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Efficient procedures for time-stepping Galerkin methodsAfor approximating the
solution of a coupled nonlinear system M)‘W with non-

linear Neumann boundary conditions,of-t{he form

V'[&(X,C)(Vp’Y(xuc)va}] -7 eu = fl' X , t € (0,7],

)
v.[b(x,c,Vp)Ve] - ulx,c,Vp)} Vc = ¢(x)§-€-+ fz(c), xe , t € (0,T),

X € 30 + & e (0,27,

(*) u-°v= gl(x.t) v
b3 - gix,t,0 FIREM . & x50
c(x,0) = co(x) ;s X e q

where Q ¢ ]Rz, are presented and analyzed. Systems like (‘)\aﬁgossible model
systgnq;’\afo;%a.éscribing the miscible displacement of one incompres:sible fluid by
another in a porous medium when flow conditions are prescribed on the boundary.
The procedures involve the use of a preconditioned iterative method for approxi-
mately solving the different linear systems of equations arising at each time step
in a discrete-time Galerkin method._ Improvements in starting procedures over many
methods are obtained. Some negativg¢-index norm results are obtained which allow
weaker smoothness assumptions on -g—t- than in some previous treatments. Optimal
order convergence rates are obtained in most cases for the methods which are com-
putationally more efficient than standard methods. Work estimates of almost opti-
mal order are obtained. The techniques developed are also applied to single non-
linear parabolic equations with nonlinear boundary conditions.

AMS (MOS) Subject Classifications: 65M15, 65N15, 65N30, 76.3S5

Key Words: Galerkin methods, Error estimates, Nomlinear boundary conditions,
Fluid flow.

Work Unit Number 7 - Numerical Analysis. -

[Za&a s

Sponsored by the United States \Army under Contract Numbers DAAG29-75-C-0024" and
DAAG29-78~G-0161. This material is based upon work supported by the National Science
Foundation under Grant Number MCS78-09525.

|- e




IR

S

Significance and Explanation

Many physical problems in which fluid flow or heat flow is prescribed across
the boundary of the region of interest can be modeled by nonlinear parabolic
partial differential equations (or systems of equations) with nonlinear boundary
conditions. An analysis is presented for a particular model system which has been
used to describe the miscible displacement of oil by certain chemicals in the
chemical flooding of oil wells to produce greater reéovery from reservoirs. The
techniques extend to a wide class of such physical problems.

Some results for single parabolic equations are extended to certain coupled
systems of partial differential equations where optimal order error estimates are
obtained. Next, approximation theory results are obtained which allow some re-
duced smoothness assumptions on the unknown functions. Also, analysis is presented
which allows starting procedures which are computationally more efficient than
in many earlier results. Finally, significant amounts of computation are saved
by an iterative time-stepping procedure for approximating the solution of the large
systems of linear equations produced by a Galerkin-type numerical procedure.
Instead of factoring a different large matrix at each time step to solve the linear
equations exactly, only one matrix must be factored and used as a preconditioner
'in an iterative procedure. Very few iterations are then required at each time step
since the iterative procedure is just a stabilizing process for the underlying
time-stepping procedure. A complete error analysis is presented. The paper con-
tains work estimates which show the large computational savings of the precondi-

tioned iterative technique. Almost optimal order work estimates are obtained.

1he responsibility for the wording and views expressed in this descriptive summary
Lies with MRC, and not with the author of this report.
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abstract - continued

where Q C'Rz, are presented and analyzed. Systems like (*) are possible model
systems for describing the miscible displacement of one incompressible fluid by
another in a porous medium when flow conditions are prescribed on the boundary.
The procedures involve the use of a preconditioned iterative method for approxi-
mately solving the different linear systems of equations arising at each time
step in a discrete-time Galerkin method. Improvements in starting procedures
over many methods are obtained. Some negative-index norm results are obtained
which allow weaker smoothness assumptions on %9 than in some previous treat-
ments. Optimal order convergence rates are obtained in most cases for the
methods which are computationally more efficient than standard methods. Work
estimates of almost optimal order are obtained. The techniques developed are
also applied to single nonlinear parabolic equations with nonlinear boundary
conditions.
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