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Advective Flow from a Linear Heat Source
Located on a Liquid Surface

0. A. Yevdokiinova, V. D. Zitnin

Our experimonts on the natural convection from a fine heated wire located,

on a horizontal liquid surface, were published earlier (ii. The temperature

fields and the rates for different values of output, of heat liberated by

a source, were measured !n the work. Similarity transformations, characteristic

for self-similar solutions of boundary layer equations were found empirically.

This probl~n is examined analytically in the present work.

The free convection equations for boundary layer approximation, written

for the function of flow ~P and temperature T, in the present case

take the following form

) I ‘M~ ~~~~ ‘~1~ •,

~~~ ‘~ 
43)’ ()X~ •V (ix ()y J 43y 1J 

g, 
~

~~ dT (fli () T c~ T
—~ 

~ (4), (1)

The origin of the Cartesian coordinate system was selected on the liquid

surface, the y—axis was directed vertically downward , the x-axis was directed

along the surface. The linear heat source was located along the s-axis.
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In accordance with the conditions of the experiments, described in work (1],

the boundary conditions when y — 0 we will write in the following form

y=O ,

When q~=oo we require the vanishing of temperature T and the rate components

U =  -
~~~~ and ~~ = - :~ . This requirement denotes, that the perturbation,

created by the heat source, is concentrated close to the surface and does not

penetrate deeply into the liquid. Employing the syninetry of the problem, it

is easy to show, that

i~’(x) =—~ (—x) , T(x) =T(—x). 
(2)

The conditions = -
~~ 0 are equivalent to the condition ~~‘ - const,

since taking into account (2) the boundary conditions at infinity can be writ-

ten in the following form

T = 0  wheny — ~~~~.

By integrating the second equation from (1) with respect to y within the

limits from 0 to cx and taking the boundary conditions into account, it is

possible to obtain the integral condition

-~~~~
- Tdy =3,

which expresses the constancy of the heat flow, passing through any vertical

section. The magnitude of 2Q is the output of the heat source per unit of

length.

Assuming

~ ~(4-) ’f (~) . T=*(+)
2
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~
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we obtain the equations for the dimensionless functions f and t:

( if ” ~
- 2f ’”) ’ I + ~t’ ,

“i) ~—t” (3)

with the boundary conditions 1I—O , f=f ’ =o ,

Tj = oe , f=1~—o ,
(4)

to which the integral condition of the constancy of heat flow is connected

I.
I,

By integrating the equations of (3) once and by determining from the

boundary conditions the integration constant in the heat conduction equation,

we find

(5)

= —~-- tf. (6)

Condition t ’ - 0 when — 0 is now a consequence of (6) and should be dis-
carded. For determining c it is necessary to know the law of the decrease in

t with large . If t decreases more rapidly than , then c — 0.

However, when c - 0 there are no solutions for (5) and (6), which satisfy

the boundary condition f — 0 when — ~~ , thus, c ,~ 0 , and

when)~~~~~

Equations (5) and (6) with boundary conditions (4) are invariant rela-

tive to the following transformation:

~~~~ ~- - ,- 4~ (7)
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By employing (7), it is possible to transform a solution with an arbitrary

value I into a solution with I — 1. In connection with this when finding

solutions it was assumed that c — 1, and the integral condition was temporari-

ly *ot taken into account.

An approximate solution of the boundary value problem for equation system

(5) was obtained by the method of approximating functions. In the interval

O<11<q~ the desired functions were in the form of polynomials f 1 and t1,

and f and t with 11>m were replaced by asymptotic solutions f2 and t2, valid

with large ‘F

, 2 1  32 1

From the structure of these expansions it is evident, that a sufficiently

good approximation is already ensured by terms, proportional to fl ~. When

T1 T1t both concepts coalesce. The following expressions were obtained for

f1 and t1 :

= -~-z 2 ( 1  — - z ) ’  ~~~~z2 (5 _ 9z2 +5z ~) z = — ~-

t~(1 — 3z’ ± 271) ++(4z2 _- 3z1); I~

The form parameters to and ‘ii were determined from the cond ition of equality

to zero of the average values of the discrepancies, which arise with the sub-

stitution of approximate expressiosn for f and t in equation (5).

(f’)~ d11 I (1”) ± S (- ~ -- i) ~~ 0

After carrying out the integration a system of algebraic equations is obtained

for the values ~ and t .  The solution of this system was found numerical—

ly for P~, — 7. (The Prandtl number for distilled water at a temperature of

4.
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20C is equal to 7.06). The values — 2.01, to — 2.04 were found for the

values and to.

Now by calculating the value of I and carrying out the transformation of

(7), we obtain expressions for functions f and t , which already do not contain

any indeterminate constants.

For comparison with the experimental results [1] we write the expres8ions
(1/

for the horizontal rate component u and the vertical temperature gradient ~~~~
- .

ii -= ~~ S~) Tfl (11) ~L Ix I I
(~ (~~~, ~~~~~~ (~~~~_) T j x r 4 y.

0 I 2 3 2

Fig. 1. Dimensionless profile of the vertical temperature gradient . The
broken line represents the experimental results of work [1], the solid line
represents the calculations.

A comparison with [1] reveals complete coincidence of the functional depend en—

ces of the values u, -~i and on x and Q. The universal profiles t ’ and f’

are given in Fig. 1 and 2 (the solid line represents the calculations, the

broken line represents the average of the experimental results (1]).
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Fig. 2. Dimensionless profile of the horizontal rate component. The broken
line is the experiment , the solid line is the calculation.

As is evident from the figures , the shapes of the curves t ’ (ii) and V

(itz ) are found in satisfactory agreement with the experiment , the maximum

values of the magnitudes f’ and t ’ are considerably higher than the experi-

mental values. The quantitative differences are connected , apparently, with

the limitedness of the volume of liquid along the direction of mot ion .

Experiments with a broader vessel , than in work [1), were carried out

to clarify the effect of the horizontal dimension. The experiments gave a

more accurate coincidence of the law of decrease ~~~~~ with theoretical
(iy (I)’ y.

(with large y), however, in other respects the increase in the horizontal

dimension did not lead to a more accurate realization of the conditions, con-

venient f or analytical investigation.
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