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ABSTRACT

Isotonic estimation involves the estimator of a function which is known to

be increasing with respect to a specified partial order. For the case of a linear

order, a general theorem is given which simplifies and extends the techniquc~ of

Prakasa Rao (1966) and Brunk (1970). Sufficient conditions for a specified limit

distribution to obtain are expressed in terms of a local condition and a global

condition. The theorem is applied to several examples. The first example is

estimation of a monotone function ~j on [0,1] based on observations (i/n~X~ 1 )1

where EX 1 = p(i/n). In the second example, i/n is replaced by random Tni •

Robust estimators for this problem are described. Estimation of a monotone

density function is also discussed. It is shown that the rate of convergence

depends on the order of first non—zero derivative and that this result can obtain

even if the function is not monotone over its entire domain.
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SIGNI F ICANC E AND EXPLANATION

In many experiments one would expect that an increase in “input” will produce

an increase in “output” . For instance , the greater the vitamin concentration , the

faster the growth of organisms; the greater the force applied to a rod , the greater

the elonqation. However , due to random effects, experimental results may not show

the expected monotonic behavior .

The most common method for dealing with this situation is to use curve—fitting

(e.g., by least-squares), assuming some parametric form (e.g., polynomial behavior).

However there are many situations where this is not appropriate.

This paper discusses the estimation of functions which are known to be monotone ,

but which are not assumed to have any particular parametric form. The exact distri-

butions ot these estimators is very compl icated , but some limiting distributions are

known . The paper proves a relatively abstract theorem , which can then be used to

-~t . t ~~t i n  a l l  t he  known l i m i t  inq distributions , and to extend these results . Some new

t e at  o al ~o deser ibt ’.1. The theorem is  applied to es t ima t ion  of monotone

* t t i i t c t  ion~, and t ent imat ion ot monotone dens i ty  func t ions .

I t t , -  e~;ti I t  s t  
~~

‘ I i  cd to ont’ of the most con~~on non—paramet r ic  method s for

t c i  ii ttq w i t h  s i t  oat  iont ;  wti ~~t c fa i  lure of the data to e x h i b i t  the expected m onoton i—

v • . ~~it dod .e a sampling a r t  i fact  , namely  the i sotonized mean: t’~O nt’iqhbotii

n i t  • .1’ . v . t  t i on~ t hat d. not h ay . ’ the expect eti monoton ic behavior are rep aced l~y

two num~ .’: • . . .‘.i. h ,‘qua I to the mean of the  observations. Thi s  procedure is I epc.It  t’.I

un t  1 tb .  est imat ol-  i s  a monotone funct ion . The resul ts  in  t h i s  paper show t hat  the ’

i ’~t ’t ~ ’~. t : i . I  mean in  sensitive to ext reme va lues .  I t  is shown the l i nea r  combinations

‘f •i d o t  ;t  at  i n t i . ’s can be used to ob ta in  •‘st ima to rs  wh oh are more robust tha n the

~ot ~~n I ? . I  mean.

~~~~~ -r t .  ~~ • i . r - . I t . t  i t v  t o t  t h e  word i nq and v iews  t’xpio’ .~ o.i in th i •1ts~ r r i pt 1v~ silmm .i iv
1 i ‘I I~ , • i t t .h  not w I hi I he ant  h i t i  ot  t h is  report

_ _ _  

_ _ _ _  _ _ _ _
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ASYNPTOTIC DI STRII3U’FION S 0!’ SIA ~PE OF GREATF.ST

CONVEX MINORAN T ESTIMATO RS

Sue Leurgans

1. Introduction

Suppose for each of n independent var iables X .  there ~s a known t , such t h a t  the ’

distribution of X is believed to be determined by and to vary with t . .  Let F t di nc ,t i -

the cumulative dist rihution function (CrlF) of X ,. Let 0 ( .) be a spect lied t i i n ~-t  iona l  ott a

subspace of cumulative distribut ion functions . 0 induces ti , a real—valued fu n c t i o n  o t t  t he

space of t ’s by ~i ( t )  — O ( F t ) .  p is an isotonic function if there is a partial order on the

space of t ’ s Stl i ’lt that  whenever t i s  “greater  than  or equal t o ” s, t i ( t )  ~ i t ( s )  Th i s

paper concentra tes  on the case’ in  which the t~ ar e  real  numbers w i t h  the usual  oi~ 1c r in q  and

p an isotonic  func t i on  i s  equ iva len t  to p a non—dccr easinq  f u n c t i o n . An i s o t o n i c  (or mono-

tone) e s t ima to r  of ii w i l l  be an es t imator  which  a lways  has the known m o n o ton ic it v , but i s  not

res t r ic ted  t o  a pe at  t t ’t i i ar  f u n c t i o n a l  fo rm.  Use of an i sotonic  e s t i m a t o r  is  a p p r op r i at e  i t  I

order r e l a tion  i s  c e r t a i n , t hat  is , it  the f a i l u r e  of the ’ observat ions  to e x h i b i t  t h e  ~i’~’~ i f i e ’i

i ir d, ’r  a s  au art i tact of the randomness of the observat ions  d o m i n a t i n g  the’  unknow n under  I v t  t t q

d e ter m i n ist  i~ ’ t u t ~’te ’ a s t n ~1 f u n c t i o n .

The l c a st — s q u a u  i s  so lu t ion  to t h i s  I’r oblem has been know n lot - some t im . ’ , Avi ’t , .‘t -it

(19S5) and van Nedeti ( 19%) describe an t ’St (m at er  p h  t ) (t h e  I sOtOn u ~e ’d mean)  wIn cli i s  t h e ’

~~ifloton,’ f unt ’t ion w i t h  smal les t  • t  t or sum of si tuates ( 
~ 

( X .  — U ( I  I) , ii not i~ii ’ct .‘as I n~i t

- 
i - I

~t .i~t~tp t  iv.’ ) 
~‘ pools obst’t-vat ions u n t i l  t he  g ro u p  means ar t ’  u ni - i  ,‘as i nq Rat  1 ~ w , •‘t . a t

Chapter  1) d i scuss  several  a lgor  t thm s t ~.u co m p u t a t i o n  of t h is  est i mat or  we sha t it ’ ., ’ t is i i

tha t  ii~~(s)  i s  the l e f t  hand s lou .’ of the qreat e st  cottv. ’x ml no,-~~nt of he’ •‘umu hit i v .- - t im f ’ t

•‘es s of t he  X ’ s (I (I, X
1
) , 0 n })  . The a s y m p t ot i c  • I i s t t t b u t  lout  of t h  i t  t m , e f o t  s.c-

stated by Srunk  ( 1  ‘ t ? t < )  . This  paper show s t h a t  Brunk  ‘ result can Is’ sharpe’ned atid • ‘~~ I • ‘ t i .  Ic .

through the l i s t ’  of a theorem on the d i  ‘it r (b itt  t on of the ojs t, of  ~ir eat  ,‘st cony  ~ m u  u t i ’r a n t  ‘.
~°yt~on fl

- - -  - 
0

• sponsored by the U n t i e d  Sta tes  Army under contract  No . h tA A~;.”t- ~~.— i  ~~~~~ T h i s  5,41 “I  ; , t )  t .
based upon work support i’d by the  Nat tona l  Sc— I en< ’e Founciat ion unde’i i;u ant  Nos • - 7— t~~~
and fit ’s 1$-~ t U ”, ,”,.
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This theorem can also be used to •xtend the results of Prakisa Kao (l96~) on

est imation of monotone densit ies,  as wel l  as tø obta in  asymptotic d i s t ribu t i ons  of other est i-

mators. The general t hecure,m as  stated in siction 2, applications of the theorem are ind ica ted

in section 1 , and the general theorem is proved in section 4. The final s,ction contains a

discuss ion or the  r e l a t i onsh ip  of the result s described here to other research.
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. -rh~- . .. ‘u ~’t a) ‘rhe’or ’m

The .esvtni t o t  i si t ‘0 t P i t t  ton of these est i mat or s  ~ ii! a i t t  erect  because the I i  O t t  e sam ’ Ic

- t tt s t t  i ‘t t ale ’ • ‘~~p~’ t a l i v  ~‘e*ip Ii cat esi in all but the  veu-y simp lest cases. Hewevri’ • t o

I a a n  nit i t t  no i i ’ ‘-it t I t  . it  i s  tt .’ce’ssai V t o  sp ecify  hew the  1 am I t  S au-C i4’t a t  ned . i t  • I ci e’xamp he

I i i ’ - , ’ ‘ St  t ‘ S t o  w hi c h  X ’ s s~~ri’espond is  t axed (ait i l  hen*’e’ f t  l i i i  e’t • w h i l e  t he  ni~~ bet o f

ot ’s,’i s s t  at •-a~-h t I’,’cstmt’s i it t  i i i  ‘1t 0  • an~I it  t h e  me’Ati of I ho,— ,’ ~~~~~ ci ii u . ’sI~ std i no I , ’ a

- i i  I i ii l i t  t ,‘onv.’l ~ e’’~ to p ( i i  and p t a k e s  on a d i  sI i nct  value at each of the I • a tot

s)’ i c l i  oh ’ s, vat  t ~si i s  ‘i i , ’  1 ,‘s ’ot~ Ii ’d • then these mealts are asymptot i~’all v cons ta t ent • aa~~~tt e’t I e’a ll’

t i t , ’ ~‘,- , )‘  i t  • and a sy m p t o t i c a l l y nei t ma I i if rt’scaleei in the usu al  manner) (See Pa, soils 1” ‘“i

‘ i t i t i  I !ii’a ~l i  ,.~ ‘ui , s IOf l  5 ’f I h i s  cast ’t

‘i’)i i s  a ) - c t  - cncent i  ,lt e-s on the case in wh i ch  the ’ m aSher of •l t a t  a nct t • at wh ich s9’aet —

-i- i t  i . ‘ i t - . a t  ,‘ t i l e ’ hec~ mes ir t t n a t e .  Exact cond I t  1005 on the’ i-i appear below . M.anwh a 1 e’ we

.1 ‘ urn , ’ t h at  f~M eac h it we sit i set  ‘ i t ’ I ( ‘1’ • X - ) • t — 1 i ) ) n \ where x t’ . We ~‘aei a ssiim.’
na  01 u t i  1’n a

t ~~~t i ’ ,, ‘ I - - ct  v , t t  ion , ,  t I C ’ and .’xr ’sl s, ’ t h a t  I m c i  cast’s ( s t  i m c I  l v t w i t h  a t o t  ,‘v e% it - i f
01

h. i t  p a t i , t sum , X is  t h u s  I It . - colt -os t t au t  of t h e ’ i t  It oi ~~~ s t a t  t St Ic , ‘t t he’ ‘I’
01

• t I ~- e’ t ’ ti ’ I - .. - ¶ - -
~ . - I of t he’ under  ly  m nq fu  net  a on ii t s ~‘m ,‘ s,’ i ve ’d ~~ m, ‘it ’t ~‘ut , ’ I t i c u ,‘a I t nt h u t ,

I I on ’  - i t  w i l l  ‘ I t  ‘ii 1’. ’ , oit\’ e ’ i i t i ’t i t  t o ~~lm -k w i t h  i t  - , i — l i l t  ut u , whet , ’
I t ,  I t t

a i i .  The’ I a m e e’’. ’u - u I  i , i 1 l ~ <‘gala 11 v spae ’eei In  t he  atut i t  I lit e’i v i i  . 11 1 i ’  I tie t I ,.i) itU t  n a  - ml

• “i t I i t ’ t , ’ i i . . u i ’i’i~ ’ i i  e . i I )  •t I s t i  i t’ut 1. -n f t ~~tct  t iSt  ~‘t t he ‘I’ - , and ~ is t he  l e f t  5’*sItt  knemoe ts
at t  U

t i  t ic  ‘ i i i .  t i s iti I I- ’ I I ’  1 .iutii 1’ — ~,‘ ( t  1i t  U i t  n i  it n i

- - u t , t ~ i , ’’ .1 •si Pa I ‘ i ’ i ’ ,, ’ t ‘ i i i . ’ st me ’an • we’ may w a s h  to  ~~ta- k w I t  11 esI  imat  s ’t S oh t h e  I o e m

I i t  , 
~

. 1t  t t  t . 1° whe ’i , ’  s h i i ~~s’eim (~~) IA us t h e  1,’f( —hati ,j c l s ’ t. ’ .it

I he ,~~t , ‘ u t  , ‘ I , o i i vex  f l t it t o ,  a n t  ,O t hi’ set of p~’i n t A , ~‘ t t  1 a t- att ,ie~ i ,‘s ’ii t t f l a iOi iS  I’ m o~’e ’sS Al i si

T t ‘. i t ’  i t t  ‘i V i i  , - ‘l i t  .11111110 , Theom cm 1 st a t  i’s t h a t  i f  the’ u’r ’’ce~~ sat a ~( i.’ I ~~~ ‘ ,~~in—
n

it i t t  , ‘u t s , then t he  a s ymp t  .‘t i~ behav t o t  of It ( s )  a s  known . W h a l e ’ t he  csiltsl i t  moos I “~‘k go i t . ’

om~’ I i , ’,, 1 , 1 , t h. ’v can I’,’ d. ’’-~ m a t ’e’,t a n t  t i l t  iv , ’) v and vet- (tied a im u’ m .i,’t Ic . ’ . notei-e’ ,‘xsmi na  Usi the

“ i i  i t  I ot i s , I I  n-i u s efu l  to tot e that t h e  Pt cot uses the  appi siX (slate eat amatol s

i s )  — -~~, ‘ u - ’,’m t . - i ) l i t ,  ( I ) ) , t~~ s~ cn hi . ~. ( ‘0 m~ ~e,’n to  be a los ’S) v e i s aon  of ii (~~ t
i i ,  i i  — i i -  n

- -



Th. first condItion Z as that the increments of Z stay above certa in lines ovel , - .- i —

tam regions with su f f ic ien t ly  high probability .  Item~ ,k  that these lines depend on it and

although this  d.pend.nc. ii suppressed an sa~~~ of the notation . Therefore weak convc ’rqen,’c. s - i

the Z ‘ru ess.u w a l l  not imply CondItion 1.

Condit ion I ( f l a t t in o  Times)

lam Lie P(Z (t) — !(s) ‘ L~ ( t b  , coats t . — ‘~ a — 1 ( 1) 4

~~t.re L~ (t) is a line and I an interval.

1 1
(t) — (— s1 it 1’

l~~(I t — 5 • .~s’f l 1 , —) ‘~ T

1 1
(t) — L s ,~~ ~ ‘I’

1 4
(t) • (-~~ . a — 2cn~~) 1 1’

The f i r s t  two l ine s are def ined as fellc ,wa :

— — t(n .c) — ( s — t h t i ( n , c)

I - ,(t) — t(n ,c) —

where

— — 
i — p  ‘ .‘

~~
‘

u ( n , c) — p (s) • ( s ’n L’~ is ( s )

a — a 4 2cn~~I’

I (n , 5 t  • ~. I :~~‘ ~ ~~~ :~ 
l j 1 ~ ,‘ (a)  ~~ 

(p .1) ‘ (  14-p) ~ • •, ~. -

f or some constant s id at • p .  ,‘(sl  and I.,

as obtained by using the formula for w ith iI( n , c) Is ‘-“ri” .” 1 liv

i t ( s )  - (2cn 1 )~~~ ~~~~~~~~~~

1
4 

mc obtained from by making  the seme ~ubs t i t u t (on  and rep lacing s liv s —

The second condition is tha t a suitabl y renoa’ma1Ate~i ver~ tofl of 7’n cs’uive ’i s Ic ’ t o  a W Iene t

proc ess about a s ’t ’lfl~~C* func t ion. rh as eon~i i t ton wi It be used t a t  ciht sin t hi’ l i mit ~no )-i’ha~’ t e l

-4-

—

~~ 

——

.~~~ —~~~~-——~~~---- .~~~



-—v--

- - -‘.---—“—----- — ——‘——-——— ‘—“—~~~~~—- - ‘—.‘—— -- - -- .‘— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,, 
~~~,

I
~1

u I ‘0 T O t  s f txe5 t  ,tn,t n t a t  ~ie , Thus I he’ silobal ft a ‘-it s ’~’i~,l i t  ton w i l l  1’~’ s i - s t I c  ‘,l ss “ii’.

hat I it .’ I ‘‘ca l l’,’h a v t , ’t ‘h 
~
‘

l 
det ,‘,m til e ’ s the as\’mpt ot a”  lseh,~v l u s t  s i t

s’ons l a t  a s ’tt ,‘ i t  ~n’ a I W en~i, s ’ssnve’ i 0e’Its ’e’ 1

I t . 
m ~1 s 4  ? ) ~~~~~~~~~ ~. I s t )

‘ is )  N I mm ~”

w 1 t~ 
“- ~~~ 1 2p i l  <p ) t

I t 1

whe t- c p. ,, • (‘0 ansI 0 ~ st  ai .‘ ,‘~‘nst ant  S (e ~ t i b  ~ I1SI (~~t ( ‘ os a t  m y . ’) w It t ‘,

I w,,’— s  asted t .t  .*t tst,i t si W te ’Im ,’t p la i a ’esS ott  ( — 1  . 4 1 1  .-tn ~) (itt ’ s’OIl%’ t’i’qt’l 1 5 . ’ I S weak ~‘~‘tt ~’ei s i c ’s, - , ’ ,‘n

~‘ I — l . ~~l l  ,

t he ’, ‘t ,‘itt .‘ . I

I !  ~~s ’t iis ’4!ii’ es ’ltt t a t t t  1 15) and pass a t  IVS ’  s’s’ns t . a t t t  ‘ ,‘ ( 5 t , 5 ’ 1 5t  .111,) p . t i , ’ l i  ~‘~~~~‘ 5 ~~’

s.i t a I v i ‘ctt , I l t i ‘‘It’s 1 atmd .‘ al’ov,’ ,ansl ti~~ t , ; t — u l  uti l  cost t t • ‘

~~ 

I t t • I • T • I hen

I j ’
ii t i ~ I 5~ I (“ s I

t t  (as )
t t ~ 

___ -
~

-
~~~ 

- - st a~
t i , , t , ; t

w l i e ’ t , ’ X 11 ‘
~ ‘l s s t , ’,’i’ii ‘h I t t  . W ( t  I - I ~ I t  .*ttsl w t t ~ i S  .1 ‘.1 , t i S l , I t  ,I Ii 1 , t i c i  ~ i , ’

‘it ~ ~~u t l t  Wt s ~ ) —

The f e l l  ow In,, ext ens ott  , ‘t ‘rhe’sti - .’m 2 . I v i  Il L~’ it tied ‘ ‘1 s ’i ’ I , ’ I a,  a 1 . .‘ is—i ow . I t  is t I I - - I

be i’’ cv.’d i’xp ’t i , ’ i t  I v , h a i l t o l l  ow,; ft ~sm a a ~‘iit t n e  mod i ! la ’at ‘ion ,‘t St i ’)’ 1 ci I I i , ’ p t ‘ “‘ I  -

s O t  O h i . I t~~

l’ t t ,t , ’m l i i , ’ ,-~‘ti, Ii t acit, i ~‘f Theoa - e’sl .1 • i f  I’ — c (n t ) ,itt.i ii t , l t  — I s  I ’  •~~ ‘ • I he ’s t i c ’
Ii  ) ‘ ii n i i

- -cit,  I s u  ,‘tt 5 ’t Thee t cm 2 . 1 he lii a I cm t~~~

- -

~

•,
- ‘— ——~~~~~~-—. ~~~ - - ‘~~~~~~~~~ - --~~ - ~~—— - — - - -—--—-~~~~~~~~ — -~~~~~~~~ ——~~~~~~~~~~— .‘
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- We shall see below that the ~‘-itsc’ p — I , ’~ is most cosunon in applications . In this case .

the d3sti’ibution of X~~
’1 can be described without use of convex minorants , As stated by

Prakaca Rae ( 1969) , the d i s t r ibu t i on  of x~~
1’ ~ is tha t of T/2. where ‘I’ is the random

vaLue at which W (t) - t attains its maximum . Chat-not? (1%4 . Theorem I. p. 37) proves that

T has a density of the fonia h(x)h(—x) , where ii is a function involving partial derivatives

- of a particular solution of the heat equation.

S

-6-

LL~ -

~~~~~~~~~~~ 
——-- -- -- -~~ _ _ ___ - ----- &~,-~~~ -- --~ - - - - - -. a~~



—.— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 , ~l - ( -  1, .11 i O f l S  s ’~~ I i s ’ Tti e~~aem

rt’~ s t ie5 ’t i on  ,- ,‘tt sas ts of t~~’uI s’Xaiflples of the application of Theorem 1. We shall see that

t’~ - - ‘ i  c’s, I c,.t i  It,’ t is ,’st I s ’ t -educc t ht ’ ,Iei iv , st  ion of the asymptotic distribution sit  an e’st illtimtoa ’

c ma ’nut t s t t l e ’ t i t l i s t ion I s ~ 1 t ie ’ a’er at  t e at  ion  of speci f is’ conditions , each of which is suited to

ttls ’t u I iind~ititt ’nt .tl h ’ i s ’t ’.I l’ i l i  st is ’ approaches

t s ~anij i s - I t  Th e ’ i s ot , , t i t : s ’st Mca~~. E q u a l l y  spaced d e t erm i n i s t  Is ’ t~~s .

‘- I  t h .’ t ains ’t t on,a I t~t • I ~‘t ’c ’a a t , ’ on the s~sic, ’ o f cunaulat ive di  St I ibut ton  fun i’t a on,; with

11111. ’ ~‘x}’ s- . t I i  i O n S  1’~ .i~.” a i , Jn it i s t  to  each s’171’ it s  expecta t ion . The induced fu n c t  ion p s at i s—

i . ”. , ~ t • EX . The’ 1 SOt s) l t i  ‘~.‘d mean h al l usied to  in section 1 is a na tura l  est im at ot
t n

5 I r t s t ’~~~~~~~I s )  , ; l s ’,i, ’s s m i s t  U). \ N . ) ,  It ‘~ n I  — sloqconm(s) { (~ ‘n . ~ 
N ‘ n b  • Ct ‘i it ‘, 1 1 ,

a — I  i — l
i l l , ’ ,‘~~~ t t  t o  ise ’ t he  rand om f u nc t i o n  let  i Scsi by linear interpolation between

V x i i t  1 a . I Re ’5 ’, t l l  t , I i t , )  Thaus i t )  is a normal ized  cunm aalat ive
i 1 

— — n ~ It

ui’ ~‘t s ’e, ’s,; t h i s ’ n’ I will be 5-it - ) - l i, ’d t , i s t i ’ i ’, ’ the  fol lowi nq re’su i t

, ‘o t O U. i t \  I

As -t im . I t , - t s ’l lsiwansi s i x  s~~ i i s , t jt j O f l S  , I t e ’  The t :

I , X , I * l i l t  Ii . 1 1 , ’ Slut uat  l v  t t i 5 l s ’pe ’nsl.’nt , t o t - each y t .

:. I X  -. t s ~~~ i t i l
‘ i t

t~ V,ii \ • , ,. . m i i , (  ,‘
‘ ‘t and ~X — ( a  li l t ’ , 1 t n , n l . a i e ’  un i f o f l n lv

i i i  I i i  — — —
i i - ?  ‘‘sit at’) .’ .

-I - 1 - I ‘t i t , ’i t  that ‘sip 1. I t ( s )  an t  1- ( 1 )  I o t  som,’ ‘~ ~ 0 , an~t ii i s

t s S’- ;S t~~I~~+ ”i’

t i - I  ~‘,t , ; t n s ~ a u  a t ie t s u t i h s, ’u hood o f

5 , p ha ’ cs NI  P 5 i t . j , ’u 5Ie t  tv , l t  iv , ’ .51 s

s. N a s  (P . ’ s m a l le st  r st ’ ; i t  ly e  ( I  t f l i t , ’ l i l t t e ’ sier w i t h  
(N )  

~~~

I ’Itei

N ( N s i t  [ t N ~~iH  
- 

l / (,’N4u1 

~~ i , s t- i i ( ti ) )  ,t
I N i  

5 1 , , N
1 

U
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F ts i a it  : The condit i, ins of Theorem I are ~‘h,’5 ’k,’d W ith ) ( . ‘ N +  ~) 1 , ,, (
~~~) * 5 ,

5’( s) • ( ‘,)  - ‘I (N+l) I) , and 
~ 

the  normalized  cumula t  ivc ’ sum p r o 5  a s s . iI c t i s ,t  S

-
~ (n  • c) — p ( 5 )  by c in  ,c) . For notational conven ien ,’,’ , Wv i ’ i t t s ’I ,’ (ii, ’ 115 51 l i i i  i t s i  ,‘ ~ I I~t’ s~ t s -t it-

f 5 t a l i n q  Is ’ bc an integer.

We sketch the verificat ion - i ’f t he  first i l it t i t t s i  Time Condi t  i o n .  (The 5 ’t i i i  S a ,  ~‘ i s t i t  i i i , ’

vat -nations .) In this example, the  first Hitting Time Condition reduces t o

I L m  l a m  N N / it  - t (n ,c) — ( s -k  ‘n)~~ (fl ,c) , some k U s ) ,  which involv es sI ( : , s ’)

a—k 
(X — u( t .)) ‘ n t ( n , ct  4 (na—k ) , m . d ( P ( t

ni
)_P(S) ) , some k ’ n s l , ( It s ’ ( ‘ t t ( ’

ability that a cumulat ive sum process crosses a Une , where the sequence of cumul~~t i v , - sum s

depends on n and the l i ne  depends on n and on c. Si nc e ’ the  f o u r t h  assumpt ion  s ’f  t h.-

co ro l l a ry  impl ies  tha t  p ( t . b — E (X .) p ( ’0  for  1 < it s , q ( n , s’)

ns
ii 

~ 
(Xnj

_ t i(t
ni

I ) ~ nt (n •c) + ( 1 ’ i s ” k ) n ( n ,~ ’) • some ii ,~, ns). This last s’xI’tession 5’ a i i  Pc-

i -k

wri tten a’s P15 ‘ n t ( n , c) • i t ( n , c ) ,  some 0 a ns~~, where s i s  the  C t h  s-un tu l a t i a ’ cof — — Ut

sum of n independen t random variables with v a r i a n c e  ‘‘ . (Ising ‘hi’ Dubin s—Sav.iqe ~n e qu a lt t ~-

(see Dubins & Savage (1965) or Dubins & Freedman t1065) ) ci the  i laje k”Reny i lns ’~ u a l i t v  ~~~ l i esi

to the subetartingales S~~~, 0 ‘- ‘ n} w i t h  s’onst .t i i t s c
k 

— c (n ,5-b ( ‘
‘ ÷ nt(n , s’)k ) I t s ’s ’ ( i ’W ,

Robb ans , and Siegmund (1970 1 • p. 25 ) , it can Pc shown that I’, ~~~~ , u t  fl, s b  + i (ti,s i 
• i- s -ui,

-l ~~+ i  N N ‘ ‘ -l
0 1 n s b  (1  + c ( n ,c )n t ( n , c) ‘ ‘~~ ) — (1 + c ( 2  — l ) c ( s ) : . ‘ t  , T h is  i m ( ’ L u c ’’

jim h a  q (n.s’) * 0 , as desired.
c-~~ n~~

Af ter s u i t a ble  changes of notation • the weak COU V CIsi t ’ t is ’e’ s’s’flsi i t t  5 ’tt  i s  55011 t s ’  t “t t i  i t , ’  t b , ’

weak convergence of

n S+i  -

( 2 )  
((~

.
~~

_) ~ 
(N 4 - u ( — ’~—— ) ) 

+ \ L I ’ ~~ i ’ r u t

i—i  ( k ( n )  ) i — I  I k i n )  i 5 t .. !  
~~
‘ is l i t t

-15-

- 1 _ 
— I



~- k ~~) .‘ s ’ t ;~~ . Assumption 3 s-u s - u t - i - >- t h u t  t t ; s -  Li t;dc~ erh’ ‘ ouid  i t  ion hold, ;  - t u ~

t ( X
r — ( ( t t s +  i l / n ) ) , 1 < a < k(n) I • whi ch in  t u rn  i m p lie s  that the f i t  t t  cc’m: - - u s - u i (,

- s >nv ~’r t 4s weakly to Brownian motion (see Nillinqsley (1968), p. 77 , problem 10.1) . ‘l’(sv i- ~‘s- ,, i

N+1 ~( 4 1~component as determin istic and converges uniformly to (s)t (2c) ’ - /n ,  wh u- ,-

0(s) (ç) ‘(5+1)!. There fore the local weak convergence condition is satisfied , ~~~~ t ’ ,

proof - r e cr o l l a r y  1 is -m )-lete .

~~~ m , 1 e 2 ;  Isotonjzed Mean; Random t s

l e t  ~t (.) and u be as in Example 1. Corollary 2 shows that the assumption of ->‘ ;a~~1v
-~~~c~- d determ irti-i ti c t ’s can be relaxed . In what follows , F’ will be the usual rI- i t-

‘sin tinuous function and wal l be the left—continuous empirical quantile func tio y5, ‘p t , - ( h a t

F IT . )  and T - c (t  . )  i f  there are no t ied T - ‘ s.u _ i  n n i  n i  us ni ni

sI r ‘I  l a r - , - 2 .

A> ~; ii’,- t h a t  conditions 3 t hr o u g h  6 of C o ro l l a ry  1 and the following t:-uree conditic,ss arc

1. IT  - , I < a n- are the order statistics of a sample of size n front a dis tt ibu t ;> - ,>U I  — —

F ~h ;  It  1’c’;Sesses a positive derivative f(s) at s.

FIX .1 oCT .1 artd lx - — I I (T  1,  1 i < n r  is a set of mutually itidepe niontni ft ni ni —- — 
.

random variables for each n.

3. I- t - r every n, (CX - — u(T ) ) ,  1 i n~ and ~T - ,  1 i < n 1 a re  inds ’(- i ’r ; d ’n t  se t ’ni ni — — ni — —
of ra rs~t - n variables.

Then

n
(2N

~~~ 

~ ~ ]1/ 2N+n 
(~~~(s) - p (s)) x 2

~~~~~~~
p ( s )o

where p (s) is the lsotonjzed mean based on ((T - ,  x , ) ,  1 < i < n, n “ 1) evaluated u t  s.n ni  ni  — —

Note t h a t  the limiting distribution is exactly the same as in Corollary 1 , ex -e;-t j et  r h ,

presence of f(s) in the normalizing constant.

4’ 
- - .- 
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Proo f~ Let p, a ( s ) , and Z
n 

be as in the proof of Corollary 1, and let p ( s )  =

(N)
~~ ),(f~~~(N+l),) Recall that %1 (s) = p (F (s)), where p is the isotonized mean based

on {(t ., X. ), 1 < i < n}. Note that d = F (s)  = O ( n~~
”2) = o ( n ~~~) ,  since p < 1/2.

Since the conditions can be ver i f ied  tar s or for s+D , we choose the more convenient form

for each condition. By subst i tut ion,  the Hitting Time Condition involves probabilities q(n,c)

which are obtained from those of the first corollary by substituting T .  for t .  and

nF (s)  for ns. Since the T , s  are increasing in i , EX~~ 
= lJ (T n ,i

) < 
~~
T
n,nF (s) +l) =

p ( Q ( F ( s ) +l/ n ) )  < p ( s )  for i < nF (s) , and Hi t t ing  Time Condition follows from the argument

for Corollary 1.

The weak convergence condition involves the convergence of the process defined by linear

interpolation between the points of

(
~ ~ ~~~~~~~~~~~ — P ( T

n,n F ( s ) +i ) )  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—

k ( n )  
i=l ( k ( n ) )~~

”2 a 
+ 

i=l a ( k ( n ) ) 1”2 
0 < L < k ( n )

The first component converges, as before, and is independent of the second component, which is

now a random process . The conditions of the corollary imply that the second component converges

( N) N+1weakly to the nonrandom process (p ( s ) / ( f ( s ) ( N +l ) ! )t  /a. A proof of this fact can be

based on the observation that since i~ is monotone , {P (T
n j

) . 1 
~ i I 

n} is the set of order

statistics of a sample from the CDt’ F”p
1. Therefore the second component requires a local

weak convergence of cumulative sums of spacings. If F op ’ is an exponential distribution

the fact that the spacings are independent exponentials can be used to construct an embedding

in a Brownian motion from which the result follows . The differentiability of F at s is used

for a Taylor series expansion.

Example 3: Smoothly weighted linear combinations of order statistics; equally spaced observa-

tions

Let J be a sme~uth (see below) weight funct ion defined on 10 , 11 w i th j J ( u ) d u  1.

e(F) is defined to be the solution of f J ( u ) Q ( u — O ( F ) ) du = 0 (where Q = F 1) for all

— 10— -
s

r — 
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, - u s t  u u t i u 5 ’ i u ’ t  F such t h a t  t h e  i n teg r a l  is we l l ’- d e fi n ed .  For a l l  F members of a sp edif n-

a ait s I at  t c u t  [am a Iv  • S ( ( ‘)  a s  a pc ’t s en t  l i e  of F. Which percentile 01 F) , l l ve ’s  depends on

t h e  we’ 1 ‘tht f u l is ’t t o t i  and on the shape of F. For a’~ amp l e~ , i f J is syninet rid about 1 -‘2 and

he t i s t i  i t i nt  ~m it , ’t c -’rm i ned to- F i ’s svninet , i s  • 0 ( F )  i s  the  median  of F.  The we’ t a ih t .  ut ~~ui ’ —

i on ,I , t l i  l’s ’ u i ,u ’ ,i I s ’ s -oils t i l l , ’ I t ice f ’s  1 1 5 w  nq pt oi—ess ft - scm w h ich  a stoqcom ,‘st t usato, wi l l h,

i t O  .c i it s , I

( i t  C , I ‘, i ‘- k de ’,t , ’t  ,‘ t h e  t t  ft o i d , ’, s s t , -It  1s t i i ’ ot t h e  ~ot N X . T))en
t — ( t t  1 k

l i i i  s t t ~ ( i i , 1) I i~~es1 ,iit,l po~s a t  i vs . de’ I i ii.’

i~~~~i t t t = ‘~ ,l( 1 (~~4 l ) t C x  . 1 - i .  I ) ‘it and
i i  

I I 
It  i t t 5  1 4  1 — - (j)

li t _ ,I(( i~ +~ (I {x , I ‘ i ‘ C l  - ,t , where ( I t s )  is the least jntr’qei-
ii nOtst-t+ ( - — ( t )

‘ i i  ‘ c l i i  t t t , t t s  ‘i , ‘qt ia I I , , It , ; .  :‘~~ ,‘an be t hought of as the  c u mu l a t i v e  sum process of i’,i t o l —

7 - c t  i c - s 7 , c lt , (  .‘ - ‘, ‘ t u f ’ ’n , ’,I at- (1. i’ ., :’ I t )  — : ‘  (‘;) ) with •‘,-s-I t sum i s !  random var (able’s ,ejslas ’c’iI I’y
Ii Ii

I It ’ ’ .3—w e ~ iI t t  i’d ~ itm , ‘t t h e  ,it i,’, ‘s t a t i s t  ( s ’S i i i  t h e  slams’ set of i-andont va t -  t a b i c ’s  . Ext-en’)

- - - ,  , ‘I I I  t l t ii , s tt ’ ( ‘ I ’ ’ ’’ t t s ilt 111 , 11 I-y I i n ca ,  i l i t  e l-t ’o i s-ct t u s f i  aii.3 s i ef it t e

(s) ‘ ‘ I ’ ’ u s ’tli s, t t  I ( t , 7 i t t ) ,  S t 11.  t- ’st t  .‘at t v  [ t i t h e set - of integers A , d e f i n e  N (A)
u s it -—

I -  I ’ , ’ i t t ’ ’ t t iui t l’, ’t i s ?  clc’meitt ,~ , ?  A.  l e t  ,t (Ii,) ,)e’flot ~ ’ ‘t ,I ( ( - ( N  (Ih ~) + 1 ) )  lx - Al  - ii.
it - 

- 11 , 1 1 1 )
1 ’ 1’,

‘ l i c e , i- - b c - u I  1’, ’ wi I I -t on  , c t  ( N (  7 , 5) ma x ,l ( I , )  4 N O t * )  m i t t  .3 ( I I )  I N ( l , ~ U t I e) , wh et e  t i c ’
I t  it  Ii

i t ’ s - an t i s  1 -  I -c ts c ’ t i  s ’ ’ ,’ ,’t I It s s O t  ‘ - I ,  o f tIfl’ fist-ni ‘ (ns  l i s t  sotite i • 1,~ is  the

c u  -i . ’- -t - - i t s - I n  - i - I  to,  w t u  i n - l u  ( I i i ’  in,’t~~j ni tim is  it  .1 t t t c ’ ,i , t its m i n i m u m  is  eve, sc ’? t ; 11 of t i t , ’  I i s ,  Si

5 i u . ’s + 1 ‘- 4, i , ‘and (I ~ i s  I lii ’ I a c u ” , ’  I stts’h ‘o ’t f i s t  wh I , ‘Ii tb,’ mi i i  imum is obt ~ i ned . Not e

I b i l  I * n i - I  i i ’ , I t s i i ’ t n t  -

I , c t ~ I .

i t  t t i c - b ’ I  low~ it,i ‘ s i x  , c - ; - h c m p I 1, 5 1 0 .  at- ,’ m e t ,  t hen

N
.‘ N f I  

- 
( N e  l i i  .‘N4 I 

(p  ( s t  - (i(s)) sI X~ 
(‘N + ~) - I )

- - N  ( N I  It -b

~
‘
~‘1 ‘~ ‘=‘

— —-~~~~~~—~~~~~ - — — — — -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



I .  X — ~t (  
1

) a t ’ ’ I I t . i c ’ I ~~’r i d , ’t c t  • (d c c i i i  l i i i  I y , l t  ‘ I i  i l i i ?  .‘ I  t ,iit,Ii cm vi, i i i ’ ? ’ - - - c,, ii ~ , - i n - n ,  ci i s  -
l i t  Ii

,ii .t ? (Pci? i n s t  fttnc ’t ion F.

1 .t ( u ) n ,i ( i t i  ,Iu it , f .1 (tt)dc ,t ‘— I • ,jn,i p i ’ s  ii c ’t t— I,’,- i i ’ ,t ~~s I l O t  5 ’ I t  ( 5 , 1 7  ,

? . , ‘ t , - . - c ’ t t t  i nticiuis i~ - c l i  f f , -’ t- e’tit a . i ts) , ’  f l c cn—ne ’ c l at  iv’’ f un c ’t c i i c i  ic’I i , ’~.c ’ ,t - c t  1 ’ - ?  t ’ ’’ - -+

t ic ’ isle ’t- . ‘c ’t i t l  i t c,s,1 f c i i  s;,c~~,’ , 
~
, ‘- I . ‘I’Iic ’ - . s tj ’ ; ”  ‘ I  I ‘ ‘I 1 , ‘s  .1 .‘tci~ i - I  -ni l - - ‘

of (11 , 1)

1, “
‘ — ff .1 ( F ’ ( x )  ) J  ( l -’(~ ’) ) I ’ ( m ln ( x ,y f l ( I — l-’(m,ix (x ,v it lx iv n ’ -

~t ui’ .111 N t i t  s it  ~Ic ’ i  ,ie,tvat IV,’ .1? S , ii ‘~~~~~~ s I • wlt,’t •‘ N 1 ’ - 1 1 , - a n a l  1, - - i ’ u n i l - I

(N )
t i l t • ‘‘~~, ‘ ,  wt I li Ii ( s l  (1 .

C’ . F is ,tlc~ isIai te’ 1~~~’’’ ‘i t t  I noons • w i t h  s t  i t ,- ?  I v  p ’c’s  I I i v , ’ - ti ’c i’ - i t  I ‘- u i , - ! I ia? I - - ‘in s - - i t ,

t es -, c ’, 0 at  (nf  t , c i t  y and I is boctttcl,’d

The I i t  s t  t w o  n - s i i t , I t  t (‘sits des,’t i t ’e ’ I Pc’ mciii,’) .iii,I a ct,’, I I h at  I t i c ’  ts- c ’ t n ? t I  I t i l t , ’? I ‘St  ,1 i ’ s

.i7’~ ’t ~c~ ’t t a t e ’ .  ‘I’hc’ l i i i  i i  i ’,s,td j t i , c i t  (wltlc ’Ii t ci, ’l ci ’Ic’ ’ - ,-t i ’ ; t t t  , i ’ms t i t  tb,,? 1 I i  t n t t c , s  i t ’ s , ’, ?  C , ’ \ .~~ II V

t h e’ l~ c, ’ai Wt’~ik s ’, ’t t i ’ , ’l  , i e ’ t t , ’, ’ . the n , ’l c — n e ’ i i a f  * v i ? y ‘‘I .3 s t  7 1 is’ list’,) ( i i  ( is’ ~‘ i ’ ”  ‘I of 5 ( t n  l i t ?  I i n n - >

Time t’onii i l ion. ‘rho f o u r t h  ccc,ad I t  I , ’t i  i s ;  mscrO ‘-a , t , ’t i t t i t i ‘t i  I bai t  a , , ‘ t u , 1  i t  li ’ti , s i It . ,’ I i i , ’ I l i l t  ‘I

i’’sn,I it  ton c ’it,sc*, c’s t he’ in te’q  i- ca I i s  ( I n  i t , ’ . ‘t’Ito ( I  ( I i i  , - c ’t i . I  i t  tin t i c ’ s, - i i i ’,’’ - I I i , ’ I ci i i  I ’ c ’l i , cv  u s  i t  - -

i t  at s. The’ sixth ,‘on,I I t  t on i s  a ,‘oqttlat - i I t -  ‘ ‘ ‘t in ? i t  ion i n - c ’,? t o  ‘In ? a i t t  I -li ,’ s c s i  l i i  ‘ I i -  l u  l u - , i ’ s

l’,iii~,is 5ii iicn’ ,ic’,l t ‘5 compute I ii, ’ ci t i  f t  c ’omtxcneli t ci i  I I i ,  I , ’, , c  I t,” ’,i4, ,‘,‘t tv c ’t itc ’iac ’(’

(‘orollary ,sliow,; that f I ii,’ X a l - c’ , i l  I mt ’ml s , ’, ’s , ’l I I,,’ I t  -itt’ ’ I .•it ( c i i  1.115 1 1\ ‘ n - i n n - s  5? ,‘‘t
lit

IS V t Ic.’ (‘1W I’ , the t- ,’ l , -at lvi’ e ’ f f I , ’ i, ’i i , ’y ,ct two c i t  ( fis t ,‘tlt i s n ’t ‘ni t’ c ’n i  1 ~ tics’i I ,‘, cml ’, i i a t  i .e- ‘1 n i (n - c

qt at t s t ic,q w ith we ig h t  f u n, ’t c , s l c u s  ,1~ ,as~~I , 1 , Is s t c ~~? ,‘,iiiilIc ’,? b I i i , ’ 1,1? u . ’ 
~~~~~ 

, l ’ \  - ‘ ~,I ~ , t i

whore o (J ,F) ff , l ( u ) , l ( v )  Imi,l (u ,v)— ti vld~ (u)iI(~1s-t . i ’, s i . ’ i 1 , c c ~ I ‘. I i , ’w’s t?i ,i t it I i i - - l i i i ? , -

t ’a t i attes , the ’ s.’tmc’ f ot-mu l ti .~ tv, ’s t he c ’ !fj i ’ t , ’ii, ’~ i’f ~~ i - i ~ ? i ’c u i a c ’,l l t i i , ’a u , - , ‘m t ’ i l i , -at 1s ’ii ‘ ‘I , si  Ii - ’

st~ t i s t I i ’ s  , ‘ iat  tV , ’  ( 5 5  t It, ’ i s , ,?  ,Stll ~,e,i me,-a t t  , •a l  t hc’itglt the ’ w,’ t i t i ? tint, -? l i i i  ‘1 ?~~c c m e - al l  i c - i - s  11, 1

sat i sfy  the ,‘onej It i,c tt ~; cci Corel I c i t -v  1 . Tb 1,5 cam,’ t a t i i ’ i i i  I lie’ asymi’t ot I c  t c ’I ii It - ,- ,- ! I I - I  ‘ i i

Of I ~~~ I I  ic c ’,a * ~~~~~ ,~~ t I Otii of cir cit ’i  st t  .11 I ‘5? I n ’S ? ‘ ‘I c O s t  i m,’t( 111,1 l iii’ 1 i ’, - i t  1 , 511 - I I  Cl i i ,  - I ‘ - c - -1 I i i

dependent , hi c ’n t  l s ’si Ily ,ii sI t i t c i t t ~~cl rsaflclcim vat i . i l ’Ie ’~ whccstc ’ si c ’s? * u l c ce t  t , ’ c u  i s  -a menu ’, - I ‘ ‘I I I ’ -

tcs’.’it Ion family qe’nc’rsit Cci by F.  The-’t-etcci - e’ , c a l l  t Ic,’ compat l ’ s n s c u ’ s  kn own I ‘‘1 ‘a ‘ - imp I , I - ‘ - i i  c - ‘ i i

- - 
_ _ _ _ _ _  _ _ _  
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pt-obl.m carry ove r fit isotonic e s t ima t ion .  In p a r t i c u l a r,  if  F’ does not have a vai ia ici ’c ’ .

Corollary 3 app lies , and the isotonized version of any l inear  combina t ion  of ordet  s ta t l i s t i , -- -

which trims will s’oiive ’riie’ itt the f a m i l i a r  manner .  However . Corollary 1 does not a p p l y .  ‘rh u i c -

extreme case shows tha t the isotonized mean is sensitive to wild observations and i~~oto,tized

trimmed linear combina tions of order statistics arc more robust to heavy tails.

The proof of Corollary 3 can be described as showing that l i nea r  combinat ions  of c rde’t

statistics are similar enough to sums of independent random variables. For the ’ de ta ils, • is,’,’

Leutyans (1978) , Chapters IV and V.

The considera t ions of Example 2 imp ly that Corollary I can be extended to I’ 1 
w h ich  s i t e

— either other tractable deterministic sequences or order statistics from a suitable distribu tic ’,i .

Exan~~le 4: Estimation of a monotone density

Consider the estimation of a distribution F with support on the positive’ half-lin e ci’s i n’i

a sample of n observations . Grenander (1956) suggested an e s t ima to r  for  the’ case’ in

which F Itsis monotone (and hence decreas ing)  dens i ty . Grenander proved tha t  t h i s  e s t i mat c c t

is  the r e s t r i c t e d  maximum l i ke l i hood  nonpar amet r ic  es timator  of the d e n s i t y  f .  Ut-enandel ’ ’

est imator  can be’ w r i t t en  as

f 0 (x )  — sloqcom (x)~~(t, — F (t)), t 01

where F i~j the empirical distribution function of the observations , Prakasa Rae (I0(~’t)

Isrccv~’e t lie ’ f o i l  ow l nq r,’sul t

n~~
c i s

~ ib a t 1  •
,l

Assume’

1. I is a decreasitig densi ty  øti

2 .  ( X
i •~~

••
~~

X
n
) arc a san~~let f t - i-am t h i s  d e n s i t y .

~~. ~ is  d i f f e re n t i a b le  at s and f ( s s )  ‘ 0.

LL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Then

ti
i
~ [ 1 ’  ( f ( ’ t ~~f ( s ) I  ~ ~ ( l I )  

‘

TO o b t ain  P raka sa k~~c c ’ s t esu l  I f t  ccitt The’csrc’m .‘ . , cis, ’ ~~~~ — I” (t I , p ( s ) • — r  ( s )  , “ I  si  — f ( s )  ,

( a )  — f ( ‘ .1 .‘ , cii,) p • I 1~ ‘rIte ’ i i t t t  cn’t Time ’ s ’s cncj i t  kin can be obtaine d f r o m  Weld’ s I.e~~~a

The 1,cca I weak ,‘onV.’l ge’fl~’.’ , ‘, c,t,l i t  C c i i i  I nvccive ’s li l t )  , I ts , ’ japl t t , ‘a 1 di at r bitt i , , t t  fund ic c t t of

I X I 
— - . I ‘ i t i l  i’ve I uat i’d at is + .‘i ’,t ~ ? . Fit (I) is qit it , ’  t t ac ’t aPI e’ andI t t  

~ X c ‘, , ‘.1 .‘,‘*1 I — S
l i i

sit vex the , - c ’nt c ’i t i i ,i nc’c ’ ,t , ’ , I  . A i-out I nc I i n  I t , ’ .1 Imena lonal  d i  st t- Ibut i ,c *c and t I ght t u n i c  ~‘t ‘sit

shows that ii iii , ( t )  — Fit ( t ) )  - I s ’ ( a )  ( . ‘ s * c  
I i ( ) weakly to W(t )

Not is ’.’ that ‘l’hc’cc t - +cm 2.  I c -alt  be tisoti t ‘c i’xt “tad s ’o i c s i  lary  ‘c In  several , t i i e ’ , - I  tint s; , The’

density f may have’ f i r s t  d e r iv a t i v e  j o t , ’ . I t  some h ig h e r  d er iv at iv e  c c f  f i’s ne qat iv e .

rates and l i m i t  inc a , h i  s I r  Ib ut t ‘it s based ott I ts’ iS sic ’ t of t h i s  d e r i v a t i v e  a te  obt a i lieu .

Fur th et-att or ,’ . f need o niy  icc ’ t ics ’al ly mont-atone i t t  the sells,’ cc ! Examples I. Ther efor e f can

be consistent  even i f  th e  d ens i ty  f u n c t i c c * t  1 is  net t o t a l l y  t mcflct tc cnc .

I
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4 . P t ’ ’,’ ~‘t Theorest .1.1

t,r t deno te ’ the r i gh t  -hand ic ide  ,c f  ( I i  and X the  same expres sion w i t h  p re-
S Sc SC

I un.t ~~~~, . The theorem wi l l  be est at s l i stied in  the fol  lowitiq  st eps;

1. X t . c c  a l l  ~
- , x d X . ( X  w i l l  be defined below )

II II ’,’ “‘~~~ 5 ’ ‘
Ii .-’

~s’ 
~~ 

-

C .  t i m  L ist I ’ ( t c ( s I  p ( s )  i (  1 (51 j~~ P~~X 1~ — Y
5

))  - I .

i;~ ‘rh, ’s ’t ,~m 4 , .~ sit itillinqattsy (l’4tsti ) I I ’ . .1”) , Y 1 ~~ 
X e  which imp lies  Theorem 2 . 1 .

1.  c c i i , . ’  ad ding .1 l ine to a funct ion increases the slope of the funct ion ’s convex minorant

by I t i c - - ‘ I 
~‘~~

‘,‘ ‘‘1 1 tie I 1 tie

l ’ s )  — p ( a )  — slogi’um (s)  4 (t  , 7 ( t )  — Z (s)  — (t—s )p (~ )), I t—s i 2cn I ’ )

- - I  ~ l u s c  I ii,’ i ’r scc ’e’as so t hat t he  t im e  scale of the function whose convex minorant is being

• , n i l  , c c t i c ’ i  i s  ~— I  , 11 cii,) rt ’scal in ca

.‘ n I 
- - — (s( i s )  I — ,; k)qcoeut(si )

I I )  ~ ( ‘ . $  .Y , - i s t t )  ~~ ( a ) )  1 t p  (is )

1 /2  
~~~

--——- —-), t~ I )
( 2 s ’i t

1 -p
1 ,

~~~~

- - i i - , ’ ’ - ?  i s  - nc ( n i  is  ,s cotit t t t c t sc t i s  I u twt t ona l  sin i ’ i — i , s l )  , the Ux’a 1 wicak convergence ~otidi —

s - t i  1514 ’ 1 t c ’ - ( itt’ c x  ~- I . ’s.,; i c c f l  alcove colivercies in  d i ’s t i i  but ion as n “ to

- - 1 - 5 ~~ 0II ~~~(t ,W ( I I  ‘ i ” , ) ~~~~~~ , ( ‘ 5 1 / - ‘ ( i s)  t ~~
‘) , ft I I  whis ’tt call  be shown ( u si n g

‘ 1 . 1  I i , - , l t h ~ Wiener ~‘i ,,,- ,‘s,st I s ’ equal  (2cK (s) 1 X where

X • . I , s . i s - , c m ( i )  I ( t  , W ( t  1 • t l + p )  ~ t ) . I t  2s ’K ( g )  I and K ( s )  — (~ ‘ ( 9 ) )  ( , ‘ ( i s ) 
2 1’ DividIng 

-

t ’ t , ’ 1 , - c - I t  ‘.
~~

- I . 1\ - t ’~ I .“-K ~~i 
I 

, we nic’ . ’ that f~~i f i x e d  c , X converges i n  d i s t r i b u t i o n
lid - -

i ,  ‘C -

L11111±
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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The - ‘lily it i t  I c’ c-i us - c ’ in  I ii,’ ii.’ I t i c  i t  is’fl,, nI x Jn sI x ~~~ i u ;  I s it i t s  \ t i - c  - i ‘ n i

I t i - a i n ts  is  r , ’’ , t  . i , - t , ~~t i n  - c N s , , )  , 1’)ii’i - c - I , t t , ’ t i ,  ‘ 1 , 5 w X c~~ n ls V, -l ’l c - i t s s - I  i i P n i )  i , n t s  I

i t iS  lt , ’s ’ c ’ , ,S ; t t ’ Q l i i  ‘ s l s s i w  I l s i t  l , i i s ; c -  v a l u i c ’ ’ - s i t  t t i n  h u t  ,tt t c ’ , t  t hc ’ n n  ‘IO,’c t i  S t i n t CIII - I

W (  t t  • ~ 
( 1 + 1  1 

, ~~it t ~ ’(’ p ‘ imp I i  c ’s l ice’ , ‘x I - i c n , . n t  c i t  i i i ;  ~‘ i n ’  i t  itS’ , I Ii, ’ ) t s s ~~~! - - I I i i - -

St c ’I ’  follows frets W (t I I 
‘~~‘ - 

ii ( t  “) as i n s l ’ c c i f l t t ’si nu ll In ’ , Wi i s t l s t  ( I ’  ‘ I S )  . I’,n i t i n  - t i ;  l l s I I

~n l s c s i t  in th e s.iis c ’ p — 1 / I , ‘,~ ‘~ s I t  ik e, , .  t~, c ,  ( I ’ c c , st )  ) l,.’niui.i c - , ,  , 
~
,, i4 1

1.3

‘Y\~W~ k \ \ X~\ ~‘J~ ‘~X\ ~~~~~~~~~~~~~~~~~~
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-

XX ~ XXX )
~\~~ \\\X

~~~~~~~~~~~~~~ \ \ \Y I

~~~~~‘ ‘\ e , ’. _~ c \ \ \ \ ’ \ c~s _ ’ I

‘
%.,.A

-
~~~~~~~~% I\ \ \ \~~~(,SY I I I

—
‘-i-u ‘ •~ ~ ~ ~ ‘ ‘,~~ I

‘ I
‘C I

\ ‘. % ~ \ \?‘ I I I I
I I I
I I I

I -I I- —
s—2cn~~ s—cn n , 

~
1

-) n  
‘~~C ,‘s u s 1

l” i q t u r c ’ I

t~tej’ 3. I”iqure 1 c l i  splays a reel i s’~at  ion of the  Pt O~’~’ At a . I t t  , ‘~~~ l c ’ il  c - I  s ’, n t vc ’x

minorant of Z must Ii , ’ ,‘ict c r c ’ l y  t c c ’ l , n w  1~ , I h , liii , ’ c’oiinu ’s ’t i t c g •. (~~ 
$ , t t  1 c u i , (

S I it

Is — cn~~
’) . There’ fore’ no point is of 

~~ 
ah oy,. t l i i ’ s  I i i i , ’ dal i i t  I c’ s - I 11cc ’

sloqcont(s) ~ I )  t , ~l ’l 4 rt~i t cc e ’t i tCl t l  i s ; ) ,  t i i i ’ , I , i s s t  s t e~ ’ s it  t h,’ 1 - t  ‘ ‘ 1  1 - - n Il I t ,  n ’ - s i  ‘ 1 ,

— I t , —

-- -
- 
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that .~~(t) li e ’s above 1,1 for al l  t with f t — s f 2cn 1
~ with high prob ab ility. Il ha’--

both random slope ~~t isi random i n t e r c e p t . I t  is more convenient - to work w it h  1.2 and I I ,

superimposed on lit , ’ d iaq i am . L3 is the l i ne  through (a + ct, 1 , 2 (5  + cn~~~)) wi t h  semi-

random slope ~s (n ,s,’) ~nd 1,2 is the line through (a - cn~~ . Z ( s  - cn 1’)) with slope

— 
( l — p ) / ( 2 p )

L I ( S )  - (2cn P) ,n ( 5 ) .  I t  can be shown that if 7 is above 1 1 for

ft — (ci — cn~~~) I “ en t’ and above 1.3 for f t  — (s • cn t’) s,n t’ (as in the diagram ) , t t u c ’ i i

Z lies above L for f t-sf ~ 2cn~~ and Y • X . Therefore i t  su t t ic es  t o  show that tt scn 1 ft Sc

conditions of the probability that Z lies above two lines . for each of two sepamate’  i i t t , - i ’ , ’,t t .’

of t , i s one’ in the appropriate l imit. We shell show that the Hl ttinq Time Condition s with

1 and the Local Weak Convergence Condition imply that 7 lies above 1.3 tot t “ -‘ w i t h

appropriately high p r o b a b i l i t y .  The othe r three Hitting ‘rime (‘o n d i t i i ’t s s s  ar e used i i i  the 

manner , atid then t hit’ Bonft ’rroni  Inequal i t y  can be used to complete the proof .

Thus it remains to show that lim lim p(n ,c) - 1 , where (rearranging )
c-’~ n

p in, ’-’) PIE (s) — L)(s) 1 . 3 ( 1)  — 7 (t) + 7 (s)  - 1.3(s) , t s}. The probabili ty tha t

— 1.3(s) exceeds 1.3 (t) — 7.(t) + Z (s)  — Li (s) is tess than the’ probab ili ty tha t

7 Is ) — 1,3 (s) is greater than a fixed coflstant t(n .c) and that this same’ fixed constant is

qroa t,’t than 1.1 (t ) — Z n
( t )  + 7

n ’~~ 
— 1.3 (s). Applying the Ronferroni Inequality to  thc ii ct er -

ise’,’t i s ) n  s- a t  the above two event s, and recallin g the definition of L
3
(t) in the Hittin g Time’

Condit ion , i t is  easy to show that

(4) ~-(n, c) p 47 (s) — 1,3(s) t (ti . c) I P11 (t) — 1 (8) i.
1

( t)  c some t ‘ a

rho Hitt ing Time s ’oI i~t i t  ion therefore imin i jes the list list of the last t e rm ( m i n u s  s~ i~ tis l i u , I s s , I c ’, ) i

c~~
is zero. Using the Local Weak Convergence Condition with t • - l - ’~’ i t  can be’ shown ts ’l ,i,-

tails , se’e’ Leurgans (1)78) , chapter 3, sec tion 3) that the list of the f i t i s t  t e rm is

( , ) l _ - n e-c
— • ( ( ~ — l ) t c  ,2 1 , where it < 1 (from the definition of t (n,c)),

• (2 U P)/’2P_ 11 4,15) ‘(~‘(s) i
’
~
’
) is positive (because p ‘- 1), and • is the s’umul,at lye’ , t i - -

trjbu tjcn function of the standard normal distribution. Therefore’ the him ~im 01 ( tie’ I s i n t
c ” n ’S’-

tens in (4 )  is 1 , and the proo f of the t heorem is complete.

— ‘[ 7 —
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S , Remarks

P~xample 1 i ’ . a ‘ic ’isc ’i i t  i za t  i , ’n of Rrunk is ‘rheor e’m 5..’ , It should be re’tsarked tha t Brunti ’ a

s ’u c j t , i t t  m itt  t h at  “ t I c , ’ , ibse t -v at t s ,ns  at  i s ’ I y  1,tncieberg c s condi t ion ” can mislead the unwary t from

11w j ’ z s s ’ f  , c f  c ’ x am 4 - I ,’ I we’ scc’ that t he’ observat ions must ‘s .tt 1 s f) ’  loc~~1 Lindebero conditions ,

which a t , ’ unrelated t , ’ a ~t t,tba l l , i  nih’hc’rg s ’,ciid i t  ion . Wright ’s paper also generalizes Brunk c 
-

Theoi em , and i s .  the’ only I’sq’et known t o  the aut hor with I tcs ti l  t s for N ‘ I . Wright sisic ’, -  nO t

i c - -p i  i i , -  that 14 1’,’ an list c’ s i e ’i and .t i i , ‘w s a d i f  ft’ t e’iit v.i i t .ct n;, ’ ist l’tict ut- c c hut othem-w si’ hi a

result ~‘u c i  t c ’ sI’ i ’uid to F ,xample 1 and 2.

The e~~t imat,’l- s ,-‘f Ix~mpIes 1 and 4 have not been discussed ti n  the literature. However,

the results ‘f Ro ber tson and Wr igh t  ( 1 ’ ~”) include’ monotone’ c ’ist imators sn!  the form

(a) — max m inJ (1- I - I’) . in the notation “1 Fxastphe’ I . Robertson and Wright give conditions -ii n

under which their minimax estimators are consistent for is (s) , hut their methods dcc not give

a rates of convergence . s ’,n isnl hart’ I g ives  such rates  for slogcom estimators Is . It i s  natural- it

to  “Onlec ture that u and 1,1 have the’ sate’ asymp totic behavior , even though and

are i den t i c a l  o n ly  in  t he  case’ of txastple 1. Unlike ~~~(s) , 
~n t

~~
1 is not always a monotone

function of is . I~ o to n i~~e’d percent i les of the ’ Robertson and Wright type are also discussed by

Casady and Cryer (19Th).

~xamphe’ 4 is due’ to Prakasa Rao ( tc3t,~~) ,  and was the first asymptotic distribution obtained.

Related haiaid function est imators ate ,iis,’~~cssc’d by rrakasa Rae (1~ 7O ) ,  Barlow and van Zwet

(l’t ’C) and Hat- low. et.&1 ( t ’ t S f .  Al l  s ’t these results can be obtained frost Theorem 2 .1 and can

1cc’ general ized in the ’ manne r ,lc ’sss -i - s t~c’si t o t  Example’ 4 .

Recall that the tisc ’t s -an i i, ’-i mean at ~ (p  ( u s ) )  is the mean of the X - s over an adapt ive —n Si

1)’ ,‘hsnse’n neighborhood of is . The’ccrt’ni 5,8 of Barlow . e’t .al (lo? 2 ) and Theorem 1.2 cci Davis

( 1 07 2 )  point  s-an t t ha t  fo r  each is , it slight ly wider deterministic windows centered at a ar e

used, the resulting est imators converge’ m it , - m . m ~ n tull v . However, this result appears t o  1-at’ the

same sort if  aiipereffic-uc’n,’v result obtained in Fxamt’ le  I t~ ’t N I. In the case 5 ’t Barlow ,

a t .  at  , a must be at t he  c m l  c i  si f  c ”,’ c ’ i v  window. In Rxample 1 ,  a must be e’xai’t ly a pot itt

it which c ( i s )  — ni h u t  qc~ n.’ s ct t t , ’t- tier ivat lye is ~tics i t  it ’ , ’ . If one t in interested in e’ist ista—

I ton ‘i -i ’s ,‘m s t  i i , ’  fians ’t ion , both  k 1 ,1,1 ‘ s i t  is are isolated . Al mc , t he ~l,’t c ’lm tnt st i 5 ’ window



-‘-- —- -  _ _I__,___ ~~~~~~~~~~~~~~~ ‘ ‘~~~~~~ ‘~~~~‘~~~~~~~~~~ -. ‘ W ~”

estimators need not give inonuton• estimators of h i ( s ) .

The fact that ii can be consistent in seine cases even when u is not monotone is re-

seiniscent  of Theorem 3.4 of Barlow, et.al (1972). which states that likelihood ratio tests that

some grour means (normal errors , variances known and equal) exhibit a specified partial order

aga i n s t t he null hypthesis that the means are all equal is an unbiased test of some alternatives

w h m s - I u  ‘is’ not have the specified partial order against the same null hypothesis. The applica- -

tion t o  estimation does not app ear to have been noted previously.

1,

I
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\ ABSTRACT (continued)

observations (i/n ,X ~),J
’ where EX~~ = ~~( i/n) . In the second exampic , ~/n i~~

replaced by random ~~~~~~~
-
. Robust es~ Lnators for this problem are described . Estima-

tion of a monotone density function is also discussed. It is shown that the rate
of convergence depends on the order of f i rs t  non—zero derivative and that this  re-
sult can obtain even if the function is not monotone over its entire domain.
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