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Fage 2.

External ballistics. .Deitriyevskiy, A. A., M.,

"Sachine-building®, 1972, fpage 584.

In the took are set forth the .thecretical tases of external

2

rocket ballistics and artillery shells. Is cives the basic

infcrmation about forces apd the mcments, skich act in £flight cn

rocket and projectile, is givep the sethod cf the compilation of the

equaticns ¢f motion of rockets and projectiles, is examined the
integration of these eguaticns by agaljtical and numerical methods

»ith the application/use of electrcgic comfpiters.

Are proposed the methods of investigaticn cf trajectories aand
ar€ given the concepts ¢f thke optisuvam scluticps of the problems of
extersal ballistics. Is estimated the effact cf different
perturktation factors on the stability cf flight, scattering of

trajeetcries and error for firing.

4re given the bases of the thecry cf ccrrections and are set
torth the methods of the¢ coapilaticn c¢f the correcting formulas of

extermnal ballistics and calculation of kallistic derivatives.
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Mre given the conceéfrts of the exgerimertal sethods of external

tallistics.

the book is textbock fcr the studenmts ¢f schools of higher
technjcal education, acnd alsc it cas be useful for

technical-engineering wcrkers. Takle 31, jllust. 188, the list cf
lit. 92 title.

Fage 3.

PREFACE.

In the book are presented fundaamentals of external rocket
tallistics and prpjectiles, driving/mcving in the field of gravity
(space flight to other planets here¢ it is .act ¢xamined. This is

iadependeat large and ccrplex thenme).

Bcr a period cf many jears, exterpal ltallistics was occupied by
tke sgudy cf motiop min and cf the frojectiles ¢f barrel artillery
[jeces. iith the develogment of rccket engyireering and the
fertection/inprovement cf tle thecry cf rocket flight and
jrejectiles, the series of questiop of exteinal Ltallistics
copsiderably was expanded. Appeared wcrks ccncerning external

ballistics of coatrcllatle tockets, the iacludipng special questions
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¢t cptimization and selecticn of the prcgras of the moticn of rocket.

Censiderable development received the desicned tallistic calculaticnas
cf scattering trajectories sith the firing 1cckets and artillery
shells. The application/use of coaputer technolcgy considerably

€¢xpande¢d the possibilities ¢f ballistic imvestigations.

The material, presented in theé bcck, can ke broken into ten
thematic sections, shich illuminate the bases cf external ballistics.
Ia intrcduction is given definiticr cf the subject and are formulated
the tasic probleas, solved in the course of external ballistics, they
are bscught informaticn frcas the histcxy of the development of the
tbecry of flight and externel ballistics, aire octed the special
feature/peculiarities cf the f£light cf different types of rockets and

[fcjectiles cf artillery picces.

Jn Chapters I and 11 are examined the cverall theory cf the
soticn of rockets aund projectiles: tte forces ard the moments, which
act cn rocket and projectile ip flight, tra ectcries and motion
characteristics. The ccsncg/general/total theory, presented in these
chagteérs, determipes ccmaunicaticnsccnoecticn ¢f ballistics vith
aercdynamics and theoretical mechanics. In Chapters III, IV and V is
examiped solution c¢f one cf the basic fproblems cf external ballistics
- ccagilation of the differential equationg cof smotion of rockets and

cf projectiles. Chapters VI and VII are deéicated to the methods of
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integrating the equaticns of motion. In Chefter VIII is exawmined
statility of motion and the stabilizaticn of rcckets and projectiles,
in chagpter IX - effect ot the methcds .0f ccrtrcl on rocket ballistics

and projectiles. Chapter X is dedicated to thke study of trajectcries.

Fage A,

In Chapter XI is examined the effect cf difterent perturbation
factoEs on the deviaticrs cf trajectcry elesents from their values,
calculated for initial data, which corresgcrd tg technical
specificaticns for rocket ard to tke characteristics of standard
ata¢csghere, are given the ccnclusicg/derivaticcs of correcting

g fcreulas and the prccedceres of calculation cf corrections into

trajectory elements. In Chapters XII and XI1l ate examined the

|

1 special features/peculiarities of the acticr cf the rockets during
laewpnching/starting, the erxcrs for firing, the sissile dispersion and
[rcjectiles. Last XIV Chapter acquaints the r¢ader with the

experimental methods of external tallistics.
L Bxternal ballistics is based ¢p tie lass of mechanics, it is
clcsely related with aercdyramics, by gravisetry and the thecry cf

the fjgure of EBarth, by metecrclogy.

Ballistic calculaticn ¢ives all tte bazic data on trajectories

B ey

g -y ey
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and m¢tion characteristics cn the Lasis of shich it is possible to
judge the necessary parameters cf sissile c¢1 artillery coaplex as a

shcle,

It goes without saying that ccptepts ¢t the book by no means
€xbausts entire diversity cf the fpickless, ccyfronting external
tallistics. 1he conteapcrary state of the sciesnce of the mction cf
rcckets and artillery sltells cf different types is such, that many of
the ezyasined in the book questions ccncerning its value can serve as
the okject/subject cf indeperdent thecretical apd experimental

stidies.

fhe author expresses sincere gratitude to dcctors of technical
sciences Prof. D. A. Pogcrelcy and Frcf. ¥Ys. V. Chuyev for the
valuatle ccuncils, expr«sseé¢ by tlem during fregaration of the
saguscript for publicaticn, and is exfresseé gratitude to the dcctcr
ot technical gciences N. P. Mazurov apd Cand. cf tech. sciences
dccent Sh. Penalty—Kary-Nildazov, that sade a series of the useful
cbservations which were taken into account sith the modificaticn of

the macuscrigt.

fhe author thanks tte scientific editci engineer S. F. Kol'tsova
fct werk op the editing of the manuscrigbt, énd also all ccmrades, who

tcak part in the discussicn of the sapnsscrigt.
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I the designaticns of physical quantities are givem 1in the book 1in
é1 acccrdance with the project of the Gecst "upity cf physical
[ gquagtities®.
A1l observations and wishes akcut contents of the book the
. asvthor requests to guide tc: Moscow, E 66, 1st Basmannyy per., 3,
J‘ fuklishing hcuse "Machipe-ktilding".
'
Fage %.

Frincifal deeigpations.
(s - mcmentum vector of the body cf variable mass.
¥ - vector of the mcment cf mcmentus of the body of variable mass.
T. = kinetic energy of the Lody of variable mass.

s - mass of the drivingsmoving body (rccket, gprcjectile).

v - velocity of the center of mass .0f tody in atsolute motion.
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a - agcaleration of the center ot mass cf tcdy in absolute moticn.

v» - velocity of the center of mass of missile body im translational

acticao.

a. - acceleration of the c¢nter of wass of bousing in translaticnal

sctics.

v =~ the velocity of tke center of sass of syster housing -

tuel/prcpellant - gases relative tc missil¢ Lcdy.

. - the acceleration of thke centeér of mass of system housing -

fuel/propellant - gases relative tc sissile Lody.

resultant external force.

14
-
[}

14
]

R resultant reaction f$orce.

Fuop

Coriolis force.

amgular velocity vectorxr of the rctatica of amissile body-

Mr - total sqaent of exterral forces relative to center of inertia.
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M, - taotal moment of reaction forces relative to center of inertia.

Jepdup Iy = the moments of tie inertia cf rocket relative o the axes

cosrdinate system Oxwy.

Jrpwp dsgapdy:; = products of inertia.

Q. - generalized force.

4 - pitch angle.

¥ = yaw angle.

Y - £Gll attitude.

é - flight path aggle.

¥ - angle of rotation of trajectcry.

v+ = attitude of roll of the high-speed/velocity coordinate systenm.

Oe=Y - projection of thke velocity cof the cent¢r of mass on axis

Cas of the starting cocrdinate systea.

Ll
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vy, =" - elevation of the velccity cf the center of mass.
a - amgle of attack.
g - slifp angle.

nY

potential of the fcxrce cof grawity.

Mg

potential of centrifwcal inertiad force.

M ~ gravitatiocnal fpotertial.

g acceleration frcm gravity force.

g - aéceleration frcm gravitational force.
¢ - angular rate of rotaticr cf the Eaxth.
¢r = geographic latitude.

¢ - geocentric latitude.

Fage 6.
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A = lgrgitude.
A* - Acngitude of ncdal lige.
te = total flying time.

4 - azimuth.

¢ - angle of elevaticn.

® .- geopotential height.
B - altitude.

P - ajr pressure (kg/cs?).
¢ - sass air density.

b - ajr pressure in mam Eg.

* - virtual teaperature.

H{y) - the function of a change in the eir censity with
beightsaltitude.
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Fj q - velocity bead.

S - asea of maximsum Ccross section.

8 - Mach pumter.

X - drag.

4 - lateral force.

‘¢ =~ aerodynamic coefficient of tctal aercéysasic force.

CaCy € - aerodynamic ccefficients during diag, 1lift and lateral

fonces.

m,, =~ pitching-momept coetfficient.

m, amd m, - rolling-mcment coefficients .apd cf yav.

M. - stabilizing mcaent.
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M, - damping moment.

F(v) ,8(v)oK(vsa) - the force fumction ¢f ai1 resistance,

€ =~ ballistic coefficient.

a - sgeed cf sound.

»{y)) - the function of fressure chapge withr heigbht/altitude.

r - torquesmoment of surtice frictios.

P - bench thrust.

Xor. Yo Znn = ccntxol forces, wkich act in the direction of nody axes.

tw = velocity of the center cf mass cf tar¢etypurpose.

v» = velocity of the center cf mass of roclhat.

s+ = horizontal range.

e A R m— s L e
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m - trajectory height.

L - linear distance over the surface of vth¢ Rarth.
ve1 = crbital velocity.

vu - egcage velocity.

N - range angle.

C - weight of projectile.

Q.x - fuel consumption fper second.

Fage d.

INTRCDUCTION.

§ 1. SUBJECT AND PROBLEANS CF EXTERDAL EALLISTICS.

the gcience qf the scticn of rcckets atd projectiles is called
tallistics. By the study of the soticn cf frojectile in the bore of
artillery instrument if cccrpied irtericr tallistics. The sections of

isterjcr ballistics, dedicated to the examigpaticnm of the mction of
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4/
[rcjectile immediately after output frem bcte in the associated jet
cf that escaping fcllowing Lty the jrcjectile of gas, it is accepted

tc call igtermediate ballistics.

the science of rocket tlight and frojectiles after the cessation
cf their pcver interacticp sith laupching igstallation is called

extersal ballistics.

Scrd "ballistics™ syspéethetic Greek vcrd “throw® ("pairw®); from
the latter also occurred the nase ctf tke first heavy projectile
installaticns which in cld times were callé¢d kallists. The complex of
tbe guesticns by which is cccupied external tallistics, freguently
they began at present tc call the thecry of flight. Por example, name
"theoky of rocket flight® kcth is ccamcn and gpase "external rocket
ballistics®™. Subsequently we will wstilize lcth these names.
Furthermore, with the presertatica cf quasticns of the overall theory
cf flight under tera "projectile™ we will understand controlled and
eaguided rockets, the rctating artillery shell, the spin-stabilized
sisegile, rifle bullet, finneéd mine and the frojeéctile of smooth-bore

systes.

Ste projectile of canacon-tyre artiller) we will call projectile
¢t body of constant mass, and rocket - projectile or body of variable

e e
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}n spite of the specific difference iv the ballistic problenms
fcr different classes ¢f rcckets and projectiles the setting of these
pockless and their subseguent scluticr in many respects repmain
ccapcoygeneral/total. The mction of rockets and projectiles is
sulkordinated one and the =sase laws cf mecharics and is described by

che~type ditferential equatiocns.

Fage 8.

Bcst freguently are distinguished tbhe right sides of the equations,
which contain the concretesspecificyectual ccaplex of tiae acting
fcxces and torque/scments. The differecstial equations, which describe
the mgtion of the guided missiles 23d frojectiles, connect

ccssunicaticn/connecticns, placed Lty tle ccptrcl systen.

The flight of unguided rockets, ain an¢ prcjectiles of barrel
artildery pieces regresents by itself a sgecial case of the

ccascasgeneral/total task af the mechanics <f ccentrclled flight.

Bxternal ballistics is occupi€d by the sclution of four basic

protless.
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the first task consists of the trajectcry calculation of the
sotion of projectiles alcng previctsly knosg data. Por the solution
¢t this problem, it is necessary first of .all ccrrectly to deterasine,
ubich torces act on projectile in flight apd kacw, which will be
their valewe at each mosent cf time. Burthe¢r cpe should comprise the §
diftecential eyuaticns ctf amcticn cf jrojectile taking into account
al) aating forces. As a result of the scluticyp cf ditferential
cquatjons, are obtained all the mcticr characteristics: velocity,
acceleration, the fliyht tise and coordinat¢ cf the center of sass on
shich can ke comstructed tte trajectcry. The first task uccasionally
t1eferxed 8¢ as basic or direct grotles ¢f €aternal ballistics. The
susber of forces, which act cuo grojectile during motion, the
charagter of their change ia the prccess of moticn, and also the
cusbexr of equations, which describe motion, apé their forms they
depend on the designaticrn/prrpcse ¢f ficjectile, its construction,
setbod of stabilizatiop ip fligbt apd the fredicted trajectory of

sctica.

the second, or the sc-called reverse/inverse, task consists of

e b e oA

detersininy of the designed ballistic data cf action alony the

assigned tactical and techcrical data cf rochket cr artillery piece. ;
The second task is direct-cctnnected with ddhe lallistic desiygn cf é
f
J

systes, important stage of which is tinding thke optimum states cf

sctios and flight trajectcries.
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The calculation of the attitude ceadbrcl of different
desigsation/purpose and the determinpaticn ct the conditicans of their
ccgtrgllability is the third task cf extermal tallistics. If rocket
¢t prejectile are unstakle in fligbt, .tben, ckviocusly, it cannot be
it vildl be expected that they correctly will £1y in the assigned

ditecticn.

Ssuvally ballistic calculations are ccpéucted in several
apfrodch/approximations. First duripg tallistic design are determined
the characteristics of the ideal trajectory cf the center of mass of
prejectile taking into account the weight cf warbead and predicted
tiring distances (saxisus ard sininus). As a regult of these
calculations, is establishyinstalled tle advisaltility of the selected
sethod of control, the form of trajectcry, its curvature, tae values
ct tamgential and mcrsaid acceleraticrs. Are deteraited the motion
characteristics of projectile upon its rendezvcus for targjet/purpose

and the characteristics of scattering.

Fage 9.

Ia the process of desigc and mapufacture of missile (actillery)

ccagles, ballistic calculations are repeatec with introduction in

e
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thes the gew specified cata cn projectile, the systeam of contrcl and
statilization. The applicaticn cf the selected methods of control and
statilization of rockets and projectiles, wiliclt ensure the high
accuracy of firing, is the part of ccsmcns/ceéneralstctal stability
psektles of motion, in whtich eaternal ballistics most closely coaes
imtc acntact with questions of contrcl cf fligkt. Purtheraocre,
external ballistics gives tasic infcrsatiog for developing of rules

atd recepticn/procedures of aiming and firirge.

Designed trajectory calculaticps are ccnducted, as a rule, for
the ideally carried out fprc-:ectile wrder the average/mean
meteciclogical copditiops, accepted as nosisal. Hovwever, appears in
actuality a number ¢of factors, calling the ceviation of prcjectile in
fdight froas calculated traiectcry. Scatterirg the trajectories of
tejarate shots can depemnd Lcth on structurals/desiyn and techamological
reascns (for example, from caused Ly tkem ifp the rockets eccentricity
of thrust) and on tie deviaticons of flight ccgditions on the
calculated, for example, frca a change in tie weather factors, the
ncaunjfora erosion/clisax c¢f nczzle thrcat and cf the jet vanes,
ipadeguacy of the systems cf controcl, etc. Tte study of the factcrs,
which atfect scattering cf the trajectcries of frojectiles, and the
epdnination of the metbcds cf decreasimg of scattering and increase
cf the accuracy of firiang they are tbe foutth tassk of external

Ltallistics.

P 2
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fhe ccmplex questicns, which require separate examination, they
are the theory cf rccket flight as elastic Lody and the theory of
rccket flight taking into account the mcticr of liquid filler
(fwelypropellant). In tkese sectiors tle thecry of flight closely

ccmes into contact with vilraticn theory [1, 3Z].

Buring the salutiop of the prckleams of the theory of rocket
flight and prejectiles, tte larger .ruzber ¢t acting factors with
ssaller number of assumpticns can ke takeun intc account when
copducting of calculaticns in the €lectronic calculating and analog
ccafuters. Is sufficiently »idely uvtilized élsc the universal, but
very laborious method cf puserical integraticm sith the
agirlication/use of manual calculating autosetic machines and only
ss3ll class of comparatively simgple tasks it can be solved by tabular
and analytical methods. EFurely kinesatic metheds are applied in
essence for the qualitative studies c¢f guided-missile control,
intended for dealing with mcving targets or which start trcm mcbile

upnitsg

§ 2. lroa the history of the develcpment of the theory ot flight.’

By its contemporary bighly develoged state jet-propulsion and
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axtillery technology is due to a cogsideratle extent to Russian

science. -

Fage 1C.

The first gyeneralized informaticn about rcckets and projectiles
ct canpon-tyfe artillery it is pcssible to find in the book the
“regulations of the military, canncpy asd otter lodies, vhich ccncern
with military sciepce™, writtep to Cpnisim Pikhaylov and final in

162C.

At the time of the appearance cf tte first scientitic works in
the region of rocket engineering eaxternal tellistics of the
jrcjeatiles of barrel artillery pieces was lccated on the
sufficiently high level of develcpsept. Phe first theoretically
substantiated work according¢ to the trajectcry calculaticn the freely
jrojeétile is writtem by G. Galilec (1564-1tdz) and it is printed in
Bolcgea in 1638. From this work it kecame it is known that if we do
nct corsider the air resistacce, but tle acceleration of yravity to
take ccnstant on value and directicn, tben the trajectory, described

ty rreojectile, will be jaratola.

Jt is obvious that tc tse parabclic the¢ory is possible only when

the adcpted during her conclusions/derivaticg assumptions
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significantly do not aftect tke results of calculaticns. First cf all

this is related to the fossitility cf meglect cf the air resistance.

End of the XVII century and beginning XVI11 signify themselves
ty the increased interest it the study cf tie effect of the air
resistance on the flight of the rapidly flying tcdies. The first
vorks cn the study cf tte effect cf medium cn those moving in it it
is thawed they belong tc Egglish schclarly 1. Newton (1643-1727).
bevton's works were related to the lcw spe€cs c¢f the motion of bodies

ard vere partially confirsed by later irvestigatioms.

Tte experiments, ccnnected sith the measurement of the initial
velccjty of projectile, were ccnducted for tke first time in Russia
in 1727, and the first description cf experiments regarding air
regisgance to moticm of spherical gur bullets fcr considerable for
thcse times velocities (S22 B/s) can Le fourd iy the book cf the

Fnglishman of B. Rokinsa, wikc left in 1742,

Tte first solution cf the prckles cf tle Ection of projectile
taking intc account the air resistapce was wmade in 1753 by a member
ct the russian Academy cf Sciences ky L. Evler and it is published in
1755 [63 ]« Later, in 1775, to them in famous wcrk the
"ccamgn/general/total principles of the mcticn cf liguids¥ was placed

the teginning tc aerchyércdyranmics.

e~ e R A T T AT
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the first scientific investigaticps ip tte field of rocketry
kelcng to BRussian artillerysan to General &. I. Konstautincv
{(1818-1871), who headed sigce 1849. Feterskirgy rocket institution and
such sade for an ismprovement in the crganigzeticu of producticn and
technglogy of the sanufactvre of rcckets. Ccnstantine is descrited
tbhe physical essepce of the moticn cf rccket acd is noted equality
increases in the momentum of rocket and mcrentus of the

€scapesensuing from it cas:

Fage 11.

Ey bim is also made imp¢rtart the ccroltsjcr that eccentricity of
reacticn force is the tasic reason, which de¢flects rocket from the
initial direction of moticm, and is shcun tle advisability of the
crankjng of fin-statilized xcckets fcr jurjcse of an improvement in

the adcuracy of fire.

The greatest develcrment rocket artikllery cf that time achieved
in the first half the XIX century. Subsequently the poor closely
grcuped fire of rockets and the successes ig this respect of barrel
tirearss led to the fact that for a grelomnge¢d time the contat

sissiles were completely resoved frcs the armament of the armies of

PERY & NP
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all ceuntries. The thecry ct flight is devélcged in essence in
agpplication to the projectiles of carnco-tyje artillery, but it is
later, from end lead the XIX century, and ir agplication tc the

desands of the begup viclently tc Le develcfed aviation.

In 1820 in Russia, was instituted the artillery school,
ccnvexted in 1855 into artillery academy. 1ie development cf external
tallistics in many respects is conneécted with these educational
ingtigutions. In particular, by the frcfesscr of the artillery school
V. A. Ankudovichem was written the first teatkcck on external
tallistics, published in 1836. In artillery academy from 1855 through
18%8 ¢f lecture on external rallistics, neaé notecd Russian
sathematician M. V. Osticogradskiy, for the tirst time in general fcro
who solved the complex frckbles cf the szcticr cf the spherical

rctating projectile in air.

Since 1858 the schcol cf bussian talligtics headed by talented
scientist designer N. V. Majewskiy, whc muck made for developing the
Fussian artillery and, in particularx, ,in tte field of study of the
air resistance at high rates cf the sction ¢f frojectiles, amnd also
the study of the rotary mction cf cklcpg pr¢jectiles. In his wcrk
ratout the effect cf rctary mcticn c¢n the flight of oblony
frtcjeatiles in air®, published in 1865, N. V. rayevskiy demonstrated

fcr the first time the existence of the oscillatcry motion of the
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lengitudinal axis @f projectile in flight erd be investigated the
grerexties of this soticn. Under his sanagesent sere created many
Scviet artillery pieces, very modergp for thcse times. N. V.
¥ayevskiy's works continued his student, vell-kgcwn scholar N. A.

zabudskiy (1853-1917).

In 1881 revolutionary end memter of tbe "Narodnaya Volya™, N. 1l.
kibal®chich, beiny located in the griscn beiore execution, created

the first in the wcrld jrcject cf rccket craft for a manned flight.

historical interest represent the sorks of the Petersburg
inventcr of A. P, Fedorov apd the putlisheé Lty it article the "new
sethod of flight, which eliwvinates the ataocsphéere as
sugporting/reference mediva". Article agpeaired in the eightieth years
cf past century and drew researchers®s atterticy to questions cf the

thecry cf rocket £1light.

the bases of contemporary rocket dynanics were laid in the works

cf bussian scholar I. V. Meéshcherskiy ard R. E. Tsiolkovskiy.
Fage 12.

The outstanding teacher-scientist, frofesscr Ivan Vsevolodovich

Beshcherskiy (1859-1935) in his works cn theéoretical mechanics forsed
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an equation of the moticn ¢t the tcdies of tle variable mass tc which
cae should relate rocket. fe coapiled tite €guaticn of the vertical

ictica cf rocket.

the bases of the tlecry cf ccsscnausics agd rocket engineering
flaced our great compatrict Copstantine Bduzrdcvich Tsiolkcvskiy. In
bjs early works K. BE. Tsiclkovskiy figuratively explained the essence
cf reactive sotion based on the example of the displacement/movesent
ct shir under the acticn cf recoil fcrce thkét £tand on besides the
capid-firing, continuously shooting gua. After the science fiction
narratives "on moon®, "“dreans atbtout the earthb/gqrcund and the sky and
the effects of gravitaticnal attractics® K: E. 3siolkovskiy published
in 1903 work the “"investigation of .euter Sjace Lty reactive
ingtruments®, In this wcrk is giver kncwn fcravla for determining the
saxinus velocity of the sction cf recket ot the assuaption that air

tesistance and gravitaticnal force are absert.

After foreseeing develcpaent ct jet/resctive technology and
relyiag on his theoretical studies} K. E. Isiclkcvskiy introduced a
se1ies cf the valuable fpropcsitiocs, r€alized ccasidecably later on
the hjgher level of develcpzent of wcrld sciegce and technology. This
is related to his ideas of the use ¢f a liguid fuel for the jet
engines of the rockets during flights up tc laxce distances, afgglying

the jet vanes for rccket ccrtrcl, shich act, also, in the vacuum




where usual aircraft air vares
Tsiollicvskiy also proposed fcr
ccspcurd/confosite multi stage

this jdea, wcuwld be at gresent

rockets pade it possible tc at

Beginaing to extreme scluticns

Boring the study of the e

frckles of heating the kcéies,

values

Fage 13.
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tc lasge distances. Is widely utilized during cur days the idea of

~Le

dc rct give recessary effect.
cbtainiang high velocities to utilize
rockets. Witlcut the realization cf

urthickable the flight of nose cone up

the amtcmation of ccntrcl cf scticr ¢f highspeed aircraft and

tcckets, progosed to Tsiclkovskiye.

At presept the introduction of autscmatic flight contrcl of

tain thke bigbh accuracy of firing.

in the theory ct flight, in

pazticular, to setting tke cptimus states ot sction of rockets, was
Flaced by the solution ¢f the so-called seccnd task of Tsiolkcvskiy,
ccnsisting of the detersination of suck laws of a change in the mass
ct rocket and its velocity in tise, at shich it is possible to expect

greatest climbing range cf 1ccket.

ffect of air i1esistance on the

driving/moving body K. E. Tsiclkcvekiy footszed attention on the

flyinpg in aigr with bigh rates, knowvn

pov by the name problems of aserodytesic hesting and having enorrcus
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Among Soviet researcters, swhc wcrked it the field of rocket
eagineering in the pericd ¢f its crigiwm/copception/initiation, one
skculd call/name ope of the first students k. E. Tsiolkovskiy gifted
engineer P. A. Tsander (1E€7-1933) ard inwvecrtor of Yu. V. Kondratyuk.
For the popularization of tle jet/resctive jrisciple of motiom, much
sade 3. A. Bygin, who puklished during the jears 1928-1932 works

migtegplaretary flights", Ya. I. Perel®man, }. M. Tsander.

It is logicak that under conditicos of tsarist Russia, and wvhat
is moxe during the weak develciment cf techiclcgy of idea of K. E.
Tsicllcvskiy and his students did nct cttaig the development, but his
trapsactions - proper acknousledgemept. Cnly with the Soviet regise,
shich pays enormous attention to nev technolcgy and to the guide the
werk of mapy scientists, desiyn and plant ccllectives to the solution
cf tozemost scientific-technical prcileéms, it ¥zs possible to attain

encragus and known to entire peacesworld results.

In 1918 on the initiative of Vladimir 1llyich Lenin, was
initiated the organizatice of central aerch)drcdynamic institute
(152G} [Central Institute of Aerohydrcdynamics im. N. Ye
2bukovskiy)). The founder of TsAGI was the lergest Russian

sciengist-aerodynamicist ¥ichclas Yegortcvich Zhukovskiy, who
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develgped the bases of the aerodynasic desiyns cf flight vehicles and

flight dynamics.

the first experimental works ¢§ aerodyrasicist by N. Ye.

2hekowskiy conducted in Moscow University ard #8cscov highestest
technjcal school (MVTU {Mcsccw Higter 1Technical Schoollk
Kncwn to eptire world schclar acadesicians 2. M. Tupolev, B. N,
Yur®yav, A. A. Arkhangel’skiy, B. £. Stechkin, V. V. Golubyov and a
shole series of the designers and scientists were the students of N.
E. Joskouski, but many of tkem - Lty meskers cof the scientific student
ssall circle, orgapized by K. Ye. 2hukovskiy ixr MVEU. On the
ipitidtive of N. Yq¢. Zhukcvskiy ir 1919, sas organized the Moscow
institite cf the engineers cf the air fleet, ccgverted in 1922 into

the air force acadenmy, now Learing hiz pame.

the ccnteaporary sciepce cf flight dynemics in many respects is
due tg scientists of M. Ye. Zhukcvekiy prof¢sscrs V. P. Vetchinkin,
I. V. Cstoslavskiy, V. S. Vedrov, V. S. Pysknov, the protessors cf
the ajr force epngipeerivg academy D: A. Venttsel', G. F. Burago,

academician V. S. Pugactev and mapy ctlers.
®c the pen of M. Ye. ZLukovskiy belomcs the work M™about the

strength of motiop"™, writte:r by hiw in 18£2. 1tbis investigjation

together vwith noted Russiag mathematiciam 4. M. Lyapunov's work

e o auke 2 1
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nceanghsgeneral/total task cf stability of soticn®, vwritten in 1892,
they ipitiated to the develcrment cf the Scviet science of stability

cf acticn and stabilizaticn of flight vehicles.

§n 1918 by the decisicr of Soviet governmerot, vwas alsc created
the cgrstartly acting Lcard cf special artillery experimeats
(KCSARICP) , which charged tte soluticn cf tite froblems, connected

vith bbhe creation ¢f artillery fpieces.
Eage 34.

In the commission fruitfully wocrked the greatest
schclars-artillerymen V. M. Trofiscv, N. ¥. Lrczdov, G. P.
Kiepeaskiy, academicians k. Ye. Zhukovskiy, A. ¥. Krylov, S. A.
Charlycin. Sc, by acadesiciap A. N. Krylov during the years 1917-1918
vas developed the methcd of the numerical irtegration of the
differential equaticns cf scticn cf jrojectiles, utilized at present,
alsc, for the case of deteraining the motict characteristics of the

rockets of different desigraticn/psrpcse.

By the founder of the tew brarch .¢f a€¢rcdynamics - gas dynamics
rightfully is counted acadesician Sergey Alekseyevich Chaplygin
(1669-1942) cne of the sost talented studerts cf N. Ye. Zhukovskiy.

Headed by S. A. Chaplygin scre thas 10 years central aerchydrodynamic
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iamstitute rapidly exceeoc&d the one-tyfre scigntitic research
iastitctes of Europe and America cp the spreadyscope of works, tc
equigsent and their sciectitic sigyriticagce. Tc the end/lead of his
life, S« A. Chaplygin remained the sciertitic leader of soviet gas
aertcdynamics. lts many frclless, ccmmécted sith the theory of tlighe,
ace¢ sclved by the sciertists cf S. A. Chaplygir's school, by
acadesicians M. V. Keldysb, M. A. lavrentyev, L. I. Sedov, 5. A.

Rhristianovich and ky sany cthers.

the development of external kallistice is inseparaouly conrected
sith sbe sclution cf practical guesticos qf the creation of rocket
amd astillery pieces. Tthe Lteginning cf planced theoretical and
€xfperjsental investigaticns in the USSR im i1cocket engineering wvere
wckks gas-dynamic of the latoratory, otgamized im 1921 18 Poscow. In
1927 the labcratory vas relccated ipto lenirgred and is was been
called name GDL. During tte years 1931-193:7 are¢ created the groups of
the study of the reactive smction (GIRD), ip which worked the
eatbhusiasts cf rocketry F. ). Tsander, S. F. Kcrclev, M. K.
Tikshosravov, Yu. A. Pobedcpcstsev et al. It GI§L were designed,
ccpstgvcted, made and tested in fligbt the tirgt Soviet rockets. In
1933 &DL and GIBD were united into the first ip the world state
jes/reactive scientific research irstitvte (BNli). In the 30's
etgineer-scholar M. I. Tikkcmirov, V. M. Artea®yev, B. S.

Fetrogavlovsiy, G« E. Langemak, etc. desigpg¢c the first Soviet cambat
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rceket grojectileg on sclid fuel. These prc-ectiles with certain
sodif jcation vere used in tie Great Fatriotic Wer 1S41-1S4S5. The
achievesments of contemgorary external ltalldistics were utilized also
during the creation of artillery pieces. Large successes attained
design collectives, led Ly scholars—-artildé¢ryser V. G. srakbim, B. I.

Shavysin, I. I. Ivanov, F. F. Fetrcv apd otker Soviet designers.

In the beyinning qf the Second World hér when firing distarces
the sgall unguided tockets (rocket frojectiles) were small and on the
gtructural/design form cf rccket they remjipced grojectile cr wmine,
systes of equations, descriting the sction ¢f tkeir center cf nass,
it differed little froms system of equatioms, describing the motion of
the projectile of cannon-type artillery. Pcr deteraining the air
resistance, it was of suftficient use stzndeid functions cf air

resistasce or the sc-calle¢d laws cf ajir resistagce.

Fage 1%.

Nith an increase in the flyipg ranges, apd respectively also the
tates cf motion, with tie introducticn cf ccntrcl and the ﬂ
cosgljcaticna of comstructicgs and fcras of 1cckets, equation, which
descrite their moticn, consideraltly they veze ccaplicated. Was \
reqguized use in the vide scales cf ccntempciary aerc- and gas

dycamjcs, highly developed in applicaticy tc tie demands of aircraft *
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ccostsection. To the scluticn of the tashks, ccrpected wita the
ccpstEucticn of rockets, they began tc be diawn scholars-specialists
ia the region of dynamic stebility, autcmatic regulation, pilotless

ccptrgl and igducticn tc target/fpurgpcse.

Tle theory of the fligkt cf tte guided tallistic aissiles,
iatended fcr a firing tc very long rance, tite Rarth satellites and
interglanetary vehicles requires thke videst participation also the
astroaoceers, specialists ir the field ct celestial mechanics. The
€llipsical theory of the wmction of planebts, which begyan to be
develpred from the times cf I. Kepler (1571-163(C) and of I. Newton,
tc cur time is consideratly imprcved and successfully is applied for
the calculation of the moticn of satellites and space routes.
(cnsiderable role in the creaticn cf the overall theory of the motion
cf rockets belongs to Scviet scientists, the prcfessors ot the mosccw

state university A. A. Kcsacdesiansky ard [. E. Ckhotsiaskiy.

ls interesting the histcry cf the develcjpment of the theory of
the £2ight of the guided asimed missiles, istepded for dealing fcr the
fast acving target/purpcses cr started fros tbe fast-moving carriers
{ships, aircraft, tanks). Fcr the first tim¢ tle task of tie mcticr
cf gcint alcnyg the curve cf "purscit" was flaced even in the
siateenth century lLeonardo [e Vinchi; bhowever, its this work resained

uakpcwn to the end/lead of the nineteenth certury. Beginning frca the
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first decades of the eighteenth cestury a series of the scientists in
Bafy ccuntries was e€xasined the kitesatics cf the motion of two
fcints during their approack along the curve of "pursuit" and

thrg¢e~foint curved.

The idea of contrcl cf moving cbjects at a distance arose
tegether with the beginning of develcpment c¢lectric coupling in the
Lkeginning of the nineteentt century. At the end of the nineteenth
century, was proposed a series of the systens, radio-contrclled. It
is later, beginning with the Second %orld %er, fcr the trajectcry
calculation of the rocket picjectiles sith remcte control, vhich are
aised for the mobile okjectives, it was requireé the creaticn cf
special theory. Here as the ltasis c¢f isibtial investigations, lay the
kncup sethod of the firing cf canncg-type artillery into set fcrward
jcint and the theory of dcgtight, detailed in ccaonection with the
actions of fighter aviaticp. It is lcgical that the first works in
this directicn bore alsc gurely kisesatic ctaracter. The complex
dynamjc problems of the thecry of the fligkt ¢f ccatrollable rcckets,
iatended for dealing fcr the fast acvipg taiget/purposes,

successfully are sclved at freseat by Scviet scientists.

Eage 16,

Great difficulties are encountered during the solution of the
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Ieverse probles when aprear thensel®es the acst advantayjeous ortimun
states cf sotion of roclets. Basic wcrks ir this direction are
[oklished by Soviet scientists by A. A4 Kcsacdeniansky, D. Ye.
Ckhctsimskiy, T. M. Enejev, L. A. Fogorelov, k. F. Appazcv, I. N.

Sadovshkiy et al.

fhe creation of the ocrtesporary sultistage rockets, which are
tecanijcal the base cf space flights, require¢d tke encrmods creative
efforv/forces of the large collectives ¢f tlte scientists, designers,
engineers and workers. leader of cne of the ccllectives, who pregared
the assault cf space, was academician Serge) Favlovich Korolev

(19064 1966) - the creatcr ¢f many Scviet rcckets.

garrier rocket with space ship "Scyuz® in flight is represented
im Fig. 0Ou1. Pigures 0.4 shcws a versicn of surface-to-air missile on
trcops®s parade aray'’s Soviet, Artillery weipcrs are shown on Fig.

(e 3e
§34 SRECIAL FEATURES OF FLIGHT OF LCIFFEBEMI TYEES OF ROCKETS.

®iring distance, tle trajectcxy cf macticp, the metnod of
stakilization and contrcl and other tallistic axd structural/design
characteristics of rockets sre direct-ccnmected with their

designatiop/purpose. Degending on the locaticy c¢f starting device and
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target /purpose, it is accepted to divide ctcckets into four class:
"surface-tc-surface” (" scrface-tc-strface", "ship-to-sahip",
"ship=-to-shore" and "shcre-to-ship®); ¥surfece-tc-air"
("sucrface-to-air™, "“shig-te¢-air"); %air-to-cir" '

{(®aircraft-to-aircraft®; “aircraft-tc-rccket®) aud “air-to-surface'.

Burthermore, rockets divide intc ccntrclled and unguided.
Ccgtrglled rocket is supplied with tle comticl system and possesses
frogferty to forcedly change mcticr characteristics ir the process of
flight. when for some reascr ccatrcl is switched off, rocket flight
teccmes unguided. But if rccket does nct hawve a control system, then
it is called unguided. unguided are the rocket projectiles, the
tactical missiles, anti-tark, zenith, aviaticn and others. Fiqures
C.4 depicts the design concept of aviation tnguided rocket with the
cpened tail asseably. Tle urguided flight can ke realized with
cgeraging and working engipe. Unguided is tie flight of the

cpig-stabilized missiles and projectiles cf tarrel artiilery pieces

aad mgrtarcs.
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Fage 17,
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Fig. 0.1. Carrier rocket with sjace sbip ®Scyua™ in flight.
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Ia the theory of flight, it is accepted to cccsider the unguided ;

tlighs as special case cf ccntrclled flight, shen control forces and

EEER o

tecicue/acnents are equal t¢ zero.

§f ve dc not examine the possiltle patterns of the technical
realization of control, it is fpossible to ccupnt that the controlled
flight is cf two forms. These are the fligkt acccrding to progras,
which cccurs with the oltservance of the predétermined lav cf change
¢f scme cne or several sctico chbaracteristics, and flight without the
fredeterni red laws of characteristic change, deteimining the

trajectory of moticn.

Nost frequently flight acccrdimg tc prcyras is realized if
pecessary to strike fros fixed starting device a2 fixed target, tc

derive rocket to the giver poimt cf space ¢1 tc have in the specific

time the assigned motion characteristicss 1t accordance with the
tasic designations/purpcse ¢f rccket; previcisly can be programmed:
the cbacge in the time cf tbe angles of the slcfe of axis of rccket
tc coQrdinate axes in vertical and bhorizongtél planes, the change in
the cocrdinates, which ensvies obtaining tte specific parameters of

trajectory, change in the asount of the thriust and rate of moticn, a

change in the forces and torque/mcrents, accelerations and y-forces.
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As an example of rockets with prograssed ccrticl, it is possible to
give the rockets of class ®surface-tc-surfsce®, rajority of which is
ccptrgl/guided by a change in the angle of the slope of longitudinal
axis tc the horizon, whbick lays cut cf the trajectory of motion in

vertical plane. Pigures (.% gives fpatterng ¢t swch ballistic missile
¥ith enginq cn solid fuel, intended for flight to relatively long

ragges As ccntrols serve air and jet vares.

AL
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Fig. O.4. Aviation unguided rocket with expcsed tail asseably: 1 -
fuse; 2 - wvarhead; 3 - rocket camera/chambei with grains; 4 - nozzle

orit; 5 - opened tail assestly.

Fage <C.

The typical trajectory cf tke mcticon cf the kallistic aissile during
startingslaunching from the surface cf the larth is shown cn Fig.
0.68. The schematic of thke trajectcry cf aiirborse ballistic rocket,
ccptrelled according to fprogram, is given tc Fig. 0.6b. Figures 0.7
shous the trajectories cf tle moticn of winced xissile and rocket
glides, that have frogreamed contrcl. Wingec missile (Fig. 0.8), as a
rule, starts frcm inclined guides, them cherges inte horizcntal
copstant-level flight tc target area wtere it transfer/coaverts into
dive tc target/purpose. Previously kty progris is assigyned flight

altitude. Of rocket glider the progras sust epsure takeotf along the
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predetermined trajectory ancé, upon reaching cf cptimum height,

¢gradual transition to tte ccrnditicrssscde ct the gliding descent.

Flight accordinyg to prcgram dces nct e€liminate the possibility
cf the correction gf mcticr characteéristics ir the process of the
cguntering of the disturtarece/frerturtations, wbich attempt to deflect
rccket from the assigned programneéé trajectcry. For exampgle, the
starting/launching of tke artificiel Farth satellites and the
spacecraft is ccnducted acccrding te tle fpirevicusly designed progran,
carried into on-board program unit. Bl1l bthe deviaticos from design
charaateristics of moticn are detected vitl sears grcund-based
ccytrgl/check, and command radio transritter tremnsmits correcticn for
the elisipation of these deviaticcs thicugb the cn-board receiver to
the system of the flight ccntrol. 2 sisilar correction of the
fregrasmed controlled flight prcvides the .high accuracy of the
ccpclesicnsderivation of flight vekicle intc tle fixed pcint of space

and oktaining the assigred scticn characteristics.

Buring controlled fliglt withcut frogres, almost always is
assumed either the inducticm of rocket to tle scved target/purgcse,
ctx firing trom the driving/scving starting cevice. In some cases can
be moved the starting device apd target/purjcse as, for example, with
the fjring the air-to-air missiles; in ¢ther cas¢s target/purpcse ct

starting device are fixed. Figures (.9 thows the schematic of the

coptrolled aiccraft rocket, intended foxr a dogtight.
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Fig. 0.5. Ballistic solid fuel rocket: "Pershimg": 1 - nose cone with
sarhead; 2 - section with the equipment of cuidence and control
system; 3 -~ second+stage engine; 4 - aerodyramic controls cf the
seccnd step/stage; 5 - system of stage sepzraticn; 6 - gas governing
centr¢ls of the second stepsstage; 7 - tirst-stage enygine; 8 -
aercdynamic governing ccntrcls of first stece; 9 - gas governing

ccytrgls of first stage.

Fage 21,
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The mgtion characteristics cf such guided .missiles depend cn the
scticn characteristics of target/purpose ag¢ carrier of starting
device. Comsunicaticn/ccnrecticn betveer the Bction characteristics
¢t rocket and target is acccmplished tf the control system which must
ensure the conclusion/derivaticn of rccket 8 tc the distance wuith
which the work cf its warhead will erstre kill. The trajectories of
such guided missiles were calleé tle trajectcries of induction.

1rajeatories of inducticn - ccmplex space ciives.

§s known the ccmbiraticn cf bcth frinciples of rocket control.
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Fide 0.6. the foras of the trajectcries of ditferent ballistic
sissiles: a) the trajectcry of the tallistic missile, which starts
frem the surfece of the Earth; b) the trajectery of airborne

tallistic rocket.

Pig. 8.7. Standard trajectcries: 1 - winged missile; 2 -

flanning/gliding ballistic cruise missile.

Fage 22.
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Fcr ejample, it is possille to itself tc fresent AN guided aissile
(agtiaircraft guided amissile¢), in the wcrk cf first stage cf which
the motion is realized acccrding tc the prcyras, which assigns the
sgecific fcrms of trajectory; in the wcrk of the subseguent
ster/stagjes, the motion is realized alcng‘tke trajectory of
iaduction, which depends cy the acticr cha;actexistics of

targes /purgrose. Schematic of antiaircraft .gquided missile is shcwn on

Fige 0e10.

Tte systems of the flight ccntrcl cf xcckets work in the
sajcrity of the cases according tc ke princigple of servo systeas.
This grinciple is ipmstituted on the ccsgariscg cf the assigned and
actual values of the governing paraseter. 1Tle difference netween thenm
serves as the source of the error signal which sfter ccnversion acts
ca ccatrols of flight piricr tc the tcigquesmcpent when the error

gigral becomes equal t¢ zexc.

Gensidering rocket sclid kody, in the scst general case it is
gcssikle in a specific sacter tc ctange in the time of the
characteristic of its mcticn along six degr¢es c¢f freedos. In
actuality for the scluticn c¢f the fractical grctlems to control/guide
sctico characteristics alogg all six degreeés ¢t freedoa it is not
requiszed, since many patameters cf amcticn aie interconnected between

thesselves. For exasple, changing the angl¢ between direction of




Y
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velccity vector and by the axis of rccket, it is possible to change

in tige of the coordinate ¢t the certer of mass of rocket.




LoC = 78107101 PAGE -51

Fig. 0.8. The winged missile: 1 - lccatcr ¢t bosing system; 2 and 6 -
eguijsent for control; I - warhead; 4 - fuel tagk; 5 - wing; 7 -
sustajiner enyine; 8 - rudder; 9 - epgine nczzle; 10 - bocster enygine;

11 - air intake of enyine.

1 2 AZ; .
A E——
N

Fige 6.9. Guided aircraft rccket “Sidevinder"™: 1 - self-hosing head;

4 - yeverning contrcls; 3 - missile tody with ergine; 4 - stabilizer.

Fage 23.

ln 1eal constructions for thke goverging patémeter, 1is daccejted or the
aayle between the axis cf rocket and asny krcwy cirection (cr plane),
¢itbes the pcsition of the center cf mass ct rccket of the relatively

jtedeternined direction of motion, or ary ctter characteristic.

.
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Bach servo systea cf IPET [Icstitute of Metallurgy im.
A. A. Faykcv]: the measurin¢ device, wltich ceterrines eigervalue cf
the ggverning farameter; thke device (unit) cf ccmparison of the
assigmed and actual values ¢f the gaverring paraseters,
ccnsusgpticn/productionsgeneraticn cf tte erricr signal and contrcl
ccsmands; actuating elesents in the fcrim of steering organscontrols
and deives for them (ccotrcl actuatcors). Besides these wasic partsg,
ccntrgl system, have various kinds the amplifiers, which integrate,
ccgverting and compensatcrs., The tasic correcticn of servo systees is
directed tcward a reducticnsdescent in the i1l1 e€ffect of the inertia
jreferties of system. Fer tiis, with tie fcrmaticn cf conticl
ccasand, are intraduced tle sugplesertary sigrals, proportional to
velccjty and the acceleraticn of a change ir tke governing fparameter.
Furthermore, into tke ccntrcl systes are iptreduced the devices,

shich lower the effect cf tle varicus kinds of interference/jasmings.

In accordance with twc principles cf ccrtrclled flight presented
suksequently, let us divide rockete intc ccttrclled according to
Jtcgras and ccntrolled according tc guidamceé¢ method into

targes/purgose.

Fhe ccntrol systems car be alsc divide¢ icpto tvo large groups -

intc actcnomsous and cosmané systeams. Under eytcrcmous let us

understand such systeams, whcse steering is ccncentrated on board
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rccket. Track-command quidarce assvoxes the jresence of the separate

pcintgiten, which develcps comsands and which transmits by their one

ct the other method onbcard of rocket. 1In frincigple autononcus and

ccssand systeas can realize prcgranmed flight and f£light along the

trajectcry of induction.

Acttonomocus systeas fcr prograzsed flickt mist have the onktcard
equirsent, which detersines the fcsitict of rocket of the relatively
[revigusly selected coordigate system. Mt fiesent are well known

auticngmcus systems with gyrcsccpic crieptaticn.
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Fig, 6.10. Antiaircraft guided missiles 1 - staltilizer of first

stage}y 2 — first stage of rccket; 3 - statilizer of the second
step/stage; 4 —second stage of rocket; 5 - rotery governing wing; 6 -
varhead; 7 - fuse.

Eage 24.

The gyroscope or the gyrosccpes, estatlish/installed on rocket,

realite fixed coordinate systes, relative to wtich is determined the
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joseiticn of axis of rocket, and is estatlists/ipstalled its deviatioun

focx directicn, by predeterained ptrtcgrasm; gyroscopes develcp the

€rtcr siynal which after conversicr enters the steering

organgcentrols, which change the wissile begdirg until the axis cf ‘

racket engages the positicy, establishsinstalled by proygram.

.

Autonomous inertial system is called tle system, which has on

o Ateai b

kcard acceleration fpickups (accelercpeters). The integraticn of the
ccntinucusly measured accelerations in the c¢nkcard computing
€guirment makes it rossilble tc detersine the velocity of motion and
disglacement/movement cf rocket. Luring the ccajarison of these
values with prcgrammped, are develcped .the ccntrcl signals. are known
the mjxed systems, which have the gyrcscopic ard 1nertial senscrs of

tbe disagreement/mismatch ci the gcverting jaraseters.

The autonomous contrcl systems, which 1ealize target homing
sithost the predetermined prcyram cf mcticr, stst have devices, which
detecrnine autcmatically the positicr cf rocket relative to
taryet/purrose and correspcrdingly changing¢ t€éading. Such devices are
called homing heads. Tte scyrce cf tte erx¢x signal can be, for
exasple, angle e .between the axie cf xocket and the direction in
target/purpose (Pig. 0.11). In the teads of sctive homing, is
utilized some fcrm cf radiatt energy »hcse source is

establish/installed on tocket. The reflectec frcs target/purpose
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teass recover by self-hcminc head e21é are ccnverted into steering

imjulses.

8ith the command ccntrcl of rocket to tarcet/purpose trom the
separate point/item, arraoge/located out of rocket, is determined the
telatjve pcsition of rocket and target/purjcse. Control commands in
the form of the signals are accepted co rocket, they are ccnverted
ané are transferred to actwatirg elesents. Since the taryet/purpose,
as 3 tule, does not fly everly and rectilipearly, but it maneuvers,

the pEccess of inducticn ccrtinues always tc damage to target.

D e —
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Fig. 8.11. The schematic of the sighting of tarcet/purpose by
sélf-homning head: 1 - head-lccatcr, that detersines the value of
angle € and developing the error siqpal; 2z - upnit of generaticn cof

¥

ccmnands; 3 ~ steeping drive; 4 - ccnticl.

ikl
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Eage 25.

§4:. Special featurespeculiarities of tte fligbht of projectiles and

gin of tarrel artillery pieces.

Bepending on methcd ct stabilizaticn if trajectory, the
aasunition of barrel artillery pieces are ¢ivided into two large
greups. The first group - is the frojectiles ¢f threaded/cut
artillery instruments, whick are statilized in flight because of the
high~spin motion aof relatively longitudinal axie (Fig. 0.12); second
grcep coaprise the unrotateé fin-staltilized prcijectiles (mines) (Fig.
(.13. 1he initial velocity, necessary fcr citairing of the assigned
distance of firing, is reacled during the scticn of projectile (mine)
aleng the bore of artillery piece upder thbe acticn cf force of
[ressure sclid-reactant gases. Mcrtars and scme threaded,/cut
artillery instruments (for example, howitzer) .have the
alterpating/variable charge because cf charce ip which is changed the
initial velocity of missile and, ccrsecuvently, also the firing

distacce.

The projectiles of artillery ipstrumetts 2re supplied with the
driving kand (tands), stick, cutticg ipto irtc the screw threads of

bore, ccamunicates to the drivingsmcving prcjectile the necessary for

it v it

ade, Koo - dins i
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stabilization angular rate ¢f rotaticns Pheé mipes of smuoth-bore
scxtaks have a tail assesktly - statilizer, shicl ensures stable

flight.

B AL 22 iy - gy it m ¢ g tin oy 0 g me @ L
A S g b s o »
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Fig. 0.12. the projectile qf the artillery isstrument: 1 - fuse; 2 -

sarhead; 3 - housing of sissile; 4 - tle drivicg band.

Fig 0413. Mine of smooth-LkGre aortar:

fuse; 4 - bocster charges;

§ - statilizer;

assunition/cartridge of grogellant ckarges

1 - bcusing; 2 ~ warhead; 3 -

6 - tasic
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Fage 26,

Fig. 98.14. Rccket projectile (A6S): t - fuse; 2 - warhead; 3 - rocket
cemeraschamber; 4 -+ charge c¢f rockes propellant; 5 - driving bands; 6

- .pczdle unit.

0

.

Fig. 0.15. Schematic of trajectcry cf active-reaction prcjectile: 1 -

ground-based system; 2 - aptiaircraft 48s.

Fage <7.

3s known the method of the ccmkined rejcrt/communication tc

velccity Vo artillery shell (or mip¢). this the so-called
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active-reactive princigle of aotiop. Bocket frcjectile (ARS), for
exanple, American 127-ma rccket prcjectile, cr active-reactive sine
(ABF) have the rocket cameréschamber, whick ccrtains the charge cf
tecket gpropellant (Fig. 0.1%). During charge gun burniny in the Lbore
¢f artillery piece ARS (or 2RM) is ccssupiceted initial (muzzle)
velocity. During the burning of the charge cf rccket projellant cf
MRS, jc obtained am additicral increase in the velocity. Depending on
specific conditions, jet egcine of rccket picjectile (mine) can Le
included in vork either in the kore cf ertillery piece, cr at

frevigQusly outlined poirt ir the trajectorjy.

fthe trajectory of acticon ARM (cr 2RS) is represented in Fig.
Cs16. Ccmplete trajectcry cén ke broker intc tliee section: OGN - the
free-flight phase from the muzzle egd face cf slaft to the
cogneations/inclusion of jet engine, FRK - a section of moticn while
the agtor is running (active secticg), KS - free flight frcm the
place cf the end/lead of the engine operaticn tc impact fpoint (cr,
with #ntiaircraft firing, %¢ the fcimt cf supture R). During firing
cf engine in the bore cf artillery [iéce ccaplete trajectory one

should divide/mark off intc twc secticp.

4
4
|
i

. ——— S A
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Chapter I.
‘ CVERARL THEORY OFP THE MCTICN OF BCCKETE ANE FEFCJECTILES.
' The overall theory cf the motico cf rcckets and projectiles is

based c¢cn the known thecrems of the classicel mechanics: abcut tte
satiocn cf the center of sass cf body; akout the motion of the
arbitzary roint, which Lelcngs to kedys abcut ctanges in ttle
scpentun, of moment of momentum ané kinetic emergy cf rody. Moticn

characteristics are detersired taking intc account the rorward motion

cf the center of mass cf Lkcdy and rotary mctice relative tc the
cenptes of mass. The thecry ¢f the &cticn ¢f rockets utilizes coucepts
and equaticns of the dyrasics of tte bcdy cf veriable mass. The
tkecry of the moticn of artillery =shells is lased on simpler

fcsiticns of the dynamics ef a rigid bcdy ¢f ccpstant mass.

Buring ballistic calculaticns tle rocket ard the prcjectile of

artillery piece usually are accepted as sclié .urdeformanle bcdy.
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§ J. Bundamental equaticns cf the dyramics cf tbe body of variatkle

HaES.

the body of variable mass is ccpsider¢¢ eas sum cf tne pcirts cf
variatle mass. For the Lcdy cf variable massi, mcmentum vectors and
scsent of momsentum of the relatively fixed exes cf coordinates are

detersined that on the fcratlas:

&= ma.; (1.1
]

T(=2 (-év X mv;‘)~ (1' 2)

Kinetic energy of the tody of variable mass is egual to

L\
‘T..=2 ey (13)

Y=l

Fage 29.

In the given formulas: m, - varialle sass ¢f point v at the
scment of time t; ¥, - velccity of poirt +v cof relatively fixed
ccerdinate system; @ - tadius-vectcr cf ferticle, carried cut frce

the beginning of fixed coorcinate systes.

Otilizing a ccancept of a chanc¢e in the mcrentup of the body of
variatle mass, are cbtained the equaticrs ¢t the forward motion of

the center of mass of rocket. Utilizing a ccnceft of a chinge in the

o b ¢
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acment cf momentum, finc¢ the equaticros cf tle rctary moticn cf the

tcdy @f variable mass of the relatively instantaneous positicn ct the

center Cf mass.

Ret us fore ap equatico of the fcrward mcticn of the center of

sass ¢f rocket.

In the general case let us exarine sisvlteéreous separatior and

the connecticn of particles tc the tasic variatle mass of body. (As L

characteristic example cf tle podel ipn cuesticr can serve the wcticn
of tljght vehicle with jet €nyine, thrcugh pertition ditfuser cf
shich eanters relative wind, necessary fcr tie ergine operation.
Sisultaneously with air intake the fvel cecstusticn products
€scapesensue with large velccity cf engine 1czz2le backsagyo, creating
thrust). In the process of connecticr and separation of particles,
the mass of body changes ccrtinuously. Iet ts assume that the
velccities of conpecticr and separaticg of jarticles do not depend on

the rate of the motion cf kcdya

let at the moment cf time t ip questicr tke Lody have mass m¢dr,
and it moves at a rate of V. For time interval dt, the mass cf bedy
will ghange because of tie ccrrecticr ¢f the elementary mass dm, and

cf the separation cf mass dm, (Fig. 1.1). Mcccrding to the

ax L

hygcthesis, accepted by I. V. Meshclkerskiy, the connectiocn and the

——— e e
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sefaration of particles cccurs for infipitezimal tire 1interval,
sisilar to impact/shock. 2fter conpeécticn tle particle mcves with the
sp€ed cf bulk ct bedy, ard the separatesliterated particle, after
cttaininy velocity, immediately lcses interzcticn with bulk cf becdye.

1his the so-called hypothesis cf ccntact interection.

On the system cf three sasses ir cutesticyp act the external
foxces wbose resultant IF As a result ¢f cccperating between
thesselves the masses ®, dm, and dsp an¢ urcer tte action cf fcrce
ZF the velocity of the cchprected mass sedm,; will be equal to V+uv.
The absclute velocity cf the motion of mass dm,; tefore the ccnnection

let us designate ., while the absclute velccity of mass dr, after

separaticn — ¥a.

Ret us find a change in the mcrentum cit tle system of masses m,,
ds, and dm, inp time interval dt ané will egtate to its
scsentuasinpulse/pulse cf tie extermpal forces:

m (0+d%) — o+ dm, [+ d%)—x,] + dmy(®, —9) = 3 Far.
Eage 30.

8isregarding the term ¢f the séccnd orcer cf smallness dm,dvV,
after dividing both parts of the egqguaticnp tc¢ dt and after conductiny

ccnversions, we will oltaig the eqguaticr ¢f acticn of the body of

variable mass in the fors
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_di. dml - F—
m ” + =L — (v— u.)+ (m, U)— EF——O, (1. 4)

cr

m—=\‘F+‘”” - )—%—lw —2). (1.5)

Let us note that during the separatior of particles from mass n

derivative itself dm,/dt has minus sign.

If vwe designate hcow this it was ccpducted by I. V. Meshcherskiy,

tkrcugh # 3. 7 the projecticns cf tlke velccity ct bulk o ¢n the axis

ct rectangular coordinate sjstes, thricugh X, Y, Z - projection of the

resultant cf all forces cn the same coordinete axis, through a,, B,,
71 ~ prcjection of the speed of the cconected perticle, and thrcugh
0;¢ Pas 72 - the projecticn of the speed of tke separate/liverated

farticle, then, by projecting equaticn (1.4) co the coordinate axis,

we will obtain: t

mx-{-ﬂ—x m\——”;l(x’az)-x =05

my+_ﬂL@_¢ﬂ__£L@-$g—Y=ﬂ: (1.6)

mz 440 (;—y) — S (2 )= Z=0

These equations are putlished ky I. V. Meskcherskiy 1n 1904 and
are nased its name cn professor A. l..KCSICcellaDSky'S profpositicn
{4%2]. Entering equaticcs (1.6) teras dm‘(x—-%) d‘(x-—ag and so

dt

fprth, I. V. Beshcherskiy ce:ll/name¢d rrgjecticgs on the cocrdinate
axes ¢f "additiooal/suzrglus force".

ey
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g hd
3 m«dm, ’""’"

Fig. 1.1. The schematic cf a change in the sass of the system: a -
ccaposition cf system befare connectich and sefparaticn of jparticles;
b - ce¢mposition of system atter cornmection &nd separation cf

tarticles.

Fage 31,

thus, I. V. Neshcherskiy showed, .that the equation cr motion cot
the bedy of variable mass it is pcssible tc write just us the

egsaticn of motion of tke kcdy of ccnstant sass, after

imcludesconnecting in tte number of acting icrces "addit ional force".

§Jf we in (1.5) designate the relative velccities of the

ccyneation of particles Uomi=ia —7 and the sqparations cf particles
Worn™ Wa — V. then this equation will take tbe tcrm
tl[' “ F g Amy dm, "m. _ _t%_i”‘n' (l. 7)

The variable mass cf the drxvinQ/lcvitg tccy is egual to
!

m:mo-}-sd—(;:—'—d{_.w damy

It there is no cobmpecticn of farticles, i.€., Q%?tnzo_then of

[

0
(1.7) we will obtain the equation ¢f mcticr cf flight vehicle with

tssal type jet engine .
\1 11’1 Wy (1.8)
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where Mﬂl::\ﬁ|=n—%§1—~ sass flcw rate of work sunstance per
at :
geccnd.,

Second term of right side is accepted tc c&li reaction force.

Suksequently let us desicnate it ZFp

For rectilinear moticpy cf rccket vertically upward I. V.
reshcherskiy gave equaticn 1,

mk:“mz‘!‘*"pr—_‘:—’:'wum“R(k)' (19)

where g - acceleration cf gravity; R(i)- air resistance.

FCETNQTE '. In this case vertical axis I. V. Meshcherskiy designated

Ox. EADFCOTNCTE.

After obtaining eguaticn (1.9), I. Vo leskcherskiy did not open
the cg¢ontent cf ters Pr after call/neming Lim "fressure gases" [see

further obtaining (2.115) 1.

In the more detailed examinaticn cf ttke mction of the center cf
sass ¢t rocket, it is recessary tc keef in pird following: the
fcrces, which act on rccket, are apfplied tc missile body, at the same

tise tke center of mass cf ar entire systes (hctsing -

e ey 2 U - ¢ IYFIIIR Ao, TV~ . i) M 2 S N s IR B THT L A - T TN G
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fuel/prcrellant - gases) it is moved relative tc housinj because of
the flow rate working medius/propellant (turiccut and the cutflcw cf
gases) . Let us designate velccity agd tle acceleration of the center

cf mass of an entire systes in aksclute moticg through v and a.
Fage 32.

1he motion of housingy and rigidly ccmnected withk it fparts (i.e. and
cf that point of body, frcax which at tte given instant it coincides
the center of mass) relative to fixed ccordinate system it will be
scvable. Velccity and tile acceleraticn cf tike cemter of mass of

hcusing in translational motion let us desicnate through ;

e

dt
Velcocity and thbe acceleraticn c¢f tte center of mass of systean

{hctsing - fuel/propellant - gases) relative tc missile body let us
designate through #. and a. From the seclténics of the body of
variatle mass, it is krcwn that the (rcduct cf the mass of body for
the translational acceleration of its .center cf mass equal to the
resultant all external and reaction fcrces, which act on the body,
1.0

mi, =¥

‘FLEﬁ. (1. 10)

Yelocity and the acceleration of the icenter of mass ot rocket in

aksclute mcticn are resgectively ecual to

t

V=0, U 4 =d,td, =2 e X,

shere w - an angular velocity vectcr Gf the rotation of missile body

and g, =9
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cf relatively fixed coordinate systes (with the Leginniny, which

ccincides with the center ¢t mpass) . !

From last/latter equality let us detersipe 4 and let us
substitute in (1.10). Icga is the equation ¢f sction ot the center ot
Rass ¢t system housing - fuvel/fFrciellant - gases, Written in vector
fcre, we will obtain in this fcra

ma=NF+ N F,+ ma, - Im@x7?) (1. 11)

#hen deriving the equatiops (1.5) apd (1.11) it was assumed that
interaction of tasic bcdy sith the ccnnected or separate/literated
Farticles cccurs instantly, similarly tc 1spactyshock. In actuality
the prccess cf cooperating the flight .vehicle with the umcbile
corpected or separates/liberated gas flcws is mcre complex. Of rockets
with engines on liquid and sclid fuel, the sefarate/liberated
farticles obtain the relative velccity e€vep in thke combusticn chamber
of engine to the torquesucesent cf the cutput cf particle for the
flane cf the external cross section c¢f nozzle, i.e., to the loss of
comsunication/connecticr with tulk ¢f 1ccket. Furthermore, of liquid
fuvel xcckets combustible and oxidizer tkey ér¢ scved in the prccess
ct the engine operation wittin missile body. Cauring interaction of
the driving/moving flows with the hcusing, shich varies in transverse
directicn, appears the Coriclis force. Let vs cesignate it in genetal
fcrms tbrough F.p amd will srite the equaticr cf motion ot the center

cf mass of rocket taking into accoupt this force

mE=EF+EFP+F,,,,+mE,+2m(5>< v,
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ket us add into lastslatter eguaticn term, that considers the

transiency of the motion cf masses within rccket.

Fage 33.

let the momentum of fuel/prcpellant and gases, which are mcved within
kousiang, at the moment cf tise t Le e€gual tc gsap, but at torgyue/moment
tedt, is equal to GeaptOFsap It is citvious, fcr time interval dt, a
change in the momentuam of mcving masses is eguel to 37mp and the
equatjcn of motion cf rccket will Le writter in the more complete

fcrse _
- = FLF P L .
ma=NF+ N F, L Fpt ma, +2m@x o)+ — . (1.12)

1bat ccaprise

¥ . . . R
-%El is ccrventiorally designated as variatior
t

fcrces

Buring the compilaticp cf the eguaticrs cf the rotary nmotion of
rccket, is utilized the thiecres atcut & chérce in the momert of
Bopentud of the body of variable mass. In acccidance with the
cegclusions of the works [31) time derivative ¢f the moment of
somentua, calculated relative toc tie certer 8 cf the masses ct bcedy,
during the acceptance of hyjothesis abcut ccntact interaction of body

vith tke rejected particles, is deterwined ty tle fcraula

'

I~ =
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-%:,’I’I,-{—.‘\'IFJ(-E[Q.X ;’:' (wXQ.)]. (1. 13) ‘

where Mr and :ﬁp — the sceepnts of all eéxteiral and reaction forces ‘

L]
- d - -
rtelative to the center of mass; z[o.x%‘(oxg,)l.- soment of pcrentun

ct the fparticles, reject/throvn ty kocdy per umit time, in their \

la e e -

sotion cf the relatively Lcrward/prcgressively soved unrotated axes

whcse beginning coincides with the center cf rass cf rocket.

The given formula does not copsider tle mcticon of
fuel/gropellant and gases withir rccket. Fci the account of this
gcticn, one should use the !ornul:

{,—:—i=ﬁ,+ﬁp+ﬁ.o,+z[6.x'%@xé-)]+£f§”— L (1 14)
Bere M, - acmeunt of Ccriclis fogﬁes, detersined by the moticn cf
fuel/propellant and gases within the ascilléetirg rocket; !Efl

dt
scxent of variation forces.

Equations (1. 12) and (1.13) are explained well by the priunciple

ct sotidification [13].
Fage 34.
Ccntent of missile body pcwer-on is changed in time and rocket will

ke the systems of variable ccamposition. For thte frinciple of

solidjfication the eguaticr cf moticn c¢f the bcdy of variable
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comfositior can be writter in the fcrr ¢f tke equation of moticn cf
the bgdy of the constant ccugositicp, which has the instantly fixed
(hardened) mass. In the numler cf forceés, wtick act cn bcdy in the

torquesgcment in questicn, are included: exterrnal forces, reaction

forces, forces of Coriolis and variaticn fcrces.

It was above noted that the varjation fcrces and torjyues/mcrents
reflect the transiency of tie mcticp of masses vithin missile body.
However, in the majority of the cases the frccess of the displacement
cf woeking medium/propellagt withirp rccket can te accepted as
guasi-stationary and variation torces, in view ¢ smallness, nct tc

ccgsider.

Cciriolis®s forces, caused bty the mctict of masses Wwithin rissile
Lody ard by its oscillaticp,vibraticms, for the motion of the center
cf sass barely have effect. Coriclis's torce¢s, which appear in the
examination of relative mcticn cf thke I1ccket in the conuected with
the Earth coordinate systesm, have ncticecaktle eftect cn its flight
cnly with firing at velccities, which exceed «C((-3000 m/s and will

take into account we belov.

If we do not consider the nased secondéry tactors, then the

scticn of the center of mass w»ill ke detecrsmined by equation (1.8).




-y

E¢C = 78107102 EACGE 14

They very frequently wiite the equaticr cf motion ot the center

ct sass in moving coordinate system Orxu2. ccopected with rocket, In
this case equation (1.8) 1s ccpverted accoracing to the rule of

jessage trca fixed coordinate system tc mclile and takes the fcrm

A M e )= NF F 1.15

. ™o T pm o] ‘-Fﬁ ES P (1. 15)
dv

vhere 'ﬁf'- derivative ¢f a vector ef tte velocity of the center ct

sass ¢f rocket in mcving cocrdinate system.

Bor any rectangular cccrdinate system Oxwyi2. beginming by which
ccincides with the centegr cf mass ¢f f£light wehicle, on the basis ot
{Y.15) it is possible tc write three scalar eguations of amotion cf

the center ot mass ct tle rccket

. NF, AN Fp:
'v_,l+m,"v,‘—w,‘,v,l="'m L -‘m L
. NFE, . SFy
1'b;+°’;”~'1"'"-‘:v';:d ey L;—'; l (1. 16)
. YF, NF
g,’+.:lvy‘_u”‘v,'=="_m_l+--‘_'__'_'
where v, vy, U -~ projection af the velocity vector of the center

ct sass of rocket on the azis cf tle ccrnected with it ccoidinate
systes; Yx» @y, @, ~ projecticn cf the angitlar velocity vector of
the tQtation of the connected (i—-th) cccrdicate system relative to
the cecrdinate system, alsc drivings/moving sitt tue rocket whose
directicn of axes ccnstantsinvariably ir spdce coincides with the

directicn of the axes of fized coctdinate s)sten, on the selected i

: : N s N Fy, -
cccrdjnate axis; EF }:;.y" :f”, }-I-,..,. El-“‘. -h, the

I"
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jrcjeation of the external and reacyicn forces, which act cn flight

vehicle, cn the axis of the system ¢f ccordinates ox.y.2:

Bcr the compilation of the scalar equaticns of the rotary ecticu
cf rodket relative to tte azes, passing thictgh the center of aass
and which rotate with respect to the rccket with angular velocity o*
during the rctation of rocket itself with argular velocity w, it is

necessary to use the kncwn €gquation

dk _ 4K (@ @)X K, (1.17)
- dt dt
'i shere 7%% -~ derivative of acment of mcmentus, calculated relative to
‘ tized coordinate systen; %% - derivative ct mcment of momentum K

accerding to time, calculated relative to tlie i-th systes ct

i cccrdinates Oxiyz:

If the system of ccordinates Oxiy2; is pct moved relative tc

rcchek, then w*=0 ané
g

dt

The projectioams of mcment ct acsentus K cn the axis of

4K oKk ‘
== +exk. (1.18)

ccerdinates xwiz are equeal to
le=-l—v‘“1(—'l“’ﬂ1u”l—J"l'iﬂ'l‘;
K,‘—'—Jy,“n"’Jnm"'/"jh‘:""l'- (1.19)

K.‘=jt,‘l,-"J'HI"L—‘I‘H’I‘“”I‘

vaere /.. 7/, /1 - the mcments ot whe inertia cf rocket relative to

ages XN J,ﬂEJ””;J“”— the prcducts of inertia, determined

relative dc coordinate lanes.
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Fage 13€. ;

| Buring the determicaticn of axial and jrcducts of inertia, can !
be talken intc account tte displacement cf tle center of mass of
rccket (origin of cocordirates) and the rotaticn of the coordinate

axes relative to bcdy [ 26]

n L)
W 9 . — N 2 2\,
-/.r,':‘\_‘m.(y;. 1-33')' jF(—ZM'(?is+xi'\!
vl val
n n
N 2 2 \l .
»l:‘. e : m, (-\'i-‘]" !”"; J"i' i ~ly‘.t‘=) MyXeliv
=l Yol

n n
\ . — \ .
fn*f“’ﬁn-“l"""‘"f" '/*l’z:j‘i”:—.‘-m‘y"z"' 4

=l vl
Obwiously, axial and products ct irertia ip the process of the
] cgeraticn cf enyine and mction of rccket will te the varialle values,

wshich depend cn tise.

The equations of rctary acticr relative tc the center of mass

let us srite, utilizing forxulas (1.18) ané¢ (1.19), assuming that the

flight vehicle is symmetrical relative to lcngitudinal axis. For an
axially sysmetrical body the products cf ipe¢rtia
Jeyo,=J:1=0
and of the eyuation of rotary moticn take tle fcra:
Jewe, Lk!z,—fn\“’uim’."j‘('i\"."'i—"’"."".'\z“f't+'""‘l:
JI ‘.T ‘+(j‘_‘ —‘I?‘-“."'m"'—'/"iyl (.‘I‘. J—Q"ﬂt‘)_—:.'"“ +“1Pb,; ll- ‘.‘(n

J':""; M EAL P N (mii—.’il)=‘"'l + Mooy

TG AP Vo VTR,
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The right sides of the eguaticgs ccntzin tke projecticns cf the
suor of acments with respect tc the center ct zass of all forces,
which act cn rocket, on the appropriaete cocrdinate axes. The mcments
ct Coriclis forces and tite supplemegtazy tciquesmoment, determined by
the disglacement of the center cf mass cf tie rccket reldtive to
tody, duriny the scluticn cf many i2llistic prciless ip view of

smalloess are nct ccnsidered.

it ve the moving azes cf cccrdirates ccmkbine with principal
ceptral inertia axes Oxyz, then the equaticns cf rotary mction take
the fera of the dynamic equations cf Feler:
J e, + (Jay =) @00, = Mg, + My o3
Juop F s, = Js) 0r, 01, =My, + My i (1.21)

‘,’1;11 +('lﬂ| _"ln )“ln.ﬂl =M'a +MP LI
Ret us examine the theores akbcut a chap¢e in the kinetic eneryy.

Fage 3.

Kigetic eneryy of rocket as bodies cf variatle coaposition is
determined by the sum of kiretic energies c¢i the pcints cf the

variakle comjosition

.= \12%

ﬁ 2




LCcC = 78107102 EGE _A87

Vtilizingy eguality o,=v+v,, affer ccnversions it is possible

tc ckbtain [26]

T,=T+ "‘;” —mvo,, . \1.22)

‘hertl. - mass of the instantly hardene¢d rccket at the moment cf time
N 7‘ v -"2 2 K] N :

te % T==‘\ ngL—-- kinetic energy cf tke systez of the material

joints, which belong to rocket, in its moticn relative tc the center

cf sass.

The Genter of mass cf 1ocket is xcved i1elative to body and in
mapy icstances proves tc ke convenient to Ce¢tersine kinetic energy cf
the rocket through the velccities ir mcvable and relative moticns.
sicce v=y5,+7, then

I.=T+ mgez ___ﬂ_gi. (1. 23)

fhus, kinetic energy cf rocket in its aksclute motion, besides

1, ccctains a difference in the kinetic energies of the center cf

mass, which possesses tle mass ct tte irstartly hardened rocket, in

its mcvable and relative mcticps.

The differential of kiretic erergy of tte kcdy of variable
ccsposition can be cttained Ly direct differentiation of equality
(1.3)s ;

. vt !ﬂdm? - - =
dT,,=dK N A5 N2 N o, (120)
o~ ’) DI

L ]

Bale riyht and the lett of part tc dt, we will obtaia seccna




fage 3E&. i l

According to the Meshclerskiy equaticr for the point ct variable 1
Bass, the equation cf mcticr of particle vV takes the form:
2 Ft Rt Fo
shere F., - resultant of the exterral active fcrces, applied to point v

R, - resultant of sll intermal ettective fcrces, applied tc

gcint v F,, - the reacticn force, applied to gcint

Bisregarding the acticr of internal fctces and carrying out

tefp lacesmeat in (1.24), vwe will ottain

n n n -9
Ty _ NVEz  N\N'F 5L\ o
—_—= WUy anv T T T .

P +T 2 § \ 2

dat - ~l dat
= v ] Yo [
Fefresenting gﬁzfﬂn vheére dS, - elemertary path of particle m, and
dt
returping to differentials, let us bhLave
N dm 5’ i
dT,=3Ar+34,+ V¥ 22 (1. 25)

vhere 4, and ,4 - elementary works of bhe external and reacticr

forces, applied to rocket.

last/latver term of right side - kinetic egergy, determined by

the istensity of a change in the mass cf tte pcints m,. which telonyg

tc tody, and by their altsclite velccities.
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Kinetic energy of rccket is exasmined also when they ccmpile au
€eguaticn of the motion ¢f rccket in generalized ccordinates, If the
Fcsiticn of the body of variable mass is detezainad by the

inderendent generalized cccrdinates g, Jge ~=ee G5 and

;v=fv(q11 'FY qa»"" qs» t,

the ecuation of not on can be written in the fn-'m T % Lagrangen

equati-n »f t~. - .=-nd kind [31] 4 jﬁL)_.W]__Q L P
dt( a4, ogp — O ®
_dq dTn _ or —_ L P
dt ( 011'2\' 0g; Gt Pa (1.26)
(o) —Qutps
Qa= - é;' at ( dés aqS
vwhere : 3¢, - the generalized force, cetersined by the external
g n
= ‘1dm_ — ou,
acting factors (¢ = 1, 2, weee S; Pe= w,—— -- the yeneralized
ad g,

fcrce, determined by the inflow of lecﬁ?niczlAeqergy to the hardened

kcdy ¢f variakle mass dtring the rejection c¢f particles.

Face 39.

The latter is easy tao show, it we replace gp,=/ /17, Then the

functicn, which characterizes the inflow of secbanical energy, is

equal to
X d
4 dr 2
and
P¢=gg’
9.

§2. Fendamental equaticps ¢f the dyramics ct the body of ccnstant
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N

/

The motion characteristics of rcckets (co indctive legs), cf min

and prcjectiles of karrel artillery fieces are determined on the

"
M N PR g

tasis of the overall defendences of the dygesics of the solid
undefg¢rsable body of the ccistant aass, which are special cases of

the given abcve dependences.

The equation of motion of the icenter ct mass of the projectile
¢t counstant mass, vritter ir vectcr fcrm, takes the form
nz%%a=:§]F.
The aguation, which determines the durivative of moament of
gcrentin, let us write cn tle basis (1.13), atter drops/omittiry in
right side all torque/scments, except tha =sia cf the moments of

external forces relative te the center of mess

%:E‘W' (1.27)

For the system of coordinates 0x,y,;Z,, c¢f the combined with
frincipal central inertia axes, equaticn of the rotary wcticn cf the
frcjectile of constant wmass, they will te written in the rform of the
usval equaticns of Euler

‘,‘| ;xl +('/’|_‘Ib';)ml/|w’|=E‘M'|;

jl/\.‘llc +("I‘s “Jz,].x‘ml,ZEMm: \‘- QS‘

J'|;l| +(‘I”l _‘Ilu\whmM :E ‘Mf-'

Face aC.
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In right side are written to the projecticr of the moments cf

all external forces on the affprcpriate cocrcinate axes.

o 1 e A T

In the examinaticn of the mcticn cf the prcjectile of the

1 relatively mcved in space system ct cocrdigetes Oxiy:2: they use the

vector equalities

dime) o= N F (1.29)
dt aaned

and 17 -

R o NY =
ot wa_L,u. (1.30)

Kinetic energy of fprcjectile ip its retary moticn relative tc
the center of mass can ite exfressed thicugh the moments of the
irexrtia of projectile and frojecticg of the instantaneous angular
rate ¢f rotation of proectile on the ajppiciriate axes.

T= L |Ap- B CrY. (1.31
vhere A=/, B=J,, C=/, - tcigueymcrents cf the ipertia of projectile
cf its relatively princigpal axes of inertie x,, yq, 2.5 £s Je I -
frcjection of the vector of the instantanecus argyular rate of

rctaticn of projectile cn the ramec axes.

Since the torque/mcmerts of tke inertia of projectile of
, telatjively equatorial axes ére identical (A=B), the last/latter

equality can be rewritten ir this fcro

1
T=—[Apr ¢ Cr. (1.82)
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Guring the compilaticn cf the differertial equations of the
rctary motion of projectile, frequently is ttilized the ejuaticn of
Lagrance in generalized ccerdinates (equaticn cf Lagrange of 2

kigds), which in this case takes the fcra
- (%)__=Q,. (1.33)

Is significantly sinmplified alsc depencemce (1.25) for
calculating the charge in tke kinetic erercy cf missile is
teccrdyswritten in the fcrs

dT,=3Ar. (1. 34)

Eage 81.

Chagter 1I1I.
ECBCE3S AND MOMENTS, WHICE ACT CN FCCKEY ANLI PROJECTILE IN FLIGHT.

Tke acting op rocket fcrces ard mcments cap be conditionally
divided into external ard irternal. 1c exteiral relate forces and the
tcrquesacments, produced Lty the efféct cf ervirccment - aercdyrasic
fcrces and tcrque/moments and forces, detersined by the effect of the
Earths Under the effect c¢f the Earth svlseciently, let us understand

ccsbiped action on the rocket (in the examigaticn ot its relative

T et ., 1o SN (7 W7 - AT KT AN > F gt 2751 L T ATy RPN,
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Ecticon) of the gravity force, the centrifugel ipertial force and
Coriclis?®s force, detersinec¢ by the rotaticr cf the Earth. To
intermal can be attributed fcrces ard tte tcrgues/moments, determined
Ly the separation of mass frcam rccket (i.e. reacticn forces and their
torque/pcments) and caused Ly the displacesent c¢f work substance
(fuelgpropellant and gases) withir kcdy (Ccriclis forces, which
appeat during the oscillaticn/vikraticns of rccket, and the variaticn
tcrces, which are exhibited during the unsteady motior or masses
sithip Lody, and their tcrquesmoments). Lastslatter three factcrs are

usvalily related to seccndary (supplementary) factors.

Ccntrcl forces and torguesscments, defendirg on th: principle cf
cpeératicn ané constructicr ¢f ccntrcl devices, can be referred also
tc external and to internal, and alsc they cap te exhibited during
the coobined action of irternal and ervircrmeptal factors. The
unguided rcckets and prcjectiles, it is locical, are not tested the
effect of control fcrces. Cr prcjectile and pirne of barrel artillery
[iecey act only aerodynamic forces end torcies/mcments and the fcrces,

deterzired by the effect cf the Fartt.

fhe combined action ¢f all forces in tle grocess of f£light cn
rccket or prcjectile dces nct make it pcssikle tc isolate and to
detersine exjerimentally the value ¢f e€ach ¢f tltem. Therefcre in

engineering practice during the calcvlated eénd experimental
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determination of each of the actinc tactors, is accepted the
sufpergcsiticn principle cf fcrces (princigle of superpositions). In
the sajority of the cases, the thruvst, eerccypasic and vdariaticn
forces are calculated ard ttey are experizsertally determined
indegendently of each other. So, thkrust is cetermined under bench
ccgditions with fixed engine, i.e€., in the ékserce ot aerodynanic
forces; aerodynamic forces ére determvined ejrferimentally in wind
tucnels or with the tiring cn tallistic rcut<s frojectiles or the

scdels of rockets with tte shut-dcwp engine.

Application/use of this wmettod fcr determiging the forces gives the

acceptable fcr practice accuracy of resultes.

The study of the mutual effect c¢f reactive and aerodynawmic
forces is the okbject/sukject of special investigations. As exaaples
can serve testings cf the rccket cr its model gcwer-on in wind tunnel
cn aercdynamic rail car or sith tiring c¢n lellistic route. The
setting of sisilar experiserts is very complex, it requires long time

and cersiderable material expendituresa

The senses of the vectcr of fcrces ané tcrquesmoments, which act

cp rocket cr projectile ir tlight, are difterert: the thrust ot main
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€ngine acts in the X directicn cf rccket or clcse to it; the
directicn of aerodynamic fcrce depends c¢cn tlte argle between vectors
cf the velocity of the center ct méess and tte exis cf rocket or
jreijectile; the gyravity direction, as a rule, dces not coincide with
twc ppreceding/previocus and so torthk. Trerefcre, in the gyeneral case,
fct perfcrmance calculaticn of the mcticn cf the rockets and
frcjectiles, soluticn cf aercdyramic tasks, gvestions of strenygth,
stabilizaticr and contrcl, determining experimertal moticn
characteristics with firing and for cther terget/purposes it is
recessary to apply difterent cocrdigate syetems. During the soluticn
cf more cosplex problems, are utilized together several systewms,

during the sclutior of sisple - <¢ne cr twc.

§1e« SYSTEMS OF COORDINATES 2ND ANGIES FCR L[ETEFMINING TnE POSITION OF

ThE FLYING BODY IN SPACE.

The position ¢t rocket as solid bccy is determined by three
lipear coordinates and three angles. As a rile¢, the system of
differential egqguaticns cf ascticn they are sritten in right-handed
cgardjnate system. For calctlations smcst freqguertly are utilized
rectangular, cylindrical ané sgherical coocrcinates. In experimental
kallistics of the coordinate syster fcr deterwicing the

three~dimensional/space aircraft attitude, they are selectced

degendiny on the method of the instruaent tre¢alization ot

DR VRV
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Teasyresents.

fcr the solutiocn of questions of tte tteory of the tlight cf the
flight vehicles, drivincsacving in the fielé cf gravity, most
frequently are utilized the followipg ccorcdinate systeams:
terrestrial, connected, half-ccnnected, higl-sgeed/velocity (flow)

and half-sgeed.

They usually utilize several varieties of earth-based

cocrdinates systen.
Fage ¥3.

For the beginning of earth-lased cccrdinates systesm, can be accepted
the center of mass of tke Ekarth, tke launchbing fcint or ancther fixed
relatjve to the Barth pcipt. Let vs designate terrestrial rectangular

cotrdjnate system Oy u;-,.

In the following presentation this systex let us use rore
frequent than others, bttt tke index "2™ in a series of the cases let
us cmit. The axis cf ordinates Oy, dis beadec ¢r a radius of the
Earthy other two axes, ccsgprising right system, can be directed
ccnvenient for cogducting cf concretesspecificsactual investigation

bty toss. Axis Uv. scst frectently is hcaded for target /purpose cr in
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the assiyned initial direction cf seticn.

for the study of the atsolute acticn «t the ballistic missiles
cf loag-range action, freguently i& applied the inertial coordinate
systes. In the general case under inertial cccrdinate system, is
understood the system, whiclt cccupies in space the positive seat or
it soves evenly and rectilirearly. In the tlecry of fliyant for
inertial coordinate system, ccnditicrally is accepted the coordinate
system shose beginning is ccmbined with the center of mass cf the
Earthy but axes do not chance their directicn in space. Inertial
ccerdinate system participates only in the tcrward motiun of the
Farth around the sun, ard tke fpcsiticn ¢f its axes does not depend on
the djurnal rotation) (urlike Earth-fixedé cccrdirate systems and
rctating together with it, wtilizec¢ during the study relative moticn

1cckess Eakcth.

The rectangular Earth-fixed cccrdirate system whose beginning is
ccobined with the center c¢f mass of the Barth, end cne of the axes is
directed toward north alcng the axis cf the rotation of the Earth, it

is called the geocentric cocrdinate system.

If the center of mass c¢f the Farth is selected as tne beginuing
¢f spherical coordinates, tten it tkey call geccentric spherical

cccrdjnates.
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Ccomunication/connecticn between ceocentric rectanyular and
¢eccemtric spherical cocrdirates (Fig. 2.1) is expressed by the

sisptle ccrrelations XyZ’COS%uﬁnL:,

U3 ="rsin o0 (21
:3:=rcos¢,ucosh,’

shere the angles ym and A - geocertric latitude and lonyitude of the

[csiticn of rockes.

The ccordinate systems with the crigin c¢cn the surface of the

Faxth are called tcpocertric.

Eor determining the pesition c¢f rccket or aerial targyet relative
tc the surface of the Eerth frequertly is cttilized topocentric

spterjcal ccordinates (Fig. Zz.z2).
Fage U4,

The pe¢sition of the center cf mass cf 1ccket (targyetyspurpose) R is
determined by the value of radius-vectcr £, called sometimes slant
rangey and two vectorial ancles: azimuth A, calculated clockwise ir
local borizontal plane cff directiog in ncrth, and by tue angle of
elevation , calculated in vertical plane. Luriny the compilation of

equaticns cf motiop in spherical ccerdivnates it a series of the

S o
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case€s, 1s more conveniert fcr the freservationsretention/maintaining
of the unity of the reference directicns of amgles in horizontal
plare instead of the azimutk A tc iptrcduce argle A,=—A. In this
case€, in Fig. 2.2 bty cccrditate surfaces gof sgberical coordinates
they will be: sphere with 2 radius cf r, tte vertical plane, passing
thicugh radius T, and a coge with apexyvertex zt point 0 and the afex
amgle, equal to 18Q° - o, The ccordinate lines: (r) - are
direct/straight of radics-vector; (¢) =~ circusference of the great
circle cf sphere, passing tbhrough the given fcint R; (A) -
cizcusference from the crcss secticp of sptere ty the plane, parallel
to the glape Oxg; passinc thrcugh tke giwen foint. The coordinate
axeg [r], fe¢f amd [A] tbte curvilinmear coordinate system are

targential to coordinate lines.

Transfer/transition frcm the axes ¢f curvilinear spherical
ccordinates to the axes ¢t terrestrial system Oxays?s 1is realized

with the aid of Takle J.l.
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Fig. 2.1. Ihe relative pcsiticn of geocentiic reéctangular and

spterical cccrdinates.

Fige 2.2. Topocentric sptkerical cccrdinates.

(A A o AL 3

Key: (1) . North.

Table Z.1. Cosines of tle argles btetween tte¢ axes of curvilinear and

earth-tased coordinates systen.

e 0x3 0y3 0z3
(r1 ‘ cos € cos A sine cos & sin A
[e] —sinecos A cos ¢ — sinesin A
{A) —sin A 0 cos A

Key: f{1). Coordinate axes.

Eage 4S5.

Or flat/plane drawings and the sclematics, which depict missile
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trajectcries, the earth's axis Ouy; is arratceslccated vertically, Lut
aais M - it is horizcptal. Frequeytly witl the joint flat/plane
isage cf the missile trajectories ané tke e€arth's surface the axis
Ouv,. passing through the center of the Earth and the place or start,
they ccnditicnally depict vertically without defending on real

gecgraphic latitude of tle place ot start (¢}

Buring the solution cf twc-disersicnal prcktleas, connected with
terfcizance calculatiop cf the moticm of tte lcgg range ballistic
missiles and Earth satellites, they vuse teriestrial polar coordinate
systes (Pig. 2.3). The pcsitionp of the center of mass of rccket in
this case is determined Ly radius 1 and by the vectorial angle e,

calculated in the plane cf cravinge.

Jn some two-dimensicnal problems cf the tlecry of flight, can be
used also curvilinear ccordinates. ¥For thesm cccrdinate lines they
will be: sbe circumference  on the surface ct the Earth, which
fasses in xange plane, and the part cf the 1adivs-vector, carried cut
frces the center of the Earti, Letween tke center of mass of rocket R
and the coaditional surface cf the terrestrial sphere, detcrmined by

a tadins R, (Pig. 2.4).

Ccmmunication/connecticn betweéep tle cccrcéinates of curvilirear

and rectapqular earth-btased cocrdirates systes, with bejinning at

[ Soe
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laueching pcint is visikle trcw Pige. . ael:

Ry =y f=1R,+ 4yt — 4k

kence
Y=} “R;; Tystr Xi— Ry me
aad
X =HR3(P 03 1
AT TR -

where ¢ - vectorial angle im degrees.
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Fige 2.3. Terrestrial pclar cocrdinate systema

Fig. 2.4. Flat/plane curvilinear ccordinate system.

Face A6.

Frca Fig. 2.4, B
e = I
£y RJT% .

It vectorial angle is given in radians, thex
3 P %j)ﬁ\dx,, =K%

Breguently is utilize¢d the terrestrial tcpccentric rectangular
starting system of ccorcirates Ox;, u,. o5, (Fig. 2.5). The beginning
cf the starting coordinate system is detersined by the pcsitiorn cf
laugcber and coincides vith the cetrter cf sess cf the rocket,
flight-ready. In this case, coordigate axis Oy;. is directed

vertically upward, and axes Ovy. and 0z;, lieyrest in the plane cf

starting hcrizon/level, tite axis 0x,, indicating the line of fire.

Vertical plane 4, o [assing thkrcugh theé vectcr of the initiai
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velccity, is called the plane cf laurnchingsstazting or firing and
sosetimes - by the plape cf cesting. Tle gcsiticn of the plane cf
launching/starting relative to the Earthk is deteramined by launch

azisuth or by the azimuth cf firing.

fte ccnnected (mobil€) cocrdipate system, designated Ox,y,z,, is
1igidly cconected sith rocket 2nd is scved tccether with it. The
crigia of coordinates is usvally arrange/iccated in the center cf
mass @f rocket. One Of the axes of cccrdinates (Cx,) it is directed
alcrg axis of rocket, remairing twc - it is perfpendicular to axis 0x,
and to each other so that tley ccafprise rigkt-bended coordinate

systes.

- .
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Fig. 2.5. Topocentric starting cccrdipate s)stes.

Fig. 2.6. Diagram of mutuzl laycut .¢f ccopecteé and earth-tased

cocrdinates system with ccalkined origim of ccerdinates.
key: g1). North. (2). Target/purpcse.

Fage a7.

I1f rocket is carried out according tc aircreft ccnfiguraticnm, then
cne of the axes of body-fixed systes (Gx,) it is directed along the
airfojl chord of wing, ané¢ anotker (Cy,;) - jerpemdicular tc it in the

Flage cf the symmetry of recket.

¥n the half-cconnecteé coordinate systen, .crne of the axes

ccincijdes with the projecticn of velccity wectcr on the plane of the

MR e
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syssetxy of flight vehicle, tvo ctlers lie/xest at the plane,
perpendicular to the prcjecticn of welccity vector on the plane of
the symmetry (one it is directed aleng the intersection of planes,

ancther surplements systes to right).

Bigures 2.6 shows the diagram ot sutuel layout of ccnnected and
€arth-lased coordipates system with the cgatined origin of
ccordinates. Axis Qx, is directed alcng axis of rocket, axis Oy,
lie/rests at its plane of symmetry, exis 0z, is directed
ferpendicularly to plane x,0Y,. The angle Lt¢tween the axis of rocket
and ids prcjection (0x') og horizcontal plage calls pitch angle 3. Are
distisguished the pitch angle with respect tc starting (horizontal)
Flane and the local pitch argle, measured sith respect to horizontal
rlaney which is located at given tcrque/mosent under rocket. This
separation it is expedient tc consider duripg determining of the
notVioma characteristics cf tte rockets, interded for a firing tc long
ranges The angle between the frojecticn of exis ¢f rocket (0x*) on
kcrizgntal plane and the terrestrial cccrdirate axis 0x, is called
the yav angle ¥ Por scme i1cckets, for exaaple, ballistic, the yaw
aagle is deteraiaed degendirng on tke instrusent realization of
neasuccments or in the plan¢, perpendicular to range plane and
fassing through the axis of rocket or the veloccity vector its center
of sass. If the yav angle ir the irclined fplane, passing through

lcngitudigal azxis 0x; of axisymmetric rccket, ve designate through
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V. then of Fig. 2.7.

sin ¢, =sin ¢ cos 8.
It is obvious, with 9=0 we 3ill oktain that Y=V gith low y the
Fitch angle, measuxed in the vertical glame¢, passing through the axis
of rocket, is close to the zprrcrriate angle, measured in range
plapes The rotatiom of the rocket of relatively longitudinal axis is
detersined by attitude ct rcll j, i.e., by the angle between the
ccxnected coordinate axis Oy, and the axiigs Oy'* in the vertical

[lane} passing through the sxis of rccket {see Fig. 2.6).

ity
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Fig. 2.7. Yaw angles, seasured ip beriazcytal and inclined planes.

Fage M8.

At the cruise missiles, mede according to aircraft configuration,
1oll attitude can be definec as ancle letween tie plane cf symsetry
and the vertical plane, passing thicugh axis C3,, connected with the

tccket cf the coordinate sjstes.

Bor the rotating rcckets and frojectiles (for exasple, turbocjet)
the fqsition of the body cccrdinate system cf relatively fixed systenm
is determined with the aid cf the Fulerian &ngl¢s whose pame
corresgonds to the names, accepted ir the tileory of gyroscopes. Let
us acdept for fixed cocrdinate systes systes Cxyz (Pig. 2.8). Let y
ages, Y. Y3. 5, x; lie/sest at one (vertical) plene, soreover axes Qy and
Cx siah respect to axes (Ox; and Q% aze terjed to angle 6. For
passage to the system cf ogcrdipates 0R3748, the first rotation is

realifed relative to axis C3 tc the angle  .«called in the case in
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gquesticny precession angle, in this case, azis Gy will occupy pcsition
Cy®, and axis 0z - positicyp Cz,. Tb¢ secané rotetion is realized
relatjve to os Cz' to the angle &, called nitation angle, in this
cas€, axis 0y® will occafpy jositicg Cy'', and axis Ox - position Ox,.
The third rotation is realized relative 8¢ ¢s Cx, to the angle o,
called the angle of spin, as a result cf which axis Oy'* will cccupy
fositicn Qy,, and axis Gz* -~ pe¢siticm Oz, bitd respect to
earth-kased ceordinate systcm, the gcsiticp cf the axis of projectile
is determined by the pitch engle 3 and Ly tie jav angle Vv Angle ¢

ccrresgonds to attitude cf ro0ll 3.
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Fige 2.8. Schematic of the amgles, which detersine the position of

the re¢tating projectile.

Page 89.

o the high-speed/velccity (flow) systes cf coordinates 0xyz,
cae of the axes coincides with the sense of the vector of the flight
speed cf the center of sass of rccket, agotker, to it perpendicular,
lie/rests at the plane of thke symmetry of tligkt vehicle. As
freceding/previous, the higk-speeds/velocity cccrdinate systenm is
right rectangular system and is utilized usually during the study of
the phencomena of the flcw atcund bcdies. High-speed/velocity systen

is connected with velocity vector apd is mcved together with it

ctndidendiaih, il
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during the motion of rocket. During the stucy cf the phenorena of
flce in the turned moticn (nodel is fixed, zrd flcv moves) this
cccrdinate system is fixea ard cne c¢f its alee it is directed along

the velccity vector of the vndisturted flovw.

In the balf-speed cccrdinate systes cr¢ cf the axes, just as in
bigh-steed/velocity, it ccincides with velccity vector, ancther is
directed perpendicularly tc it aad lieyrests at vertical plane, the

third axis is directed tcriacntally.

Figures 2.9 shows the ciagras c¢f the sutual layout of
bigb-sreed/velocity, half-gjeed ané earth-lised coordinates systea
with &he combined origin cf ccordirates. Azis Cx is directed alcng
velccity vector, axis 0y lie/rests at the plane of the symmetry of

flight vehicle, axis 02 is perfpendicular tc flase yCx.

fhe pcsition cf the ligh-speed/velccity system of coordinates of
the relatively combined terrestrial system is detersined by three
angles 6, v and y 6 - s£lcfe angle tc the hcrizon the tangent to
trajectory (angle between vectcrs cf speed spd local horizontal
plane); V¥ - angle of 1ctaticp cf trxajectcry; - - attitude of roll

cf the high-speed/velocity coordinate systei.

Axis Oy* of the half-sgeed cocrdinmate systesm lie/rests at the

PO IR PP
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yd a0

| vextidal plane, passing tircugh the velccity vector :. the auxiliary
| axis @1°, which lies at hcrizoptal plane, and the vertical axis 04

' ¢f cosbined earth~based coogrdinate system. dxis Cz% of the half-speed
cccrdjnate systea lie/rests at the hcrizoatel plane, perpendicular to
Flane x'0y* . Passage tc half-speed systes frcs combined earth-based
ccordjnate systea is realized via the ccpseccutfive rotation of the

latter at amgles y¥ and 6. Half-gpeed systes ccincides with

kigh-sreed/velocity whem Yc=0.

- g T —————— -
dbads
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fige 2.9. Diagram of the mutual laycut cf bigh-speed/velocity,
half-sfeed and earth-based coordinstes sygstes sith the ccatined

crigia cf coordinates.

fage §C.

the projections of velccity vectcr on the axis of earth-based
cccrdjnate systea arxre otvicecs froa Rig. 2.¢
vy, =veosfcosV; v, = vsinf; l
: oo (2.4
v, = —vcosfsin g |
jn the examination of two-dimensicral jrcllems wvhen vy =0, the
berizental and elevatiops of speed are resgectively equal to:
1“‘_1—_:.":1_' COs 0; fu_,s—_—'wz'vsin 8. (25)
After unit on the laupnchiag pad of tbe vertically starting
rccket, body axis Ox,; ccincides with azis Oys.. dfter separation from
table, during vertical fligkt, ccincide axes Ciu,, 043. and Cx

(biyh~sgpeed/velocity systen).

D

iaaikei




A RNV . e ) > AR i b K o L L G N e S e 7 T wiades e R NN i o
; e _‘ RIS il

Lgc = 78107102 EMGE 45—
/o2

Ccamunicationsconnecticn retween mobile¢ (ccnnected) and by
cortinucus operations ct cccrdirates (Fig. 2.10 and ¢.11) is realized
vith tbe aid of the angle ct attack and slij argle. It is known tvwo
versi¢ns of the determipaticn of the argles cf actack and slip. In
ccpnection with the axisymmetric rcckets, stich do not have the
cleardy expressed lifting wvings, argle ¢f attack is called the angle
letveen vectcrs of speec apd the ayds cf rccket O0x, (see Fig. 2.10).
Ia this case the plane cf angle of attack is called the plane cf

1esistance.

%l
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Figy. 4.10. The diagram of the mutuel layout of the flow, ccnnected
ané cpkbined e€arth-lasec cccrdicate systep fcr the axisymmetric
wirgless rockets: A - hcrizcntal cocrdinate plane; B ana C - vertical
planes, carried out resgectively thrcuck tlte velocity vectcr ard the
axis ¢f rocket; D - inclirec¢ plane, carried cut through the velocity

vectcr and the axis of rocket (plane cf resistarce).

kace 51,

Llet ve designate the indicated angle cf atteck o*, and the angle
Letween the plane of resistence ancé tke vertical plane 0, - y*, The
angle between Vv and its prciectionm cn the ve¢rtical plane, fassing

thxough the axis of rocket Cx,, calls angle cf slip B*.

@f the rockets of aitcraft cornfigtraticno, which have the clearly

v - e L= L S L T T R AT T~ . — s e € DA T T e
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expressed wings, and of aircraft by esgle ci attsck a it is accepted

tc call the angle Lbetwveen tte frocjecticn of velccity vector on the

plane of the symmetry of aircreft and 'the eirfcil checrd ct wing cr

the longitudinal axis Ox, (£€€ Fig. <.11) . dngle of slip B is called

the angie between vectors ¢f speed and the plare of the syometry of -
ajrcraft. If g=y=V=0 then we will cttaisy tle motion in vertical

flane, during which #=6+¢e.

fassage from the axes ¢f one systex of rectilinear cocrdinates
tc anqQther is realized <n the forsulas, kncyn fron analytical

gecmedry, with the aid of tlke tables cf directicn cosines.

fhe tables of directicm ccsines are utilized nct only fcr the
cogversion of the ccordirates, swhich detersine the position of point

in space, but also for the conversion cf thke ceaprising any forces,

torquée/moments and aoticrc characteristics sbich can be expressed in
vectoxr form (for example, fcrce ccmpcnent ¢f weight, aercdynamic ﬂ
forces, etc.). The compcn/general/tctal forsulas of conversion take
the f¢llowing fora:

X=X +agy +a,7" x'=ay X f-byy oo
y==byx’ by’ + b7y ' = agX bayy gy I =6
fmeX o 6 Pmaged by g,
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Fig. 2.11., Diagram of tlke wutual laycut of flov and body coordinate ;

systess, p

Key: (1). Plane of the sysmetry of f£licht vebicle. (2) Center cf !

JaSS.

table 2.2. The gemeral vies of the table cf direction cosines.

1) . /

IMpoexuiu BexTOpa x ‘ ¥ ' <
R a a a;

v b Lo by

z € € €

Key: (1). Projectiops cf vector.

Fage bs.

Are given below the tatles of directicr ccsines for different

jairs c¢f rectangular cocrdinate systens.




DEC = 78107102

PAGE ‘“’r/pé

Takle Z.la. Cosines of the anyles letucey tle axes of the

bigh—-speed /velocity and halt-speed coordinate systens.

“) Ocn !

XOOpPRUMAT 04 V¢ (14
ox l 0 0
U ® 0 <o8 Yo — 8N Ye
0z 0 1 Sill e o8 Y.

Key: f1). Coordimate axes.

Tatle 2.3b. Cosines of the angles ketveen ares cf the connected

halt-sgeed coordiaate systess.

)
Ucn 0x) Oy, LY
KOOPANMAT
[VAY CUS @ COS 3 — Sl QA Cus D s
[ s g cos T+ cos Y, Cos @ — S Yo CUs P
‘ + sin Y Cos W SN — 311 Y SIN @ SHL S
0r® sin 1, St a— sil Y CO8 @+ CuUs Y, Cus 3
—cus Y. cosasin + €08 7, sina sing

Key: 41). Coordiaate azxes.

Table <.3c. Cosines of the angles Letween tle axes of

earth=tased coordinates sj)stes,
' Ocn |

' 0x O 0s*
m'('\xm;"" cos 8 cos ¥ —sinthcos ¥ un ¥
Oys sin cos f 0 ‘

023 —~cos h sin ¥ sin b sin ¥ | cos ¥

My: f1). Coordinate axss.

Takle 2.3d. Cosines of the apgles Letxeen aies cf connected and

earth-tased coordinates sjysten.

T g WY =

and

ikl i el e,

ha 1f-speed and

[
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Table 2.3d. Cosines of the angles between axes of
connected and earth-based coordinates system.

") Ocn
NOOPAHHAT 0:x; 01 0z,
Ox3 cos # cos ¥ —cos v sindcos Y+ | cos sin & sin Y4
-+ sin ¢ sin ¥ + sin 3 cos 1
Oy3 sin & cos b cos v —cos # sin 1
0z3 — sin Y cos § cos L sin Y+ €os % CoS T—
+sinysindcosy | —sinysindsiny

Keys (1). Coordinate axes.

Fage 63.

the selection of the ccntpol systes fregquegtly sets limitations
cn the instrument realizaticn cf tte cccrdirate systeas. Is known
separaticy in this sense igto the Cartesiag control, which uses of
different form of the system of rectilirear cccrdinates, and pclar

ccntrel, which uses a fclazr cccrdirate systen.

Buring the design c¢f tle conticl system, is provided for the
measuring coordinate system, in which are scasured tke
disturlance/perturtaticgs cf mcticr, and the ezecutive coordinate
systen, copnected wuith the rccket in which is ccnducted the final

adjustsent of ccamand/cress.

Jo the process of sissile tarcetings tc the driving/moving
target/punfoses along ccsplex trajectcries, is fecssible the

Fbercsenon of the "“torsicn® ("fracture¢®) of tie executive cocrdinate

o
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systea of relatively measuring systes. let the surface-to-air missile
be ccntrolsguided on radioc Leaam. The seasuring coordinate systerz is
ccgneated with lead beas sc that cte of the azes 0% coincides with
the ayis of beam central lire, and axes Oy:. and 0zv supplement systenm
to right and they are ccostant/invariakly c¢nnected with the antenna,
shich creates lead team. 1The executive systes cf coordinaves Oxpyp2p
is arxange/lccated on rgcket. Axis 0x, is ccopected with axis cf
tocket, and axes Oy, ampd 0z, arxe stabilized by cn-board
gytcstabilizer froa rotatiocam around axis 0x;. let us assume that pricr
tc the start of the axis of the executive 2rd seasuring coordirate
systeas they coincide ir the directicr. In the fprocess of missile
tazgeting to targetspurpose, both cccrdinate systems will be mcved,
the agis 0x, of measuring systes will track a tacget or aimed into

sot foruard roint.

% aeaittol

[REUNIEL N )
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Yatle :i.3e. Cosines of the angles letweéen vectcrs angular velccities

“ib; and the axes of tcdy coordinate systes.
{
OcH X00paMHaT ‘ T | T ' T
0%y 0 sin » (o
0y, sin Y €os 8 cos 1
0z, cos ; |‘ —cos b sin y 0

Key: f1). Coordinate axes.

Takle 2.3f. Cosines of tke angles letveem 2xes of the ccanected and

high-steed /velociby coordigste systeas:
(1) Ocn '

i -

KOOPAMHAT 0.; Ory S
ox €08 G CO8 3 —simnacos 3 ] sin 3

Oy sin e cosa l 0

0z — cos a sin 3 sin a sin 3 { cos

Key:s 41) « Coordinate axes.

Fage 54.

The agis 0x, of the exeécutive cccrdipate systeéa while maneuvering of
rockeg will coimacide vith azis of zaecket, btut axes Oy, and 0z, cannot
be turped relative to0 aiis 0x, as a result cf tite action of
gyraostabilizer. Each coordivate systes, beirg scved in space, Ly
sgecial form diffexs frca iritial directior ané the collinearity of
their axes, assumed by us ir the begirning, is lost, i.e., occurs the
ntersicn® of the caordinate axes. In tl¢ gereral case the “"torsionp"
cap be three-disensional/spece, vwitk which in .the process ct

induction occurs the angularxr separatica of the executive and
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seasuring cocrdinate systems along all three¢ axes. In the process of

imduction, the longitudinal axis of the well guided missile

ipsignificantly oscillates 1elative tc the eixis beam central line and

in the first approximaticn, they assum¢ that the axes Ox, ard Ox, of

the measuring and executive cocrdivate systeas coincide in the

dizection. In this case will cccur the Ptorsice™ of axes O0y;. 02, and
Ov.. 02, in the plane, perjendicular ¢ the overall direction

cenditiosally coaxial 0x, amd Ox,.

§2. EFFECT OF THE GEAVITATICNAL FIFLEC .OF EASTH AND ITS ROTATION ON

BGCKER AND PROQJECTILE FLI1Gh1.

<o l. Rotential of the fcrce of gravity, foras ané the size/dimensions

cf the Rarth.

Potential function, cr potential, is celled the functiom [i(x g, 2).
whose total differential is equal tc the elementary vork, which
acts ¢o the peint of the force:
= g O gy 90y
dM=Fdr= o5t o du+ 4%
the projections of the resultant 0of the affplied tu point fcrces

are rasgectively equal tc

Ll an asd :
F’ = ; . F, - an )
x oy oz f
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Ectential for a point unit sass, whick is located out of the
volume of the Earth at a distacce ! from the elementary mass dM
Earth, according to the Newtoa law ¢f gravity is deterasined by the

exgpression

= JaM
af,= - 2.7)

vhere f - constant of gravitational attracticy; [ - distance
between points with unit mass (point E) and the elementary cass dn
{(Fig. 2.12). The potential cf the Earth for a fcint unit mass obtains
by imteyration for an entire mass cf Earth.

n=y (&,
(M) !

{2.8)
Fage 5°¢.

The vritten integral can te calculated ¢nly approximately. Are
uokacen accurately the fcrm of the lantk agc itz sizes/dinmensicrs, is

Jahacws mass distrikuticrp withip tie EBarth.

Blemeatazy mass ./\-, ,, Vvhere i, - sass density of substance,

shich is substantially changed by entire vcluseg dr - voluse element.

If distance from the conditional center of the Earth to

elementary mass is designated p, and to.external point P by r then,
deslgnating the angle between p and r through y (see Fig. 2.12),

wa will obtaiy —————
=] rQd=2rpcosy.  12.9)

§n the process of rcchet flight relative tc the Rarth will

bt e -

e e v A, e
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change values r and V. apd, ccnsecguently, alsc values ! It is
cbvicas that the potential will ke changed in tbe process c¢f mcving
the rocket re¢lative toc tbe Earth withio scee limits and it can be
calculated approximately during the introducticr of the varicus kinds
cf assuapticns. The most essential assctapticns ccacern tae shape of

the Parth, its sizesdimensicns and sass distritution.

B¢k closer to the r»al form of tie¢ Batth, is accepted the
figure, called geoid. Gecid - this figrre, limited by level surface
c$ the gravitational potential, which ccincides with the surface of
cceans, which are fcund in the undistutbed state, i.e., in the
absence of the boss,sinflows, etbtsdischarges, atscspheric and any
cther disturbance/perturkaticns. lLevel surféce cf the gravitaticoal
fctential is called suc} sewiface, at all pcints of which the value of
the gravitational pctential is equal. At presert data for precise
sathesatical descripticp gecid still insufficiert. When conducting of
tte various kinds of calculeting wcrks (gecéetic, astronomical and
tallistic) as successive approximaticns to ¢eoid they accept: the
spherical sodel of the Earti - a sphere, sgtercidal model - spheroid

tellipscid of revoluticy), the general ellijscié.

In Fussia during lcng time vhey ccaducting the astrogeodetic
wcrks, vas accepted Bessel's srhercid. In 1924 ky international

agreeaent the best spheroid ccnsidered Hayfcrd®s spheroid. In many
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izstapces proves to be convenient to utilize¢ tle so-called norsal

sghergid, A. Klero's prcposed.

the size/dimensions, which determine & lercid (its axes), wvere

; ctlculated on the Ltasis cf the degrée meastiemects of the arc lengths

cf segidiarpns.

e e -

. Y
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Pig. 2.12. Coordinates cf pcint unit mass, shich is located out cf

the vglume of the Earth.

Eage B6.

Since the figure of the Earth is diftereat frcx sgpheroid, then in
diffexent places op one and the same tlte letitude of the arc of
sexidjans they have differert curvatuvre. Therefcre the specific by
degrees measurements sizescisensicps cf e€lligscid depend on the flace
cf seasurement. To this are explained tle evailakle differences in
the nwmerical values of tle cellselesents ¢t terrestrial spheroid,

cbtained by the separate asthors.

Scviet geodesists under F. N. Krascvskiy®'s sanagement/manual
(1878-1948), utilizing decree meassiesents k) the USSR, West Europe
apd USA, they determined tle sizesdimensiogs ¢t biaxial elligscid. In
acccrdance with the resclution of tlke Ccuncil c{ Ministers cf the
USSR ¢f 7 April, 1946, in tle geocdetic sorks sith the USSR is

utilised the terrestrial €lligscid of rctaticn, which in resolution
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is rased the Krasovskiy teriestrial ellifgscid. Cn the basis of the

Sam€ BCIKkS, were oltained tle data fcr the ceperal ellipsoid.

@cr the biaxial Krasovskiy ellipscid, semizajor axis (the rmear
radius of eyuator) is accepted egual tc a=6378245 m, semiminor
axis b=€35€863 m. The difterence ir the values cf the axes of

spher¢id comprises ~42800 m. Compressicp of the spheroid

Square of first eccentricity

2 __p2
1ﬁ=11__£_
2

=10,006693.
Square of second ecceptricity

ﬂ;“ = 0,005739.

Scr the spherical model of the Earth, the lasic a constant value

[EX:]

{

is a radius of terrestrial sphexe. It can ke determined differently.
If we take arithmetic mean cf three semi-axes ¢f the Krasovskiy
elligscid, then ve will ottain 6371116 m. 1i€ radius of sphere, which
bas the same surface as tte surface cf the terrestrial ellipsoid, it
is eqsal to 637111€ a., Fadius of tle splere, which has the same
voclume, as the volume of €llipscid, €37111(C s. 211 methods give close

resules.

the common/generalstotal expressicr fcr the potential of force
cf gravity, virtually svitakle fcr differest mcdels of geoid, is

cbtaine¢d, after expandiny expressicy for [|, ig a series o. spherical
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tugcticns. Let us prelisinarily exasine a sisgler
conclesionsderivation, shiclk well e€elucidates tie¢ physical sense cf
the first teras of exfarsicr.

Eage $7.

Ercm f2.9) we will cktain

..|._

1 ¢
- 4 2 =3:(7)
rl/ l+(—%—) —2—‘:'(’“#
1ke expansion cf tte writter functiom in & Ltincmial series can

le represented in the fcxm ct the sux cf meskers, who include

legendre's folynomials P, (cos¥):

7 l _'-L_,,:,; \ ii‘)" P, cos. 210y
r " ol \ T
ne0

The coason/generalstctal expressico fcr the polynomial of degree

r takes the fors . , "
I d"feos 2= )7

Pocost
‘ By AL
2nt d (COS ()

For the separate values of n, let us bhave:
/)" Cus ';H: 1;

£y cosd)=cos

3 ,
Pyicossi— — costh—— 1

R a 1

Pgrensd == — cas¥y— — o3y 1
: / 5 :

o]

13

&

P,icos s =—=costp —

'3
cos®y - — %
) 8

Stilizing (2.10), we will obtain from (Z.§)

n,—L { \‘\L\)nl’"(cos W) i 212) j
" (M) nm0 "
e vill be restricted tc three tezmss <t expansion and will
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presect potential in the sus of three intacrals

= Lf yd#o - {ecossdt -
r . *
(N (M)
~ L g ¢ (—;— COosPY —

re
(M)

(213

fnteyrals can te undertakem ir fimal fcrs, if we apply soame

limitaticns cp mass distritution amé tte fcis cf the Eacth. During

unitors mass distrikuticr according tc the scluse of the Earth for

the cocrdinate system whosé center is placec in the center of rmass cf

tke Earth,

(A1)

.y
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Fresept potential in the sus of three Jintmgials
7 LI ¥ Iy
M=t \dH- '\Q(‘OSt&d.W
in (A1)

_1_1_ 1(1 .lx__l_ M.
= RQ\Qmsy 2)d4

)

(2. 13y

Integrals can re undertaken ir fimal fcram, if we apply soae

limitaticns cp mass distritution amé tle fcix cf the Eacth. During

unitors mass distrikuticr according tc the wcluse of the Earth for

the Earth,
g dM=M.
7 (M)

the cgcrdinate system whose center is placec in the center of mass cf
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Under the same conditicns, exjressing ccs ¢ through the

coordjnates of particle dM¥ and the cccrdimates cf the external kbcdy f

cf unit mass, we will clktair

-

| ecosya.}1=0. )
(M) '

The dependence of sass distriluticn or the asphericity of the \
Earth can ke characterized Ly the acwmerts c¢f the imertia of the
Eaxth, deterained relative to the axes geocentric coccrdinate systes.
1t we designate through B tle torquesscrent cf inertia of relatively

h{ principal axis (Oy;).that coircide with .tle rctaticnal axis of the

Farth, and tbrough A apd C - the tcrque/mosents of imertia of the
relatively principal axes, which lie at equatcrial plane (0x3.023).
i apnd tqQ use transfer egmaticns (z.1), thren se¢ will obtain

{ 92(% st §— %)d.”:ﬂ* C—28 — 3sinty, — 1)+
(M ’

—]~—i-1C—Ab3cos'q>mcos:.’l. (2. 14:
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Besigpating the sus of the disregardec terss of the expansicn
thrcugh Il: .. ve will cttain fcrsula for the jctential of the

€arth®s gravity ¥

ﬂ,=f——--'— f (A -C—2B)3sintp, —1)—

r 47

J-%(C-—A)cos‘?m cos2a+4-T1, . (2. 13
.

In last/latter forsula the first term 1€fresents by itself the
fctential of sphere with uniform or splericel sass distribution - the
gc-called potential of Mestcnian attractiop. The second term defends
¢» lagitude ¢, and considers the effect of the pclar coapressicn cf
the Earth, the third - ccrsiders the defendence of mass distribution
cf the Earth on longitude, i.€., reflects tie effect of lateral
CCEmfressiop. Subsequent memkters (desiggated [Il.,) consider the
dissyssetry cf mass distrikution ic the nortberr and south parts cf
the Earth and other nopunifcrwities in the grasitational field of the

Earth.

If one assumes that the Earth is ccrrect €llipscid cf rotaticr
with enifore mass distribtuticn arcurd ictaticnal axis, we will obtain
A = C and thesn

M= 1 (A—B)3sinty, — 1. (2. 16)
r 2r3
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For detecraination I], ,:it i8 necessary tc ccnsider the
[clyngeials of Legendre of the higher .crders, than the second.
Hcwever, directly the use of subsequent meslers cf expansicn

enccubnters the rathematical difficclties of practical order.

Fage E9.

Therefore in the more ccaplete examination ¢f the potential of the
Earth, they prefer dependénce for its detersination to represent by a
series of the spherical (splerical) furcticis shich are exrressed as
the associated functicns ¢of Legendre. ¥¢r tiigcyometric fucrcticn &,
the asscciated functicr cf lecendre takes tie fcram

m

P r):‘l_-hf:flf)r\ TR YA
emty ~ 7o AR -

where the index of "n" determines the degree¢ of function, the index

of *a™ - its eorder.

The gravitational fotertial ctf the Barth, expressed through

spherjcal furctions, takes the fcrs

oo A\
I, = 1y Il L\‘ \‘( Ry ]nxC‘,,,,ms me. -2
T -

’

Co sitt ma) 2, isin g, V1. IR
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Bexe¢ C,,, and (., — disersicrless numerical coefficients, R,—

egeaterial radius of the Farth.

Ff ve accept mass distributior accerdirg tc the volume of the
Earth symmetrical relative tc its rctational azis, then (2.18) it can
ke ccnverted to the mwore convenient fcrs

M, = &S |( 1=y, {_,:1)2 Pao(sin @) -

r

[ Rs 3 . 1 [ Ru 4 . o .
—f-—O,o( . ) Ppatsin ?m*fG«.(j—) Putsingq) . 219

The dimensionless paraseters G,, are dctermined by the so-called
level surface and the angulér rate ¢f pctaticy ct the Earth. values

Pno(singm) are called 2cral sgherical functicrs.

Ror orientation let uvs brinmg data, that characterize the
gpavitational field of the Earth, clktained vithk the aid cf

cecphysical satellites [57]:




e

[P ————

Loc = 78107103 PAGE &~

|22

1]
K=[M=398603.2 xm?/c*
a=1:298,2+0,2
Go=—1082,645-10-¢
Gyo=2,546-10-¢
Gy=1,649-10-
R,=6378,165 kum.

5ep: 41). kadygz,
Fage 6C.

§f the Earth to copsider as sphere with mean radius R;, in which

the mass is distributed everly ky volume, tlep cf (2.19) fcllous that

n,=!-”i=i. Copsegquently, in this case the potential
r r

{gravitational) field of the Barth will be central, and the
accelératicn from attoactingg fcrce, shich acts in it on the body of

tnit sass, can be found as
df. K

f=——t=—.

dr r2

Sign ®zinus®™ is here undertakea because vector T in the direction of

shich is taken the derivative "‘_r_‘_’, and wectcr g, are directed tc

dar

ctrcsite sides.

Ccapagiag-  values ¢. fcr radii r apd R,, ve will obtain

44

dependence K=(

Ry
r

\2
) » which it charsotenizes s change of
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acceldérating the attracting force iy cenbral gravitational field with

renscval/distance frca its center.

2.2. €ravitational force ar¢ its fctertial.

fo the body, which rctates tocether with tte Earth, besides the
attrasting force acts tte icertial fcrce, czused by the rotation of
the Earth. The combined action ct the gravity fcrce and centrifugal
inertjal force determines gravitaticral force. Gravitational force

cab be presented as suan

where F:— force vector of gravity;

F,— vector ¢of centritugal inertial fcrce:

Jn spherical geocentric coordinates the ceptrifugal inertial

forcey which acts on the kedy of mess 8 in the éirection,

Ferfendicular to tlte rctaticnal axis of the Earth, is equal to

p— : §
F,=mrQ%cos ¢,

vhere Q — the amgular rate cf rctaticyp cf the Earth.

The direction of tle fcrce of gravity ccincides with the
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directicn of pluab line, i.e€., wit} vertical lise at the pcint of the
earth®s surface in questicn and noxsal to tie surface cf yeoid. The
angle Letween the standard (n) tc surface ard the equatorial plane of
gecid is called yeographical latitude @ wrlike geocentric latitude
ou (8ig. 2.13). Bhe lcpgitide is ccunted c¢tf frcm the prime meridian
as shjch is accepted the meridian cf Greeavwich.
Ccassunication/connecticp ltetween geocentric apé geographic latitudes

is establishs/installed c¢n tle ajprcsimaticy fcrsula

e t=tge, (1—4),

uhere |, — first eccentricity.
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Pig. 2.1). Position of lccal vertical line, deterained by yeoygraphic

latitude

Fage 61.

the difference betueen angles 9¢r—qrn <oy L€ found also frce the
defpendence

Fr—Fru =4 S 2

Great value (9r—¢om) im egual tc 11.5° gt gr= 459,

The gravitational fotential alsc can ke presented as sum of the
foctentials of the force of gravity ard the centritugal inertial

torce, determined by the divrnal rctaticy Ear4dh

=101, 411,
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®aking ipto account that dll,=Fudr, wler€ ra=rcosqm we will
chbtain the potential of centrifugal imervtiel fcrce, in reference tc
the upit of the mass

n,= —i)- Q3r2 coste,,.

If we utilize for [Il, formsula (2.16), tter

N=IM 1 4_Bi3sinte,—1)+

A ! ()'rl 082 ¢ 90
Q S 202000
r 2r3 2 ‘ ==t

Yry

8e will obtain forsula for determicinc the acceleraticn of
gravity. From the fproperty c¢f the jcteatial, fcutnd for a unit mass,
-]
&8 D 1]

vbere gs— projection cf thke acceleératior ¢f cravity on direction S;

lull
9s
the djrection s.

— {derivative of the gravitaticpal jctenptial uadertaken in

tet us select as direction S ncrsal tc the¢ surface of geoid to
vhich acceleratiop T is projected ty cklplete value. Designating the
dizecticn cf pormal to ¢eoid thrcu¢h b (Se€ Pig. 2.13), let us have:

\(’=ﬁ'"=ﬂ

dn
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€onsideriny the lcy difference in anyles o and ¢, derivative
in the direction n replace to derivativée ip the¢ direction r

~

on _ 9 o5 mr).

ar on

faking into account ccgtrast ¢f retererce directions for n and r
ard the smallness of the angle between T acé :., it is possible tc
aCite

-~
—1 £ cos(nr) < —0,999995,

where pumseral 0.999995 it ccrresgonds to the greatest anyle
r—qra= 115" Cemsidering the lcv differemce cys(;7) £from unit, we will

cktain

It differentiated (2.20) op r, vwe will cbtain

_fM 37 -
& ‘—TT.‘Tth-“‘—B’tsS'”‘?m‘ 1=Qrcoste,,. .2.21)

Pcr the spherical model of the Farth, wsitbicut the acccunt cf its
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rctaticn, we will oktaic frcs (2.z1)

7

rl

g ==

=&

Into formula (2.21) freguently are inticduced values

T R S

R® sAMR M
Key: [(1). and.

Value . has dimensicpality of sass, acé ¢ - the dimensicnless
(araseter of the figure ¢f the Earth, «equal tc the ratio of the
acceleration of centrifugal force tc tte value cf the acceleraticn of

gravity in equatorial plane. Calculatiens sics that

+=0,0011 M; ¢=0,003468.

Introducing in (2.21) valu€s p and g, we will cltain

M [ 3 e B giiee g 2 cos .
o= [1-4,—2 i {1—3sin*q.,) 4R3 costep, |- (2.22)

]
€cnverting last/latter equality cmittitg in the process of the
trapsfcrmation of the values the order cf spallress of which is
bigher thanm the first, it is pcssikle tc olktair simple tormula for

the calculation of the surface gravity Earth

Fo—=FKo (11 Bsin?e,),

bbb T

Ty
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where go— acceleration cf gravity et equator whenm gm=0

Yalue P is called Clairauts®’s ccefficiert. Is numerical ¢e»=9,78034
m/s? and B = 0.00528CC1 [57]. Vten it is pcesible to accept g =
cepst, tsually are taken it equal tc S+<€1 sys2. For the spherical

scdel E ar LN

2.3. Bctational effect of the Earth cn rockeét ard projectile flight.

the Earth completes in space complex scticp - annual inversicn
arcund the sug and diucrnal rotatiop of relatively its axis; the

earth®s axis completes nutational apd fprecessicral mctions.
Fage 63.
hcvever, during the study ¢t the mcticn of the rockets and

ppojectiles, in view of tite shcrt duratiom ¢f their flight, they

copsider that the motion of the Earth along sclar orbit carn be
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accepted as rectilinear urnifcra forward moticp; the nutaticnal
cscillation/vibraticns of tte Farth and its fprecession are not
ccgsidered, since tltese mcticns are characterized by very lowv angular
velccjties (period of precessional scticnp - 26000 years, and the
geriod of nutational oscillaticns - 18.6 yeers, with the asplitude,
which dces not exceed 9.2z"). The diurnal rctaticn of the Earth is
virtually uniform; cne rewclutich 1i1s ccmpleted aiter 23 a of 56 min

and 4 s, angular rate of rotaticn is equal tc

. b = 7292105 175,
(23-00 4 36) 00 + 4 '

Tfte effect of the diurral rctaticn of the Earth on rocket flight
and prcjectiles is €asy tc trace, if we exasine their moti . in the
inertjal gecocentric cocrdinate system. 20 tle scsent of shct
(launchjng[st;rting) tte iritial velccity ¢f rccket in relative
sctico - 7o while im atsclute wmcticma ¢w=¢ot+< .. where .- - the
lipnear speed of rocket, determined ky .the mcvalle rctary mction cf
the Earth and which depetds cn geographic latitude of the location of
the laveching site (here ard throughout the trejectcry elesents cf

tbhe center of mass in alsclute gotict let ts ncte by iudex "a").

It is otvious

'U",= QR cos ?r(i‘
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where R - distance of tle launchinc site frcm tle conditional center

¢f the Earth;

90— geographic latitude of the lccaticn ¢f the launching site.

At pales ... at equator U~ ! is arjpicxisately equal to 1674

ka/h, cI 465 a/s.

The Earth rotates relative to pclar axis from west to the east;
therefcre during startings/launching eastwarés v.o>t, a during

starting/launching vestvards (agairst the rctaticn of tae Earth) va<to

Luring free £light tre trajectcry cf tie atsolute moticn cf the
rocket of class "surface - surface" (cr Earth satellite) in the first
apprtoximaticn, i.e., for tle spherical sodel cf the Earth with
uvnifcexly concentric locaticn of masses, is plere curve and its plane
will cccupy the constant/invariable attitude. At the same time as a
tesult cf rotating the Eartlk, will change ir iksertial space target
[csiticn. For total flying time, tlke target,purycse will clange its
fcsitjcn, ccunting frcs zexrc tise, tc value

AL"=QRf" COS‘?r.m l‘-). '.)3'

where AL, — movesent cf target/purrcse ¢r lcpgitude;
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fz— total flying tine;

@r.u— geographic latitude cf target/purpose which remains
ccystantysinvariable in the process of peric¢c c¢f e€arths rctation cn

its ajyis.
Eage B4.

the place of start and the pcipt cf ixjact in the rocket
{(prcjectile) of class “surfzce, surface,” is lccated on the Earth,
ckservation after rccket flight is realized frcs the point/itenms,
atrangeslocated on the eartk's surface. Therefcre usually the
trajectory calculation ¢f tle =moticn ¢f rochkets and projectiles
carries cut ig the system @¢f coordipates, ccrpected with the rctating
Facrth, i.e., in relative acticr. Let ug estakblish
ccozunicationsconnection of initial ccgditicrs cf departure in
absclste and in relative actions. let ®vs desigrate geocentric
inertjal cccrdinate systes thrcugh *¥2 and the geocentric,

ccnneated with the Farth, ccordinate¢ systes tbrcugh xjza

the motion of rocket in tke first coorcimete system will be

atsolute, in the second - relative. Fcr determining the position of

8
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Lccket in inertial coordinate System, wve utilize usual spherical
<cerdjuates Tar Pr.oa Aas and in that ccopected wiih Ear th -
7 Pro A Communicaticp/ccpnection tesveey the¢ longitude ip absclute

and relative motiops let us determine according to the tormula

l.ak+9[_
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hly

rig. 2.14. Initial conditions of firimg im étsclute and relative

scticns.
Fage 6%,

Joitial conditions for trajectcry cf relative uotion‘of the

ceptes of mass of rocket at the mcsent of timg t = t, will be vélues

o Pr.o» b iBitial velccity v, ané angle ct departure v, (Fig.
ie18)y Por angle of departure, is accefted tke angle betwuen vectcis
cf thte initial velccity and tbe plage, tangential to sphere at
release point Ry. The plane of casting is called the plane, passing
thiough the vector of tie iritial velocity &rd the conditicnal center
¢t the Earth under which let us understand .the center of the
sgpherjcal model of the Earth. Line OK of tte¢ intersection cf the

glane ot departure (B) itk eguatcrial plarne is called nodal line.
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Lcpgitude cf nodal line is determined in eguatcrial plane Ly angle a¢

betuveen the axis 0z and the nodal lipne. The inclination cf the flare
cf casting tc eguatcrial plane is detersined by angle y Values of
the nased angles at zepo tize let vs desigrite through ;3 and 1
Frex sector PHOP, and rectangular splericil triangle P,KP,

let us bhave
COS ¥y ==COS P, Sin A

Agum Ay — B1CSIN (CZ 2o tE Prae):

where angle Ag - azimuth ¢f firing im relative szotion, cdalculated

fres meridian M, passing througb fpcint Rg.

bet us find initial ocrditicns in absclute motion. Let at zero
time the inertial geocentric coordinates ccincide with the
coerdjinates, connected with the EBaxth, and theam point R; will also
rteyder/show ccabined. Tlke ipitial velccity in alsolute amotion is

equal tc

where the velocity of fcllowing of fcint Ry is €gual to De™=QreCOS Proe.

Is directed v, by collinearly tancent towerd parallel P at pcint

E,‘-

Bet us place into poingt By, the tegigning cf topccentric

rectangular coordinate systes axis Oype it is directed alony

-

R L L e

-
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radius rp, axis Xo— t¢ serth, azis 24— tamgentially to parallel
at laench point. Iy the topccentric system cf cccrdinates (Fig. 2.195)
let us show the azisuth ot ti:ingg Ao ard aggle cf departure 64 in
relatjve motion and will ccnstruct tle vectcr sus of velocities
{2:25) (in Fige 2.1%4 and ¢.15 meridiar and the parallel, passing

thiough point Py, are noted letters ¥ and E). Frca Fig. 2. 15 wve find

v, 8in 0, =1,,8in 0,,;
D, CO8 0, CO8 A == 0,,C0808,,C08 A_,;
0,08 8, Sin Ay + Q7 CO8 Pppq==0,,CO8 8,4 sin A,,.

Brom the first equality we finc angle cf departure in the

atsclute mcticn

0,,=arcsin (-;'% sin o.) . (2. 26)

Frcn the second - azimcth of the firiec

A =arccos (ﬂ- cos % cos A ‘0) )

Ve Co8 0 (2.27)

Fage §6.

Exom the third equality, converting, we will ottain formula fer

the calculation of the modules/scdulus ct the ipitial velocity

V= | 113 S20,Lr 008 9,08 0, sin A, -Qfricosty, . (Z. 28

e 4
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fcturning to Fig. 2.14, from spberical rectangle A.P.P., we find
the imsclination of the flane of casting imn aksclute motion (5.) to

egeat¢rial flane

COS X 40 =COS 9,0 SiN Ay,

and the longitude cf nodal line

}-;0':: }‘o —arcsin \ctg Xao tg Pruot
12291

The equation cf mcticr cf rccket io irexrtial coordinate syster,

vritten in vector form, takes the fcra

ma,=VF, (2.30)

vhere i, — acceleraticr ir absclute ncticy, =F-—- 1s resulting of
the aerodynaaic, ccntrcl, gravitaticnal amd reaction forces, applied

tc rocket.

Sweeping last/latter equaticn ard solving it under initial
ccgditicns (2.26), (2.47) ard (2.48), it is pcesible to cbtain all

tte characteristics of trajectcry in aksolute sction ancluding the
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coordinates of collisicr gcint with the earth’s surface Is*® (Fig.
2.18), Plot/depositing ip accordance with fcrsula (2.23) correction
tcx the rotation AL, EBarth ve will citain tle pcsiticn of the flace
ct target/purpose at zerc time - pcint Ts ¢z parallel |1, In Fig.

2. 16 lcngitudes of launch pcint (pcint Ry) - Age the lomgitude cf
target positien at the amcsment of laurchingsstarting in the conrected
with ghe Earth geocentric system of coordjgpstes —Ai, The longitude
of real target position at the mscaent ¢f ay igcidencesdrop in the
ncse ccne in the inertial systes of cocrdinates on formula (2.24) is

egual to

Apa= A+ 24,

She central angle 2y shich ccrresjonds tc complete flying range
in inertial space, can ite determined ir the [rccess cof trajectcry
calculation. In Fig. 2.6 missile trajecdcry ir absclute actior
degicts the curve R Ts', ir relative, mctjcx - three-dimemsional
curve BgTs. Thus, in the examipaticn cf trajectcry in relative motion

target range along the earti's surtace is ecual to R,Ts.

PPy

aag o o
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2ig. 2.15. The initial velocities, the azisiths and angyles of

édeparture in absolute apd relative scticps.
Key: f1). Norsh. (2). East.

Eage 67.

et us determipe tie acceleraticm ¢f rccket in relative mctice

E _due.y
no ot

Since
wep

the fundamental dynamic equation fcr relative sction will take the i

fors

- A3 -~ - 3
ma._ - Z F-ma,, —ma,,. (2. 31

P R
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Tte value of translaticcal acceleraticr is located (Pig. 2.71)

through the formula

Cpep=2* COS @ (2.32:

the vector of movalle {(centripetal) accel¢raticn is directed
frecm tte center of mass cf r1ocket teward the rctational axis of the
Earth alogg the shortest distance. E€aring in sind that sutsequently
we will comprise the equaticn ct relative acticy of rocket in
gecceptric coordinates, let us write tle prcjection of translaticnal
acceleraticn cn these azes cf the cecrdinatgs

a"094‘=-x9’: anepﬂ=0= auepl=_:9’- (2.33

Value of the Coriolis acceleraticn of (eterpination frcs the

kpcwn fcrmula

~
Qypop= 20,2 sin (vonlg)' (2. 34)

PR YV P
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Pig. 2.16. Trajectqory of the motior of rockeét relative to rotating

Farth,
Eage §&.

The vectcr of Ccrioclis acceleraticm is jerpendicular the plane of
vectoxs £ apd 7., if we them leac tc comscnsceneral/total
teginning. Directicm 9xr im acccrdance sith the rule of vaector
algebta; is taken similar sc that the vectaus dwop, ©? and oy,  Would
comprise vhe right-bhanded triad. Ir thie case, it is necessary that
the obhserver, viewer fica tle terminus cf tle vector d.., wculd see
roctatjcn ( to i,y thcge cccur cn the low part of the circumference
copsaterclockwise. Since the velocity 7oy ip the process of moving the
rccket will change directicg, then alsc a.., cas be directed

éitferently. Assuming that the directicms ktcwp of those comprise
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E"ncqrtcspond to pcsitive reference directicl, then it is possible
to esgablish value and directicn of thcse ccmfrise a,, in the same
gecceatric system of cocrdinates (see Fig. <.17). Utilizing (2.34)

and the rule of the detersitaticn cf directicm dawp. we will obtain:
(2. 35)

— 00 . —
a:npx"—)s‘"vumn axopz""'QQv

OTH £°

Sigce § and Forny 8r€ ccllinear, tlen ayp,=0.

Puringy the determinaticn of direction 9wop in space, it is
[ossible to also use Jcukcwski'’s ruvle, in accocrdance with whom the

dicecgion dxop will te eztatlisbed by the rctation ot projection

Forn OB @quatorial glane cn é&ngle = tc the sice cf movable rctaticn.

2

For eyample, with firing alcng seridiarps frcs the Northern Hemisphere

intc scuth vector dwp will te directed to tie east of collinearly
tangent tovard parallel, while the frcjecticn cf vector /.. oOn

eguatqgrial plane will ke odirected frcs the center of the Barth.
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¥ Torny
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- [’L - \\‘klf‘& X y

Pig. 3.17. Regolviag of vector of relative velccity, movaple and
Ccriclis accelerations alcpgg the ax¢és ct thke rectamgular geocentric

cccrdjrate systes.

Kej: (1). Equator.

Page 89.

As sc¢b as projection Ton on equatcrial plape will be obtained
ditecticn to centes. fThe Earth, the vector ., will turn itself to
west (Fige 2.18). Dauring the calculaticp cf trajectories it is
necestary to keep in mind tlat the fcrce of inertia of translational
scticn and Ccriolis®s fcrce enter igp tle richt side ¢f the equatice

cf relative motion with mirts £ign (2.31). C(bvicusly that missile

- —
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tracegtcry in relative soticn due to tke action of the mcvable and
Coriclis fcrces of inertia tand alsc¢c still scme factors) will te
three-aimensional curve, i.€., the rccket céurirg uwotion will be

displaced sideways relative to rance plane.

If movatle (centrifugal) acceleration is writed with the
acceleraticn ot the force cf gravity into the cverall acceleration of
yravity (see §2, Section Z.z), ther Ccriolis acceleration remains
cmly factor; considering the rctatioral eftect ci the Earth on
relative mction of rocket. for the mcdel cf ncrsal sphercid of tae
Farthy the maximum value ¢f Coriclis acceleraticn is numerically
equal tc approximately 1.%@,0 cf tke acceleraticn of yravity on each
cf theusand meters of the equatorial prcjecticn “orun Of the relative
speed ct £light vebicle. The calculaticys ccnducted show that the
rctaticnal effect of the Farth on the fligltt ¢t projectiles it is
expedient tc consider bteginrirng frcm firing distance approximately

3¢LC0C &
3. The earth's atmosphere znd of its groperty.

Atwosphere, which surtcunds thke Farth, calls the atmosphere. it
teighksalt itude to 5000 x, is ccntaired abcit 50c/0 of entire mass of
air, at heightsaltitude tc 2((CC s ~%0cs0. 1he lasic physical

atscspheric parameters - air density, weigdt cr is mass, the
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texperature of air, tarcmettic pressure, speed cf sound and wind -
very significantly they affect the mcticn ctaracteristics cf rcckets
and prcjectiles. The numerical valves c¢f the rawed meteorological
charagteristics dapend c¢n tle ghysicel state, tle chemical
ccrfosition and the structure cf tte astsosplere€. For the study cf the
state cf tte atsosplere, is created the wide grid/network of the
veather stations, scattered on entire terrestial glcbe.
Investigations are carried cut by metecrolcgical instrumentation with
the aid cf filots%s spheres, it is radicprciing, the specially
€quipped aircraft, setecrclcgical rcckets ard Earth satellites; the
results of measurements undergo scientific jprocessing and are

geperalized.
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Fig. 2.18. Directipn of (criolis acceleraticrcs and torces with ftiring

alcpg meridian.

Fage 7(C.

The Earth's atmosphere by the chesical ccapcsition is
coanvestionally designated as nitric-cxygen, it contains ~ 760/0
ritrogen, ~21% oxjgen, ~3icyo water vajcr, bydrcgen, ot cartc:
dicxide and series of other gases. Are kngwgp several principle: o
the cgnstruction af the schematics ¢cf tke stscsphere. In ccajcsitice
cf air the atmosphere is sutdivided intc hcgcsghere and to
hetergsphere. In the howosphlere, which stretctes to heijut/altitude:
~55000 8, the air ccsgcsiticr with heigbtsaltitude tuarely cranyew.
In beterosphere nitrogen, ciygen ard cther gases under tue etfect ot
the ultraviolet radiaticn cf the sun disscciate and are located in

atcmic state.
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Since the temperature cf air is the Lt2sic parameter, which
detersines the physical copstants c¢f tte atacsphere, the jyreatest
interest for ballistics represents tle schematic of the structure cf
the atwosphere acccrding tc thte character ct the temperature ;
distrikbution with height/altitude. In this sckematic the Earth's

atmcsghere is subdivided into five Ltase layers, by the named sgheres.

fcwer lager - tropcsphere, extending ir mpiddle latitudes to
heightsaltitudes ~11000 m, end in e€quatcrial fields - to
heightsaltitudes -1@900 m. The heightsaltitude cf the trcpcsghere
depends on seascn, increasirg Lty svmser and decreasing py winter. In
tbe trcrosphere is containec¢ by ~7Scsc cf €rtire mass of the
atmcsphere and basic part of water vapcr. Ip tle troposphere are
fcra/shaped all weather fhercmena. [istinctive features cf the
trcrosphere - temperature decrease c¢f air vith height/altitude.
Hcsever, apd in summer after clear ccl¢ niclts can in summer be
ctserved the temperature inversicns, at which the temperature on
heigh§/altitude first grow/rises, and thken it legins to decrease. In
the tscrosthere occur tle ccnsiderakle borizcptsl and vertical flcws
ct air masses - winds. tcrizcntal wirds are catsed by a ditference in
the tarcaetric pressure in the difteremt fléces cf the earth's

syrface, vertical - by a differeance in the temperature on

hejghtaltitude.
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Fcllowing layer - stratosphere, wbich stretches in piddle
latituwdes from ~11000 tc ~5(00C =. Tle strztcsplere to
beightsaltitudes ~30000-35000 » is characteiized by temperature
ccpstancy, but at larger teightsaltitude, with apprcach/apprcxipation
tc upper boundary of the stratcsphere, the tesgerature growsrises; in
this gase, occur the considerable diurpal ztd cay—-to-day oscillaticns
cf temperature. A change in the tengerature crzéient between the
trcrosphere and the stratcsihere cccurs in the relatively narrow
layer, called tropopause. Tte thickness of tke layer of trcpopause
varies from several hundred meters tc +200( =. In the relatively
tarrow layer, which covers tropopatse, are ctserved the powerful
displacements of air masses from sest tc the east, the so-called jet
streass. Lower than tropopavuse one kileseter are approxisately tc
ctserved flows (winds) sith the maxinur velccities, places those
rteach ~110 n/s (400 kmgk). The range of jet streams is
characterized by high-sge€ed gradients im verticel and horizcntal

directicns.

Fage 71.

Above the stratosphere is arrangeslocated the mesosphere, which

stretches from heightsaltitide ~50(CC tc ~90000 m. It is

characterized by temperature decrease tc upper tcund of layer and by

increased turbulence.
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Thermosphere - this & layer ar¢ atsmosgleric from ~90000 tc
~500000m, which is characterized by the¢ ccrtinucus increase of
tengerature. In the upper part of the thermcsglere at
heightsaltitudes 400000-5C0C00 a thke temperiture of air reaches
~15C009K.

A layer arranged/lccated cf beightsaltitudes ~5000)0 o to the
extermal boundary of the atmospbere, i.e., Spprcximately to
460C0€C0-3000000 n, is called exosphere. In <xosphere the atmosphere
is very rarefied. The transition layers betuweéer the named spheres are

called respectively of stratopause, sescpasse ard thermo-pause.

The isportant characteristics of the state cf the atmcsphere are
alsc pressure and air density which unlike temwperature with an

increase in the heightsaltitude mcrctcrically decrease.

the pcwer effect of the atmcsphere oa flight vehicle is
characterized by velocity he¢ad 4==%? (p - mass air deusity), which
has vital importance at height/altitudes tc 25(CC-30000 m. On
beightsaltitudes, high 30C00 m, the eftect cf .the atmosphere it is
expedjent to comsider ¢rly éduring the calculaticn a or of Farth

gatellite.
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J..1. Standard atmosrhere.

Jovestigations showed that the physical atmospheric parameters
ccpsiderably change dependirg on climatic icenditions, tne seascn ard
heightsaltitude. Ballistic calculaticrcs are pexrformed for the ncrmal
metecrclogical conditions, which correspoad tec average/mean
statistical experimental data cr tc¢ the so-called standard
atacsrhere. The deviaticn of meteorclogical ccrditions from their
norsal values is ccnsider¢d separately in tie theory of the

ccrreaticns (see Chapter XI).

Tc 1920 in our country, they use¢d comditicral atmospheric,
cttained by fprocessing surface metecrclcgical ccnditions in Moscow
area. In 1920 was accepted internaticnal .standard atmosphere (MSA).
Fcxr aEtillery practice into 1927, they intrcdéuced the noramal
artillery atmosphere (NAMA). In 1949 wexe psblished the detailed
tables cf standard atmosphbere (GOST [ TOCT - All-union State
Standard] 4401-48) . With the develcpment cf high-altitude aircratt
and rocket engineering, appe€ared tte need ard tite possibility cf the
UpFer atmosphere research. 11cward the erd 50-¢H year , was
accunwlated large experimental material, wkich allowed the

coard jnaticn committee cf the AS USSE tc prcjectsemerge with the
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prcject of new standard atmcsphere. Was first accepted timestesfporary
standard atsosphere VSA-60, but later - stardard atmosphere SA-64 or

singly Sa.

Fage 72.

the tables of standard atmosplere (GOS% 4401-64) are intended
fcr bringing the results of calculaticns anc measurements cf the
aircraft characteristics aré engines apnd tc identical atmospheric
ccnditicns, for the graduation of ipstrumerts, fcr use during
frecessing of the kesults cf gecphysical andé meteorological

seasugenents, etc.

In the SA-64 in functicn fros altitude H, are given the
fclloming characteristics of the atmcsphere: kipetic temperature 1T
(in °¢ and °K); the barcmetric presstre p (kgf,/s2 and am Hg); density
£ (in kg/m3® and kges2/m*); wcolecular weight M; the sgeed of scound a
(ig mye and kas/h); dynamic viscosity p (inm jcise and kges/w2); the
tree-fall acceleration in kcdy v (in a/s2); reap free path of
scleceles | (m). It is assumed that wind &t all heightyaltitudes is

atsent.

Bepending on the character of a change in the temperature,

eatiresall atmosphere tc heightyaltitude 200000 a is broken into 11

——— o e

Aa s i

PR P
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* lagers; for each lLayer it is accepted tiat the sclecular-scale

tenfetature Tu in the function of geopctegtial teight ¥ changes

acccrding to limeap law witkh gradic.tam==%%.

B determined fcrca the equaticy

a® _ &
dH g

£ let kav
(Ra+ HE | us tave
H o
Y Ry
= —- .
(R3 + HR aH

o

cecfotential bheight witt cecsetric:

RH

¢= oy 72l

Ry

layers are equal t¢:

(2. 36)

Substitutimg in (2.3€) for the splericel ncdel

After integration we will oltain the fcrsula, whi

tbe values of the gradient of tfke temgperature in

.Geopotential height is

& __
Earth P

ch ccnnects

the apprcgriate

Mcaox(l)‘[ 1 l 2

5

U
Mnrepran sucor, u (2.) '512)11000 gjnooo
20 2
@y 1P (rpaain, nn(s) —651122] ¢

0 25000 zo 46000 no 54000)

& o0l & on

+276008, 0

D

&o 80000
—3495344

T —— e+ i~ bt £
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Key: 1) . No layer. (2). Interval cf height,saltitudes, un. (3). To.

(§) . Brcm to. (5). (degs/gcecjotentizl »).

Fage T3.

\&cm(){ 6 ’ 7 | l | 10

Hurepsaa aumr u m 800'\0 kg 9300007 1 OU(K)UT: nm«u@muoo(; OO

] l A0 95000 a0 11000 A0 120000, 20 130000 a0 16000H a0 200000
2wI0° (rpax rn. M) [} i +00noun +80174u+234t 357 - 19BTAON  =-3uBdni

Key: {1). Yo layer. (2). Iaterval ot beightsaltitudes, s. (3).From to.

(4) . jdeg/gecpotential ).

Xinetic temperature is connected with sclecular~scale

tesfegature by the deperdence

T-‘-‘TM To ’

shere Mo and ¥ - molecular veight cf air at the level of sea and at
heightsaltitude H. For H = (-95CC0 =, mclecular weight is ccnstant
aad equal to M = Mg = 26,98€. Bt heightsaltituces it is more than
95000 », where continues the process c¢f the gaseous dissociation of
the atmosphere, it decreases. For the deterainetion of mclecular
weight of air in the irterval of beights H = $5000-1100)C m injg;i%is

accepted the dependence

M=23L

—(H —950008#
145 000 1 1450008 — (H — 950008,

—— e

&

i3
§
'
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while for heights H = 11C0C(-2000CL o, is Given special table (with H

= 2006C0 m M = 27000).

#craulas, which determine pressure charge with heigjatsaltitude,
instituted cn hypothesis akcut the vertical equilibrium of the
atmcsphere. Cn this hypothesis the weight ct tte horizontal layer cf
air of the elementary trickress di aed cf vrit area is balanced Lty
the elementary difference df in the pressures, which act oun upper and

lcwer thke tases/root cf layer dp = ~ggdH.

Stilizing an equaticn cf state

p=¢oRT, 12.37)

shere R — gas constant, egqual B = ct 29.27 s/deg, we will obtain

dp ) dH
P T

L
R

bence ccamcnygeneral/tctal fcrsula fcr p will take the tform
_1 ?dﬂ
R, r
P=p.e 2. 38
(ic termsula (2.38) and the subsequent depencences ty index * are noted

the values ot the paraseters, whict ccrresgcnd tc lower boundary of a

layer in question).




-
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Fage T4.

Jntegral can be taken, if is kpocup dejenderce T = { (H). We
ccovert (2.38) for geopcteptial heighkt, after sutkstituting frow
(<36}

dH=2" g o.

£

dter this we will cbtain

P pge v 2. 391

For iscthermal layers (2nd, 4th ancé tle 6th) with ay=0 and T=
Ty =const after integraticn (2.3G) we will cltain

€@
— . (Pe=Ty)
p=me@’ , (2. 40
where intc exgoment is intrcduced Ry:— the specific gas ccnstant of
dry air (Ryz=287,039 m&/deges) agd Gg - ccefficient, numerically

egual to the free-fall acceleratiop in the lcdy at the level of sea

and which has dimensionality m2/sececCfctential a.

By analogy with fcrasula fcr thte fressuvie

Go
R (=%

e=gq.e . (2.4

L ,. o

o &
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For layexs with the lirearly changing temgperature (1st, 3rd,

Sth, 7th and from the eightk on the 11th)

Tu=Tms —an(®—P,)

G. Twm
—am " m
p—pe MY ‘s (2. 42,
l) — )ln m
+ amR. X Twm 9
y '. '-.43;

The given in SA-64 values of dypnasic &rd kinematic moauli

visccsity were determined ky the fcrmulas

. rr\n n+nm4ﬂ? .
"'”W(m T + 1104 v

Key: (1) . anda

The speed of sound vas lccated frcs tle expression

. o
a=) ReRT=200463V T wm/c,

Key: (1). m/s:

and the average/mean lengtk cf the free of iclecules ;, vas

determined by the fcrasula
1 1.'_'55(»\~‘ ey, 12.44)
P

cf
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Fage 7¢.

Jo the dependence fcr p pgeg = 1.7501076 kces/m2 with T, =

273.186%K (unlike pg with 1g = <t8.15%K).

Tte initial values cf the characteristics cf the atmosphere (at
the level cf sea and yeoqraghic latitude #5¢32'45") yere determined

¢n the basis of experiments and ttecretical ct dependence and in

£A-64 were accepted equal: lar<metric fresscre - pg = 10,232.3 kgf/n2
= 760 mm Hg; the deasity pg = 142250 kgya3 = 0.12492 kges2/m*;
temjerature 1, = 28E. 159K (159C); tle spe€d ¢t scund a, =

34G.28 m/s; the molecular weight of air M, = 26.966; coefficient of

dyramic viscosity pp = 182471076 kgesym2; averaye radius cf the
earth Ry = 637110 m; the free-fall acceleration g, = 9.80665
B/S2,

Thkese initial comditicts was ir ccgnecticr with designed the
takle ¢t standard atmosphere, conteiming tle average values of the
sain parameters tor heightraltitudes frcm -20C0 to 2000)C m. The

space cf table AH (20-5CC0 1) was selected gc .thtat it would be
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ccrvepiently used during grectical calculaticos.

Pata given in SA-64 for beightyaltituces from 20000C tc 3CCCCC m
sbculd examine only as recosmended, since &t thke high altitudes
(especially more than 1C0 km) ct tte characteristic of th: atmcsphere

i (tespdrature, density, mclecular weight, €tc.) are subjected tc the
! vVery strongy changes, catse¢d bty the cscillaticps cf sclar radiaticn.
‘ Tetulated data correspcid to the averace level cf solar activity.
Curveyyraphs, which show chenge 1, p and p in function fronr

{ teightsaltitude H (on S2-€4), givep tc Fig. 2.7% and 2.2C.

Ber the small height,saltitudes when H«R,., it is pcssible to
accept & <« H and g.=~g;,=const. These€ assumpticpns rake it possible tc
cttaio fcraulas for the calculaticy cf the values of weather factors

ditectly acccrding to altitude of flight, wsually determined during

the sQluticn of the prctlexs ¢f external wallistics for rockets and

the psojectiles, intended fcr a firing for 1relctively small distances
(¥e < 50,000 M).
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Fig. 2.19. Dependence of temperature cy heightsaltitude for standard

atacsghere.

Eage 76.

In artillery practice finds a use the rcrsal artillery
atsosphere (NAA). Unlike SA-64 ip XAA is ccpsidered the air humidity
ty introducticn instead of é&ctual tesjperatuie T cf conditicnal
temperature - r. We will cttain the sisplified derendences, which
were being utilized in NA) for the calculaticp ctf weiyht density and

pressure. For weight dersity P = pg dry air frcw (2.37) we obtain

da NAK instead of the Ltarcsetric fresstre p kgf/m? is intrcduced
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[ressvre, measured in m» Bg and designated b. Since p = 10,333/760 h

13.6 b, then respectively

=136 ;’%. (2. 45)

fressure humid air h can te defined as sus of partial fressures

dry air s, apd the water vafcr e

th=h.+e (2.46)

[ QPSDP SN S N S

PR L SN S
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Key: [1). kgesZ/m*. 2). kgsa2,

Fage 717.

The weight density of tumid air per unit cf volume (m3) is

lccated through the similar depencegce

T A AT < TR
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Ccuntiny that with sufficient for fractice eccuracy, that at
identical fressure and thte temperatuvre water vagor density it is

€equal to 5/8 from the density cf dry air, we will cttain

IL:;JllaeJi
§ RT

and fically

3
il
w0
=)
’>
——~

_3 e "
1 g h). (2. 48

¥f necessary tc ccrsider air humidity intc tallistic
calculations is introduced so-called cepditicral or virtual
tenferature

T= . (2,449

'x[c..v ~

| —

£
h

asd sebsequently instead of the resl humid air, which is
characterized by values h, P, T and e, is €xamined conditicnal dry
ajr with characteristics h, P and »; this ccnditional air exerts the
sap€e resistance to the drivings/movigg in it frcjectile as actual air.
Taking into account r fcrasuvla for weight aré mass densities, they

take the fors

n-136 Ri . (2. 50

T

A
= 13’6_ . o5
¢ gRt -l
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Ccrrection into temperature for air humidity is insignificant

3 =03%.

fcr stapdard conditicag at the level ¢t sea 1n NAA are accepted:

hox= 150 am Hg; ¢, =635 wm Hg, tha§ ccrresjcmds tc 500/0 ¢i relative
bumidjty ton=2888 K (flox=+15"C); Tly 206 kg 83 0ov=0.1229 kges?/m*
g =31408 B/s. Just as in cther standard atmcsplere, it is accepted
that she atmosphere cn all teightsaltitudes is lccated in calm state,
ie@., wind is absent. During the determinaticn ¢f a chanye cf the
[ressure and density with heightsaltitude ir NA2, is accepted the
dependence v = f(y), obtaired D. A. Verttselem cn the basis of
jrocessing the results cf tle repeated soutcin¢ of the atacsphere for

average summert conditicrs [9).
Fage 176.

T¢ heiyhts y < 930C o, 1t is accepted

T = Yoy — Gyu, (=52

vhere G, - the temperatire gradient, equal tc C.006328 dey,/m = const.

Fcr heightsaltitudes from 930C tco 12000 s, it is accopted that

Gz linearly decreases frca C.006328 tc zerc, ia€.,

i, MOUR38 - (630R - Y 9"“,”, ‘ a3
1§ 2000 — 9300 [BAREX 3

S —A______.—“
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3 change in the tesperature with heigktsaltitude will be

determined Lty the fcramula

Y
T==Tygoo — j Gudv.
9300

fhe substituticn ot fcrpula (2.53) and integration makes it
fcasible tc obtain formula fcr chamging tbe tesfecature with the

beightsaltitude

1=1230,0 — 0,006328 ( y — 93001 - 1,172 10—8 (y — 9300}

Por beightsaltitudes 1200, ma < y < 31000 m is accepted v = as

221.59¢ = const.

fhe values of fressure and dergity, lea tc KAA, vere calculated
l-“ldy

'F)i'

from the obtained from (2.38) formula h=he ° and following

from (2.45) to the formula

d

<

=136
M=13622¢

| -
o -

(2. 54)

If we relate this density tc air density cn the surface ot the
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Earth,; thep it is possiltle tc ottain tte dinensicnless function of

densisy change with heightsaltitude. Cn the surface E¢U3t1»

- o
1,=13.6 Ry
-“’\e N ¥
Ly
n = To R d *
—=—"e
n, L 4

Fespecgtively it is fossitle to write, also, for the Ffressure

)

2
A Ry -

Ecr heightsaltitudes tc 9300 » and norsal setecrolugical

cogditions, i.e., when " ’w amd 11, 11, ttilizing tormula (2.52),
se will cbtain:

1
,‘h\ A \'\Rm { 41::‘\' =H{p=ny ‘—“:’— 2. 55)

Key: (1) . and.

Fage 79.

fcr complex tesperature dejenderces v = f(3) the inteyral in the

right side of formulas (z.%4) is taker Lty cre c¢f the numerical

sethods.
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dccordiny to the giver abcve fcrsulas is calculateu a series ct
useful auxiliary taltles fcr the dimersicnless functions

0

Hiny 1,1 lr;’n' Tiy) W oApYIRN

Key: j1). and others.

Along with NAA was utilized alsc irterraticral standa:d
atacsphere MSA, but mairly curing thke scluticrc cf different aviation

prcbless. Farameters of MSA for a zerc level are the following:

Cy (2)
po=T760 My pT. cT. To 288" K. 00 =0,125 K-
key: [(1). am Hg. (2). kges2 m¢.

fc height/altitudes 1100C v is acceptea the linear dejendence ot

a chamge ir the temperature with tle¢ teight,yaltitude

7= T(\ - 00”'“54 .

Op the Lasis cf ccascr,gereralystotal fcraclas {(2.42 and 2.43)
after a series cf transforsztions it it possilbtle to cobtain

1z _ y L0 R
P pn(l'—aam L W)

and

u 408,
. o
44 300 (2. 56

0:' Qn(l—‘
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dor heightsaltitudes from 110CC tc 20((C m, the temgerature of

ait ce MSA is accepted ty ccnstant ard equel 1 = 216.5%K.

Air humidity in MSA is nct ccpsidered.

Buring the soluticn ¢t the practical tesks, for exauple, during

tallistic desiygn, for calculating tke éimemsicrless functicn of

degsity chanye wath heiglttsaltitude 1t is ccnvegient to use empirical
fcrsulas. Are knowy the fcraulas: jrctessct V. F. Vetchinkin
Moy DX AT
20000 - -
linear
How) = 1—ky, Pt
typertclic
1
/f = L e
W) | -+ ky t= 59
and eyjcnential
Hp—e™. (2 60
k
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In all formulas y shculd be taken in s; it last three forgulas

ccefficient k = 0.0001,
Fage 80.
§4. AEFCDYNAMIC FQRCES 2NL THEIR MCMENTS.

¥r tlight of rocket cr prcjectile in tie etmosphere on ther,

ac®s air resistance, calleé aercdyrasic.

Aerod ynamic d:ag'R is composed cf the fcrces of pressure ait,
directed alcng norsals tc tie surface cf tlight vehicle, and the
trictjcnal forces cf air, tanygential tc¢ it. Beswltant force R is
applied to flight vehicle at the pcint whicl calls center cf fressure
(Fig. Z2.21). Usually cecter ot pressure does nct ccincide with the
cepter cf mass of flight vebicle ard dviing the displacement of force
cf ¥ = R* to the center of sass apfears bo:gue/louentﬁﬂq) formed by
ferce couple T and F". Ekcrce BY, afpplied ip tke center of mass cf
rockeg, calls the wrain vectcr ctf aercdyramic fcrces, and
tquue/lcnentﬂao’- by the main mcsent of zerccynamic forces. In
essence the action of aercdynamic force leacs tc a decredse in the
velccity of rocket flight. 1he actict cf tciquessonment [Vhlcauses the
rctary motion of rocket arcund the center ci sass. By the study cf

tkte phencmena, acccmpanying interacticnm of tlickt vehicle with the
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iacident airflow, is occupied aeroc¢ynamics |23, 3b). Let us here

€xasipe only the questicns, direct-=ccnnecteé sith practical

applicaticn/use in external fkallistics cf fcrawlas fcr the

calculation cf aercdypnasic fcrces arnd tcrque¢sxceents.

It is estatlish/installed that if we d¢ .mct consider unsteady
flcs ccndition, then the air resistance depecds in the first
aprroyimation, on fcrm acd thke sizesdimemsicns cf rocket, velocity of

its tlight v, on the air dersity p ard cf its

ductility/toughnessy/visccsity p, cr the speed ¢f sound in air a,
determined by its temperatute and wtich atfects the disturtance
[refpagaticn in air, and alsc op tbe pesiticr, cccupied by the rccket
ct relative directicn cf its mcticr alcpy tiajectory, characterized

ty the angles of attack o« and of S1if £, Ae€e,

R=fld,v,0.p.a,q,3, (2.61)

shere d - a significant dimensicn of rccket (tci exasple, the
diameter of the greatest crc¢ss secticn cf tcdy which freguently calls

raxipes crcss secticn cr sisply by wmidsecticn) .
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Fig. 2.2', Schematic of bringing tbe main vectcr of aerodyramic

forces to the center of zass c¢f rccket for twc-dimensional protlen.

Fage 81.

iith the aid of the theory of similitude apd dimensionality,
fupctjcpnal dependence (z.61) is ccpverted sc thkat the inderendert
variabtles become dimensicrless and tteir nwiber decreases. As a
tesult s obtained the forxula

_ ou? nd?

o {24, 2 a.?). A
: a )

where ¢ - a sign of cextain fuacticgal deperdence.

Bcre frequent insteéad cf (2.62) is utilized the formula

R=gScp M, Re, a, 3, 63

vhere ¢=$¢—~ velocity head ot the incidert undisturbed flowv;

alic
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S - area of maximus crcss secticn cf rccket;

cp— dimensiopless aecrodynamic ccefficieat, dependiny on Mach

resbes M- ° Beyaclds nuszler Sf= angles a aud B.

o

Jf during calculaticn R render/:tbhcas recessary to consider a
charge in the angyles a and £ in tige cr the ancular velocities cf the
rctaticn of rocket . i.e. tte unsteady flcw ccndition of missile
kcdy of air, then it is recessary wugder the sigg of function in

fcraulas (2.61)-(2.€3) tc introduce values a, f, o and time t.

Investigation with tle aid c¢f tlte thecry ¢f similitude and
disensicnality made it pcssitle tc alsc obteinp fcllowing formula fcr

the value cf whe main mcmept of aercdygamic forces Ma:

M,=qSIm, (2. 64

where, besides previously .named values, /— .characteristic lenyth
cf rooket (for example, the length cf rccket frcm its bottca tc the
apex of the cone); 8 - cdimersicnless aerodyramic coefficient,

derendiny cn the foram ¢f rccket, its pcsiticn ce the trajectory, the

velocjty of retary soticr, tise, etc.
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Bcr separate coaprisiang R and j;, alsc ar€ applied the

dejendences, similar (2.63) and (<.&4).

Is decomposed the saip vector of aerodjrasic fcrces tc f

consfcnents alcng the axes ¢t tlcw (0xyz) ard ccnnected (0xy:21) the

systems cf ccordinates (Fig. 2.22) - 1hese .ccmprising have fcllcwing

designatiops and the nakes:

a) in the continuots cperation cf the <cordéinates: X - drag; Y -

lift; 2 - lateral force; ‘ %

B) in rody cocrdinate systes: X; - lcggitudinal or tangential '

tesisting force; Y, - ncreal torce; 2, - lateral or transverse fcrce.

Those comprise of tbe sain wmcment cf aercdynamic forces,
undertaken alony the axes of flcw apd kcdy-1ixeé systems, have
fcllowing desiynations and the names: M, atd M, — moments of roll
tespectively in flov and tody coordinate systess; A/, and M, —
yaving mcments; M, and » _ pitching smomerts (sometimes them they

call gpitching moments).

krowiny comprising Wer i, in amy cocrdirate system, we easily
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l fird their complete valves. For exasple,

K=y XFTETZ2

B ceasdis

Birecticas R and .17, ete detersined each Ly three anjles which

can b¢ determined Ly the values of tlteir ccsines, with respect equal
tsee Fig. 2.22):

A ”,

“T D V4
cus;z,kw=-7;,
cI

S My,

cos(xI:M.\=7j:,
_/\TH M ‘/\1‘1\ uk
COS {143+ = —1; COS(2. =2
(- M, 17 M,

Since of majority cceprising F and Fﬂq tt€ names coincide, 1t is
ccrpulsorily necessary tc give not crly values these of tancse
comfprise, tut also to specity, tc which cccidirate system they are

1€lated.

ip aerodynamic designs conveniently tc deal not with fcrce

ccapcnent and torques/mcoects, but with their ccefficients. In

SR Y WRCTENA EII A5 AT T MR g R O RN
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acccrdance with formulas (<.63) and (z.€4) it is possible to write:

X=¢8c,; M,=qSIm, 7
V' =4qS8cy; M,=qSIm,; {2.65)
Z=4qScy; "Hz:qS[mzv J

where Cor Oy € iy, my, m, — the correspcndipg dimensionless force
ccefficients and torque /mcments in tke continucts operation of

cccrdinates.

ccnprising'E and ﬁﬂ&_im that ccnonected of ccordinates are

deteryined frcm forrulas, similar fcrwsulas (<.€%), Lut by that having
index "1" in the desigraticts force ccojponert and torquesmoments and
their ccefficients. The pases coefficierts «<pnect the designations
cf those force coapcnent ag¢ torquesscaents which they deterrire. Fcr
exasgle: ¢,— drag coetficiest; .. caefticient of longitudinal
tocice) m, — pitching-mcmeyt coefficient ip the continuous operaticr
ct cogrdinates; m:. — pitching-momeént ccefficiert in bedy coordinate

syEten.
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Pig; 2.22. Expansion of the main‘vectcr of cercdynamic forces intc
tbhcse ccmprise in thke ccrpected and centinucis cperations of

cccrdirates.
Eage §3.

khen conducting of tkecretical calculsticrs and experiments in

wind tunnels, aerodynasic ccefficiegts are cetermined in any

cocrdirate systean.

Fassage fror cne ccordinate systerm tc enctler is realized cn
foreulas {(2.€). Froms Fig. 2.22 are cbvicus the dependences betueen
aercdynamic force compcgents in the ccrrectec and continuous

operations of the coordinates

Z=Xycosxg o Y eos gy 0 LZycosonyg o

. AW ‘

A = /\’1 cosoxg ) COS T X! T'Zl Cos ,;;,\w; |
‘/'\; o /\ I o
P=Xicos(oiyg -1 cosuns ) -4-Z cos I g/—\: = <. 66

A\ A |

!

|

B
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the values of aerodynamic forces differ frca the aerodynaric
cocefficients of these fcrces tc ccrstaat salue gS, while the values
cf targque/mcments from mcmernt coefficierts - tc a constant value ¢S/,
therefcre formula, of one ccordinate systes intc ancther, they will
le the same as for the ccnversicr cf fcrces themselves and
tcrque/mcments. For exaagple, tor tle ccnversion of the aercdynamic
coeffjcients, found in kcdy cocrdirate system, in connection with

ccptinuous operation, on the tasis c¢f fcrsulas (2.66) it is possible

tc wrjte:
Y A A
Cp==Ce, COSIXR X F0y OS5 XY L cos o X%
AL AL AV o 67
Cy=0Cy COS(X)5 4oy, COS Yy ¢} -0, COS L35 b (2.6
! ’\\_ ‘1/\- —/‘\_
=0, COs1X5 2V ey, oSy SV, cos (23 0

Tke mction of tlight vehicle in air, strictly speakiny, it is

rct pcssible to consider being steady; theérefore the aercdynamic
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force coefficients and tcique/mcmeirts atust cepend, besides the
values, given in formula (2.€1) evey ficm tle .characteristics of

tnsteady flos condition.

Fage 8u.

Fcr exanple, for the coefficients cf 1lift &rd .lateral forces taking
intc account contrcl fcirces it is fcsesible tc write these functional

defpendences:

(2.68

shere ¢., % — angles ¢f rctaticn ¢f tke ccntrcls, governing chanyge
lateral and 1lift, respectively aroun¢ axes oy, &nd oz,, Lody
cccrdinate system;

w,. w,o,— given angular rates cf rctaticn cf tlight vehicle of

x

the relatively fixed earth's axis;

ay E - given angqular rates cf rotaticn cf flight vehicl: ot

relatively drag axes;

given angular rates cf rctaticn ¢f ccntrols.,

Given angular velocities incicated are values dimensicnless,




;
:
g
!
f
.

ICC # 78107103 PAGE €&t~ /73?

equal to .
- ! = ! 9 ! Y /.
a=aq—, 3=3 —3 6‘“;6_‘“—' 6,‘;3“ T' ‘
v v v !
D) (2.69)
- I R S S | n
W =W, T, Wy, =Wy -v—, w,=w, v—v— T. 0.

to Key: (1). and the like.

Aerodynamic moments car be presented as picducts

M, =Y Ay M, =2Zl, (2.70)

where A1 - distance Letween certers ¢f masses and the center of

pressure.

Accepting for Y, ard Z; the dependences, sisilar (2.695) and
{2.€8), we will obtain expressions fcr torgues/scments through the

ccefficients of the corresgcnding gercdynarnic fcrces

<
txs

Me, =510 e, @ 5 M, Re, 3y, 8, 0, 5 ..

My, =gSI 2 e 10, % M, Re, 3y, 3, @

e

’

Coly in the simplest cases (mcticr witl ccgstant V, a, B cr flow

arcund bodies by steady flcw) value Al is ccnstant and can casily be

deterained by experimental and calculations. With variocus kinds

cscillatiops and the sharg saneuvering cf tlight vehicle tike flcw,

wshich flows around it, will Leccme ursteady, the center-ot-pressure
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locaticn will be changeé ard resgectively it will be be changed value
41, foraula for determiging which will be ccunverted the cowmplex
fugcticnal dependence. 1tker<cfore during the determination of the
torque/moments, which act on flight vebicle ig flight, it is accefpted
tc tind for them the aercdyramic ccefficients which already connect
relaticn Al im implicit ferm. In this case, exrression for

torquesmoments it is anelcgcus (2.€4), is cttained the form:

M. qSim. a3 M, Re, 3., 3%, (; ; )

X
&
>
g
L3

M gSim, (a. 3, M, Re, 8,8 :|‘~f’~g w, ..

Eage B5.

@btaining for the coefficients cf the cercdynamic mcments cf the
foreulas which would retlect all thke detersinicrg factors, and their
use rerresents great ditficulties; therefore usually are counsidered

the factors, which bave cn torquesacments cnly essential effect.

The conducted in aercdynasmics investigéticgs showed that fcr the
pitching~mcsent coefficient in bcdy cccrdirate system it is possible

tc be restrxicted tc the dependence

mz, f | a, ;'.‘,- (Tv:l_ a, f:_. . ".‘. 1-3
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Bcrmula (2.73) is valid during swall cfanges in the Mach npumber;
bosever, it is necessary to Lear ir rind, tltat during consideratle
change of M the form cuived m, («) substartially changes and this

s¢st te copsidered.

e convert the coamcnsgeneralstctal exjression for m., to scre

ccovenient fcr calculaticrs fcin.

Equalizing total differential fcr the zus cf the partial

ditferentials replacing approcximately d"hﬁthmﬁ==ma——mqﬁ[ ve will

cltain
m am
My, =M, ,+ =gt —Iop, -
2 21,0 oa 7 o, z,
, Om, _ om, < -
BRI s LN 2. T4
a“zl da a.ﬂz. ' '
lisre m;,—=~ value of tlte aercdyrasic coefficient of zero values

a, 6,“ w0z, (.1 and ..

EFartial derivatives on the an¢cles

are called by static derivative.
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m:’: == o‘;:' om, =
' L
eL ga

- om . 6m:

Berivatives on angtlar velccities

ate called the rotary derivatives.

In simplified reccrdinc we will cltair
m,, = Mo -{-m:'a +mﬁ~'-621 .

i v:' - b < =
mm e, +m:,a+m6‘f.ag,. (275
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Face 86.

For the yawing-moment coefficient is ajflie€d the foramula,

sigsilar written fop the pitching-m¢sent co¢tficient

m,, »_:,n? 3 - ’”;,!”asn - ,n;‘;r. GJ‘: .-
e e 32 T”.é‘. 2,760
: mny Py mi/-'j muf o '
Here the static derivatives are egqual tc
m : om
q b1 . vy — L]
b= m N
m., as ' b o,
the rotary derivatives -
- - < N om
i m®a _ My, ;o omb :‘-)15'—; mien =t
v e “ da Y gy u ot

At zero values 33 .;u.;0,;5% 3, 8€rcdynasic coefficient m,,,-U.

i

therefcre it is not included in forsula (2.76).

In formulas (2.75) and (2.76) the tersms, skich contain the
angular rates of rotaticn a, £ and o, charecteérize air resistarce to
cscillations and vthe rotaticn cf tlight vehicle. This resistance
Casses the attenuation (dasfping) cf rctery cisplacement/movements.

lherefcre the rotary derivatives canp te namse¢é¢ elso damping

pRecar-2e- JNpl. el e e e 1Y
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derivatives.

Bumerical values of nased derivatives cefperd on aercdynanic
layout, design concept, tle sizesdisensions of flight vehicle and

trcs Mach npumber. Of ungquided rcckets & =3, =3, =8, =0 and then

My =M, —msa->-m q-tmie,: '
1.0 2 2z 2,
oo ol (2.77)
=mB3Llmd B ming LI I
m, =mf3-m’ @ mpf-m,,-{-myf'w,..

T1he moment of roll is egual tc
M =¢qSIim,,.

Of the werk of contrcls and the fixed PFaclk number, dimensicrless
coeffjcient m,, is determined bty the fcgllcwim¢ functiocnal

defpendence:

me,— fla, 8.8:,,8,,6, 0., 0,, ol (2.78)

Here, besides known values, ¢, - bthe argle ot deflecticn cf 1

cceptrels of bank from tleir free positicpgs.

the expansion/disclosure of functicnal dependence upon
ccnsideération of the autual effect cf the determining paraneters
leads tc complex ccmmonysgeneralstctal expressicg for the
rolling-mosent coefficient [36]:;

il - 2 13
m, "ml'ln ",HE,"; me'“ 8‘“ +mx|x' 6‘1 JA_

. X
. .ﬁ’:‘i""L a? ! ()-_"'_L a? ! _(_,‘_Tl'_ <5,
ou i ducd, B 2 0%, o

- &m -

x - o
m Mmoo i L aw L T R
A

o'm
e oucre, ST B duy,
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Face 87.

Bere m., - ccmprising the rclling-mcment coefficient,
detersined by aerodynamic asymmetry cf flicit vehicle; mﬂﬁ-"ﬂji, -
cceprising coefficient, determined ky slip érd the deflection cf
ruddes; "ﬂﬁau ~ comprising cocefficient, determined by the ueflection

cf the contrcls, governing the tank cf flickt wehicie:

2 om o . . .
fﬁk:aa TP ur _Jﬁbaql - ccmposing tte rclling-moment coefficient,

daoy ' duwor, T dudd
the determined by mutual wing influence anc tail assemblies; ., -

ccefficient of the damping moment cf rcll, created ty win;s and tail

omm, — o2m .

< 3 m;»"-:, N — qu, , ——— .1(-1;. - i € i1 o
assenktly; R P et ccmgrising ¢t the spirdal mcment

cf rcll, which appears during the rctation ct flight venicle daicund

axes 8y, and 0z,.

As can te seen frcr cciscn forsula (2.79), the rolliang-moment
ccefficient to a consideratle degree is determired by so-called crcess
aercdynamic communicaticnsccnnecticns. The mutuezl effect of
lecrgitudinal and yaving gmcticrne is exhititeo especially stroayly wits

tagk and rctation of relatively lopgitudinal axis of fligat vehlicle

. |-45




[ O VN

LGC = 78107104 F2GE "?s
sith the developed lifting surfaces.

In certain cases tke vector of the mair mcment of aercdynanic

fcrces it is converient tc 1epresert by the sus

My=M_, LM /2. 80

where 4. — stabilizing cr tilting mcmemt; VM. -~ dampinj rmcmernt.

The name of torque/mcment M., defends cn the direction of 1its
actice in the plane of the angle of sttzck « cr sideslip 3. If
torquesnoment increases these angles, it is called ipverting, if it
decreases -~ that stabilize. The torquesmomert cf damping A, always
acts against direction cf rctation during cscillations relative tc
the center of mass. It attespts tc irhikit (tc extinguisn) the

cscillaticns of rocket and its rctatice.

Fage 8¢€.

The sefarately undertaken tcrgues/mcment of camping on the tasis ct

thecry of similitude can L¢ refresented by the expression

@

My qSt o mi ol asiim V281
: v [

vhere m'© - the ccrresjcnding rotery derivetive.
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Io certain cases tle tcrques/mcments of daxfing represent these

derend cn the first aecree ¢f fligbs sgeed:

M, =gSim o= Seuv® m, | w, 2,82

4

here m, they call the dasping factcr; it is egual to

1 :
= —Mm.-.
2

i

m,

During the soluticn c¢f the prckless of spatial motion, the
camping factor must be cetermined ky all thice axes Myz, My, Miz,.
The daepping factors and tlte torqueyscoerts c¢f demping can be
represented as sums of the correspcpgding ccefficients or the basic
strucgural/design assesklies of flight vehicle. For exampl~>, durinyg
the determination of the damping mcment of the rccket or aircratrt
copfiguration relative tc axis 0z; ccamcn/general/totai daaping
scrent is defined as sus cf the daxping mcaents of tail assenbly,
wings and rody. On rockets and projectiles, nct having sharply

protreding surfaces, i.€., ®ingless ané figless, the factor of

7 2l

dasping body will be differiny Lty equatcricl axes, but the diflerer

in the damping moments %ill te determiced k) a difference in val.
w, and v
In the process of uncisturlted talerncecé zccket fligat (':
fig-statilized projectile) <ccer swccth charge c¢f the an,.

attack and slip. In this case, as shcwed BELy e€xaminati.:.

g = g TS - g
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! angular velocities of rgtary motion Lrarely effect the value of the
Ba3in wector of aercdynamic forces apnd its ccmpceents. Therefore

aexcdynamic coefficients fe¢r hoistigg and l:éteral forces are

N

trequently determined sitheut the account ¢f the angular rates of
xctatjcn, vhich were being include¢ ky us scre complete functicral
dependences (2.68) , but ccmpulsorily are ccrsidered them during the
detersinaticn of mosent ccefficients. It j= accegted alsc fcr
sisplification to count that with low « anéd £ tie liftiny and lateral
fcrces do not depend op eack cther. Taking intc account tane noted
sisglificaticns they oktain

Cy=0cy,+cta +t‘:"6;.: {2.83)

cr=c38+clnd,. (2.84)
Fage 89.

In axisymmetric aerodynamic ccpfiguraticas c¢,,=0 Purthernmore,

during performance calculation of the sctictk cf axisymmetric flight
vebicles in the case¢ when tle ccntrcl devices of the relatively body
axes ¢f cocrdinates occupy the fixed, recorded fpcsition, governing
aerodynamic ferce it is fpcesible nct tc sepérately consider, but tc
include them in those ccmjcrents cf tctal aercdynamic force. In this
case the guided missile will be equivaleat snguided, and then

. ngs 2 ,
} :%—S(’:\ﬂ.: z:g!}-S(‘!;: L 85‘

2
Mo = 2Sims @i M, =2 Simb -, 2. 86)

the drag coefficient ip general form ceén e presented thus:

¢x=7r(M, Re,a, 3.

- B - ---.-.------iiIIIlllllIlIIIIIIIIIIIIIII.----‘
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Bepegdence ., on Fe begins noticeably tc Le exhibited during
copsiderable change in altitude of £f1light; fcr the account to this

defrendence, is necessary ccrversiop ¢ to cifferent
height/altitudes. The acccurt of effeat .« ard f is carried out

throu¢h the coaplex coetfticieat of inductiv¢ resistance
r.r‘_=r,‘,(,’$)+r,i(a1. (2.87:
€caplete drag .coefiicieat
(‘x=t',n+¢‘xi, (288)

where ¢., - drag coefficient during the coigcidence of longitudinal

azis apd velocity vector of the center cf nass ¢f flight vehicle,

i.e., cf ccndition a=p=C.

Bor the flight vehicles, which have the re¢latively planar
trajectories, for example, for surtace-to-sirface missiles, when it

it possible to count P=(, ttey are mcst frequently limited pain

single dependence
‘.x= c‘a +2"-‘l(c)' (2' 89\
Jo £1ight wit)h relatively ssall angleg cf attack

X =gSc (M. (2. 90)

PO Y
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Por the flight vehicles, close ia aerceynasic shape, the
graphgdiagrass of dependences ., (M) Fprove tc ke also close that it
makes it possible in a series cf the cases tc use in the initial
stage cf design the aerodynamic coefficients, de¢termined for thcse

existy it is good themselves reccmserded, ctjects.

Fage 90,

Since identical similarity rot alvays can te had, then into

calculation is introduced fector cf proporticnality i, called factcr

el
(3]

th:o‘,qll - an upknowp aexcdynamic coefficient for the newly
y

cf the forn

s (2.91)

desiga/projected object; rxﬂ({f) ~ aserodmasic ccefficient knowr,
sercdynamically similax tc that desigaypro-ected it is gcod itself

the reccamended object (stardard).

If it is knowa r,ﬂpfw tor any rccket (cx frojectile), then for

the rocket, close inm aercdyramic shage, it is pessible to accept

x=t Stee, () (2.92)

e e S T SRR LU, S tiatis

ke el e .
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If the forms of rcckets (projectiles) é&nd cf flight condition
nct are identically similar, then, okvicusly, i#1 depends on ratio
vsa. 20 accuratelyt establisl tbis degrerdence iz possible only either
experisentally or, after cttaining tlecretically valnerx(i}) fcr the
neyly design/projected object, but ip .this case, drops off the
advantage of introducticn i. Therefore it is accepted to take the
value cf factor of form i fcr the calculaticn ¢f this trajectory by a

ccpstant value, determining it appscximatel).

fThe numerical value i cepemds ¢n the fcxa ¢f the neowly
desiga/projected object and values Cx(f) tcr bgcwn standard objects
(rockets, the projectiles), with which new chbject is compared.
Therefore it is always necessary tc indicate¢ that in connection with
vhich standard or as it ocessiomally referred tc as, to the stardard
lav of air resistaace cx"(f\ is determined coefficient i. It is
ccnvenient tc utilize i as the coefficient ¢f the agreement of
calculation regarding firipg distance .with ¢xperiment. In this case i
vill ccosider not only fcra of projectile, tut also all factors, not
retflected in this calculaticn, for ¢xasple, the motion of projectile
telatjve to the ceanter cf mass. Ey tbis it is fcssible tc explain
certain difference in tlhke nuserical valuves cf fcrm factor, determined

¢a the basis of experiamental data, citained Ly the firing one and the
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same frojectile, but at different sgeeds an¢ apgles of departure.

In egquation (2.92) enters mass depsity p kg.s2/a. If we pass to
seight density ch/.s. #e will obtein
. L L 'v'ir”,(—(i-). (2.93)
4 | e,

8

Eage O1.

ket us multiply amd let us divide the 1ight side of equaticn

(2.93) by groduct (r1,,.10% As a 1eswlt let us have
IV IRT L LG B R R A
A~g OlOHM e “”(a)

In the obtained degendence factcr (id®/¢) 103=c is called of
ballistic coefficient, and the ters

: : v ~h 1Vl ‘v .
vai:fr}(;‘ Ton v, (\_a—)::4‘l4' 10422 . (7) (2,94

is function from the air resistance force.

After the appropriaste ieplacesment we will cbtain the convenient
fczauda

X=mcH ) F ., (2,95

ip vhich productcH(y)P(v) has the fhysicad sepse¢ of the acceleraticn

cf projectile from the acticn of the air resistesnce force and is
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desigoated through J.

Buring the use of forsula (2.9%) fcr rcckets on the secticn of
the operaticn of engine (pcsexred flight) it is necessary to keep in

shyd that s agd ¢ are alterpating/variakle acd ¢gual to

t

Q- .‘.Qur dt
0
m-—= . R .
. (2.96)
id2 103
cm— (2.97)
Q- 0_\. Qcex dt

shqre Q. - Veight gas flew rate fer secorc frcm the enyine of
rocket, After replacing in (2.95) and reducing, we will cbtain fcr

the fAight vehicle vhose sass is alteraatiag/veriabdle,

id?
X= 22 10°H () F (v). (2.98)

Scsetimes instead of function P(v) are utilizeé the fumctions

a(o)=’—‘:—)=4,74- 1040, o (2.99)

[+ 4
2 :=£-(—Q= . r (2. 100
K(‘) L) =474 lO“c",(a). (2. 100)

Boxr the rockets (projectiles), differeat in form, obviously, are
ditfesent functions P(v) and G(v). Ghen copcucting of ballistic
calculations, the numenical value cf factor of form i must be

selected in ccnnection with the utilize¢d fucrcticn F(v) or G(v).
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Fage 92.

Fcr the projectiles of tarrel artillery pieces, are known empirically

established/installed standacd fumcticas P (v), cccasionally referred

tc as, not it is entirely ccrrect, ky tke lews ¢t air resistance.

1. Buler during the sclution of tie prctles of the tlight of
Frejeétile uses functicp P(v)=Bv2, estakljshsirstalled by 1. I*yuton

aad uvsed in essence for sulscnic sjecdca

#cr the projectiles, drivings/moving with tigh speeds (to 1000
8/8), Bussian artillerysen N. V. Majevekiy and d. A. Zabudskiy will
establish the lav of fors F(v) =Bv", im whiclt »=f(¥), and will
deteraine values of B and n for the acceptec ky them intervals cf
velccities. Are kncwn alsc tbe law ¢f the Italian artillerysman
Siacci, the lav, obtained bty the Frenck artillerymen of Garnier and
Lupui (1921-1923), the scviet law cf 1930 ard the lav of the
artillery academy im. Dzerzhinskii (law of 1943). Empirical
dependence for the standard functicps P(v) end C(v) most frequertly

are assigoned in the fcrs ¢t sgecial tables.

Buring use in calculaticas of the already available tables for

EEE— R SR T e v et
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E(v) and G(v) and during the calculaticn of takles for new standard
functicns one should consider that the speed of sound a depends on
the tesperature of air and, therefcre, is .ctanged with

beightsaltitude. As is hkrcwe,

a= Y keRr,

vhere k - index of fpoclytrcpic preccess.

Jf vwe for relatively short trajectcries (x,<50 km) accept g =
ccgst, and k - beiny indefpecdent of tesgexrsturs, then it will secen
that the speed of sound is proporticmal ) : In order to nave tables
cf functiqps F(v) or G(v) with cne eptr), it is mecessary to count

thes fcr one speed of scund, but tc freserve ir this case the

equaljty
v v,
(9% Rasll ad 0N Bl N
x( s ) (“\w )
cr
Lo (2. 101)
a QN

where aww - speed of scund under standard copditions, taken tc
copstant during the calculation of takles; v. - comditicual tabular

gpeeds

Jt is obvious that

v, =9 'L."-av ‘/—'ﬁ (2.102)
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Copsequently, utilizing fcraula (2.98), we 0ill obtain
' v, \
F(v)=4,74. 10“03—;-.;- [ (;.—N— .

Fage %13.

Besignating

F(0)=4,74-10~%0, ( “_'),
oN

v@ will obtaip

F(v\=——F (v, (2. 103
‘\'M. .
Sespectively
a
Ol'vl=l_/ ~ G (v, (2104
4 L 4 -
o

and, after compariscn (2.103) amd (2.108),

Fv,)
0(w= -2t 12103

v,

¥ion consideration of air humidity by seans of the introducticn

cf virtual temperature its seight demsity is determined by forwula

(2.45) .
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Hith this function of density tbe chamce with beight/altitude

capg be represented thus:

i.e. it depends on the relation of virtual temperatures and
jressures. If we pcw returc to fcraula (2-95) and to replace in it

F(v) and u(,), then ve will obtain

A
X=mec—— F(v.), (2. 106) ;
oN
cr
!
X=mecn(y) F (0. (2. 1071

If we in (2.95) with the aid cf (Zz.104) irtroduce functioc

G(v,), then we will ckbtain

X=mcH.(y)va (v, (2. 108)

vhere H,wr=f1W)l/r:;—. Fer this functiom &re also comprised the
oN

takles with imput value y.

during performance calculatiocp ¢f the acticm of the rotating
artillery shells, they usually consider thet ttese projectiles are
stable cn trajectory and they mcve yith the low angles of deflection

cf the longitudinal axis cf projectile fros velccity vector (angle 6

in Pig. 2.8). In this case the drag (targestial component of the main
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vectce cf aerodynamic forcesR,) ccmnsiders indeépendent variable ctf o

and is determined with 6=0, and norsal comfcneyt - R, and the

tilting moment K accepts prcportioral tc arcle 6 (Fig. 2.23).

T

! Fage 84. ‘
i

g Furthermore, it is convenient during calcalaticrs into toramaulas tor

’ the nased aerodynamic characteristics tc irtxcduce the bcre ct !

jrejectile — 4 n, fumcticr t(y) ané ccrresgcndigy aerodynamic '

cceffjcients 4 ;. * Taking into account this tcrmulas (2.05) take the f
o

i

| fcre:

| X O R=R _ff (VAP S T 2109 :
V= Ze= Ry =L 10°H 1y Ky (< (2. 1100 i
f 4 a
M, M= T ag, (X '
.M, 10 H e K22, @1n

derodynamic coefficients KNtﬂﬂ apnd K“(E%) are determined ticr
a :
the data of trial firirge. Vvalue hadl ccrresgcmds to conditional

distapce between centers cf fressure anc¢ tle center of mass ctf

frejectile and is detersined usvally frce espirical formuldas. For an

exasple it is possille toc give the hacwp fScimula of Gobar

h=h, 40578, —0,16d,

where h, apd h; (see Pig. 4.23) - tte size,disensions, which

chaiactecrize the positicn cif the center of nass cf projectile and ats
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length head - ogival, cr ccgical, part.

Characteristic, that are inherent cnly ig fast-turning
[rojeatiles, are aerodynasic characteristics - Magnus® force Ry, the
wcsent of Magpus® force My, and tie torquésmcment of surface
frictjcn I’ Bagnus®'® force is that ccsjcnent cf the main vector of
aercdpnamic forces, which is propcrticnal tc prcduct o0 The
sechaniss of the emergence ¢f this force is visitle from Pig. with

2 El.

el

o




; Bec = 78107104

sl

Fige 2.23. Circuit of bringing the main vectcr cf aerodynamic tcrces

tc the center of mass of the rotating projectile.

Fage 9S.

The rarticles ot the incident to projectile with a a velocity ct ot v
airflew, meeting the particles cf air, rotated bty the surface of
fpcjectile, create a difference in the fressure pear the wall. As a
result of the redistributicn of pressure over tte surface of
Frojectile, appears the seccndary fcrce, peirgerdicular to the plane
[, cf angle &6 and directed tc the side¢, reverses/icverse the mixing zones
: cf couwnterflous. For determining this fcrce, is acceépted the fcrmula

K == f{’ 1091 i) v X,

X KM.(—:—) oe & 2 112)

R

I T L R
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vhere KMq-l) - an experimental aerodyramic ccefficient.

a

Since in the general case force vector of Bagnus does not fass
thrcu¢gh the center of mass, appears the¢ mcment cf this fcrce. Fftect
Ry, 80d its torque/mcsent cn the flight ot projectiles is studied

ccojacratively little.

Skin-friction force decreases thte anggular velocity ct the sgir
cf projectile of relatively lopgitudinal axis. lhe moment ot
skip-fricvtion force can be isclated frcs the main moment of

aercdynanic forces and it is deteérsined by the formula

» d3t |
l=h;-uPH(va,(§)qn, (2. 113)

shere Kr(i— - an serodynasmic coeftficiept. As shov calculations and
. a )
experiment, torque/aoment I' significantly decreases the angular

rate ¢f rotaticn of projectile im the frocess cf flight.
§ S. THRUST.

Thrust - this cne cf tasic fcrces, which act on rocket in
flight, caused by the wcrk cf its engige flént. To determine the
thrust c¢f jet engyine ip flight is p¢ssille ¢rly cn indirect
experimental-design path. 1kerefcre, as a rile, thrust is determined

under the static conditicns on special stapcs. The combined action of

[V TSN
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the forces, considered Lty tke right side of eguation (1. 12),

including the Coriolis fcrces, detersiped Ly the oscillaticn ot

rocket, by the moticn of gases ard Ly the displacement/movement of .

iI

thke ceénter of mass during kurnout, it can L¢ experimental determined }
1

in wind tunnel, if rocket fcwer-cn tc faster ir it is hinged then so L
]

that the axis of rocket cculd complete cscillaticns. 2 {
i :

4

]

o

]

-

3

]

i

]

| |

1

|

4
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Fige 2.24. Circuit cf tte fcrmaticpseducaticn cf MHagnus?® fcrce.

Fage 86.

Hinge fitting introduces ccnsideratle distciticgs into that flcw
around rocket external flcw how is decieased the accuracy of results.
Thexefcre Coriolis forces acrd torguesscments it is expedient tc

deteraine separately in the absence¢ of exterrsl flov.

Ccabined action of tle thrust, aercdygemic and variaticn fcrces
is determined in vind tunpe) vith the secutely fastened rocket.
Arranging the longitudiral axis of rccket alcng flow, so that from
the aerodynamic forces acts cpnly drag, it is pcssible to measure on

the swfports of rocket the total acting force, called the etfective

thrust of engine

Po=P—X—-—2, (2. 114)
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shere P - bench thrust.

If we do not consider variaticp forces and to accept the sreed
cf the external flow of the equal to zero, they cn the supgcrts cf

rocket will te determined tie bencl engime thpest.
%. 1« BENCH ENGINE THRUS1.

#pder bench tbhrust is understcod regsultant force of air pressure
and the escaping gases, applied to fixed rccket, which is located in

the fixed undisturted atacspbere.

Separately m@asure jet force (seccpd ters in formula 1.8) it is
oct regresented passible, ard it are deteraime¢d together with the

forces of stasic pressure, which act ig the X direction cf rocket.

Gn the external surface of rocket act the fcrces, determined by
the asmospheric pressure f, which odrrespcrd tc the heightaltitude
co vhich is arrangeslocated the rocket, They iz value are equal to
the product of pressure and area and are dizrected perpendicular to
that area/site on whick ttey act. 211 fcrces, shich act on the
lateral surface of rocket, talance each otter. Since while the motor
is ruoning atmospheric jressure does nct act co nozzle exit secticn

thsough which occur/flcow/last the gases, then will appear unbalanced
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tozce s, directed to the zide of the cutflicu cf gases (5, - a
aessle exit area). In nczzle exit secticn scts cpposed force p,S,.
shere , - pressute the escaping Lkebind mc2zle gases in this cross

seactiga.

thus, ia commectiop with benchk copditicms in equaticn (1.8) cne
dv/dt
sheuld replace YF by S,(p,—p) and thes, atter acceptiny ufdnc, ve
vill obtaia for thzust the egquatioyp

P=| | et Su(Pa— P (2.118)

Fage 97.

Mter replacing in equation (2.115) the mass flcvw rate ot the gas per
second through weight flow rate ;%?iﬁsgsi, we will obtain fcrwsula

| dt I'4
for thrust in other writing:

- Q;J ® S.xlpu—,r‘- 21k

o the case when it is fpossible tc accefpt o0,

I gi" - S”p“, LI

.
S

If rocket is arrange/lccated cn tl¢ svirface of the Earth cn zero

level (y=0), shen its thrust is egual tc¢

[ : woy, ‘s‘u\”rl P 118
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€cmparing formulas («.116) sad (2.118), ve will obtain

Ioor, S.pa (l ——I:— 2119

o\

Sigce n )= £, we will obtain timally

pﬂ,‘\'
P“Po"‘s,,p.w“—ﬂ(yll. 2. 120

After rcn&ving frces the right side of forssla (2.116) for

brackets 9= we will oltair the sisplifiedé fcrsula for thrust

' 4
p;(_kﬂ‘w” (212
vhere
T, w,, S.€ (Pa— Ph 12122,
Qcex

w., - the value, named Preach schclar P. Lacgevin by the effective

exbasst gas velocity.

Calculations showv that in forsula (2.:2) second term in
ccasgpatrison with the first little ccsfprises tsuvally not more than
10-15¢,/0; therefore effective discharge velccity is determined in by
base speed of gas in nozzle exit s¢ctios ..., .If ve relate thrust tc
tlov xate per secopd, tien se vwill obtaim tie fcramula, vhich
deternines specific thrust, or the sc-callde¢é unit/single

scsentua/inpulse/pulse:
K® o/ k@

Po=J,,— — xrc-c/re. 12123

cek

i
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#rom (2.118) we will ettain

.'nu s
! Po= 2 Fa P 2. 124

Fage €8,

Hence it is apfparent that with deccmagreéssicn in the which
surpouwnds rocket air tke specific thrcst igcreases. The specific
thrust in space is greater than specific thrust cn the Earth tc i

10-15¢ /0.

Ixpression for unit/single mcmentus/isjulse/pulse /.. can be
alsc cbtained from the ccsacn/generalstctal exgression, waich
detersines the power isgulse of thxsst. if e take u.=const and to
telate the tctal impulse of thrust tc .the fsel load (, vhich burned

dovn for the operating time of eagise ;

t L

1 we |
Jop=— dt = < cenl'
“= o )P ' O,L'SQ dt

0 0

'K
shes g —=const ve uwill cttainm J.Ouxdh=0“,4N:Ql and then
' 1

n= (2. 1251

Brca comparison (4.148) amd (2.12%5) it fcllaows

]

L4

/c =P ==L 2.1 .
=P=" (2. 126) B
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et us designate thrcugh P resultant fcrce of the thrust of

all rocket engines, led to the center of saes cf rocket., Utilizing

(1.8)y we will obtain fcr a rocket the equatico of the forvard motion

cf the center of mass in the forn

d : =
m2=SF1+¥P. (2.127)
S.i. SECCNDARY PORCES ABD HCMENTS.

Secopdary torces and scmepts car be divided into two large
grcups: external (aerodynamic) and intermal. Bcth internal and
external seccndary forces ard torguesmcsents afgear during the
thsee—~dimensional/space curvilinear flicht alsc cf various kinds the

cscillations of flight vwe¢hicle.

The external secondary forces ard the torquesmoments usually
include various kiands tte dasping aercdynamic fcrces and
tciquesnonents, the aerodynamic forces agd tle torque/momsents, caused
Ly downvash aad by the delay cf dcuguvasgk, cioss serodynamic forces
aad torquesmoments. To internal supplesentaiy factors usually are
telated interpal torque of camping, determired Ly Coriolis

acceleraticn, and other fcrces and tte torgues/acments, caused ty the

i
|
i
'
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displacement/movement of fuel/propellant apc wcrking gases within
sissile body. The majorities of seccrdary fcrces and toryue/moments
are determined by the amgular rates cf rotaticr cf flight vehicle

relatijve to the center cf sass.

the dasping and cross cercdyramic forces agd torgue/moments are

examined above in § 4.

Fage 99.

let us enumerate here internal seccondary fcices and their smoments
with zespect to the center cf mass: Prn. Mn, - force and
tcrque/nonent, determined by the £10v ef gases within missile tcdy:
Pras Kopy Mras ko, =— foOrce of .Ccriolis ard the scmept of this fcrce,

deternined by the flow cf gases within cscillating missile body.

Bockets with engine op liquid propeldast test the effect cf
seccndary forces agd tciguesmcaentsy detersined with the motion of
frcgellant ccaponents withir missile bedy; 5., ij,, =— force and
tcrquessoment, determined by the actica of jrorellamt cospconents
sleng canduit/manifclds; /.. 1/, . - force and torque,s/amoment,
deternined by the motica cf propellast coajcnents in tanks;

Pu. 1 kop. Pw 6 Kopr M v Kop. Mu 6. kop — LOECE amd Ccriclis's torguesmonments,

detersined by the oscillaticn of rccket ané Lty the motion of

KW PP RO




BCC = 78107104 EICE 28

207

fropellant ccaponents along copduit/manifclds apd in tanks.

Se¢parately can be isclated the forces ard tie tcrques/momeants,
detersined by the elastic deformaticrs ¢f missile body and by
displacement withip the bcdy of different sclid driving/moving masses
(for example, the rctor cf turbcjet engine), e€etc. The part of the
nased forces and torquesscsents is caused Ly the transieancy of
frccess and can be referxed to the variaticr fcrces, not considered

ch the ssallness of effect.

Let us examine in scre detail fcrce and the torque/moments,
ccysidered during the ballistic calculaticgs, ccnnected with the

evaluation of stability of soticn, centrol and accuracy of firing.

tte Qoriolis fcrce, acting cr elementaiy mass dm,,
drivimg/moving aloag the i chabnel within missile body (Pig. 2.25),

is equal to

d,)l(npl =2l/lxwmlxv

shere
dmh':Qi.rsl: d);

Uy, o 884 Si; - a rate cf relative sctico of working
sedieg/propellant, its sass density and tracsverse area in cross

sectiQgn x cf the i chanrel.
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Fig. 2.25. Diagram of the fcrmatiop cf internal Coriolis torce duriny
the displacesment of worhicg medivasfprcgellagt along the housing of

the oscillating rocket.

Fage 100.

According to contipuity conditicn, the flcw rate per second of

sass along the i channel at the givern irstart is constant and equal

adaai

tc

‘".l l,=0usul.i.v

u.-' dplmpi = :—,’ m ‘[ wdx.
the torque/moment cf Gcriolis force »iill Qe equal tc 1
dM, ;= —20|m|x— X, W dx. ]

fctal torque/aoment cf Coriolis force will be egual to the sunm
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cf the integrals, calculateé according to all chkamnels of the mcticn

cf vorkiny medium/gropellant,
Moy =20 Nyl (x, — g u)dx, (2. 128, }

1 xo
shere xg and x, - value x, vhich ccrrespcnd tc beginning and the

end/lead of the motion of wcrk substance ¢t the section of the i

chacnel in gquestion.

#inus sign shows that thbe moment cf Ccriclis fcrce will act ' ;_
against direction ¢f rctaticnm, i.e., it wvill be damping in the case
cf flgw from the center of mass. Tte flcw, c¢riving/moving tc the
center of sass, will give tle momernt of the Ccriclis force, directed

tc the side cf the rotaticp of flight vehicle.

1o supplementary factcrs usually are related the force and the
tcique/noment, caused by tre displacement ct tlie center cf mass cf
the rgcket during burnctt diring the engine creration. In equations
(1.11) and (1.12) this force is determined ty expressiom 2moxs] It

jest as Coriolis force, is directed perpenéicular to axis of rccket.

Bor simplicity let us take rocket with tle grainm of end burning
(Fig. 2.26). let us designate the jcsition ¢f the center of mass of
rccket at the soment of tise t thrcugh , ., azd at the moment cf

tise t+dt through =xqvi=x,,—dx,, Let for time dt from gyrain be
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separate/liberated da mass c¢f rocket. Static mcsent with respect tc

the forepartsnose pcint of rocket tefore tke isclationsevoluticn ct

sass dp will be equal tc

Mo=mx, . (2. 129,

Static torque after the isclaticns/evcliticg of mass dz

Moy=Mo—|mlx, di=(m—dm)(x, y—dx, .
emitting on smallness terms dmdx, ., let .us have:

mxu.u_mdxu_u_xu ..dm=4410—|ﬂ‘1,x‘,,,dt. 12, 130)

DPeducting (2. 129) frca lastslatter eguality, we will oktain

MAdXy g+ Xy wdm=|m|x,, dt.

Eence
dxuu __| _ )
mu,=m —‘lml(xou Xg.mh
dat
1
4
cr _
'z',:_._lm'(""“"—xu.n) ) 0 131
m -
face 101.

thus, during the rotation of housing with angular velocity w the

seccndary force, cavsed by the disjlacesent of the center ot mass,
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will te equal to

2mer, - 2w lm X, — Xgw

u M

Supplesentary torguesmcment frcm this fcrce is apprcximately

egual to

AMyop==20 ] m| (X, — Xy P (2.132)

Irternal secondary fcrces and tcrque/scmerts have ncticeakle
cffect on the motion of flight vehicles wjith jet engines 1n the
rarefied layers of the atmecsphere, and cne shcvuld consider then
during the stability amralysis and ccrticl. Luritg motion in the densc
layers cf the atmosphere, tte efftect cf ioternaol seccndary forces and
toxguesmoments is insigpificant in ccmpariscn sith the action tasic
and swiplementary external aerodynamic forces ard torques/moments, and
they ir calculations are not considered. Tuiinc designed performance
calculations of the moticr cf the center of mass of fligyht vehicle,

the seccndary forces and torque/acsents usually are not considered.

§ 6. €CNtRCl FORCES ANI PECREN1S.

Rocket control and projectiles in fligkt is realized by the
ccentr¢l system, integral part c¢f which are éctuating elements cit
centrols. Actuating elesents ¢k ccptrols, as thea are frejuently

called, create control forcés and terque/mcaepnts. According to the

princifle of the creaticn ct cocatrcl fcctces and torque/soments

ccatrels is accepted to divide intc three type: aercdynasic,

gas-dynamic apd thcse mixed.
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Fige 2.26. Circuit of the displacement cf tle center of mass of the

rccket during burnout.

Fage 1302.

Aercdynamic (air) or as thes occasicnally r¢ferred tc as, aircratrt
ccatrgls wcrk only in tlte atsosghere during i1nteraction with the
aixfl¢s, which flows arcund flight vehicle. Gas-dynamic controls caun
wcrk also in the atposphere, and in the rarefieé¢ layers c¢f the
atmosphere (cuter space), since tley wcrk ¢rly Lecause of the energy,

which is isolated with the comkusticn cf fuel/propellant.

Bany of the contrclled objects, fcr exzaple, rockets, winged
sissides, guided tcrpedcs ard aircraft tombs have only aerodynanmic
ccotr¢ls. Some rockets have the ccsktined ccrtrcls, which consist ct

the various kinds of aexrcdytasic and gas-dyramic devices. Aerodynanmic

ceptrgls usually are divided into steering surtaces (controls),
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pivcting wings and the interrufpters cf air tlcw

{intexceptor/spoilers).

the operating principle of ccntrcls apc pivoting winys lies in
the fact that they, being turned relative tc free position and Lody
axes of flight vehicle, change in tke frocess cf flight tneir argle
ct attack and, correspcrdincly, the angle cf attack (or slip) of

flight vehicle as a whclea

Bunctional dependences for aeradynamic ccefticients ¢, and
(c.68) and fcr torque/mcmepts M, apd M, (4-71) determine
consunication/connecticn tetveen the angleg of rctation cf contiols,
the aggles of rotation of thke bousing cf flight vebicle and the
corresgonding angular velccities. Fcr .ar independent account in the
egeatjicns cf motion of ccntrol forces agd tciguesmoments, it is
necessary to isolate coapcsing cf serodynamic ccefficients,
detersmined by the rctaticn ¢f ccnticl devices. For example, for the
elevatcrs (pitch) and cf yaw longitudinal ard ncrmal contrcl tcrces

are respectively egqual tc

)
X’l= od ((x n, -+ (‘I';I al. 15

Y= S'qr." 3, (2.133)

M P' ()

Z,= S,qr:';‘ix o

vhere s, - @ characteristic area cf ccotrcls; ¢ - velocity head;
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Crprye r:::, c:‘;,, c::;- eercdyrasic ccefticients cf ccntrols.
Bceent characteristics are detersined tsvally more precise
taking intoc account the angular velccities ¢f the rotaticn of
centrols
=m. 8 .‘ .% :
Mpy, =M 4 %, +"":' ¥,

(2. 134

=m? 4, )
my, = m’::B,l + m::: 3,

Face 103.

The moaments of contrcl forces are ¢equal tc¢

"”P', = sql’"pyl; /"p:.=5q1mp,l. \2 135u

Dependiag on the desigration/purpcse cf rccket or missile and
their aerodynamic layout, air vanes cap be jlaced in diiterent laces

cf tody (Pig. 2.27). Por clarity in figure, the controls are shaded.

Paired air vanes, flaced in wigg tip ard shich are
defleat/diverted to different sides, are calle¢é ailerons. The pfaited
€nd cg¢ntrols, which ar¢ detlect/diverte¢d incependently of each cther
to any side, are called elevons. The deflecticn of ailerons and
elevcone to different sides leads tc the roteticg of flight vehicle ct

relatively lcangitudinal ajris.
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the aerodynamic charagcteristics of pjvctitg wing are determined

just as usvual wing.

0f miniature/small rockets with tle lisited manmeuver, is applied
the cgntrol with tle aid cf the interpupters of air flow or
intergegtor/spoilers. Interceptor/spcilers represent a thin plate,
arrangeslocated in siddle or on the trailig¢ wicg edge perpendicular
to the incident flcw which is giver imtc oscillatory motion in the

directicn, perpendicular to wing cherda

icrmal force, created Ly one intercept¢onsspciler and directed to
the sjde, reverse/inverse tc the directioa ¢f the output of plate for

the wing flane, is determined on the fcraule
Ya==6ymqhdek. (2. 136)
Bere h, I, - the hgightsaltitude of th¢ output of plate and the

leggth of interceptor/spoiler. Coetfici¢nt cf the command/crew

k=(tl - tl) (t] +t.)'
wvhere t, and t, - retenticy time of intepcejtor/spoiler in upper and

lcver jositiops.

ER PP
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}ig. 2.27. Diagram of tle layout cf ccotrgls or missile body: a)
ncrsal aerodynamic configuraticn; Lt) diagrezs “kcttailed aircraft"; c)

diagras "canard".

Eage 104,

Interceptor/spciler causes the appeararce c¢f longitudinal fcrce,
which increases drag of flight vebicle. lcngitudinal force from one

intercertor/spoiler can be determined by th¢ fcrsula

Xu1=rxllqhulu- (2. 137y

fhe named above ccntrols are btrcught irtc action by steering
drives. To the aercdynasic ccntrols, which éc pct have special drive,

cne should relate r¢llerces.

Bclleron - this is tike ailexcr, withip which is arrange/located

the massive disk, whbich rctates with bigh argular velocity and which




|
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bas the froperties of gyrcsccpe. Tle rctaticral axis of disk Oy, is
ferfendicular to the plane cf the ailexgn wiict in turn can Fivct
areund axis (:, Before the lausching cf rccket, the disk untwists to

velccity Q.,,, which during rocket flight is sugported by the effect

of the incident airflow, uhich flous arcund the teeth of disk, which
frctrvde for the flank edge of ailercp. If &8 2 result of any reascns
affeaEs the perturtaticp scment of rcll .i7,, and the rocket toyether
vith scllercns will start up vith aggular velocity ., then will
aprear acting cn rcllexct gyrosccpic tcrquesmoment M, directed

aleng the aiis 0z,

¥nder the action of the gyroscopic toxguesmcoment the rollercn

«ill turn itself arcund axis 0z, ¢¢ anmgle 4, Bworeover the direction
cf rotatios will be similar so that the angular velocity vector

Q,,; vould attempt on tke shcrtest fath tc be combined with angular
velocjity vector (Jcekowski's rule). Arianged/located in
sysmetrical stabilfiszer second rollercn whos¢ disk is twisted in
Crpcsite direction to thke first, ir tuip, vill ke deflected from its
free position, but already Ly angle - 5. .ds a result for each ct the
rollexcns will arise coatpol forces +y,, wkich will create
tcrguesmoment M,,, whick parcies the ascamat of roll M. The
exasined Qrgap/cogtrol shcse action is institeuted on the use of a
gytoscopic effect, can lte describéd as "Lhe passive™ automatic

nachine of stabilizaticp, capable cf ¢yly stabilizing the angular
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velocjty of the rotaticr cf rocket ¢f its re¢latively longyitudinal

axis, it not to control the movement cf rocket along bank.

At presept one of the most widely used tcras of gas-dynamic

ccgtrgl devices are the jet vaaes.

the jet vanes - this fcur plates cf speciel shape frowms
beat-zesistant material (for example, graptite), which are
arrangeslocated at the nczzle outlet cr nozzle unit in two autually
perpeadicular planes, passirg thrcocugh the a3zis c¢f rocket. The jet
vapes can be turned relative to their rctaticpal axes to aagle 6 to

scae side or other.
Eace 1(Q5.

Iz the engine operation, the escaping tehigc bnczzle gas flcw will
flcv acatrols, alsc, for each cf thes arise the longitudinal X

and nersal VY pi{Zrarn) forces which can be calculated fros the

degendences:
Xea ,,=—.’2— Sias. oRras®heqCs racmtt (2.138)
D ran™ g SeesRras®iagy 1, e (2. 139
Zn=— S....por..w;,r,‘:;’_N&,., (2, 1401

2

vhege S, , - & characteristic area cf the et vane; ¢, - deasity

- re——— e S—
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cf gas flow; =, =~ rate cf flcw cf gases iy the location of

ccetrgls,

Jorce XX,,, 4im the saority of tle ceses is not manager and is
ccnsidered during the calculation cf trajectcries by the decrease of
the cesglete thrust of engines; the¢ norsal &nd lateral torces XY ruap
aad 7, . Aare utilized for the fligkt conticl cf rocket. Exgressicns
for the goveprging tcrquesscaents, created k) the jet vanes, have a

structire, similar (<. 13%)3 therefore tere they ace not Lrought.

By analogy with air vames, one pair of the jet vanes, which has
sefarate drives, during the motion ¢t 1ccket is arranges/located in

vertical plane and fulfills the furctices ¢t rudders (yaw) and of

tank; the second pair cf the contrcls, comapected synchronously,

elevatcrs (pitch).

¥ell known also methods of rocket conticl Lty rotaticu reiative

to the housing envire engine and by the rotaticy only of unozzle or
sfecial nozzle (deflectcr), placed ismediately after nozzle and
covering the flow of the e€scaping gases. Ccitrcl can be reached also
by the overlap of pozzles. Por this fulfose tle engime must have nct
cne, but somevhat it pufts, that were teing arrangeslocated relative
to the axis cf rocket alcmg circumteretce. In this case the overlajg

cf cne cr several nozzles vill ensure cktairiag¢ the control foice ct
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the necessary valwe and direction. They are uvtilized for ccntrcl of
force vectcr of thrust and trim tals - the ilags, moved intc nczzle
it is perpendicular to gas tlow. This methcé cf control in the

fcreign press acknowledtes Lty very reliable, although it differs in

terss cf the greatest thrust lcsse.

Becently consideraktle attenticn is given tc the method of
ccntr¢l of fcrce vector c¢f the thrtst by the inmjection (injecticn) ot

liquid cr gas of propulsion nozzle.

Tthe detailed calculaticn cf rcllercps end complex gas-dynawmic

ccatr¢l devices is developed by V. N. Koshev is placed in [33).

tbe mines of artillery pieces bave stalilizers (tail assersltly),
rigiddy fastened with hcusirg and, as a rvle, dc not have control

devices.
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Chapter III.

EQUATJCNS CF NOTION OF THE FOCKE1S CF ®YSURF2CE-TC-SURFACE"™ CLASS IN
THE DRENSE LAYERS OF THE MINCSEBERE.

§ 1. Three~dimensional equations of sotion ¢f rcckets.

: 1. 1. Cceplete system of equations.

the motion of rockets let us examine ir the systeam of

ccordjnates (x,y,z,, rigidly connecte¢d with tle Earth. In this case,
tcr sjaglification in tke fprcblem tie effect cf the Farth let us

ccpsider by the introducticn of constacnt ig value and direction cf

acceleraticn from gravitaticoal fcrce, disregarding Coriolis

acceleration; the curvature of the Fartdh alsc ccasider we will rct.
With these assumptions the system cf equaticns can be written cr the

tasis cf equations (1.16) ard (1.21).

Jt is siampler anyttbing to write systes of equations for
detersining the velocit) v cf the fcrward scticyg of the center ct

sass ot rocket relative tc the EBarth ip prc_ecticns on the axis ot

e e e ———
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the half-speed coozdinate s)stem, £irce in this systen
v, =7 v=0»=0. fThen equaticns (1.16) are simjlitied and they will

take the fors

SF NF N F,.
== ,l': 'UO..:""‘ y N TW e = — .—m’ . Q3. D

Ecr determining tle frcjecticns cf the angular crate of rotatiorn
¢t the half-speed systes cf coordipates Oxy?z* relative to fixed
system (0Ox,y,z,) in the axis half-speed cccrdirate system we will use

rig. 2.9, from which it fcllows
o, =Fsin w,e=%cosh we=0b. (3.2
Substituting o, and e. in (3.1), we wil] obtain the systen

. ©F, . F.. , S'F
v==—; w=2 . pWeosh=— = (3.3)
m m

Buring the writing of the right sides c¢f equations (3.3) let us

ccpeidexr thrust component, force cf gravity, aercaynamic and ccntrcl
forces.

Eace 107.

Let the thrust be assigned by jrojecticns c¢n the body axes cf

coordinates P, ., P,, P, Assigning tbe directicy ¢f thrust similarly,

it is convenient sutseguently during calculeticrs of the mctior
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characteristics of the rocket tc ccpsider tie gas-dynamic contrcl
fcrces which appear during the deviaticr of force vector of thrust
frces axis cf rocket. The ccptrcl fcrces, created by separate
gas~djyramic controls, can ke included ip tkrust component along Lbody
axes. Furthermore, it will e possille to elsc .consider the etfect ot ;

eccendricity of thrust cn tte mcticp characteristics of roucket.

Aerodynamic fcrce let vs assign ccaponents X; Y; Z in the
tigh-sgeed/velocity cocrdigate systes. Ther, after using the tatle or
direction cosines (2.3a) andé transter equaticns (<.6), we cktain the
frcjections cf aercdynasic force ¢r the halt-sfeed axes or the

cccidinates

R = —X; [
Rye =V*=1} cosy,— Zsin y

3.4
Rpe=2"=) siny,+Zcosy,. l

Values X, Y agd Z in the first apjroxisaticn, can be deterrmined

ty formulas (2.85) and (<.S5().

§o the body axes of cocrdinates, let us write contrcl

serodynamic forces, created by cne-tyfe aercdyramic coatrols -
N Xpi XV I Zp

PV

Using the table of directicn ccsines (:.35) and transfer

eguatjcns (2.6), we will cktain tle rrojecticps c¢f the tarust and
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ccntr¢l forces on the half-speed cccrdipate axes: !

P,—EX,:(P,,—EX,,,)cosacosﬁ——

_(P,,+2Ym’sinucos?—{—(P,.—}-zZM)sin 3 k
Pr+2 Yy=(Px, —-EX,,,J(sin acosy, -+

+sin y. cos a sin 3) ~{-(I—’,,, +2 Y,,:) (cos y, cosa —
—sin y, sin @ sin .3)—(/)2, +2 Z,,,) sin y, cos &; (3.1
P +ZZ;=(PJ,, —2 Xp1)(sin v, sina—

— €OS Y, COS & §in 3) +(P,, —+—E }’p,:) (sin y, cosa 4
+cos y, sin a sin ,(1)-[—(P., —{-z Z, ) cosy, cos §.

Since we is nct ccnsidered the variability of gravitational
force and the surface curvature cf the Fartl, then the projections of

gravitational force on the kalf-sps«ed cooréinate axes are cktvicus:
Q,=—0Qsin8 Q,v=—Qcost; Qe=0. (3.6

Face 1(8.

Substituting the oltained above ccrpcrents cf all those
considered by us forces (3.%) and (3.6) amnd fcrmulas for angular
velccities (3.2) into fundasental eguaticms (3.1), we will obtain the
system of equations, which describes tle mcticc of the center c¢f mass

cf rocket in the half-spreed system cf ccordirates

. ] , -
z-=;(p_,—“_“xp—x+o_‘. B 3.7

o 1 ‘ rE . ',
M::(Pl,.—l—z)pi-)’ +Q )i (3.8

vt cosb=— (PN Z 170, 3.9
m - 7
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Tte egquations cf tle rctary scticn of 1cckets and aircraft
usuvally write in projecticas cp the bcdy axes of coordinates. Any
ancther, the not ccnnected sith rccket, cocrdirate systenm is mcved
relative t8c rockes, but this leads tc tke pe¢ed for using during the
study cf the motion of the rocket Lty the variatle values of the
scments of inertia even with m = ccpgst, which ictroduces ?
ccaplicaticns. Let us write the eguaticgs cf rctary moticn in
frcjections on the body axes of cocrdinabtes, assuming that the Lcdy

axes ¢f cocrdinates coincide with frircipal cerntral inertia axes:

Jeywg, L1J,—J, 0, 0 = E M,, +E Mo (3. 101
Jy, u'u,,+(J,,—J,|)w,|m,,—_—EM,I+EMP,I; (3. 11i

jz.‘;’z."l‘(jy,—jx.‘“’x.“’y.zz‘w:.*l”EMpzn (3. 12)

vhere X Mei M VM. - sur cf the jrcjecticns of the moments ot
exteraal forces and thrust cn the bcdy axes cf ccordinates (without ]
the acccunt cf control forces); EM“,:EM”,;EM,,, - sun cf the
[rejections of the woments cf contrcl forcés cp body axes cf

cocrdipates.

o e 1 g TR TR+ ST VA . Y e At ~ T DTSRy i TR
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Shile the motor is running the moments of inertia will be values

altercating/variable as a result cf a change in the mass of rocket
tecavse of the tuel consusption. Numerical values J../, J, fcr a
rocket are defined just as for any ccajgund, i.€., for calculatiny
the sgQments of inerntia it is necessary to téve the detailed drawings
cf rocket and to kncw tle law of a change ¢t its masses in flight.
Wcrk according to the calculated determinaticn cf the moments cf
inertia and with respect tc their change jis very tedious and
latoricus. Therefore dvring their apprcximate kallistic calcuvlatiorns
they take by constants. During the xcre precise calculations,
connected with statility ard ccntrcllability, it is necessary to

ccnsider the variability of the »crents of inertia.

Fage 1(9.

1he exferimental methods ct determining the mcments of the inertia of
cospounds, the giving mcre eccurate results in comparison with
calculated, are developed in sufticient deteil in mechanics, and we

ccpcexrn thems will nct.

For setting of comsumicaticn/cannecticrs Ltetveen derived ¢. y. y
apd aogular velocities .,. uw, and v, we will use the taple of
direction cosines 2.3e and Ly transfer @geaticrs (2.6) with the aid

cf shich we will obtain

w,, —a sin B-l-\"; !
v, = 4 cos b cos y 4 sin y: (3. 13)
w, = —bcos hsiny 4 Hcos v,

FUTII S
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Sclving these eguat;ons together, we will cltaig

==wy, sin y - e, COSY; (3. 14)
L e
b= 10, OS Y — @, SiN Y (3.15)
i'—-w,, —tg 8w, cosy—uw,, sin y) (3.16)

Buring the determinaticn of ascunts of a€rcdynamic torces in the
Frocess of the solution of the spatial frcklem c¢f moving the rccket,

it 1s pecessary to iknow the values ¢t apgles a, g and y.

Betermining the directicn ccsines ¢f ccnsecutive passage from
tcdy axes to high-speedsvelccity, trcm the tigt-speed/velocity tc
half-speed and from the half-speed to their terrestrial and by
equalizing directicn ccsines of direct fassece from body axes tc
terrestrial, we will oktair the follcwirg relaticnship/ratios Letween
the acgles:

sin 8 =sin 8 cos a cos 3 +cos 8(sin a cos y, + cos a sin 3sin y s 13. 17)
sin g cos y=sir W cos B cos y. +cos ¥ (sin 3cos L
+sin y, sin 8 cos $)—cos ¢ sin & sin v; (3. 18)

cos B sin y=sin y_cos Bcosd —sin 3sin 0. (3. 19

tence

cos b sin y 4 ein B sin 8

Y.=arcsin
cos f cos 8

8 angles « and P acre determined during the sclution of complex

quadratic trigonometric eguations.
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Jf we now utilize expressions tcr the (rcjecticns of the
velocity vector of the certer cf mass <¢f rccket on the axis of

€earth-tased coordinate system (see Fig. 2.9), then wve will obtain

oA R}

=qcosbcos ¥y 13. 20)
dt
Jll; .
—== . qsin 6 (3. 21
d:
02y . . R i
— = —qpcosbsin ¥, (3. 22: ‘

dt {
Bespectively distance from the crigin cf .ccordinates to the

center of smass cf rocket (slant ragge »ill Le equal

r—l/ x§+y:-‘~l.-:_ (3 23

Bquations (3.7)-(3-14) and (3.14)-(3s43) tcyether with the
eguatjcn
I3
m=m,— (Im|dt, (3. 24)
0
Ly that deteraining mass change, will ccmprise the system from 17
egquat jcns, which describes the spatial moticn cf rocket. This systen

ot equations can be applied for different target/purposes. Most

freguently it are utilized for the scluticg of cirect problem cf
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exteraal ballistics. In this case, if will te kpcwn all the
gecmetric, weight, inertia, aerodynamic chatacteristics <f rocket;
the characteristics, which determine tle ofperaticn of its engine; the
laws ¢f a change of the ccytrcl foxces J, Xplt)h X Vih ¥ Z)
and of the tcrque/scments EMpx. (), EM”,(t).ZMp,.(tJ and the initial
tlight copditions, equaticn of systes can L€ ty cne or the other

sethcd integrated.

As a result of soluticn, will ke fcumré all the motion

characteristics of the rccket

o) B(th Wtk xgith walth z3(th
rey B(n duk vuk aleh Buk
Yelth w (IR w, (1) w, (th m(.

In a series of the cases, can ke assigred the part of the moticn
characteristics: the value cf ccordirates, welccities or angles. The
sctico characteristics of rccket are assigned as a function of time
¢r cther values, for exasmple, velccity chasce in time v(t), pitch
angle ip time #(t), the angles of deflecticrt cf ccntrol devices with

resgect to time 3, (1), 3,,11) & (f) cr y3=f{x,;) ard sc forth.

Fage 211,

. * < - R e = o ’ ' 4
7//(&6’ '/[L//(Af/C//J (Q"(: ('“,?//(.(z/ /)/("\‘(// u’/'////( (I/(g((i(/(‘jlv
During the assiynment of fprcgrasmec equaticrs, the part ct the
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fundamental equaticns cf systea (3.7)-(3.12) agd (3.14)-(3.23) will
render/shovw excess. For example, if is assic¢ned 9(t), then value 3
can be determined directly Lty difterertiaticn cf functiou 3(t) and
equatjon (3.14) will be exceéss. In this case¢, it is logical, the

scleticn of direct problem is simplified.

Becr the more ccmplete study of ccntrolled flight, stabkility of
sction and stabilizatico cf flight vebicle epparatus to tne written
eguaticns, it is necessary tc add the equaticps cif control, which
descrikte the operation cf tke ccntrcl systen. Luvring the flight
centrgl frem different paraseters, the rocket sust have controls with
the belp of which can change the ccirespoading parameter of the
sction of tocket. For exanfple, during coptrcl from the aagular
jaraseters ¥, V and y rocket has tte apfprofriate control devices -
ccatr¢ls of pitch, yaw and tank. Luring cortr¢l on velocity mocdulus,
the rocket must have the actuating elements, which give possibility
tc atfect v by the way c¢f a change in .tlte tirust or dragy (for
exasple, .nozzle vwith inter tcdy cor ¢f variccts kinds aerodynamic speed
tcakes and flaps). In tle ceneral case the jcsition of executive
ccotrgl device in the fprccess of rccket £ligkt cepends on many
Fatameters. They include changes in the nased akove angles, angular
velccities and acceleraticgs, coordinates ci tre center of mass,
velccjties and acceleraticgs ir cccrdirates. Fcr providing the

pxegrammed change in the determining parameter, actuating clement
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sust be set in the fpositicp, which ccrresgc¢rds tc the difference
tetveen the seasured and prcgrassed valtes cf the paraseters. For
example, during programring with resgect tc pitch angle, angular
velccity and angular acceleration the equaticp cf ccatrol fcr
determining the deflecticr ¢f the ccrticl ¢t pitch takes the

tcllcuing form:

3, =kosA® - krad -+ kasd, (3. 25)

shere ko ki ko - coefticients ot the equaticy of contiol alony the

charnel of pitch.

Analogously can be written the equaticrs ci control, also, for

cther parameters of the acticn ¢f 1ecket.

Buring speed ccntrcl ¢f the cepter of sass, the displacement of

actuating element will le determine¢d Ly the fcraulas

I, = hkoyAT+ Ay, 0, (3.26)

where Av=v— U (U - prograamed velocity)e.
Fage 112.

in the general case cf the egtaticn cf ccrtrol, it is possible

tc srite thus: J
Bl = E F‘ (E‘ -— E‘n’y; (3 27)
0

I
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arzzsli(. :uﬂhl
0
(3.27)
............ :
i .
61 = 2 FI lE/-Ei npu;
0 )
vhere t, - the parameter ¢f the mcticp of 1ccket on which is

conducted the contrcl; j - lasts/latter derivative considered along
the apfropriate control charnel; - - éisplacesent of the
ccrresgonding controls; F, - operater c¢f ccntrcl along the

ajpropriate channel.

The supplementary ccaplexities, nct reflected in the written
egesaticns, consist in tle fact that the fcrces and torgque/moments are
iaterccnnected with moticn characteristics eleng dependences (2.65),

(2.68), (2.71), (2.75), (2.76) and Ly cthexes.

The sclution cf the ocsplete sjstem of eguations, which
descrites the three-disensicral/srace flight of the guided aissile,
is very complex and lakcrious; mcst frequertly éuring the soluticn cf

fractical prcbleas, systes is simplified.
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le 2. Simplified systeas of e¢quatiogs, wbick describe spatial mction

cf the guided missile in the dense layexs ci the atmosghere.

puring amction along aissile trajectory with the well designed
and cgrrectly working cecntrecl systes, .the argles a, B, vy and Y. as a

tule, are small, small alsc angular velccities, Or. Wy and o:!

Fage 113,

This sakes it possikle tc disregarc as small seccnd-crder quantities
the terms, which contain the products of tle sires of the named
anglegs and product ct argular velccities; sith this system of

equaticns it will take the tcra

1. 1'=;—[(P,, —E le) cos acosfi—-(P,h-{—

+: ¥, ) sin @ cos 3+ (P,‘—f-: Zm) sin 3—X —Q-sin 6].

o g ;"'_v[(pr _E Xp,)sin acos vc+(Py.+

+ 3 mjcosyecosa— (P~ N Zpsinyecos 34re— (3281
—Q-coso}.

3 ¥=— m;‘o [-—(P,,—E,\’,,)cosyccos aX
X sin -4 (Py,+ 2?’,,) siny.cos a4 (P, +




-
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- N Z,.| JCOS Y COs 3 .‘..Z'l~
-
4- ~ll.wr — \‘ .‘t_(' \‘ ”' ‘-
a— ann

o e

N\ SNV

~.”" — lp:'

6. J.w. NN, N
a a—_

1

ToWL w o siny cw, COS Y

8 Yo - w COSYy—w StHY.
cos )
9 y=w, —tgihe cosy—w, sinye

100 sin# Ssinbeosacos s =~cusBsin acos y,.

1 sinseosy  sin 4 cos teosy - cosWisin scon
= Sy ni oS 2 —cosdsin ¥ sin y.

12, cosbsiny sy oo feos 8 —sin ssind.

13. x,— vcosbeos V.

4. u,- vswm b
13, s;= —wvcoslsin W 4
6. r-) & -2
o
17. m==m,— |\ mjdt.
b
i

Althouyh some equatiops were sianplific¢é, as befcre their number
andé the number of urkncwns remained equal tc¢ seventeen. Further

eisplification can ke carried ocut, it cre 26sumes that the autcmatic
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sachime of roll cajpture pzcu‘,des't_t_t lccaticn cf the body axis cf the
rccket Qy, in the vertical jlane, jassing tkrough the axis of rocket

Cxae i.€., to assusme laterally level flight, with y=0, y=0, o, =0
Fage 114,

System of equations im this case will take the fora

1

z}=—m— [(P,, —E Xp‘) cosa cos 3 — (P,,-}-E )"p,)x

X sin @ cos?—{—(P,,-}—E Z,,,) sin *— X —Q-sin 8];

s . .
b= [ (Pr= M HmJsinacos vt (ot Wovu)x | 320
X cos a—(Pz,+E Zpl) sin y, cos ?+V*—Q~cose];

V= -t (P in 8-

mu cos § [ (P" E Xpl)COSvccosasm 34

: (I)“'+E }'p)sin y.cosa 4—(P,|+E Zpl) X

X cos y.cos 3-- Z*;

oo, = N N M

1 13. 29
wl/v;

\ . o
W w, 3 .,:;_
cos &

sin ¥ =sin B cos a cos ?-+cos B sin acos ya

sin ¢ =sin ¥ cos Jcosy, -cos ¥ (sin 3 cos b —
--sin y, sin 6 cos g);

sin y.=tg 3tgh.

The ophers of five equaticygs will resain without change.
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Arnother vay of simplification in systes (3.28) is ccnnected with

the cgncept ct the scticn ct rccket ir balarcing conditions/mode.

It we in the sszall trajectcry fhase dc not consider transverse
vibraticns cof rocket of its relatively canter ¢t mass and rctaticn cf
relatively lcpgitudinal azis, i.e., tc consider that the flow ct

certajr tise its motiop is comgpleted, with

o, Tw, o, 0

and, correspoadingly,

0, Ta, o, 0,

then frcm equations (3. 14)-13.16) we will clitain

while frcm (3.10)- (3.12)

EM,,;EM“,zO: EM,.-}-EM,,:zo;

N\ —~—
¥ M+ X My, =0. 13.30

last/latser equaticns are called the Lalanciag dependences which
teflect equality the mcsents of cecntrcl forces tc the moments cf all

resaininy forces, which act cb rcchket. the acgles of attack, slip and
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tapk, detexamined by balencicg deperdences, ér€ called tria angles -
as. Be and ve. a the mcticn of rocket witl suct angles aicng

trajectory - by motion ir talaccing ccpaiticrsysode.
Fage 11S.

Actually, this moticn «f the ipertia-free rccket which at each
scment of ccntrolled flight occupies ip spéce such angular jesiticr
shich cecessary for mcticr alcng fprcgrasmed trajectcry. Angles
0: ﬂ;nd Ys slowly change along trajectcry, tleir instantaneous
values depend on the surface pocsiticr, velccity of the amotion of
rccket and heights/altituvde cf its flight. Ir tte well designed and
ccrrectly working systes cf ccntrol, as a rile, angles as fs. Vs
and Y. are swmall, which makes it jessitlle tc¢ drop/omit in equations

the¢ terms, which ccrtair the fprcducts cf tle sires of the ramed

angles. With this, system cf equaticrs will have the fora

v ————— s

1
{
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im [ X Aot X

m
X sin ag cos 4 £, - ‘\: Zp)sin 3g— X —Q sin B];
SRR ~ _ N
6:;{-"(,“, ‘\-‘.\",’sma(»,x,osn-L(/’yl+L)px’}><

> COS g €OS a\\+(/a,+Vz,,, Isin y, cos 4,41 " —=Q - cosBl;
X231

V= - [ -(/’x. -V z\’p,) COS Y COS Qg SIN Jg -+
mu cos b )
to - . . . Al
*l/).n,'f“v_) ;q) sin y cosag - (7., - )_ Zn) X
X €0s y, €os 3; - Z*];
N N, =0
r A
Ny, LN M, =0
r_J ° amnd
N, AN M, =0
il an
sin 8 =sin 6 cos @, cos 35 +cos B sin ag cos Y
sin ¢ cos yg=—sin ¥ cos B5 cos y. +cos ¥ sin & cos 3 —
4 sy, sin 6 cos Bg —~ cos ¥ sin ¥ sin yg;
cos B sin y, =sin ys oS 35 cos 8 — sin B4 sin 6
ka——-vcosecos v
ys=vsin 8
z3= —wcosOsin ¥}

r=VATEFE

t
m=m,—6y|rh|dt.

Face 116.

The ottained systes ccrsists c¢f 14 eqeeticos,

(3.3

which contain 14
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unknowps. If one assumes that in the prccess of flight the angles

ac. Po. you and also Y+ dc¢ not exceed the wvalues with wnich
fcasitle tc accept
Sin ag T ag: SN Yo = Yol cosag = I; cosys = [}

Sin 36 = dg8 siny, =y, cos 3y =x I} cosy = 1,

then in system (3.13) tle fcra cf equations sttstantially it

siwplified and it it will te writter io the fcis

e ¢ /\:?t’/'(f

it is

bl ot
G s o e

it

will te




M
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b=L

L[(Pa= N Kaast(Put N a)~
—~(Pet S Zyn | ve )" ~Qcos B);
Vot (P N X (Pact MY re
(AT T ,
N M+ 8 My =0; ‘
A |

My, + N My, =0;

l

13.32)
EIMZ'J_E Mpz|:0:

sin 8 =sin 6 -}-a4 cos 6;
sin o =sin ¥ L cos ¥ (35 cos 6 4y, sin 8) — 1y cos Bsin ¥
Yo COS # =1, cos 6 — 3g sin 6;

x;==vcosbcos ¥}

y;=vsin 6;

2= —mvcos§sin ¥}

r=VX T4 25

l .
m=my— Hmldt.

0

It is examined the szcticn cf the i1ctating cr slow rclling

rcchket, thean, obviously, w., 90, while the legjitimacy of assumpticr
oy, =w,, =0 should Le clecked by sfufpjlesentary investigations.
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Fage 117

Essential simplificaticn in tke systex cf equations, which
descrites spatial moticnm, car ke cttained fc¢xr axisymmetric rockets
and prcjectiles vhose thrust does bct creat¢ zcsent with respect tc
the center of mass and it is directed along axis of rocket, i.e.,

svher

e e R R

i Fcrces X, XYy, XZ,, let us consider in anglicit form, after
include/connecting them resgectively ir dre¢, hcisting and lateral

3 fcrces. Then from (3.4)-(3.9) e cktair

v= -I—(Pcosacosﬁ—X——Q-sin 6):
m
6=»L[Pwmacmnymsaﬂnﬁﬁn“%r
me
{ ~}Y cosy,~Zsiny.—Q-cosb}; (3.3%

= —

[P (sin asin y,—cos asin scosy. +
my cos b

4.V siny. —Zcos y.}.
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Frcm [3.10)-(3.12)

Jx.“;.r. =E Mx, —(-,2. e Jyn) Wy, W, +E "1"1"";
Jy.“;y.=E Mﬂl—(‘lln_‘,zn)mllw'fl—LE‘/WP"!; (334)

i

Lo, = N M —Jy = Ji)wxo, + N My,

Jf the aggular velccities w,,, W ¢t the rocket (frojectile)
in rotary motion are low and w.=VU. tke¢n ecuaticns (3.34) can te
replaced with talancing dependences (3.30).,, frce which let us find
triz argles as Po and wild introduce ttes in (3.33). Additicnally,
as kefcre let us accept sinas=as, sin fs=pos. SiNYc=Yc, a the cosines
cf these angles let us equate tc writ. Por bcisting and lateral

fcrces let us accegt tte lirear dejerdences

Y =Y'a u"Z=—2Z%, (3. 35)

where o8 8
Y*=¢Sc; wl 28 =48|c%]. {3.36)

Key.: (r) and.

iptroducing the adopted simplificaticgs, we will optain frcm

(3.33)
- o=f=X_gsing; (3.37
h=m+yﬁ%+W+Z“Mr_gw”; (3.38)
my v
\I}z—(P+ Y agye — (P + Z%) 3, . (3. 3%
mycos ¥

Fage 118.
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Brcn equations (3.17), (3.18) and (3.1¢) we will obtain

sin B ==sin 6 3-cos 8(as + Yk
sin % = sin ¥ 4-cos ¥ (3, cos 6 -y, sin 8); (3. 40
' Y.z tgh.

Equaticns (3.20)-(3.24) will regair withcut change.
Thus, as a result cf tie sisplificaticrs ccnducted we will
cbtain system from 11 equaticns, the ucknowgs ig it will remain 13:

vty B Wik X35 gzt Z3ltn ruh
B SR aglth Ul ye(£), mie).

System can be solved, if we tc the writter eguations add the
kicematic equations, which deterwire tte methcd of control, or to
accept for two of these urkrown values the specific law of a ctange
in them ip time (prcgras). Fcr exanple, forx the rockets ot class

"farth~ Earth" can Le acditicnally &ssicnec 3 (t) amd ().

Io equations (3.38) anmd (3.39) the terss, vhich contain the
prcduets of small angles Psyc and do¥e: are€ ccrsicerably less thar
resaining terms, and wke¢d ccpductirg cf agpjicximate computations thenm
it is possible to drop/cait. Then imstead ci ecquations (3. 38) ard

(3.39) we are have

f \PrYas geosh (3. 41
mv v
. $
W P+ 208 (3.42) ,

muv cos 8
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Thke three-dimensicral /sgace flight of the guided missile with
engine cff can be descriked Ly the system ct eguaticns, cbtained frconm
(3.28), if we place in it equal tc zerc thiuwst ccmponent
tcrque/mcaents from threst and to acceft » = cecpst. In this cace, the
first three¢ equatiors take the fcru

"u=—; [—-cosacos SEXpn—sip acospz)’m-{-
4-sin ?!ZZ,,I—X—Qsin 6];

9=—l~[ —sin a cos Y"EXP' +cos ycos GEYN"
my

3.43)
~— sin y, cos }E Z,,;—H’*—Ocosﬂ]; (

., 1 . .
V= — p———- [cosyccosasm 8 2Xp1+5’“ Yo X

X cos a :Vpl — €OS Yy, CO3 @EZ,1+Z‘].

and the others of thirteen equaticns cf systes {3.28) can be

usdertaken withcut change.

Eage 119.

1.3. Systess of equations, which descrike tle spatial moticn of the

unguided rccket in the dencse layers cf the etecsthere.

SRRy

L
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The systeas of equaticps, given in twc freceding/previous
secti¢ns, can be rebuilt ip copnecticn sitl tke moticn of the
unguided rocket, if we drcpsomit ir them the equatioans of control
(3427) and from remaining equaticns tc exclude sembers, whc contain
ccotr¢l forces and torquesxcments. fcr exaaple, cn the basec cf system

(3.28) we will cbtain ftcr tle unguided rocket

V= Lm [Pr, cos @cos 3— P, sin acos 3 —P,, sin f—
—X—Qsinf];
é:,,—,l,j [P, sinacosy, =P, cosycosu— P, siny. X
X €os 3+)Y*—Qcosf];
W — 1 [—P,, cosy, cos asin 3+ Py, sin y cos a+ (3.44)
my cos 6
+ P, cosy.cos 3+ Z*;
J,,é),,zz Mes
Juoy,= 3 My

J: @, =2M,,.

fhe others of 11 equaticns cf system (3.2€) will remain without

charge.

§<. The principles cf the separation of spatial motion iantc

fcxwasd/progressive and rotaticnal, lcngitucinel are lateral.

the separation of spatial moticn intc the fcrward mction cf the

center of mass and rotary relative tc the cent¢r of mass, into
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longitudinal and lateral significartly simplifies the egjuations of

enternal ballistics and tteir scluticr.

Face 120.

Bith a strict thecretical apgicach to the sclution of protlen,
the sefpdaraticn of tte equaticans, wkich descrite complex spatial
scticn, into the equaticns, which describe crly fcrward moticn cf the
center of mass cr cnly 1ctary moticn relative tc the center of mass,
apd into the eyuations, which descrite the seperately longitudinal
and trxansverse poticns cf tle center cf mass, ckviously, is
isjcssible. The rotary soticn of tte¢ center of sass cf solid bedy ct
variatle mass (trocket) and ¢f the Lcdy cf cuenstant mass (projectile)
agd the forward motion cf tle center cf mass cf these bodies mutually
ccnpected in principle. Diring the scticn c¢f bcdies in air, basic
ccasumicaticn/connecticn tetvween tlese two ftcrus of motions is
realized through aerodynamic forces and the tcrgue/moments (see §4
and §5, chapter II). Furtbermore, the inteércependence of
fcrwasd/progressive and retary soticp fcr tile cuided and unguided
missiles and projectiles is exhitited throu¢k the sc-called crcss
ccuplings. Depending on the fcramulatico of the froblem during the
cosgilation cf the three-disensicral equaticns cf motion of the

rcckeds and projectiles, are considered inertia cross couplings and

sercdynamic cross ccuplings, but duxing the ccapilation of the

Reiiein 4
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three~dinensional egquaticns cf scticr cf the ccytrolled objects in

the ejypanded setting, sust ke considered alsc the cross couplings of

the ccntrcl system along the channels cif pitck, yaw and Lank.

Jn equations of moticg, inertia crcss couplings are exhibited
thrcugt the terms, whick ccrtair prcducts c¢f irertia, and the terums,
shich ccatain the products cf the apgular velccities of form
[s€e, for example, systes of equaticms (1.2() J. To inertia cross
couplings can be attribuvted alsc ccapubnicaticgyccnnections,
determined by forces ard Ccriclis's tcigquesrcments, which appear
during the displacement of n1asses cf tke relatively oscillating
pissile body [see eguaticns (1.12) ard (1.14&) ]J. RAercdynamic crcss
ccuplings are detersined ty the dissymmetry of the flow arcund rocket
cr grgjectile in f£1light ard ccmnected .with this field distribution of
velccjties according to their external enclcsures. The cross
ccugpljngs of the ccotrc)] systes most ncticeéelly are exhibited through

a difference in readings cf measurirc ard actuating elements,

the acccunt ot crcss ccuplings ir the systess cf egyuations,
shich descrite the moticn 9ot rockets &nd prcjectiles, becoses
ccrgplicated Ly the fact ttat tle acting forces, their torjue/moments
and the moments of inertis are deterained re¢lative tc ditferent

cocrdjnate systems and their ccraugicationsccnnection they are

exfressed by complex functicns, changimg it tle€ process cf moving ot
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rcckets and projectiles.

Tthe systematic yeneralization of investigations in the acccunt
cf the effect ot crcss ccevplings c¢r spgatial moticn of flight vehicles

ip air is stated in wonks [7.%2].

#cr rockets and the prcjectiles cf cless tle “"surface -
sertace", as show theoretical and experimertal studies, the
separation of motions durim¢ the scluticn ct tallistic protleas into
the forward aotion of tte center ct mass apc rctary moticn relative

) to the center of mass ard tle sefaraticn cf forsard motion into
lcpgitudinal and lateral, makes it pcssible tc citain the virtually
acceptakle accuracy of the calculaticns whese results will agree well

with the data of trial tirings.

Fage 3z1.

4.1. Separation of wmoticn into the fcrvard scticn of the center of

téss and rotary maticn relative to tke center cf mass.

Bivision of motion intc fe¢rvard/prcgressive and rotary is
ccgducted most frequently deriny independert apjroximate scluticn ot
cme of the basic ballistic tasks ct determiring of the wmotion ‘

chatacteristics of the certer of mass cf rccket (projectile) and ot
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the tasks, cognected with stability cf soticn, Ly

cscillation/vitraticns and ccntrcl.

In the written abcve systems c¢f eguaticns, it is possible tc¢ !
isclate the equaticans, whick detersine the acticn of the center of
sass, and the equations, which determine mcticr relative tc the
cepter cf mass. For exasple, ir systes (3.:f) the left sides of
equaticns 1, 2, 3, 13, 14, 15 - the derivatives of the
characteristics, which determine tke mcticg cf the center cf mass cf
rccket; equation 4-9 ccrtair the values, which determine motion
1elatjve to the center cf mass. Trigcncretric eguations 10-12
detersine the additional cegstraints tretweer eight angles 9, VY. y.
€—3, VY. 4 and B, The fitrst twc atgles can Le determined during the
joint scleticn of eguaticns 1, &, 3, 14 ané 17; the cthers - during
the scluticn of equations 4 ~9. It is lcgiceél tkat the separate
soluticn is fossible with essential sisglitficaticns. In egjuaticns 1,
sy 3, which describe tle amcticr cf the center cf mass (material

jcint), it is necessary tc accept e=f=9=y.=(, then

'v=*[(“ \‘X,.l)—\—QsmG ‘
sl e s
S l/),,+ Nz, z} !

mu cos b
After the addition of equatiors 14 ané 17, system will be locked

and it can be solved independently. Fcr definiticn cf six angles 8,
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. v.a b and v and thkree angular velccities o« . o, . o can be
used mine wguations U-1i. 1tkese equaticas cannct be solved
independently, since for determining tle tcigque, ,moments in the right
sides cf equaticus 4-6 it is necessary to kicw velocity and flight
altitwde. Taking into acccust the techrical difficulties of the joint
scluticn of nine eguaticns, in pracsical wcik uvtilize an artificial
sethcd of the separatior ct system irtc the eqwations, which describe
lcygitudinal, lateral and rctary mcticn intc thke longitudinal and

lateral stated in fcllcosing sectior. Fcr describing the rotary amotion

‘ cf rccket or projectile (artillery and turkcjet) is utilized equation

11:33).

lage 122.

4.2. Separation of moticn irto longitudinal ané lateral.

Buring the separation cf the ccpplex zcticn cf rockets intoc the

lcngitudinal and lateral, accept, that in tite first approximation,

the azxial sotion does not depend op the lateral. In accordance with

this jr egquations for deteraining cf lcrgitudiral-behavior
characteristics, are considered only thcse 1crces and the
torgquesmonents, which act ir range plare. ¥ith determination of the
lateral-behavior characteristics of tccket, tc ccnsider it

independent variable of the lcpyitucinal is impcssitle; taerefcre in
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¢quatjcns are included all fcrces apd the tcrquesmoments, which to 4
certajn degree can cause the deviaticns of i1cckec trcm rdnge plane.
Fcr am €xasple we will cktain tros (:.2€) tle system of eyuations,

which describes the longitudinal (flatyplage) mction ot the guided

siscsile.

: 1 N N ..

z';?l(bn ‘\-‘.\,,l)cosu—lr',,-k—}‘),.,)x
X sina - X —Qsin 8);

: i N, N,

“:m—J (I’.) AL‘\;”Y) sin a+(.P,,, . L)pl,)\
X cosa--¥*—Qcosbj;

J w0y, = N LN

V=w,}
» ' R ) 13. 46)
sin ¥ =sin Bcosa--cosbsin a==sin (6 + a);
X3==vC0s b;
yy=1sin §;

r=} Xy

frigonometric eguaticn in systes (3.U46), tlrat ccnpects angles §,
6 and a, in a series of tle cases tc¢ ccrveriertly replace with the

€qualjty
8=04a. (3.47)
It in the first twc e€quaticns .ccntrol fcrces are unkncwn, then

tc system cne should adc the eguaticr cf ccrtrcl, for example -

13.25). The obtained system ot equaticns is lccked and can be sclved.
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Bet us write ncw systex of equaticys fcr tte determination of the

lateral-behavior characteristics cf rccket, assusing laterally level i

flight (9=0)

. ) N TN
= — — (P ~—\ X )cos o sin 3+
4 mu cos b [ ( Y 4 y
- (PU|+E ).p],sin Ye - ('“2|+ : ZPI" cos p ;Z*]; ']
‘Ih‘;',!w == \"‘lb' . \‘ ‘Hi‘il.;
- = 3,481
b= w5

cos ¥ o
sin v=sin ¥ cos 3vosy, -+ cos ¥ sin 2c0s 6---
-Ssin y sin 8cos By
sin y,=tgptg6;
3= —vcosbsin ¥,

Equations (3.48), whick descrike ¢ply jyawirg mcticn, cannct be

sclve¢ independently, withcut tbe acccupt ¢t the basic values,

detersined by axial moticr. For e€xample, ir system (3.43) the first

€quaticn is tasic during jarameter determiréticn of yaving mcticn,
tut i¢ is solved, cnly if aie kpcwr mit), W{t) and 6(t). The

aercdynaric forces and the tcrque/scments, shich act in side

direction, also cannot le detersineé, if are wct known velocity and

tlight altitude.

System (3.48), which descrites yawing scticn, it was cktained
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ccoplex; furtherrope, witk large @ it is mecessary to check the
lisits of the applicability of the fcrmula, deterwining vy, Essential
sisplification in the systenm can te cktainec, if we use artificial
method and tc accept 3=6=( in the ecuaticns, determining the angular
parameters of the mcticp ¢f rocket. This assuwmption is equivalent tc
the assumption that the rcclet flies ir hcrizental position, its
lcngitudinal axis ccmprises with thke velocity vector of the center ot

Bsss angie P, and angle y.=0.

| Fcr oktaining the results, clcse tc reel, in the eguations,

f shich determine the conditicnal horizcntal trajectory of the mcticn
ct the center of mass cf 1ccket, its velocity must be undertaken
eguval v = cos @ whose factors are detersinec during the soluticn cf
system cf equations, wbich cescribe the axiel mction of the center of
mass ¢f rocket (projectile). With the adopted assuaptions from (3.48)

it fcllcus:

1 1 .. \
V= mv cos 6 l—(P"—E Xp1)5m P+
+(P:,+E Zpl) cos ,3—}—2*]; |
Jy.“;y.=2My,+EMpy.; ! (3. 49
4‘:“)”1:

sin ¢=sin ¥ cos 4 cos ¥ sin 3=sin (4%
z'3= —wocosOsin ¥.

JENERSHIATT SHRORSCN, SE-DNE - S

AR R
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Eage 124.

EFenul timate equality it is possilkle tc replace by tne sum cf the

angles

17
]
1

3. 501

If in the first ecuaticn are wnkncen tle centrceclling forces,

then o system (3.49) cre sbhculd acd the egrtaticn of control.

The flight control cf rcckets, as a rwle, is realized along
thiree =separate channels - cn pitch, tc yaw &erd tank. Despite the fact
that each control channel sclves inderendert prctlems, their wcrk
frcves to be interdependent that it is exhikited through the dynamic
characteristics of rocket, dynamic ard kinesatic motion
characteristics and cross aerodynasically ccEmunication/connections

[see systems of equaticns (Z.1)—(3.24) and icrasula (2.73) ].

Thetefore during the scluticn cf froblems regarding the mction
characteristics of the guided missiles, it can te divided into
lcpgitudinal and lateral crly atter setting of the legitimacy of this
divisicn on the basis cof the prelisirary arelysis ot the sgecitfic

characteristics of rocket, its ccntrcl system and the conditions of

scticn.




B s IR

i A

L9C

78107105 PAGE 28
The synthesis of ccmplex spatial scticr taking into account the
special feature/peculiarities of ccgtrcl cp eack of the channels

sbhculd ke carried cut fcr specitic ¢crditicrs.

§3. The simplified systesms ¢f equaticns lcngitudinal and yawing

scticns of the guided missile in tle dense layers of the atncsphere.

In many instances it proves tc ke advisakle to cbtain the
simpljtied systems cf ecuaticns lcrgitudinal and yawing motions not
fres the ccunmons/general, tctal system cf spetial motion, but it is
direct according to simplified diagram cf tle acting forces and

totgue/aoments, comprised fcr a specific cacse.

3. 1. Bkongitudinal ccntrclleé¢ moticr.

let us examine the lcrgitudinal ccgptrclled motion in the
starting ccordinate systes which fcr ccnbrecticr in the indexing let
us designate Oxyz. Let (s assuwme that tcll erd yaw control provides
1ccket flight in the verticel plane, passipc tlrough the place cf
start and the target/purpcse. Ir this case, it is possiple to count
that the forces, applied tc rocket, act in (re plane - in range
plane, and the flight trajectory - plamne cuive. Acceleraticn during

flat/plane curvilinear moticn can ke presented as sum of the

tangential (a.) and normal (a.) cf acceleraticrs.
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Fage 1:25.

These accelerations are directed alcng the catural (natural) axes cf
cocrdjnates Orn. Tangential acceleraticrn is equal to v and it is
directed tangentially tcwarc trajectcry. Ncimal acceleraticn is
djrected along the normal tc trajectcry to the side of instantaneous
centes of curvature and is equal v3,g. Fatk curvature 1/p can ke

Iefresented as

shere d6 - elementary change in the ancle ¢t arrival; 4S5 - the

segment element curved.

€arrying out replacement and transforseticgs, we will obtain

fcrsula for the module/scdulus cf the pcrmal acceleration

a :..l.'.;_,:,r‘v'zll_’f_ at l;»zvl'ﬂ:‘

o { dt  dS i ‘ dt '

The sign of the derivative ¢8,/dt depends og tke form of the
trajectory: if 0 decreases with the ircreas¢ of arc - taen désdt < 0,

if vice versa - then desdt > 0.

Since the missile trajectory cf class *"surface - surface" are
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ccyvey with respect to the Earth curves, alsc, tor them always d6/dt

< C, subsequently formula fcr normal acceleératicn we will take in the

fcsitive direction of aiis § corresgpcnds tle pegative direction cf

fcra
aazf()l—dglz_'yﬂ
dt dt
{(otheswise, sign "-" is a ccnsequence cf the fact that in the
exasimatiaon gf moticn ip right system ct cccrdigates Oxy tc the
{
'
b

the reference line cf argles 0).

As an example let us ccmprise the syster cf equations, which
descrites the flight of wirced missile in tte wcrk of its Lbooster

ergine.

The circuit of the acting onh winged missile fcrces, led tc the
center cf mass, is represegted cn Fig. 3. 1. Cf the projections of
fcices or tangent and standard let us intrccuce in fable 3.1. The
desigpaticns of forces an¢ angles &re upderteken frcm Fig. 3.1. The
sign betore the projecticrn ghows tle directicp coaprising of the
datum cf force. If the cdirecticn that ccmprise ccincides with
reference direction, then stands plus, if it dces not couincide,
sinus, ccntrol forces are given to tte center cf mass, torce ccugle

tc fiqure are not shcwr.
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in Table 3.1 by X, 89d y, are ispliec tle sums of the fcrces,
created ty cne-type contrcl devices; urder P - gross thrust of all

engines; gravitational force is urdertaken in fcrm Q=mgyg.
Face 126.

Let us write equaticos of moticr in grc¢jections on tangent and

the standard

rm):Pcos(a—E)—X-mg sin 6 — Xy cos (8 —8)—
—Vpsin (& —08)

—mw= —Psin(a—t—Y +-mg cos 8+ Xpsin (¥ — 61—

(3.5h
— Y ucos(d—8). |

In the equation of rctary moticn, let us ccnsider the follcwing

tcrque/nonents:

< pomeat of aerodyramic forcesg M, which is approximately equal
tc freduct Y/, , where i, - distspce Letween centers ot nasses

(ts.m) and the resultant fressure (ts.s) (se¢e Fig. 3.1);

- the moment of ccntrcl forces M, wbich is aprroximately egual

tc Y.l where I/, - a distance frcw cepter cf fressure contrcl

o ekt b
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a6/

devicas (TsDR) to the center of mass cf wigced missile.

0 E

Fig. 3.1. The circuit of the actiom of forces ¢p the winged missile,
driving/moving in tke werk c¢f the bacster €Igine: r - direction of

tangent to trajectcry; r - directicy cf stardard to trajectory.

Tatles 3.1. Porce ccmpcgents which act ¢ vinged missile, along the

axes v and a.

1
|
|
{
1
\
{
f
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l(" Kacareashan
A Cuaa COCTaBAR OIS
(npoexunn na Ocb T)

'3’ Hopuaasnan
COC TARMIOIMAR
(NpoexuKR xa Och n)

{v'Chaa mirn P cos (a—3
\s' /loGosoe conpoTnBAenke —-X

(v Moaremnan chra —

{ 7' Cnaa Taxectn —mg sin B
¢! Mlovepa Tarn na pyvasx — Xp1 cos (8—H)
@' Ynpasmoulas cnas —Yp sin (3 —0)

Key: {1). torce. (2). Tancertial ccspcment (prcjection on axis v).
(3). dNcrmal ccafonent (frrojecticn c¢p azis n). (4). thrust.

(6)« 2ifting force. (7). Gravitaticral forceé. (8). Losses cf thrust

cn ccotiols. (9). Contrcl fcrce.

Fage 13127.

—P sin (a—¢)
-y
mg cos
Xpy sin (—8)
—VY p1 cos (8—9)

the equation of rotary motion will have tke fornm

T =M M,

3.5

shere J. - axial moment inertia cf winged pissile relative to axis

Cz,, which in the case in question ccincides with axis vz.

Tc the uritten three equations it is recessary to add two

ckviows kinesmatic of tke egquatice

Xx=vcos8; y=uvsinb (3. 53)

“
bl
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apd of the relationshipsratio, whkich detersine tlight prcyram.

tThe numerical values cf the prejecticrs cf all forces on the
natural cocrdinate axes depend, except comstruction and the
sizesdimensicps of fligbt vehicle, fics the values of anyles a, £, 6
and 3, since booster epgineé to the tcrguesscment of its separation
frcs winged missile is fiieé¢, then angle &€ tc chkange in the prccess
cf fljght is impossible. Arcles a asd 6 charge in the process of
flight and we could be undertaken as ficgreasec motion
characteristics; however, tteir reliable measurement represents great

difficulties.

Belatively simply and sufficiecrtly reliatly is measured in
flight pitch angle 3. Tlerefore it are zele¢cted as the cell/element,

which determimes flight prccram in vertical plere.

et us examine the axial moticn of surtace-to-surtace miscsile,
ccyptrglled along pitch angleé. The schesatic diegram of pitch ccntrcl

is sh¢wn on Fig. 3.2/
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Npulop, usmepsrouui
s, [ Geicmbumensii @)
ye0n mawntama

bnox bnox fe
O e coabne= e npoepamees
wur (t)
Cuernan o)
Tunuf 20puIoAma pacraznacodawt\
bnox Poprupo-
(7 |gamus ynpat-
rR0WYL20
cuznana

Cuznan wa pyneboi npubod ()
Pyneboi npubod (+ |

Fig. d.2. Schematic diagras ct rccket ccnticl ¢g§ pitch angle.

Key: (1) . Axis of rocket. (). Instrxusent, which measures real angle
¢t pitch. (3)- Comparatcr. {4). Unit ct prccrase (5). Line of
heriz¢n. (6). Ercror signal. (7). Skaging upit cf control signal. (8).
Sicrad to steering drive. (9). Steering drite. (10). Control of

pitch,

Fage 1328,

In thé frocess of work, the unit of prcgras develops the electrical
sicnad, which correspcnds tc the prcgrasmed value of pitch angle at
the given instant (/) #t the sase¢ time sensiny element measures
the real pitch angle & arpd transfers tle cciresgonding signai into

the cemparator which after the ccajariscn ¢t thke signals,




DGC = 78107105 EACE 4(5
20

[IcfCcEticnal prograsmed and real pitch angle¢s, issues the error

sigpad., Intensified and ccnverted ip tle shapirg unit of control

giynal, it is transferred to the steering drive which corresgondingly |
turns controls. In this case, the directior cf the motion of the

racket will change so as tc¢ parry the csercent ceviation froe

frograsmed trajectcry. Cisplacerent argle sath respect to pitch can

be apprcximately ccnnecteéd sith the angle ¢t rctation cf ccntrcl

devices with the aid of tte first ocsgcnent eguation of control

{3.245)

8, = kg — ¥, 3.5

% wbere k» =~ a static coefficient of the system cf control.

Frcm last%/latter equality (3.30) we will cttain the balancing

dependence between angles &b and a. Fcr siaplicity cf writing, let
us drQpsomit the sign of sum, assusirg that tke rocket has only one

coptigel device, which detersines its scticp ip vertical ;lane.

Then

M, =M, =0. (3. 55!

Stilizing first equaticn (2.8€) and accegting approximately

.wvrzrkﬁJw wvhere /, it is taken cn Fig. 3.1, we will orktain

Qus a 4 _
T S/m‘(lﬁ L) Pl'a:]p-—-().
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E€nce
2y oy .
T — 13, (3. 56)
Ge ov2Sim; ¥

#inus siyn shows that éuring the rctaticn cf the governing
ccptrels, arrange/lccated tehipd tke certer cf mass in the tail
secti¢n of the rocket, to cne side, for exasfple, clockwise, the

rocket will turn itself ir the cthetr directicy {counterclockwise).

Stilizing (3.54), %€ will obtair

a,= —eakoy | H— 8“9) (3.57) f

cr, teglacing in (3.57) #=6-1la, —

_ ks By —0) (3.58)
¢ 1+ cpkop

After taking as basis system cf eguaticns (3.51), let us suppose

that fcrce vector of thrusk acts alcng éxis cf rccket.

Fage 329.

Pusthermore, is includesccpnected X,, ip drég, 2nd Y, - by lift. On

the ssallness of angle of attack, let us accept how it is earlier
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sinag= @ cosa=1; )= }’q,.

Then

me PP—X—mgsin b

mob- (P} lag—mg cost,

Atter adding usual kinematic relatjonstipsratios and f(rogrammed
€guatjcn fcr a pitch ancle, we will cltain tlke system of equaticns,

which approximately descrites longitudinal ccytrclled rocket flight
v X sing

]

::',“u:' r ¥ Gy — ") £ COSO . !

g e 1 Ve T D _BESD

me, b iRy v 1
)

B=fLag=",174 ;./zfvsine: X vcosh.
System has five varialle values wit); €(t); x(t); y(t): as(t)
can be solved, if are assigned: the prccras cf tte pitch angle & (1)
cf dependence M =, ko, the deperderce, vhich determines a change

in the mass of rocket m(t), and reterence-£flighkt conditicas.

the simplest systes cf eyuaticms, whic} apfroximately describes
the ccntrolled flight of tke center cf mass cf rccket, can be
cktained fros (3.59), 1f we consider that rccket it is control /qguided
jdealldy and its lengitudinal axis it ccincices with the velocity

vector ct flight (8=0).
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tken
P—X , : R ‘
v="""C—psin; Bl M if y=Tvsinb xoveos (3. 60
m

Here three unknovns - %(t), x(t), y(t), an¢ if is kncwn m(t), system )

it is sclved simply. |

Jf we in (3.60) assume X=0, ther systes ct equations will
¢escrite the motionm of the center c¢f mass ¢t the guided missile in

the vacuum.
J.2. 3ction cf the guided missile im sice cCirection.

e utilize a systes of eyuaticmns (2.4¢). Since as the governing
parameter is accepted tle yew angle ¢ the third equation in systew

cap be cmitted. Let the thrust coipcide witt axis of rocket, then

l)"—-: Xp = P

Fage 130.

§n the absence of disturlanceyfperturteticrse in side direction,

the missile trajectory ccincides with range plere and, it there are

n¢ any sgecial comsideraticrs, the frcgrassed value of the yaw angle

e e ias e

PR
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shculd take as e€qual tc¢ ze1c¢. L[ispdacenent engle with respect tc yaw
let us ccnnect with the angle cit rctaticn ¢t ccatrul devices with the {
aid ot the static ccefticiept ct tte system ct ccntrol - by and frorm

(3.27) we will obtain

8_:,. - ko;,’;l. 13 61 !

The second eguation of systea (3.45) let .us replace with the

talanciny dependence utilizing which let us write
U‘(": S/mf R Z‘B.’-'/'?‘! = O
He gce

~ L b 1362

Introducing the coefticient cf ccntrcl and tsing (3.50), let us Le,
it is analogous (3.58), to tdve

L ekt
O6 |+ ‘;kﬂ.

3. 63!

Reflacing in the fl.rst egquaticn ¢t systes (J.U49) sin p on .

and selecting trom (3.4) acrd (2.88) r=z= -7%:, .ve will obtain already

krewn to us formula (Jatlyg)

P+ 78
T 35
my cos b

\ig
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Replacing g, from (3:€3), we will oktecin the systeam of
equatjcns, which approximately describes tle bLalanced fliyht of the
guided rissile in tlte side directicg

ekg, P+ Z)(Fup— W)

¥ — : t3.64)
i = " mucos 81+ ¢ kg )

r,=—wvcosbsin V. (3.65i

In certain cases, tcr exasple, duriny the trajectory calculation
ct the missile targeting tc ttie drivingsmcvirg target/purpcse when
F are placed limitaticns <r the orientaticn cf the velocity vectcr cf

the center of mass of rccket irn space, anyles € and s can be
1 determined apart from the written equations. Then, derfvatives 8
[ .

and ¥ 1t 1s possible to find by directly numerical differentiation
L or analvticallv,

Parme 131.

The balance angles and slifp apfprcrimately ere determined frca

(¥-41) and (3.42) trom tte fcragulas

m o .
A, = —m:~ (’Ue - ¢ Cos U). (3 66

- mudcosh
Pz .

13.67
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frim anyles, as a rule, are smxall; however, with use ctf systems
¢t the approximate eguatiops, one shculd reasesler about thcse
assumptions, with which tley are cltained as far as possibility to
frcduce the evaluation of €irors. 1ke equaticgs ct controlled tlight
with engine off easily can te obtained frcm fpreceding/previous, if we

in ther acceprt thrust P=0 ard @ = ccrste.

§44 Systems of equatiops cf the mcticn cf tle center of mass of

tocket taking into account the rotatico of tie Farth.

let us comprise system of equaticns in the connected ygeocentric
system cf coordinates Cxyz, ccnveniert for the account oL the etlect
cf the fcrm cf the Farth apnd its rctaticn. Tte fcsition ct rocket let
us determite by coordinates x, y, 2, Ly gecceptric latitude and
ty lomgitude A (seeé Fig. <.1). Let us assuse that the coatrol at each
scsent cf time combines axis of rcchet witl velccity vector. Duriny
the well workiny ccntrol of the oscillaticuoyvilration ot the rccket
t€lative tc the center cf wmass it is jpcssikle rct to consider and to

ccasider the motion of tocket as material jcinta

The differential eguation of seticp ct tle¢ center ot wass it
inertial coordinate systes and the designaticps ¢t formula (<.d17)

takes the fora
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In relative motion mﬂmf::SF¥—m5up"’mhw~ For the writiny

cf scalar eqguatiops, let us deteérmine .the f10jections or the entering

these dependepnces values to coordinate axes.

The projection of thrust on cccrdinate axes will be equal tc the

pkcduct of thrust ¢k the ccsine of the angle Letween the sense ot the

vectcgr cf force and the corresponding axiss 1le cosimes of angles #
will te equal to respectively ]
Yorur . Yoy . Yemn:
uu'm ! t'(n'l ’ vn.n
where u,u. oty and .. - prcjécticr ¢t the velocity of

relative motion of the centeér of wass ct rccket cn coordinate axes.

!
¢mitting subsequently the indices cf *"ctn", we will ottain :

——

L L om? L om?
L VA

Fage 13:.

Tte projectiops of thrust are determined ty the forumulas

vy \ .
/),-:p’-‘—; /)’_‘:/)“’ ; ,) ;7/).&7 )
T 14 d v
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R

¥For the air resistance, it is ccnvenjert tc utilize in the case

ip gquestiop expression {(<.€3). Its frojecticos cn cccrdinate axes

will be equal to fcrce cf R, sultiplied oa the ccsines of the angles
tetveen the sense of the vectcr of thrist &rd thke cecrrespording

cccrdinate axis

R,= U—;‘ Scpves Ry =% Servu Rz=% Scgv,.  (3.68)

Fcrce ccmponent of the gravity cf the lartlt let us determine,
using fcrmula for accelerating the fcrce ot ¢reavity, oktained cn the

assumgtion tkhat Ea,-l‘ —spw

2
Ry
[ ——
& g T0
1 ro

where £ - acceleraticn cf the fcrce cf gravity ca the surface

cf the Earth; R, ~ radius cf the Eartl; r - distance frcm the center

cf mass of the rocket to the conditicral certer cf the Earth.

Ecrce componept of gravity will Le equeél tc

2 R'-’
Ry x Ry v, _ 5oz
F?x:-_—fngm——r.2 T. F’”:zm‘ﬂ',o“"rﬁ —”. F,,——M.ﬁ'm FEr
(3.6%

sl s
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shere x/r; ys/r; z/r — ccsines of the argles Letween line of force

F, and the corresjonding cccrdinate axisa

8tilizing these fcrrulés, and alsc (2.:3) and (2.35), we will
cttain the system cf the ditferential equaticns, which describe the

sctican cf the center of mass of the rccket

2 \
R}
el v o— X +Q3x — 220,
=Py Sty T X :
2
vl W b TR (3.70)
we Ty Sy Ty
R: -
p,=P Yl W g g L g, 0200,
v om r3

Bet us establish ccmmuricationyccnnecticn tetvween the position
¢t rocket in the selected rectangular <coréinate system and its
geocentric latitude ané the lcrgitvde. Frcm Fig. 2.1 and formulas

{€d41) we will obtain

X=rcos¢,, sink; y=rsing,: 2=rcos¢,cosr (3.71)

Fage 133.

Differentiating (3.71) twice cp tise, ccpverting the cttained

cifferential equaticns ir accordance with deperdences (3.7C) and
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resenbering that
and

V=X U= =2 g v,=X U=y v,==:,

ve will obtain the systea of the differenticl €quations shich

descrjkte the trajectcry cf 1elative oction ¢f rccket in the connected

geccentric sgherical cocrdéirates. 7aking irtc eccount unwieldiness cf

system, let us write it in the fors cf the itunctional dependences

r::-fl(r' ?ru- "y ’.-' g?ruv :A- 1)' ,
:?ru = .fz(r' '?ruv ~y f‘, ?.ruv ’:‘ ’); I |3~ 7-)‘

)::.fs(r- FPrur i‘ qgrm ’, f).

The ccmplexity of the soluticn cf the written equations 1is
cbvious. However, difficulties are overcomeé with the aid of

€lectrcnic ccmputers.

Ircm common/genecalstotal system c¢f ecuaticns (3.72) it is easy
tc cbtain the systems, which descrile speciél ceses cf moticn. The
sctica characteristics cf tlte center c¢f mass cf the rocket with the
shut-dcun engine (on inactive leg) can be detersined during the use
cf equations (3.70), im which it is pecessery tc equate P zero.
Luring the calculation cf mcticn at bigh altitudes in near-earth

evacuated space wvhen it is possible not to ccosider the air

resistance, it is pecessary in (3.7C) .tc drcg/cait the terns,
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undertaken frcm equaticts (:.68).

§5. Equaticns of mctiopr cf the guided missile ir rlat/planc central

gravigational field.

tet us comprise the system of €gquaticns, wiich describes the
ceptrolled flight cf the certer cf pass of tallistic missile on
jowered flight trajectcry. Iet us examine two-cisensional frobles and
vill ccnsider the rotaticnal effect of the larth partially, thrcugh
thLe acceleraticn of gravity. Ccntrcl forces Y, and Xp saparately
consider vwe will not, but it is includescornrected them in dray and
lift. 1hrust it is directed along axis cf rccket. System of equaticus
let us conprise intc fprcjecticn cn the axis cf the rectanygular
starting system of coordinates Oxy(Oxciyer) §Fige 3.3). The projecticn
of velocity vector cn axis Cx let tvs desiqgrzte thcouygh u, while
jkojection on axis Oy thrcugh sw. Tte frcjecticrs of gravaitational

fcrce ¢n the same axis let us desigpnate resjectively thrcugh g. and

Zy: Ex=gsiny; gy=gcosy.

Fage 134,

After w»riting equations of xotion in prcjecticps on the selected
cocrdinate axes and after addiny usual kinesatic and trigjoncmretric

1atio, ctvious frox Fig. 3.3, we will cttair system of ejuations

AR T, S ey Bt 0T O LA - A A0
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du _ Pcos(d+a)— Xcosh— Ysinb

—— g sin y;
r it m kst v
dae  Psin(B+a)— Xsinb-+Ycosh
—_= — £ COsSy;
Jt m
dx d
— =y, .._y._:ow;
Je dt
tgo= " tgy= ol : 1 3.73)
u Rty

v=] u®+ w?%

r=| (Ry+yi %

R 2
g=go(-—")-
r

§t we to the written equations add the equeéetion, which
determines tilt angle (a+0)=0=905(f) c1 prcgrassed angle of attack
amp(?), dependence for determining tke lift acd tte equation, which

determines a change in tte mass ot rccket mt), then system can be

sclved numerically.
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Fig. 3.3. Circuit cf thke fcrces, which act ¢n tte long ramge
taliistic missile in tke examiraticp c¢f its relative amotion in

central flat/plane yravitaticnal tield.

Fage 135.

the system of equaticps, whiclt descrites thke controlled fligyht
ct the center of mass cf tallistic rissile (cr its nose section) on
itractive leg taking into acccunt tle eftect cf the air resistance, 1t
is easy to obtain from system (3.73), it we sccept thrust P=0 ana

g=ccnst
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in 8 .
fi:—w——gslny;
dt m
ﬂ;_w_éycos\;
dt m
dv
dy =} ;:u‘
e dtr
v=] u*-tw% 13.74
. ty o
tg 6= —{ tey- R+ u
r=V (Ry—u® - X5
%)
3
=g,|—=
& n(r ’
a--8=3t=1_u

§6. Equaticns of motion of the unguided rccket in plane-parallel

yravitaticnal field.

In the absence of ccntrcl or its disccrnection on any reascns
rccket tlight becomes urguiced. The unguideg rcckets are intended for

a firjrg tc ccmparatively small distances; tlerefore in many

irstances it is possible nct to ccrsider tte surface curvature ct the
Earth, tut its rotaticy tc ccnsider ajfproxiasately throujh the

acceleraticn of yravity, assuming ty its ccrstart in value and

direction (i.e. considerinc that tlre graviteéticnal fiela of the Earth
- tlane-parallel). with an immctile atmcsplere the missile traiectcry

in this yravitatiopal field will e plane curve, passingy in vertical
p

T T TN | TV SNV
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glane of fire. During the sclution cf probless, freguently is arfplied

the system of equations, written ir the natural coordinate system. e
will ¢ktain it from syster {3.51), after drcpscmitting the ternms,
which ccnsider the effect of ccntrcl. Cf the maicrity cf the unguided
rcckets, force vector of thrust ccincides with the axis cf rccket,

e €s, £=0. If cne ccnsiders that at lcw angles cf attack siun a¢C, cos
ax) and ¥Y=0 and to add vsual kinematic relaticrship/ratics, then we
will c¢ttain the unknown system of equatiors, wltich describes the

actica cf the center of mass of the unguidel rccket

d_u____P—X_gsine; ﬂ____gcosﬂ : ]
dt m dt v

(3.75i
*® |

. dx
=wvsin8; —=wvcosH.
t dat
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Rith the adopted assumptions force vectors of thrust, of drag
and velocity of the center c¢f mass liesrest cn cne straigat line
(Fige 3.4). Figures 3.4 depicts sisplified ciagram of the forces,
which act oan the material fpcint m, whick ccincides with the center of
sass of the unguided rccket. The displacemert cf the ceanter of rass
relatjve to missile body it is nct ccpsidered. Cn the basis of Fig.

3.4, let us write

du P—X
—_= cos 6.
dt m

After gultiplying and after dividing tle richt side ct tae eyquation

tc mpv¥, Wwe will obtain

du 1
2 =L (D-F
dt w ( “
where
m P X
p=—3; D=—; E=
ma mopv mov

Usualky they designate tgé=g, and then

dt  cos?b dt
Utili2ing the second equaticn of systes (3.75), we will ootain

d_p-=—.£
dt P

a frces the third equaticn of system 3.75, we will obtain
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The fourth equation of system (3.7% will remain without charnje.

We will finally obtain system of equaticns im the form, convenient

tcr the practical calculaticns of the pcwered fliyht trajectories ot

the uaguided rockets

d 1

i=—-( —E)u;

P_ g v d 370
dt s ' ar oP af

Ercm Fig. 3.4 it is possible alsc to cttair

du _ (P— X)cos®

dt m ’
dw__ (P—X)sin8
ar m &
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Fige B3.4. Simplified diagras of the forces, vhich act oa the material

fcint, which coincides sith the cente¢r of sméss cf the unguided

rocket.

Eage 137.

Gcnverting, ve will oktain the systeon

du 1 dw }

— I — D—- Yu: —— T —— —-— -_— g
- P\ Eu,; T “(D Elw—p
ﬂ—m; d—i——g; v—.‘/u’_.*.wt

dt dt

(3.77

§7. Systems of equations with relative dimersicgless arguments.

the tendency to simplity the solution cf the problems of

exteroal ballistics and tc sake pocssible an application/use of

varioss kinds of design schedules, which recuce the time of solution,

F R
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led t@ the development cf systems cf equaticns, in which as

independent variables are accepted relative dimensionless quantities.

Bet us give the systes cf equaticas fcr describing tane motion of

the center of mass of tke unguided rockets, ip which is utilized the

independent variable

'
_\‘ Qcexd?
0

"= . . 78
' N (3.78

representing by itself the ratio of the weicht cf the burned down
fugl/propellant to the initial weight of rccket. Let us take the
first equation of system (3.75), algsc, ¢n the Lkasis (2.95) and

(2:121) let us replace F and X. Let us replice etlso taking intc

acccuat (3.78)

dt="2_ 4. (3.79)

cex

After subgtitutiom let us have

Qcex dv Qcex®,

Q dr Q —cH (y) F(v)—g sin 6. (3.80)

c¢urrent weight of the rocket
H
Q=Qo""’j Qendt
Gver-all paylocad ratic is equal to

f'
cexd
‘Q ‘

=1

Q
Q
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%he ballistic coefticient of rocket it is possible to express by

the over-all payrload ratio

ia? 143108 ¢ ¢
tm— P =50 00 :
. Q QU—3) 1—2 @' {3.81)

shere cp=id2/Q, 103,

Page 138.

OC!K

After dividigg in (3.8L) the right and left of part on Qo and

after substituting into the last/latter thre¢e egquations of systes

(3-75) dt froa (3.79), vwe uill obtainm

dv _ w, _[CoH(,U)F(O)_;_g sin o]__o_i_.
Q *

dx 1—=2 1—2 cex

a8 __Q geosh, (3.82)
da Qcex v ’

dx Qo dy Qo .

— =" vcoslh —= vsin .

A Qee A Qe

Systea is applied during ballistic de¢signs After conducting its
integration, it is possible tc ascertaic that first term of right
Fart gne equation will correspond to formuls of K. E. Tsiolkovskiy
for determining the velocity of the sction cf rccket without the
acccunt of the air resistarce and gravitaticnal force. The second
ters will consider the effect of air resisténce, the third - a

gravisy effaecs.

Bor the guided missiles the systea of equations of motion is

_— .
2 2 eainsts M

ikt o

NPV

I

o Ais o
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taken in a somevhat different fora. With ccrstart flow rate per

second (m|= const) from (3.z4) we will cbtain

m=m°—|;'llt-

In this case, the cver-all paylcad ratio cf the rocket is egqual

tc
mo mo

Bimensionless quantity p frequently is selected as independent

variable.

Ret us designate t,==|—:.l‘- and then 1=7,(1—p) vVvalue 714 has
dimensicnality of tise (s) and is called fictitious time. Determining
frca the last/latter eguality

dt= —tdp

aad carrying out replaceseant ip systes (3.6(), we vwill obtain:

2 = L= g tgrysint;

{1

P , (3.83)
i’} . X

= —pr,sinf; —= — vy, cosl.

du ¢ ’ dp *

It is obvious, in this case the tilt spgle must be represented

adso ¢p arguaent p: O=05(p).

bltua,
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Chagter 1V

BOTIO® OF ROCKETS WHEN GUIBED TC MCVING TAEBCE1S

In the majority of the cases cf tte trejectory of induction,

regresent by theaselves ccasjlex space curves. Fcr convenience in

their examination it is expedient te break imtc three basic sections.

fhe first let us consider the launching phese, the second - the

B S uidy - wilf okt e e

sectigp of ccpclusicn/derivation and ty tte third - the section of
motioa along the calculated trajectory of irduction. Piyures 4.1
shcus the circuits cf trajectories ¢f inducticn for the anti-tank
guided sissile (PTUBS), an aircraft rocket and the AA guided missile
{2¥B) 4 controlled cn ray/tean.

On the launching pbase the flight most freguently either

uaguided or is realized according to tle pre¢determined progras. Of

sose dypes of rockets cp the first pbase of flight, works the srecial
booster eggine, sometimes detached after the ends/lead of the work

-, {(fer antiaircraft guided missiles).




s
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Fig. 8.1. The schematic of the trajectcries of induction for PTURS
(a), an aircraft rocket (k) and an antisizrciaft guided missile (c): 1
- the laupching phase; 2z - section of copclusiopsderivation; 3 -

sectign of induction.

Page 140.

@n the second sectiom enters ipto acticn tte control system and
xocket it is derive/concludeéd to the trajectory, which correspcnds to

the selected guidapce methcd tc target/purjcse.

By the force of different reascns tomaid the end of the
laugching phase, at the mcment of the ccnnecticc/inclusion of
ccptrol, the position of the center cf mass of rocket in space, the

sonses of the vector of speed and axis cf rccket do not correspond to
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the required trajectory of inducticyg tc tarcetspurpose. For exasple,
as shqwn in Pig. 4.1c, thke contrcl gystem is iccluded at point C,
vhen the genter of mass of rocket is locatec at a distance Ac fros
tbe ayis of lead beam, and the velccity vector cf the center of mass
with approach to rays/beam is directed toward it at angle oc. by the
same, approximately, will be the angle cf tle slcge of axis of rocket

tc lead teaa.

By the force of the inertia picperties c¢f rocket and system of
tocket contrcl, emerges to the calculated trajectory of ianducticn
after certain transient fpiccess whcse duratiop determines the length
of the secticy of conclusionsderivation (secticp 2 im Fig. 4.1), that

is the coaponent part of the coamcn trajectcry.

the concrete/specificsactual form of tie .third phase of
trajectory, section of the inducticgp at the end of which must be
fxcvided the encounter of rocket with target, is determined by
netvork of induction accepted to the target, puricse or by the
guidance method which characterizes the kjiceamatic relation between

the parameters of the scticr of rccket and target/purpose.

The differential equations, whbich desciibe the motion of rocket
co the laumching phase, depend on the ccnstiucticn of rocket. In the

case of flight according tc¢ programs, it is jossible to use system of
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equatjcns (3.60), after intricducing intc it the appropriate
prograsmed equations. In the case cf the unguided flight calculation
can be conducted, utilizing a system of equétices (3.75). Initial
ccnditions are determined according tc the jredicted circuit of the

werk ¢f the complex of control and inducticy. Fcr example, during

calculations in connecticn with the cizcuit, presented in Fig. 4.1c,
it is necessary to know the possitle range cf aggles 8, and the
velocity of the descent of rocket frca the cuiées vge AS a result cf
the calculation of the laugching phase, must ke cbtained the
characteristics of trajectcry ufp tc the torquesmoment of the '
beginning of work the systex of coatrcl, mecessary for the

calculation of transient frccess. Sc, in the ezamine/considered >y us

exasple it is necessary tc know pcsgille rarces of sizes ¢, oc and Ac

fke second trajectory phase, the secticn cf passage fros the
unaguided fligat to contzxolled, must te calculated with the enlistment

of the methods of the thecry of the flight ccptrol.

Bet us return to ap e€xample in questicr. According to the
circuit, depicted in FPig. 4.1c, the coptrol must ensure the bean
capture, i.e., expand/develcp rocket so thaf tke vector v (or the
axis ¢f rockes) would cciscide with the directicn of lead beanm.

Transjent process, i.e., and the section ocf ccnclusion/derivation, '
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will be finished when A and ¢ they will beccme close to zero.
Page 41,

The possible character cf dependence A(t) cr the section of
cogclusion/derivation fcr tle case whem ¥ iptexrsects ray/beam, it is

shewn ¢cn Fig. 4.2; qualitatively the sase¢ will be dependence o (t).

®nder actual conditicys dependence A(t) ard ¢ (t) they are more
ccaplex, since vector v and lead team ir thke gereral case are located

im difterent planes.

In this case, the degendence A(t) will have the saae character,
as shequn op on Fig. 4.2, Lut the trajectory cf the center of mass of
rechet will represent by itself no lcnger fplamc, but space curve.
Performance calculation of the amoticn cf rccket along this trajectory
taking inso account the variability of the sass of rocket and rate of
its motion is very coaplex. At the same tise during well wvorking
ccatzgl, the section of ccaclusion/derivaticn Larely affects the
subsequent trajectcry of induction. Therefcie, without examining here
the tasks of the flight ccntrcl, it is possible in the first stages
cf design the second trajectory phase .tc rejresent smooth curve, for
exasple in the form of circular arcs with the radii, determined by

the persissible normal acceleraticps cf rocéets With miniaum target

PPV TIOIER.)

ko
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rangey the calculation of tke secopd secticr shculd be carried out
acre accurately with the fact in order to cteck the possibility of

quiding rocket to target.

tte third and basic trajectory phase - the section of induction,
it is depicted in Fig. 4.1 in the fcrm of tle ssoothly changing in
the plane of drawimg curves; im actuality swrder the effect on the
roccket of all forces and tcique/mosments, its mction on the section of
inducsion bears vibraticnal three-dimensicrél .nature. Axis of rccket
oscillates around the center of mass, and attoyself-n moves over the
ccsplex trajectory, vhich passes closely thet depicted curve, as if
winpding ibt. Of rockets with the well wcrking system of control of
cscillation/vibration, thep) are ccspleted sacothly, with srmall
deviations from the calculated trajectcry ¢f mction. Therefore,
examining the trajectories of induction, we in this section will not
copcesn the effect of c¢scillation/vikbratiops cpo calculated

trajectcry.

Are well knowa four classes of metbods of guidances, vhich are
disticguished by the pataseters cn vhich ate placed the limitations,
shich determine the motion cf the rccket during its approach for

target/purgose.

4
.
3
k.
A
o
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Pig. 8.2. Graph/diagrams of dependence A{(t) the frocess of transition

frem the unguided phase ot flight to ccontrclled.

Fage 242.

¥ith the command metbkods of [csiticn ccntxcl, of taryet/purpose
and rocket in space is determined relative tc guidance station. In
the general case line “guidance staticn - target/purpose® and line
nguidapce station - rocket" they dc not coircide. The position of
each of the lines in space is determined ti tuc anyles. 1he first
class cf guidance methods, stich sets limitaticms on these angles, is
called the class of angular methods. In the particular case when
angles coincide, the rccket during agfrrcach for target /purpose will
be located on straight line "guidapce staticr - target/pucpose". This

variety of angular methcd calls the setbod cf ccincidence.

The second cl ass covers methods of guicences which set
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limitations on the positicn of longitudinal axis of flijht vehicle
relatjve to the line of sigbting (lipe, passing through the centers
of mass of target/purpgse and of rccket). 1Tte third class of guidance
sethods lipits the sense of the vectcr ¢f tle velocity of the center
cf sass of rccket relative tc the line ¢f s=ighting. In the methcds ot
the fouirth class, they are placed limitaticrs cp the position of the

very lkine of sighting ir sgace.
§1:. Gaidance methods tc the driving/mcving target/purpose.

%« 1. bngular guidance metkcd.

the method of firing into set forward joint is the basic method
cf the firing of cannon-type artillery at the rapidly moved
target/rurposes and detailed. As is kncwn, the fosition of set
forward point is selected sc that fcr tle time cf the motion to it of
frcjectile target/purpose zlso would meve irto set fcrward point (ox

into collisicp pointvy).

Jf ve designate thrcugh & amd ¢ the angles of sighting and
rockeg§, but through A, and A;, - their azisuths, then
ccssunication/congecticn tetween argles will te determined, frcm Fig.

4.3, ty the siample equalities

A=A, aA (4.1)

€p=1q + Ag,,. (4.2)
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In the process of guidance, tle lead apgles Aeg, and AA;, are
altervating/variable. Is kncwn many forsules, ¢t wvhich are assigned
the lead argles. In general fors functicnal degendences can be

expressed thus: .
Bsp=f1(Fas Tps TwsTpr fur Ay @1, by oo 3 (4.3)
AA = fo(To, Ty, r'u, TprSay Ag g, by, .. 0),

shere /u and v = a distefce (radii) cf tsrget/purpose and rccket

frce the beginning of the ccordinate systes.

fa, fn - rate of change of the valuwes ¢f redii into the prccess

cf gujdance.

a,, b,, a;, b, and so forth - constant values, characteristic

fcr this ccatrol systen.
Eage 343,

fhe concrete/specificséctual form of functional dependence is
established during the desigp cf erptire misgsile complex. Here it is
jocssible to indicate two ccsmop/gererals/totéel requirement. The
directicn of the motion of rocket sust le clanged swootaly, with the

possitle approach/apprcxisaticn of trajectciry tc rectilinear. It is

oy W -~
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lcgical also that the value of currept angle¢-cffs Ae¢y and AA,, as far
as possibility, they must decreasa 4im the fr1ocess of guidance, and
whea r;=r, sust be made ccrditiom Ae,=AA;=0. Gtherwise the rocket

%311 £1y vide of the mark.

1.2. Guidance uslng the matching method.

In guidance using the matching method, the control system holds
the missile on a straight line connecting the guldance station with
the target. As a result of this, it is somethimes said that the
missile 1s gulded by the target-bracketing method and the guidance
trajectory is called a three-point curve. The graphical method for
constructing a plane three-point curve is explained by Fig. 4.4. The
target's position is noted on its trajectory 0, 1, 2, 3, ..., which

correspoind to tne successive time values to, tl, t2,....

¢
o (S S SN
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Fig. 8.3, The position of surface-tc-aiz missile and target/purpose
befcre the rendezvous: (A) - borizcptal plaze; % - angle of
sighting; : -~ amgle of elevation of rocket; A:. ~ azimuth of

target/purpose; Ay - aissile learing.

Key: Y1) . Collisiog point. {(2). Northa

o

a Fage 144,

§f very guidance staticn is scved (for exasple, vwith missile
taxgeging frca ship or aircraft), them in its trajectory will be also
deposited marks by 0, 1, Z, 3, ... fcr the same selected mcments of
time. Marks in the trajectcries of the moticn cf target/purpose and

guidance station, wvhich correspond tc the identical moments of tinme,
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are c¢nnected by straight lines. In tbe particular case, with fixed
guidance station, let us have the convergent at the point of its
arrangement/positicon percil cf straight ljipes (see Fig. Uk). On one
cf the straight lipes by peint P, they pote the position of rocket,
which corresgonds to the teginning ¢f the trajectcry of the guidance
(for ke determinatican cf thkis pcigt coe shculd focus special
attention, if the place of sissile takeoff is arrange/located at
copsiderable removals/distapce frcm guidance station and them it is
not pessible to accept ccrbined). Frca the Leginning of the
trajectory of guidance Fy, is carried cut tike arc with a radius cf
PpoAly before intersecticn with following .line at point Py, which

sbous the place vhere will le located the rccket with t = t,.

Then similar construotion is sade fros poipt P,, deteraining
pcint F,, and continue it Lkefore thke intersecticn of the trajectcries

of target/purpose and rccket.

e e
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Fige. 8.4. Approximate construction of sissile trajectory, aimed using

the method of coimcidence.

Kej: [1). Misgile trajectcxy. (2). 1rajectciy cf target/purpose. (3).

Starte, (V). Guidance staticr.

Eage 145.

ftering the definitiom ot displacem¢pts PP, the average speed of
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30°
)
rocket on section can bé¢ updertakep as
y 2 o= it %Gy 4.4
‘ b 2 !
shere . amd i+ - veloceity cf pecket ig the beginning and

eadslead of the trajectcry phase it questicr.

gorcesponding to the section of ccpstructicn time interval
Aty =t —1.

, Bithin limit, accegting At that vamishing and increasing the

| nuskbes of sections to infipgity, it is fpcssitle troken line to reduce

tc smgcth curve of guidance. Apprcociisated, sith a sufficient for

’ fractice degree of accuracy, guidance curve car be ccnstructed as
curve, passing through the angles cf trcker lipe, constructed fcr an

: interwal At€1 s. During a saccth ckange in the smotion characteristics
cf target/puipose and during large remcval/cistance of rocket from

targes/furfose, it is fossiltle to take av=1 s.

Buring the approachsapproxisaticn cf tle rccket to
tacrget /purgose and during tie ccnstructioa cf the trajectory of
guidance 80 the sharply maneuvering target (¢t cne shculd decrease,
since in this case growvs the slopestransconcuctance of aissile
trajectory, leading to 0.1 &. The 8pplicability cf the yraphic method
cf the copstruction of trajectcry is limitea tc the need for having

FreviQusly desiyned degendence of the velocity .¢f rocket on tise u,(f).

— —
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At each moment of time, as it fcllcus ftrca Fig. 4.4, the
velocjty vector of rocket is directed tc the side of the expected
» collisicn poigt of rocket fcr target/purpose at certain angle tc the
radius-vector, passing threugh the guidanceé stetion, the center cf
“i mass Qf rocket and the targeét/purgcse. Is cltairved guidance with
| certajn lead angle, the lipe of sighting ©crprising the part of the
'1 tadiuvs of the vector, which rotates during the wsction of

- target/purpose and rocket around thke gcint ian shich is

acrange/located the guidance staticp.

ket us determine the value of leac angle ¢, Let us assume, for
snfinjtesisal time interval dt target/purpcse sill move from position
‘ cf a tc position of b (Fige 4.5). Ip this ¢ise, the radius-vector
1 will dvrn itself to angle dj, and rocket will scve from positicr a'
to fosition t'. On the Lasis of FPig. 4.S, wvith high degree of

accuracy it is possible tc write that

| - )

T - TS T O BTG, YT Pt S T < IO T A o e

: Fe
‘ sin @, = and sing,=——,
- Vadt vpdt
while ratio
W fp+dr' ~ Ip
b ratdra ru
. Hegce
Yy 7
sina,=— -" sin a,. (4. 5)
% 7u ‘

i 2 Nps -l A, ;!-:iq; N
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Page 146,

Fig. §.5. Schematic of constructiop cf angles cf curve of

coipcjdence.
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Fig. 8.6. Circuits of guidagpce withb criemtaticp of axis of rocket
relative to line of sightinc: a) at sungle ¢i Leariang of target
#,-const: b) at angle of bearipg of target p,~0 (direct/straight

guidance).

Rage 147.

1.3. Guidance with the crientation cf axis ¢f rccket.

B¢ homing missiles is kncwn the ‘wse ¢f a gquidance method with
the cgnstant angle of tlte bearing cf target and method of
direct/straight guidance (Fig. 4.6). In the first case in the frccess
ot the approach of rockét fcr target/puipose, .ryst be retained
ccpstast angle fr (angle eof the target bearim¢c) between the axis of
raocket and the lime of sighting. It is cbwvicus that the velocity
vectos of target/puiposé in the geperal case will not coincide with
the djrection of the lipe of sighting, tut 1issile body will be
always bored relatively /. in the directicr of the motion of
target/purgose. The angle of bearing shculd select similar so that
thke velocity vector of the center c¢f mass «&f rccket would be directed
tc set forvard point B Lefore the target/puwipcse (see Fig. U.6a).

8ith 4he method of direct/straight guidance, utich is a special case




g
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of guldance method with the constant angle of the tarset bearing, the

angle of bearing Bg,=0. and the axls of the rocket is directed along the
line of sighting (see Pig, 4,6b)., In this case, the velocity vestor of the
cegtes of sass of the rocket is directed tc foint C, arrange/located

tehind the driving/movirg target/pirfose. lhis leads to the increased

| X9

slopegtranscosduct ance cf .tte trajectcry of guidance and the
increased normal acceleraticans, which act cr rccket. Therefore method !

is applied for guidance to ccsparatively slcvw and fixed targets. ;
1. 4. 6uidance with the criertaticn cf the velccity vector of the

centex cf mass of rocket.

This class includes the majority of sethods of guidances, by

which is assigned the law of a change ip tike lead angle ¢q, Dbetween

the velocity vector and the line of sightigg. Lead angle can be the

fupcticn of mamny values - se€e formulas (U.3).

et us examine the kinematics cf the scticn of target/purgose

and rgcket on the last/latter section of the path before their

rendedvous with guidance. Let us ccpsider that the target/purpose and

rocket move in one plane - guidance flane.

The relasive attitude ¢f rocket and target/purpose let us

deteraine by distance of r 2nd by two apgles ax amd o, between the
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ipstaotaneous velocity vectcrs of rccket and target/purpose amd the
line ¢t sighting, which ccircides sith 1 (Fig. U.7). Angle g
detersines advance/preventicn., For crienticpg the line of the sighting
cf relatively fixed cocrdinate systea, let s irtroduce, as eatrlier,
angle 7y let us designate the angle cf the slope of the velocity
vector of rocket apd homizcmtal line Fx, which lies at Juidance

plape, through ¢=y+ap

30 that hhe rocket and the target/purgcse uwculd be met, it is
necessary to ensure the idertical tise cf tle smction of rocket ¢

and of target/purpqgse /m from starting poirts to ccllision point B
Page 148.
det target speeds v, 2nd of macket Uy tc collision point do

not change; then during rectil inearxr wotiom cf target/purpose ard

rocket (see Fig. 4.7) we ottain

. B
fo= PB and ty=—3
Up Yu
PBsin a,=[{Bsin a,;
T, 5in @y =1, sin a,. (4.61

Equality (4.6) is called the ccnditiocp of the ideal

g
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advance/prevention durirg acccsplishing of shich is provided the
rendezvous of rocket anc¢ tarcet/purpcse, if they will move to
collision point rectilinear wvith ccgstant velccities. Leal angle will

ke determired trom the equality

. v .
sina,=--sina,. - 4.7y
M I

During the curvilipear motion of target/purgcse or chaange in the
velqcitieg of the soticn of targetspurjcse and rocket, the position
cf collisicn point will always change. In tiis case conditicn (4.6)
sust ansvwer the various amcrents cf time of cuidance. For the
detersination of the changirg in piccess guidamce of lead angle g
it is must, besides < and Up. to know angle au The examined methcd

was called the methcd cf ccpsecutive advanceypreventions.

A change in the distarce Letween the rccket and the
target/purtose for infinitesimal time interval is equal to a
ciffecence in the fprojecticts cf sgeeds v: apd v, on direction r

%§==v"cosa“-—vpcosar 4.8
Bor the approach of rccket for targetyjurgcse, it is necessary

to maintain the inequality

dar .
— < 0.
2 > 1

Bate of change in the &rgle y will be «¢gual to

dy vy sina, —vp sina,

—_—= . (4.9

dt r 4
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Fige 4.7. Schematic of the angles, which detersine the relative

jositicn of rocket and target/purpcse.

Fage 1349,

She ncrmal acceleraticos of tarcet/purjcse and rocket are

detersined by the products c¢f the ccrrespcncing tangential and

amgular veloccities

4. 1(h

4.1

Is kpown the particular case cf tke metkcé of consecutive
advance/preveptions, the sc~called methcd ¢t the half approach
shich the lead angle is taken as egqual to cre-half angle, which

cprresgonds to the conmditicm of the ideel &cvancespreventicn:

] . ok .
af=——-mcsu1(iimnaur 4. 1)
Q2 ,

“p
fo this same the class ot the smetbcds, united by the

sigrsoriterion of the orientationm cf tle velccity vector of the

by

center of mass of rocket relative tc tte 1lire cf sightingy, one should

trelate a method of guidance with fixed-lead angle ¢, =const

special case, called tbe Stearn-Chese methcc when o, =0

and its

Daaai o o2
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According to the frirciple of the [lotting of curves pursuit at
each mcment of time, the velocity vectcr of the ceater of mass of
rocket must be directed tcward tarcet/purpcse, i.e., is realized

guidance with the zero angle¢ of advarce/pretention.

With the known characteristics cf the trajectory ot the motion
cf target/purpose, graghic ccnstructica of aissile trajectory is nct
caused work (FPig. 4.8). Tc the trajectcry ct target/purpose, will be
depcsited its positions (0, 1, 2, 3, -<e)e which correspond to the
ccnsecutive values of time tg, t,, t,, «..'ee Cn the initial line cf
sighting, they plot,/defcsit in directicn jig§ target/purpose cut PoP e
equal to Fplf, where At=t,~-t,, and 7w = if deterained from forwmula

the obtained point P, determines the [iace, occupied by rocket
at the moment of time t, ;. Then similar construction is repeated

befcre obtaining of the intersecticp ot the missile trajectories and

target/purgose.

With high plotting scale and lcw time intexvals A4, with the

laxge number of points, the curve can te ccrstructed vith the

accuracy, sufficient for the scluticn c¢f scre fractical problems. For

CW s SRR
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the method of pursuit guidance, the angle ¢ is determined froam the

kigematic dependence

Yu—¥p

Xy— Xp ’

iRe=

Jn certain cases tc ncre expedient utilize the trajectories of

guidamce, congtructed in relative scticn. let .us examine an example

cf the cogpstruction of linear curved in the cccrdinate systen,

’ conneated with target/furgcse.

i
R
i}

Rt it el tr-ath v 2. oo - i
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Fage 1S0.
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Fig. 8.9. Schematic of trajectory cf relative mction of rocket, aimed
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alcug pursvit curve.

Fage 151,

Path jn relative movement fcr time interval dt is located from vector
egealjty Forndl = Fpdl —Fydt, sritten ¢r the assumption that for time

datr, amd i« whey do neot change.

fransfer/converting to final low cuts, frcs the initial pcsiticu
ct rocket Py, let us ccrstruct vectcr ? poAto ip direction in ’
target/purgose (Pige. 4.9). Froms the terminvs of this vector, ve
plet/deposit vector wAlc jin the directiocr, cpposite to directicn
s jp absolute motion. Bnd lime, cbvicusly, will be FomAl
Ccatiaving the constructicp to the engcunteéz ct rocket with target
and c¢nnecting points Fg, kg, Fp, --. sBootk ctrved, we will okttain
the f¢rm of the which interests us trajectcrye In Fig. 4.9 is well
visibde sharp passage frcm smooth fursuit curve to rectilinear scticn

into the tail of target/purjcse.

1.5. 6uidance with the criertation cf the line cf sighting.

§f ve use the condition of ideal advance/frevention tc forsula




LOC = 78107106 PAGE ”3//3

{ia9) 3 then we will obtain dy/dt=0, and this means that in the
fpocess of guidance the line of sightingg will e moved, remaining
parallel to itself. This sethcd of guidance with advance/prevention

was called the methcd of the constant-tearir¢ agproach. during

rectilinear motion of target/purpose, thke rccket will fly along

NP DR

straight line. In more ceneial case cf the curvilinear aotion of

target,/puryose and the fpsrallel displacement of the line of sightiny,

the lead angle o, camnot remain ccpstant, Ltut it must change
depending on a chamge in angle oy, Taking irto account the

variability of angle, this sethod of guidagce scametimes also calls

e et M 4l eitainar

the meéthod of consecutive advancespreverticrs., §ith the knaown
characdteristics of the trajectcry cf tte actice of target/purpocse,
epprogimate graphic constructicn cf sissile trejectery difficulties
is nog caused. The methcd ct ccnstiucticg is shcwn on Figy. 4.10.

Ic the trajectory of the motion of tarcebt/prrpcse, vill be depcsited

e e e o

its fpositions: 0, V, 2, 3, ..., thet ccrresjcné¢ to the values of
flight time tg, t;, t,o: frcs each jcint are ccnducted the
direct/straight, parallel tc initial directicn lines of sighting. Cn
the ipitial line of sighting, will te deposited the positicon of the
cegtes of mass of rocket (pcint Py), and f£res it on the following
line ¢f sighting by coapass is made cut, giving in the point of
intersecticon point P,;; thep sisilar ccastrrcticns are repeated froa
fcirts F,;, P, and so forth., Opeping of comfpesses for each space cf

constsuction is established on the lasis of the conditions

P.P,=6”Alo; Pipsgr"nux o PPy= 'Ep il
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Ccnstruction continues tefore the intersection of the
trajectories of target/purycse and rccket ir ccllision point V.
average speed #¥;: of rocket on each of the secticns can be defined as

half-sum of the velcocities in the begipning and end/lead of the

gsectic¢cn in question.

Fage 1S2.

Aet us examine one additional methcd ci guidance to
target/purfose at the alterrate angle ct advance/prevention ap by
the determined any predetersined derendence. Is widely known the use
as this limitation of a linear dependence leétween the angular rate of
rctatjcn of the velccity vectcr of the center cf mass of rocket and

the aagular rate ot crotation of the line of the sighting of the form

B4 4. 131

dt dr

This method of guidance to target/furjcse was called the methaod

c¢f preporticnal approach. Utilizipg equaticr (4.5), we will obtain

dy v, sina, — v sina, ‘. 14

dt r

Frca Pig. 4.7 ?=0a,--Yy. then

4;1:_,,3“1_“ Uy 8in @, — Yp 8iN Gy (4. 15)

r
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POEXTMOPUS paxems:
Y = const

Fig. 8.102 Approximate constructiop cf missile trajectory, aimed

according to parallel ajptcach sethcd.

Key: [1). Trajectary of tarcet/purjcse. {(2). Missile trajectory.

§2. Three-dimensional/sgace guidance tc the driving/moving

targeg/purgose.

At variable speed cf tte flight cf target/purpose under
conditions of its maneuvering, the sissile trajectory will be sface
ourves The system of equaticns, which describes the spatial motion of
raockeg, can be comprised in startiag recbangular coordinate systenm
Cxfz and in the starting polar system r, ¢ A (see Fig. 2.2). The

place of start can be fix¢d or that scving (ahig, aircraft, etc.).




T
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Eage 1%3.

e vwill obtain first the system of equéticys, which describes
the three~dimensional/sjace missile targetirg tc the driving/moving
target/purgose in the rectargular terpestrial starting coordinate
systea. The system of eguaticns of the spatial smotion of rccket in
the general case will ccnsist cf seventeem fundamental eguations

B3N)=(3.12), (3.34)-(3.24). Supplementary eguations tor determsining

cf comtrol forces

tarces EMpn* E‘MP”P z-"m' entering eguaticms (3.7)-(3.12), must be
ccaprised in accordance withk guidance sethcc ard comsider the

dependence of forces and tcique/mcsents om the motion characteristics

of taxget/purpose.

fpoves to be very complex ard in emgineerig¢ practice is simplified.

ket us take the systea, which ccnsists of equations

(3.14) - (3. 24) and simplified equaticrcs

EMGE 36,

3/7

:SXh,st”.:SZm and &£k¢ mements of control

In this complete fcrs thke system of equations

(3.33) and (3.34)

L I

e

P

WP YOV PO




00C ¥ 78107106 s |

o | . .
v=— {(Pcosacosi— X —Qsin 64
1 . R .
b= p [Fisinacosy, ~cosasinfsiny,. -} cosy, —

— Zsiny.—Qcos b);
V= —

D [ sin a@sin y,—cos @ sin g cos y )+
+-V sin y.+Z cos y s
j’l ©y, =2“”‘| - (‘Izl —th'mﬂnwh;
Jy oy, =2 M, =Sy, — S ) 0003
Ji s = T Mo =ty = Je)0roy
d=uw,, sin y 4 o, COs y;
b= (wy, COS ¥ — w,, Sin y) 4. 16)

) cos §
y=u, —ig (e, cosy—w, siny);

sin 9=sin 6 cos a cos B+ cos B(sin @ cos y. ~
+-cos asin 8sin y.);

sin $ cos y=sin ¥ cos f cos y, 4 cos ¥ (sin Bcos 6+
~+sin y, sin 6 cos B)— cos ¢ sin ¥ sin y;

cos 9 sin y=sin y, cos B cos 8 —sin B sinf;

Xx==0cos 8 cos ¥;

y="usin 6;

z= — v cos fsin ¥,

r=VATF T

Mm=m, — J]rh]dt.

Fage 154,

In the vritten form the systes is locked amd it is suitable fcr
the calculation of the trajeéctcry phases dwring the unguided £light
(is the systems of equaticys of moticn .1€-4.23) of all moticn
charadteristics of rocket index *r", which was teing applied in §1,

it is lowered).

e — e
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In connection with the trajectcries of tb¢ quidance in a cseries
cf the cases, is utilized sghepical ccordicétes, in which directly is
detersined slant range tc rccket r (see FRig. <.2z). For the writing of
kipematic equations in spherical system, ve utilize conclusion cf A.
A. lebedev [36]). Let us exasine twc systems of rectilinear
coerdirates ~ terrestrial Oxyz and mckile Q*x*'§°2' vhose axes remain
Farallel to the axes of the first syster ir tke frrocess cf moticn
(Fig. 4.11). The point with which ccincides the center ot mass of
rccket, let us designate F; its pcsiticp ir mcving coordinate system

will be determined ty a radius Lty tlke wvectcr

Ty = 0P — G0

Bifferentiatipng vector equality, ve #ill cktain

Fo=0v—7p, i4.17)

where 7V - a velocity vector of the center ct mass of rocket,

Vg - velacity vectcr c¢f the beginming cf mcving coordinate

systes 0°.

with vo=0, ro=r, L=Vv. We fplan last/latter eguality to the spherical

coordjinate axes:

v,=ry U, =re; Upa=rAcoss.

2he projections of velccity vector om tke axis of earth-based

h e e o
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cccrdinate system will te deterained by forsulas (2.4). Using the
table of the cosines of the angles Letw¢en tle axes of the
terrestrial rectangular cccrdinate system ard spherical coordinates
(see %able 2.1), ve will clttain
r=1v(cos 8 cos ¥ cos ¢ cos A -+sin 8 sin e —cos 8 sin ¥ cos esin A);

r:=v( —cos 6 cos I sin e cos A+ sin 0 cos e 4 cos 0sin ¥sinesin A);

rA cose= —7v(cos0cos ¥ sin A4 cos0sin ¥ cos A).
After transforsaticns ve will cltain tie fcllowing kinematic

egsaticns

re=vcosBcos ¥ L+ Aicose—vsin Bsin g

~

= —vcosbcos(¥-~Alsin: - vsinfcose; (4. 18

rAcos:=—wovcosfsin ¥ —A. e
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Fige 8.11., Schematic of the relative pcsiticn cf fixed coordinate

systes 0xyz and of amobile systes 0°x‘*y®ze.

Page 1%S.

¥e focus reader®s attesmtion tc scme difficulties, appearing
during use in the calculaticns of equatioms (4.18) and connected with
the reading of angles Y amd A. Mccording tc .tke rule ot mechanics
the positive value cf angle Y it is accepted tc count off in
direction against the motion of hour hapd. 2t tlke same time azisuth A
is uswally reckoned on the w»otion of hour kéerd from direction in
norths If we accept for at ezimuth the readingy cf angles in the
directicn, opposite to the motican ¢t hcur bhénd, i.e., in the
direction of the axis [AJ] in Fig. 2.2, thern in equations (4.18) it is

necessary to replace

Q)
(L A) Ha (¥ (—Ad]=¥ —A.)
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Key: (i). en.
Becall that the obtained systes ccriresjcnds to the fixed crigin
ct cogrdinates 0'. During tle acticp of the crigin cf coordinates
with a a pate of of Vo kiresatic egquaticns we will obtain, after
desigaing vector equality (4.17) or the splerical cccrdiante axis
(x)e [ and [A)
ro =1 c0s B cos (I — A.)cos : + vsin B sin s —
— Dy ¢0S By oS (Fy — As) COS &~ Vo sin By sin €}

ryz= —vcos§cos(¥ — A sine--vsin Bcose L 14. 19,

— g €0S By cos Wy — As)sin e — g sin Oy cos €3

ForAe cOS e =10 cos 0 sin (¥ — A+)— vy €OS B sin(For — A,

Bgquations (4. 18) ard (4.19) are cenveriently applied in the
isplewmentation of the rescte contrcl of guicance of rocket in

accordance with fixed atd acbile cf qguidamce statioms [3].

Bcr obtaining the kinematic equaticns, which describe relative
acticn of target/purpose agd rocket, the begipning of moving
cccrdjnate system is plsced to the center of mass of rocket. Distarnce
tesween centers of the masses of rccket 0' (R) and taryet/purposes
{(I=s) ¢n the line of sightinc let us degigmate ,through ry* (Fig. 4.12)

7o =01 —OP.
Liffegentiating, ve will cttain

ry ==T,—"U. (4.20)

‘:. o

T . . St s
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EFage 156.
§
Bet us design last/latter equéality on tte spherical cocrdiante
axis [jr), [¢] and [A] vhose beginning let us place to the center of %{

sass ¢f the target/fpurpcse

ru— 2, cos O cos (W', — Asycos e -, sin 0, sin : —
—rcosbcos (¥ — A.cos : —osin Bsin ¢

rys= —tgcosf,cos ¥, —Ad)sin: - g sin 6, cose
—vcosfcos (¥ — A.1sin : —vsin fcos e

Fir A COS 3 2, cos b, sim (¥, — A —vcosbsin (1 — A.).

1he obtained eguations are utilized during the trajectory calculation

cf rockets with homingy/self~inducticn.

Puring the writing of the cosmcn/cenerél/tctal system, which
descrjkes the moticn of rocket, kirematic equaticns are selected
depending cn the principle, placed as ithe lasis of the tlight
contrgl. Let us write ccmncr/generalystctal system of equations, after
using simplified system (4.176) and after replacing in it the
kimematic equations

x=pcosfcos¥; >= — pcosbsin ¥

and

y=1sin 8
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Ly thcee kinematic equaticpgs, cbtained in tie spherical system of
coordijnates {r), [ and [A] and by thcse ccrrésponding the fixed
guidance station, ccmbired with the crigin cf ccordinates (i.e. with
Te'=T). First nine and the last/latter three¢ equations of systenm

(416} will remain vithcut the change

"u=-”1,—(P cosacesf—X —Qsin 0);

é:;:;[P(sin @ COS y.~-cos @ sin Bsin y )4 .
+ 1} cosy.— Zsin y.—Q cos 8];

V= [P (sin asiny,— cosasin cosy)+ | (4.22)

mu cos f
—}siny .+ Zcosy];
J o, =Z M=y =y 0,0,

'/Ut“';lll =ZMP| —(j-‘n - 'Ili)mxlmll;

-’:.‘."1. = E.H,, -t =J ey ey,

=uw, siny - w, cosy;

b= - {w, COSy—mwm. sin yiy

Y=w,, —1g ¥ 0, cosy—w, sin yh i
F=0c0s0cos(U — A coss -vsiv 6 0

re - —voeosfeos T — AL sin e - o sin §eos e :

(4. 20
rA.cose=vcosfsin (U — A,y

1= rsin g
sin #=sin Beosacos? --cosBsinacosy, -
- cosasin 3siny,);
sinbcosy —sin Y eos3cosy, - cosW (s scosb -

- ~iN Yy sin 8 cos 31— cos dsin Hsin y;

cos 8 sin y=sin y_ cos 3cos 8 —sin 3sin 6. -
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Fige #.12. The schematic of the relative gpcsiticn of fixed coordinate
system O0xy2 and of the molkile syster 0'x*y*z* whose beginning

ccincides with the cente¢r ¢f mass ct rcchet R.

tage 157.

Uritten systea (4.22) just as system (L.1€), does nct contain in
tbe equaticns of forces ard torquesscments, determined by the work of
ccoticl devices, and it is svitatle fcr pericraance calculation of
the motion of the unguided tackets. The inticduction in (4.16) or
(4s22) of equations for value determination of ccatrol forces and the
tciguesmoments, which reflect their degenderce cn the moticn
characteristics of the center of mass c¢f taryet/purpose and gquidance

sethod, leads to the difficulties cf a calcylated-technical order.

et us examine the relatively simple methcd of calculation cf
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tte three-dimensiopal/space trajectcries of guidance, which makes it
possible to obtain concretesspecificsactual nuserical results. Method
is npot set any limitaticrs <n the scti¢n characteristics of
target/purrose and rocket. Let us assume that as before that the
balanee angles and slifp dc not exceed the values with which it is .
[cssible to accept 4
sin ag=a, sinf; =By cosas=cosfy=1.
iet us assume also that the hoisting amd latere! forces are linearly

cconected with the angles ¢f attack and sli} alcag (2.85), let us

drcp/¢sit the products cf ssall ancles asyc amd Boye. With the
adcpted assumptions the spatial moticn cf tle zccket can be described

Ly siy by the differential equaticgs

0=P—X—ﬁm&
4.23)
6=(P+Y')05 _geosh, (
my v
> 4+ Z8) }
g (P+2Z% 5,
mu cos B
y=1uvsin 8 (4. 23)
o cosW_ L sin ¥’
Xy ™ Tgb v (gh -
tgh tgh e

Fage 158.

Becall that angles a; and fs cam .ke found froms the second and thira

equaticas cf systems (4.23) in the fcro (3.6€¢) and (3.67).
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8or determining of angles @ and ¥ ané their derivatives during
spatial motiop, it is lcgical toc assume that thke gyuidance systesn
provides the conditions acccrding tc which at each moment of time the
velccity vector of the center of mess cf rccket and the line of
sightjng liesrest at the plane, passing thrcugh the velocity vector
cf the center of mass of target/purgcse. Leét us call/name this flane
the plane of intercepticn (F). The pcsiticr cf the plane of
interception in space in tke process of guicagce will be determined
by the fosition of the velccity vectcr cf tie center of mass of
taxget/purpose and by tle fcint, which corresgcgds to the position of
the center of mass of rccket., For determinirg thke position of the
plane of the intercepticn of relatively hcrizcgtal plane (A) let us
introduce two angles: the angle of the sloje of the plane of
istercepticn to horizontal plane let us desigpnete through . the
angle ketveen the selected direction cf horizcntal axis Ox and the
iatersection (in the general case) of the irclired plame of
interception with horizcntal plane let us cesicnate through Yo tThe
crientation of axis Ox relative to directicr ir north let us define
that as usual, by azimuth Ax [17]). Cne of the jossible jositicns ct

the plane of intercepticn it is shcwn ¢ Fig. 4.13,

The position of the line of sighting r in the plane of
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interception let us detersine Lty apgle 3 betweer the line of sighting

and the intersection of the plane cf imterceptico with hcrizontal
planes We additjonally ctilize twc argles au apd ap. the
lyingghoriaontal at the plane of insercepticn and determining
imstantanecus positions cf the velccity vectcres of the centers of

sass ¢f target/purpose and rocket relative tc the line of sighting.

the pgosition of the velocity vectocr of the center of mass cf
rocket V» in space is defired that as uswal, Ly angle 6 (between
vectos 7, amd the borizcntal Flane) and the angle of rotation of
trajectory V¥ (between tle prcjecticn cf wecter Uy on horizontal

Flane and the axis 0Ox).

the positions of tle centers of mass ct terget/purpose and
roccket are assigned in terrestrial system Ciy2 Lty coordinates
Xn, Yo 2u Xp, Ypo 2p. WhAdCh subsegquently 1€t us cell kasic unlike
coordinates in the planes of ipterceftichy wshich let us supply with

sufpplédmentary index “X* for exasple ¥p; amd sc forth.

dngles @ and Yo can be detersmined thrcugh the named freviously
angle of the slope of the plane of intercegtics X and the angle ¢,
which determines the positicn of vector ir in the plane of

istercepticn.
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Fage 159.

8roma A gPP,, APPLb and AaPb (see Pig. 4.13), let us have

sin 6= sin 7 sin . 4. 24)
Beplacing ¢, we will okttaip

sin 8==sin y siniy +a,). (4. 25

#ros Fig. 4.13, utiliziag additicealdy A abPu,

CO8 ), 8inl p
cos

Angle cf rctation of the trajectcry

sint= =tglhctgy. (4.26)

V=V, 4t - (4.27),

Aagle o will be detersined by guidance methcd. For example, tcr the

copdition of ideal advarces/freventicr it is necessary to use (4.6).

we will ottain
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Fig. 8.13. Schematic of the angles, which determine the position of
the line of sighting and velocity vector thke¢ certer of mass cf roccket

in space and on the plare cf intercegpticn (F).

Key: [%). North.

Fage 160.

Aadatit & -
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idaindts
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#cr deteraination ¥ aspd p, it is necessary tc know the
coordinates of target and rccket. luring tle designed trajectory

calculations of the guicance of the sotion characteristic cf

taxget/purfose, they sust be assigned, and the sction characteristics
cf rocket are located ip the prccess of the sclution of prcbles. When
cogducting of the firincs ¢f the cccrdinate cf target and rocket, are
deterained from the data of the servc after target/purpose equipment
shich measures: the angle of sighting ard rccket ey, & inclined
taxget ranges and rocket a apd 7p» DOppler velocities Fu and Fp §
the azimuths of target/purp¢se and rccket ci apgles A:u A:y frcs the

initial line of fire, which coincides with exis Qx (Fig. 4.14).

et us find the angle of the slcpe of the fplane of intercegticn

tc tte horizon. Pros AUl Adllyc and AdlUll., in Pig. 8.14:

tg’y:.—_y_"____:_tL;
T oelgay sinv

(4. 28

Yu—UYp

tep= (4. 29)

re
The projection of the line of sightimg cp borizontal flane 't

let us detersinme frcm Pig. 4. 15:

"r=P(A)u(A)=l/(xn-xp)'+(zu—’v)' (4.30)

ar, after trapsforsaticy, we will cttaip

re=(x,— x| 118, —vi.
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FEig. 8,14, Schematic of cccidirates and angles, which determine the

[csition of the centers of sass and rccket in sjace.

Key: [1). North.

Fage 161.

In acdacrdance with Fig. 4. 14 and 4.15, it is pcssible to vrite:

Yoa="r,sine,; Up==rysin g I
X,=F,C082,C08 A, 3 X, =r,c05¢,COs{A, | (4. 31)
W= —r, o8, sin A, 3 o= —r,cosgsin AN

where A;p=on_Ap and A, u=A0:'—AIl‘
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det us find the value cf angle v betwreen the projection cf the
lipe ¢f sighting cn horizcotal plape '+ apd of the intersections of
the plane of interceptiocn (E) with hcrizontel glane (A) (by line dy).
1f we designate angle off ir the hcrizcntal plage through ox, a the
angle of the pitching (cr diving) cf the target,/purpose through i,
they of adfy, AIMIL, A L. and AdUil., (se€€ Pig. 4.14 and 4.15)

we «ill obtain

=__in_g.‘___. 4,
tgv tghetgp + cosa, (4.32)

the angle between the frojecticm cf tle¢ lire of sighting on
hcrizgntal plane and the axis Ox will L¢ detersined (see Fig. 4.15)

toce tte fcrasula

Zn—2p

tg(wo-*.-v): (4. 33)

Xg—Xp

Subst ituting in (4.28) expressicn for sinv from (4.32), we
will ektain formula for deterrining the angle cf the slope of the
flage of interception to the horizcg

ghtigucossy (4.34)

ter= 8in @y Cos ¥
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Fig. 8.15. Schematic of coordinates and ancles, which determine the
Fositjcn of the prcjecticn ¢f the line cf sighting cn horizontal

planey

feg: f1). FKorth,

Fage 162.

Angle y is conveniently detersined thrcugl the coordinates cf
targes and rocket in the plane cf iptercepticn.
Ccamupication/connection Letveen the real ccordinates of target and
rocked and their coordinates ip the plare ci interception is

e€stetlished througb angles XV amd , (see Fig. 4.14 and 4.15):

Yy COos v, W R
qu = Ltgp—. yll'] = -;l:—l
' (4. 35)

4y, COS v “p
Xpy= Vo=

1gp : sin ¢
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the oriuin of cooré¢inates 0. jin the flane cf interception
corresgonds to the poirt of intersecticn of the continuation of the

lipe Qf sighting with herizcntal fplane (poirt ¢ in Fig. 4. 13-4.15).

Secessary for many calculations angle . Jlet us find from AdTsl
(see Fig. 4. 18):
a,= 180°—y-—-m; (4. 36)
[g\:_‘—“;" 4. 37
.(‘IL—XX v
vhile angle " will be determined acccrdic¢ tc the theores of sines

frcs the same triangle:

_sindsiny (4. 38)
sin @ )

1he pEcjection of angle a;, om horizontal flane let us designate aur

sinf=

thes the ccurse angle

a,=180°—a, .

{n turn, from Fig. 4.1S:
@, = 180" — (v ¥ ) —x,
shere » - angle between the axis 0Ox and tite direction of the
E frejection of velocity vectar 7u cn boriecrtal plane. Angles = and
| A detersine the directicn cf the scticn of target/purpose and they

syst be assigned.

3hose necessary sulsequently for the scluticn of tue froblem cf

tte three-dimensiogpal/sface guidance cf an 1pcrease in basic
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cocrdjrates Ax apd A% depending ¢g iacresents of coordinates Ayp

vwill be determined cf twc lastslatter fcramulas cf system (4.23)

v

AX, = Ay, cf:o : (4. 39)
v

Az, — Ay, ::o . (4.40)

The order of numerical sclutico is presented im Chapter VI.
Fage 163.

§3. Special feature/peculiarities of srecial csses of moving the

targes/purgcse.

f10 special cases let ws relate suchk cese with whica the
targeg/purpose and the ainec¢ at it rccket f11fill maneuvering in
constant/invariable plane. Paneuvers can ke carried out in inclined,
vertigal and horizcntal fplares. In all three versions the position of
the plane of intercepticn will be detersinec ty angle 7 constant 4in
the course of the soluticn cf proklem. For vertical plane Z=:%%

fox h¢rizootal x=0 anc¢ fcr incliced 0., < -

the case by which the target/purpcse retains the plane of the
fulfilled smaneuver, and rocket is lccated cut ¢t this plane,

ctviously, it must Le referted tc the ccracr/generals/total task of
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spatial motion. During the solutiom of two-cimegsional problem cf
guidance with x-=:const ig expedient axis 0x tc ccwbine with the
intercgection of plames (A) and (P) (with lire d1 in Pig. 4.14), and £
it began basic coordinate sjystem tc ccstine with point d. In this |

case,

Uo=05 ¥ 5 ap,=x, and x,  x.

If the plane of intercepticn is verticel, then, additionally to

that pcted, we will obtain

“.:;E:.\'_—O; (1’,;:9; S =

hith the guidance in hcrizcntal plane supplemertary conditions they

will te:

£ =5“=g=)-=7=8:(): V"_‘V; ?:‘r; a\\f:ah;

P
Yp™ u == Up y == lfu, = CON~I

(in the particular case of value 4 they can be equal to zero). One
sheuld distinguish two characteristic versicns cf the moticn of the
target/purfose: amore conplex, when duritg acticr in inclined plane
chanye the coordinates of target Y. %u.. 21 (curicg motion in vertical
Fleape, resgectively - vu and X Lut during mction in hcrizontal -
x, a@d 2. and the simpler case, with whiclk tlke target/purrose moves

in fparallel to the ccordinate axis Cx, i.e., rectilinearly and at :

ccpstant heightsaltitude; ir this case yyg=const amad 2zz=const, bhut
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angle a:=180°—y.

In the case of the inclined plane cf irterception when x=const
the fundamental equaticns, wshich descrite tle spatial moticn of

rocket (4.23), will resain withcut change.

#bile maneuvering cf rccket ir the vertical plane of
interception, which coincides with the cocrdipate plane xQy, we have
Bo=¥=1y=2=0. Consequently, in syster (4.23) cf equation for V¥
and z; they must be lcsered, eguaticns for ¥, 6 and y will remaia

withouwt change, but equaticr for x} will ettain fornm x}=é%9.
Fage 1€4.

In the case of the mageuver ct rocket in hcrizontal plane 6=0,
6=C; y=0; yy=yp=const; Ayp=0. In this case, fundamentsl cyuations are

ccoverted and accept the fcllowing fers:

ép=;—lP—Xlz (4. 4D

. §

| N SO (4.42)
mu,

'P==vpcosq} (4.43)

Tpr, = — gV (4. 44

Bet us examine other special teatires/peculiarities of special
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cases, lLet U<;/=Cmut<—§u then . a88d tg , te determined frcn

forsulas (48.30) apd (4.29), but

fgvo 2% 4. 45)

Xy — Xp

Tte coordinates of tarcet and rccket ir the plane of

interception on the basis (4.35) will be egral to

yyCosv | lin

Xyy =X, = —" == ’
uy u 1gp ’ Yuy sin Y,
ypCOS V¥
Xy =xp= e s Yp = proe N

while from (4.37) tclicus

Yo, — Yy,

tgy=

Ay — xp
Tte definitiop of angles o, apd ¥ dejends, just as during the
spluticn of the common/ceneralstctal prcblen cf gyuidance, from the

selection cf guidance method. Fcr a method vithk fixed-lead angle

ag,=a,=const and ¢=y+a,.

With guidance on linear curved

=V v=F§

6=np; tgcp:ll_“’_:fﬂ (4.46)

Fage 165.

Differentiatiny last/latter equaticn, it is fossible to cbtain
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amalytical foramula for the 2angular velccity deyct

‘ 2
R 3.—_—-(:“’:—:”—2|(x,,-x,)(wnl—w,,)—(y..l—-y,,,) (w,—up), (4.47)

wvhere 4. and 4, - horizcntal compcnent tarcet speeds and rockety

w, and w, - comprising target speeds apd rocket in plane (P),

detersined by angle 7. in the directicp, fperperdicular to axis Ox.

§ith constant bearing guidance additicrally it is pcssible tc

write
y=Y,=conusty v=v,=const; p=p,=const.

Since j=const=u,, then from forsmula (4.39) it is possible to find

e Yu— Up_
r ‘gpo 1 ]

after which from ccnverted torsula (4.30) we find

=0 ——Ttr )
Xp=4X, T (4. 48)

also, through (#.45)

§ith matching gquidance the leaé aggle in the plane of

intercepticn is determired frcs fcrmula (4.%).

If version 0<'/.=C°“S*<% is surplemesrted Lty condition .= const.
w@ copnsider that the target, /purpose movés rectilinearly and in

fatallel 8o axis Ox (7,)l0x), then A=n=x=0; ay=+v and

tg y=tg 70—’:.:::. . (4.48)

___.——_—M
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In this case, with, constant bearing quidamce¢, let us have
ve=v,=a,=cons} @,=180*~—y,=const.

Iatering similarly, 3t is possible tc cbtain solutions, also,

fcr other special cases of moving the :target/purpose.
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Chapter V.

THE FREE BLIGHT OF ARTILLEBY SHELLS AMKD UNGUIDEL ROCKETS ON

PREE-FIIGHT FHASE CF TEHE TPRAIECTOFY

O inactive leg when ttere is nc ccpsuagticn of mass, the motion
c¢f the center of mass of 1ccket or unguideé ncse section and
artiliery shell is descrikbed by cne-type differential equations.

§1. Spatial moetion in tle dense layers c¢f tke atmosphere.

turing free flight in the dense layers of the atmosghere on the

f[rejeatile of constant sass, act two groups of forces - aerodynamic

o idadl

il L

L‘—A e



DOC = 78017414 PAGE 24~
43

forces and forces, determimed by the eftect of the Barth. The systen

ct egmations, which descrites the three-dimensicnal/space flight of

the uaguided projectile, car ke citained frc» ccamon/general/tctal

! systea of egquations (3.7)-(3.12), (3.¥)-(2.23), if we in then

drcps/emit control forces ané torgué/mcments apé to place m = ccnst

and P = 0. Gf the well stabilized frojecsiles ithe change in the

angles a and §, cavsed by the oscillatica/vibrations of projectile

relative %0 the center of mess, leads .to the insignificant deviatioms
¥ cf the cepter of mass frca the calculated trajectory, obtained

without the acccunt of the cscillaticnyvibraticgs of projectile.

Bcticeatle effect ¢n tke fcrm cf the trajectory of the center of

i\ sass ¢f projectile during free tlight cepm exeért the perturbaticr
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tactoxs, aot takey intg cojpsideraticn in eguaticns (3.7)-(3.12) aad
$3.18)-(3.23): variability 3 and coriolis ecceleration, the given
cise tc by rotatiop Earth, eccentricity of the masses of projectile,
serodyramic eccentricity ard disregarded aeicdyvamic force component,
for ejample, Magnus® forcé. the rctaticnal ¢ffect of the Barth cn
rocket flight and projectiles have examineé we in chapter II can be
take¢n into accoumt during tle writisg cf s)stem of equations in
relatjve aotion. Eccentricity of tike masses of projectile can be
taken into account by cbanging the scments cf ipertias; aerodynamic
eccentricity - by change in the value a¢rodynasic fcrce cospcnent and

torgque/mcaents.

Fege 167.

Perturbingy forces and torque/moments (for exasple, Magnus® force) let

ws consider by the intrcducticn of separate terss into eguations

$3:7)*(3.12)

e e me STOue et T o S L N el e m R, heis T e

<
®
2
>

i aloi it

————— . e e —
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i—L(-x+0,- N x,) 1
e=va(v+oy.+\‘ HE 3. 1)
Y' * 1 \\

V=- mvcos&(z \ ) \

Jy‘“—’y: +(Jx,— J2) wg 0z, =’2 M, +E Mayid

. N .
J x,0x, +(/e, —Jy e, 0, = e ‘M-"- +}- Mo x3 l
! (3.2)
|

.,z,‘;)z.“l"(jy:—‘lxu)w-\':ml/n =2A1"'+E‘/‘”!z‘ |

Jn the written equaticrs, besides values, is earlier than kncwn,

EX., 2)" EZ: - the prcjecticn cf persucking forces on the

balf-spreed coordinate axes; ISALJ" }Eﬂhy” :gﬂh,. - sum ot the

frejections of the moments cf perturtimg fcices on the body axes of
coordinates.

Bguations (3. 14)-(3.23) will remain withowut change and systea
sill ccnsist of 16 equaticns. If are kpcwn the zerodynamic and

Fertusting forces and tcrque/mcsents, .thea system is locked and can

be sclved, since in it 16 ucknowns

o(t), 8(f), W), x3(f) yalt), 25ih),
r(e), 86, $(0, vO), a(t), B,
[ Ve(b), o, (8), w,, (1), @, (1)

Fcr finned ugrotative projectiles amd sin in equations (5.2) it

is possible tae dropsomit the terms, which ccntain the product cf
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angular velocities, and to write thkes thus:

J sy, =EM,, +2 Ma e
th"’lh =E M, +2 My
h%=2%ﬁ2Mm,

If torgue/aoments the smoments cf ithe zerodymamic and perturbing
forces will Le known, then e¢ach cf these eqraticns can be solved

1 indegpendently.

fage 168.

§2. Equations, which descrile the mctien of the center of mass cof

frcjectile in the dense layers cf the atmosjhere.

The disregard of perturking fcrces and torque/moments, and also
the assumpticn of plane~fparallel gravitaticral field leads to the
glapas trajectory of motion. If we acceprt fcr lcw angles of attack
ccs a = 1; sin a = 0 apd 2 = 0 and tc add tc (t.1) usual kxinematic
relaticnship/ratios, then we will cltain syster cf equations (in the
starting systea of coordinates Oxy), that descrites the moticn cf the

ceyter cf mass of the urquided projectile:

¥
¢ .
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l . 48 cos B
= et =0
m
(5. 3)
A ysin 6 4 — psin®.
dt dt

1he first two equations are writter in the ligk-speed/velocity
cccrdinate system, i.e., in projecticns on tancent and standard to
trajectory. Is many instarces they frrcve tc be ccnvenient for the
scluticas of system of e€quations, written ir the rectangular starting
coesrdjnate systea. In acccrcaace With Fig. 5.1 mfgﬂ&—Xcoso.
Bultiplying numerator and the denoasinater i right side to v, we will

chtain

du Xu

dt my

The value of full speed in the komowun value ¢ caer be found as
=u) 14p% where p = tg 8. 1herefore as the seccnd equation of the

systes in question let vs take the differential equation

d_p=d(tg0) _ 1 ﬂ: 1 (_gcosﬂ)=_i_
dt dt cos28 dtf  cos?b v u
Desigmating for simplicity cf writing F=X/®v andé adding kinematic

relaticnship/ratios, we will obtainm kocwn system of equations

ds dp g dy dx
—=—Fg —=-—23{ = —=y,. 5.4
dt ' oat a a WPy 5.4

1f ve use for X egquality (<.95) and to inticduce function G(v), then
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the first equation qf system will tazke the fcra
7 = —H(y)G(v)a= —Eua,

where

E=cH (y)G(v).

(5.5)

e e e e o e —
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Fig. b.1., Simplified diagram of the fcrces, which act on the

P

frojectile of constant mass, drivimgsmcving in air with § = const.

Fage 169.

With the wish to ccnsider a change in tlke speed of sound with

beightsaltitude it is pecessary to use (2.10€) and then

B cH((y)G (v
at

Eesfectively:
E=cH ()G 7). 5.6

The second equation of systenm (S.4) can be replaced by aifferential

equaticn for determining vertical ccmpcnent velccity

dw _ X sin 6

Introducing into tbe first memlier cf right side that compcsiny

S T e g e sy e gy

O e . ) s LR

-
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velccities w=vsind, let us ftave a system of eguatioans:

du dw dy dx
—=—Fy —=—Fw—yp, —S=w; —=UuU. {/
dt Euw < S Y oar

(o]

~

Systeas of equaticns with independent alternating/variable t it
is exgedient to utilize fcr performance calculeticn cf tne moticn cf
the asti-aircraft skells ¢f ccrstart mass. fcr ferformance
calculation of the moticn ¢t the projectilesr cf class ":Zarth- Earth"
{the inactive legs of rcckets and trajectcries cf artillery shells)
fcr independent variable ustally is taken cccrdinate x. We will
cbtain system of equaticns with arqusent x, after conducting the

cbviows transformations cf the first and seccnd equations of systenm

(Sal) ¢
1
du __du 4t _ Fu) (—\——E;
dx dt d u
dp _dp dt & }\ __ &
dx dt dx u u u?

Systen cf equations with incependent alterccetings/variable x will take

the fcrm

du__E; _d_’Lz—i' -d—y-=p‘ —g—t-—=L (58)

dx dx uw? ' dx ' dx u

Fcr obtaining the apprcximate analybicel scluticans c¢f the Lasic
ppobles of external ballistics cf tke frojectiles of constant nmass,
is utilized the systea cf eguaticrs fcr independent variable 8. Let

us present

—— e e =

e e a——t.




e e e e et A

[eC = 78107107 PAGE J)’s/

3

da _ du 1t - v Ev?
dan dt di

Apter replaciuyg E, using 5.9, we will cbtaig

b _ € H(y)vF (v
48 €
Eage 170.
After introduciuy intermediete derivatives, we will cbtauin
respectively
dv J Jde ‘K'\‘U\'O( . I - } [T
df J S £Cush I¢
L o dn ¢
’ toh —
Lt FENT:] = k ¢ )
Systea of eguations with arqument 6 w»ill take the form
. ¢ ) i e \ <
i Hoo) oF (o, ! SR o
JdH £ AU £ A L
ot 4
G0 QLeosh

Bor the account ot a change in the spe¢d c¢f sound with

eguatjcn of system (5.1C) stculd replace with tcllowing:

(5.9

“.—)' ]“

heédghtsaltitude, it is recessary tc vse («.1C€), and then the tirst
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In systems (5.3), (5.4), (5-7) and (5.t) :cint (i.e. being
subjeat joint solution) are the first three e€quations. In syster
(5-10) joint are only twc first equaticn. Liring the supplementary
gisplifications, for example wten Hy)=Hiy.,), ip the tirst equation 1t
is jossible te divide variatles. this fprogeity cf systen (5.10) makes

it possible to utilize it fcr the affprcximate analytical sclutions.

o

The sclution of equaticn (5.9) is the tunctional dependence v
f(6), shich determines the lodograph cf the velccity of the center ot
sass ¢f prcocjectile. Therefore it is acceptec (5.9) to call the

bedcgraph equation cf velccity.

Buring the campilaticp of all greceding/fprevious ejuations of
jreseat chapter, was assumed g=copst. Ecwever, this assumpticn is
correct during the trajectcry calculaticnq cf the motion of the
grojedtiles, intended for a firing tc relatively short distances. The
system of eguations, whbhich describes tle free tlight of the center ot
mags ¢f the projectile cf ccnstant sass, igtended for a tiring to

lcpg range, can be obtained frcom (2.73), if we in it accept thrust P

= 0
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_du_ Xcos® 4 Y sin 6

@ T . —Té&siny

_d_!t'_=_‘\'sin0—-)’t:osﬂ__ oS v 1

ar — m £ T i'

X —u: =% . oo (R3V. (5.12) |

e  eb="r g——g"(r)’ 2

dy x . ~ 8
a=i—8 v=) TFa r=VRTPIE

If ve assume a=0, Y=0, then:

du Xcosf Lo, dw X sin b
—_— e —psilyy — = ———
dt m dt m

—gceosy. (A 13

The remaining equations of system (S.12) will remain without change.

Eage 171,

§3. Equations describing the motiop ¢f the center of mass ct

[rcjectile in the vacuus.

3.1. Nction in conditional flane-parallel giravitational tield.

Bor the approximate cosputation of the szall free tra jectcries,

which fass in the vacuuas ctr in the smedium, shich exerts negyligirle




4
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resistance, when it is pcssible nct tc comsider variability g,
Corioclis acceleration ard tle curvature of the Farth, they are
ttili2ed the equations, which dc nct ocnsider the air resistance. The

systes of equations, ccsprised under the assumgtion Jg=const and

A=Y¥=0p can be utilized fcr the trajectcry calculation of the
frcjectiles cf constant mass, drivingsecvir¢ ir the rarefied layers
ct the atmosghere, with tke exfected firing distance to 500 km. Error
in thjs case will ccaprise not more than 1Cc/c [35]). At the low
sgeeds cf the motion of todies in air (apprcximately tc 50 am/s) it is
poessitle alsc not t¢ ccrsider the air resistagce and to count that
the bgody flies as im the vacuus. Ir these ceses the only acting foice
will bte the gravitaticnal fcrce, apd the differeatial eguations of
scticn, comprised in projectians cy the axis of the rectangular

startjng ccordinate system, take the fcim

dx P g (5. 14)

=% w=

de?

Equaticns (5.14) are initial eguaticns in tte sc-called parabolic

thecry of the moticn of the projectiles of ccnstant mass.

3.2. Bctiop in flat/plane central gravitaticral field.

€Ccmmon/yeneral /total equations (3.70) sake it possible to cbtain

the system of the differential equaticuns, stich describe the flight

of tallistic aissile or its nose secticn without the account of the
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rctaticn of the BRarth in the passive, unguiced phase of tlight keycad
the limits of the dense layers cf the atmosjhere. If ve in systea
(3.70p U U: and € make equal tc zerc, tc drcp/omit the terms,
which consider thrust and aerodynasic drag, then we will obtain the
case in question, which ccriesgonds tc the (lapar trajectory ot the

soticm of relatively inertial cccrdinate systes Cxy

. RR . , R}
V.= —gw—;a—x. 'vy=—gmr—3 y-
i Cn Fid. 5.2
3 x=rsiny; y=rcosy (5. 15)
i and then
. R3\2 . .
°x= —Rm (73') sin Y; ’0'= —gro(%)zcos V-

Rementering that i=v: ard j=s5, and teice differentiating (5.15),

let us pass to polar cccrdirates r ard j:

. . . .. 2
rsin y42rycosy—ry*sinyJ-rycosy= ——g,o(l—?r@-) sin y3 (5. 16)

Fcosy—2rysin y— ry* cos y— rysin y=— g (R—3)2 cosy. (5.17)

r

Multiplying (5.16) by siny, and (5.17) by cosy and adding, we will

have

f—r§’=—g1o(ﬁ,§\2‘ (5.18)
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Bultiglying (5.16) cn cce 3, a (5.17) €n sicty apd to deduct of the

seccnd eguaticn the first, then we will obtain

2ry 4 ry=0. (5.19)

Bultiglying last/latter equation c¢p r and ccnverting, let us vriite

systes cf equations
= —gBFT L) =0.
r—ry= gﬂ)(r)'; dt'(r.v)
(5. 20)

ke b e e aae

These are the known differertial equations cf sction of the ;
frejectile of constant mass in the central cravitational field cf the

Earth withcut the acccunt cf air re¢sistance and rotation of the

Barth, written in gclar coordinates r and ). System (5.20) is the

tasis cf the elliptical thecry, vwhich mekes it fossible to

aprroginately detersine tlke motics characteristics of ballistic

f sissides and Earth satellites.




13- spp—

I¢C = 78107107 PAGE ¥
3s7

Pig. 95.2. Simplified diagras of the aotiom cf gravity force in

ceptral gravitatiopal field.

Fage 173.

In the theory of tte flight of the pre_ectiles cf ccnstant mass,
systea (5.20) frequently is utilized; thereiore is of interest her
iasediate conclusion, besides obtaining frca» ccrmon/general/total
equaticas (3.70). <alre ccnveniert tc oltain these system in the
fcrm Qf the equations of Lacrapge c¢f second kimd (1.33), after taking

as generalized coopdinates r and 3 and after ccrsideriny that cn

fpojeatile acts only one external gravity fcrce F.

In accordance with Fig. 5.2.

o1 |

H.2N

v=l/}’+ r’yi

R e

salemnds
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and kjnetic eneryy of the projectilg
T=%('r'+r*§’). (5,22

pifferential equaticn for ccordinate tr let us write, after

cktaiming preliminarily the values ¢f terss in (1.33)

Sussarizing apd reducing tc s, we will chtain the first ejuation of

systea (S.20)

. ‘e R3\3
Fr=—r1y= —gto(_:_) .

Ciffesential equaticn fcr a coordirate j we will obtain, after

sgbstitutipg in (1.33) the values 2 Q

oT ) : _
=0 Gr=mry Y Fu=0.

1his will be the second equatico cf system {5.2C)

= (ry)=0.

Ve
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Chapter VI

SUNERJCAL INTEGRATICN CF THE ECUATICNS OF EXTERNAL BALLISTICS AND THE

USE OF BLECTIRCNIC CCHPUYEERS.

The motion characterigtics of rcckets and projectiles: velocity,
acceleration, the coordinate of the center c¢f mess, e€tc. are
calculated during thke irtegration ¢f the cciresgonding Jdif ferential
eguatjcns cf motiop. Of the special feature, ,peculiarities cf the
integration cf the equaticrs cf external tallistics, comprised it is
stricg (without essential assumjticrs), they ccpsist in the
ccsplexity of equations thesselves, and alsc ir the fact that the
fupctjcns, vhich detersmine the air resistarce, the thrust and some
ctker values do not have sigple aralytical tcrs, but they are usually
assiga¢d by the cosplex curvesgraphs, ccnstiucted according to
exgerjsental data, or Lty tatles. Ip ccrrecticp with this the
eguaticns of flight are sclved usually Ly tie methods of numerical
integsation either in electicnic digital ccaputers (ETsvm [digital

coaguter ), or bty means cf manval ccunt.

Sanual calculation with the aid of tbhe key-actuated digital
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i ccpputers, logarithmic tatles and sxall BTsVE is applied fcr
ccmparatively small acccrding to vclume calculations when the use ct

laxce universal ETsVM, takirg intc acccunt the complexity of the

ad justsent of program, is econcmically not -ustified. Manual ccunt is

arplied also with the adjustment of rrcgram in electronic computer

and f¢r the control/check cf separate calculaticans.

the coaplexity of the rherncmega cf controlled and unyuided

rccket flight and projectiles, the requirement cf speed and high

accuracy of performsance calculaticgs c¢f moticn, and also the large

vclune of caiculations lead to the need for cceoducting serious

reseacch in the field of external tallistics with use of ETsVM angd

the electrcnic analog ccaputers of ccntinwcus action.

¥ kncun many methcds cf the rumerical integration cf

difterential equaticns. Are kncwr the methcds cf kuler, Runge, Kutta,

Mdass) Stormer, Chaplygin, Krylov, e€tc. In ccntespcrary works in

calculating mathematics, the part cf tte methcés, clcse in practical

accceaplishing, is uritec. Mcre frecwert thar ctkers in vallistic

calculations are utilized tle sethcds cf Bwler, EKunge Wy - Kutta,

Adams - Stcrmer.

Fage 175.
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In Hussia numerical integraticn cf the equetions of external

tallistics carried cut fox the first time A. M. Krylov. In 1917 he
read a report, while in 1S1¢ was pubtlisbhed acrk "Abcut the
approgiasate numerical integration cf c.dinziy c¢ifrerential
€quaticns®, in which giver thoroughk scluticr of one of tne tasks of
external ballistics. As the tasis cf scluticn, was placed adamsa -
Stcrmer's sethod. Buring the sulsequént years A. N. Krylov repeatedly
returned tc the numerical ictegraticr cf thke egtations of external
tallistics and he considerakly imprcved him. Fcr the determination of
the initial values cf fuincticns, A. K. Krylcv proposed the method of

guccessive aprproximaticns.

the method of the numerical integraticr of A. N. Krylcv received
furtheér development in M. A. Upcrrnikcv?s wciks (was knowu the version
of the solution of Krylcv-Ujcrrikcv). Crigigal sclution was suggested
by €. A. Zazakov. In the tield of tke pumerical integration of the
€quaticns of external Lkallistics, scrked V. M. Trofimov, V. V.
Mechnjkov, D. A. Venttsel®', Ya. M. Stagiro, A. E. Komarov (version,
ottaimed in the acadeay ism. A. N. Krylcv), V. S. Ustinov et al.
enwmerated authors's works in essence were€ c¢irected toward the
soluticn of nev systems cf equaticrs, tte devel¢rment of the methods
cf calculating the initial values c¢f furcticnz and for the decrease

of the volume of calculaticrs with the

preservation/retention/saigtaining of the necessacy accuracy of the




LCC = 78107107 EIGE 20

36>

chtaiaed results.

On the basis of all precedingyprevious wcrks in the contepporary
calculating practice of tke manual calculaticn cf trajectory
c¢lesects, was manufactired the gemeral, sufticiently simple methcd of
the nmserical integraticn cf the equations ¢f erternal ballistics.
This sethod, just as enumerated is esrlier, are utilized the theory
cf interpelation and the theory of finite cifferences. Therefore,
sgksequently, let us call it the sethcd of rumerical integyration with
the aid of the tables of firite ditferences cr, it is siapler, by
differeice method cf numerical integratiom. For performance
calculations of motion ty E1sVM, is is Leen ccrscnly used the method

cf the numerical integraticn of gunge - Kutta.
Fage 176.

§1. Nemerical integraticn cf the differenticl equations of external

ballistics.

Pre tion for . .
iy(sciuixop‘aﬁa very soluticn of differentiecl equations flight can be

by
:ep:esenteddthose carrying cut in fcllguing segrence.

1. Development of assicnment, selectici of system of equations

asd its analysis.




LCC = 78107107 EAGE é’\;‘}

2. Selection c¢f method of rpumerical irtegration and analysis of

its agplicability with manuél and sachire ccupt.

3. Determination of space of integraticn.

§. Determination ct ipnitial ccpditionmns,

S. Determination c¢f initial values of tunctioans.

6. Strictly numerical integraticn (grcuwth cf lines).

1. Deteramination of cellselements cf charecteristic points in
the trajectory: cell/elements cf erd/lead ¢t pcwered flight
trajectcry, trajectcry e€lements during separaticn of used-ups stage,

etc.

The first of six stages are tightly irterccnnected. For exangle,
ccaplexity and the labcr exgense of the scluticms, which are
ccofletely reveal/detected c¢cnly in tle frocess cf calculaticns (in
the f£jfth and sixth staces), they cap lead to the need for the review
cf systeam of equaticns fcr the directicr of ite simplitication or to

pagsage to another methcd ct integratico. 1Tte cevelcpment cf
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assigusent consists in the setting cf task, tte detarmination cf
initial conditions and furcticrs, pecesszsary fcr solution. During the
develgrment of assignment, is checked ;tlte pcssitility and the

advisability of using the methcd of nuwericeél imtegration.
1.1, Mumerical integyration Lty difference method.

The methods of numericel integraticn me¢ke it possible tc
calculate the value of intecral of tke functicn, assigned tabular.
For this purpese is utilized the sc-called intergolating functicn,
wvhich under integral sign replaces tte real furction whose analytical
fors is unknown. Wken this rerlacegent c¢ccciils ¢n low section curved,

accuracy in the integraticp can ke suftficiert tigh.

tet the interpolating functicn will te turction y = f£{x). Then
ap increase in the defirite integral sithir lisits from X» to x.u is

€gmal

ad,= | gdx. (6.1)

The very idle time is thke linear interpclating function

Y—Yn X=X (6.2)

- )

Yni1— Yn Xps1— Xp

where Y., —Xn=h.- the irterval of tte variaticr in the argument, or

the space of argument;

— ‘--n---lhIl---uIhHIll!il.lHIlllI'llll--.l-..........-..iii
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Ynor—Yn=Ay, -~ difference Letween the values c¢f functica, which
correstond to datuam (n) and to that fcllowiry (n + 1) the values of

arguesent.

frcm formaula (6.2) the urkncwr value c¢f function, which
ccrresgonds to the value cf argqusent x, is equel

_ X—x,
!/‘!/n+TAy" (6 3)

Face 177.

Buring linear intergclatior tte area urder curve, that dejicts
fuacticn f (x), will be trcken intc a serieg cf trapezoids.
Integration for trapezcidal rule gives sigrificant errcr and, as a

rule, it is not applied dvring ballistic calculations.

The simplest methcd cf the pumerical irtegration ot ditterential
€guaticns is L. Euler®s mettod. Let Le regwirec to find the solutici

cf differential first-crder equaticyg
yer fLX 1)

under tte initial ccnditicrs: x =

¥gr Y = Yg- Luring intejyraticn the

.o e ———
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space ¢n argyument A, 1is selected £o that withiv the limits of this
space it wculd be fpeossitle tc assuse that fuinction ffx, y) retains
ccrpstant value. Replacing derivative ky the relation of low finite

increments, it is possiltle tc write

_dy A
Y= Jx Ax ’

Fcr the first secticn cf integraticn Avo=v—xo=h,; Ayo=y,—y, and

ther

y1— Yo
Xon Hg)=———"»
S (Xov Yp K,

Mfter this let us have

yl =y0 + hxflx(h yu)

Fepeating process/cperation for the subsequent sections of
integration, are ottain€d tle ccnsecutive vglues of the functions:
Ve=th+h fix. )
In general fors the fcimula cf the nuserical integration ot the
ditterential equation of I crders tor L. Euler*s method will be

sritter so

Ynt1=1Un +hxf(xm y..)-

Buring the soluticr cf the frctleéms of external ballistics, L.

Fuler®s method can lead tc ccnsideratle errcrs. The accuracy ot

i,
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sethod is raised with the decrease ct the sjace of integration;
bowever, in this case, increases tie tctal vcluse of calculaticns and

is retained the stcrage cf the errcrs ir the prccess of integration.

Therefcre in the most widely used methcds ci tle numerical
integration of the equaticns of external tallistics, are utilized the
Sgpecial ipterpolating furcticns, whkich sake it fossible to increase
the srace of integratice, ir ccamparison witht ipntegration for
trapezoidal rule and L. Euler's methcd, for the

FreseEvation/cetention/maintaining cf the necessary accuracy.

Fage 178.

fhe interpolating functicn is ccmpprisea in the form of the whcle
pclyn¢sial whose degree per unit is smwaller thép the number of
assigned values of functicr cn the secticn ¢f interpolation in
guesticn. Curve, that corresponds to pclyncizial, must pass thrcugh
all the utilized points, whbich are called ¢t interpolation points.

Satisfaction of these conditions gives rise tc the uniqueness cf the

intergclating function. Interpclation fcramulas frovide the

possitilivy of the apprcxisaticp calculus cf the values of function
fcr the values of argument, different from the assemktlies of
interpclation. In this case, is distinguished the intecpolation in
the narrow sense wvhen argument x li€ /rests withkin assigned tiame

interval Y.—x.... apd extragclation - at the value of argyument, which

-

R - — = e e U cae i A o I R T TR e
A e
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is located begyond the lisits of interval. ‘

Iz most universal the interpclatinc furcticn of Layrange. During ‘
its use on the selecticp cf interpclaticnm fcints are not placed any I

special lirmitations. Lagrapgce's intergclaticn fcrmula takes the form

(.\' — xl)(-"‘_' x?) [ (X——X,,,)

= X = —
y="r1 (Yo — XD (ro—x2) .- (Fg— xm)
f (x—xp)(x —x2)... (x—Xxp) _ |
T L e
(x1— Xg) (v — x2) ... (X — Xm)
- (x—xp)(x—x1) ... (x—xp-)) Um- (6 5
(Xm— x0) (Xm —X1) ... (Xg —Xp—y) ~

Are known other interpclation fcrmsulas: tke first and seccnd
forsulas of Newton, fcrsula of Gauss, Bessel, Stirling. Newton's
intergpclaticn formulas, ccmprised with the use c¢f tables of finite
differences, are obtainsd under the copdéiticn ¢f the ccnstancy cf the

space cf arquaent {(h.=const).

If certain functicp y =f(x) is assigneé¢ tatular with a change in
the argument through the ccrstant space h., tler a finite difference
in the function of the first crdex, cr the ficst difference, is
called value Ay=3/(x)=f(x+h)—f(x). Second difference in function
A2y =A%(x)=A[AM(x)] and in so fcrtb. Fcr cktaining the table of finite
differences, it is necessary fros each valte cf function to deduct it

that jpreceding and the citained result to wriite in chair to the right

in cne line with sukbtralend, after givirg tc it the number of the
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latter (table 6.1). Comgrised similarly table calls the horizontal

table of finite differences.

Fage 179.

fntroducing the news variatle

— X%
hx

where xy3 - initial value c¢f arqument, let us write foramula for
Newton's first interpolating pclyncmial to cegree not higher than
n-th

=D

» E .
PR‘\X):!,/O '}—;Ay(n",‘ o1 Azyo—r... —--

. e(e—l)--;ﬂ(e—nw) Ao (6. 61
Newton's second interpclaticn fcrmula is applied for

iatergclation at the end of the kncwn values of function (i.e. for an

extragclation):

PAM=MTﬂ%ﬂ+5%$Qﬁ

EE+NE+2) ... —
4 28T 5 [ §E+ 1) n|(€+n 1) A" (6.7)

Yp—g ™

where 4 - a lastylatter known value of functicn.

I U S,
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#hen the table of finite differences is present, tue frincigle

cf the compilation cf tle irtergclating fugctick consists in the

fcllcaing:

1. Is extracted the line of ccnsecutive cells/elements, i.e.,

puskters from the takle cf tle differences, vhich directly depend on

the preceding/previous numters (line is called that set of successive

cell/elenments, into which ¢t e€each c¢clumr it is taken only on one

cell/element).

2. Before each row
cocefficient in the fcra
whcse crder is equal tc
it is ccntained so wmany

difterence.

€lement, except the first, is placed
¢t fracticr. Its dercmirator is the factorial
thte order cf celljelement, and in numerator

the factcrs of forus &-i, which order of
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Yakle 6.1. Table hcrizcgtal of finite differences in fuanction y=f(x).

|
x i u ’ Au Ay l Ady

E : i
i i | : !
{ Xnms i Y- Stp—y | Adlin—y : Ay
Xp_o ! Yp? ’ Ry Ay, 1 Aol gy
b ho :
Xl Yn 1 Alg—y | At “ -\"!’;_1
i . l . i !
Xn ! lig [ Au, | ATy, I A,
oF P ! Ynoy ] Aline Aq )
) - '
X0 | [ | Alig. ‘
! T !
R I [ 1 |
Fage 180.

3. Pirst factor of numerator must take ftcrs &-i,y, where i,—
index cf preceding/previous cellselement ot fipite difference (fcr
€xample, if preceding/rievicus cell/elesent has number n-3, by index

ct wbich they call numker "-3", thep ig=-3).

311 she subsequent factcrs decrease fpe€r1 unit.

i et ML A AR

¥tilizing this rule, let us write as ar example interpolation
fcraula for the broken line, which ccrresgcirds tc value argument rn
Tte finite differences, use€d fcr the writir¢ of interpolation

fcraula, ncted are noted in tatle 6.1 Lty asterisk.

{— -1
(=D gy, L GFDIE=Dye, 6.8

R ‘ 3!

3 .
= !/A'LT Atig
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tte written formula ansvers tte brckex line of consecutive
cell/elempents, designated ty sysbcl _/ Witk ipdependent variaktle & t

frems f6.1) we will obtain ar imcrease ir tle definite integral fcr |

el e

cne sgace cf integraticy ir the fcrs

1
A p=h, { yat, (6.9)
0 b

since di="C. !
for determination c¢f AJ, we caj use cre of the interpolation

fcrsulas, comprised on the lasis ot the liges cf consecutive

cell/elements. thus, fcr irstapce, after sulstituting (6.8)

derendence (6.9) it is fossikle to .clttain tle fcllowing exfression

fcr calculating the increase in the cefinite irteyral

12

1 1 !
Ajn== hy ( Yn _.“'Tl— AYg— = A’.‘/n—l—'.__ﬁ' Aa!/n—'l) . (6.10)

el

It is analoyous for the horizcntal lime cf the consecutive
cellselements

A'/n":hx( yn'f_‘l—

: Ayn—BAy,J—-EA’y,). (6.11)

Dvring the use of am irclined ¢xtraepoleticp line, the formula

takes the fora

_ ! 5 .3 \ .
A= "x( Yt Y Ayn—y -+ vy A’yn—z “T‘T A,!'/n—-l) . 16.12)

EEE R . L e I o PR T
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Bast/latter formula makes it possikle tc jrterpclate forward (to
extragclate), being based c¢p the character cf tlte preceding/previous

change in the functicn.

€cmppisingy the table of finite differerces in the derivatives
¥=y, it is possible tc clttain thte fcrmules, utilized during the
rumerical integration cf the equaticns ¢f esrternal ballistics (table

€al)a

Fage 181.

ddding the difference in the funotiom A¢Yn detecmined in the
afprogriate formula, tc kncwn value€ y. wve cltein the subsequent

unkrosn value of tke furcticr

yn+l=.’/n+ Aiyp. (6 13)

fThe formulas, placed in takle 6.z and the ccntaining differences
in the third order, car ke tsed fcr the gxcwth cf lines, if it is
kacwn not less than four igitial values of cerivative. The first
value is determined by the initial cenditicrs 3=2y and y=y, for the

integrated differential equaticn. l1be missirg ipitial values of

derivatives usually find Ly the methcd cf suyccessive approximaticns
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shcse essence is presented telow.

et be assiyned differential equation 1 cf crder ys=f(x y), which
fcr decreasing the indexin¢ further let us 1eccrd/write in the fornm
y'=f(3,y) The initial valwes x5 and yo are€ kcocwn, therefore, known
value y'g. The determimaticr of thke sissing cellselements of the

tatle cf differences begins frcm tke first apprcximation

AYe= "!/iﬁ h="Yo+ AYo

1brcugh the known value y,, we find

y;=f(x,, th) ve ccapute Ay5=y;—y6-
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tatle 6.2, Formulas for differerce sethcd ¢f pamerical integration.

Cuusoa (/
CTPOKH no- (@
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)a::efnoa

VY

Key:

Forsulas of numerical integration.

Fage 182.

Burigg accomplishing cf the seccnd agpprcachsapfproximaticn cn

kncwn from the first agjprcximaticn et énd ). we determine
Ay”r~nl(pé SoanVi e A

and
Aty ”,\~(f/;’l .],' A."‘"): vy g

Sctbstituting in

fird

(V. Symbol of the lige cf ccrsecutive cell/elements.

] 1 . . L
Adn= "(5',. RS Aly, + 5;3‘.1@)
' 1 . , \
dup = ﬁ(y,.ﬁ- Yy Ay, — T‘—‘_A Ypgy— 7 A ]
an 1. Lo [
Aig=h (yn%— 5 Mt T A =T _\o_L,n__:)
’ 'L ' A2 Mw \
Ag=h(u,+ 2 Ay, — 2 Yot 27 o
R 5 , 3
Ayn=h (!«,,+ 5 Aat 2 A2y, ot s Aa_,/,,_;)

(2) -

ipitial equatior krowr x,, y, and x,, ya, we
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wl od

n p -’/‘—‘/ AYo=t1—yi A=y~ Alye= Ay~ Ayo.

The third aprroachs/apprcximation is ccontrol. Ir terms of the values

1
9

&

L 1 = , 1 : I :
= L —_—— Al . — —— —_—
Aue=h| 1o Bo— 158 !/o"] o Anm="h, (m ry Am o A*yo\

A

ve determine y, and y, we ccmpute yi, u5, Ao Ay, Aty 1

For clarity that preserted is giver ir Takle by 6.3. 4

After accomplishing cf apprcachsagirorisaticas, is realized the
copgecitive scluticn of prellem whese .esserpce ccnsists ot the
calculation of cell/elesents n + 1 cf line cp the cell /elements of
n-th line and precedingsprevious takle 1ows. The differences, found
tres inclined line for the leading equaticr, fust ke refined in the

‘rrckep line (see Takle €.3).
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¥akle €.3. Order of calculaticr during the determination of the

jmitial values of derivatives uwa=y, Ly Successive approximaticns.

a I
M‘i" vl |y | Ay ; y | oay' | Ay
;0 G Byp=—t() L-BY .
HEI ) \
7 ! ' , YJ j ’ 24,1 ¢
0 ) ( By, A%y,
I iz\ sy, Y| ay;
L2 ¥z Y2
R By by | A
I \ 1 X, Vs By, Y1 Ay; 1
2l Ly By, | y; | By
I 3 l i Y3 ¥:

Key: (1). Approachyapprcxiaeticn.

Face #1E3.

Calculation usually concludes with the determimation of trajectcry
elemsents at end point. If the latter falls cn tle value cf argusent,
sultiple fcr whole space, tlten cf rc supplesentary calculations it is
1equiged. But if end point does not ccrresgcnd to this value of
arqumeént, thep its cellyelesents are detecrmined with the aid of
reverse/inverse interpclaticn. Under reverse¢/inverse intergiclaticn 1s

underegtood the determimaticn of argument ir terss of the kncwn value

cf fupnctiop. In this case irto amy ¢f the irterpclation formulas
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unkoown becores the value ¢f the irtergclating factor €. Calculatice

cf the interpclating factcr £ is dcge Ly the method of iterations as

fcllows.

Brom the second member of the utilizeé¢ interpolation formula
{fcx example, 6.8) we find &, takipg into acccirt only finite

diffexrences in the seccnd crder:

Jn the first apprc¢xipaticn, let us hase

=1y
which corresponds tc¢ lipear interpclatign. Vvalue &, in the seccnd
apfroachsapproximaticn is determined frcm tkhe fcraula

s _u =1 A2y
M| T- —_
< Au,,

Upen ccnsideration of tte ttird differences, tle problem of findiny
tbe imterpolating factor € is sclved io correcticn with (6.8)

acccrding to the similar scliematic:

s Bt —Dh A%y, (= DEEG -1 M.y
. - T —_——

2 A 3! Aty

The pumber of apprcachsapgprcxisaticns, recuired tor

detersination &€ with the estaklished/installec¢ accuracy, ccrres;

tc the number of the differences ccpsidered. Tke unknown vulue




s

- )
- P il it ¥ i

IcC = 78107107 PAGE 397
2979

argument is calculated with known & ccapletely simply:

X=X,,"."—Ehx. (6. l“‘i)

Basic advantages of ditference methods of pumerical integration
- ccmparative simplicity cf count, reliable seanms control/check of
the cgurse of calculaticns (course ¢f .ckanging the value of
djifferences) and the high accuracy of ‘the cliteiped results. To
deficiency/lacks one shculd relate wrwi¢ldiress of solution, and also
the fact that the beginping of calculatioan is c¢nducted according to
anothér network, than basic sclutics. This to a considerable degree

infedes the realization of difference methcés during calculaticams by

E3sVN,
Fage 184,
1.2. Selection and analysis of systes cf equaticns.

The systea of differential eguaticns mist with the largest
Fossible accuracy to descrile physical jrcocess (in our case - rocket
fligha) and to copsider the larger pcssible nusker of its detersining
parameéters (during the study cf the sction cf the rockets ~ the
acting cn them forces and torques/mceents). Lkowever, as is known,
cpngplex systems of equaticys lead tc the bulky and laborious

scluticns, during which is raised tte pcssilility of miscalculations
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and errcrs. TherefqQre when selecting of systex ¢f equations, it is
expedient to attempt to previously ratesestismate the effect of the
acting forces and torquesscaents with the fact in order to comsider
essential in datum investigaticn factors acc¢ tc drop/omit secondary.
1here are cther general 1equirements, fpreserted on the integrated

systea of equatiops.

Rost simgply are solved the differeptial eguations of first

f? ' crder; thexefore the selection of systes it is pecessary tc check
that can it be converted igto the systeés of eguations of the first
crders The equalizaticns cf external ballistics are usually of the
crder not higher than the se¢ccnd and can ke easily given tc the

L systea of equations of the tirst crder in tle smanner that this was
dcne above (for example, se¢ chapter I1I}). 13te¢ directly solved systenm
?5 sust be, naturally, locke¢ and consist ¢f differential first-order

j! eguatjcns.

;. %hen selecting of system of equations znd independent variable,
j it is necessary to alsc ratesestimate a charge in the entering the
eqgeaticn functions and derivatives in all renge of inteyration. For
exasple, the use of systes (5.8) iz ipexpedient at large angles of
degartire, since at 8, > 60° value df/0x ané [ sharply changes for
the preservation/retentionssmaintaipning cf tie accuracy of

calculatiops mecessary to take very flee pitch, which increases the

i
(BNt TN SL TS ﬂ
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vclume of calculations. Cannot be us¢d systess cf equations, in the
: prccess of solutiqn of whicl derived cx fupcticos themselves becoame
eqeal to infinity. For e¢xample, nase€d systex (5.8) is unsuitable for
trajectory calculaticn at tke values 05 of close to 909 since in
this case tgé6o*=. 1ls unsuvitable foxr the calculation of the
grcund-btased trajectories, fcr exasple, systes with independent

altersating/variable y, since in peak of the t:ajecto:y-%ffsoa

systeas of equations wkich cap Lke intecrated under virtually any

initial conditions, are called universal. Stch systeas include
(3475} (3277) 4 (S5S=U) and other systems, ccafriged vith independent

altersating/variable t (tisme).

#or integration it is desiraktle tc select system with the

ssaller number of simultamecus, together sclved eguations, with the

scst acnvenient for this task arguagntd

Fage 185,

Fct example, for the calculation of the powereé flight tra jectcry cf
the guided and unguided sissiles ard z¢nith trajectories of the

jrejectiles cf barrel systess it is ccocavemjcat tc take systems vith

isactive legs of the rockets of cless “surfece=surface® when 0,60°

|

|

independent Lty the variakle t (time¢). .F¢r the calculation of the l
l
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asd of the ground-based trajectories cf tb¢ prciectiles cf barrel 1
systess when 6,<<60° wusuvally takes system (£.€), comprised with

indep¢ndent alterpatingsvariable 1.

fhe isportant conditien of evaluating the selective systenm is ]
the nusber of leadipg equations. Leadipg is called the egyuation from ;

scluticn of which begins the process of tbe grcuth of lines during

Cni e daced dt

the use of difference setkcé cf ruserical icttegration. In the right
side ¢f the leading equaticr, is ccrtaiped in e€xplicit (or iamplicit)
fors function itself whcse increase is deteirmined during scluticn. An E
iacredse in the functicy car be fousd from the leading eguation in
tuc aprroachsapproximations; first - frca tte fcrmula of numerical
integration, which corresjords to extrapoletice (inclined) line, and
after the sclutiog cf remaining sisuvltaneows equations and growth cf
the tatle cf differences - it is mctre precisely formulated on the }
fczsula of brokea line. During a ccmparative evaluation cf different

systeas of equations, tte preference cther ccnditions beiny equal

shculd return to the systes, which bes cne the leading equation,

since in this case consideraktly acte sisplified calculations. For

exasple, in systea (5.8) - cne the le¢ading equation duy/dx=-E, amd in

systes (5.7) their two:

dw dia
—_— = = Ff—y —_—
PP £ A = Eu.

Jo the presence of several lesding eguéeticos one of them it is
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selected by Lasic and with it begir the calculations. The basic froa
the leading equaticas is ccgsidered similar, which deteraines the
paraméter of motion, necessary fcr integrating the greatest number of
sisultaneous equations. So, in the examineé abcve example the
fusdamental leading equaticf, the first, sitce w defines coordinate
y(y=w), required for the calculaticy of force c¢f X, while coordinate
x, determined on u(x=u), fcir the scluticn c¢f the simultanecus
eguaticns of gystem (5.7) it is nct pnecessairy. If trajectory

goeund-based and @,<60°, then preference stculd return to systes

111 the calculations sben conducting ¢f puszerical integration
are cenducted by hand op tasic and auxiliary fcress. Basic form
cogtajns vertical cclumps fcr the lecaticn cf the value of argument,
tatles cf differences in the derived ccmputed functions and functions
thenmselves. Basic form®'s fcrm is detersined by system of equations
and dges not depend on the sethod cf calculaticn. The leading

equatjcn is placed, as a rule, in the extrese right side of the foras.

Fage 1é&6.

Ia left extreme column are placed tke pumbeérs cf lines, and together
- the value cf argusent, shich is changed thkrowgh the constant space.

Besic formts filling is cogducted frcm right tc left, beginning with
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the ldading equation.

duxiliary form sust Le comprised sc as to accomodate all the
calculatiocns regarding differepces im the srkncwn functions in the
forsulas of numerical integraticn and the calculatiocn of derivatives
for the differential eguaticns of £)stes. Eagic and auxiliary foras
sust be comprised in such a vay as tc shorten tc the ainiaum the
recording of amy calculaticis cut cf fcrms. Beccrding on separate
leaflets leads to errors and coaplicates tgsting solution. Auxiliary
fcra's fors depends on the integrated systes cof equaticans, mettcd cf
calculation apnd computer technoclogy vsed. It calculation is conducted
with the helr of logarithasic tatles, tlten ir avxiliary form must be
previded lines for the recciding ir them of logarithas, actions with
thes and line for imvoluticc with the aid ct the tables of
aatilogarithms. Auxiliary fcrm, intende¢d fci celculation with the aid
¢t key-actuated autcmatic machines cr simplest FIsVM, is simpler,

since dc not contain the lipes, intended fcr actions with logarithss.

#ith any method of calculaticn in fora, must be the lines,
iatended for actiops with the tabulated values. Considerable
sispljficaticn in the calculations is achieved at use of tables for
Myl He(y. ) T,4't, standapd functions F(v,), Gtv.) e€tc. and logarithaic

taktles of the named fumcticgs.

e e kM e i Kkl A
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the nuaber of horizontasl lines cf lasic fctm and the nuamber of

suziljary form's vertical ccluamps sust coriesgced to the nuaber of
calculation points in tlte trajectory anmd ccrtaim supplementary lines
aad cq¢lunps fox conduoting the apprcacltes. duxiliary fora*s first
ccluma does not usvally have number apd is intended for the
calculation of the intermediate quaptities, determined on the basis

of injtial ccnditions.

Basic foras's specimeanssamples for the sclution of systeas
(8476) and (5.8) are visible fxcms anp examgle of calculation by the
tuserjcal integration of the motioy characteristics of the unguided

rccket on active and inactive legs.
1.3. Mccuracy of calculaticrs and selecticn of space of integration.
An error in the results of the calculaticos of the motion

characgteristics of fligkt vehicles is detersined by the following

ttapdazd groups of errors:

1. By errors in the foramulaticn of the¢ prctlem, detersined by
the deégree of agproximaticn of sathesatical scdel to the real process !
cf soving the flight vebicle. This group of errcrs, called errors in
the task, is given rise to Lty the establisbhedyinstalled assumpticas !

apd the selection of systes cf equaticrea

] ' v-‘,.m-r.g‘n#m..gmxb,.». DR
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Eage 1&7.

d. Second group is deteérmined by errors it sethod ot solution,

ada .a

for ejasple, by intzxoductier cf apgrcxisatirg fenctions for air

resistanca, by replacesent of nuserical solutics by approximate / g

saalytical and so forth.

3. Large grouf of e¢irrcis appears durirg ictroduction inmto
soletjca of series or Qther matheseztical sccuerces and use only of
their igitial terms. Such errors are calle¢ resanent/residuval and are

given rise tc by sus value cf the csitted terms of a series.

8. Accuracy of solutier is determined to a considerable extent
Ly acevracy of initial cata, for examgple, accuracy of detersinirg

aerodyuvamic characteristics. Such exrcrs are called initial.

$. To technical erzcrs in calcslatioas uswally are related
rocnding off exrrors amd larce grougf ¢f €rscrE ip actioas on

agfrogisate numbers.

é&tf.tont fields of ltallistic researchk and different methcds cf

the s¢luticn of ballistic ptcblens have their specific errors. During
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the application/use of a firite-difference gethcd, an error in the
calculations is determined in essence Ly the exrcrs for
approximaticn, by the errcrs fcr mathematical cfrerations and by
rcinding errors. Errors in the mathematical operations depend on the
cosaops/general/total sctesatic cf sclution and are virtually
tcpremcvable. With rounding is applied the rule cf Gauss. The errcrs
for sdthematical operaticrs and rcundipg error esually little affect

the aacuracy of final results duripg trajectcry calculation.

The errors for aprroximaticn exe ceuseé Ly the replacement of
real functicn or by its derived interpclatipg functicn of the
determined order. The value cf the etrcr fc1 afrroximation is
detersinmed by the order of the held differerce in the interpolating
fuscticn and by the space cf argument. In the frocess of the growth
cf the lines of the erncr fcr apprcximatigcn, e€rrcr for mathematical
Crerations apd rounding errxcr, they are accraulated. The selection of
the space cf integratior is the impcrtant stage cf entire
calculation, since its value determines not cnly accuracy, but alsc

tbe lator expense of calculaticaos.

¥ith the low pitch of imtegration, it is pcssible to forego the
vge of differences in tte derived ligh crders (the second and abcve);
hcwever, in this case gros/rises the number of calculation points and

in the process of calculaticns increases tke stcrage of errors. With

P e IS

P PN
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steep ritch is decreased the volume of calculations, but decreases

the accuracy of calculaticus.

The value of the space cf integratiomn defepds on many values and
is ncak determzined unamkigucssly. Let us estzklish
cossupication/conpecticy cf the space cf integration with the
accuracy of calculations and the nusker of calculation pcints during
definjtion of cne of the acst ispcrtant characteristics - firing

distasce.

The expected firing distance xc and tie saximue standard
deviation of the ispact gciit irc the ficjectile from the calculated -
¢~ Am absolute errcr ir theé calculaticas it the prccess of design -

Ac must be considerably less.
Eage 1€8.

Xn the assigned magnitude A, er <n ccrnected with it relative
€XLIor g::ideO% can ke detersiped the nuster cf accurate signs,
held dcring calculations. According to the ceneral rules of
calculating mathematics, iptersediate calctlaticns must be conducted

with ¢ne (two) spare sign. A;~0le, 2hen witl cpe spare sigr a saximum

practical error in the calculations sust be

Ac=0,14,20,01e,. (6. 17)
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Luring protakbilistic estisaticn of erxcr, resuvltant error is

detersined frca the forsula

Av=1 na. (6. 18)

where r - a number of terss during pumerical imtegration (number of

calculation foints);

A:, = mazimum absolute errcr, taker identical for each of the

texInE,

Bcr example, if for cpe space cf intecgiraticn Ay =01 = and
during integration rendersstcved 49 calculaticn points, then complete

distasce xc will be determiped with tle maximum fractical errcrt
=1 1319.01=07 .

Usually the nuserical integraticm c¢f tlte equaticns of external
tallistics is conducted with the use of the seccnd differences, and
the space of integraticr is selected sigilair sc that the rejected
third differences in the derivatives tarely wculd affect increases in
the functicn (usually sc that they sculd nct exceed several units of

the last/latter hald sign ir am increase in the function). Llet with

independent alternating/variakle t the ters in 2n increase in
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fugpcticn x, determined Ly tle thiré éiffererce, does nct exceed the
fereissicle aksclute ertcr ¢t each space ot integration - A« In the
3 forsulas of nuaerical integration, used for tke growth of lines, the

E third cifferences hbave ccefficiert ¢f g% (¢ee Table 6..2). Then

] . _’L \
l; 2 Au<Ax‘.- 6. 19)

the space of inteyraticn and the numker cf calculaticn poirts
are mutually ccnnected tlrcegh the expected tirnite value of the
ccaplete time of integraticr (duraticn cf tte cperatiom of engine -
tvx for an active secticn c¢I complete fliglt tise for a yrcund-based
trajectcry - Ic). Pcr example, the rurter of calculation points fcr a

fcwered flight trajectory is equal

Fage 189.

After transtformaticn (€.19) taking imtc¢ account (6.13) for

testing of space we will oktain the ccnditicr

Hao 6. 200

Adu ) n

!

Since A3u in the begiaring of calculaticys it is unkncwn, then
alsc the space of integraticn cannct te dete¢rmined unambijuously

pracr to the beginning ct calculaticps. It is necessary to assign

value of space, baing griented tovard the ccmplex of the siamilar
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frecediny/previous calculations. Iy the prccess of integration with
an increase inp the numker c¢f line, tle thirc diftferences usually
rapidly decrease; theretcre testing the selected space on formula
(6.20) cne should make in tte beginning of calculations with increase
of the lines of the consecutive cellselements cf the table of

differences in the derivatives.

Buring further calculations with the ée¢crease of the third
¢ifferences in the derivatives, the space <t irtegration cam be
iscreased. The supplementary signscritericy cf the correctness cf the
selected space is the ccnvergence ctf prccess during the determinaticn
cf the initial valuec of fwrcticr. ith the ccrrectly selected space

it prgves to be sufficient cf tvwo cr three é¢pprcachsapproximaticns.

ds the criterion of the ccrrectness cf the selected space in the
frocess of integration duricg the grcwth of lites can serve also the

value cf the refinement of the increase in tke function, determined

according to the leading equaticr. Wkith the correctly selected space
the difference in the values of ipcreases, ceteramined in inclined and
kicken lines, must not exceed several units cf the last/latter held
sign [see an example of calculaticr ir table €.4). Besides
gatisfacticn to the named requiresents cn sjacirg accuracy must be,
as far as fossible, by the convenient numbeér nct which it is easy tc
sultiply vhen conducting of calculaticps. Ar increase and a decrease

cf the space in the process of calculatioms usuvally are carried out
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tue times (or into the wmultiple twc nuster cnce); therefcre the

iaitial value of space is eipedient tc sele<t sisilar so thkat the
doukle space and shey wvculd ke dculle smallexr also convenient for
ij sultiglicatiog. The need of decreasing the &£pace in the prccess of i
calculatiops is usually determined .by akrupt chenge in one of the 3 :

values, for example, by a ctange of valuve c.(M)is the velocity band of

the m¢tion cf projectile, clcse tc thke speed cf sound. After the
[assage of the area of the tramsonic sjeeds, during further saccth 1

chagge c.(M).the space of integratiog it is expecient to again

incredse. .

Jn the practice of the nuserical calculaticn of relatively small

trajectcries (the inactive legs of tle unguided rockets and the

§ trajectories of the pro-ectiles of barrgel s)stess) by manual

i calculatiops were estatlished the follcwimg values of the space of
imtegration. During the integratior cf systew (€.8) for independent
altersmating/variakle x, fcr trajectcries with relatively larger
angles cf departure (109<8,¢60°9) tke space is usually taken A,=500

1 by »; during the calculaticy of tbe short lcw trajectories of small

armss drring the integration of the same system c¢f equations, the

; Space cn x is taken ,=100—200 8. 1

Eace 190C.
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Buring the integraticyg of systsess (3.7¢) amd (3.77), that
describe the motiop of the center cf mass ¢f the¢ unguided rocket,

witt Eelavtively small distarces space <r tisze can be taken /.=0l--05s.

Por surface-to—-air missiles ard fprcjectiles in the zone of
repdedvous for the maneuvering tarcet, sosetimes proves to be

necessary to take /.=001--000] &

Buring the integraticn of the system ct equations, which
descrikes the motion of the center c¢f smass ¢f frojectile tcgether
with the study of short-period oscillat¢ry ®cticns relative to the
centes c¢f mass, the space of integraticn fcx lc¢w projectiles
h,=0,001— 0.0005 8« ID vies of large lakcr exjense, the solution of a
sisilar problem by manusl calculations is ccnducted in the

€xceptional cases.

%he accuracy of calculasticns derends cr the guantity of accurate

signiticant digits wshich is determined trom the inegquality

vhere k=m—-n+1;

A4 - absolute error in the nusmker;
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@ -~ old decimal digit ¢f pumber;

8 -~ numker of accurate significant djgits.

Bxample. Let the afprozimate ausber L=124€80 km be must be

calculated with relative accuracy 5,-1%, 01% 001% 8ad by 0.C0%0/0.

det us determine, how sany in €ach cas¢ aust be taken accurate
signs during calculaticus. Absclute exrtcr ir each case will be

detersined according to forsula j - ﬁ% and it sill be egual to:

AL|=125<|0‘; AI;‘=|2.5<102; AL3=|.25<10‘; AL‘=0.125<|00.

Calcudlated number in pcsiticr recording takes the form

12480=1-10*+2-10-+4.10°+8- 10'+0 . 10°.

Cossequently, the cld decimel digit » = 4. 1be pumber of accurate
signs cn fcrsula p=s-k+1 fcr each caloulatec case will be equal n,=2,
n2*3; n3=4 and ny=5. Takimg into acccurt one spare sign, interaediate
calculations must te conducted in accordance vwith three, fcur, five
and six accurate signs. 1be correct recordirg ct nusber L in each

case will take the fors

L=1.2010% wat; L=1248-10¢ km. L=1.2480-10% km: L=1,24800-10* km

Buring calculation the tatles of ccmmcy lccarithas, one shculd
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usé tables vith so many signs, how sany accirate signs is expedient
tc bave in the computed sost isportant functicr, for example distance
L. Duxing calculations of the relativély ssell trajectories of
artillery shells apd rcckets apnd fcx ipitial esgtimate and training
calculations they frequently use ti¢ widespzeaé four-place tables cf

ccssoa logarithas.

Brring the evaluaticn cf the ccsmcbn/gererasl/total accuracy cf
solutjcn, it is necessazry tc keep ip nird that, besides the accuracy
cf calculaticns, it is determined ty tbe ccroectmess of the
description of physical prccess by differestial eguations, the

accuracy of the assignment cf initial data, 6tc.

Eage 1S1.

1he umjustified increase cf the quantity of sigpificant digits in
pustexss does pot raise the common/geperal/tctal accuracy of solution,

but cely increases the vclume of reecrding &and fossibility of errors.

le 4. Determining motion chaxacteristics at essigned points in the

trejectory.

Buring the trajectory calculaticn of different types of

[rcjectiles, always is enccuntered the necc of determining the

T

-

N
]
!
B!
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cell/elemmnts of motion for assigned characteristic points in the
trajedtory. It is necessary toc kncy the cellselements of the end/lead
cf posered flight trajectcry, trajectcry el¢sents during the
separation of the used up stageren .¢f 1ccket, trajectory elements at
the feint of firing jet engine (of AES and JEE) and at the end of its
scrk, the cell/elements of peak of thbe trajectcry, impact foint and
fcipnt of ispact. As a rule, the nasged characteristic points do not
ccincide with the pgints, ¢ltained in the jpiccess of integration, and
the calculation of moticn claracteristics ir tkes is conducted with
the ajd of the forsulas ¢f direct/straight and reverse/inverse

intergclation.

Bction characteristics at the end cf tle wcrk of the jet engire

cf the¢ unguided rocket are cetermined from interpolation formulas. In

the case of the solution c¢f probles vwith ipcependent

altersating/variable t (tise) the ipterxrpolating factor is determined

frc» the fcraula
L
L h' 1]

where - a time of the erds/lead cf the engine operation;

t» -~ near to fx preceding/previcus titular value of time:

h, - space of integration for timeé. 1le akscissa of the

T AR
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r—_ -
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end/l¢ad of the active secticn will Le determined according to
cossce/generalstotal formula (6.8)
x,=x,+&4ax, -+ _E.(_(E_?—J_ A%,
The oxdinate of the endslead of the aotive section and the velccity

at the end of povered flight trajectcry ar¢ determined alsc frce

{64 8) '

x— 1
Y=Y +Ebint i‘—e—,,—)—

ﬂlzvll +EKA'UII "T El(Eh; l)
Sisilarly are determined cther trajectcry elements at the end of

the aective section.

But if the independent variable is uandertaken mass ratic p, then
iotergclation factor will ke detersineé¢ acccrdigg to the formula

e‘ e —Un

= ) Y

shere u«x - corresgonds to the endslead of the engine operation;

h, - space of integratioan for ;.

Fage 192.

The cell/elements of peak cf thke trajectory S and of impact

jcipt C, i.e., the foint of intersecticp of trejectcry with the
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surface of the Earth (with the coordinate plane 0Oxz) are determined
fres the formulas of invers¢ interpolatioa. In peak of the trajectcry
05;=0 amd, therefore,ps=0 Ther the irterg¢lating factor is detersined

acccrding to (6.14)-(6.1€). In the first apjrcximation,.

ES]= - fa ’
Apa

where p, - last/latter pcsitive value fros thcse obtained in the

cocrse of integration.

¥n the second apprcachysapproximaticn

ESI (Es] -1 A2pa—
Es =isu=ts1— 9 Apn

Mfter this the motion characteristics, whicl ccrrespond to peak of
the txajectory, will be determined acoordigc tc usual intergolaticn
fozaulas. During integraticr with ipdefendert alternating/variable x

the abscissa
Xg=Xp1Sshs,
while the crdinate of peak cf the trajectery
Ec (kg —1)
Ys= YnT EsBYn +_§_.!2—'_’ A’yn-l'

Sisilarly can be dqtermined the others cf acticp characteristics.

the interval cf integrationm, wshict includes impact point, is

P M e B
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charaeterized by a chance in the calculsteé créinate from ¥->0 to
¥n1<0. At impact point the ordinate cf trajectcry ¥c=0.Then the

intergclating factcr in tle first apprcaimaticr,

— Y a
k= Ayn

la the seccnd approach/agprcximatica

S G —1D a2y,

fe=ten=tca—
¢ 2 Aya

the basic cellselements of moticn at ispact point, in the case

cf integration with indepencent to the variitle x, are equal tc

xC = xll +Echx;

Pc=Py+EcAp.+ Leg—ﬂ A3

pn—'l:

€ (6. —1
fe=ty+tcat, + C(CQ )A’t(n-n.

fesaining cell/elements uill be determined ecccrding to similar

fcraulas.

Fage 193,

If for the yuided fallistic missile given speed at the cutcff
pcint cf eagine - . tler the interjclating factor in the first

agpecgimation, it is egqual to

- -
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while in the second

EqGa— 1D s,y
2 Aty

Ex = Enll =l
lise, which correspcnds to the endylead of jcwered flight

fo=1,+Eh,.

Cocrdinates of the end/lead of powered fligit trajectory

- e Ex (6 —1) .
XK=X,,—~—:KAX,,+ K(“K"2 Agxn-—v

[ E E-])
Y= UnT &lbYp - —(—2——— A%Ypey.

Fligh$ path apgle at the cutocff foint tc ccprveniently determine

tbzcudbh tgl=pu:

N K_l
Pv=Pnt+EAP.+ E—‘E—2—)— A% Ppy-

1. 5. Izample of calculaticn of moticn characteristics of center of

sass ¢f unguided rocket by difference metheé¢ cf numerical

iate¢geation.

trajectcry, i

Jnitial data of hypothetical rccket let us give in unit systenm

¢t SIs
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my,= 1174 Kr; Sap,p -
e
d=196 MM Py
R In2e
v, =55 mc; mg 48 wic;
90=4O°:
460 ly=115.

Key: (1) kg, (2) keg/s. (3) m/s,

As usual, let us break trajectory inte twc section - active and
[agsive. For the calculaticp of the first secticn, it is convenient
tc utilize a systes of equatiops (3.76), fc1 the second - (5.8). The
air resistance on the first sectior let us cetermine, after using the
curvepgraphc, (M), presented ir Fig., 6.1; ¢cn tlke second - by the
standard functiom G(v,), ecaprised in ccnnecticn with the "law of air

resistsance 19543". Calculaticns let us :condsct aith the aid of

fovur-glace logarithmsic tables and auxiliary takles for H-:(y),a(y) etc.

Fage 194.

Jt is checked the dimersicnality of tte values, entering systenm
(3.76), taking into acccurt that sany auxiliary tables were cosprised
tefore the intrcductior cf the systes ¢f SI. The system of

diffesential eguations takes the fcllcwing tcra:
u=LD-Eu; p=—L; j—up s=u
[ u

Values y and w(y) = disepsicpless and dc act depend on unit used
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systes. The dimensionality cf value [ ‘i/s, i.e., i8 identical fcr

BKGSS sSystem and SI. During the use cf a carveygraph c.(M)value

Sty )
E="%Y 4 ¢ (M.
2m Qo
Batio ff and ,M)+ value dimensiorless. Tc the dimensionality cf
values
mis s

S M, v e, u e, 6 rac.

¢

m-

4

are identical for both systems. Testing shcws that the relation
alsc does not depend on unit systes, bct dsring calculation it is
pecessary to bear in mind, which ir the majcrity of handbooks ¢guv 1is

given in the system of uvnits MKGSS ard ther

don [ Kr.c? / Kr-c?
my | w4

or a-3,

Besides initial data, it is necessgsary .to have a series of
values, determined on ther 2nd, as a rule, intc assignment not
cocamectad. In our exasgle it is necessary tc kpcw
Po. Uo, §o Go, Cx(Mo), Xo, P, — if initial thrust is rct directly assigned. It
is negessary so determine also Dy, Fq apd 5;. 1ke named values are
conveniently calculated on auxiliary form, éfter leaving fcr ther

ccluma of the preccyputaticrs (see fcra om jage 202).
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Pig. 6.1. Curvesgragh ..(\\). accepted fcr the &ssigned hypothetical

tccket.
Fage 19S5.

1he imdexing of values during preccmputaticrs aed duriny calculaticns

Ly apprcaches does rot ccircide with the irdezing of the calculated L

values, which are contained in auxiliary fcrm. Indexing is usually ‘
|

develQp/processed in ccnnecticn vwith ipcrease cf lines by numerical ?

integration, i.e., in ccnpection with tasic calculation.

Bet us observe the schematic cf the calculation of prelimirary
values. For calculatiom ugy4 is brcught in sy irtc auxiliacy form's
line [20) and lfI;fE_ intc line (19). Aftexr ccrducting division
(2€):119), let us write in line (11) uy agé will transfer its value
intc tasic fcra. Value pg=—G/up we determire directly from auxiliary

table and is also transferred to Lasic fors. Ir the diajram of the

tasic form of the values, transferred from the cclumn of the
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freccmjutaticygs of auxiliary form, esphasized.

Bcr calculation fc value ugy ir line (131) apd value g5, fplaced in

lige {12), let us multifly and transfer resclt into basic fcrm.

e compute E, for the torque/soment of the descent of rocket
trcs tuides. Bearipg ir xirc¢ that

Se ; Q"
E,,’:_"'_'A‘——‘Lr,(.\'\")t'(,.

2mO U(-‘\'

the calculation is carried cut ip lines witt (2C) through (26).

Fcr calculation ﬁo, first let us determine Dg ir lines with (27)

acccrding to (33). Since

uy=t, —2 (D, — E,)
mo
that calculation let us ccpcéuct, vsing lines with (34) on (38). Value
ﬁ. leg us transfer intc lasic form. Initial ccrditions and the
calculated in the ccluwmn cf precosmputations data it is brought in
into tasic fcra's zerc lire. We begin caloculatico in the first
approyimation, in auxiliary form's zexrc ccolsmp. Column let us f£fill

dcynvard.

e find difference Aug=h,=05-113,4=567 amné is brouyght in it into

tasic fcra. In tasic fcrm we f£ind u;=u;+\u.=4214+5670=9884 On the
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auxiliary takle g/u=f (u) we cttain 5,. it is Lrcught in into the

tasic form p,;=-0.09920 and ve find the difference

APy= Py— Po= —0,09920 — (— 0,2328)=0,1336.
In auxiliary form (line 6, 7, 9 and 1() we compute:
\

. l .
APo=hy( Py - Apn) =0,5(—0,2328 4-0,6680)= — 0,0830,

it is brought in ipto tasic form and ue ottsin

pi=pu+App=0,8391—0,0830=0,7561.

Fage 196.

In auxiliary fcrp we ccagute

yi=pu=74,73,

it is lrought in into Ltasic fcrm ard se finc

Ago= 11— jo=T74,73—35,36 = 39,37.

In auxiliary form (lipe 14-18) we comgute

Ayo=I1 (-’;0 + l_ A!:’u) =0,5(35,36 - 19,68)=27.52,

it is transferred to kbasic fcrws and we cbtain
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Yi=yo+Aye=27,52.

Ctili2ing the obtained value y,, in auxiliaiy fcra (line from 20 on

38) let us calculate u,=1z2.4, which leét us trapsfer into tasic tcrm

and will find the difference

_\uo=u.—u0: 122,4-] 13,4=9,0

Cn thjs, ccncludes the calculaticn in thke tirst apyrcximation.

€alculation in the seccnd agpprcachsapfpioximation we conduct
sisulsaneously for zero and first lines. Celculztion we begin with
the copying of initial cctditions apd ugkncwn svalues (for examrle,

Pg/Bo) intoc tasic and auxiliary fcrss. Furtler in auxiliary foras we

CCRftte

Au(,:h,(u’.,f -Ad'.) S0,5(113,4 - 4,5)=58,95;

u;l-— 1=

At = By (- = AR} 05(1224 - 4,51 63,45,

The sizes of the elements cf formsulas U, asé 8ug we take from the
first approximatiop. In the final stages of calculation in the seccnd
approachsapproximaticn (lines frcm 2C <o J€) we compute u, = 122.2

aad 6,, = 12944, which it is transterred tc tasic torm. In pasic form

se¢ cbtain the differences

au,=8.8; Au,=T7.0; A, —1,8.
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dfter this ve pass tc the calculation cf the initial values of
foncticns in the third spjrcachysappicxisatico. Calculation in the

third agprcachsapproximaticn we conduct sisultageously fcr zerc, the

first and the secopd of lires. Calculatiom se Legin with the transter
cf initial copditions ard ccnstant quantities igto basic and
auxiljary forss.

Fage 197.

¢ ccapute in the auxiliary fors

. ] . .
8ty = hy [ty b Aty — — .\’u'.)=(),5(ll3.4 L4405 015 59.00;

[ ! - | - 9 e - .
Au, - h,(u,- TrAuy - - Aﬂh) MAH 1222 2 3,30 20,100 624ty

2 !
. 1 . : . . . _ - .
A, - h,(u, CoLoAw li ;’u“) 051292 - 350075 66,00

Tbe vdlues of cell/elements o 4. up Adp, Ay, A’uowe take from the second
approdchsapproximation. Is transferred to tke tasic foram of
difference Au,, Au,, AU, %€ cCEpute Ug, Ug, Uze After this,
ccptinuing calculation, let us f£ill the columas cf auxiliary and the
lines cf forss's basic after nusbers r=C, 7, 2. At the end of
asiiljary form®s columns, vwe€ again ccapute values Auy, Auy;, and Au,.

This calculation is check.
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¥ith the observance of egualities
(Auo) 1=~ (Ato)11; (Ad) 1= (A 1: (Aus)y~ (Aug)y within ligits of one-two of units
cf the last/latter signm of apprcachsapprroxisaticm it is possible tc
consider final. Found three of initial valee cf function make it
Fcesible to carry out further numerical imtegretion according tc

standard schenmatic.

the cormonsgeneral /total schematic of sclution during the

standaxd growsh of lines consists cf fcllowinge.

the first three equaticns of systes (3.76) are solved together,
keginping with the leadinc equaticr, in thie case it is observed the

fcllcasing sequence of calculation.

1. We determine increase (Aun)1 ,ip the first approximaticn, cn
fcrasuda of inclined lige. Calculaticns are ccpducted in the auxiliary

fcis

. , 1 . , 5 . ) 3 .
(AR, = hy (u,, Ty Au,,_l-r-']—i; A, -+ ry A"u,,_,).

2. In basic form we find

(un+1'l=an '\l'( Aun)l‘

8. Using auxiliary takle, we determine
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i’n+1= -

apd we increase table of differencés by derivative p in basic fcra.

8. On foraula of troker line, we detersine in auxiliary fcrs
. 1 1 e
Apn==hf(lh_k~§'Apﬂ-_1§-A p"_l)'

$. In basic fQim we ccapute

Pat1=Pat APs

n N . .
e Bar e b s e e s e R
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Fage 198.

€. Utilizing u.,, apd p,,, ve deteraianes

Unt1=8y4y V1+ Pia and
7.

Yn+1==Prey-8s-1,

after shich we incsease the tatle ¢f differences ty the derivative y.

8. On formula of Lkroken line iy avxiliery forms, ve find
- . _] . __]— " .
Ay.=h, (!In+ 2 AYa 12 A y.-:)-

8. Ig basic fora
Ynay = yn + Ab.«'

10. Through Ys+: amd v»+1 we f£imd values D,, and E,,, entering

leading equaticn.

11. We fiad
=0 (Dn-u"Eu-l) V

HBppy=H8z+1
Mpyi]

asd we increase table of cifferences by derivative 0 in

12. We find(Aus)nim seccnd approachsaprroximation through fcramula
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of broken line.

13. We amend in basic form (upsa)r on (4as)i = un+ (Atn)u.

This ends the solution of three joint equations within the limits

of one integration step. The fourth equation 1s solved separately,
after all values u they will already become known. Values x are

located for all calculation points in auxiliary form.

The procedure for finding the initial values of functions by
approaches 1s represented in Table 6.4. Systematic calculation with
standard connection of the lines it 1is convenlent to follow in
digital material of the basic and auxiliary forms of the exampile
being examined (see Tables 6.5 and 6.6). They also give calculations
of the characteristics of movement for the moment of the end of the

englne's operation.

Let us calculate the coasting trajectory by using the system of

differential equations
'__ » '_. ‘ .
Be=—cH ()G (1.} PpPe= -’

—~

Ye=n = ve=al'1+p® l/—'ﬂ

a T

PR

JRCv—
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Y

Table 6.4. Calculation prece¢dure during successive approximaticns fcr

detersining the initial fcur values cf fumcticps. Basic form of

sanerjcal integrationm.

d=upt [D=E)

!") Lad ] ™ y=pu »?-u .
g, - y[ay] v TayJay pIAp IAPIA’ x uou] o] & | acd | o | 6%
-HIG ¥ Yo A /) % o 1, 7

§= ! ‘1‘5’% ?1 %AM[M yD——A ,. & [;’;@API C?,'@Au s ]@’Au' - @.6?'
gy ; ® () Awry.b,Ay. 8% | @) x, @’@f!u, o [a,lgAu AU'A’&' &
Lo fremin e (Y b had s el ol zi

Botes 1. Initial conditions &4=%mi%iyb(m:vw,) - on form are

encircled by small circcles.

2. Terms, computed with use of initial differential and

auziljary equations: yg, é

3. By riflemanspointers is shcwr seguerce cf basic fora's

£illicg during accomplishing of apprcackt/agjrcximaticns

§ apprmoachsapproximaticn:
Dbyt Do, uyd @ = - & 4 'hm.@)Ap.'h @ op=n (7 85)
O»-A*AA.Q) V= Prthy; @Ay.-y.-y..w Ay.-n.(y.+ 18%)i® yim v+ 8% : ® vmu, Y Trp (0 mabn,

© 2~wly;: 1=, i i [D-E) U, @ Aipmi g,

Key: [(1). cn table.

ﬁo - ¢n form are included into brackets.
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§1 Approach/approxiasation:

@ Bugmh, i 7 B} uv-g Biemeto) @ b= 00| @ =05 05,1 B 0 @n‘h’dm}
@ aur, (G, i Nitg), @ uy; ﬁ,o-gm); pr b - Api: ®ap.;|@prp+ Aps;
@il; @ Ail-gv-,.l @A"‘-Ai,-dv',;m Ay, ®Yv'Vn’AV|}}® Uy, @"l @Ai‘o—dv d';'@ddr"’\dfm
@y,, O Ai. i, V" &AV'Z @y, Y AV': @"1- @'11 @Aﬁ,’d,‘",;

key: {(1). on table.

311 Approach/fagproximation: sequence c¢f{ flling basic form is
sisilar precediny/previcus. L[ifference is ir tlte fact that is

ccnducted the calculatico sisultanectsly 3-3 of lines.

8ith the normal rurning of soluticr (strictly count) are more
precisely formulated the first differences, amé consequently also

very value of function, crly fcr tte leadjirg egsation.
Key: f1). approachsapgrcximaticn.

Face 200-201.

Bith independent altercating/varialtle t tte interfpolating factor

is degermined from the fcraula

— 1ty 4.6—4.5
A 0.5

¢
b = =02,

sheres ‘f.=—¢o s - time of the ead,l¢ad of the enyine operation:
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A=05 8 — space of integratign for time;

‘- the calculataed moment cf time, which frece¢des 4.

dbscissa of she end/lead of the active section: ;

"‘“;‘” 0200.2—1) 375 4 39,1) ~ 1635 u

2 '!

Xy == Xy = Guix, + A%x,_y = 1564 + 0,2-375 .4 +

ordinate of the end/leed cf the active section:

0.2(0.2—1
—(2—-—).(234.8—203,4)= 1083 »

2 ()]
2

Yu= ¥a+ Ly, + Aly, ym= 1038 4 0,2-234,8 +

Velocity at the end cf the active sectiop: v,-:u,+€;Au.+§‘—(%:}‘)

Alv, i

0,2(0.2—1

= 831,4 +0,2(940,8 —831,4) + 2 )[(940.8 — 831,4) — (831.4 —

—721.6)) = 852.8 We

K" ‘1). -/S‘

2light fath angle at the end cf tle active section /Pc=pra+iap,

—1
.' +l )-A’pn-1-0.6294+0.2(-0.006925)+(1'—2—(0—’22—"—1-) [(—0,006925 —

— (—0.007460)] = 0,6280, ] 8, = 32°08'

%e9: [1). or.

F“—*‘h -
.
-
i
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Tatle 6.5. Example cf trajectory calculaticr (active section).

PAGE

T4IS

toxa ¢f awmerical imtegratica.

. . I'4
(oil l y=pu =
[ - . ; ] =
% { PR Y ! p ! A | oA roosp ! P Ap
[ I ! i ‘ | :
; |
0 T4 , 0 ’ .’T.a.’ 35, .ib 39,37] 0._@«.{1!—0,0830 l—0.2328 ,0_1336
tlo.5l1231 27,52 E7RE 0. 7561 |—0. 00920
00 1174 0 128,03 35,360 41,55 0,94 [0,8391!—0,07840 —0, 2328 |0, 1357
1051131 1 28,030 49,041 76,91, 42.49 10,7607 —0,03510:—0,09712/0, 03748
2|1 oiloss ! 77, 07l (1194 | 0,7256! '—0, 05964,
i 28,050 35,360 41,55 0,54 [0,8391/—0,07840 —0.2328 |0, 1357
1{0 SURE I ()o 48,q5: 76,411 42,000 0,11 10,7507'—0,03514,—0,09712 v, 03730
1 010&8 L7700 T0.05119.0 | 42,201 0.8 10,7256 —0, 02478 —0,05482,0,01717
3l5V”4 HTﬁlm“wmnz.J&mrxx m.wa—OUb&-m4u%§mmmw
: ! | i f
ﬁz.owuun 238.4113.2 204,2 , 44,80, 0.3 fo 6822 —0 0140'-0‘032770Axm47
| ! |
505‘Wﬁﬁ|51ﬁm5j!2wA) 45,10 2.3 oomo—uonwl—mommuxmnm
! !
&3.0.914.6!487.J158.8=294.1 47.40|2.2 0_65&b-—0.OXOOOL-0.021870,00333
| ' i
713.5 871,31 646.2183,0 13415 49.601l 2,0 10,6455 —0.00860‘—0.01854 0,00256,
sl4.0i 828,0 8‘.’9,‘2‘203,4 \391,1 51,60 2.8 |0,6369 —0.00746;—0.01598 0,00204
94.5i784.71038 234.8’442.7 54,40, 0,6294/-0,006925, —0,013940,00166
10 .01141.41213 497.1 ' 0 6225' —0,01228

ney: (1Y, line,

Basic

Terformance calculation at the end of the engine operation.

-




———— o o —_

pDOC = 77207412 PAGE 19—

- ‘ )
Pt Lo reent)

| yeu l a=u =2 (D—E) |
I m [
‘ \ Ty
i a2p Do l dv E u " Au \ My u ; A ] RS
) ' V l
| ! | | . ! ' B i “ | -
: { P24 ] 86,70 | 13,4 9.0 \ booad
| 98.84 EEEN T 123.9
—0,0982! 42,14 \ 58,95 | 4,50 113.4 8.8 '—1 8 e
i Wil 634 | 1220 7.0 ; 1270
! | 1645 | L1202 , ‘ \m@:
—0.00840 0 | 35.66 42,14 ! 59.00 | 3,00 ! 113.4 8.8 i—1.8 0,90 55
—0,02013 35.66 66,13 1011 62,00 13,25 1 1222 T0l=00 27101090
—0.00729 101,8 98,40 1610 66,15 | 3,20 01292 6.1 08—=0.7 2025
‘ ! ! (66.00) i i i
—0,00341 200,2 32,5 2302 69.30 3,501 135,83 o0 1 0,3 2x20
' ' P 230, - (69,10 ] : i '
—0,00204 332,5 167,8; 99,6 T2RY 3,60 1422 To 04 0 e 3
|

{
2004 73.35) ¢ ‘
! ){( ' UKLV &
!

—0,00110; 500,3, 2052 9724 76,4 [3.00 19,2 T4
| | | @73m | (7629 T -
—0.00077 705.5 244.3 8.8 | B0.% | 4.35 | 136.0, 8.3 0.9 0.3 5%.,]
| (448.6) | (80.30) | \ | o
—0,00052 949.8 258.60 5202 | 84,70 | 4.90 | 164,9, 9,21 1,2 1,0, 629,6
(329.1) | (84.80) | _
—0,00038/1235 | 320.1] 613,9 | 89,60 |3.70 | 174.1)i0.4} 2.2 7% .6
614,0) ! (89,53) ;
1564 | 875.4{ 7035 | 95.30 184,5(12.6 | 831, 4
(703.4) | (95,15)
1940 798.8 197.1 940,8
| (798.6)

Note. In brackets are given the results of ct"c¢ ~

the first approximation.

"

ton,

obtained

in
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Fages 202-20%.

lable 6.6. Example of trajectory calculatijcg {active section).

auxiljary form of numerical integratica.

5 3) '
('):-' ‘ ) npe(\nlpll-
T 1 PRcueTHAN REANUNNA TeIBMMA nel n=0 el
~ pacyer neat R0
2!
' !
0 u, 4.4 13 4 122.4 1134 122,2
i - a,_, 4.500 4,500 4400 2,500
5 !
2 5 ! 0,1500 6.1500
3 - A"“n—'{
) v 113.4 17.9 126.9 14,0 125.8
—1
\ - -
5) (3,), =h, 2, 56.70 53.95 63,45 §0,00 €2 90
. s, —0.232% | —0.2328 | ~0.00712 | —0.232% | —0.09712
b .
: —3n, 0.05680 |0.6785.1071]  0,01%74 0.06785 0,01868
1 .
| g 0.R185.102,0,8185-10™2{0,8200.10~2(0,6200-10~2
9 v, —0.1660 | —0.1568 | —0.07020 | —0.1568 | —0.07027
-
10 Sp,=h, 2n° —0.0830 | —0,07840 | ~—0,0:510 | —0.07340 | —0,03514
n LI 4214 93,81 101,1 164.5 1011 164.0
” Pusy 0.8391 0.75651 0.7607 0,7256 0.7607 0,7285
1] W= (D1 5,36 74,73 76.91 19,4 76,91 119,0
14 ¥ 35,3 35.36 76,91 35.36 76,91
1 .
15 -8, 19.68 20.78 21,24 20,78 21,04
15 -4 8y, —0.07833 | —0.07833 | —0,04500 | ~=0,04500
1 < 55.04 55,03 98,07 55,10 97,90
Y
18 IV T 27,52 28,03 49.04 28,08 48,95
n I’ Gmn
————er X )
19 11+ "?‘.u 1.705 1.254 1.255 1.235 1,256 1,238
V| v, =010 55,00 123.9 127.0 203.2 127.0 202.5
a| %1 _, (s 1) 1.0000 0,971 0.99:0 0,9918 0,9970 0,918
QN n+l
2| Gy (¥ps1) 3418 341,4 341,4 341.2 3414 34,2
2 My i= % 0.1610 | 0.3629 0,3720 0,5085 0.3720 | 0,894
)
24 e Murt) 0,30 0.30 0,20 0,32 0,20 0,31

o

PR

s Fiadis ok diketah

iid.
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N -
j
}
F LeC = 78107108 FITI Y 4
| : f ‘ T
: | |
R=? L i ne i ne 5 , ne=6 Nem { 7 - ne=9
- ' |
! I ‘ ' !
19,0 © 1453 i ERE I SO 155.6 1640 E 1711 ; 115
. N : H I b
3.5, 3,050 1 4450 | 3500 2,700 4.150 '|‘ (LR . :
! : '
| | | . ,
—07500 | —(,5750 oot o 601167 01067 0 4750 0375 G50 3
i | ]
| ' 1 !
U 0.4375 l 0 4050 l —0.228 0.1125 ¢ 1575 0 | ens
I
132,0 \ 1323 [ e " 1 152 5 160 6 160 l 1791 a0
6,0 | 6915 Y 5 | 7625 80,30 R0 | K038 ! 95 15 {
s |
! ! | | :
—0.05732 601G | =0 007" ?‘ — 0260 | —6,0057 | 0 01851 | 0 0130~ | —f 6164 E
{ ! ) ! 3
0,3885.10~2 |0.1945.102 {0 3235.107 2112215207 2}0.1665-10 2|0 1256. 16~ ’n 106 10~2 0 ~00 16~
t
0.167%- 102 10.6075-10=3 |0.2%42.1030,1760-1030.9106.10~ 0 64171046 433 +.16— 4o, 107 20—4
L 4
{ ‘ —0,01957 | —0.03710 | —0.00025 | —0,02392 | —0.02011 | —0,01720 | —~0.01492 | —0 01356
4 ~0.0M78 | _o.0185 | ~0.1a62 | —0.0M95 | —0.0100; | —O0.B00- o 7aqu.1= -—:‘nﬁ‘?& .-
' A0 . ]
230,0 299.4 373.0 445,60 529.1 614 . 703,4 IS :
0.7008 0.rR22 0.6676 0.6853 0.6455 0.6369 0.+294 0,6225 ¢
161,2 204.2 249.0 294,1 341.5 391.1 442.7 497 1
3
119,0 161.2 204.2 249.0 294.1 41,5 301.1 4427 i
21.10 21.50 22,40 22.55, 23.70 24,80 25.80 27,20
—0.9137. | —0.0%667 | —0.1500 | —0.02500 | —0,1917 | _p.1830 | —0.16R7 | —0.2333
1072
110.1 182.6 22+.4 271.5 317.6 366.1 4167 49,7
{
70,05 91,40 113.2 135,80 15,8 183,0 20<.4 034~
f
04
1,226 1.210 1.202 1.195 1,190 1,195 1182 1,108 i
232,0 362,3 448 3 53 1 629.6 727.6 8] .4 9408
§ 0.9843 0.9747 0,9.28 0.9488 0.9326 0.9141 0.8935 0.8707
t
3410 340.6 340.2 339.5 339.1 338,4 337,86 Fi.T
N 0,8270 1.064 1,318 1,579 1,857 2.150 2.463 2,794
0.58 0,86 0,79 0N 0,62 0,53 0,43 0.3¢C

§cte. The values, sarked in auxiliary tors ty symbol *, are

transferred to basic fcram.

Rey: (). line. (2). Calculated value. (3) - EFrecomputation.

T - : S ERGA Ty Bl




- S, 1
T
=
x
N Dg- @ nml@pn-
« | Pacuevnas BeANuRHA TeABNNR R0 ne( nel ne0 n-1
2 pacyer
Segn -6.10—4l0_1576. 16— —1'0 157610410 15710740 157 11—
25 B 0.1576-10—4]0,1576-10™ 46 1876.10—4 0.1576-10~4Ju.157.1074,0.1576. 10— 4
«Mo
26 |E = (20)-21)-(24)- (25)]0.2600-1073(0,5441.10~ 3¢, 508616~ 3/0.1016-107210.5956.10 ™50 9a22.10=3|
27 T (Vps1) 1.0000 0.9968 0.9957 0.9910 0.99:.7 0,9910
23 1=% (411) 0.0000 0.0032 0.0033 0.0090 0,003 0.0090
S Ponr
29 #- 16.15 16.15 16.15 16.15 16.15 .18
0
S p \ )
' 30 %‘“—'”’"“”' 0.0000 0.05165 | 0.05030 | 0.1454 0.0536 |  0.1484
- (29)-(29)
31 P,m, 148,0 1480 14%.0 148.0 148.0 14%.0
- 32 (30) + (31) 1450 145,0 148.0 148.1 148,0 1481
] t (32) 294
£ 33 1 2,691 1.195 1.165 0,7288 LS 0,7314
¥ (20)
4 )(D—E), 1= (33)—(2)  2.69] 1.194 1,164 0,7278 1.164 0.7304
% 8o 42.14 98,84 101,1 164.5 1011 164,0
36 m, 1174 1174 1174 1174 1174 1174
{ I Mo =mo=\m| ¢ | 1174 131 1131 1088 1131 1058
‘ . (34) 135) (36)*
38 %41 TTan | 1Msa 122,4 122,2 1292 122.2 1292
39 "”
M 1 .
© -; Aun
1 .
41 -l'—.‘ A,
42 En
AR ]
%l 43| (A8p)y =, ln
“ s, 2,14 101.1
. 1
45 2 2%n 29.50 31.45
; P - f} a%a,_, ~0.3260 | —0.2108
4 3. 71,82 132,3
8 s -a, ¥ 36,66 66,18

[P

)
!
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PAGE 44/”
#
!
A2 A=) nmd n=5 nw6 n=7 n=8 n=9
I 1
0.1576-104] 0.1576.1074 6.1576-10~ 4,0.1576.1074[0,1576-1074/0.157.1074,0, 1576 . 10415700 4
0.2837-10~2] 0,47%-102]0,5374.10~2 (1.5:02.1"2/0.5737.10~2]0,5555. 10720, 50 44.10~ 2 0, n755.107 2
0.9329 0.9723 0.9593 0,943x 0.9261 0.90n2 0,#%34 0.+5~3
0.0171 0,0277 0.04u7 0.0562 0.0739 0.093% 0,1156 0.141:
16,18 16.15 15,15 16,15 15,15 16,15 16,15 161§
0,2762 0,4474 0.6573 0.9076 1,193 1.515 1,881 2.2
148,0 148,0 145.0 145.0 148,0 148.0 148.0 1420
48,3 1484 148,7 1489 149.2 149.5 149,9 151,3
0,5289 0,409 0.3317 0.2777 0,2370 0,2055 0,1803 0.159%
0,5234 0,4048 0,3263 0.2720 0,2313 0.2000 0,135 0.1859
2%0.0 299,4 373.0 448.6 529,1 614.0 703.4 RN
1174 1174 1174 1174 1174 17 1174 1174
1044 1001 957.9 914.6 871,3 #28.0 4.7 741.4
15,3 142,2 149.2 156.6 164.9 174.1 154.5 197.1
19,2 135,3 142.2 149.2  J 1566 164.9 174.1 154.5
3,080 3,450 3,500 3,700 4,150 4,600 5,200 6,00
0,07500 | —=0,06667 | —0,008333 | —0,03333 | —0.07500 | —0.0500 | =-=0.1000 | ~—U.1-33
132,3 138,7 145.7 152,9 160,7 169.4 179.2 190,6
66.15 69,35 72.85 76,45 £0.25 84.70 89,60 95.30
164.0 230,2 299,6 372.4 48,8 529.2 613,9 HITR)
33,08 34,68 36,42 38.22 40,18 42.35 44,80 47.¢5
~0,2667 -0,2917 | ~0,3000 | 03280 | —0,3%25 | —0,4083 | —0,4750 [ —0,4750
196,8 264,6 335.7 410,38 488.6 571.1 88,2 750.7
96,40 132,3 167.8 208.2 244,3 285.6 3291 75.4
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Table 6.7. Example of trajectory calculaticrn (fassive section). Basic

fcrs ¢f numerical integraticn.

« | v, =p R &
0} ! ’ r=-f |
7 .. . ;
2 2 l Ay ‘ r ' Ap ‘ Atp l’\-lo”‘l’,-lo’\"l’;'m’l u l
. | .
0} 1635 10<3 315 0.1 290 —0.01000 —1.as0) —p.235 7221
1] 2135 | 1394 0.61+0 —2117 650, 7
O] 1435 | 1033 | 311.6| 0.6280 —0.009935) —~0.001195 | —1,882] —0.225 | 0,025 | 7221
1| 2135 1 1395 | 30:.2 0.6180 —0.01116 —2 108 —0.28! 682.1
2| 253 | 1701 0.6038 -=2.359 644,9
0f 1635 | 1093 | 311.6| 0,520 —0.0009°51 —0,001195 | —1.8x2] —0,22° | —0,025 | 7221
1] 2135 | 1395 | 30;.2 0.6180 —0.Ul116 | —0,001330 | —2.108 —0.25¢ | —0.021 | 682,1
2| 236 | 1701 | 331 0.608 | ~0.01249 | —0.001460 | —2,3 2 —0.275 | —0.02% | 644.7
3| a3z | 2000 | 2037 | o83 -0 01305 | —0.001620 | —2, 371 —0.310 } 0,028 | 609.8
(609.9)
4! 3637 | 2295 | 246.0 6.5303 —0.01557 [ —0,001780 | —2.947! —0.338 { —0.039 (g’_;.zn
S! 4135 2381 282 0.5518 —0.01735 | —0,001990 | —3.2-5{ —0,377 | —0,041 | 546.4
. (540,5)
6| 463> | 2839 | 29,0 05174 —0.01931 | —0.002190 | —3,662] —0.41% | —0,042 (g};.g)
7] s13s | 3123 | 2538} 0.5231 —0.02153 | —0,002410 | ~4,080; —0 4¢0 | —0.040 (:gg.g)
s| 5435 | 337 | 47.4; 0.50% ~0.02394 | —0,002540 | ~4,540] —0.500 | —0,060 (:255‘8,
o| v135 | 3034 | 234,8| n.4%27 —0.02858 | —0.00200 [ —3,010] ~0.550 | —0,010 (::H,
10| 6635 | 3%68 | 220.8 | 0.4561 —0.02948 { --0,00316 | —5,600] —0,600 | —0.070 (:}g.g)
11§ 713§ 4090 205.2 0.4266 —0.03264 [ —0,00349 | —~,200] —0,670 | —0,0:0 (g;.g)
12] 7635 | 4295 | 188.1 0.3940 —0.03613 | —0,00371 | ~5,870{ —0.720 | —0,040 (g;g.g)
13] 8135 | 4483 | 189.2| 0.357 —0,03984 | --0.00390 | —7.500; —0.7¢0 | —0.040 | 369,6
(359,6)
14} 8635 4£52 149.4 0.3181 —0,04374 | —0,00397 | —s.350 —0,£00 0,020 g:g.g)
(342,
15} 9135 | 4800 | 125.4) 0.2744 —0.0477) | —0.00360 | —5.150] —0.7¢0 0,090 .53;2)
{327,
6] 935 | 4925 | 103.6 0,227 —~0.05140 | —0.00330 | —8.930] —0.690 | 0,070 g}::}
(314,
17/ 10135 | 502 0.1753 ~10,62 303,7
(304,0)
14| 8525 4632 77,00 03181 —~0.02140 | —0.00090 | —8,350{ —0.399 | —0,002 | 342,8
15| Asss | 4729 71.00’ 0.2957 —0,02270 | —0,00105 | —3,749| —0,401 0,011 | 335,0
161 0135 | 400 66.00  0.2744 -0,02335 | —0,00098 | —9,150] —0.390 } 0,000 | 327,6
17] 9388 | 4xo6 59.00; 0.2510 —0,02434 | —0,00004 | —9 510 —0,390 0.030 | 320,7
18] 9535 | 4925 53.82 0,2267 —0.0252% | —0,00090 | —9,030| ~0.3¢0 | 0,010 | 314,4
19} 935 | 4980 4110, 0.20i4 —0.02318 | —~0,00085 | ~10,29| —0.38 0,04 | 3087 )
(308,7) i
20| 10138 | 8027 40.43I 0,1752 —0,02700 | —0,00072 | —10,64] —0.31 0.04 ;gg.") .
(308,7 .




(B gt s

voc - Wil PAGE 1;1//)))

B - -
l‘-—rH._(y)(A(l',) ty --:T
’ . ' [ . . —— v
! -au ur-l(h’-au‘r.lm A ‘ur.l(\!laiu ¢ 100 t I At T""[o' ar, _,0."_,:, (10
~41.38 | 277 S5 Povaas
- ©oaos
—40.00 5.46 1—0.29 ( k5.2~
~37.24 5.17 R
153.0
—10.01 5.4v —099 [ =028 | 400007128 1.8 ] 0.0<1| 0001 | gu2s
—-37.35 517 |—uv 87 0.22 53121 0,7540 | 1,466 | 0.083 | 0,001 . K021
~34,90 | 2 qal 460 (=035 | =001 1 6w | 0,7975 | 1,551 | .09 | w0t 53
(—34'%4) l
~32.67 —67.54) 405 |t 36 0,05 6,84 [ 08430 | 1,640 0094 0.0 9%
(~32.79) ;
=30 66 —63.28] 3,89 |01 0.05 70001 08905 | 1,733 ] 0.09° ‘ 0,008 | w0
{~30.59 ; i
—28.79 —59.40, 3.5% |—0.2 0,05 8,598 | 0,9405 | 1,830 ] ot ( G 05 6070
{—28.80) ;
=27.07 [ —8§,87 3.2 1—0.20 0.12 | 9,538 10,8925 1 1,972 0.107 | 0,05 | 5901
(=27,07)
—25,46 | —52.50] 3.12 }—0,08 | —0.09 [10,53 {1,045 | 2,030 | 0.112| 0.004| B54.R
(=25,46)
—23.92 | 40,38 3,04 |—0.17 030 {1158 {1,104 | 21511 016 | 0.00i| 523
(—23.94)
-—22 48 —46.34] 2.87 |—=0,07 —0,08 {1268 1,164 2% | 0122 [ 0.004 469.6
(—22.40) .
. —21.03 | —43.47) 2,80 =010 0.26 113,85 |1.2% | 23| 0126 ] 0.005] 4402
(—21.07)
—19.66 | —40.67] 2,50 | 016 | =0.03 [1507 | 1,290 2,515 | 0,127 o¢.0m 432.1
(—19,63)
—18,28 | 37.97] 2.80 { 0,13 0.42 116,36 {1,357 | 26471 0134 | 0,004 | 40..7
(—=1R.34)
=16, ~=35.11 2.99 0,55 0.t0 17,72 11,424 2,781 0,136 | 0,000 .9
(—16.76) .
-18.20 [ —32.12[ 3.54 1.18 —0.88 | 19,14 | 1,402 2,017 | 0.136 |—0.008 339.6
(—15.29)
~13.16 | —28.58| 4.69 | 0.27 | =011 |9064 | 1,558 | 3053 0.1 220
(—13.21) 2 .
—10.72 | ~23,80 4.9 [ 016 [ —3.52 (0919 3181 403
(=10,42) 2.
—IR93 20:.6
—7,500 —32,12| 1.66 0.22 0,09
—~7,400 | —30,46| 1,88 0.3 0,00 ,
-fi, 900 24,84 2,19 0.3 -0,16
6,300 —26.39] 2,50 0,15 —0.23
-45,658 —23,68( 2.65 |—0,08 0,81 | 22,19 [0.025 | 3,181 | 0,058 |{—0.00% araa
(—5.837)
-5,022 —21.38; 2,87 0,23 -09% |22,99 | 0,8168) 3.29 0.@3 —0.004 4.9
(~5,013)
-l 289 18,81 2,800 |-0.78 0,11 [328.81 | 0,K292{ 3,202 | 0,049 |—0.007 308.3
(=4.410)
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| ol ot
l A , ’ AR o ‘
t 2 ¥ l Y3 ' P \ aAp i 8p | Py ]0"Jp..:10‘ 'A‘p,-lo‘l u
5 | ‘
“ 21 10385 ¢ 5MT 33.60 ] 0.142 —0.02772 | =0.00038 | —10,95! —0.27 0,00 299.3
(299.3)
22 10335 5101 26,60 0,1205 —0.02440 —(.00032 | —11,22{ —0.27 0,04 (gg’?)
23| 108 | 5128 | 19411 0.09210 | —0,02902 | —0.0005%} —11.49) _0.23! —0.00 (333%,
241 1136 | 5147 ] 12,08 | 0,0530% | —0.02960 | —0,000:0 | —11,72 0,25 0.03 (ggg::;)?
25| 11388 | 5159 4,608 0.03348 —0.0.020 { —0.00058 | —11.97( —0.22| ~0,08 (223;.’,4‘)
ol 11435 | 514 |—3.005 | .00 20 | —0.0307 | —0.00% | —12.10] —gas| 0.2 288
(253‘7)1
20! nas | os1a {—1070 | —0.0250 | —0.0814n | —0.0005% | —1a8l _g.24]| —0,02] 200
(280,%)
20 12135 | 5150 —1n.T1 | —0 05890 | —0.0 19% | —0.000:2 } —12.67} 0,25 0,01 2789 |
| (272.3)!
26! 12385 [ 5131 [—25.7h | 0. 00088 —0,08260 | —0.00052 { 12,921 _go24| —0.02 (g;gg’f
30! 12545 | 5104 |—a3.00 ) —0.1225 —0.03,27 ] —0.000:3 | 23200 —0.26 0.01 3;?8,
31] 1285 | 5039 |—43.40 | —0,1557 ~0,03385 | —0.,0005 | ~13.42] 0,25 ~0.02( 270.4
{270,4)
32 13135 | 5025 |—51.95 { —0.19.} —0,03450 —13.67] —0.27 267.9
(267.9)
330 133-5 1 4974 —0.2251 ~—~13.94 2.5,4
. (265,3)
27 11835 | 6161 |—30 —0.02750 | —0 03338 | —~0.00244 | —12.44] —0.48 | .-0,02| 200.9
291 12345 | 5131 [~62 —0.09038 —0,05542 | —0,00238 | 12,82 —0.50 | 0,02 | 275.6
29! 1248 | 5759 (9§ —0.1857 —0,06840 | —0.00266 | —~13,42] —0,52 | --0.03 | 270.4
30| 132-8 | 4974 [—130.2 | —0.2251 —0,07105 | —0,00290 | 13,94/ —0.55| —0.05| 265.3
81| 13¢5 | 4944 {—166.4 | —0.2062 —0.07395 | —0,00'10 | —14,49) —0.60 | —0.04 | 260.2
321 14336 | 4h7R 1—=204.2 | —0.3702 ~0,07705 | ~—0,0035] —15.09] —0.64 | —0,08 (gs‘g’.g)
330 1885 | 4474 |—243,6 | —p.av72 —0,03040 | —0.00385 | —~15,72] —~0.72 | »==0,00 (gfg'.?)
34! 15396 ) 4230 |—284.7 ) —0.5276 —0.0R425 | —0.00 90 | —15,45] —0.81 | —0,11 (33'.”
35| 1585 | 39°5 |—=327.8 | —0.6118 —0,0%15 | ~—0,00540 | —17.25 —0.92 | ~0,15 (3333)
311 18368 | 3107 [—373.2 | —0.7000 —0,09255 | —0.00585 | —18,18] —1,03| —0.19 (Qg;:)
37| 16888 | 3234 (—121.4( —0,796 | —0.09040{ —0.00700 | —19,26] —1,27| —0.23 (gggﬁg)
341 17388 | 2813 |—aT2 R | g .m0u0 —0,1034 | =0.00% | —20,53] —1.55| —0.36 ‘3’7’3.”
39( 17888 | 2340 |—528.0 | —0,9004 —0,1150 | —0.0107 [ —22,08) —1,91| —0,46 ‘;}S:ﬁ’
40( 18385 | 1812 |-588.0 | —1 114 —0.1257 | —0,0137 | —23,99| —2,37| -0,7 (gégig)
41| 1865 | 1224 |—649.0 | —1.240 ~0.1334 | —0.0158 | —26.36] —3,16| —0,79 (fgglg’
42( 19338 575 [=729.0 | —1.379 —0,1572 ~29.52) —3.98 qgl”
! 19385 | ~183 —1.5% —33.47 ‘}';?;i’

prgrang cops gt T AR VUEEP SRS
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P
, 1
- 0 1, S —
Bym—He (4)G(rg) L .
. H ' | . . ’ ’ .
I Ay i 4,108 ’An'(lO‘IA’u_r-]O' A’u‘-l()'l t % ar ‘ t 101}A1‘~Hr',df‘;10'
(_‘i 7'% —15.01] 2,05] <004 —0,18 21,64 | 08405 | 3.341 | 0,042 {—0.004 ann 2
-—
-3, 800 —13.95) 1,41 | —0.R2 0.75 23.4% | 0.8595 83 38 | —0 000 -
(=3.403) v 3.3 0,038 |—0.002 | 297,R
(._:_olu-’ —12, 0.59 | —0.07 | —=0.11 26.33 [ 08598 | 3,421 | 0.034 |=0.00 2.4
—~4 s
—292r | —11.9) 0532 —=01~] 0.17 2719 | 0,888 T o0.035 |—
o i 3.457 | 0.035 {—0.001 29,9
("5"3‘§, —11.44) 034} —0.001 | —0.14 .05 0,8772 ] 3,492 | 0.034 | 0.000 2862
— D
(—:..-_v:) —11,10] 0.33{ —C15| 0,1% 38,94 ) 0,855 | 3,523 ] 0,031 0.000 aR3 T
-2 ' s
=107 00| w08 ~0.1 29820892 350 004} 0000 0ap <
-10,59‘| 0.21 | =011 | g1 3072 0.902% | 3,504 1 6.0ve | 0,00 278 9
)
—10.58]  0.10 | —0.02 | —0 03 162 0,012 | 3,62 | 0045 0,000 274
—10.2 0,08 | —C.07 0,08 42,54 | 0.9200 | 3.663 | 0.035 | 0 000 274.9
=10,20] 0.01 0.01 33,45 | 09288 | 3,085 | 0,035 0.000 LIS
-10.19; 0,02 34,8710943 ] 3,733 ov.0a47 e
~10.17 35,32 3.770 2719
-5 3 —10.77] 0,39 | =021 0,05
—-5.2 —10.458] 0.18 | —0.15 0.01
=5.1 —10.200 Q.03 | —0.14 0.0%
—5.,105 —_ 71 =011 —=0.0,{ —0 12 35.3 1.903 3,77 Yk \ 7
%) 10.17 012 35.32 3,770 [ 0.073 | 0.00 210
(—g.};‘i) —10.28) —0.17 | —0.14 0.05 37,22 | 1.941 3,843 | 0.079 ] 0,004 271 4
-, J0
(—g.gﬂg) -10.45) —0,45 | ~u.12 0.00 39,15 ¢ 1,982 3,922 | 0.083 | 0.007 M8
—5.510 | ool —0.47 | —012 | _o07 | 4114 ]2.02¢ | 4,005 | 0,000| 0016 o1
(~5.545) 4 !
(—g.zf*‘s') —11.27, =059 | —019 | .02 | 4337[2.072 | 4,095} 0,100 ] 0.010) 27D
-3, Tt
(—?.:(li‘v” —11.85 —=0.78 | —0,17 } —0.12 45.24 | 2.124 4.195 | 0110 0.01% 279 3
-—ty,
(—'i-g-?n') —12.04| =095 | —0.29 [ o0.02 47.36 | 2,184 4.305 | 0.126 | 0.017 a3 o
—_t.
—7»‘6‘-*2 —13,50| —1.24 | 027 | 0,23 | 49.5512.250 | 4.421 | o0.143 | 0,027 WD
(—7.0:5)
—9“!;“(! —14,83| ~1,51 [ —0,04 | —0,30 51.80 | 2,328 4,574 | 0,170 | 0.01 2031
(—7.810)
(—24'00) —16,34| —=1.56 | —0,34| 0,35 5112 2,420 | 4,744 | 0,200 | 0047 2043
‘—gf«&s) —17,89 —1.89 [ o0.01 5i.54 {253 | 4,946 | 0,248 | 0,042 3027
-9 ..00)
(—-:g.:‘xg —19.78] —1.88 59.08 | 2,666 | 8,193 | 0,200 | 0.058 307,38
—10.49)
-11.23 | -21.66 61,74 | 2,838 | 5483 ) 0,388 310.8
64.57 5.841 3.8
Noke.¥n brackets ame given the results cf calculatica,

obtained in

2t~
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the first approximationp.
keys: f1). line.
Fage 31Q.

1he hére leading equaticn is the first. Initial conditions for a
fassive section corresgpcrd to the tirite values of the cell/elements

cf trajectcry, determined ir the preceding/rrevious calculation.
X, =X,=1635 M; 6,=6,=32°08";

Y=y, =1083 M; 7, =7,=8528 S]‘c;
g, =1tg8,=p,=0,6280.
ey: (). B/Sa

fcrthermore, cp passive secticn tle meight cf projectile Qx=686,46

ny, factor of form i 3=1.45 and the greatest diameter of nose ccne
d e @ 196 ma. It is obvious that the dimensicnality of the values,
enter jng the last/latter three equaticns, &1e icentical for a
techbnjcal system agd fcr the systes c¢f SI. 1he dimensionality of the
fitet equation is also identical fcr kcth systess . s-i. Ballistic
ceeffjcient c the functicn cf air resistasce G(v:) have dimensiorality
in the systes of 51

O UY) @

cMYH H G{vanMic, a

key: (1. s2/¥ (Ip). And. (3, N/m? 5.
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In the technical systes ¢ »2/kg and G(7) kg/82 s. In last/latter
dimensicnality are comprised the ccrresgonding tables for G(v:) Weight
ct rccket c¢n the passive secticn cf [rciless Qe and
c= 10'(13/“.
O

Rey: f1). m2/),

Buring the use of the existing taktles G(v:) it is necessary to

take into the calculaticn
G (Vs )ey = 9.8066 G (Ve)rg-

Sipce v:=7 %‘"- that dimensicpality aaaa coipcides for a technical
systes and the systeas of S1. 1f during calcxlaticn the ballistic
cogefficient is calculated ir systes c¢f practical units, then value
G(v.)is taken directly frcms table. 1be space of integration we take
h,=500 m. The calculaticn c¢f the criginal values of fuactions with
anprodch/approximaticns ard tlke crdexr c¢f the grcwth of lines are

vigible fraom basic design steet (tekle 6.7).

Beginning from 14 lines (vwith v = & Z:59.€ m/s) we decrease the
space of integratiocm 2 times, using Pessel's interpolation formula
+ 1 . .
!l,,+}f=£ﬂ,‘,#—-ﬁ-(A'yn+A'y._,).‘ft“ tle passace cf the interval of the
velocjties, close to the speed of =cund, becipping with 27 line (with

v = 4 280.8 a/s) space ve increase : .times. Calculatioun of the

cell/¢lements of motion in feak of the trajectcry and at impact point

is givep in ap examgle.

ix'ﬂ

fead
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Fage 211,

1. Mogion characteristics imp peak cf tle trajectory.

The interpolating tfactcr is deterszinecé frcs followiny foramulas.

la the first approzximaticao,
o _U.003%

————— == (), 1068,
Afn ( — 0,03078)

Q= —
vhere p. - last/latter tabular value tgd.tc apex/vertex. In the
seccend approach/approxisaticn

: E1Gsi— 1) arp,_,
s11 =881 2 \pn

oy

-~
T,

s

= 0,]056 — L1000 1066 — 1) (—0.000%8) ) 4575
2 { — 0,03078)

Atscissa of peak ¢f the trajectcry during integration with

indegandeat alternating/variable x

Xg=Xp4Ech, = 11635 - 0,1075-250= 11662 Mm;x,— 11635 M; A

=250 8 (space of integration for x).

Grdinate of peak ¢f the trajecscry:

A= e,

Us=Ya+isdYa~ 2
=5164 L0075 — 3,015 ¢ LRI | 3015) - 4.608]=
= 5164 .
Sise of the achievesegt of feak ct the trajectory

Lstts = D)
2

Is =ty ~ isdly > A%y =

= 28,94 4-0,1075.0,8858 - LA = ). 10 8858 — 0,877 - |
=2903¢

sabieiifioda oty
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Key: [1). S.

Velocity in peak cf the trajectcry:
Vs ="V, +EsA% + E(ETS:'IL A =

0,1075(0,1075— 1)
——x

x([283,7 — 286,3] — [286,3 — 289,9]) = 283 4 34/c.

=283,7+40,1075(283,7 — 286,3) +

Key: {1). n/Sa

114 M@tion characteristics at imfpact fcint.

Interpolating factor inm the first apprcxination,:

—Yn ST
) av, 1) 0,7898.

Fage 212.

}o the second apprcachsapfproxisaticn:
Ei(Gel—1) A%n—1 _

fe=ben=tc1—

2 Aya
—0.7898 — 1. 7898(0.7808— 1) (-~ 728) — (—649) _ ) 7988
! 2 (—728) ’ )

Blying range during irtegraticn with irdegendent
altersating/variable x:
Xe=Xp+Ech,=1938540,7988-500= 19734 u.
Blight path angle at ispact gcint:
Pc==Pn+EcAPn *—ec—“g_—” 3=
=(—1,379)4-0,7988( — 0,1572) — 27988 (0. 7988 — ) .

2
U
X (—0,0178)= —1,532, nm 8,=>56°52"
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kKey: f1). or.
€caplete flight tise:
fc=t.+EcAt'+L€§'__ll A‘t.—l=
=61.74+-0.7988.2,828 + LEROTB =1
Key: (1) s- (2,828 — 2,666) = 63,99¢)

Yelocity in impact padnmt:
UVe=", +ECA0.+LC-(E;;1) A‘”r—x=

=310,5+0,7988(310,5 — 307,3; } 2:7988(0.7988 — )

(n
Rey: (1)- 8/5. X [(310.5—307,3) ~(307,3 — 302,7)) = 313,2 u/c.

1e6. Busmerical differentiaticn.

@btaining derivatives of the functions, assiyned tavular, is
tealited by methods of numerical differenticeticp. In this case,
uswalldly is differentiated tite interpclating furction, comprised with
the constant space cf argument. Since fcr irdependent variable during
the ce¢ppilation of the stancdard intergclatirqg functions is taken &,
then

4y _dy & _ 1

f dx  dt dx A O

Fage 313,

¥cr she horizontal line of comsecutsve cell/elements, the
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inteérgclating function takes the fcxs

, —DE—-2
=Y +EAy, - E(& Ay, -+ E—“——z&—) A%y, (6.22
ifter dittetqntiatio- ve will chtaiu

y}=L[Au. (a’E—l\A‘u.+ \3¢* —6¢ - 2) A'y.]. 6. 23)

a the second derivative

.1
Y= (A%, +E— D ady,). (6. 24)
AMter accepting for the fixed gcint {=%.=0, wvwe will oktain:
. 1 1
yxn= L (-\yn - _2' A’yn+3' Asyn);
/ 6. 25)
. 1
Yan= 2! (a%y.— A%,).

Jcr the broken line cf fcrs ./ we will ckttain:
U= |+ B 10y £ (= D 8%y | (616)
At the fixed pgint cf @“p*
y}.=;‘]: (9 —'—,l,- Ay, — % A'y,._,). 6. 27)
ftaking igto account a c¢ifference in tle first and second crders,
ve vill obtain froa (6.%7} the fcraula, us¢c it the theory cof

correcticgs (chapter XI),

y,=tasim e, (6. 28)

1..7. Nethod of the nuamerical scluticn of tte¢ spetial problem of

gsidaace.

As the tasic systesm cf differegtial ecuaticns, which descrites

the three-dimensional/space ccntrolled flickt with guidance to the

e e i aemia e

rafpiddy moved target/purpcses, let us take systes (4.23). Let us

1
[
H
—_—4
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examine the order of the nuserical soluticn cf this systew. The
values, vhich correspond tc calculaticp poirt in the trajectery in
questjcn, let us supply witk index i, tc the preceding/previous point

- §i-1), apd following - {i+1).

ket us establish tte velues, which det¢rmine the position cf
flane of interception for i-th point in bhe trajectory. Frcme (4.30)

it fcllous

=Yy (xll—xpl)’+(zll—zyl)"

Facge 214,

@n the basis of (4.33), we find tke sus cf the angles
l‘lfo+v)‘.=arc 114 M_;

Xui—Xpi

‘ cn the basis of (8.29), let us fing

—
po=arctg i e
r'e

fhe angle of the slofe of the instagtzrecus plane of

intercepticn to horizcntal glane let us determine from the

telatjcnshipsratio

1gh; + 188 €08 Oy ¢

7;=arct
L1 R Sin Qg ; COS V;

the angle between the intersecticn of tte flane of intercepticn
with hcrizcntal plane (livne dl) ard the selected reference direction

Cx let us define as anguler differepnce

Vo=(FoL+v)i—vi

The ccordinates of target and rogcket iz the instantancous plarne

A

4
!
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;
cf interception let us find frca (4.3S), but thke position cf the line
f cf sighting will be detersited by aggle Vi cp the basis of (4.37)
cos v;, — Yui .
Xoy; = Yni o Yor:™ Gn _
cos v; Wi,
Xpy, = Ypi e Y= gn i
_ t yil(_ypli
y;=arctg xuxi—’zpy‘-.

§urther calculaticy dejeads cn the selecticn of guidance method.
Fcr egyaniple, for the grcup c¢f the methcds, united by the
sign/critericn of the criertaticn cf velocity vector relative to the
line c¢f sighting, it is necessary tc use fcizulés for value
determinatico of lead arcle. Fer tte methcd of pursuit w@ith
advapge/prevention at fixed-lead angle, it 1s Decessary to take

ap=apo=const
and then

‘Pi=Y1+°po- ]
8cr the method of half approach, it is necessary to use the
fcrasula, which detexrmirnes cre—half argle, sltich corresponds to the

ccoditicn cf ideal advances/preventicna.

Buring the calculation of the missile tarceting acccecrding tc

Fursujt curve the gLtaired jrevicvely £fcratlas can be converted. In

this case % =0 the velocit)

vector cf rocket stst coincide with the

direction cf the line cf =sichting,

cbvices that tgo,=tgp, sust le detersined ackcrding to fcrmule

¢i¥Vi; wi=6;

anddi=vi. Lt is

{4.29), and tgli=tgwv, ig detersired from fcromila (4.32).

dda
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Fage 415.

With three-dimensicnal/space ccrstant ltearing guidance it is
pecessary to ensure in the [rocess ct guidayce the invariability cf
angles pu, and (Y,+v);; with this lire cf sightirg will remain
farallkel tc itself. Therx

tg ¥, —vi;=tg ¥, v),=const;
Fris= Xy — X0 1 T2 (F, F v,
uring calculation tgy; and igy, apd in furtler calculations it 1is

recessary to take
Yuo— Ypo

=p,=4arc tg e = U
m=F (o — 50) ) TE R (T o0,

Lead angle is located frcm the ccnditicn cf the ideal

advance/prevention

. Vui o
sina,,=*-sina, .

p i
¥ith guidance accordinc to the method cf ccincidence, the angles
cf sighting and rocket sust ke equal, alsc aust te e€qual the azimuths
of target/furpose and rccket or arcles A,,=A,. The direction of
the line of sighting must pass thrcugh the ¢rigin and in this case
ity = g 22t

Yut :

Tui

of : sin p; =

Respe.t ivelyr,=0 and vi=arcig —

Ku i
Bith any motion characteristics of tarcesspurpcse, the
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icstartanecus plane of interception and tke lire of its intersection
with hcrizcntal place sust fass thrcugh the crigin, but
Xpg =Xpis  Kuy, =Xy
rtead angle ip the ipmstantanecus fplane {t irterception is

detersined frcm forsula (4.5).

9ith the method of prepcrticnal agproéch, the lead angle
¢irectly is pot calculated, Ltut is deteimired derivative of lead
angle frcm formula {4.1%). Factor cf prcporticrality a is selected,
cn the rasis of requirement toc cbtain tcwarc the end of the guidance
cf the ccndition of enccunter with tarcet, a¢cst favcrable for a
specitic case. An increase in the lead angle Ad; is calculated by
ruserical integraticn, after which

@141y =0y + 4G,

Fage Z16.

The initial value of lead angle ag car ke taken either on the
tasis cf guidance sethcd cr three feints, €I cpn the basis of the

sethcd cf half approach.

After the determination of the leac¢ ag¢le and angle ¢, tbhe
angle cf arrival let us fird frcs (4.24), argle & from (4.26) and

the amgle of rotation of trajectory Vi frcs (4.27):

sin§;=sin 7, sins; sing=tr,ctgys V=T, +i.

ol o SRS

PP

ki i

PP
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The elevation ¢f the velocity ¢f rccket is equal to
W, =1v,;sin6,.

Increnents of coopdinates Ayp: is locate¢d Lty numerical
integration. If we, for exaasple, vith difference method of
integration use the horizcptal or kicken talle rows of finite
diffesences, then let us bhave

Ay, i =h, (wp[ —E% Aw,; —-TIZ- A'wp(l—l))'
after which increase A% amé A2y; will fiand fros (4.39) and (4.40).
‘:‘::‘"‘; Ap = AYp: S[Igne\:.‘i.

The coordinates of position of the center of mass of rocket for

Axp == AYp:

fcint i+1 will be egual to
Xp(i+1)=Xp;+AXp ;s Ypt+1)=Yp; +Alp i usn=2,,;+ 4z,

A change in the velocity of the center of mass cof rocket is
lccated by the methcd cf successive afpfroxisaticns, since for the
direct use of equation (3.37) insufficient (ate for determining the
draqg of X (there are nc angles cf attack acé slip - a and Bi).- In
the first approximation, we find drag tc oge of the methcds of
serodysamics, on the basis cf the furtatiosal dependence

Xia=fmwu-n5 Yooy M3 Re3 ai_g 3, ;SQr a.),

Key: [1). and so forth.

shere a1 amd B, etc. correspond tc fpreceding/grevicus goint in the

trajectory.
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H3b

For ghe beginaning of calculatians, the ancles of attack and slip
sust be selected according to ipitial conditicrs. The value of

derivative %p at i-th fcigt in the first agprcximation, will be

€qgual
Pi— Xy

Vo= —gsin b,
A velocity increment let us £igd .y nuwierical integration for
the f¢rmulas of the horizostal cr &szckern Jdite .cf the lines
(Avy )y =h, (i’pl+_;— A'l}bl-'l]? Ay, (1-—1)).
after shich

(Vi -l = T —(ATp -

Eace 317.

The angles of attack and slip @ agd B are located fros the
tocraulas through 1 apd derivatives 8, apd V¥, which are determined
ky the method of numerical ¢iffereptiation. Usigg procedure described
abcves alang the values cof the moticn characteristics of
taxgeg/purpose for i¢1 poigt *ui+th Yui+n Unisin Birn @ei+n and along
cttaimed values *pi+ni Ypi+): Zpisii Upit) w4 calculate 6. amd Yir- After
carrying thea into the table of ditferepces, let us find

A8;==0,,,—6; A¥, =V, ,—V,
and let us increase table. ¢n the fcraulas ¢f ruserical
differentiation taking iptc acccunt the third differences, ve will
ct tain

g 1 s ! .

it I/ oa 1 . .
'11=—~(Al|,—?A'\I,_1_.é_ AN i—1 )

h
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Balance angle is apprciimately egual tc

m .

a amgle of slip

g o MiCos 8,
6! P+2F ’

8cw it is possible toc calculate 1Ip th¢ seccnd
afprodchs/aprroximaticn dxag data
Xmm=/S(4p: Vi3 M;i Re;: ag b))

and

- Pi—Xin :
v, =t osinf,.
pill ; I'4 {

A velocity increment (Avy)y and the refired velocity cf rccket,
which corresgponds i+1 tc thke mcmert cf time, we find in the forn
(T a+)="Tp 1+ (AT ;-
the difference betweem (v .n) and (v,.,,),, a5 a rule, is small
and it is possible not to repeat tbhe ccrversico cf all values,
corresgcndng to ie 1 to poipt. For furtler celculations one should use

the refined value (Upu+n)m
Fage 218.

1.8. Bumerical integration c¢f the differemtial equations of external

tallistics by f\mge - Kutta‘'s methced.
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As the basis of gunge - Kutta‘'s sethod, is placed the expansion
cf the unknowy functiop y = f£(x) altout its Ancwp point (xn¥n) in fpcwer

sexies in terams of arguseat (r—xi):

Y=Y, +ix—x,)y, +(5_2!—x")’ Yo ... -a-—(f——”:"—)m yim. (6,29,
Expansion makes it fossible tc cktaim the value of tunction ¥(*»+/s)
in terms of the known iritial value of fupction ¥(*») and cn Space 4,
The unkncwn subsequent value of fuacticr is equal

Yas1= Yn+ BYn.

Basia calculation foomula fcr determjgaticp 3Y» takes the forn

Aynz%(k,+2k,—l—2k,+k‘). (6. 30)
shere
ky=h, f(xq5 ua)i
M=k (% b s gk f
b {6.31)

— ( 1 . 1l .
bo=hof (%0 S Lk
ke=h f(x,+h Yn—— ky).

ds an example let us give the schematic of the soluticn of
systes of eqguations (3.6Q)

. P
V=

X —gsin®; B(t)z.h,,,,m; y=vsin8; x=wcos6.

Bighs part one eguaticz of the writter system there is a
fencticn of three variatle (ar2peters - velccity, time and flight
altitude, since a change in the angle 8 in fligkt time by
predetermined program. Fcllcwing tsc equaticns represeant by

thesselves the velocity functicn and tise. It it possible to write

v=f1(0. 1% 8= [yt g=f3(0. 1% x=fo(v,0). (6.3

- o
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ket us designate the terms of ccamcps/cencralstotal forsula
(6.30) top the first equaticn thrcugh ki fcr the third equation
thicugh |/ and for the fourth throwgh m; Ilcgetbher must be
integrated the first apd third egquations. 1le crder cf the
calculation of celljelenents n+1 cf line by Funge - Kutta's method on
tasic formula (6.30) is represented io table (€.8). By
rifleman/pointers it is shosn sequence accciplishing the

prccesssoperations of ccunt for the eguatic¢rs, sclved together.

Fage 419.

The application/use cf cosmonsgeneralystctal formula (6.30) with
tbe calculation of coefficients 4 ip (6.:1) requires the fourfold
sukstjtution of the corresgcnding values of argument and fuanctions
invo fundamental differential equaticn. This leads to an increase in
the vqQlume of calculaticns during the growth cf lines in coaparison
with difference vwith method. Method is insezsitive tc errors and dces
pct cQrtaip means fcr a coptrcl/check ir the fprccess of calculations.
The large advantage of methcd is tke uniforsity cf calculations for
all pg¢ints. Method does nct require initial approaches and,
therefcre, can have one jrccras for entire range of inteyration by
ET8VAs In constructing a fprcgras and EIsVM, car render/show more

ccgvenient following foraulas for Ay,

1
Au,==-3—|k,1—3k,4—k,4-k‘L (6.33)

U o

PPy
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4
k‘ shere
' k1=h_,f(X,,: yn);l
— - 1
s kg—’l,f(X,,J-?hJ: yn+?k1 ‘:
ky=~nh ' d g — e ).
‘l 3 x.f('xn+ 2 hxv Un 2 kl k2)'

b=k f (xathi gt by +14)

- e . MBS A A NS - . . e a
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Tadle 6.8.

() ss vucnswer soemsnmob nel cmrowu

T
ot At yeta) omishyfrigitn)

L=ty fa(Unite)

R by | ok,
=it F) 7 Z'::‘L‘:fz("z‘%«:r.‘ﬁﬂ’) I T:‘“:.ﬁ'("n’%itﬂ‘?’

i) e 'J="th7(vfl’¥;£’l*?f) ‘ ’7:=5r.73(1’n‘§3‘7;f~‘ E"J
| \

, :
S e tro i) S Ly ki (varhyitnohy) ""r_‘i:tﬁ(l"?*:'.’::’." i)

|
]i
hov 2has Thy 4K, Li+2lp4209+50 M4 2T 2
f —~+
Upar=1Un +4y | Yror = Yn +4AY; ! Xpor=Xn+8Xp
Ju-

key: j1). Calcuiation of cell/elements n¢1 cf line.

Fage 2z0.

§ 2. Afplication/use of electronic digital ccaputers for the sclution
cf the equations of extercal tallistics.
4.1. Reductionp of the equaticns of external kallistics to the fornm,

ccpvepient fcr programming and ccmpilatiom ¢f algorithas.

the preparation of the systems cf egquaticps of external
tallistics for the compilaticn cf detailed zlgcrithm and programming
ccpzists in tvo basic oferations. 1be first cf thea the

transfcrmaticy of the differential seccnd crder equaticas into the

systes of equations of the

il L - . . E
~ Lo a Lo e e ol

B e Y T S

first cxder. Im ecccrdance with the rule

v [

BT TR e

Y 4
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cf a decrease in the crder ¢f derivative, e€éch second order equaticn
sust ke replaced by twc first-order equaticrs. Second
frccesssoperation - this grcuping anc early calculation cf the

entering the equations ccnstant values,

Ret us examine the ccapilatiop ct the eélgcrithm of the soluticn
cf simple system (3.76). The tasic system ci differential eguations

takes the form

du 1 dp I'4 dy i x
—=—(D—Fla; L. _&; d_ 5 dx _
ar " ’ y » o up PR u.

Here all the equaticns - the first orée¢r ard system is suitable
fcr further work. Auxiliary foramulas under tke assumption about the

ccpstancy cf fuel ccnsumpticn per secord take the forn

.u=£; m:mo—ln'!ft; v=unl} 1 - P4

my
Sopoe
D=1 1Po L Selox 1y qi
v {my m, |
E=30Y @ 40 (M)
2my  Qon

let us isolate coastants fcr cme calculaticn of value and let us

designate then

S ; Saon
6= o= aPoN Po= 2001\_
my mo my

Ecvrthernore,
_m _m—imit __ml,. o _im|
my mo mg ' ¢ my E |
Algorithe must contain limitaticn on irtegration liaits of
system. In limitation ir question system th¢y can be superimposed on

time, ¢cn velocity or on y k) the imequalities

LIS "’o<7’<"’x; Fu‘v?' B By

— T e
s ¢ 7 N S
IR A
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Aisitatiaons op coordinstes usually are not conducted.

One of the written inequalities wmust le¢ used for an introducticn
into algorithm and progras cf jusp if rct cjexation. After the
tersimation of cycle, fcr example, whken P=P«the jump if not operation
Bust ensure passage to calculaticn with u=pxk=const and D = 0. In
this sense the preferatle systems ¢f equaticnes, which allow with the
clservance of other ccunditiccs cf gews calcilaticn for the active and
Fassive trajectory phases without a change in thke Ltasic system cf

equaticms and, copsequertly, alsc prcgrams fcr EIsVM.

Face 221,

In the amalgamated fcrax the algcrithm cf the solution of the

sy§tes in guestion will be writtep as fcllers:

%=%(D—Elu: o 2> 2 By ‘;—f=-—-‘;—:
d d d (6. 34
—iz . _x_—_— . _’_=
ar OB TR L
Auxiliary forsulas take the fcrs
v=uy 1+7% D=%—Mrhaﬂ—ﬂwm:'
6. 33

E=c, ;T'N'ur, (—:-\): p=1l=—cg. l

Jo the second eguatico cf basic systes for relatively small

trajeé¢tories g = cconst. Defpending op tkte nexter of significant
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digits, taken in calculaticrs, cne shculd teke g=9.80665; S.8066;

€.8C7 and 9.81 a/s2.,

Buring calculaticn B, the fupcticy <.'M)cap be utilized either
indefendently or ip products ¥, Pf; fi1v ané ””xk:L\=a&(vl in the
a

latter case

E==r,7;: —e {6.36

Bunctions f,{v) ard f,(v) change scre ssccthly than f,(%W: they

just as f,(f?). they can te calculated frevicusly.

It is most frequently during calculaticps necessary tc use the
valves of functioms ¢ (M), ji(v) and fv.), those cbtained fer
terrestrial conditions at tke speed cf sowpsd 9»~. In these cases it is

recessary during integral use . (M) to define P as iﬁ—.vhece v, they
oy

find frcm (2.102):

L I//E

k1
3f is previously comprised functicp [i(vs) when awn. then

,—_—

e T T

oN
E= Qe Ye T [ T
=l —— (=] T — = Silwe) . 16.37
QN AN T Con T

oN

aad then

an. 222,

1f is precomputed functiopn /f:(v-) then

faiwi=tie, (S )mvie, )=’02r,(v" ) =

. Gon 4N Ton

T
= f 2 ( 1'1 b —
'0.‘\'

34
i
|
!
]’.
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and then

v,
[#Y ( ) —
¢ ~ T AN 1 T

Feeo togpr 1 _ V%N . Q Uy C—, 6. 38)
9 1 ray(w Sl l/ T ‘

v,

The compilaticn of the part cf the ccagcpygeneral/total
alycrithm, which ccncerns tle scluticr ¢f systes of equations Ly
runge - Kutta'’s method, let us observe, after writing tae algoritheo
cf the solution of system (:.76) at the first twvo spaces of

integsation. During the writing of algoriths, let us designate
k=h,%(D—Elu; l=—h,%; m=hup; n=hu  6.3%

The variable values, wkich relate to (-ct! and 1-01 calculation
jcints, let us supply w»ith the doulle ,irdice¢s tte first of which
ccrresgcnds to the number cf the cemputed pcint, the second - to an
iadex cf coefficient in gunge ~ Kutta®s forasula. For example, values
fcr a zero point will have the indices: Dg, - fcr determination kg4,
Lgaz - tcr determination kgp; L¢3 and Dge tley will enter into
fcxmulas fcr kgy; and kgee The algoriths of sclution let us carry in
tatle 6.9 and 6.10. Numericel soluticns by the sritten algcrithm for

the first and second space cf integraticn are utilized fcr the

adjustesent cf progras ard ccatrcl/check of machipe count.

¥t is utilized {,(v.), the calculaticn of coefficients in Runge
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- Kutta's method will ke several other, thar ir table 6.9 and €.10.

Pcr eganple, for detersinigg the ccefficiect k;, order of calculaticn

vill be following: 5

= (a+4) l/ 1+( =0k

|
Vs12="y, /
] y1+———- 3
D, ,=

2 == v, ftng[l-ﬂ(y,—Fm—;’-)]"; 6. 40) 4

v e
F1l0) =1, ¢ ,( L 4

yr+—— /[-yr+_“
E,y= l f,('v‘);

e

vy

wizo 1~L
: l‘k‘ :,' (6. 40)
. Ck .
kIQ:I’r}I\Dlﬂ‘_Elz“ul*il\-
Face 223.

Buring the use of furcticm [:(¢:) the fcrsula for calculaticr f

Fy2 will take this fors:

Tkyx-f‘ﬂ“))

Ey =0y ] B S ‘fﬂm.% 6.41)

oy T0.\' T,

Ecrmulas for detersinaticm ¢z va2 D). agd coefficient k,,

will remain without change.

The fcurth differential equaticn cf systerx (3.76) is sclved

separately io the fcllcwing crder:

TR
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for the first space of integration (zero point)

' 1\.
n”=hm;nw=h«HW*—\‘ |

kAL Do
rlo‘.,:/l,(u., - —2:), oy hoou, - kgt

| . .. e e — .
AXg=— (Hyy + 2Ry g~ 2y My gt =Xy AX,s
[

For the second space of integratior (first fcipt)

_ . | ok Ry 3
ny = hygs ”l‘:*ht‘ul '"‘T,; ”13:”1(”1 ‘*'Tl,_-); 2
ky oy ?
rz,_,:/l,(u, —)) nyg—hong o ks . ;
phe 6, 435 i

- ! .
-\-‘1;(—5\”11"-)”12: Shyg My ¥

Xo== X) + AN
the system of equatiogns, which descriles tcgether tne mcticn of
the center of mass of rocket and oscillabticks relative tc the center
ct masS, is comsiderably scIe ccaplex. We »ill cbtain a similar
systes in the form, suitatle fcr procrasminc. Utilizing (3.37) and
{3.41), the eguaticn of the rotary scticn ci axis of rocket relative
tc axis 0z, and kirematic equaticrs, let us write the system, which

describes the flat,/plane axial moticpn cf the rccket
‘ mb:P—X—m.u sin 8; ;
mob=(P -~} g—mg cos 6 1

JZ,&%:EM,,; g=vsin; x—wvcost; a=H—8. :

Utilizing the dependences, cktaineéd intc §§ 3, 4 and 5 chapters
11, let us discover the values of thke raraseters, entering the i

last/latter systen
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for the first space of integratlon (zero point)

1 ko1,
n|x=l’fu1: n-!-_‘zhl(”"+—\' l

9
-

n”-——:ll,(u‘J —%) Ryg—ltgittg = kgl
Axo————é—sn,.ta'—‘.’nl,z—‘«‘Zn(.a‘Lno.;; Xy= Xy AXy} l
For the second space of iptegratior (first fcint)
My = by ”12:’11(”1 "l"%l;; flla":/’t(”l;'%z); |

ko
nls‘:hr(“l"‘ o

); n“:h,(u, - km): 643
(6, !

i ‘ ‘
Axlz?m,,~2n,2~,-2n,s~~nni;

Xo==X) + AX,.
the system of equatiogs, which descrile¢s tcgether tne mcticn of
the center of mass of rocket and oscillaticrs relative tc the center
ct masS, is comsiderably scie ccaplex. We »ill cbtain a similar
systes in the form, suitatle fcr procrasminc. Utilizing (3.37) and
(3.41), the eguaticn of the rotary mcticn c¢i axis of rocket relative
tc axis 0z, and kirematic eguaticrs, let us write the system, which

describes the flat,/plane axial moticn c¢f the rccket
mv=~P — X —mg sin 6;

mol==(P L)) a—mgcosb;
J,ﬁ:EM,,; y=vsin0; x=vcosl; a=98—8.

Face Zzzd.

Utilizing the dependemces, obtained intc §§ 3, 4 and S chapters

1I, let us discover the values of the fparaseters, entering the

last/latter systen

TR NIRRT 4\ ST Rt €. . ¥, T N N1 =T Nl ceins TR R0 ¢ ¢
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MmU=Py~ S,pov [1 =7 (y)] —
— L St (1) 20 (M) = my sin 6

muh = {Pu‘+sapo.\‘[1 '—n(!/)]l a -

, 1
-~ — SowH (1) V*c,a — my cos 6;

2 (6. 14)
Jow= _s‘*__"’-*"; W) ar\me a—
Vo H :
— gt 5 ) v/'—‘jm;’“:' g

y=vc0s8; x=vusinb; a=0—8

Bor short trajectcries it is pessible tc substantially simplify
€guaticns, after accepting functicps »(y) =~ H(y) =~ 1. In thkis case,
the exror will not virtuvally influepce the final results of
calculation. Further, after usirg the sethgd cf a decrease in the
crxder of derivative, let us reglace tte mcmental equation, which
represents by itself the ditferential seccpc crder equation, with the
systea cf twc first-order equaticns. Takimg intc account this we wiil
cbtain the followipy system of equaticns it which for siamplicity of

reccrding it is accepted that ¢x(M)=c. p=p,:

. P 1 .
i= 2L Sotte, —psing;
m

m
. , i
Lo 1 So vvea — £ cos6;
my 2m v
s . s (6. 45}
| Lon't” . Qi - .
Wz, = 7, [ 2 lim;la— 2 I‘|m:|’-|w,, ;

b=w,; y=vsinf; x=wvcosb; a=*a_8§.

Purther transformaticgs are ccpnected witlt the




2 ar e A b et 7

pcc = 78107108 PAGE ’3’7/4/9

€xception/elimination of the process/cperaticns of calculating the
relaticas (or products) of the predeterminec ccrstants, and alsc with
accoamplishing of the prccess/cperaticps ab¢re different-scale values.

Let ts write tvo firses equations of systam (6.45) in the fcra

o= (P _ 1 soova'c,I —gsin6;
m my  2my
- [ Po L Sngr‘;a]—icose
m | mg 2my v

Fage 225.

Fatio mg/m can be ccnverted as follcus:

my my . 1 L 1
m mo—jm\1 ) m ) L+t '

| ——1

where . _ 1m
1 0
Jo the case when is kncwn the initial value of the morment cf
inertia /,, and value /., ccrrespcrding te the end/lead of the active

secti¢n, and the law of a change of it is dccegted linear, then

AJ, A,
./z,'*" ./z,ﬂ'-—*'—"-—./:.n(l“" : ’)“ -I.’,O(l—"k2”'

LN :‘()"\
where

2

ool

A.l:| -‘—"—M/:J)"‘J;.x. k!

Thus,

i 1

J Jo0—kn

2

After replacing further the ccgstapgt vilues

i Sty .. St St
2,

= ,°
1
mg 2my

'y . = Oy
211|0

..—_“

A
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with sheir designations, let us lead system (€.44) to the follcwing

fors:
1 )
= 10y — V% ) — g sin 6;
1 + &yt ! t ol o '
fo — (c'—u - r..'vr;a) — & costy
1+ kgt v s

w, =

(W mi Ja < cev|m) fw,, 3

)
v : (6 167
kot — 1 l

$=w,; y=vsinl; x=wvcosh; a—=H—8.
In the giaven form tke systes ig acre ccnvenient for prograaaing
ir ccatariscn with the preceding/previcus fcrss cf its reccrding

(6:k4), (6.45).

The system of differential egquaticgs fcr .am inactive leg with
imdepecdent alternatingsvariable x is scmewktat simpler than examined
bigher, and consequently, is sispler tte alccrithm of its solution by
rupge - Kutta's method. Let us take systeama (5.8) and let us disccver

value cf B:

d. d d d 1
—"—:-—rH,w)Gt'v,i: _L-.:_L_ _y:p; _'=._
dx ’ dx u? dx dx u

Fage 226.

Auxiliary foraulas tvwc

id2 -_ T ..
10% o= /1. ) / 0N
QN ¢ “ ‘ ] l T '

=

Buring the writing of zlgorithm, let us designate

k= —h.cH ) Givey '
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sl

fcllcwing crder:

| 1
n,=h,—: Ra=h,[- H
Uy LI
dp + -5

! . 1
”os:hv\ ko2 i Mog=h, ( P \ >
v 4.
llQ+"‘_2 3

i
A’o:—s‘ (Mo

+ | .
2, 2ny g Mg oy

fy=ty+ Aty

1 1
nllzhxrl; n12=hx< k]):
1
“+ g

’ 1
- ,‘,,,,( )
’ 14 R} ul‘*‘kla,

Afy==—(fy 3+ 2, + 205+ Ry o

ty=*t+ Al

2.2. Breparation of initial data.

As before the variakle values k, 1, @, n leét us supply with the
double indices the first of which corresponcs .tc the number of the
computed point, the seccnd - tc ar irdex cf coefficient in Runge -
Kutta®s formula. The algcrithm of sclution let us carry in table 6.11

arnd 6, 12. The fourth equaticn can k¢ sclved separately in the

a) for the first space of integratios (zerc point)

avervms

(6. 48)

k) for the seccnd siace of iptegrations (first poiat)

(6. 49

e e -
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The initial data, which determine the sclution cf different
frebless of external ballistics, cap ke broken into three large

grcups. To the first grcug cre shculd relate the initial

design-veight parameters cf rocket or fprojectile, to the second - the
imitial conditions of mcticn, alsc, tc the third - the value, the
furcticn and the parameters, detecrsined by the model of the Earth and

atscsgkere accepted.

B —— =
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Fages 227-228.

Table 6.9. Recording of the algoriths c¢f scluticn at the first space

cf integration. Powered flight trajectory.

(1) Pewaewoe ypasuenne

du 1 dp g ! d_l/
o — (D—E —_— = -~ - —_—
R - d u ar P
i u°, l | s l( f
J
i
Dou- == e c:ll— @) 1
|
E L TR to for="he x|
= € T o .
¢ ONN a (yy) . (_L) L omo. hugpy
4o
| ‘
—_ ! — |
b0y 1 —cqty | |
x | |
koy = hy —— [D.y — Eqi #p i |
(a0l i
| !
ok T v |
e (s ) (e )
1y mo1\ 14
= —lerge 1= Zu
e e e (2l
Moy
Q(y0+ 2 ) Lin ~ h mu_;___h'x
50'2=ca_—'0_—_ X (4 ¢t X
N koy
£ X [ug + —") X
x[— 2
X vpme ‘———002 u J.km
o 0Ty o lo
[a (yu-i‘m,_;l) 2 x (pu+?f
i ! !
ver Ay
I — cqf ¢ —_
4( v+ D) /)
}
1 ko1
gy = Ay M‘Il o2 — Eg2] |80 + 2
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() Pewaesor vpasnenme

o 1 1 4 {1
L2 — (D—Eu |_p —L[ = up
Je u \ dt u | dit
! o !
02 1. i I
(“::‘u”—+—T) l, l-&—(p,—rT | I
! m : [
D, ._——‘r,mrr[‘.—:((y..— ‘U')]l : ‘
3 \ 2 I |
g (uu m , ’ loy= hy X 'l mos: Ry oo
£ j 2 Ty | £ (Uo . "_') .
¢ STRUEN | — .o - ”
albg~ = Py |
= { 2 , (p Loy
FeS (Oheaing
1 1 ; 2 )
u h
Hs 1—64(1‘,* Ti) L
koy — hy — [ Doy — Eos] {up + "5‘ i
Ho3 ]
vos = (uy + ko) b 1+ (po + lo3)*
1
Doy = — {¢) + ¢, [l — a (49 + me3))!
Vo4
fog == Ry > Moy = ks X
Eo o Qo me) [ Y ] o= w=
et Con ‘| a(yo+ moy) X (40 + kog) X

«(a 4 )
T\ wg ko

i !

B L—cqlio+ D)

1
koo = Ay — [Dyy— Eoq] (o + Ro3)
ot

X (po + loa)

! 1
Aug = —= (koy + ko + Zkoy + kog) Ape= T X

X (loy + 219+
+ 2lo3 + loa)
&) = 8o + A1y P1=p+ap

Key: (1) Solved eguaticr.

1
Ayo= ry (mg1 +

\

+ 2mogo+ 2mogt myy)

¥1=yo+ Ayo

it
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Faces 229-230.

Table €. 1Q. Recording of the algorithm ¢f scluticn at the second

sjace of integraticn. EFcwered flight trajectcry.

() Pewaevoe vpaBHeHHe

du dp
dt 1

1
s —(V—E)u
u d

OO T S

|
|

1
Dy — o= e li—aol
1

£ f-iu(yl) T, K—t‘l"‘\ L m- houyr '
Con ay) | - hy (ﬁ. ) ] . ! :
1 1 ‘ |
p o l—ocn [
|

1
ky = kg — Dy — Ey]uy
1

LAVIERN PN

. kn),
£ N{#+ 77X
v X = —= ( 2
U1 2 ky
Vlx / my, u; + *2 . ol
a (!/1 + At

B2 A
l—fc(ll-f— 2)

i Ry
kg =Ry — [Dyp— Epg) {uy + ?)
B12
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EPemlcuoe v paABHENNHE

Ju ! dp I'4 du
R r . _& LA
dt u ( Yu ’ Jt u dt us
ke T TR
1'13=[u1+—2-" l-(p,ﬁ-l—z)!
- oAl LM
Iry= - |Cx+¢‘:[1 b= )]'
m
el + ‘”}
2 my, — hy X
ElSZCJ ¢ - I :
N 13= &y km\
i INCGEEAE
XUlac.r["—T" o —% )
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1akle 6.11, Becording c¢f the algorithe ¢f scluticn at

ct ingjegratiop. Igactive lec.

(V' Pemaemoe vpaswenne
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Fage 23z.

Jable €.12. Fecording of the algoriths c¢f scluticn at the second

space of integrationp. Iractive leg.

(U Pemaenoe ypasnenne
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ghe first and seccnd grougs of initial copditions are mutually
ccopnected and are deternined Ly tke tyre <f kallistic task. For
€exansple, during the soluticr of the first (streight line) prcbler cf
external kallistics for tke ungquided rccket cn fowered flight
trajectcry it is necessary to know: initial mass - my, thrust EF, and
its change in heightsaltitude or thte flcw rete fer seccnd cf mass -l
the n¢zzle exit area - S.. the significant cimersion of rocekt {IRS)
- kcre or the area of midsection, aercdynawmic .ccefrficients -
depending on the formulaticn of the prcltles, tke operatingy time cf
engine - ; the initial parameters cf soticn - vy, 8o, X5, Yo. FoOr
the calculation of the imactive leg and trajectcry of artillery
shelly) it suffices to kncw seight @, size,scisersions, aerodynanmic
charadteristics and the ipitial corditicns c¢f sction. During the
ceneralized scluticns ct tallistic prcklems fcr the projectiles of
terrestrial artillery, is sufficiernt tc kncw the ballistic
coefficient of ¢ and thke iritial ccrditions of moction vy and 6,5. As a
rule, in the initial stages of the design c¢f ipitial data proves to
be insufficiently for ccmplete perfcrmance calcvlation of woticn. Fcr
example, for a ground-tased rocket system cen te at first assigned
cnly weight head (ccmbat) of part, maxisum énd minimum firing
distamce. I this case tle missing fc1 calcslaticns values are

determined in the frocess of Lallistic desic¢n.

O

[l
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Tke third group of icitial data is necessary during the sclution
cf any ballistic task and tteir ccncrete/speciticsactual enuperaticn
Cepends on tle assuzpticrs, accepted with cciperison of dJditferential

eguaticns cf motion.

¥ron sufficieptly strict setting the pctertial of the force of
gravity and the acceleraticn of greavity cat Le determined ty fcrnulas

{2.15) and (2.2%1). Values O'B%F‘R(yL11W) are tke function. of

beightsaltitude (coordirate y)a

; Aerodynamic characteristics are criterial and functioundl

\ dependences (§ U4, chapter I1). The rased fvricticns are determined by
the state cf the atmosplere and ty tle form cf flight vehicle, are
assiyned they in the fcrow cf curveygraghs c¢r téelles. Since the tables
& : cf tte pnumerical values cof furncticr ard its curvesgraphs can be made
up cne acccrdiag to other, the similser tumcticrs accepted to call
tatular. Tabular functicns are intircduced ir ETsVM or in the form of

the approximating pclyncmials cr directly ty tatle.

Erogyramsing with tke use of the taluler assiyned tunctions has

sone specific special teatures/peculiarities. Fricr to the Lteginning

¢t calcvlaticys, the taltle cf the values ¢f furcticn 1s 1ntraoduced
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intc storage unit.

Eage 234,

Luring storage of the takular assicned functicr in the "nmerory" cf
sachine in main program, is included tle sciprcgram for tane selection
cf the corzesgonding value cf functicn withb tte aid of interpolaticn.
1f takle conmpletely carrct te fplaced igp the "“memory" of machine, then
it “"cgagulate", i.e., they e€nlarge tatular space. Between the
assepblies of interrolaticp, tabular functicn is determined from the
apfrozimating polyncmials. Consequently, igtc tle "memory" of rachine
tocgether with the tabular values of functici must be introduced the
coefficients of the appicxinaticg jcliyecmials. This method, besides
the largye stcrage capacity, requires tle ccrsicderabtle expenditures of

machine time.

Gur opinicn the preterence stculd retvir tc the method of the
iatroduction of takbular functicns with the aid cf the previously
ccafcsed approximating jclyromials. Ivring the zgplicaticnsuse cf
this sethod the interval cf the variaticn ir the independent variable
they divide/mark off on several finite inteivals. For each of then,
they replace tabular furcticn Lty certair pclyncrial, close in its

fcrs tc function on the secticn in questicr. Tle dagree ct each

Fclyngxial and its coefficients are selectec sc tnat the values cf

D B SO e
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Fclyngmials would differ frcm the apprcgriate values ot functicn fcr
tbe value, nct exceeding the maxisally persissitle error in
agriczimaticn. The impcrtant conditicn cf tle ccrrectness cf the
assigoment tc functiom as a whcle duwring the use of principle of
piecewise approximation is equality the values cf functicn and its
first-crder derivative at tle ecd-jcints of twc adjacent intervals.
With the approximation cf functions in the tasks of the thecry of
flight, usually are utilizec¢ the pclyncasials whkcse degree dces rct
€xceed the third. The pclyrcmial cf this fcizs bas the followinyg form

¢t reccrding:

_yn(%—wﬂwﬂ—Xm—%)

=y, — 9__
b=t (x1 — xp)3
_f{davy . . dy om0 —n
{(“ ‘)Ou, xH—(dx)](xo x)} RIS 650

where yo and y, - value cf functiop at the ends/leads of the section;

(dys/d3) q and (dysdx), - derivatives at the same foints.

1f the immediate deterasinaticp c¢f the values of derived at
€nd/leads cuts is iapossible, the caloulaticn c¢f derivatives at
end-p¢ints can Le made sith the aid cf the sethcd of numerical

diffexentiaticn.

2be coefficients of the approximating pclyromial are calculated
FreviqQusly even in the frccess cf the frepataticn of tasx for
scluticn by ETsVM. Durirg the applicaticnsuse c¢f a method cf the

afrroyimating polyncmials icstead of tle irtricduction into the
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"gesory™ of the machine of large in vclume tatles and proyrams fcr
calculating the values cf functicns, it is recessary to introduce

caly £mall tables of the coefficients of the pclynomials indicated.
Eage 235.

1bhe jusp if not operaticn, c¢n which is realized the selectiom cf the
corresgonding groups of these ccefficiegts fcr calculatingy function
value within the limits of the corcretesspecifics/actual interval of
indeprendent variable, is ircluded in tte mein frcgram of the soluticn

cf frotlen.

§ 3. 8se of the elgctrcpic &palcqg ccsputers fcr the solution of the

[reblems of the external ltallistics,

The electronic analog computers ccrntinucusly reproduce the
rbkysical process, which interests 1e¢sealcher, in the form of
vcltages. This analogy is reached Lty tte fact tkat the process, which
cccurs in electrical circuit, ceollected in machine, is described by
the same differential equations, as exasminescctsidered. Change in
different electrical values, in that of nusiers and voltages, tc easy
sfite and to obtaip in thke fcrw cf curves/graphs. The interpretation
cf curvesyraphs with the applicaticn/use of corresgondingy scales

rakes it possible tc estaklishy/install mot crly qualitative picture

T A AT IR T o) By, omiy g N SRGITRO E C SET S e TRe Ny =y,

s

‘ = il
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cf phenomenon, but also the numerical values of ditferent

characteristics of fprocess.

P

Analog computiers are structural tyte scdels. They represent by

thesselves the totality cf the seperate units each cf waich is

intended for accomplishirg ¢f cne c¢r several elementary mathematical ;

[rccess/operations,

Bunction generators cf anmalog .ccmputexrs thkey are:

3@ - upits of operaticnal amplifiers - BCL;

- units of constant coefficients {(scale dividers) - MC;

- ypnits of variable ccefficients - BPK;

-« functional boxes - FE;

- units of product (suwltiplicatico) - EU.

Bet us examine briefly tte designaticr purjcse of each of the

units indicated.

fThe units of operational asplifiers cccupy in machine the

—
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central place. Their basic cell/elements are tiree-stage (as a rule)
dc amglifiers (UPT) with high ampliticaticr factor. BOU fulfill the
frccessysoperaticns cf algekraic sumamaticy, irtegrations,

differentiations and inversions (sultiplicatior Ly minus urnit).

®vring the solution ct proklens, freguently aprears the need for
the multiplication cf functicns Ly certain ccnstant coefticient of k
< 1. Yhis frocesss/operaticn is realized wit} the aid of twc- or the

3-decade dividers cf voltage (units of comstant coefficients).

v The units of variatle coefficients prcvide the possibility of

cbtaining the dependence
Unux=ka(t) Ubs,
whexre Us., = cutput voltagey

Usy Voltage input;

ﬂ - constant coefficiert;

e{t) - a variable cgefficient.
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Fage 236.

The realizable with tke aid of the umit cf variable ccefficients
fupncticn is divided acccrding to argumenb irto several (to 100)
imtervals and after its stejred apjrcxisaticn and passage to machine
variables is uwnsoldered cn the panel of the unit in gquesticn. Figuceb

6.< depicts an example ¢f this recrganizaticn of functioan.

Funct ional boxes make it pcssitle to assign the known previously
dependence y=f(x). ®Wide applicaticp fcund tle function generators,
sade ¢n diode schematics. Curved (Fig. €.3), sulject to rejroducticn
withk the aid of fupcticral kcx, is apprcxizméted by the linear cuts,
shich have the specific angle of tke slope withk respect to the axis
of abscissas, and the ottaired linear cuttirgs cif of function then

they are rerroduced with the aid ot dicce cell/elements.

Binally, the units cf froduct are interded for accomplishiryg cf
the peccess/cperaticns cf mtltiglicaticon (divisicn). The product of
tuc furcticns at the output of unit (BU) is refresented in the form

U
U, = Uy
100

-

T TR PRI P - PRI e

Soadi
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Buring the salutiocp cf prokles, separdte units are connected in
the sgecific sequepce Ly special ssitching system. A segjuence of
ccgnection, and also a quantity of upnits dejend cn character and

complexity of the fprocess being investigatea.

A1l apaloy comjputers are divided intc .two class: linear and
nctlimear. In the compositicn of ligear mactines, enter cnly the
units (BoU), (MD) and (EPK). Ncnligear gachines, besides the usual
cells/elements of linear mcdels, have also urits, which make it
possikle to reproduce different ncrlinear finctions and to make
Lcelinear frocess/operaticns - unpits (FE) ard (EU). Giving to linear
sachine nonligear units, it is possilbtle alsc ¢ usual lipear mcdel tc

sclve pcnlinear differectial equaticrs.

%
!
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Fjg. 6.2, Stepped approximaticn of functioy.

Fige 8.3. Approximaticp cf functicgs with tie 8id of linear cuts.

Eage 2137,

Sithout fpossessiny if tigh accuracy (e€rror in the calculaticp
tor the majority of analc¢ ccoputers 3-10c,/c), analog computers make
it possible to reveal thke qualitative fpictuie cf phenomenon. They are
irreplaceakle during tke irvestigaticne, ccrnected with the study ct
the effect of different perturbaticnm factors, which act cn rocket in
flight (see Chapter XI). 1he electronic anzlcg computers can wcrk in
nétural time scale, which prcvides tle jossibility of their use
tcgether with real controlled systess whose wcrk does not yield tc

Frecise analytsical descripticn (autcpilct, ccntrol-drive, etc.).

Tlte study of spatiel scticn of the yuiced missile in complete

setting (with least possible numbter cf assuspticns) in d4analcy
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ccaputers represents by itself comjplex protlenm. In a series cf the
cases, it is got possible tc solve two-céimersicgal prokblem within the
limits of the assumptiops, generally accepted during numerical
insegration. This is exglained by the fact that the aerodynamic
fcices and tcrque/mcments pcnlinear depend ¢r sany variables - «, §,
v, etc. The known from the mathematical thecry cf electron analcgues
sethods, which make it possible tc sclve prcklenms with the functions
¢f many variables, alsc are very difficult curipy practical
rerforsance. Therefore the soluticp cf the ccmplex problems of the
thecry cf flight it is score expediepnt tc cerry cut in digital
electrcnic ccmputers. COr mccels are solved the froblems with the
supplesentary assumptions, determired ty the srecial
feature/peculiarities of the ccncretesspeciticysactual machine,

[lanned for use.

3e 1. Betermining the moticn characteristics of the center of mass of

the unguided rccket on fosered flicht trajectcry.

ket us take already kncwn to us systes (3.76), which descrites

the flat/plane axial mgticy cf the center cf mass of the rocket:

d
LY =”—'°-(D—E)u: £,
dt m dt u
dy _ ., --—dx-':u
PP dt

wbhere

D;JL{Eg%
v

E=cH(y)C(v.\

S, .
N _a_P,,_A [l——:t(y)]lt
mo '
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Assuming subsequently tc utilize fcr scluticn simplified linear
LMy
simulator imw-1, we decrease a nurter cf ncglineacrity in equations

and, ccnsequently, also a quantity c¢f ncplirear units in schematic.

Fage 2138,

Fcr the concrete definiticn of the sclved téesk as an exduople, let us
ccnduct calculation in ccopection sith the fcllowing hypothetical

initial conditions
d=18 n: mo=960 ke C/n; [m|=16 K& Cin: ty=20' e
Po=31000 x; S,=0,51 M% x0=2100 nt: go=2200
80=50% ig=1,2.
Key: (1) . kyes2/m. (2)« kges/m. (3)« s« (4). kg.

Takiag into account that under ccanditicrs c¢f an exanmple
defpendence mgo/m (t) bears tle weakly expressed curvilinear character,
let us replace it with the linear function 1 (t), presented in Fig.

€. 4.

Rroduct (D-E)u is the functicr ¢f sany variables. Taking intc
LMy
acccunt possibility lmu-1 ard the qualitative cltaracter cf

investigation, let us presernt it simply as i1unction only of of cune

value and will designate ¢(v). Beirgy criented tcward the data of the
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trajectcries, close in the ltasic parameters, let us accept for
calculating tte functicr ¢ (u)

H(y\zH\ycp\zO,S; (y) =T My, =05,
The neutral flight path angle let ts accefpt 6~6,~43°31", Drag let us
calculate with the use cf the standard functicr G(v) within the
lisits cf the expected change in thke hcrizcrtal projection of speed
3(C-860 m/s. Plotted functicn ¢ (u) =(D~F)u &end that approximate it 1in
tnit EE broken line are shcsn on Fic. &2 64f. Tlus previcusly let us
calculate and approximate function t(u)=gsu, tke curvesyrarh by which
is shcup on Fig. % 6.6. lakirg intc accourt thke introduced

sisplifications and desigraticns, ltasic syster (3.76) will take the

fcrs

du dap dy dx
= 3, ——=—f(uf ——=up, — =U. .
- (o u p AU —=ap ——=u (6.51)
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Pig. §.4. The approximatics of time functicz mg/m (t): 1 - calculated

curve; « ~ linear approximating dependencea

Fig. 8.5. Approximaticn of functicr #{u): 1 - calculated curve; 2 -

krcken line approximating.
key: (1) m/s2. (2). s.
Fage z39.

§n accordance with the principle cf tte cperaticn of simulator,
the differential equaticns, which describe tle €lectrical fprocess,
whkich cccurs in it durirg simulaticg, mist te the same as the
differential equatioas, which descrilte real frccess. Let us write

sachine system of egquaticns:

at’ . ) Uy )

=kl cwy ——= =kl i '

fat ar 5 Ao
at’y, e au . R
— = kLU —L=p,l . l

dv S~ u™ pr at L

texe Uy, Uin, Uy, Upuy, Up, U,. U, - the vcltages, shick characterize on the

ajFrogriate scale of the furnctions, tarked in irdex; k,, k,, ky and

B T e ey g ey

-;V/
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ke - geéneralized scale factcrs.

Tte parameters of real frocess let us ccpsect with voltages

thicugh the scales Uy=p,u;

. Uswy= sy fuy ’

i . . .

3 Uray=vpnfir); Uy=w1; !

I N

. LN,‘):P;“‘)?(“ X (‘y.‘r:!“".rx; { \6.53>
Lp=r,p; T=p,l. ,

Substituting (€.53) apc¢ (€.52) and gpcufing all scale factors in

the right sides of the equaticns, we will citair the generalized

ccetficients, which consider the relaticpship/ratios ot the scales

— by . Pp
! = Bels i)y kz:*‘*‘ w’ '
. - u -
/ LR (6.4
kQ: KRy ; k‘= (23 .
Matty oy ety

6o the Lasis Of the operating vcltage cf asplifiers, equal tc
1CC v, tne ipitial conditicrs cf task and eipected changes in the
‘. salves, enteriny the systems of equaticns (£€.5Z), moreover the
fcllcwing values of scale factors: u=1V/s (frcktles is solved cn the

1
\? tull scale of 4im@); Mu=01 Ves/m; u ~-50 Vi pn=1V; M, =250 Ves,1;

§ Wz % Ves2,/m; Hx=p,= 0.0C1 Y/m or 1 Vv /ku.




pEN

‘ _,
[ e oo SRV

00C » 78107109 pacE w4

W
J@yife T

003 AN i

002

2)$$§\- '
801 - . !

T

. \l‘
0 L : j

X0 400 500 €27  Wume

Pig. 6.6. The approximating fumcticp £f(u): 1 - calculated curve; 2 -

tocken line approximating.
Key: ). 1/s¢ (2). ays.

Eage 240.

1he generalized dimensicnless coefficients in system (6.52) in this

case will ke equal to: k;=0.1; kx=C.2; kz3=C.(CC2; ko=0.01.

The system of equaticrs, ccnverted to set in machine, takes the

follosing form:

U daU .

¢ w0, W) Uewys —.nl=_0'2b"";
Yu _0,00020,U,; Y0010,
dt dt

The solution of the cttaiped systes cf equations can be realized

LMy .
im standard linear analcg ccmputer las-1, .ly which must be given fcur

(6. 55

sconlinear units (2 units PFE and Zz EU). The llcck diagram which must

ke ccllected for the scluticn cf pictles, if refresented in Pig. £
6‘7.
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Ncnlinear units (FE and BU) are degicted in the diayram by
tectapgles, the units of oopstant ceefficierts are depicted by small
cizcles and the upits of oferationsl asplitiers are depicted in the
fcxn ¢f triangles with the indicatcr cf the sade by this unit
[recessyoperation. For example, aarck -;>— skows that the operational
angpligier works as integratirg unit; sarch —B>- - as inverting unit;
sack ﬁ>~ - as sumaming unit, etc. Nusters cr triangles correspcnd tc

the nsabers of operational amplifiers in tle¢ setting field of

sachine.
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Fige §.7. Blcck diagram of the set c¢f itask jcr machine sclution.

Fage 241,

Bcr an example of the value of tbe remcved from machine voltages

in question are placed in*{%tle by €.13. There are placed the values
cf moticn characteristics, ccnverted alcng wcltages taking into
acccunt scale of coefficients. Acccrding tc the results of the

scluticn of probleam, ar€ ccrstructed tte ocvivesgraphs {(Fig. 6.8).
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fable 6.13.
M BOY N 17 N9 N 11 N7
l.(cq l',,.(n[ u, M'¢ l',,.q P l',.ﬂ ' l',ﬁ X, M
0 2 l 320 60 [ 2,2 2200 2.1 2100
5 4 l 440 55 110 3.8 3800 3.4 3400
10 R S0 o0 1.00 5.9 S900 5.0 SU00
15 o6 660 47 0,94 8.2 8200 7.2 7200
20 74 i 740 44 0,88 11,5 11500 10.0' 10000
By (Ve 8« (2)- V. (3). By8.
tgh=P
[ Y, XM
/2000
7,21 nooo
{10000
1 u,(,fc) {owoe
1800 {8car
10t {780 {2000
<ﬂM1MW
09 1500 {5000
lam 4000
08 Jo0 13000
200 12000
1100 17000
S0 5 Wteay

Pig. 6.8. Curve/graphs of zesuits cf machine sclution.

key: (1)

3.2. Study of the moticn cf the longitudinal axis of the

fig-stakilized projectile cf ccrstant mass 1elative to the center of

/8.

(2) « Se
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Bet us examine the moticn of frcjectile relative to the center

cf mass in vertical plape cn ipactive .l1¢g, ccpsidering that the

action characteristics cf tte center of mass are knowun.

Face 2U42.

2et the center of sass move rectilineagly with small change in

e a - — — 4 e o

altiteude sc that mass air density can Lke accepted as constant, and

the flight path angle tc tke hcrizop 6 - ecial relative to the center

of mass it is possible tc wiite in the fors
Jo =M +M_ +M,, (6. 56)

wvhere; besides known stabilizing acsemt (M)

and damping moment (My),

is introduced another mcment of perturbimg ftorces M, Let us assunme

that this torgque/mcment acts during ssall time interval. During the

sctican cf frojectile, similar torquessament always can be by the

consequence of any cf tie short-ters acting reascn, for exaaple, for

wigd gust. Utiliziag formulas (2.82) amd (:.£6), let us write:
M, = —892121 Imi )| a; M,= —Soult|m,ja.

let us designate

a, =Sol2 im

l/u; Q= l/u':

M, .,
ay=7" lcen; fil=v; fyi=1h.

L

Se! fn:.
L1

Key: (1) 11/s2,

—— e s



LCC = 78107109 EAGE ﬂ

. L}
3ince im our case 6=(, then 9=a apd d=p. Taking intc account

resulting expressions fcr tcrquesmcments apé designations, equation
(6.56) will take the foia

dta f, 08 4a,f,(t)d=a,
As a EFesult we vill obtain the lincar diff¢regtial seccnd crder
egeatjcn with variarle ccefticierts and ccorstant right side, which
describes the process of cscillaticns. It cénnct ke solved in cur
case throagh elementary fugcticans, kut it can ke solved in analog

ccoputer.

Bor ccnvenience in the scluticn, let us reglace the oktained
seccnd order equaticn with equivalent sjstes ef two first-order
eguatjcns, bearing in mind that f=q, where o, = angular velocity of
the plane oscillation of axis of rocket reletive to the center cf
(TYY-H

o, 8y Sy () e +ayfy () d=a,; b=u, (6. 57)
tage 243. C;} In the case in questicn the system of differential
€guatjcns, which descrites the process, reelizéé by electrcn
analogue, must take this fcke:
St b e, A W nalle= by
‘%’—- kU, (6. 58)

vhete U., Ui, Uy, Us = valee cf the veltages, characteristic cn the

PRS-
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ajJloptiate scale values o, £,(t), £f2(t), &,

Kyo kao k3o kg - coefficliegts, which ocpsider the

telatjcnship/ratios of scales.

let us present voltages through real vélues and the
ccrresgonding scale factoxs:

Ui =p. o Upin=pr0/i(th
Usin=prnftlh LUs=padi t=py,

uhere B Vos/1; 1n,n VYes/B3 un Ves/#d;

uy ¥/1 - correspording scales cn wolteges;

» V8 - time scale during passage frcs real frocess to that

teen simulated.

the writsen transfer fcraulas let us irtrcduce into systesm cf

equatjcas and let us divide tbe first ecuatica ca Xt and the second
L]

cn .
w du, L e f2)8
TJ.'*:P/.(:>an (l".+—”-L’:°"L=k, :F'_;
-y -,
o B M
ke . (6. 59

Sc that eguation (6.%9) would be .the same, as equation (6.57),
it is necessary to calculate the ccefficieats through the selected

scales. It is necessary tc ¢nsvure the ecualities
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w &
h=—2__ /s, =% o
! LRI / ky Ty 1/B%
‘ﬂ‘. >
ky=—t 1/1; =t P
= el L

Key: V). 1,v2, (2). /.

The npuserical valuwes of scales are selected on the basis of the
special features/peculiarities of machire sc that operating output

fotentials of amplifiers wculd not e€xceed +100 V.

Having additionally designateé
Un.o=hUsnmi Usno=kls,0)
and after replacing in fcrmula (6.%8) infinitesisal values by low
tigal, we will obtain tle systes cf eguaticrs, directly
ccejoge/collected in the sachine

v,
AT £ +U/u("lj., +U/n (f)U.=k.;

v,
Ztarl, (6.60)

Eage 244.
Systes of equations is very sizple and can be solved in any
ssall analcg computer, for example, cn sidesgreed Soviet sgmall

NN
universal model an-7.

Tte block diagram shiclt aust ke selecte¢d fcr the solution of the

£ 9
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| described problem, is givenp to Fig. kf €.9. 1pdependent variable

R; duzing soluticn is time; the vcltage, fropciticpal to time, is

1 introduced into schematic from aasplifier Nc 8. Complete output

| fctential frcm amplifier U, at the e¢rd cf tke frocess must not exceed
; 10¢ ¥3 therefore it is necessary previcusdly at least to tentatively
krcs the duration of the expected frccess f<r the selection of time

scale during sisulaticn.

LT
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0.0 L0
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&

I—E l_:mouwe E> ]
2
100,0 10 ! 5-4
- 100U, | 1 2
' —C:JE;HJ_— S
/
1.0 ~Upats L0Uente) U,
MN

Fig. 6.9. Block diagram, ccaprised c¢n scdel -7, for the soluticn of

the prcbles of the oscillations of axis of roccket.

Fage 245.

let, fcr example, the duration of frocess 1 s, a #:t =100 Vv/s, then
C.01 frxca real process sill ccrresgicnd the vcltage in 1 v; 0.02 s - 2
v and so forth. Through 1 with voltage will Le equally tc 100 v.

Mter amplitier Uy the vcltage is icverted ty asplifier Up and is
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supplied to the units of noslinearisy E-1 ard E-3, providirny
cbhtaiainy functions U, agé l ;.. Frce the cutputs of the units of
saltiplicaticn B-2 and E-4 intc sctesatic, enter voltages (', ,,-L, and
tynl.-In this case, it is recessary tc resesker that the
ccpstrocticn of the uni. of multiplicatiom is such, that during the
Sufplping to its entry cf tasc factcrs at outpyt it is obtained the
freduct one hundred times less. For ckbtainirtg tie complete value cof
prcduat, it is necessary tc increase factors sc that the product from
the coefficients of an increase would te egual tc 100. In the diagram
(Fig. 6.9) tc unit B-2 are supplied vcltages with 10 (v and 10 L, .
shile tc unit B-4, - voltage 100 L., and!/, (). Frcm the units of the
sultiplicaticon of prodect Uy, '+ and Us,nl'., they are transferred tc
the integrating amplifier Ug. Here thrcugh the time relay is supplied
the vGgltage, which correspcrds tc thke perturtaticn torgque/mcment and
determined by the right side of equaticn (€.€6C), i.e., witl value kj.
The time relay works im prograammed ccnditicrs/scde depending on the

character of the action cf torgue/xcament.

Voltage (', from the output of amplifier Uy is supplied in twc
direcgicns: ip the unit of sultiplicaticy E-4 fcr obtaining product
Us,nl.,and in the integrating amplifier Uy whcse output voltage is
egual toc -10 L'+ subsequently vcltage -10 Us» after inversion is

sujplied as factor to the urit of swltiplicéticp B-2.
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Asplitiers U and U,, U,, and U,, provide the work cf nonlinear
units in accordance with tle ccnstracticn ¢f machine itself. The
resaining asplifiepgs, shcup in the diagram (Fic. 6.9) are special not

cct stigulated, are interded fcr tte irversicy ¢f voltages.

The value that removed frce asplifier Ly cf the voltage, which
ccrresgonds to the expressed to scale value 3, is record/writter
eitker with the aid of electrcn cscillcgrapt amd photo attachment cr

sith the aid of loop oscillcgragh.

#igures 6.10 shows the example cf reccidimg Us=f({). In an example
the vg¢ltagye, vhich corresgcrds to the perturlaticn torque/mcment ard
determsined by value kz, sas switched cif at the moment of the first
sasinas curved Uos=[(t). As can Le seen frca Fi¢. 6.10, after the
treak=-down of the perturtation torque/scmert c¢f oscillating the axis
cf rcoket, rapidly they attenuate. After decipkering recording in the

scale ¢t ordinates. easy tc cbtaim fpitchimg in the time

&(t):"“"u'(t) ‘
Lo}
where poru - scale of ¢scillogras.

Fage 24é6.

After the interpretaticam of cscillogras acccrding to the

character of pitching ® and in its saximsum value, it is fpossible tc

KR L
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judge stability of moticn ct object and the¢ correctness of
established/ipstalled during aerodynamic design ct coetficients s
amd m; . glaced during sclutica cn scdel in a; ard a,. The solution of
the s¢re complex probless ¢t thke tlecry of fliclkt, it is lcgical,
will be provided by more ccaplex blcck diagrams. Used in this case
icdels must possess greater possibilities tiap the described by us

sisplest model.

Buring the simulaticn of the ccaplex plencuaena, conunected with
the flight of the gquided missiles, it is nct always possible to
descrite sufficiently reliakly the wc¢rk of tke separate links ct
ccotrgl or the work of any instrument with mathematical dependences,
Ly accurately reflecting the pbysical pictwre cf phenomenon. In this
case s utilized the prcrerty cf electicn aralcques to work in
ccabipnation with the real equipment, inalude¢d in the
cospon/general/total blcck ciagraa cf the scluticn of problem on

scdelg

Puring the use of electron analcgues, 1t is mecessary te
remeaker that the sclutico ¢f the varices kirds cf tasks is
acccaganied by the errgrs, sometimes suffjiciently considerable.
Therefore, solving any gprckles cof the thect) cf flight, it is
recessary to rates/estimate the accuracy of the cttained soluticr. The

setbhods of estimaticn cf erxcr in the iaplementation of ditterent

o ——— e amm i
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dyvamic systems in analcg ccmputers are descrited in specialized

literature.

sl
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g et e e
Cor | | H l')
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Fig. 6.10. Example of the recording cf soluticr regarding pitch angle

ca eldctron apalogue.

key: [1). s.

ada s
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Face 247,
Chagter VII

ARALYYICAL AND THE TABUIAP RETHODS CF TEE SCLBTION OF THE PROBLEMS OF

EXTERMAL BALLISTICS.

the examined in chapter VI numerical szethcds make it fpossible to
integrate any of the given etove sfstems of ditferential equaticnms
sith tle necessary acciracy. At the sase tize these methods are very
labcricus and more expedient entire tc utilize thea for conducting
[recise ballistic calculaticns in the final stéges of the design cf
artillery cr missile ccaplex. In the icitial stages of the design of
teguirement for accuracy tc tallistic calculaticns, it is below. PFor
similar calculatiops widely are applied ditferert analytical and
tatuldr methods of the =scluticc ¢f the frcklems of external

tallistics.

the analysis of systems of equaticns, shich describe the mcticn
cf rockets and projectiles in the desse lajyers cf the atmosphere,
ghcus that coamplesely these systess capnot te sclved analytically.
Even protozoan of these systess - system of equations (5.10) with

aggument 8, in which togetber aust teé intecrateé only twc equations,

o g sy

PSS

el woolRda
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it camnot be without sisplificaticg§ sclveé in gquadratures, since it
includes the tabular functicon F(v) ard im it it cannct be divided
alsecroating/variable u ané 6. Ccreeguently, fcr the possibility of
obtaining the simplified ig ccepatisco wit® nuserical sethods
solutjons it is necessary tc resgectively simplify the systems of

differential equations.

Bepending on practical advisaltility ig addition to the already
examined sisplifications (separaticy cf moticn into longitudimal and
lateral, fcrvard/prcgressive and rctary) are¢ applied these or cther
the assumptions. FPqQr exaspleé, during the tiajectory calculation of
the ballistic missiles, intended for a firing tc very lony ramge, for
tbe larger part of the trajectcry it is possible not to consider the
air resistance, but in this case, is n¢cess<¢ry the account to the
variakility of gravitaticnal fcrce. Far the relatively small
distamces wvhen virtually entiresall trajectcry fasses in the dense
layers of the atmosghere, it is pcssikle tc take asconst, Ltut the

disregard of the air resistance leads tc laige errors.

Fage 8.

Bepending on the charecter of the adpjted assuamptions amalytical

sethads of the solution of the prollems of ¢xte¢rnal ballistics can be

divided into four Lasic grcugs.

ce ksl ee mtmemmee b D e e

niate. aacdiid e,

WA
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tc the first group one should relate tie methods of the sclution
cf systeans of equations in wshich tke teras, which ccnsider resistance

cf sedium, are lowered.

2o the second grouj let us relate the sethcds, in which the air
resistance is considered iy equatiogs iu the fcrs of any analytic
functicn, which reflects the dependence betweer the air resistarce
and the velocity of the scticn cf the icenter of mass. In similar
gglutjcns, as a rule, are ccnsider€¢d crly cye tc two aerodynaaic
characteristics, for exasple, cnly drag or drag and lift,
ccsnupicaticn/connecticn tetveen wkich is giver in the fcrre of
special function - the sc~called gclar ¢f flight vehicle, for which

is felected analytical exgression.

Tc the third group let us relate tke methcés, instituted cn the
artifjcial transformaticons ¢f fundaaertal differential equations of
acticm, which make it possikle to divide varialles. However,
separation of variables nct aluays dces leac tc the solutions in
fioal ftcrm, shich make it fcssitle tc bave jume¢rical result. In many
irstapces it proves to ke pecessar) the nortakep integrals to
Iegpresent in the form of takles or curve/grephs. Similtude is noct

alvays sufticiently strict &snd requizes the intrcduction of the
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satching coefficients and auxiliary tatles.

the four-group includes the sethcds of the solutions, in which
fIreviqusly is assigned the form of the functicr, which determines a
change in cne or the otlter sctiocr characteristic. Por example, can be
assigned the fora of the derendence cf the velccity of the motion cf
the center of mass of flight vehicle cu tize v(t). Last/latter
sethcds reguire the suprlementary 2ssignment cf the law of the
resistance of medius or ccpducting successive agproximations during
the nemerical calculaticn ct the defipite irtegrals, wvhich contain

fugcticns frcm the air resistapce.

Bach of the methods let us use€ for the specific flight
conditions of projectile, stich agprcach the assumptions, accepted
dering the ccmpilation of differential eguaticms of moticn. For
examgle, neglect of the air resistacce is ajplicable during the
iavestigation of the flight of projectile ir the rarefied layers of

the atmcsphere or with very lcv velccities <f sction.
§ 1. Rarabelic theory.
Sucring the motion cf tle frojectile of ccrstant mass in

conditicnal plane-fparallel gravitaticnal field with §=§°=ccnst and

the absence of the air resistance, tle trajectcry of projectile is

1
i
.

D ———
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described by the system of cifferential equaticgs (5.14)

sglutjcn of which is detersined by tte igitial characteristics of

flighs v, and 6,.

Fage 249.

Ccnsecutively twice integrating, we will cttain
X= o Xy O

L
T

():’:(‘.1‘ 1, yE=g :-(‘.:I——

frca exfressicn X=v ccs 8=c, it fcllows that the motion of

[kcjectile in question is cbaracterized by ccystancy alony the

trajectory of the hcrizcntal fprcjectionm of sgeed.

€n the kasis of the initial ccrditions t-0, yo=0, x,=0, we find

fcr inteyraticn coastasts the follgwing values: 1

= ce=0 =X, - v,00863 ¢, u, T,siné,

Substituting the value of constants ig exgressions for x amd y, ‘

ve will obtain the equaticy of trajectcry icr the¢ parametric fcra

X=,c080y. y =7,sin 9 — 5 -

cp, after the exceptionseliszination ct parsveter t by substitution

t —— 4iam equavicn fcr y, ip the fcan

v cosH, , :
x? 71 !

'”=x.gen-2‘%co'?'o.
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1be c¢asfarison of equaticn (7.1) with the generel view ot equaticn
curved cf the second oxéer

Ax?+2Bxy +Cy*+2Dx+2Ey+F=0
shows that the discrimipanmt of equaticn (7.1) E2-AC=0 and, therefore,
curve, described by equaticr (7.1), is farelcls. Based op this, the
sethbod of solution in guesticn frecuemtly calls the parabolic theory

cf the moticn of ppocjectile.

et us find the relaticnship/ratics, wlick sake it fossible tc
calculate the moticn chsracteristics cf prcjectile at the arbitrary
jcint of parabolic trajectory. Differentiatismg (7.1) omn x, we cbtain
dependence fcr determiping the angle cf the slcge of velccity vectcr
to the hcrizcy
yfr=tgo=tgﬁo—‘—’,’.;—':%%;. 7.

Fage 3%0.

The velocity of projectile in arkitrary poipt im the trajectory at
beightsaltitude y let us Jdetermine frcm the equetion of the kinetic

€a€rgies

whence it follows
v=] vj—Zgu. (7.3

FARPRRCN; X,

idh s o i
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Freas last/latter formula it is evident that the velocities of
Frcjectile in two pcintsg, wiich are lccated cn identical
heightsaltitude on that ascend and cn descerding the branches cf

trajectcry, are identical.

the time of the mcticn cf [rojectile is determined by the

detendence

X
UoCOSTo ’ (74)

let us find the values of the moticnp characteristics of prcjectile in

ispact poinmt C, utilizirg tte corditicr that yc=0 In this case, from

egqeaticns (7.1)-(7.4) we respectively ctvair: ccaplete flying range
vg sin 26,
Xe = H (7.5
I'4

angle of imcidence 1igb-=-—-tg6: the rate of itcidence/drop v.=y, the

ccaplete £light tiame
=2”0 sin 00
—

tc (7.6

the oktained dependences shcw that for a fparabolic trajectory at
ispact foint
fﬂcl=00 3)\&. 1--'C=0(|‘
Nctiop characteristics for peak of the trajectcry will be

lccated frcm conditico tg6:=0 (cr 65=0).

In this case, of (7.Z) it follcwus

9 .
xs="°""2°° , (7.7

[ 4

1
Xg=— X¢.
4 2 C
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Analogcusly from (7.4) € clitainm

vy sin § : 1
t =~—v 4.4. t =~t .
§ Z § 2 €

Since in peak of the trajectcry the ccagrjising velocities are equal

tc
Xs=1v,cos8, @nd ys=1v,sin b, —gts=0,

that the full spead
vs=V x5 + yi=1,cos0,
1rajectory height ys let us find, after sutstituting expression for

xc intc fundamental equaticr (7.1),

7 sin2
¥s= 02‘ u . (7. 8)
Fage 251,
frequently, multiplying (7.8) ky ccfaciox-zﬁE%L,is reduced
Cos Uy
expression fcr Ys to the farnm
m:%m% 7.9

the analysis of the dependences, wbick determine trajectory

elements in apex/vertex and at imjact jcint, shcus that the parabolic

trajeatcry is symmetrical curve, mcreover its axis of symmetry is

ordinate Ys, passing thrcugh the middle ¢f ccsplete flying range.

E
Bl
1
i
i
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Biring the approxisate ccamputaticas of trajectcries in air
frequently the fugctiop cf density charge w»ith heiyht/altitude takes
by averaye value H(y)~H(y,) AS the first apjrcximation mediunm
altitede of trajectory can ke determineé¢, using the conclusicns cf

tte parakclic theory

R i 2
. =L e Ky
Yer Ye \ udx ‘e S ( £5 g cos? o
0 0

After inteyraticn ard trarsformatiogs, we sill cktain

2
- s 7.0
3 Us

Yoy =

Rarabolic theory cam te applied Hor pexforsance calculaticn of
the mgtion of the fprojectiles c¢f corstart sass teyond the limits of
tte derse layers of the atacsphere (at Lteicitsaltitudes more than 20
ks). Burinyg the calculaticn of the reletively lérger tra jectory
phases, it is necessar)y tc remesber that the dejendences ot paraiolic
thecry are obtained without the acccunt of tending of tane earth's
surface, the Coriolis dacceleration and variability g, calculation
acccrding to them can lead to noticeakle ericrs. So, with distarce

~SC0 ke calculatiop acccrdiry tc tie degendences of parabolic theory

gives error of approximately 1(c/c.

Bcr the calculation of grcund-lasec¢ trejectories, parabolic
thecry can be utilized in tke case of the lcw expected ririnyg

distasces (trajectcry calcoculaticn c¢f weans close combat). With vy<60

3/& and 8o=U45° range exror curing the use ¢t fparabolic thecry
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cosprises less than 5So/c¢.

§<. Elliptical theory.

The sheory of the soticn of tie lcny rénge tallistic missiles
(EBLL [(BPOO)~ long—rance tallistic missile]) awd of glokal rockets
¢o inactive leg is a sgecial case cf tlte "tsc~lcdy probiea",
set-fqgrth in classical celestial mecharics. External ballistics
examines the motion of the kcdy of ccnstant sass in the central
gravitational field of the Farth cf relatively inertial coordinate

systea.

Fage "S2.

In this case, the trajectcries of smctia«n regresent bty themselves
Keples's elliptical trajectcries wlich are sathematically descrited
Ly systes of equations (S.a(), that yields sufficiently to siaple
apalytical solutionm. In this systenm tle seccsd e€quation exgresses the
law of copservation of scmertus cf screptus in ceatral ygravitational
field, Integrating it, we find the reletior tetween the parameters of
tke beginning of passive secticn ard tle crirert parameters of the

trajectcry

O=ry=r2,cos b, =rovcosb (7. 11

Here ru=r, a ¢, and 6, - igitiel persmeters of the mction cf bcdy in
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absclute motion; moreover o, amd 6 - ancles cf the slope of vectors

iy and v tc the local hcrizcns (sterdards tc racii 7. aad T

resgectively).

Derendence (7.11) is called of the integral of areas. The
fhysical sense of tke irtrccuced ccpcert ccisists in the fact that
the areas, swoept by radius-vector for identical time intervals, are

egual (Fig. 7.1).

Integrating first equatiop (5.2C) takirg into account the seccnd
€quaticn of this systes, we will clktain
R 712

wvbence

K o 2K
(.2__:.02__,=cv;__2_l\‘ (7. 13)

r 'y
Expression (7.13) is called the integral of emergy or the integral cf

kiretjc epergies.

Fcr tvwo points in tbe trajectcry

2K » 2
a— K |
ry ry
and after the multiplicaticg of all terms cf egqguation by m/2 let us
ba ve .
m_ﬁL(K_m_k_m)
2 - 2 ' ry rn '
i.e. kinetic energy of tody in the seccrd fcint is equal tc kiretic 1

eaeryy in the first poirt plus a cktarge of the pctential energy of i

pesitjca.
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Fige T.1. 70 the conmcept cf the integral cf arees.

Face 253,

Bguaticns of the trajectory of tody ir certral gravitational

field can te obtaiped frca equaticrs cf moticp §5.20) with the

excejption/elimination of them cf time. Substitcting in (7.12) 7 from

{7.11) and bearing in nmind that

podrdy G dAr

4y dr vy’

we wildl obtaip &

dy e dT.

/ Ci‘ IK

[ oa-go 2

The final solution of this eguatior takes tle icim

re= 1 . (7. 14
| —ecos(3,—¢)

The obtained dependence is the equaticn of ccnic section in polar

ccordinates.

Dependence (7.14):

¢ aprd 3 - the vectorial angles, calculcted cff radius vector r,.
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so/
which deteraine respectively the fpcsiticy ¢t corrent point in the

trajectcry and its apexsvertex;
F=c2, 2K the - focal paraseter cf ccpic secticn;

e==v/ 14+c, 75~ eccentricity. (7. 15

fcr parameter p frequertly utilize otler, derivative, the

€xgressicp
p=x,r,cos%f,,

n
<

v
shere h==:%l" dimensiorless relaticr tc the doubled kinetic energy
tc fotential emergy at point in the trajectcry, which corresgonds tc

the beginning of passive sectico.

Expression (7.15) after the sckstitutico cf values ¢, and ©
gives formula for detersining the currest velccity in the function of

the tasic parameters of the trajectery

)

cos2 8

Bcr pcints in the trajectory, arrangeslccated on the focal axis
ct the cogic section in wbich =0 (ccs 6=1), cltained equation takes
the fora

=2 (1, (7. 16

Bependences (7.14) and (7.16) sake it jcssible to investigate

i
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the effect of initial ccnditicps fgr the fcim cf trajectories and

tate ¢f the sotion of flight vehicles.

Fage 2%4.

det us examine the rossible cases.

1 case: e=0,

In this case, of (7.14) it fcllovs thet the body will be circled
whese equation in pclar cccrdinates bas fcra r=p=r, Velocity v,=/kK/r
is called circular and is tte velocity shict sust be reported tc body

Sc that it would becoas tle Rarth satellite. I quotient,

copdigional, case with r=R,=6371 ks
o= 7,906 kessa

1h4is velocity is called orkital velocity. lrtrccéuced above paraseter

x» can be expressed thrcugh the valwe cf the circular velocity, which

ccrzesgcnds to radivs 1 )
vy ty
X, T (;"I ) .

’:"
It is clear that to the moticmn of bedy slopg citcuamtereunce

corresjgcnds value x,=|
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2 case: 0<e<t.

dccordingly (7.14) will occur elligticel trajectories. However,
ar€ pgssible two diverse variants, sioce ir fcraula (7.16) before the 4

value of eccentricity they stand twc signs:

a) assuming thattﬂ:—éwliethﬁ.thln 16t us ltave an ellipse whose
attract/tightening center ccincides with the¢ neerest, with resrect to
feint with a velocity cf . fccus. Fcr the versicn in question this
pcirt in the trajectory - gperigee. Tle tody, driving/moving in
ferigee with this velocity, will ke satellite, since ellipse dces nct

jotersect with the attractstigbtening .becdyy

k) if 0'=§(l—e)=v".thcl let us have ar ellipse whose
attract/tightening center ccincides witk distact focus. Velocity v,
characterizes the pcint, called the apcgee cf trajectory. In this
case $he trajectory can intersect with the asttrect/tightening tody,
kvt it can and not intersect. Eoundary valse o\, easily is
determined, since velocity Uarm must be equal toc the apojeal velocity
cf such ellipse which in perigee will .tcuct the surface of the Earth.
Utilizing conditiom vhRy=v pfarp=ci. 1% us substitute in it v, and o,
and after transformatiops we will ghtain

2Ry

Ur.p=9 + Ra '

rA.r.
If va>varr - @ellipse it does not intersecs with the attract,tightening




e
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bcdy;

Ua=Uarp - @llipse will tcech the attract tightening body;
Ta~Tarp - @llipse intersects withk the bod)y (ttis versicn

ccrresjonds to trajectcries ERLD).
Fage 255.
8¢r ellipses parameéters <2
3 case: e=1.

frajectory is paratcla. If we give to 1ccket parakbolic velccity,
it will overceome the fcrce ¢f gravity. Frcs the eguation of velocity
{(7+16) follows

TN -
Ty=1, —= ?
1 l . =]

with r=R,=6371 kB Yon=tq ) 9=1]180 k8/8 is called escape velccity.
fc parabolic trajectory corresgcnds peraseter x, =1

§ case: ez:.

Accordingly (7.14) trajectcry will be typertola; in this case

Xy > 2
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Bcr the explanaticyp ¢f the examined versicrs, are gyiven by Fig.
l.2., By Pigy. 7.3 and by PFig. 7.4. Figures 7.z shows the forms cf the
trajectories of body derernding cn the value cf parameter ux,.

1

Rlotted functions v%=1li-e)2 frem {7.16), defpicted in Rig. 7.3,
1

sake jt jogsible bo set the form of the tre_ectcry cf body depending

cn the relationshifp/ratic cf eccentricity € and of velocity v in

Fcint in the trajegtory on the focal axis «f ccnic section.

the dependence of the form ¢t tle trazectcries of the bedy,
distact from attract/tightering center up tc distance of r, from the

velocjty of this body v (svith v]r), is shewr cr Fig. &2 7. 4.

the introduction of the ccncefpt of parekclic velocity makes it
[ossible tc give still cre interprretaticn tc the term mK,/r in
expression fcr the integral ¢f energya
2
(1)

-%= —,— - therc is kinetic energy cf

body at point with a radius of r, necessary for the overcoming cf the

It is clear that Lf-:%‘

gravitatiopal field of the Farth.

Pcr ccastant ¢2, aralogcusly it is possible to obtain expression




DoC = 78107109 EAGE &%

Sob
€y~v) —pd, from which it fcllows that if cp30, tken ry~ and the
trajectory of body is tie eitended curve (bjyperbcla or parabola); kut
if ca€Q, then trajectory — closed curve witk a saximsum radius ctf
Ty =Tr0p= % (ellipse or circumferepnce). Suksequently ve will examine

the elliptical trajectcries for whichk ¢, <0 énd x,<2

The practical applicationsappendix of the dependences of
€lliptical theory is ccpnected with agpgroxisate solution of follcwing

tasic tashks.

P T
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Fage 256.

(;—"")-(t:e)"' c
7

—""‘<;—‘ »

" [Mapadona ( 177’” - VZ)
Drpywerocms (%0 = 7)

! ,q[?ﬁ,i—.?/mu ¢, KOCAIUULCR
b npumpeubanueto mena.(v= v,.P)

f2)

k7 .
.j.72 [ 7

=y~17 .

F‘_‘i 7432 ’
¥ig. 3.2. Pamily af characteristic trajeatciies of flight at high

altitedes.
Key9: {1). (hyperbola). (2). (parabcla).

Fige 7.3. Graph,sdiagramy ot dependence v, 3w function of

€ccentricity e:

M - corresponds to ellipses, for which attiact tightening tody is
lccated in near to initial joint tocus;~§§ - ccrresgends tc

hyperbclas;
H—vlvgy =(1—e)'/1;

A# - it correspondsg to elligses, fcr which attrxact/tightening body is

lccated in distant fros initial point fcous; gg - corresgonds tc

I Eae

iltidiididiale
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So

€llipses, intersectiny w»ith attract/tigtteging Lody.

Key: (1). Parabola. (2). Circusfer¢nce. (3). Ellipse, which concerns

attract/tightening &ody.
Fage 2%7.

1. To determine parameters of soticn et current point in the
trajectory along kncwn characteristics in tle Leyinning of passive

sectig¢r.

4. From assigned parameters in the beginnirg of inactive leyg tc

find value cf complete distarce.

3. To determine initial velocity p, fci achievement of required
flying range at kagun values 7y apnc¢ angle 6, ir the beyginning cf

imactjive ley.

4. From assigned flying range ard 7= tc cezlculate optin&n angle
Oronr. 8t which distance will Le reached at rminisum initial velocity

Un.min-

$. At kaown values 7 apnd v, tc find velue ot angle ot maxismur

DaNGe Hmmar
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So?

Bcr real BRDD the length of tbe last/letter phase of trajectcry
- the section of the atscspleric ertry - ccaprises less than So/o
ccsscasyeneral/total flying range. 1kerefore assuaption abcut the
tact shat the rocket moves tere just as alcrc €lliptical trajectcry,
gives good tirst apprcxismaticn fcr ranging and evaluations of error.
1aking intc account this, duvring further ccrclusions let us examine
the flcw chart, presented in Fig. 7.S, Ly wiict NIs - this is the

elliptical trajectory phase¢.

In differential equaticns of scticr, let us pass fronm

independent Lty the variztle t cf irdegerdert variable e.
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meno

Fig. 14

Fige 7.4. The fields of pcssitle trajectori¢s: A - field of
byperbclas; E - field of the ellipses, whict d¢ rot intersect with
the attract/tighteaing tody; C - field cf tite e¢llipses, which

intersect with the attractstighteninc kcdy.

Key: (1). Farabola. (2). Cirtcumference. (3). Attractstightening body.

Fig. 7.5. Simplified diagras of trajectcry c¢f lcng range ballistic

gissile.

Fage 2%8.

fransformatioa takes thke foras

4 __ o4, 4 _ ryy.co8b, 4
dt de at 2 ag

Producing one additicgal replacesent ¢=1/1, let us write the
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first eguation of systea (£.20) for the cas¢ iy question as i

2, 1
ig _l_Q=--————- .
de? *yry CO82 6y

Integration constaat areé lccated fxcs itte ,iritial conditiors

— _l_ . ﬂ)!. == —.L
Q=3 - . tg 6.
The s@luticn of the obtained egquation is ctvious
ro= l—cosg . cos(,+¢) .
x, cos- 8, cos b,

Ercducing reverseysinveise replaceseat ¢ cr 1/r, we will coktain

the equaticn of elliptical trajectcry ir the fcim
Xyl €052 8,
1 —cos 9 + x, cos 6, cos (b, + ¢)

r=

\7.17)

Mlthough this foram of reccrding is .mcre ccxplex in comparison with
ccnverticnal (7.14), it pcesesses thzt advertace that are included
fFacraseters v, 6, and r.. shiclt characterize tite pcsition and energy of
rccket at the end-point, which corresgends to the beginning of the
fassive phase of flight. Lefendence (7.17) together with the given in
the preceding/previcus secticn relaticoshijsratios makes it possible
tc sufficient simply determine trajectcry €lements according tc kncwn
initia) data. The next [frcklems als¢c are re¢cuced to the solution of

the ottained previously releticnshipsratiog.

during the determinaticn of tle parameters cf motion, which
cortesgcnd to the iampact pecirt in the .ncse ccpe, it is necessary to 5
keer ip mind that target pcsition telative tc the beginning inactive
leg of rccket is upnambiguously detersined Ly arcular target rarge 2y.

(cssunication/connécticrn tetween argular ard by the linear distance L

—M‘
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S/
(ugdertaken over the surface of the Earth). is expressed uy the
rtelatjcnship/ratio
L=2Rzy, (7. 18,
where® 2y - an angle of tle relative attitude cf target /purpose in
radiass, A series of the nuserical values ct argles 2y and of the

corresgcnding tc thea values of lirear flyirg range L WithR,=6371kn

is given in fable 7.1.
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4

€atle 7.1,
2t rpaa| 5| 8| 15| 30 so. 750 90| 120| 140 180
Lo | 556|890 | 1668 | 383 | 6672 | 6340 |10008 (13344 115566 20016
i

key: (1). dey.

Fage 259.

ghe condition of tle hit is tke ctservence cf equality r=R; wheun
g=2y dfter substituting tlis ccrnditicn in (7.17), ve will obtain the
eqguaticn of relation of calculated anmgulax c¢istaance witn the
parapeters of the beginning of the jassive section
_ Rili—cos 24 + x, cos b, cos (1, + 24)]

re= . (7.19

=y €OS7 B,

Lerendence (7.19) makes it possible tc alsc sclve the ir.._rse
[ictles: to determine tlte nmecessary velccity fcr achieveament of the

r1€quired distance at assigped values - amd n, [2]:

— 2 -2
T, ::’U” ! €os -y [ (7 U
r

'Rgi cos® 8, — cos 6, cos (h, + ?;iJ

4

sith the very long xange cf flight, it is [cssitle to accept (in the
tirst apprcximation,) assuspticn aktcet the ipstantaneous coambustion

cf the fuel/propellant cf rocket(r,=R;)In tbis case
1
1 — cos 2¢ T
cos2 8, — cos 0, cos (6, + 2¢)
The analysis of the cttained simplifiec eguation (FPiy. 7.6)

Up==Ty

sakes it possible tc draw tle corclusict that cge and the same range

angle 2y can be reached with many ccshinaticms cf values ¢, and 6, at

e e p————
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the cutcff of engine.

Bractically imrortant is the cdetersimaticr of the position cf

rocket in the elliptical trajectcry sith resgect to elapsing of

s

certain tise interval after laurching/starting. The first stage of

citaiming initial dependence is ccnpected sithk the integration cf the

mcmengal equation cf mcsentus alcng time vup¢r ccnsideration the
degendence, adjustable Ly tte equation ¢f trajectory (7.17). Final
foraula is located as a restlt cf sufficiertly complex analytical

soluticn [€5] and takes tle fors

_ n { tgb, (1~cos @)+ (1 —=,)sing +

—v,.cosﬂ,. l—cos¢ cos (0, + ¢)

@—=) L.n cos2 8, cos 0,

1

2 B

2cos 8 (T - 1)
+ ;°‘ - arctg » .12
1-.:(——— l) €08 By ctgl—sin 0,
Ay 2

Eace 26Q.

1ctal flying sime f; is calculated yith the sutstitution of value

¢=2¢ into equation (7.41)
fu_ 1881 —cos29) + (1 —xu)sin 2y | 3

te= ‘
Uy COS hy, ru
| @—n) 5
1
[ 9 T '
. 2cosb, (:“1) I .
5 arctg : ! i7.20
2 T cos 6, ctg ¢ — sin b,
Ay ‘—— 1)

The yraphic represqntaticn ¢f the depesdemce of flight tiae alony
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tallistic trajectory (uler rs=R;) op angle 6,

angles is rerresented in Fig. ## 7.7.

cf different range
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to MUH ()
I Troe (sq60
: 200 74 =180
v,
e 160
qu:_h@ 203 90607 ] i
0 7] 120
RN, 7 il
& / /
80
; - | 30° y /,VI/ //
N 30°
. 3/ Y w2 y;/
i e e
| 2¢=8°20 g =15°
2 i
0 15 30 45 60 75 90 0 20 % 5{;; a0
6y
F‘_‘) 7146 - F'j';'7

Fig. 7.6. Dependences c¢f

sectiga

vs oOn angle g,

(lhen ru=R3)

Key: (1) . kn/Sa

Fige. ¥.7. Total flying timse in fuactica of crgle

rarge angles (when r.=R3)

key: {1).

3. Aprroximate analytical sethcds cf :the trajectory calculaticn of

min.

thke velccity in the beginning of passive

fer the ditferent values of range angle 2¢

tbh¢ proiectiles of ccnstart mass.

3.1. Bethods, which use apalytic fuscticns fcr describing the air

for different
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resistance.

The analytical methcds of the tra‘ectciy calculation cf the
acticn cf the projectiles cf ccrstact mass in air usually are based
<e system of equations with independent variakle 6 (5.10). The
yreatest difficulties cauvsc the determipaticn of the velccity cf the

motion of the center of mass cf prcjectile:
FEage 261.

Velccity is found by integrating tle hcdogréph equation (5.9). Let us

preseat it in this forn

d (v cos 0)__ Ev2

m r (7.23)

where

E=X_.
moyv

I1f we for determining of X use (2.9(Q), then we will obtaip
_QuS .
= 2mg x(M): (7. 24)

if we tse (2.95), then let ts have

E=%wawy (7.25)

in the first case from (7.23)

d(veosd) ¢ Qv

Sc, (M. (7.26)

I {] Qo 2mog
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The simultanequs replacement cf functicnsg 7}—(w and ¢, (M with
(%]
apalytical dependences does not lead tc sefpératicn of variables in

eguaticn (7.26) and does nct give scluticm in final fora.

Even if %0 accept c.(M)=é.=const, which leads to guadratic

derendence for the air resistaace
x=227

o o 17.27)

then variables in equaticn (7.26) neverthele¢ss cannot be divided,

since in (7.27) resmains furcticn e(y).

If ve utilize (7.25), then we will obtain the first equation of

system (5.10) im this fors

d(veosﬂ)=( vF (v) (7.28)
db Vog !

wh¢re c =cH{y)e«

fnvestigations show that fcr the agprcximative integyration of
egesaticn (7.28) during the grovision Her acceptalkle accuracy of
calcudation cne shculd take H(y)=~H(ycp). &8¢ the air resistance to

describe one of the analytical dependepces:
F(v)=a b (7. 29)
F (v)= 8o, (7. 30)

whete a, b, B, n -~ constant exgerisental ccefficients.

tast/latter dependence was prcpcseé Lty N. V. Mayevskiy and N. A.

| 4
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Zatudskiy. The valkues of exgomeamt a fcor difterest speed ranges are

brcught to following tatle. Forl © ‘ 240] 205 | 3715 | 419 550) 800
v /S +o |
2 24ol 25| a5 | 419 | 550 soo(xooo
Face 262. -
n 2 ’ 3 ' 5| 3| 2 1.70]1,55

Cceffjciengts B, for each section were selecteé so that tne functicnh

E{v) wculd te continucus.

Let us substitute (7.2%) in (7.28) and will discover derivative

ca the left side of the equeticn

LD 9% (5 4 bory;
g

aw __v Lo si _ab +

g gcosﬁ(r,a L gsin 0)+gw” pntl,
let us introduce substituticn vs"=1, fros which by differentiaticn
ve widl obtain

da
do=——te (7.31)

nv

Mter replacement and transformaticms, let us have linear
differential first-order equaticn
’%"—; +aN (8)v,==nc,M (6), (7.32)

shere

N@®)= a+£sin0; @)=~ L
gcosd gcosd

§o accordance wsith the gereral rule of the solution of

differential equaticns of thke namec¢ type, lét us find the fparticular

R W
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soluticn cf the equaticyg

dy -
7_0.' +aN (0 9,=0

cr, by dividing variables, we will cttaing:

e — — aN (0)d0. (7.33)
v,

The sqQluticn of equation (7.33) takes the fcrm
v.==C'¢-. ] N(.m. (7.34)

shere C¥- there is a functicn 6.

L




poc = 78107109 EAGE ~ST

Fage 263.

tet us find C'when sclution (7.34) satisfies equaticm (7.32).

Fres f7.34) we will obtain

Be _cann ) =" N0 | [N g
o C*aN (0)e +e .

Sukgtituting last/latter equality and expressicp (7.34) ia (7.32), we

will gktain

- | N(6)a8 4
e - Tc‘e- =MIM (o)o

shence '
8 | N

C°=m,5e M@0 d8+ &, (7.35)

shere k - integration ccnstant.

Atter this the geperal scluticn of equation (7.32) wvwill take the form

YT N A TOrY

[ ] h [/
v,=nce " lj e’ M\B)dH-k} . 17.36)

LN

Frca last/latter equality ard (7.31) fcr ivitial comditions 6=64;
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w=vg ¥e will obtain

After deteraination v, frce (7.31) we will cltain also the value cf

the urknown velccity

o= — . (7.37)

Ve

let us examine analytical soluticn, atter using for determining

the fwaction F(v) fcrsula (7.30). 1ber frca (7.48) we are have

d(veos ) _ ¢,Bv*™?

2 z (7.38)

For separation of variakles, let us multiply spumerator and the

degcminator c¢f the right =side cf tte precedingygrevious equality on

cos‘#-le

d(veost) B db

(0“')‘+l - z costls "

After integration let us bhave

X u::ﬂa . (7. 39)

L [ 1 -— 1 B y
R |(vpcosty)® (v coe 8)* ] £
i

Fage 2605%1he integral cf right side can ke uncertaken in elementary

functjcns. Are known scluticrs tc r=%, giver, fcr example, in [30].

#cr deteraining of coordinates and time of soticn, we will use

"
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three last/latter eguaticns of system (S.1C). from the eyuation

Ay vl
de ¥ 4
we will obtain
by 2
y=ty+ '7 tg 646, (7. 40
Frca the equation
du te
se »1ll] obtaig R
Y w2
x=x,+{ = a8 (7.41)
b .
and txce the equaticn
LU
a8 gcost
ve will cobtain
“u
=t | L L (7.42)
z [}

The coaplexity of foraylas for determirinc velccity (7.36) aad
17237) or (7.39) does not make it fossille tc teke the irtegrals cf

right sides (7.40), (7.41) ard (7.42) ir fital fors.

Ret us examine the scluticn cf the basic jprcblem of external
tallistics with the approxisation cf furcticn F{v) by tne cne-term
guadratic dependence F(v)=Ev2. This sclubicr wes called L. EBuler's

sethcd [63].

in the first equation cf systes (S.10) let us desiynate

S ¥ )
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b=BcH(yep)- After this the hodcgrapl equaticn will take the fcrm

da [) us

4% g cosdb '

MMter integration we will c¢ltain

(7.43)

whe&re Ugsvg €cOS Hge.

Fage 2€5.

FPcr siaplification in further soluticnr and its lringing to tabular

fcrs wsually is introduced the auxiliary farcticn

e(6= a8
cos3 f
and then
11 2
F=u—g—?[sgﬂn—:(ﬂo)]. (7. 44

If we the copstant values, which deperc cor ipnitial conditions,

grouwp to together and cesicrate

£(T,, 00)=5160)-§-2b%
°

that mse will obtain

& 1
T ¢ (vp, B) —e(8) (7. 45

For fenction e(0), entering im (7.4%), can ke oktained the analytical
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defendence
cos? 8

= (e (4]

After detersination of u the velocity c¢f prcjectile let us find ftrom

the fq¢rasula

Sukstituting (7.45) iv the resaining eguaticns of system (5.10),

ve will obtain respectively ,4,—_ L. tg 848 .
25 [e (vp. 8g) — s (8)] cos28
26 [e (v, 8p) — £ (8)] cos2 8
_ b
V262 V¢ (vo. 8) — s () cos? b
alsc, after the integratica
6
__1_( 1g 8d0
=% 316 (vo. 8p) —¢ (0)) cos20 '
&
fa
X=-LS a9 ; (7.47)
26 [t (Oo, Bo)-—-c(ﬂ)]cos?(i

]
8
18 40

t=V‘A’Tzél’-(vo. 80) — ¢ () cos26

v —————-
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Eage 2€6.

The integrals, which are contained in tlte rigbt sides of
equaticns (7.47), ip firal fcrs are rct vtaken, Lut they are the

fugcticns cne and the same values

2by=2,(8,, bv5, 0); Zbx=g,(8,, bvi, 0

g (7. 48
} 2bgr=g4:8,, bp, B ‘

This sade it possitle tc create tables with entries 8, and bvg?
for the calculation of trajectcry elemerts. Cn their base were later

coarrjsed more comvenisast fcr fractical calculations tanles with

entries 8, and 2bx.

fables gives the values of values

2 2 - [
bro . %, 161 —C Ve .
’ * Ch ’ g sy —

£ 2gx. v Vxe¢ Xe

FCGTINQTE 3. In tables x. iz marked, X (-7 @nd yvs—Y  ENDFOOTNO1:.

1be talles are comprised fcr 0o frcx 159 tc 759 at values 26xc from
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0 tc (C.90-2.5) depending or angle cf departure [9]. The examined
sethod of Fuler and table are used fcr trajectcry calculaticn at the

lcw initial velccities.
3.2. Bethod of pseudovelocity. Basic ard auriliary functions.

the method of [fpsevécvelocity is relatec tc the third ¢group of
amalygical methods, since at its Lasis lieslests the supplementary
trapsfcrmaticny of the hcdcgraph equaticn of velccity (5.9). In
hcdograph equation for separaticn ¢f variakles, is introduced
fubpcticn F (U), where U - the value, which .kés tle dimensionality cf
velccity and called pseudcvelocity. Value U will te defined acccrding

tc Fig. by 7.8 as

. vcos 6
U="csd
cos 8

17.49

The vector of pseudovelocity is parallel tc the vector of the
initial velocity and has tlke sawme hcerizocntal prcjection u, as is real
cf velccity v. Since the sinple replacement F{v) by F(U) gives
cogsiderable errors, then into hodcgraphk equaticn are intrcduced

supplesentary correcticp factors.

Substitution takes tle fornm

H{(y) Fio)= kF (LN, t7. 50)
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where k - the correcticn factor, which cosjensates for errcr.

For the low trajectories, which ar¢ cheracterized itow 8, and

lJarye initial velocities, atgle 0 it is 9mell changes alony

trajectory, but H(y)=1. In this case it suftices to accejpt

= (7.51)

cos 8

Face 2€7,

Bcr anti-aircraft trajectories are€ alsc ctaracteristic high
isitial velocities and the weak change cos & ir trajectory, but

E{y)#3 and therefore is necessary tke substatiticn of another torm ~

//'\1/3/'\'0)2://11/\,,,\}‘(('\c_"fl"’. , 75
) ’ cos b
i.€.
1$ B
k= 1) S \7.53
cos 6

Fcr the mean angles cf casting ard vel¢cities, characteristic

foxr the trajectories of the prcjectiles of tield artillury pieces,

subetjtuticn somewhat acré complex thaa precedigg/previvus

- . W Cos2 B -
Hp F oo 3F (520 7 548
) cos b

. cos28, -
ko= f08000 17, 55)

.
cos B

A ot sl o it .ot sl

MO 1 e i

s ol i e ai o e i

a2V S
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shere f - sugplementary numerical correcticr factor.
Bast/latter replacement is called cf tle sukstituticn Siacci.

¥ith kncwn pseudovelocity real velccity is determined from
eqsality (7.49):

t p=YCos b 17.56
cos® ' ’
a the hcrizcntal prcjecticn of sgpeed is eguel tc

a="L cosf, (7.57)

2et us introduce sukstituticn (7.54) .iptc the hodoyraph equation

cf velccity, let us replace c'=cf and let ug divide variables:

A
\ %
LA S \7.58)
‘ cos28 ¢’ cos28y UF ()

Mfter integrasion let us have

v

[ 4 \ dU

¢'cos26y . UF()
Us

- tgb—1tgf,= \7.59)

Jntegral in right side can be urdertaken cnly numerically.

T P SO Tl = AU o PSR IES TP st T 1P e
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Fig. 7.8. Ccnstruction cf tle vectcr cf pseidcvelocity U,

Fage <¢€8.

lm practice the trajectcry calculaticn by tke sethod of Siacci is
ccnducdted with the use cf special takles. Fci ccnvenience in the
corpilation of tables ard wcrk cr them, are introduced to the

fupcticn

v vy
e ogay AN _ 2gdU
Jw=kK, 5 vray A J“"')—K‘—J UF (U)
n

sheze vg=Uge

Garrying out replacement in (7.59), we will obtain:

tg 0=1g 8, — ———— |/ (U) ~ J (5,)}- (7.60)

2¢’ cos? 6y
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et us integrate tle resainirc equaticrs of system (5.10). In

the egquaticn

lat us substitute (7.58). Aftter integraticp let us have

v
1 - aUu
¢’ cos by 3 FOy '
o

Jntraducing the furcticr

v
T(U)=K,— \ _4U
() 2 Q'Fah'
we will obtain "
= 1T . :
t= eIl (V) =T (7.61)
let us take eguaticn
dx _____w
an gcos26

After dividing in it varialtles &né after substituting (7.58), we
will ¢ktain
- Udav__ 7.62)
dx= I (

dfter integration let us have

Jotroducing the fucrcticn
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v€ vwill obtaipg

x:%ﬂDMW—Dwd- '7.63;

Fage 269,

Fcr determining the crdinate cf trajectcry, let us proceed frco

the usual equality

dy=1tgbdx.

After substituticn irtc this equality (7.€6C) and (7.62) and

integrations we will oktainp

ALY = A () j
e = —J ] 7.64,
y=x1gh, 2e’ cos?ly, | DWU)— Dy (Ty! (
where
¢
. R ’ jv(L')L.AI('
Y= - — Ega
A=Ke= |\ =55
(.N

Bcr detecmination tyé, t, x and y froe forsulas (7.060), (7.61),
t7.63) and (7.64) is necessary the agrlicaticn/tse of tables of the
special functions J(U), T(U), D(U) and A(U), called basic tunctions.

As input value in such tabtleés is received freuécvelccity U. The

puserjcal values of functicrs depegd cr the dependence accepted tcr
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the ajr resistance F(U) and on constant nusters y, and x, which are
selected sc that the tabular values cf functicee would be convenient
shep acnducting of calculations. Thke takles cf tasic functions,
calculated for a law air resistance c¢f Siacci, are placed in [ S, h.
I111). 1he method of psecvdcvelccity makes it fcssible to calculate
mction characteristics at any point in the .trajectory, includirg in
apex/vertex and at impact fcint. Fcr tle brevity of writinyg, basic
fugcticns freguently designate only tky first letters index of letters

it designates the fpositicn c¢f the feint in question in trajectory

[59]-

#cr an iapact point, the ordinmate cf trajectory is egqual tc

2€10. Substituting in (72.64) yc=0 apd comvertirg, we will obtain:

sin 20°=—1,—
[

A.— Ap -
—C —— — -
- D; Jn] . (7.63)

I¢ isolate in an explicit fors frcs this .equation pseudovelccity
at impact point Uc is rct represented possitle. To solve it
relatively U, is possikle Ly selecticn, being assigned by
exesplarysaprroximate values U; After detersining U, let us

deteranine remaining trajectcry elesents at ispact point

1 W
X¢ =c_,(DC—Do); te=—— » {Te—Tah
1 (7. 66)
tgbc=1tg 8 — —0 (Je=Jo)
Eage 2709Q. 2¢” cos™hy

- —— = ‘mm'wm""*"" o, oo =g
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o peak of the trajectcry 0.,=0 apd 'g06:=0 then from (7.60)

after trapsformaticn ve will olttaic:

/s—_-(’.\'in 200+!\-. (7 67)

9sing the tables of tasic functicpse fzca J: 1let us find

Ds. Ts A.. fmom initial ccnditiopns wish Ug=vwe let us find Dy, T, and

Ag, after which from (7.€1), (7.63) and (7.€4) let us find

o= — ! Ts - To H
¢ cosh,
xg=— Dg— DY 7.68)
¢
A A.— A4
= xtel— —S(ZsTR N
ug= X tgl, a7 cusfbu( D - D, o]

The cell/elements cf impact pcint can le fcund, atter avoiding
trialeand-error soluticn cf eguaticr (7.65). Frcm equality (7.€3) for

aan imgact poimt D (Loy=cxe--D(y) it fcllows that
U fo'xer o

Taking into account this expressicr in tte trackets froa
eguaticn (7.65) can be considered as certair function f, of these

arguments

A — A
DU~ D(rg)

-J (‘l'(,)z .fu(("‘\‘C; Ty

and tg write (7.65) in the fcrm

¢ sin 20, = fole Xy (7.69:

Co g Y
e LT AT ey
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por fo(C'xc; vg) are calculated the tatles.

Op initial data it is possible tc timd c's£in260g; through this

value and v,, using tatles, is found prcdect cxc and further xc.

Sigilarly it is possikle tc oltair scme ctler functiors from

c’x. and vy [59]:

sin 20008
.

tgle.| in 6
f: :——C M =____llo$lﬂ 0 .
1 EPE g g 7s e’
=—wzoszo'3 fn=—fs_= fcz_yi—"‘ (7.70) |
vecost, xe x- 188 .

Functions f,-f, are called the avyiliary functions of Siacci.
Tbhese functicns, besides t4 and f,, 2re suitable for calculating the
sctice charackeristics at ary point in the traectcry. In this case

prcduct c*x does not have arn index.

Face 271.

Fcr eyasple, for instantanecus value of x ccorcinate y will be

determined accordipg tc fcllcwing fcraula [£9]:

v xtgf|1— folexvad 7.7
jo(c’xC: )
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Attificial transfcrmation of the hcdcgraph €quation of velccity
with tte replacement of tugcticn F(v) by F (L) gives good on accuracy
regults during trajectcry calculaticn, in wlich cos@ it is little
aftected along trajectgry, end it is pcssille tc accept H(y)m1. For
sbort lcw trajectories (at tigh initial velccities and the low angles
cf degarture), whepn it is pcssikle tc acceft ccséxcosfgzl, it is

cbviows, that p=1, c?*=c and U=xv. Tlken

x=—[Dv' =Dz, ;

. _x [AW—A(y —J.v
y=-xteh 2¢ | Dw)— D(w) "

t= 7w T @) |

Buring the solutiqn cf the reverse piciles, the angle of
depfactire in this case will Lke determined fixcs ccndition y.=0 for
the f¢rmula

l[AM—Aww_jw]

sin 26, = —
5 ¢ ¢ | D(v)—D(vy)

¥ith an increase ir the angle of departure and decrease of the
iaitial velocity the errcr in determinatics for trajectory elements
at impact point increases. krror ccagfensaticn is realized by a way of
imtroduction into tte calcuwlation cf ccefficiert g. Stricvly
speaking, for each trajectcry element, it is necessary to intrcduce

its cerrecticn factor g, p,. fs, p, Wher ccndacting of practical

%
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calculations, use cne ccmpepsating factcr - ., that agree the
ccoplete distances, designed by the method cf gseudcvelocity even cne
cf the more precise methkcds. This ccefficiert is named main

ccefficient £.

fhe table of the values cf coefficient f in connection with the
las of air resistance c¢f Siacci for small aies and the artillery of
the l¢w caliber {(with ¢ > 1) is ccmprised according to intake numbers
x¢c=1000—7000
ct 6o769-30° andpm. Co€tticient £ in the talle changes within narrow

linits from €.97 to 1.(C¢€.

Ecr medium and high caliters (vwith ©<1) Ys. M. Shapirc it make
table with entries c=0.2-1.(, vg=3C(-1(C0 m,s 2nd 0,=5-60°. The
tatles are comprised by processing thke results cf trajectory
calculaticns, carried cut Lty tte methcd of rumerical integration [9]
and [$9). Depending on velccity arc argle cf departure, the main
cceffjcient of agreement f substantially chkenges (from 0.6C9 tc 1.329

for 64=60° and from 0.95&4 tc 1:039 fcr 6g=E€).
l Fage 272.
During the agreemant of ccsplete distapce, tte error in the

detersination of resaining cell/elesernts reaches to So,/0 (at

6.330‘°“0°) -
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Puring the trajectcry calculaticn cf tie epti-aircraft shells

intc the hodograph equaticn of velccity, it is substituted (7.52).

H (uy
C‘O'Fating (7.52) apd (7.5“), we will chbtaixn :7:—"‘:(:‘7;) .
'esignating (l=(”(!((~|.) frca (7.60)'0 (7.61)' (7'63) a“d (7.6“) we

¥ill ¢ktain calculation fcrmulas for determxinaticn of the woticn

characteristics of the anti-aircrafs slelds cf the constant mass

1
yh =toh — S Y Y y 1]
th J th 90 2c, cus b, l \L j\"o‘]n
p= L r =T =220 p =D | a3
€ €
= Xt 6y — — l.;”_l_ﬂ(_‘ﬂ —jki‘u\’] .
: 20 coshy | DU)—D () ]

Buring practical calculaticns determimping sction chardcteristics
fcr each calculaticn pcint ¢f zenith trajectcry is conducted into two
agproachsapproximations. In the first apprcxisation, we take
Hyq)'=1 and c,=c; in the seccpd apprcachysajprcximation, after
calculatica y. ve debctlinelfu“wzzH(#g\, ve find €, and we perform

calculation repeatedly.

the application/use ct a methcd cf pseudcvelocity is fossible in
principle also for fperfcrsarce calculation cf the motion of the body
cf variable mass, i.e., fcr the calculaticr cf the powered flight }

trajectories of the unguicded rcckets.
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The first equation of syster (3.82) cear te replaced by the

eguaticn
d_u-z _31.._.1/_". 3 F(v)
an = o 10 fily)thr]cose. (7.74)

This - the projection cf €quation cf mcticp ¢p axis ox of the

startingy Cartesian coordinate systes.

Jf ve now accefpt Qeex=const, H(y) =H (yep) ard 0=g,, then it is

[ossitle tc obtaip

' cos f
d (v )
dr. cos fp

Ler w, [l —kF (v)| ’

(7.75)

where in k are included all copstant values ané a numerical

ccrrecticn factor.

Face 273.

1f we additicmally accejpt

ll

cos f cos &cp

and tg desigpnate

. ¢ cas
(-

[ T

P
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that atter integraticn se will cttain

where (; - wvalue U for the beginning cf the section of integration.

Sinmilarly and in tle remaininc¢ equaticgs cf systenm (3.82)

variables can be divided, lut equaticns are integrated.

Integral in the right side of eguality (7.7€) in final forp is
not taken. So cannot be undertaken integrals, also, in the remaining
€egualjties, cbtained during tke intecraticr cf system (3.82). The
numerjcal calculaticns c¢f the powered fligkt trejectories cf the
vngvided projectiles of variable mass can ke carried out by the
ceneralized method of fpseudcvelocity, fropcsed tc L. B. Komarov, witiu
the use of tables. The tables are calculatec cr the basis of standard
functicon from the air resistance, kncwn by tite rame cf the "law cf

the resistance of 1543%,

Example of the trajectcry calculation ¢f the projectile of

ccgstdnt mass with the aid cf tasic furcticrs.
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§s assigped: d=100 mm, ((=065.9=12 kg vg=1200 m/s.

fc find the velocity cf prcjectile with flat trajectory fire
sith aryle of elevation, ty close to zero, c¢m distances - 500, 1000

ard 15C0 m.

Ballistic coefficient

a2 0.65-(0,1)?

=a— 103 = 103 == 0, 5417,
c==—10 2

Cn first fcrmula (7.72) we will oltain
Dive)=Dwy) +cx,.

Value L[(vg) let us find frcas the tables of lasic functions from input
value vg=12C0 a/s. Afterwaré calculaticp D(ve) for the assigned
distances let us find initial velocity cf ji1cjectile v« The results

¢f calculaticn are civer Lelca:

X, u ! 500 1000 1500
D (xy) ‘ 2022 : 2022 2022
exe 270,8 541.7 812.4
D(ve) 22928 25637 2834,4
- n/§ 1123,5 1048,7 975.6

Fage 274,

I PP
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3.3. Sclutions with the assigned aralytical dependences for moticp

characteristics.

jn certain cases of calculaticn, it is pcesible to previously
assuze known the fcrm analytic functicns, sliclt describe any ot the
scticn characteristics. Mcst freguently such methods are utilized
during the calculation cf trajectcries cf missile targetings tc the
pcved target/purposes. 1s well knowp tle metkcc cf the trajectcry
c¢slculation cf guidance, prcgcsed by prcfesscr I. V. Ostoslavskiy, in
whas they accept, that a chéinge in the velccity of the mcticn cf

rccket along trajectory is cetermine¢ ty tle furction cf the fcrm
Vp="Tpy - UL \7.77)

In this case, the moticn characteristics are calculated several

aprroschsapproximations.

§t is presented the ccanmor/gegerals/totel procedure of the

solutjcn of problem, beinc tased cp rreviously cbtained dependences.

acceleratsion . in the first apfrcxipeticr, can be determined

frce the first equation of system (¥4.23) fcr thke known initial data

Py— Xy
my

— gsin 6,

The initial values of thrust Fg anc of density po let us define

e e At A BR. TWy  rep R T

PRSI S 15 VS A
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as fuactiops of origin cccrdinate 3o, tut Lkalarce angle - according
tc fosrula (3.66), also witk the use of tbg ipitial data

— my
Qg0

=—_ (v _§ co
Pg+qoSc;( ol g cosby),

where éo it corresgonds tc the guidance metlcd accepted.

Brag coefficient let uss determine acccrdipg to formula (2.89)
CxMo)=C o+ ¢, (agq).

After determinaticn cf the drag

2
o Se. (M)

X,=
and of the inmitial value c¢f thrust, it is j¢ssilkle to calculate 5,
aad y,; according tc (7.77). Besides degendence (7.77), for
trajedtory calculation it is necessary to lave a degendence, which
sakes it possible tc calculate the values ¢t arncle 6. For this

purpose, are utilized tlte kinesatic eguatjcrs, shich correspond to

geidamce method.

tet us examine the scluticn of frcliler withk pursuit guidarce.
Fcx bgrizontal rectilipear acticn cf target,purjose with the planar

trajectcry of the guidapce

db

1 .
o v, sin 8, {7.78)

ey PN e——————— e PR T T VAR <t A - - L e
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Pividing variables, we will cltain

8 . “'u‘ d‘,‘ ‘7 “"9;

smnb ’

whence it follous

b 8
e —-=tg 2 ed . (7. 80

A change in the distarce between the 1ccket and the
target, /furrose for the case in gquesticao im &écccrdance with (4.8) is

egual

r= —(v, -7, cos b (7. 81

Integrating last/latter equality, we will cktain in the ficrst

apfrrcyimaticn,

¢ ‘
Fy=ry—\ vgdi— | v, cos0,4:, 7. 82
0 d

[0
after which from (7.80) it is possiltle to expect t: g» and to refine n

The ordinate of trajectory will Le determined from the usual

kinesatic relationship/ratic

H

Yot =Ypo 1 | Ty in Bpar. \7.83
d
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¥or simplification in the solutica mcst frequently is used
vg=cohsi.Por copducting tte calculaticp .in the seccnd
agjfroachsapproximation, are utilized values o (f), 6;(4), yp(f) and ri(y),

cttained in the first apprcxiwatior. Is calculated balance angle

@y () = —— & (vp|6,+g cos !
P+ ¢,Sc;

and the dray
X (=2 s, M,
where

Ce(Mpd=c, g+ Cr 10g)

As the entry into curves/graph c,(M), will serve value Ypi/a;, where
a;y - the speed of souné at heightpaltitude . Thrust P(f) is
calculated also op ordinate , Thus, acceleration in the second

apfroachsapproximaticn will be equal

. P — X,
Upn ()= “m@ —Esnb.

Eace d76.

As a result of the numerical sclution cf last/latter
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differential equation, we will cttain Ino tie¢ seccnd

approdach/approximaticn the dependegpce cft the velocity ot rocket on

tise = (/). The distarce Ltetween sh€ rockét ard the taljct/purpcse

in the second approachsapprcximaticng will k¢ e€qual to:

! !

Fyg=ro—\ z';v]]d’ Ty U oos "l dr.
0 h
Jotegrals in last/latter equality alsc sust pe undertaken

puserically. The slope tangent in the seccge¢ apfproachy/apjrcximaticn
vill ke determined Lty thte repeated scleticr of equation (7.80) with
the nes» data

6 & o
tp M=ty e
k 2 T2

grdinate of calculaticr pcint in the trajectory in tue second
approachsapproximation

{
=Y | Tpny Sin Byyds
)

Pcr calculation in tle third apfrcachyapprcximation, are
utilifed the data, oktaineé in the secend sjprcachrsapproximaticn.
Calculation foints are selected thrcugh eguzl tise intervals sc as to
have within the limits cf tle calculated phese ct expected trajectcry
cf 7-10 points. Kipematic equation fcr the ceficition of the
abscissas of calculation goints is mclved irdependently atter they

will teccme knowm iy amd 0. cbteired in the third
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approschsapproximaticn,

t
.\'=x0":— ‘. 'Up“l C059|“dt. (7- 84)
0

In certain cases pIOveEs tC Le acvisakle tle detail with linear
fugcticn (7.77) to use aralytical derendance fcr the determination of
distasce betwaen the rocket and the targetyspurpcse. Functicn fcr r
capn ke undertaken in the fcim cf the sum thkice first memkters of

Taglox series, comprisec according .tc :the degrees of time t [43],

re=r,4 ;-01_;. 0,57 8.

the derivatives rLo and I, are :determined depending on guidance
sethod from initial conditicas. For example, with pursuit guidance to
the taryet,/purpose, drivingsmoving tcwards 1ccket it is rectilinear
at ccaostant heightsaltitude, fcr flaty/plane trajectory of guidance,

let us have cn formula (7.€1)
Fo= —(Tyo+ U, COS ;).
Eace 277.
The gecond derivative &t the ccrstant velccity of target/purpose

after differegtiaticn of last/latter equality ard sukstituticn {(7.78)

will take the form

ro. | L
ro== = | e SIH’G‘,). (T.RA
8 4 roe

o sl

il
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The use of dependences (7.77) ard (7.¢&f) wunder the conditions,
stifulated akove, it makes it fpossible to sclve the task of guidance
tc target/purpose completely ir quéeératures [43]. A similar methcd cf
gerforsance calculaticn cf scticr car be Gsed also with other methods

cf gujdance op three-point curve cor wit:t fatallel agproach.

Jt is necessary tc keep in mind that tle cescribed grincigle can
be arplied with the sufficiently simgle cases c¢f moving the
tarcet/purpose. It gives satisfactcry ccimciderce with tne results of
precise methods of calculaticn (nuserical irtegration) when in
aévance taken dependences {7.77) and (7.85) prcve to be close to the

€xpected real.

3s4. Approximate analytical methcds cf detecrsimping the motion

characteristics of the rockets witl cuicamce,

fhe approximate anmalytical calculatior methcds of tra jectecry ctf
qujdasce are Lased con tte assumpticers, shickt ccysiderably simplify
the realsactually occurring process. It is sugcested, chat the rocket
and target/purpose move in cne fplane, .that the target/purpose moves
rectilinearly, target sgeeds and rceket are€ kpcwn and constant in the

frccess of guidance. Rccket is replaced by jcirt, and it is suggested
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that the kinematic constraint between the rccket and the
target/purgose, suwperimfcsed by guidance methcd, is realized ideally.
Thes, frca examination is e€liminated tle actiop cf all tcrces and
tcrque/acments, but investigation itself irc this case Lears purely

kirematic character.

Subseyuently let us ccrsider that the 1ccket and target/purpose
acve in the first fourthk of tke right starting system or coordinates

Cxj under initial ccnditic®s x,<xy: yro<yuo

Mt uws examine the case of guicance with fixed~lead anyle
gp=ap=const. por rectilinear moticyg cf tarcet/purpose 4..=0 ard

va0. Then from (4.10)

day | 91 _p,
dt ' dt

Stilizing (4.9) and replacing o, cp se will obtain

QApo,

da, tp 8iN Gpo — Uy SiN @y
dt r )

7.86)

Face 278.

After factoring out vu dib rigbt side ér¢ atter designating

p= . e will obtain

vy

da, tul{pe&inag— smay)
dt r '

(7.87)

S ids
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Erca the condition of ideal adeance/prgvertion (4.6} let us find
sagle q, which corresgcnés to amgle ay leét usz designate it thrcugh

arp and let us call/nage tle angle cf recessary rendezvous. Then
sin @, ;= p sih @y, (7.88)

After conducting replacement in (7.87), we %ill cttain

ﬁz,.uw, (7.89)
dt r

beplacing in (8.8) ¢ Gn  ap, let us .bave

d
—d,———-'v, COS @y — U COS Gy (7.90)
t

Atter dividing (7.90) tc (7.89), we will cLtais

dr _C08Qu— pcostpm o (7.91)

r sin@yp— SinQy

Bica this equation cam ke okteined the fcrsula for the

detersinaticn of distance ketueen the rccket ard the taryet/purpose

io the frocess of guidance.

the iategratiom of equation (7.91) has ccsacn sense under
ccgdition qm<amsmlin ctlernise tle rccket target/purpose will not

cvertake.

Atalytical dependence ftor r can te otteineé¢ by integyratior

(7.91)
'dr .°“ Cos @y — p cog
S’_r"—_--— —u;dn
L

sing, — sina, 3 ‘

]
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sl

and ferther

o 2
cos a.,dau + pcos ay, \

J  sin@y— sina, o

l .llO

da,
sin @, — sin L

(7. 92)

Ny
<l
H
"y

Tke first integral ct right side is eqgial tc

S €08 G, da,

in@, — si
sina,— sine, |

— i H 'Il
=|In(sin @, — sin @, p) o

*u0

Eace 279.

Ecr the solution of the second integrel, it is necessary tc

ietroduce sutstituticn tg%f::; frca sbich

dfter copducting replacement ip tte seccné integral of right

side, we will oktain

1 o,
da, 24z
cosa Q —_—— = 0SS R
P pe ' sin ay—sina_ . P » 22 —sna _-—22sina
. R a R
w0 .,

dfter integration and transforsaticns, imtrcducing tae
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desigmaticn

b= p 208 B0

cos a '
u b

we will chtaip

4 g = -—ctg‘an'R .

PCos @y, [ L. S} S ——
. sy — sina, 1 ay l L
%0 ‘ £ 2 g N LG

Sniting both the integral of right sicde (7.92) and sulkstituting

the apparitors of integraticr, we sill cbtain

. ay n R
r sina,n— sina g 5 — '8
_=( ¥ u B ) 2 2 x
o sina, — sin a, R Qo a, p
1 -—_tg —=
8Ty e,
u uB —*
g~ —ctg
X 2 2
0 . R
t —
g ) clg 5
cos? ——

After msultiplying right and left farts cn cos? 2w’ after
2
trarsfcrmaticns we will cltain the firal fcimula, which determines
the djstance between the rccket anc the tarcetypurpese acccrding tc

tbe line of the sighting

: a Q k=1
cos2 0 [qgn_ o uB
r=r - 2 2
0 Ga X
2 L %up e
cos 3 1g— g —aB
a iy
ey —eeyt
X

(7. 93

T ATIBEELR Y R il
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Fage 2&0.

the sclution of equaticn 10.92} can ke written, alsc, in cther
fcra, after replacing sinays by (7-.€€) [39]:

r pcos ey

B
sing, — psinagq | ) 1= sty
r=ry| ——m—mm—

- X
Sin Qyg— p St Gy
D cos IPO
( L— psin Qg sinay + cosay | I — p2sinZag ) b 1-ptsin ey 7.94)
l—rsinagysinay +cosay ) | — p- sinZagy (42

¥t is pogsible to derive alsc fcrrula fcr determining the
approach time of rccket for taryet/purjpcse. Gtilizirg (7.88), (7.89)

apc¢ (3.90), we will obtain

dr rigy
v dt == = .
CoS @y — PCOS Ty, F SN G p— SiNGy

€arrying cut agprcgriate sukstityution [39], it is pcssible tc

chtaia
!

vt = —
(1 — pécosay

dr--d|rcosia,—a,]".
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integrating right side frceo ry tc r, we will obtain dependence

fcr determinaticn ¢f apprcach tise:

o[ + cos (ayp + apgd) — 7 [ £ + cos (ay + agp)) -
1= . i /.t95"

vy (p2 — 1) cos agg

tav the tize of intercepticr (i.e. tle time of the mction of rocket
fres jnitial positicn tc pcint cf igpact) %ill lte determined frcm

last/latter formula with r=¢C

ro[p + cos (@ + o
ty== P + €08 (3w + o)) . (7.96)
vy (p? ~ 1) cos apy

The ncrmal acceleraticrs, experiencestested by rocket in the

frecess of guidance, are determine¢ Lty foraula (4.11). Remembering

. . d .
that fcr case fiqzo. ip questico ard ‘;} is lccated through formula
dt

(49)y we will obtain

sina, — psinag

Ay p==TVpTy .

(7.97)

After substituting intc last/latter fcimula expression for r ot

‘7.93) and after conducting transfcrmations, we will obtain

2+X

202 a,—a \* [+
Qq,=—2L [sin = “'”) X cosLuﬂ-'
¥ pro 2 2

ao—g  \-1+E —1—k
X(Sin _"0,2_'&_) X(COS M;LB) . (7.98)
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Fage 2¢1l.

let us examine the case of guidance acccrcing to parallel

apfroach method. Integratigc (4.8), we can write:

r t

VT ) oy, c0s @, — 008 @) dt. LT

. 0

¥ith the horizontal motion of tercet/juspcse with tne constant
velccity and preservaticnsretentior/maintairinge in the process cf

guicance p=const, we will clktain:

Trosa, — T, e0sa, . 1000

rer, P

[

3tilizing (4.7), let us write

O Q= MBIUE

apd then
r=r,- (z'“\-u\‘au——'t‘pl’ ] — — /-

Elight time let us determine frcm (7.1(C) with r=0

! o /7. 103)

v, €OS @, — 1, COS a;

Buring the rectilinear and unifcr® mcticn cf target/purpose and
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F=ccnst the rocket will mcve alsc rectilinearly and is evenly, and
copsequentfly, «.; =0 With tle maneuveriny c¢f target/purpose fronm

{4.1C0) and (4.11) let us write
da, and aay

) ﬂ App== ;'p»T . (7. 104,

Differentiating (4.7) énd utilizipg (7.1Q4), we will obtain

cos a,
Qpp=a,, —"

(7. 105)

cos ap

Replacing «cosq, ard stkstitutirg (7.101), we will obtain
ccirumicationsconnecticyp tetween tke ncrmal acceleraticns cf rccket

and taryet/purpose

a. —a /_l—s,in?a.L

ap— Mnru ] s 12a .
1 — u
p’.’

Buring the prcrorticral apgrcach .cf egiaticn (4.8) and (4.15)

7.106:

they are integrated in final fcrm cply in tle case of the unifcrnm
hcrizontal mction of tarcetspurpcse fcr the particular value of
factor of fproporticnality a=z [39]. 1be gereral case rejuites

tuzerjcal sclution.

Fage 282.

¥ith pursuit guidance o;=0. tten from (U.&), (4.10) and (4.11)

it is possitle to write:
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{%;==vu(cosuu-—pL (7.107)
a, “___,v..\d;t'u '1”&*) ' (7“08)
a, ,,~='vp—‘£— . (7. 109)

Biring rectilinear mcticn of tarcet/puljcse€ a,p=0 and frcro
(721C8)

dq __ day Uy SiN Qg . (7. 110)

After dividing (7.107) to (7.11C), we »ill cttain

d — )
.._r___(cosau P)dau. (7111)

r Sin Gy

lest/latter equaticn ccrresgcrds tc guidamce to the driven out
tatget/purgcse. Integrating it, we will okteinm:

re=p L3000 oy’ .

(1 + cos @,)?

(7. 12y

Jotegration constant k will be determiged according to the
iritial conditions ro and ag

— _fo(l +cos ay)”
¢ Ginag! 7. 113)

Becall that during tte horizcntal moticn c¢f the target/purpcse

Jn the case of yuidance to the target, jurgcse, driving/moving

ity Aoy -~y .
3 N . N - v o na SE T T e I T R A, e BN ST

oe

[

1 - ——— —

e e e e
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tceards,
41 _ 9%y _ Yusingy (7. 114)
dt dt r
and
Ar _ _ (cosy+ pldoy (7.115)
r sin Gy

Integrating, we will cttain

pp (L c0s D’ (7. 116)
(sinq)p+t

wheére the integraticn ccnstent will ke equal tc

,__ ro(sin ayp)? +!

Face 283.

let us determine tte time of moticp. .Fcr tlke case ot the driven
oat targetspurpose, let us wmultiply {7.107) €D cosy=cosa, @ (7.110)

CR siny=sing, L@t us deduct of the seccnd picduct the first and we

will qltain after transfcrmaticp tke fcllcwing differential eguation:
{cosy-Lp dr—rsinydy=1v,(1— p*.d¢.

After integration se will oktain

o Ja(eOS Yo+ pl—r{cosT+ ) 7 118)
vy U”‘ - 1)

Bcr the targetspurfose, which flies tcwards, it 1s possible teo

-~ . R A 515007+ M TR 7 RS e mom o .
= T e

e/
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ct tain

¢ (808 1 = P)— 1 (cos 3, — p)
vu(p?—1) )

o118y

Total flying time tc ercounter with tazget let us determine with

r=C; Eespectively let us have fros (7.3118):

PRI (R 7119

vy (2= 1)
a frce (7.118)°

= ro(p— cos 1)
» —

v (P 1) 7.1200

the ncrmal acceleraticn of rocket let us determine, after
sukstjtuting in (7.109) fcr the case cf the drivean out tar get/purpcse
cf eqguation (7.110) and (7.11z) and fcr the case of target/purpose,
driving/moving towards, (7.114) ané (7.116). We will oLtain with

guidamce tc the driven cut target/pwipcse

0,2(1 +cosyy

P AL LU
~p pk(sin P2’

(7. 121

wjith guidance to the target spurpcse, drivigcsmcving towards,

vl (sin )P +?
a _—__.P_ ——— . 1y
"Rp pk' a+ cos-,)” l7 122)

#e will obtain the motion characteristics ¢f the rocket with
satchirgy guidance. After equating rytdry tc r, (see Fig. 4.5), we

can wEite

(rpdy® +(dr,1’=('v,d1)'.

cdufenian o i

[PV SN
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After dividing lasts/latter relaticnship/retio on (dy) 2, we will

cktain:

iy

R (7.123)

(&) =i

ay

Bcr horizontal rectilipear mcticn cf tercet/purpose gomy and

alcpg Fig. 4.5 let us determine

d1TF vysing

7 o (7. 124¢)
Fage 284,
then frcm (7.123) it is passille tc write
dro\® | o _ ript )=
(t;-'!—) TP Singy (7. 125

Since y,=const, the§ it is cconvenient tc irtroduce replacement

r,=—%1 aand then

siny

7.1261
aq

(‘irP)z = (gurp)?
\ P sindy’

The obtained differential equaticg is rct integrated in
quadratures. It can be sclved apprcximately (s€e, for example [39)]).
The tjee of motion let ts define frca the fcllcwing equality (see
Fig. 8.95):

p=tulei ey 712

ty
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acIinal acceleraticp of rocket we detersiné as usual, according

tc the fcraula

2ny =1, <L (7. 128)
Ret us find derivativeg
e 9% 41 (7. 129)
dt d1 dt

9tilizing Fig. 4.5, let us write:

du d(rpsiny)
dx d (rp cos 1) :
Ret us accomplish tte frccess, cperatict ¢f differentiation of

1ight side with respect toc y let us c¢ivide ctumc¢rator and denominatcr

intc dy; after this

ro sin rp cos -
P O i b L B (7. 1301

. C0S 7 —rpsiny

Be differentiate lastslatter eguality cun 4

i rh+ 2 (rg) = e 7 1311
cos?y dy (r;”cos7—/",51'11'f)2 ’ He b
let us find value &;%;=d»#m’g using (7.13C),
() 7,182

cosly - (r;,T cos y — rp sin 0N
Face ZE€5.
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After substituting (7.132) in (7.131), ve wvill obtain

. S N L
di A2 =y 7.133

a1 ’;-v + (7 \?

Value ,. let us find frcs eguaticn (i.126), it differentiated
it. Preliminarily let us designate tte nusexatcr of right side
{(1-1268) through k2
[_ g Pagy o134

sinty
Birectly from (7.12:6) ve will ciktain

f'\:» l ;_.i__r\ (. 135

Substituting last/latter equality in freceding/previous, se will

cbtain
2f2 .
rl=— 2k Ng*(_ — . (7. 136
i sindy SR R
_ _
sind g ¥

Sukstijtuting (7.135) and (7.136) ir (7:%33), we will obtain

d rnet
1 : 'Y .
\ l" sind y -

Wtilizing (7.128), (7.129) and (7.137), we will obtain

2pv2 siny

dnp

(I+—3_?§fm:) 7138

Ty

e e b

waemib e e i el
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Introducing the ccgstart beightyaltituae ¢f the motion of

target/purrose 4 we will cttain

__ 2puysin?y AR N 13

b Yu ( (yup)l“_r") I’
sindy b

Tte kinematic analysie cf the jcssible ccrpditions of the

a

€eaccuater of the rocket with target witt igrcrance by different

g€tbods will be exasined ir chagpter IX.

4. Sjmilarity of trajectcries apnd the tabslar sethods of solution.

In the practice of tallistic calculaticns, are applied the
sp-cadled tabular methods of the sclutions sith the aid ot which it
is possible to find the cell/elements cf chéracteristic points in the

trajectory, for example, cf arex/vertex or imgpact point.

Eage 2&6.

Especjally videly are utilized ballistic talles tor the calculation
cf the trajectory elemetrts cf the flight of the projectiles of

cangcn-type artillery. These taltles cap be ts¢é alsc for calculaticn

e it

I T IO

4
;
1
!
i
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cf the inactive legs of rcclets. Tte study cf systems of eqguatious
(S«8) and (5.10) shows that tke trajectcry elewments of definiticn by
three rarameters: initial velocity vy ty tte kallistic
ccefficient c¢; by angle of departvie 65. After calculating a large
quantjty of trajectcries, it is pcssible tc nmake takle ot the
cell/elements of trajectcriesafter takitg azs the entries of value v,
c and 65. In tables are usually giver tle velues cf complete distarce
- x;, trajectory height - ys total flying time - /;, to the velccity
in imgact fpoint - ¢ apd tie angle of tamcent ioclinaticn to
trajeatcry in impact peint - y.. Are well krcwr the ballistic tables
cf ANII (artillery scientific research institute) and the kallistic
ccllection of artillery acacemy [59]). Calculaticns according to
tatles are reduced to tke determiraticp of the unknown values Ly

sisple antecpolation on vgy € and g.

Bcr the trajectory calculatior cf antiaircraft firing to three

intake parameters is addec the fourth - time cf motion.

Using the tables of agtiaircraft fire, it is possiuvile for the
trajectory, determined ty vy, ¢ and 65, to tiné .,y and o,. that
corresgcend tc different rissile flight time t,, t,, t; and of sc

fcrth,

Eallistic tables successfully are utilizec for the soluticn of

S A,

SRR S
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the inverse desiyned prcktlems of external tellistics. For examgle, in
terss cf designed range iy apnd values ¢ anpd 6g it is possible to

simply find the necessary iritial velccity ¢f frcjectile - vg,.

Fallistic tables are utilized fcr trajectcry calculaticn, which
corresgond tc normal metecrclicgical ccpditicrs. The limits of the
ajrlicability of tatles canp Le expeérdec, 3t we use theory they can pe
expanded, if to use the thecry of sipilitude cf trajectories. French
schclarly P. Langevin estaklisbed the depercepnce betweea the
characteristics of two trajectcries cf the jrcjectiles of the
ccgstant mass, for which the values cf temjerature and pressure
svrroending air, corresgonding to the tegirrinc c¢f trajectcries, were
different. After assuming that the tesgerature cf air differs Lty a
ccrstant value fros tesgperature, detersinec ty rormal linear
cependence, and change ¢t air fressute is stbjected to hypothesis
abcut the vertical equilitrium of the atmosilere, it is fossible tc
sbgw tltat the trajectories 3ill be sisilar, if cf them are identical

three deternmining parameters:

T .. A!\d\
== 20y z',“=v,,l/-_"" R 8
hn/\‘ To

wkere kg and rvro - fressire and tesjeratire an irnitial point in the

trajectcry. Iwo Similar tra-ectcries ct cocidirate x and y, will have

tc le related as tesperatures ir tle iritial fcint of trajectory vg,
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and vg,; velocities and ftlicht time will ke related as sguare roots
cf the relation of the temperatures in initial pcint; the angles ot

targeot inclinatiop will te equal, i.e.,

‘o Yei, 40 Toi,
— T
R T Yy T2
I VA (T DY T, 6, -
—==1" - e ) IR
o T U T2 B

Fage 2&7.

langevin's formulas are applied, fcr exasple, in tae case cf tne
trejectory calculaticn c¢f tle [rojectiles ct tarzel systems for the
ccrditicns, which correspcpé to the ccnditicns cf firing in
scupntains, for the calculaticn cf the iractive leys of rockets, etc.

] the beginning of the inactive leg cf tle rccket cf class "surface,

surface," scmetimes is located on ccnsiderelle teightsaltitude;
therefcre the direct use of tallistic tables cam give siynificant
€rrcrs. Let vs designate thke hcrizcrtal rance cf the inactive ley,
calculated from ballistic taktles, tbrcugh x,, tte cell/elenments cf
the beginning of this secticn let ¥s supply with index “k", and
€ndslead - by index "k®™ (Fig. 7.9). Frcs sisilerity coandition cf

trajectcries, it is possitle to oltaipn the follcwing forsulas
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67

D, (7, Vax, B,),

T A
ys—_-__K_ ¢y(('., Uhex s eKl,
1“‘\,

6,('—':'21’(- (F‘, Uk e,\-“ k7 14]?

= .
Vyr = l/ X Dy ic”, Vsx, 6.,
Tov

o T Y
te=1" == &, (c, Vax, b
Ton

M Ton
vhere r'=p";"L and o=, ]’ L
. oN TK

In these formulas ky sysbcls o, 6, h, aB4 ¢, are desiynated
resgectively the velocity, engle of departure, tarcmetric [ressure
and virtual teaperature ip the pcirt cf the beginning of inactive

leg, i.e., at the end of the active secticg.

Ballistic coefficient for a passive s¢cticy is equal to

id?

QO _O'r

o= 103,

the values of functicps o, ¢, &, P,, apd O, are taken frcn

uswal Lallistic tables in irput values ' o e2nd ¢

Fage 288,

1hue, for instance, P (¢, v« b)) is equal tc tte distance, determined




b

ey

!
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by kallistic tables for the numerical values ¢f quantities, indicated

in trackets. sisilarity ccrditicns ¢f trajectcries are strictly valid

within the limits of a linear chapce im the tergerature with

heightsaltitude. At the same time rumerical calculations show that 4
the dependences of similarity it is pcssikle¢ tc use, alsc, if feak of

the trajectory exceeds the lisits ¢f tte applicakility of linear

change ct tesperature witi leightsaltitude.

§ 5. Pormula of K. Ye. Tsiclkovskiy. Calculeticn of the powered

flight trdajectory of tte vncuided rccket.

Simplest analytical solution is ip the case of rectilinear
sovemeént of rocket, if we dc¢ pct ccrsider air resistance aad
yravitational force. In this case the equaticy cf motion will take

the forn

ms=P. (7.142)

Substituting in (7.142) values c¢f F acc B from formulas (Z.126)

and (3.24), we will oLktain

dv—rg — Qeoxdt

€ !
00 - \ﬂ chl at
]

4
Introducing pew variable :==Qo—§(hndn integrating and carrying

L
cut replacenent, we will ocltain the velccity cf rocket at the moment

> - TN L= Tty
L e e
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cf tige t
Qo
v=mw,In — ‘ 7.143
Qo-—-Vdet ( ) )
b
cr
e By, 7. 140

where 8y and m - are initial and flcwing tte masses of rocket.
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N
I b NG

~
~N
N
N
N

‘ \
1N
o, x — X, Py, | X
Xy - )
Xp J

Fig. %.9. pividing circuit cf trajectcry jntc separate calculated

sectigns.
Eage 289.

lasts/latter foramula cap te srittep in cther fcrs

v
m e - (7. 145)

my,

fesignating full rate cf ;topcll,at £lcw tcward the end of the
cperaticn cf eagime /4 thrcugh Q — fQ““ﬂ. @¢ will obtain the
fcraula, which determines the lQlilIIGIOIOCitj shich can have the
rccket without the account cf the acticp cg it c¢f the gravity fcrce

asé ajr resistance

Yoy =®, In oﬁ T 7. 146)

Jf ve present the iritial weicht cf rccket as

QO= Ql + Qn

¢ <4 S A

o~ o

e
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where Q. - passive weight ¢f rccket, .thea

Q:
Vs =, In | 1 X)) 7.147
w o (1450) (- 14
cr
- - (7.148)
Vper= —w,In| 1 o/
Bcr practical calculations it is Fcssille tc use tabulated
fogctjcn
k(h)=— In(1—=2),
[ 4
lfoe..dt
vhere )= g
Theg

vi=whk()), (7. 149)

fcrmula (7.144) was sor the first time derived by K. £.
Tsiclkcvekiy and was nased tis namé. It vitl tle success is used for

thecretical studies in tbe field of rccket €ngipneering.

8¢ vill use the first equation of systes (3.82). Besides the

sssumptions, accepted during cbtairing cf systes itself (3.82), they

S de o oy
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additjcnally consider that the gas flcu rate per second, vhich escage

tbrcugk the nozzle, is ccostant cp tise and ét is egual ¢to

Qm-%., (7. 150)

Fage 290.

the function of change of air density sitk height/altitude they

refplace by cogstant value H(yq)

After the appropriate transforsaticgs it is possible to okttain

fres the first equatiop of systes (3.83)
dv. _we _FO@ _ pgins, (7. 151)

where

Bast/latter equaticn can be inteqrated. If we accept angle 8 for

cogstant value, then

>

v=w,In— —a&lf;(_? dh— b sin 6. (7. 162)
0

Birst term of right side, vhich represc¢pts by itself the
modified fcormuwla of K. I. 3siolkovskiy, detersises the velocity cf

rocket without the acccant ¢f the effect of the air resistance and

saight. Second term copsiders the effect of the air resistance, and |

e e ot P P
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the third ~ a gravity effect.

Second term af eguatier (7.152) ccptairs oeder inteyral the
experjsental function F(v), gyiven Ly takle; for calculating the third
tera, it is necessary to seléct copstant value ¢f sin 6. There axe
ditfidulties during the scluticn alsc cf otler equations of systenm
(3.82); therefore calculatict is cceducted pith the applicationsuse
ct gpecial tables on the individual secticos ¢f trajectory several
approachs/approximations. Detailed caloulaticn frocedures are

[reseated in works {13] and [60].

In the first apprcximation, of the characteristic of movesent
they find wvithout the accourt cf thke air resistance and gravitational
fcrceqs From (7.152)

v,,=w,lnl_ll .

the displacemqnt of rocket on fpcwered tlighkt trajectory is equal

[4

~

S,=§ v, dt.

Sutsvituting in thkis fcraula v, and 4t frcm (3.79), with

ccnstant flow rate per secopd Qcex let us live

Sy= e 4y (i, (7. 159)

vhere

A

.. 1
kl (A}=5 lnl—:T dA.
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Brca the second equaticn of systes (3:£Z) wvwe vill obvain

40 Qoteg A
cos 6 Q, v’

Bqualizing v of velocity, determiased :ky fcrmula of Tsiolkovskiy,

ue will obtaip

shere Ay it corresgponds tc the torgue/sgmept ¢f the descent of rocket

fres grides. After desicnating

A
ky(= [ —2

J 1

In
P 1—2
an¢ agproxisately replacing
[]
a__ G—b

5cos0 cosfp '

we will obtain dependence fcr deterainipg tie flight path angle at

the epd of the active secticn

Qogty cos 0p

0, =0 —
Qrw,

[k ()= Ay ()] (7. 154)

t
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Buring calculations as the firgt agprcaisation, it is possible

tc aceeft

cos 0, = cos 0,

Initial value A, is lecated apprcximately through the forsula

shere the time of the mctigm of rocket aslcang guvides is equal

t._ 211

ay
dverage acceleraticn during tlte actipa of rocket along guides

and the velocity of descent froam gquicdes fipcé urder the ccpditicn
m=my=const; P=const.

thed g —o=L _gsing, M 7, =V2,, wbege [, - path of rocket
Faiat.
cp guides.

‘..ge 292.

Bet us return to eguatioa (7.1%2). in zeccmd term of right side,

let us replace

. Qcen Q- and ; m
dh= "% ff=_1_ ———
A 0, dt 0 dat j 1—+ m

E4
1
H
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@f the comdition of first agproxisaticy

1heg

After this, keeping in mind (3.79), let wg rewrite (7.152) in
this £cra:

v

Vp=1, — wi \ F(v)dv, —gtsin g, (7. 155)
‘e

fesigaating

v

Lyv)=(F (v,)dv,,
¢

let us vwrite

'u,='v,,—-::- L, (v,)—gtsin 8.

She path of prcjectile on the active se¢cticn of trajectory will
te degermined according tc the fcraula
4

Sy=5~2 SL,(v.,)dt—‘Eﬁ-sln 0 (7. 156)

Stilizing a fcrmula of Tsiolkcvekiy, ve ccpvert inteyrand in
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seccnd term of the right side

!
QL,wurdt= g”" N, m,).
0

r®e

Accepsiang w.=2000 ®/s, let us reglace y(y, w.)=N(vy) and,

cpeniag in (7.156). content cf a, let us write

S$.=S$ : Qe ne .
= ,—r,H(y,,)WN (v,)— " sin Ocp- (7.157)

dre known further apprcachsapprcxisaticans (the third and the
fourth) regarding the characteristics of en¢ cf powered flight
trajeetcry. The order cf iteraticns it retained previous - the data

cf previous approachs/apprcximation they are¢ utilized for that fcllcw.

Fage 293,

Fupcticns kM), k3 (A), ka(A) apd N(v,) osre tetulasted and glaced irn
[13). Tables L,(vz) and N(vy) are ccsprised in ccnnection with the

standard function c¢f “gesistance of air :193(%;

The correction for a ctange ip angle 6., which depends on the
air resistance, they frequectly diszegaid, detersining g, according
tc forsula (7.154) . During repeated calculaticr in right side, it is

taken cosbc, yhere

0 = 80 + 8y .

- —————— - v s o o - e e e

e o
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The coordinates of the end/lead cf pewcred flight tra jectory

sprroyinately are deterszined op the¢ forsules

X =S8,0050,; y, =S, sin 0, (7.158)

the method presented gives accertaltle for apgproximate

cosputatioas results with the relatively lcwv msxisus speeds of mcticn

amé the short operating tise cf engire.

§ /6. Beterninatiop of tke velocity at .the erd cf the povered flight

tzajeatory of the guided sissile ot class “surface -surface."

The range of flight of ballistlc missiles can be presented in
the form of the functional dependence

L= f(9,, b, X0 Yo

Snder given coaditioas of firing, the createst interest
tegresents the velocity at the end of tke active section - v, The
analysis of the trajectcries of rallistic missiles makes it possible
to develop the procedure cf the calculatico of corrections into the
velccity, cbtained on fcrswla K. E. 1siclkcvskiy, determined by air
tesistance and by gravitaticnal force. The cem€ralization cf the
resvlgs of investigaticps is facilitated by the fact that the rockets
cf the class in questian, depending on desi¢n features and the
expecked firing distance, heve the stardard, well studied
trajectories uith the sufficiently parrovw renge of the flight fpath
sngles at the end of the active secticy. Let tvs consider that the
prcgzan of the flight ccntrcl of rocket oa jitch amgle provides the
assigned flight path angle at the ¢nd cf th¢ active section. Setting
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aside for the moment a questiocn of the selecticr of cptimum prcgras
copcexning pitch angle, it is presented here cpne of the widespread
calculation procedures, afteér using system c¢f €guaticns (3.83) [2].
In fisst ters of the first equatior c¢f systes [3.83) let us replace

values of X and P, using (<.92) and (42.120). Let us designate

Pl=Po+s¢poN- (7. 159

Face 294,

After replacement and transfcrsaticns, we sill obtain

dv= T P, 1“——f~t,g sin 0dp +
mgy [

1 Spu? dp ,  SaPuy - dp -
o, Ty — ——— TN (y) — . 7.160
T omy LeeTe o oY " ( )

¥ntegrating within liaits frce vy to v apé from p, to p, let us

have

o
T
'v-v‘,:”;—‘; P, Inte v, S g sin 6dp —
@

K v2 d SoPonTe K d
\Q—(' ¢ —ﬂ——\n(y)i. (7.161)

g Ko u mo

sif¢

my
Py

in fipnal fora can be undertaken, as earli¢r, the integral only

cf ficst termy which ccrresjcnds tc the velccity, determined on
fcxsula K. B. Tsiolkovskiy. Second ters det<rmiges a decrease in the
velccity from the acticp cf gravitaticnal fcrce; the third tera
detersines a decrease in the velocity from the action of the air

resistance; the fourth ters determines the cegendence of velocity v
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cs chapge of the engine thrust vwith peightseltitude. The integrals,

eaterjng in (7.161), ia figal fcra are pot takebn. Let us introduce

fcr them the designaticns

n Ho "
n={gsinbar; L={Tc T S={a@%. 7162
. be v [
e 'S

" ]

ddditionally let uc designate

Si Sap,
A'l)l::‘t..ll; A?"=t. m—-;- ./,: A‘U,—.:'[. m:N - .I., (7 ]63)
and then

°""o'='t—°Pnl“ﬂ—A‘Ul—Av,—A'v.. (7. 164)
my [

Sken ccnducting of the approxisate computations of the powered
flighg trajectories of the cuided sissiles cf the class in question

ustally they take pgs=1 and wvg=0.

¥sing standard parakclic prcgram fcr tie last/latter equation of

systes (3.83) 3

0=A(p—pp+B(p—p,)LC, (7. 165)

it is possible to ccmprise table cf integxal Jy. Such tables are
ccegrjsed with po=1 for differept valees O6x [Z]). In (7.165) u, it
ccrzesgonds to the finite value of amgle 0 c¢ca active section; A4, B, C

- .ccnstants of concretesspecific/actusl prcegras.
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The velocity in the first apprcximabicr, is deterained as

fcllous:

.

PII : .
’01210 (;‘: ln-’»‘-~l,) . (7 164,

It is possible to shcy that

jzzf(vl‘ Q)'
shere
= . ad. -
I=1, V'w, sin 6, 10=3 y fw,=7('w,,,+w,,,). (7. 167,
Bexe wW.x amd w, - with respect effective extaust gas velocities

for a void aad for ground-Lkased stancéard ccrditicns

P P
u".=|—"':|.; ww=ﬁ .

Yalue Pgq is calculated fros (<.118)y a P, from (7.159). In both
cas¢s the thrust must Le¢ decreassed Lty sagaitude cf losses cn
ccptrols. Integral J, is detersined frcm curveysgraph, comprised op
the bdsis of the large nmumber of calculaticrs. Input values into
curvesgraph axe v, and e, czlculated ftcr sgrecific conditions fcr
(74168) and (7.167). Integral J; is determired with the aid of
curveggraph, coaprised alsc on the Lasis of the yemeralization cf

large calculated material. The entty irto cirvesgraph are the real
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crerating time of engine t and the paraseter

vy=50 T _Q (7. 168)

shere Py, will be deterained in accardamce with (2.123). Passage

fres garameter 1, deteraimped Ly curvesgragk, tc integral J; is

e

teealided on the emafirical fcraula

Jyp=m—— (7.169)

0,001 %, ¥, sinb,

The described methcd of calculaticn v froves tc be highly useful
P shep ¢cnducting of rallistic desigr, btt it regtires the subsequent

refinement of results diring the scluticn ci direct problem of

€xternal ballistics.

§7. The approximation metbcés of detersinirpg the coaplete flying

e e

rarge c¢f rockets. Method cf equivalent projectile.

1
i
h
i
i
)

€caplete flying range is egual (see Fig. 7.9)

Xo =Xy + X, + Xy.

the first (active) trajectory phase tt¢ seccnd (passive) are

calculated by one of the methods, fresenteé¢ akcvec.

2 e g

Rttt mop——————
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The trajectory phase whose beginning ccrresgonds to point K¢Y,
ard endslead - to a4 point of intersecticn with the Earth (to point ()
i. is approximately calculated by the methcd, kncwr from external
{? tallistics of Larrel systegs. Calculaticn is Lased on power-series

expansion of function y=f(x) in the vicinity cf point K!

dy,. (X — x. P dy,. (X=X 18 &y
=y +(x—x) —-+ u LI X X
y=ue+( *ax 21 dx? Y dx?

—-—

Utilizingy the obtained above relationskipsratios, are not
difficult to obtain tnose ccuprise cf the terms of the 2xpansicn of

ordinate y according tc tle degyrecs of the Lkorizontal range of the

rhase of flight iJ(#TS7/0n

Pyy _ [ 4 .
dx dx vZ. cos?8,.

ady,. 2¢,8H (4 )G (Vi)
i i dxr vl cos3 .

Then initial equation for determining the fparameter x with

section x3; is written as fcllows:

= . ol' — ———-—L——
y=yx +1g b (x —x¢ ) T cont b

e 8t (4,) (v,
LALLM D) ,
%5 con’ 0. (X —xx P (7. 170)

(X=X P —
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Equation is sclved with substituticn ymyc=0 by the method of

iterationse.
Yo =1g 18x) (xc—xx’)"}-m (xc._x..f+

+%’%§‘£§'ﬁ(xc— X P (7.171)

In the first approximation, is conpsidered cnly first member of

right side (7.171)

x.,=(xc—x.-).=ﬁji;'.,—|. (7.172)

In the second apprcachydpproximaticn we sulstitute xp=(xc—xp)

in the seccnd and third merkers cf the right side of egquation (7.171)

and find
X311= Yo — “tgl -
311 tg | o, | 203 cos28,. tg on"
_ ey gH (5) G (%) ¥ ,
303, cos?t_ €8] ° (7.173)
Fage 297.

For the third approach/apprcximaticn we sulkstitute the value Xy in
right side (7.173). Usually calculaticn in the second and third

approachsapproximations gives close results and the subsequent

approachsapproximations they prove tc Le excessive.

- o -w e ot SR TRENY J
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Tc the approximaticn methcds cf the tréjectory calculation of
the rockets, which have relatively lcw tfirirg distance, can be
attrituted the so-called method of ecuivalert artillery shell. This
method assumes finding such initial ccnditicns c¢f the casting of

artillery shell (8o and vy), with which the trajectory of artillery

shell wculd coincide with missile trajector) in value and sense of
the vector of the speed in the gcirt cf the endslead of the engine

cperation, i.e., so that at the point with coordinates x: and U

b ogidin i sadhadrio, 2a

wculd cccur equality wa=0Usx  and 0xe=06x. it it logical that the

L

equivalent artillery shell must have tlke sane value of pallistic

P

coefficient, as rocket cn iractive leg, i.€., ¢n. The calculated

PRIRHIVERL NS

trajectory of equivalent prcjectile in this case aust coincide with “

missile trajectory on iractive legj. Tc foint with coordinates x, and

Y« the missile trajectcries and prcjectile do rnot coincide. To
determine the initial ccnditions ot the tra ectcry of ejuivalent
Erojectile is possible ty numerical integraticn or one of the
analytical methods of sclving the rissiocn orjectives of tme artillery
shells, for example, by the methcd cf pseudcvelccity. In the case ot
small firing distances, the applicaticnsuse cf a method of equivalent

prcjectile is expedient tc ccmbine with the use of tables of external

tallistics.

Let be kmown the trajectory elements ir the veginning of passive

section v, O and Yx (Fig. 7.10). For determininy the initial
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copditicns of the trajectcry of the equivalent frojectile of constant

mass ve and 6 and of hcrizcntal rance frcm the conditional, it

began trajectories %s to the projecticn cf gcirt K on axis Ox (value

Xxe im Pig. 7.10) it is possible system of equations (5.7) to
integrate numerically frcs point K tc gcint 0, In this case, the

space of integration it is necessary tc take necative,

i.ea P} h'<o.

v V-
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Fig. 7.10. Construction cf the initial fhase¢ of trajectory of

equivalent projectile.

Fage 298.

Curing inteyration the speed of the equivalent frojectile
ﬂ.ﬂ‘/ .».+'.

will grow/rise from Uy to Uw will grcw/rise also the flight path

angle 6. The ordinates of calculaticn poirte in the trajectory will

decrease from value y«=y«» sSince in the cese 'n %Pasﬁcn 4

Yu+y»=Y; o+( — Ay, o)'

e e e —"— g
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The teraminationm of inteyraticr, and reepectively, and values

Uos. Qg AaRd x.. are determined Ly ccndition y.=0

The initial conditions, which ccrrespcrd tc equivalent
grcjectile, can be used fcr the apprcxisate ccamputations of
trajectories accordinj to tte tallastic ccllecticn, comprised for the
frcjectiles of constant mass, 1t is pcssible, fcr example, to
ccnstruct the family of tracectories with differeat angles of
departure. During calculaticns they sust resain constant/invariable
ve aRd ¢ One and the same unguided rccket depending on initial
angle of departure has difterent trajectories. To the passive rhases
of eact trajectcry, obviously, will ccrrespcnd their values U, 8o
and Ax,, but their determination in the cosjlete range of a change in
the basic parameter is very laborious and tte application/use of a
sethod of ejuivalent projectile will lcse sense. Therefore the
trajectory, from passive secticn of which is detecrmined uve and Om
shculd take the appropriate approximately helf cf the range of the
change in the basic parameter, for example, to the half of distance

frcm xcmm tO0 X max-

For the approximate investigaticns the traiectory of the center
cf mass of lcny range kallistic missile cap be also replaced by the
trajectcry of the equivalent projectile ot constant mass. The passive

{elliptical) trajectory fphase is determpinec Ly farameters p,l and q.,,

_ — &

CHC PPN

e ——
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calculated according to the trajectcry elements, known for the

teginning of fassive secticr (pcint "N" in Fig. 7.95).

Lesiynating, as earlier, initial ccnditicgs at the release point

cf the equivalent projectile through ve arc 8 and replacing r on

R3, fxrcm (7.11) we will cktain
FyUy CO8 B,

Ty COS Bpy = (7.174)

3

From (7.15) it is possikle to cttain

p___r _ "
1—e2 2—x 2—nx,

(7.175)

2
In lastslatter equality usf;}(—'

2

. raV . . . .
trajectcry,  x,= ;; - for the beginning of passive section.

- fcr current point in the

The speed in any pcint in the trajectcry is equal to
V= l/K_: . (7. 176)

Eage 299,

vtilizing (7. 175) and {7.176), it is fcssikle to obtain

r ry

The initial velocity of equivalent prcsectile on the surface
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2K Ry
Vo= Vﬂ:*' _R?(l— T‘-). (7.178)

Froe (7.174) the angle of departure of equivalent projectile is

€qual to

ryv, cos 0,

0, = arccos o

(7. 179)

After accepting in (7.14) on Fig. 7.5 $=0, we will obtain

re— b (7. 180

= l—ecosgg’

Frcm (7.180) it is possible tc find arcle ¢s and range angle

frcm circle with radius of ru=ruw, ¢f passing through the pcint "N":

l_—

293==2arccos———;51-. (7. 181)

Prom the equatious, which describe Keplerian motion of rockets,

it is fossible to obtain cne additicnal forasula for deteraininy angle

s [2]

- 1 _ein28, 7.182)
93—.rctg 2 v.-—cos’ﬂ. ’ (
shere
Y { X34
V'——‘_"fv'é “'

and g+«x - acceleration frcm attracting force (gravity) at the point

“N*, By analogy with (7.181) aand (7.18Z) fci an ejuivalent projectile

range angle can be found trcm the fcrmulas

] =
2y, gm2arccos _TL . (7.183)

——— - -
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cr
- 1 __sing, 7.184)
2, s=2arctg o S, (
. £0Ry . ] . :
shere vo = ) and g, - acceleraticn from ettracting force on the
0»

surface of the Earth.

Fage 3C0.

Linear distance over the surface of tte spterical model of the

FEarth is equal to
Lp,=2Rp, s. (7.185)

Initial velocity ve can be used for tte afpproximate

ccnpstruction of the family ¢f ellifptical trsjectories with different D
angles cf departure 645. In this case, cne sikculé rememper that *he
distances, determined c¢rn tormulas (7.1€84) ard (7.185), will differ

scpewhat from the real. The value ¢t error ceperds on the coordinates

of the beginninyg of the ipnactive leg and mcticn characteristics -

ve and 6x at this point.




