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I . INTRODUCTION

1. Congratulations to Professor Hoeffding . I am very

grateful to Professor Chakravarti for his invitation to Open

the discussion at this Symposium intended to honor Professor

Wass ily Hoeffding . We met long ago and from the very begin-

ning , it was a pleasure to find a marked similarity in our

research interests . After the joint work with Egon S. Pear-

son [1933] concerned ~‘ith oower functions and later , after the

development of the theory of confidance intervals [1937a], my

research efforts focused on the deduction of variously defined

optimal” statist ical methodoloaies [1959] thet could he eas ily

used in studies of natural phenomena. Against this , here is

the title of Professor Noeffdinq ’s paper : “Optima l nonpara-

metric tests” [1951] he ielivered at the Second Berkeley Svmpo-

sium on Statistics and Probability held during the summer of

1950, more than a auarter of a century ago. Since that time

our intellectual contacts continued , but our personal encount-

ers were “like Victoria Regina : seldom , sel dom in bloom .” H
Inci dentally, the problem of the optima l non-parametric

tests of composite statistical hypotheses is still “on the

books.”
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I. THI c~~ ’iL’ _ o [ Fr Pl~~; P151 AR CH INCIPIN T

:‘. ‘ht’ } la ra ld Cram~r Ground Break in~ Paper of 1938 .

he ‘lci tht’ IUjt i ca l tool  most frequently used in the development

c~ s t a t i s t  ca 1 methods is the Central Lirt it  Theorem on prob—

a bilities , rouqhly as follows . Let ~~~ be a sequence of ran- p
dom variables each having two moments , EX n~

O and FX ’ ~~~ ‘~~~ ‘“

and let
n

S n r 
~ (1)

io l

Then , under certain conditions ,
t 2 ,.,

u r n  ~ ~s t , ’hi = 
1 e—1

~ 
‘
~~ du ~( t )  (2)

f lEO

for any preassioned real number t. This theorem preoccupied

ma thematicians for a couple of centuries now [Loève . ~9~0]. The

s u c c e s s  i Vt 1 t~roo fs u I yen di f fer in the ~oner~ l it v of t ho ‘‘ certain

conditions ” iu st ‘~entioned . This lon g duration of efforts to

r~’ove the ~~l i~fitv of formula (2) resulted in the establish-

ment of a “routine of thought. ” Whenever some particular

prob l ems of rna them atic ,~l statistics involved the consideration

~f sums of random variab les like (1), with the value of n con-

s idered “laroe ,” it became customary to presume that formula

(2~ ~iives a satisfactory aoi roxima tion of the true di stri hu t~on

of c,~. The word “customar y ” is not adec uate. The break in~ of

a “ routine of thoueht ’ stimulates onposit ion .

L _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~monq other things , the class ical central l imit theorem

was used to compare the effectiveness of statistical tests.

Here, the term Pi t m an  asymptotic efficiency comes to my rind.

As described by Yu , V. Linnik fl9~ l]. the honor of bre aking

this firml y established routine of thought belonos to Harald

Cra m~r. In 1938, jus t before the becinning of World War II ,

there appeared Cramer ’s paoer [193e1 offerir ’o the firs t soluti on

to a novel quest ion that Crame r dared to ask. Briefly, it is

as follows .

W ith reference to formula (1) assume that all the variables

of the seouence ~X~ } are mutually indeoendent and identically

distributed. Consider the probability

F (t ) = 1
~~
5n ~ 

tn~~
W}
~ 

(3)

where t~ grows to infinity as n is increased . Cramer ’s around

breaking auestion was about the asymptotic behavior of the ratio

l_ F n ( t n) (4)
(tn)

depending on Droperties of the variables Xn an d on the rate of

increase of tn~ 
This paper generated a new chapter of prob-

ability theory , la beled “theory of large deviations ” 1Li~ nik. 1961].

Brie fly and roucihlv . the irno ortant aup stion ‘.ias whether 1- ~ ( t 0 ) can

be considered as a satisfactory approximation of the probability

that the sum Sn will exceed a limit proportional to t~~W.

~~~~~~~~~~~~~ 
-
~~~ 

—— -_————— _. — -_— ‘ —.—_-.-_ ~~~~~~~~~~~~~~~~~~~ , . ,_~~~~~ •—•— — _ - _ — — ~ , , _  ,~~~~~~ _ _ .~_• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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3 . Professor Hot’f,fd,1n2 ’s_ m i t  iat I vt’ ,t9 (~se th e Novel

~~~~~~~~~~~~ l i s t i c  T ool . While it is obviou s that Cram~r ’s limit

r.’i” on là rot’ dev i at ions “us t he a bet to r tool for studyin g

the ,is~’rptotic orooerties of st atist ica l tests than is the

c l a s s i c a l  centr a l  l imit  theorem , the d isasters  and the lenqth

of World W a r  II were not conducive to the develo i’tment of c Ofl -

~t’ptual r”ath e~’ t a t i ca1  s ubd isc ip l ines.  In consequence, the rele —

~~nce of the Cran~r oround breaking work rema i ned unnotic ed for

a lmos t two decades. Here , a paper by Professor Hoeffdino [i’~nt’ ]

“ lavt ’~~a s : ~e~ I al role.

ho t I t ie o th i s  nanor I

‘~s v m p t o t i c a l l v  optimal tests for rnult inomial d istr ibut ion .”

Professor Hoeffdinq begins by forrnulatinq his own definition of

asymptotic opt inal i tv and then states : “To at tack these orob-

le,”s , the  theory of probabi l i t ies of large deviations is needed. ”

Th is is followed by oroofs th at , under specified conditions ,

certain familiar tests (the likelihood ratio and the chi square

tests) are asv irp totic ali y optima l in the sense of the new , ca l l

it, Hoeffd inq defini tion of opti t ’iali tv.

Professor Hoeffdinq ’s paper wac presented at a i”eet inq of

the  I~ S and the discu ssion that fo l lowed is roco~’de1l i~ the

•~nnals .  It appeared that , even thouci h C ra”,er s theorem on

larci e deviat ions was fa m i l iar  to seven ) \ t a t ! c t ~ c ia n s . in-

ci udi ni ~ . Chernoff , . ~t .  W i  ~j s ’ ian an~ ~~ . ~~~~~~~~~~~~~~~~ ~~~~~~~~

Hoeff di nq must he credi ted w i t h  the f i rs t  son Otis of~ or t  t o
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see what the novel probabi listic tool can contribute to the

theory of asymptotic tests.

Incidentally, published in 1965, fourteen years 800 ,

Hoeffding ’s paper continues to affect the thinking of this day.

The following Quote IS from a paper published in the last issue

of the Zeitschr i f t  für Wahrschein lichke itstheori e und varwandete

Gebiete [Berk and Jones , 1g79]: “The fi rst [lemma] is actually a

special case of a theorem of Hoeffding (1965), Theorem 2.1. ”

My hearty compliments to Professor Hoeffding !

4. Reasons for_~~~ferring the Theory of Large Deviations

as a Tool for Studv inc i Asymptotic Tests. The word “preferrina ”

in the title of the Dresent section emphasizes its subjective

characters . It has to do with the meaning I attach to the

terms “errors of the first and second kinds ” possible to corn-

mit in testing a statistical hypothesis.

As describe d in [l977a] in the course of an empirical study

one is freouently faced with a two-decision prob lem . Depend-

ing upon the outcome of the statistical test used , one has to

decid e to go , say, either “ri ght” or “left ,” and either decision

can be erroneous . Depending upon personal attitudes , one of

the two errors will be judged more imoortant to avoid than the

other. My definition is: the error that is more important to

avo id is called the error of the “fi rst kind. ” In consequence ,

when selecting a test to be used in a particular empirical study ,

my first concern is to make sure that the orobability of corn- 

~~~~ —- •—:- - .~~~~~~ -~~- ------ ~~~“-
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m i tt inq an error of the first kin d does not exceed a ore-

assigned level ~~, now called “lev el of siu nific ance. ” Denend-

inq upon the sub~e c t i v e  feeling of iopo rtance , the chosen level

of s i g n i f i cance “~av he ~ O . l0 , or ~‘~0 .O5 or ~ O .0l , etc.

When the o rob ler of the desired level of s igni f icanc e is

solved and if it can be ensured by any test of some determined

c l ass , the time comes to think of the less important error , the

error of the “ second k i n d ,” which means to determ ine the most

powerful test  w i th in  the class considered.

This is the backqr ound of my preference for the theory

of large deviat ions as a tool in the theory of asymptotic tests

as comoared wi th the c lass ica l  centra l limit theorem .

I n an empirical study involving a two-decis ion problem ,

one is faced wi th  some real l i fe s i tuat ion , w i t h  some hypothe-

sis which can be true or false and w i th  the degree of its false -

hood measured by a parameter •
. ,  the value of which is unknown.

The only thing that is under our control , at  least to some ex-

tent, is the number n of observa tions that can be used to test p
.

the hypothesis that ~~~~ The all important ouestion is whether

this narticular number n is larcie enough to achieve the chosen

level of significance ,‘~~. The answer depends on how close the

rati o (4) is to unit y , which is the subject of Cram~r ’ s theory

of large deviations. ~ncl t i ~~’~ its  “o~ern desce n d a nts .  The

use of this theory does not violate the reai l i f e  s i t ua t i on  o f

the problem , wi th  having soi”e unknown ~i~ ed v a lue .
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Now consider the ~isvm pto t ic  tes t  poss ib i l i t i es  offered

by the c l a s s i c a l  centra l l imit theore m on o rohab i l it ies .  As

is we ll • known , both the Pitman asy m ptot ic  e f f i c ienc y  theory

and the theories of asymptotic tests develooed ~v ~ r~~”~~ ’ [1928] and

by r ’y s e i  r1oç01 ~~~~~~~~ on v i s u a l i : i n o  t h~~t t h e  ‘~~ 1 lif o ‘t’oblern , sav .

the problem of testing considered today , is a member of a

hynothet ic a l  senuence wi th the f ixed unknown . replaced by 
~~~~~

.

such that the oroduct is hounded away from zero and

infinit y, oreferably tendina to some known li m it. This is

something very diff erent from and r u c h  less insp ir in ci than the

Question of how close to unity i s the v a l u e  of ( 4 ) .

IT! . TWO DIFFERENT STRATEGIES IN MATHE MATICAL STATISTICS

5. A Curious Deta il of the History of Statistical Tests .

The Cram~r-Hoeffdinq research incident described i n sec t ions  2

and 3 illustrates a curious detail of the histor y of stat is t i -

cal tests , oart icu lar l y of the early h istory .  The customary

strateay is composed of two ‘:onsecutive steos . (I) A statis-

tician concerned with some empirical domain oroposes a testin q

procedure sunqested by his intuition. Then , (ii) an effort

is made to investi cia te the properties of th i s procedure , occa-

c i o na l ly  lea ,it nrj to the co nclusion that i t  is in some sense

“optim al. ’ E xamples of th is sequence (i~ -(ifl are countless.

- - ---- —---—-- --- - - --~~~~~ - — -— - - - -- -—- -- .-- —~ --- ———-—-- —-- - - -- ------- - — — - - -  — —--“-- -
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The f irst test procedure , sti l l  in very frequent use , is

the chi square test introduced by Karl Pearson in 1900 . It

was one of the subjects studied in the Hoeffding paper just

discussed. The other test discussed in the same Hoeffding

paper is the likelihood ratio test. As stated by Professor

Hoeffdinq , the likelihood ratio criterion was suggested by

E.S . P .  and myself in 1928. However , this suoqest ion was made

on intuitive grounds . The criterion suggested did not result

from a search for a procedure satisfy ing a defined concept of

opt ima li ty.  The intuitive bac kground of the l ikelihood ratio

test was sim ply as fol lows : if among the contemplated admis-

sible hypotheses there are some that ascribe to the facts

observed probabiliti es much larger than that ascribed by the

hypothes i s  tested , then it appears “ reasonable ” to reject

that hypothesis.

As another examp le , I wish to mention a test criterion

competitive to the cM square , first suqqested by Harald

Cr am ~r [l~ 28 ] and s omewhat later also advanced by Richard von

Mises [1931].

The a lternative philosophy, or strategy , is .lust the op-

posit e to the seauence (i) and ( ii ) .  When one has to dea l with

an empirical domain of study and cne feels in need of a statis-

tical orocedure , it seems natural to visualize the oroperties

that this procedure should have to deserve the description

“opt imal. ” Naturally, such concept of optimality can depend
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upon the domain of empirical study and it m~~t _d~pend on the

subjective preferences of its author . However , once the op-

timality is defined , the mathematical problem occurs : to fi nd

the “optima l ,” if such exists. On occasion one finds that the

init ially defined optima l procedures do not exist. Too bad!

Then one has to look for a “compromise optimality, ” etc. One

example is the concept of “unbia sed most powerful tests ”

[Neyr’ian and Pearson , 1936]. Here , the word unbi .~sed marks the

compromise opt i nal i ty .  In the case considered , the “uniformly ”

mos t oow erful tes t does not exist .

IV. THE YULE -POLY P~ RESEARC I4 INCIDENT : (1 ) MECHP~M1SM

OF A NATURAL PHENOMENON , AND (ii) NON-IDENT IFIABILITY

6. My Contacts with George Udny Yule. Durin g my four

year long act iv i t ies  at the Department of Stat is t ics , liniver—

sity College , London (1934-1938), I had the privilege of meet-

ing auite a few outstanding scholars . This included G. U. Y u l e  p

for whom I deve loped great respect and warm feelings.

The studies of Yule that att racted my part icular attention

were preformed jointl y with M~ Greenwood 119?fl]. Subseouently,

a related paper was oublished by E. M . Newbold 11928].

My preferred way of des crihiiq these studies is as follows :

They are concerned with the chance mechan ism oneratina in real

• l ife , the mechanism that determi nes the distribution of an ob-

I

‘- .~~~~~~~ ~~~~~~~~~~~ -
-- -.- - -~ — -+—----~~~-- __ _ ___  —-
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servab i t ’  random var iah it’ . It th is  ‘met Pmaimismu is  understood

it ould be used to s olv e ’  aim I m p o r t a n t  i’ rat t ica l  problem.

The’ nart I ul a,’ t’~ndoni v~tri ab it’ ~ of the’ ~~Pt’flW 00d— V u )  e —

Newbol d studie s w as the number of a~ ident s net’ un i t of t ime ,

pt ’P’ bus ~~~ vei’ In L ondon . The iimport ~in t i ‘rat t l a)  prob 1 em

oti s I dent ’d was the ‘me’an’, to  dl mlii i s h the fre’quenc v of a i dents

I nvol vi ut i t he ’ bust’s . I ~at t lv iiimi 1 ar prot’le’i’t ’. are Important.

in the l’ tt ’ s t ’ I i t  i’pt)( Pi , e’v en thouej h the’ Ot tua I (l0l’I(t lii of ‘. t utly

an be very dl t ~erent . One’ examp le’ Is the que’~ t ion : how anm

orw d imI n i s h t he’ freciuencv of deat h’-. from am

the ’ pr imtm I en ~‘ t at  I 1f1’tit s t u d  It ’d in out ‘
~ t a t  . I at ’ in t h~’

ear iv lt ) ’ ,t l  ‘ . Here ’ i ’ i o t t ’ s s , ’ i ( t i t  0 P P~a I, ’’~ p l m ’ ~ o f  an flus m ort ,int

n~ le ~,i t t ’s , m i i , 1  •t t ’v i ’ an , 1’)’’ ,i )‘~‘,.‘t’ ~.

The ’ I i - ~. t ~ f t host ’ c ’ a~ ‘ ‘ ‘ p s  s ‘it’’1 i t  a t  ~mi t o  t he’ ~~~~~~ ~f 
~~~~~~~~~~

L~d,mv u to and it i .t ’~ ~‘de’~1 I’’, a one’ p,i&~e’ hi oe~raph t .m l ski’ t t h . It in—

I t k t ,’’~ th e ’ to II,’w l i m o pa s ’ ~ , i , ( t ’ ‘ ‘ i n 10 -~ I i ’ l ’  t o  i t t h i t  he’ wa s too m i ld

t ’  ‘to Id I hi’ no’. t ion  s i t  t~ea,le,’ at  ~~im’h i - i  ,I,’,’ t2n I V t ’ i ’  i t ’ , amid t o t  I it ’d - At

t ) m m ’  mm mi ’ t i s ’ 1 ’ he 11’ 11 ‘ .t muno m ’nt m ti t lh to 1 e’a,.n to l i v  - om ’ ,f imq lv, he

t~e ’nt t h ne i tme t h the i nt r I t  ad ,’’, of t r a i n i ’ ’~i , ‘‘o t a i~i lo t ’ s I i~ erise ~nd

h ,~u,th t a i’ Omi t ’  P i t t  oi’t una to Iv , • e Pie’ , r t  i t t  a~ k ut ‘,hom ’ I bot h the fi vi no

~m ’ d , to a ons i , l” m - ,it’ It’ deuree , his scho l a r ly  work. “

It happened that my personal rout at t s w i t h  Y ule ’  wont ’ ve ry

liii i t ‘d , Th ey (~ t urremi dui’i uti the’ ner 10(1 when ho was ret ovt ’r—

i nt~ t rot , his heart at ta t  k . However , these’ ~ont a n t s  o f  t t ’ t t ed

‘‘v t t i imik ine~. In part i c u l~ir. the ’ . con tr ibut ed to t he ‘ ,‘ m ’ is l a t  ion
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of my paper of 1937 [h ] .

The attempts to decrease the frequency of accidents taking

into account the “human factors ,” mentioned in the t i t le  of

Miss Newbold’ s report , are connected wi th the concept now cal led

“acc ident proneness. ” There is l i t t le  doubt that part icular

individua ls do differ in their proneness to accidents of some

specif ied categories. However , the details of this var iabi l i ty

are not clear and here empirica l studies are important. During

our studies in the early 1950 ’ s our thinking was affected by

two contrasting hypothetical mechanisms . One of them is the

Greenwood-V ule-Newhold (GYN , for short ) hypothetical mechanism ,

the prooertles of which can be sun~iarized as the “mixture - no

contagion - no time effect ” mechanism . The other hypothetical

mechanism , implied by studies of George P~lya [l930], was j ust the

contrary : “identity of Individuals, contag ion and time effect. ”

To be more specif ic: the GIN mechanism presupposed that

the number of accident incurred by a part i cular i nd iv id ual per

j  unit of time , such as a year , is a Poisson variab le with a f ixed

expectat ion \ ,  representing this individual ’ s personal accident

proneness, wh ich remains unchanged throuahout his active life

(= “no t i m e  e f f e c t ” ) .  Another basic assumpt ion is that the

value of \ varies from one individual to the next ( “mi xt ure”).

More nart icular ly,  the assumption was adopted that the var iat ion

of ‘ within a relevent population , such as the oopula ti on of
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actual or potential bus dr ivers in London , can be adequatel y

represented by a gamma distrib ution .

Start ing with these basic assumptions it was easy to

deduce that the number of accidents per year incurred by in-

• d ividual bus drivers must have a negative binomial distribution.

Actuall y, using the data on accidents involving bus drivers

it was found that thi s distribution could be well f i t ted by a

negative binomial so that the GYM mechanism (or shall we call

it “model?”) appeared to have been “confi rmed. ”

Everything appeared nice and smooth until the Pdlya “model”

was examined. As describe d above, this model denied the existence

of a “mixture .” The basic assumption was that all individuals

formi ng the population of actual or potential employees in a

particular industry were “born equal. ” However , it was assumed

that the number of accidents in a time interval [t , t+h), where

h is a small positive number , depends upon the number of accidents

incurred before time t (= “contagion ”). Also,  there was the

assumption that , as the duration of employment increases , the

experience gained may diminish the individual’ s accident prone-

ness (= “ time effect ” ) .

Using these soecif ic assumotions suggested by the famous

P~lya oaner of l~ 3fl , it was eas y to calculate the distri-

bution of the number of accidents per year in a population com-

parable to that of the London bus drivers . Because of the con-

trast between the two hypothetical mechanisms , the GYN and the

-‘ ‘ •• ‘~~~~~~~~~~~~~~~ -—~ • •• -
~~~~~
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-
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P6lya mechanisms . the expectation was that the two distributions

would be very different. If this hapoened , then the emp i rical

data , suc h as the data resulting from Miss Newbold ’s study of

the London bus drivers could be used to resolve questions like

tha t in the title of our study [l952b]: “ true of false contagion?”

When the easy calculations of the relevent probability

generating function were performed , Dr. Bates and I experienced

a l ittle shock: with reference to a single observational period ,

such as a year , the P6lya “no mixture — contagion - time effect”

model implied that the distribution of the number of accidents

per driver must be a negative binomial , coincidin g with that

impl ied by the Greenwood-Yule-Newbold model ! This finding brought

to our minds several ideas that appear important to this day . One

is the concept of non-identifiability . The other related idea is

that the prob l em of validation of a hypothetical mechanisms of a

natural phenomenon deserves a serious effort. One hopeful possi-

b i lit y is that the non-identifiability of some two (or more) hy-

pothetical mechanisms , the non- identifiability with respect to

the distribution of a specific single random variable X , may disapoear

just as soon as one supolements X by some other appropriately

selecte d var i ab les , say X 1, X2,.. .X~ .

The second of our joint papers co nsiders a number of

riot too difficult empirical studies capable of providin g a

defini t ive answer to the al l  important question about the reality

I 



of “ conta gion ” in a c c i d e n t s .  F.~i. , The id e ntifiabili t y can be achieved

by ‘ runt inc ’ ,i~ s i  d e n t s  r ‘ i s  h In I ~~ p 1 ,1 1 •ius t in o n ’  par t  i ciii an year (cay

, ‘‘~ t h”-’~~ , tint a Is’ i  t ho’ , i- I i ’  oc red d u n  ‘~~ t’w t oll owi iui v r a m ’ • s t y  \ -, of

t I~ ~~~~~~ e’tm . . ‘ 0e (
~nacm ’ . r , s t m ’ c  I

This section m on t l udes my description of the Yu le-PO lva

problem as it came to my attention with reference to indu strial

• accidents: what is the governing chance mechanisir? Without

much risk of exaqqeration one may assert that th is type of prob-

1cm is encountered in every serious study of a complex natural

phenomenon. In cosnioloqy: w h a t  - is the chance mechanism govern-

ing the di spers~il of clusters of galaxi es? how can one verify

any relevent hyoothesis? In public health: what is the mech-

anism behind the observed geographic vari ability in the in-

cidence of saucer? Through what experiments and with what

statistical methodology can one gain reliable informat ion? In

weather mod i f i ca t ion  ex periments: what are the processes in

the a tm osp here that . fo l low “cloud seedin g? ” What s ta t i s t i ca l

methodology is l i ke ly  to provide the desired information

through the anal y sis of the many completed experiments?

1IOrt ’ , a r’’s~a t ’ ~ flfl t emi ’ m i  nol O S I ’ . ’  s oon ’s in or ler . It sormus

I r ne th,, t he s o ’ nm ’ m oms us, ’ o f the ter m ’s ‘‘ ‘‘‘r’lol ‘‘ mlm ’ c t ’ rves a mod—

if i~ at ion or restric tiOn. Pv preference would he to restrict

the use o f t 1~~ic  te ’- ” to c o t s  ~ t u s t o ’ ’ r i  1 v~ ~u ma1 i t a t  I y r

as s ’ um np t ions advanc ed to es~ l a in a nat u ra 1 uhenom imenon . One

exam p le is the GYN ‘odd suqoect r ’ d to e~n lai n the notorious
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driver to driver variabilit y in the number of a c m  identc per

year . the “mixture - no contagion - no time effect” model.

The same aoplies to the Pdlyo “no mixture - conta gion - time

e f f e c t”  model. This use of the term “model” appears quite

different from the designation of a mathematical formula

that f i ts  the observat ion s.  One frequently encountered ex-

amp le i s the phrase “li near model ,” etc.

Oiscuss ions of the Yul e— P~l ya di 1o”n s , m ccl a t  i rig to the

prohlu’n of public health will h~ found in the next chapter.

V . SOME PRESENT D~Y RE CURRENCES OF THE YPI[-POLYA DILEM~~

7. Public Health Policy and Basic Research. The impor-

tance and the difficult y of the present day public hea l th prob-

len s overshadow those of industrial accidents symbolized by

the names of Yule and Pólya . However , the broadly understood

research orob lems remain similar .

One of the typical contemporary public health probles’~s

is concerned wi th the hazards from electricit y producing olants

[IQ 77b] . hi- jell y as f ri lows . -
~ inca i i  tv  L , nki m’Lu ’’~ 

tw a m - ,~~i’1l v

growing population , is in need of a new electricit y producin g

olant. This may he either a nuclear facility or a fossil fue l

burn i ng unit and the choice is un to some decision “a~,ino

authorities. ~mono other thin gs , the choic o must he n-ode ta kin g

into account sore public health questions. Whatever type of

- _____

~—~ --‘—--—— — -~~ —~~ —- . —
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pl ant is constructed , it will contribute to the local pollution

in its own way . The important nuestions are : how many more

cancer cases , h e a r t  a t t a c k s , etc. are to he expected in this

loc ,il itv L as a result ef the pr edictable extra pollution

• from the norma l operation of t he novel electric generator?

How can one answer this question reli abl y ?

The reliabilit y of the answer depends uoon the unders tand-

m g  of two different mechanism s . One mechanism is concerned

with the happening s in experimental animals , mice , doas , etc.,

subjected to a specified chanae in the environmental pollution .

The other important mechanism is that of the dependence of the

effects of the first mechanism on the identit y of the species

concerne d , whether mouse, or rat, or dog , or man . Obviously,

the complex it y of the problem is tremendous . It splits itself

into a number of subproblenms . In the next section , we shall

consider one of these suhproblems . It invc’ lvrs the uhinuitous

phenorenon of non - identifiabilit y .

~~. Tvr I cal  “Survival Experiment ” and the Methodol o~y

of “r otent lil Survival Titles .” The customary source of infor-

“ ition on the hapoenings in the experimental animals , say mice,

ex posed to some “agents ” s t u d i e d  i s  a “survival experiment. ”

There are two sub stantial groups of mice, one labeled “exruer-

i ” en tal ” and the other “controls. ” The experimental rice are

exroced to the acients studied and the contr ols ire not. When

a rouse of either arouo dies , its body is subjected to a oath-

—

~

-— • •  ~~~~~~~~~~~~~~~~~~~ 
-
~~~~~ - •~~~~~~~~~~~~~~~ — —- — ~~~~~ --- ——.‘
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‘~1oqical study and an ,‘~~fc’rt is made to determine the cause

~ its death. ~ith a degree of oversi mplification , it is

nr’stulated ~h ,pt t he re  is  a somewhat limited number of possible

a uses of death , say 
~, of then ’ . The problem studied is that

of the difference in death rates fr om the differen t causes

among the exoerirnental and the control “ ice. This is only a

rough description of the problem . One of the d i f f i cu l t ies

that became ~hv ious on closer examination is due to the omni-

present phenomenon of “competing risks. ” One illustra tive

examole is as follows .

~ll of us alive today are exposed to a variet y of risks

of deat h , includin q street traffic and cancer. If I am run

over and killed by a car toni ght, it would he impossible for

me to die later from cancer and , in due course, this would

affect the published death rates from cancer. In consequence .

the numer i cal resul ts of a surv i val exper iment w it h mic e do

not characterize “ net rates ” of deaths from the various causes

of death studied hut onl y the “crude rates .” These crude rates

correspondin~ to the different causes (or “ risks ”) stud ied

character i ~e riot ‘‘ii~ th e I n~ rm ’~ it I ~s ~ ra ‘t i cul or ,~i c ks . h~ t the y

a lso rpf 1 0 the  , os ”hi’~~d ‘~‘‘ ‘:‘P’t \ o~ a l  ~~ 
• h ’  tha t is ,

~iie to

competition. Mow , let us visualize the results ~f a

~- m ’ ~~ val osne ” i” -~ m ’ t after all the “ice • say of the exoem’ime ntal

croup , have died.
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Table 1 illustrates the obta inable results.

Table 1

Illust ration of the results of a survival experiment.

Cause of Death Survival Times of Particu lar Mice

C1 tfl t12 t13 . . .  t in
C2 t21 t22 t23  t~~

CK tKl tK? = tKn

The first column of Table 1 enumerates all the K causes

of death . The wide second column çives the corresponding

consecut ive surviva l times of mice that died from the parti-

cular causes . Thus , for example , the symbol t11 stands for

the time of the first recorded death from cause C1 . Similar-

ly, the last symbol in the same line, namely tin represents

the tine of death of the last mouse that died from the same

ause C1, etc. Here , then . the subscripts n1, n2 

denote the numbers of mice that died from causes C1, C2, . . .

C x . respectivel y. Natura l ly, these numbers n 1, n2 ,  . . .

w ill not be all eoua l and their variability will reflect both

the sever’ty of particular causes and thei r competition . The 
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reader will have no diff iculty in visualizing an exactly

similar table comp iled for the control mice. These two

tables would then be ready for the evaluation of the effects

of the agents studied on the survival experience of the mice.

Having in one ’ s mind the oroblem of a new electric gen-

erator in locali ty L . one might think of the question : how

many more deaths from cancer (perhaps cause C1 ) shoul d one

expect among mice if the “agents ” stud ied included i rradiation?

What about the methodology of evaluating the experiment that

could answer reliab ly a question of this kind?

One of the methodolo gies used is that , based on the conce pt

of “potential survival times .” For an experimental animal ex-

posed to K possible risks (or causes) of death , the term i-th

potential surv ival time designates a random variable Y
~ 

suppose d

to represent the age at death of this animal in the hypothetical

condition in which C~ is the only possible cause of death . The

probability that Y~ will exceed a preassigned value t is called

the “net survival probability .”

Un fortunately, wh ile a survival experiment can be conducted -
•

to investigate a great variety of different “agents,” the re-

su i t i ng “causes ” of death are not under control of the experin ientor.

Th us, no direct empirical counterpart of the net survival prob-

ability can be available. All that the results of a survival

experiment illustrated in Table 1 can provide is the empirical
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Lounterpart s of the so-called “crude survival prob dbi liti es .”

~or the i-th cause the crude probability of surviving up to

time t , say Q 1 (t ’~ is the probability that = “in~Y 1, Y2,

and that Here , then , the question arises whether

a statistical i”ethodoloqy could be developed to use the crude

surv i val oa ta as in Table 1 , perhaps somehow supplemented , in

order to estimate the net survival probabi lities .

As interestingl y described by David [1974], the competing

ri sk phenomenon occurs not only in problems of public health

but also in prob l ems of technological reliability. Here , the

most attractive pre sumption supp l ementing the data ~f a survival

experiment is the assumption that the potential survival times

are mutuall y independent. However , the hy pothesis of in-

dependence cannot be tested using the data of a survival ex-

periment and the oublications of Tsiatis [19751 and of Peterson

[1976) document the presence of non-identifiability. The crude

survival probabilities are consistent with an infinity of systems c’~

widely different net survival probabilities. The conclusion

is that the survival experiment of the type described is too

s i ”p li st i c to provide all the valuable information for studies

of orob l ems of health.

9. Surviva l Experiments with Serial Sacrifice. The ‘ serial

sa crifice ” methodology rvr mt on , 1969] represents a very important

advan ce in the health related exne ri”ent atic ’n . Rather t h a n  focus

- ~~~~~~ ~~~~~~~~~ ~~
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on the diagnosed “causes ” of death of the experimental anim als ,

the serial sacrifice experimentation deals with what I like to

cal l “eleme ntary pathological states,” say 
~l ’ ~~ 

. . .  SK.

For example S1 may stand for thynuic l ymphoma (a cancer) , S2 for

re ti culum cel l  se rcoma , another cancer , etc. A t selected times ,

say t 1, t2,, . . .  samples of mice alive at these times are killed

( = “sacrifice ”) an d their bodies are subjected toa pathological

anal ysis. The result of such analysis for a particular mouse

may be that, at the time of its sacrifice, it was affected by,

say, three elementary oatho logical states , S4. S5, S5, an d no

others .

The above methodology provide s empirical counterparts to

the following type of ciuestion s : how frequently the mice alive

at the preassianed times t1, t2, . . .  are affected by this or that

combination of patho loqical states? Comb i ned with similar data

for mice that died on their own (not through “sacri fice ”) the

amount of information from a serial sacrifice experiment is very

ouch richer than from the “typical” surv ival exDeriment illustrated

in Table 1. ~1so , there is an important difference in the nature

of the infon”ation.

Hero . I ~., is”  to c all the reader ’ s ~t t e n t i o n  to the an ,~1a c,

between the cpp ’jol c o o n  fice vs ’ tv r ic ~~] 
‘ survival e\flen i ’-ent

~ r ~~ip one ~iand . o°d ~he ‘- u lt ip le :~e r in~ s o co~”~ inl

~cc~r~ents vs. ~~~ one s~~cb re n iod ,  o” the ~ther Ac ~~c c u c s ~~d in
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in Section 6, the non-identifiability of two contrasting

‘echanisms of accident proneness was due to the insufficiency

of observat ional data: numbers of accidents incurred durin g

a sinq Ie year. The counts of accidents incurred by each

Iriver the followin c year made the non -identifiability u s -

aopear. It is this analoqy that is symbolized by reference

to the “Vu le-Pól ya dilema ” in the title of the present Chap-

ter V.

I lea rned about the serial sacrifice design during a visit

to the Oak Ridge Nation al Laboratory and , particularly, through

co nversations with Dr. John B. Storer. At the time Dr. Storer

was in charge of the continuing experiment set up by Upton . Later ,

we had the pleasure of Dr. Storer ’s visit to Berkeley . A lso , we

received from him a substantial sample of data from the experiment

in nuestion. In these data , the total number of elementary path-

ol ocii cal states was eight. The further difference with the “typi cal”

survival experiment was that there were no “causes ” of death indicated.

While all human determinations are subject to error , the

determination of particular pathological states is comparable to

chemical analyses and represents an effort at objectivit y . On

the other hand , the diagnosis of a “cause ” of death is a conclusion

l ikely to be affected by subjective attitudes of the oatholoqists.

10. Another Shock of Non-Identi f iabi l i ty . As ent ioned in

• Section 6, the finding of non-identifiability affectin~ the study
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of accident proneness caused Dr. Bates and myself to experience

a shock. Here , I have to admit a somewhat explos ive feeling

of enthus iasm I felt when contemplating the experimental results

ob taina b le through ser i al sacr i fice ex periment . I rather felt

that these results , without any additional observations , provide

data for the study of a stochastic orocess representing the

natura l succession of life and death events: birth at time zero,

followed by first illness at age t1, then by recovery at time t2,

etc. etc. , and finally death at some observable time . Because

the domain of stochastic processes is now well developed , I ex-

pected that a statistical methodology could be discovered to

use the serial sacrifice data in order to estimate the mechanism

of treatment effects in mice contemplated , perhaps , or a realiza-

tion of a finite states Markov chain , with all the transition

probabilities possible to estimate . Due to the work of Clifford

[1977], 1 experienced a shock . Even with some over-simpli fying

assumptions (denying the possibility of “recovery ,” etc. ) a

discrete time Markov chain model proved to be unidentifiable with

respect to the data of a serial sacrif ice experiment! The details

are described in the analysis of Storer ’ s data performed with

Clifford ’ s act ive participation [ Berlin et al, 1979].

While the serial sacri fice data provide answers to the

questions “how frequently mice sacr if iced at age t are affected

by a stated combination of pathological states ,” the missing

_ _  _ _ _ _ _  _ _  _ _  _ _ _ _ _



I n t o  tina t ion no I a to s to ml ‘ a ii vt’ at age t and ha vi ug at th at

hit ’ a St 0 tt’ CI i’a t ho 1 o~i i al comb I not Ion . Purl ug the s uhst ’qut’n

uni t of time , say dui’i nu the ne\t 100 da y s , the heal th  s t a t e  of

host ’ ni p ,~i t  change in many di t fere’nt w ay s :  ret over f rom come

i l l  rte’ ~ st ’s , ou t t ’Oi  t some others . etc .  W i t h  the present desi~tn

of serial sa crifice experiments there is no I nfonna t ion on the

i’eq u(’nc y of s u,, Pt t no n’ it i OriS . The t an t  al l  ring q itos t ion I ‘. whether

some not t oe d i f f i c u l t  modi t i  cat  ion ot the methodo logy oul d

provide informat ion to fill In the now ex ist I nq gaps The way

of •t I scoverlnq such effect i vt’ modi $ 1 cati ons requi nt ’s a reason—

oh 1 v c i  ost ’  coo i -’t ’rat ion between tn I of en’.e lv lit to rt ’s ted s ta t 1s t 1 clan

and an equa l ly lo t oust’ lv in teres ted oxperi men t i  nq hi ol 0(11 s t . The

quest Ions to resolve are of the following type : could the aii~ lys is

of urine of a mouse provide enouoh In forma t ion on its health st at e ?

Could the a na l ys i s  of a blood sam ple ho suf f ic ient ? However • can

h i  s sample of hi ciod he t a k e n  w i t  bout a I t or i nq the out * ‘mpt’ I’a rv

rain, it i on ~~ohoh I it I e’. of the m ouse , . e.  • w i t  homi I h um - I in, t he

ff lOU s o ?  Who know s? H~wt ’v~ r • on i t ’S s one t r Ic s , one can h a ,‘~i I v hope

to succeed .

V I .  ~ F F tWT ~T AN “OPT IMAL ” (‘0~ ’~ T I TOR ro k. 1’ . “
~ ~ 

I t  ST IOR GOODNISS OF Fit

I P I t  l ,’ I t j (  t t~l’Y i~’t’JP0 rk s . 1 his  chapter is t o  11 ns tr o t p

“y preferred strate gy of ctudv inq or of deve lopin g ‘.tat 1s t 1 c a l
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tests : begin by defining the optima l performance of the test ,

and then try to deduce the desired criterion . As indicated in

the title of the chapter , the example chosen for il lustration is

the Karl Pearson ’ s test “fo r goodness of f i t” symbolized by

As is well known , the test is now being used for a

variety of purposes ,, such as contingency tables , etc. In these

circumstances , I wish to emphasize the limited scope of the

following discussion : it is concerned with the problem of “goodness

of fit ” as comtemp lated in olden days by K.P. My actual effort to

formulate the problem and to solve it was published in l937[bi. It

is limi ted to the case of a “simple hypothesis ,” this is , to the

case in which the problem is to decide whether a completely

specified probability density , say px (x) f i ts  the empirical dis-

tribution of an observable random variable X. Another limitation

consists in the assumption that the number N of observed values

of X is “large .” The problem of extending the methodology to the

case of composite parametric hypotheses has been treated by

Jav itz [1975] .

11. Criticism of the K.P. ’ s y2 Test for Goodness of Fit.

An effort at an “optimal” competitor of an exist ing test intended

for use in some specified conditions must begin by the unavoidably

subj ective c rit icism of the original test . The well known orocedure

of the ~2 test for goodness of fit begins by dividing the range of

variation of the observable X into a certain number , say s , of “cells. ” 

~~~~~~~~~~~~~~~~~~~~~~~~ — ~~~ .- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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with boundaries

• a~ , (5)

‘.~hpi- t’ m O n a y mean 
- • and a5 may be • . Next , the probability

dens it y t ’ ,~~~ 1 is used to compute the expected number of independent

observations , sOy n 1, fa l lin g into the i— th cell for 1= 1 , 2, . . .  S .

Let  m~ denote the a ’. tual number out of the total N obse rvations

that fa l l  in t o  the ‘anie i—th ce ll. Then , K.P . ‘s tes t  c r i t e r i o n

for goodness of fi t is ~iiv en by

, s (n’ 1 -n 1 )~
~~

• 

i~~1 
• (6)

The f i t  is c~’nsidered “bad” if the calculated exceeds the

tabled h u n t correspond ing to the chosen level of si gnif icance .

Otherwise , the f i t  is considered “good .”

My own subj ective cr i t ic ism of the test includes the fact

that the value of the criterion (6) does not depend on the order 
p

of posit ive and negative differences (m~-n~ ). The extreme example

is represented by the following possibilities. In one case , the

si gns of the consecutive differences til l
_ n j and m

~+1
_ n

1+1 are not

the saute . In the other case one can observe a substantial number

of consecut ive differences m 1 -n 1 that are all negative while all

the others are positive. While these two possibilities are con-

sistent with the same value of the criterion (6), my intu i t ive

feelin g is that In the second case the “goodness of fit ” is subject

to a rather strong doub t , irres pective of the actual computed value

of (6), even if it happens to be small.

-- _.~~~~~~~~~~~~ - - -  - - -  
- -

~~ —-,- --- - 
_.___J
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12. “Smooth Test ” for Goodness of F i t .  The f i rst step in

the deduction of the “smooth test ”  intended as an “optimal ” coni-

petitor to \ 2 , consisted in standardizing the analy t ical  develop-

ments. Rather than consider the great variety of distributions

~x (’~ 
that may come under consideration , I proposed to replace the

observable X by Its function V defined by the relation

x
y p~(x)d x (7 )

when y and x designate particular values of the two random var-

iables . As it is easy to check , the range of variation of V is

front zero to unity, with Its probability density

p1( y )  = 1 , (8)

this , irrespective of the distribution of X .

As contemplated by Karl Pearson , the background of the prob-

lent of goodness of fit admits the possibility that the specified

density of p
~

(x)  may not correspond to reality . However , there

are no genera l indications as to what the alternatives might be.

In m y  attempt to deduce an optimal competitor to the chi square

test.  I contemplated the set of alternatives vaguely described as

“smooth. ”

In terms of the variable V . w ith its range of var iat ion limited

to the interval (0. 1) where its density is equal to unity , the

contem plated “smooth” alternatives are those w i th  de rn ’i ti t ’c the

lc’qani t h ’ s  ~f t , hi ch ‘re nol yn~ m n i a ls of orders 1 • : ‘ , . . .  k.

L _ _ _ _ _ _ _ _  
- 

~~~~~~~~~~~~~~
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The theory published in 1937 develops an asymptotic version

of optima l unbiased type C tests of orders K=l , 2 with

K denoting the order of polyn omial used . The study of asynip-

tot ic power of these tests indicates that , generally, adequate

results coul d be obtained with K not exceeding 4. The tests

so deduced are not open to the criticism of the original test

for goodness of fit indicated above .

in recent times quite a few non-parametric tests for good-

ness of fit have been considered with emphasis on their robust-

ness . It would be i nteresting to use the Monte Carlo method-

ology to compare the performance of these tests with that of the

smooth test of a l imited order K~4.
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