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tIP !PPICT OP SUPR~ SO~IC PLC~ PAST DIBIDRAl 3*GIE

I. P. Vorob’yev

lxaained her. ii lireai formulation is a supersonic flow of gas

.beut a dihedral angle fcrud by is~teLsectiDg wings. In the case

where the leading edges are entirely superacuic, the flows in the

interior angle 7 and ext.zicr angle 2. — p can be studied

iqdivldually. For this case we solue a model ptcblem on the flow

i~sid. a dihedral angle at any value cf y (1). Vcr wings consisting

of angles p v/n (n 1, 2, 3, ... ), where tb. value of the

~ct.ntial inside the angle is written in •x1licit torn, the solution

to the problem of the tip eft.ct reduces tc soliing the Abel equation

(2]. ~n the cas, of a flow cast a dihedral angle, where cue of the

angl.* — either exterior cr intericr — swat 1€ greater tha n ., we

lust find the solution in this angle with diffraction on the angle

considered. In the present study we ti;d thi sciutioD for a flow in

dihedral angle p a [a/n].. ci the taais of ach ing this ioi.l prob lem

we solve the problen of the effect of tips ci a dihedral, angle ii the

~~~~~~ 
- — -- ~~~~~~~~~~~ 
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~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ 
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case abets the dihedral angle is p = i/n. Ike problem is reduced to

solviag generalized Abe l equations.

YLCE ZISIDE DIHEDRAL AIGLI ) (a/n].

~he flow of a superscnic stream past sligktly curved

i~tersicting wings is studied in linear f’oriulation. The conditions

c~ the wing surfaces are transferred to planes which are parallel to

the oacc.iag flow. The dihedral angle is Icined by the intersection

CL these planes. As ou~ coordinate syst a ~e u~e a left—hand

rectangular systei. Axis or takes the directict ci the vel ocity of

the cacoming flow. Plane ~cz ccincides with plane ~~~~~, to which the

b.endary conditiops of cne ci the wings hale been transferred. Pla ne

~~~~ , to which the boandaiy ccnditions of tb s€ccnd wing have been

tsanaferred, constitutes with çlane 102 the angle  g. Here the edge of

the dihedral angle coincides with axis cx (Pig. 1). The potential of

the d~aturbances satisfies the wave equaticr, which, by

transfornation of the ccordiaatez, can be reduced to a fori wh ich is

independent of the number E:

(1)

lb. solution to equat icn (1) ii the Yclterra form gives us the

expression for the velocity potential ii ten s ci the value of

_ _  . — —- .--- ~~_—~~~
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ccac~~al derivatives and the pcteatial c~ t&e wing surface. In linear

formulation on the wing surface the ccncrail derivatives coincide

• with the ;or.al apd represent kncwp functicis. In the case of

dihedral angles p v/n. terms contain i~g unkpcwn values of the

velocity potential on the wing surface must be excluded from the

Polterra formula. The velccitp pct..tial in this case is selected in

guadratures through the norsal co.pcnents cv the sides of the angle

(1, 2].

Dihed ral angle 7 ~ (mjn) .  ca be broken down into (.tC n dihedral

angles, each of which equals .,~~ ubere k is a certain whole

num ber k $ n. The method is illustr ate d b.y the case where 1 = 2, p =

Ta ‘ Pa In examining the tip effect later, the case = 3 will be

used. Who; t-~ 2 in the case of ~ ., where p = v + v/k, we can

assun. k — 3 without limiting generality. the case k = 2 leads to a

particular form of the gener alize d Ab e l equa t i~c~i and simplifies
so lutj cn to the pr oblei. As angle )e we select angle ~~~~~ where the

ba li—plan. ~~ represents a ccntinu at ioq of 1a11—pl ane ~~~~ . The side of

half—plane 
~~~~~ 

whic h is turned t owa rd th e ed çe ci 
~~~~ , 

is designa ted as

£$ f .  the side of half—pla ns E~, which is turned toward the edge of ‘
~2.

is designated as E~_ .

to reduc e the problem ci the flow past a dihedral ang le p

(s/n ]. to the problem of a flow past dihedral angle p — v/k . which

-

~ 
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has its solution in g.ad rs tures, we must f in d  the value of the norma l

derivative 0~ in plane lh. to find the value of 8~ , we write the

expression for the velocity potential at poInt 10, which lies cm one

side of plan. E,, in terms of the values of th e  normal derivatives on

planes E1 and Zs÷ . As values of normal  derivatives on planes Z, and

we write the expressicp for the veiccity potential at this point

• 

- 
0* thi other side Cf plane Es.

O1~ ds 1 da I

~~~~~~ jT 
~ — 

~
1— ..4 ‘~s~ V (.x — E~ — 4

= . 
I ç ç ç ~~~ 

dS 
+ 2 ~ f +

~ 1 ~L~’ jI (x -- 
~
)‘ rL~ 

‘
~~~~ 

j / ’ (x 
~
- — 4

_ _ _ _ _  + : : ~~ l,
~. V’ (r~~e) I~~4 s j 1(x —~~ -..- 4~ 1 (2)

v hqre S,,, ‘
~~, 

are th. areas cm plane ~ (1=- I , 2, 3) cut off by the

char~~ teriat1c cone, vbcse ti p is at p.lat M , (the area as plane ~ ,

is designated as S1 where t te value ci the ncrmal derivative a~• is

hiow n and as a, white th e  value of the morsel  ~, is enkiown).

Cuanti ty r,1 represents the distances from poist M, to the poi nts of

integration locate d on plane X 1 when i • ~; l~ — the point

sysmatsica l to point 8. relati ,. to plane E2; I~ — the point

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_

~~~~~~~~~~~~~
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simn.tn ical to point 8~ in relaticm to plane ~h•

Prom equation (2) , ccnsid ring t h fact th at on plane ~s the

velocity potential and ncraal derivatives a xe ccntinuo us functions

— p.— , I,~ — - --0,.. we g.t am integra l equatica fcr deter mining normal

eniwetive os— .s+.
ç
~ ~~da Ids

• •L~ ~1 (x — — 4~ 
(x —- 

~
)I —4

+ 
I (‘ (‘ -. 

. ds  
- • 

_______ 
-

~~ ~)ç ) j / (~~~_~~~~~_ ,2 •JS J Y~~— t -
~~~~~~~~ (3)

i i~r5 --—-— --—-- - -  —- —- — 0.
2 J J  iT

3. v ~x — -~ )l — rj4

lb. firs t  ter, of equatici (3) rep ne nents integral abe l operator

A$I~); th. second term — integral cperator !(6~) of the Yolterra type

with integrable feature r ’ ; the last three terms — integral operator

P(a,, •~) from known fun c t icas  a~. •,. Igua t i cm (3) is writte n ii the

f ern p1

A (O,) + B( 0.) + F( a i ,  a~)— 0. (4)

Equation (8) is a generalized Abe l equatio n an d can be sol ved by the

me thod of successive appn cxi saticma of [3].

III UPICT
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The tip effect is examined for the case where the interior

dihedral angle is p ./n fti — 1, 2, 3 
~
..) . then, exterior angle 2. —

p (2n — 1/n]. represents the angle 2, — Li/nj., in which the

description of the flow is reduced tc sciving generalized Abel

equatlca (4). Without limiting generality we examine the case where

interior angle p ./3. lb. case n = 2 leads tc a particular form of

the integral equation and simplifies scluticn to the problem. When n

m 3 the exterior angle can be represented in the form of 2. — p . +

+ ./3, This breakdown is show n in Jig. , bbich represents a

sect ion of the dihedral ang le with pla ne ~ a. Peripher y r ~section

cf coce of dist urbances wi th  ti p at point çf intersection of the

leadin g edge of the wings E~ and 12) ii the region where the mutual

effect of both wings is realized. ‘
~~~

let the effect of the flows

between the interior and exterior dihedral angles occur through the

tip ot the wing which lies in plane Z1. In the part of plan. 1~, which

lies cutaid. of the wing itself (.
~

) t~e value Cf horizontal

derivative O~ is an unknown quantity. The pzcble. of the flow past

the dibedral angle will be solve d if th e  va lues  of 0, on planes

~~~~~, ~~~~~ 
�~ i~oi) are found, then the potential a t  any  point inside the

zeqica of disturbances of th e  dihedral angle can be represemte d in

qsadratures through ncnial derivatives in pl anes  1..E,. E,, 14. To f ind

quantit ies O~ , we writs the expressicns f o r  the velocity potsntial at

the same point on the pcsitive and negative sides of planes 1.. Es. 0~.

Pox the point whic h lies ii plane .,, th e val ue of the potential i.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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.ritt.m in angle X,0E (cs+) amd in ang le XiOE.(q,~_); for the point

lying in plane 14, — in angle Za014(q4~) and in .s gle Z,OZ~(q.4; for the

point in plans Is — in angle X,O1s(q+) and in angle £4015(ç3_) . From the

condition of continuity of th. velocity potential and normal

derivatives in planes II, 14, 1, we get the integral equations for

deter~mining quantities 0,.

lbs value of 0, depends or the poaiticm of the point in the

leading cone of disturbances (Pig. 3). to ~eternine the value of e~.
1i zone .~~~, vherre the seccnd edge has nc influence, we solve the

ptcblei of the tip effect of an isclat d wing. Were we get the

iqtegral Abel equation

A (0,,)+F(a1~, ai~ )=O. (5)

to determine the value cf 
~~41 in zcne •,~~, 

bbere the win g tip of I~,

has no influence, we solve the diffrac tion prob lem on angle 2. — p in

the case where angle ( n/n ]. is broken down liitc three angles

~ (1—3). Here we get a system of gemenalixed -liii equations

A (041) +B 1 ( 041) +C1 (O~1) + F 1 (a 1_) 0, (6)
A (051) +B,(031) +C,(Q.i) +F, ( a, —) —0. 

:1

Quantity •~~ is the value of I, in pla ne I~, where the win g tip of Xi;

has no effect; operators E,, E~, C1, C5 are integral operators of the

_ 
_ _ _ _ _ _ _ _ _  - -~~~~~~~ -~~~~~~~~~~~~
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Volterra type with int€grahle feature r-1.

Ic determine the value of e~ in zcne .~~~, where we have the tip

effect of wing Ii and diffraction cn angle 2w — p without the wing

tip effect, we again get an Abel integral equation

~ i+, a2~, Os,, 041) 0. (7)

The value of 0,~ is determined through the known values of ~~ 
and e~

mmd tbe values of 0 ,~ and e ,~, found cn the preiceding zones.

To determine the value cf 0,~ ir tcne •,~~, where diffraction on

the angle 2. — p depends cu the tlcw isp the interior angle p over the

edge of t~e win 1~, wbicb lies in zcre ~~~~ ~e get the syste. of

generalized Abel eguaticns

A (042) +B 1 ( 0~ ) +C 1 (032) +F 1 ~u - -  , Oiø, 0m 04J ) ~ O, (8)
A(0 32)  +B2(0a~)+ C,(042) +F 2 i~a 2 _ ,  ~~ 041) 0,

where 9,~ is the value Cf 03 in the part of plane 1~, which

corresponds to zone ~~~ Cf plane 14. The values of 0,~ and e,~ are
deter-mined from system 48) through the values cf 0k,, 0~~ •

determined on the preceding zo nes. Henceforth the values of the

normal derivatives in subsequent zcnes thrcsgh the values in the

preceding are det .rmined in plane .
~ 

frcn the Ltd equation and in

_________________ 

- -
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planes 14. 13 from a spate. cf generalize d Ab el equations.

We are familiar with the generalizaticn of the Abel equation

(8]. The system of generalized Abel equaticns can be solved by the

method of successive apprcximaticns iii (3]~

lots. In writing expression 

~-L in fcniula (3) of (1] an error
wa s made. It should be

— ~ — h ~~~~~~ \ô N a ,, V 1+ a 3  \ -O)P / y - E s

Expressions ±Lj in f on i u l a  (3) are  w r i t t en  i~ tc formulas (19) and

(20) . which should not be dcne , since the values themselves areo w 3
’assigned values (f ornula 2). ft n igh t  çet tk e  impression that

equations (19) and (20) represent integn o—dif fer en t ia l  equations with

un k n cwn s  ~~~~~~~~ whi le  in fact the  unbucmns are only • and 
~~~~ 

It

shculd also be considered that d,I. — d € d C ,  dsIV —}fi+k’d€d ~.

Noreover, on page 8, in the f irst  lispe after formula (18), ~

sbculd be read in place Cf ;.

Iqstitute of Theoretical and Applied Mccha;ics Siberian Branch AS

USSR , lovosihirsk

E.cIi.ed 13 October 1969
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Pig. 3.
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U . S. BOARD ON GEOGRAPHIC NAMES TRANSLITERATION SYSTEM

Block Italic Transliteration Block Italic Transliteration

A a A a A , a P p p p H , r
6 6  5 6  B, b C c C c  S, s

B B  B • V , v T T  T m  T , t

r r r s G , g  Y y  y 
~
, U , u

8 D , d 0 
~ 

F, f

E e  E ~ Ye , y e ; E , e* X x X x  Kh , kh
,W ~c ZN , zh Lj ~ Li ij Ts , ts
3 ,  Z, z H~~i Li Ch , ch

ki ki j q u  1, 1 W w  LU ~, Sh , sh

I? ü 1, y IL( iq Shch , shch
N H  X x  K , k 7, ~

Ji f l  A L , 1 M ei Y , y
M u  N, m B b

H H H u N, n ~ ~ E, e

D o  O o  O , o Yu ,y u
f l n  17 n P , p  A R  R i  Ya , y a

*ye initially , after vowels , and after i~, ~; e elsewhere .
When written as ë in Russian , transliterate as ye or ë .

RUSSIAN AND ~Z~GLISH TRIGONOMETRIC fUNCTIONS

Russian English Russian English Russian English

sin sin sh sinh arc sh sinh~~
cos cos ch cash arc ch cosh 1tg tan th tanh arc th tanh 1
ctg cot cth coth arc cth - oath 1 4
sec sec sch sech arc sch sech
cosec csc csch csch arc csch csch

Russian English

rot curl
lg log
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