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ABSTRACT

Bayes estimation of the arrival rate of a Poisson process is studied in

this paper. For any loss function in the family L = ( 0_ 0) 2 0 P , ~~~ .< 
~ 

<

a simple sequential procedure is introduced which, based on the criterion

of minimizing expected cost (estimation error plus sampling cost), is either

optimal or asymptotically optimal . The procedure t is compared to Type I

and II censoring — the comparison should he useful to experimenters choosin~t

between the three sampling plans.
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SIGNIF I CANCE AND EXPLANATI ON

When t ~nq to explain or analyze events that occur randomly in t ime or in

sI’aco , one tends f i r s t  to test whether the events are governed by a Poisson dis-

trihution . The classic example concerns the number of soldiers killed per year

ftoin the kick of a mule in the Prussian Army in the early 1800’ s, and applications

have continued to this day in many different contexts , military and otherwise .

tJ~ u a l I v , the mean arrival or occurrence rate , 0, of a Poisson process is tin-

known . ‘this paper derives optimal and approximately optimal procedures for

samplinq from a Poisson process and estimating the value of 0. Three classes of

ptoce’d u t t ’s  art ’ c onsidered . First is “Typo I censoring” in which the lenqth of time

the Poisson process is observed is fixed in advance . Second is “Type I I  censor inq”

in wh ich the number of arrivals or o~ cur!-ences observed is fixed in advance . The

ft nal ~‘I~~;s of procedures is “sequential” in the sense that neither the length of

ohservat ion nor the number of occurrene’es observed are fixed in advance’. instead ,

the “ I t  ~rnt ’ of the j~~~ s’t ’~ pi I or to any point in t ime may Is’ Used to decide

whether t o  continue observinq the ro~’i’ss beyond that time .

‘I’he best i i  ,‘t sliit *‘~~; i n each t the t hret’ classes a re  compared The’ i c ’s u  I t n

II e ~~;,‘t i i  t o  the experimenter who wants t o  choose an efficient samp i in q p l a n .
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A COMPARISON ~W SAMPLING PLANS ~OR BAYESIAN ESTIMATION

OF A POISSON PROCESS RATE

Robert L. Wardrop

Section 1: Introduction and Notations

Conditional on the value of A ~ 0, let X (t), t 0, be a Poisson process wi th arriva l

i a t e  0. Set t0 0, and tot i 1 ,2,..., let t. — inf(t X(t) * ii be the time of 1-he

it h  arrival. Bayes estimation of 0 will be studied in this paper.

Assume that the l~ css incurred from estimating (I by 0 is given by

(1.1) t ( 0 ,A ) — ( o—e) 2e~ ’

for sons’ p. -“ p •~~. LOSS functions of the form (1.1) have been proposed by numerou r

~mt I ic ’ I s , inc ’luthnq Ikxi,.ies and Lehmann (l9~3) (p — 1), Dvoretzky, Kiefer and Wolfowitz (15 1

— 1 ) 0  Fl—Sayyad and t’re’eman (1Q73) (p — 0,1, or 2) Novic (1977) (0 P 3)~ ~*nd Shat’~ -

and Waidrop (Pi H , l’)78) (0 i’ ‘ 3). These papers present some justification of varisie

S I s c t S - c’s of I’. •‘~- l ’ ’ •i I ly p 0 ,1 • or 2 .  Results will hi’ obtained for all real p t ’c ’ s i ’  -

I lii doe s h u t  I is’i c’~isc ’ the di ffi u’ii I ty  of t hi’ proofs and , more important Iv , fce~~~~ti~~c. ’ it 
~
‘, S f l  -

add it totsi I ins t u t t i t  j o t ,’ the behavior of the sampi Ing rules considered.

AsslIm.’ 1 h~is pi cii distribution

i s~l — 1— l 0 01 (0) I (ci~~) I
~t~ 

0 ex p ( — 0
1
0)

w ith 0 , 0 .~ i ict 0 V p. (Many of the results obtained are true w i t h  i , p, I Ii ~s i  -

hi’ cl i  - ,, i i - - - - ,I .ic5t in n ~;c ’ S - t  SThS and 4.) t~.noto this distributio n isv I’ (u
~~ 

, 0 )  . P~’i I

1, 1  ‘ t t  I I. i s’t ~ I fs’ ictma— ,i lq,cbra of .‘vont ’u qene rated by f x ( s t  , 0 s ) . The f’ s ’~~t l  0

di S t e  ~~~~ ‘ii of q iveli Y I I) t I’ (ii ( t )  , ~ 
( t )  , i t t )  + X ( t and 0 (t 1 — 0 , + t . I~

l c ’ ’~~; I ’ t hi’ Ii,%v, ’-  ,‘ ‘ t  im ,-it or of 0 ci iv~’n ~ ( t)  i

tI .2 )  t l~ ,
(t )  ( c ~~ t ) - l ’~ (A(t )1

t

,iist t ic. ’ c - - c  - i  I~~~t ~ ) ‘ . c t  i ’ d u S S”  I ‘~

I~ ’ t I~~’ t ’ t i  0 .‘cl ~I -it •s. Atm y iindei t ’o ntr ar t  No - A A c~ .’ i —  ‘ ‘ — c — OO,’ ’% 
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(1.3) E ( L (0 , Ô ( t ) )  I F ( t ~, S(t)~~
2r(~(t) + I -

it can be shown that (1.2) and ( 1.3) remain true with t replaced by a, a stopping time with

respect to ?(t), t > 0, if F(o) is given its usual definition (Shapiro and Wardrop (1977)).

For a precise method to discourage sampling indefinitely, let CA > 0 be the cost of

observing one arrival of the process, let CT ~ 0 be the cost of observing the process for one

Unit of time , and assume that c
A 

V C
T 

. 0. The total cost of observing the process for t

units of time is defined as

( 1.4) C(t) C ( t)  = B(t )~~~
2 F (a (t )  + 1 — p ) r ( a ( t ) ) + c~X(t) +

Different sampling plans will be compared on the basis of expected total cost.

To motivate later results, note that the values of C
A 

and C
T represent the cost of

sampling measured in the units of the loss function L~ (this is clear from the definition of

C) . Intuitively, asymptotic results should be obtained by letting the cost of sampling relative

to the cost of estimation error decrease,because this will encourage longer observation of the

process. one way to achieve this is to let C
A 

and C
T 

tend to 0. Another approach (follow-

ing E1—Sayyad and Freeman (1973)) would be to define total cost as C*(t) — DE(L IF(t)) +

cAX (t) + C
T
t and let D -

~ ~ while holding C
A 

and CT fixed. The two methods are obviously

mathematically equivalent ; in this paper the first method will be used.

The total cost function may be written in two other ways which will be useful later:

(1.5) C(t) — E (e~~~ IP (t))0 (t) ’ + c
A

X ( t )  + C
Tt

and

(1.6) C ( t )  = E(8 2
~~~IF (t) ) (a(t) + 1 — p) 1 

+ c
A
X(t) + C

T
t

For t -- 0, let 1(t) = E ( 0 ’
~~

’lF
~
) and Z(t) = E( e

2
~~ IF(t)). By a well known theorem

(1(t) , t 0) and {z(t), t ‘ 0) are uniformly integrable martingales. Thus Y(oo )  — lim 1(t)

and Z (—) = u r n  ~~( t)  exist almost surely and Y(~ ) = el—p and Z(~) = O2~~ . For b

do fine

—2—
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(1.7) V
b E( O b) - r(a 0+b) r10 0) 180

b

In Section 2 a stoppinq time T will be defined and shown to be either opt mal or asymp-

totically optimal for all p, C
A~ 

CT~ ~~ 
and B

~
. In addition, the limiting form of E(C(i))

will be given.

In Section 3,nonsequential sampling plans will be considered , namely Type I censoring

(observing the process for a predetermined length of time) and Type Xl censoring (observing the

process until a predetermined number of arrivals are observed). Using the criterion of mini-

mizing expected total cost, the Bayes Type 1 censoring (51) and Type II censoring (B2) proced-

ures are obtained explicitly along with their respective expected costs (V
1 

and V
2
) . The

va lues V1 and V2 are compared asymptotically to determine the cases in which Bl is

superior (inferior) to B2.

In Section 4, the results of Sections 2 and 3 are combined to determine how much better

r performs than Ri or B2. An explicit asymptotic measure of the improvement is given.
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Sect ion 2: S.~~.ntta1 Saa~p1inq Plans

All stopping times are with respec t to (~“(t) , t 0). The stopping time c is called

optiaial if , and only If E(C(c)) • inf E(~
’h”)) with the infiisuiii taken over all stopping time s

In such prob lems , it is often useful to compute the infinitesima l generator of the

stoch ast i~ process ‘It). It is defin ed to be

— h a  h 1 
~E(L’(t+h) — ‘It) IP(t) 1

h40

t h i ng (1.5) , it is easy to abow that

Ai’(t) — —~~(t)
2Y ( t )  + c

ka(t)B(t) • C
T

for Y(t) defined in Section 1. Intuitively, as long as A~
’(t ) 0, sampling should continue

since the total cost is “expected” to decrease. A natural stopping time to consider o,

(~‘.1) - least t 0 such that A~
’(t) -. 0

or

Y(t)B(t)
2 

C~ 5(t)~~(t) •

For p an int ege r , the rul e i is easy to use ; for example if p — i . t stops the first time

(2.21 a(t)B(t) 2 
~~a ( t )  + C

T
B ( t )  .

The left side of (.‘.) is the posterior variance of A while the right side is approximately

the total ,‘ost of sampling . In fact , for any p, i stops the f i i s t  t im.’

E (L (A ,8) “It)) t
A
cl(t) +

which generalizes the above.

The following result on the opt imal ity of i was obtained independently, c is in ~i dif ferent

methods ci f proof , by Novlc (1977) and Shapiro and Waruiiop (lQ7’)

Th,’oi,’m .‘ . I .  In the cases

( i i  II p ~ 1 and C
T 

0 , •

i i i)  1 p — I and all e
A
, T ’ °~

-4—
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t t c •‘ I and ‘ A

-cc v i ’ s  t ’\ i. . -c opt cma l fec alt  0 end ci~1 
‘ p .

r~’~ $ It sat I cc b ls cs ’t c’OVt’i~~d Isv ‘l’hecirets .‘ . 1 , t ts ’l ud t h u  t he m t  crest t nu ,-asi ’ p — 0 an,t

0 , the us(i t ima I ~.h c s
~ ’~’ 

I n~ t ime is net knowic . Moreover , there are not any senci a 1 cx i  ‘- t i s -

t c’’.ci If s ~‘n the limit m u  t ecm of the expected I ci t a l cOst of the opt imat is lc’ . In t ic is s,’~-t ic ’Ic

i t  w il l hi’ shewic that c i a .isympt~ct ic ’al ly opt mmc l fec alt p. ‘A ’ “r’ 1C~ .~ii,1 , i I  p f , .iicci

the lim it tn.j feiin ~‘I F t - ’ ( III W i l l  be ebt a ineut . Fit  sI a l~~w c’ c - bound fe c t h e  as~1iq ’t c’t tu i’K~ 5’ c ’t —

.‘d tc ’t a 1 -,‘sh of .inv sc’slsi ’hcc~” of st c s p f’ iou t Imes Is u st’t a t  110,1 c l i  Theusi ei~ .‘. ..

Lemma .~.l . Fec It , V 0 random vac l~bles , hst n ~ (UV • I’) — .‘t~ ((t
1 ‘ t

V

Pc .‘of : h’oi * • V ~i, ‘1) xl — Vx 
1 

4 x .tcf, t i’ve, ; a tctiigue miii iinum c ’r .‘\ ~~ ~ V

FE ~~~~~ 
1 

~ V C ’ ) IF t t I~ ~f

rheo hem I . .
m l  11 0 , let ~‘ 

— 

~
‘ ~~~~ tc~ isv family of *t~~ppin~ t t nies; • t he~

I tm ucf 
— I  

~ f f ’( c ’) 1 II1 t - ’ i I - It’ ii,, • il— pI ~~ 
~~‘ )‘i ,i 

- 
.

‘‘V ~

C I I I  ~~ A 
- W I c l i ’  

‘V 
— ac

A
cci ‘ 0) • L , ’t -‘ — 

~
‘ C~’~

) t ie any C.imc lv  c ’f ‘.f ~‘p~’mcsS; c cc, -

1 hc ’n

1cm c c c l  t - c ’ i~~ 
1 

~ ‘F~~.i~~t~ -l + • (
~~) ‘  

I . 
— F(. i t t

1
~~ • ti ’ ~ 1 

1

C
A 

\

~lm )~)r ,‘
‘~~ ‘ Fi ’ i ’ ’ )  — l irn  c o t  ) — C Y i c ’i .-;

t • . t 1 ~~

1c m chit ’ .1-~y ~~~~ 
~~-‘•‘ :rvi-’-’ I 

‘.‘ 

•— , ,~~, 
—

‘1’

.
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1 ’by Lemma 1.1 .mnd the fac t that (lIt )  • 0 • ‘=) is a supermartinqale.

Fo~ ( i i )

1m m t n t  
~A F(  (c ’C ) —

0 ’~~T ac A

lim in! F (a~ (i)+~t (~c)+l—p)r(ci(a )4l—p) —

+ c (n(~~) + I_p + aB(c ,))\ — him in! E(11V
1 

+ V)

with tt — a Y C~’) • ~(~‘) and V — c~~~ (aI3(o) + c i (~’) + I — p). The result now follows as in Ii).

To obtain the limiting value of F(~’(l )), the following result is needed .

C LefliSa 2.2.

(ml If  C
A 

— 0 , then

tim F; —T

( i t )  If c
A 

-‘ 0 , and 1
T 

— cic
A
(a

~~
O). then

Urn ~~~~ 

1F(a~~(t )  + 5c ( T ) )  E (at)1~~ ~ 

1

Proof : In case ( t l  • from the definition of t ,  1(t )  c
’V

A ( T ) 2 . Thus ,

12. 1) ~~~~~F ( t ~( t ) )  F (Y (t )~~~~)

For -. 0 , en the set t - , Y( t— c C c
’V

L 1 ( t _
~ 

p
1
, yielding

________ __ ____ 

_ _ _  

1.
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c.~ .4) cIt c - , ) )  F (Y (~ 
_ ,~~ 

1

i t i x  e.c - -~ ( c ’ s,’,’ I hat a~ ‘ 0, -‘ and V t i C  ‘ V (‘) with I’ic ’bal ’ c l it V Olli M,’ c , -~’v , i

beth V t : — ’  ~nd VII ) I ari bOunu~.u1 above l’v I •tap V ;t I ) 
I — TIc s~ I ~t t  I ~‘t r~~ndcsn v i c  i il ii ’

~ m c ci e~t i c i’ I,’ because

Ft C sup V ; ( 1 1  a) — 1 im I’ I ~°I’ 
V U )  - a )  a - F

t ~0 i’~—’ 0’ t —r

Part . c _ 1  nOW f,stt c sw’c fi~a t_’ .IC and I.’.4)

Ic ’i ~ .ls~C 1 1 1 1  , the cict’ int l ion cit i u~ ives

• ‘ ( i C  
~~, 

u’A
(atl ( c )  + ~1(1)r 

~ ~A II~~~ 
(a$ hI + ,~t t ) i

- ‘cc thi’ ~
.,-t c ‘ 0 ,

I — 1 • .‘(c—, ‘A 
(a~ c c — , 1 • ~ ( — , C i  4 c~~ i l—p C ~~~ i t — , C + -~ ( — ‘ 

1 )

Thc c c m i ;  :1,1,-i ‘? C li ,’ pc ciet is s imilar f e  ~ as,’ c m ’  and wilt not ice c~ iV ,’cc -

flo~~’t ,‘cn .‘ . -

~~ ‘A 
0, thc’ic

— I 1 t l _ I~i1 mm c 1, El I t ) 1  — F(c5 C

C i t I ~ c~~ 0~ .is.t C
T 

— 1’ A ~~ ,i) , t heic

1 its E I ~ ’ t t ’ ~~~~~~~~~~ • ;) ‘~~~~) ,

c - .(i
A

I c e ~’t ‘ ‘i i i) , C

— V ~ • - — 1 S ~~~~~~ •i t  ‘I’ -_ 1 ;

11cc ’ ~~c ( i ii ,

‘ 1  V I 
-1 

• ‘ A ~~~ + ~ 1 t-i c~ Cf C . i
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Tht ctC~~i ted r e,,ti It fol low from Theorem 2 . 2  and Lemma 2 ..’ .

in v i  ~-~~‘ ~‘ t (he I c ’ sii It  s j i  c’s,’nt ed in Theorem ‘ .l and I - I • say tha t is ~i sv ncl t - ‘t  t ~- _a 11 v
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C c c t s  I, ‘i’~j~ - s I : c i i I

I t  ,-,s; c- ci ~ 1.1, 1 I~ ‘It ;mc I  -o- i c c e l c t  i~i1 1 c s s _ - ,- h ;c  e is tv l 1- I c-ensOrlnq it  c - i t  ~c :  C
1 

I’ °

i c~ ‘ and p 1, ~lcc C it  i-c t v ;  It ~- ,- r c , , s r c ot; f c i  tho r — P _ iccct • .‘ cc - —

C ( the - i s , - -
~

- i t  h I — 1 , 2 w,-x C c c l - ?  ci c;,’.l by El — i a y y a d  and Freeman ( 1- I ’ c ) ) • in c Isc,

1 i at ‘ c c  ; C cc~cv c c Pt C t- ,ic; i t’  Ic t s ;; 5,- t , and the CXI er I m, - rm t c -c - must - - hoes c c  i t  Cc , - r cv i * -

st  I t  C, It :- c ’i inS. T C c c - c , - - , ;  i t  ~
, ‘f t Ccc s c - c t  ion ,ctm,,u 1~ 1st he l p fu l  in !nakinq that c f c c i c c -

cc V j ’ c I - c I c - c o r i ccci procedure (Hi) s that * which minimizes I’ ( ‘ it )  ) OVc ’l ~i 1

0, l i s ts - ; c c I - I c - - cc -Ic t ,i t t o t  (I. ”) 1 - I  ‘ I t) , it is c’_ csy to v e r i f y

— t l~~’
t A 1  + C

T
) )  —

~r c C  r u  t *

(Li ) F( (t ’) l L v l
(c

A
v
l 

+ )l — ci
O
(C

A
V
I 

+ C
T
)

,‘ c t I c  ‘
~
‘
~ 

e i v c - t c  t v  (1. 7 ) .

t h e  t lam - c ’-~ vpi - X l  - c o t s’ ;  iso c’rocedure is that integer n* wh ic_-h m inimizes F C ‘ C t  ‘

o — , ? ‘ c~ - l t I ts; 0 as a continuous v_it- iable and us ins r ,-p rc ’sent at t csri 11 .~~~~

I , ct c -~ c _c ’ t o  itic cw

1 1 .2 1  n” ( t m -  (c + c \
l
) ]  — (,m , + l-p)

cv ided I fia t c~~;t  m, -r “ c_ c 1 or C
T 

0. If a < 1 and c ~ 0 , then I-c 0 ‘c~ c c

C F  It l~ 
‘~ Fcs the remainder o f t h i s  sc -ct  ion assume that either a 1 or c = ~~

cc ’ ‘ ‘ , tlc c ’n c, ’t

( 1 . 1 1  V , I ( ‘ It~~~’)  = l iv  (c~ ~ 
1 T\ _ u 1 I 

— (a~ + i— pC ( C
A 

4 c v
i

t

l ’s ’; - ice c c - nc,I s ic -c ot the sect ccci assume c and C are small c’ccouqlc t ,- ins;;;,- tc * -

t •  s c_ S .

Re~~it~~ c .1. The v i i  ue c c cc cvc ’cc isv (l , ’i i s  c cot cc, ’C,’s,;arc lv an i n teser 5,’, c t  I ~‘ ic _- i- ~‘s~~l~ icc - - .

H.’ icc ,~ c,th,~i’ cm ’) cs;  1:1* • 11 , • )  the c i i -ec t c ’s t  ci ct eec —c f unct ion . -\ i - s s ’ , I i ,  c -xm- c - .’t s - i  ‘5

-‘ — ~~~ - -~~~~ -——-5- -~ - - ~~~~~~~~~~~~
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cost of B2 is not exactly V
2 if n~ is not an integer. For given values of 

~~~~~ ~c ’ ~~~‘

C
A 

and CT~ 
one may compare V

1 
and V2 (Or V2’s ‘exact’ version) as an aid in choosing

between Bi and B2. In the remainder of the section V1 and V2 will be compared asymptotic-

ally as sampling costs go to zero (the effect of n* not being an integer disappears in the

limit, -

Comparison of V
1 

and V2 when C
A — 

0.

If p = 2, then V1 V2 
for all C > 0. Define

1 1 1 1/2
(3 .4)  R

A (P.cto
) = lint V1V2 

=

T
cA O

= (
~~~o

_ 1) (ct
0+l—p ) J~~~, for > ~ 

V 1 ,

by (3.1), (3.3) and (1.7). It is not difficult to show that result (3.4) remains true for

> (p— i) V 1. Moreover, if 0 V (p— i) < a < 1, then R
A (p.

a
O
) — 0. Clearly R (p,a0) < 1

if and only if p < 2. In words, asymptotically Bl gives a lower expected cost than

B2 if f p < 2. As shown above, the asymptotic expected savings in using 81 instead of 82

can be 100% (when R = 0). Conversely, the asymptotic expected savings in using 82 instead of
A 

~~h/2
Bl can approach 100% when -* (e.g. take p 3, 2 + € • € > 0; then R

A
= (( l+E)s I -+

as € - 0). Thus, depending on the values of p and there can be a tremendous difference be-

tween V1 and V
2. If RA (PcciO

) is near unity then the difference (based on expected total cost)

between 81 and B2 is not dramatic and the experimenter may choose to use the procedure which is

easier to implement.

Comparison of V
1 

and V2 when C
T 

= 0.

If p = 1, then V1 V, for all C
A 

> 0. Define

—l —l 1/2
(3 .5) R

T
(p,m O

) lint V
1
V
2 

= (v1..~ v1v2..~~)

c
T

O

1 1/2
= [cz

0
(ct
0
+1—p ) I , for > p “ 0 ,
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Isv C ~~. I , ( I. 3 ) ,‘cucl (I. ‘I . I t  i c-I icc _ lI ,li ffii,’ul t (cc sticiw that (1 . c l i .-nc_i iii ’ t i c ; , -  In;

‘ I)’— IC V ci (t c s l  HI iiii’ iICI’cl Icot ccs ;I ;iIo ‘1 1 c s ince e,~, — t O .  1 1, - cu I’,’ H,1,(p,c_c
11)

it ,iuicl ,~;iI~ - it 
~

- .
~ I act ,)  Kc1c ~~~~~ cc ci at  I values ic c Ii) ,-’-) ~~~~~ • - - d I  ‘‘c c t 1 ’ f l  s

to; p • H 1, ‘ U as t l) . The ~i c sc~us’s t,’ll qiven above fOi’
~~~

-
A 

— 0 Is a I - c s ,  I t’  I c ’ v e f l t

in th is  as;, — .

c_ ’c)mp~ct I ~.OO of 
~~~ 

,cctcl \‘ , w henc ‘ A ’ ~T

t-oc a U cli’ lii, ,

( I  - I-i H ( ) ‘ . i , a)3~~) — —

t 
~(o~1+a tC p ) ~( n +  i_ p )  ~~ ~~~ 

— 

i} 

—~~~ 1

* for c c, 
i . V • by ( 1. 1) • I I. C I and (I .1) . R~ su it ( 3 .6) rema I Icc-i t i l t,’  fni cc c - I p—i )  V

, i c c , l  if  ( 0 ‘c (Ic—)) ) t’t~~ 1, t hen R (p . sc
~~.

at
~~

) 0.

c _ i c - c r  i v , I~ I if I’ ‘ I acId H I if ~ 
I. S*~t

= (cc ,— 1 + .‘all ,C (51 c~~
I taIl 1) — l  

~~ ~~~ -

ci tn 1. I ,-  c i ; c . l cc ‘c ;cv, ’-~ ic — 1 if p ;- , and H I (K I) it  
~ ‘ (I- ‘ ) ‘ )  . I t

1 — p -
c 

, nIl ‘ct 
1 , set

— 1 + 111 ( ‘ )‘) ()c-I) • and

(a l
t,

) * - 
~~~~~~ 

I~ ~~c- 1) 12 - ic )

-I  c c c c ; ’ i c ’  i l c c ’ ) ’ c  ; ccv , -- Ft — I i t  — ci~~ , c c q m c i v a ) , ~ Ilt i’, ~lli~, — ( a c i l  , IcimI Ii I (Ft — I) ci

-. 

~~~ 
c , - .c~’~
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Cc .,; It t c k , - s  c c c  a l l  c _ c I t i e s  in (c c ,-.’) -
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S e c c t l O f l  4. An AsLmptotie Comparison of i wIth 81 and $2

An4toqous t~~ the earLier dotA n lt io ns of V
1 ~nd V ,5 , let V

0 
— E( ’L c ) )  . The exac t value

c cf V 11 must he c’c_cntputed numericall y ,  but Its limiting value is given in Theorem 2 . 3 . The c l ass

,ct si- Octei c t Ca l  procedures includes 81 and $2, hence, lim V0V
, 1 1, for I — 1, 2, wi t h the

l imi t Ca~ruc act sampling coSts tend to zero. Thus , based on the criterion of expected total l o st  -

neither 81 ccc ’; 82 are ,cve;’ better than t in the limit. However , In real applications ,

c cthe ’r c - ccnsidema tions Isuch as case of impiementat~on) are important and an experimenter may

i’ met er 8 1 ( 8 2 )  If V V
t
1(V

~
V

~
t) is ,ceiai unity. In this section the limiting Value of V0~’

1 ,

— 1 , 2 , w i l l be g ive n in t Ice eas e of exactly one sampi ins cost positive , in them ,‘ast~ cci hot Ic

samp t m g , S c S (  s Ic cc stt (ye the l imit c if  V 11 must Ice computed numerically; tcecic -e It is not a eon—

Venlei ct c_sass to determine general patterns .

It is flot dIfficult to SCC that the conclusions of Theorem 2.2 and 2.3 rem~in true If the

hypotheses are weakened to 0 V (p-I). In f ac t ,  If  C
T 

- 0, then the hypotheses can ice

weakened tcc tc~1 
-‘ m) V It’-2) . Simila rly, results given on the limiting form of V , calc iso ex-

tended to cc j V (p—2) • where j — 1 If c,~ ‘ 0 and j — 0 if C
T 

0. As mentioned tic

i~tsCtmt ’ic 3 , results given on the limiting form of V1 require only cc
~ 

~ 0 V (p-I) .

~‘or —
~~ 

;‘ .- and b -_ cc v (r-1) , define

H(h ,r) )‘(ls + (l-t-)/ I) r(b) 1”2 r (b+l-r) -1/2

101 1 — 1 ,_ c , ~~~

c_i (T , l) — him V
‘ p O mc -

~O

and ~~ t c;ce (A, I) icc the’ analogous way. It follows easi ly from ‘Vheoi-ein 2 . .‘ Cn(i 2 • 1 , fcc rmt; —

las ( I . ? ) ,  ( 1 .1)  and (1. 3) anti the remarks above t,hat

1) — t I(cc
1.~

,p) . I) V (i’—l)

Q IA, 2) II (ti~~~ 1 ,tc— ) cm~ ‘~ 1 V ( I ’— II

(4.1) — (1 I “ si ll 
0 V (P l)

II II (;~~t 1 ,p+ I I ci
~~ 

-S 0 V p—i

— il (cc
~~.I

i) 
~~ 

5 II V ~~_ ,c -

_I_~~ 
_ _ _  
j
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I’or simplicity, only compare ~ to the “better” of $1 and $2 ( i . e .  81 if p 1 ,

IC? if p 2 , see Sect ion 3)

In th is  case

Q0 (T, l) — 1 , > 0, and

Q
0

(A , l) — r(~0 
+ ~)f(a0) 

21(m0+l)
1’2, a0 

> 0

Note lint Q(A,l) 0 and lint Q(A,1) — 1.

~~~~~~ In th is case ,

Q1
(A, l) — 1 ,

Q1(T,1) — (‘(m
o + ~-)r(a0)

h/’2r(cI0+1) 
1,2

, rio 0

and the remarks of the previous cage apply.

In this case ,

Q2
(T,2) — 1

Q2~~ ,2) 
- ~) r (a

0
_ l) _ l/2

r(a 0)
_ h /? , “o

and the remark of case p = 0 apply with the modification 4 1 instead of c~1 4 0.

~~~~~C :  In tI c ’,,; case ,

Q3 (A ,2) I

Q3
(T,2) — r(a0 

- ~) r(n 0
_ 1) 112r(~ 0) 152 , (10 

-S 1

and the previous remark app lies. 
-

In t l c i m .  ,-ase ,

Q
1

(T , l) — r(sc
11
#t_p ,2,rcri0+l)~~~

2r (ri0
+l_p) I 2 , and

— i t —

— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Q (A,l) — l Int
0 + (1-ph/ ) r(u 0) 1 2

r( r i 0+l-p) 1 ’ ’  
. ‘

Note that lie c2 (T ,l ) —  1 for all ‘ 11 . Thus If c,~ — (1, i is l i ttl e ’ bet ter  than HI
p. —=

•ven for a vague prior , when p is large and negative .

-14-

~~~~~~~~~~~~ ~
— - — - -

~~~~~~~~~~ 
-

~~~~~~
-
~~

—- _~ i:__



_ _ _ _ _ _ __.__ _ _ _ ,_ _ _ _ _ ._ _ __ 5 _ _ _ _ ___._S.___5_ ____ ___ ,~~~~_5____’_ _ _ _

___

REFF.!4.HP~’FS

(1 t’v- sc Ct iky , A. , K i ef e ;  • J . , and Wol f , c w itz ,  3 .  I 1 95 1 )  . Sequential decision prob lems f c i

~- I c c c C 5 S t 5  w i t h  co nt inuous t ime- param*’tor. Prob lems of es t im at ion. Ann. Math. S t a t i s t . ,

.~4 .  4 0 1 — 4 1 5 .

(21 Fl-Sav ’ ,-ad, c .  M. and Freeman , 1’. R. (1973) . Bayesian Sequential Fstimatmoc c of a Poisson

P,,cee ’ss RAte. Bic_-irnet rika, 60, 2, p. 289.

(II Hodges. J. L. and Lehmann , F .  I . (1951). Some applications of the Cramecr_Rao inequality.

Proc . Se’c’ond 8erke ley Syi~~c. Matlc. Stat ist. l’rob ., University of California Press.

(41 Movie , 8. ( 1 9 7 7 ) .  Bayes Sequential Fatimation of a Poisson Rate. Teclcn;cal Report *114 ,

Department of Stat is ti , -q , Carnegie—Mellon Univ ersit y .

IS) Shapiro , c’. P. and Wardrop, R . 1~. (1977). flynkin ’s Identity Applied to Hav,’s’ Sequential

F,’ctimation of a Poisson Process. Toc~’hnic’al Sussucar’,’ Report 
p)7,)r,, Mathe m a t i c s  Research

(‘en ter .  Mad i son , W is con s in. Th appear .t anuary 1980 Annals cc! S t a t i s t .

16) Sha(cl rca , c ’ . P. and Wardrop, P. 1.. ( j O  mc - 4 ) . The ICayes Ui-s3tii .cc t tal I’i’c c c_ ’edtitt’ for Est ~mat log

the  A c r iv a l  Rate  of a ;c ,, Isson Proct’ss. ,1. Amer. S ta t  i mci . Assoc . , ‘I , 
~
‘ . ‘sS

Rt.W - ’ cv ’ -

H _ ‘ _ — _ ‘ - - . -- —— -.—-__ _ _ _ _  i i
_ _ _ _ _ _ _ _  -- _ _ _ _ _  - —~~~~~



r - -

~~~~~ 

-
~~~~~

‘ — - -
~~~
--- - —-- -- - 

~~~~~
-

~~
-- -- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

SEc URITY cL AS SIFI C aTIoN OF THIS PA GE (IR,.n D.. Ent.v .ct )

READ INSTRUCTIONSREPORT DOCUMENTATION PAGE BEFORE COMPLETIN G FORM
1, REPORT NUMBER

1

2 GOVT ACCESSION NO 3- RECIPIENT’ S CATALOG NUMBER

4. TItLE (.id SubtIU.) I. TYP E OF REPORT a Pcmoo cov e~~eo

C~~~~ 
_ _  _ _  

_ _ _ _ _ _

A COMPARISON OF SAMPLING PLANS FO~ sAYESIAN~7 
Summary Report - no specific

~~~~~ MATION OF A ~~~ISSON P~~ CESS RMI~ 
reporting period

~~~
- .-

~~ 
S. PERFORM ING ORG. REPORT NUMBER

5- -” ---.5 ----— ~~~~~~~~—- -~~~~~~~~

7- AUTHOR(s ) B NTRACT OR GRANT NUMBER(s)

(
~ 

~~~~~~~~ L./WardroP ~~~~~~AG29-7 5-C-O?2
~
17

•. PERFORMING ORGAN IZATION NAM E AND ADDRESS ID. PROGRAM ELEMENT. PROJECT . TASK
ARIA S WORK UNIT NUMBERSMathematics Research Center , University of Work Unit Number 4 -

610 Walnut Street Wisconsin Probability , Statistics &
Madison • Wiscon sin 53706 Combinatorics

U. S. Army Research Office May ~~ 79
Ii . CONT ROLLING OFFICE NAM E AND ADDRESS C ~P.O. Box 12211 15 uuMuBn • - r -4~~
Research Triangle P ark s Nort h Carolina 27709 15
14. MONITORING aGEw cY NAME S ADDRISS(U ~StI.meI ho., Controlftna OtBc.) ii. SECURITY CLASS. (of Mi. r.poi’t)

UNCLASSIFIED
15.. OECLASSIFICATIOH/D OWNGRAD IHG

SCHEDULE

IS. DISTR EUTION STATEMENT (of thI s R.p.zt)

Approved for public 1M~ SA; dic~tr4butipn unlimited.

I?. DISTRIBUTION STATEMENT (of IA. ab.I,ac t ct .o.d Sn Stock 20, Sf ddSf.,.U !‘°‘ R.p orfj

IS, SUPPLEMENTA RY MOTES 

~~~~~~~~~~~Lca1 s~~~ ary rept.,

IS. KEY WORDS (ConUnu. on r.v.~a• .id. if ,iac...at ~’ wd IdentIf’ b~ Stuck nea,b.,)

Poisson process, Bayes estimation, stopping time, Types I and II censoring ,
martingale.

1. ~
.. I- F

• 

ZO.~~~~5T,lACT (Con(Ictu. an ~~v~~a• .i~~ H n.c. .a~~~ ~~d tdinItfr kv sioc4 nu~b.r) 
-—

ayes estimation of the arrival rate of a “Poisson ~rocess is studied in thispaper. For any loss function in the familY (~~)—---(O O~ ~~~‘P~~~~~~~~~ c 

~--p -~~~~ a simp’e
sequential procedure (~~~ is introduced whicn, based on the criterion of mini-
mizing expected cost (~~timation error~p1us sampling cost), is either opti~c_mal
or asymptotically optimal. The procedure ~~~ is compared to Type 1. and -r~ cen-
soring - the comparison should be useful t~~~xperimenters choosinq betwee

5
~ the

three sampling plans 1~
,-t I-s~& P

DO , ~~, ~473 EDITION S N 
-
~~
‘

OV SI IS OBSOLETE UNCLASSIFIED
hI~~II - - - -5— 

SECURITY CLASSIFICAtION OF TN’S PAGE (lIi.r Dat a Int*, d)


