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ABSTRACT

Bivariate P.D.F. Approach for estimating the operating
characteristics of item response categories is introduced,
and used in conjunction with the Normal Approach Method, assum-
ing a normal distribution for the conditional distribution of
ability, given its maximum likelihood estimate. In this
approach, the total set of the maximum likelihood estimates
is divided into the item score groups, and for each score group
the density function of the maximum likelihood estimate is
approximated by a polynomial, and the conditional moments of ability,
given its maximum likelihood estimate, are estimated accordingly.
The method preassumes no mathematical model in the process of
estimation. It is tried on the same hypothetical data, i.e.,

the maximum likelihood estimates of ability of the five hundred
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hypothetical subjects and their responses to the ten binary items
following the normal ogive model. Three different degrees of
polynomials are used in approximating the density functions of

the subsets of the maximum likelihood estimates, and they are

called Degree 3, 4 and 5 Cases. The mean square errors are used
for evaluating the resultant estimated item characteristic functions,
and the two item parameters in the normal ogive model are also

estimated.
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I Introduction

There have been produced many approaches and methods for estimating
the operating characteristics of the item response categories in the

present research project, and we can summarize them as follows.

(1) Different Approaches:

(1) Histogram Ratio Approach
(ii) Curve Fitting Approach
(iii) Conditional P.D.F. Approach

(a) Simple Sum Procedure
(b) Weighted Sum Procedure

(c) Proportioned Sum Procedure

(2) Different Methods:

(i) Two-Parameter Beta Method
(ii) Pearson System Method

(ii1) Normal Approach Method

These methods and approaches, with the results of simulation studies, have
been reported in the six technical reports, which are listed in References
as [1] through [6] at the end of this technical report. Each combination
of a method and an approach has its relatively strong and weak points

in comparison with the other combinations, and which one of these combi-
nations should be adopted in a particular situation depends upon many
factors involved in it. There are some essential points which are common

in these combinations, however, and they can be summarized as follows.




[A] The estimation of the operating characteristics of the item
response categories, and that of the ability distribution, are

conducted without assuming any prior mathematical form.

[B] A relatively small number of subjects can be used in the entire

process of estimation.

There have been very few theories and methods developed for
estimating the operating characteristics of the item response categories
without assuming any prior mathematical form. Most of the research
parameters of a specific model, like the normal ogive model or the three-

parameter logistic model, which is assumed to fit the data in question. Not

only is the usefulness of such methods limited, but there exists a
strong possibility that the adoption of these methods distorts psychological

reality by molding it into a specific model, which results in producing

nothing but artifacts. We must say that such a research is meaningless,

as well as harmful for the progress of science. (This is well exemplified
by the fashionable, blind use of the three-parameter logistic model for

the multiple-choice test item.) The operating characteristics of the
distractors of the multiple-choice item, for example, can be approached

only through methods which presume no mathematical forms for the operating
characteristic of the correct answer, in the truly scientific sense of

the word. This will be attempted in a separate research, and, if it becomes
successful, it will lead us to an answeyr to the long existing question,

"How can we make use of the responses to the incorrect alternative answers of
the multiple-choice item?", and will enable us to estimate the examinee's

ability or latent trait more efficiently.




Althouvsh certain organizations like Educational Testing Service
may be able to use testing data ot several hundred thousand examinees,
many research projects are handled on college campuses, where it is
extremely difficult to collect such a large set of data. In addition
to this fact, the increasing restriction in using human subjects makes
it impossible to depend upon the students' cooperation in psychological
testing and experiment as we could in the past. It is a necessity,
therctore, for us to investigate methods and approaches which do not
require a large number of subjects, and yet possess high accuracies
ot estimation.
paper (Samejima, 1977b), for estimating the operating characteristics
of the {tem response catepories, although the exact name has not been
given. The method introduced in that paper has often been called Normal
Approximation Method. It is a procedure based on the above two principles,
[A] and [B], just as these combinations of a method and an approach discussed
earlier. In the present paper, the combination of Bivariate P.D.F.
Approach and Normal Approach Method will be introduced, and tested on
the simulated data, which have been used in the preceding studies, and
a brief description of which is given as Appendix 1. In the following
chapters, this combination will often be called Bivariate Normal Approach

Method, it there is no possibility of confusion.




Il Bivariate P.D.F. Approach

In this approach, we shall try to approximate the bivariate

~

distribution of ability € and its maximum likelihood estimate 0O ,
for each subgroup of examinees classified with respect to their item
scores for each of the ten binary items. This has been attempted earlier
(Samejima, 1977b), in the Normal Approximation Method. In this paper,
however, we do this in a somewhat different way.

Let )\ be an estimate of ability @

, in such a relationship

that

(2.1) A=8%n

-® < f§ < ™
A\

where n 1is the error of estimation which, for a given ¢ , distributes
normally, with zero and 0 as the two parameters. Thus the conditional
density function, w(\IO), of A, given €6 , is n(08,0), and we

have

(2.2) E(A[0) = @

and

(2.3) Var.(\|8) = o?

The bivariate density function, {(A,U), 1is given by
(2.4) E(\,0) = £(8) y(A|®) ,

where f(0) is the density function of ability ¢ The marginal

density function, g(\) , of \ can be written as

(2.5) g(l) = £(\,8) do

-
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and the conditional density function, @\ol\), of 8§ .  given X i

{s wiven by

-1
(2.0) $(BIA) = £(1,0) [g(]A))

We obtain for the regression of ¢ on \

y d
2.7 E(@\) = \ +0° qy low (L,

which is not necessarily linear. The conditional variance of ¢ , given

\ ., can be written as

d N
- I\ "™ g
da’® l\‘.\ .\\\\)

-

(2.8) var. (0|\) = o

and the third and fourth conditional moments of ¢ about the mean,
given \ , are obtained by

3

(2.9) ug(eA) = off 2 log g(V]

d
dA

and

8 d?

(2.10) w8 fX) = o*[3 + 60%{ ;\,1og g(O} + 30" e los g(\) 1
\ S

T b .
+ 0 U log g(A)r]

respectively.

When the density function, g(\) , is not observable, F\OI\)
can be approximated by the linecar regression, or the best titted linear
function of \ in the sense that the discrepancies of the corresponding
¢ from this linear functionare minimized by the least squares principle.

Thus the quantity Q to be minimized is given by

2.11) Q= E[® - h(V) ¥,




_(‘..

where h(\) is the linear function, and we obtain

$2.12) h(\) - E(OQ) = |Vur.\t)|\/: Corr.(0,)) (A - E(N)] [\'.lr.(\)]-.l/2 ’
where Corr.(,\) 1is the product-moment correlation coefficient of &)
and A . From (2.2) we have

(2.13) E@®) = EQN) ,

and, from (2.1) and the related tundamental assumptions, we obtain

(2.14) Var.(8) = var.(}) - ¢°

and

(215} Cov.(8,\) = Var.(8) + Cov.(8,n) = Var.(\) - o> .

where Cov.(8,\) denotes the covariance of ¢ and 1\ . Substituting

(2.13), €2.14) and (2.15) into (2.12), we can write

(2.16)* h(V) = [1 - o2 {Var.(M) ) Y1) = EQ)] + E(8)

1

= 1 ~ o {(Var O] Mk + o¥ Ve COT T EOY

- 'S\ + Q

When O and \ have a bivarviate normal distribution as their joiat

distribution, we have

(2.17) E(O|\) = h(})

* Note these coetficients o and B are different from those in Samejima,
1977b. Let a* and B* be those in Samejima, 1977b. Then we can

write a=-a* , B =1- 8% and h()) = (1 = B*)\ - a*




and the conditional vari
{(2.18) Var.(0[A) = o°[

By virtue of the
estimate, when the test
for the range of O of

large, we can use the ma

with

1

(2.19) o% = {1(0)}

(Samejima, 1975, 1977a,

developed for ¢ and A

as an approximation, as

mation function is satis

e -

ance ot , fiven A , can be written as
2 (s el
L = @®{Var.(x)} ]
asymptotic property of the maximum likelihood
information function, I(0) , is constant

our interest and its amount is substantially

N

U tor the estimate

ximum likelihood estimate

1977b) . Thus all the mathematical

so tar can be applied for those of 0 and
far as the above condition for the test infor-
fied.

relationships




IIT Bivariate Normal Approach Method

In the Normal Approximation Method, the bivariate distribution
of U and A for each item score group is approximated by a bivariate
normal distribution, and, using (2.17) and (2.18), the frequency dist-
ribution of O for each item score group is estimated accordingly
(Samejima, 1977b). The application of this method for the simulated
data of five hundred hypothetical examinees (cf. Appendix I) turned out
to be quite successful.

The assumption of the bivariate normality for the joint distri-
bution of 6 and A can be avoided, however, if we can estimate the
density function g(A) in an appropriate way, which enables us to
estimate the regression of 6 on A directly through (2.7), and other
conditicnal moments through (2.8), (2.9), (2.10), etc. Once this has
been done, then we can approximate the conditional density, ¢(6!A), of

8 , given A , and then estimate the bivariate density function

£(A,08) through the relationship
C3:1) £(X,0) = ¢(6]X) g() .

The marginal density function f£(0) can be estimated, therefore, through
(o]

(3.2) £(0) = f E(A,0) dA

00

The above. procedure can be applied for each item score group
of the item whose operating characteristics are being estimated, and
the operating characteristic, Px (8) , of the graded response category

8
xg of item g 1is estimated by

m
{3.3) P @) =N £ (0 [58N £ (O)TL,
X X X S S
8 g g s=0




where N is the number of examinees whose item scores are Xp 0 and
X 3
N b3 .
f () is the estimated density function of U for the group of all the
X
8

examinees whose item scores are uniformly x|
¥

In the present research, the density function, g (A\) , for each
x)&
item score group is approximated by polynomials of degprees 3, 4 and 5 by
the method of moments (Elderton and Johnson, 1969, Johnson and Kotz,
1970, Samejima, 1977c), adopted for the subset of the observed maximum like-
lihood estimates. Both the density function and the operating character-
istics are estimated by using each ot these three estimated density tunctions,
and these cases are called Degree 3, 4 and 5 Cases, respectively. The
conditional density, ¢(0|\), is approximated by a normal density function
using the estimated first two moments as the two parameters, which are
obtained through (2.7) and (2.8) by replacing g(\) by By ) . The
8

present procedure is called Bivariate P.D.F. Approach with Normal Approach
Method, therefore, and is shortened as Bivariate Normal Approach Method.
The integration in (3.2) is approximated by the simple sum ot the products
of the estimated bivariate density of 0 at the midpoint of the subin-

terval of \ and the subinterval width. 1In the present research, the

subinterval width adopted is 0.1 .
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IV Results 1:  Approximated Density Functions of the Maximum Likelihood
Estimate O and Regressions ot Ability U oo

Table 4-1 presents the coetticients of the polynomials ot degrees
3, 4 and 5 approximating the density function of the maximum likelihood
estimate O . for ecach of the two item score groups, t.e., the taflure

and success groups, for each of the ten binary ftems. Each polynomial

has the form
G.D* g = a+ B3+ y0° + S0 + vd" + 08

with the titth and sixth terms excluded in Depree 3 Case, and with the

sixth term excluded in Degree 4 Case. Also presented in the same table
are the coefticients ot the polynomials derived as the tirst derivative,
the second derivative, etce., of each approximated density tunction, which
. given 0. The

are used in estimating the conditional moments ol ¢

tirst through tourth conditional moments and the coelticients »il and B,

and Pearson's criterion kK  (Blderton and Johnson, 1909, Samejima, 1977¢)
are presented as Table A-2-1 of Appendix 11.

Figure 4-1 presents these polynomials which are readjusted propor-
tionally to the relative sizes ot the item score groups tor cach item,
s0 that the sum of the two areas ot the curves tor the success and tailure
groups should make unity. For convenience, hereatter, we shall call
them approximated shared density tunctions ot item g . The actual tye-
quency distributions of the maximum likelihood estimate tor the two {tem
score groups, which are also adjusted to the relative sizes of the groups
in the same manner as the approximated polynomials, are shown in the
same tigure tor the sake ot comparison. The curves tor the polynomials are

truncated tor the values less than zero. Unusual rises ot the curves

* For simplicity, g(t) is used instead of 8x (8 5 BB

8




TABLE 4-1

Coetticients of the Polynomfals Obtained by
the Method ot Moments Which 1s Applied for
the Maximum Likelt{hood Estimates 6 for
Each Item Score Group of Each of the Ten
Binary [tems. They Are Adjusted to Make
the Total Frequency of Each Score Group
Unity. Also Presented Are the Coeffi-
cients of the Polynomials Derived by
the Successive Differentiations
of the Original Polynomials.

DEGREE 3 CASE: Failure

~ . ~ -~
[ TEM a R Y N
1 “12,62€85 ~1€.14972 =€ 15165 =(.107€4
-16,74622 -12,2021C =2.111%2
=12,30070 =4.00%04
~4,22304
2 0.65612 J.Ccere 2.13%511 Ce£25CS
2.Cs618 4217154 1.56715
e271%4 1.17471
3,17421
3 -0.020¢9 0.f4e€ss 1.04212 (.29102
Q.5 4859 2.0842) 0.E720¢
2.08423 loi4e1)
1.74¢12
" 0.06441 ~C.1217€8 C.16482 0.08211
-0.1278% Ce20SeED Cel4922
C.I8G¢D Co4SE67
0.49E67
5 0,12822 =C.1%417 0.11415 C.06¢S6
-0.19417 C.229%C C.2CCHE
Ce225%50 C.4C176
0.4017¢
6 0.21%24 =C 16811 =0.,01225 C.02207
“0.16811 =CeC24%1 C.CEE22
~0.02451 0ell244
0.12744
? 0624407 =C.148)5 =0.02¢¢€7 C.01715
-0.14805 =C.C%31¢ 0.05146
~0.0%2174 CalC352
Co1€292
8 0.27419 =0,(€€75 =C.C17€1 C.01401
~0.0961% =C.C2%22 C.042C2
-0.03%22 CoCE4CH
0.00404
9 0.2%629 =0,05016 =0.0214 C.C03¢8
-0.05016 =-0.0¢428 C.011012
~0.06428 Gs022C7
C.02207
10 0.24C09 =CaC3%€1 =0.02441 C.00%¢8
~0.075¢1 =0.C4tE? C.01104
“C.04882 CeC22CS
0.022¢9




s ~12-

. TABLE 4-1: Coefficients of the Polynomials
(Continued)

DEGREE 3 CASE: Success

ITEM a f Y $

? €.22€2) C.CCEl8 =-0.01S¢é6 =-0.00CE3
0.0C818 =2.C2521 =0.0C24S

-0.02931 =C.0C4<7

-C.00457
0.2403C CaC2%01 =CaC2422 =C.CO24]
0.03501 =C.(4f&5 =-C.01C22

=0.0884% =(,(C2C44

r~

-0.02044
3 0.2%511 CoC41S1 =Ca021%C =(.CCZ228
004761 =C.Ce2C1 =C.CCSB&
-0.06301 =0.C1%¢?
=-0.01667
K L2461 CoCEL2E -CaCi®1S =(.COELR

0.08125 =-Q0.05C38 =(C,02€0¢
-C.050238 -~C.Cf211
-0.0%211

5 0.24020 0.1%14¢6 -C.022°8 =C.ClS1e
015146 =0.04556 =0.051741

=0.04566 =C.114S4

=0.114%4

6 Ce2l2%) Col€i24 =0,009%2 =0.023137
0.1€724 =C.C1SC4 =C.C7011

-C.C1904 =0.140¢1

-0.140:1

? CalC047 €.22725 €.15078 =C.C8E27
0.22725 Cs2C)Ye¢ =Ce2%¢1C
0.20156 =0,%1220

=-0.51220

8 0.11109 0.Ce030 0.270€3 =C.10%¢8
0.06820 05412717 =04:211703
0.564127 =0C.624C7

-Cab2407
. D 0422222 =1.,24C14 1.50%2% = -8S¢4
-1.240174 3.01046 =1.1€862
3.01048 =:.220€¢
-2.1278%
10 Q.EFEEE =1,2<0FF 1277712 =C.20173
-1.3c2¢8 255546 =0.5051% i
2.5%¢46 =1.€1027 }
-1.81037 ‘




TABLE 4-1:

A

Coetficients of the Polynomials
(Continued)

DEGREE 4 CASE: Failure
~ ~ " ”~
T'VEM Q R Y S v
1 LY7,7790%5 267.04CC4 18S.424T71  SELQT532 ¢.506T713
267,04006 ATRLE4927 114.2256¢ 1¢.026%2
378,84937 24EF ,4%516C 1B, CECTE
348,4%51€0 15¢.1€150
15¢.1¢1%0
2 0.,3742¢ Ca€4272 Cott192 =(C.19%68 =0.1215¢
C.94272 1622503 =C.S5E7S4 =(.48626
1.32583  =1,17588 =1,45E77
=~1.17568 =2.611%3
-2.91253
3 €.82321 12,22f%4 12.£5422 4 .EHESY 0.58704
12.338%4 2% ,2F6E46 14.0€e58 Ze248B1le
25.,38046 28.121356 T.044417
28.1226¢  14.(fESH
14.C€E861
“ 0.17%94 =(C (£ C.04C1S =C.068%2 =0.03330
= -0.CPs51 C.CE1S58 =C.20%57 =-C.12320
008158 <=C.41113 =(,35%5¢C
=Ce4l113 =(,05520
-C.78920
s Colll4é =Colé150 C+20357 C.17287 C.020¢0
-C.1¢1¢0 Catat)® CeSlEe2 C.CB241
0.52715 1e02724 Cad&124
1.02724 Ca.46448
0.4G4480
6 0.1€842 =0.,14701 C.007¢1 0.01867 =0.00117
-0.15701 0.C1501 0.0560C =Ca012¢9
C.01501 Col112C0 =C.C2808
011200 =Ca(ié17
-0.0%017
? 0,24%2% =Cal€e20 =CoCZ2CC Ce 02723 0.00350
=C.1€€630 =C.Ce4Cl 0.082¢C0 (.01399
-0,086401 Celed4c) C.04187
0.1€¢401 0.CR2SS
0.0826%
8 06273113 =C.CS470 =0,012¢8 0.01216 =0,0010%
~0.05470 =Q.02°2* 0.03648 =0.,00420
~0.02538% 007267 =C.012%9
0.C728¢ =C.C2%17
-0,02¢%17
9 Co248CC =CaCeP1  =0.,01¢6%« =0.00081 =0.00268
“0.0%81 =CaC2W8 =CC€C27 =C.C1183
“C.0VICA ~C.(C®48b =C,0358C
“0.00%48 =0.Ci1e0
“0.07160
10 022176 ~0.07174 =0.0CH48 C.C02¢5 =0.00280
“0.,02174 =~0.0C656 0.C0766 =0.01120
=-0.00688 0.C1%52 =(C.02258
0.01592 =~C.cel18
“C.C6T18




TABLE 4-1: Coetficients of the Polynomials
(Cont inued)
DEGREE 4 CASE: Success
~ ~ ~ ~
ITIN X B Y N v
1 0.2C¢12 C.CC2(1 CaCl1 CaQ0C12 =0.004¢S
C.0CN01 C.C228% 0.CC2 -C.0187
0.02284 CeCCaMe =0.0%¢2¢
Ce00426 =0,11257
-0.112%7
2 022116 C.C¢S4 =0.01279 =C.00282 =0.,00140
0.016€4 =0,021%8 =0.011786 =0.00%¢)
=0.027158 =0,022%7 =0.01¢1¢
=-C.02352 ~(C.C23%0
-0.02240
3 0.2%221 J.04€3S =0,02292 =(¢.00281 =-0.00116
04046238 =0,.Ca184 =0.00844 =(C,004t5
=C.04784 =C.Cl68C -0.01195
=0.,21689 <0,.0218S
-0.027¢8
& 022845 CeQTT9% =(.0095% =C.007¢66 =0,00297
0?1794 =0.0YYY]1  =0.02297 =0C.01189
~0e01111  =Cola®94 =0.02%87
=0e065G4 =Cal 7135
~0.0711S
S CeldEB81 (14083 =0.015CS =0.01267 =0.00251
0el@05) =0,C2C18 =Ca04181 =Co.ClCO2
-0.03018 ~{.C83P1 =C.C3CO9
-0.08381 ~0.C¢017
-Ce06C1T
(3 0.16183 0. 4840 002247 =(.01¢¢65 =0.00603
Oale840 Ce(lh492 =0.04S5¢6 =(0.02414
0.0449Y =0.(9582 ~=0.C7241
~0.09992 =(Q.14421
=“Celédil
¥ 0.08113% Ce23740 Ce2d427 =Col6%529 0.0181)
0.22740 Qedtf*4 ~0.4558¢ C.07251
QaatfS4 =0.86112 Ceclr%2
~C.95172 Coad 3€C4
Coa%04
8 0e11252 C.C2c02 0.29618  =C.09¢6« =0.00190
C.07002 Co® 1627 =(.28683 =Ca.C061
QeS1E37 <«(C.57¢ES =(C.C22084
“0.57SE5  =0.045¢S
~0.04569
a S.3PE10 ~1%,53C¢1 15.415€0 =5,.9945% Ce 79801
«15.52C51 1),072164 ~17.682¢2 Y1804
W82194 =2%5,¢€C£725 S.57¢113
»35.8€72% 18.,1%22%
16.15225
10 CeBeBO0S =iaC2%60 24CCS11 =Cotdlee e 05106
“ie01560 44,0182 =1.8848s Q.20428
“4e01823 =131,78548 Cenl212
=1.,7868¢8 220206

ledatin
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TABLE 4-1: Coetficients of the Polvnomials
(Continued)
DEGREE 5 CASE: Failure
B 2 = ~ A A
ITEM a 8 Y N V g
1 €5Ca4STI0 147C.CICCO 13Cia9%2CC €%.3759) 120.39730 10.085%96
147C.93000 7¢05.604CC 16€6.1270C 4EL1.5ESS0  50.42581
2¢05.S04C0 1262, 2%%0C 1444.7680C 2C1.71820
3192,25%0C 2eeS.° 200 eCh.15110
2889,.52700 121J0.71%00
1210.1500
2 ~0.30289 -2.e22¢%2 —E 78738 =%.34511  =1.9856% =0.25004
“2482252  ~11,%7472 -16,03532 ~17.84278 =1.25021
=11.57472 <=22.C7CeS =22,82034 =%,00CES
=312.07CeS ~41.85868 ~15.CC256
~4hT.656¢8 =30.,CCe1?
=20.00%12
2 “E 2589 = 20,04648  ~J€,027%4 =1€,CRC4T =£,301%3 =0, 73584
=20.24848 =&8,45508 =%9,64lel =25,21%70 =13.617921
~BP.4SR0E =118 tEEC  =iN,€47C6 =14, 71¢E4
=116.88280 =1%1.29410  =44,150¢%1
~151.29410  =-¢2,201C2
-88.230102
‘ 0.14584 0.CCS2 02711 =0.26206 =0.1580% =0.02192
0.0C792 0.C4€21 ~C T8S1T =C.82221 =0,10859
C.04621 PR TEE ~1.85682 =0.438%
=1.57822 -3,16225 -1.21403
-2,79125% -2.t3CCs
-2.62008
S Cel2C1S -Cel4222 C.14972  =0.02407 =0.07649 =0.015811
-0.14222 0ua2€144 =0.C71221  =(.20%66 =0,0755%%
029144 ~Cal4441 =C.S1788  =(.20220
~0el4adl -1e.83578 ~C.5Ce¢1
~1.83578 ~1.81221
-1.812:1
8 0.1995% -0.1%320 C.00%4%  (.01626 =0.00277 0.0003%
-0.1%20 0.Cl080 C U478 =0.01106  0.00152
0.01090 0.06187 -0.0221§ C.CoeCe
C.0€157 -0.Ceeng C.Cl824
-0.06629 Ca02¢47?
C.Q3e4?
7 0.25900 -Cell172 ~0.07488  0.022¢8 002023 J.00463
=-0.171102 =Cel4a868 JaCT194 C.C8123 0.02314
~C.148¢8 Calédpg C.2440C C.C92%4
O.141388 Co4EB801 0.211762
0. 48801 025528
0e9%%2%
8 0.212e9 ~C.08217 ~0.01607  0.01009 =0.00024 0.00037
-0.09217 ~C.C22C8 0.02Ci8 =C.00CSH C.00C183
=0.C 2208 V. C8CS2 =0.002%¢ 0.00711
0.080%3 ~Cl.CCh0E C.0i184
=0.005¢€8 C.Cade9
0.04186
a 0.25511 ~J.02419 “0.02888 =CL,01C25 =0.00020  0.00148
~0.02419 ~CeC*161 ~CeC2C4 =C.C0CR0 Ca072¢
~0.08181 “J.0ete8 ~C.0024C  €.0288%
~0.0¢6148 ~Ca0CAEL CoCtEES
“0.00481 Jel72713
O.1731Y
10 0.2219 =-(.013023 -C.0037C Q00184 =0.00278 0.00008
=0.0%W2Y ~u.0n741 C.00%%Y =0,0110¢ 0.000«2
~0.00741 0.0110%  =0.C2%12 Ce00leE
0.01108 ~CaCtels 0.C0%¢Y
~0.0¢e26 (VPN T )

0401008
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TABLE 4-1: Coefficients of the Polynomials
(Continued)

DEGREE S5 CASE: Success

~ p ~ ~ ~ I
I TEM a g 3 S 0 A |
s
1 +207111 =-0.00€78 0.CCSe5 0.0)278) =0.00435 ~0.00083
-0.0C278 Ce01826 Ca02248 =(CoC1729 =0,0C414
C.01829 CeCa657 =0.05217 =0.01e%7
004687 ~=C.lC4) =0,(4S7C
=0.104%3 =~(C.(SS«0
=-0.04940

) 0.22032 CoC0e2S =C.CCS25 C.01244 =0.00217 =0.0Cl69
0.006z8 =0.C1¢°%1 Ce03722 =-C.C0CEEY =0.00845

-0.01851 J.C74€3 =0,02¢07 =0.03382
0.074¢3 =0.C%213 =C.1(145

=-0.,05213 =0.20290

-0.2(0250

e T o

3 0.25848 =C.CO&ET =C,023217 C.028¢2 C.00C6¢ =0.00371
| =0.00487 =0.0¢€¢174 C.CB8556 0.00276 =0.01857
~0.Ce814 Cel?l12 C.CCE2E =C.0T7427
Oel7112 CeCleESS =C,22280
t0.0185% =0.44560
1 =0.44580

'

i

|
b | 022153 0604260 =0.01112 Ce01270 =0,CC18S =0.00250
't 0e042¢0 =0o.C222% 0.04111 =0.007%7 =0.01250
-0.,0222°¢ CeC8222 =CoCc211 =CaC4SS9
0.08222 =CaC4%542 =C,l4SS7
~0.04542 =-0.29965
=Q+28988

| 0.24524 0.132%6 =C.(IEES =(.00284  0.00501 =0.00291
0412259 =0.C7770 =0,011%2 0.02CC4 =0.01453
-0.07770 =0.02305 C.CeCl3 =C.05814
-0.02305 Cal12C026 =C.l744l
0.12026 =C.l4001
-0.34881

3 T -y

6 0.1¢612 0.124€69  C.C1336 =0.00653 =0.00393 =~0.00151
0.124¢9 CaC2612 =CoC1658 =0.01%72 =0.00756
0.,02672 =0.C2515 =0,C4717 =C.03023
~0.01515 =C.CS43 =C.(SCTC
P =0.064% =C.10140
-0.18140 "

= el

7 « 0.09994 0.16482 0.,20718 =(C.04082 =0.06096 0.014%6 H
0.164R02 Q.4142%  =0.12245 =0,067S7 0.07r1 78 ;
0.41425 =(o24488 =0.72182 C.28112

=0.2440G9 =1,4¢384 C.86127 3
~1.46384 1.72213 !
1.72213 e

[S

3 0.13918  C.00786  0.02127  Co25781 =0.2486S  0.04159 !
C.0CT86  0.06274  1,0734& =C,59475  0.20797 !
0.062174 2.146E0 =7, e84 C.83187 "

2.14688 =S.GEESC  2.49%01 |
=€.5¢650 4.591:1
4.99171 i

V] 562281 —16.%6681 16,7229 =¢.65630 1.00726 =0.02383
‘ “1ALIE6AL V3. 06458 =20.CERES  4,02895 =0.11916

: 13,06450 =4C 171778 12.CEEEQ =(,aT¢e5

=40 L1176 29 17368  =1,42694

| 26417768 =2.6%¢E

| ~2.95¢¢87

S——

10 1.86490 =4, ¢E244 Ge4271171 =%,9R142 1.82668 =0.21998
“0.,68246 19,875 «]17,68227 1.20670 =1,065587 |
12,8755 =28,624%) 21.,52¢10 =4,29%%0

=35.924%3 4D, E4021 ~12,1¢E4S

i 4V.84C21 =2¢.)€¢5S

1 ~28.15659
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are plotted, however, to show how the polynomials fitted by the method

of moments can assume unusual values outside the range of the actual

maximum likelihood estimates in our data. 1t can be observed that for

the items whose ditticulty levels are intermediate, like items 5, o, 7

and 8

and ta

1

. the three curves are close to one another, for both the success

itlure proups. In some of the other cases, the discrepancies amonyg

the three curves are substantial, like those of degree 3 for the success

Broups

and those ot degree

its ma

(4.2)

where

(4.4)

(4.5)

(4.06)

and th
"TRUE"

of the

(4.7)

of items 1 and 9 and tor the tailure groups of {tems 1, 3 and 10,
5 tor the success groups of items 2 and 3

Figure 4-2 presents the theoretical regression of ability ¢ on

ximum likelihood estimate O , which is obtained by

W0 (SN
P = N -
E(Q|Q) = 0 £(8,0) dO | £(6,0) 48] 5
-\ -\

w

:'.(l;.'\‘) = l‘\‘((‘) t(0) lj‘((\“l(‘) l[ P (B) €(0) d9] .
"

a }=b )
: 172 (%590
P (C) = [2n] . exp[=~t~/2] dt
8 R
= (0.2 for =2.5 <06 < 2.5
t(Q)
= 0.0 otherwise,

y(@lu) = l:nn]—‘/” exp [ (0=0)2/(20M) ] )

e item parameters a and b are as shown in the columns labeled

" )

in Tables 0-3 and 60-4, rvespectively, tor the success proup ot each

ten binary ftems, and by rveplacing P (0) by Q (0) such that
t 8 Py b

<

Q) @ =1 -9 (0)
4 "N




3,0

2,00

’,0n 1,00

MAXINUM LIKELIHOOD ESTIMATE
-3.c0

-2.08  -2.08

~3.00

ITEW 1, FRILURE

——— TRUE RECRESSION
— —= BEST FITTED LINE

1,8 2,08 30

08

MAXIAUM LIKELIHOOO ESTIMARTE
-2.08 -1

-3.98

.00

-3.00 -2.00 -).00 0.08 1.0 2.00 3.0 .00

ITEM 1, SUCCESS

g

-3.00 -3.00 -1.00 0.00 1.00 2.00 3.00 .00

LATENT TRAIT 6

FIGURE 4-2

Comparison of the Theoretical Repression for Ability 9 on Its Maximum
Likelihood Estimate © with the Best Fitted Line of Ability 0 , on

) for Each Item Score Group of Each of the Ten Binary Items.

Also the Standard Errors of Estimation Are Shown on Each Side

of the Regression, and of the Best Fitted Line.
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FIGURE 4-2: Comparison of Theoretical Regression of

8 on 0 with the Best Fitted Line of 0 on ©
(Continued)
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FIGURE 4~2: Comparison ot Theoretical Regression ot
9 on 8 with the Best Fitted Line of ¢ on 0
(Continued)
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} on ¢ with the Best Fitted Line of 8 on @8
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FIGURE 4-2: Comparison of Theoretical Regression of

3

on 9 with the Best Fitted Line of 8 on 8
(Continued)
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FIGURE 4-2: Comparison of Theoretical Repression of
# on J with the Best Fitted Line of 0 on 0
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in (4.3) and (4.4) for each failure group. On both sides of each regres-—

sion, the standard error such that

(4.8) (B[ (0-E0|8))2]6111/2 = (E0?|8) - [E(o]8)19)1/2

»

where

(4.9) E(0%]8) = f' 826(0,0) do [ l' £8.0) ab™t

0 -0
is also plotted, respectively, for each of the two item score groups of

each of the ten binary items. For the purpose of comparison, the estimated
linear function H(J) , which is obtained by (2.16) by replacing the
population moments by the sample moments, is plotted in each graph of

Figure 4-2, together with the standard errors obtained as the square root

of the conditional variance given by

' a 2 p g - 2
(4.10)  ar.(8[8)1M? = o[1 - o?var®1 ™12,

We can see that, except for the failure groups of such easy items as
items 1l and 2, and the success groups of such difficult items as items
8, 9 and 10, the two sets of curves are very close to each other for
the meaningful ranges of ability 6 . The estimated coefficients of
the linear function, and the estimated standard error in the normal
approximation case are shown in Table 4-2, for each of the two item

score groups of cach of the ten binary items.




coetticients

Max tmum
Each

R
Binary
Ttem

9

10

0.05172

0.83173

0.78914

0.,93598

0.92136

0.95747

0.952069

0,90802

0.9089,

0 » 9 /'\ﬂh

Likelihood

the Best
Estimate 0
ltem Score Group ot Each

Failure

-0.78658

-0, 30637

=0.400060

0.09243

0.11020

0. 04449

-0.04474

-0.02117

-0,01513

-0.00732

TABLE 4-.

)

Fitted Line for Ability ¢

[Vav.(ale) ]| """

0.19608

0.19000

0.20800

0.206137

0.210138

0.20985

e LS

0.21163

0.21230

and

Its Standard
the len

0.97685

(‘ . ‘) I‘ “.‘) -‘

0.92080 /7

O.96904

0.95335

0.95848

0.91314%

0.92538

0. /79008

0. 88540

Binavy

Success

0.00227

0.00702

0.01488

0.018809

O, 04a i85

0. 041459

0,1.2401

0. 10857

0.38530

O, 198454

on lts

Error tor
ltems.,

|
|
H

[Var.(o 0y)’

f
0.21250
0.21229
0.21160 |

021165

0.20003%

0.21049

0.20545

0.19190

l
|
|
|
0,208 '
|
i
0.20231 |




A

V  Results 11: Estimated Density Functions of Ability U

{

For each item score group ot cach of the ten binary items, the

density tunction of ability 0 was estimated through (3.2), by using

cach ot the polynomials of degprees 3, 4 and 5 as the approximated

density function of the maximum likelihood estimate € , and the normal

density function with the parameters estimated through (2.7) and (2.8)

as the approximated conditional density function of € | given O .

Then the resulting estimated density function ot ¢ was multiplied

by the relative frequency of the examinees having that item score,

s0 that the sum of the areas of the two curves should make unityv for

each item g . Figure 5-1 presents the estimated shared density

functions of ability € thus obtained, for Degree 3, 4 and 5 Cases,

for each of the tailure and success groups of each of the ten binarvy

items. In each graph of Figure 5-1, the theovetical shared density

function, which is the product ot the theoretical, uniform density

function of 0 and the opervating characteristic ot the

in question, along with the actual frequency ratios. are also drawn.

It is noted that for the tailure and success groups of item 1,

the failure group of item 3, and the tailure and success groups ot itew

9, the results of Degree 3} Case are substantially ditferent trom those

of Degree 4 and 5 Cases, and tarther from the respective theoretical

shared density functions, which are shown

by solid curves in these

graphs. It is also noted that for the success group of item 3 the

result of Degree 5 Case is visibly closer to the theoretical shaved

density function, than those of Degree 3 and 4 Cases. For ftems with

intermediate difficalties like items 4, 5, 6, 7 and 8, however, the

item score category
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3

3

results of Degree 3, 4 and 5 Cases are fairly ¢close to one another, and ]
4

no conspicuous superiovity of Degree 5 Case nor inferiority ot Degree 4

} Case 1s observed.

The sum of the two estimated shaved density functions of ¢ for
each item gives an estimated density function of ¢ for the total group
of examinees. Figure 5-2 presents these ten estimated density functions
of O for Degree 3, 4 and 5 Cases respectively, topethev with the
theoretical density ((8) . In these graphs, the curves are plotted

only for the iaterval [-2.5, 2.5], but, actually, atl these estimated density

functions of 0 have two "tails" outside of the interval, as we can
see from Figure 5-1. 1t is interesting to note that these ten estimated
density functions of €  are substantially ditferent in shape. LE, [or

instance, we compare the two results obtained on items 3 and 9, respectively,
we {ind that these two sets of curves are opposite with respect to the
locations of "hills" and "valleys." In cases like those based on items

‘ 1, 4, 6, 9 and 10, the curves in Degree 4 and 5 Cases are closer to
each other compared with the one in Degree 3 Case, while in some other

cases like those based on items 2, 3 and 8 those in Degree 3 and 4 Cases

are closer to each other. The mean square errvor {s calculated by

| m .
5 L) . [E. Y = ECE )] &

m j=1 i i
with m = 25 and (“':: taken from =2.4 to 2.4 with the step of 0.2 .

Table 5-1 presents these mean square errorvs of the estimated density

functions based on the ten binary items, and in Degree 3, 4 and b Cases,

!
respectively, together with the corresponding result obtained trom
the criterion density function of the Simple Sum Procedure (85P) of the
Conditional P.D.F. Approach (Samejima, 1978b). The square roots ot
{
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TABLE

—~1

Mean Square Errors of the Estimated Density Functions of

Ability

in Degree

3, 4 and 5 Cases of
Normal Approach Method (BNAM), Compared

Square Error for the Criterion Density
the Simple Sum Procedure (SSP) of the Conditional
P.D.F. Approach.

the Bivariate

with the Mean

Function of

ENAM S'SP
1 PEM DCR &3 DGR .4 OGRS CRITERION
1 C.0C1l06 0.00105 0.0C118 0.CCC17
2 0.CC1l00 0.CC128 C.CCl29 0.CCC17
3 C.CC1l24 CeCCl4Z 0.00172 C.C0017
4 CeCCCS4 0.CC137 C.CC12¢ 0.CCC17
5 c.CCCE1 c.CCl2¢ G«CCLL2 0.CCC17
6 0.00100 €.00104 0.CCCSO 0.0CC17
1 0.00116% 0.CCl47 C.CCCSS 0.C0C17
8 0.CC122 0.CC120 0.C0CEZ 0.CCC17
9 0.0C140 0.00118 C.0C113 0.CCCL7?
10 0.CCl126 C.CClQ7 C.CC134 0.CCC17




TABLE 5-2

Square Roots of the Mean Square Errors of the Estimated

Density Functions of Ability 8 in Degree 3, 4 and S

Cases of the Bivariate Normal Approach Method (BNAM),

Compared with the Mean Square Error for the Criterion

Density Function of the Simple Sum Procedure (SSP) of
the Conditional P.D.F. Approach.

BNAM SSP
IYEN CGR .3 DCR & 4 OGRS CRITERION
I C.02256 Ce02240 C«C2431 0.01321¢
2 Ge0=LED Qe U3SE2 0+ 0255¢ U« 0121 €
3 C+C3667% CeC3778 Ce(4146 Qe CL2LE
4 C.032062 003706 g«G2&82 0sC1Z21¢
S C.02846 0.025SC Ce03355 0+01216€
€ 0.051¢€¢ OuC22dt C.C2C04 0«0Q1216
7 C.02452 0.02836 0.03147 0.Cl316
g 0«Q3&37 G«0359S CoeCZEEE CeCL3LE
S 0.0274¢ 0.02440 0.03267 U< 0121¢

10 0.03541 0.0227¢ 0.03¢63 C«01316€

-

A N PETEINS 7
i




these mean square errors are also given in Table 5-2, which are more
direct measures of the discrepancies of the estimated density functions
from the true density function of ability © . It is observed that
all these measures of discrepancies are between two and four times greater -
than that of the criterion density function of the Simple Sum Procedure

of the Conditional P.D.F. Approach, and yet they are small enough compared with
the true density of 0.2 . There is no evidence to indicate the superior-
ity of Degree 5 Case, nor to indicate the inferiority of Degree 3 Case, 3

in these results.
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VI Results II1: Estimated Item Charact

The item characteristic function

was estimated through (3.3), for cach of

6-1 shows these three estimated item

with the true item chavactervistic functi

the examinees who answered correctly to

uniformly twenty-tive, for each

It is observed that in most

istic functions are close enough to the

and much closer than the actual frequenc

obtained by

1)

(6. P (8)]° .

)« '

with m = 25 and taken from

are calculated, and these results and

in Tables 6-1 and 6-2, respectively. I

results of the criterion item characteri

Sum Procedure of the Conditional P.D.F.

frequency ratios are also shown tor comp

]

actual frequency ratios, m = 20 and

twenty subintervals obtained by dividing

equal steps of 0.25 .) It is intevestd

of discrepancies of the estimated item ¢

true item characteristic functions not o

for the actual frequency ratios but also

for the criterion item characteristic tu

Approach.

dure of the Conditional P.D.F.

characteristic

subinterv

thein

Q.

netions

eristic Functions

tor each of the ten binary items

Degree 3, 4 and 5 Cases. Figure

functions, toget her

on and the {requency ratios ot

the total number of examinees, which

R}

al of ability with the width

these estimated item character

cases

true item charactevistic functions,

v ratios. The mean square errors

) 1 i

‘ to ‘ with the step ol 0.2

SquUare roots are presented

n these tables, the corresponding

stic tunctions of the Simple

Approach and those of the actual

arison. (In the case of the

'y are the midpoints of the

the interval [=2.5, 2.5] with

ng to note that these measures

haractevistic functions from the

nly tend to be less than those

tend to be less than those

of the Simple Sum Proce

A move precise observation

is

E
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- Bt




66~

00°h

T Tl AT

IR TUIETTRS L =

*swal] Aieurg ual 2yl 3jo yoedm
103 ‘soyiey Adouanbaxjy Teniovw 23Uyl PUB UOTIDUNS DTIISTIIIDRIRI) MII]
Teo2T3131034y] 3yl

yitm pazedwoy ‘poyirsy yoroaddy Jeuio!] 3IpTIRATY 3Y3
Aq sase) ¢ pue 4

‘¢ 99189(Q Ul SUOTIOUNJ OTISTI33OBIRY) W3] P3ILWIIST

T-9 340914

8 1lgdl LN3LBT

00°¢ h 002 00"t 00°0 00°1- 00°2- __. 00°§- 00 h—
L JK A = | A U - e 53
o
(=]
B
n
o
431 HIILIVOIRL ——
@ 40 OIi8Y 13N3NB3U4 WNLE —e—
3582 § "u90 ——
3683 b "¥90 - ——
3682 ¢ ‘w90 --.... LS
=
o
oo
o
(=]
Sl
@
o
e Rl =

T W3ll

00°

ALIJaysodd




67-

N SR S TR N § o LIRS .= SRR OIS N e L it i - B

8 LIBdYL LN31BT

Q0'h 00°¢ \h‘oo.w 001 00°0 00°1-

A A A 4

. ) e BELTUTT

€

00'e-

1

‘g-

00°h

431 T8IILIWE3HL —

8 40 Olluy AIN3NB3WS ENLIE —e—
3843 § °

3680 % W90 - -—

3682 € "¥0Q ... .-

LEPR

00°0'

0

=)

0e

Oh'0

-

09°0

-

08°0

b

00°1

ALII8v80dd




- TR A T S P T B
e it i+ it S ¢, Sl bl i

13oung O13Sra@23deiBY) Ws3] pajeuwy

e
L
|

u

X
L

8 LlIddl IN3L®T

ooh  oo's | ooz 00" 00°0 00°h—,
o
o
o
=)
n
o
431 W21 L3¥eIHL
8 40 OILMV IJN3INBINJ WNLIY —e—
38H¥) § '¥WoQ ——
3880 & Y90 - ——
3643 ¢ W90 - o
= 2
s g
| -]
x =
v r
—
'.o = |
o -
(=]
| ©
@
o
7
Bl inilsrilbliidbandh ln‘
o
o
€ HW3ll
b




].Hu

T e e I L A Ry R T T AR R S TS e e T =
(Penuriuc)) suoridung 513sTI230BIBY) W1 P23BWIIST :1-9 3FEnold
8 LIY¥l IN3LY1
o0h 00 | o0z oot 000 00°1-  00'z- |ooe-  oome
= =
o
o
e
n
(=]
431 WI1LIVQIH| ———
8 40 OILlYY AJN3INO3IW4 T8NLIY —d— /
38H4) S "y9g —— g
366 b "Y9Q ~ - — /
3842 ¢ ‘wogq -+ - - 7 L O
=
(=]
!
o
g
.lo
-
o
'o
@
o
—v—— 'ao
o

W3Ll

ALI71ay804d




-70-

(PeNUTIUCD) SUOTIDUNZ DTIISTIBIDEIBRY) wWo3I] P33BWIIST :1-g FuN91s

8 LIYdl IN3LIHT
oo0h o0 | ooz 00°1 00°0 00" 1- 00°2- 00°€- 00°h-
Va S
o
n
o
421 WII1IVeINL ——
@ 40 OIi¥V AININOINS WNLIY — 90—
%4 S 'uo0
S
s 3
D
@
=
e =
@ -
o
e
B
o
L e e e '.M
S W3l




.

00°h

(penuiiuc))

suot3ldunjg

o' ] ooz

'

9131STI330vIRY) Wa3] PIIPWLIST :1-9

431 ¥I113W03HL
8 40 OIlBY AJN3NBIWJ TWNLIY —O—

syl S
3843 h
3843 ¢

8 LIBYl INILYT

00" 1 00°0 00 00'§-  00'heg

o

o

g

B

¥3g — — »
§ag — — ~
.‘oc DR

-2

=

1=

-2

-

o

o

(@

o

o

o

9 W31

ALITJ8Y80Yd




00" h-

=
(=]
o
421 WINLIOIH] — e
9 40 OIlMV LININBIVJ TUN1DY —p— )
356 § N0 — o
358 b "y90 —— =
LS z 4
=
° S
>
-]
—
=
—
o K
W.Du u
o
Q
Fe
@
o
=
o

¢ W3l




(panutiuo))

O9T3ISTI930B1RY) WA PIIRWIIST

Llvdl LIN31WT

i L

431 MWI11INeIUL
@ 40 OIL8W LONINDIWJ I8N LOM
256) S w90

000’

0e°o

ﬁv

oh‘o0

-

0980

o8

no*t

ALITT8YE0Md




(pPnutiuc)) suorjouny OTISTI2IOBIRY) WOl pajrwrisy

{1~9 Fun913
® LIUHL IN3LWY
00°F  00'€ 9oL, , 00:3, oo 00N,
o
o
5
n
(=]
Lo
=
(=]
&
~
}
it
-]
(~]
431 WITIINOFH) ————
8 40 OILBY AININDIVS TWNIJE —e— O
IHI S WYY — — |
3CHI b Y90 — — — ©
IHI € waQ - -
Sou
[~}
o

& W3l

ALIN18Ye0uUd




£
y
§
3
%
H

(p2nuUYlU0)) SUOI3IDUNS DIISTIFIDRIBLY Wa3] P2IPWIISH 1-9 IUN9Id
8 LIvdl IN31Y)

00°h 00°¢ 002 00°1 0000 _ 00'1- 002~ Jooe- 00 b~

il R =

o

LS

~n

o

=

=

o
]
v
o

o

2

-

o

431 MWILLIVEIHL ———

@ 40 OIIBV ADNINB3IWJ WNLIE —e—  +O
88D § “WI0 — — @
a/HI ¥ Y90 — — — =
3683 € WO - -

&
(=]

01 W3LL

ALITNIQYE0Hd




=1 5=

TABLE 6-1

Mean Square Errors of the Estimated Item Characteristic Functions
of Ability in Degree 3, 4 and 5 Cases of the Bivariate
Normal Approach Method (BNAM), Compared with the Mean
Square FError for the Criterion Item Characteristic
Function ot the Simple Sum Procedure (SSP) of the
Conditional P.D.F, Approach and the One for the
Actual Frequency Ratios (AFR).

ENAM SSP

ITEM AFR DGR3 DCR.4 DGR.5 CRITCRION
1 C.0Cc068 C.CC235 C.CCC84 0.0C213 C.CCQ70
2 0.00782 0.00222 0.00244% 0D.CC1t8 0.CC1lz21 i
. 0.00C49 0.0011¢ C.CO08¢8 G« CCOSL 0.CCO0CSE p
4 C.CC94C C.CCC3S 0. C0140 0.CC156S C.002689 x{
5 0.CC242 C.0C026S 0.C0C25 C.00029 C.CCCES i}
e 0.00601 0.C023¢ C.CCO4€ C.CCCH0 0.000€9 fj
7 CeCOQLTS 0.0006¢ C.00075 C.00CE€1 c.Qd120 :
8 C.0C268 CesC0O052 Ce00044 0.000°%1 C.001065 :
9 0.001325 C.C0CES 0.00£26 QeCC:sSE (.CCCE1

10 0.00325 0.00275 g.0C117 0.C0126 0.C0124




TABLE 6-2

Square Roots of the Mean Square Errors of the Estimated Item Character-
istic Functions of Ability © in Degree 3, 4 and 5 Cases of the Bivar-
iate Normal Approach Method (BNAM), Compared with the Mean Square Error
for the Criterion [tem Characteristic Function of the Simple Sum Proce-
dure (SSP) of the Conditional P.D.F. Approach and the one for the
Actual Frequency Ratios (AFR).

BNAM SSP

ITEM AFR DGR .3 CCR o4 CCR.E CRITERICN

1 0.02610 Ce0485C 0.028S7 0.04€10 0.C265¢C
2 0.08843 0.0471¢ 0.04G44 C.04CS3 C.C3473
3 C.02223 C.C34°55 C.C29¢4 0.€22€0 C.C3138
4 CeCS6S6 001967 0.03743 002589 0.051¢€7
b 0.04923 0.01¢S7 C.01591 Qe C1ESD C.C2421
& C.077%4% Ce C4ETS CeC2 144 Qe C2242 0.02<82
? 0.04236 0.0256C 0.02735 Ca.C24é€c 0.0345€
8 0.06070 0.02202 C.02(8S Ceb22Ze C.0330¢
9 0.C3671 0.0254¢ Q.072171 0.Cez10 0.G22¢€0

10 C.C57C1 0.0524¢€ 0603426 0.C2€84 C.C3526
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|
1§
reveals that this tendency is especially true for items of intermediate ,
difficulties, such as items 4, 5, 6, 7 and 8 |

The above results are ot particular interest considering that |

the discrepancy measures for the estimated density functions turned t
|
out to be larger than the one obtained for the criterion density ftunc- l
tion of the Simple Sum Procedure of the Conditional P.D.F. Approach, M
the fact which was pointed out in the preceding section. No systematic s
tendencies are observed with respect to the rvelative superiorities among I
Degree 3, 4 and 5 Cases. t
| ".
;‘ The two ftem parameters ol the normal ogive model on the dicho- '
. . e ; 1§
tomous response level, i.¢., the discrimination parameter, a_ , and )
8 |
the difficulty parameter, b , are e=timated for each item, based on .
4 %
the least squares principle (Samejima, 1977c¢, 1978a, 1978b, 1978d. 1978e) t
using the interval of 0O , [-2.0, 2.0], with the step of 0.2 and the }
exclusion of the points at which the estimated item characteristic ‘
3!
function exceeds 0.95 or assumes values less than 0.05 . These rvesults kY
are shown in Tables 6-3 and 6-4, respectively, together with the true 5
parameters and the estimated parameters from the criterion ftem character- -
istic functions of the Simple Sum Procedurce of the Conditional P.D.F. e
Approach. As has been observed in the other cases, gpenerally speaking,
the estimated difficulty parameters are closer to the true parametet
values than the estimated discrimination parametersg tor loepe discrimi-

nation parameters, the estimation tends to be poor, as we can see in
ftems 3, 7 and 9; and there are no systematfc tendencies as to the relative
superiorities among Degree 3, 4 and b Cases, in both estimations. 1t

we compare these results with those of the criterion item characteristic

tions of the Simple Sum Procedure of the Conditional P.D.F. Approach,




]9

FABLE ©6-3

Estimated ltem Discrimination Parvameters, a, , in Degree 3, 4 and
5 Cases of the Bivariate Normal Approach Method (BNAM), Compared
with the True Parameters and Those tor the Criterion ltem
Characteristic Functions ot the Simple Sum Procedure
(SSP) ot the Conditional P.D.F. Approach. Estimation

ls Based on the Least Squaves Principle Using the '*
Interval of 8 , [-2.0, 2.0], Excluding the
Points tor Which l‘.‘.‘w\ s less than 0.05 or
Greater than 0,95
BNAM sSSP ¢
ITEM TRUE DGR 3 CGR« 4 0GRS CRITERION :
1 1.5 : L.400, (4
2 1.0 1.427 14424 1.607 1,024 I
3 2.5 l.*)llol‘ l.600 2.548 1,788 ';
4 1.0 0.915 Cs850 C.S29 0.868
s 1% o453 1.436 1.468 l1.368 s !
6 1.0 1.048 Ne922 0949 C. 898 3
7 240 Le 711 le 461 Ye816 1.473 N
8 1.0 0.603 0894 0550 0,986
Q 2.0 26141 Is22d 1e22¢ le 716
10 1.0 Cel23 Cebt @ Ce 556 0.1725
fhe points in the interval of ¢ are taken with equal steps of 0.2,

the total number of points used {n estimation (s shown below each
estimate, 1f it is less than 6, For item 1, therve {s only one
point, so the estimation was not conducted.

Al
i
E{
3
!




Estimated

TABLE
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[tem Difficulty Parameters,

b-4

, in Degree 3, 4 and

Cases ot the Bivariate Normal Approach Method (BNAM), Compared
with the

(S&P)

ot

True Parameters

the Conditional

and

Those tor

the Criterion ltem
Characteristic Functions of the Simple Sum Procedure

P.D.¥F., Approach. Estimation

ls Based on the Least Squares Principle Using the
Interval of 0
Points for Which PPU)) Is Less than 0.05 or

[-2.0, 2.0], Excluding the

Greater than 0.95
BNAN SSP
TTEM TRUE 0GR«3 DGR.4 DCR .5 CRITERION
1 =265 — o -2+651,
2 =-2.0 -1.810 =1850 ~1+819 -z.002
3 “led ~1.5€5 =-1.46¢ -1,525 =1,507
4 -] 0 =1sC0%9 =] +089 -1.083 -1.005
5 =G D -0.475 -0.499 -C0.415 ~Ced72
6 0.0 -0.057 -0.074 -0.057 =-0s07%
1 0e5 s DSy 0510 Ce530 o
8 1.0 0.960 0568 0,970 0.S581
5 1.5 1.456 1.319 1.254 1.502
10 2.0 2.079 2.210 2.330 2.118

The points
The total

in the
number

estimate, if

point,

interval

points used

ol

are taken with equal steps of 0.2.

in estimation is shown below each
less than 6. Fou

s0 the estimation was

1, there
conducted.

is only one




they are just is good, although there is a slight tendency that

estimation of these parameters is poorer items which

very (ifficult in the present results.

PR ]
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VIL Discussion and Conclusion

Bivariate P.D.F. Approach was introduced, and, combined with
Normal Approach Method, was tested on the same simulated data, which
have been used in testing various combinations of an approach and a
method developed previously. The results turned out to be successful,
or just as good as those obtained by the other combinations of an approach
and a method. There are no indications that Degree 5 Case provides
us with better results than Degree 4 and 3 Cases, nor that Degree 3
Case is inferior to Degree 4 and 5 Cases, in both the estimation of
ability distributions and the estimation of item characteristic functions,
as far as the present set of simulated data is concerned.

The success in the present paper should be emphasized considering
that Normal Approach Method is used, in which only two estimated condi-
tional moments are used and the approximation to the bivariate density
function by a normal density function is apparently too crude, especially
for extreme values of 0 . To ameliorate this, Pearson System Method
should naturally be considered. Unlike in Conditional P.D.F. Approach,

however, Pearson System Method would cause some problem in the estimation

of the parameters with the present simulated data, since not only Pearson's

Types I and Il distributions and the normal distribution but also those
of Types IV, VI and V11l are involved, as is clear from Table A-2-1 ot
Appendix I1. Normal Approach Method, on the other hand, is quite simple
in application because it requires only two estimated conditional moments,
even though it may sacrifice some accuracy of estimation. To avoid the
complex nature of Pearson System Method without sacrificing the accuracy

of the estimation of the bivariate density function, the adoption of

olynomials obtained by the method of moments is being considered, and
) b

He KN e

e |
PO
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some theoretical investigation of the polynomial obtained by the method
of moments is under way, which will be published as our Research Report
79-2 in the near future.

The Bivariate P.D.F. Approach proposed in the present paper is

somewhat ditferent from the one presented previously (Samejima, 1977bh),

$57)]

since the density function of the maximum likelihood estimate is approx-

imated by a polynomial obtained by the method of moments, and the result

857

is used in estimating the conditional moments of ability € , given .
It is suspected that, it the data are diftferent from those used in

this sequence of research, and the linear regressions are not so close

to the true regressions of 0 on R , then the superiority of the
present type of Bivariate P.D.F. Approach over Normal Approximation
Method may be more conspicuous. Additional research is necessary to

investigate this, however, before we reach any conclusion.
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APPENDIX I




A-T

Simulated Data

The simulated data used in the present study are characterized

as follows.

R Sl ta——

P —

(1) There are 500 hypothetical examinees.

(2) Their ability, or latent trait, distributes uniformly for the
interval of 0 , «(-2.5, 2:5). Actually, we use 100 discrete
points of 6 , such as -2.475, -2.425, -2.375, -2.325, ...... :
2.375, 2.425 and 2.475, i.e., the midpoints of the 100 subintervals
with the width of 0.05, and at each point five examinees are
located.

(3) There is a hypothetical test of 35 graded items, each of which
has three§ item score categories, and which provides us with an
approximately constant test information function, 21.63, for
the interval of © , [-3.0, 3.0], following the normal ogive
model of the graded response level (Samejima, 1969, 1972). The
test is called the O0ld Test, to distinguish it from the New Test
which will be described later. éf

(4) Each of the 500 examinees is assumed to have taken the 01d |
Test, and his response pattern on the 35 gruaded items has been r:i
calibrated by the Monte Carlo method. The score categories of
each item are 0, 1 and 2, and a typical response pattern
Jooks: Liket (Z,2,2,2,. 202,222,202, 0,222 1321, 15805 LyLs
1,0,1,8,1,1,0,0,0,0,0).

(5) From each response pattern, the maximum likelihood estimate of the
examinee's ability has been obtained, using a computer program

written for this purpose. In this process, out of 105 basic !

*§ In RR-78-2, RR-78-4, RR~78-5 and RR-79~1, this number is reported to be
"four" by mistake, but "three" is the correct number. Related with this,
there are some corrections to be made in the first, fifth, and sixth lines
from bottom in the same appendix as this one in RR-78-4 and RR-78-5.




T

< 0 1

functions (Samejima, 1969, 1972), an appropriate set of 35 basic

functions are chosen depending upon the item scores in the

_ ) L4
response pattern, and, using the Newton- Raphson procedure, :
|
the point of © at which the sum total of these 35 basic !
functions equals zero is searched. I
( : : . | ¥
(6) There is another hypothetical test of 10 binary items, each 8
of which follows the normal ogive model of the dichotomous
response level. This is called the New Test.
i
(7) Each of the 500 examinees is assumed to have taken the New
Test also, and his response pattern on the New Test has been
calibrated by the Monte Carlo method. A typical response
pattern looks like: (0,0,0,1,0,0,1.0,1,1).
I
(8) The item characteristic functions of the test items of the :
r
New Test are assumed to be unknown, and they are the target
of estimation. Each method of estimation is evaluated by the !

the '"closeness'" of the resultant estimated item characteristic

functions to the true item characteristic functions,

=1 /9 dg(@—h )

Pyu‘) = (2% 8

-0




APPENDIX II




~g3-

|
|
|

TABLE A-2-1

The Four Estimated Conditional Moments of the Ability 8 , given the Maximum Likelihood
Estimate 8 , the First of Which Is About the Origin and the Other Three of Which AOO
About the Mean, Together with the Coefficients B8 and B, , and Pearson's criteri::
X , in Degree 3, 4 and 5 Cases for the Failure and SucceSs Groups of Each of the
Ten Bléary [tems.  The Integers in the Column "Type" Indicate the Pearson's Dis- i
tribution Type Numbers, Except for 8 Which is Used for the Normal Distribution. !

DEGREE 3 CASE: Item 1 !

Sub- R Conditional Moments f
ject ) Mean Var. 3rd 4th B1 B2 3 Type i
(Failure)
13 =24 4000 =2.68931 0.03195 =0.00251 0.0022¢ 0.193 2.191 -0.072 1
) =2.1000 =2,61594_____Q,03591 =0.,00130 ____ _ 0.,00350 ___ 0,037 2,713 _-0,041__ |
15 -2.6000 =2.53574 0.03803 =0.00072 0.00414 0.009 2.062 -0.023 2
16 =2.5000 =2.45210 0.03918 -0.00037 0.006448 0.002 2.916 =0.010 2
2,4000 ____=2,36668 ____Q,03971___ _-0.00013____  0.00463 —— 000027935 —=0.001 ___2 !
19 -2.3000 =2.28066 0.03975 0.00009 0.00463 0.000 2.934 -0.001 2 B
19 =-2.2000 =2.19508 0.03929 . 0.00035 0.00449 0.002 2.911 -0.008 2
M ____=2,1000___2,LVLES  QG03817 _  0.00072 ______0«00%1S____ 0,009 —=2:088 __ ___=0.02L 2
21 =-2.0000 =2.03071 0.03597 0.00139 0.00345 0.0¢61 2.668 =0.0640 1
22 -1.9000 =1.95704 Q.03163 0.00283 0.00199 0.253 1.989 -0.079 1 L]
]
f
(Success) |
T -2.8000 =2.73609 0.04138 =0.00066 0.00500 C.0us 2.920 -0.026 1
1s -2.7000 =2.56652) D.24254 -0.10043 0.00535 0.002 2.957 -0.020 2
15 —=2.6000 —— =2,55229 004133 - - =0.00030 — £.00558% ———0.00) — 2.976 - - - ~=0.015 — 2 l
16 =2.5000 ~2.45193 0.04188 =0.00022 0.00575 0.001 2.98+ -0.212 8
17 ~2.4000 =2.3625% 0.04428 =0.,00016 0.00586 0.0V0 2.989 -0.01l0 8
18— 2.3000 ——=2,26660-————0,04953 ——~0.00012— 0.00597% ———0.000 — - -2.993- ~0.008 ——48 i
19 =2.2000 =2.16967 Vadée4n2 -0.00010 0.00402 0.000 2.995 -0.007 8 f
20 =2.10C0 =2.07250 0.04501 =0.00008 0.00607 v.c00 2.49906 =0.006 3
21 e 2.0000 —— = 1,)7656. — 0.06516 — - ~0,00006 —— 0.00611 ——— ——0.000 — — 2.997 -—=0.005 —~ 8.
22 ~1.9000 ~1.87714 0.04528 =0.00005 0.00015 0.000 2.998 =0.00~ 8 f
23 =1.n1300 =1.77509 0.04537 -0.00004 0.00817 0.0uv0 . =0.U0~ L
26 e n 147100 = 158004 ——— 0.04545 =0.00003- ———— 0.0060 ——~ 0.0U0 ——2.999 ———~-0.003 —— 4.
25 =1.56000 =1.58261 0.04552 =-0.00003 0.006¢1 0.00v 2.599 =0.09) L ¥
26 =1.5000 =1.48308 0.04558 -0.00002 0.00623 0.0v0 2.999 -0.003 3
21 — =l LllD  —=1.3852) — 0.0456 ——=0.00002 — 0.0067¢ . 0.000 — -~  2.999 - -0.002 — 8
28 =1.3000 =1.2R647 0.04567 =0.00002 0.008626 0.000 2.999 -0.002 3
29 =1.2060 -1.18764 0.04570 -0.00001 0.006217 0.000 2.995 -0.002 8
N — e 1OOD =1, 0887 —— —C.0+51) ——=0.0000) — 0.00527 — 0.0U0 —— 3.000 -~ ——~-0.0C1 — 8
3l =1.0000 =0.989176 0.04576 =0.u0001 0.00628 0.000 3.000 -0.001 8
12 =0.9000 =0. 19075 04065178 =0.00001 0.00629 0.0V0 3.000 =0.001 8 S
3} —e0.2000 ~*0. 79169 - 0.065H0 ————=0,00001 — — 0.00629 - — 0000 ——-- 3,000 ———-+0.001-..—-8 ’
36 ~0.7100 -0.69259 V.J6581 -0.00001 0.00630 0.0u0 3.000 -Q.001 8
35 ~0.6000 -0.59317 U.4583 =0.00001 0.00630 0.0u0 3.000 =0.000 L]
316w QL S0~ U, 49632 —— U.U6SHe —— =0,U0U00 - —— 0.00630 — 0,060 —— 3,000 ————~0.0C0 -8
37 =0.4000 =0.39515 0.364585 =0.00000 0.00630 0.0v0 3.0v0 -0.000 L]
38 -0.300N0 =N.29554 0.064585 ~0.000G0 0.00631 0.000 3.000 =0.u00 8
19 - «0.2000 ———=0.19677 ~ 0,0+586 - —— ~0.00000 - - 0400631 ————0.000 ———---3.000 -+*0.000--— 8 ¢
4 “0 =0.1700 =0.09756 0.04586 =0.00000 0.00631 0.000 3.000 =0.000 8
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TABLE A-2~1:
Coefficients B8, and

1

-94-

82 ,
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x (Continued)
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TABLE A-2-1: Four Estimated Conditional Moments of © , Together with the
Coefficients 8, and B, , and Pearson's criterion x (Continued)
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TABLE A-2-1: Four Estimated Conditional Moments of 0 , Together with the
Coefficients B]. and 82 » and Pearson's criterfon x (Continued)
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