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Dipole—~~hange Spin Waves in a Cylindrical
Ferromar’net

Lai Wu—yan Wane w—shenr~ Pu Fu-cho
(Inst:i tute of Physics, Academia Sinica)

Abstract

Takin~’ both dipole and exchan~e interaction into account ,we have

~-1ediiced the secular equation for the dipole—exchange spi.n waves in an

axially.’ mar—netized cylindrical ferrorna~met . T lumerical resul~ s o ” ~reqUenc’T

3 cC~~ ’r-i a”e also ~~ven. Wh en t~ e W-~~c? vector t~’e spin w-~~ is small ,dinole

e~ cr is *e ::ost important term and our res’il~ s ~ -~incide ~:ith that of

m~iv rietostat ic modes. When ~;he w~ve vector hecoaes lar ~e, exchan ’e ener~y

plays a ‘~reat role, and our rosults approach those of the t e ~ ry of

marcroscopic oxc ’ri iw~e waves.

1. Introduction

This article is intended to discuss the behavior of spin wives ~ -~~‘

on oxia ly mac~netized cylindrical ferromarnet when the dipole and exchange

ener~y is of approximate marmitude. We call t~ Is :ind of waves as

dipole—exchange spin waves. Fbr instance, in yttrium iron garhet (YIG) , 4
when wave vector B~~~ lO~ cm 1, those t~~ sets of ener~~r are al~~~t t~ o s~~ o.

In a re~’ion where p~ l04cm~~ , dip loe enor~~r is t~ e major one; it

is the so—called mar’netostatic mode rerion. Joseph and Schlomann have

definod t ’ !e nvignetostatic mode in cy1inz~rical ferromagnet. In a re~’ion

where 7 lO6cnrl, exchan~e ener~y is the major One; 4
~~is is the so—called

exchanr~e mode re~ ien . Herring and Icittel have found the spin wave

1 1
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rrequency s c ~.ra by usinr~ semi—classical met od in their stu,~~r of ;‘ e

theory of macroscopic sp:Ln waves. It can he possible to discuss frequency

~~ etra w~t~in t :e  ran -~e of a whole wa--e lenr th only if both dipole and

o::ch-~!u~e interaction is taken into account at ~~~~ sane time. The Jutio:

o~ onerry spectrum of dipole—exch an~e spin wa’ of plane ~iLm ~‘erro~a~n n ;

c--n be fo’~nd onl’~ in de Wames an~ Wolfram ’s ~rorks.

Throu -~i discussion of dipole—exch nage spin wa ’es in a cyclindrical

~n:a’oma -nrt ; in this art~ cle, we can r ind frequency saectra o~ whole 3ain
~8

w-~~e. When spin wa”e vector s is smaller , it. is corres ondent to

~a~n etoa t a~;ic mode . When~~ is iar~’or , it ~T proac~ r~-. h~ e rosu~ t a1’ e : t c h a c o

mode t -  ory 0 r nacroscnric 3pm waves. In th e  middle re~ ion , sp in wave~

is a mix t ire of magnetostatic mo~ o and. exc1vin~e mode, and at f~ e sare inc

it Pas body wn r ’nr ~ rfaco wave. Stal;e density has noticeahln ch-a r’es ,

it cannot cimpi—r add mar—netostatic enor~y end exchange ener--y up to

substit~ito for whole frequency spectra.

2. flas c !‘ethods

Here is a dipole—exchange spin wave model in an sx .aliv magnetized

cylinder . When the w ive len~th of spin waves is much ion er ~r an  atomic

separation, the ~~~ waves can be described by motion equation of macroscopic

na~no~ ic moment. And the motion of’ macroscopic magnetic moment can satis~~r

magnetostatic equation (omit dissemination effect)

(2.1)

- 
~~ISI~~ V& + diYM — 0 , (2.2)

~~td flmott~~~~~uation of magnetic moment

~~M— — ~M~~IS, (2.3)

2
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In it , e~’’ect~ve field H—H .+I.+1DV’M is the sum of constant

meanetic “~eld 
~~ 

(along eylindrica3. axis z) ,  microscopic ma-’netic filed h

and equaval -nt , oxc}i~~i’e field ..LDVJM (D is the parameter of excb an~ e

action , for example , in YIG, D 2.6 x lO~ -2crn2).

T~o rc - lation between ma~n~ti~ moment and time is e ’~~ takinr t4 me

factor off , equation (2 .3) is then written in component ~‘orTn as

w.(1 — — jwm, — p,wh ,, (2.4)

jcom, + w(1 — — p,ø .,h,, (2.5)

in it co, 1H, ~~ 1M./p., ~ —

Adding scalar riuantity magnetic potential ~~‘, and making

h — —V#, then from eauations (2. l )— (2 . 3) ,  under linear approximation , a

sextic differential equation of the internal marmetic potential I~~-” of’ f he

s~~ pie can he produced

(2.6)

in it 6 is a differential operator , o— .Q; ’( 1—av2) , and constant

0 — w/w .,, 0. —-

On the outside of the sample , magnetic potential 4~’~ satisfies

equation 
— 0, (2.7)

Fbr a axially magnetized cylinder, the solution of equation (2. 6)

should he of’ the following form:

- r dfle”~,(p, ~). 
(2.8)

L~ - - _



~~1)stitut ~ n~ equation (2 .~~) for equation (2. 6),  we ~ave ~,(p, p), by

which the equation can be satisfied is

ca , + 13X4 ÷ 4fl(A, + kf) ~, (p, ~) — 0, (2.9)

in it A, — ~1- -~~
!_ (p 

~
_) + 

~~ ~~~
, 13, iL 11 are t1-~ree roots of a cubic

algebra equation of k

(1+,3)1÷
2 +0

- (2.10)

It is easy to see hat ~he a-’lution of equation (2.9) is the sum

of solutions of t,hree Tlelmholt z equation s (4 + 13)G — 0, (i — 1,2,3) . And

-,hereupon the ~enoral solution of equation (2.6) is

— E E ~~~~~~~~~~~ p<~ , (2.11)

in it a. is radius of the cylinder and J.(kip) j ~” ~~ (n — 0, ±1, ±2 ” . ) Bessel

function. The items indicated by Neumann function N~~4~~~) 4n general

solution, because of the limited boundary condition •~‘(p — 0), are exlucled.

Fbr ~*e out s He of ‘he sample , the ~eneral solution of equation

(2.7) is

— d~D,4,K,(flp)eF S $ , (2.12)

in it K,(flp) is transformed Besaol function of the second kind. I.(PP)

indicated by transformed Bessel function of first kind in general solution ,

because boundary condition ‘(p —’ 00)’ 0 , ire excluded.

3. Boundary Condition 
P

The corresponding boundary conditions. a~ p — a of magnetostatic

equations (2.1) and (2.2) are tangential component succession of h and
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normal comoonent succession of P~~ ÷ in~ namely

(3.1) -
(p04’ + m,)I,..,. — ,zoh~~L_.. (3.2)

For mar ’netostatic mode , c~~~o, equations (2. /b) and ( 2. 5)  are transformed

into alr~ehra equation~ , and only equations (2. 1) and (2. 2) remain to he

differential equations, and there are only two coefficient~ in their

corresroncLng solutions. The ma rnetostatic secular model can he determined

b~r these two boundo r conditions.

a’or ( 11role—oxch’mn~e mode , t 1iere must be boundary conditions

correspond iv’ to differential equations (2.4) and ( 2. 5) .  There is a frequently

~s’?d bO11~~HOT:T condition which assumes that the boundary ma~netic moment is

as the internal marmetic momont , and can satisfy same mo~ ion equation.

This mea~ s t.~ at the Sur Cace magnetic moment is completely “f ree ”. Thus

~~on equations (2.4) a d  (2 . 5)  and. lrr using geneiaiized function method ,

if boundary plane is proved to be a cylindrical plane , 1-he “free ” boundary

co~ ition is

8 1÷ m — (3 3)

Another frequently used hounda.~ ’r condition makes m(P — a) Oi
• This means

th’t ,hceause of some reason, it makes magnetic moment of ‘h e  boundary

plane comp leteJ~y ”p~ili~tg upon”z direction. It may use a certain combination
(partial -

•~nai1.in~ up) of the two conditions. In ~~cument (3), in t 1~e discussion of

dipole—exchange spin waves of plane fi]in, the surface is considered as a

crystal plane. Then through the process of microscopic motion equation •

approaching to succession , a corresponding boundary condition is obtained.

H
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The re:.’!t of such a solution is That when it is short ware, it is possible

to a~nroach an (3XC 3fl~~O mode t~’at is acquired ! hroii~h the solution of a

micresconic motion equation . But it is difficult to exte~~ th is method

to cylindrical r ir~~’co . The oncraHon that follows is to use “free ”

h~’ u 1an~ c-~ di ion , and ‘he impact of boun dar’T c ~i tions will he discussed

~ri Sectmon 5.

4. Secular Equation

The soiu ion ~b of equations (2. 11) and (2 .12 )  can satisfy equation

(2 .t~) . F~’om ii~~ —Vi’, it s possible to secure a corrnsponding h. To

seek in from h , it should be under boundary equation (3.3) to try to solve

~i~~ eren ial equations (2.4) and (2 . 5 ) .  ~Jsing Green function method , it

c’:l have

(:)— ‘-
~~~ 
E~

” afl ~~ ~~ e ’~~’~

I 1 —A 12 .:~ ~~~ (J.+,(k,p) — BtJ.+,(~p)]

xl ii ” , (4 1)

~~~~~~~~ ~~
.j ~ 

~~~~~~~~~ 
— B~J_ 2 (i~p)]

in~~t

~~— l ( Q Q — i ) —~~, , ? — — - i -(QQ.+ l) P’,

k~af.+ (kj a) + J.+,(k~
a) -B — k~aJ’._,(ki a) + J.-,(k~

a)
‘ (af..e,(~.) + J~~1(~a) ‘ ‘ ~~~~~~~~ + J —,(ija) 

- I

Tn order to m~ho solution of equation (4.1) satisfy equation (2.2), it

ca- prove ‘hat coefficient, C1.a should be made satisfy

Ect, ki B 7 — 0 , (4.2)
•_ , kJ - .

_ _ _ _  (4.3)
..i
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krJ.+i(k,p)

x (1, ‘i) k,J ._, (kip)
- 1 3— ’ ?

By stibstituting e4uations (2.11), (2.12) and (2,../4) fhr boundary conditi.~n

equation (3. 1) end (3 . 2 ) , the coefficient of 4~ acquired should satis ’~y

the o ~.her two conditions which are

~~~C~aJ. (k~a) D~,K~fta), (4.5)

~~ C~,(~ ,a f . (k r a)  — €7 kim [ J .t~ki~) 
— 

~-‘.~;~1 — .

The ñon~ zero solut ion condition of the linear equations (4. 2 ) ,  (4 .3) ,

(4 .5) and (4.6) of coefficient of ~~ is the secular equation t’ at determines

dipo1e~ exchange mode .

Worn equations (4.2) and (4 .3) it can have

— E(3, 1) J.(kia) , — - 

~ E(2, 3) J~(k~a) 
• C.. ,~

c’ — E(1, 2) J.(ka) 
~

1 (4.7)
~‘ E(2 , 3) J,(13a) “ F

Substituting the above equation for (4.5)  and (4.6),  it can have linear

equation of C .~ ~~ D~g 
• The non—zero solution condition is

L( 1)E(2 .3) + L(2)E(3.I)-+ L(3)EO,2) f l aFC~,(Pi) (4.1) j ~~
•

E(1 ,2) + E(2 ,3) + E(3 ,1) K.(fta) - -

7
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in it 
LW - ~~ 

- nXj, 
- 

-

.

F, F1E(s ,~) G, Ge , ’ -

F1 — fl (~Sj 2 1) kLaJ ’.(kI a~ + [ ( k ~aY — n9Z,,
J . (kja )

— ~~1ke af_ (ki! ) - _ [( ki a) ’ — ,,‘)(~t, 
— 1), . -

;

J ~(k.~a) 
-

-. — - ‘f l ’/k ~, 
‘ - -

~ Q.Q~(1 — ,ii) /E
•
1 - a(13 + fl’)J 

- LJ 1 ,2,3. - -

‘Tnder the ~iven •D_ , a , f l~~~n 
, .Q wh ich can sot .is 0y equation (4. g) ~~

~~~~~ secular frecuency of dipole—exchange mode.

5. Result s and Discussions. -

TTh three ron s of equation (2.10 ) corresponding to p or .o n~ ia1 equation

(2.11) and ma -netic moment distribution equation (4.4) have three oscillations,

and the seculir equat±on of’ dipole—exchange mode is the accuxmila on of

these three oscillations. When Q.~~Q; ’(1 ±4’) -~~~
. 13, 13 13 are all

negat ire . Put within th~s ran~e, to secular ecuation (4.~) there is no

solution. ~rion Q~~~Q ’( 1 + afl’) ’~~ hJ~~~O, 13, 13<0,’ and this indIcates that

of thc three osci1lat~ons which are included in t~ e secular equation , one

Is body node and the other two are surface mode. 
- 

-

Under the limit of lonc ware , when p ~~ 1/A/ , and to the raa~e o~’

Q~ (1 +4 ’)<D <Q ’(l +Q ,,)” 13~~~~a(QJ _ Q;2)/(Q;2 + Q;z _a’) . T~ is maann

t~.at k, and the n~gnetoatatic body mode are the sane. To the ran~e of’

Q >Q~(1 + Q_)”, 13 p’(Q’ — D ’)/(Q ’ + Q ’  — 
~~~

‘) . This indic~tea t~- at k2

approaches magnetostatie surface mode
.8
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kn represen-s one ~aL~ Cace mode , and i~ ri. ~l ouishlir dec gr fo.~ ov~ n’i

t o  increase o 5 its d’~~t nco fr om the sur face. Because k~<k~(Q ~~~)

—ij’+iia +Q ’/ c )- , it concentrates only in the surface layer , of which the

thickness in about ~lj~~1evel of ou~-t :-ntity. Among 1;~ e magnetostatic modes,

here is no one which can be sane as this one. ~~~~~~~~~~~ has a len~1th net , ‘~rh1 c~

nnr :s the cha:~actc~istic lon’ th of exchan’~e actIon. To YIG, ~?nen Q_

/.QD...2.3 X 10 ’cm.

F’j ’ ur e 1 is t ~e rela ionship of 13, 13, 13EQ;, which arc secured from

the solution of equation (2. 10), when ~~— 2 ,fl— o .L (1/~
T ) . P~~ ire 2 is a

contrast hetween ~( p1Y ’ 4 (— 1~2~~” and (—it ) ’ (.Q’ — Q ’)/(Q
2 
+ Q ’  — Q~) of

na-nctostatic mode (the symbols used in FI ’-nre 3. and FI ure 2 are,

They clearly represent t o  results o~’ he o~’n’~oing discussions,

- *‘~, K’,, K’,

- 
- X ’J~~,fc’,/ p2 

~ -

• 

- 

- 2 - . 3 ma~neto— -

static :

—~~~~~~~~~~~~~~~~~~~~~~~~

‘ 

- 
-

—2 .

- - -2 
-

- 1,
/ marrnethstatj c

• 

- ~~~ 

. 

- - 

- 

f’~ inode

F~~ ure 1 The three oscillations F~~ ure 2 Comparison of
of dipo1e—exchan~’-e dipole~e~than~e mode
mode and rnacnetostatic
a..~2, P—I.1(1fV~’) mode

- 
— • 9 — 2 , ~~~~0.. I (1/V~~)

:~t~
— --- I-- 

--- 
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;ndnr --iven f’ and n , the solution of secular equation (4.~~) -ives a sories

of’ ei~ envalue . Q,.., r — I , 2, 3... is the order n ’Lmhr~r o” cirenvalue , -~nd

di f’nn- .n-t r rrnn cscu 4 5 d~ ’~f’orn~ zero number wh ich occurs when potential

f”mction ~ at the ~c -ion where p 10 ,a] .

FIgure 3 Is th. e e i — en valn
0

a nctost ‘tic ~ri ’~~’cc — 1 ,2 , ’ .7), of dipole—exchan ’e
1.0 - r o d e

- 
mode obtained from the solution of

0.9 
, B equation (4. ’) when Q_ — 2,

C 7 i a ... 50~/ C , ,,~~~i . At c san e tThe ,

\ \\ ~ D 
it g~ves spin wal.re (exchange mo de)

~ ~~ ‘ 4\ frequency snectra of macroscopic
~ 2’, \

0.7 • ~ 
‘
• 
‘ spin theory. ~‘c r  t o  situation of’

~- i  ~ :r ~acroscopic
- 

‘
~ f ~xchange ~ra~ e ‘~ac ’r’ parailclinc w rt h  :r nmct i c

‘, \ Vnode
0.6 

- 

°“ :~ . 0  ~ ~ 
‘
~ / ii rection 9, (~~4~ ) — Q;’~1 ± afi’), -

\ / \ for comparison , it - -I ves th rce
‘
~A~ 

\~,%\
0.5 -~~L.._ curves (,. — 1 ,2,3) in ma~netostat ic

1 10 lOO ftj
0.02 0.2 ~~~~~~~~~~~ modes of cylindrical ferroroannet.

Fir~ure 3 Dipole_exc l lnn-?e mode —
frequency snoctra At short wave , when fi ~~ n(1/~/ a )--

(solid
Q.— 2 , ._

~~~v , ~~~~~~~~ 
and fl~~ r(I/~/a), the theoretical

k
results of dipole—éxchruv’e mode and

macroscopic spin wrv’e exchange mode are the sa?le.

A
At lon~ wave, when,/ is snail and if the cylindreal radius is very

large , the contribution of exchange enerr~y to n and r is very small, and the

10
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ener ~r snc ’~- ”u~ -a’ - ’l na~ne tostatie modes are the sane. When tl,e c r]inclrical

ra l ius Is  not very large (as a — i’~’ ~i nre 3) ,  ~“e hapact of exchanc’e

oocr’r~- can alreacI’~ he see . ~n1 t e r~~le—oxc *2n e modes are probably already

in s~-’pe of

~~ Q,,....Q,, (roe- ~~
r-,n ’ ~~ n~ + exchan ge correction (~.i)

In a re ion where 1/. ~ ~~ i/~/ , k . ec-~” irn ’]  1’ren h -~ solution of’

equatIon (2 . 1-2 ) includes 1131 ~~~~~~~ i/.a So oscilla ion k2 can 0017 have

some action on the surface of’ the sample , a d  its con .~ ihu~ ~on to exch-’n-’e

ooo r~~r is not great. The excho -~ e correction in ecuation (~~.i) comes

ma~n1y from k1, so exchan ’e correction ~~tzQ~ 13.

~ou~hly s eakin - , t e distribution of oi ’envaiue pr- -h&’i~ is ~ a (r + j-)~. r 
-

so , only if a s~~,/ and under the situation th at n and r are not, vrey larr~e,

o correction is but a small one. This is just the situation indi cated in

Fig~’re 3.

The conventional met~’ods -“c simply to take spin wove spectra as an

accurniiation of magñetostatic ener”y spectra and exchange ene” y snectra ,

and ~~~~ an analo —iie result to equatIon (5. 1) .  From strict connut ’ ‘-~ on ,

it ~s k no~m t~at it can he established only when,~~is lar’~er (short ware)

or when /is ~~aller ( long wave). Then th ere is no ~~eat di~~ ere ’-ce for .

t h e  r i -id theor~.es. But this cannot be applied to t~’e rnedi~~ range , k

p — 10~ —1O’/an , namely dipole—exchange mode ran~e~

• When fi 4 1/rn , t~-e dif’f’erence between dipole—exch-oneg mode and

• rna ’-netostatic mode is very clear . In ruagnetostatic mode , when p-.o, all

I
U
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frequency spectra of n and r will be

9,,, (~P~~ ) ~~~ — Q ’(l + Q Y’1. -

~ Ot ~~
r consider L n -  exchnnge action , there will be no more combination of

di~~’erent n and ‘o• If’ the cylindrical radius is very large, to the small

n - - o - ~ r, ~ ‘s spli~ is not notice~~ ie. ‘hit to radius a,which is not large,

or : a — 50V’a in Fi ’ire 3, this phenomenon cannot be overlooked. Besides ,

-e :‘- ei - e o~’ fi l~ 1/rn , w en Q~ is large and 1131 has been reduced to

r; i/a~ , so t ’ :rr exc: -in’e ener ’-y of’ surface mode k2 becomes important .

Af ’ er a - oslhlerln v exchan’~e act:’ on , secular function is always a mixture of

1) 0- ~ r mode - nd surface mode and this kind of mixture will become especially
of

- - narka -ILe when intersecting 
~. 

body mode and surface mode takes place. In

, surface mode is no longer a ai~~le curve, and it has been cut into

several sections which connect the body mode (Fi gure 3) .  Taking dipole—

cxc an ’e mode r = 5 as example, in séãtion A, body mode (t j )  ~s the major

pert mixed with surface mode ; in section 13 , n u’face mode (k2) is ~Yie major

part mixed with body mode; in section C, body mode is the maj or part , and

tiie increase of’,)’, the surface mode is continuously reduced; in

section 0, wh en it approached short wave, exchange energy, after surpassin g

na’-r iotostat.c energy, cradually becomes into exchange body mode. F

I
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