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ABSTRACT ( / / 
I l~. — J ! 1

A mode’! system of equations which has been used to d.~scribe the inisc ib l i ’

disp1~~cement of one incompressible f l u i d  by another in a porous medium i::

the coupled quasilinear SyStem~ fQ~ c c(x ,t) and p p( x ,t )  for

x t ~~~, t t (O ,T 1 given by

V • t a ( x ,c) {V p — ‘
~ 

(x ,c Vq ) J —V ~ u = 1
1
(x)

V . t b ( x ,t )Vc J  - u(x ,c,~~p) . Vc = ~~(x ) -

w i t h  approprIat e  i n i t i a l  and Neumann bo\ndary condit ions . Another ‘ .t~ ;e ’

considered is when b = b(x ,c’ ,Vp) above..-~ I tera tive me thods are presented

and .tnalyzed which are based on us ing  a preconditioned conjugate  qr~i~I i e n t

i t e ra t ion for approximately solving the systems of linear equations produced

at e~ich time step by Galerkin methods for time-stepping the above’ s~’s t c m.

Optima l order convergence rates are obtained for the iterative methods. The

iterative’ methods are computationally more efficient than Galerkin methods

previously proposed to solve the above system . The use of different. time ’

increments in the time—stepping procedures for the different variables is .il so

presented and analyzed . The use of unequal time increments takes advantage of

d ifferent smoothnesses in time of the physical variables p and r and

greatly reduces the work done in the computation of the approximate solution .

AMS (MOS) Subject Classifications : 65M15, 65N15 , 65N30, 7t~.Th

Key Words : Gal erk in  methods, Error estimates , Iterative methods,
Conjugate gradient methods , Fluid flow

Work Unit Number 7 (Numerical A.nalysis)
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S h ;N t ~
‘ I t  ‘I~NC I ANP t•:XP1 AN AT iON

l’he itume ci ~a I aiq’c ox imat ~on of a sys t em t ’t  i ‘ar t  a I d i  ( f e r e t it  i a!

t ions used to  mode’! t l ie’  In i s~ t b i t ’  d t  s~’1 acemecit ot one’ I i ie ’omp t e:es I t ’  i t ’  t 1 i t  .1

by anotht’c i i i  ~ t o t i s  med t a I ~. ~‘onM t t t t ’  t eit . Pot e ’Xailq ’ it .  , t t i e ’  f lh )t le 1 1 ‘in

hits t ’ t ’ e ’ i t  USe’ tI to  i t t ’ ‘ i i L ’ e  t he ’ vat i a te  I es ‘ t ‘c c i .  s ic t c anti  t he ’ , ‘Itawi t ecq

, ‘on , ’e ’ti t at ion i’ t a ~‘iiem e c i  ‘s ‘i v e nt  t i t  i ’t  I i ise’ tI t o  1 1 ooet 01 1 We ’ i i  S t i t  t i ~ I i

t l it ’ ‘t I t h r o u ij t i  t li.’ i ~ 
‘t  • c i i ’ . med t a I t. )W.* t d  I’~ OtiUi ’ I I OIl WI’ i t s  t i e  ‘j t ’ t  ‘ i t  c~ e I t ’ t

I t ’~~OV t ’ t ~ ‘ . tt  0 1 1  f t  s~~fl t l l I e t t ’ t ’ I i t ) U i i d  i t ’ i . t ’ t  V O l t  ii

Wht ’.’ h ’e ~t t he’ • t t e t  hoe have ’ e’e ’et t t  l y pi e’st’nted some’ tiunit’? e~ ’~i l  t i i e ’ t  ii~~t t 5

‘e a~ ’~ ‘i ox i mat  tit. i t ie ’ • .s ’i  i t t  e~ ‘ii of t he’ nte~~t e ’  1 sv st em •itid have ’ t e i c t  .t i ned

opt m eal  o t it e t  cc c o t  e st  1mM i s  t e e ?  I I i t ’ s t ’ ine ’ t tcods . Tiet I’ , a I ’ e ’U pe ,‘s. ’ n t

. t n a i y~~e’s met t io ,t’ . wh t . t i  a c t ’  . i t input , t t  I~~’ei ~ l I  ly  u~ec .‘ c i t  i~ C c i t t  t h a n  cat 1 l et

met ho~1~.

I i i  I I l i l t ’— st t ’I ’ l ’ i rid pi ,e I ‘I  t ’ni~. W I  l b  I t m e .— ~1e~ ’e ’ne1e’e i t  , ‘t ’ t  I I c l i  t S , t i t l f l t t ’ I I , ‘a I

met heeds t’~ oetli. i’ d e t  I t I  t ’ t i t  ‘i~~’ ’ , t  , ‘ii t~ , ot  I t ne’ . t I  t ’ . ( I I ~ l t  I~~sis Wi l l  ~‘l I  i t i t i ~~ t i s ’  si ’ I

, I t  e’~t , I i  t line’ .1 t ’
~~

’ . I” ,tc t te t  h u t  .1 t i l t  t t ’ h t ’ i i t  m,tt I I X  . % t  t ’ ,l. ’)t I l itie ’ ’ . t t ’ t ’  I C C  t i t t ’

‘.~~‘ 1st i o u  i~~ ~~~~~~~~~~ t i e  is’ ~~ y * ‘~empu t  at  ioee.t l ly  c X Ie e ’ i l ~
. i v e  s l i t~~ t ’ I Ie ( ’ ma t e  l * i ’~ .

.11 t ’  I t ’ i~ t ( t ’ l l t  I ‘~‘ ‘I I t ie ’ c i t  ~t ’ i  I , I t . I i i , ’  cii i i i~ ‘, t ,  ~~i ~~~~~~~~~ t isi

i i ,  I t t ’ . c i . ’ t  i ,  ~i i t i  . ‘  i t t .  t , ~ , l t d  l i t  t , ’ t i  , ‘t  • ‘ i t l v  t i s i ’  n e a t e  t c q ’ .

• I t i  I t t ’? ~c t  l v i ’  ~~t oi t ’i l t t t  . ‘ wh i , t i  , ‘, cmI . t .I u~i ,t t  e’s I or t h e ’  t a ct  t h a t  Iie’W tel . t t  I I , ‘ c i’

~t l  .‘ h o t  I c t o !  ott a t  t ’,e ’It  t ISl e ’ ~te t ’  Ii; U S e’tl t o  cc i t t  a l i t  . u l ’ } . c t ’ x t n l . t t  c s o l ut  1 . 1 1 ’

I t in  i t  t i ’att t •it f lo t t t i t  S • ‘ I ‘ t emple 1 at  I t ’ll . e r  e, .e ~~~’~I i cy  I ht ’~~t ’ met i t ,  ‘.1’; • e I ’ t  m e t

t e l~~t t ’t  e ’ ’ .t  i IiC.t t  c ’’  e ’ti  i l l . ’’ , ‘ t  t ’ t ’t I V e ’ I  t j e ’ t l ce ’  t o t  I h i ’s, ’ m e ’ t  Ii * ’ti~ , l i e ’  c ’t ’t a i i i t ’ t i

S C L

‘‘A . , .

t i .  t . ” .~~’. ’ t i  t i t i  1 t t ~~ i . e  ‘ I t , ’  w. ’ h , l i i sl  . e i t , t  ~~t ’is ” . t~~~~ e . ~~. . . ’. t  t i e  t i l l I i .  t~~ ’ 

-

~~~~~~~~~~

C ‘‘t r i~u’i I I t ’’ . I h ‘I),. ’ , it. I i t  is i I I i  I l i t  , i e t t  i i .  c i ~‘t I l i t  i .
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; 1’I:t’ I’ IN~ I’H t)Ci’~PLlH,E S F’OK M I ~~.c ’ 1 t 4 1 , t  l 1I ~~;i ’ I ,A e ’I .M ~ :N’t’

i ’ t ~~) I l I , 1~I’I~’ I N  I ’i ) I ~e l t t ~ t ’tE [~ IA

RLt , ’tia rd F •  I’~W i u i c i

• I . I i t t  i ~‘i1tt .  I

l i t  (It) I ieunt e ’r i t ’ c i  al’i’re)x tm~lt  t o t i s  by t;a I erk jut in ’I t IOcIS  t o  a I .u oI.c 1 t Ilt .11 I Ill ’) l i t  I lie

t n t  s t i’ I~’ ~j t~ •~~’I ~ i, ’t ’t iIt ’t t t  c e t  e ’ I1t ’ i ic ’OlUt ’ te ’ S s L b I t ’ t iUl t i  1I~ ’ •lIt t’ t l~t ’t UI a P~~t t t t 1 ~ liIcettil t II S I t ’ C

ii c d  end ~e t u ~t i v  •~, ‘,t  . A i ’c I t  I d i  Sc iess  t c c i i  0 t I ti e ’ 1’hy~ I i ’~ti p1 ~ lt h u t  I S C I I  \ ‘ i ’ tt  I I I  ( 1  ~t )

,lii~l .1 Iii~~t i ie ’iii, tt t i ’~I I t f lOc j e ’ 1 W it I~~’l i I~~i Sl It I ~~~~ h u t  ly  i i e ’ i i t ’ t ~~~j t o  tu i c t i I~~’s ’i .l( 0 u l i o S t  i t  ( t i e ’

tus 1e’ t t e ’. tt  Ui c ’s i’t l iii ’ I ’ l i \ ’ s e~~a l  ~‘c ~‘l’ I ciii (s,~~’ ( i i ) , I ‘ t , I ‘ Ii ; I ’I t ’ i i c ’ ic t t ’ci . I i i  ( l i t

Wi ’ t i i i l  
~
S e ’S t ’I i t  h u t  • i t i ~i 1 y .~t ’ :5.111, ’ d i e t  110,15 t , t i  t t tIie~~st I’ i ’t ’tlhil t t t , ’S t ’  t i i cxt t ’1 t ’ i i t t , I t  l~~’ts .

~‘tc I c l i  .1! t ‘ i t t i t o lu  dtteti e ’ e l  I i i ’ I e ’u t t  c ’t).t I i i ’t l t  at . I oils 11 V t h i a t t  I l i e ’  liCe ’t liocis c l i  iS it S  5C c1 I I I  ( I  ( i i  . We

.l t . c 1 1 i t t ’ .Itl I t  t’i~~it I \‘e’ ille ’t h e e d i~~& st ’ sI ~‘ti a F’iI ’ c ’c ) t t t j t t lotted c ’t) il j i i c I ~l t  ,‘  ‘I t ad ~t ’itt I t  t ’l  at  t~~’ u e

Ii ’ ii~~ ’i ‘x C lus t t ’ I lie ’ i s ’ I u  t t o n  c i t  l i i i ’ syst  ems ot I i itear e ’ c j u a t  i ou t s  w hu i oh a t  u : . ‘ 1 c oiii ,c

c c i t t  ‘
~ I I I  .q’pc  ox i t it,i t It ’ii ot  I t ie ’ m o d e l  0.IiI~It lout S . Th e ’ i t  c c  St  I V O  tIlt t . t l c tdS ~‘t , ‘ : . , ‘, i t  ~‘d ~‘i t ’—

i i  V ,  t i t i ’ ~l ’ i I t  . I i ’’~’ I t itii ’t e’ct t i t t  t li e ’ i i t iete ’ c ly  i nil i l a l e rk  in  met h o d  , t I I i I  t o t  i t  5 ’i ’t  o u t  V o l  y

s e t  I e.. t t Imes I ‘ .5 c l i  h e ’  e e t~~te ’i I ~,i I l i t ’  wt’ i  k i t ivo l e.~t . I  in  see  I v  t isj t i t t ’  I t t t ~’~ e t :.v ’ .I e’IUS Ot

t t i . i t  l . ’l c ’ .

Wi ’ I i t  s I  pi  , ‘, ‘, ‘ i t  t t he’ fltc ’ctt ’ 1 t ’ e h lhil t tOllS I e C I  out 1cliys i ca l  pi e s t e I e ’til . I i  led • 0 ( X • 1

c u t  P I’  IX  • I ‘ : 5,  It t I I oil : ;  c i t

~! . 1  ~ V ( . u ~~
’ t - ~~\‘q 11 _\ ‘ • t e

— ct ’ \’
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— I ~

C • I C ( ( I , t ’ , W i ie ’t t ~ u S  .1 t ) , ’ t t f I c t t ’ i j  ~h ’tn •t t I C  I S  fl~
’1 , i i  -. .‘ • ~~‘ i t t u  h ’ o t t t t i t. i

I I i u ~t ci  i X , t ’ , \ 
~~~~ 

. c j V 1 ’  — 
~ I S  a \‘ e ’~~t i t t  I t t  L~ • 11 ’t e ’ ~ — • I  ~~\ , . • C t X  . i ’

~~
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( 1 . 3 )  a {
~ 

- y = o , x e ~~~~~ , t e ti

(1.4) b = 0 , x e ~i2 , t E J

(1.5) c(x,0) c~~(x) , x e 1!

where is the normal derivative of F on the boundary of 12. Note that (l.1)-(l.5)

will define p(x,t) only to within an arbitrary constant. We shall normalize p by

the condition that

1 , ’(1.6) — j  p(x,t)dx = 1, t C J

where ~1l~ is the measure of the domain 1~.

We note that the analysis that follows would easily treat forcing functions

and f
2 

which are smoothly distributed over 12. If singular functions are used to

model the effect of small injection and production wells, the analysis will fail. Thus

we shall make the assumption that for our problem, the sources and sinks are smoothly

distributed and shall then, without loss of generality , assume that f
1 

E 0 and

0 for the remainder of the paper .

Continuous time Galerkin approximations for (l.l)-(l.5) are presented and analyzed

in (10). By lagging or extrapolating the coefficients in discrete—time versions of

these methods, we are able to linearize and uncouple the systems of equations required

in the approximations. However, the discrete—time versions of these methods require that

different systems of linear equations be solved at each time step; this is a computa-

tionally expensive process. In this paper , we shall present and analyze iterative

methods which require the factorizatiort of only two matrices for the total solution

process. The use of iterative methods to approximate the solution of the linear equations

arising from the parabolic equation is an extension of the techniques developed in 16, 91

for quasilinear time-dependent problems. The use of iterative methods to approximate

the solution of an elliptic, basically time—independent equation, only to within the

accuracy of the time truncation error from an associated time—dependent problem seems

—

I’ ~ ‘I
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to c~.c new . We emphasize that unlike standard iterative procedures for elliptic equa-

tions, all the methods presented will only require a number of iterations which is

independent of At , h, and n to obtain a norm reduction sufficient to feed the

associated parabolic problem. Although a preconditioned conjugate gradient iterative

method will be presented , any method which achieves the specified norm reductions will

suffice in all of the analysis to follow.

In the physical problem which motivates our consideration of (l.l)-(l.5), the

pressure p is much smoother in time than the concentration c. In order to take

advantage of this difference in smoothness of p and c, we shall use different time

increments At and At ic-i our analysis for the time-stepping of the systems of

equations arising from the equations for concentration and pressure . By using these

unequal time increments, we shall need to update the pressure variable much less fre-

quently than the concentration variable and thus avoid considerable unnecessary

computation .

In Section 2 we introduce two families of finite element spaces which we use to

approximate our unknown functions p and c. We present the hypotheses on (1.l)-(l.5)

~nd the solution (c,p ) ,  discuss elliptic projections for c and for p, and present

ou~ basic Galerkin approximation of (l.l)— (1.5) together with several modifications .

~ . “ction 3 we present our preconditioned conjugate gradient modifications of the

methods described in Section 2 and analyze the effect of the iterative approximation on

a single time step. In Section 4 we obtain global error estimates for the various

nethods described in Sections 2 and 3. Section 5 contains a brief discussion of the

estimates of the work of computation for the methods presented in this paper .
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~~~• I’ t e t t m t n a r i e s  and Des r i et ion of Basic ~ alerk ic i  Ajj~~oximations

Let (u , v )  • J uvdx , ( u , v )  — f uvelo , h u H 2 
— (u ,u) , and h u h

2 
— < u •u  ‘. i t  i

kW ~~~I be the ~obolev Spat -c on i~ with norm

11th  - 

~1~-ikk ~~~B —

w t : t i  t he  usual  modit ’ t~~a tlon  for s — —‘ . ~~en s — 2 , denote Ik’hi k “ hk’II k -

H

1

~t VF’ — ~I’
1,
, F , i , w r i t e  HV F H k ~ fl p l.tce ’  of ( HF1 hV’ k + IIF~J k~ 

• AlS~)

W i  ~ I denote t.he’ Sotxcle’v sleac ’ti on 3i~

Le’ t (Mu’ he a f a m i l y  of l i n t  t e ’ — d  im e~ui iuonal  suhspaoes of H 1 (i2 )  w i t h  th e ’  follow—

i f lel propt’r ty

For p 2 or “, t her e exist  an inteqer r 2 and a ~~ nstant K

:.ti~’it that • b c  1 ‘- ‘. r and ij C W’1 (ii)
p

~~•‘~~ :‘ t nt  ~ i~ t.: — 4 t-i~~~~ 4u — 

~~ ~~ K~~~fl •c-~1

w W W 1
I’ P

We’ ~u i  Sc ’ cli’ ? t i le ’ a f,cmt ly of I m ite—dimens ional subSpa~’es of 11
1 

(i~ ) cal led 4” h 
‘
~ Whie ’h

:.a I t ~ I it’S the same I’c’oi’t’r ty as (N
1 

w i t h  r repi  a~ ‘eel by s . Wt’ a iso ,lssumt ’ t h a t

It , ’ I amt  h i  Os ac~i (N
h 
‘I sat isf y the fol  lowinq so—cal it’d “ inve r se  hy~x~theses ”

i t  .‘ I .1’ ,uu id ~ C i,’
It  hi

a)  ~‘ K~ h K~h
1 
~~1, ( s ; )

it )  hI ”~ II

, . C  
~~~~

‘ 

~ 
P h  ~ !l~. n

I I t o t  i as I ~ ‘ lows ( w i t  hi ~ienot t n~ t he ~‘o I 1 t’ct ion of l’ e’st r i  ~ t I c ’u i ::  ‘I

I : . t~ I~~ t i ’ —i t’iit t I t i  • • t’ . , i t 
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‘. II s 

~~~
,

U

2 .  .
~~~ i i  ~., 1 I I  I

‘1 I i i ,  I~~. 1  . . ‘ .~
‘ t u i . i  . i ’~sIuiq’t t o u t s  ~ w, s t i . t l  i I t ’~~. I I i’ ’ t i t t ’  e. , I i’ i t t  I t ’ 
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I . ,‘ 1., ’i ~~~~~
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’ ~. . ,il V i t t  c i  ui u t e~ i ~

‘. ‘t i’ . I a n t  ,
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-M
~ M , M~ ~‘ 1

• ~~~~~~~~~~ , t : i , t  ~l ~ , I ~~ ~t~~~~~’ ~ t> (n e t ’ ( 1  II I C C . ~~~~~~ it ,’ ‘.~ ‘L ~ ‘W i S

~~~~~~~~~~~ i t ~~ t i  .1 , •~~ I . , u ,  , t : i - i  .. ‘ :

I .  ~‘t i , ’u  t t ’ x i s t  u t I i t 5 ’ i n i  c c ’ t I S t , t t t t  S ~‘t u, !i t.Ii it

.1 1 1 
~~~~ 

.1 C X ,’1
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I K
1

c C 
~~~~ ~‘ e . x 1

1 ( \ .. ‘
~~~~ 

-. K
I - .  

S I C  ,
~~~

, l J  K
1
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~ ‘ ~ • ~ 

.,‘,C S u ’ I C

• ‘ i , f ) ,  1..’. ~~~
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3. In Cast’ II , when b b (x ,5’,V;’) P b ( x , c ,p , p ) ,  for q
2

,q 3 
c

~t )  c) “ b~ b ( x , q
1 c5 1 2 .t.13

) ~

b) b ( x ,q
1
.p , i - ) M

(2.7) ~‘ ) h~ t x .~ i
1 

, t12 , il ‘i 
~ ~~

- ‘ (x,q
1 

.~~! , q.~ ) I ~ [i---— ( x , q
1

,e~ , ,q
3

)

+ -
~~

- ~~ (x ,q~ ~~~~~~~ 
M

Del m e

(2 . 8 )  ~il hi i k -  , t )  II
~

1 I , 1 ~‘ , c~ ‘~

W 1 ( (a,h) ; X )

Let (p , c ) ,  the solution of ( L i ) — ( 1 . t’), satisfy the fo1lowinc~ rec~u1artty .Issuml’tlons :

(R) a) ti c II 
~ ~

- ‘. K2
L (J ;H ‘C ‘ 

1,2 ( l U r)

b) hI~ lI -
~

. 

~~ 
K .,

L (~ T - t i  I 2 s
1, (~ 1 ; f l  1

(2 .9 )  o)  

L’ (~U i~
3 ) 

+ 

2 2 
K t o t  SOfli t ’

1 (.1 ; t t  L

d)  ii~ l! .~ . ~ 
+ 

~~~ 
,~~ 

K .,
L (~ T ;IU 1 1.” 

( c i ; W”
~ I

e) U~ 
-

~~
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,
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,

1, (3 ;  11
1

1 1. (. 1 1

In  ott r au ia ly si S , we sha 1 1 u5t’ a coup 1~’ o t  aux i I t~ t i v  o i l  i pt ic  prob l ems . This

technique w~ts used l~ Wheel or in  ( I  ) . 1,e ’t ~~ t .‘~
‘ ic t ’ tu t e ’ eli ipt ~~ i’t O 1 oct ion o t p

in to N d t t  i nod b y

( 2 .  1~ ) Ia  ( . , c . , t V p, \‘v )  = (a  • , i ’t  . 1 ) )  \
‘

~~
t , Vvl

~ a - . ~~
‘ • , ~ 

C C ‘
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• ~ t 1 )  \ ‘q , \‘‘~‘ ) , ~ 
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One modification of (2.22)-(3.24) is t o  choose k such that

* — l
(2.25) k (9

Then

( 2 .2 1 - )  At
1D kAti) At.

In th i s  case , l e t ?  m c i  ~n/ k iJ  ~~~~‘ t . I i t ’  ( ;r ( ; d t  est i n t ege r  less than  or equal to n/k , we

replace ( 2 . 2 2 )  ( e . g .  in  Case I I  where b = b ( x , c, V p ) )  by

(2 .27 )  (~ ~~~~~~~~~~~~~~~~~~~ x) + ( b ( Z
n1
,VW III/ 

)Vz ’~
”,Vx) = ~~( u (Z

m , VW mm
~~~I ) .V Z n , X )  x ~ N

Then is determined by ( 2 . 2 4 )  on ly  at the At 1 t ime l evels. The errors made in

the coef f ic ien ts  by lagging  t i l e :  -r essure in th is  fash ion  is O ( A t
1

D ) = O ( At . ) -

Another modi f i ca t ion  which  has the same order t runca t ion  error , su ggested by

Todd Dulx rs t , is to re ’~ ’l , .i ec’ vw~~”~~ ~~ vi.:w~~
’k

~ ~ vw~~”~~
1 

- 
~
- ~~~~~~ i n  the

coe f f i c i en t s  of ( 2 . 2 7 ) .  ‘l’his l i nea r  extrapolat ion to the midpoint  of the current

At 1—time interval would be as easy as ( 2 . 2 7 )  to implement (once two values at At
1
-tim€’

levels have been determined) and probably more accurate (espec i a l l y  for  At- t ime

levels near the upper end of the At
1
—t .ime interval).

A more accurate modification of (2.22) can be defined by evaluatirmq the c o e f f i ci en ts

b and u in (2.27) at appropriate linear extrapolations of the v~
k 

from the two

prev ious At
1
—time levels to the At-tim1’ level ~~~~~ For example , we can wri t s ’

n = lin/ki + v/k for some v = 0,l,•..,k - 1. Then for  n -‘ k and u defined above ,

V n  n-i- i
we define to be the linear ‘xtrapolat.ion for the time leve l t f rom the

values of ~
‘ at the two previous At.

1 
t iiss ’ lev els . ‘l’hus for = O , 1 , . . . , k — 1 ,

and 11 = (v f 1)/k , We d e f i n e

( 1  ~ fl)F’ 11
~’~~~~ - nr~~~/k~~~ r. - ‘ K

( 2 . 28) { ~,0 
, ~ : k -

d 2 F’ -)

Then i f  -—— ,; ‘ K , We i r e  m a k i u n  In e rr o r  of fl( (At
1
r I 1w 5 lp p r ex im a t i nq

c it  
C
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We flote that from (2.5.f) and ( 2 . l s ) ,  we can bound the second term on the r igh t  of

(4.B) by
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~t) 2 Ij~~II } ~t

( 4 . 9 )  
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We shall  now state an induction hy~~ thesis. Assume that for m = O , 1 , . .. . , 1 2 ,  - 1/k) ,

( 1 1 )  ~7pmk 11~~ 2K
5

where K5 
Is given by (2.15). Clearly from (2 .15 )  and ( 3 . 2 7 )  we know tha t ( I i )  is

satisfied for in = 0. Then from (2.28), we see that under ( I i ) ,
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for use in ( 4 . -i). We next bound the first term on the right of (4.8) as follows :
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We then  use ( 2 . 1 4 )  lnd ( 2 . 1 6 )  to bound the second term on the right of (4 . 11) .  Note

that
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We next  use summ a t ion  by par t s  to t r ea t  the f i r s t  term on the r ight  of (4 . 1 1 ) .  Note
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The third and f i f t h  terms on the right of (4.14) can be bounded in a similar fashion

to yield

I ( a (c 1) V ( p  - &-V ( c  - c) 1 ,C~ ) I + I ( a ( c i ) V ( p  - p)~~~V (c  - ~ ) L
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i )
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2r+25_6
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We integrate by parts and use (2.12) and (2.15) to bound the second term on the right

n n -of (4.14). Denote a(c ) by a in what follows.
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Note that by (2 .9) , ~ a~ < K 5 . In order to bound the second term on the right of

n 0
(4.17) we shall need to introduce an auxiliary problem to perform a Nitsche lift [14,10].
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Then using the same techniques as above , if
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We next obtain bounds for the last two terms on the right side of ( 4 . 5 )  using (3 .24 ) . 
$

Since different starting procedures were used in the conjugate gradient iteration

to obtain C1 and C~ for n > 2 , we shall estimate each case separately. From

(3.24.a) we see that for n = 0 ,
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is to be used in (2.29) to determine k given At. We next consider the precond i-

• t ionod conjuqate ’ gradient  i terat ion on the pressure equations to treat the l as t  t e rm
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A similar result w i l l  hold for in = I if We i terate ’ su f f i c ien t ly  many t i m t ’ s  t ha t
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in order to apply a discrete version of the Gronwall Lemma in the ~ 1 norm , we must

first shift the coefficients in the third term on the riqhl of (4.e) to obtain a
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We now sum ( 4 . 4 1 )  and (4 . 4 2 )  from n = 0 to n 2. , add the result s  to (4 .35 ) , use
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Crank -N ic o l son—e . a l erk in  approximations to (1 .1) - ( 1 . 5 ) .  Thest- meth~ds do not have the
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t rout ( 3 . 2 4 ) .  See (61 for Particulars.
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5. Com~-u t i t 1 o n t 1  ~ sas s~~de i  - i t  i ons

In this section we shall consider some rough operation counts to est . i jT ia l , -

- S ’tiH ‘ I ’ - it 1 s ’ t s ~~ 1 - s) f l t ~ ‘1~ xi I y o f t he m s t i n t s l  ~r~-sented here - We shall -s -t t i sa  - t - p s - ’ , ’ : i t  —

I : ‘ ,. : ~‘on - - t e i -  s s , t t ~~ f l f  i ’ ’ ’r  at  i ’~’ t- methods i’rs ’; e nt  ~ i a l l ow us to o t l a i r i  I ’  s - I i t ’

c ’S I’ Wi t ’~~ - t 1 lS, i ¶ - - S - US 1 1 , ’ :  - rn - sod s are very e f f i c i e n t  -om~ - t i t  , , t  I O S ,t l  ] \

St  c i i i  ? s , i I  ‘~~ , ‘ 5,V,’- IS ’s ,  5~~~I ’ s -  v ar t , 1 L ) 1 ! ’ s ;  ( 1  = 2 ) . ~ e - s ’r - t ’ -  f i l l  has sho~~: : j 5  c, s

5. t ’51.i~ .155, ’- t ) S , 1 t  v i t l i  M
1 M 1 

( h )  d in t  ~~~~~~ t i f l -  s- ro ot - l u re  of setting UI is- I Ls t s t  1!~

• - - ‘ r~~-~~ si~~ r~~-s 0~~M 
- ) , ‘~ , - r , i t i 5 ’ : s :~ and t hat  th ~ ;3n l s i t  io n  of  ( 3 .  ~) , ~~ t V ,  U

f a c t o: :~~~ i i - s i t , i i t  t o 0 (N
1 

i s n i  N
1 

I s s’s ’ ,c I 1 O t i ,’~~. H - i r i i  l a r l y ,  t h e  work i : v : 1 ’ .o-~ i n

I t i n~ t i p  ,i i i s l  f a t  ‘i i Ih i  A and so lv ing  ( t  . 4 )  usi sq this t a - t o r i  ,-~~ i i o n  ~ ; s ’  0 (M

a nd 0 (~ I 
- 1 5s4 M , ) r,’ss -s -ct ive v - Ilof tman , Mart  in and Rose 112] have shot~ t t h . ;  ~- s i  - I i

~‘C J 5 s L s ar t - m in u n . i l - T hu s , i f  we (‘onis ’cture the val id i t v  of the - i b s s v +-  es t imates f5 -i

our s rci 1~~m and rt ’~ ,ic ’t , ’r -1 +- ‘ t i ’  and A and solve ( 3 3) arid ( 3 . 4 )  at e5c~-hi t ime
S fl

St  ~~~~~~ la at i t  amount st  work done u sinq  t h e -  method presen ted  in [10] i s

~ / ,) ‘ ~ /2  ~ - ‘ ,~ -( s . l )  O ( N
T

t i N
1 

+ ~~~~~~~ + + ~~~~ 5 )  = °4
~~
’Y

~~~~1 
+ N

: 
5 )

wnt ’r s - N T is t h ~ t o t  , i l  number of  ¶ ims  o t  , 1 5 -  (N
T ~~~ 

) - We nate  t h a t  the was k of

r~ - fa- ’t~’rizat ion de ’m i r t . i t s - ; ;  the est i m a te s  -

t J s in q  the ’ 4 - r e ’, -one j i I i - t i e d co l ij u qat e  qrad l e n t  i ter at i  v’- method t’rest’nted h - i s ’ , one

does not need I o r e - f , c , - t  - r  , i t  t ’vt-rv t ime steJ ’ . I ns tead  on ly  one f act or ic at  i~ tn  of

• -
‘ I 1’ , .iIlci A 1 n eed be done . Al so , u sing the d i f f e r s - i t t -  t i m e  increment  s t o t ’

r
;‘~,‘sgure and ‘slice -nt r it i on , we need only solve ( 3 . 4 )  at every K t ime  s tep;  t h u s

the et a i  numbe r at  t int -s (3 4) need he solved is N T/k .  Thus le t  t in q  and c. 
-

be the number of pre—condit ione d  c o n j uq at e  cir adlen t  i te ra t ions  needed to achieve t h e

t i er s  1 , - J u t t o r t s  - i i  v t -n  i n  ( 4 . 0 )  ( K
1 

and K ,, are cons tan t s , independent of h - n

an- i  ‘. t ) , w, St’~~’ t : , i ’ t he t ot i i  work ies~uj r ed for C,l it ’ I is

N , , -
4 ’ . 2 0 (M ~ 

~‘l ” i i  I L ’ s i  

~~ 

-- 

K 
- , M , l o t  ~~~~~~ -

— 

- -  - ~~~-—~~~~~~~~~~~ -~~~~~~--~~~-- 
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i h i s ’ t ,  a i t i o c  N
T ~ ~~~~

‘ = 0 (M ~~’
1

) , we see that even for r = 2 (piecewi se linear
h

~‘ 1t-tut ’n t s ) ,  the second and fourth terms in (5 .2) dominate and the work is

N
(~~ 

() O (N
T~ l

M
l 

loq M
1 

+ -
~~~~ e 2M 2 log M 2

)

We ’ n o t e  t h a t  the n umber of unknown s in the problem is

(“ .4) O(N
T
M
1 

+ ~~~ 
~~~~

s-s (5 . ( 1  represents  near ly  best possible order work estimates.

It  is  computationally was te fu l  to i terate  exactly K
1 

times at each t ime step

(respectively ~~~ , times at every k
th 

time step) in order to achieve the pessimistic

bounds qiven in (4.0). In stead , one can monitor the norm reduction actually produced

at. each Step of the iteration and stop iterating when sufficient norm reduction is

~tchieve’d. Additional stopping criteria can be imposed fri this monitorinq process.

5 5 5 e  [ e s i  f o r  a dis5’ussion stopping criteria for related problems.

~ 
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~~ ~~~~~ t V } — (x , c)  V -i  I — V ’ t~i = ~
‘ ( x l

\‘ . lb (x , I ) \‘~- j  — u ( x ,  ~ ‘ , ‘Vo ~
‘ ( x l  I - f , ( x ,~~’)

wi th appr opri ~ t t t ’  in~ t Ia! ~mnd Neumann Isc ’ tii , l , i ny ~~
- - ‘n u d  I t  j e l l s - u  . Amno t tn- r 0 , 1 ; , -  

~ ‘ ‘ i t s  I W i  -d

is when b b ( x , t ’ , V i s )  ,ihev , - . it ‘ ‘ m  ~~t i v i -  I n c - I  I t edu ;  a r e  p r es e n t e d  ~und ari.il y-.~c -~I wlu s - I n

an e based on using a Pr t - t - cs i id I i o i n ’~ ¾ o o n t ju q a  t c -  ~;rad 1 , -it t teration 1 oi a~~~ ‘i ox imate I y

solving the systems at  1 ineat equat ions produced at t -a -h t ime st op by G a l c - rk i n

methods for time— steppiitq t he above sys t t - rn.  Opt ima l order Conve ’rqeU c I-  i at  c ’ s ;  are

obtained for the i t e ra t ive  methods. The i t t - I t t  lVt ’ methods are co mj ’u t a t i on a i ly

more e f f i c i e n t  than Gale rk in  methods pr ev i eu sly  j s ioposa ’d t o  solve  I l i t ’ ab ove  a v n  I , ‘nni

‘rhe use of di f ferent .  t into i n o n o m e n t  s in  th~ t~ i r n a — a t  e1~~i no pta~- t’d’art-a I’~~i ( h~-

different variables is al so  present ed arid anal y~’,ed . The u s e  a t  unequa l t into

increments takes advantage of di ff eni-it t srnootluimesses iii t imt’ C) f t he’ ~shy;; I al var  n at’ Ii ’s;

p and c and grea t l y  reduces t h e  work done iii t h e  (‘omput ~~t i on ti f I he ap~ rox intat

solution.
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