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ABSTRAC T

This r epor t  desc r ibes  the  a n a l y t i c a l  method and numerical

• p rocedure  fo r  the  ca l cula t ion  of the  wave pressure distribution

and r e s u l t i ng  induced f o r c e s  and momen t s  a c t i ng  on large disp lace—

m ent bodies in the sea. The added mass and damping coefficients

fo r the  s t r u c t u re  o sc i l l a t ing  in all  six degrees  of f reedom are

computed . Then , the hydrodynamic coefficients associated with

both the wave/structure interaction and the oscillation of the

structure are determined by use of a Green ’s function method

using quadralateral elements of constant source strength which

4pp lies to large structures of rather general shape. The analysis

is based on linear theory and viscous effects are neglected on

the basis that the size of the structure is large in relation to

the amplitude of the incident wave. Also , the equations of

motion for a free—floating bod y are developed which yields the

dynamic response of a floating bod y with linear mooring line

forces. Finally, the computer program capable of carrying out

the numerical calculations is outlined and the input/output is

discussed in some detail .
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I. INTRODUCTION

Ocean Thermal Ener gy Convers ion (OTEC) p lants will be

either moored or dynamically positioned in the ocean and ,

accor dingly, will be subject to wind, wave and current load-

ing. This report deals with the motion of a floating body
a S

of arbitrary shape subject to wave motion. The interaction

of the waves with the floating body is based on the inviscid

(potential flow) theory . This assumption appears to be

valid as long as the body involved is large compared to the

amplitude of the relative fluid motion.

• This report describes the first phase of a project to

analytically determine the dynamic response of large float— .

ing OTEC plants to ocean waves. The long range goal of the
CS . S

project is to develop analysis and computer code for compu— 
S

tation of the dynamic response and structural loading of a

OTEC structures of rather general configuration. Such

configurations are conaidered to be composed of a large

• displacement parts where diffraction theory vii]. be required

and/or small appendages or members which can be dealt with

by use of a Morison equation type analysis. This phase of

the work deals with the analysis of large displacement

bodies of arbitrary shape. The analysis is based on the

use of a surface distribution of sources using quadralateral

source patches or panels. The source strengths over each

V
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panel is assumed constant in this phase of the project. The

next phase of the work will investigate the use of triangular

panels where the source strength varies l inear ly  be tween  the

values at the corner node points. A comparison of the tri-

angular patch method will be made with the quadralateral

source patch method with constant source strengths over the

patch . The better of the two methods will be used in the

future phases of this work.
S 

In particular , this report deals with the analytical

evaluation of the wave forces and overturning moment acting

on a large bodyof arbitrary shapewithout appendages in water

of finite depth. The same structure is also considered to

• 
- oscillate in surge , heave , sway, roll , yaw and pitch and for

such motion the added mass and damping coefficients are deter—

U mined. Then, the equations of motion for a free—floating

body are developed , and using the computed wave excitation

forces  and moments  and added mass and damping c o e f f i c i e n t s

the response of the floating structure is evaluated.

S 

Although the problems of wave interaction with a fixed

body and the oscillation of the same body in otherwise

still fluid appear to be physically distinct , they are

mathemat i ca l ly  similar and as a result ar e dealt with

simultaneously herein . The primary mathematical difference

in these problems is the kinematic boundary condition which •

is applied on the  immersed su r face .  In all cases , however ,
U

Si I
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the velocity of the fluid in the normal direction relative

to the immersed surface mus t be zero but this statement takes

a different form in each case.

The method used to ~~scribe the fluid motion involves

the use of a Green ’s function or source distribution. The

rigid , immersed surface of the structure is represented by a

surface distribution of sources which is assumed to be con—

stant over quadralateral panels and the zero relative normal

velocity condition is applied in order to determine the

strengths of the sources. Once the source strength distri-

bution is, known the velocity potential at some point in the

fluid S region is determined by summing the effect of all of

the sources at the point in question.

Several authors have computed hydrodynamic coefficients 
a

associated with specific shapes. The added mass and damping

coefficients for a semi—immersed floating sphere undergoing

heaving motion has been obtained by Havebock (2). The vertical

wave excitation force was not calculated by ~iavelock but

using the Haskind ’s Relations [Ref.3] this quantity may be

determined from the damping coefficient. Kim (4) determined

-the added—mass and damping coefficients for this same config—

uration to wave excitation in heave and surge . Although

calculated for the infinite depth case , these results pro—

vide an important comparison for establishing confidence in

• the mathematical validity of the response calculations based

on the present analysis. 
S

U
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Severa l  a u t h o r s  have also conside red  the wave i n t e r a c t i o n

with large disp lacement fixed and floating bodies. In the

case of . a rge N o r t h  Sea G r a v i t y  p l a t f o r u i  [R e f a  10 and 20 ]

the agreement between the theory and experim~ nt is almost exact.

In such s t r u c t u re s  the  ca isson was we l l—submerged  and the

s u p e r s t r u c t u r e  only p ie rced  the f r e e — s u r f a c e .  Thus , no n l i n e a r
S

ef f e c t s  wh ich  tend to be most  p r o n o u n c e d  nea r  the free surface

were absent. Additional experimental data and comparisons

with  the linear theory for the case of fixed bodies which

are cons ide red  to be s i g n i f i c a n t  i n c l u d e  those p re sen ted  by

Garrison and Seetharama Rao (6) for the case of a bottom

S mounted hemisphere. Unfortunately, the wave amplitudes were

rather small. Also , Garrison and Chow (7) have preset~ted a

• comparison of the theoretical results based on the distributed

source theory similar to that developed herein with two slightly
.

different submerged oil storage tank models . Unfortunately,

the vertical force part of this data was rather poor because

• the vertical model supports had very low spring rates making

the natural frequency of the model support system too close to

the wave excitation frequency. It is significant , however ,

that these tests represented North Sea design conditions and

in the case of the horizontal force quite good agreement was

obtained between the linear theory and experimental results .

A third experimental study involving a short vertical circular

cylinder (1.16 cylinder radii water depth) extending from the

11
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• bottom through the free surface should be noted. Chakrabartj. (8)
S 

has made measurements of the horizontal force and overturning

moment for this configuration and found the results to compare

- well with MacCamy and Fuch ’s (1) corresponding theoretical re-

sults . However , Chakrabarti gives no indication of the wave
a

• heigh t involved in Ref. (8). It is noted t h a t  the MacC am y an d

Fuchs solution is simply a special case of the present more

general method so that agreement with this solution implies

agreement with the present me thod.

A series of tests have been conducted by Hogben and

Standing (9) of the National Physical Laboratory, London ,

England with fixed vertical cylinders of square and circular

cross—section . They also made calculations using a computer
4 .

program based on diffraction theory similar to the one pre—

sented here and good agreement between theory and experiment

-

- 
has been observed.

Only l imi t ed  e x p e r i m e n t a l  da ta  has been presented in the

literature for the dynami c response of three—dimensional

f l o a t i n g  s t r u c t u r e s  to waves. Among these the results of

Faltinsen and Michelsen (11) are the most complete. They

compared calculations of diffraction theory with the heave

response of a floating box and the agreement obtained was

• quite good. Also Garrison (12) showed excellent agreement

between the results of diffraction theory and the heave and

pitch response of a disc buoy. However , as a general assess— - S

meri t of the experimental data available in the literature ,

12

L _ _  
_ _ _ _ _ _ _

_ _  
- — 

-- -
~~~~~~~~

-
~~~~~~~

- - 5 - -



for  the hydrodynamic  c o e f f i c ie n t s  and dynamic  response of

f l o a ti n g  bodies , it  appears  that  the amount  is very  small and

the unde r s t and ing  of viscous effects and differences or sim-

* a ilar i tles  of the e x p e r i m e n t a l  r e su l t s  w i t h  the theory  is non-

e x i s t e n t .  This is an area where additional work is needed.

a 2. FORMULATION OF PROBLEM

Consider a r ig id  ob jec t  of a r bi t r a r y  shape and having

c h a r a c t e r i s t i c  l ineal dimension ~ with center of gravity

submerged to a dep th  ~ beneath the free surface in water of

depth 1 as shown in Fig. 1. The structure is considered to

b e smooth to the extent that its unit normal vector is a

continuous function and it may or may not intersect the bottom

• 
or free surface. Two coordinate systems are identified , ~~~~

coordinates with origin fixed at the free surface and the body
S _ I _ ,_ , — —U coordinates x ,y , z coordina tes located at depth y = — d .  The

bar s over the sy mbols denote dimensional quantities.

The mathematical problem which is now established is that

associated with the fluid motion , pressures and resulting forces

induced by the small amplitude oscillation of the object in

its six degrees of freedom as well as the fluid motion asso-

ciated with the interaction of the fixed object with a train

of regular waves. The small amplitude oscillatory motion of

the structure about its equilibrium position with frequency a

is described by the relationship,

3~~( t)  5~ ReEe~
•:
~
0t J , i — 1, 2 , 3 (2.la)

13
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(2 . lb )
01( t )  — O~ R~~[~ 

Ct
1,  ~ — 4 , 5 ,6

where  the s u b s c r i p t  i — 1, 2 , 3 denotes  lineal osc i l l a t ion  in

the x , y, z di r ec t i ons , r e s p e c t i v e l y ,  and i — 4 ,5 ,6 deno t e  angular

U osc i l l a t i on  abou t  the  x ,y , z axes , res p e c t i v e l y .  The real
S .

numbers  and denote  the a m p l i t u d e s  of ttre ‘mutton . The

d i sp laceme n t s , , X 2 and are normal ly  r e f e r r e d  to as surge ,

heave and sway, respectively, while the angular .components 04~ 85

and 06 are called roll, yaw and pitch , respectively. The second

problem dealt with simultaneously is the in te rac t ion  of a t ra in

of regular  sur face  waves wi th  the ob jec t  f ixed  in space.  The

regular liicident waves of wave- height- 2~ ° — and wave length

L are assumed to progress in the positive x—direction andI.. ,-  --5 - - 
-
~~~

in te rac t  with  the f i x e d  s t r u c t u r e .
- --

S -
~~ —The --L1.u.id.-- is -_ assumed t~r~be 1nconipress1ble ,_ and the  mot ion

irrotational- and harmonic with time dependence e~~~
0t  in all

• cases.  It follows , therefore , that a velocity potential exists

such tha t  the f l u i d  v’eiocity vector may be defined as-

S 

— R e E~~~j G,~~,i)e~~~
0t ],  j  — l , 2 , . .6  ( 2 . 2)

where Re~~j
e I0t 1 denotes the velocity potential associated

with the motion induced by oscillations in the six degrees of

freedom and V + + ~ , the symbols ~~~ denoting
ax ~y

the unit vectors in the ~~ directions , respectively .

F r  the case of r egu la r  wave interaction with the fixed

- 
- 

structure , the velocity potential may be written as the sum

S I 

S 

— •Q  + 7 (2.3)

15 
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where 4. de notes the po ten t i a l  as iociated wi th  the i nc iden t  
- -

wav e in the  abse nce of the  s t r u c t ur e and

scattering potential which results from the presence of the

s t r u c t u r e  in the wave t rain.. In th i s  case , the f l u i d  ve loc i ty

vec tor  is given by 
- - - - -

- - ~~~~ - R [ ~~~C $O + •7
5)5-ia~~] - .  :- ~ -

•5
~~h~ c o n tin u it y  e~ u at id n ~ how s t h a t  -

~~~~~ 

(j
5
~~ ~~~~~~~~~~~~~

must satisfy the Laplace eqt~ation 
S - - - - -

- -

- -  - -  a - -  

~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~ 

(2.5)

and f rom the line :rized ~~ rm :f ~~ rnoul 1i ‘a which

is applied th roughou t , the dynamic  f l ui d  p ressu re  is given by ,

P~ ~~
Re[i P~~

$j e~~~
tT, j~~~~1,2, 

- - 

6 (2 6)

.:F0T the second problem involving wave .~ nt~ raction with

the - fixed object , the pressure is given by .~~~~~

~~Re[i pa (+o + ,~~~~~~iOt 1 (2.7)

The velocity potentials must satisfy 5- certain boundary con-

ditions in addition to Eq. (2.5). These include the linearized

free surface boundary condition , - - - 
- -

— 
~~ •j

(X ~~~O~~~~ ) — 0 , j  — O ,1,2,...7 (2.8)

a

16 

—~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 



_ _ _  .5 -5--- —-5- - - . 5 - — - -  ~~~~~~~~~~-=-- 
- .5 

-~~~~~~~~~~ ---~~~
_____ - -

Equation (2.8) is familiar from linear wave theory . Also,

m u s t  sa t i s f y  the k inemat ic  boundary  cond i t i on  on the b o t t o m  in

S 
all cases ,

• ~~~~(~~~—ii, ) — 0 , j  — 0,1,2,...7 (2.9)

- 
The surface of the structure in i ts  mean pos i t ion  is

described by

S(x , y, z) 0 (2.10)

When the s t r u c t u r e  osci l la tes, the ve loc i ty  of the f l u id  in

the direction normal to the immersed surface must equal the

S velocity of the surface normal to itself. Also , for the case

- of wave interaction with the fixed body it is necessary that

the normal velocity component be zero. These conditions are

• U 
stated mathematically as

- 
~j1 — —ia~ 1n~ (a)

1t2 — (b)

— i a ~~3
n~~ C c )

— _ia0
4

[(
~
+
~

)n
~
_in

~
] Cd) (2.11)

S ~f5 — —iae;(~ n — n z 1 C e)

—io0~~(xn~, — (
~~+S) n

~~
] ( f )

( )
• 3n an

17
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where  — To + In + ~ n denotes  the  u n it  normal vec tor  on
- X 7 2

the s u r f a c e  of the óbj ec t d ir i c t e d~ outwár d into  the f l u i d  and

~ denotes  the d e p t h  of submergence of the ~~~~~~ ‘coordin a te

origin. Finally, the ve loc i ty  po t en t i a l s  mus t  s a t i s f y  the

radiation condition which allows only outgoing waves ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~ ° ‘~~l~~~’ i -  ~~~~~~~~~~~~~~ 

(2.12)

where 
~l 

— ~_ 2  
+ ~ 2 ] ½ a nd 8 — t a n (~~/~~) .  The wave number is

d e f ined  as k — 2ir /~ whe r e ~ denotes the wave length and

is related to the f r equency  of the motion  according to the

wel l—known r e l a t i o n s h i p ,  
-~~~ S

2 -  - 
- -- _ : - - 

- :5-

-~ - - ~S -
•

~~

. 
~~‘ k t a nh ( k ~ ) 

-~ ( 2 . 3.3)

The:velocity potential of the incident  wave alone progres-

sing in the positive ~ direction which satisfies Eqs. (2.5),

(2.8) and t2.9) is given by

cos ~ + ~ sin 4) (2.14)

where  as ind ica ted  in F i g u r e  1, * -d e n o t e s  the angle  of the

incident wave measured clockwise from the x—axis and ~~ O 

~ /2

denotes the amplitude of the incident wave , ~ being the wave

height. Moreover , from the linearized form of Bernoulli’s

equa t ion , the f r ee su r f a c e  of
5 

the  i n c i d e n t  wave alone is

evaluated from - -

— — I ~
— (~ [ $o e

iOt
]} — 

( 2 . 15 )g a t  e y — O

- 

-

~~~~~~~~ 

-
-

- -  
_ _ _
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- . L us ing  (2 .14)  this  gives , 
. - . - - 

- 
-~~

- 

— ~ co s (k~ c o s 4 , + k~ sin 4’) (2 16)

Thus , - f o r - -p u r p o s e s  of r eckon ing  phase angle  i t  is noted t h a t

~~“ at  t a 0 -t h e  cres t  of the inc ident  wave is ju s t  pass ing  the

- coor d in a t e . o r i g i n .  - - 
- 

-

- - For conveniencE in ca r ry ing  out  the solu t ióñ for  the seven

pàteàtials , •~
, and to show clearly the dependence of the

~~~ - -ao1ution on the p a r a m e t e r , - a — 2ir /t — k , the relative water

-
~~ ~~depth ,-h — ~ /~~- and the re la t ive  d e p t h - o f  submergence , d — a/ a ,

~ ---~~the Space --variables and amplitudes are first made dimensionless

with the cbaracxeristic li nea r dimension o f th e obj e c t , i ,

• ~~~~~ — /~~,-y- — / ,  z a: j / , r- — - r/a . -: :.-~ :.:: ~~~~~-

— ~~~~~~~~~~~~~~~~~~ 
(1 —- 1,2 3), ~~~~~~~~~ (i. 4,5,6)

- - - 5 - 

,
~

• 

— = fl/2a , r
1 

— ~~~ v — a 2a / g  (2 .17)

snd then the df~~ii~ionIess - potential functions U
j 

are. i n t r o d u c e d

as ,

~~~~~~~~~~~~~~~~ a tanh(ah) uj(x~7~ z)~ j 
-

— l ,2 , . . 6 (2 .l8a )

— —a u 7 (x ,y z) 
- 

-- 5
- ’ 

- (2.l8b)

- - -  - 

i a+ .G,~~) / g ~~r% — —a u . ( x ,y)  
- 5

55 - -  - (2. 18c)

- 
The complex dynamic pressure amplitude can now be written

by use of the linearized form of Bernouli’s equation (2.6) and

(2.7), as

. 19
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— a tanh(ah) uj(x,,y,z) , j — l,2,...6 (2.19a)

— 
coshIa(h+y)]e’~~~~ 

cos*+z 
~
1
~~~ —a u7(x ,y,z) (2.19b)

p cosh(ah)

where the complex amplitudes of the pressure , Pj,ar~ defined as

p g
~
X — Re(pj(x ,y,z)e_iat ], j a 1,2,...6 (2.ZOa)

— R~ (p~ (x ,y,z)e~~ 0t 1 (2.ZOb)

The boundary  value problem which describes the f lu id  motion S

• arising from the oscillation of the rigid object in its six

degrees of freedom as well as the scattering of the incident

wave may now be written concisely in terms of dimensionless

p a ramete r s . The po ten t i a l s  u~~(x~ y~~z)~ i = l, 2 , . . .7 , con t inuous

in the fluid region is sought such that:

V 2u ( x ,y z) — 0 ( 2 .2la )

3u~ (x~o1 z)— a tanh(ah) u (x,o,z) = 0 (2.21b)
ay
3u~ (x,—h ,z) — 0 ( 2 .2 lc )

— g (x , y, z) on S(x , y , z) — 0 ( 2 .2 ld )

u
:

(r ,e ,y)_x~~(o)r~~ 
cosh [a~h+v)]e

r- l÷0,r-1~~ (2.21e)

F 
- -

•
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The g1(x.y,
z) functions represent the prescribed functions which

depe nd on the mode of o s c i l l a t i o n  ( j  a l,2,...6), and j  — 7

corresponds to scattering. These functions represent the dimen—

sionless form of (2.11) and are given by

• — 

~~ 
g~ — n

7
, g 3 — n 2 (2 . 2 1f)

g

~ 

- (d+y)n 5 zn
7
, g5 — zn

~
_xn

~
, 
~6 

— xn
7
_ (d+y)n~

87 — cosh~ ah ~~ sinh[a(h+y)]+ i cosh [a(h+y)]

. (n cos 4+ n sin ~~1e
1
~~~

C cos 4+ — sin*)

Equations (2 .21)  define seven boundary—value problems which
5 correspond to osc i l l a t ion  of the immersed surface in each of

th e six degrees  of f r eedom and to s c a t t e r i n g  of the inc iden t

wave by the f i x e d  body . The problem statement for each of the

• potentials i-s the  same ; the only d i f f e r e n c e  lies in the form of

the boundary condition to be applied on the immersed s u rf a c e .

3. REPRESENTATION OF THE POTENTIAL

The b ounda ry  value  problem fo r  osc i l l a t ion  in the six degrees

of freedom and scattering of the incident wave is specified in

( 2.21) . The so lu t ion , ( i . e . ) ,  the f un c t i o n  ~~~~~~~~~~~~~ may be

represented by use of a Green ’s function having the physical

interpretation of a po in t  wave source  of u n i t  st r e n g t h . These

sources are distributed over the surface of the object according

• to the source strength function ,f, so that the potential at

- 21
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some po in t  (x , y , z ) w i t h i n  th e f l u id r egio n is give n b y the

surface integral 
- - - - - - -

~i~ (x ,y , z) - -~f f  f
~~~~~

(
~~~~~

;
~~~~~s, ç)  G<x ,z;~~,~~,~~) dS (3.1)

where ~~~~~~~ r ep re sen t s  a po in t  on the surface of the struc—

ture , C denotes the Green ’s f un c t ion (o r so ur ce po t e n ti a l) a n d

dS — d~ /~
2 denotes the dimensionless surface area element. The

Green ’s- function is defined , there-fore ,~ as the function which

satisfies - 
- - - - 

- - ~- :  — -

(3.2)

as we~L1 as the boundary conditions (2.21b , c , and e) .  Such

a function is given by Wehausen and Laitone (13) as -

- - 

(x ,y,z;~~,n,c) 4+ G* (3.38)

1where G* — j~ - - -

~~~~~
‘5 - fco C v) e~~~ ’c o s hf u ( n +h ) I  c o s h [p ( y + h ) ]  J (p r ) d p  (3 3b)

~i sinh (iih) —v cosh (iih)

~~~ 
2ir(a~ —v

2) co s h [a (~~+hfl cash [a(y+h)] Jg, (ar)

a 2h — v~ h + - v - - 
- - .  -

R s~~ (x_ ~)
2 + (y-n )~ + (z-~)

2]” - • (3.3c)

R’ — [ ( x — F ~)
2 

+ (y+2h+n) 2 + ( z_ ~~)
2 ] ½ - S 

- 

(3.3d)

r [(x— F~)
2 + (z_c)21½ 

S 
(3.3e)

v “ a tanh (ah) (3•3f)

22
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and P . V .  i n d i c a t e s  p r i n c i pa l  value of the integral. An alter-

nate series form of the Green ’s function is also given by

Wehausen and Laitone (13) as

2 2
G(x,y,z;F - n , c )  — 

Zw (v ~8 
) 

cosh[a(h+y)]cosh[a(h+n)] (Y0(ar)—iJ0(ar)J
a h—v h+v

S

2 2 (3.4a)

~~~~~~~~~ 

~~~~~~~ 

cos[uk(y+h)Jcoshi k(n+h)lK O(~
Ikr)

where J and Y denote , respectively, Bessel functions of the

f i r s t  and second kind of order zero and K0 denotes the modified

Bessel f u n c t i o n  of the second kind of order zero . The quanti—

— ties TM k a re the real  pos i t ive  roots  of the equa t ion  -

~k 
tan(Pkh) + v = 0 (3 .4b)

The Green ’s functions specified in (3.3) and (3.4) are

e~ uiva1ent. However , for purposes of numerical evaluation it

is found that the series formulation given in (3.4) can be

evaluated more accurately and with much less expenditure of

-computer time than the in tegra l  fo rm when Car) is not too small.

On the other hand , for small and zero values of Car) the integral

form given in (3.3) is necessary. The integral form of the

r Green ’s function as given in Eq. (3.3) may be integrated

directly or , it may be rearranged as in Appendix C so as to be

somewhat better conditioned for numerical evaluation. In the 

23
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computer program when the integral form of the Green ’s function

is required, the form given in Appendix C is actually used for

numerical evaluation. It appears that it is somewhat less time

consuming to evaluate than the form given by Eq. (3.3). The

potentials U
j  

are represented by (3.1) and with the introduc—

tion of the Green ’s functions (3.3) and (3.4)(or equivalent form

given in Appendix C) the only unknown in (3.1) is the source

strength function f~~. To evaluate this it is necessary to

S take the derivative of (3.1) in the direction normal to the

immersed surface and then apply the boundary condition (2.21d) .

Thi s resu l t s  in the fo l lowing  in tegra l  equa t i on  f rom which  f
3

is to be determined:

1 fj ~~ 
aG(x,y,z;~~,n,c)dS — g (x,y,z), j — l,2...7 (3.5)

g11~JJs j~~~ i f l~~C) 
~n

where ~G/ ~n is obtained using the f o r m  ~~~~ where ~G is dete r-

mined by s t r a i g h t f o r w a r d  d i f f e r e n t i a t i o n  of (3 .3)  or ( 3 . 4 ) .

The normal- derivative of (3.3) is

aG 1
— — j3 (n~

(x_ E) + n~(y—n ) + n2(z—~) 3

— - , 3 [n
~~

( x_ O  + 1~y (Y+2h+h1 ) + n
~
(z_i)]

— 2 P ~ 
[a~ p (ii+v)e %osh[ij (i-i+h)I ( 3 6)p s i n h ( p h )  — v c o s h ( i i h )

fcosh E~ (y+h )) J
1(i ~r)

1. r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

s i n h [u ( Y + h ) ] J 0 (L ir ) ] d l J

• 24
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2ia (a 2— v 2)cosh[a(q+h)] [cosh[a (h+Y)JJ l(ar)(fl (X...~ )+fl (Z_ ~))
a h — v h + v  r

—n~ s in h  [ a(h + ~~) ]J 0 (ar)J

a nd the  normal  d e r i v a t i v e  of the a l t e r n a t e  r e a r r a n g e d  f o r m  of

Fq. (3.3) is given in Appendi x C. The normal derivative of 
S

- - 
the ser ies  fo rm given in (3 . 4)  is

— 
2 i t (v 2 —a 2 )a c osh ( a (h + ~~)] [s in h [a (h + y) ] [~~0 ( a r)_ i J 0 ( a r )] n

a h - v h + ~~ 
y

cosh (a (h + y) ]~~ [y 1( ar )_ i J
1(ar) ] ]

a’ 

~~~~ 
+v 2 )cos [i i  (‘i +h) l 

-

u
~
i
~ 
+ v 2h - 

k - [s i nE P ~~~y+hnK Q 1u ~~r n y

- - - K l (P k r) -
+ c o s(P k (y + h ) ]  r [n (x_ ~) + n~~ —~aJI

w h e r e  n , n and n d e n o t e  the components  of the  o u tw a r d  u n i tx y z 
- -

n o r m a l  vec t o r  on t h e  i m m e r s e d  s ur f a c e .

-- R e t u r n i n g  to the  i n t e g r a l  e q u a t i o n  ( 3 . 5) ,  i t  is e v i d e n t

that the a c / a n  o c c u r r i n g  t h e r e i n  as g iven  by ( 3 . 6 )  is s i n g u l a r

like h R 3 as the point (F~,ri,C) approaches the point (x,y,z).

Thus , special care must be taken when integrating this term

of (3.6) over the singularity. M o r e o v e r , t he  k e r n e l  of (3.1)

is singular like h R  at this same point and likewise special

attention must be given to this situation. Taking the integral

25
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ov er the  co m p l e t e  s u r f a c e  of the  o b j e c t- a s  the  sum of two parts ,

one part being a small circle of radius r 0 abou t  the poi n t

(x ,y,z), as indicated in Figur e  2 , a n d the seco n d pa r t being

the remainder , S’, of the surface , we may write (3.1) as

- -  - S _  - 
- - - - S t - 5 5 —

1((f (~~ ) ~G (x ,y,z;~~,n,ç) dS -  - -

4sJJE j ’ ~~~~~~~~~~~ -an - 
- - 

- 
- - - -

+ ~~ f~~~~ :T~, C )  ff (x ,y,z, ~~~~~~ dS = gj(x,y,z) 
(3 8)

where E denotes the area inside the small circle of radius r .
0

Now , usi ng the ex p r es sion fo r ~G / an as ob ta i ned f r o m -  (3.3a)

and k eepi n g in mi n d t h a t  f~~(~~~ri~~c) is a w e l l — b e h a v e d  f u n c t i o n ,

we may take the l i m i t i n g_cage as Z , or e q u i v a l e n t ly ,  r 0 t ends

• ~
_-__ - 

- 
- 

- - S
to zero to ob t a in  -

~~~~~~ 

-
~~~~~ f (x  , y ,-z )~[j -~- - 

~~ 
d S - - - : — :  

- 
-

-

+ ~~~ ~~f j (x ,y , z)j A~-~* dS 
(3 .9)

+ 
Hm 

~~~ _- [C 
~ ~~~~ x,y,z;~~,n,c dS 

-

= g (x,y,z) 
- -  -

Z+~~4ir JJs’ ~~~~~~~ 3n - 

L e t t i n g  the p o i n t  (x , y , z) lie along the normal at a distance

c above the s u r f a c e  as indicated in Figure 2, it is evident -

that the first integral ~n (3.8) can be expressed as -

26
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~~~ frf~~
(x ,Y.z)fA}~~~

)dS - 11rn
~ 

~~ f~~(x ,Y ,z4J~
0 2:rdr

c+ 0

urn 
______  

i 
(3.10)

— r -‘0 [-
~~~ f (x ,y ,z) 2 -ir ~ _____  

— 1 ) ]  — — 
~~~ f~ (x~7~ z)

£40 v’e + r 0

provided r0 is chosen to be small enough that the surface area

inside r0 may be considered to be plane . Moreover , since G*

occurring in (3.9)  is regular , the second integral vanishes

in the limit as E-’O giving -the integral equation

—f~ (x~~~ z) + ~~~~~~~~~~~~~ 
j~~ (x ,y,z; ~,~~,-C)dS — 2 8j(x s7~ Z) (3.11)

-In (3 11) the singular point at (x,y,z) is considered to be

excluded from the surface S. 
-

• As noted , in (3.1) the Green ’s function is also singular

and special consideration is needed. However , using a procedure

similar to the above, it can be shown that this h R  singularity

contributes nothing to the surface integral in (3.1). Thus,

(3.1) may stand as is without modification and the point (x,y,z)

considered to be excluded from the surface S.

However , the integral of h R  over the facet of area ~S

outs ide  the s ingu la r  point  is not zero . This wil l  be discussed

in detail in A ppendix B. 
- -

• 5 - •
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4. - HYDRODYNAM I C FORCES AND- MOMENTS -

The forces and moments caused by the dynamic fluid pressure

- : - -  act-ing . upo n the immerse4 su r f a ce  of the s t r u c t u r e  may be ob-

- -- - tam ed from the in teg ra l s ,

::.::~~: T i~:,~ 
or~~~f)~ P j g-i d~ ,--i ,j ~~~~~~~~~~~~~~~~ (4.la)

F~~W 
— 

-(1 ~ ~~~~~)fAP ’gj d
~~ 

i ~~~~~~ ~ (4 ib)

where F1~~(t) denotes the i— th  component -of load a r i s i n g  f r o m
- the j — t h  component  of mot ion  and F~~( t )  de notes the i— t h  compon—

:.:~nt of wave fo rce  (or moment) . The c o e f fic ie n t  1.0 is to be

a:::: ~ used - in - the :case of -a force (i — 1,2,3) while ~ is to be used

~~ when F denotes a moment (i — 4, 5,6) .  .The sig~~~çonvent ion  of

£r ~ ~~ .~~I~e fqrce 8 , moments , displacements , ve1oc~~t ies L e t c .  fo l low

~~~~~~ -tbe right hand rule.. :- - - 
~~~~~~~~~~~~~~~

- - -  -

I t  is co nv en i en t  an d co nven t iona l to p lace the f or ces and

- rnoments in dimensionless coefficient form . Accordingly, the

:~~following complex wave force (and moment) coefficients are

.defined using (4.lb): - 
- -

5 - - - -  - - - - - - i6 : ::: . - - - - - -

F e
- - 

- 
- — 

i(~ ax) , i — 1,2,3 -(force) (4.2a)
pga 

~~
°

*

P em6 i
— 

i(~ax) , i — 4,5,6 ( m o m e n t )  ( 4 .2 b )
pga n o

• *
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The symbol  F1(m ax)  denotes  the max imum va lue  of the  o sc i l l a to ry

fo rce  (or moment)  and is taken as p o s i t i v e .  The wave force

may, therefore , be defined by the complex number C 1 or by the

magnitude of C~, and the phase angle 6~~. Once 1C 1 1 and are-

known , the wave force (or moment) is expressed as a function

of time as

— (1.0 or )p g a 3(ã/ 2~~)~~C 1( cos (6 i. — at) (4 .3 )

where  the c o e f f i c i e n t  ( 1.0) is applicable in the case of a

force (i — 1,2,3) and (
~

) is applied when (1 — 4,5,6) and F1(t)

denotes a moment. The dimensionless wave amplitude is defined
!~~~~as n~ — H/2a-. I t  is further recalled that all phase angles

are measured in relation to the incident wave; at t — 0 the

cresi àf the und i s tu rbed  inc iden t  wave is located at the coor—

dinate origin.

Acàording to the definitions (4.2), C1 may be expressed ,

using (4.lb) with (2.20b) and ~~.19a), as

C1 —j j [ a  u7(x,y,z) — 
coshla (h+Y)I e~

a
~~ 

coa * +z sin*)1

-: ( 4 .4)

• g 1(z ,y, z ) dS , I —

Th us, once u7(x ,y,z) at all points on the immersed surface is

determined , the complex wave force (or moment) coefficient Ci

ma y be e v a l u a ted by evaluating the surface integral indicated

in ( 4 . 4 ) .

30
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Turning now to the force (or moment) produced by oscilla-

tions in the various degrees of freedom , (2.l9a) and (2.20a)

may be used in conjunction with (4.la) to obtain

or )pgI3X~ vR~ (e
_
~~ tf~~uj(x ,y , z)gj(x ,y,z)dS),

i,j — 1,2..6

where as previously noted (1.0) corresponds to the case of a

force (1 — 1,2,3) and () corresponds to the moment (i — 4,5,6).

Furthermore , if the two dimensionless real numbers ~~~ and

are defined as

M1~ — 
_
RefJ

’
~uj(x,y,z)gj(x ,y , z) dS (4.6)

- 

— _Im~[~~u~ (x ,y,z)gj(x ,yi z) dS (4.7)

where Re and Im denote real part and imaginary part , respectively,

then (4.5) may be written as ,

F1~~
(t)_ (1.0 or ) pga3X~ vR~ [(Mjj+iNjj)e~~

Gt ], i,j—1 ,2,..6 (4.8)

where , as in (4.5), the coefficient (1.0) corresponds to 1—1 ,2,3

and (
~ ) corresponds to i—4,5,6.

Equation (4.8) may be further rearranged by defining the

dimensionless parameters ,

F1 ( t )  
-

Ci j
( t )  — 3 1 — 1,2,3; j — l,2,...6 (4.9a)

F 
p g

and
F1 (t )  

-• C1~~(t) — , I — 4,5,6; j — l , 2 , . . . 6  (4 .9b)
p g~
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With (4.9) and using the definition v —cr 2~ /g ,(4.8) may be

written ,

C~~ (-t) — 
_
~M1~X~

(t)_ 
~~~~~~ 

N~~k~ (-t) , i,j — l,2,...6 (4.10)

an d N1~ (f ,j — 1,2,...6) represent the inertia and

damping tensors , respectively, having 36 elements each . The

first index denotes the direction of the force or moment and

the second index is associated with the component of the motion.

It can be shown, moreover , that these tensors are symmetrical

so th a t

j 
- 

M1~ ~~~ (4.hl a)

and

— N~1 (4.hlb)

Except for the diagonal terms it is rather difficult to

give simple definitions for the dimensionless added, mass and

damping tensors , ~~~ and respectively. They are best

defined by expressing the force (or moment) acting on the immersed

surface associated with the dynamic response in terms of these

parameters. Equation (4.10) gives :

1 0 4 -
~ 4 • 1 ~i— 1 ,2,3~

— — { . M1~ X
3

+~ aã N 1J X~ ] ~ ~~~~~~~~~~~~ 
, j 1 ,2,...6 (4.12)

where when (I — 1,2,3) Fij represents a force and when (i — 4,5,6)

F~~ represents a moment. The parameters and denote the

first and second time derivatives of the dimensionless dis-

placements:
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— and — ~~/a , j  — 1, 2 , 3 (4.13a)

— and — ê~ , j — 4,5,6 (4.13b)

•

• 5. NUMERICAL SOLUTION

The primary objective at this juncture is to solve the

¶ 
integral equation (3.11) which has been established for the

source strength function , f1(~~,-ri,C ). Once this function is

obtained , u1 can be determined from (3.1) by evaluating the

- surface integral. Then, all other physical quantities such

- -as pressure and resulting forces and moments may be determined.

A numerical procedure can be devised by approximating the

• actual immersed surface of the structure by a contour composed

of a large but finite number of facets. In the limit as the

number of facets increases and the size decreases , the approx-

imate contour approaches the actual contour. Thus , we may assume

S that in the limit as the number of facets approaches infinity,

the n u m e r i c a l  scheme c o n v e r g e s .

To begi n , the  imme rsed s u r f a c e  is subd iv ided  as indicated

in Figure 3 and an index is assigned to the nodal point (centroid

point) of each of the small facets . It is requi red  tha t  (3.11)

be satisfied at each of these nodal points. This is a relax—

S ation of the requirement implicit in (3.11) that the equation

be satisfied at every point on the immersed surface.
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Recogni z ing tha t  the  sour ce  s t r e ng t h , f~~U .n.c). is a regular

well—behaved function , we may approximate (3.11) by

—f5(x 1.Y~~5 z~) + 
~~~~~ 

Lfn
(x j,Yj~~

zj).f~s ~2 (x 1,y~~ z~~; x ,y,z) dS

— 2g 0
(x~ ,y~ ,z1) 

(5.1) 
—

vhere-~ S~ d en o t e s  the  a r ea of the j—th facet and N denotes the

total number of facets. In sho r tha n d n o t a t i o n , (5.1) may be w r i t te n

— f + f — 2g (5.2)
it
1 

- n~ ii n~

where n — 1, 2, ...7 correspond s to the six degrees of freedom and

scattering , the repeated index indicates summation as usual and

is defined as

ajj — 

~~~ ff (x1,y1,z1; x ,y , z) dS (5.3)

E q. (5 .2)  is a complex mat r ix  equation which may be solved using a

digital computer to obtain the source  s t r e n g t h  f~ once the elements
I

of the  square  m a t r i x  are  calculated . 
- 

-

As an approximation , the matrix a~~ may be evaluated by using

the~vatue of aG/an at the nodal point to represent the mean—value

over the elem en ta l  su r f a c e  area  of the facet and thereby further

approximate (5.3) by

1 9G
— -~~~~~~ -s-— (x~~ y 1,z1; x ,y, z) AS~ ( 5 . 4 )

where aG/an may be evaluated by use of either (3.6) or (3.7). The

choice between the two forms depends on the value of r. When r is

small , the Infinite i n t e g r a l  o c c u r r i n g  in (3 .6 )  is fairly rapidl y

convergent while m a n y  terms of the series indicated in (3.7) are

- 
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required . However , when r is large , the series occurring in (3.7)

converged r a t h er  rapidl y and , consequentl y, only a few terms are

needed . -

- - -

The p o t e n t i a l  f u n c t i o n  U
j 

-lay be obtained f r o m  (3. 1) once the

source strength f~ is determined at the nodal points. In a manner

similar to that used to solve the integral equation (3.11), the

source strength is taken outside the surface integral and (3.1) Is

written as

~i~~
(x i,Y j,zj) 

-1 f (x
~~,Y~

,z
~~~fL5 

G(x1~ y~ ,z1; x ,y,z) dS
- - 

- - - - -  - - - - - - (5.5)

whe e~~ s1ü (5.1) n — t ,2, ...7, and the integer N denotes the total

number oUnódal points on the immersed surfece. In indicial notation

(5.5) becomes 
- - 

- 
- 

-- - 
- -

u~~ (5.6)

where the square matrix is defined as the integral over the

pa ne l of a rea ~~~ as 
- - 

- 
-

- 

~~ G (x ~~,y 11z~~; x ,y , z) dS ( 5 . 7 )

Taking the value of G at the nodal point to represent the mean—value

over the f a c e t , (5.7) may be approximated for large R as -

1
— ~~ G(x 1,y~~, z 1; ~~~~~~~~~~ ~~~ (5.8)

where G is evaluated by use of either (3.3) or (3.4), depending on

the -value of r. When R is not large (5.7) must be used and the

integration of h R  term in G is d i s c u s s e d  in A p p e n d i x  B.

The f i r s t  s tep in the  numer i ca l  so lu t ion  to the  p rob lem is to

evaluate the matrices , a~~ and 8~~~. For examp le , the  point (x,y,z)

-
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on t he  im m er sed sur f a c e is d e n o t e d  b y i a nd t h e  po in t  where  the

source is located (E~~~~~) is denoted by j. Thu s, using the series

— form of the Green ’s function given in (3.4) or its der ivativ e given

in (3.7), there is no difficulty in numerical evaluation once the

location of the point i and j are specified . However , the integral

form of G and its derivatives as specified by (3.3) and (3.6) re-

qui res  some spec ial c o n s i d e r a t i o n .  The inf in i te  integral which

occu r s in both of these expressions poses two difficulties with

respec t to n u m e r i c a l  e v a lu a t i o n ;  the integral has an infinite

upper limit and the integrand is singular at u—i ’0 wher e is the

r oot of

- 
tanh(u h) — v — 0 (5.9) —

The root is simply equal to “a” in view of (3.3f). However , these

difficulties can be overcome by recognizing that the integrand is

singular like l/(u—ii 0), subtracting the singularity out of the

integral and carry ing out its integration analytically. The re—

mainde r  of the integral is then carried out numericall y and the

upper limit is rep laced by a suitable large number such tha t con—

vergence is assured .

For purposes of illustration let the infinite integral in

(3.3) be denoted by I so that

I ~.vf 
~~~~~~~~~~ 

(5.10)

wher e 
-

P ( u )  ( v — u  )
u tanh (uh) — V 

(5.11)
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a nd in the  case of (3 . 3)  the  f u n c t i o n  P ( M )  is d e f i n e d  as

- -  

P(u) — 
(p+v)e~~

’1’cosh1p(h+ g)]cosh [~~(h+;) J J
0
(~~r)  

(5.12)
- 

- cosh(~ h) - - -

The i n t e g r a l  in (5.10) may be rearranged and written in the

form 
- -

~~~J2v Q(u)-Q (u0) du +Q(~ ) P . Vj
0 1 - d~ (5.13)

° (u—u~,
) ° ° 

- ~~~~~
— v~

)
- - +f Q(u) d 

- - - - --

- - 
- 

- 
- 

- 
- 

- - - - - ~
‘o (ii— u0) 

u 
- 

-

whe re the p r inc ipa l  va lue  of the second i n t e g r a l  can easi ly
— 

be shown to be zero and the other two integrals are proper

— 
- and easily evaluated by numerical integration. Thus , I may

b& eval u a t ed  b y n u m e r i c a l  i n t e g r a t i o n  of 
- - -

-ì ..f (Q(u)—Q(u 0) )  d~+f 
Q(v)du 

- 

(5.14)
- .-~ o - (v—v  ~ - --‘ 2 - ~~~~~~~~~~ 

—
S 

-

- - - - - - 0 0

whéfé Q(~0) represents the limit of (5.11) as u~~~~u 0 
where

a .  I~he r e s u l t  of this limiting process results in the

f o l l o w i n g  e x p r e s s i o n :
S 

- - - - P(u~ ) 
- - - - - 

-

Q(u0) tanh(u 0h) [l—u 0h tanh (u 0h)J+u0
h (5.15)

or , using (3.3f) and the fact that i’0—a , (5.15) becomes

a P(a)Q (u0) — v+(a2_v~ )h 
(5.16)

For the case of deep water (h-~~ )we find v-’-a so that

Q(u0) — P(a) (5.17)
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The same method of i n t e g r a t i o n  may be used to evalua te the —

infinite integral in the d e r iv a t iv e s  of .. G as veil as in G i t s e l f .

Th e onl y difference is that P(u) is defined differently for the

other cases- but can easily be determined by a comparison of

- ~(5.10) and (5.11) with the particular infinite integral tc. be

- 

eva~.uated . 
- 

- —

- 

-
- An altarnate method of evaluating the integral form of

the Green ’s function may also be used. This p r o c e d u r e  as

desc r ibed in Ap p e n d i x  C involves  c o n v e r t i n g  the  i n f i n i t e  u p p e r

l i mit s  and appea r s  to be particularly useful when the wave

C:.~~~~
1
~
d is large. The computer program actually uses this form

for numerical calculation. 
- -

There is one further significant difficulty in evaluating

4~~~ and 81~~. When point i is distant from the source located

at point j it is adequate to use approximates such as Eq. (5.4),

and (5.8). However , when I = j  or point i is near point j the

singular term in the Green ’s function which is of the form h R

does not vary slowly over the panel of area ~~~~ Thus , when

the node point designated the index I is rather close to

the J—th node point the h/R\term in G and derivatives of h R

wh ich occurs  in ~~~~ must be integrated over rather than

5 approximated. This integration is described in detail in

Append ix B. 
- - - - - - 

-

Spec i f ica ti on of the Subd iv ision Scheme

The numerical scheme starts with specifying panel corner

• points on the immersed surface. Each corner node point is

assigned an index and then a correspondence table Is introduced

- 
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wh ich  sp e c i f i e s  which  f o u r  corner node points make—up a given

panel .  Thus , an index is assigned to each panel.

Given the coordinates of the four corners of a given pane l

it is rather easy to compute i t s a r ea by b r e a k i n g  i t  up in to

two t r i a ng u l a r  areas. Using the areas and centroids of the

two t r i a n g u l a r  po r t ions  of the polygon the cen t ro id  of the

polygon is computed. Finally, the unit normal vector for the

panel is determined by taking the cross—product of vectors

running across the two diagonals of the polygon panel. These

calculations are described in detail in Appendix A.

6. DYNAMIC RESPONSE FOR A FLOATING BODY

In this section the equations of motion for a floating

body in waves are developed . These equations are then applied

using hydrod ynamic coefficients , which include the wave excita—

tion forces and moments as well as added mass and damping co—

efftcients , in order to compute the dynamic response.

The problem under consideration is represented schematically

in Figure 1. In the following, the equations of motion are

written with respect to the center of gravity . Thus , the origin

of the body coordinates is assumed to be located at the center

of gravity of the floating structure and d is defined as the

dimensionless dep th to that point.

The sm a ll a m p l i t u d e  d i s p l a c e m e n t  of the body center of

mass with respect to i t s  mean  p o s i t i o n  in the inertial reference

frame is described by the three coordinates ~1(t), ~2(t) and

R3(t) which are referred to as surge , heave , and sway, respec—

tively. The small angular displacements of the body about the

40
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‘, ~‘ and ‘ axes are denoted by 041 ~~~ O~ and are referred

to as roll , yaw and pitch , respectively.

The equations of motion linearized with respect to the

small angular disp lacements of the body may now be written as

fo l lows:

— ~~1(t) (6.la)

F2
T(t) — ~~2(t) (6.lb )

F3
T(t) — ~~3

( t )  
- 

(6.lc)

F4
T(t) — 1x ’x’ 94 

— 95 
— ‘x’z’66 

(6.ld)

-
_ - F

5
T(t) — 1y ’y ’ e5 

— I
~~
’ 
~6 

— 

~ ?x’ 
e4 

- 

(6.le

F
6
T(t) 

~~~~ 
— 1z’x’ 04 

— tz’y ’ 95 (6.lf)

where F1
T(t), F2

T(t) and F3
T(t) denote the three components of

the total external force acting on the bod y and F4
T(t), F 5

T(t)

and F6
T(t) denote the three components of the total external

moment. The symbol denotes the body mass which equals the

disp laced mass. The moments of inertia are defined , typically,

as 

— ~~~~ d (6.2)

where the integration is to be carried out over the comp lete

mass of the body. For bodies having symmetry with respect to

the (x’—y ’) and (y’—z ’) planes , all of the products of inertia

.5 _
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vanish . Although this type of symmetry is common to most ocean

attuctures , there is no need to apply the limitation at this

point since the inclusion of the product of inertia terms do

sot, in princip le, complicate the development.

At this juncture it is convenient to place the equations

of motion in dimensionless form and rep lace the x , y ,  z sub-

script system with a less cumbersome indicial system. We may

define the following dimensionless parameters for this purpose:
Ii
F *11 m22 — m 33 — rn/pa , m12 m21 rn31 — r n13 — m23 — m32 — 0

~44 — k’~’ /P~~~ m 55 I~ ,~~, ,~;
5
, m66—T~~~~ ‘~~

a45 a54
_I;,~~t /p~

5, m46 m6~ — ç—~~~ ~~~~ m65—m56—— ~~t~~t /P a

X1(t)—~ 1(t)/ , X2(t)—~ 2(tY , X3(t)—~ 3
(t )/~

X4(t)—04
(t) ,  X5(t)—05(t) ,  X6(t)— 06(t)

f1
T(t)_F1

T(t)/pg~~ f2
T(t)_F

2
T(t)/pg ~

3
, f3

T(t)_F
3
T(t)/pg ~

f4
T(t)_F4

T(t)/pg~
4
, f5

T(t)_•F5
T
(t)/Pg~

4
, f6

T(t)_ 5F
6
T(t)/pg~

4

where, as previously given , a denotes the characteristic dimen-

sion of the b o d y ,  P denotes the fluid density and g denotes

the gravitational constant.
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- - U s i n g  these  d e f i n i t i o n s , (6.1) may be condensed to the

- :  form -

- -
- 

- - 
- - - 

f T(t) - ~ m~~ x1
(t) (6.4)

- where ij takes on values l,2,...6, and the repeated index denotes

summation as usual.

- - Equation (6.4) -represents the six equations of motion with

- f T(~) denOting the dimensionless total external force or moment

coefficients as defined by (6.3) . For free—floating bodies these

coefficients represent the contributions from the surrounding

fluid only aüd ire generally considered to be composed of three

parts: 
- - (a) the wave ixcitation forces and moments , (b) the

dynauiic forces and moments caused by the motion of the body ,

and (c) the hydrostatic f or ces an d mo men ts caused ~y the dia—

placement of the body. For moored bodies the forces and moments

- 
- associated with the mooring lines must be included and f o r  the

linear problem these contributions may be determined separately

and superimposed. 
-

In accordance with this idea the three contributions to

the force (or moment) coefficient f~
T(t) may be expressed as

the linear combination:

f T(t) - c1(t) + E [cij(t) + k1~~(t) + k 1 
(t)J (6.5)
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where - - - . _ :  -

- ci (t )  — force or moment coefficient associated with wave

excitation , F~ (t)/Pg~
3 (i—h ,2 ,3); F~ (t)/Pgi

4(i—4 ,5, 6)

c11
(t) force or moment coefficient associated with the

- - - - - 
dynamic response of the body, see Eqs. (4.8—4.10).

force or moment coefficient associated with linear
- 

~~er angular displacement which results from hydro—

- - s t a t i c  pressures. - - - - -

— force or moment coefficient associated with linear

- 
:. 0r angular displacement resulting from elastic

- constraints (moo-ring- lines).-

~he :fp;ce. or moment~ - coe:fficient c~ (t) may be express-e d

as 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .i~~~ 1,2,..6 (6.6)

where 1 — 1 ,2,3 r e f e r s  to the three components of the force

and 1 — 4 ,5,6 refers to the three components of the moment.

The dimensionless coefficients c~~(t) are defined according to

the definition of f1
T(t) as the force made dimensionless with

_ 3  
- -  - 4pga (i = 1,2,3) or the moment made dimensionless with pg~

(I — 4 ,5,6). The frequency of the wave excitation is denoted

by a , and denotes the phase shift angle of the i—th component

of excitation force or moment in relationship to the incident

wave . (All phase shift angles are measured as lag positive

and in relation to the time that the crest of the undisturbed

incident  wave is at  the  c o o r d i n a t e  o r i g i n . )

• 1
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The magnitude of the complex excitation force or moment

coefficient occurring in (6.6) is defined , as in Section 4,

as 

~ 
— ~i~~ ax 

-

, 1—1 ,2,3; Ic~I i(~ ax) ~i—4,5,6 (6.7)
pga n o ~~g

* *
where n o — i~/2 a  denotes  the  d imens ion l e s s  wave ampl i tude , U

*

bei n g the wav e h e i g h t  an d a the  characteristic body dimension.

The a m p l i t u d e  of the  e x c i t a t i o n  fo rces  and moments  are denoted

by 
~i(max) 

where I — 1,2,3 refers to the three components of

force , and 1 4,5,6 refers to the moment.

As the body responds to the wave excitation , dynamic

pressures arise due to the motion which may be resolved into

two components of force (or moment), one component in phase and
S

p r o p o r t i o n a l  to the acce l e r a t i on  of the body and a second in

phase and p r o p o r t i o n a l  to the velocity. Equation (4.10) defines

- this d imens ion les s  force (or moment) which is due to the  m o t i o n

of the body. The dimensionless parameter c1~~(t) is defined

in (4.10) as the force (i—1 ,2,3) or moment (i—4 ,5,6) which

is caused by the j—th component of motion. The dimensionless

parameters and N
11 

denote the added  mass and damping  c o e f f i c -

ients which are calculated by use of (4.6) and (4.7).

The final contribution to the force (or m o m e n t )  r e s u l t i n g

from the surrounding fluid comes from the hydrostatic pressure .

As the body is displaced from its equilibrium position , forces

• 

- 
and moments arise which are proportional to the body displace-

ment .
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The hydrostatic pressure increases with depth according

to P — —P gy and , consequently, the i—th component of hydro-

static force or moment resulting from this pressure variation

and acting on the body is given by the integral

F~
H Pga3ffygjds , i — 1,2,3; F~

0 
— Pg~4JJygjdS , i 4 ,5,6 (6.8)

where y — y/ d e n o t e s  the dimensionless y coordinate of a

point on the immersed surface , and dS —dg /~
2, d~ being an

elemental surface area. - The functions g
~ 

occurring in Eq. (6.8)

are defined as follows :

- 
- (6.9)

g4 — y’n~~ z’n , g8 — ~~~f l X f l~~ g
6 

— x n
Y
_Y I%X

where the dimensionless bod y coordinates are defined as

— x ’/a, y’ — y ’/a , z’ — ‘/, d —

and the un it normal  vec tor on the immersed  surface is defined

as ~ (x ’,y ’,z’; X1,X2, X3, X4 , X5, X6) — tn
~ 
+ Tn + ~~~~ Eq. (6.9) is 

- -

the same definition of g1 given in (2.2lf), the only difference

being that (2.21f) is written in terms of the fixed (x,y,z)

coordinate system while (6.9) Is exp re s sed  in te rms  of the body

axes. -

The f o l l o w i n g  l i n e a r i z e d  r e l a t i o n s h i p s  exist between the

cooroinates of the fixed reference frame and the body coordinates

for a given point on the immersed surface at x’,y ’,z’:

x x ’ + X 5
z ’ - X6y ’ + X 1

y — —d + y ’ + X6x ’ — X4z 
‘ + 

- 

(6.10)

z — 2 ’ + X 4y ’ - X5x ’ + X3
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Equation (6.7) represents the hydrostatic force (or soment)

acting on the immersed surface including the buoyant force

which must , of course , just balance the weight. It is desired ,

howeve r , to determine the i—tb component of force associated

with a j—th (j — 1,2,...6) component of displacement of the

body, j — 1,2,3 denoting linear displacement in the x ’,y’,z’

directions , respectively, and j — 4,5,6 denoting angular dis-

placement about x ’,y ’,z’ axes , respectively. For the linearized

problem this force (or moment) may be written , using Eq. (6.8),

as 

H 
— X

1 
— (1 or ) pg

3
X
1 }jfJ~

’
ygj dS (6.11)

(The factor 1.0 in brackets in ~~.ll) is app lied when i—i ,2,3 and

a is appropriate when F
11 

denotes a moment (i.e.), 1—4,5,6.)

Defining, further , the dimensionless parameter X~1 
as

Ku — ~~ ~~ 1(Yg j)dS (6.12)

the dimensionless force (or moment) coefficient k
11
(t) may be

wr itten , in view of (6.11), as

k~ 1
(t) = —K u X

1
(t) (no sum) (6.13)

Equation (6.13) represents a form appropriate to Eq. (6.5) for

the dimensionless force in the i—tb direction caused by a dis—

placement in the 3—tb degree of freedom .
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The following expressions are obtained for the hydrostatic

force coefficients K11
:

K 22 — —ffn~ dS — A
~
/
~
2 - 6.l4a

K24 — K42 — f)~ Z ’ n ds (6.l4b)

K44 — fAy ’~~
’
~~2 

— z’2n
7

d5 (6.14c)

K46 — K 64 _fJx’z’nydS (6.14d)

K26 — K62 = .J/ x’n - dS (6.l4e)

K66 .‘JJ’(x ’y ’n
~ 

— x ’2 n
7
) dS (6.14f)

in which A
~ 

denotes the waterplane area in the equilibrium

position. For floating bodies having symmetry with respect to 
- 

-

the x ’—y ’ and y’— z ’ planes the coefficients , K24 K42 
— K 46 

s K 6~

K26 — K62 — 0.

It is noted here that  the expressions , Eqs . (6.14) , f o r the

hydros t a t i c  force coefficients are in rather convenient forms

f o r  e v a l u a t i o n  as a p a r t  of the same numerical scheme discussed

in Chapter 5 which involves representation of the immersed sur-

face by a large number of nodal points . At each nodal point it

is necessary to specify the three coordinates of its location ,

the three components of the  u n i t  vec tor  no rma l  to the surface ,

and the elemental area of the facet. This information is, there—

f o r e , a v a i l a b l e  in convenient forms for use in the evaluation

of the integrals in Eq. (6.14) in the computer program.
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If the mooring lines can be approximated by linear elastic

constraints then the force or moment coefficient may be expressed

in terms of a spring constant K ’~~3 
and displacement in a form

similar to Eq. (6.12) as -

k’13
(t) — _K’~ 3X3(t) (no sum) (6.15)

• 
- where

— 1,2,3; 3 1,2,...6: force in i—direction/pg i 3

1.- ’ ( , )  — - :
4I 4,5,6; 3 — 1,2,...6: moment  in i — d ir e c tio n/ p g i

and K’~~3 
denotes a spring constant matrix which depends on the S

mooring line configuration , stiffness and tension. K’ij ~~

defined as 

~
Fi 3 i=l 2 3 -

— —

[ïç] 

I p ga 
~ 3 1 ,2,...6 (6.16a)

— [-
~k~

] / pga , j:i,2,...6 (6.16b)

in which  F
1 

the force in the positive i—th direction caused by

the mooring lines when i i ,2,3 and F’1 
— the  moment  a b o u t  the

i—tb body axis due to the  m o o r i n g  lines when i=4 ,5,6. The

p a r a m e t e r s  X
3 

deno te  d imens ion le s s  d i s p l a c e m e n t s  as de f ined  by

Eq. (6.3). That is, when i— l ,2,3~ X1 denotes dimensionless linear

displacements

— ~~~~ 1=1 ,2,3

and when 1—4 ,5,6 angular displacements ,

— 01, 1—4 ,5,6

- 

49

~



The equations of motion for a free floating body may now

be obtained by use of Eqs. (6.4), (6.5), (6.6), (4.10), and

(6.13) as follows : 
-

+ M ij ) X
j + + (K

13
+K’

13
)X 3 

— 
n: 

R 1I C1Ie
161 e~~~~

t
J

(6.17)

Furthermore , the body respbnse in the j—th degree of freedom may

be expressed in the form

X
3
(t) — x~ ~~~~~~~ e

_
~~

t] (6.18)

which , when substituted Into Eq. (6.17), yie lds  the  complex

equations of motion ,

e14~i j~
j
~.j e

i6j (6.19)

where  the frequency parameter v= a2i/g.

Equation (6.19) represents six equations corresponding to

1=1 2,3.. .6. The repeated 3 index denotes , as usual , the summa-

tion over the six degrees of freedom. The amplitude ratio

X3
0 Iri~ denotes  the r a t i o  of the  a m p l i t u d e  of the mo tion to the

amplitude of the i n c i d e n t  wave and denotes the phase angle of

the motion (displacement) in relation to the reference condition

of the c r e s t  of the  incident wave being located at the coordinate

origin.

I t w ill b e r eca l l ed  that for bodies possessing x’—y ’ and

y ’—z ’ plane symmetry , m
13

0 for i~~j in Eq. (6.17). Also ,

and N
13 

denote the thirty—six element added mass and damping 
5

tensors.
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It can be shown , however , that

K - K  N - M  K - K
13 31’ 13 31’ 13 ii ( 6 . 2 0 )  -

• so that only 21 different values exist in the general six degrees

of freedom problem.

To further simp lify the notation , we may define the complex

matrix ,

A13 
— — (m

13
+M

13
)+ (K~3

+K’
13

)/v—iN~ 3 
(6.21)

the complex response vector ,
0X j iq~

~‘J (6.~~~)
*

and , in a d d i t i o n , the vector ,

• I~ iI 16iB ei V

• Then, Eq. (6.-19)may be written very simply as

y — B~ 1,3  — 1 2 ,...6 (6.23 )i i  , 
.

Equation (6.24) may be solved by matrix inversion. Once the

solution to Eq. (6.21) for r 3 Is ob taine d , the problem is
— solved. The amplitude and phase angle  of the  response  can

be extracted from the definition of given in Eq. ( 6 . 2 2 g .
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7. HASKINDS RELATIONS AND ENERGY BALANCE

Even though it may be supposed that the numerical

solution proposed here will converge upon increasing the

number of partitions , it is important to keep the partiti on

size large (and number of partitions as small) as accuracy

considerations will permit in order to reduce computer time

and storage requirements. It is , for this reason , impor-

tant to determine the effect of the partition size on accuracy

so that practical limitS may be established.

S One method of verifying the accuracy Is to compare the

numerical results with analytical results where closed form

solutions exist. Although valid , this approach is limited

to a few simple shapes; for more general shapes no such check ,

of course , exists.

A second method of checking the validity of the numerical

results involves the use of an energy balance as well as the

use of the so—called }laskind’ s relations. Conservation of

energy requires that a balance must exist between the energy

required to oscillate the object , and the wave energy trans-

mitted across some control volume surrounding the object but

at a large radial distance. Using the asymptotic form of

the Green ’s function given in (3.4a) for large values of r,

alon g w i t h  (3.1) the  f o l l o w i n g  relationship for the damp ing

coefficient is so obtained.

- 
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N 11 
- h h(aZ_;~ )+V i hf~ 

f1(~~,n,~~)coshEa(h+n)]e
1
~~ 1

• cos (8—0) dS I dO (7.1)

where p
1 

— Itz+n i and 8 — tan ‘(C/F.). This relationship

expresses the damping coefficient in terms of the f a r  field

behavior of the solution.

A relationship somewhat similar to (7.1) known as Haskind’s

relations , may be obtained for the wave force (or moment)

coefficient. That is, the I—tb component wave force (or

- 

moment) coefficient is related to the waves produced at

infinity by the bod y oscillating in the i—rh mode such that

C1 = cosh(ah) ff f1(F.,n,C)cosh [a(h+~)) e
_i

lC05(8~~~~~~dS

(7.2)

• 
• where 4, d e n o t e s  the  i n c i d e n c e  ang l e  as i nd i c a t e d  in Figure 1.

A form of this relationship between the wave force and the

waves produced at infinity by the same body oscillating in

- 
otherwise still water was first derived by Haskind (14) and

later reiterated and discussed by Newman (3). Equation (7.2)

may be considered to represent a form of the Haskind’s

relations as extended to the finite depth case. The details

of this extension which involves integration by method of

stationary phase are given by Rao and Garrison (15).
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Equations (7.1) and (7.2) represent relationshi ps for t h e

damping and wave force (or moment) coefficient based on the

behavior  of the  f a r  field solution. A comparison of these

results with ~~~ and C1 o b t a i n e d  f r o m  an i n t e g r a t i o n  of the

pressure over the immersed surface , i.e., as ob ta ined  f r o m

(4.2) and (4.7), provides a convenient and valuable self—

check on the accuracy of numerical results. These results

are not limited to special configurations and may be applied

to a r b i t r a r y  shapes .  Equation (7.2) is, however , limited to

symmetry with respect  to the x—y p lane , a co n d i t i o n  which  is

satisfied by most practical shapes.

It may be noted , moreover , that for the special case of 
-

the vertical force on an axisymmetrlc body a very simple
- -

S relationship between C2 and N 22 may be ob ta ined  f r o m  E q s .  (7 .1)

and (7.2). That is , in view of the  a x i s ymm e t r y  the  in t e g r a n d

in Eq. (7.1) must be independent of 0. According ly, the

integration with 0 may be accomplished by evaluating the

integrands at any value of 0, say 0—u and multiplying by 2n.

The r igh t  hand sides of Eqs. (7.1) and (7.2) then become

similar  and the  f o l l o w i n g  r e l a t i o n s h i p  may be derived between

th e wave f o r c e  and damping  c o e f f i c i e n t  in heave :

N — 
a sinh (2 ah) C 2 (7 3)22 2 2ah + sinh (2ah) 2

1 _  H
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For the case of infinite depth , Eq. (7.3) reduces to the

special case presented by Newman (3)

1 c~ 
_
~I~iT

The nu m e r i c a l  e v a l u a t io n  of Eqs.  (7. 1) and (7.2) can be

easily carried out using the same numerical scheme outlined

in Chapter 5. The numerical integrations over the immersed

surfaces are converted to summations and evaluated using the

source strength function obtained from solution of (5.2).

8. COMPUTER PROGRAM

S - The theoretical development outlined in Chapters 1—7 has

been coded for digital computer calculations and a deicription

* of that program is p r e s e n t e d  in this chapter. The general

arrangement of the numerical procedure , a computational flow—

c h a r t  and t h e  i n p u t — o u t p u t  f o r m a t  a re  d i s c u s s e d .

The basic requirements established for the program were

considered to be as follows:

(a) The program must work for floating bodies of

c o m p l e t e ly a r b i t r a r y  shape , b u t  when either one

or two vertical planes of symmetry exist the pro-

gram should take advantage of this so as to reduce

the input data and calculations.

(b) Run  t i m e  m u s t  be kept as small as possible but

without losing accuracy.
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(c) Computer core requirements must be kept to a

reasonable value even for very comp lex shapes

where a large number of panels are required.

Flow Chart

The flow chart for the computer program is given in Table 1.

It should be noted that the total program is divided into two

parts , a very small MAIN program which is used on ly  f o r  dimen-

sioning, inputing parameter and calling the first subroutine

DYN RE~ - This  a r r angemen t allows all of t he  s u b ro u t i n e s  wh ich

have variable dimensioning to be placed on files if desired

and oaly the small MAIN program need be altered.

The subroutine OTECPR c o n t r o l s  the  f l ow  of the  c a l c u l a t io n s

and calls essentially all of the other subroutines. It first

calls the subroutine GDATA which in turn cal ls  t h e  s u b ro u t i n e

CONFIG. This subroutine reads data cards describing the

immersed s u r f a c e  and c o m p u t e s  the  un i t  normals , areas and

centroid locations of each p a n e l .  GDATA then  cal ls  the  s u b —

routine PLT which plots the panels on a calcomp plotter. The

CPU time requirement to this point in the program is small ,

and therefore the program could be terminated at this point

so that the plot output could be checked. Once it is deter-

mined that the input data is correct a complete run could

then be made. 
-

Next the subroutine VAVLIN is called by OTECPR . The

purpose of this subroutine is to compute the value of “a”
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TABLE I

cOPIPUTER PROG!IAM FW~ CHART - OTECPR].

~i.— Di-’ensionsI OTECPR119.u.— Input ‘,arameters
[ I Plots the immersed surface on a

I _ _ _ _ _ _ _ _ _  

Calcomp plotter. Input: ALF and
I I BET, the azimuth and elevation - -

I angle of observer and H the dis—
tance of the observer.

mass and —i
S f l 1_ 1 f l~~consi~antma&c~~ 

s 

r I ‘~eads data cards describingI I the coordinates of the corners
(IDATA I of the nanels on the immersed

L ~_ J surface . Comnutes the components
I of t he un it norma l vectors .
I areas of the panels and coordin-

ates of the centroids of the
CONFIG ‘)anels.

I I Comoutes the value of a using
1 ‘IAVLIN the water denth and wave period
( ~~~~~~j  in Eq.(3.31).

I 1 Computes parameters used in
• 

~~~~~~~~~~ GCOEF I 
GREENS including the trial

J 
and error solution of Eq.(3.4b) .

Inver ts  Q~--ruatrix out of core .

~
j  

(when NSS=2)
Inver ts (\-matrix out of core
(when NSS=l)

Corn~utes~~ ,~~ ~~~~~ matrices
SCAT and stores them on direct access

files or in core depending on the
value of the parameter , NS.

GREENS Green ’s function : series form.

— GREEN Green ’s function : intetrral form .

• Reids GSING Comnutes the h R  term in G.
wave

m ci- AVEVAL See Appendix B.
dence

5 
angie .

I __ ._ i 
~~~~~~~ I :is ,‘ I vc’n 1w F’, . (2 . 2 1  f )
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• .1 ~~~ I I - - I  • i$ I  - ‘  . - - II - i - i l  iii
____ GREENS including the trial

-‘ and error solution of Eq.(3.4b).

[ocINv 2 hor inverts Øc--matrix out of core.
___________  

(when NSS=2)
OCI N V Inver t s a- m a t r i x  out of core

(when NSS=l)
Computes~~’,~~ ~~~~~~~~~~~~~~~~ 

matrices —

- SCAT and stores them on direct access
files or in core depending on the

• 
_ _________  value of the parameter , NS.

[ GREENS Green ’s function: ser ies form.

[GREEN Green ’s function : integral form.

Reads I ~~~~~~~~~~~~~ I Computes the h R  term in ~~~~ .

wave I

m ci- F AVEVAL 1 See Appendix B. -

dence -

ang e. _ _ _ _ _ _ _ _ _  -

VELNOR Comnutes g1 as given by Eq. (2.21!)

SOURCE I Out of core solution of Eq.(5.2)

CO~1AT In core solution of Eq.(5.2)
A 

____________

~~~~~] 
Computes the notential at the

LBASPR node points and p r i n t s  the
L J pressure and velocity dist .

Using the oressure d i s t r i bu t i on
-
~ 
BASCOE BASCOE computes the exc i ta t ion

L forces and moments , added mass
and damning c o e f f i c i e n t s .
C1ómnutes the value of the excita-

I HA0~ 
t~on forces and moments and addedmass and damping coefficients by
use of Haskind ’s re lations and
energy balance.

~~ Solves the enuatlons of motion of
RE8PON the Floating body, (i.e.), solves

- 
- 

] E q . ( 6 .24 ) .

Loops through ~‘N’VItVES” times. Each time through the locrn a new
S wave incidence angle is read at the same neriod and depth.
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by t r i a l  and e r ro r  sol utio n of the  equa t ion :

v — a tanh (ah)

The subrout ine  GC O EF is next called by OTECPR.  The func-

tion of this subroutine is to compute certain functions which

• are used repea ted ly  in the series form of the Green ’s function.

The first fifty values of 
~k 

given by (3.4b) are computed and

these values  are used to compute the first fifty values of

cos (uk(h+y)) and sin[~i.~(h+y)] for the various different values

of y corresponding to the node points at the centroids of the

-panels on the caisson. The values of these  f u n c t i o n s  are

.tcred and are used by the subroutine GREENS for use in eval-

uating the series form of the Green ’s function. -

The subroutine SCAT is next called by OTECPR. This sub—

routine evaluates the elements of the a and B matrices and
I

stores them on FILE #10 and 14, respectively. SCAT calls the

s u b r o u t i n e  GREEN and GSING or GREENS to evaluate these matrices.

GSING calls AVEVAL to eva lua te  the  h R  and a ( l / R ) / a n  t e rm  in

the integral form of the  Green ’s f u n c t i o n .

S The program has , in general , two options for solving the

m a t r i x  e q u a t i o n  ( 5 . 2 )  e i the r  by inversion of (u—I) through

OCINV or OCINV2 out of core , or by solution through COMAT in

core. When the inversion out of core option is selected ,

SCAT calls OCINV or OCINV2 to invert (u—I) stores (u—I)~~ in

the file space originally occupied by (a—I). 
S

~~~~~~~~~~~~ 
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In addition to the calculation of a and 8 matrices and the

storing of these matrices out of core , SCAT also generates the

derivatives of a (i.e., the matrices a , a and a and stores

them on Files 11, 12, and 13).

At this juncture in the flow of calculátions QTECpR reads

the first of a series of data cards which specifies the incidence

angle, 4’ , of the incident wave relative to the body coordinates.

All of the computations made heretofore are dependent on the

period and wave height but are independent of the incidence angle.

Thus , c o m p u t a t i o n s  may be made f o r  a series of incidence angles

at l i t t l e  a d d i t i o n a l  e x p e n d i t u r e  of CPU t ime . The remainder  of

the p r o g r a m  is , t h e r e f o r e, “ l o o p e d ”  NWAVES t imes w i t h  d i f f e r e n t

values for the incidence angle.

The next subroutine called by OTECPR is VELNOR. This sub—

routine computes the velocity induced normal to the caisson by

the  inc iden t  wave .  More  s p e c i f i c a l l y ,  VELNOR computes  the  vec to r  
-

given by (2.21!). This vector represents the right hand side

of E q u a t i o n  ( 5 . 2)  so t h a t  the  e q u a t i o n  can be solved for the

source  s t r e n g t h .

D e p e n d i n g  on the  p a r t i c u l a r  o p t i o n  s e l e c t e d  f o r  sc lv ing

(5.2) either SOURCE or COMAT is called next in OTECPR.  The

function of SOURCE is to multiply (a—I)~~ on g in order to

e v a l u a t e  t h e  s o u r c e  strength through (5.2). In the case that

( a — I ) 1 has not been determined through OCINV or OCINV2 , the

subroutine COMAT is called which solves (5.2) by elimination.
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~~~~~~~~~~~~~~~~~~~~~~~ broutine BASPR is ca1led fleXt bY 0TECPR. ThITpO$S

of this subroutine is to compute the value of th. potentials , 
— -

(u0 + u 7), u1, u2, U 3, u4, u5 an d u6 at the node points on the -

immersed surface. Using these values of the potentials BASPR

computes the pressure distribution on the immersed surface.

This subroutine also reads the FILES #11, 12, and 13 which store

a , a and a and with this information computes the threex y z

components of velocities in body coordinates at the node points

on the  immersed s u r f a c e .  It should be noted that the velocities

are used only for a check on the solution and are not actually

needed in the computation of the loads and response of the floating

body. The computation of velocity can be surpressed by simply

setting the parameter NBA — 1 in the MAIN program ; when NBA — 2

the velocities are computed. When NBA 1 the FILES #11, 12 and

• 13 are not used at all.

The s u b r o u t i n e  BA SCOE is next called by OTECPR. The function

of this subroutine is to re—compute the excitation forces and

moments by use of the Haskind’s relations (Eq. 7.2) and re—compute

the damping coefficients , Nij, by use of an energy balance (Eq . 7 .1).

These results which are computed on the basis of the far—field

potential are compared with the same results computed by use of

the  s u r f a c e  (n e a r — f ie 1d ~ p r e s s u r e  d i s t r i b u t i o n  as a check  on t he

validity of the solution.

F i n a l l y  OTECPR ca l ls  t h e  subroutine RESPON. This subroutine

takes as inputs the excitat~.on forces and moments , added mass and
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damping coefficients , mass and spring constant information and

then sOlVe8 Equation (6.24) for the dynamic response of the body.

~~put Data

The input data f o r  the  p r o g r a m  describes the geometry of

the immersed surface up to the mean waterline , specifies the

water depth and wave conditions as well as the mass and mooring

line spring constant parameters. Some of the data is input

through data cards and some through constants in the DATA

statements in the MAIN program .

The 36 values of mass and mass moments of inertia of the

floating body, I~~ jt~ etc., are input through six data cards ,

each card containing six values.

The spring constants which account for the effect of the

mooring lines are next input. Here again , there are, in general ,

36 values which are input through six data cards , each card

containing six values.

The immersed surface of the  body is desc r ibed  t h r o u g h  a

set of data cards which give the three coordinates of the  c o r n e rs

of the panels. These coordinates are measured with respect to

a special coordinate system used for inputing the data only.

These special “input axes” allow the user of the program to

measure the coordinates of the panel corners in any convenient

r e f e r e n c e  frame and then the subroutines GDATA and CONFIG shift

the origin of this special input coordinate system to any desired

location by use of the inputs XREF, YREF , ZREF and rotates it

by the angle ANGREF.
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Another set of data cards following the ones specifying

the location of the corner points is used to specify which four

corners constitute a given panel. Each data card in this set

• contains five integers , the first represents the panel number

or index and the following four integers specify the indices

as soc i a t ed  wi t h  t he  corners .

The las t  set  of data cards specify the different values

of the incidence angle of the wave. There are “NWAVE S” of

these cards.

Coordinate Systems 
S

It is important to understand the coordinate systems used

in order to input the program properly and , therefore , these

• 
are d e f i n e d  in the  following. It is convenient to define

three coordinate systems :

• - 
(x”, y”, z”): Input axes

~~~ y’, z’): Body axes

Cx , y, z) : Inertial axes

The input axes are used to input the location of the corners

of the panels. This set of axes may be located at any convenient

point and orientation with respect to the hull but the y”—axis

is set vertical with positive y” measured upward. The second

two coordinate systems also have their y—axes pointing upwards

and the location of their origins and orientation is specified

by the five parameters , XREF , YREP , ZREF , ANGREF and ECG .
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The inertial axes is located such that the x’— z’ p lane

represents the mean water level. It is located at the point

x” — XREF, y” — YREF and z” — ZREF in the input reference frame

such that the center of gravity of the body is on a vertical

line passing through the origin. The body axes is considered to

be aligned with the inertial axes when the body is in its equili—

brium position except that it is shifted to the point (0, ECG , 0)

in the (x ,y , z) r e f e r ence  f r a m e . When the center of gravity lies

above the mean waterline ECG represents a positive number and

when the center of gravity lies below the mean water level ECG

will be negative.

Figure 4 shows the three coordinate systems and their

relationship one to another. The reason for the introduction

of the input coordinate system is strictly for convenience in

inputing data. In the case of certain configuration it may be

convenient to measure the location of the corners of the panels

in a coordinate system attached to the hull at a reference

point which may differ from either the mean waterline or the

center  of g r a v i t y .  -

Pos i t ive  values  of XREF , YREF , ZREF and ANGREF a re  shown in

Figure 4. The wave incidence angle , ~j, , is also shown in the

figure and is defined relative to the body and inertial axes

as indicated.

Corner Node Point Inputs — No Symmetry :

It would be unusual that a floating structure would possess

no symmetry whatsoever but the program has the capability of

dealing with such general cases. When no symmetry is present

the c o m p l e t e  i m m e r s e d  s u r f a c e  of t h e  h u l l  must be covered with

panels .

—.5 
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Corner Node Point Input — One Plane of Symmetry ;

When the immersed surface has one vertical plane of

symmetry and the center of gravity lies in this plane , then only

— half of surface must be represented by panels. In such a case

the input axes may be placed in any desired manner relative to

the immersed surface but the parameters XREF , YRE F, ZREF and

ANGREF must be selected such that the plane of symmetry is coin-

cident with the x’ — y ’ and x — y planes and such that O(x’,y’,z ’)

is coincident with the center of gravity. The single symmetry

case is depicted in Figure 5.

Corner Node Point Inputs — Double Symmetry:

If the hull possesses two planes of symmetry it is necessary

to input data cards specify ing the panel corners on one quarter

of the hull only. Here again the input coordinate system is

used to In p u t  the  c o o r d i n a t e s  of t he  co rne r s  of the  pane l s  and

It may be positioned arbitrarily with respect to the hull.

However , XREF , YREF , ZREF , ANGREF have to be input such that

O(x,y,z) and O(x’,y ’,z’) lie on the intersection of the two

planes of symmetry and ECG must be such that O(x ’,y ’,z’) Is

coincident with the center of gravity. The result is that the

(x ,y,z) and (x’,y ’,z’) are p laced relative to the floating body

as shown in Figure 6. The portion of the immersed surface Input

f a l l s  in t h e  p o s i t i v e  x — z  q u a d r a n t  in t he  b ody  and  i n e r t i a l

axes as indicated in the figure.
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Although In the above two cases where the body possesses

one or two planes of symmetry the input axis was d e f i n e d  such

that XREF , YREF , ZRE F, and ANGREF were non— zero , the usual case

would be to input the data with input coordinate axes aligned

with the body and inertial axes. This is generally convenient.

Howeve r, it is not usually convenient to place the origin of

the input axes at either the mean water level or c e n t e r  of

gravity. It is generally more convenient to set the origin at

the level of t he  b o t t o m  if t he  h u l l  has  a f l a t  b o t t o m  so t h a t

YREF is norma l ly n o n - z e r o .

Input Format

- The i n p u t s  to  the  c o m p u t e r  p r o g r a m  a re  of t h r e e  t y p e s :

(1) specifying certain constants , (2) specifying the dimensions

of the arrays , and (3) specifying the geometry of the Immersed

surface. These inputs and their format are discussed in the

following:

Input Constants:

The constants which are input by way of DATA statement

cards are defined in terms of both the metric and English system

in the following. It is noted , however , that either one system

or the other may be seiected but no mixing of systems is allowable.

PER Wave period and period of the motion of the body(sec .)

H. Mean water depth (ft. or meters)

ABAR. ....Reference dimension of the hull. Any value will
do but normally the radius of the hull or the

- h a l f — l e n g t h  is used ( f t .  or m e t e r s ) .

1111 SIt1± T J 5  .: :~ii~ 
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RHO D e n s i t y  of t h e  w a t e r  ( s l u g s / ft 3 or k g / r n 3) .

G........Acceleration of gravity (32.174 ft/sec 2 or
9. 8m/sec~ ).

X R E P . . . . . x ” c o o r d i n a t e  of t he  o r i g i n  of t h e  body  axes
(measured In the input axes)(ft. or meters).
(See Figure 4).

YREF y ” c o o r d i n a t e  of t h e  o r i g i n  of t he  body  axes
(measured In the Input axes)(ft or meters)
(See F igu re  4 ) .

ZREF z” coordinate of the origin of the body axes
(measured in the i n p u t  a x e s) ( ft  or m e t e r s)
(See Figure 4).

ANGREF...Clockwise rotation angle of the body axes
(as viewed f r o m  above) (Degr ees)  See F igu re  4.

ECG Elevation of the center of gravity of the body
(y) me~-sured in t h e  i n e r t i a l  axes located with

- x — z plane on the mean waterline.

A R M I N . . . . T w o  d i f f e r e n t  f o r m s  of t he  Green ’s f u n c t i o n  have
been d e f i n e d , an integral form as given by
Equation ( 3 . 3 )  and a ser ies  f o r m  g iven by E q u a t i o n
(3 . 4) .  The s e r i e s  f o r m  requires much less CPU
time to evaluate but the modified Bessel function
of the  second kind IC (ar) becomes infinite as
(ar)-~.0. Thus , when ‘

~ar) is less than or equal tothe va lue  of ARMIN the  I n t e g r a l  f o r m  of t h e  Green ’s
functIon _ ia used. The parameter (a r )  is ‘iven by
ar = (2na/L)(r/a) where L = wave length , a ABAR
— c h a r a c t e r i s t i c  l e n g t h  sca le  of the h u l l  and r
deno tes  t he  horizontal distance between node points.
A value of ARMIN = 0.01 Is a reasonable choice. As
ARMIN is increased t he  CPU t ime  I n c r e a s e s  r a p i d l y .

R M I N . . . . . T h e  va lue  of R1~1IN is used for two diffcrent tests
of the distance between panels I and j in computing
t h e  v a l u e s  of a and  . The use of RMIN as v ei l
as ARM IN is bes~~ d e m o n sh a t e d  by t h e  f o l l o w i n g
f l o w  c h a r t :

t
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R < R M IN

•

____ar < ARMIN

• 
‘

f

’
~r > A R M I N 

[GI~~EN ] 

-

GREEN S] ___________

[GSING 1

~ 

a
jj  ‘

The value of RMIN is used to test R for purposes
of se l ec t ing  GREEN or GREENS.  In s u b r o u t i n e  GSING
it is used to de te rmine  w h e t h e r  or not  AVEVAL wi l l
be cal led to i n t e g r a t e  the h R  and d e r i v a t i v e  of
h R  in the integral form of the Green ’s function.

• The value of RMIN should be kept as small as
possible consistent with adequate accuracy. Figure Bl

• in Appendix B Indicates that RMIN >2/si (where  t~S
represents the area of a typical panel) representsa reasonable value fo RMIN. (ft or meters).

NC. Integer denoting the number of panel corner points
on the portion of the hull which is input. This
integer represents the actual number of data cards
read by CONFIG which describe the location of the
corner nodes on the hull.

NB Integer denoting the total number of panels on
the complete hull. The panels are assigned indices
r u n n i n g  1 t h r o u g h  N B .  F i g u r e  7 shows the  n u m b e r i n g
system when the hull has either single or double
symmetry.

NBA Integer having the value of either 1 or 2. If
NBA 1 the velocity components at the node points
on the hull are not computed and direct access
files #11 , 12 and 13 are not used. If NBA 2 the
velocity components on the Immersed surface are
c o m p u t e d .  I t  s h o u l d  be noted that the velocities
are not actually used in the calculations of the

• pressures , excitation forces and moments , added
mass and damping coefficients or the resulting
dynamic response. -
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NA Number of panels defined by the NC corner nodes

on: (a) the complete hull for the no symmetry
case , (b )  h a l f  of t h e  h u l l  when  t h e  h u l l  has  one
plane of symmetry, (c) one quarter of the hull
when the hull has two planes of symmetry. In the
case of (a), (b) and (c) NA will have the values
NB , NB/2 and NB/4, respectively.

NEQ The (cx -.I) matrix as indicated in Eq. (5.2) is a
square matrix of size NB x NB in all cases except
when NSS 2, in which case it is NB/2 x NB/2.

In all cases , however , the matrix is placed
on direct access FILE #14 and Is b r o u g h t  i n to  core
one piece at a time . The size of the block that
is brought in is always NEQ (number of equations)
by NB. Thus , it is most efficient to make NEQ as
l a rge  as pos s ib l e .  However , the block size is
limited (about 7200 bytes on an IBM 360) so NEQ

- - may have to be small when NB is large so that the
block size remains within the limits for the direct
access device used.

In general , NEQ may have any value equal to
or greater than unity. The general rule is to make
NEQ as large as possible consistent with the maximum
block size allowable.

NWAVES...Integer denoting the number of wave directions
which will be considered in the run. There must

• be NWAVES data cards giving the incidence angle
(in degrees) of the particular cases to be calcu-
lated.

NSS Integer having either the value of 1 or 2. The
normal value for NSS is 1 but under the special
case where the wave direction is aligned with the
x ’—y ’ plane (0 or 180 degrees) and this plane
represents a plane of symmetry, then NSS may be
set to 2. The program will then take advantage
of the fact that the source strength function on
the positive z’—half of the hull is the same as
at the corresponding points on the negative z’—
h a l f .  A c c o r d i n g l y ,  t h e  (a—I) matrix will be only
( NB / 2 )  x ( N B / 2 )  r a t h e r  t h a n  NB x NB and , therefore ,
a sav ings in CPU time will be realized during inversion.

NS. Integer which is normally set to 1. However ,
under  t he  spec ia l  case where NSS is set to 2 the
(a—I) matrix may be small enough to store in core.

• If this is the case , NS may be set equal to the
integer NB/2. The (a—I) matrix will then be stored in
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the ALS matrix and inverted through subroutine
COMAT . It is always less time consuming to take
the NS — NB/2 option when possible provided the
storage requirements do not exceed that available
since the in—core inversion is faster than the
out—of—core inversion.

Direct Access Files:

The DEFINE FILE statements in the MAIN program specify the

I block size and number of records on the direct access files #10—14

as follows:

DEFINE FILE 10 (a ,b,U,LK)

DEFINE FILE 11 (a ,b ,U,LIC) S

DEFINE FILE 12 (a,b ,U,LK)

- DEFINE FILE 13 (a b ,U,LK)

DEFINE FILE 14 (c,d,U,LK)

where, for example , in #10, a — number of records and b number - — 

S

of words In the record. The values of a and b must be input for

a given set of data and conditions as follows:

Number of records —

a - N A

c NB/NEQ (rounded upwards to the nearest integer)

Block size — (in number of words)

b — 2xNB The factor of 2 accounts for the

d — 2xNEQxNB fact that the words are complex.

For the special case when NSS — 2 :

c — (dB/2)/NEQ (rounded upwards to the nearest integer)

In addition to the DEFINE FILE statements it is necessary

to specify adequate and consistent disk space on .JCL input.

74

~~~~~~- -~~~~~~~~~ - —
~~~~~~~~~ — — - - —-k 

~~~-



_____ —-—-5- - -  ~~~~~~~~~~~~~~~ ~~~~~~~ —-5— —Srn-S——--—

For efficient operation it is important that the five files

#10—14 be placed on s epa ra t e  u n i t s  when all  are  be ing  used because

these five files are written upon simultaneously in the same

DO LOOP.

When NBA 1 files #11, 12 and 13 are not used. In this

special case it is possible to set the file space required for

#11—13 to some nominal value.

Summary of Program Options

In view of the fact that the program has several options

depending on the incidence angle and symmetry of the immersed

surface , these are summarized in the following. The various

options are completely independent of the values of NBA and NEQ.

I. Hull has no planes of symmetry :

NA — NB

NS — l

N S S — l

The (a—I) matrix s to red  on f i l e  #14 wil l  be NBxN B .  The

matrix will be inverted by use of an elimination scheme

through subroutine OCINV . This option represents the

most CPU time consuming method and would be used only

if the  h u l l  had  no p la nes of symmet ry  w i t h  r espec t  to

the body axes. The wave incidence angle may be arbitrary.

II. Hull has either one or two planes of symmetry :

NA — NB/2 (input data for +z’ half of the immersed surface
when hull has one plane of symmetry .)

NA — NB / 4  ( i n p u t  d a t a  f o r  +x ’ and +z ’ q u a r t e r of t h e  h u ll
when the hull has two planes of symmetry).

LIT _ _ __ _ _ _
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(a) NS — 1

NSS —

The program will take advantage of the symmetry in

computing the matrices but the (a—I) matrix will

be NB x NB and will be inverted in OCINV . The wave

incidence angle may be arbitrary.

(b) NS — l

NSS — 2

The program will take advantage of the symmetry in

computing the large matrices. The incidence angle

must be set to either 0 or 180 degrees so that the

wave is aligned with the x’—y ’ plane. The assumption

is made that for this case the source strength on

the —z ’ —hal f of the hull is the same as on the +z’

—half. Accordingly, the matrix stored on FILE #14

will be NB/2 x NB/2 and will be inverted out of core

by OCINV2.

(c) NS — NB/2

N S S — 2

The (a—I) matrix stored on FILE #14 will be of size

NB/2 x NB/2 . This matrix is eventually placed in

core in the array ALS(NS ,NS) which for this option

has been dimensioned NS x NS , i.e., the size of the

(a—I) matrix. The fact that NS is other than unity

signals the computer to solve Eq. (5.2) in core by

use of the subroutine COMAT . For this option
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(NSS — 2) the incidence angle ,j, , m u s t  be 0 and /o r

180 degrees so that the wave direction is aligned

with the plane of symmetry .

Dimensioning

The genera l  p r inc ip l e  to be fo l lowed  in the dimension

statements in the MAIN program is to make the  d imensions  exac t ly

equal to the size of the array .  In the  case of t w o — d i m e n s i o n a l

arrays it is absolutely necessary that they be dimensioned

exactly correctly. The dimensions cannot be either larger or

smaller  than the  ac tua l  a r ray . Even in the case of several  of

the one—dimensional arrays this is essential and , therefore ,

as a general principle the- arrays should always be dimensioned

to exactly the size of the array as given in the following with

the exception of SH , CH, SINAMU and COSAMU arrays.

The MAIN p r og ram con ta ins  all of the dimension statements

which must  be a l t e r ed .  It  is unnecessary to make any changes S

In the  s u b r o u t i n e s  because all a r rays  are var iab le  d imens ioned .

The a r rays  in the MAIN p rog ram have the f o l l o w i n g  d imens ions :

ALPHA (NEQ, NB)

ALS (NS, NS)

A V ( N B ) ,  BV(NB ), CV(N3), DV(N B ) ,  EV (NB)

F(NB,7 ) ,  HH(NB ,7), U(NB ,7)

XB (NA), YB(NA), ZB ( N A ), X N B ( N A ) ,  YNB(NA), ZNB (N A ) ,  DSB(NA)

XC(NC), YC(NC), ZC(NC) —

• XP(NC), YP(NC), ZP(NC)

NODM(NA ,4)

ICOM(NS,3)

SH(a) , CH(a), SINAMTJ(b), COSAMU(b), where
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a ~ number of different levels of node points on the

immersed surface. That is, “a” should be greater than

the largest number printed under the column labeled LEVEL

NO. on the output. A value of , say 20, would cover essen-

tially all conceivable cases.

b > 50 x a (for example , b — 1000 if a — 20)

(N ote:  In t h e case of SH , CH , S INAMU and COSAMU the

dimensions may be greater than or equal to the actual array

size). -

Input Data Cards

Mass Matrix:

The first set of data cards are used to input  the mass

matrix. There are six cards in this set; each card contaiüs

six numbers. The format for each card is 6FlO.1 and the  un i t s

are slugs and s l u g — f t 2 when the  Engl ish  s y s t e m  is used or k g

and kg—m 2 when metric units are used.

The first card contains the values of 
~~~~ l2’ a13, a14,

a15 and a16 th e second card con ta ins  va lues  of a21 a22 ,  a23, a24 ,

a25, a26 , e t c .  where

a11 — a22 — a33 — — mass of the s t r u c t u r e  ( s lugs  or kg)

rn12 a21 — r n 13 rn31 rn23 rn32 0

a44 — I— ,— , moment of2inertla about the x’ axis (slugs—ft
2

X X or kg — m )

rn55 — I— ,— , — moment ~ f in e r t i a  abou t  the  y ’ axis ( s l u g s — f t 2

or kg—m )

t
—
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S -- a66 — I— ,— , — moment of intertia about the z’ axis (slugs — ft 2
Z or k g — m 2)

(Note, the x ’ , y ’ and z ’ axes are c e n t r o i d a l  axes by d e f i n i t i o n)

— a54 — — Ii,— , — negative product of inertia (slugs —

ft’ or kg m2)

•46 — a64 
— —I.-,j, — negative produ~ t of inertia (slugs —

X ft 2 or kg — m )

a56 
— a65 ~~~~~ 

— n9ative prod~ ct of inertia (slugs —

ft or kg — m )

Sp r ing  C o n s t a n t  M a t r i x :

The second set of data cards are used to describe the

el a s t i c  c o n s t r a i n t s  of the body due to moor ing  li nes .  In the

mos t  gen eral case , fo r d i sp l acemen t  in each of the s ix degrees

of freedom a force (i — 1,2,3) and moments C-i — 4 ,5 , 6) can occu r .

Thus , in general , there can be 36 elastic coefficients to describe

the effect of the  moor ing  l ines .

The d e f i n i t i o n  of the e lements  of the spr ing  constant

matrix is as follows :
3F ’

- - where

F fForce in the i—direction (il ,2,3)(lb or N)
i ~Moment about i—axis (i—4 ,5,6)(ft—lb or N—m)

(Linear  d i sp lacemen t  in the j — d i r e c t i on (j = l , 2 , 3)
— J (ft or meters)X~ ‘~ Angular displacement about 3—axis ( 3 — 4 , 5 ,6)

-
~ (radians)

Example:

The case of a s imple  sp r ing  r e s t r a i n t  is i nd i ca t ed  in the

— following sketch : 2

• I 
jk3
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L
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It is possible to derive expressions for the values of 
~~~~~~~~ 

by

starting with the expressions for the two components of force

and moment :

F’1 
— —k1(~ 1—~ 1 )

F’2 — —k 2(~ 2—~ 2 + £1X6)

— £2x6)

F’6 — —k2t1(5~2—3~2 + £~ X6)

+ k3 £2(X2—X 2 —t 2X6)
0

-l - where the subscript “o” denotes  the e q u i l i b r i u m  position of the

body . By d i f f e r e n t i a t i o n, the sp r i n g  cons tant  c o e f f i c i e n t s

are defined as: -

i’ — k11 1

K 22 — k2+k3

K 66 — k2&1
2 + k3 £2 S

K 61 — K 16 — 0 -

X 12 — K
21 

— 0

K 26 — K 62 — k
2

1
1 

k3&2

where k1, k2, and k 3 de no te  the  s p r i n g  c o n s t a n t s  of the th ree

spr ing s d e f i n ed i n th e u s u a l  manner in terms of force/displacement.
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Hull Geometry :

The next set of data cards to be read are the ones which

descr ibe  the immersed  s u r f a c e  of the h u l l .  This  set of cards

gives the coordinates of the four corners of the panels and there

will be NC of these cards. When there is no symmetry In the

immersed surface, the complete hull must be described; when the

hull has a single plane of symmetry (x’—y ’ plane), then half the

surface must be described, and when the immersed surface has two

planes of symmetr~ one quarter of the hull must be described.

When i n p u t i n g  ha l f  the immersed surface, the x ’—y ’ plane mus t

r ep r esen t  the  plane of symmetry and when inputing one quarter of

the hull , the x ’ — y ’ pla n e an d y t _ z i pla nes m u s t  rep r ese n t p lanes

of symmetry . In the case of single symmetry the +z’ part of the

immersed surface is input, and in the case of double symmetry

the +x’ and +z’ quadrant is input.

An example of a subdivided s u r f a c e  w i t h  two planes of symmetry

is shown in Figure 8. On the quarter of the hull to be described

there are  60 corner  node points denoted and , therefore , for this

S example , NC — 60. It should be noted tha t  all panels must have

four sides; however , the length of the sides and orientation may

be arbitrary , i.e., the panels need not be rectangular or square.

The coordinates of the NC (60 in the examp le) panel corner

points must be input by use of NC data cards punched in the fol—

lowing format:

• Cols: 1—10: The corner  node index (1—60 In the example )  ( I n t e g e r ,

righ t adjusted).

- 81

5-— ---—5-~~~~~-—-- — 
--5—-- - -  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

--5 - -



r. — — p— --5- — -~_ -5-- -5.— — 5-—--’
_ _ _ _  

S 5

H

/ e~i/±~!A 4 V; \ / \  t~~
co O

~4~ T~4’V/ \ ,41 0 \ H SI IS

- 
- S

5--



1!- 
- -S - —-5 -~~~~~~~~~ 5--~~~~ —-- - -5— - ~~~~ -~~. r . - -

Ii

Cola : 11—20: x” coordinate of the node (ft or a).

Cola : 21—30: y” coordinate of the node (ft or m).

Cola: 31—40: z” coordinate of the node (ft or m).

Correspondence Table:

The next set of data cards will define the sequence of four

corner nodes which make up a given panel. There are five integers

on each of these data cards , the first represents the panel index

and the next four integers correspond to the four corners of the

given panel.

There wi l l  be NA of these data cards where NA denotes the

S 
npmber of pa nels  on the p o r t i o n  of the  immersed s u r f a c e  desc r ibed

by data cards. NA will have the value:

NA = NB (no symmetry)

NA = NB/2 (single symmetry)

— NA — NB/4 (double symmetry)

- 

I where NB denotes the total number of panels on the complete

immersed surface. In the  example  de sc r i bed  in Figure  8:

NC — 60

NB — 188

NA — -

In th is  ca se the hu l l  has double  symmetry  so NA N B / 4  = 188/ 4  = 47 .

Each of the  NA ca rds wi l l  s p e c i f y  wh ich  of t h e  f o u r  p o i n t s

compose a given panel and are punched according to the following

forma t (all righ t adjusted integers):
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Cola: 1—10: Panel number (1 through 47 in the example)

Cola: 11—20: First corner node index

Cols: 21—30: Second corner node index

Cola: 31—40: Third corner node index

Cola: 41—50: Fourth corner node index

The four corner nodes are specified in sequence as encountered

in “w a l k i n g ” a round the  panel  on the w a t e r  side in such a way
- that the interior of the panel area remains on the r i g h t  hand s i d e .  -

Another equivalent way of s t a t i n g  th i s  is to number  in sequence

moving a round  the panel  c lockwise  as viewed f r o m  the w a t e r  s ide

of the hu l l  s u r f a c e .  The s t a r t i n g  corner  po in t  is a r b i t r a r y .

Wave Inc idence  Angle  Da ta  Ca rds :

The final set of data cards are those specif ying the different

wave directions to be considered in the run . Since the (a—I)

matrix needs to be constructed and inverted only once , it requires

l i t t l e  a d d i t i o n a l  CPU t ime  to cons ide r  seve ral  va lues  of inc idence

angle in a d d i t i o n  to the i n i t i a l  one . I t  should be remembered ,

however , tha t  when NSS a 2 the wave must be a l igned  w i t h  the x ’

axis so the i nc idence  angle  can only be 0 a n d / o r  180 degrees  o n l y .

The format for the cards are :

Cols: 1—10: Incidence angle , ij~ , in degrees.

Computer Print—Out

The computer print—out contains some of the input data as

well  as the c o m p u t e d  r e s u l t s .
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The coordinates of the corner nodes are printed as read—in

except that they are shifted to the inertial axes (x,y z) with

origin at the mean water level on a vertical passing through the

c.g. of the body. The units are the same as input.

The correspondence table is also printed as read in for

purposes of double checking.

The centroids (node points) on the panels are computed as

well as the components of the unit normal vectors and areas of

the NA panels input. - These results are printed under the heading,

“COORDINATES OF CENTROIDS OF PANELS , COMPONENTS OF N AND PANEL 
-

AREAS.” - 

-

- The d isp l acemen t  of the immersed s u r f a c e  is computed by

three different methods:

V_ ffx ndS

V f J Y f l y dS

V = [1 z n dS
J J s

The results for the volume computed in the th ree  d i f f e re n t  manners

r ep resen t s  a good quick  check on the accuracy  of the input  data .

If the inpu t  da t a  is c o r r e c t , the th ree resu l t s  should be the same .

In a s imi la r  fashion the to ta l  s u r f a c e  area as well  as the

area projected in both the x and z directions are computed as a

S 
quick check on the input data.

Next the program goes through the NA panel node points and

assigns an index to each different elevation. All of the node

points at elevation —10.0, for example , may be assigned the index

85
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1 and all at —5.0 would be assigned 2, etc. The panel node point 
-

index and its corresponding “level number ” is , therefore , printed.

Caution: largest number printed under “LEVEL NO.” should not

exceed the dimension of the arrays SH and Cli. The maximum value

would typically be 3 to 10. A dimension of 20 to 30 should

include all cases.

The “WAVE NUMBER ” is next printed. This is simply an index

which indicates that a new wave direction is being considered.

The number printed here will range from 1 through “NWAVES.”

The next block of information in the print—out is the

following:

a = 2 i r ~ /t = 2ii- . hull radius/wave length .

- v = (2-w/T) 2~ /g

= water depth (ft or m)

T — wave period (sec)

= wave incidence angle (degrees) See Figure 1

NB — total number of panels on total hull surface.

The next block of data printed represents the pressure dis-

tribution associated with the motion of the body in its six degrees

of freedom: surge (1), heave (2), -sway (3), roll (4), yaw (5),

and pitch (6). The subscript (7) denotes wave interaction with

the fixed body . - -

For each mode (six degrees of freedom 1—6 and 7 wave inter—

action with the fixed hull) the dimensionless pressure amplitude

coefficient P1, P2, etc. and pressure phase angle PHi , PH2 , etc.
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are printed. The definition of the dimensionless amplitude and

phase angles are given on the print—out and will be given here

also for completeness:

P1 — pressure (half) amplitude in height of water coluan/(half)

a m p l i t u d e  of the  m o t i o n  in su rge .

P2 — pressure (half) amplitude in heigh t of water column/(half)

amplitude of the motion in heave.

P3 — pressure (half) amp litude in height of water column/

(half) amplitude of the motion in sway .

P4 — pressure (half) amp litude in heigh t of water column/

(half) amplitude of the motion in roll times ABAR .

PS — pressure (half) amp litude in heigh t of water column/

(half) amp litude of the motion in yaw times ABAR:

P6 — pressure (half) amplitude in height of water column /

(half) amplitude of the mot ion  in p i t ch times ABAR .

These definitions are the same as stated in Eqs. (2.20).

The ac tua l  p r e s s u r e s  at any given node point could be

expressed as:

P1 
— P1 p g X 1

° a cos (PH 1 — at)

— P2 p gX2
° ~ cos (P112 — at)

P 3 
a P3 p gX3° ~ cos (P 113 — at)

P4 — P4 p g X 4 ° ~ cos (PH4 — at)

P5 — P5 p gX5
° ~ cos (P115 — at)

P 6 — P6 p gX6
° ~ cos (PH 6 — at)

P7 
— P7 p g (ii/2) cos (PH7 — at)
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where X1
° denote the dimensionless half amplitudes of the motion

as defined in Eq. (2.1) where -

~°
2 —~~~2

,;

- x°3 — i 3
01; -

x04 — 0 4
0

xoS — o 5
0 - 

-

x 6 — e 6

Since the motion of the  body is d e f i n e d  by

X1
(t) = X°~ cos(61—ot)

it is clear the positive phase angles represent a lag of the

pressure with respect to the displacement in any given degree of

freedom.

The next block of output .represents the three components of

fluid velocity (in body axes) associated with motion in the six

degrees of f r e e d o m  ( 1— 6 ) , and wave i n t e r a c t i o n  wi th  the f ixed  hul l ,

(7),corresponding to each node on the complete immersed surface.

(Note: if NBA — 1 this information is not computed and the

output is suppressed) . - -

The velocity component dimensionless amp litudes are defined ,

for example, as S

VX — velocity (half) amp litude in the x ’—dire ction/

velocity (half) amplitude of the body.

The phase angles are defined with respect to the displacement

of the body ( p o s i t i v e  lag) . The x ’— c o mp onent  of v e l o c i t y  could

be expressed , for example , as

88
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surge (1) V~~ VX X01 aa cos(pxl~ at)

heave (2) V V X  a cos(PX2— at)

etc. -
~~~~

The MASS MATRIX is next printed exactly as read—in through

data cards. The units are slugs and slugs—ft 2, or kg and kg—rn 2.

The SPRING CONSTANT MATRIX is printed next also as it was

read in through the six data cards. Note that for a free—floating

body all of the values in this array are zero .

The next set of data represents the dimensionless wave load

coefficients. The x,y,z subscripts represent body axes so FX, for

example, represents the dimensionless excitation force in the

x’ direction. The definition of the coefficients and phase

angles are given on the print—out. The actual wave force and

moments  ca n be expressed as a function of time as:

p = FX pg~
3 (fi/2 )cos (PHASE FX—at) 

—

— FY pga 3(~ /2~) cos (PHASE FY—at)

= FZ pga 3(~ /2~) cos (PHASE F Z — a t )

— MX p g ~
4 (fi/ 2~~) cos (PHASE MX—at) S

— MY p g ~
4 ( f f / 2 )  cos (PHASE M Y — a t )  -

— MZ p g a 4 (fi/ 2~~) cos (PHASE M Z — a t )

Note: the wave crest passes the origin of the coordinate system

at t — 0. Thus, a positive phase angle represents a lag with

respec t  to the  t i m e the wa ve crest passes the origin.

SI . 
The HYDRODYNAMIC ADDED MASS COEFFICIENT MATRIX is next

printed followed by the HYDRODYNAMIC DAMPING COEFFICIENT MATRIX.
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These parameters are defined through Eqs. (4.9 — 4.13). However ,

to emphasize their relationship to the velocity and acceleration

their definitions will be given here again.

The force (or moment) in the i—directi on (in bod y axes) due

to mo t ion  in the  j — d i r e c t i o n  is de f ined  as F~~ and is given in

terms  of the added mass and damping coefficients , Mu and N1~~ as 
- 

S

— —(1.0 or ) {P
~~
4Mi~ 

X~ + p Oa~ ~~~ ~~

where 1.0 is used when F1~ represents a force (1 — 1,2,3) and

is u sed whe n F1~ denotes  a moment (i — 4 , 5 , 6 ) .  In the above

expression

— acceleration in j—direction (Note, X~ 
a X~ /a

- 

fo r  j — 1,2 , 3 and = for j — 4,5,6). .

— velocity in j—direction . ;- 
-

4 The nex t  block of output is labeled HASKINDS RELATIONS. -
S

-~ He re the e x c i t a t i o n  fo rces , mom ents , phase angles are computed

by use of:

(1) the near field pressure distribution

(2) the far field (radiation) potential by use of Haskind ’s

relations • S

and the  damping coefficients are computed by

(1) the near field pressure distribution

( 2 ) the e n e r g y  radiated at infinity .

The results computed by (1) and (2) are then compared and a

percent difference computed.

The use of the Haskind ’s relations and energy balance

r e p r e s e n t s  a s e l f — c h e c k  on the  a c c u r a c y  of the results computed

90
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by the pressure distribution. The results computed by use of the

pressure distribution should be more accurate than those computed

from the far field behavior of the potential but the two results

ghould be fairly close. Large percentage differences indicate

that there may be some problem and the solution may not be valid.

However , if the values of the parameters being compared are very

saa1l~ 1arge percentage differences should be expected and sh-ould

-cause no significant error in -the final results.

Finally the DYNAMIC RESPONSE results are printed. The

response amplitude and phase angle -in the six degrees of f r eedom

are printed. The amplitudes are -defined as:

Surge: Half amplitude of th.e surge motion/wave (half) amplitude

-Heave: Half amplitude of the heave motio~n/wave -(half) amplitude

Sway: Half amplitude of the sway motion/wave (half) amplitude
ri

Roll: Half amp litude of the roll motion in radians x ABAR/wave

(half) amplitude.

Yaw: Half amplitude of the yaw motion in radians x ABAR/wave

(half) amplitude.

Pitch: Half amplitude of the pitch motion in radians x ABAR /vave

(half) amplitude. S

The phase angles of the dynamic response are defined with

respect to -the crest of the incident wave tn radians . The crest

~of the incident wave passes  the origin at t—0 so a positive phase

angle indicates that the displacement of -the body lags the crest. 

. —
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9. EXAMPLE COMPUTATIONS

In th is  c h a p t e r  a s imp le  example  c a l c u l a t i o n  is ca r r i ed  ou t

for a rectuangular barge (box) which is 90 x 90 meters in plan

with a draft of 40 meters. Results are computed for a series of

different wave periods. S

Hull Corner Node Points

In Figure 9 is shown the subdivision of the hull; since the -

immersed s u r f a c e  possesses double symmetry it is necessary to

de scribe only one q u a r t e r  of i t  by use of data cards.

The subdivision indicated in Figure 9 is rather coarse.

- 
There are 12 panels on the quarter—bod y a n d 48 pa n els all t o g e t h er

on the to ta l  imme rsed s u r f a c e .  The q u a r t e r — b o d y  is descr ibed by

use of the  19 corner node points so,

N C — l 9

N A - 1 2

NB a 48

for the immersed surface descr ibed in F igu re  9.

The immersed surface was input with an input coordinate

sy~stem placed relative to the body as i n d i c a t e d  in F igu re  9

w i t h  the b o t t o m  represented by the y ” a 0 plane. Since the draft

was 40.0 ni the inertial coordinate system was placed with origin

at the position x ’ = z” = 0 and y” = 40.0. This is input to the

compu te r  p r o g r a m  by use of a da t a  s t a t e m e n t  spec i f y i ng the

- ; parameters as follows :

XREF O.O
YREF - 4 0 . 0

ZREF O.0
ANGREF — 0.0
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The computer “echo check” on the input data is shown in

Table 2. The location of the inertial reference frame in t h e  i n p u t

reference frame is first printed in the table. The rotation angle
0

- is zero. -

TABLE 2

t~0TA T 1ON AFl( L~~= 0.0

X~~ F= 0.0

Y -~;F: 4J.030~
)

0.0

S 

rr Ru1~~1~ r t..S iF P4’1~a c~i~~i~~ s

C0 H C~ t R  ~ j t j .  X Y I
1 0.0 —40.0O() 0.0
2 22.500 —40 .030 0 . 3
3 45.000 0.0 0.0
4 4,.0C3 —20.000

45.003 —43.300 3.~~i
6 0.000 —40.000 22.~ 0’)

- ( 22.500 —-tC.000 22.500
• d ‘.~ .JJ3 0.0 ?2.50)

9 45.000 —2 0 .000 ~2.50U10 45. 000 — 4 C . 3 0 0  2 2 . 5 0 0
LI 0.30-) 0.0 ~5.0cC12 22.500 0.0 ~5.wjJ13 4~ .00J 0.0 ,~~- .~~1 C C

‘.5.30) —20 .000 45.0CC
1 45.000 —4u.Ooi
16 0.00() — 2 C.0 00 4 .OCtJ
17 22.50.) —20.303 45. C C C 

SId 0,3(j) —4 0 .000 4~ .C~ C - 
- - S -

I~) 22.~,0) — ‘.0.303 ~~~~~~

C F S J~ 0E\N Ti~c~Lc

PANCt . ~. ). ~~C 0t  L -~U~ic 2 Nuc~t .~ ~~~~ 4

1 1 .6 1 2
2 2 7 10
3 7 6 Id
4 1) 1 19 1’,
S 9 14 1-3

., 4
7 10 15 [4
8 5 10
9 [1 12 1? L~10 U ~ -3 ~~~~ 14 1?

S 11 lb 17 19
12 17 14 15 19
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The coordinates of the corners of the panels are printed

under  the h e a d i n g :  COORDINATE OF PANEL CORNERS.  A compar i son

of the numbers listed here can be seen to agree w i t h  the locat ion
I 

S

of the corners (in the inertial reference frame) shown in Figure 9.

Next , under the heading CORRESPONDENCE TABLE can be found

the information which describes the given panels (numbered 1—12)

in te rms  of the corner  node p o i n t  i nd ices .  Under  NODE 1, NODE 2,

e tc .  are l i s t ed  the  four corner node points which go to make up

a given panel listed in clockwise order when observing from the

“watet side” of the panel. A comparison of these resuits with

Figure 9 will confirm this.
S 

Table 3 gives the c o m p u t e r  p r i n t — o u t  of the  l o c a t i o n  of the

panel node points, the components of the ou tward  un i t  normal

vecto rs at the immersed  s u r f a c e  ( in bod y a x es)  an d the  areas of

the pa ne l s .  The node po in t s  are ca lcu la ted  by the couputer , as

desc ribed in Append ix  A , and rep re sen t  the c e n t r o i d s  of the

pane l s .

In Table 4 i S  printed the volume and surface area of the

immersed s u r f a c e  as c o m p u t e d  on the bas is  of the  i n f o r m a t i o n  g iven

in Table 3. The volume is computed by three different methods ,

i.e. ,  by
U

v -E
~~~~~~~ 

n ~s(x—proj) i~~l ~ x~ ~

~(y proj) = E j ~ n
i—l y1
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The volume calculations in this way use all of the information

in Table 3 and if the volumes computed by the different methods

are equal to, say , 5 or 6 de cimal p laces, it is quite likely

that the input data is correct. This represents a simple quick

verification of the input data but cannot replace the Calcomp

plot for ease and reliability .

The different indices assigned to the different levels of

the panel node points are also given in Table 5. It may be seen

by looking over the results printed in Table 3 that the node

points fall at only three different levels: —10.0, —30.0 and

40.0. As indicated in Table 5, and as can be verified by Figure

9, panel nodes 1—4 are on the bottom and are located at the —40.0
I

level (LEVEL NO 1), panel nodes 5,6,9,10 are located at the —10.0

level (LEVEL NO 2), and panel nodes 7,8,11,12 are at the —30 .0

level (LEVEL NO 3).

The next block of computer print—out gives the WAVE NUMBER

and lists the parameters , a 2i~~/L , v — a tanh(ah), where

h — ~~~ water depth , wave period , angle of incidence and the value

of NB.

Following this information , the computer print—out contains

the pressure distribution and velocity distribution as previously

described. After this an “echo check” on the MASS MATRIX and

SPRING CONSTANT MATRIX is printed in the same units as input by

way of the data cards. This information appears to be straight-

forward and will not be given here.
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TABLE 3

Ct I~~O IN.~T 1S F cCPl r rnj toc  (~F P. ~ ..L’~,tc wrN~ Nrs ‘~~ t~ ~ ID P.~’:~ L ~~FAS
t~..L EL. Y 

- 
F~V CSI 1L.~~~0 —4:). )i) t) 11.2)0 0.0 — t .00~) 3.0 )6 .249• . 1 t .2 i0 ).0 1.t)00 0.0 5ii~.~~49I L..~..0 —40..i.)o fl. I~~G ~ .0 — I.s)U) 0.0• ‘, 33.I~,() —4.j . j) 3 33 . lia  J.0 —t .OiiO fl ,Ø4b.0.i~) — tJ.J0~) ii. ,~,U L. E~00 0.0 4~u.Ju.)45.09.) — 10.030 11.260 1.000 0.0 C.~~C07 4S..)~ 0 — 3 ) . 00 ii. ~5O 1.C00 C.0 — 0 . 0 0 )  4~~~.)O3d 4~i.0.)0 —3~~.~)J O t1 .2~~o 1.LJ~) 0.0 C.cC O•1 1L..~50 —~~j .J~~3 4i .J0U 0.00.1 0.0 I.OCJ• 

. 1) . . .~3. f~~)  — I ) .  J J )  4 .000 —0. C’)O ... 0.0 1 .CC3IL  l À .?  — J o .j ~~:j 4~~.090 0.i;00 U.J L.i0012 33•~~~0 —3.1.t)i~ .) 
,,~,.JC3 

~)~~ 0J 0.0 L .O C O

- TABLE 4

V Ut.,X— PRCJ. z 323999.125

• VUL. ,Y— PROJ. = 323999.250
V ) L . ,Z— P~~)J.= 323999.063

.

T~ TA L SURFACE ~RL~~= 22499.961
At t EA , Y—PWUJ . = —8099.984
A PEA,  L—P~ 0J. - 1199.9’il

TABLE 5

PIOOE LEVEL p~ ELEV

1. —40.C3
• I. —40.QO5 

1 —40.C0
1 —1:1 .% ‘

5 ,2
3 — 30. G3

8 3 —30. ç o
9 2 ~~~~~~‘0 2

3
.3 — 30 .CO

9
.7.
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The next block of information on the print—out is the dimen-

sionless excitation force and moment coefficients. For the sample

run this is presented in Table 6. It may be noted that the angle

of incidence of the wave was zero so naturally Table 6 indicates

F Z — M X — M Y O.O.

Table 7 contains the next three blocks of computer print-

out. These three blocks represent the dynamic and hydrostatic

force coefficient associated with the motion of the body . In

making this example calculation , NSS was set to 1 even though it

could have been set to 2 since the body is symmetrical about the

x ’—y ’ plane and the angle of incidence was zero . Since NSS — 1

all six degrees of freedom of the body were considered and , accor-

dingly , all of the added mass and damp ing coefficients were com—

puted. Had NSS been set to 2 only (M 11, M12 and M i6~ 
and

(N i1, N12 an d N16) would have been computed. The value of the

other coefficients would be meaningless.

It may be noted that the surge and sway added mass and

damping coefficients , M11 and M33, and N11 and N33, are equal.

This is, of course , due to the fact that the body is symmetrical

in plan view .

It is also interesting to note that the roll , yaw and pitch

damping moments , i.e., N44 , N55 and N66, are quite small. This,

in fact , appears to be typical of most cases , and , therefore ,

must be taken into consideration when interpreting that data.

It may be recalled that the computed damping is wave damping

only and this tends to be small in the angular modes. In such

cases vjs~~o,.is damping may become important and it may be worthwhile

10 estimate the viscous damping.
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TABLE 6

eses w AVE LUAU COEFFICItNTS AND PHAS: ANGLE S FOR THE CAISSON *55*

U, FY, FL AMI’LITUD~ CF

PX, MY, ML a AMPLITUDE ~~F T/Rh0’G*4’3AR**4(H/2*4~ AR)

PHASE uMGL~~S ~ TN RA OIA’4S MEA SU~&~ ’~ wlT t RESPECT TO TI~~wAVe CR~ Sr IS A ’ J-UGIN (P)SITLv ~ a LAG )

FX~ 2.9564 PhA SE FX a — 1 . 3 2 9 6
FYz 1.0021 PHASE FY —3.4624

FZa 0.00)0 PHASE ~L 3.5018

MX= 0.3000 PH’&SE MX 3.LC?5
MYz 0.0000 ?PIAS E MY= 2.231~
ML 0.0478 PHASE MZ a — 1 .2128

• TABLE 7

*5*5 IIYORODYNAMIC AD3~ D MASS COt~~FIC Ic~~T ~‘AT’U X ****
2.7645 —0.0000 —3.0000 —0.0000 —C .CCCO - C.2076

• —C.0000 2.3531 —0.OJJU 0.0000 0.0000 —0.3000

—G.0000 0.0000 2.164b —0 .2O7~ C.3000 C.0000

—C.OCOO 0.0000 —0.22.~3 3.4~34 0.0000 C.0000

—C.0000 0.0000 0.0000 —0.0000 0.6559 —C.0000

• 0.2224 —0.0000 0.0000 0.0000 —0.OOCO 0.4534

*5*5  HYORODYNAMIC CAM PING COEF1-ICIENT t’AT~ IX ~~~~
1.9416 —0.0300 —0.0030 —3.0000 —0.0300 0.0268

—C.0000 3.4~ 84 0.0001) 0.0000 —0.0000 C.0000

—0.0000 0.0000 1.9416 —3.3268 0.000’3 0.0000

0.0000 —0.0000 —0 .0385 0.0006 (..0000 C.000i)

—0.0000 3.0 —0.0330 0.0000 U.0C02 0.3030

0.C385 0.0000 —0.0000 0.0000 —O.JOCO C.0006

**** MuflY~~CV RESTORATL~ N CQfFFICIF~~T ~A1.U X *55*

0.0 0.0 0.0 0.0 0.0 C.0
0.0 4.0000 0.0 0.0000 0.C C.0
C.0 0.0 0.0 0.0 0.0 C.0

0.0 0.0000 0.0 O.5C8’~ 0.0 C.QOCO

C.O 0.0 0.0 0.0 0.0 G.0

0.0 0.0 0.0 0.0000 0.0 C.5C89

__ __ _ ~~~~~~~~~~~~~~~~~~~ _ .
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The next block of information printed in Table 8 i. the

Energy and Raskind’s relations check on the accuracy of the

solution. Here the excitation forces , moments and phase angles

ae veil as the diagonal of the damping matrix is printed. The

calc ‘ation of these parameters is carried out both through a

integration over the immersed surface and using the

• “far—field” potential through Haskind ’s relations and the energy

balance. The two sets of values and the percent difference

between the two results are printed.

It should be kept in mind that in this run FZ — MX — MY — 0

- 

so the percent differences in these cases is meaningless. Gen—

erally, even for this very coarse grid the two sets of results

agree rather well , at least when the values are not extremely

small. For instance , FX and FY differ by only 5 to 6 percent.

NZ, however, is rather small and the two results differ by about

33 percent. This is, generally, the case; the moment tends to

be rather sensitive to grid size and it requires a finer grid

to get accurate moment results.

The values of N11, N22 and N33 differ by less than 6 percent

when computed by the two different methods. However , the damping

in pitch , yaw and roll are very small and tend to differ by a

sizable amount. The difference is, howev er, not too Important

because such small values of the damping coefficient would not

affect the response results except at resonance.
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The dynamic response of the floating body is given in Table

9. These results indicate that the surge (half—amplitude) ii

.5365(0/2) where H denotes the wave height (trough to crest). In

this particular run the heave response shows a little dynamic

amplification since the dimensionless response is slightly greater

than 1.0. The heave half—amp litude is 1.2(0/2). The pitch half—

amplitude is .0758 x R/(2 ), in radians , where — 45.0 m in this

example problem.

TABLE 9

DYNAMIC RESPONSE

-
~~ Surge (X) ** X/ETA — 0.55650 PHASE 1.51353

Heave C!) ** Y/ETA — 1.19997 PHASE — 2.22306

* 
Sway (Z) ** Z/ETA — 0.00000 PHASE — —1.11987

Roll (X) ** X/ETA — 0.00001 PHASE — —0.71514

Yaw (Y) ** Y/ETA — 0.00000 PHASE — 0.17472

Pitch (Y) ** Y/ETA — 0.04758 PHASE — —1.61674
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[ 10. NUMERICAL RESULTS

The purpose of this chapter is to present some typical

numerical results for several simple geometric configurations

and to make comparisons with experimental results. It appears

t h a t  very  l i t t l e  exper imen ta l  da ta  is in fact available for com-

parison with the computed results but in cases where data is

available comparisons are made. In addition , a comparison of

the effect of subdivision size on typical results are presented.

Numerical  Resu l t s  f or a 90m x 90m x 40 m Free—Floating Box:

Computer calculations have been carried out for the case

o~ the floating box, 90 meters by 90 meters in plan by 40 meters

draf t , which was discussed in Chapter 10. The hydrodynàmic para—

meters as well as the dynamic response to wave motion are plotted

as a function of wave period for two different grid sizes,

NB — 48 and 108.

The two different subdivisions of the floating box are

shown in Figures tO and 11 for the NB — 48 and 108 panel layouts.

It may be noted that the figures show only one quarter of the box

because the box has two planes of symmetry and , accordingly, in

the two cases NA — 12 and 27.

Model tests were carried out for the configuration in ques-

tion at the Vassdrags Og Havnelaboratoriet (Rivers and Harbors

Laboratory) in Trondheim , Norway . These results which were re—

ported by Faltinsen and Michelsen (11) are compared with the

numerical results presented here.
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The surge and heave excitation forces are shown in Figures

12 and 13, respectively. The fact that there is very little

difference between the two sets of results corresponding to

NB — 48 and 108 indicates that the solution tends to converge

very r ap id ly  in inc reas ing  the  number  of panels (or decreas ing

the grid size), at least for the case of the excitation forces.

It might  be no ted  t ha t  slower convergence should be expected at

small pe r iods .

The pi tch e x c i t a t i o n  moment  was computed  also. However ,

as it turned out in this particular case , the moment with respect

to the bod y axes ( i . e . ,  the cen t ro idal  axes was very nearly z ero

th roughou t  the comple te  f r equency  range and the resul ts  were ,

the r efo r e , masked  by th e “noise” caus ed by the numer ica l  e r r or . )  
•

For all p r a c t i c a l  purposes  the  p i t c h  ex c i t a t i o n  moment  was zero .

The surge added mass coefficient is shown in Figure  14 , and

here again the results corresponding to NB — 48 and 108 indicate

that  the so lu t ion  has converged.  The expe r imen ta l  r esu l t s  pre—

seated for comparison appear  to agree r a t h er  wel l  wi th  the theory .

The corresponding damping coefficient in surge is shown in

Figure 15. These results are typical of most damping results.

At h i g h - f r e q u e n c y  and l o w- f r e q u e n c y  o s c i l l a t i o n, the  wave—making

damping tends to vanish since no waves are g e n e r a t e d  at the  two

extremes. In the intermediate frequency range , however , the

wave-making  reaches  a max imum and the  damping  c o e f f i c i e n t  l ike—

wise shows a maximum . The e x p e r i m e n t a l  r e su l t s  shown on the

f i gure appear  to agree  f a i r l y  wel l  w i t h  the t h e o r y .

106 
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The added mass coefficient in heave , K22, is shown in Figure

16 along with experimental values. These results show very little

f r e quency dependenc e, particularly when compared to the surge

damping coefficient , N11. This r esu l t s  from the fact that the

surface primarily involved in heave force is the b o t t om an d th i s

surface is fairly distant from the f ree  su r f ace .  Thus , f r ee

surface effects which are frequency dependent are not pronounced

in the case of heave motion whereas they are much more pronounced

in the case of surge where sur faces  near the free surface are

involved .

The computed heave damping coefficient is shown in Figure 17

along with exper imental  values.  It is interesting to note that

compared to the surge damping coefficient the heave damping co—

efficient is rather small. This-results from the fact that the

• bottom surface which acts as the primary wave-maker in heave is

rather well removed from the free surface and is, therefore , not

too effective in generating waves and resulting damping.

It is also of interest to note that the experimental values

of N22 fall well above the theoretical results. This difference

is attributed to viscous damping and appears to be pronounced

in a re la t ive  sense because the computed wave—making damping is

small.

The added moment of inertia coefficient shown in Figure 18

is essentially independent of frequency (period). This appears

• to be typical of all results associated with caissons of the type

in question. Moreover , the damping coefficient in pitch , N66,

wh i c h  is n ot  p l o t t e d , tends  to  be ex t r eme ly  smal l .  These two

111
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features result from the fact that frequency dependence and

dam ping is a result of wave production and very little wave gen-

eration occurs as a result of pitching motion. This is due to the

fact that the bottom surface is far removed from the free surface

and the vertical sides do not move in the normal direction very

much as a result of pitching motion.

The added mass coefficient in yaw , M5~~, is shown in Figure

19 along with experimental results. The agreement here appears

to be generally good.

Finally , the dynamic response of the box free floating in

waves is shown in Figure 20. The pitch response ,06/ ( H/ 2 ) , is

extremely small as was expected. The natural frequency in heave

occurs at about 16.5 seconds period and , therefore , considerable

dynamic amplification occurs. In the case of the heave response

several experimental values are shown which tend to agree well

• with the theory .

Shallow—Draft Barge

• The dynamic heave and pitch response has also been computed

for comparison with experimental results for a shallow—draft

barge . One quarter of the immersed surface of the barge is shown

in Figure 21 as it was subdivided for numerical computations. It

may be noted that since the draft was rather small the source

strength might be expected to show considerable variation In

the vertical direction and around the corner. However , in the

horizontal direction the source strength should vary rather slowly .

Accordingly, the panels were constructed with a rather large

aspect ratio as i n d i c a t e d  in Figure 21.
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Calculations have been made to compare with the wave channel

test results of Kim , Henry and Chou (17) for a shallow draft barge

of 1.704 feet beam , by 2.558 feet length , by 0.16 feet draft.

The location of the center of gravity and pitch gyradius is shown

in Figure 22.

• The t heo re t i ca l  heave and p i t c h  response is compared with

the experimental values in Figure 22. The results show excellent

agreement between the theory and experiment for the case of heave

motion. This apparently results from the fact that the wave—making

damping in heave for a shallow-draft barge is substantial and , - •

therefore , the heave results are not too sensitive to viscous

damping.

The pitch results also show fairly good agreement. While

there appears to be some scatter in the p i t ch r es u l t s , it appears

• that near resonance the experimental values of the response fall

below the theory. Here again this is attributed to viscous

effects which tend to be significant compared to the rather small

amount of wave—making damping .

Disc Buoy

As a further example , the dynamic heave and pitch response

for a rather shallow—draft disc—buoy is shown in Figure 23. Un—

like so m e o f the  p r evio u s r es u l t s, the pitch response as well as

the heave response shows excellent agreement between the theory

and experiment. This is likely due to the fact that the corners

on the  disc buoy configuration are beveled rather than sharp . This

probably reduces some of the separation and resulting viscous

damping .  C o n s e q u e n t l y ,  the  e x p e r i m e n t a l  r e s u l t s  are  in good

agreement with the calculations .
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Floating Semi—submerged Sphere

As an example showing the effect of finite depth on a floating

body,  numer i ca l  results are presented for a semi—submerged sphere

floating in waves. Figures 24, 25 and 26 show the exc i t a t i on

forces , added mass and damping in heave , and added mass and

damping in surge , r e spec t i ve ly .  In general, the effect of the

finite depth tends to be more pronounced at low—frequency than at

high—frequency .

Using the r e su l t s  of F igures  2 4 — 2 6  the equa t ions  of mot ion

for the free floating sphere give the heave and surge response

presented in Figures 27 and 28. The ampl i tude  ra t ios  are shown

• in Figure 27 and the phase shift angles of the response measured

with respect to the phase of the wave crest at the center of the

body is shown in Figure 28. In general , there appears to be little

effect on the finite depth for the sphere configuration.

F loat ing Ver t i c a l  Cy l inder

The added mass and damping coefficients for the circular

caisson configuration are shown in Figure 29 as a function of

the frequency parameter a2 a/g wherein the depth ratio 1 — h/a ,

represents a parameter. The horizontal force coefficient is shown

in Figure 30. These results for the horizontal force coefficient

agree well with the theoretical results of Garrett (18).

The dynamic response in surge , heave and pitch is presented

in Figures 31, 32 and 33, respectively . In general , the results

appear typical of deep water results and little effect of water

depth is evident. The pitch response shown in Figure 33 shows 

~~~~~



the large dynamic amplification at resonance which tends to be

typical of essentially all floating caissons and , here again

results from the rather small wave-making damping. This high

resonant peak should not be expected in practice , however , due

to the fact that viscous effects are undoubtedly considerably

• 
larger than the pitch wave—making damping used to compute the

results shown in Figure 33.
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APPENDIX A:

DETERM iNATION OF THE CENTROIDAL LOCATION , AREA AND UNIT NORMAL

VECTOR FOR A PANEL

The computer program is designed to accept the coordinates

of the corners of the  facets as inputs  and , in addi t ion , a set

of cards i nd i ca t i ng  which corners make—up a given panel .  A

panel is described by the four  corner indexes read

clockwise moving around the panel in such a way that  the panel - •

is always on the r ight . For example , panel 5 , as indicated in

Figure 1A , is specified by a data card

............iZiiiiiiiiiiiiiii~ii.... :

FIGURE 1A

of the fo l lowing  form :

Panel No. Corner #1 Corner #2 Corner #3 Corner #4

5 25 3]. 50 18

In working with an individual panel the first corner (25) in

-

• 
the above example is designated as 1, the second corner , moving

around the panel keeping the inside of the panel on the right ,

is labled 2 , etc. The panel is re-labled as shown in Figure 2A

with indices 1—4 .

The area of the panel Is computed by f i r s t  d i v i d i n g  it into

two t r i ang les by connect ing  corner 2 w i t h  the diagonal  corner 4.
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FIGURE 2A

The area of triangle 1-2-4 is then computed by use of a standard

formula ,

• A rc~a iz4

where

S = -k (dIL i- d~~. .i- d4~)

and 

d~ = ~~ 
~~

• cIL4. — ~~ ÷

= ~i(x, - x÷)
2 

+ (LJ
_ %) Z 

~ 
(z ~~~~

)
L.

The centroid of a triangle lies at the average of the .co-

ordinates describing its corners as,

Xc ,~+ * (x~ ÷ x .. 4 x 4.)

=

Zc~L4 = .i. (~~~~~1 ~ ~~ 
+~ ?..q~)

135

_ _ _ _ _ _ _ _  
— - - - -~~~~~~~~~

-55- - 5- - -



- -
~~~~~~~~~~~~~~~~~~~~ ‘~~~~~

— _ 
-5 

- • •—~~~~~~~
- - - ~—~:- ~~~-- 5 - - -- 5—

The area and centroid ]ocation of triangle 234 is computed

in a similar manner. The total area for the panel is then simply

A = --

and coordinates of the centroid of the panel is obtained from

x 
~ = (x ~., ~~~ A + X(. ~,, A 

~ +) / CA i- A 
~~~

= (Y
~,~4 A 1~ A 

~~~
) / (A L~~ ~ A L34)

— C~~ 4 A~~ + Y~3 A 13+ ) / ( A ,~+ “-

It is also necessary to determine the x,y,z—com ponents of

the unit vector normal to the panel and directed outward into

the fluid. This is accomplished by defining the vectors,

and , which extend from point 1 to 3 and from point 2 to 4,

respectively, as indicated in Figure 3A . The corners are numbered

I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i

FIGURE 3A

clockwise when viewed from the outs ide  (water  side ) of the caisson
and , therefore , according to the right hand rule the cross product

~~~~~~~~~~~~~~ X
3 

- 

S

represents a vector having direction perpendicular to the plane

136 



—5 . -  --5-55- —-5 5 - —-

1 — 2 - 3 — 4 and po in t ing  outward in to  the f l u i d .  The unit

normal vector is , then , obtained by normalyzing this vector to
unit  length ,

11 
S

* 
~
. where ~f l )  I and ?i’ L f1~ * 1 k n~ , the components flu ,

fl~ and fl~, represent the direction cosines.

a

a
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APPENDIX B: 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

INTEGRATION OF h R  AND DERIVATIVES OF h R  OVER A PAN EL

In order to evaluate the elements of the matrices ~~ and

by use of the definitions given in equations ( 5.3) and ~ 5 7 )

the necessity arises to evaluate integrals of h R  and

~?/~ j and of h R .  In this appendix the method of

integration is outlined.

In order to carry out the integrations , a local coordinate

system is defined in such a way that the panel lies in the x—y

plane of the local coordinate system and the un i t  normal vector

• is parallel to the z axis. For defini teness the coordinate

system is attached to the element in such a way that point 1

is located at the origin and point 4 lies on the x—axis .

~.
•t

xj

FIGURE 113

Consider first the integral ,

= fj~ 
ds (18)
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Following a procedure similar to Hess and Smith (16) for the

velocity components, Faltinsen and Michelsen(hj) integrated

equation (lB with respect to 
~ 

to obtain

~ 
J s~ Af~-~ # 

~~~~~~~
-t)’

~-

1- 
~~~

‘ )
- 

(28)

— fd~~~~~[ ~~~~~ # ~~~~~~~ * (x_ J) L tE ~J

— f ~ ~~[y- 
~ ~ ~ 

(x -y)~~ ~

where

= ~3. # 
~~‘‘~~~~~~~~ (g~— 

~
) (38)

S 

The integrals in (2B) may be evaluated through numerical integ-
ra tion in most cases.

However , it may be noted that the integrand of the first
integral is singular when z 0, ~~ x and y — 

< 0. 1n

this case the integral  may be replaced by

J n(~x- .~)~~- E’]dg

(413 )

(y 
~
) j~-~~~t x-s 11 L

L} 
d~

139

-- 5- -



- -5

The f irst in tegral in (413 ) can be integrated anal y t i c a l l y ,  the

result of which is

(x-g,) ~~~~~~~~~~~~~~~~ z’~J — (x~~~~) /CX~~~~,j
t
lL i~’-j (58 )

2 __ - .
~42rcyx

-
~ a
)] ÷ 2L(%-

~~
)- 

~~~~~~

The second integral  in (4B) has no s ingu la r i ty  in the integrand

and consequently presents no d i f f i c u l a t i e s  in numerical  integ—

ration. Difficulties with singularities in the integrand of

the other integrals in equation (2B) are handled in a similar

manner. 
-

In the evaluation of as defined by equation (4.5) or

)ç. , ) .  and )~ . .. as given by equations (4.11) it is.

necessary to evaluate integrals of the form :

if ~~~~~~~~~~~~~~~~~ C’ 
- 

(6B)
45

fj ~~~~~~~ 01S (7B )

çb~~I1~~_ c/S
‘ ~~~~~ 

(8B)

where

R= V~ ’-t)~ 1- (y -
~t

Equations (68—813) have been integrated by Hess and Smith’

the results of which are summarized as:
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1 4 ) —  ~~ L LJn f/ #fE L~~
dsL ’) # J -3 //rLt . /~

_ dL.d,~. ~~, *A 1 ÷d,~~J
(9B )

7.- 13 4f,
~
3 # i z ,

~
- d,i4

~~~÷ ?j -7.~~~/ ’r~ t,t,- c ~,
~ d~~ c4,

•

~~~

~~‘ 1’~”~~ ~~~~~~~~ °
~~~ #~~~~1~J~ (t~~~~~~~ /t~~ ~~~~d, %~ it, ~~

. it ,. ~~t3 i—d .3

(lOB )

- 

- 

- + 

~~~ 
(
~ : ~~~~~~~~ :~ ) * 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(~ :~:)
= i’aA’(fri .&e~- Ib) — ~i ’  ~~ ~~~~

-t. ‘
~~~~e~~- ht) _ 

~~~ (~~~z3~~~~~~h~~)
CUB)

* ~ari ’ 
(~134e~ h2)... 7lun ’

~
’5-rns4

~
t
~~

- h±)

+ ~ari~’(~!!4l ei- -h4 ’~ . / ( /‘~? c 9  -
~~‘4 )

where
d,,. = V-~~ 

~ .)L (h- ?,)~
d1, = ~FJ~j~ ~

j’~ (33-. 
~J.

d,4 = •_ g ,y- ÷ (~4_ 3 )i (12B)

d41 . 
g4) 01

~~.~~~
,
t
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in which

— ~L “ if?rn, 1— ~ _~~~~~~

3 ~~&
(138 )

1fl 34 = —~~~~ 
- 

= 7•

and

Itk -I- (
~j-~~~

)1t ~~~~ , k i i l ,z,3,4. 
( 14B)

= i- (x — t ~~ ’ , (15B)

h ~ = - 
~
) CX - )  

- 

= I, ~~ 3, + (16B)

In actually evaluating these expressions 4* and çb cau ’se

no trouble. They become infinite on the edges of the quadrilateral ,

but in practice they are never evaluated there. The component

4~ requires special handling in certain cases. As ~ —~o

~ 
if the point P is approaching a point in the plane out-

side the boundaries of the quadrilateral. If P approaches a

point within the quadrilateral qS— ~.- z1r ( sgn z) as z-~-o

These facts may be verified from equation (11B). In the course

of this method of flow calct lation it is required to evaluate

çb at points in the plane of the quadrilateral elements. In

par t icular , the centroid of each element is in the plane of that

element and within the quadrilateral . At such a point 4~ 
should

equal 217 , since the case of interest is tha t for wh ich z—~ ~
through positive values , rather than through negative values ,

i.e., the field point approaches the caisson surface from the ex—

ten or flow field rather than from the interior of the caisson.
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It  may also be required to evaluate induced velocity components

at points in the plane of a quadrilateral outside the bound-

aries of the quadrilateral , for example , at the null points

(centroids) of other elements if the body surface has a flat

region. Points in the plane of a quadrilateral element should

have z ~ 0, but , because of round-off error , they may have have

small values of z with either sign. Thus, for points inside

the quadrilateral , equation (1IB) may give Zlr with either sign.

To avoid this error , the absolute value of z is tested before

velocities are computed , and if it is less than some small pre-

scribed number , which is nevertheless large compared to the ;•

expected round-off  error , it is set equal to plus zero and each

inverse tangen t of equation (11B) is set equal to 7~/2 with

the sign of the numerator of its argument . This gives çt~~ 0

for points outside the quadrilateral and Z7r for points

• inside the quadrilateral. Another situation that may cause

trouble in the computing machine is when the slope of a side t 
-

of the quadri lateral  is i n f i n i t e, i . e . ,  when a side is parallel

to the y— axis .  I t  is evident from equation (11B) that  in this

case the two inverse tangents corresponding to that side cancel

each other. To avoid difficulties each of the quantities

( g1 —~~ ) ,  ( 
~~~~~~ 

— ~~ ) ,  ( ~~~~~~~~~~~~ and ( 
~~ 

— )
~~) are tested

to determine whether they are zero , and if any one of them is

zero , the two inverse tangents corresponding to that side are

~et equal to zero. Finally, it shoul d be men tioned that the

• - inverse tangents in equation (11B) are evaluated in the normal

ran ge — Tr/2 to .t-D/2. It is tempting to combine some of the

• - inverse tangents in this equation using the tangent addition

law , but if this is done , great care must be exercised with
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regard to the range in which the resulting inverse tangents

should be evaluated .

When the distance R is large it is possible to approximate

integrals in Eq.(1B) and (6B-8B) by simply multiplying the integrand

by the area ~~S. Thus , in order to get some indication of how large

R must be in order for this approximation to be valid Figure (1B).

The results shown here indicate that in the case of either the

induced velocity or the potential contributed by the panels of area

t~s it is necessary that R~ 21f1~i’ in order for the approximate

expression to become valid.
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APPENDIX C: ALTERNATE FORM OF THE GREEN’S FUNCT ION CONVENIENT FOR

NUMERICAL EVALUATION

Except when the point x ,y , z lies close to the source

I • located atg,~~,J the series form of the Green ’s function given by

Eq.(3.4 ) is used for computer numerical evaluation . The series

appears to converge fairly rapidly and , therefore , the numer ical

evaluation is qu i te  e f f i c i en t .  However , when the point x , y , z lies

close to ~~~~~~~~~~~~~~ the series form cannot be used because of the

~ singular nature of the Bessel functions ‘)~(dt)and k(a.~)as /z.—r 0
S 

In such cases , i.e., when (Q. J t)  becomes less than some arbitrarily

smal l number , the form of the Green ’s function specified by Eq.(3 .3 )

- must be used .

However , Eq . (3 .3)  may not be evaluated numerically in a direct ,

straightforward maflner because the h R  term is singular as R-’- o
and the integrand of the i n f i n i t e  integral is singular at ~ = a.

The evaluation of the l/R term through numerical integration was

discussed in Appendix B. In this appendix an efficient method for

the numerical evaluation of the infinite integral is discussed.

• The integral form of the Green ’s function is given by

= -~- 
*

(1—C)

+ z PY #y) é~~~~~~,~~(7#h J Côsi&~i(Y#h) J c7~~”)~ ~~
~‘ ~~ C~Sh ,L417

L ~~~ (pt. ~~ 2) coshT~ cc ‘~ I ecshliz cgt-4) 3 (a ‘)~
a’h - -‘th -

~ ~“

- 3.47
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where R=~~~x~~) t + (y -~~)~~~~~~-~~)~~

R’ = ~
[ (x - s 7÷ (y ~- 

~~~ /, ~~- ~ ~~~~
- i) ~~ 

-

,~~ ~f~~_~~)L -i c~~-:~.
r--
~ - 

•

= _ _ _  = a -/w~h (Qh)

The integrand of the i n f i n i t e  integral can be simplif ied by use of

the relationships, -

srn/t (x) ~~ cosI~ (x) ~ .
~~ &

for x larger than about 4.0.  Thus , the interval  may be broken into

two parts. Using, for brevity

- / -
~~ = 

(A + ~~) cosh f 7 ~s h) ] r Yi -4) J .Z/ ~~2 c )
-

~~~~~ — c h
Eq.(1—C) may be written as

-f 
2 R ~f ~~~~d,~~~2 R v f (  ) c ~u

(3—C)
~~ ,~. -Z~-~’~~ 

d,~

where ~~ 4.o// ~ - The term (M#V)/(.a->’) may be written

H _ _

so that the infinite integral becomes

2 ~ t tf ~ )  d~ — 2 py ) q~a -

~ 

P vJ e44( vt~) 
J0 ( ’..W L) 

~~~~ (4-C)

* - 3~~ s4~t) dt~

This may be further re~arranged by use of the relationship given

for  example, by Gradaheteyn and Ryzhik (21).
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— r

~ç(.a ,t )  dA (5-c) -

where R” represents an image source with respect to the free sur— S

• face -

= y
f~~~~~)2 -/ -- ( LJ #~~~’-f (

~~~~ (6-C)

The i n f i n i t e  integral  may now be wr i t t en ,

2 R Vf( ) 4. ÷ 2 ~vfc ’ ) ~~
(7—C)

_r e44’
~ ” 3(AUL) d,tt

The remaining infinite integral can now be expressed in terms of

a f i n i t e  integral by use of the relationship (See Abramowitz and

Stegun(22)).

• 

• 

= (8-C)

Using Eq . (8 -C) ,  the last term may , therefore, be written as

e~~
9
~1’ 3t~i,t) ~~~~~~~~~~~~ Ø’é(9 . . C )

Now , let t = it— Y and dt = dM in Eq.(9—C):

c/ 10-C)

or , simpl i fy ing fu r the r  by use of the substi tu tion S = t / ( u 1—~))

_______ 

44(Vtf)p vf ~~Y)~ e j  (A~~~~~~) ~~~~~~~

- 
= 2~f~J~e(9t 7*i so)(~~-’)s ~~~~~~ ‘~~~~~~~~ > ds de
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The exponential integral as defined by Abramowitz and Stegun is

~E(~~) =Ja~~T
5
~ o’L _ j e ~

t
d (12-C)

so , the above result may be written as

evf ,22~~ 
44 ( y #/ )  

J f~uz.) dA
U, ( 13—C)

~~ f .
)(’Yt?1i4ces e)

With this , the complete expression for G may be written

+ j ., #~~~ ÷ z

j e~
t
~
t1) 

~~~ (M/L) 4ic •“ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- - / 2,r(p’— )
~~ cosi4La’~ ~~ * 4 J  cp sh[ cu ’~ */~J JXa~

This form of the Green ’s function involves no infinite integrals

and , therefore , can be evaluated numerically fairly efficiently. •

The integrand of the first integral is, however , singular

when ,v. = a so a special procedure must be followed in evaluatiàn

of that integral . Let

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ J&~u~) (15-C)
COS1l (4~h)

The integral in question can be wri t ten

— Pvf~~~~
)
1, ~ ~~ dA1 * -

_ _ _ _ _

‘Jsa 7’ZLnh,ah -
za
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The first and third integrals In Eq.(16—C) are not singular and

will cause no difficulty in numerical integration provided the

integrand is not evaluated exactly at the midpoint where ILt — a.

The integration procedure used, therefore , is the “3/8 rule” which

evaluates the integrand at end points and two intermediate points.

Using an odd number of subdivisions then the integrand is - never

evaluated at = a.

The second integral in Eq.(16—C) is singular and a special

procedure must be followed. The integral may first be written as

- - (17-C)

where

which indicates clearly the singular nature of the integrand at

• U= U.. The interval may be broken into three parts as
(ZU~ 14-i

.1 a ?anh ti - u0 Ttanh 14 a tonh L~- L/, (18-C)
0

f di~ dt~fanh a - u, 7’aI7h a~ ~ J ~t tanh a — a. -f a, ih U,

and the first and last integral integrated in a straightforward

manner by numerical integration . The second integral is evaluated

by first expanding the denominator in a Taylor series about

and then dividing 1.0 by this series. The result of this is

• U.f-e

[U 
tank a - LC , lunh U, (a- a~ 

— ÷ _ _  —

• a~-~ U.-~~ 
-
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=fl
~~

’ —
~~~~~

÷ f(*
_ 

~~)A~~..Jdx
(19-C)

÷ Q~~ 3)

where

- %ln/ 7(a,4) + a% 5~!c4~(’Q/ l)

a2 = Secil?ah) (1 ah +cin14 Qh) )  -

* ~~~ 
( i- -  ~~cJ i7iah ,)  3 +o.nh~ah)- aJ z

Thus , the complete integral , Eq.(17—C) may be written

£0.’r cAt _ _ r dii.-J .4( 74Zf l/
~,Mh - Y — 

J 
U tUP?k ~A - U. ,~an/? U.

a (20-C)2.~.~ du — 2 sech~ a,4 ( j  - ak làni4 a/i)
tanh ~ -U, ~~~ U, ~ (~~ar,h (ah) # oh s h L (ah)) ~

where E denotes some small value between 0 and ah . In the numer-

ical evaluation , ~ has been set to 0.10.

The final form of the Green ’s function in the form appropriate

for numerical evaluation may now be written as

a U
= ~~ 4- ÷ ~(‘~) d + 

r~~~-~ dIA -

R R’ ~~~~ JA~~fro~i hj .~h~~y 
~~ j 4 A #anhAk .. y

÷ - ak 1a~h(a4j 
÷ oh ~~~~~~a t ’

(21—C)
— ~ ~ech~ a /, U - ü14 1~ni4 ‘th) / ~aj

( lan/icab) ÷ a h
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~~~~(~~4~~L) d~ 
1—

-

~ ~j~~(Y*~1.LitcOsG) EJ- y# 1#i,~cos eX’1i~ -’)1 a’8 
- 

- 
I

~~~j  
21r(Q ”-V ~)cosJiEaCI~-h )3 coshta(9- ,-h)J 3, (c l iz.)

Q&h —

where

= 
Z (-” t ~)e~~ cos/ ? I~c ( 1.h.) 7 ~os I 7 (4c (b~÷ h) J J (~uit)

cosh ,ah --

The derivatives of G(x,y,z;J’,~~,j) follow from Eq. (21—C)as :

— (x-~ ) — —

— (x - ~ 
)
;~t h 

~~~~ d,ø~ - (.%‘- 

~ ~~ 
‘
~~ ~

— 

~ ~anhj i -  ah +anh ab ~~°JA( ?~2~ h ~~-ah *o.nh ~~
°

÷~~~~~~ec~4~~,4 (i— o~4i 0~A 0h) — ~t~~) (x- ~~)(~hznh oh + oh ~ec/ i ~oJi )
~ (22—C )

÷ ~ .g)J’~ec e~
’4(Y1V 

~~~~~~~o

L 2~’ (
x-)~~ f ~as o(~E’ ~~ VIItiStCOS G) -C / t/ ~~coJ O)(4’ ,-~V]

— _ _ _ _ _ _ _ _ _ _ _ _ _  1 de
•

• — I E2(~’~~’~~ — coskLct( l th) J c~osh (a (~i *h) J ~~~ ( x- g)
(aLh _

~~h l ~ ’)

- 

3.53 ’ 
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where L

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~‘()~~~
I I

~~~~ *‘~““ ~~~~~~~~~~~~~~~~~~~~~~~~

q~ ÷ç’ zç~u i o ~ .

÷ ,C 
~~~ 

- 

~~~~ f d14
y J ’~ ‘~~— a~4 1-anh ak 

~
‘ J ~~~ znh,i- Qh 741nI4(Q4)0

~~~ secJi~ ph ( 1— Q4 ~~rn4 p/i) f(a) (23-c)

(*u~haA ÷ah~~~ ’~~/ 2 )~ ‘ -

~f ~
u J (

~~ /i ) ~~~~~~~ 

-

.fr 

~~~~ 
e ~~~~~~~~~~~~~~~~ 

E,fr(yt-~ #/ ‘t c os e) ( e4..~~) ]

(y# ?*i it C.os Q) U, ,

~~~i d e
(9*1*ii’ z c oso) J

.~~~~~~~~~ a(a & _ y z j coshL~a (4#,)J sInMa (4 *.y)1 -r-- ~
1c~(Q/L)

where‘

~~~~~~~~~ ‘~~~~~~~~ )~~~~~~~ e~’~ cp ~‘c  J 5~nhC~~y ÷h) J ~~ ~~~~~ces h (.ah)
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and finall y ,

— — (z -3)  
-

) 24 £4
— (z - d~ — (z - 

~~

— (z - 
~

) f’(a)J 
~a 7Laf lh .4 4_ 

~2~4 i~znh a% — 
~~ J ~~~~ank~~-ah,~a ’ih oh

÷ 26 sech2ah (i - ah iLanA ah) c/a) (Z ~.] !)
- (~‘a n,4 a/i ÷ ab sectl Lab) 2.

(24—c)

~~~
- (z- ~)J’

j
~ e

4
~’~’~ j ()~~~~~~

-I- I _ _ _ _

~~(~1~~7*LIL CO5e)U~ 
~‘ do 

-

(yt ~~~ # i.kc oS&) J -

~ i Jc ~~
-
~”) coshfa (~,’.6)) Cos4j t i (y t h) J  ~~~(a,t) (
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)
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