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ABSTRACT

The philosophy of robust procedures is discussed . It is

argued that the present emphasis by statistical researchers

on ad hoc methods of robust estimation is mistaken. Classical

methods of estimation should be retained using models which

more appropriately represent reality . Attention should not be

confined merely to discrepancies arising from outliers and

heavy tailed distributions but should be extended to include

serial dependence, need for transformation and other problems .

Some researches of this kind using Bayes theorem are discussed .
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ROBUSTNESS IN THE STRATEGY OF SCIENTIFIC

MODEL BUILDING
t

G. E. P. Box

Robustness may be defined as the property of a procedure

which renders the answers it gives insensitive to departures ,

of a kind which occur in practice, from ideal assumptions.

Since assumptions imply some kind of scientific model , I

believe that it is necessary to look at the process of

scientific modelling itself to understand the nature of and

the need for robust procedures. Against such a view it might

be urged that some useful robust procedures have been derived

empirically without an explicitly stated model. However , an
empiri cal procedure implies some unstated model and there is

*often great virtue in bringing into the open the kind of

assumptions that lead to useful methods. The need for robust

methods seems to be intimately mixed up with the need for

simple models. This we now discuss.

A paper read at the Army Research Office Workshop on Robustness
in Statistics held at Research Triangle Park , North Carolina
on April 11—12 , 1978.
*An example (1), (2) was the application in the 1950’s of
exponential smooth ing for business forecasting and the wide
adoption in this century of three-term controllers for
process control. It was later realized that these essentially
empirical procedures point to the usefulness of ARIMA time
series models since both are optimal for disturbances
generated by such models.

Sponsored by the United States Army under Contract No.
DAAG29—75—C—0024.
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TIlE NEED FOR ~ T M P i , J ’  [ C ’ T ~~ IFIC MODEI~ — P1.~R~;IMONY

Thc : Y  i~ ’n t  i~~~~, ‘~~ ud yi:. Scste physic~ 1 or b i o l o gic a l
Sy s te . t :~~ t COfl~ r O nt o~ u w i t h  .tu~’ row; d at a , t y p i c al  i y seeks for
a model in  ~~~‘: r m s  of w h i c h  the u n d er l ’~i ng c h a r a c t e r i s t i c s  of
the  sys t em ru ty  ~ x~~: ~~~~ simp ly .

For ~ x .im:~~ e , h .~ m i g h t  cons ider  a model of the form

(p) 
~ + (u 1, 2 , . . .  ,n) (1)

in which tho expected value rj of a measured output y is

~upresent . us ~cne fur,ct ion of k inputs and of p
parar’eters ‘ , and is an “error ” . One important measure
o~~ s im p l icit y of suck, a model is the number of parameters

that it cont~ ins . When this number is small we say the model
is parn1rluuious .

f’irsimony is desirai,]~e because (i) when important aspects

of the truth aro simple , simplicity illuminates , and complica-

tion obscures; (ii, parsimony is typically rewarded by
incre.;sed precision (~.oe Appendix 1); (iii) indiscriminate

model -~1 ab o rat i o n  i .  in any case not a practical option
*because this roud ;s endless

ALL M ODELS ARE ~ku~ G BUT SOME ARE USEFUL

Now it would he very remarkable if any system existing

in the real world could be exactly r~~’resented by any simple

model. However , cunning ly chosen parsimonious models often do

Suppose fc,r exusr ie that in advance of any data we postulated
a model of the form of ( 1 )  with the usual normal assumptions .
Then it mi ght be ob~ected that the distribution of ~~ 

might
tur:. out to he b’ avv-tailed . In principle this difficulty
could be alloceci for by replacing the normal distribution by
a su~ tabie f tmi lv of distributions showing varying degrees of
kurLc’sis. But now i t  i r i g ht  be objected that the distribution
rniqht be skew . Again , ~t the  expense of further parameters
to be estimated , we could again elaborate the class of distri-
bution considered . But. now the possibility might be raised
t h a t  the errors could be serially correlated . We might
attern~° to d ii . w i t h  t h i s  employ ing , say, a first order auto—
regressive erro r mode l. . However , it could then be argued that
i~ sh< ul d he second orc~cr or that a model of some other type
ought to b or~; loyed . Obviously these possibilities are
extete; iVc , ~~‘ t  t hey ore flO ’i the only ones: the adequacy of
the L r m  of the funct i c . ri f (~~,0) could be called into ques-
tion and elaborot in endless~ways; ~~~~~ choice of input van —
ab]es ~ m iqht be doubted arid so ~n.
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s I he  mo lt ’ 1 1 ii urn i not i ni and ii ~~~&‘ I ul ? “
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autocor re la tion in ser ia l  da ta , for sim ple tr a n s f o r m at ion in
data covering wide ranges, for outl i e r s  in the almost
universal situation where perfect control of the experimental

process is not avai lable , are al l  examples of commonly needed

parsimonious elaborations which can have major consequences.

ITERATIVE FIXING USING DIAGNOSTIC CHECKS 
,

Once i t is reco gnize d that the choice of model is not
an irrevocable decision , the investigator need not attempt t,.i

allow for all con tingencies a priori which as we have sa id is
in any case impossible. Instead , after appropriate robus’-

tification , he may look at residual quantities in an atter c”t

to reveal discrepancies not already provided for.

To better appreciate such a process of iterative fixiag ,

write the model (1) in the form

+ C 2u) ~2)

where now the vector 
~~~ 

previously denoted in (1) by ~~~~,

represen ts those var i ables the inve stigator has spec i f i ca l l y
decided to study . The expression c ( E

2~~
) which replaces i~

indicates explicitly that the error represents the joi t.i’r.

influences on the output of all those other input variables

~2u 
which are omitted from the model (usually because they

are unknown) . Many statistical procedures (in particular

quality control , residual analysis and evolutiona ry opera-
tion) are concerned wi th discover ing “assignable causes” —

elemen ts of 
~2u 

— which may be moved out of the unknown ‘.c

the known as indicated by ‘

= 

~lu~~~~~~~~~ 2u~ 
. C ,) ,

Now let 4at} be a white noise sequence . That is ~
sequence of identically and independently distributed rat

variables having zero mean. If we now denote the n va] . s

of r esponse and known inpu ts by ~ and 
~~ 

respectivel’~
then an ideal model

F
~

(y ,
~~i

} = a
~ . 

t = l ,2,...,n

would consist of a transformation of the data to white ui ~‘ie

which was statistically independent of ~~~ other i rij~~ ,.

t —5—

- - -~~~~~ --~~~~ -~~ —~~~~~~~~ - —— —-
~~~~~~~~-~~
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( o r  mL ’l  0 1 ormu l ~~~~
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e t c h  a t  i t , ’ p s i  t I  T o  a t ho ohom i  ~‘.t I ex , i i i ;  i sat  lO f l  of t he  f ii t t a t e
I t  ~~t t t  l a t  t, x l ;  . t c t  icr; at  t ’ t . ’ t ’ t . ; t  • Whi r. we ca i t  no longer  d i sco v e r
.in v :;~~~ ‘ t a. i t  i ,‘;: at l i t . ’ o t t  i d t : . t  1~; t hen we c t  n conc lude  tha t

*a l l  ex t  r i o t  c h it.’ i :;tci ’a’,,it ion is i n  t he  model .

~I, 1fll ’ ! i~,’Pt,’~~ ’I F’ lL ’At lO~ A N P  D I A ~~N 0 S T l , ’ CEIEC~~lNh

R o b u s t  i t c u t  I cii and  it or at  i:’e f i x i n g  f o l l ow i n g  d ia c u no s t i c
s l a t O  C I i i’s i ~~~ ii ; s i t-’ 0 t ceai’so n ot  rival but cor ;j ’  1 omen—

t cry t cohn i cue s  or’,d we must try to see how t c use both

W i t ’  t 1 ’ ~ .

Sal  ~ oct  r r ; , i  t t i t  kn owl  ~‘dqc w i l l  o f t  en suqoest  t he  need for
r cl ’s at  o.i t t o n  1w p a t ’ s i inca i cu s  n ode 1 ci aborat i o n .  For

i~’ i t. :i rnL ’wIe l s  such as ( 2 )  are used i n  economics and

t ” : , ; t i : t ’55 thu ~‘s t p t 1t  and i n p u t  variables 
~~~ 

, i arc

0 ’ t~~’:t ~,~ci I t . ’ot oh ser i al l :  as t i m e  sor i c s .  They ore then very
I i k ’ ’i v  c b~’ o u t  ecoi’rt ’loteh . If this is so th ou  the

*
l~ sh ’uid l’t. ’ ~‘a ;t ’ir;b , ’i ’ t .ud t h a t  iua t us the fl eclar at  ion of

I rIae a~ ‘ s i t ’ at .’ ~‘ a t  cat sos t i e  as s u i t  o ~ h ap p i n e s s  r at  her t h an
lt ~~j ’t ’  i t ~~~ ;; it St ’I 1 , at. ’ the i t i ’T’ ,it ive sciC’uit i f  i c  model b u i l  d i  n~p: t. ’ ’ .’ c a s  ~~~~~ I t ’; a o i t l  v t he  p u r a . i  i t  o t  t h e  p o i ’ fe ct  n:c ’del . For
o: ’ , ’ t ; w;I  e:; we I o t ’ 1 we h ove  car’ r t oh the n;cde 1 bu iT di sq pi’t.,’cess
I t . ’ .1 0; ‘Si ’ ~1 a a i on  a t .  ‘ni t  new i n i t  i ot  ~ vt ’ rio ’t.’ r . iake f t i : t her  i rnpi’o:’e —
;‘;t ’flt a s s  t I t l e ,  F o r t  ;u n . i t e l v  t u  be uso ’ u l  a model does not

be t a o  f o c I
i t; ‘a i t  1 cal or r; , ’ 1 1. ’, ’ 1 h i  I , t~~t . t t :  I houoh t e a  I t.’i ii. ’lS  I I’OTfl
‘. 5 ‘t.i t ’ I a t o  a’ i t :  ;, t o t t  w i t  Ii a w h i t  o no i s o  e c i ’  , I l i i  a

i ’ ’  a ’  I I h i t’ ;‘,as l ’ ’ l  ‘a ip i ’ t. ’\’ t ’i; ’. o nt  • For o’~amp1e , t h i s  w lii t o
t o  i t ’ ’ ’ o 1 ’ .5 ‘a 1 h ‘ ‘ a  .1 on ( t  hoc u & ~ t i t . ’,i 1 1 v , ‘:‘ ~ ‘ n , be ~‘I .‘pc r —

I i L ’  , t  1 ‘ o ‘I I I ’ ’ w I t  i I e tic I Si ’ t . 5 ’ i t L ’.’ i i t ’n t t.st a; ’nl t .,’ , so I or
t in  ‘ a . t i ;  .n ‘t.l , t a t ;  ‘a I :‘.i t ’ t ‘i l ’  I ’ ’ 



-

i c r  “ ‘“ f  ~ tn t ho t ’~~ i or { ) a :  ~1 lv
~2uI i)t i’l~’ to have thi s cli.i i’actt.’i ist ic  . It t ;t . l t . O S  Itt ‘e t ’t .  n a t .’,

t h i s  ~‘e t’ .ti’tt t , titet L I  o re , o pi’t; t u l  i t t ’ t ’:’t at u : O  . . I  1 V t ’ly st

i suho  1 t li t . ’ I e~’m of (1) in s’h 1 oh t Itt ’ .11 0 5 U~ ’pc sod
U

l a st  t. ’ , i t .~~ t he  r’ t. ’ t ’ r  t ’ a en t j t i o : i  o t  & I,’’.’ .i sttl ’t p l t?
I i ns’ se r i e s  model  ( t o t  t ’ X . t t f l ~~ i t ’ •t I i i  s t  o t d ’ t  . t t t t C t : ’.: ; t ’ S S I V C

‘ 1  C C ,~ S a I o r  wh i oh sex’ i a 1 c c i !  ci  •i t’ i t . ’’; I t l i t .  C t  1 0 \~~~~i
’ ‘ ‘  t I  iail y

w i  t !i 1 .iq ) wou I .i p t. ’v i ho a r .iuo It t a c t  e a I a U t ~ i b I c St  .11 t i 5.1 p 1 soc

1 1 a t  0 Cl the  x , t c’ r t . ’btis t ,i y the r’,.’, it .’ I i n t lt i t ;  w ay  i t ;  ‘i I t all y,
o t , I .  c hec k  t o t ’  set  i.i l c o t ’ r t ’l at  105 1 I ’i I o a t~~i ’,at t .  5, ‘ t~~i . t i i  t e d  in

~~ ~~~‘ ‘at ’ 1 shed ox ,i. ; ’;’ 1 e ~n t v a l u t ’s (‘t’,’,o.i a S  tat t he a t q n i  f —

1 00,  , ‘ O of  root t’a~~ j o t ;  coo f t  10 i ent a) wI’. oh .~ c i 0 . at 1 I . i  ~‘d I’:’ an

~~~~ do ;  t.’t r a t o n it u d e  ~° , l t ~~ . ~~~~& ‘ di~~~utt s t h i s  e~~ . i : : : ’ u T t’ i t ;  stor e
.1~ t .i; I I .tter

Ai~~j n  s ta t  t a t  i t .’a l  a t t a l t ’ aj s  i s  .5’. ‘n ~~’• a ~ c:’i  t a t e  n e t  r~~ t.,’ con

I t .  a,  I c wa at  o f u l  t n t .’ f j O t  C l i c t’  . For a a t  O f l . ’ t ’ , I cx t i T t . ’ ha t o  are

‘ i i ’~~~t. ’ t ’ t  t. ’d i s  [ 11 ~‘hct o a: ‘ a r t .’:’; l a t e  I o a t s  I . ‘t’n ; . i  t t o : ’ .  w.’ul h h av e

t.t’ tO,t l t O d  in a t l ’ . x  ta , f o l d  j~~~~ i t ’. ist’ ~ n the clot t v e  v a r i a n c e
C. ‘ a t ’  ,i n i  t ’h by ro d ; ’  t i O i t  i at t hi’ n st ab o t  o t’ neo.i ~‘h p a u a set or s

t i 5 i i  t o n  t o  ot . t r  , : :‘ t ho e xp en d  i t a t e  C I v c: c OS 1 1 rioted

I “ . i;a ’.. I 0 t t s . tt  i . ’i t  p .tr’aineter

i n  bot h t.’x.i:aa I cs d i  t ;cua ; .e . i  obo’.’ t’ , t ;‘:‘o~ o r u a t h  ‘. r n ’ :’t. ’\’ o i n e nt

a 1 a 1 j  ;;t  tool a:’..’. I vs j t ;  aside t ’ t. ’s a 1 l ~ I e by a .11 1 t. ’ t.’I’ti ~~~
—

I o t t  o I t h e ta ,’ do I t l’s’ it e oh or it. t~t ’. .,‘ I’. cc a 1 It , l V i ’ ‘Ofl

~~~~~‘ t t .  o l  oh l ’v ‘tuit ,tI’ It.’ .i r u’s I ~c cl;~’,’~ a o t t  t e s t .h ia1~~ .

, ‘t.
’ , ~~~~~~~~~~~~~ 01’ ~~ i t ’~~ ’ L ’ I l t  ‘!‘C I F ’ l C A T ~~)N

Un t c x  t i f l , i t  c l v  i~ &~ c , 1:i:;ct  . ij ’.s ’ , i i’ t ; t~ol \ ‘  o t t  d i  Jq : t o~~ t t o  c l i e c’~~s

~ a 1 a ct  i o t t  s :s, ‘di ’] 51’, i ’ i s ’ ’ i ft C.II ~ 0 a . I l ’ .~ 0 a ci 055

i . ‘ .i is  t i-ta t  s h o t  i’ i t ;  i t  t a T  aa’he 1 n’s s;~pec it cat ion can

t a t  I I in a at.’; t o u t ;  I y a’ i aT :10 . t : ’ . , i i  V t ;  1 ~s’h. ” sc  :;,s’’.’t t. ” ’.’; u’it e—

a S t i  I ~~i ’ I o ~~ Ot.’ t ~~~,
‘ I e .5’ ,5’ ’ I t 0 .‘l’.~~c~ it

0 x a : r : t ’  I e, t I to  w id e  l v  us t ’.i :“ .0ht .’ I I a: ‘as I a t  ion ( 1)

a’ :.. ‘ a j S a ”.’ 1 icol’ t t ’, ,‘‘, evo ;  v el’s, ’ i v a t  i on  y
-
~~~~~~ U

I , 2 , . . . , a)  . t : ’..i ~.o t’’c’ I cit 1 exci  Shot. th~ pt. :; i b  i 1 i ty

c i i  I 1 i c . I I a ‘ i t . ’ 1’. a e I i a i t ;  ,t a’; o t ’  , i a I e I v . IS S ‘t.itnod

I ;tc _~ L ~‘t’’55’Yt r t  l I l t  i t  ‘.~ ‘:‘.s ts - l ’ , , ~~~t 0 ooc, i a 0:1.1 1 ac.’ d e a t t  it ~‘t.’ s i~ i b l y

i’ i t t  I Sq t ‘ c’s t i i  01 a i i  0 t o  P t . ’ ox ; ’ , ‘C t o t .I , t l i t . ’:’. ,i I ’. ’.’ S t . ’ at ii ,’ le

0 ., ‘t.~~ ~‘ ;‘. t  ia t . ’it ; , ‘ : t  . i ’ - :i ,~~x : ’ : ; ’, : ; :  h O e ’, t l t t . ’cd i~~ . tt ’ ’ u l t ed

L - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



uaa,~i t h i  it  in s  r i -~i~~~~ . % t t ’ :it ~ dt ’ 1 ; :a i s t  t t ’ i ; d  to ct.’:tci’al t:’~’t.It ’ l

TI:  i s  . I t. ’ ’ , I ’atS i ’ , i t :  t. ’x d t ’ r  t o  t e l  I t . s’  t l i t . ’

“ a t l a s  t. ’ .l 1 n a t  u ’ : t . ’t  i ci  a : ‘ t. ’ i t  I , ‘ d , i t :‘‘:n- I ‘lit.

p i t m u t t . ’’ a w h t t . ’ l t  s’, ,O. i ’ r t . ’s t d t i , 0  t:  o v e n  w i t h  t I i i ; ;  ~~i t . : a t “ ‘0, 1

I ock , m ’ , ;  a; a’ ~~~~~ o t t , ; i t  1 i ~s C s 1: i t  i ’ i t o  t a t . ’ . ‘ ‘ l t  a t  t li i ;, l t a t ;  1 ~~‘ a

St. ’f l :t ’ 1. t’i Vt ’St ; ‘ ,t t c ’s  t o  . t t ’ . m : t t . l c : t  ;;t aridt.i t d t r , t i,~ r t n t  i i i  mt.’t  Is i s

o t h e r  h i t t  I l’s :‘‘ t a It ’ . 0 i t ;  a ‘a 0, ‘ I ;: ‘ c ’:;; a pi ’ t 1’’ ‘ t  i t t ’

At ; ‘i I ax  th e :  t ’x , i , : t ’ l o  01 t l t i ’ h , i a , . i t  0 or i n a P t o ct  t. ’d

ii; i s :  nec i I • ca I t o n  ~‘ :xi ~; ‘ t t o  t i : ’ .  t 1 I I c ‘1’ I t ’:;: ot.1 i t  i t i n t .  t lu
CL’tttt a i i  at., ’ :t o I v a t  t a r t  t. ’ o t t  . V a i t t  St  . :  t O  a :  i :~ o :‘;, i I at ;  : t i n ; ; : ’  I i O R; :

t ho i t t  v~ ’ at  I t . ; ’ i  I or  in r a ht I e I ‘ ,i I c cc’; 0’ t o t  an  a: :,  I v a i t ;  ha:: i ’d
on B i t  1~’~ t ‘ s teat . l k ’s e v e t  tli i t ;  ~~‘ :  t . a ’ t. ’d ’. u :  c i:; k: : t .  s i t  t o  1’ .’
so s e n s i t  ;v e  t t . ’ k u : I c a is  t h a t  : i t . ’ : i : t o i t n . u l i t v  ; t ; u l i h e l v  t o  i ’t ’

d e t t . ’c t ’ ’ -i 1 a h t t . i t . : : ; c t ;t i t .’ t.’ l i t . ’ckt ,  c oU l d  ;t t ’r i c ;t s j~~’ i r i v . i l jO.Oi ’

risu 1 ts . Th s c l a i r  a c t  t ’t  i a t . i c t.~’ f th i ’ t i ’ s  t j S is’ t ’ 11 k : t t . ’i~’:’. , Ct

0, 1,1 : 5’ ” , a n d  i t  h a s  I o r i q  bo, ’ri ‘ ‘i ’ O O t t  1 aed  t h a t  t h e  w ise

researche  a shc ;u  I~ I r o b it a t  i f y t n  i t  t a l  l v .  ‘rh.i t i s he shct i  10 u se
a robust altora it iv ~’ t o  B a r t l e t t ’ s t e s t oh m i t  i o  rather t h a n

re1y~~nq on a t t’st of  n on n o r m a l i t v  f o l low e d  ha t ’i’s~~ihhe ’ fix up.

The ccnc lu ; ;  ion  ;s t h a t  t he  I O u ’  01’ model  robust I i t . ’at  t o n
is to take car e  of  1 i -c’ lv  d i  scx’e t ’a  t i c  t es t h a t  h a v e  ~1a:;~: 0

So u se  at Ct ’S a t’.d a t o d 1 1 iou 1 t t tu d ot  ‘c t by 0 i a t . ; i ;~~’ at  I C C ls’t.’ ~ a

This imp i ic’s an .‘ih 1 1 it y by st at t s t  101 O n s  to i~’ ‘ a sy  . i t’ou t t ho

right things. Unfortunatel y t h ey  h av e  at ,” t  a l w a y s  t.i~’ns’tta t to t 0

this talent , see f o r  t’x t . i rn ; ’Io  Appendix 2 .

ROBUST NF~’.S ,~0’,’I ’  E R R O R  TRANSMISSION

Since we need nor ’s  t n t .’:’. i , ’ua models  b u t  we k n ow  tht ’v m a s t
be false we arc led to consider how much d e v i a t  j o t ;  f t  on ; t he
ma J & ’ 1 of a k i ath t v p ic ’ al  l y met  i n  pr oc  I i  cc w I I of  oct  t he
proct.’t.: are  der i ve d  en the as s a m pt  ion  t h a t  a mode ]  i a exact

The’ 1’t ’cb 1 em i a an a l  ;‘oou a t o  t h e  ol 55;; .i I a aol ’  l e n t  c C

e r r o r  t r a n s m i s s i o n .  i n  i t s  s i mp l e s t  m ar ;  i t  o st a t  ion  t h a t

p r ob l cm can he & ‘x p r e a s o d  as I 01 lows :

Cons ide r  a cal  i b rat  ion I snot  ion

f ( a )

w hich i s  u a ’ ,l t o  dot  & ‘ I ’ n i n e  ~ at  5, - t m ’  va i i i t .~ t a i l ’  :~

1 1 o t t . ’ so t ha t he’ t t i n t . ’ I ‘ at I S  I’ it. a s  t. ’n I v ii a. i ’d a t  a. at

~~~~~~~~ -— -- rn --~~- -’- — — ~~~~——~~~~-



othe r value of B, then the resulting error e

into y is

(‘1.0 + c) — = f ( 8 )  — f(80) ( 8  — 60) X p (6)

a1where p

~

The expression for the transmitted error c zrontainL

two factors 3 and p . The first is the size of tue inpu t .

error the second which we will call the specific tran sa’ia:iani

is the rate of change of y as B is changed . It is

frequently emphasized in discussing error transmission that

both factors are important. In particular the existence of

a l~~rge discrepancy ~ — does not lead to a large

transmitted error c if p is small. Conversely even a

small error 8 can produce a large error t if p is la q~’.

Now consider a distribution of errors p(8). Knowla’d ’e

of the relation y = f(6) allows us to deduce the corres1 ‘-te’—

ing distribution p(c). In particular if the aDproximatio’:

(6)  may be emp loyed then Q~, = p c~~ . The relevance of the

above robustness studies is as follows. Suppose ‘
~
‘ is s

performance characteristic of a statistical procedure wh it’

it is desired to study . This characteristic night be some

meas are of closeness of an estimate to the true value ,

significance level , the length of a confidence interval , a

critical probab i l i t y, a posterior probability distributir,at ,,

or a rate of convergence of sortie measure of efficiency or

optima l ity . Also suppose 8 is some measure of departur-

from assumption such as a measure of nonnormal kurtosis o
skewness or autocorrelatiori of the error distribution and

suppose that B = is the value taken on standard ass’s:’, .-

tiorts. Then in the error transmiss ion prob lem three f’ t . ; ’ o t t .i , ,i~~

of importance are

(1) The distribution of B. This provides the probabilit ;

distribution of deviations from assumption which are actualL,

encountered in the rea l world. Notice this feature has

nothing to do with mathematical derivation or with the

statistical procedure used .
( i i )  The spec i f i c  tran smission ~~~~. This is concerned w’t’h

the error transmission char ac terist ics of the stat istical

— 9 —
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j ’ t  oc’ ‘do ;  p 
~~~~~~ U~~ I l~’ ein~ I ‘sy~ ’d and may ho s tud  led ma t h e m a t i ca l l y .

It j:; s i  i k t . ’s’ri t h .~~ I i  I h t u n t  s t a t i s t i ca l  J.) roc ( ’c1u I~~ 1; can
h iv e w i W ’ I ’ ’  O u t  I t t  t n t  ‘ t ; . An exam ple a l rea d y quoted is the

‘ x t r e ’ r ’ ’ s~~’ I i : - i t  n ’ .’ i t y  10  d : st ~ i b u t i o n  k u rt o s i s  of the signif—
i c t . t . r u t . ’t ’ l n v t . ’I i f  1 1 k c ’ I i heod r a t i o  tests t o  compare va r i ances
( I t . u r t  i t O t ‘ ;; tea’ ) a r u l  t h e  t ’ n:n i~sr a t iv e  i n sen s i t i v i t y  of

C O t  I t  St )Ottt.li~ IC ‘ ‘ : t  a t o  coml ;Irc ’ means  (Ana l y s i s  of v a r i a n c e
t eat . t . )

( j j  n I i t  t h t . ’ d o t ,  s et  i s  o f  su f f i c i en t  s i z e  it  can itsel, f
i ’OV  1 ‘ I at I 0 t ’ I f l t . i  t i C > I t  alt.: ut the di screpancy 8 — which

t a C i t ’ ;t  111 t h a t  p o r t  o ’iul ar sample , t hus  r e d u c i n g  r e l i a n c e  on
*[) t  10 1 k : t .  s’I t ’ i q e .  Conv ’r sel y f the sample  s ize  is smal l  or

i t  ~ is  o~ such a n a t u r e  t h a t  a ve ry  la r g e  sample is needed
to ! t . I  i n  ev en  an approximate idea of i t s  v a l u e , heavier  r e l i —
ar t c ’  m o a t  be i I a u e d  on p r i o r  knowledge  (whether  exp l i c i t l y
ad~;ii U t O  c ’s  r i o t

i t  seems to me that these three characteristics taken
t , ) L ~, ’ t n ’  r d e I o r m i n e  wha t we should  wor ry  a b o u t .  They are all
i n c o r ; - o r a t c d  p r e c i s e l y  and a p p r o p r i at e l y in a Bayes f o r m u l a —
t ion .

BA Y ElI ;  T N i I O R E M  AS 1. MEANS OF STEnYING ROBUSTNESS

Fr om a P t . i v e s i a n  r ” u i n t  of v iew g i v en  da ta  y a l l  va l id  r
i n f e r e n c e s  a b o u t  p a r~t .m a t er s  ~ can be made f rom an appro—

p r i a t ”  r s t , ’ i i o r  d i s t r i b u t i o n  p ( O j v ) . To study the robust—

nOSE ’. of  su ’ lu  n f e r ” n  ca’s when d i s c repanc ie s  8 f rom assump—
tier;;; occur  we can proceed as f o l l o w s :

(‘c t . n s i d t ’ i  a na ive  model  r e l a t i n g  da ta  y and parameters
0 . Fo r ex a m p le , i t  m i g h t  assume tha t p ( y f o )  was a

s p h e r i ca l l y  n o r m a l  d e n s i t y  f u n c t i o n , t h a t  E ( y )  was l i nea r

i n  t he par t . i ’ ,”t  c’rs and that before the data became avail—

‘u P  i t . ’ t h e  d ’ n i  r i d  a t  i t  e of i g n o r a n c e  about  unknown p a r a m e t e r s

wa s  ( ‘ x t ’ r ’ ( ’ $ ; a , ”I by s u i t a b l e  n o n — i n f o r m a t i v e  p r i o r  d i s t r i b u t i o n s

i ’ a d i : t ~ t, n t h e  :Y and,urd analysis of variance and regression

pt oee du r i ’s .  Stip~’o:;o i t  was f ea r ed  that ce rtain disc repancies

i i  ‘ s. ’ ’:. ’r  (‘V I tb :o: ’il I am o u n t  of information about ~ a v a i l —
o l i n  I n o ”  a ; , ; f l , i  I i  ;;imp i ’ ’ can be i n t p o r t i n t  . See for instance

$ l i t  t U i . i  y t ;  i t ;  t O  l)at s i t u ’ t ; c I , t t .i w h i c h  f u i  l ows  (E x am p i e 1

- - I -
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I i * ‘ .,. i .~~~~ ‘ t . .~~~~~, ~~~ ‘ in i ~ih t, ectii ( t~~ i example 1 .it ’k e ‘ l a t ’ l t ’j ’ t ’ i ’  ! t . ’ i t , , ’c

!R’ ’ t.I t o t t I ,,itia t t O  f l i t  l O l l , exi st i’It, ’t ’ U t  o u t l  ‘, 0 1 ’ . ,  S i t u  u t ’ s

k im t o r i : .  et ,’. ) . 1”s’o t j i I t ” s t t t ’l u i ; ;  of  i u ’i t ’ ’ i t ’ t ;t .  . t i  c ( A )  I t t ’S’ r , t ’ u l ; . x —

‘. , t ’ .t i’ t ’  iui t t ’ I t ’i i t,’e t. I t I , t . 1 ( ’  . ih i i u t  (1 
~ ~ t Iit ’nt ’ i’:’n~ t t ’n ;u~’l at .

,‘d
nil r ’ s I’ t ’c i I ti_ ’t. tt LOll ; tat the mot.It ’l’.’ (Ii) it a t ’~~~~~ t ..ti y hew may

su~~t i  I u t  ci  t ’I i t ’(’s. be flL’it I ( ’  I Ob u S t  t.m i . i i u m r ; t 5 ( t i ’h d i  ~~ t.. ’ i  t ’ p . t f l & ’ I es as

, t t ’ 1 1 1 . 1  1 1 y ot ’ct i l  i n  p l a c t  ice ’?

t i !, u i : M ’j ’  ION ( . ‘ \ )  ~; t ’  I TIVITY

t at a l  I c . t sea  t h a t  di st ’t e} ’ s ,u t (’ies  . t i ’ c p ar a n i~ ’t & ‘~~ I :ed

k y  u ’ . Al t i e  s up po r ;t ’ t ho dour ; it y f u u i c t  ion  t o t  ~ t.j i ven 0
t s i n p ( y i 0 ,~~) and t h a t  I t ( t i ~~ I S )  15 a uic’:o - tnfoim ative

~~t t o t  101  t 1 q i yen  t . ‘l’lit ’ii ~‘t..~ Iu} ’s e l n ’ n i t ; i v t ’  ~ til t ’s e ’ l ’ u t ’ t ’r ;  about
ii uj i ~‘o i i  ~ an d y may ~~ made i i i  t ci ins of t h e  p o s ter i o r
d i n t  i i b u t  ion

p ( t ’ , y )  k p (y  i t t , ~) p (tl (7)

‘s’h et i ’  k is a i i t . ’t i n a i i .  u n t . i  constant. Sensit i v i t y  of such

O t t  i i i ’t ’ r ;  t o  t ’h a u i ~~en ;  iii i~ m .ty  t heroior e be j oLlied  by
t i n : 

- 
c ’ct i~~u o f  p (~ j , y )  tot Var i ous Va 1 ocr; of ~

I t T (lit ROi ’~ ; ‘j ’ i i ’  I t ’A ’L ION

a,’ ; , ’ it. w L i i .  I. it. ‘ i ’ it t ’O t t t i  t. ‘t • a pr it ’s dci i  a it y p ( ~
* . a ‘~~ i 0 I’t 1 111.1 t os I l i i ’ p1 ‘tad ’  i i  I t y o t oceti r t once  ‘ I  ~S i u~ t he

I ‘
~ i i i  ti . ‘l’heii S i ’ 0,1 ii ol~ t . i  i l l  p ( ~ v ) 1 i an f p ( ~ , y l dO

the ~‘e::t *‘s j u ’ i  d i  a t  i i l ’ t i t  i n i t  ot  t q i von t h e  p r i o r

a i id  t ;  i ~‘en t ii , ’ tia t a . Then

y )  j  p ( t ~ 1” , y )  
~~

‘ (
~ ~‘) d ~ ( R I

- - : 1 1 1  ~‘ti  ( i  , ‘ I ’ t t ; .  t 1 j u l t c i t  ‘ i l t . ’t ’s n l . iy  in’ uii . ido . m l ’ t . ’n t  I) i t i t l t ’pt ’n

Ia t I’S a n ;  I ( ‘t i l t  i i  oil

h u t ’ s  t’I lt ’t ’ ~~i , ’ t’t’s;t m.t ~Ie b 1’ c on ;; i d c t ’  i n t l  I hi ’  who 1 ’  p & o t t c —

~l t r u t  t i Pit t iou li t. 5* ‘vet  i a j u t  i’s; t i ma t i ’; a I e n* ’e~i etI t hey
. ,~ o ~ ~~~ ‘in  ~~~~~‘ ~ t a m i t  I b y ‘ i i ; ;  i ilO t i u i q  ;;u u t .ih I c t ‘ a t  u r n ; ;  of

~ t t i ’ l  d t ; t t t Pu  t i On . lot ‘ x imp  I ‘ t he ‘~ a t • i i ~~‘ t mean

a ’  ~ 
- u a I I v t lie dci ’. i I v I l i m O I on I ni y w I t ’ont  a i i i

i t .  ‘C p a t  . sit ‘ I ‘ i s  ‘ l ’ t . t t t .  t I o ’ i i : .  ( ‘ ‘ I . init. I ( it 1 5 1 1 1 t I i t ’ i i  , i~ ’i ii y
l i O r t i ’ P , t t  .iiia ’t i ’ l l ;  I i a v ’ ‘‘ ‘c i i  ci i i i i i l t , t t t ’ tI I v  t n t  ~‘ t . i t •tt m u .

~11 —

—

~
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will un i niuumi ;me squared error loss. Other ieat ores of t h e
I)OSt *’X ’ iOI (listriku t LO ll w i ll provide e~~t i u n a t e s  fia t o t l u e x  In: ;; ;

f u n c t ions  (see f o r  example  ( 6 ] ,  [ 1 2 ] ) .

it dues ~ecm to me that t he  i n c l u s i o n  of a p r i o r
distribution it ; essential in the formulation of robust

problems . For examp le , the reason that robust if iers fa’t.’ot~ ’
measures  of l ocat ion  a lt e r n a t i v e  to the  samp le aver o ’se  i s
surel y because t h e y  have a p r io r  b e l i e f  that rea l error

distributions may not be norma l b u t  mal ’ h ave  heo ’.’y t o i l  r; 
-
‘

and/or may contain outliers. They evid”nce that beli e f

c o v e r t l y  by the  k i n d  of methods and f u nc t i o n s  t h a t  t h ey  t t . t..v eu i

which place less weight on extreme observations. 1 t h i n k  it

healthier to bring such beliefs into the light ofT day where

they can be criticall y examined , compared with reality, arid ,

where  n e c e s s a r y ,  changed . Some examples  of t h i s  a l t e r na t i ve
approach are now g i v e n .

EX AMPLE 1: KURTOS I S AND THE PAIRED t TEST

This section follows the discussion by Box and T i a o  [6 ]  ,
(13J , (14] of Darwin ’s data quoted by Fisher on the differ ’-

ences in heights of 15 pairs of self and c r o s s — f e r t i l i ze d
plants. These differences are indicated by the dots in

Figure 2. The curve labeled 8 = 0 in t h a t  d i a g r a m  is a t

distribution centered at the average y = 2 0 . 9 3  w i t h  scale
factor s//i i  = 9.75. On standard normal assumptions i t  can
be interpreted as a confidence distribution , a fiducial

distribution or a posterior distribution of the mean differ —

ence 0. From the Bayes ian  view poin t  the d i s t r i b u t i o n  can
be w r i t t e n

n
- 2 ’~~~

’
p(0~y )  = const~ 1 + n(0 __~j__~ (9)

vs

and results from taking a non—informative prior distr it ’ :iti -’n
for  the mean 0 and the s tandard  d e v i a t i o n  C . Alternatively

we may write the distribution (9) in the form

P(6 I~
) = const 1~~~y 0 ) 2

1
2 ( 10 )

ar id i f  

~~ - - -‘- . -.- - .---~~~‘- - - 
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Figure 2. Posterior distributions p (0~ 8,y)  of mean differ-
ence 0 for parent distributions having difforinc
amounts of kurtosis parameterized by 8. Darw~n”
data.

M(0,g) = Z J y~ — q > 1

(10) may be written as

p(9~ y) const{M (0 ,2’)} 
‘

~~ . ‘11~
SENSITIVITY TO KURTOSIS

One way to consider discrepancies arising from non-norma ..
kurtosis is to extend the class of density functions , usio~
the exponential power family

—l — e 21(1+8)p(y IO ,a ,8) = a ex p{_ c (8)
V I }

1
(1 +

where with c(B) = ~~~~~~~~~~~~ —
~~‘ and 0 and a are thi

~r E ~ (1 + 8) ] )

13
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mean and s tan d a r d  d e v i a t i o n  as b e f o r e .  Then using the same
noninforma t ~ V t ’  p r i o r  ( L s t r i b u t i o n  as before p(O ,c 8)’

it is ea 5 1 1 y shown t hat n g~ r n ’  ra I

- 

~~n(l4$)
p ( k - ’ P , y )  C O n ; , t  ~~~, ‘ , ~/ ( 1 4 p )  } (13)

and i n  par~~icu1ar i f 8 = 0 ( 1 3 )  and (11)  a re  i d e n t i ca l .
The p en  fai m a l i c e  char~ict or] stie here is not a single

qu ain t ity but t h e  whole posterior distribution from which all
m l  er ences  abou t  ~ c a n  be made .

Sensitivit y el the inference to changes in 8 is shown
by the ch a ;nLm t ’s that occur in the pos te r io r  d i s t r i b u t i o n s
p (~~~8 , y )  whe n ~ is changed . Figure 2 shows these distribu-

tions for various values of ~~~~. Evidently, for this example ,
*inferences are quite sensitive to changes in the parent

deic;ity involving more or less kurtosis.

R OHU~~T 1F1CA ’L’iON FOR _ KU R TOSIS h

As was earlier explained , hi gh sensitivity alone does not

necessar i ly produce lack of robus tness .  This  depends also
on how large are the discrepancies which are likely to occur ,

represen ted  in ( 8 )  by the f ac to r  p ( 8~~y ) .  It is convenient
to d e f i n e  “i f u n c t i o n  p ( 8 ~~y)  p ( 8~~y ) / p (~~) which  f i l l s  the

• ro le  of a p s e u d o - l i k e l i h o o d  and represen ts  the con t r ibu t ion
of i u i f o r m a t ion  about ~ coming from the data . This factor
is the p o s t e r i o r  d i s t r i b u t i o n  of B when the prior is taken
to he u n i f o r m .  W i t h  t h i s  n o t a t i o n  then for  the present
example

1 1
p (0 )y)=f p (-0j8 ,y)p~~(8iy)p (8)dB=f p~~(0~ B~ y)p (8)d8.(l4)- —1 - - —1

For Darwin ’s data the distributions p (O ,BIy) and a

parti cular p(f) are shown in Figure 3. Figure 4 shows

*Notice however , t h e  d i s t i n c t i o n  t h a t  m u s t  be drawn between
Criterion and i nf e r e n c e  r ob u s t n e s s  [ 6 )  , [14) . For examp le ,
lot t h es e  d at a  t I ~ ;~,j~~n i t i c a nc e  l evel of the  t c r i t e r i on  is
chang ed  h ar d l y a t  a l l  ( f i u m  2 . 4 8 5 %  to 2 . 3 8 8 % )  i f  we suppose
the parent d i st r’ i bti i o n  i s r e c t a n qu I ar rather than norma l

-

~ - I -

—— — , M  -‘



p(8) p (O,8k)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

o n e  ~~~~. Joint • post  ci tot d i st  t ibu t ion  Pu ( 0 , 
~ I y) wi th

a p a r t i c u la r  p r i o r  p ( B )  . Darwin ’s data.

or va t ’  ions ohoicos of p (6) wh i ic F igu r e  5 shows

c ur l  e r ;pen d i n d i  t i ibut ion p (0  y) -
-~~~~ ~~

‘ ; I ~ i n g  p ( i i ) a delta funet loll at B 0 c i ’respon~3s

~ t t h t h e  t am ii i a t  a l ’n ;u  l u t e  a ss u ni p t  ion  of nor m a l i  ty  . It
(sui t S in d i  n t  t u h u t  ion  ( a )  in F i q u l  e ~ w h i ch  is the

- -~~a1ed t r e f e t  red to  earlier.

1” ’ ‘
~~‘ i t h o j ~, ’ f o r  p ( s )  i s  appropriate to a p r i o r  asstlmp— V

t t oo  t h a t  a I t  h o t u g h  n ut  a l l  d i  t i b i t t  i en : ;  .i r o  n o r-m a  1;

V .it iat lout s it -u k i t i  t o s  15 a r t ’ such that the net i’, ; t l di~~ti ihu—

on t a).~e:; a cent a I ~ol e . For t h i  p a r t  i cul  ar  example

c r e s t i l  t i u i q  d i  st  r i bu t i on  (b )  i n  Fi gur ’e ¶~ i not v er y

i t t er e u t  t I r em the t ii 1st t I but  ion.
O 1’ - ’  e , by m.tk ~ p ( 6 )  u n i f o rm  t he  mod i f i e i ’  or pseudo—

1 i hood p (6 y ) i~; oxpi ic it I y pi od in - i ’d whi ch repro—

t h e  i u torma t ion about k u r t es I ~; con -u i nq from the

i : ;p l e  i t se l f .  For this ex t i ertic form of p r i o r  d i s t r i b u —

~ ~on , d i n t  i i hut  ion  ( c  ) ~n F I q~ u’o ¶~ i ~ n ; i  ;ew) ’ia t chanqed

1 t h o u qh  n et  d r a t u a t  i t ’ , u l  1 v . The r t ” , in ;on  f e - i  t h i s  i s  t h a t

_ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~ 
.~~~~~~~~~~~~~ . 

~~~~~~~~~~~ _ _
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(a) (b)

~~~p ( n )  
~

(
~~I y )

(c) (d) 

- 

pft~~~~~~
I ’

~

Figure 4. Posterior distributions p( 6Iy) for

various choices of p(s). Darwin ’s

data.

k
p( 8~y)  (d)

V (c)

.
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Fi gure  5. P o s ter i o r  d i s t r i b u t i cu s u ( ( ~~y )  f o r  v , u t ’ i o u s

L 

choice’; of ‘ p ( s )  . f la i~~’ t n ’ s d a t  i .
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r -

the widely discrepant distributions in Figure 2 for nega-

tive values of B are discounted by the inform ation

comin g from the data .

d) This distribution is introduced to represent the kind of

prior ideas which , f ollowing Tukey , many current robus—

tifiers seem to have adopted . The resulting posteri or

distribution is shown in Figure 5(d) .

This example brings to our attention the potential

importance even for small samp les of informat ion com in g f rom
the data about the parameters 8. In general if we compute

the modifier p (B Jy) from

fp(0 ,B ~y)dO
= ;(

~
)

_ 
(15)

then we can write

= 
~~~~~~~~~~~~~~~~~~~~~~ 

. (16)

Now even when the sensitivity factor is high that is

when p( 018 ,y) changes rapidly as B changes, this will

lead to no un cer tain ty abou t p (8~ y ) if p(8I is shar :~.

This can be so either if p (B) is sharp - there is an r

absolu te a ssumpt ion tha t we know 8 a priori - or if

is sharp. In the common situation , the spread of k
will be proportional to 1//a and for sufficiently large

samples there will be a great deal of information from tb..

samp le abou t the re levan t di screpancy parame ters 8. For
small samples however this is not generall y so. This amou’i t s

to say in g tha t for suf f ic iently lar ge samp le s it is alway s

possible to check assumptions and in principle to robustify

by incorporating sample information about discrepancies B
into our statistical proce dure . For small samples we are H
always much more at the mer cy of the accur acy of prior

informa tion whether we incorporate it by using Bayes theorem

or no t . Not ice however , how a Bayes analysis can make use

of sa mp le data which woul d have be en neg lec ted by a sam p ) in~
theory analysis. Comparison of Figures 2 and 5(c) makes

clear the profound effect that the sampling information

about B for only n 15 observations has on the

inferential situation. This sample information repre sentr’

~

- - ~~~~~~~~~~~~~~~~~~ -—- - 
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b y p ( ~ - y ) i Fi q ,~r c -1 ( o )  , a I t  h ou qh  v agu e , is  e f f e c t  i ye in
‘L~ j - - ,,~ l i  1 i t y  u t  p l a t y k u r - t  i r  d i n t  r i h u t  ions

wh ich u t  ~ L - ’ ~~~i i o u  c -n i  - O~ ~~~‘~~r i ’i - t l c y in I-’iuur ..’ 2. This

ctft’c~~~. n - ’ - ~n t  ~- i  t h e  v o r y  i~~-ie r ,~t n ch a i o e: ;  t h a t  occur in

p ( 
~~
‘ ) a ,~~i - I l t ’ ~ -~~~ t ¼ di  as i -. - - h i  es u i tS id  ..‘ in  P ( )

2 ~-~~i-’ ~ i. (‘ (
~ i- Id-~~ -\ ~

‘ i ~~
—
:~ A~:I )  RI’~~~ !’~~~ i ~~~ ~ -~v v s  I ~;

(
‘

¼ cli , (~-, ‘:‘ ,:r,. a ~ N t  n _ I t 11 9 J ta ave 55 ~ j iua r t or  1 y Va in . . ’  - I

he }~ n a n  - I rnes e nd  i n ar y  s har e  index y~~, P. K. car

pro d - n - t en X 1 ~ 
i~id F na no i~ t l  T n~eS commodity index

They t e 1 a t t - ,~ v , te t h -  l aq q -d values X 1~, 6  and X2~ _7
by a i s ’¼ T 1  :-~~~ IOn e ;~~ it iou

@
0 

.t
1

t t
~2 X l t h  + ( 17)

wh ich t h ey  t i t tc - i by least squari — s. As m e n t i o n e d  e ar l i er  t h e y
obtained ,,- t  mi tt ’s of I) ) and n~~3 

wh ich were very hiqhly

sig ni ticarn t i~ - d i f fi ’rent from :~ero and con c l u d ed tha t

and cou ld  be used as “ l e a d i n g  in d ic at o r s ” to p r e d i c t
future share pr i ces. Box and Newbold [ 10 )  p o i n t e d  ou t  t h a t
if allowance is made for the serial correlation which exists

in the error then the apparentl y siqnifi cant effects

vanish and much b e t ter  f o r e c a s t s  are  o b t a i n e d  h~’ u s in g  today ’ s
p r i c e  to f o r t - c a s t  the f u t u r e .  T h i s  i s  a case where  i n f e r -

ences about-  ~ a re  very  n o n — r o b u s t  to poss ib le  s e r i a l
corre l ,it ion.

In a recent Wisconsin Ph.D. thesis [15] Lars Pallesen

reasse:5n.e5I the situation with a Bayesian analysis , supposing

tha t 
~ 

may follow a first order autoregressive model
- 

~~~~~~~~~~~~~ 

= a~~, where a
~ 

is a white noise sequence as

earlier defined .

The dramatic shifts that occur in the posterior distribu—

t ions °~~~
‘ 

~2 
and 03 when it is not assumed a priori that

6 0 are shown in Figures 6 and 7. The situation is

further illuminated by Figures 8 and ~ which show the joint

d i s t r i b u t i o n  of 0 2 and B arid of 03 and 8, together

w i t h  the  m a r — i i n a l  d i s t r i b u t i o n  p ( ~- I y )  based on non—

in f o r r ~a t i ve  p r i o r  d i s t r i b u t i o n s .



- ---~-~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - _ _ _ _ _ _

PC O ~y , 8— O )

02

Figure 6. Effect of different assumptions on posterior dis-

tributiori of 
~2• 

p (02 1y) allows for possible

autocorrelation of errors p(0 2 1y ,8 = 0) does not.

e2 is regression coefficient of Share Index on

car sales lagged six quarters.

p(03 1y) p(03 !y,B..o)

~~~~ 1 - _1 I

—2 —l 0 1 2 3 4 5 6 7 8 x 1 0 ~~

03

F~ gure 7. Effect of different assumptions on posterior dis—

tribution of 83. p(03~y) allows for possible

au tocorrelatiori of errors p(03 !y,,
B = 0) does not.

03 
is regression coefficien t of Share Index on

Consumer Price In d ex la gg ed seven quar ter s.
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F~X/~ t~h ~
- ‘ Pi’’1’1 T~~~ : : i~ . f - - I ’ .~I, : A ~ r) s’rA’rls-r1c1\ 1 ~I c ) I i I-~1~ -

i_~ :n 5 i d i n  a a I: t :c :::, )d 1 O r n : n  (1

+ u~~~ l ,2 ,...,n (18)

~ j , t h  ~-~~ a n - .~~~~ n a n - : - i n : : ‘ n e ’ - - n t  u t  wi t h the ti _ - S t  r i o t  ion  t h a t- U
t h s  - x ‘ec a n. ,I ! ’ : on n ; I i - ~ i_ -  ~i r  ii - - _ t Ii I i S t ¼ ¼ - w i dci v
used ~~~

-_ -~~ :‘:nl I m i t - t n  :n n - a-I . The u t - t : i r k t h l s -  t h i n . :  .d’aut  t h i n  
¼

n: - ,~e I i th a t n is ev t - :~~~;e r ‘u~ y en t - r  .i i f i s  -d i_ -v o n  wh e n

5 s5nn f I i _ - n : n :  n n d : i _  n :d . - n n c t -  a n . i  n t e r n n a l  S t v  st - i_ -n:: p1 a u s i l - i t - . F’i

S. t - - - - ‘ i  I ; ~‘~ 1 1 1 v S - t en t I ; - + t f ; s  :::~ ~ I i~- I t ::: i n a n’ :  ¼ ¼ - n  at  s.’
= I ,n ( ~i , i  I ‘ u  o V t I \  k - n i - a t h e  e x ’ - e n  i :n eu i t

n - n ’ ) . ~~~~ t n v o : n . ’ w h i  1.as any  e x l - e r i e n c e  o t  c a l  i t  v knows that

dat ,t a l t - f t  - n ’ a - n t l y  . t t  N ’~~~t t - s i  I ’y a cc i d e n t s  e n  o n : _ ’ k i n i  or

.i :n o i i~ ’n  - n o n  1 i n : - ;  t n “L a d va  i ut ’s ” . i n pa u t  en 1.i r i t i s
i 11¼1 :n .u ~~t .  0’ a: v r lesh and b1~~od t ’X~~~s ’ r I rnenter that

he c - ’u l d  c o n d u ct  . . ‘ x ; - i _’ ri : : cn i t s  uneru’ inql y ac-con d i n ~n t o  a pre—
a r t  a:; :~~ i : a r , . Pvt ’rv now and  a ¼ j a i n  at sante stace in the
gen- -r - at on :  of d a t  a , a mi stak e will be made which is unrecog—

ni ? - ‘ I a t  t h e  ime . T h us  a much more realistic statement

would b- - th a t model like (18) a p p l ie d , no t  t ar u = 1,2,... ,n ,

h u t  i n  a n~:~-- ‘r t ;on  1 — -n 05 the time and t h a t  d u r i n~ t h e
rt’m a in i n - :  ~-re~- o r t  en a of t he  t ime  some d i s c r e p a n t , i m p r e —  

-‘

c i s el y  knc - -w ; i , n:odt - l wa n ;  appropriate. Such a mo del  was
p r -nc-n:  -d h~- F~ n~~~-y i n  l 9 t ~0 [ 16 1  . We c a l l  o b s e r v a t i o n s  f r o m

he S i n  nt model “good” and those from t h e  second model “ b a d ”

Th i s  t y~- t ’ o f  mo de l  was l a t e r  used in  a P a y e s ian  c o n t e x t

by flex and  Tiao [ 1 7]  . Tney assumed  t h at  t he  d isc r e p a n t  model

w h i c h  g e n er a t e d  t he  bad v a l u e s  was of the same f o rm  as the

st a n dar d  do I ~xct ’~~t t h a t  the en ror  St ,‘,n d a r d  d e v i a t i o n  was
k ime s as 1 a r ~~ ’ . ‘2 l i t ’ r e n : n l  t s  ar e  , t f  l i o n  i : n n : t ’r ’ t s i  I iv e  t o  the

choice of  k .  A flayesian a n t i  sis wa~- later c a n  n i e d out by

Ab i ~h~irn t i n d  Box [ 1 8]  w i t h  a so m e wh a t  d i  I t e t ’ e n i t  V e i s  i on  O f  the
mede I which a s n u n n t - s  t ha  the  d i  ~.crenar’,t errors contain an

u n k n o w n  b i a s  ~~~~.

i: i thor apnx ea c h  y 1 el ds r es ul  t n  wh i cI: ar e  broad I y s i mi  I an
in t h a t  t h e  pu: ;t~ n j a r  d i s t n  u n i t  i on  of  the pa: _n ieteis 0

a~~- c-un s as a w e i g h t  ~-d s , n :n  of d i s t r i b u t  ie :is .

p ( O I y )  = w p ( H v )  ‘ w . p ( t ~~ y )  ~ ~ w . . p ( 2 I v )  . . .  ( 1 9 )
¼ i - I i , i I  — -

~ 

_,-~~~~~~~--~--—•~~~~~~ -
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~ Ca t- i p ( 0 ~~y) in the first term c;n the ri ght

ouu~~ be apnropriate i f  all n observations were good , i.e.

~n er at e d  f r om  the  central model. The distr ibatic,n p ( O I y )
in  the  f i r s t  sur ~~a tion  a l l o w s  the p o s s i b i l i t y  tha t  n — 1

ob s c ’iv a t i o n s  a r e  good but  the it h  is bad . The next  sumrna—
t i c i ri ~‘l1ows fo r  two had o b s e r v at i o n s  and so o n .  The we igh t s
w ~~r c  pos te r io r  p r o b a b i l i t i e s, tha t  rio observ~~t i o n  is
Uci d , w .  t ha t  only the i th  observa t ion  is had , w .  that1 2~Jthe i t h  and j t h  observa t ions  are bad and so on.

S t r i c t l y  the series includes all 2~ possibilities but

xc-. a.  act ce terms a f t e r  the f i r st  or second surrunation
u .oxally become negl ig ible .

Fi gure  10 shows an analysis for the Darwin  data men—
tio’o~J earlier. In th i s  ana ly s i s  it is supposed tha t  the
e:’ror d i s t r i b u t i o n  fo r  good values is N ( 0 , a 2 ) and that  for

2 2bad v a l u e s  is N ( 0 ,.k a ) . The analysis is made , as before,

u s in g  a n o n - i n f o r m a t i v e  p r io r  for  0 and a wi th  k = 5 and
a = .05. This choice of a is equ iva l en t  to supposing that
witL 20 observations there is a 63.2% chance that one or

r~~re observations are bad . The probability of at least one

o u Ll i i .~r fo r  other  choices of n and a are given below

a

n 0.10 0.05 0.01 -
‘

10 63.2 39.2 9.5 
¼

15 77.7 52.8 13.9

20 
-- 

86.5 63.2 18.1

40 
- 

98.0 86.5 33.0

T’~n r  -Tesuits (17] are very insensitive to the choice of

k Lut n~’e less insensitive to the choice of a. However

1) it 5-hould be possible for the investigator to guess this

va ae of a reasonably well.
2 ’ -h-~ calculation can be carried out for different a

v- -,lues and the effect of different choices considered

~lRJ

—23—
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k = 5  a = .05
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Figure 10. A. Assuming no outliers, ‘

B. Allowing the possibility of outliers.

C. Assuming y1 and y2 are outliers.

Inspection of the weights w can also be informative

in indicating possible outliers. For example [191 the time

series shown in Figure 11 consists of 70 observations
generated from the model:

= + ci t + a
~

where

(5  if t = 5 0
( 2 0 )

~ 0 otherwise

= .5 arid (a
~
} a set of independent normally distributed

random variables with variance = 1. The plot in Figure 52

of the weights w~ indicates the p robability of each

being bad and clearl y points to discrepancy of the 50th

observation .
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Figure 11 . A time Ser i e s  g e ner a t e d  f rom a f i r s t  etde r

autoreyressiv e model w ith aut out I ier

innovation .~t t 50.
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s~aa ly s~~s of ~‘a t-  i~in ce of t h e  i t i e  l a .n  Ice  L I)at .~i

Mean s q u a i e n ;  ~ 1000

fli-grecs Deg rce~ I~es’ i ci oca l
of Unti ansformed of ti ciin f~~~i cnia t ion

freedom freedom (s t erm)

J’ aj s O f l S  2 516.3 2 ‘68.7

Tieatments 3 307.1 3 221.9
p x T 6 41.7 6 8.5

W i t h i n  groups 36 22 .2 36(35 ) 7.8 (8.0)

_~~~
— P~~(lJAH N ,y)

:2 0 1 ‘
~ 1 4 

-F i “ m u - n ’ 1 3 . Post r i  101 d 1 1 r i b u t  i en s  ± or \ unde r vat ’ i ous

c o nst r a i n t s  N — N i ’s t m,’ i l i t y ,  Homat ~en e i t y  of

v a r i a n t - n ’ , A - A l d i t  i v i ty .  H
Ii

‘HIt e  nature of  the v . i u  lens distribut ions is j n d i c - u t e d  in
I he te l l o w i n g  table in which N , U , and 7L refer respec—
+ i v i ’ ’.V t o  Norma l it ‘. - , Uoi:ne.nc ,’tiei tv oh \‘a i  j d flt’O anni  A ddi  t i v i t y

1 n and ~ ar e  r ow ansi co l umn  e t  I ect S

Oi st i’ i hut j o in  n o u n s t  i- a j u t
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‘~~~~‘ 1 -  t ! ~~~ s p ot  Sn ’ n a tU r e  of t he d I s t n i hit t I on (\ N v 1 i s 1 e be

~5 ’ c - l  c-ni n; i cuc -e ,t n ;-cmp l e of n; I ;ie ii = 48 can n ot  t (‘11 t i n ;  much

~ bn ‘ut ni t ’ i i r , i  1 it y. The q 1 0, 11 or coincen t r a t  I on a ( ‘
~~ 

\ UN , y)

- ‘ : 51”. h o -a n ne  t l i t ’ n o  in : s - o u t s i 15 ’i5i1 ’ l o va u u .uui ~ -o h ot  oioqolut ’ i ty
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t t a u i s  fot’in~ t ions in t he no I qhbor hood of t he u t’c- i u n c  c c i l  .

El na l  ly  p ( \ AIIN) is n’vt ’uu rnoie c a n cc - o i i t  u a t  c-ti lci’c - .~~t~~t- t I

t a t  unt t i outs  of t h in  ty p e  a l  50 1 O I U O V O  ran;:; l i i i  e na u t  — a d d  i t  I V 1 t 
~

The a n a l  ys in  n ;utp fl-S t among other (hi L i s t : ;  t h a  I f a t  t h i t ;  si.u t a
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e f fe c t s , i t  a l  so has a profound of fec-I on t h e i r  p1’ s -c i n ;  t o u t

Irud ’t’d the  i ’ l l  oct  of i ii. - I ud i nst \ in on: t i in-,it i tln~ Bid lii s 1  fec - t n
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almost thu ee •
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Fi gure  14. Poster  ics i’ d i  s t r i bu t  i o u i s  f o u ’  iu i d i v  i d n i a l  means

(poisson main e f f e c t s )  on or i q I  ii.t l and

reciprocal scale. Note greatly i ncr o ,t n i ’d

precision induced by approp t i ,n t t - t t a n s  I ot -ma t i o n  .

PSYCI-IING OUT TUE 1~OBU STIF IER S

To apply hayes ian analysis we must choose a p(t~) wh i c h
roughly  describes the wet id we b e l i e v e  app i i es i t t  t he  pi ob 1 , - uii

context .

There are  a number of w ay s  w - c a u i  lie a S n ;  i n ; ? t’d i n  t hi

choice.
(1)  We can look at  extensive set n; a f ihi Ia and b u t  1..1 tip su it —

a b l e  d i s t r i b u t ion s  p ( n ~) f r ont , - ‘x~”e r’~~t ’nct ’ .

-

Sit~ii1 at rt’nul t s a le 5 ’h t  - ‘ i f l( ’sl I at  t lit ’ t t e a t  ns’nt of f~- .’t n ;
a n ;  floted heft-irs’ I he t t , c n n  I t o  u n i t  I t ’l l  t’ l I tn ~ u n i t  , ‘: ; t 1 i ’  t u o s ’s l  t s ’ t

itut c iac t ion p a t . u u n et  s - t n ; .



(ii) We c~in consult experts who have handled a lot of data
ot  t he  k i n d  b e i ng  considered .

(iii) We caur consider the nature of the robust estimates

p1 apast- .I and what they reveal about the proposer ’s prior b o A  l i - I s .  h
Ct cn u: .  ide r , f o r  exampl e , the heavy tailed erroi problem .

Ci ira Che’n ~ n a r e c e n t  1~h . U .  t h e s i s  [ 2 3 ]  ha :; I ou tid pr ior
d i n ; t t l l ’ n t i L .s p ( s )  y i e l d i n g  po s t ,erior means w h i c h -i a p p i u’ i . -

m a t s ’ r olcu :, t est imat os  at l oca t ion  a l read y propos ed on o ther
grounds.  In  one part of her stud y she considers a model in

w h i c h  data come from an exponent ia l  power d i s t r i b u t i o n .
(y ~~O , o , t ~) of the form of ( 1 1 )  w i t h  p r o b a b i l i t y  1 — a ,

and , w i t h  p robab i l i t y  a to have come from a s i m i l a r  d i s t r i —
but is s i t  but w i t h  a standard devia t ion  k t ime s as l a r g e .

Thu s

p (y I O ,s1 ,a ,~~) = (1 — t~) p ( y I 8 , o ,~~) + s i . p ( y ~~~ , ko ,~~ ) . (~~~~~i

i t  turns out in fact that priors which put  a ll  the mans ~~t

m d i v  i - ,iii al po in t s  in  the p( c - r , ~ ) plane can very  closel y
approx im a te  suggested M est imators as w e l l  a s t r immed

mean s , W ins o r i z c ’d means , and oth er 1. e s t ima to r s .
Three o b j e c - t i v e s  of her  study were

( i )  To make it poss ib le  to examine more c-ioseiy and hence

to cri tic i~~s’ the assumpt ions  about t he  real  w o r l d  w h i c h
would lt ’ t d  to the various robust estimates.

( i i )  To c a n n p a r t -  these revea led  a s s u mp t i o n s  w i t  hr the
properties of actual data .
(iii) To allow conclusions obtained from simple problem :- ~~s c

ho , t ~~ s~~
-s l  i t-d fluent’ general I y . O nce we ag i-ce  on w h a t  p (~~)

sh o u l d  be f o r  a loca tion parameter then t h e  same i s ( t i ) a r

he u sed for  mor - e complicated problems o c c u r r i n g  i n  t ho n- , c m -  -

sc-it - i t t  i t i c  context . U u -ed app i i ca t i o u t  ~c f  Bay s’: ; t heor t ’m

c-a n t hen , f a t  examp le , i n d i c a t e  the ap p r a p t - i a t  e au r a l ys i n ;  ‘ or

a l l  l i n e a r  and non i incar model s f o r m e r l y  anaI y .~ed by ls ’~i: t

squares.

~~1IPI ,\ }- ~\’ ANt I  CON CLU SI ONS

A n ia io i  as -t  i v i t y  of s t a t i s t i c i a n s  should be to hel 1’ t~~’
- -c - i curt i nt i n  h i s  i t e ’r a t  IV(’ search let Use fu I hu t  lcet - t - S S ~t I
i u u . -  x a c  t pa t  simon b u n ;  models . While inexact model may

-2’i-

_ _ _ _ _ _ _ _



_ _ _ _ _ _ _  
-~~~~ 

_ _

m i s i t ~a 5 i , a t  t t - i u p t  t : t q  I a al I, S~ S at  t -~~o - i  V s a~~t i:; -l t -i :- v a pi  i t s I  i i n ;
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i ll s ‘, Ii t - - i s ’ i i  I - u s ; : ; -  s ; , I c- I t a d  1 0 1 o n ;  t d u a  i n ;  i tid 1 c-~st c

t t ; s  - ii ’ s -~1

I t -  - I i  s i t  c-i - ‘a ; - s :; ; :  c v  ‘c ‘ s ’ t i ’  w I t  i c - h i  at ~‘ n i t  I i h i  - I y I a hi  -
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anaLys is ox. varian ce , robust non-linear estnnation . We

simply carry through the Bayesian analysis wi th  the agreed
p (~~)

(vii) In the past the availab le caoacity and speed of computers
might have limited this approach but this is no longer true.

It will be necessary however , to make a major effort to

produce suitable programs which can readily perform analyses

and disp lay resul ts of the kind exemplified in this paper .

?- i ’PEND I X 1

Suppose that , in mode l (1), n observations are available
and standard assumptions of independence and homoscedasticity
are  made about the error s (c

~~
}. Suppose finally that the

object is to estimate E(y) over a region in the space of ~
“covered” by the experiments {~~~) .  Then the numbe r of para—
-~ ters p employed in the expectation function is a natural
:~easure of prodigality and its reciprocal i//p of parsimony.

Now denote by = f~~~ (i ~~,~~~) a fitted value with
I atirnates obtained by least squares and by

~ (p) 
= ~ V {~~~~~}/n (A.l)

~ ‘c-’ - i - -erage variance of the n fitted values.

It is well known that (exactl y if the expectation func—

t~.-- s rr is linear in e , and in favorable circumstances ,

a:~~~-axi ;rately otherwise) no matter what experimental design

‘~:} is used
- 

= pu 2/n . ( A . 2 )

Nc’~—’ if  the {n
~~
} can be regarded as a samp ling of the func-

“ver the region of interest ,then provides a

mc ’ -’~~u- e of aver ag e vari ance of est ima te of the func t ion over
t~~’ x~ e r im en tal reg ion .

}‘quation (A.2) says that this average variance of

•:-~~ ‘:r~ te of the function is proportional to the prodi gality p. L
• • • (p) —(p) —lA . ~;erna tive ly it is reasonable to regard I = (V }

-on a measure of information supplied by the experiment about

I uric -Lion and

= n/pa 2 . (A .3)



T i t i a n ;  t, hut :1 mean ;ui e of iirforrna t ion is propor t  lonal to the

h - M n - I nn s ’nv  I /p . Foi t x5imple , ii the expe ct at ion  fu i r c - I l o i n

i i i  ‘ t - slt ’O s I S  0 I 0 \  ~~~ I I  .tine t t ’t :; j :: t h e  i s ’ wet o c a h n ;s ’u  \ -a t i cii:;  so hat

p :r t lien 
~~ ~~ 

and

(n) (rr ) l ’ ~~ 
( 1~. 4 )

I i i  t i n t :  c .t oe  t ire inc -de l  does not suinnra r’ i ae i nioi in.tt noir 5a;~i
d- - 5 ’:; un ~ - Ps - I n - t t~ t educ i nq the var i anos’ of es I inra Ic’ 01 t he

1 0 0 s 1 1 -  0

:‘t t  t In - c -I  her  .. xt  I s -mo i I the inc -dc ’  I u r e i ’~Ie~i t o  c - c - t t t 5 i  i n n  a : ~1 y
a r i - -i 1 t’ p a t  a n u s ’ tot , t a r  ‘x at rp le

~ ( A . 5 )

t h e n  = y  and 

1V = V y )  •‘ n I ~~ •‘ ‘- (A. ~s)

I u r t hr t ’ i n c ’ I In c  u se  of the model results to considerable

:a i;nt :” a:  t •
- ;rr~; a l  i t r t s ’sr ’ rna t  i ou  and reduces the v a r i an c e  ~~f e s t i m 5 r t s -

at t Pc - t a i a ’  t I a n ;  times or equ iv.u I en t i y i tier - eases the
jun t or  nnn ~ t 1 Or i  •oc ’j t n - a  i ’  n — f  old . 

‘ -

Coi t : ,  r~~1s ’ r n  n o u n s of t i n  is sor - t  We cih heavil y aoa i ru~t
U t n i ’ i s - . - o n ; n : ~ I t  11’ -’ Cc-v-h’ I i c - a t  esi models

A:- an t-xam~- I  0 0 ?  u n n e ce s s a ry  contpl  i c - a t  ion coins i dci’ an

c- ‘ ~~s’T v-n c - :1 c i  w I t o  w i s i n e s 1  t a nnode 1 t hu ” si i ’v i at. i on  y 
~ 

f r o n t  i t  n ;

no - - c u r  c - I  t h e  o u tp u t  t t-ot :i a s t i r r e d  m i x i  no tank in t erm :;  L 1

t I t s ~ d c - v  r a t  i ~‘5n -

~ 

f rom its mean of i nI - iu t  f e e d  t ’s i i s ’ c ’fl t t at la ir .

I t cia t a w5 - t o ava i n i ’  I e  to equa l  i nt s ’!’v.t In ; o I t into , Inc ;n I n I

in n~ ’ a tv -ode 1

+ tr .- + t’~ 4 . . - 4 -n - ( A . 1)
t a t  1 t—1 2”t--~ 

- 
k t — k  - t

i n  w it i • -P k was t ak en su f f r c ‘~t’nt ly I a i’ ’ls ’ so tha t ds’v i at ions

i n  n~ n t  t 
~

- 

~ — k  t at’  q 0 wet e a s s n n n ; ; o ~i t o  h ay s ’ n esi 1 t o  i i - I c -  -:
s ’ h  1 t~~~

’ • s’!r I hi,’ c’Ut, put  at t irne t . 1’h i r- nn~’~be 1 c - - c - n i  st i ll:; K 4 I

i - a l  an nit - t  t ’ :-  ;~ win r c - tn noe5l ~~~~~ ~- i i , -  s’st~ n r - , n t t  c’d . Mt c-i flat i vol v

in- kt~ i,’~~ ::oms ’ t i n t ito ai’t - n i t  t he t i n c - c ’ i V of  inn 1 X l i l s i  hs- v - i t t ;  i t t

t u r n :  s-ad t cut .1 t i v o l  v ott I or  t a itt t hi ’ mods ’ I

V - ( ~ t 1 F 4 ~~ • - 1 ( -\ . h~ )- t  5n ’t  V t - - I V t — •~ t

s - i  i - 5 L i i V . c 1 i - f l t I~

__ _ _ _ _ _ _ _ _ _ _ _  __ _ _ _ _  - 
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+ + — o lc t_ . 1 ( A . 9 )

s I t  s~~~;u t a itn:. s -n c l y  two parameters 8.

i t he  s im p l e r  model pros? ided a f a i r  .i~ -~-ro ~ i in ’ .it  i
i t  s -~ t I 5 i i e n ~ii l t in cp e5i tly increased precision .n n ; w e l l  as
u u n s bs - i n :  t ,mdi ng

A i n : N ~) I X  2

~h 5 ’ p u ’as -t ica l imp -~rtance of worry ing about tire r i gh t

h u n t - a ;  is i l l u s t r a t e d , fs-ir examp le , by the e nt r i e s  in the
¶ c I I - c - w n : - o  t a b l e  t ak e n  f rom [ 7 ) ,  [ 2 2 ] .  This  shc- -~~ t h e  rcsrilt’~
at  a sannp l i n - n o exper imerr t des ion a d  to compare the  r o b u s t tn c~- -

to iu-:i- n-a t mali ty and to serial correlation of the signifi—’
c .cneo level of the t t es t  and the n o n-p a r a m e t r i c

~ , c n n n n  ‘n ’- i n . x  t n ay  t e s t .  One t housand  pa i r s  of samples of ten e

i n s k - p a n d t ’ :n t  r andom variabl es u~ wer e dr awn -u f rom a r ec tar i
ou ’ a u  distribution , a normal distribution and a h i q h l v  ske -5 - - -
SIIS L I it- t n t  n a n  (a with 4 deg rees of freedom) all ad~ r is t - ’-
t o  h ay c  mean :ero. In the first row of the table the errs -

~~

= we l t ’ independentl y distributed , in the sc’5-ond and
I P r a w — . -t irrov inj avera-n t’ model e u~ 

— 

~
-
~
‘--‘
~ — i was i t t -  ‘ ‘-

t o Os -os - u a l e ’ e r ror s  w i t h  s e ri a l  c o r r e l a t i o n  — 0 . 4  and - t 0 . -~
r e- : .~ ‘c -I  1 \ c I  ~~~. The nuv -Pe’ts on the  r i qh t  show the  cor respond  i
,o s u~~t :• i % h i c ’ri t he  p a i r s  of  samples were r andomized .

l i i  t h i n  e xa m p l e  t h e  p e r f o r m a n c e  c h a r a ct e r i st i c -  s t u d i os  P

t i n e  ; t 1; ’s s -1 o f  s amp l e s  sh o w i n g  s ign i f i c a n ce ’ at  the  5%
1 - ‘ -

~~ ‘ I when  t P t ’ nu t  I I hyp5-i t hoses of equality a t  means  was in
a ct  t r i l e  . P~~ st t ’t lLICa l  a s s u m p t i o n s  the  number  ~-i I’~~ei veci

‘ 
~i I ~i , a - - s n i r s o  , v a r y  about the expected value s ’ f ~~ si- n II.

c : .  I i 115 1  51 a ; r s P t t  1 ds ’Vi  .nt  ion of about 7. It is nat  i i i ’ s ’n ;dod

a - 
- - - - s t I s v  t I n i n ;  ex .rnrp l s’ t hat  the  per formatncs ’ ‘ C ~; i q t n t  f i —

a t t i c ’ t o . t  ‘s~I n e u t  t l n i . tuu l I h y p o t h e s i s  is true is the unrest

no~ -a t  t a u n t  t P i I t O  I 0 i~s~ s s ”IlC e I f lt ’ d ,r t - i ou t  . l’-ut r ‘~ h t  1 y or
. s i  ~ ‘; oc  1~ , s b i ’t-  iOtri’ u s 5, 1!  nan—’params--’tric t e s t s  hay s’ bs - s ’;r can s ’s -

-0 - c - i t t  t , and -~ c - n , n ’ u ; - - t  t a t ian:; of t h i n ;  k i n d  su5 :oes t  t hat t In-a

1 ,-~~c-r:; are t o  n - anne  ext out misdi r t ’ct e’d.  In  thi n ; i ’x.i:’~ ’1 e i t

c - v  i d5 :r I  I t u a t  i t  t ~; t h e  phy s j e s t  I act of random i : a  t i c - n ;  intl c ;’ Ii

I I - n ; .  - -a I ho s itO i c - c  of c -v  r ts ~~r ion that protec t i; t h i -  t o n i  i ~~ i
- .s  C’

— 11—
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