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Dipole-q?hange Spin Waves in a Cylindrical
Ferromarmet

Lai Wu-yan Wang Ding=sheng Pu Fu-cho
(Institute of Physies, Academia Sinica)

-

Abstract

f Takin~ both dipole and exchange interaction into account,we have
deduced the secular eqﬁation for the dipole-exchange spin waves in an
axially marnetized cylindrical ferromacnet. !Numerieal results of freguency
spectra are also oiven, When the wave vector the spin wave is small,dipole
enerry is the most important term and our results enincide with that of
marnetostatic modes, When the wave vector becomes larre, exchance energy

plays a creat role, and our results approach those of the theory of

marcrogscopic exchange waves.

1, Introduction
This article is intended to discuss the behavior of spin waves in 5
! an axially masnetized cylindrical ferromarmet when the dipole and exchange
enerry is of approximate macnitude. We call this kind of waves as '
b dipole=exchange spin waves, For instance, in yttrium iron garbet (YIG),

&
when wave vector B::tlﬂ)cm_l, these two sets of energy are almost the same, ) -1

r In a region where B< lOAcm"l, diploe enercy is the major one; it ;

18 the so-ealled marnetostatic mode resion, Joseph and Schlomann have
defined the marmetostatic mode in cylinmrical ferromasnet., In a resion

( where fb’ 106cm‘1, exchanse energy is the major one; this is the so-called

exchange mode resion, Herring and Kittel have found the spin‘wave




frequency spectra by using semi-classical metliod in their study of the
theory of macroscopic spin waves. It can be possible to discuss frequency
spectra within the rangze of a whole wave length only if both dipole and
exchance interaction is taken into account at the sane time, The solution
of énercy spectrum of dipole-exchanze spin waves of plesne film ferromarnet

con be found only in de Wames and Wolfram's works,

Throurh discussion of dipole-exchanpge spin weves in a eyclindrical
ferromarmet in this article, we can find frequency svectra of whole spin
wave, When spin wave vector B is smaller, it is corres-ondent to
masnetostatic mode. When f is larcer, it approaches the result of exchange
mode theory of macroscopic spin wavege In the middle re~ion, spin wave
is = a mixture of magnetostatic mode and exchanre mode, 2nd at the same time
it has body wave and gurface wave. State density has noticeable changes,

it cannot simply add marmetostatic enerry and exchange enercy up to

substitute for whole frequency spectra.

2. Basic Vethods
Here is a dipole-exchance spin wave model in an axially marnetized
e7linder. When the wave length of spin waves is much lonser than atonmic
separation, the spin waves can be described by motion equation of macroscopic
marnetic noment, And the motion of macroscopic magnetic moment can satisfy

marmetostatic equation (omit dissemination effect) i
: |

roth = 0, ; (2.1)
Eui pdivh + divm = o, 2.2)
‘and “motion equation of marmetic moment :
L M=—MxH, (2.3)
2
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In it, effective field H—H.+h+-:;DV’M is the sum of constant

mernetic field o (alono eylindrical axis z), microseopic marmetic filed h
. l .

and equavalent exchance field ;DV'M (D is the parameter of exchance

action, for example, in YIG, D = 2,6 x lO"lQ-cm?’).

The relation between marsnetic moment and time is ™", taking time

factor off, equation (2,3) is then written in component form as

w(1 — cA)m, — jom, = pgo,he, . (24)
jom, + w1 — GA)"'y = pe0ahys (2.5)
in it @, = yH, ‘.n-‘fMD/l"', a = Do./w,, :

Adding sealar quantity magnetic potential 4!,  and making
h= —V¢$, then from equations (2,1)-(2,3), under linear approximation, a
sextic differential equation of the internal marmetic potential Y in of the

sample can be produced

[ +ow—0 5%] ¢ =0, (2.6
in it @ is a differential operator, g == gz}(1 — af?’), and constant
Q= 0/w,, Oy== d./u.. .
On the outside of the sample, marmetic potential ¢t satisfies
equation

TP = 0, ' (2.7)

For a axially masnetized cylinder, the solution of equation (2.6)

should be of the following form:

P ;:. dpe’”*®,(o, @). (2.8?




T e

Substitutine equation (2,2) for equation (2.6), we have ®e, ®), by

which the equation can be satisfied is

(B, + XA, + BXA, + k)O,(p, @) =0, 2.9)
in it A:—%—aa?(p-aa—p) +%,%‘, kK, K, B are three roots of a cubic

algebra equation of k

G+ py+ 20 ot py 4 Lo DB b Qamollle 4y gy — £a g

: (2.10)

It is easy to see that fhe solution of equation (2,9) is the sum

of solutions of three 'elmholtz eauation s (A, + D@ =0, (i=1,2,3) . And
thereupon the ceneral solution of equation (2,6) is
p : = )
= T a8 Chskeree p<a, (211)
[ ] ! im) .

Yoy
in it a is radius of the cvlinder and J«(ki) ign Bt (n =0, x1, £2-..) Bessel
y» A, P

function, The items indicated by Neumann function Nn(-lta'.-p) ‘ﬁn general

solution, because of the limited boundary condition ¢"(é— 0), are exluded.

For the outside of the sample, the general solution of equation
(2.7) is

o= = 3 [7_aeDx Cppreren, (212)

in it K.(Bp) 1is transformed Bessel function of the second kind, 1.(8p)
indicated by transformed Bessel function of first kind in general solution,

because boundary condition ¢*(p—>®) =0  are excluded.

3. Boundary Condition
The corresponding boundary conditions atp==a of marnetostatic

equations (2.1) and (2.2) are tangential component succession of h and

4
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normal component succession of , ok + m, namely

3 pme = P e @G3.1) -
b + m,) | s = pgh* | ., (32)
For marmetostatic mode, e==0, equations (2.4) and (2.5) are transformed
into alrebra equationg, and only equations (2,1) and (2.2) remain to be
differential equations, and there are only two coefficiénts. in their
corresponding solutions., The marmetostatic secular model can be determined

by these two boundary conditions,

For dipole-exchanse mode, there must be boundary conditions
correspond nz to differential equations (2.4) and (2.5). There is a frequently
used boundary condition which assumes that the boundary marmetic moment is
same as the internal marmetic moment, and can satisfy same motion equation.

This means that the surface masnetic moment is completely "free', Thus

»
\

from equations (2.4) and (2.5) and by using generalized function method,
if Dboundary plane is proved to be a cylindrical plane, the "free" boundary

condition is

( )MI,.. -0, (3.3)
Another frequently used bhoundary condition makes . m(p = “)- 0, This means
that,because of some reason, it makes marnetic moment of *he boundary

plane completely"nailiﬁz*upon"z direction, It may  use a certain combination
(partial

Jnailing up) of the two conditions. In Document (3), in the discussion of
dipole~-exchange spin waves of plane film, the surface is considered as a
ervstal plane., Then throurh the process of microscopic motion equation

approaching to succession, a corresponding boundary condition is obtained.
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The merit of such a solution is that when it is short wave, it is possible
to approach an exchance mode that is acquired throuch the solution of a
microscopic motion equation, But it is difficult to extend this method
to cylindrical surface, The operation that follows is to use "free"
boundary condition, and the impact of boundary conditions will be discussed

in Section 5.

4Le Secular Equation
The solution ¥ of equations (2,11) and (2.12) can satisfy equation
(2.6). From A= —V¢, it is possible to secure a corresponding h, To
scek.m from h, it should be under boundary ecuation (3.3) to try to solve
differential equations (2.4) and (2.5). Using Green function method, it

can have

ﬂ' im
1 -1 —,J!_, [JatiCkin) — B}J.+(E0)]
x ( ) il . )
—-i =i E:J—L? [ emiChip) = Bi Jums(70)]

g=lo.-n-s, r=—lco.+nD-#,

B} = kiat, s (kia) + JosiChia) _p- o kit (kja) + Jﬂ(im).
O T taSon(Ee) + Jun(Ea) T ' malemi(26) + Jumi(na)

Tn order to make solution of equation (4.1) satisfy equation (2.2), it

ean prove that coefficient C» should be made satisfy

>> C"'E_LE-’ B} =0, (4.2)
‘=) s v
' c"'i_h—q‘ Bj =0, (43
i= i s
6
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% J.
x(‘ “N k-p i
e _,-)M.:L(_'ml' (4.4)
K=

By substituting equations (2,11),(2.12) and (4.4) for boundery condition
equation (3.1) and (3.2), the coefficient of ¢ acquired should satisfy

the other two conditions which are

> ¢l (ki) = Dk, (o), “ 5)
&=y ;
}“_,c.(uf.(m) e tuo f—-ﬂﬂtg—} f{-‘ﬂf]) D.y  84K(86).(46)

The hon-zero solution condition of the linear equations e S R

(4e5) and (4.6) of coefficient of ’J is the secular equation that determines

dipole-exchange mode.

From equations (4e2) and (4.3) it can have

el §3 12 £! SR T S e TN
E(2, 3) J.(/h.)

o ECL2Y . LR | o 4.7
LD Ly ™

-B

Substituting the above equation for (4.5) and (4.6), it can have linear

equation of Cus ‘% Du , The non~-zero solution condition is

LO1)E(2,3) + L)EG) + LYE(12) _ feKiB8)  * (48)
E(1,2) + E(2,3) + E(3,1) K.(Ba) M
7
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in it N, kiat.Chia) _4 : AP
' L(f) . ""‘_J,(bd) v"xh . : |
BimERiil. o
-__; k'd.".-(k,-l ! 3_"1 x’
1)—*———2‘,'(km) + [Ckia) 1%

e T RGN
ey Ju(kia) Lhex = 210 :

'#i""'ﬂ'/ﬂ’ A 'A
x'. == .Q.Q,,,(l L [l,)/[l + (f(k’ + ﬂ,)] « u- 1,2’30 ;

and

Inder the given -2, a, ﬂ*fﬁ"ﬂ', 0 which cen satisfy equation (4.8) is

F,== nui

“he secular frequency of dipole-exchange mode,

5. Results and Discussions.”

The three roots of equation (2,10) correé};Jond.inrr to potential equation
(2.11) and marmetic moment distribution equation (4.4) have three oscillations,
and the secular equation of dipole-exchance mode is the accurmila*ion of
these three oscillations., VWhen a< o1 +aﬂ‘) .f',”“; L, kB &k are all
negative ., But within this range, 'to secular eouation (4.8) there is no
solution, thon 2222'(1 +°ﬂ')-:";’?’-‘a KB=o, k.g, kB <0, and this indieates that
of the three oscillations which are included in the secular equation, one
is body mode and the other two are surface mode,

Under the limit of long wave, when .g« 1/ﬁ s and to the range of
L0211 -.l-.aﬁ‘)<.0<.0;f(l +0.)" - M~ (0 —02)/(02 + 02— 2) | This moans
téat k; and the magnetostatic body mode are the same. To the rance of
2>Q2(1 + 0,)7, B~ (@ — 0)/(2 + 02! — Q) | This indicntes that ko

approaches magnetostatic surface mode,
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kj represents one surface mode, and it will quickly deeay following

the increase of its distance from the surface. Because k§<k§(.0—0)-

--r(ﬁ_‘_+hl/¢ + Q7'/a). |, it concentrates only in the surface layer, of which the
thickness is about ¥ @ level of quantity., Among the marmetostatic modes,
there is no one which can be same as this one. J & has a lenrth net, which

marks the characteristic langth of exchange action, To YIG, wvhen @, ==2,

Va = Jg_u = 2.3 X 107‘em,

Ficure 1 is the relationship of &i, &l ﬁﬁ“-g;.,vrhich are secured from
the solution of equation (2,10), when Q, =2, g=0.1(1/s/a) ., Firure 2 is a
contrast hetween i(-—yx)""' §L (j—ﬂ?)"' and (=—p)™t = (@' — Q;)/(27 + 93! — 2) of
marmetostatic mode (the symbols used in Tirure 1 and Fioure 2 ares Kfﬁxf/ﬁ/').

They clearly represent the results of the “orecoins discussions,

x’h K’z’ K!J

K’x{ﬁ',x’:/f’
3F marneto-
| stati /

mode =
K4/

!
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Firure 1 The three oscillations
of dipole-exchance
mode

Qam2, fem0.I(1/VT)

Firure 2

Comparison of
dipole-exhance mode
and marmetostatic
mode

Qa=2, fu0.1(1/V @)
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Under "iven}('md n, the solution of secular equation (4.2) rives a series

of eivenvalue, Qees r =1, 2, 3... is

o

the order number of eipenvalue, and

different r represents different zero number which occurs when potential

function ¢ at the re~ion where o =[0,a].

marmetostatic surface
mode

10f

0.9

0.8

0.7

ma"nctg’ .
g . 'y
stat¥e™ \
06F body mode

0.5 L
0

Firure 3 Dipole-exchanze mode
frequency spectra
(s0lid line)
Qg=2, 1-501/_;, sl

Foure 3 is the elgenvalus
£, (r=1,2,---7), of dipole-exchanre
mode obtained from the solution of
equation (4.%) when 9, =2,

g = 50‘\/:, ne=1] . At the same time,

it gives spin wave (exchange mode)

frequency spectra of macroscopic

spin theory. TFor the situation of

wave vector paralleling with magnetic
(.eméa//e-)

direction @, (Z#ft) = 0. (1 + af®),

for comparison, it ~ives three

curves (r = 1,2,3) in marnetostatic

modes of cylindrical ferromarmet,

At short wave, when #»n(l/«/?)

and 8% r(1/4/ @), the theoretical

results of dipole-éxchance mode and

maecroscopic spin wave exchance mode are the same,

A

At long wave, when /I is small and if the eylindrecal radius is very

large, the contribution of exchange energy to n and r is very small, and the

10
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enersy spectra and marnetostatic modes are the same, When the cylindrical
radius is not very large (as s=50v/ @ in Pi~re 3), the impact of exchanre

energy can already be seen, And t'e dipole-exchan~e modes are probably already

in shape of
& Qo= Q,, (marmetostatic) + exchange correction (5.1)
In a re ion where /a8 <« 1/3/: » k: aeamired from the solution of
equation (2,10) includes || >g;» 1/e, So oscilla‘ion k, can only have
gsome action on the surface of the sample, and its contribution to exchange

enercy is not great. The exchance correction in equation (5.1) comes

mainly from ki, so exchance correction = aQzZ'Al.

Rourhly speakinc, the distribution of eirenvalue probably is k,alv(, +.’L) =,
2
so,only if e»+/ e =nd under the situation that n and r are not vrey larce,

the correction is but a small one, This is just the situation indicated in

Fj--?"-re 3.

The conventional methods =2re simply to take spin wave spectra as an
eccumulation of magretostatic ener~y spectra and exchanze enercy spectra,
and rive an analorue result to equation (5.1). From strict comput~‘ion,
it is known that it can be established only when /ﬁ’ is lar-er (short wave)
or when ﬁ' is smaller (lone wave). Then there is no creat dirference from
the rigid theories. But this cannot be applied to the medium range,

8 ~ 10*—10‘/em, namely dipole-exchange mode rance.

When B <K 1/a, the difference between dipole-exchaneg mode and

marnetostatic mode is very clear., In magnetostatic mode, when g-—»0, all

i el MR e 5500
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frequency spectra of n and r will be
Qppr (HEHE) oo = 02'(1 + 2.0,

After considerin- exchange action, there will be no more combination of
different n and r, If the cylindrical radius is very large, to the small
n =nd r, this split is not noticeakle, But to radius a,which is not large,
as a-Sd\/:: in Firure 3, this phenomenon cannot be ovcrlboked. Besides,
in the ranve of <« 1/a, when .Q;\ is large and |k}l has been reduced to
below l/az, so the exchdnﬁe enercy of surface mode ky becomes important,
After considerinc exchanse action, secular function is always a mixture of
body mode and surface mode and this kind of mixture will become especially

of
remarkable when intersecting A body mode and surface mode takes places In
g-p » surface mode is no longer a single curve, and it has been cut into
several sections which connect the body mode (Fiqure 3). Taking dipole-
exchance mode r = 5 as example, in seetion A, body mode (kl) is the major
part mixed with éurfﬂce mode; in section B, surface mode (kg) is the major
part mixed with body mode; in section C, body mode is the major part, and
followins the increase of;jh the surface mode is continuously reduced; in

section D, when it approached short wave, exchange energy, after surpassing

marnetostatic energy, rradually becomes into exchange body mode.
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