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ABSTRACT

‘t~~
Efficient procedures for time-stepping Galerkin method sAfor approx imating the

solution of a coupled nonlinear system ~ or—e - t ,ti ~~~~~~~~~~~~~~~ with non-

linear Neumann boundary conditions.o€~th~e form

V.[a(x,c)(Vp_y(x cc)Vd}1
”
~’ç

V U  = f
1
, , X E Q  , t ~ (O, T 1,

V .(b ( x ,c ,Vp )Vc l — u(x.c~V~)
’

\ 
Vc = $(x)~~~~+ f 2

(~ ) ’  X E~~ , t ~ CO ST ) ,

(*) u • v g1Cx ,t) X E  , t e (o ,T 1

= g(x ,t ,c) \\ , X E~~~ Z , t ~ (O,T],

c(x ,O) c0
(x) , x c

where c 2 c ] R2 , are presented and analyzed . Systems like (*~~~~~~~possjb1e model

systems for describing the miscible displacement of one incompressible f luid by

another in a porous medium when flow conditions are prescribed on the boundary .

The procedures involve the use of a preconditioned iterative method f or approxi-

mately solving the different linear systems of equations arising at each time step

in a discrete—time Galerkin method..., I prove~tents in starting procedures over many

methods are obtained . Sane negativ ndex norm results are obtained which a1lo~
weaker smoothness assumptions on than in sane previous treatments, optimal

order convergence rates are obtained in most cases for the methods which are cojn-

putationally more efficient than standard methods. Work estimates of almost opti-

mal order are obtained. The techniques developed are also applied to single non-

linear parabolic equations with nonlinear boundary conditions.

AZIS (MOS ) Subject Classifications: 65M15, 65N15, 65N30 , 76.35

Key Words: Galerkin methods, Error estimates , Nonlinear boundary conditions ,
Fluid flow .

Work Unit Number 7 - Numerical Analysis. ~
-
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Significance and Explanation

Many physical problems in which fluid flow or heat flow is prescribed across

the boundary of the region of interest can be modeled by nonlinear parabolic

partial differential  equations (or systems of equations) with nonlinear boundary

conditions. An analysis is presented for a particular model system which has been

used to describe the miscible displacement of oil by certain chemicals in the

chemical flooding of oil wells to produce greater recovery from reservoirs. The

techniques extend to a wide class of such physical problems.

Sane results for single parabolic equations are extended to certain coupled

systems of partial differential equations where optimal order error estimates are

obtained . Next , approximation theory results are obtained which allow some re-

duced muoothness assumptions on the un~~mown functions. Also , analysis is presented

which allows starting procedures which are canputationally more efficient than

in many earlier results. Finally , significant amounts of computation are saved

by an iterative time—stepping procedure for approximating the solution of the large

systems of linear equations produced by a Galerkin-type numerical procedure.

Instead of factoring a different large matrix at each time step to solve the linear

equations exactly, only one matrix must be factored and used as a preconditioner

in an iterative procedure. Very few iterations are then required at each time step

since the iterative procedure is just a stabilizing process for the underlying

t ime—stepping procedure. A canplete error analysis is presented . The paper con-

t ains work estimates which show the large computational savings of the precondi-

tioned iterative technique. Almost optimal order work estimates are obtained.

the responsibility for the wording and views expressed in this descriptive summary
lies with MRC , and not with the author of this report.



U 
• . o

I
I _ _ . _ _ 

~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~

~ ~~~~~~~~~~~ ~~~~~~ 
~~~~~~~~~~& 4 ’ 4 . ;

;;;~~ ~~~~~~~~~~~~~~~~M M C C C

Q I C 0 * ~~. C ,~~ ~ 4’

4.
1 +  M U 4 . ~~~~~~~~~..4 

~~~~~~~~~~~~~~ ~~~~~~~~~~~~
N§

~ ~: i ~~~~~~

~ ~~~~~o 
~~~~~~~~~ > u ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~ >

C 
•~~~~- ~~~ C C 5 ). 4’ C ~ 4’ 4’ ~ 4’ .4

~1:::: ~~~~~~~~~~~C ~ U V C C C C C ~ N 4
.4 C N • C £ N I ~ 0 0 C C 4. V• 0 - C .C 4’ 0 0. U ~ C * .4 * . C

~~~~~~~~~~~~~~~~~~~~~~~~~~

~~ 

•

~~ 
•
~~ ~~ .. .

~ ~ 9 ~ 
•
~~ ~~ ~~

~~~~~~~~~~~~~~
~~~~~~~~~~~~~~~~~ £ 2 ~~~ 2~~~~ 8 ~~~~~~~~;J~ ~ l~

~ : : .• K C ‘ S 4’ 
~ ~ 

‘ 
~

~ 5’ - C U  U~~~~~~~~~~~~~~~t •~~~~ ~ ~~~~~~
• 

~~~~~~~~ 

W N 0

~ $ a 
U i ..4 ..4 4. C • 5 -~ - - 

C ~,V ..4 • — C C — 4. 4. 4. — K .-. 04. 0 ~ C C ~ 4 Ct C 0 C & 0 0 4’ C~~~~ . 0 0 ~. I C C ~ 4’ C 4. • ‘~ 4~ ‘~ ‘~~~• ~ £ 0. ‘. C -. .0 014’ — C 4’ £ 0 N C 0 .~ 5 ~ 1 4~~~~
, 4. 0. • 4 ~4 4. 0 C U ~~ 4 4~ 0 0 4’ 4 4.• . .~ -.. C C 4 U C U - N 4’ — C -• 4 4 .4C C 4. — I -~~ V C . (K — 4. Cp ~ iii ~ :;

~ ; . .. N , .
I 6~ C -. I — N — 4. 1 I Ct •.~ C 4~ V 4. 1 .4 0 C ‘ • -— • . 4. 4’ .~ ~ 4 C C 0

~ U C .. C .‘ • 4.

~ t I — ~~ a
~~~~~

• 

~~ 

4 . I — 
- 

— ~.0 5 C 4

~~~~~~~~~



- ~~~~~~~~~~ .-~~~~~~~~ 
.—•—-—--- -

~~“--.--- . .—-.-.—. -
~~

- _~~~
__

~~~~___ . ... ~~~~~~~$.KCKt44’i~~ ~~~~~~~~~~~~~~~~~~~~~~~~

C 4’

I ‘

~ I
H I ! -

~~~~~~~~~~~~~~ ~ —: !
N !  

.
a — 44

Ii. %•
~~~~ f

• g ~~~~~~~ , ~~
I
~ 

.4

I t t • $ .5
‘
~~~~~~~ . ~~ ~~ +

~~! ~~I %C 
i. VIKI

~~~~~~~ ~ ~~~~~~~~~ ~~%• — —4 4. 0. ~ .C C 4.

~~~~~ -‘c’ ! 
~ ~ 1 ~ 

•
~ 

~ 
Z !

~~~~~~~~~~~C 
— ~~~~~~~~~~~~~~~~~~~~~~~~~~ — — —

5 0 . 5 0  
C .0 44

a 4’ ~ C ,,~ ~~~~~~

S

0 .1~ - 4. I
4’ U 0 — — C C I1 4. I.. I. C I. V U H C4. 41 C C 0. - 0 II e4

I!~ ;;~~
I ~ ~ ~ ~4.

V 5 C  ~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~ -I •

~~ .~~ ~ •~ ~~ .:~ 
~~ 

~~ ~, 2 .!

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
3 t 1 & P ~ . 1 5 Q .5 44 41

S

I I ! :1 ~ ~•
.•.

~~~~ ‘ 4 ’ °~~~~~~~ I 5 ~~~~~~~~& 1. F 4’ 41 4’

~~~~~~~~~~~~~~~~~~

- .~~~~~~~~~ -, ~~~~.



- - 
.44,~~~~ 4’~

- 

~~ 
I.

I v~__
.4’ 

— 
‘I 5 ~~~~~~0

.4 5’ 4 .4 — 5.(K - ... .•4 ‘3 4. —.! - 4,4 .! ~~~~ a

K~
U

~~~~ 

. ~~~~~~~ 

-

• RIX g 
— NI • 4.

44 4)  F • 4’.— — NI * C .4 ——._--. — * I — K I .. —• c’~
’ • ~~~~~~~ ..~~ 

~~ 1. ~
‘ 

— ‘. .~ 
4’

- 
~~ ~~ I ~~ 1 

•
3

0. - . . 4 4,4 •~ 3 4, •3 —
‘I
. 

• -~~ e~K. ; — .__
_3 

44 . 4,4 .
~~~~~ 

_
lt4’

~ ~~~~~ ill ‘~L~ .

~~~~~ 

4~

; 

~~ ! i
.4 41.~ N

~~
f&  ~~~ .5 •.C _3 ‘

~ ~~~ 

.

~~ ~~
.~~~~~ ~~~~ ‘

~~~
‘ S 4’ ‘

~~ S ~ S 444 4 1 X  
~~~~~~~~~~~~ 

;— 

• ~~~~~~ - - - — ~~~~~~~~~~~~ :
~ 

.; ; .
~

~-;-

5 41 C

S ~~~~~~~~~~~~~~~•, g ••

o .5 4’ — C C C• I C £ U C . 4-
— .0 C p4 4’ I I V N Vo - — C .-l -
U -.

• - .C 0 .‘ - 4. C
4’ . 4 V C C 4. 0 * -• C’ p 4. 44 IC - 44• 0’ -- C C - C’ U’ .0 -

4 0 4. C C C0 44 I ~ - C C4’ 8., 4. .4 44 4- .C - .0

~~~~~~.:  ~~~~~~~ s 

~~~~~~ 

q .
~~V - •  - C V C I~~~~~~ .~~~~~~~ N

~~~~~ t ~~~~~~~~ ~ ‘ I  ‘- ‘ ‘  
~~~~~~ -t0 4. 4 — 44 44 C 0 4. C 4 — • C C’P 8. V U C I” S..4 - • — 4 0 

- 
1. C 8 1 0  .4 C 

-C .-. . I C 4’ S I  S 44 .4 ‘I .‘~ N- • 4’ 44 4’ 41 4’ 4 — C • 0
- - ~. 2 • .~ S “..~~~~~ , . .  ~

, .  C. 1.— -. - . 44 ~ U (K 0’ .o 0 4. 8
• S C’ C — 34 --. -

- N ,~ .! .. 
~~ ~~ ~~~~~~~~~~~~~~~~~~~~~~ tP~~~~~ ~

I 
C • 4 4 .~~~~~~~~~~~ W ~. ~~~~~~~~

• 4 ,
~ 

... 4. 4 4’ P K (.4 4. -C - .~~~~~~~.• ~ - 0 .4 C S 4 8 — ~‘ .. 0’ 44 C2 . 5  0 0  0 ” ’ 0 ’  V
8.. 4 44 C .• C (K
ti •; 44 5 4 4  44

.4 
4-.

—44,4 .4 4. .. — 41 Ct N.4 .‘ 0. 4

—-—

~~~~~~~~~~~~~~~ 

. -  - - --- -— - . -

~~~~~

--

~~~~



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - -

I Z~~ .
.
~~ I-

a

C 

F

i I .4;

:~ .€t ;~~~~ ~ 
I

I : ~ ~~~~~~- :  ~~ a

~! :a _ !~~I -
. ~ .~‘ • 

~ _ _‘~ XIX I 
•

. 4 5

-
~~~~~~~~~~e ~~~~~~ 

I
— I ‘ C  I S ~ . ~ , . 

- - 
• 1

- — S — — 4 4 —  - .; 
~ 

‘4 I
44 - .~ I I .• A I •~ 

C
- .. • . • - 44 2

0. - • S 44 • . S
14 . S - - - K ‘.4 C - - ‘ 4

14 — a a 44 C •. 4’ 4. —- .3 44 - .

~~~~~~~~~~~~~~~ ~~~~~~“ ...



IIi.

I.

a (‘4

S C

5 4. 
44

o 34 0 5~~, v i ~ 5II 
.4. 0. 44 —

44 ’ . U’
v i  ‘4 

.4. ,4’ I’ • 
• 

. 44
“4 .5 I ~~ ‘

~ 4 4 .0 U

— 
- 

I U’ 
~~ 

4 .C~ 
‘.4
! 1

C’ 
‘ 

.~~ ~~~~~~~ 
~~S — — .

~ - 4’ ~ .0 .4. .4 I 4’ ~~~~~~ v.4
C C  2 ~~ 0 *~~~~~~ S ’ ~~~ ’~~~~~~~~

4. 4 D 5 3 t ’  ..
~

.0 
• 

~
. — 4 4’ U 

• 
— •jI j~

4 
• 34 

4’ vi- 

~ ~ ~ ~~~~~ 4r -
~~~ !

-
~ ~~ ~~ .~~ ~~ ~ ‘‘ ~~.5 

~ 4/- 1r ~~ —
i

~~~~~
‘ ~~~~~~~~~ 

4 ’ 4 J~

IC 44 44

(‘4 44 C~~~~~ 44 (‘4 4, 4-4 ~~~~~~ N c i4. .4 5 — 4’ — 5 41 .4 4’ 41 .4 I. 4’

I
0

Us., N C ~~~~~ . 4 4 .  —

C; NI .4 I

I T .j ~~
~~~~~~~~~~~~~~~~~ .0 

~~~~~~~~~~~~~~ .5 ~~~~~“

i
.4 .5 -_ 

~ 0’ 44 I 0 0. 0’ 44 0 0 -4 14
V - • 0 ‘ ‘ S .~ C .. N - 34 34C C ‘- 4-4 ‘4’ — 4’ .0 — - N4. —. C — . — — I C ~ • 44 ‘ — -‘ — ‘i v~U U C N a 4’ .4 ~~ U — — J —

—, ‘4 5’ • 41 .4 — .4.4 “. C — — C I 4- ‘4’ . -- .4 0 444’ ‘4 4’ — — — £ ~. 4-4 4 4— 4 4. 4’ 41 0 —
4’ 52 5 1 4 - C  I. ~~‘4’ —. — — V .~~ S. — C — C —.4 — 4-4 4. 44 5’ 45 ID 0- -.4

~~



—.4- 
~~~~~~~~~~~~~ 

— —.4--,- ——

- 4

-- --.4—— - -

-I

I ~~~~~~~~~• 4 ’ -  
- ~~ ‘~ ~ .4 

* -
~ 44_ S. 

~~~~~~~~ ~~~~~~~~~~~ 
~ 

.4 I
~ ‘ ~~ ‘ç 

• 
..
~~~~~~ $ ~~~~~~~~ ‘44 S -•a —~~~~~~ — - 

• —~~~~~~— S - I 4. .0 41 4 ‘4 . -U ~ — 5 . 5’ 4 4 _ 5  — •~.4: ~ • C . ,  - • ‘-4 4 — . ’  ~~~~ -,C ’-4 . —

4 ,

~~ ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C C 4. C 

~ 
—

~ •• C 44. 4 P I

! ~~~~~~~~~~~! ~~~~~~~~ ~~~~~~~~~~4~~~~~~~~~~~ • .  ~~~~~4 4~~~.2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

. 5 K  
~~~~~~~~~~~~~~~

• .  
~~~~~~~~~~~~~~~ ~~~~~4’4’ .0 — V V 8. 44 5 I • ‘ 4 .4 —C 0 44 4. 4 - — 44 U 4. 4’ -~ 4. 8. .4 C’ C UI 5 • C C43 S - .~ ~. • 4 0. V 14 .4 4 U ‘ C & F

44

&~~~~~ 44’~~~~~~

1i1~ ~~~~~~~~~~~~~~~~~

- i:II~
8. 

~, C
• t 4 ~

-
‘ ~

• 
.4

• S~ - • - C.4 
-4 - ‘ . ~ ~ - 4’ ~~~~~~~ .‘ . 

I’

• 4. ~~ 
0.

~~ — V C ‘ 
C

44 
8.

I - -• K 41 - 8. C’ p 3, • II- :~ • 
— 

3 4 ;  ~~ * t

C

L -~~~~~~ — .~~~ ~~- 
-

~~~~ 
-

~~~~~~~~~ — - -- - -
~~~~ ~~~~~~~~~~~~~~~ —-~~~~~~~~~~~~~~~~~

- - - ‘~~~
- 

~~~~~~~~~~~~~~~~~~~~~~



r - -

~~~~~

—---

~

- -—---

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
--

~~~
- - —---- -—-

~~~~~~~~~~~~

. 44 ~ 44

C :  

-t

!‘ 
~~ .. ~~ 

~ 
-;
~ 

8. 
-

5 •  .4 ‘ 4 -  4 44

±
4 

; .
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~

•;• • 4C !~~ ~ 
I~_, •• ~~~~~- .  ~~~~~~~~~~~~~

. ‘ T- : .~ - .44 
4 5 ,“~~~~

‘, — .C’~~~~ ‘5

~~~~~~
‘ I 2 . . ~~~ ~~~~~C’ ., 1 4 4 .

• .4 4 44 ‘5 4. . -_ .4 .4 C ‘.

— 
-. C V — 1 R

~ -; ~~~~~~~~~:- ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ 
‘-

• I. -. - 8’ 4’ ,. 41 0 .4 U 4- 1

4,

I S

• .. s . .-

~ 0. 
8 5 - .-

1. 44 • V — -C 5 4 4.
.4- .- a 4. 44 8. -4

• . 4 4. 8. , 8’
‘4. ‘ 4 - U — I. 5

• 
V 8 

‘. •
• . - - -

44 4 C 4 .44 S _. ‘ ~ • 4.

~ P. , ‘ .1 , 4  ~~~~~
•‘

~ 
4 .

. • N
• - .‘ - ‘1 - ‘ 1’ (4

C 
4.4 — 

4 P.

4. 4. 5 
-

_ 

N I  V 
- 

- . ~. 

. 

.4

~~ ~~~~
- — • . .  - - - 

‘_ ~. ~I C  4

K • 34 8.’ ‘ - - 14

I .4. 15

3 
5 4. “ 

5

- • • .4 1 • C_ • 3 - - . - - 3 ‘
4’ a I’ • C • — 8. 4- .. , . . —

‘ I ‘ ‘ ‘ 
- - . - . ‘ C

4 4, 4 4. .3 — —. 8
a . 

I • - - .4 
.4 

.

.4 
-4 

15 8.

S 1 “ ‘  .4

‘ - ~- . S ~. 4’ - ‘ K K , C’ , 8

• .:. • -
~ ~~ • .4 44 

-
~~~~~~~• 

-. 
, .4 ~ ,. •

~ 
‘- S

.4 •
•

•% • •• - C . —. 
- 

•

k - ‘ ‘. ‘, 4 ’  4- 
- 

4 ~ ,~ .44 .

H.~~~; - ?  II
,

’
~4.4 • . , .~ 4 3 4

- . 0  S - ‘ .
- ‘

:. ~
• 

~
- .. ‘ : -  :- -- , ~

C 
— ~

. 
P.

~~~~~~~~~~~~~~~~~~~~~~~~~~~ .
4 - . - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~

- -- .4-



____________________________ 
- •1

C

4- 4’ 
,
~~~~~o . .  •_ • ;  4. 

-4 
-4 a 

.44 0. 4-, ‘ 44 C —
8. 0.

4’ 4- U C’ - 0. .04- • 4. P 0. U - ‘5 .4 . • .4 I. C5 
34 44 — V 41— S .5 C 44 0 —- .4 .4 4 • 4 C •5 —— C; .4 p. 

~: - ~
- - -

.0 
~~~~~~~~~~~~~~~ C ’ 4 5 ~~~~o -‘ -4 0. -~ .4. 4, .4

44- 4- .4 -4 .4 .. 8~ C4 4. 4-’ 44 -4 — .- 41• 4- U ? I. 34 —44 ‘ — 4’ 4 0. 4 0 .0— - S 
• — S .4 ‘5 I .- 0. 4.

— ~ ~~~~ .
- C ’ —  U

I — 4. 0. .4 ‘. S V C
44~~~~~~~ ~~ P

.4 
.4

i : ~

i~~ ::
I
~

:!;
;: _ - 4 T : T. ...: ::~~!i!i~

8. 

~•~
• ~: 

‘
~ ~ ~~ 1

• ~
• - I.:~ ; 44

‘~•‘ ‘~~ .~‘ 4 - -8.. 
0 .’ ;  

~ 
!

S ‘ —  .4 ‘5
C 4. — . 4  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~0 4’ 41 4’ 44 U 4’ ‘5 ¶ ~ .0 C- V .- I’ C — b. S - 4 ’C 

~
- • • 8 I. .4. 4. S 8’— ‘ I 44. -, 4, 1. ,~~— 5. 4 44 . 4 0* 3 - 41 14 IC * & 8. 45’ 4’ 8. 5’ 5 5’ 0. .. - ~ . C

~ :~~• i — S — C ‘4 ’; 
~~~~~~~~~~~~~~~~~~~~~

44 C C’ .4

V . 5

~ ~ 
..

— . 4 1 5
T ~. ~

‘ 
~ . ~~* .5 . ‘ I. • 4 •. 0.

0 - IC •- .4 
4-

I

~~ ,1 8. 4 T :~~4,
:
~ 

44

-~~~~~ -~~~~~~~~~ -—..4—
8.’ - ,-

~~~~
- -•~~~~~~

_ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



c 
£ 

4, 1

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~4- ‘ C’ I V 44 • . 0. — .. . 4.

~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~ • - C *  ~~~~~~~~~~~~~~~~ 4”

8. — - 4 44 5’ U C P. C 41 ‘V

~~~~~~~ 4 . 5 _ K - f ~~~~~~~~~~~~~~~ ~~~~
: 4’ 

~ -~~~~~
- l .~~~~. S 5 .5~~~~~~~~~~~ 4 ~~~~~~ “ 4-’

~~~~~~~~ ~~~~~_‘r~~!;  ‘4 
-4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~ ‘

~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~

—~~~~~ I ‘ s — ” ~ ~~~~~~~ ‘~ . - — 
‘
~ - 45

C’ I —
4- 5 ’  5 • C •- ‘ 5 8 .  4

- -~~~~~~ - I.  .~~~~~~ ‘ . ~~~~~~~~~~~ 0 . 5 C 1 -. ~‘

• 
4 1 ;  44 4 

U4- 4’ ‘ - 4 “ -‘ 4. U C t’ C’ ~ P 0
N - - ‘. 4 - C’ .5 4’ ‘5 ‘.4 1 K ‘4 4’ 8’ .44K

; - - -‘ • .4 ’ ’ • 44 44 ‘5 4- .4- 4’ - - 4 ~C 
. 5 4 .

-
~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ 0.

.4 . 5 4 .  4’ 
-~ ~ 4

... _ . ,. _ _ _ .  £
4 . 4 4 8 . 4 .  

~~~~~C ’
4 

~~ “ •~~~~~~~~~~~~ ‘ ~I ~~ 4 4 ’  C & —
* ‘. 0. 5 44 4 

- P. — ‘5 V 5 41 8

h • 
0. .. - 41 ‘5 44 1 I — 

-.

C’ ‘5 8. - C I • 4- C — C 34 415 ‘~ 4’ • 4 ~. 8. (4. ‘5 4- 4’. — .‘.
‘ - I ‘ - 44 ~ ~ c ‘4- & .. ‘~ - . .4. - - . 4. _.: •c’ 41 .5 1. — ‘5 4 4 44’. 4 1 ” : C’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 

• . (- C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ’ 5 ’  .4
• -• • 4’~ ‘ 0. 5 4. C 0 4’ — 5 ‘-.

• -‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~

U U

• .4’.5 ‘C’ ‘5
— 4 4.
4. 4454, •-

0
4 ’ ; ?

—4

~ V

~~~~~~ 
j i ;
-• s ~ 4-.

— 4’ 41
0. - .-

. 4 4 4  •

.5 C’

¼ ’ 44’  4 -~ -
C .5 — .4. 44

- ~- .4
4- 44 4’

— 
- 

5 . -’ S

- .4.

-~~~~~~ .4-- ——— .4 ~~~~~~~~~~~~~ —~~
- • —— .4-4.



-“-iT:.;

£
U 4* 41 4*

-4 4* 44 ‘.4

C0. 2 5  N A  0’ 
—• 

— 4* pC 44 .4

ii 1
-
~~ ~~ 

44 0 ~.‘ 
— — ~~ _ C + __ ‘4

•~~~~ ~~~~~~~~~~~ 
~~~~~~~~~~~~~~ 

~~~~~~~~ 
4-..5’ r 1 4, 4- 5* —. . .4’ 

~~ I 4’ .4 IC. C 44 14C — + 54 4* — “4 ,0 — I .4 44- p. — 4) IC 4’ • ,.) — ‘-4 44 — ‘V— 4’ V “4 ‘4’ 44 4’ 4). 44 • C44 
- ‘. 

‘2 — — — ‘ ..r~~ U C 
~ 

C — — + 44 + •
~~

• 
~

C 4~ I — .4 
1 44 44 N~~~~ 

C C
• “ ‘ U ~‘ ~. C  ~~ ~~~~~~~~~~~ ~ — 

014 10 4’ 4-4 0 + ‘4’ 4’ S. ,4 4 + 4)4) _I I .8’ N & 4) 4) C 4* _  I.44 * + 44 34 C N .44 .44 0. 44 C • 44 0.4 , 4 4  ~ 4 - ‘ 8 ’ —  44 + ; ~ , _
C ~~. C44 0’ — II C - P 4) 4 34 0’ 14 ‘ 44 44 8)C 0’ + I~~~~~ * - C) — 4’ a. C —4) — 44, p3 4 *  (4 (0 51 44 41 I 44 4.4 — —4’ .4’ 0’ ‘.1 0. 34 ( 44 4. 1.4- C 04* + 44 . 44 N • 0 4 ) 1 4  — ‘V N N (‘3 1444 ..4 p. .4 44 0 N .44 — 444 ‘4 44 0 0. 3444 44. + + 0. ‘.4 . 

~ i 4 4 4 - 4  4’ + 4-. 5’ 41o 
~ 0 4 4  ~ 8’ .4.4 

— - 
4) E N 44 v i v i v j.4 — (.4 — 44 0 ,-. ., 4) • 44o — S U • . ~ vi v i a  CIC C C 44’ ‘4 U C I a ‘.48’ 4) 14 44 — 5’ .2 • ..4 44— — 34 — U — ‘.i 44 44 d’I A.4’ 0 C C  I ~. I 5’4* — v (  + vi 44 P. . 

5’ 44

o C 0 ‘.4 N 4’ 0’ — 51S. 44 8’ 4) • 
~. • (‘I0 ... 0 -S II C 44 S. 14 ‘44’ 44 4* ‘V 0 — —4* — C 44 44 5’ U 04 0 .44, U~ £ 4 4  

— .5 ‘.4 5 ‘.4

.4C 
U . —5 
4) 4.45 • 5 C ,g

C ~

8’ 0 -
- 0 4* (4 C iO 44 ‘41 .C K• 44 . 

4’ + 14 Ni C— 4-4 4) 4-4 .0P — 
— 4 4 . 4 .  

4) 
44

’4’ 
~~~~C.,, S 

~~
‘ .. d 4 ’ ~4- ‘4 - 8’ ~~IC 

‘4 .4 444 I 4.4 + ..4i5’• 41 ..~ • + 0 N 0 .  (4 44• 4’ 44 — 44 .4 44, — +o 
. I * 4) — “ ‘4’41 ‘4’ 15’4’ —I ._ £ — • ‘ + 12 V N 0.- 41 4. 0. • ‘ 44 44’ .44 N W44 C) 0’ 5’ 44 _ U ‘0 4.4 ~‘44 • 4) - 44, ~ 44 44 44 0. 4- 4. 44 0’ 4 1 , 4  ‘44  0’ 44 0’ ‘4 ~~~ < 4’ C C— ‘0. - ), 4) —. 0’ 4’ 44 4’C - 8’ ‘0 0’ 4’ 44 (4 — — C  .. 44 14C’ C 0’ IA. 41 — ,4’. U 14, 4* IiC •~ 4’ C ,p — 4 ~( ‘4 ‘4 44 0’ 4.. IC.4- + C _ 44 4* 0’ + 0. 44 U • 4) +4- v i  U C 0. .44 P 44 0’ 44 . 4 . 4  0 v i14 ‘4 C 44 44 — 4’ • I ‘4 U + 4.) 1 4 4 434 4’ — ‘0. 4 ~ 4’ ‘ 4 4 4  + 4) C — —5. 44 ‘4 U .4 ~ 4’ ~~ ‘-4- 44, — -,I C I — + P 4’ 4’ 4.4 4. 0’ 4* —4’ 0. 44 . ‘5 4. 0’ I A 

~ - ‘8’ 414 44 .44 4. — 44 ‘4. 4, + .4’ .4 C I)4-) ~ 4 44 44, — I. 44 44 I 0’ . + ‘4 — OP34 * 
•~ C 0’ 4’ ‘4 I 

~~~~ 44 ,~ —
- 

44, .4- I. 
~ C I ‘~ + - 4.4 ‘4 P • 4. N.5 0 4’ — 44 ‘ 44 C + — — 4’ 0 44 .444’ .4’ 4* ... ) 0 .  (4 =- — 1,) 0 4 4  44 4 4 . 4 4 4

~ ‘2 
~ 1 ~ L) 4 4’ ‘0

8’ 
0’ ‘ 4 4  ~U ~ ‘.4 4’4- 34 4 0. - . ‘ 1 8’  “I - 4’ 4-4-- 41 0 — 4-, — .5 I — .-) 4 ,~ ~ C I —.4 4’ 4) 5. .. 0’ ‘. N 4 4 + 4 + U N 4*

- C 8. 44 41 4-( .8’ 44 44 C 44 .4 . C‘5 ‘0 — U 44 4* 44 .4 + 0 U 4.4 U .4’ ‘0 .4’4’ I . 0 4 4  - U 4’ “- )
~ 4 4 4 1 . 4  ‘4 44 C0. 4’ 

+ 
44 +— .4) 4) . — 44 C V .4,5 •_ .4 8 N p .4 0.4- 41 .4 I “ 4 4 4  C C . 4  0. ‘4 . .4 .4£ C~ * 4) . 

4’ .4’ + + + * 4-4 44 ‘4’• 44 44 44 4) • 44£ 44 0 4- V 4* 4’ ‘0 ‘.,.4 41 1lI U 44.4 ‘.1 
.‘ ,

~ 
.. ,‘4* 4•_ 

(0 V ~n + 41 344. 0 • P C 4. ‘ IC ‘ C  ‘K.4 .. N I .4’ (4 4’ 0 5~
4. 4.. .4 44. — 4. 44 . 4 1 4

4.4 ‘4 S . •0. 4, 5’ .~ -~ e —0 . 4  
-~~~~~~_ •~~~~~ 2~~~C 4’. *1 14 ) 5’ 4 51 12 4’ (4. 4’ 0-

~ ~~ .~ ~~~~~~ 2 %  4 ) 4 ’  S~~~~~ ~C ‘_ 
‘fl — -4 ‘4 4 0 5 .4 4- 44



_ _ _  
~~~~~~ - - -~~~~~~~~~ - -.4~~~~~~~~~~~.4 _ _ _ _ __ _ _

~~~~~~~~
_
~~~~~~~~~~~~~~~

_
~~‘ ___ _.4__

~~~~~ 
- - --

~~~,

~~~~ ,, 
~

. g

I ~ ~ ; ! ~ ! ~~~~~~4) 
4. ~ ( ‘ .~~~~~~~~~~~~~~ . ~ 

- 3 4 4 4 1 £
V IC — C 44 ‘4 40 .4 4-4 8 .44 + 4- 4’
IC~~~~~~ 0~~~~~~ 

‘
~ ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

I
’-. 4. P— S 4. 4, 4. 44 .44 I. 44, P N V  £ .4 • N

~ 
~~~~~~ 4’

4 * - -~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 8) ‘• ss q

• ~~~~5 , ~~~~_ 4 .  .! ~4’ I) 44 0, I) .4’ .444) 14 ‘0 4 .0 *. -8’ ). . 4) .‘. .414’ .44 ’ 5 .4 U

—• ~~~~~~~1• ’•’ •
-~~ ~~~~

“ 
~ ~

‘4 4’ 4 - 4 4 . 0  — , 8’

N C  — 
4-. 

.4 4’ 2 -~ ~ ‘~ .~
= S I ~~F 

,, “ U 44
,, 4. 41

I — ‘4 4~ .4) 5’ 44

• I
—4.— 4- _. 4-4 .0 .! ‘

~~. 
“ 4’

‘.4 
.4 (4- ~ 

,, 0I (
s
) * ‘4 4 ) 4 3

I ‘4 0 0  ~., ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~14 4-. 4) 4.’ .4. Ne  4* & 44 4.- 4. 41U ~-~~~~J .4 ..4 44 44 4) -‘4+ 
.4 

‘ I —  
~ ~ I— ‘r i~~~ + ( 0 4 ’. 5 5  + — 44 4. ‘ 4- -C — - 444 1 I L’ 4’ 4’ 4-4 (0 —

- - ~~~~ ‘
_ ‘

~~ - .. — — 
-~ ~~ 

5 4’
- - p 4’ 4 4) —_ + 44 0 ‘-‘ - ‘ “4- 4, p~ 4.,• ,- “ .4 41 44 — .4 •~ 4’ 44 .4— t’ C ’  44 (0 1 4 1 4  4 4 *  41 .5 ‘ .5. 44 4) 4-4
4 

~~ 
44,, 4’ 5 • - , I~ ~ 444

- ‘ 
- - ‘4 44 — -: ~~~~~~~ ‘ .‘~~~~~~ ~.4 * -I 44 44 .4 I 4’ - ,  4. .4’ 41

-‘ & 4’ 
+ 4) ~~

‘ + 4’ ,, ~~~~~ ~, ‘~ 8’ ~,,I 
~ 1 1 4 . 0  4 — “ 4 1 . 4  14.• ‘ ‘ “.. 4- ‘4 ~ - ~‘ • 

‘. ‘-C’ 4-—, U + - 4-4 C P-P 5. .4 11- ---4 I 445 4. 4, 4
.4’ - — 4’ . (0 

- - - .4. ~~ 4.- C ~‘ ‘

~~~ ~~~~~~~~~~ .5 ~ ~~ ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~
- 4- I)~) 4 , ( 4-’ ‘‘ . - ‘ - ‘ ‘ 4’ 4’ 8’( ‘ .4 - -  ‘ . 4  

- 
‘I 4 4 4  v i  + ‘

~ s i  - - 
— “ ,~ ‘ ‘

~ 2I 
5. 

.-
~ 4-4 — ~. 

, 
4) I-  V

- U ‘4 4-4 ‘4 5’ .. ‘ ‘~ 2 44 
,~ V



.4 ‘41

1 .2
— 4) 

‘.4 4 0I
S 9p ‘4p 

44 IId
_

44
C

C C ~‘4 
- c —A 44. 

—t •0‘P 0 .44 — .4 441 4 . 0  44 4. I. 14 4-40’ — 49 .0 4-4 0 fr4 — 44 44

,4’ I 
I S 

~ TI0 ’.’!.P 44 -.14 4-) ~ 0 _ — 14-I 
~ • 

C..,• 
~~~~ “4 C 4’ ~ ‘ 

~ 44 
(0 ft 44

44,5 — • .4 I C~~~. s
... k,. ~~ ‘~ ‘.~—. ‘.4 1 & 44

U I

44
— 

4) 44 ~~ .~~~ 

•
~; c

~
‘ 

~I4- ~I’ ~ .~Ix — .4 .4 4.4 II N — .4 I 1.44 t N+ “4 I — ~ ~~~‘ + 4* C C’Cl,.. — .4. — .4 C I  • 
~ .444 1 5 4 4  44 44 ‘P44 * 4, 04 . —. 4’44. 4 - 4 . 0  = 4’ 4,5 — — — 04 • 44—P — — 4, 4’ — 4-. 4. — .4 ‘444 44 44 . 

+ 44 —I 4’ +4’ - — + C S 44 44.4 ‘0 4’ 41 4’ 0. U 4 . 4 0A = p. P ‘0  4-4 — 4-I 04 4,44441 44 — 1 44 — — C.44.4 ‘441 I 0 V .4 I. 44. —I C N ~?• —4 4-. 0 • — .4. 14• + 4) _1 I 44 .44 44 4* 4.4 S
14 • ~‘I_ ~~ (4) . 4 1  

4’ 1 3— — C — .4 44 C .4 41 &4’ • C * & & — -‘ ‘4 44 £ .4 4I 4’ 
4’ 4) 11.4. 1 -I~~~~~~ “ 

& 
~I

•”8’
~~ ~~

~~ 44~~ • C
I 

“~~~~~~~~~~~~~ ‘-.~~ 5 4

~ I

— N~~~,0.4 C —.- .

—
E

L’ - .4’l. ‘I
.4 ~‘ 

• - U.3. ‘41 ‘4 
‘.4 2 410’ 4. ‘.4 V 44 ‘ — C K)• - ‘ C 44 — 4) II 4’ 0 ‘.‘ S~~ 

4 ( 4  .~ 44 4) ‘ 4 4 4 . 4• 5’ C — C 4 - 4 04’ P. 44 + 4) - -C U C ‘14, 4’ 44 V I. 4.4
‘0 44 — C I!8. 0 5 0• & U — I I C  .. ‘P — 4’ 4) 0 +‘— I4-~~~~~~~~~~~~ _ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~‘4 4) ‘4 1.4 C 
4’ I (‘4 —1 ‘4 ~~~ C ‘4 

* -44-’ P • — 44 ‘4- 44 ,..— C 4’ 0 0 ~I 4-4 8’ VI Ii‘.~‘ I  ~~~~~~‘.I_ ~~ 4’ ‘4r’ ’4 g , ~~~~~c4, ~4.4 41 • 4’ — 44 — 41 ‘ ‘ U N O  ._ UIC “4 1) ‘0, 4’ + — S 0 + C44 44 44 4.- 8 — 
~~ — & C 4, 4) 4.‘4 5’ 4- Q, C “ 0 + IA C 4- •-‘ 44 - U 44I) — • 4-4 U • 44 I 5’ l~ 4* 44 4’ 4144 .4 .4. 

‘4 — ‘4 44 4,5 U . ‘.4 44 .44-~~ 
44 19 4’ (4 0. 4-’~ 4~ & 0 4) & 44

‘
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

. ‘ 4
~~~~~~~~~~~~~~~~~~~~~~ A 4 , %

_
44

.:; ~~~ 
~

_ _ _ _  __ _ _ _



4•I

~~~

.A 

~ — 

&

I 4’ N A  ~ ~‘— . .r 4’ ~~

‘C .~~ 
* 44

& 444 .0 41 — . I 44
‘0 ‘0 U P. + 41 44 I .4
04 04 + .44 .44 SI I ‘. 4 1 0

44 44 44 .4’ (4 0  04 .4 ‘4 ‘04, 444 4*1..4~~ ,j_ I~ .44 ,,~C 0
4’

• 444 4? 4 III ‘0
44 44 — C — — •4 5 44 04 .4

41 41 I ‘0 £ £ 04 ‘SI — ~‘ —— 44 44 41 II 4* - -4
‘ - 4 - 4 4 ’  4- 34 4.0 ‘ “4 .4 ‘44

.4~~ ~
— 

~ ~~ c
.5’ N~~~4 ’ S 4 ’  % .4 44 4-4~~~4

4’ 
~~

:? : : ~~
‘ 

e ~ , ‘? ~~ ‘
~ 

‘~
“4 -c ‘~‘

4’

I ~~~~~~~~ ~ 
• — 444 41 .I 0 •

44 0’ ‘0 .4 .44 + — —“4 ‘4 “4 4. + 1 11441 0 4) 44 44 —.4 .4 114,4 4  44 I C U  £ .8’ 41 .44 (4 — 44 .4
I 1.’ ) I) 4* 44 .4- .44 + 5’ U & I P_SI

C 4’ (4 4-4 lID — U 4’ ‘0 44 lID
— — 44 44 VI .44 I’8’ V 4) — + 4)

4’ I. 5 44 II
‘I • v~ + 

4’ + a vi  v4
0 • 1 1.-SI N
.41 41 41 44) ~~~~ ‘0 44 .4

p. 5’ .2 0 4’ — I.
4) 

& 
4)

41 U ‘34- 4)4 SI C

.4 4- &
• C .4 .41

44 4..
‘ 0  (0  49

4 4444 II)

C
,_• 

I.4
,~,, 4-4

‘

~~~ 

‘
~~ I’~~

4’ N 
49

5’•
41 444 — 4’ U —

--  
S

+ 
‘4 - C 

~~~

. 1
.44

.4 .4 4’ ‘U — 41 4’ .44

I 
-~~~ 4’P~ 4’ • 4* 0 ‘~ ~_. ~~~

P

‘0 p ~) 44 4’ 4’ 4’ — • 41
‘4 0’ ... p pO P 

)I,5 • ‘44 .  44 0- ‘41  C ‘4’

~~ 4,
4) 4”~ 

~~ 44 ~
‘ 

v
.4” 

~I~~
’ ‘

~~II” 44 ‘3 ‘.~~

%. ~ .0 .
i, -.0’ ~,. 

‘
~~ ~IX ~ ~~~ p.

44- l~~~ ~~ 4-~ ,,~~ ~~~ •

—
0’ ~~ .4

04 ~D. ,
~ 

+ .4 .5— .41
.4 41 44 41 4’ .4 .4 I 0. I 4-) 0.

44
41 

44
41 

.4 .4 1 ~*1 0 44 — “I — .4 “4 .4 • C 41 “I 84 —
4’ I1. ’.I’4 4 1.4.4 4 I1-’...l 4) 4) . . 4. £ ‘I .44

44 .4 44 — C 0 44 — 44 .5 4’ 4’ 0 4-I — II-_S 4 0
.4- — ‘4 — — — — p. 

p.’4’ U
“I — • -4 4-I 44 44 + 44 1) 44 34 34 * U

~ Z’—1~’—~ ~~~ !z~—~ ~~~~~~~~ ~~~

, 
-: 

“ 1 ~‘ ~‘ ~ ‘

S

a

-

~~~~~~~~~ 
-- -~~~~~~~~~~~~~~ _ _ _ _ _ _  

_ 
_ _ _ _



_ _ _ _ _ _ _ _ _  - - .4w- .4. ’

Il 4- —
.4 

.
.4 _; .5

_
1.4 ‘4 — 41 —44. 44 p - — N•  —

I

~~~~~~~

: 

fl
‘~1X ~~ ~ ~ 

_~ 19 ~ - ~~ 
~~~ “' ~~ ~~~~~~

.‘.. O ‘- O .4414 ‘~. 4’. 
~~

“ 2 .~~~ 
— ‘ —.19 ‘4 - .  4, I. S “ 44 )9

~ ? 
r 

: i  

~

C., —
.4

44 1
1 .4

.4

.4 .4. 41
41 lv  N P

-.4 04 ‘9 .4 .4
04 - 4— 4’ 44
• — 44 ‘ U.4

.4 .4 5’ 44
C I • 44 4I I
l 0  44 .4. 04 4.

8) I. 444 - N
.4 49 ‘ - 44 £ — —
‘

~ 2 J j  ~1 

~ ~~
.4 ‘~~ 

k) 
~ U NO  “ 44

.4 4~4 •  41 — 04 . — -4 .4 9.
O A — P 41 ‘ .4. C 41 1 1 . S  -

.4 44 4) .4 I — ‘~~ 4’ £ 0

I 
4’
.. 1 ~ C,,~ — ‘I 5’U

04 + 44 4’ • 4, 4-P— ‘~~~ .o — ‘4 ~ “ “ .2 - 4;.

.. 1.’ ..’
‘4 ‘4 5’~ P .. 44 

‘4

— 4’ p. — —.0 ~ ..0 - — 4’ P .4 19 4)

~ z’—~ 
• 

~~~~~~~ 
~~~~~~ ~:

4-” 
~~~~~~~~ ~~~~~~~ 

•

~

1~~~~
— .4 .4 5 .4 5 .4

-‘ 4) C

— 4-- — _ .—. 44, — — .) ,~~~~~._ —‘-4., , — ~~_,•_ _~,_ -~~~ ___, ~~,4p’4•444~ — - - .4.4_•_ —,• -



— 4- 4-

1 9 .

T ~~~. fl c
2 ~~~~~~ 14

_
.4 — 

.-~~~~~~~~~~~~~ . ...
~~~~~~~~~~~~~ 8P~

• .2 I 5 5’..,S t i , . — .9. 3 4 5 0 8 ?  0 0 4 1

119 
4 . 1  

C 
~~ 

~~ :~ ~~~~~

~ ~T~- .4 ’.,) I 
~ ~ 

. 

; 
ç 

~~
~~~~~~~~~~~~~~~~~

S I 
, 

~~ U • ~~. I 4’ 
‘.• ~ 

; 
~~

‘ — •... I
— .4 , , ~,. ‘ 9 5’  I ,~ 8. -— .2 I a

4’ 
- I ‘‘4’ 4 .4 .‘ 19 5’ 4’ 

& 
4-4 5’,~ 

I.. 4’
• _  C~~~~~~~~~~~~~~~~~~~~~~ :~~~~~~ 

& ‘!N _ 1
~~~44 ,,.4_ 44 ‘9

. 4, — I
.4 U ~~~~ 4 4  • • 4’ ~‘ .2 S i

~

4- “ - 5  -

.44

4-”
’- 1 .44

:~

4’
:T1:

1

4-’ 
~~~~~ 

I ._I II’ 44’ 4 ’  —I. - 4 4 4 4 ’

- ‘ (4 ‘ 
— 

--4 — ‘ I. — — — .4 N — . - .4 • . —4 . . .4 1.4
‘ . 4 4 )- ,’ ,  - 11.- I ,  I 1” .)I •,.l4’ I ‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~“4 C ’  ~ 4’ .1 4.4 44 114 ‘V .1

S I  C S I  ‘4” . 4  s I  -~~ ‘ I ~~

I ‘
I-. U

41 4’

L _ _  - -~~~~~ ‘- ~~~~~~~~~~ . - -~~~~~~~~~~~~~~ -~~~~~--- 



‘~~~~
‘
~~T

~
Z i  

I;; 

~~~~~~~~~~

~ 
~~~~~~~~~ 

° Z.P
! 

j ’
~447~ 1a 

:

~ I~~
i- t ’

~ 
~ 

~

C A  . 2 1
, 0~~~~~~~

‘S ,

~ 
.
~_? ‘~~1~~~ =

C N 0 4’

‘~~5 4’ — SI C
— -4 .4 • 4. 0

C 

~~~ 

~~~~~

: 4 ’

4) ~~‘ ~ .‘I N • ‘4 ‘4 
‘.

4’ ~44 1I4I4 ~~ ,~ ,~~I’_PI~~ 4’ 44141 
~ • 

U2 II.-~~4 I  S ‘I ‘5’ 0 414 1 . 4  0 “4 44 44 44 3 4 4 . 4  0 34 4) .4 VI

34 -~~ ~~~~~~~~ ~0, -~ C e’
C 

)
o .

~ C.2 .5 g 

• ‘4’~’~~~~ ”
4-

~~~.4 4 P 4 •  - -  - . - - - _ _ _ _ _



~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 4 - ,~~~~~~~~~_.4’4~~~~~~4-~~~~ 4- _4 - ~~~~~‘ 4 p~~~~~~~ 4-~~~~ __~~~~~~~~

I
-. 5 4’I

~~~~~~~~~ o . . .4

4’ 

.5 ‘4 .~~ ... • ~
..• 

~~ 

£ .4

~~2 ” '  ~ ~~~~ ~~~~~~~~~~~~~~~~~~~~

~~~~ ~~~~~ I ~
~~~ .- I’ 44 .~ ‘ ‘~5r ~ £ .2

4. 1 ~~
- 

i~~~

~~~~ ~ ~ i i ~lIt. — .4 .2
1

I~~~~~~~i~~~

1i’I

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

‘P
-P U

4 9 4 4  II

I IH
I ‘.. !~~~~~~, ~‘4 5”.. •

~ 
- :  ;.‘4 

.4 — ,
~~~?• ‘ U ~ “ 44 • 4-’.4 44 a -4 —2 • 44,

~~ . . ~ “ z ~‘
~ 4-I N 4 4  • ... ~ ‘4 £

-. £ I S 4) N .4 41

‘4

0 P. -~~ ‘ I ~. ‘.~ ~~~~~ 
• I ~

44, .9
.4 

-“ 4 . V , — — 4. ‘5’ • — 5“4 ‘4 1 ‘€4 4’ 4 ~~,, ... “.4 - 
-

4- 0 ‘s, 1 * 4  I~ ‘‘ 44’ 4’ ‘4 — P. .44 I.1’ I.. 1’ 4’4”. . S. ‘4 — .4 —‘4’ 34 I 4 . 4 0 .  0. 1 • .-. 8 .4 P
44 ‘C 44 4’ ~

.. 44 N 4. 41
5 4  S I 44 44 ’  ‘4 ‘4 

4-”
. 

4,
‘ ‘ ‘ ‘ 0~~~~~~ ’ 4 ‘ ‘ 4 4  I I 4 (  I .1 4 —N O  19 .4) 4. 44 — 1, 9 ’ C l  I P 5~~ S~ 5’ 4

S I  4 .~
- . .‘ p - p ~. 

‘
~~~~C— q .4 ~ .2 • 4 4 52 2 3 9 .

- - - — .

_ _  - ~-44. - —-~~~~-- ’4 - - - - 

_



ii j ; ~ lii i;

-4

~ ~~~~~~~~~~~~~~~~~~~~~~~ _ C
4- 4- 44 44 .- - I’

* 4- - ‘ ‘4’ 4. ‘ 4- ~‘ 4’ - -  4’ C ‘4

:

£
‘C

• - 44 — I’.
C’ 5 - - 4 U 4. .4

* I I - - •- — 4) 4- —. 4 4  ‘ 4 . .- . U ,~~~ - ‘P 
-. C C 5

S C - 44 - ‘I ‘P - - — ‘~ 4) 1. 41
,44 PS 4. .4 41 - # 4 - . - - .- 4- 444 4”

‘ •~~~~~~~~~~~~~~•‘4 , ~ — ,. ~~ 
.
~ C

I 4) 44 4- U -_ - 4- 4- - ‘4’ P C P.
44 • 4- .4 .4 4, — — — 4- 44 4- .4 41 0, S £
I - 44 . ‘ 44’ - 4. S. I I. .4 4-)
4 -. I C -- P .4 4’ P • - — 4- U S.

• “ I 4’ 4’ 44 U U

~~~~~ 4.
q

41~~~~~

41 . ., . ~
‘ 4 - 4 - I  

C

~~~~~~~~~~~~~~~~~~~~ ‘ .. ) 4’  

~~~~~~~~~~~~~~~~~~ C
44

• ~~~~~~~~~~~~~~~~~~~~~~~~~~~ T ‘
~ -. ~~~~~~~~~~~~~~~~~~~~ 4 .

~~~~~~~~~~~~~~~~~~~~~ 
4’ 

.- - .. - - - --~~~ --



-,

-z —

4’ ‘9 5’
— — A— 4- ‘ ‘P -

• C ‘PC P.

• 9.

~~~~~~~~~~~~~~~~~~~~

4 ‘4 

“4 5 ’  
‘04, 

5’~~

~~!j ~
~~~~~~~~ 

.‘ P4449 ~4, 
~~

. ..,
~~~~ 

4’ -
— .. .4 .4

4 ’ - 4 ‘4 — ‘.4 -. ‘4 — .4 4. 44 PS —
- . 4 - - . 4— -. — 5’ C 4’ PC C

~~ ~~~— —. s I  
,~ ~~~~~

(C 4 4 .

C 44 5. ~~ 4’ 4)
4 - C

~~~~~~~~~~~~

0 1
-
~ ~~ 

I- 
~. 4’

U 91 ~‘.4 4, N I. P. 4’C I. 4’ 4-’ 4, 8.

‘4. -~ ~ P44~~~~~~ 4-

- 4 - I C
4
. ~ •

‘ C

-, ~ -~ ~‘ I

• •
-~ 

,~ . 4- S ~
.

• 4, 4 , 4 ‘ 4- 
‘~ 4; 

4- .
-

• 44, s - I  - 4’ -. I’
- 4 . 9  •

.4 — , ,)4 - - .4- .4 4- 44 ‘4 ‘4
! ~~~~~~~ ~~~~~~~

‘ 
~ *- - - 4~ I• . 4 .  4’ • .C .4 PC * 5,‘ I - , • — - a •- ,. 4- .4 .. 4- .4 .4

_ _



— 4-—•--- ---’- - - 4.-4-4—’-’--— -.-- -4~~—4. ~~ 4-’~~~~~’~ ” -4-~~—,.-~.--4.4’44- -~~~

C 4 P.

44 5 .’  
‘4 • ~ I • 4 1 ’

-‘4 I 44 I. 44 — • I — C • * 4-’
C 4’ ~‘ 4 . I,

U & — I- I C’ 4. 4’ 9. -
a C I. 4- 44 — 44 - -4 ‘4 V

.4 .4 4’ 0, •. I. 4. 4’ 4 .4

44 4) 44 - p- C 44 *‘ —
‘ ‘ I 8. ,,C U

~

~
-. ~

4) “9 N 4- . P. 4 S. ~“ 4, 44

“ . 4 4 4 4  5’ 
~~~~~~~~~S S • — 4 - ’  .2 — . * 4’ ‘4 - P.

“4 44 4 4 . ’  •~ ~ 5’ ~‘ I

4-’ “4 , 44 ‘44 4, 4, C 4. — , .- 1

4. 
44 

— .-.
. ~ 49 44 41 C :: ~ U •. ~ 

‘8• -

C 19 ‘S C’ 04 U t 44 C P. 41 44 44 I IC - 41 .5 ‘4’
.4 

1 2 4 -  ~~~I
. !.i~~I

‘ 4’I 19 I • ~ . 
p . C .4 .4 P 4’ 4 V ‘4’ 4’ 9.

—. 44 N I~
. • • 4- N - ‘4 44 PS 4

& •~~~~ 4 4 4 4 ’ ’ .  • (I 4 . 4 -  ‘ç ~~ 
“

~~~~~~ IC~~~~~~ “

— 
; 

•
~~~ k 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
44 .4 5. 4; 44 ‘.4 — C — - . ‘- 4- P. -4 - 4- 41 ‘5 ‘- 4-

41 -S ~ ~~~~~~~~~~~~~~~~~~~~ • ~ 4 4 4 4 4 .  5 4 4
‘ .~~~~ S T  4; ç . . l~~~~~~P C l P . . . ’ U ’  P.

• 4’ ‘ - ‘ 44 1’ * 
, ‘ 4. 4 9 ‘ U 4.

,_ S 
- -C 11 .‘ 44 ~

- . ‘4- - ‘ V p . - ’  — • -. ‘:
I. U S. -

- ‘ • •. ‘9’ * .4 ¼ 4’

• .4 • • 5, ‘ - . .44 4. ‘4’ I • ‘I
C I — I. 4’ 4. PC - ‘— ‘ 4 .  4’ 84 - ¼

1 .  .2 ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
‘ 4 • . ’ 4.

41 .4 - ‘4, • .~~~~~~~~~~~~ ., -,. 4 
p 

PC 4. P. 4.. ~~, 4)

! : —

‘ ‘ . 4  -
~~ 

• .‘ . 
~ 5. ~ 

• •‘ P 
~ ~~~~~~ ~ 

p
‘P 4. — C’ - ‘ 44 -~ . V 4- 44 P. 44 4’

‘C 4 1 ’ . 4 4 4 4  • • ••~~~~~~~~~ ,.

IC .5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ l ’ 4 .~~~~~~~~~~~ ’4 •
~~~ 7

8. II 4’ I. ‘C I. p . p. . C 4-’ C 9. 4.
4- 4-C I C PS ) P 44* P • • P 4  1’ -. 4444

* a 4 - ’  P. - I — I - .  .. 44 - . , C . -. e C U

U ‘4- I * 44’ P’ — ~
- . ‘ ç ’  -. * 44 4- ‘4 U

~~~~~~

a 4.

44 4. 4’ 4- C’ C IC
• • U 4’ p ~I 44 4, 44 4’ .4 -
4-’ 1 C’ — 4’ • 8. 4. C .4’ C 4-
C -4. P 4) 4’ C’ 4 44’ 4~ C 1’ V 3
I - — * -. C .. . 44 )5 4- P. U

4- 4’ I ‘ 41 4. • PC I, 9. 0
‘C — .4 5’ U P. C 4- 41 4- - 44 5

‘S -. ‘4 ‘4 ‘5’ ‘4 4’ 44 I’ 4.

5 U 4. 1-’ & (‘I -- 4, C —

- , 
_ - 2 4’ V 4’ P. £

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~2 S~~~~~~~~ 8 —
p U V I — V 4 ‘4’ 9. (C * 5’ p’ 0 I”

— PS . — 4- C I’S 4’ ‘4 44. • *44 44

C’ 41 P C ‘C 4- 4; 4 44 41 ‘S. • C P. I ’
1~ S - 44 .4 U 44 C 4 t 4 I
- - 5’ 4. 4- P. 4’ 44 C

44’ ‘~ I. *4-. j  4 41 - S. I. I’ •~ 4) . 44 44 P. —
4- 1, ‘ *44 4 . 5 .  C I~ ~~ I C

4 I 4- * — — P 44 .4 - 
~~ 

4~’ -‘I ‘.4
4. 14- 4” C I ’ . ‘~4- •‘4 ‘I,’ — C C ‘ - .  9 44

- 4 4 9. — * ‘P U ‘4 I 4-. - C - .
41 P. U 44 44 ‘5 .4’ ‘4 4 - P 5’ P. ‘. 4’ -‘

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ ~~~~~
s 

-
~

4 4 4  
~ 19~~~~~~ , C V ~~~~~~~~~~~ C~~~~~~~ V ’.’~~~~~ 

S.. 5.

U P U -. .4 I “ 41 5’ 44 1 ‘. . ‘4 P I
‘44 4’ ‘4’ “~~~~~ ~ ¼ - ,P- ‘- ‘.9 4’

4 S - 9. ~ ~~~~~~ ~~~~~ 4 4 ’  , p •
~~~~ . ’ P

14’. 4’ I 4 .‘ 4.’ -. C ‘‘ ‘ 1p ‘4 C’ 4-. 44

4 4 — ~~ 4
’4’• 

~ ‘4 4-’ •~ 
_ 1

~~ ~ _ . .
-‘ ~~~~ 

-~• 
4; 

‘~~~~
‘

‘ 4  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
P C C *  ~ . 4 .  C~ ‘ ._ -4’

4 44 • 4 C I 44 “ S. -5 “ C - . ‘P 4 4- ‘ P 44 -— ~‘ 4)
V 44 4’ 1 ~ ‘~‘ P ‘ ‘ . 4  • • ‘ 1. ~

• 4- — 4” P. V ’ I ; 4’ 44 ‘4 PC V .‘ ~‘ 41

P 44 44 . • ‘ .4 4 • ‘ 1. ‘ p  ‘- 
p 

—

~‘ 
•‘ “

~ ~ 8 ~ 
4- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
5 ~ ‘ ‘  -‘

IC -• 4’ - 4- .4 .44. •‘ .. — 4 - - ‘ P ‘9 44
- - ‘4’~~~~~~ • •  ‘4~ . 4 .  ,‘4 ’ 9 4 ,  4 ’  ~ ‘ )P~~~~~~~~~~~~ 

- ,_ 4.’
— — I C ‘ 9 • 41 IC” ‘ ‘9 4- 4- ‘- I P Pp ‘4 P P .4 4.

* ~‘ I) .44 
- 

I’- • PC I PC 
- 

) , —
‘4 4. 8. ‘ 4 4 . 4 . 1 .4-l I P  -4 • ‘ - 4 1. • ~, 

.

~~~~~~~~ ~~~~~~~~ 2 2’ ~~~~~~~~~~~ ‘
~ ~ —

. 
.
4 - .. -

~
. 

~
, • I

H ~ 2 .. * 
* 4’ P - “4

~ I ; ; ; ~ i ~ ~ 

‘P

“~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~

_ _  _ __ _ _ _ _ _



- --‘4--,4-~ -- 

4. -

4 44,

p. -~ I C
.

~ 
- 

.4

~ ~
• — 0 41 1 41 5 C 5 U ‘5’ I.

‘ 4-
.

~ I ~ ~ ~ ~~C 11 I~ ~.~
j 

~~~~~~~~~~~~~~~~~44 !~~~ ~~~~~~~ ~~
~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ i~~~a 4’ 1 ~~~~~~~~~~~~~~~~ ‘4

~
’
~~~~~~~ ~~~~~~~~~~~C .-. .4 9. 44 44 4’ — 41 41 S U 4’ U -

.4 -‘ 4. — 4- 44 --. C ‘4 ~‘ 4’ — ‘44 I U
4. - P. 4’ — 4’ 4’ “ 4- C . I I
44. 5- 1 - 4’. 4 . c ~~ 4- - I. -— P 41 ~~ 44

~~~~~~~P. ~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~

~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~;~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 41

4- ‘ ‘IC * .. I £ — .4 4’ . 44 0. ~ ... — I
.1 C - . C ,44, p_ C 4) I” F. P 4,

44 ‘4 4.. P 4. (‘4 41 1. I I’ P P 4) 84 • 0
11 .. 444-. 41 4” 4- P (1 0 44 8.

- 44 9. “ ‘ 5’ 4 I 9. ..p 4.4 ‘.1 4-p 44 1. 5.
4-p • •‘ 4; P~ I. ‘ P. P 44 4 I’. 4, 4)

V 44 41 I 44 ‘4 P. ‘4 P . 4’ 44 4. a
- p. 4- -. - - — C I 4- I..~ 4. P. — — 4, 4
I C’ P ‘ - I ..C .‘. ‘4 - 4- 44 C ‘.4 — ‘ 4’ P P p.4

C - 44 4’ .4’ - ‘9’ C 9. 4’ 44) .5
IC C I, • ~

. 
~ ~

. 
~~- I U 

~ ‘ I I  ‘- ‘ C ’  . 
. — ~5 S

~ S. S. .4’ PC ‘ 4’ 4- .4 IC’ 44 4, 41 -. 41 ~4- 4’ 4. - “ *‘ ‘P 4’ .4 44’ C 44’ 44. s; ‘P . 5 (4 0’
‘4 4’ .5’ 4’ V ‘ 5.4 — 45 ~ 1 44 — 5’ 41 4) ‘.1

.4- 44 P. 4; 4’ .44 41 .4- 4. 4’ — 4. £ .1. ‘C ~P p.4
44 - - C. .4 I.) N C & 4. • v - & & a 0 N

— 1 P. ‘ ‘ C ” ’ I V — .4. - -‘. ‘ C I. 44 C ‘ .4 0’p44 445 • *9 - 44 *4 4 4; — 4; 0 4- 44’) ‘~‘4 ‘ 8. U
C’ . c ~~~~ ‘ .~~~~~~ ~~ ‘~~~~~5 ~~~~~~~~~~~~~ .~~~~~~~~~~~~

.

‘4 4. .C 41 4. ~1 41 Z 4) 4 4’4- 4. 4; U 44 41 44

“4

‘I p4;
.

-4
4 . -

. 1; ~4.~~~~~~~~~~~~~~~~~ ! I~I

4’ 

‘4

I 

-4

.~~~~~~ 4. ,’ ~~~~~~~~~~~~~~~~~~~~~ P *9~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
¼ :  

5 % ¼ ~~~~~~~~~~~~ 4 . q : 4U~~~~~~~~~~~~~~~~~~
U

I 9 4 4  C’ 4 PC C _• ‘ 4 4 .  44 P.
P. C 4; 5 _ ’  4’ & ~ ~ & 4-’~ 0 4 ’  ~ ‘~ SI A

4’ C P. 5 4-) 44 “4 I. - ‘.4 Il 5. 4’
• 0 ~ . 4) 4.. 4) C 44 I 

~ Z *4 44~ C I’. 5. E . 1 2

444 I’ V • I .‘, ~ 2 

— -p—  ~~~~~ ,1~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~. ~~~~~ “ - - - — 4--~~~~~~~~~~ ~~~~~~5-—



F1 “ - -5- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - - - - - - -

UCs ~7 *  C .  Iy~ I4  ( C A  T , ” S( C)~~ I . 4 - I S  P A G 4  (Is),.., Oat. F,,f,4U.l5

REPORT DOCUMENTATION PAGE
2. GoVT ACC ESS ION 444 - 0.  3. RE CIPIENT S I C A T A I . , 0 0  NL(M13LR

(aid - -  - - ._~~~~~~~ 
- 5. T Y P E  OF REPORT 6 PERIOD CO V E R E D

Eff ic ien t T irn~ -Stepping Method s for Summary Report - no specific
Miscible “~isp lacement Problems with Nonlinear - reporting period
Bounda ry Conditions S. PERFORMING ORG. REP ORT NUMBER 

—

~~. AUTI4OR(.) 5. CONTRACT O R G R A N T  4 4 J U M 8 E R ( a~

ARichard E. Ewing DAAG29—78—G—0161
- DAAGZ9-75-C-0024

— MCS7B—0952 5
$ . P LRFOk8~ t N G  O R G A N I ZA T I O N  N A M E  AND ADDRESS 40. PROGRAM ELEMENT . PRO) E CT T A S (

- . . AREA 6 wOR K UNIT N U M B E RS
Mat hematics  Research Center , Universit y of
610 Wdlnut  Street Wisconsin 7 — Numerical Analysis

Madison , Wiscons in .  53706 - 
p

II, C O N T N O L L I N G O C F I C E - NA M E A N D A O D R E S S  7 IZ.~~~~~fg,5,L.C.AXL ,..

( - Apr~~~~~.~79 ; 
-

See Item 18 below \~~ 4~~~~~UM 8 E R OF ’FAG~~S

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

42
‘
~5. MONITORING 4 - G E N C Y  NAME 6 AODRESS(I( dlfl.rai t trum ConS.’olllná Ollic.) 15. SECURITY CLASS. (of Uii. I~~~ 15 - - ‘

- ‘ UNCLASSIFIED
- IS.. DECLASSIF ICATION!  DOWNGRADING

SCHEDULE

, DISTP BUT IOM ST A T E M E N T  (@1 fF11. R.part)

Appro~’ed for public release; distribution unlimited.- - - -

_ _ _  

—---‘4- ‘— -4--- . ’ 

-

4- , .  DIS’l~R i 8 UT $ QN  S T A T E M E N T  (of (‘,. rnb.tsacf 4fll •r.d In Block JO , !f  dIII.r.n t from Rsport)
4- 5- - -

1
1 

-

I~ SLJPPL EM~~N T A R Y  NOTES
U. S. Army Research Office . National Science Foundation
P.O. Box 12211 Washington , D. C. 20550
Re’~~arch Triangle Park 

-

CU.1. CaroLina 27709
1-

44- 4 E44 *OROS (Conift’ . On •U44•IaI •PdC ~I n.c.aaay aid ld.nhlly by block nlaiblr)

Galerkin methods, Error estimates, Nonlinear boundary conditions ,
Fluid Flow.

~O. A S S T I4 A C T  (Conrln*, . 441 VUSIV U•  lId. If p.ce..avy aid Sd.nUIy by block ruai b.r)

E f f i c i en t procedures for  t ime-stepping Galerkin methods for approximating
the sol4-ut ion cf a coupled nonlinear system for c=c(x , t)  and p=p(x , t )  wi th  non —
1ine~tr Neumann boundary conditions of the form

V*(a(x,c)(Vp—y(x ,c)Vd}J~ —~ -u=f1, x ~ ~ , t e (0,T),

V.(b(x ,c,Vp)Vc]—u(x ,c,Vp)’Vc~ 4(x)~~~+f 2
(c), x~~Q, t € (O ,T 1 ,

(6 )  u • ~~~
— g

1
(x,t) . , x ~ ~~ , t € (0,T],

= g ( x , t ,c) , x e ~f l , t C (0,T1

T!i~~ 3 j4
~~~ X t )

Q~
( )  

IS OPSOL~~TE 
— -- LII



_ _  _ _  
-~~~~— --~~~~~~~~~~~~~~~ --~~~~~~ ~~~~~~~~~~~~ ‘ -  5- -

abstract - conti nued

where ~ c , are presen ted and anal yzed . Systems like ( 6 )  .~re possible model
systems for describing the miscible disp lacement of one incompressible f l u i d  l~ ’
another in a porous medium when f low condi t ions  are prescribed on the boundary .
The procedures involve the use of a preconditioned iterative method for a~proxi-mately solving the d i f f e r en t linea r systems of equations arisi ng at edcb time
step in a discrete—time Galerkin method . Improvements in starting procedures
over many methods are obtained . Some negative—index norm results ar - obtained
which allow weaker smoothness assumption s on .4.

~
- than in some previou s treat-

ments. Optimal order convergence rates are obtained in most cases for the
methods which are computationally more efficient than standard methods. Work
estimates of almost optimal order are obtained . The techniques developed are
also appli ed to s~’ ’-~~le nonlinear parabolic equations with nonlinear boundary
conditions.
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