t w_ c’ i_ cl  l i t  y , _ c~ 10! cc
+ 0 + 1 eec -

as in Lemma A. 2. You have

k=c)

7, ’v — (l(z _c )v — 
~

i . e. i t ( z ) c
k 

• (cee_2k)c
k . 

he — 0,...,rn

hence for  sante h e ,  ii ( z )  = ice = 2 k and v — 
~
‘V k ’ c 1 c c . i t  fc c ! l c ’wcc f rom thee ’ _c ’c-’nece’cut ,et ic ’ii I , ’—

lat ions in th_ c ’ proof of Lenina A. 2 t h a t  v 4 is !d c ’ c cpc. cr t  j o t_ ca l  t o  ~
I . _ c t  0 c t - c d  is in par t  c c’iil,i i

a we igh t  vector of V ( 1 )  - S in_ c e x • v I 0 , v has we’ ight c-i t c - i _ c t  ii- it ig h_ c’r t hat, ~i .  I t  i c c  c 1  cc i i
cc +

from the constructions , however, tha t ~~~~ 
i s prapac-t ic_coal to t h e ’ form occ I’’ _c-o c,cc t u ’c ic t c ’_ ci

as in Lerm-mea A.2 , which is positive definite, th_ c’c,’fccre’ tcI~,, i c-i ,c jth ie ct - Ic,,,Sttive_ _ cio fjti i t , ’,

negative—def inite’, or identically zero . Since ~i was the  woi_ ciht of minima l l_ c’tic ith i to , which

B is  not ¼ on V - however , and V b,,cs we icc ht  cc ,  he’nce’ I e ’i_ccci t hi s ( ; c i , i t  t o i l  _c ’W cc

tha t  B Iv , v )  0 , w hi ch  _ c c d u i t  c a_ cl i ,-t cc t hee ’ hvpo t he~ is  t hat c c c ” , i-i c c . 

—-5--- - — -~~ - - ~~~~~~~~ _ 5 - - - 5 -_  ~~~~~~~~~~~ - - -~~~~~~~~ ----- ~~~~~~---



- Sol u t i o n  of t he Eqct at j ot _ cs of ~k’t ion

The c _ c -I ,t t  m an  of t l c i  s -c, - ,’t ion c cc f l t  mcc ue s  that of the last - In  h_ ca r t  icu~ am , a
0 

Ic is

some t’e fe i -en c - c ’ pOtn t , and U is a ric ’iqhborhood of a c_c h a v i n g  the ~‘ro~’c- c tics -I at,- _ ct ,.ft ,- , ‘

f i t  -c t  s t t 1c  i s  a r e s u l t  sited lar  to ~~~~~~~~~ for  wh _ c ic h  v d cu  f i c~ -it~ nc ’eci to cc _c, cc t ’utc - c-ic_ cm_c ’

do r iv at iv_ c~ cc :

Len’zcca €~.1

( m )  1,’ ( c i , ( z , a l )  = Iv , (z , P ( a l l y  ) for  _c-e , -‘ , h , 1U 0 u 0

( i i )  V~~~ ( . l  = c (a )  A d (Y
1

(a . a
0

) Y )
’ ) C c ) .

Proof:

( i i  _cl c c, ( a
~~

L Z
~~

a ) )  = <v 0 , p ( e t adz ( a ) ) v 1
)

d t adze P ( a ) v
0
’

=

(ii ) N c t C  t h a t  cc~~~( a )  K ( c (a)  , a) then a~’_c’ the proof ref Lemma 5.’,- .

c1~~~~~ d

for e , cc , V ~ ,

~~~ ,\,* }(a) — —2 V K * ( V , U )  (~ , c — 0 ~- i d :  ;, ;c
3.1

- c ’  N ’  is t ic_ c ’ form on c x c* dua l  to K; K * ( c  , y)  = K ( c  ,c ) = ;:(c ) , cod
- — (c i c.

1, .~ = c i , I-c ~ U ’ ‘I.
141

Pc’o ’’ . , cc~’ 1( a )  * K (a, I ‘ I’ ’,” ( a )  , f l  Vv ( a )  1)
- 1: ci 3.c

- N i ” “ c’ c e  L a , ‘ c * ( a ) l )
ct cc

- K
~~~~~~~~

’
~~~- i c

i c 1 -c , L a , l
h

- - v d ( a )  I )

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5---
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— d~ ( - c , ( , c , II Vc. c ( a )  1 )
c c h

— (v 1 , L l ’ ( ,i) , Ii
h
e
~V
(a) 1

— -‘ U Ic 
(cc) v u . ~~ y~~1) V~~)

* — •‘ 0’ ( ‘l i v~~ _ c c ~~~~ V >

4 ,’ ( v .  I ’ ( a ) v ~~) 
~~~ 

c ’ ( ci )V )

-c c c i r m  I l ie ’ i - i  ‘cit of l~t c’j’~ “ . 1 1 .  Nccw

— 
~ I I ’ ( c ) P

It ’ ; ~

— ) K ( I i ’ , c.’) r
I-i

c i i ’ ’ , d i e m , ’,- I Ice ’ t ’ ’ c c are’ _certh eoqote,-el 1 ’e , e ) e ’ c ’t I c i c i S ,

(1’ (cc i v  , I’ ,(.- c )v  I - , (v , m - ( d v  I
I’ ii ~i c i Ii~c it  II it

— i t  cc ’,’

(v 1 , P ( c c )  v0
) — o (~ )

t i , , - - , -  t ,‘~c ,,ee kc c ; e t f f i  c - c’ t o  _c ’c em p ( e t  o I tee’ proof -

c i - , - ~,l -

Ic
t
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l’ m ,_ c c~’t l i i i - ;  t c e l  lowS • ‘,t c; , I~ - ft_ ce rn t i , ’ (c - c l I ,~~ - ne _ cl 1 , i _ c t , wh ich iii  c m i  t u rn - c  ,u ,‘c c i i ’ ce ’ _ c ; c c e ’ t i c ’e ’ c c  I the

l’ _c ’ii, , ’t c  , - Le’mccma , ‘m ,  ‘ ‘x,e c ’t ice’ c;s of  c d l c c c  - I , e _ c i  ens :

V i - - ci O d _ c i _ c i ’c e ’ c t  c’I , cc, ii! I c -  , ‘cc mc t cm ’ c ’t c_ cl smooth m a n i i f _ c c l d  e
d , . . .,  smcsctle c. ’e’, ’ t c c i

I t , ’ l , I c ;  w I e j _ c’lt c;~’.ttc ‘1’ .’ - ’ I , c i ’ i l l  x , 7 , I I , . . . .  
~k smooth ft mt ic ,’t j OOS 00 7 a c i d  x

t ht’  I’i ’’I’Ie’m

em (S
o

) — li _ c ,  [ ‘ cm — 1 , , — I , . - - ,r c

itac; ,e t m n i , ~eme ’ cimex eth solcet june in  ,‘ i f  aced oreli ’  i f  t h e _ c ’  fol  low i teg i r c t c ’ ;~r ab i  I i  ty cc ’cc ,Ii I i c ’ t c c .  c r , -

‘ c i t  i s t  t e d :

t e t  
he 

- (it) he’ c e mey f e m m e c t  j u tes  cii II so t i c . et 1).?’ . — 1’ ,’’ — ,,
k 

,
,
~ • Thm’rcc i  u i _c k~~I i l k

[i t’ - [ i f , — y -

k~~I i i  k

‘I’ I c e ’ n e ’ c i i , ’  ,m lwa y,c e ’ic ( eit clhi  we i g l e t s  in mc ’ ,  I t’re ’det , - i b l e  f u e l  t t ’— d i m c ’i e c i i o e e a l  re’pie ’c - ce ’tc t at  icMe t c_ c cqc ,ei c

C~~~, ‘ c (I ,‘,e’ ,c ci ~ i c c c i c c ;  i mc I,,’n)mcicc ~
, - 

c , ) , the _ c ’ I ci t i c t c c i t e c ;  ( c. ’ : ic , ( c )  cje ’t t e ’t ’ ,t t e’ t I - c _ c~ Ac1 j m c v ,_ ci - i c tm e t

p_c c l - ~- c_ c c s c i c , e l - c , i i i’ ’, t t ie ’ i c ’ t c _ c e  ,- t I c_ c ’ )Iaflc~~’ i t c e m ej c c n  i~ - _c - t c _ c c - I i , i  Is P_c,, Spate ‘1 ,1’ , ‘I’cc ai’(’l c t hee ’ i ’ m  i n _ c ’ c —

ni- ct ‘cut,,, - c , m t  m ’cI , c ’c _ cn i ) ’ em t  _c ’

S , (~~
‘ ) K ( v  , ,ic ’)o ~

i - I

* 2 i K ( \‘ c l i ’ ) C c , ~c*
— U I

• ~ 
( ‘ ,~~“ , -l- 

K ( \ c
1

, c ) K ( v  I ’ ) ( ~ ~ — 
‘ U ’ It •’ -

‘I’i m i - - cx i c c ’ ’ ’ - m u ,  c -c syclune ’t m ’ c ,- t i c 
~
‘
1 ~‘ ‘ -~ , t n t  thee ’  v, ’_c ’t c ci  I i ,‘ IL - P ccimmcm( •‘ ( ‘l’hcccc .‘,_ i s_c ’

t i c , ’  ml c , ’c.’ , - j - , c u _ c i ( ’ I e ’  c i c , , e c , u c , I  , , ‘ c ,  t hee ’ ,‘xi cc l  e t c_ c~,- ce o.t c u d  ,)tit ’fle ’Sui ,_c f  t Ic , ’ i e’_ c ( i t  m t - c ’,i ‘ c c l  i t t  i c ’c c i -

i . e ’ , c I ,

t’ i c d I ’ c
~ c , i t i ~~i ic c ’ ,4 .  l o t  a _c , ( t )  i_ ce ’ th e’ I r e  l , ’c ’ t , c c  c. c i t  I tie ’ hli -em u I t , i t c i , ’tn ve’,-t e i r  f e , ’l, l ‘‘

,, c. , ( c ,

‘ , i ’ h I i i , t t  
~

C
l c 

— ,i~~ ( O i  — ‘i’Ime’n

c i
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~c ’ (a _c It it — IC ’ 11 ,1

( i t
( . 1  ( I i i  - - 

I c

I- \‘ 
~
‘ — ‘ N’ ( I c  ‘ , c . )  P

f ccm .-el I cc ‘ -~

I’ m ‘cot c TIc_c ’ t e e d s t a t  r’ilS’tlt c _ c  em ) ’)  ccc i  icy ‘I’hne _ , ‘ - ,‘ - ‘I’, i - -’ ’ ’  t Ii m ’ ’ .,’ _c - ’ ‘, , , I  ‘ - t  11 , ‘icie ’iil , i e ’ t  i -c-

de i r e l,c’ncm,-c m l , W i t l e  u ( i~~l — I , .‘ctc cl c :,_,t

c l - c l
‘II 

0 ’ ~ — “~ -

Theen

~‘l ’~~~~ — ( c
1

V ’) 1, I

— I t , \’ ’) \ +
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i c , ~)_c
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— K ’ ( ) J ,v ) to r (a 0
)

r (a (t)) = —=-- - 
Ii

3.1 V 
/ ~ e

_ 2 K *
~~~

’
~~~

) t  r , ( a 0
)

(compare Moser ( 2 1 )  -

The same’ proof shows;

Cor . t’ S. For any Ad-invariant function F on h ’t , let  a
F

(t )  be the t r a j e c t o r y  of the

H a m i l ton i a n  V_ c’~-t o i  f i e l d  with initial condition a
F

( O)  = a0 . Then

-2 ( V  F ( a ) ) t  -2(c ’ ( V F ( a ) ) ’ t  -i

= _c-c P C 
P~~(a0)(~~ 

e £

where

V F ( a )  A d (V
1Y ( a ,a I )  ( V F ( a ) )0 0

(which  is it s el f  an ad-invariant c-valued function on ii) -

F~xpec~~aU\’ , if F is a I’coiccoqec’ieous t r . ec _c ’ pol ynomial

F ( a )  t r  K

(here  a is viewed as an _ c’ndomorphism of Vi tbic ’t ’t

= ~,~~~
( ( t * ( a ) )  ( c c )  _c , — 2 ( u ’’(a ~~~~~

1 t
’,-c ( - c )) 

—l

Remark.  It  c ’,ccc icc’ shown ( ( . ‘ P )  b2 3~~1) t h a t  the e i c a _ c o p o l y n o m i a l s  cc e ’cS’ t a t e ’ t h e_c ring of Ad—

c t cv a r i a r c t s  of ~~.

The f i n a l p o i n t  of our work is t h a t  t he  rna t e ’ix  elemeicts  of t t ’ , c j e c t o r c m ’s of A d— i m _ c v a r i c i m c t

Hami I t o n i a n , ccii  comple te ly  in t e q rab l &_ c  orbi t  cc , are  a ct u a l l y  r a t i o t al  f cmt ic ’t j u t e s  oh I i i cc , i t  _c’xpo—

nent ta d  s , w i t h  coe’f f ic ient s  rationall y de ’te’rmiieeci by the’ lii i tiai da ta  cinch t ice ’ til’e’ct rum (~~c ’ I

F i t  ccl you need several f,icts about the ac t i on  ref ~ ome V.

Reca l l  (Appendix t c_ c ~i5) t h a t  the ’ we’ iqi -eto of V are’ al l  of the form I-I — ~‘ 
— 

:c?~
’
S 

c~
S the f ixed  s imple  roots of t .  s_c~t

I ’ ( l c )  * ~ k
-c ~

ci, S

and c a l l  U p )  t he’ lenqtIc of it-
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Somece’ no t a t ion  for the var ious  “m a t r i x  blocks” w i l l  a lso be use ’fu l . For X ‘ End V ,

* ‘~~, set

x — p  xl’ -
IC It

lenemna (‘.6 - Suppose’ x mj . Thee m e

x - 0
let ’

i f  I (I - ’ )  ( j t )  or (p ‘1 * t ( j t )  , p C 
~~ 

p - Also , x is proport iom ea l  to th~e i d e n t i t y  on V
U -

P roof :  W i - i t , ’

x 7 ,  + x ,c ,
cm —ci i i

It

w i t i c  (:‘. , :I , c I a Weyl ba s i s  of t .  Then for  v , V , p * ( c ,ce ci i —

it • v — ~ ~~~~~~~ + x
~

c
~~

.v
‘,_c A

e
I (p  ‘ ) ‘ I ( p )

sine_c ’ V ‘ V ,
—c c Ii (1— 0

q . e ’ .c l .

Cu e .  t-’ . 7 . The c ’c_ ct e ce e ’ct eel group ; is an _c_ cxpom eent j a l  qroiep .

Prod : t_ c m ci ,’n the weights accordino to lenqth , and order the w e i q h c t s  ccf  a q iv eme l ct cqth  ancyhe ow .

P ick  ci i i ,c c - i i c; of w e iq h t  v_c’ctors. The above result  show s that i s  a cieehalge’hra of the , e l c i , ’ I - m

cef lower triangular matrices t in t h i s  b a s i s .  Since the’ grou p T of lower tu  e a n g u l a u  e’tit i t _ c ’ ’ ;

w i t h  
~~~~~ u P eve’ •hiaq_ c_ cnal entries is  exponent ia l  w i t h  Lit ’  algebra I , SO I c c  c expomce ’tc t ia l  -

cc.e.cl _

Ccci’ . ‘ .H_ F_c-cr .‘( , cc , X , — C) i f  Q ( ~m ’)  - ( ( p )  or Q ( ~i ’)  — 1(h ), I-i ’ ~ U . Moi’_c’ove’t , X

is a po s i t i v e  m u l t i p l e  of the i den t i t y  on V .

- - - 5-----

~
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~
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~
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in _ c - c’ lI ce ’ area lc’cqous (‘rm_cl’ce r i c c  -~ i ‘. ~~~~~ e cinder forrn st i - c c ,  c’f - ‘ ‘w ,- e and _ cc i s

ex ponen t i a l , t h u s  is  _ c _ c i ’ v c , , i m s .

_c~ .e. d.

The next s t e ’~’ is  to  examine  th.  “ i sc_ cs
~’

c ,‘te’ a h ”  ‘c,’t ’, ,  
1 

c~ 
‘
~~
‘
, whe n ~~~~ 

1’. coeie (’letelV

I,’olar ized . From n-cow c cii sul’j ’c_ cse th ea t  a , i s  a _c — I pm’ c cc l  - mete TIc~’c ’ m  ccci 4 , 5  a s se rt s  the ’

cxc  st emcce of a ci,’ m -ci ch ’c’ c Ic_ c s_ cd c ‘ of a sc_ c that t cm a , -c ~~~ 1 - ‘ 
- , the_ crc are V , I) and

a , ~~
X , c ccci t ha t

cc — Act X ( a )  — A - - c  Y(a)

_c ’u (as endomorphe c ,mn c c c_ cf VI

a _c~~~~X a X  • V a Y  -

F,spec t a l l y ,  X \‘ is  in  thee A _cl —i  sect m ,_ c~’c.- subgroup of a .  If  P i _ c ;  ,‘ii ,c’ce ’ ci small e’nougle

x~ 
1v cvi 11 .‘cctual ly  he the’ expoceenet c c i i  cc l  an element  ,‘f ,- ( . ‘ c _ c  , hci ’nc’c’ e*x prescc  e l _ c l , ’  ( i c ,  u -nc ,ci (c ’ )

in “1 i n  t hee ’ form

X
1
Y — ‘I t, I’ (a)

J e t  It It

fc ’m t l’c _ c c _ c c t  ii- ,’ _c- c _ c i e st .-c mi t cc c_c . Thete s

5’ — \‘ ,~ X I-’ (a)

~~
, ,~ 

(t (I

Now

P (a I - V P ( a l Y t
Ic~~~~ u

,C,’c ’,’t , l m  cc ’i c _ c c  t he_c ’ ci,’ t im i i t  1,_ ic ’ ; _ c f  t’c

— ( \ _c X I’ ( a ) ) ! ’  (a , ) (  ~ e I’ ( - ‘ c ) X i
It ’ , ,~ 

I I (I ’ Cm i i  
cc ’ , ~c Cm ” i’ ”

* ~ x ~‘c c

‘ii

( - u  P — x r ( , _ c I X 4
It IC I~ Ii

F i n a lly ,  s i t u , -,’ I’ — I
- - it

I i ’

—-5 - —~~~~~~
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~~~~~~~
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~~~
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\ s_c ”P (a I — XX~ii u 0

Remark. Thu s  equat j ute  we  I i  i’e ’ the’ (ce’~’ tee  tb -ce ’ m a t  ionea 1 e x I t c - c c - c u  c ’tc of matrix c_ c l e’me’cet cc i c e  t - e m s

_c _ c f the fun et  lures ,‘ • The ’ ( _ c — l , I  cc t  , tu e _ ci  -c f c ’t Gel ‘ f a m e _ c l — I _ c o v e t  arc , tom u , -cl cc, ’t , . e’xpl al icc_cl i c e  t hee-

i ntroduc- t i_c _ cn .

Theorem e- , ” . Suppose that Y , H ,

— V I’ ( a  I V it  , ,Ii i i  i i

and _c , 0 , ic e ~~~. Then the eqemat 1_ c u e

N - 
~

‘ 
c’ 1’ — XX- I d I c

has at most one solut con X End V with the pu-ope ’t’t ic c _ c

( i i  x — d • P , d
~m~ l I-i (c

( I I )  X , — 0 t f ( p ’ )  (p 1  or ( i _ c  ‘ I  — I ( p )  , 
~t ’ — ~c .  L

If a solut ion excats , I t  i s  invert ibte , and its mate’ix ele’merets in .cnc.- lcc i s i s  a t , - r at  uc _ c ce. _ cI

tunct iOns c_ cf the’ I _ c’ I an_cl the matrix e’le’eieentce c _ c f  (1’ (a il ~l’ p (P

P r o o f :  The pr o_c_ cf will be by induct  ion c _ cmc I (p )  -

1. 1 ( u)  — c i ( i . e . ii “ ~. P -

Note tha t  ( X X ) — X X cind also X
1’ 

, — ( X  , 1 - lien_c-ci c _ c ’  it c.d (1(1 It i c i,I U

4 - +
(XX ) — X ,,x

~~~ II ’ .-~~ 
(t _c,

_ x x _ ,1: - I ’

a_ c-c-or_cling to prope’rt it’s (ci ( i i i  above (expecia) ly, i f  ~c , - p ~ ~, , P her e ( I t )  ( :, I - P

Si nec’ V is  one ’— cl im, ’ne ioeca I ,

- - ~~~~— - - - _ — - - —~~~ -- ~~~~~~ -~~ —- — —  - 5-- ________________



- m - I’ , , tee , -‘ , ‘ -

Tt’cc’i ,,’f’c _ c e c’ ci, c e r n , -

—‘ . Slii’~
’c’se’ ti_ cat , I ‘ ‘i Ic , C’ such I teat ~ l i _ c ) -• ( _ c l

N
i _ c ” ’

-rhu es \ c c c  cie’ t cu-mcueq -c,j fc _ c e ’ cccl , ( v 1 ‘- - I’cc3., C ’ ; c _ c~~~~~~W i t  h ;, l — - C’ c cilce’ C lv c c l

clet e’rne c nc’s 
ccc ~~~~~~~ t Ie,_ci ce’ w i t h _ c  (C’) or c- — i m .

‘l’o dete’i mu itt’ t lpc ’rcc’ , use a cut_ cs i_cl e a c v  c e e ci em _ c’t e on c _ c rc C 1 _ c ’ l - Fe_ ce I C , e - m ’

F “ —

M I X ) I

— \ ‘ x x — x  x
-

‘ 
c-i ~,v

,i - x

‘cc ’ ~ = ~ -U ~, 
‘.l

F_c _c e C , c- ~ - , a ‘c - - ,uccc e - I h a t  “3. 
- 

i c c  )_c nowci , I ,‘c ,‘ - c c  - ‘ ‘ - c c- ~ - ) ‘) ,
~

ii — (XX P
c c , -

— V 
~~~, 1~~

’

~ ~~~~~~ ~~~, ~~~~~~~
- 

- , - - I _ c  \ ‘ - c 
- 

- 
, I- I I-

- \ c X  1 4 \  \ -
- - 

- c c I V \ ;  c c
‘c ;  - c

c\c, s’t , i e  ceo C c ’ t ie,’ m,-u c rc  c ce d c uc -t  e~’n h_ c i - -t hm ’ ’ c c - , \ , i ‘, ‘c ; c, ’e_c,c P , ’u a I - ‘ ccl- -- -

— ci - I’ c ’ . kii , _ cwr, . A c c ,’e , t c c , ’ ;  I - ‘ I ‘ c ,  - c , ’, ’’- , ,h ,- ru  s c c , , j _ c c ,  t c , ’,, ‘ cc c - ’ i ’ , - - , ‘- \ - -c c  ~‘ V

f , ’t cc ) I (_c ’ .‘uI-j- . ’ cc m c i e ’t  t i e  I .,mm , II n’,, ’ , ‘ c m —  t I,, ‘-I c ,,eu u , ’r , ‘c e _ c 1 - c ’ ’ ’, -~~ _ c , ’,i

— ~~ 
~ c TM , 

~ 

— 

- 
X p \  - _c~~ -

, ,~ c~~~~~ _c -~

t’uu,a l i _ c i , ’c _c 
~‘ i c
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M — X IX )t + X  IX I
I-I ll 

~~ 
V~ ‘J~ l (tic I- t Ic

A_ c - c ’ t , i c n c i  I, the m a i n  i n d u c t i o n , the sum _ c_ cr _ c the R . H . S .  i s  known.  Ti_ c_ c ’ equal ion has a

so lu t i , c cc i f  a m d  only  i f

-t
N — L x (X I

UI- i I ( v ) < t ( p )  Vii Vii

is a posit ive’ sealar multiple of P , say d
2
V , in which case X - d I’

(I It It PU U It

Thus the X ,  1( v )  ~ t ( p ) , aced X are u n i q u e  at-cd depend r a t i or c a l lv  c cii M, as

required. The induction is therefore c-omplete.

q .e’ ._cl .

Remark. The proof actually qives existence , provided that the w ei gh_c t  st’.-c_ c’c’s are ’ a l l  one-

dimensional.  The’ general existence question is open .

Before’ appdy ii, _ cu the theorem to the case at hand , i d e n t i f y  the constant s t cic’ follc cwcc :

since

(a ) X l ’  ( a ) X ’
p (I 0

(v
0
, ec~~

2P~ (a
0
)v
0
) — (-X v0, P1,(a)X v~~ -

Since X _c ~~, i t  fol lows f rom Cor . 6.8 tha t  X v 0 
= d~v0

, where’

(v
0 , X v 0

) -

Usinq the d e f i n i t i o n  of r (a)  ( i S )  you see that

- d~v~(a) .

Seinuing both sid es and usinq ~ r
2 1 , obtain 

-

~ K r ~~(a
0

) - d = (N~~ r (a )r (a)~~
)

Now denote by s~ the col lect  ion of se’ts t- ~e 
) c _ c f  numh’ce’r s 

— ‘ C ‘cc’ P h at

— 

a ) 
- 

i_ c it

r r (a)  fe _ cr  dom e’ a c_ c ‘~~ ~~~ , all uc , ci’ .
u p a0 a0

— (c _ c —



1

r i ~! _ c _ j ,&~. S ,ml-cl-iose ,u,~ Ia a -I, , ‘, - - , - c , s_ c ’ that , is a Toda orbit as c l e f t  ne-_ct t i m

a ce _ c - i  _cl h t c o i h _ c c c ccl ,cs I’e’ fc_ ce’*’ - Thce’me t c

- c, ,i, -j i ,  (_c , C c,
a, _c a _c

qivecc bc

2
a ~ (r  (a)  : U -

is i t _ c p e - c t u ’_c- e ’ , The matrix _c’ntrjes ot the iu_cve’rse neat_c depend rationally on the r~ , with co—

*~t t’ cc i_ c-’cet s rat tonal  in tb _ ce m a t r i x  cc_ ct t i c s  of I” (a I , ii c c i ’.
~c 0

P r o ef :  For cc :‘ ci _c ’~ c i 

~~~~~~~ 

take X C , V H so that

a 0 - Ad X(a) — Ad Y ( a )

- I cc cc ._cssui-e_cl by Theorem 4!~.

b- rune t Ie’ cii c c _ c ’ e i c c d _ c c on pre’c’ed i ti _ c _c tb _ ce i’~
- _c-c” f 01’ Theoc’eeci i i .’), i t  u s  clec ir  ti_cat for suit .‘clc IC c

_cS c , N — cx lice,; t I c _ c’ !‘e ope -e I i_c- S  (1) ate_cl (id of that theorem , wi th_ c X ,, I . Si  i c_ c - c’

_ c ,~~i , t  r ,c I c ze ’ c; ,e , (her_c’ will i_ ce’ poe i t  eve ’ c c~s_c t hat

— ‘
~ r (a)

‘I’ ~ ~ ‘

( i c c l’ , c _ c -t  , — ,c 1 
e ,  in t tie ’ pu’ eviou~ ccotcit ion) - It  fol lows from tb_ce ci iecum ss  ic c_c (‘i c’c ’ed u _ c_ c ,

,~c i c t c i t  c , c c u  j~ : — t , ) t lc,i t N ~oiv e’~

XX C-i’ (a I
- i _ c I-I 0

I-c, ci’

I I , ’c cc ’r ( TIue’~’e, -m e’ _ c_c ) N i c-c the’ t t i u i c l u i e ’ ~e’c 1ii t  mon c _ c t ’ t i l t s  e’qeeat ion , cimc,i e t c _ c  :1,_c l i t s  c l e -’me ’nt cc ,I , - -

p,’nd u , c t  ec _ c i e .-c 11 y c ’rc t Ie ,’ e, ,in_cl I l_ce’ m a t r i x  ,‘l_ c’me ’mct cc of 1’ lcd  P - Howcve’u , c- _c -it ‘ce ’c’ l’s’ c c - c c ndi_ c it c~
e t _ c , ; t  e ’ce,t of x ci i  tb_ ce ,l c  cc , -c u c c c c  C c c i i  pm e’cc,l i reo t i_ cc ’ s ta t  e’mc’nt c _ c f  t h e  ‘c t he-’,-’ci’cm I b _ c ,-ct

- ccl -

it - -‘- ‘ - ‘~~~~~~~~~~~~ ii
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~ 
r (a0) = (v

0 , X v0> r (a)

2
= r ( a)

U

so that

r (a)
it

I-c r(a~)

Since ( K )  is determined un ique ly  by {r (a)I , and X by (~~}, i t  f o l l o w s t i -ca t

a = X a
0X is determined uniquely  by {r ( a ) } ,  and tha t  the m a t r i x  e lements  au -c r a t i o n a l  as

advert ised -

q. _ c’.d.

Remark. To recover X from {r (a) } , observe that , since Z is setceisimple arid V is a

nontrivial and irreducible t-module , any connected (and so any exponential) subgroup of L icc

represented by matrices of determinant 1. Therefore, since PC = 6X

det X =  _c)

but

dot XX (det x~
’

I_ c ’

where m is the mu l t i p l i c i t y  of the weight i_c i n  V. So

(r_
(a
0)\

m
p

~~~= ii i ii
p r (a)

i,t m~~ C_c it

which shows that even the matrix elements of X c G are rat ional  in t h e ’ r an-cd t h e ’ f l a t ,  i x
it

elements of P (a ).
P D

Remark. From linear algebra one knows that the project ions  P ( a 0
) are ra t tc ’n,e I f u m _ c ~~t i c c c c c -  c f

the elgenvalues p 5(a
0) and the synruetric matr ix  a0 . The refore’ , the  result fleas - b_ c’ u _c ’t’hras _c ’_c -I :

the matrix elements of a are rational in the r’ (a), ~_c~ (a) = it t ( a  1,  and t i _ ce ’ m a t r i x  c n i l c  e e c -
U 0

of a
0

- ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -_
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The main lack of (h _ cs set c _ c f  r e su lts is t h a t  the Set C ;s nc _ c dt  a ~~~~~~~ c h a r a _ c ’(e -t  , zc’ _ cl ,

Nomee ’ t h,’ lees , \-o cc now have su f f i c i en t  m a c hin e r y  to solve the eq u a t i o ns  c_ ct  m o t i o n  cit -c Tosi~ cc i  h i t

aris _ c n - i from Ad-invariant Hateelitonians. The proc- e’dcere is  u k _ c’ t h i s :

Civen  the i n i t i a l  ,-o c u _ c l i t  ion cc _c e compute the e_ cc_cen _ cv a l u cc - ,  ;c~ , ant_ cl tb _ c _ c- C’rc_ c
~

_c
~c ’t io n_c - I’ (cd

c _c i

hence the neumbers r ” (a , ) = (v _c . P
~~

(a
0

)v 3._ c ) .

- I-ice C_ c_ ct , 0. ~‘ t _ c~ compute’ the va lues  of u al_ cm-, the t ra ~e’_c’- t c _ c rc’ -ii -

P .  Use t he  proof of Theorem ~. l 0  to compute the mat rix elements along the’ t r a l c ’ctor from tb_ce

r e s u l t  of stetc 2. of c_c_ curse thee value ’s {i I a lc _ cu_c q  the’ t r a  ~m _ c ’t , c r V  a ~~~~~~~ belonq to

C , so the question of c h a r a c t e r i z i n g  t h a t  set _ c l c ’,’cc i’tc ’t a r is , - here’ .

The remarkable r esu l t  is t h a t  the  m a t r ix  e n t u - c _ c ’ cc of t h e ’ t r a i t - _c - P _ c i t y  c i t _ c ’  r a t i o n a l  fun ct i o t i s

of l i nea r  expccnent ials , t I e ’  i n i t i a l  condit i ons , and t he  ( c o n s tan t )  e’ i ceenva lues .  Thus the’

classical L’r _ cx_c r am o u t l i n e  in §1 has been carc- i_c-d out for all cc _ c - st ,-cc_ccc c cl Toda tyl_ce .

C —

-- -~~~~
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