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Page 238.

5. QUEUEING THEORY .

1. Problem s of queueing theciy.

Durin g operat ions research , Very frequtnitly we encounter with

the analysis of the operaticn ci the peculiar systems , called the

systems of mass maintenan ce (S NO). As €xam ~ les ct such sy stems can

serve: exc hanges , r e p a i r  shop ,  book ing  cf f ices , reference bureaus ,

the  stcres , barbershop  an d  the  l ike .

8ach SNO it consis ts  ot some n u m b € r  ot  op € r a t i n g  u n i t y  w h i c h  we

wi l l  cal l  the c h a n n e l s  of i a in t e n a nce. As “cha nnels” can f ig ure :  the

commun ication l ine s, o p e r a t i n g  po int s, i~ s tr u m e nt ~ , r a i l wa y l ines ,

•l•vators,, t rucks, etc.

The systems of mass maintenance ca~ be sinqlu—ch annul or

•ultidha nnels.

each SMO it is intended for maintenanct (execution of some f l o w

of claims (or “requireaentE ”), that en ter SNO at sole , gener al ly

spea king, random mom ent of tim~ . The maint enance of the acted claim

~

. - . ~~~~~~~~~~~~~ -~~~~~~-
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it is continue d some (generally speaking, random ) time, .tfter whic h

channel is free/released and is preparEd/finished for the acce [tance

of the following claim. The random cha racter of the flow of claims

leads to the fact that into some time intervals at the entra nce of

-• 
SNO accumu lates the excessively large numbe r of claims (they either

fo r m turn or they leave SNO not serviced) ; into other period s of SIlO

it will work with underlo adiny or generally stay.

Each system af mass maintenance , depenuin y on the number of

• channels and their Froduct ivity , and also cu the character of the

flow of claims, possesses some capacity, which allows for it more or

less successfully to manage the ilow of claims , object/subject of

queueing theory — establishment of the dependence betvet~n the

character of the flow of claims, the number of channels, their

productivity, the rules of the work cf SIlO and the success

(efficiency) of maintenance.

As the charac teristics of the efficiency cf mainten ance,

depending on the conditicn s cf ~rcblem and target/purposes of

research, can be applied different values du d  the tuncti~ ns, for

exam ple:

— aver age quantitity of claims which can service SIlO per unit

time 7



SOC 78068712 PA(,E

— the average percentage of claims , oktainjng refu~al and

leaving SIlO not serviced’~

Page 239.

— probability that acted claim will be immediately accepted for

•a,intenance

— mean latenc y in turn;

• — the law of time allocation of ex~ectatio~,

— an average quantity of claims, which are located in tur n;

— the law of number distribution of claims in turn~

half speed, yielded SMC per unit time , etc.

The random character of the flow of claims, and in the genera l

case and the duration of maintenance leads to the fact that in the

• syste. of mass maintenance will occur scme zandcm process. In orde r

• to give recommendation regarding the rational organization of this
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çrocess and to present the reasonaile rE~ uireaent s for SIlO, rt is

necessary to stud y the randcw process, which takes place in system ,

to describe it mathema t ically. By this is occupied queueing theory.

Let us note that in recent years the tield of application of

mathematical methods of queueing theor y continucusly is widened and

everything mor e exceeds the uirits of the problems, connec ted with

the “opera tin g or~ anizaticns ” literall y. As the peculiar syste ms of

mass maintenance can be examined: elec t ron ic digital computational

machimes; the system ot collection and information processing; the

automated prod uction shops, assembly lines; transport systems; the

air defense system , etc.

Close to the problems of queueing theory are many problems,

wh ich appear during the analysis of the reliability of technical

equipment/devices.

The mathematical analysis of the wor k cf Silo very is

facilita ted, if the random process, which takes place in system , is

Narkov. Then to it is possitle comparatively simply describe work SIlO

with the help of the vehicle of ordinary differential (in the extreme

case — linear algebraic) eguat ions and to express in an explicit form

the fundamental characteristics of the efticiency of maintenance

through the parameters of SIlO and flow of claims.

~J4



I. 
- - - -

DOC 78068712 PAGE

We know that, so that the process, which takes place in syste m,

it would be Narkov. it is necessary that all flows of events,

translating system from state into state, they ucce Poisson (by flows

withou t aftereffect).. For SIlO the flcws of events — these are the

f lo ws of c la ims, the flows of the “maintenance ” of claims, etc. If

these flows are not Poisscn , the mathematical description of the

• pL’ocesses, which occur into SIlO, it becomes inccaparably more comple x

and requires the bulkier vehicle whose finishivg/bringin~ to the

F explicit, analytical formulas is possitle only in the rare , simplest

cases. However, all the same vehicle of “Llarkov” queueinj theory can

prove usef ul, also, when the process, which takes place into Silo, is

different trcm the Markov — with its aid of the caaracteristic of the

efficiency of SIlO they can te estimated approximately . It must be

noted that than it is vote comple x SIlO, than more in it the channels

cf main tenance, the fact more precise prove to te the approximation

formulas, obtained with the help of Marko v theory.

Page 240.

One should also na te that in a series of the cases for maLing of the

substantiated decisions by control of the work of SIlO completely and

is not required precise knowledge of all its characteristics — often
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suffic iently and approximated , tentative.

~n present ch apter will be presented tne cell/elements of

queue in g t heory, mainly in that simplest form which they acquire

withia the framework of llarkov theory. For more detailed

familiar ization with gueueing theory ir~to its contemporary, de veloped

fo rm , the reader can  be converted to th~ special monographs, for

example, (14), [12], [20].

2. Classification of the systems of mass maintenance an i  the ir

fundamenta l characteristics.

The systems af mass maintenance generally can be two types.

1. system wit h failures. In such systems the claim, which acted

the tprque/moient when all channels are occupied, obtains “fai lure”,

it leaves SIlO and in futther process of maintenance it does not

la rtidipate.

2. Systems with expectation (with turn), in such systems the

claim, which acted the torque/moment when all channels are occupied,

stops in turn and expects until is tr€€d one of the channels. As soon

as wil l  be free d c hannel , is accepted to main tenance one of the

claims, which stand in turn.
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Maintenance in system with expectation can be “that. regulated ”

(claims are service/maintained L y way ci admission) and “not ordered”

(clais s are servic e/maintained in randcm order). Furthern~ re, in some

SIlO is applied the so—called “maintenance wit h priority ”, when some

claims are service/maintained into first place , preferably before

Ct hers.

Systems with turn are divided intc systems with the inlim ited

expectation and systems with the limited expectation.

In sy stems with the unlimited expectation each claim , which

• acted the torque/moment when there are no free channels, stops in

turn and “it pattently ” awaits the release of the channel whic h will

take it to maintenance. Any claim, which acted Silo, sooner or later

will be serviced.

In sy stems with the limited expectaticn to the stay of claim in

turn are superimposed cne or the other limitations. These limitations

can cpncern the len gth of turn (num ber of cla ims, which are

si mul taneo usly loca ted in turn ), of the retention tile of claim in

turn (after some period of the sta y in turn claim leaves turn and it

goes aw a y) , the total retention time of claim into SIlO, etc.
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I ‘•
• In dependence from the type of Sill ’, during tue evaluation ot its

efficiency can be applied One cr the otI~er values (indices of

efficiency). For example , Lcr SIlO with tailures of one ot the most

important ch aracteristics ci its productiv ity is the so—called

absolute capacity, the aean number of claims , ,  which can be serviced

hy system for time unit.

• Page 241.

together with absolute, treq uently is txamined relative capacity

SIlO — average portion/fraction of the acted claims, operated by

system (ratio of the average number of claims, cperated system per

Unit tine, to the average number ot enterin g icr this time claims)

Besides absolute and relative capacities , during the analysis of

SIlO with failures us they can, depending on the problem of research,

interest other characteristics , (or exampl e :

— average num ber of occupied chanrels ,

— a mean rela tive shutcff per iod of sy~te. as a whole and of

saparate channel, etc.
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I

Let us pass to tne exam ination of characteristics S~IO with

expectation.

Obviously, t3r SilO with the unlinited expectation b zth absolute

• and relative capacity t~ ey kec c me meanirgiess, since each acte d claim

sooner or later will be serviced. Then for this silO very important

characterist ics they are:

— Me an number  of c l a i m s  in  t u t n ,

— an average number of claims in system (i~ turn and under

servicing)

— mean latenc y of claim in turn ,

I
— mean retention tine of claim in system (in turn and under

maintenance)

• and other characteristics of expectaticn.

For SIlO with the limited expectation interest represent both

groups of the characteristics: bot h the absclute and relative
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capacity and the characteristic of expectation.

For the analysis of prccess, which takes place into Silo, is

substantia l to know the basic parameters of the system : the number of

channel s n, the intensity of flow of claims ) , the productivit y of

each channel (average number  of claims ~~, opera ted channel per unit

time) , of the conditio n of queuein g (l imi t ation , if they there is).

jn depe- ’~ nce on these parameters we will subsequently express

the characteristics of the efriciency ci the work of SIlO.

Previously let us agree (in order ~ot to specify this is every

time separately), that we will consider all flcws of events, which

translate SilO from state with state, Pcisscn. In those rare cases

when we are examin e not— ilarkov systems of mass maintenance, we wi ll

each time specify this specially~.

Recal l tha t in the case w hen Pois scn flow is stationary

(simplest flow), the interval of time ‘I between events in this flow

there is ran dom varia b le, distributed according to the exponential

law:

J f(1)~~Le~~’ (1>0), (2.1)

wk.re )~. 
— an in tensi ty  of flow of events.

L i
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In the case when from soot stat e S~ system they derive/conclude

im mediately severa l of the sia~ lest t l c hs , valu e T — the retention

time of system (in a row) in this state th i ’i. u is random variable ,

distributed according to the law (!.1) , whe&e )~ — the total intensit y

ci all flows of the events , which dwrive/ccnclude system from this

state.

Page 2142.

3. Single—channel Silo with failures.

Let us consid er protozcan of all ~rob1ems ci ~ueueiug theory —

• problem of the tunctionincj Cf the ~;ing le—chdnn€l ot SilO with

fa i lu~es.

Let the system of mass maintenance con~ ist only of one channe l

(n = 1) and it enters Pcisscn flow of claims with the intensity X,

which depe nds, in the general case, on the time:

(3.1)

th~ claim , which found channel that occupied , obtains failure

and l.aves system.
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The mainten ance of claim i~~ continue d during random time

distributed according to expoI1 t~I~tidl law with the paramet~~L p:

f (t)~~ ie—~’ (1>0). (3.2~

Hence it f o l l o w s  th at t he “flow of aaiutenanceu — simplest , with

intensity a. In order to vL;ualize actually this rlow , i.~~ imagined

one continuously O c c u p i e d  channe l — it will issue the serviced claims

by flow with intensity ~

Ja required to find:

1) absolute capacity Silo (A)

2) re l a t i ve  c ap a c i t y  SIlO N ) .

Let us consUer s i ng l e  c h a n n e l  of maintenanc e as 1)hyslcal system

S. which  can  be locate d in cue of t he  two  stat es :

~ free,

occupied.
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the graph/count of the states of s~steai is shown on Fig. 5.1.

Prom state S0 into S1 the system , cbv i ously,  translates the flow

of claims w i t h  i n t e n s i t y  A; S~ and S0 — the “flcw of maintenan ce”

with intensity ~~.

Let us designate the probabilities of states p0(t) and Pi Ct). It

is obvious, for any moment t

• p0 (1)+p~( 1) — l . (3.3)

Let us comprise differential of KClmogorov ’s equations for the

~rcbabilities of states according to the rule , given in §i cha pters

4. We ha ve :

dl (34)
= — ~&p1 + XP,.
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?ig. 5.1.

• Of two eq uations (3.14) one it is excess, S i nC e  Pa and p, are

connected by relationship,ratio (3.3). Iai iny int o account this , let

us reject/throw the seccnd equation, and into the first let us

substitute for p
~ 

its expressicn (i—pa):

or 

~~~~“ —
~ + ~ (1 — p.).

( .
‘S

This equation logical to solve under th€ initial conditions:

p,(O) — I , P1(O) — U

(at the initial moment channel is free).

Linea r differential equat ion (3.5) witn one unknow n function Pa

easily can be solved not only for the simplest flow of cia ins (A

const), but also for case, when the intensity of this flow in the

course of time changes (A = X(t)). Withcut being stopped on the

last/latte r case, let us give the solution of equation (3. 5) only for

-•
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the case A = const :

p . ~~~~~~~~~~~~~~~~~~~~~ (3.6)

the dependence of valut p
~ 

from time takes tue tori, depicted in

Fig. 5.2. In initial mo m ent (with t = C) channel is knowingl y tree

(Po(~) 
= 1). With an incrcase t probability Po is reduced and w i t h i n

l imit  (wit h t 4 ~) is equal to • 4. Value p1 (t) , that supplements

~~ 
(t) to unity, is changed as shown in the same Fig. . 2.

It is not difficult to ascertain tha t tor single—channel SIlO

with failures probability Fo is nothing else but the relative

ca paci ty  q.

It is real/ac t ual, p~ there is prohabi lity that at torque/moment

t the chan nel is free, otherwise pro b ab ility that the claim , which

case at torque/moment t, will be serviced , but that means that for

the given torque /momen t of time t, the average ratio of the number of

serviced claims to the numb er of those acted also is equal [‘ a : g =

EQ.

I n  l imi t , wit h t —7~~,, when the prccess of maintenance has

alread y been establish/installed that the limiting value of relative

capaci ty w il l be e qual to:

(3.7)
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Knowing the relative capacity q, it is easy to find a bsolute A.

They are connected by the ckvicus rela t ionsnjp~ ratjo:

A — A q (3.8)
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I

Fig. 5.2.

Page 244.

In limi t, wit h t —‘) , absolute capacity also will ne

es tabl ish/ ins tal lad  and it w i l l  be equa l  to

(39)

knowing the r e lat ive  c a p a ci t y  of system q (probability that come

at torque/moment t claim will be serviced) , it is easy to find

f a i l u r e  p r o b a b i l i t y:

P,,,,,=1—q. (3.10)

Failure p robab i l i t y  P,,~ is nothin g else but the mea n

portion/fr action of the  uaserviced c l aim s  am o m g  subjects. w i t h i n

limi t, wit h t —‘7— ,

(3.11)



ci.. ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ 
-—-— ~~~

- 
~

DCC = i8068712 PAGE ~~~I~5
’

~ zaiiiple. Sing le—channe.L SIlO with failuies represents by itsel f

one telephone line. Claim — call , which ca~ € at the torque/moment

when line is occupied , obtains failure. Intensity of flow of calls A

= 0.8 (calls per minute). Average duration of ccn versatios7~...I,5M,.

All  f lcws  of event s — simplest. To determin e the iimitin~ (with t —,

). value:

1) the relati ve capacity q;

2) the absolute capacity A;

3) f a i lu re  p r o b a b i l i t y  P~~.

To compare actual capacity 5MG trci ncninal whic h will be, if

each conversation last s in accuracy 1.~ mit, and conversations follow

one anothe r withou t interr u l tic n .

Solution. We d e t e r m i n e  t h €  p 4 t a m e t e r  ~ of the f l o w  of the

main te nance:

~~~~~~~~ 1/1 ,5— 0 ,667.

On f o r m u l a  (3.6) we ob ta in  r e l a t i v e  capac i ty  SIlO:

0.667

~~ o.8+o,e6i 
.., O,455.
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Thus, in the steady—state conditicns/aode system will

service/maintain about 45o/o of enterir g calls.

Through  f o r m u l a  (3.9)  we f i n d  t h e  absc lut€  cap ac i ty :

4~~Aq~~0,8.0.456 * 0,364.

t
i.e. line ca pable of can  y m y out  on t hc av e r a g e  o~ 0. 3b~
conver sa tions  PCL m i n u t e .

‘
~
‘ F a i l u r e  p r o b a b i l i t y :

P~,,,— I — q ~~0.b45.

means about 55o/o of acted calls viii obtain failure.

Nominal spacing crlannel capacity:

A ,,, — — 0,667 (pa,ro1r~àa .

key: (1). (conversatio n per minute)

that almost is twice as sore than the a c t u a l  c ap a c i t y ,  obta ined

taking into accoun t the tandom chatactei. of the flow of claims and

chance of the time of servicing.

Page 245.

——~~~~ —- 
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‘I. Multichannel SIlO with failures.

Let us consider N—channel StlO with failures. Let us label the

states of system according to the numb er ot occupied channels (or,

that in this case the same , acco rding tc th~ number of claims ,

connec ted with sys tem) . States will be:

— all channels are tree,

S2 — to occup y exactly one channel, rem ainin g freed.~ ms,

8~ 
— occupied exactl y k of channels, the others are free,

S~ — occupied all n of ciiannel~ .

Gra ph /count of t h e  s ta tes  SIlO Os i€pre sented  in Fig . 5. 3. Let us

label grap h/count, i.e., let us write at the arrow/pointers of the

in tens i ty  of the  c o r r e sp o n d i ng  f l o w s  of events , on a r r ow/ p o i n ter s

f rom l e f t  to r igh t  sys tem t r a n s f e r s  one and  the same flow — flcw of

claims with intensity x. it system is in stat. S4 (occupied k of

~li
_ 

-~~~~
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channels) arrived new claim system passes (it jumps) into stateS~~1.

Let us determine the intensities cf flow of tz~e events, which

translate system according tc atrcw,’~ointers from rig ht to left.

let the syste. is be in state S~ (is occupied one channel).

Then , as soon as is finished the maint enance of tne claim , which

occupies this channel , system will pass in S0; that means the flow of

Even ts, wh ich translates system on ~rrcw,/~ cinter S~ —‘?S 0, has

intensity ~~~ It is obvious , it with the maintenance it is occupied

two channels, and not one, flow of maintenance , which translates

system on arrow/pointer S2 — )S~ , will. he double more intense (2~.a) ; if

is occupied k of channels — i n k  ot times more intense (Lu). L~ t us

vrite the appropriate intensities of the arrow/pointers , which lead

from right to left.

Figures 5. 3 sho ws t h a t  t h e  prccess, whic h takes place into SIlO,

represents by itself a special case ct the ~rocess of death and

multiplicatiou, examined by us in ~ 8 chapters 4.

Using general rules, it is possible to comprise the equat ions of

~oimogorov for the probabilities of th~~states:

I’ -~~~~~~~
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L , — (A +~ ) p ~+) .~p 0+ 2,.p1,

(41)
~ k~i) p ~ + ?~p,_ +(k 4 I)~~Pk , I,

~~~~~
.. —lI~AP~,+)~p~~...i.

I ‘~~ 
_ _ _  ‘

~~ 
_ _ _

_ _ _

P.qe 2*6

Equations (4. 1) they are called the equations ot hrlang . Natura l

initial conditions for their scluticn the y are:

~ (0) — I; p~ (0) p1 (0) — ... — p, ~O) 0

(at the initial. moment system it is tree)

The integration ot system of equations (4.1) in anal ytica l form

is sufficiently complicated; in practict such systems ot diffe rential.

equations are usually solved nunen ically, b y A V M  ~r ETsVM . This

soluticn gives to us all ~rcLabilities the states

p, (1) , p1 (1). .... p?(l). ..., P11, (1)

as of function of time.

It is logical , us most of all they will interest the m aximum

-~~~~~ .
~~~~~~~
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probabilities of states Po. Pi. •~•. Pk.-.•,P~. which characterize

II! steady—loa d condit ion cf SNC (with t —) —).. For tne determination of

ma ximu m prcbabilities, we will use already the prepared/finished

so lu tion of prob lem , obtained for the circuit of death and

multiplicatio n in § 8 chapters 4. According to this solution ,

p1, p,, (k 1,2, ..., a);

‘I Pu 
+ ~~-ii- + ir ~

In these formulas the intensity of flcw of claims k and the

i~ tensity of flow of maintenance (for cne cbannel) ~ do not figure /
separately, but they enter only by their ratio /. Let us designa t

this sense

//

and let us call value p the “given i n t E n s i ty ” of the flow of ,claims.

Its ph ysical sense is such: value p represents by itself t}y~ average

num ber of claims, whic h cci€ in intc SMC fcr the aean ser/icing time

cf one claim..

Takin g into ~.ccount this designaticn , formula (te.2)they take the

form: -

4
p4 — L p,, (k — 1, 2, ... , a);

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(4.3)
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Formulas (4.3) are cal ied srlany ’s formulas. They express the

maxim u m probabilities of all, states ot system depending on the

para me ters A , ~ and n (A — an intensity of flow of claims, p —

intensity of maintenanc e, n — a number of channels SIlO).

Page 247.

Knowing all probabilities of the states

P0. Pi’ • • ‘ P4’ ‘

it is possible to find the characteristics of the efficiency of SIlO:

the relati ve capacity q, the absolute capacity A and failure

probability 
~~

It is real/actual, claim obtains failure, if it comes at the

torque/moment when all n of channels are occupied. The probability of

this is equal to

(4.4)

- J~
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Probability that claim will be mccspt.d t ar  maintenance (it the

relative capacity q) it su~~ l.u nt~ P,,~ to unity :

(4.5) P
& Deol ut e capa cit y :

A~~~q~~ A( 1— P N).  (4.6)

Cne Of the i mp o r t a nt  chai ac ter i st  ICs SIlO with failures is the

av ir aqe nu mb er of occupied chanrt~l~ (in tbi~ case it coincides with

the average number of claims , which aze located in system ) . Let us

d.aignate this avera~Jo num ber j.

Value k can be com~ utt,U dit ectly thro ug h t. t~ b4bilitie s

P.. p1, •.., P.. according to the tormul a :

(4 .7)

as aath..atica l e x p e c ta t i on  at d i s cr e te  r a n d o m  va lue  w h i ~~t* t~~k t s

values of 0 , 1, ..., n with ~&obabllitiea p,.p1, .. , p~. However , to

co n s ide rab ly  s impl y expttss the averag ,  numbe r of occupied channeL~

throug h the  absolu te  c a p a c i t y  A , w h i c h  we alread y know. ft is

rea l/ ac tua l, A is nothing cl~~ b ut  t h e  a v e r a ge  n u m b e r  of c l a i m s ,

operated per unit time; one occupied channel it s e rv i ce/ l a i nt a in s  on

the a ver a g e  tot the time unit ~ ot claim ~.i; the av e r a g e  n u m b e r  ot

cccupied channels will be c kta in ed l y divis ion A on ~i:

r A A( 1— p4)
I’

____________________ -~~~~~~~~ .~— - ,
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or, passing to des ignation ).j~ —

~—p (I—p~). 
(4.8)

Exam p le. Are repeated the conditicns ci an example of the

previous paragraph (A = 0.8, p = 0 . t t 7 )  ; hc~ever ,  i nstea~1 of t h e

single—channel SIlO (n = 1) is examin ed three—channel (n 3), i.e.,

the number of communication lines is increased to th ree .  To f i n d

probabi l i t y of failure and the average numbe r of occupied channels.

Solut ion.  Given  i n t e n s i t y  of t ] c w  of the claims:

~~~~~~~~~~~~~~~~~~~~

On Erlany ’s formulas (4. ~) we obtain:

p, ~~O. 12 p..

p~, — -
~~~~ p,~~~ O.288~~0.

p.— 1+ 1 ,2+0 .72+0.288 ~~0.3I2

~ 1.2.0,312 ~ 0,374; p, ~ O,72.0, 312~ 0.224~
~ 0.288.0,3I~t ~ 0,090.

Page 248.
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compute  f a i l u r e  p r o l a b i l i t y :

• •

~~~~ 

P~~~~p,— 0 ,O90.

Rela t i ve  and abso lu t e  cap acit i e s  are egu a l  to:

q~~ l~~p.~~0.9l0; A~~ Aq~~0,8.O, 9l0 0. fl~

The average number of cccupied channels:

F~ p I—p,~~1,2.0,9I~~ 1,09,

i.e. during steady—load conditio n of SNC on the average will be

cccupie d o~e with small channel of three — remaining two will stay.

By this value is obtained a comparatively ~ig h level of tne

efficiency of maintenance — about 91c/c of all acted calls will, be

serviced.

5. Single—channel Silo wit h expectation.

Let us consider first Frotozoan at all possible Silo with

expectatio n — sing le—channel system (n = 1), which enters the flow of

j claims wi th  i n t e n s i t y  A; the intensity of maintenance p (i.e. on the

avqrage the continuously occupied channel will issue p the  serviced

claims in unity (time) . The claim , which acted the torque/moment when

-~~ ~~~~~~~~~~
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channe l is occupied , stops i n t o  t u r n  a n d  exp e c t s  aaintenaace .

Let us suppos e t h a t  f i r s t  t h a t  a q u a n t i t y  of places in  t u r n  is

l imi ted  by Mach n u m b e r , i.e., if c la im a r r i v e d  at to rque /momen t , when

in turn al read y stand m of claims , it leaves system not serviced. In

the fu ture , after directing m to infinity , we will, obtain the

characteristics of the sing le—channel of S!~G without limitations

alcug the length of turn.

Let us label the states of SIlO accor d ing to the number - of

claims, which are located it syste m (bcth ojerated and expecting

mainte nance)

S~ — channel  is f r e e ,

— a channe l is occu pie d, there is no line.

— channel  it is occupied , one c l a i m  s tand s in tur n ,

S. — channel is occupied , k—i claims stands in turn,

Sm+ i — channel is occupied, m of claims stand in turn.

L
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The graph/count of states SIlO is shown on Fig. 5.4. The

intensities of flo w of the events, which translate into system on

arrow,/Eoin teEs iron left to right , continually are equal to A , and

from right to left — i. It is real,actual , cn arrow/pointers from

left  to r i g h t  the system t r a n s l a te s  the  f i c u  of c l a ims  (as soo n as it

mil l  a r r i v e claim , s y s t e m  it passes in t o  t h e  f c l l u w i n g  s ta te) , t o the

r igh t  to t he  l e f t  — the flow of the “releas es” of the occupied

channel , w hich has in te n sit y p (as soon as it will be serviced next

claim, channel  eit her it w i l l  be f r e e d  cr it decreases the  n u m b e r  of

c la ims in t u r n ) .

The depicted in Fig. 5.4 circuit represents by itself the

circuit of death and multiplicatio n . Usin g the genera l solution ,

gi ven for the circ uit of death and wultip li ation in §8 chapters 4,

let us write the express ions  of the m ax imun prctabilities of the

states:

- 
(5.1)

I +(~‘/pi )+Q~/~s ) +  ... + ~~J~~)
I1S+ 1
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Intro ducing designaticr A/p p, let us rewrite formu las (5.1)

in the f o r m :

p1—pps.
P s P ’P..

:1. p,,
~~

pk p,,
(5.2)

Pm+i P”~~ Po.

p.— =I+p+p s + ... +pN
~+t

=tI+ p+p’+... +PM1
~~’1— ’ .

Let us note t h a t  in the denominator of last/latter formula (5.2)

st ands the geometr ic pt cgress icn  w i t h  f i r s t  t e r n  1 and denomina to r  p;

summar iz in g this progress ion, we f i n d :

l1~~~~~ __________  I—p 53
~~~~~~ l_ p ’l+2)/ ( I_ ~~ i_ ~ ”+’ 

-

I
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Thus, form ulas (5.2) finally take the 1cm :

p1 = ppo,

(5.4)

Psi+i —

Let us focus a t t en t i on  on the  fac t  t h a t  f o r m u l a  (5. 3) is val id

only w h e n  p � 1 (when p 1 it gives the indeterminancy/uncertaint y

of for m 0/0). But the sun  of geomet r i c  ~rogress ion  wi th  d e n o m i n a t o r  p

I to find it is still sinFle r than cn formula (5.3) : it is equal a

• 2, and in this case p0 = 1/(a • 2).. Let us note that the same

result we could obtain by mor e complex metho d , revealing

in det .r a inancy/unce r t a in ty  (5.3) acccrding to l’Hopital’s rule.

L t  us  de termine  t h e  cha rac te r i s t i c s  of SilO: f a i l u r e  probabili t y

p,,, th. re la t ive  capac i ty  q, the  absolub e caj ~acity A , the average

l..qth of tu rn  ~~~, the average number  of claims , connected with system
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~t~-is obvious , claim ottain s failure only in the case whe n

channe l is occupied and a l l  m cf the  places in t u r n  - also :

~~+‘ (I

We find the relative capacity:

(5.6)

Absol ute capacity:

Let us find the average a~umb er i of t hose locating in turn; let

us d e f i n e  th is  v a l u e  as mathem atical expectaticn of discrete random

variable R — numbe r oL claims, wh ich are lccated in the turn:

~—/4IRi.

lith probability p2 in turn stands one claim , with probabilit y

p, twp claims, generally with Frobability p~ im turn stan d k — 1

claims finally wit h protability Pi.+i in tern stand a of claims. The

average number of claims in turn we mill obtain, mul tip l y i n g the

number of claims in turn by the appr cp&iate prcbaoility and

store/adding up the results:

A
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r .”.1 p,+2.p,~~ ... +(k ’I) P~+...+flt p m +t
I.p*p,+2.ppf...~~~(k.....I).p*p~~~.,.~~ m.p~l+l p, (5.7)

Page 251.

Let us take out in this expression p2~~ Lcr the brackets :

—p’i~.II+2p+ ... ÷ ( k —I)p ~— ’ + •.. +mP” ’J. (5.8p

Le~t us deduce formula for the sum , w h i c h  sta n ds in t h e br ac ke ts

( th is  f o r m u l a  we w i l l  f r e q u e n t l y  use s u b s e q u e nt l y )  . It is obvious,

the sum in questio n represerts it represents b~, itself nothing else

but derivat ive on p the sums

X — p + p ’+ ... +~~~~~ ‘ + ... +p”.

for this expression we can use the fo~a~ la of ttie sum of the

geometric pro ;z ssion :
ç p—p m

~~~
’ (59)

‘~ I—p
Let us differentia te (5,9) cm p:

v I % — ( n i + I ) p ”k I—p) + (p—p’4 1 )
( I — p ) t

I) p —p+ C n+ l ip +p—
(I—p)’

I — ( m +I !p ~”+ ‘UP ”’~~’ I—p (m+I—n ~p)— () p)’ 
— (I—p)’

Thus, expression for the sum , which stands of brackets of rig ht

side (S.8)~ is found:
I +2p+•

... + (*—flp~~’+ ... ÷ 1_ 1_p”~sn+i~~~~ (5.10)
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Subs t i tu t ing  it in (5. 8) , VC will  obtaii :
_ _ _ _ _ _ _ _

~ (I p)’

Taking int o accoun t expression for Po fro m ( 5. 4 ) ,  we have :

- ( L_p ) l t ~_p ( m f I — ~~f 1I.
—

or, i~ is final,

~ p’(I—p (m+I— nlp) j (5 11)(I_pM+’)(I_p)

Th us, we wi l l  ded uce express ico  f cr  the a v e r a g e  n u m b e r  of

claims, expecting maintenance in turn. Let us dEduce now formula for

the  averag e number  K of the  c l a i m s , cc nnec ted ~ita system (both

standing in the t u r n  and  l o c a t i n g  under  m a i n t e n a n c e ) , let us solve

proble m as fo l lows:  let us cons ide r  the total number of claims K ,

connec ted w i t h  sys t em as s u m  of t w o  r a r d o m  va r i ab l e s :  tha  n u m b e r  of

cla ims, wh ich stan d of turn , and the numbe r of claims, which are

located under the maintenance:

where B — a number of claims in turn , Q — a number of claims under

main te nance.

Page 252.

According to the theorem of the additicn cf the mathematica l

L~~
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expectations

~ — M ( K 1 . =M I R l +Mg ~�I .. ?- f-~ .

where r — average number of claims in tur n , ‘~~~ 
— average number of

claims under maintenance.

Value ~ — we recentl y will rind; l€t us find value ;. Since

channe l of us one, then random Variable 0 can take onl y two values: 0

or 1. Value of 0 i t  takes, if the channel is free the probability of

this is equa l to

i—p
~ 0

Value of 1 it takes, it channel is occupied; the probabi lity of

this is equa l to

I—

We hence find the mathematica l expectation of the number of claims ,

w h i c h  are located up der the  aaij ~tenai~ce:
a.O.p0+1.(1~~ p,) . ~~~~~

Thus, the average number of claims , comlec ted wit h Silo, wil l  be
-

(5.12)

whet, value ~ is determined f t cm formula (5.11).

Let us deduce expression for one more essential characteristic

of SilO wit h th, ex pectation: mean latercy of claim in turn . Let us

designate it /,,~~. Let the claim pass Antc system at some aoaent of
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time. With probability 
~~~, 

tie channel cf mainten ance will not be

occupied , and by  i t  it is nct necessary t-o stand in the  t u r n  ( la te nc y

is equal to zero) . W i t h  p r c b a b i l i t y  ~~ it l ii i  a r r ive  in to  system

during the maintenance of scme claim , but before it the r e  wil l  not be

t u r n s, and claim wi l l  a w a i t  t h e  b e g i n n i n g  ct i t s  ma intenance f o r  a

period of time i/p (mean servicing time of one claim) . W i t h

~robabili ty Pz in the  t u r n  befor e the  c la im in question wi l l  s tand

one addi t ional , and  l a t e n c y  on the  averag e w i l l  be equal  2/p , and so
•
forth.. Generally, with probability p~ the come claim will find in

system k of claims and it will await cr the average k/p unity of

time; here k can be any integer tc m.

Page 253.

That ccncerns k = m + 1, i.e., the cas when the newly inc oming claim

finds the channel of maintenance occupied and still m of claims in

the turn (probability of this Pm -i-u), then latency in this case is also

equal to zero, because claim does not get into line it is

service/maintained). Therefore mean latenc y wi l l  be:

P I’ ii.

Subst ituting here •x~r.ssions tot p~, ..., -pr,,. we obt ain:

IA
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We con vert the sum c~f btac kets, using tcr m uia (5.10):

~ 
1 p~ (,

~ -4- I — nip1

u (I—p)’
or , expressing Po through p:

I p ( 1— p) l—p ~~(m+ I— 1~p) ,_ p II—P (m+1—mp) 1 
~•5 ~3M 1_ ~~fl i+t  ( I_

~~
)$ p ( I_ p m+~) (~_p) .

Equate/comparing this expressio n ~ith xormula (5.11), we no te

that 
-

(5.14)

i.e. mean latency is egual to the average number of claims in turn ,

divided in to the i n t e n s i t y  of f low of c la ims .

Let us deduce another  formula for the mean retention time of

claim in system. Let  us des igna te  ~~~ r andc m variable — re ten t ion

time of claim into SilO. This random variable is composed of two terms

(also random) :
T~1~7 — T~M, + 8,

where — latency of claim in turn, e — random varianle, equal to

setvicing time T~ , if claim is service/maintained , and zero, if it is

not service/maintained (cttains refusal).

According to the tI~eorem of the addition of the mathematical

expectatio ns:

M ( T ,~ .SM 1TOI.SCJ + M 1ØI,

bwt, in our d.signations, M l T ..I—i~~, P~ 
M~OJ ~~qt~~..q/ ~. Hence let us
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find : 6.~ — t.~+q/~, or, taking into acccunt formula (5. L 4) ,

(5.15)

Exa mple 1. A u t o r e f u el i n g  s t a t ion  ( A Z S )  r ep r e sen t s  by i tself 510

with one channel 3f maintenance (one  cclu m n) . Area/ si te  w i t h  s t a tj c i i

allow/assumes the stay in turn for servic ing nct more than thr ee

machin es s imu l t aneous l y ( iii = 3).

Page 254.

If in turn  a lr ead y is located three machin es, the next machine , which

arrive d to station , in turn does not stop , but it will pass by. The

f l’ow of the mach in es , w h i c h  a rr i v e  fo r  s e rv ic ing ,  has i n t ens i t y X = 1

(machine per m i n u t e ) . The process of servic .~ny is continued in

average/mean 1.25 mm . 10 determine:

— failure probability.

— the relativ e and absclute ca pacity ci. SilO~

— average number of machines , which ex~ect sarvicin~j.

— the average n u m b e r  of m a c h i n e s , whic h  are found  on AZ S

(including serviced) .
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— mea n latency of mach ine in turn .

— the mean retent ion tire of machi ne cn AZS (including

• mainte nance)

Solution. We find the y iv tn intensit y of flow of the claims:

p— I/ I .25—O .8: p—.A,1~~~I/O .8 . I .25.

• On formulas (5.le):

. p~~~l ,25.O, t22~~ o,I52 ,
p, I ,25.O, I22~~ Q,I9I , p,— I .25.O. I22~~ o.238,
~~~ I,26.O.I22~~ O,297.

Failuxe probabilit y P~~~~~O.297

Relative capacity SNC q = 1

Absol ute capacity Sil O A = xq 0..703 ~m a ch ine in m m . ) .

The average number of ma ch rii e~ in turn w~ tind through formula

(5.113 — I .2b’( I — I . 25-’ i~~+_i — . . T h~
( I— l~~5’ I O — 1,25l

i.e. the average number of machines, which expect in tur n for

servicing, is equa l to 1.5t .
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A d j o i n i ng  to th i s  v a l u e  t h e  a v er a g e  n u m b e r  of mach in es , t h at a r e

locate d under  the main tenance

1 ,25— I ,2F1
~

we obtain the average number of machines, ccnnected with AZS:

1—;+;~ 2,44.

Mean latency of machi ne in turn , cn formul a (5.14) is equal

• 
~~~~— L — I . 56 (m m ) .

Adjoining to this value Mtøl~~q/p — o ,7O3IO,8~~o.~ , we will obtain the

mean time which the machine ca rries cut on AZ~ :

(mm ).

Until now , we examine the work single—channej of Sb with
- j expectation with the limited A number of the places in turn.

Let us now remove/take this limitaticn , i.e., let us direct ii to

infinity. In this case, the number of Ecssib].e states of system will

become i n f i n i te, and the graph/count of states wi Ll take the form ,

shown on Fig. 5..5.
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Let us attempt to obtain the pro~ a~ ilities or states SilO with

the unlimited turn by passage to the limi t (with m —
~~ ~

) fro m

formulas C5- 4).

Page 255.

Let us note that in this case the denominator in last/latter

formula (5.2) repr esents by itself the sum of the infinite number of

terms of geometric progression. This sum d€~cends only, when

progression infinitely decreasing, i.e., when p ( 1. It is possible

completely strictly to demcnstvate that p < 1 there is the condition ,

under whic h into SilO with expectatio n there is maximum being stead y

conditions/mode; w hen p >, 1 such conditions,mode does not exist, and

line with t —3 — increases to infinity.

Let us assune tha t

— ?~/p < 1,

i.e.. that the maximum conditio ns/mode € X i 5 t ~.. Let us direc t in

formulas  (5.,4) m to and will deduce tcrmulas for the maximum

probabil i t ies ot s ta tes  i n t o  SilO w i t h o t t  l im i t a t ion s  a long the  l e n g t h

of turn. We will obtain:

--
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P~~~P ’( l  P), (5.16)

P~~~V( l — p),

In the absence of limitat ions to to the length of tur n each

claim, which came into system , will be serviced; therefore q = 1 , A =

= ) .  The average number of claims in turn we will obtain from

(5.~11) with I -
~ —:

The aver age number of claims in system on formula (5.12) with m

~ will be equal

(5.18)

Mean latency I~. we will also obtain from formula (5. 144) with m

-4 :

(5.19)

or ,, in anothet f otm:

— 
~~~~~~~~~~ 

(5.20

-1
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(“) Ovepi& ~ m

_ _ _

_ _ _  
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Fig. 5.5.

key: (1). There is no turn.

I
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The mean retentio n time of claim int o SilO is equal to mean

latency plus mean servicing tji.t~~~~~1/i~

(5.21)

Example of 2. To railroad hump yard arrive the compos itions with

intensity X = 2 (compositio n in hour). The mean time, du r i n g w h i c h

the bill processes com~ csiticn , is equal to 0.4 hours. The

compositions, whic h arrived at the torque/mcment when bill is

occupied, stop in turn and expect in the park/fleet of the arrival

where there are three emergenc y route , for each of which can expec t

one composition the comFosition, which arrived at the torque/moment

,

-4
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when whole three emergency Loutes in th~ pars/fleet. of arrival are

occup ied, it stops in turn to external way. Al l flows of events —

simplest. To find:

— the average number of ccm~ ositiccs, which expect turn (both in

the park/fleet of arrival and cut of it).

— mea n l a t e nc y  of c omp c s it i o n  in the  ~a r k/ t l eet  of ar r i v a l and
on externa l ways.

— ~~an tine of the determinat ion of com~osition at sorting station

( inc luding expec ta tion  and  m a i n t e n a n c e ) .

— probability that the arrived coviositiom will replace on

ezterma l ways .

Solution. In our  case )~ = 2 , ~ = 1/0.4 = 2.S , ~~~~~ = p 2 ,’2 .5  =

0.8 < 1, and SilO on t h e  a v e r a g e  “ m a n a ge s ” the  en ter ing  it f low of
claims.

The aver ag e number of compositions , which expect turn (as in the

park/fleet ot arriva l, sc v out cf it ) let us f ind tram formula

( 5 . 1 73 :
— (~~~

.
‘~~ 

- - - — - —— 3 . 2I — C .~
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the average number of compositions , which expect turn on

ex ternal ways , let us count as tollows : with prcbability Ps out of

the park/fleet of arrival , will expect cne compesition, wit h

probebility p~ 
— two compositions so fcrth , with probability

Dk( k > 5 ) — (k 4) of coapQsiticn .

the average number of compositions, which expect out of

park/ fleet, will be:

+...+(k—4)(1—p ) Pb +... ..,(I_ D) P~ (I+~~+~~$+_ I

tormula f or an infinite sum of brackets we obtain by passage to

the limit (with m —-4 ) i~ro m to~ mula (5. 1()) :

• I +2 9+ 3 P+ . . . (1 Q)$

Hence

(I—p)1 I_p

Subst itLting here p = 0.8, we will obtain:

? — I ,64.

Pcob*bility t hat the arriving conFos ition wilL replace on
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ex te rnal w a y s, is determined still simp ler : it is equal to the

~robabilit y of the fact that the length of turn will be not less than

three, i.e.,

..(I—p )p4 (I+p +p ’+..)...p4 0 ,84~~0.4I.

Eage 257.

Mean latency in the park/fleet of arrival we determine,

examinin g dif fer en t hy p cth~ ses about the numbe r of compositions, that

are locatsd in the system~

I 2 J

IL Is p

— ~ — ( I_ p ( i •_ p )

— — 
~p i i  —p ) 2p’ (I —p) +3p31

p p 1—p

~or p = 0.8, ~ = 2 . 5 , we obtain , that mean latency in the

Fark/fleet of arri val is equal

0:4 ~~~~2
0 4 1  

0 8  (hour) ~~ 47 (mm ) —

As f a r  as l a tency  concerns be ccncerned on e x t e r n a l  w a y s , it is

equa l I 2 3 I 2 3— p  — — r . -~ —p ,  • . . ~~~~
— ( I — M p ’ -- — II~_ p) pa~f~_ (I_p) 

~~~~~~p 
~L

( I — p ) p4 
- ~I • p ~ p

1 I I p’— II~~~~+ip’ t ..- l— -- —-—
, —

M ~* (I—p) p I— p
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i. e. for our numer ical data ,

O~4.0.4I/O .2..o.82 (hour) ~49 (ain~

The mea n retentio n time ot compos iticn at sorting station

(counting expectation and maintena nce) will be equal to:

~~~~~~~~~~~~~~~~~~~~~~~~ (hour )

6. i lu l t i channel  SilO With expectation.

Let us consider a—channe l silo with expectation , which enters the

tlow of claims with intensity x ;  the intensity cf maintena nce (for

cue channel) ~i;  the number of places in turn m .

The states of system let us label according to the number of

claiu, connec ted with the system :

~ S,— ace txanajnsi CIOØOAHbI ,

~ S1 —3f l~~ T QJUf H xaHL1~, oc raiwiwie C1060.*NbI.
. s 

“~~~~ S~ —3a H~1T~ k KaHaJIOB . ocra .lbHbIe CBOOOAHbI. 

S~ —3a H T nee si KaHaiioB.
S~+ 1— 3 a H 2~~

’ 
ace n KaHa.loa; 0u4 a ~a~ a~ a CTOHT B oqepeAn,

S,,÷ ,— 3aiJ?J ace ri KaHaJloe, ,: 3BHB0IC d enT a i~pejn
S~4 .,, — 3annTf~ace n xana~icm, m 3~~flOX CloiT a o~epeAn.
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Key: (1). There is no turn . (2). all channels are free. (3). is

occupied one channel, cthers are fr€e. (‘i). are occupiea k of

• channe ls , others are free. (5). are cccup i~~u al l  n of cnannels .  ( 6) .

occupying all n of channels; onc claim is worth in turn. (7).. Are

busy all n of channels,... cf claims stand in turn.

Page 258.

The graph/count of states is give n to Fig. 5.4. At eac h

arrcwflointer are written the corresponding intensities of flow of

• events. It is real/actual, cn arrow/~ cinteIs t~ cm left tj  right the

system transla tes always one and the same flow of claims with

intensity X; on arrow/pointers from right to left the system

translates the flo w of maintenance whose intensity is equal to p.

multiplied by the number of occupied channels.

Graph/count in Fig. 5.6 represents by himself the circuit of

death and multiplication , tot which the soluticn in  general form is

alread y ob tain~ d. Let us write expressicns for the maximum

~robabiljtjsz of states, imme diate ly designating k/p =

Pt — P.. ~. — ~.. . . .. ~‘. 
— 

~~~~
- 

~..

~- . I .,+~ 55+~~
P.+, ’ ’ , ’P o. P 1÷2~~~~7~~~P.. . . ..

-~~~~~~
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or, summarizing geometric pLoqress ion wit h aencainator p/n the

emphasised terms):

I
P1 =-~

- po,

p1
p 1 =i- Po,

(6.1)

Pn+’ Po’a,,’,

~ n+2

~~~~~~~~~ P0.
I

h . . . .
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Fig. 5.6.. 
— •

Key: (1).. There is no turn .

Page 259.

• Thus, all probabilities of states are found.

Let us find some characteristics of the efficiency of servicing.

• The acted claim ob tains failure , if are occupied all n of channels

and all a of the place s in the turn:

(6.2)

• lelative capacity, as ever , supplement s failure proba bility to

unity:

• A bsolute capacity SilO will ~e equa l to:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (6.3)
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let us  L i n d  t n t ~ a v ~~t a ~j &. n u u i b c r  of  cccu~ i~~d c ha nn e l s .  For  ~;No

with tujlU res, it coi n’ ~ w i t h  t i e  avera numb er ot cia ims, which

• were being locat,!d in :;yi~to m. l1or ~‘Mc w ith turn , thL~ averaqP number

Ct ocdupied d i a n n e  is dces  not C o in c i d e  w ith th~ average numi’er of

c la im s , wh ic h ar~ located in ffl~ •1 s~stea: lastjlatter value dif t~~rs
t roni L i ld  1’I  r~~t t o av ’r:l~;d iium ber of’ claim , i n  the queue . We r e t a i n
t’roui the W’ ¶ r:t i~ L i o n  1< fo r  I l i e  mean numb er  of ’ cia m i s  c o n n e c t e d  wit h
:; y & t  em , h u t  the  u v ( ’1’a~~( ’ nu m b e r  of o c c u p  I ed channe l s  I et us dc~ I ~n~i I ’
z. Each occupied channel it ~ervict’/ma A n tains cii t he average ~ of

claims per unit time ; ontire/all SilO service/maint ains on the average

A of claims per unit time. Dale one to another , we w i l l  obtain :

p ~L

or

~~p(i -_c~p.). (6.4)

The a veraije n umbeL of claims in t u r n  c~ n i-~ (: > iup u t e ’ J  di reetly d~~

mathematical e x pe c ta t i o n  of d i scr et c  r a n d o m  v a r i a n l e , m u i t  i p l y i n g  a n y

possible n u m b e r  of c L t i m ~. i c r ~rob a I i i l i t y  that ~ueeist’ly this number

of ci~ j ma it will be in turn, and store/adding up the results:
11+’

+m ~~~~~~- - 
~~Ø ... ~~~-~~!~~1 +2 ~ +3( .L)’ + ...+m(L)~~~1. (6.51

Let u s  i n t r o d u c e  d e s i gn a t i o n  pIn~~x and let us rewrite (6.5) in

- -
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• the form:

— 11+1

• r—---—— p.II+2x+3ic+... +m*—9. (6.6)

Page 260.

Let us note that the bracketed expression is nothin~j else but

already calculated by us cf the previou s paragraph sum (S. 10), where

instead of p is placed ‘C. Using this formula and substituting result

in (6.6), we will obtain:

~ p ’pe h— (m + 1 ) x +m ,~ (67)

Store/adding up the average numbe r of claims in turn r and the

average nu mber of occupied channels ~~, we will obtain the average

number of claims, ccnnected with the system :

k — z + r .  (6.8)

Let us now find mean latency of claim in th~ turn: 
•7,,,.~. Let us do

a series of hypotheses a b o u t  s tate in which will find system the

newly come claim and how long by it it is necessary to await

•aintenance.

If claim finds not all channels occu pied , by it not at all it is

necessary to wait (corresponding terms in mathematica l expectation

let us reject/thro w how egual to zerc) . It  c l a i m  a r r i v e s  at
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torque/moment, whe n are cccup ied all n cf channels, but there is no

turn , by it it iS necessary to a w a i t  c r  the average the time , equal

to l/fl~i (because the flow ci releases r of channels has iate n s i t y

np). If claim find s all cnannels occup ied and one claim before itself

in turn, by it it is necessary on the average tc await time 2/n ~.i (on

in turn r of claims, by it it is necessary to await on tae average

time r/np. If the newl y ccme claim tind s in tuLv alread y in of claims,

then it will not at all await (but alsc will nct be

service/maintained). Mean latency let us find , ~ulti pl 1 iug eac h of

these values for t he ap~ ropria te p roba bility :

I P” 2p~ m

Just as in the case of ti~e si~i~jlo—ch a~ uei at SM.  w i t h

ex pectation, we note that this expre.sion J i f t e t s  t r o n  ~�x p r e s s i c n  tor

the average length of tu rn ( 6_ 5 )  on l y i n  t e i m s  Cf f a c t or  l/ p ~ =

i.e..

(6.9)

Subst ituting here expression fo~ L , let us find:

P~~P~’ I_ ( m + I ) x ~~+mK m+I
°~~ npn! ( I—n) ’  

(6.10)
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Page 261.

The mea n retentio n time ct claim i; system , just as for

sing le—chann el SilO. differs from mean latency to the mean servicing

t ime , multiplied to the r e l at iv e  capac i ty :

~~~~~~~~~~~~~~~~~~~~~~~~~ (6.11)

~xa.ple h Autoserv icing 5t~ tion ~AZS) with two columns (n = 2)

is inten dud for maint ain/seiviceing the machines . The [low of the

mac h ines. which arrive on A ZS, has in ters it ~ A = 2 ( m a c h i n e  per

minute) ; the mean t u e  of the tinn ing 0t one mach ine

t,~~~~I ip~~ 2 (aim).

A rea/site of A IS c a n  c cn t a in  t u t u  not m ot e  t h a n  in I

(aachànes) . The machine , which arrived at the tot~ ue/moment when all

the three places in turn are occul ied , lea ves AZs (iS obtained

failure). To find the characterist ics of S~~L:

— failure probability .

— the relative and  a b s c i u te  c a l a c i t y .



DOC = 78068713 PAGE

— the average numbe r aL occup ied cclumns..

— the average number oj machines In tuj n.

— mea n latenc y and stay of machine on AhS .

Solution. ~e have: ft = 2 , in 3 , >~ = 2, ~i I i ~0 O.5. p 4,

.1~~~p/n 2.

lhrough formulas (6.1) we tind :

PIp — 
~ 4’ 4 2—2 ’ j~~_o ,OO8.

Failure probability:

• 4$
p.,+.~ —~ — p~.~ 64p,—fl.SI2.

Relative capacity:

q— I— P 0~,1~~O~4$$.

the absolute capacity :

A = = 0.976 (machine per minute).

The average number of cccupied channels (columns):

-____ 
-. ~~~ A
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(i.e. both columns a l m o s t  a l w a y s  a re  o c c u p ied )

The ave rage  n u m b e r  of m a c h i n e s  in turn we find throu gh formula

(6’..7) :

- 4’ I — 4 2’-$-3 2~ 16

~~~~2 .2 . 12 5  ( l — 2)’ 
— ) 7 — 2 .18

Page 262.

Mean latency in turn — cu formula ~6.9):

e~~~~~~ / A .~2 I 8 ~2 . . l O ~i (sin).

M ean retentio n tim e of machine on AZS (including the tine of

tinning) :

— 4,~+qi~~_ 1,OQ+o ,976~~2.O? (am ).

‘VAbove We considered ~$ç-cIAannel SMO wit h the expectation when in

turn simultaneousl y can b~ located not more than in claims..

Just as in the previous paragrap h, let us look, w h ich w i l l  be,

it the lengt h of turn is nct limited by some M ach num ber , but there
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can be how c o n v e n i e n t  l ar ge .  The g r a p h / c o u n t  of state s ia t h i s  case —

in f i nj t e  (see Fig. 5.7)

the probabili t ies cf states we will ob t a i n  f r o m  f o r m u l a s  (6.1)

by passage to the liinit (with a —
~~ 

— ) .  Let us note that the sum of

the ccrresponding ~Jeometric progressioz~ descends ~hen ~~~~~~~~ and

it diverges when )~~~1; realectively, ~tead y mode will exist when

x<I, and when x > I  turn will infinitely grow. Let us assume that

x< 1 let us direct in fornulas (6.1) va l ue iii to infinity. We will

r ob taia expressions for the maximum pr ot ab il it i es  of the states :

p
I.
1-1 (6.12)
I
I• n f l ’

p ip +2  P..

— 
*
1.111 P21 
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Pig. 5.7.

Mey: (1). There is no turn.

p
Page 263.

Since each claim sconer or later will Le serviced , t h e n  the

characteristics of the capacity øf ~~O are equal to

P0,,, — O, q— 1. 4~~Aq—~.

The avera ge numbe r of claims in turn we will obtain with in 9

— from (6. 7):
p 

(6.13)

whi le  mean la tency — f r cm  (6. 10):

• °
~~~~ 1MII(I_4,)’ 

(6.14)

the average n umber ot cccupied channels ~ will be located as

kefore through the absolute ca pacity :
- ~4 ~. (6.15)

.‘ ~I
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while the average number of claims , connected wit a SMO — as a ver a g e

number of claims in turn p lus the aver aye num ber of claims, which are

located un der maintenance (average number ci occupied channels) :

(6.16)

Example 2. Autoservicing st4ticn with two columns (a = 2 )

• Eervice/aaintains the flow cf machines witF intensity A = 0.8

(machines per minute ). Mean servicing tim e of o~e machine

15...._L ._2 (m m ) .

In this region no c t h et  of  AZS , Sc t h a t t h e  t u r r .  or t h e  machines

before AZS can increase virtuall y unlin ~itediy .  To f i n d  the

characteristics of SNO.

Solution. We have : n = 2, X 0.8, ~— 1/i~ — O ,5. p 1.6,

~— p/n —~~~Ø. Since x < 1 , the turn dces not increase infinite and

aekes sense to speak a bout m aximum stead y—state operating cond itions

of SMO. On formulas (6.11) on is ongoinç the probability of the

states :
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~ o.lIt .

p1 — I ~ 6p,~~~ O , I78 p3— l . 28p,~~~O.l42 ,

16’
• .~_j 1jP. w~O I I 4  P. 2~j ,P.*~0.O9I and i.e.

the average numbe r of cccupied channels let us find, afte r

dividing absolute capacity SMO A A 0..8 into the intensity of

main tenanc e p = 0. 5:

i—O~1jO5— 1 .6.

the probability of the absence of t~rn of AZS will be:

p,#p~+ps~~O,43I

Page 264.

Average numbe r of machines in the turn:

— l ,6’.O , I l I

A verage nu m~ .r of machines cn AZ S:

~— r + z~~~O,7i + 1 .6— 2,31

• Nean latency in the turn:
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(sin).

lean retentio n time of m a c h i n e  on A Z S :

~euc1 ~~~~~~~~~~~~~~~~~~~ (miii).

7. Sb Wit h limited latency.

Until now , we examine SMO wit h the expectation , limit ed only by

the length of turn (by Mach number of claims, which were being

simultaneously located in turn ), in such SNU claim , once been in

turn, no longer leaves it ar .d “ p a t te n t l y ” it w a i t s  u n t i l  m a i n t e n a n c e .

In practice frequently they are encountered SMC of another type , in

which the claim , after waiting certain time, can go away from turn

(the so—called ‘im patient” claims).

Let us consider similar type 31W, remaining within the framework

of Narkov circ uit. Let us assume that there is N—channe l SIlO with

expectation, in wh ich the number of places in turn not is limited ,

but the retention time of claim in turn is limited by certain random

period T,~ with average val ue L thus, to each claim , which stand s

I

-~~-~~-4
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in turn, functions as the “flow of atteudancejdepartures” with the

intensit y

V~~~~~~~~~~
_ .

If th is flow is Poisscr, then the ~rocess , taking place in SIlO,

will  be Markov .  Let us f i n d  fo r  i t  the  prob abi l i t ies  of s tates.

Page 265. ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
IPfi flJ~~ê ~~~~~ ~~~ ~~~~~~~~

~~~~~~~ ~8. ~‘ey.~ (22 t1u44- ~-4 ~~~

Let us again label the states of system according to the numbe r of

claims, connected with system — both operated and standing in the

turn:

~ S,’— wc~~v~aHMF~l CmC6OJLHL1.
S,—3aI~f OJIHH K~~H*JI,

~ . 2 — 3aHwFbI aBa ~aHa.n a, 

o S~ — 3aHs%~~ i~ce ,i KaHaJIos,
\~ S~~ , — maii~4~~~ mce n Kanaj) oa, wwa samaxa CI ONT B o~epejui ,

s.,.~., —saiu~~? ~ce n ~a~ aj ioa, r sa~ moi CTOIIT in o~epejm,

and so f o r t h.

key : (1) . there is no turn. (2). all channels are free. (3). is

occupied one channe l .  (11) . are occupied two channels. (5). are

occupied all n of channels. (6). are occupied all ii of channels, one

cl aim stan ds in turn. (7), are occupied all n of channels, r of

claims stands in turn.
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The g r a p h/ c o u n t  of the  s tates of sys tem is sh own on Fig.  to 5.8.

• Let us label th i s  g r a p h/ c cur t , i.e., le t  us w r i t e  at  a r r o w/ p o i n t e r s

the  appropr i at e  i n t ens i t i e s .  A g a i n , as b e f or e  at dli r i f l e m a n / g u n n e r ,

that  lead f r o m  l e f t  to r i g h t , it wi l l  s t a n d  t h e  in tens i ty  of f l c w  of

claims A. For stat es w i t h o u t  t u r n  the a r r o w/ p o i n t e r s , whic h lead of

them from right to lef t , wi ll ,  ha v e , as b efor e  tc s tand the total

intensity of flow of maintenance all occupied of t.hem will from right

to left stand the total intensity of flcw cz maintenance all n of

channels np, plus the corresponding intensity of f low of

a t tendance/depar tures  f r o m  t u r n . I t  in t u rn  stand  r of c la ims ,  the n

is the total i n t e n s i t y  cf f l o w  of a t t e n d a n ce/ d ep ar t u r e s  f r o m  t u r n .  if

in turn stand r of claim s , t h e n  the  total i n t e n s i t y  of t i o w  of

attendance/departures will be equal to ‘V.

As can be see n t r o m  gr a p h , be fo re  us ag a i n  tn e  c i rcu i t  of death

an d mul tip lica tion , applying ccmin on/general/tctal expressions for the

ma ximum probabilities of states in this circuit, let us write:
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pi p..

— 
~~~~~~~~~ P..

~~~~~~~~ P.’
(
~“1’)’

Pn +I~~~ Po’n (nI~ +v)
(A/ it )” 

________________Pn +2 a’ (nM -s- v (n~1- ~ 2v)

(?~e~~~ ________________________
I~I (n~ -I-~ ) (fl~L±2v)...(nl~-r rv)

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . “]}

or, introducing the designatiops:
p = A/ ~z, ~‘ =vi~.

PoH1+-
~
-+*4- ... ~~~~~~~~~~~~

+ (n + ~) tn  2~ 
± 

~ (n ~ ~~
j (n + ~~

) ... (n + ~
) +

Pi~~~ f Po’

P. = ‘
~~
;- P..

(7 1)
p, = -~~~~ r~.

pfl p
Pn +i ~~~~~ ~~~j Po.

p11 p1

(n + D) (n+ 2 ~

~
‘‘

~~
‘ ‘

RI (R+Ø) (n+~~) .- .

L • • •• • •• ~~ •~~
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Page 266.

Let u s  note some special teat uL e/~ ecu l i a vi ti es  by t n a t e x a m i n e d

of SIlO o by “i mpa t ient”  c la i ms in coapar i scn  w i t h  by  t h a t  p rev ious l y

examined SIl O w i t h  “ p a t i e n t  c l a i m s .

If the  length  of t u r n  not it is i im i t eu  p r e v i o u s l y  by any  number

an d claims “are patient” (they do n c t  gc aw a y fr o m  t u r n ) , t h e n steady

ma x i m u m  state exists  o n l y  in the  cas e p ( ii ( w i t h  p >, n t he

corresponding infinite geometric progressicn diverges, which

phys ica l ly  corresponds tc  t h e  u n l i m i t e d  incr ease  in the  t u r r ~ in  t

—~ •). On the contrary, into  SMO w i t h  t h c  “ i m p a t ient”  c l a ims , w h i ch

exit scone r or later from the t u r n , w h i c h  w~s steady the

condi t ions/mode of m a i n t e n a n c e  with t —
~~ — is reached a l w a ys ,

independen t of the given intensity of flow of claims p This  f o l l o w s

from the fact that a series in the dencainator cf first formula (7.1)

descends a t  any  pos i t ive  va lues  p and ~~.

b r  SIlO with “inpatient” claims, the concept “failure

çrobabili t y ” does not h a v e  sense — each claim it stops in t u r n , b u t

cam am d not wait  u n t i l  i t se l f  m a i n t e n a n c e , leav in .j ahead o t  t i m e .

L~~~~
_

~ ___________ _ •

~~ 

_ _
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The relative c a p a ci t y  q of such S~~C can  be c o u n t e d  as t o l l ow s .

It is cbvious, are sei v iced will bf all claims , except thos~’ that

wi l l  go a w a y  t r om  turn befcLe the a~ pointe d time. Let us count wh i c h

• cm th e ave rage  n u m b e r  of c l a i m s  it leave s  t u r n  be fo re  the  a p p o i n t e d

time. For this, let us compute the average number of claims in the

turn:

• 

- 
r
~~I.pa+i+2.p,,,.,+ ... +‘.P.+,+... . (7.2)

Page 267.

F or each of t hese c l a im s , t u n c t ions the “ f l o w  of

a t t e n d a n c e/ dep a r t u res ” with i n t e n s i t y  ~• . That Bean s that from the

average number r of cla ims in t u r n  on the  a v er a g e , it w i l l  go awa y ,

• ahavin g wa ited until m a i n t e n a n c e ,  ~~ claim s ~ t ’r un i t  t i m e ; in al l

per uni t time on th e a vera g e it will b e service d

A — A — y r  (7.3)

• claims. ~elaUve cap .~ ity SIlO will he

(7.4)

The average numbe r of cccupied c han n e l . .  z ~~ will obtain as

before tha t Uaie a bsolute capacity on a.:

A 3~—w -z — — —p—fr . (7.5)

This makes it possible to compute the average number of clau s
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in turn r, without summari zing infinit & ser ies (7 .2) .  I t  is

real/act ual, from (7.5) we will obtain :

(7 6)

the entering this formula average numb er cf cccupied enannels can

be fownd as mathematical ex~ectaticn of random variable 1, which

• takes values of 0, 1, 2 , _ . .•  a with Urcbab iljtie5 Pa. P.. P~. “..

( I — (p . + p ,  + ...+ Pn_ I) i :

~—0•p , + ~‘p + 2 p ~+ ... +n.U—(p.+p.+ ...
~~p, +2p,+ ... + n t I — (p.+,p.+ ... + p,, - t)I. (7.7)

We wi ll not derive formulas for mean ldtency in tu r n , since f o r

this are required ccmp aratively ccmple x linxng,#calculations.

Let us note that , unlik e formulas ~~ , 6, wnere t h e  sum s at t h e

large (or infinite) numb er of terms “ dEE ccagulated” vit~t the help of

formulas for the sum of geometric progression , in fotmula (7.1)

figures the sun of the infirite seri€’s, which is not progression.

Howe ve r, this sum is c o m p u t e d  a p p r o x i m a t e l y ,  u c reover  it is

s u f f i c ient ly easy, s ince t h e  t e r m s  of a series ra pidly decrease with

an increase in t h e i r  n u m b e r . As app r o x i m a t e  v a lu e  for  an i n t i n i t e

• sum , is t a k e n  the  sum of t he  f i n i t e  n u m b e r  i-i Ct z’~ ,’m~, and

residue/re mainder is con sidered as fcllcws :
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0’ ,+ 1

‘~ [ (a +~) (n + 2~) . . .  (n+4)+ V1+ I + 2~) ; . . ( m+ ( r ± I ) ~~~~

~ [ø~~~ ... . r ~~ ~~~~~~~~~~~~~~ 
T

i! ~..Iif L+
(P/

~~~~+ 1. (7 8)11 j  sl (r+ 1)l ••
J

Page 26g.

• It is possibl e to demonstrate that the infinite sun of the

brackets is less than ~~~~~~ and exp~ essicn (7.8) is less than

L .!!~L~ ~~~,,r ~r

In concimsiom let us note that if we f formulas (7.1) pass to

limit when ~— .O (or, which is the same  t h i ng ,  w h e n  ~3 —9 0) , then

wi th  p < a wil l  be ob ta ined  formulas (6..1O)of the previous paragra ph ,

i.e., “im patient” claims will become “patient. ”

8. The closed systems o t  mass  aa i n t e n ai ~ce.

Until now , we examine suc h systems of mass maintenance, where

the claims come from somewhere from without and the intensit y ot flow

of claims does not depend on the state cf system itself. In present



~
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paragraph we will ccnsider mass other cther mass — such systems, in

whic h the intensit y of flow of the ’ent€ring claims depends on the

state of the very SIlO. Such systems cf mass maintenance are called

locked.

As an example locked of SIlO, ltt us ccnsid€r following system. A

working—reçairman service/maintains n Cf machine tools. Each machine

tool can at any moment leave the system and require servicing

re pairman’s on the part . the intensity of flow of the malfunctions of

each machine tool is egua l to ). The l e f t  the system m a c h i n e  tool

stops,. If at this moment worker is free , h€ is taa~en for tooling; on

this he expends the mean t ime

whore p — an intensity of flow of maintenance (adjustments).

If at the moment of the failure of machine tool worKer iS

occupjed, mach ine tool stops in turn fcr maintenance and awaits until

worker is freed.

It is required to find the prot abilities ot the states of this

system and its characteristic :

— probability that the worker will not be occupied.
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— the probability of t h e  presence of t u r n .

— the average num ber of machine tcols, which expect turn to

repair , etc.

Before us — the peculiar system of the mass maintenance , where

the sources of claims are the machine tools, available in the limited

quantity and the feeding or not r e ed ing  c l aims  de pendin g on i ts

state: on leaving of machine tool trcn system it ceases to be the

source of new claims. Ccnsequently, the intensity of the

common/general/total flow of claims with which it is necessary to

deal for wor ker, depends cn that , how muc h is defective machine

tools, i.e., how m a n y  claims are connected with tac process of the

maintenance (directly it is service/maintaine d or stands in turn) .

Page 269.

Characteristic for the closed system ci mass maintena nce is the

presence of the l imi te d n u m b e r  of sources of c la im s .

In essence, any SMC deals onl y with the limited number of

sources of claims, but in a series of the cases, the number of these

sources so is grea t, that may disregard the effect of the state of

the very of SIlO on the flow ot claims. For example , the flow brought

- •  - -
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about by ATS of la rge c ’ty ~roceeds, in esstnce, from subscribers’s

limited number , but this numbe r so is great , that virtually it is

possib le to count the intensity of flow of the claims of independent

of states PITS itself (how many channels are occupied at g iven

torque/moment). In the locked system of mass maintenance the sources

of c la ims, togethe r with the channels cf maintenance, are considered

as cell/elements of SMC.

Let us consider the f c rm u l a t e d  above p r o b l e m  of a

working—re pairman within the framework cf the ccmmon/general/total

circuit of Ilarkov processes.

The sy s t em , w h i c h  i nc ludes  w o r k e r  and a of m a c h in e  tools, has a

series of the states which we will label according to the number of

defective machine tools (machine tccls, ccnnected with maintenance ):

S0 — all mach ine tools are exact (worker is free).

— one machine tcol is defective , wc~ket is occupied with its

ad justment.

S2 — two machine tools are defective, cne is put right , another

expects turn.
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. . . .
S,, — all n of machine tools are defective, one is put right, n

— 1 stand in turn.

The graph/count of states is given to Fig. 5.9. The

intensities of flow of the Events, which translat e system from state

into state, are written of arrcw/pcinters. From state S0 into S1 the

system translates the f low ci m a l tu n c t i cns cf all working machine

tools; its intensity is equal to nX. Frcm state S1 into 
~ 2 system

translates the flo w of malfunctions no longer n, but n—i by machine

tool in (the y work in all n— i) and so fo r th .  As concerns the

intensities of flow of even ts, which translate system on

arrow/poin ters from right tc left, then they continually are

identical — it wor ks always they working with the intensity of

maintenance p.

Using , as usual, by the general sclution of the proolen of the

mazim m a probabilit ies of states for the circuit of death and

multiplica tion (~ 8 chapters  14) , let us wr i t e  tbe  a a x i m u w

probabilities of the states:

n( n—I ) k ’
~~~

p,I — — p.,

— 

~
) Q./~)’ + ... + * (a—i) ... I .Q4)’ -
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Page 270.

Introducing , as before , designation k/~ = p, let us rewrite

th ss form al.. in ths form:

I+nP+ n ( n — I ) p ’+ ... .j- n (n— I )... I.p’

Pi ’~P Po. 
(8.1)

p,— n 4 n — I ) p ~p,,

p~~=n(n—I)... I p” p0.

Thus, the probabilities of states Sf0 are found .

By virtue of the peculiarity of clcsed SIlO, characteristic of

iti efficiency. they vii]. be different from t h ose which we applied

earlie r for SMO wi th the unlimited qu antity of sources of claims.

The role of “absolute capacit y ” in this case will pl ay the mean

qaintity of malfunctions, remove d by vcrker per unit time. Let us

compate th is characteristic. yorker is occupied wit h tooling with the

probability

PUN _ i— p ..
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~f it is occu pied, it service/naiitains p the machine tools

(e limina tes ji malf unctions) per unit t ime ; that means the absolute

capagity of the systems
A~~(i—p .)~. (8 3)

Relativ e capacit y for locked SIlO we do mot compute , since each

claim, after all, will be serv iced : q = 1.

Probabilit y t h at that worker viii set be occupied :

(8.4)

let us coapst e th. averag , number of defective machine tools,

otherwise — the averag e number of mach ine tools, connected wit h the

precess of maintenance. Let us designate this average number w.

Gen erally speaking, value can be compute d directly accord ing to the

fo rmala
• w~~ i.p 1~~ 2.p,~~ ...

but it will simple r find it through absolute capacity A.

I I
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rig. 5.9.

Key : (1) . There is no turn.

Pa ge 271.

Actually, each working machine too l gener ates the flow of

•alfu3ctions with intensity A; in our SIlO on the avera ge works n — w

of machine tools; the generated or aver age/mean flow of ma lfunctions

will have average~mean intensity (n — i).)~; all these malfunctions are

removed by tk. worker, therefore,

(n — = (1— P~
) P’

wb•nce

( I —p , )

or

(8.5)

Let us determine now the average number of machin e tools ~~ ,

wh ich expect adjus tment in turn. Let us discuss as follows: the total

number of machine tools W, connected with maintenance , is composed of

th. number of mach ine tools R, which stan d in tur n , plus the number

of machine tools 0, which are directly located under the maintenance :

W=R +Q.

L
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I
The number of machine tools 2, which are located unde r

maintenance, is e~~ual to one , if it is tre e , i.e. , average value 2 is

equa l to the probabil ity of the fact that the worker is occup ied:

w=I—p,.

Sub tracting this value fro. th e average number of the machine

tools, con nected with maintenance (defective) , we will obtain the

averag e number of machine tools, which expect maintenance in the

tern:

~=n— !± — ( l — p , ) = n — ( I— p .) ( I  + —‘-). (8.6)

Let us paus. to one addit ional characteristic of tha efficiency

of SIlO: at the productivit y of the group of the machine tools,

operated b7 worker.

Knowi ng the a verage numbe r of defective machine tools V and
pr oduc tivity 1.. of exact machine tool for time unit , it is possible to

consider the average loss L of the prod uc tivity of the g roup of

.ach i~e tools per unit tins because of the malfunctions:

L=i1.
Example 1. Worker a.rvic./maiat.jns group of three machine

tools. Each machin e tool is stopped on the average of 2 times in
• hour. &lign.ent proced ure occupies at worker , on the average, 10

minutes to determine the characteristics of locked SIlO: the

14
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probabilit y of the employment of worker; his absolute capacity A; an

average quantity of defective mach ine tools; the average relative

loss of ef ficiency of the group of machin e tools because of

malt nact ioms. P ~
Solution. We have

~~ 
1,6

Page 272.

On formela s (8.1)

p.— - I 
~~ O,346.

1 -4-3 . 1/34- 3.2 . l /3’+ 3-2 .l . 1/3~

Proba bility of the employment of worker:

P~~ = l—p , —O ,654 .

The a bsolut, capacity of worker (average pusher of malfunctions

wh ich it eliatna tes in hoer):

4= O .654.6 3 ,94 .

The a~~raq. member of d.f.ctiv. machits, tools we fini through

foxmula (S.5) : 
0 654_ 3_ . .~!~_ , 1,04.
I 13

The a verage relative loss of efficiency of the groip of machine

tools because of malfunct ions i/n = 0.347, i.e., the calculation of

ma lf unctions the g roup of machine tools loses abou t 3So/o of

productivity.

- • ••• ~~ • ••
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Let us consider a now more cO.mon/geqeral/total example Of

locked SIlO: brigad e from . workers service/maintains n of the machine

tools (m ‘C n). Is enumerable the state Ge th. system:

~ S.—ace cTanIcH paOoTalol , pa6o~He He 3aHRT 4~~
-’
~

• • 
~~~~~ 

S1 — O~~14H CTaHOK oc1aHoBH.nc~ , O~HH pa6o~H~ sannT,( ~S2—~~a CT~ HK8 OcTaHOBu.~HCb, 2LB~ pa6O’IHX 3aHsImI,~~)

~~ Sm —m CT3H MOB ocTauoBw.’Incb , BC~ p~6OUIie 3arnI ThI,( ~)
• Sm+ —lfl —~- I ci~a~ox oc.raHoa~iJicSI , rn 113 H H X  Ha .~1a)K14Ba KYrcR , 0)L11H

)L~1~ T o4epeAH,~~-
1

S,~—Bce fl cr aHKoa OC1aHOBHJUICb , Ifl 143 ~~ 4X H8JI 2KIIUJOTCm,
n—rn *R~’T ouepe.as. (i.)

Key: (1). Jo tern. (2). all machia• tools work, workers are not

occupied. (3) . one machine tool stoppe d , one worker  was occupied.

(11).. two machine tools stoppe d , two worker s were occupied. (5).

machine tools they stopped , all workers were occupied. (6) . machine

tool stopped , m of them are put right , one aw a its turn. (1). all n of

mach ine tools stop ped, m of the , are put right n — ir await turn.

The gra ph/count of the states of syste. is shown on Fig. 5.10

(intensities of flow of events are vritte~ of arrow/pointers) .
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Fig. 5.10.

Key: (1) . There is no turn.

Page 273.

Apply i ng common/genera l/total of the solution for the circuit of

death and multi plication , we fin d the maximu m probabilities of the

states:

• n

n ( D

nn — I)(n — 2) f ) ~ \1
1-2 . 3  ~ J ~

n ( n — I )  ( ‘ — 2 1. . .  ( n — r n - { - I )  ~Pm 1 - 2 . 3 . . . ”
n ( n — I )  ... ( n — r n )  / X \“ ~~ 1

Psn -~- i ~~ ~~ I~~~~I Po’l?1 . I?I  ~ ~I /
n (n — I) . . .  (,i — a: — l~ ? ‘t: + 2

Pm+2~~~~~~~~f2 ~~~~~~

n ( n — I ) . . .  I X
PT, •j- •-

~
-———- ,,1-,~

,_
” ( .—;T— I P0’

Pu = • L + ~~ ç- :~• - ‘ - (h)’ 
~ 
...

!.~~ _T ~ (n— rn - f -  I) # \
fh TI ( n — I )  . . .  (n— rn)

+ 1-2 . .  (ii 
~ 

1 -2 . . . m•i n
1_ ~ n (.e—l)... I
~~~~ 1 .2 ... m.m ” ”  k ~‘ / I

- -
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Designating, as ever , X/~~~p let us lead formulas to the form:

P. 111
~[I +-~~

- 
~~~+ 

... +
+ 

n(n — I) . . . ( n — m + 1 )
mI

n (n— I) . . .  (n— nI)  
~~~~ ÷ + 

n ( n—I ) . . .  1 
~J— I

mlm mim n_ rn

n ( n — I )  ~
21 

- p  p0~
n (fl—l)(fl —2) 

P’l’oi (8.7)

,, 
n(n — I ) . . . ( n  —

—- 
TI (TI — I) . .. (n — ni) 

,~ ~~P Pu,
a:

n ( n— l ) . . . ( l 1 — f f l — l )  ~Pm +2 P”4 Pctnt in’

— nil u: ”~~~’ 
“ 

- /

Paqe TTh.

Through these probabi lities is ex pressed the average number ~ of

the occupied workers:

z—O .p ,+~ .p1+2.p , 4- ... +m-(p ,+p ,+ u+ ... +p ~
) —

Pi + 2p1 + ... + (m — 1) p,,, —, + m ( I — ~~~~~~ 
— ... — Pm ... i). (8.8)

through a is expresse d , in turn , th e average number of machine

tools, operated by the tea m per unit time (absolute capacity) :

A — zp, (8.9)

L~~~~~~~~~~~~~~~~~ •~~~~~~~~~~~~~~~_ ••_ _ _ _ _ _ _ _ _ _ _ _ _ _
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and aL so the av.rags member of defective m achine tools:

(8.10)

- • Hence is b oated the average loss of eff1cienc~ of the group of
machine tools per unit time due to malfunctions: it is necessary to
multiply the number of de$ective machine tools ~i by the productivity
of one machine tool per unit of time.

Examp le 2. Two Work ers they serviae/Iaint ain group of six

mach ine tools. The cessations of each (wor kerl machine too l occur, on

thi average, through each of half—hour. Alignment proc eiure occupies

at worke r on the a verage of 10 minutes to determine the

• charaCteristics of locked SIlO:

— average number of occupied workers,

— an absol ute capacity ,

— an average quantity of defective machin e tools.

solution. We have: n— 6~ m — 2 , ~~~~ ~~~~~~~~~ r.-’i~’—im. Os formulas

(S. 7)

1 6 1 6.5 1 6.5.4 I 6.5.4.3 1

~~~~~~~~~~~~~~~~~~~~ 1.2.2’

6 5.4.3.2 I 6 .5.4.3 .2 .1  1 — ‘ I+ 1.2.2’ ~~~~~~ 1.2.2’ ~~) 6J 49
”53

p1~~ 6/I .I -/ 3-0, I53~~ 0,3O6.

Meace averag . number of Occupied worker ,:

:— l P i +2 ( l — p,—p,) — I.D.153+2.O ,541 ~~~ 1 ,235. - 
-

-~~~~~~~~~~~~~
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Through formula (8.9) we fin d the absolute ca pacity

A — I .235.6~~ 7,4I .

Through formula (8.10) we find th. average number of defective

machine tools.

~~~6— 7 ,4I/ 2~~~ 2 ,295,

Page 275.

9. Systems of mass maintenance with “mutual assistance” be tween

channels.

lintil now, we examined only similar Silo, in which each request

can be service/maintained only by cue channel; the empty channels

ca~not “help” that occupied in maintenance.

Generally, this not alway s is as follows: are encountered the

systems of the mass maintenance where c~e and the same claim can be

service/ ma intainel simultaneously by two and more by channels. For

examp Le, one and the same left the system machine tool they can

service/maintain two workers immediately. This “mutual assista nce”

between channels can occur bot h in ope n a~ d in closed Sil).

In the examination of sno with the mutual assistance between

- -~~~~~—~~~~-~~~~~ •~~~~
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ch annels , it is necessary to consider two factors:

1. Nov is speeded up the maintenance of the claim wh en above it

does work not one , immediately sev eral chan uels?

2. Which “discipline of mutual assistance”, i.e., when and as
several channels is taken on itself servicing of the very same request?

Let us first examine the first question. It we assume that on
servicing the request works

sot one channel, bat several (k) channels, intensity of flow of

maintenance will not decrease with increase in k, i.e., it will

represent by itself certain nondecreasing function of number k of

• working channels. Let us designate this function ~i(k). The possible

fotm of the function 1a (k) is shown on Pig. 5.11.

It is obvious that the unlimited increase in the number

simultaneo usly of working channels not aivays does lead to a

• pr oportion al increase in th e speed of cerviciag; it is more natural

to assume that at certain critical value ~~~~~ further increase in

the number of occupied channe ls no longer increases the intensity of

mainte na nce.

In order to analyze work of SIl O with the mutual assistanc e

between channels, it is necessary, first of all , to assij n the form

of the function ~a( k ) .

-~ •
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The simplest for research will be th. cas e when func t i on  ~i ( k )

gr ows prop ortionally k whe n k < k 1~, and aben k> k  it re main s

copstaut a~ d equa l to ~~~~~~~~ (see Pig. 5.12) . If in th is case the

• total number of channels n, which can h.~p each other , doe s not

exceed kKP:

then it is possible to consider the intens ity of the maintenance of

claim several channels of the proporticual to the number of channels. I - •
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p

k.,,, k,~

Pig. 5. 11. 
F, ~~~. ~~. i~~.

Pig. 5.12.

Page 276.

Let us pa use now at the secon d questlion: a discipline of mu tual

• assistance. The simplest case of this discipliue we will designate

conditionally “whole as one”. This means that during the appea rance

of its one claim they begin to service/ma intain all n of channels

immediately and remain occuFied until is finished the maintena nce of

• this claim ; then all channels are changed over to the maintena nce of

an.ther claim (if it there is) or they await its appearance, if it

does sot exist, and so forth. It is obvious, in this case all n of

channels work as one, SIlO becomes single—channel, but with the higher

intensity of maintenance.

Does arise the question: to profitab l y or disadvantageously

L ~ 14
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introd uce this mut ual assistance between channels ? Answer / response to

this question depends on which the intensity of flow of claims, which

form of the function a(k). which type of SIlO (with failures, with

turn), which value is chosen as the characteristic of the efficiency

of maj utenance.

Example 1. There is three—channel SIlO with failures: the

intensity of the f low of claims ). = 4 (claim per minute) , the wean

• servicing time of one cm i. by one chapnsl ~~~~~~ (sin) • function

k~. It does ask itself , is pr of itable frem the point of the

ca pacity of SIlO to intro duce the mutual a4sistance between channel s

according to typ e “everything as one ”? Is profitable whether this

from the point of th . decrease of aver a ge t.~ae of the  stay of claim

in system?

8o1*tion. a) without the mutual assi*tance

n — 3. i. ~~- 4 , ~ — 1/0 ,5 — 2. p — i~ ~ — 2.

Iccor6ing to the Irlaig formulas see a ~) we have:
p.— 2 2 2

_ _
I~~

_ 0 .158

2’ 4 3
PoTt~~~

P$
~~I~ 

p -
3
-.-

~~~~ 
0,21.

Relat ive spacing capacity of 550:

q~~l—P~~~~O,79.

Absol ut e capacity:

A~~~).q~~~4.0.7~I~~ 3.I6.

— 14
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The mean rete ntion time of claim in SNO will be found as

prebabilit y that the claim will be accepted for maintenance ,

multiplied by mea n servicing time:

i~.~,=0 .79.O,5~~ 0 395 (u.H).(~
’)

Key: (1) .  sin.

It is not necessary to forget, what this mea n tine is rel ated b y
-
~~ KO to all clai ms bot h serviced and not serviced us it can  interest

the mean time vhi~h will stay in system the serviced claim. This time

is equal to:

~~~~_ t~~_0,5 (M.H)(”~

Ke:y: (I). iii.

b) with the mutua l assist ance

~ 2
m• — A , 4 , ~~~~~~~~~

I 3 2 3 2
1Ti~ 

= T T
Porw ~1..j q ..’I

A~~~~q~~ 4.O 6~~ 2,4.

Page 277.

• lea n retentio n ti’e of clai m is SI~~
SC,~, P i l/3K 2 ~~• 6 O .O€6l (,u u ,L).

— “4
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•

Nea n retention time of the serviced claim in SIlO:

j j /3~~~O,I67 (SUIH)(,~I)

Key: (1) . mis.

Thus, in the presence of mutual assistance “whole as one”

capacity of silo noticeably decreased. This is explained by an

increase in the failure prokability: for the time, when all ch annel s

are occupied with the maintenance of one claim , can arrive other

claims, and, it is logical, to obtain failure. As concerns the mean

retention tile of claim in SIlO, then it, as one would expect that it

• decreased. If, for some reasons, we strive by KO to the all possible

decrease of time which the claia carries out in Silo (for example , if

the stay ip sso it is dangerous for a claim), it can seem that, in

spite of the decrease of capacity, all the same it will profitably

join three channels into one.

Let us consiler now the effect of a mutual assistance of the

ty pe “ whole as one ” on work of SilO with expectation. Let us take for

• simplicity only ca se of the unlimited turq .  It is logical , the

effect s of mut ual assistance on ca pacity of SIl O in this ca se w i l l  not

be, since under an y- conditions service d viii be all the come claims.

Arise s the question concerning the effect of mutual assistance on the
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characteristics of the expectation : the average length of turn, mear~
latency, mean retention time in SIlO.

By virtue of of formulas (6.13), (6.14) § 6 for maintenan ce
wi thout mut ual assistance the average number of claims in turn w i l l

— p~I + l p,

ss.nI (I—i’)’

av erage ti me of the expectation:

— ~‘p, (9.2~i°“~

a mean ret ent ion t ime in the system :

(9.3~
wk~~e

p.= 
~ 

—
~~~

— 
I 

~~ 
~~~~~~~~~~~~~ 

(~~ )
• _ _ _ _

Page 278.

But if is applied a mutua l assistance of the type “ ith ole as
on.” , then system mill work as simg]e-cbaa ae]. with th e p i ra met ers

~~~~~~~~~~~~~~~~~~~~

and its characteristics ‘ill, be deternjpe4 by formulas ( 5 . 1 4 ) ,  (5. 1S)
15:

L
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(9.5)

— —
, (9.6)

A.~ I — x

~ci,cr — ‘o,,~ + 
~~~ 

—
~~ (I — i t )  

(9.7)

Example 2. There is three—channel SIC with unliai te i turn ;

intensity of the f low of claims ) a 15 (claims is mm .) mean servicing

time ~~ — O .5 (.i$ . Pu mc’tjc~ p(k)~~~kM (h~~~> 3). It is profitable whether ,

keeping in mind: 
-

— average length of turn ,

— mean latenc y of maintenance,

— meap retention time of claim in sno

d o s  introduce the mut ual assistance bqtveen channels of the type

“everything as one ”?

Salutios. a~ without mutual aaaiata~ae.

3 A — 4 ~~~— I / O 5 — 2 p — ~ J~~— 2 . x — ~W a—2/3.

On formulas (~~. 1)— (~~. *) we have
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2 2’ 2’ 2’
31 (3 2)

— 2’.119 8
‘ 3•3 1 (t,3)i

_
g

_ 0.889;

4,, —~jA~~2/9.. O,222

b) with the m utual assistance

II.— , ,  ~~~~4 , ~‘=3~&~~6. p...~ /p’—II— 2
~

Through formulas (~.S)— (9.7) we find:

— (2/3)1 4

=L+~~= i i3 + 1~~~~O ,5OO.

Thus, the average length of tur n and mean latency in turn in the

case ol mutual assistance, are more , but the mean retention time of

claim in system — is less.

P ro m the examined examples it is evident tha t the mu tual

assistance between channels of th e type “ whole as one”, ~s a ru le,

does not contribut e to the increa se of the efficiency of the

maintenance: the r etention time of claim in SIlO is reduced , but

deteriorat e other characteristics of maintenan ce.
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Page 279.

Therefore it is desirable to change the &iscipline of servicing so

that the mutual assistance between channels would not interfere to

accept to maintenance new claims, if th ey appear for  .ime , when all

channels are occupied.

Let us name conditionally “unifor m mutua l  assistance” the

foll~eing type of mutual  assistance. If cJ.aia ccnes at the

torque/moment when all :hannels are free, then whol e ii of channels

they are accepted for its servicing; if, at the moment of

maintain/serviceing the claim , cones one addit ional , the pa r t  of the

channels is changed over to its maintenaqce; if for the moment are

service/maintained these two c]aiis, comes one additional , the par t

of the channels is changed over to its main tenance an d so forth ,

until render/show occupied all n of channels; if this then , th e n e w l y

come claim obtains failure (in SIlO with failures) or it stops in turn

(in S~O with expectation).

With this discipline of mutual assistance, the claim obtains

failure or it stops in turn only if there is no its possibilit y to

service.. As concerns “idle time” of channels, them it under these

copditions is minimal: if in system is at least one claim, all

channels work.

• .~~~~ •i~~ • -~•- L~
- •~~~

• • 
~~~~~~~~~~~~~~~~~ 

—
~~~

-•—-——-
~~ 

— ~~~~~~ - ,~~~~,,— ~~~~~~~~ ~~
-
_ ,_
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Above we mentioned that during th. appearance of a new clai, the

part of the occupied channels is free/released and is changed over to

the m.int.~ance of the newly arrived claim. What part? This de pends

on the for. of the function ~a(k). If it tak me the for. of linear

dependence, as shown in Fig. 5.12. aM k~~>n , them it does not

matter what po~rt of the channels to isclate lato the asintenance of

th. newly acted claim, provided all channels were occupied (then the

total inte nsity of maintenance during any distribution of channels

according to claims will be equa l to na4. It is possible to

demonstrate that if the curve p(k)  is coqvex upwards , as shown in

Fig. 5.11, then it is necessary to distribute channels on claims

as possible more evenly.

Let us consid er the work of a—cka n mel Silo with the “ un i fo rm ”

mutual assistance between channels.

1. Silo ’ with failures.

tat us label the states of SilO according to the number  of

claims, wh ich are found in the state of servicing :
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— SMO Is free ,
— one claim is s.rvic /maintaj u.4 by all n by channels.

S1 — two clai ms are ssrvice/m.intaj i.4 by all n by channels,

Sb —k - claims they are ser v~cejma Lata j nsd by all n by channels.

S1—si olitime they are service/maintained by all n by channels.

1
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Pig. 5.13.

Page 280.

We se. that the graph/count of th. abates (see Pig. 5.13) here

the same as for si ngle—channel SilO wit h productivity ~* = n~ and the

limited turn , wbi:h has n — 1 places. therefore for de te rmin ing  of

th• system characteristics, we can use formulas § 5, substit uting in

tk~ u ~ X~~’ — I/np for p —

p ~~~~~~~~~~~~~~~ (9.8)
.41 1

‘—K

q~~ (9.9)

9.IO)

izample 3. Under conditions of example I to compare the relative

and absolute capac ity of Silo, and also the average number of occupied

channels:

a) ii th. absence of mutual assistav~ce,

in the presence of th. uniform mutual assistance between

chan nels.

L
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Solution a) without •utual assistano..

Prom example 1, we have g — 0.79, 1 — 3. 16. Av~~age numbe r of P
occupied clpann.lai — A/~ — 1.58.

b) with uni fGtm mutual assistance.

K... &~~~I~~ 4~2 $.. 2/3.

On formala 49. 9)

q 0,887, A— 4 q~~~3,5I; i—3,8I/2~~ 1.76.

~~ss because of the application~us. of the reasonably organized

mutual assistance between channels, the capacity of SilO somewhat

inereased. lith respect was increased tbe aver age employment of

channels.

2. SilO with turn.

Let us consider SilO with turn and the aaxi.um number of claims

in turn a. Let us assume that between channels Is a Uvmiforiu mutual

assistance and ia(k) k p. The states of system again let us label

accord ing to the n umbe r of claims, located in Silo:
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- sys tem Is free ,

— one claim is service/maintain ed by all n by channels,

S5 — two claims are a.r vic./maintai a.d by all n by channels, 

S — A  claims they are service/maintained by all n by channels ,

term therm arm no,

3.—n claims they are s.rvice/mair~tain.d by all ci by channels,

tev~ t hat. at. no,

S~~, — n  claiss are service/maintaiped by all n by channels, one

c~~ im stands La turn ,

S,4~ —n claims they are service/maint ained by all n by channels,

La t~~ i st ead. a of claims.

Pa ge 281.

The graph~ coun t of stat es of SilO is given to Fig. 5.1 1$.

We agai n obtained th . graph/count of the same form, as in Fig .

5. 13, but with th. increase d by m numbi r of st ates. That means tha t

_ _ _ _ _  _________ ~~~~ -~~--~~- - - _______________-

~~

-

~~ 

-‘ A
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we should use form ulas ~ 5 for single—channel Silo with productivity

11* RIA and the num ber of places in turn n • m — 1. We will obtain:

I) X (i—K)
Sill I_ K~~~~+t ’~ 

(9.11)

q~ (9.12)
.4.A . A q~~I ~~~~~~~~~~~~~~~ (9.13)

Example 1$. Un der conditions of example I to compare absolute and

ral ative capacities for the case of the absence of mutual assistance

and presence of uniform mutua l assista nce, if in turn is two places

(a .2)..

Solution a) without mutual assistance. From example 1, we have q

a 0.79; A a3.16.

b) with unifors mutual assistance. 
- ‘

On formulas (P.1I)—(9.13) for .—3, ‘& — 4 , ~~~~ p— 2 . x — p rn — z o we have :

U. let the reader independently cou*t the average number of

claims in turn, me an latency and mea n retention time ii turn , mean

lat.acy and mean retention time in the system for both version s of

exampl e of 1$ and to ascertai n that in the prese nce of the uni form

-— __ _ k
~
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actual assistanc, between channels all the cha racterist ics of SilO
va ry onl y in desir able for us direct ion.

One Qught not , however , to forget that organ iz ation of th is
mutual assistance between channels by nq means for all SIlO it is

realizable . 
-

.
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pig. 5.11$.

Page 282.

10. System of mass ser vicing with errors.

Sometimes in practice it feels it is necessary to meet such

cases when the claim, accepted for maint .qauce in Silo, is

se~vice,’maintaiaed not with fu]l/total~compl.te authenticity, but

with certain probability p ~ ‘ 1; in other uotds, they can occur of the

errors in maintenance, result of which is the fact that some claims,

passed SilO and allegedly 0serviced~ , remain in actuality not serviced

due te reject’ in the work of SilO.

Examp les of SilO with errors can be: by reference bureaus ,

sometimes salient incorrect references and ind~ications; cotrec tor,

ca psbJ.s of passin; error or it is erroseous it to correct ; exc ha nge,

wh ich sometime c mbines subscriber not w ith tha t  number ; the air

defense s~ste~7~!~~~vhich •maintenance” is the boabardaent of

targst/purpose, as is known, not always eqding with it.

damage/defeat, etc.

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ••
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1
Ira that extended SIW with errors the appearance 0f ~n error in

maint• nance does not virtually affect the flow of the claims: the

number of sources of claims so greatly that intensity of flow as a

result of error does not virtually vary. Therefore for the extended

systems of mass maintenance, the account of the errors in maintenance

is reduced only to the fact t hat the relative capacity of system is

reduced: it i. aultiplied by p < 1, where p — probability of

error—free maintenance. Respectively, is multiplied by p absolute

capacity. As concerns remaining characteristics of Silo, such, for

example, as lat.acy, the number of claims in turn and so forth , on

them the errors in maintenance do not manifest themselves. Another

mabter — for the closed syst.m of the mass maintenance when the

claim, ser viced with error, again becomes in turn for maintenance ,

and therefore increases loading of SilO.

Is an example of closed SilO with erc~ rs, let us consider one

woiking, operating a of machine tools. The intensity of flow of the

malfunctions of one working machine tool is eqeal to A, the  mean

servicing time (adlustm.at) of machine tool l,~ — J / ~i; with probabilit y

p of servicing is finished successfully, and machine tool begins

again to work; wit h probability 1 — p maintenance proves to be

unsu ccessf ul, and mach ine tool again bscomes in t u r n  for maintenance. 
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It is required to determine the maxi.um probabilities of states.

Let us label th. states of SilO according to the number of

defective machines :

S0 — all machine tools are exact,
— one machine tool is defective, is put right, awaits turn ,

— 1~o mach ine tool3 are defective, one is put r igh t , another

awaits in turn ,

35— k machia• tools are defect ive, one is put right, k - I

await turn ,

S. machine tools are defective o;e it is put right. a - 1

esait turn.

ci
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Fig. 5.15.

Key: ( 1). There is no turn.

Page 283.

The gra ph/count of the st ates of syste. is shown on Fig.

5 15. The presence of the errors in ma intenance manifests itself in

th. fact that of arrow/pointers,, that goes from right to left, stands

not the intensity of servicing j~, but the intensity of “successful

maintenance” p~~ where p — probability that servicing will be carried

oet cosssf *lly. Actually, let, for example, system be located in

stat. S (cue machine tool it is put right k — 1 they await turn).

Pt’s&ability that for time At will be finished servicing, is equal to

pbt; but this maintenance only with proisbility p will be successful

and transfer the system from state S1 La S~ .; with probability 1 - 
p

it will be unsuccessful and claim again will return in turn,

tbeiefore , spates again will remain in state S1. That mesas tha t the

intensity of flow of successful ma in tenance viii be equa l to p~, that



DCC • 7806871$ PAGE

also is noted in rig. 5. 15. The obtained graph/count in no way

diEters fro. that which is given to Pig. 5.9 with that difference ,

whic h instea d of ~a on it stands ~a* — pea. That means that the

characteristics of SilO with errors can be calculated accordinq to

formulas § 8, wit h replacement ~i by pta.

• Example 1. Worker service/maintains group of three machine

toolw. The cessati ons of working machine tool occur on th~ aveca ~
tw, times in hour. Alignment procedure takes away from worke r on the

averag e of 10 •inutas~ moreover malfunction is re.oved w i t h

piobabilit y by 2/3 (and remains unremoved with probability 1/3). To

detera ine the characteristics of this closed Silo; the probability of

the employ ment of worker, absolute capacity; an av erage guantity of

defective machine tools.

Solution. Pot - — ~~~ . .=2 , ~— i i~~—~, p—2~3 ~~~~~~~~~ p
S i. e~~• _ i ,~ through

formulas (8.1) we find

“ 14.3. 1,2+3.2.1i?+3.2.I. a 0,211.

Probe Mlity of the e.ploya.at of wither:

Absol ute capacity (au • bsr of ualfuao~ioms, removed worker  in

hour) :,
4 .—O ,7e9.4 ~.I6.

rh. av erag e number of defective mach ine tools we find through formula

1’

~~~~~~~~~~~~~~
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(8.5):

The original case of SilO with errors represents such system of

mass maintenan ce, in which the character of servicing depe nds on the

length of the turn : with an increase by this is reduced t h e  servicing

time, but increases the probability of error. It goes wi thout  sa ying

that this situa tio n iB created only where the “channel of servicing”

is living person.

Page 28*.

Let us consid er the example of similar SilO. Let us take  loc ke d

siqgle—channel SilO with a scurces of cla~J ms (working,  servicing a

ma chine tools). Let in the absence of turn (under normal conditions)

the mean time of servicing be equa l to T~, and it mesas the

j intensity of flow of maintenance it is equal to ~a(O) = I/1~ . When , in

the turn, expecting are present, tooling, the wor ker begins to h u r r y ,

and the intensity of flow of servicings increases. Let us designate

the intensity of flow of maintenance when , in turn, r the machine

toils are present, through j.(r). Simultameously with an increase in

the rate of servicing (in connection with an increase of the number

of macbin, tools, which expect in turn) increases the probability of

error in the a~~ence of turn (under norma l conditions) it is equa l

p(0), and when, in turn, r machine tools are present, — p(r).
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Ob viou sly it is necessaty to multiply fer e~ch r the intensity of
servicing and th. probability of of error and introducing one “given”
intensity of servicing:

• ~

- ,i:S
’ p ’( r) ~ .p& ( r) .p ( r ~ (r~~O, ..., n— J).

~ uie qcaph~coust of states of 380 is reptss.mted in Pig. 5.16
(numbering of states — th. same as it is above) • Applyin g

common/general/total formulas for ma ximum probabilities in the

circuit of destruction and aultiplicatici~, we will obtain:

r
n (ii — I) ‘~~Pt~~~~~~~~ . ( 1) Pa.

f l ( n — I ) ( n — 2 )  )‘~ Pa.

(lO .fl

PPS 
~~~O)~s ( I) . . J % (n— 1)

• f l ( f l — I ) . . . ( f l - - - k + I) ?~ 
~ +

s’ ( k — - I )

NQ i—I) ... I A”  — (

~~ (0) ,~’ (I) s ~n— I)

- --
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Pig. 5.16.

Kel: (1) . There is no tu rn .

• Page 285.

I
11. Systems of maSs servicing with non—Poisson flows of events.

All the examin ed, unti l  now , problem s of queueinq theor y were

related only to the case, when th. process, taking place in  Silo,

re presents continuous Na r ko v  circuit ( i l arkov process with  disc rete

states and the continuous time), in other words, whe n all flow s of

events , wh ich t ranslate system froi state into Sta te (f low s of

claims, maLnte n an~., atte nd ance/d.pa r tur .s, etc.) are Poisson. For

obtaining th. maximum system characteristics in steady—state stead y

state , it was required so that these f lqws would be not on ly  Poisson ,

but also simplest (wit h constant intensities).

I n  practic, it very frequently proves to be t hat the flow s of
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events, wh ich fun:tion in the cyst.. of mass servicing, not iceably

differ from protoioa. Especially this is related to the flow of

servicings. It is real/actual, we know that in the simplest tiow the

time interval between two adjacent events is distributed according to

the .xçon.ntial law

!(1)~~,ae-~ ’ (1>0).

(see Pig. S.17) . it is obvious that tine T,(~ of servicing of c la im

completely compuls orily is not distribute d according to th i s  l a w ;  on

the contrury,  m uch nor. typical is the case when the law of t ime

al location of s.rvicimg f (t) is different from the exponential , and

its cost probabl. value not is equal to zero (Be. rig. 5.18).

in the case when the law of time allocatio~ of maintenance is

different from the exponential, increasingly previously examined

method s of describing the processes , which take place in S ilO , they

step , strict ly speaking, unsuitable. I n  particular, it i~ not

possible to regist er linear differential  equa t ions for th e

probabilities of statss, by it linear algebraic equations for m a x i m u m

pr obabilit ies. The mathematical apparatus of experiment become s much

mor. complex; anal ytical formulas for characteristics of silo can be

obtained only for the simplest cases.

Let us give (without proof) some of the obtained in th i s  region

results.
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Pig. 5.17

1~~~~~

Page 286.

1. $80 wit h failures.

Let to theA.chann.l system of mass servicing with failures

eater the simplest flow of claims with intensity ), and the time of

servicing has arbitrary distribution with the mathematical

expe~~at ioa

(11.1)

proved (see t 163), that in this case Er]ang’s formulas  for the

pDohabilities of states remain valid , namely

(k— C. ...,

I (11.2)
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2. single-channel SilO with expectation.

&.t there be the single-channel syste. of mass maintenanc e wi th

the unlimi ted turn (a — 1, • • —) ;  its entrance eaters the simplest

flow of claims with intensity ) ; th. law of time allocation of

servicing f(t) — arbi trary,  with mathematical expectation i~~~~~lf M

and root—mea n—square deviation u~~.

Value

is called the coefficient of a variation in the servicjnj time (this

coefficient is shown, is how great time jitter of servicing relative

to it~ mean value) .

Proved (see for  example , [20]) , that for single-channel SIlO with

the simplest flow of claims and the ar bit r arily distr ibuted servicing

time the average number of claims, wb ich are located in turn, is

- -  _ _ _ _ _ _ _ _ _ _  

_



DOC • 7806871* PAGE ô37

ezpr saed by the f otmelaz
- 

(11 3)2(I —p)

where p — ) / a , v -‘ a coefficient of a vat latioa in th. tine of

servicing. As concerns mean latency in turn, then it is ex pressed by

the formula:

~055. 
* f l— p )

•

Page 287.

Formulas (11.3), (11.1$) are usually called pol’4ceka-Khinchin’s

formulas (20 ].

&.t us note that for the exponential distribution

f ( t)~~ & e $  (1>0)

tb• coefficient of the variation

~
._-:~ ~~~~~~~~~~~~~~~~~

1~~ IIU

In this case formulas (11.3) and (11.1$) at€ converted int o

pr.vte.sly brought out by us forsslas (5.17) aid (5.20) (see § 5):

,..__e~
_. •i — P

S 
- (11.4)0~

Let us coisiler limiting case when the time oi servicing not at

all is not random and it is equal to its mathematical expectat ion:

flee o,1~—O, v— O , and formulas (11.3) , (1!1.*) give

(11.5)
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and

‘l
~ ” fl(1 —_p) 1 ( 11.6)

i.•. both average aveb.r of claims in turn and mean latency with the

strictly time constant of servicing half than with the random

servicing tine, distributed according to expop ential  law.

Exa mple 1. Flow of the trains, which enter the shun t ing  s ta t ion

for treatment/working, the simplest flow with iitensity ). = 2

(composition in hour) . The ~~aa time, sp e;t on treatmemtfworking of

one compouition, is equal to 4—20 (mi~); its root—mean-sq uare

deviation i~,
— t~ (sin) . To d termiae the average number of

coiposit iome, which ex pect treatment/working and mean latenc y of

treatment/working in t u r n , and also the average number of

compositions, connected with maintenance at sorting station.

Solut ion. Passing to one and the same the unit  of the

measurement of time (boar) we have:
I i

~~~—..—..3 ~~~~~~ •

Kay: (1). coepusi t Los in hoer .

Load factor ~giv.m intensity of flow claims station)

p~~~4I V3.

Coefficient of a variation in t~e servicing time:

~~~~~~~~~~~~~~~~~
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Through formulas (11.3) and (11.4) we find the average number of

compositions, which expect the tr.at.ent/iiorking
(2/3)’ (I +0~~~~ 

~ o,n

and mean lateacy of the treatmeat/uorkiDg:

~~~~~~ ~~O.385 (ui.c).(ñ

Key: (1). hour.

The a verage number  of com positions, connected with shun t ing

station, is equal to the average number of compositions in turn ~
plus the a verage number of compositions uqder servicing; the latter

is equal to the probability of the e.ploynent of SIlO, i.e., to the

ratio of the average number  of composition s, entering per un it t ime

to the average number of compositions, operated by channel per unit

time. The hence average number of co.pcsitions (claims) in syste. is

equal to:

k~~r+ p — O .1l+2/3 — 1~437.

The given ana lytical formulas are r.lated as was already said

that to the simplsst n on— Poisson Silo. In the case of more complex SIlO

(..ltichannel, wit h the special featur e/peculiarities of servicing ,

etc.), of simple analytical formulas it is impossible to obta in.  In

certain cases research of SEC with non—Poisson Ilows of events can be

prod~~ed with the help of th. method of pseudostates, described in ~ii~
Chapter k. 

— -~ - - -~~~~- - _ _
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As an examp is let us consider single—channel sno with turn

(without limitations). The entrance of system, enters the simplest

flow of claims wit h intensity X; the time of servicing T06 is

d istributed according to the law of Erlang of 2nd order with

mathematical expectation 1/ji , i.e., it represents by itself the sum

of two indepei dent rando, quantities with identica l exponentia l

distribution. Let us designate the parameters of these exponent ial u ’

dist r ibutions ~ i ’. A ccording to the theorem of the addition of

ma thematical expectations, we have:

1 /p ’+ lI ~ ’ —21p — l i p ,

whence ii ’ — 2~a.

Thus, the servicing time T , distributed according to the law

of Erlang of 2nd order with mathematical expectation l/M. can be

represented as sum of two independent random values TW and T~ ’

which have each exponentia l dis tr ibuticu with the parameter 2~ . These

of two times T~ ’ and 7~~ can be presented as two consecutive

“phases ” of th. process of ser vicing.

Let us consider different states of $80, labeling them according

to the num ber claims in system and p hase of servicing:

- -~~
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— there are no claims in syste m ( mainte nance does not occur);

S i , — one claim is located in  SEC. maintena nce in th e  f i r s t
phase, there is no turn;

— one cl aim is located in Silo, maintenance d ur i n g  the

second pha se, turn no;

— two claims are located in SilO, the first it is

service/maintained (first phase) , the second stands in t u r n ;

5a, a — claim are located in Silo; the f irst is service/maintained

(second phase) • th . second stands in tur ifl

Sh.s — k claims are located in SIlO, one under servici ng

(first phase), the others — in tu rn ;

— k claims are found in Silo, by cne under m~t i atenance

(sesend phase) the ethers - in turn.

Page 289. S

The labeled graph/count of the states of system 1.5 give n to Fig.
5.19. Rea l/ actually from state S~ into S~, ~ system translates the

--
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flew •f clai ms wit h intensity )... Pros set. S~ • into S~ a the system

translates flow with intensity 2ji (flow of the terminations of the

fi rst phase of maintenance). Prom state St a  is S~ - the same flow.

From stats ~~~~ into S a 1  the system translates the flow of c~.ains,

etc.

Using the labeled graph/count of states, let us register linear

algs~~aic equat ion. for the probabilities of the states :

( X- .~ 2p) p 1 1  ~=~p0 +2~&p2~3,

(A -,- 2I’)p 2~ , 
—lp 7 +2~r.p2~~, 

(11.7)

k X - - 2
~~)ph I ~~~P*_ L I +2 I~Pa +I . , ,

or imtrodsciag de.i~~satios VM •

~~~~~~~ ;i&90.

pp0 ra 2pL l,
(p +2) p

~ 1 — pp0 +2p1 ,.
(P+2)p 1 7 — 2p 1 1,
(p + 2) p

2 1 — pp 1 1 +2p3 7, (11.8)

(P +2~P L ,~~PPI_ ,.,+2Ph. I.
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T his — the system of the infinite membe r of equations with the

infinite number of qnknovns Po. Pa a. P. a. Pa , a. Pz~~. •.. there are

method s, v~ich make it possible to solve also systems literally, but

they are comparatively complex, and we vi~ll not be on them stopped .

• ~~ vii ]. be bounded to indication of that , as it can bs solved (11.8)

at the coacret.~~p.cific/actual va lues qf the perameters ~ and ~a.

[s~. ~~~~ 

A .3 s~ ] 
A ~~ -

~~~~ s~~ 
‘

I ~ 
Z
.{54,]

_~~ ....

51 / 9.

_____________________________________________ 
~~~~~~~~~~~~~~~~~~~~ .4
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First of all is considered the max imum vir tual ly possible num ber

of claims in turn — this can be done roughly, after taking the law of

time allocation of maintenance exponential. when this is done , it is

possible to reject/throw some (latter, beg inning with some num ber)

from equations, af ter which system (11.~~ it is convertei into the

systes of the finite number of equations with the finite number of

unkn~~ ns, whic h is solved by the usual method s of the computa t ional

al gebra (see , for example (21] ) .  Vit h the large number of equations ,

conveniently it is to use the method of iterations (successive

approximations) , m oreo ver as the first approximation it is possible

to take the values of the probabilities of states, obtained during

ex ponentia l tine allocation of maintenance after dividin g

probabilities equally between two phases of mai*tenance.

Applying the method of pseudo—states, it is possible, in

principle, to approximately reduce any no’q—Markov process of mass

maintenance to Iarkov; however with the large number of pseudostates

the solution of th. system of linear eqsations lot only in literal,

but also i~ numerical form it becomes hampered. Ln such cases for

research of process, which takes place in SNO, it is possible to use

the universa l method of the simulation of random processes — by the

so—celled method of statistical testings ( ilonts Carlo) which  wi l l  be

examined in ehapt. r 8.
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6. ME~TROD OF D~ NAJ4ICS OF THE AVERAGES .

1. Idea of method, field of app1icabi1i~ y.¶
I n  Chapte rs 14 and 5 we we re  iL t r o d u c e d  to  th~ meth ods o f

describing the random processe s, taking place in iifferent physical

sys tems , w i t n  the help cf  s~ ecia1 m a t h em a t i c a l  a p p a r a t u s  — theory of

continuous Markov chains. This apparatus tuav~es it j ossible to

• comp r i sE•~ l in ear d i f f e r e n t i a l  egu a t i o n s  f o r  the  p r e ba b il i ti e s  of

states, and also linear algebraic equations L O L  m d x i m u m  p r o b a b i l i t y

of the .5tates, which reflect the relative r e t c nt i ~~n tine 3f system in

each of these states for the maximum , stead y-stat~ conditions/mode.

These methods renresent by th~ nselves coi venient mathematical

app a r a tu s  onl y in th is  case , w h e n  the  r u i n b e r  CL possible states of

s y s tem  S is  c o m p a r a t i v e l y  smal l . f r t h e  cast  w h e n  t he  n u m b e r  of

po ssible s tates of system is g r ea t  ( c r de r  o~ s~~v~ :al te n , and that

also h u n d r e d )  • these m e t h o d s  cease to ~e c cn v e n i e nt .  First , t h e  loint

solution of large number not cnly differentia l, ~~~i t  also algeb r aic
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e qu at  ion ~; it is di tt icu lt ev e n  in t h e  [ res~~iic Ct ET~ Y N ( 311BM.

d1yi t~~1 computer ]. Furthermc re , evuii if to u~. it were possible to

sol ve  t h ~~~;t? ~guations and tc I m d  t h e  I r o h ~iL. i 1 I t i  ~s o~ a ll  st a t e s  of

sy~ tein~~, obt ained results they ii~~~ h *~ J i f t x c u l t l y tort ‘~ eah1t~. in

cr d e r  to c o m p r e h e n d  t h e m , for us n~~v en.  t he l~~~ ; it  i~ nece.~sa ry  t c  use

• s ome  g en er a l iz e d  c har ac te r i st i cr ~ o: prccess , ~~~me av e r u .~~ va l ue s  (by

such , f o r  e x a m ~ le , as “ a v e r ag e  i i u m b e r  o t  o c c u p i e l  eh .t n n e l 5 ” or the

• “av e r a ie n u m b e r of cia ins in the  t ur n s ” , w h i c h  w e  u sed i~i q ueu e i ng

t he o t y )  . U n t i l  now , we such a v e r a ~j e  c h a L  t~~r i~~t i c s  c o m p u t e d  t h r o u g h

4 
t h e  p r ob ab i l i t i e s  or st a t e s. Uowe ver , in  t i~ C a s t e  w h e n  s ta t e s  too

m a c h , t h i s  me thod  becomes u n a c c ep t a b l e .

Do es ~tr  ise t h e  q u e s t i o n :  a it c an n c t  be w h e t h e r  ~‘ou ipr i so 1 a n d  solved

equation s directly for us t h e  aver age c ha ra ct c r i st ics interesting,

passin~; the probabilit ies of Std  te s ? It t u r n s  ou t  t h a t  it is possibl e

— L o m e t i m e s a c c u r a te l y ,  somet i mes — a p p t o Y ~i I I I a t t  l y ,  w i t h  c e r t a i n

error . By such tasks is occupied the sc—c a I k 1  “ met ho~1 of t h e

dy r.. nm i c s  of average ”. It place s to itself wi t h t~tL  g o t/ p u rp o s e the

J ir ~ ot st u d y of the average characteri stic s et  t~~~.’ randoi processes,

wh ich ta ke place i n  c o mp l e x  s ys t .~ ms w i t h  tii t l a r j  ( v i r t u a l l y

L~ou n d l e~;s) num ber  of states.

Faqt ’ ~92.

I

L 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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i~ is i n te r e st i ng  t h a t  t h e  basic d F p l i c a b l l i t y  of the  method of

t h e  d y n a m i c s  of a v e r a g e  is ~r ec is e ly  t h e  fac t t h -j t im p e d e s  th e  st u d y

cf ph e nomena  b y the more detailed wethcd~ : t he  com p l~ x i t y  of t h e

4 st ud ied  processes and the  l a rg e  n u m b e r  of j~u L t  i c xj ) u t l n y  in the m

cell/ e l ements .  As e v e r y w h e r e , wh e r e a r e ap p 1 i e~ t uc m e t h o d s of the

~r cb a b i l i t y  t h e o r y ,  t h e  mass c h a r a c t e r  of tue stuuied phenomena ma kes

it pos3ih l e  t o e s t a b l i s h/ i n s t a l l  i n  t h e m  c o m l ) a r i t L v e l y  s i m p l e  laws .

We w i l l  d e m o n s t r a te  t h e  idea Ct the metho d of the dynamics of

average ba sed on f o l l o w i n g  s imples t  e x a m p le .

• Le t t h e r e  be the  complex  p h y s i c a l  s y s t e m  ~~, ~hich  cO nsist s of

t h e  l ar g e  n u m b e r  N of u n i f o r m  cell/ e l em e n t s  (or  t n ~ “u n i t s ”) , ea ch of

wh ich can r a n d o m l y  pass f r o m  s t a te  i n t C  s t a t e .  Let U S  asSuwe  that all

t i ow s  of eve nts , w h i c h  t r an s l a t e  s y s tem  S ( a n d  c a sh  c e l l/ e l em e n t )

f r o m  s t a t e  in to  s t a te  — P ci s so r  ( a l t h o u g h  ii~ t h e  •j en ~ r al case a n d not

• s im p l e st , b u t  wi th  i n t e n s i t i e s, a r b i t r a r y  f o r m  dependin g on time).

Then the process, which takes place in system, is ~arkov .

Let us assume that each cell/elemert cd!1 u~e in  a n y  of n of the

po ssible s tates:

~~1, 
~
‘
I, •..,

a n d  t h e  st at e of sy s t e m  S a t  each t o r g u e / m o m e n t  i~~ characterized by
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the n u m b e r  r cell/elements , whi ch are C o u n u  i ~ each o t t h e  s ta tes.

To us i t  i s  re q u i red  to  t r ace  t h e  r e n d c m  p r ece~ s, w h i c h  t~~ kes 1-lace

i i)  sy s t e m  S.

I m~ pr inc ip le , it wo u l d  k e  e s s i b l e  t o  us t  TJ t L e  met  h oe lolo gy

w h ich ~~ a l r e ad y ~ pp1 i C ~1 ea r l i e L  d u r i n g  t h e  s t u d y  of si~a i l a r

Irocesse s, n a m e l y ,  to co ns ide r  a l l  t h e  pw;sib1~ st u t e~; of s y s t e m  5:

S \ o  ~ — all. cell/eleun ..nts are lcc . i t ~ ~ i 1~ state F~, in

ct he r states there is not one c~~ll / e l em ent

S.~_ i , u e  u~~~ on~ cell/element is locate I i~~t state F,, all

ct he rs — in  state 
~~~~~ 

and so f o r t h  an d  to t i u i t i  t h - ~ p robab i l i t i e s  of

th e s e  st at o~~. H o w ~ ver , w i t h  t h e  l a i g e  n u n  ~~~ o t  c e l l/ e l e m en t s  N , even

t h e  en u m e r a t i o n  of the  p o s s ib l e  s tat es  of ~~s t e m  ~ is d i t f i c u l t , not

t h a t  th a t compos i t ion  a n d  the  ~t e l u t i o n  of e~ u~m t i o u m s  f o r t h e

pr o b a l ) i l i t ic’s of s t a t es .

It is obvious , we should go oy a n o t h e r  w a y .  Wt ~ w i l l  be

d i s t i a c t u d  f r o m  the possible s tat e s  of systta as ~ whole and will

conce n t r a t e our a t t e n t i o n  in  se p ar a t e  c e l l/ e le m ent  ~ (since all

c e l l/ e l em e nt s  ar e un if o r m . never th .le~s, w h i c h  this viii be

C e l l / e l e m e n t )  and let u s cons ider  for  it t h~ q r  ap h / c ou n t  o f  s ta tes

(Fig. . 1) .
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Let u s  i n t r o d u c e  i n to  e x a m i n a t i o n  r a n d c m  var iab le

n u m b e r  of un i t s , w h i c h  are f o u n d  at tor gue/ soment  t in state 
~~ 

Let

us it call briefly the number of state L~ at tor~ ue/momeat t. It is

c b v i o u s , f o r  a n y  m o m e n t  t, the sum of the numb ers of all, states is

egu a l  to t h e  total  number  ot ce ll/eleme nts:

X1 (I) + X, (1~ + ... + X~ (1) N,

Cr , i t  is shorter:

~ X~(t) N. (1.1)

The examined by us value X~(1) for any t r~-~~re ;ents  b y  i tself

r a n d o m  v a r i a b le , a n d  gene ra l l y ,  w i t h  v a r y i n e j t — t he  r a n d o m  function

of time .

Page 293.

Let us assign to itself t h e  miss ion:  to f i n d  for any t the

fun damental characteristics ot random variable X~(fl— its

m a t h e m a t i c a l  e xpec ta t ion

m~( f l — M (X~(t)l (1.2)

Ilk’
. 4
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a n d  t h e  dispersion :

~~~~~~~~~~~~~~ (1.3)

I n  cther words , f~ r each torque /nonent of tim~- t ~ e wisa to know the

av€ ra ye Vd lue of the number of each state , a n d  .ilso tue spread of

actua l num b er about average .

Ir order to find ti~~se characteristics , it is necessary tc know

t h e  i n t e ns i t i e s  of al l  f l c w s  of t h e  e v e n t s , w h i c h  t r a n s l .~t e t h e
0

c e l l / e l e m en t  ( not sys t em , n a m e l y el em e n t ! )  i r o m r  s ta t e  i n t o  state.

Let us a s s u m e  t h at  those  i n t e nsi t i e s  to  us arc known and written on

the graph/count of the states (see Fig. 6.1). T 1ien t h e  n u m b e r  of each

state X~(O can be presented as su ~ cf r a n d o m  vari ables each of

wh ich is connected with separate (i—un ) cell/element , namely: is equa l

to one, if this cell/element at t h e  momen t ~~t t I n - i  t is located in

state ~~, and is equal  to zerc , if it is uct l o cat e d :

1, ec~ni i-A M~HT s Mouenr t H1XO~ NTCI I COCTOI-
X~’ (t) — 11KM l~; (1.4)

0, ecam me naxo amncm.

Key: (1). if the i cell/element at tCrque /mcmcn t t is located in

~
t at et

k
. ( 2 ) .  if it is not located.



T I ~~~~~ ~~~~~~~~~ ~~~~~~~~~~~~ I ~~~~~~~~~~~~~~~

DCC = 78068715 PAGE

rt is obvious , for any moment t, the total number of state ~a
is equa l  t o  the su . of random variabiw s (l.i4)

X a ~
I) X 0m (1) + X~~ (1)~. ... ÷Xr ~

cr j 4 ’ is shorter

X~ (1) — ~~ X~ (t~. (1.51

If t he  int ensities ~,, of the flows of t h e  e v e n t s , which

translate each cell/element f r om state into state, to u.. are known

ta-4. t h a t  means not r a n d c m )  , thex , values

X~’~ (I), X?’ (‘), •••. x~~ (0

for separate cell/elements were indeperdent fr cm •~ach other.

- - 

~~~~~~~~

~-
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Fig. 6.1.

Page 2 9 4 .

Acco r d i n g  to the t h e o r e m  of t h e  ad d i t i c n  of  m a t h e m a t i c a l  expec tat ions

(tor which , by the way, indepe ndence it is not  r e iu i r e d )  a n d  t h e

theorem of the adaition of the dispersions:

m~(t) — ~ M [X ~,°(t)] ,
I_ I (1.6

D, (0 — ID [ X~~(O1.
I_ I

Let us find numerical characteristic s — m a tn em - i t i c a l ,  expec ta t ion

and dispers ion — r a n d o m  vatiable x~’~(O, by giv en one by expression

(1.4). This value has two possible values : 0 and 1. The probability
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of the  f i r s t  of t h e m  is equal to p~(I) — p ro t ab il i t y of tite fac t  tha t

the cell/e lement is located in state ~ (s~.nc E ce l l/ e l ements  are

u n i f o r m , t h e n for  a l l  t h e n  t h i s  p r c b a b i l i t y  one and the s a m e ) .  A

series of the  d i s t r i b u ti o n  of each of randcaa vdri-lbles X~
m(t) one

a nd t h ~ sa me t akes  the f o r m :

0 1 (1.7)
1—p ~(I) ~p~(t )

where in uppe r  row are sh c w n  t h e  j c s E ib l e  Vd1Ut~ 0 .  r a n J ~~ var iable ,

and in lower — t he i r  p r ob a~~i l i ty .

The m a th eaa tj c aj .  expecta t joz~ of r ando~ va~ ia~ 1e, a55 igned series -

of distribution (1.7), is equal to:

M [X~°u)l — 0 1—p h (1) ) + 1.p h (t) P1(0.

where 
~~~~~~~~~

-— p robab i l i ty  t h a t  th e separa te  c~ li / e l e t u ent  i t

torque/moment t wil l  be located able ~~~~ . Th~ d i spe rs ion  of r a n d o m

v a r i a b l e  w i t h a series of d i s t r i b u t i c nE  (1.7)  is e~~ual  t D :

D [X~ (1)] (0—ph (0)’ (1 —ph (0) +
+( ‘ —~~(0)’ P~(0— p~(t) ( 1—ph (O) .

Substituting these expressions in formulas (1.6), lut us find

mathematical expectation and the dis~et~ion of the number of k state :

~ -J
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ma ( t ) —N p w (O, (1.84
D& (t) — Nph (t)( 1 —p (t)). (1.9)

T L ~u s, we succeede d in for  any  t tindjn~ m a t h e m a t i~ ai e x p e c t a t i o n

a nd oi~~p.~r s ion  of t h e  n u m b e r  e t  a n y  state g~ they are expressed by

formula s (1.8) and (1 .9 )  t h r o u g h  th e  n u m b e r  of cel l/ e lements  N and

t h e  [r c ~ ab i l i t y  of the  k s t a t e  of an y  cc l l ,’t l v r r e at .

l n o w i n q  dispersion Da (0, it is ~ossiiie to  iiud t h l e

roo t—in k -fl-- square d e v i a t i o n  cf the  n u m b e r  o t  s t a te  !k:

a~ ~ 
— VNp ~ (1) (i —ph~t))’ (1.10)

a n d , w h i c h  me ans , t h a t  f o r a n y  m o m e n t  Ct  tia~-~ t t indicite

tent~~tively the range of the virtually possible values of the number :

(1.11)

Pa ge 2 ) b .

Th us , w i t h o u t  d e t e r m i n i n g  t h e  p r o t a h i l i t i *-s ) t  t h e  st a tes  of

sy st~ ’m :; as a w h o l e , b u t  b e in g  ccnce rnc d only ~itn p r ob a u i l i t i e s  of

£4
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t h e  s ta tes  of its s e p a rat e  c e l l / e l t ien t s , it  i~ . ~~ isiblt~ to

dete r m i n e , to what  is e -j u a l  fo r  a n y  m o m i n t  t t~’c av era ge numbe r of

each s t a t e  and w i t h i n  w h i c h  l i mit s  is located actua l number.  If we

k n ow the probabilities all statt s of one cell/~ lem~ nt

Pt. P•...., P ii

as ot  f u n c t i o n  of time , then to us are known t h €  ~iVeLagC n u m b e r s  of

st a t e s :

m1, ~~~~~~

and  t he ir  di spersi on :
1)

~, ~~~~~~~

and  t h e  r o o t — m e a n - squa re  d e v i a t i o n :

a~, o,, ..., a~.

j Th u s, st ated prob lem is reduc ed  to  t h ~ d et ~~r m i n a t  ion of the

probabilit ies of the states of cne separate cell/element.

T h ose  p r o b a b i l i t i e s, as is k n c w n , can i~~
.’ icund as s~ lutions of

t h e  d i f f e r e n t i a l  e q u a t i o n s  of Kolmogorcv fcL the pr o b ab i l i t i es  of

states ; the rules of thei r com [ositicn are jive n in So  Cr~apter 4~ For

F th i~
;, it is necessary to only know (accurattly or approxi m ately ) the
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int~ i~si ties of flow ot the events , w h i c h  t ia i i ~.1 u~ - each ~u l i/ e l e m en t

i r on  s ta t e  i n t o  s t a t e .  T h u s  t a r  we w i l l  as~~u in~ t~~,it t~ tt- s-? intens it ies

to u~ -ire known am d random. Abo ut 1~ ow wh ic~. ~ eii .;i~~
.
~ra tj3Q S i t  iS

~ossi~’ le to determ ine t ii~-se intensit ics, wt W i  U ~~~~~~~~~~~ ~Jmewhd t lat er 1 
-

(set ’ ~~~ .

Let us note that instead o~ th~ t j ~ f & - i t n t i a i  ~‘ i u a t i n s  t o r  t h e

FL~~
1
~Ib~ 

l ,j tj e s  of s t a tes  i t  is [-c-ssible (it is scm~ t imes m or e

conv enient l y) to w r i t e  e q u a t  i on s  i t  is di tec t i o u  the av~ ra~je numbers

of states. It is real/actual , a~- can be sce~ t Lom Lorm ula (1.8), the

a v e r a g e  nu mber of each s tat e  iS ptc~ crtionol to t n e  p r o b ab i l it y of

t h i s  ~ t at e  (it d i f fe r s  f r o m  it In  t e rm s  or  L i c t c ~ N ) ,  an ! , ob v i o u s l y ,

satisfies the same difterential eg uaticns , c n l y  i .ttt~-jr at -d the m must

b e u n - i c r  o t h e r  m i t  Lii c o n d i t i o n s , w h i c h  C C L L  ~~~~ in i ti~ 1 by t he

r .umbers of states.

E x a m p l e  1. S y s t e m  S cons ist s  of N of Uh i l C i n ~:ell/eL-~wents; the

graph/count of th a  s tat es  of each c e l l/ € l e w ~ nt  i~. r e p  ~;-~r i t . ’-1 in  Fiq .

6 .2.  at the ini t ia l m o m e n t  ( w i t h  t = 0) ~ li ~~ li’~ lei~ ~flt s ~tre

l o cat e d  in state 1,. 
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Fi g. 6.2.

P a ge  2 9 6 .

To write the system of differentialequatichs , by which they must

satisf y the average nutucers of states m~ , n~~, n 3, in4, and to indicate

that und~-r its which initial conditions it ~s necessary to solve.

C o n s i d e r i n g  equa t ions  s c i ved , to w r it e  e x p L t - s~- i c ns f o r  tae

dispersion s of the numbers of states.

S
S c l u t i o n .  D i r e c t l y  on g r a p h  ( F i g. €. 2) w~ co m p i l e  an equa t ion  of

K o l m o g c r o v  for the protabilities of the states:

‘4
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1
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(1.12)
iP , +~ uPs +~ uPg,

we - - k n o w  tha t  one of these e q u a t i o n s  ( a l i y )  it can be

reject/thr own , but we thus far will çrese r vt t L e i r  e v e r y t h i n g .

Let us multipl y. t l i € l e f t  and r i g h t  side ci -~ ich of a-~.u a t io ns

(1 .12)  ~ Iy  t h e  n u m b e r  or  ce l l/ e lement s N a n d  w i l l  i n t r o d u c e  in the

l e ft  sides of N under the sign of deriiati ve ; we wi l l  o b t a i n :

d(V rO 
~— — ~,2 ”p ~÷?.~~Np.. -

d(N p*) = — (
~-~ + )~ ) Np~ + ‘ii, Np1,

(1.13)
—X ,1Np,~~ k,,Np,-f- ,Np4,

d (Np,)

let us now recall that

Np, — in,, Np, — in,, Np, ~- in,, Np4 —
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(a r g u m e n t  t of the se f u n c t i o n s  for  brevit y is r e j e c t / t h r o w n )  and  let

us rewrite equations (1.13) in the for.:

=

dl (1.34)
= —?~,, m, + A,~ m, + 2~43 ifl4~

,.1

Page 297.

In equa t ions  ( 1 . 1 4 )  u n k n o w n  f u n c t i o n s  are d i r e c t l y  t h e  averag e

ru n i be r s  of states. As is evident , these e q uat i o n s  are compr i se d

comp letely accord ing  to the  sane ru le , as e qu a t i o n  for  t h e

probabi l i t ies of s ta tes;  t h e r e f o r e  it was ~ossi~ le to comprise  t hen

i m i re d i at e ly ,  passi ng i n t e r m e d i a t e  stages ( 1 . 1 2 )  and (1 .13)  - So we

will enter subsequ ently.

it is obvious , for  each t t h e  a v e r a g e  n u m b e r s  of sta tes  sat i s fy

the  ccnd i t ion:
m1 -I- m, + rn1 + m4 N,
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~nd ther* t ore one (any) 01. equations ( 1.1I4 ~ i t  Is ~‘o.3sjbie t o

r e j e c t/ t h r o w .  Let us r e j e c t ,th r o w , f c r  exa~~~1e , th e  t h i r d  equa t ion

( i t  is tcs t compl i c a t e d )  a n d  i n t o  re~ia i n in y  e qu a t i o n s  i nst e a d  of 13

let us s u b s t i t u t e  the  expression :

tn, A’ — (nz1 + ~~, + in4).

W i l l  be ob ta ined  f i n a l l y  t h e  s y s tem  of t h r e e  d i f f e r en t i a l  equations:

~~~ —— ( ~i,+ X,4) m, +)~,,m,, (1.15)

~
f ! L_ _

~tu m,+X ~~mi.

T h t s  system ~ust be solved u n d e r  t h e  i n i t i a l  conditions:

t — O; m,~~A , n~~~m, in, O• (l.16~

The i n t e g r a t i o n  of t h i s  sys tem cf d i f f e r e n t i a l  -~-j U a t j o ns for the

concrete/ s p e c i f i c/ ac tu a l  va l u es  of t h e  E f l t €L i n y  it parameters (N ,

X ,~~, X 3,, X i,, X 34, X ,3) is si~ ple~ t tc c a r r y  cut i n  m a c h i n e  or by

ha nd , by n umerical integration.

Let us assume that this is realized anu ycu obtained four

functions , which express the average ne •bera of states:

m1 (1) , m,(1), m,(t), m,(l) . 
- 

-—



DOC = 78068715 PAGE

Let us find the dis~ er~~icns of the flUUILCL~ or states:

D,(t) , D,( t) , D,(t), D4 (1).

Earlier we showed that

D1 (t) — NPk (t) (1 —p, (1)) . (1.17)

r

fl€~ce, consit~ering deFeadence m,~1) — Np1 (~ , we will obtain :

D~(I )=m~(t) ( 1— 

~~ 
k~~1,2,3,4. (1.18) 

-

P age 298.

ThUS if the intensities of flow ot the e VC fltS, whi ch  t r a n s l a t e

cel l/ e lement  f rom s ta te  i n t o  s t a t e , do not  u c p € n . i  on t h — ~ n u m b e r s  of

states, then , after computing the average numbers of states ~~~~~~~~~~~
it is possible to immediatel y find the uis~ ersion s of the n u m b er s

cf states from the formulas:

4
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D, (I) — m, (I) (i — “° )
m,(d) 

) (1.19)

D~ ( 1) — m~ (1) ( i~- “‘f)

and to the ir middle standard deviations:

o~(t) }‘~~ti~; o,(1) V~~t~; ... ; o~ (1) = ~~~~ (1). (1.20)

Let us no te  t h a t  k n o w i n g  m a t h e m a t i c a l L X ~~~CCt~~~t i O f l 5  m d  t h e

• r o c t — m e I r .— squar e  ~l e v i a t io n  of t h e  n u m b e r s  o1 stat~ s, we obtain

~oss x b i i it y  to con sider  also t h e  proba ~~il i ti e s  oi. u i f f er e n t  s ta tes  of

system •is a w h o l e, i.e., for exiiii ~~le, the ~Lobt b 1iit y ot. t h e  f a c t

that the number of some state ther c will be incl u ie d within certain

limits. It is real/actual, let us suEpcse t n at  t~i~~ n u m b - ’c  of

cell/e le m e n t s  N in  sys t em is great . T h E n  t h e  n u n b e r  C L  S O I C  ( t h e

¶ k—tb) stat e can be approximately considered d i s tr i b u t e d  ac c o r d i n g  to

normal law. Sut if this then , t h e n  is ~roban ility that rin do in

va riable )Cl (number of k state) will bE included in some boundaries

from m and to ~, it will be ex~ ressed b~ the formula:

• 
P(X ~E ( ~z.P) )_ . (~~0

”
~ )~~(~;~) - (1.21)
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w h e re m~, c~ — a •athenatical expectatio n k ind  t i t~ a v e r a g e  q u a d rat i c

d isconnect ion/ c u t o f f  of t he  n u m b e r  of k s t a t e , + ( )  — a f u n c t i o n  of

Lap lace  (see a p p en d i x , Tab le  1) .

Let us return to equations foL- the a v € r a g ~ n u n b er s  ~f states and

w i l l  for mu l a t e  the ru l e  of t h e i r  c cm [ o s i t i c n .  it  consist s  of

f o l l o w i n g .  -

I f  of system S, wh ich consists of N of  u n i r o r a ;  c e l l/ e l e men t s  of

the type I, it occurs the  M a r k c v i a n  pi cc e~~.., m ct - - o v e u  is known the

yrapa / coun t of th. s t a tes  of eacii cell~~elenie r~t aiui ire s h o w n  t h e

i n t e n s i t y  ~ , of al l  f lows of the  events , ~u i c h  t L a n s la t e

cell/element ~ fro, state into state (not depending on the numbers

Cf s ta tes)  , then for the average numbers of stat -~s it is possible to

c o m p r i s e  d i f f e r e n t ial e q u a t i o ns , u s i n g  the  ~o l l o w i n g  m n e m o n i c  r u l e:

the. derivative of the average numb er cr st a t e  is equal to the

sum so m an y canoes, h o w  m a n y  a r r o w/ p o i n t e r s  c o nn e c t ed  w i t h  t h i s

state; if arrow/pointer is directed frc~ state , term has a sig n 

~~-- ~~~-
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‘tm inus ’•, if into state — positive sign. eacn ttriu is equal to the

~rcuuct of the intensity of flow of event s, whic h translates

c e l l/ e l e m e n t  on thIs arrow/pointer , to ~he  d V t - L a g e  number of that

state from which proceeds the arrcw/p cirto r .

Page 29g.

The com prises for this rule differentjil equations, i n  wh ich

unknown functions are t~ie average numb ers oi ~~~~~~~~ we will call the

equations of the dynamics of average.

Examp le 2. The ph y sical system S Ccns i st s  c~ N = 200 u n i f o r m

cell/elements — instruments ~ Each of the instruments can be

located in one of the two states:

V —  is exact,

v,— is defective.

The transiti3n of cell/element frcm st~ite ~ 
into state 

~
occurs on by the actio n of the tlc w Cf malfunc tions with int.nsity k

2;  the  mea n t im e  of the  repair (restoration/reduction) of

instrum ent is egu~ l to i~— I/p — l/3. lo coa t ris e the equations of

the dynamic s of ctveraje and to sol ve them ~ ien at the initia l moment
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all inst ru ments are exact . lo dep ict de~en dences mar, and ,(fl

on - i r ap h . To f i n d  and c o n s t ru c t  on p l o t t e d ru n c t i on  a~Q). a.W—

r o o t — m e a n — square  d e v ia t i o n  of t h e  n u m b e r s  or s t a t os .

S o l u t i o n .  The gr ap h / c ou n t  of t h e  s t d t €~, .) t  ~: i l / e l e m en t  t akes

the form , shown on Fig. 6.3. 1€ d e s i g n a t e :

— average number or exact cell,clements at torque /moment t,

m 2 — an average number of defective CEll/Cleaents at the same

torque/moment.

Equations for the average numbers of 5t~~~ tt - S will be:

-

d (1.22)

Insteati of two equations it is ~oEsible tc . - ~ lim ited to one. it

one considers that for any t

~j. (l.23

-i

I

S
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‘1
Subst ituting (1.23) in first equatio n (1..2 , we will obtain:

(1.24)

- 

I~i~~-~g r a t i n g  t h i s  e q u a t i o n  u n d e r  t h e  in i t i a l  condition

g~~~~~~~

- we w i l l  ob tain :

From (1.23) we h a v e :

m1 (t)~~N— N (+++‘~~ ‘) — +N(1~~~~
5’

~ 
(1.26)

~~~~~
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Fig. 6.3.

Page 300.

Let u s  Cons t r u ct  on p l o t t e d  z u n c t i on ( J . 2~ ) -~nd ( 1 .26 )  (Fig.

6.4). iron curve/graph it is evider. t that ~.r th t ‘—i — t h e  averag e

number s of states approach the limiting values :

-
~~ 3/6N~ m,— ~ 2/Mi.

• Let Us determine t h e  d i spe r s ions  cf tho unin~ rs of states :

D1( _ m1 e ) ( I _ ~ 1~~) _ \  
(
~~~~+je~~~~

) 
(t— .~~~’). (1.27)

It is ct vious, the dispersion of the numoe r of second state will be

the sa me :
D,(t) — D1 (t)
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Th- ~ r o o t — m e a n — s q u a r e  k v i a t i on  of the  n u m L ~~.s OL states are

equa l to:

0~ (t)—O ,(1)— 1,
/N (j+ -~~~~ e_ ”) (i—i ”)

Plotted function o~(O IS shown on Fi g .  t o  - .5.

2. Account to the dependence of th~ intensi ti&s ot flow of events on

th~ numbers of states. Principle of quasi—r egulari ty.

Until now , applying the method of the dy-nalrics of average , we

co nsidered t h a t  t h e  i n ten si t i es  of t lob of tht .‘v ~n t s , translating

ce l l/ e l ement  f r o m  s ta te  in to  s t a te , to us ~re ~r e vi o us l y  k nown and

random. Thereb y it was assumed that they (10 not depend on the numbers

of states whic h, m s is known , are random. 1-ow~~ver , in practice very

f r e qu e n t l y t h i s  is not t h u s . The  ~rocesse~- bhich take place in the

syste m of cell/ele ments , most ir~ quently store/add up so that the

intensities of flow of the €vents, wh i c h  t r a n s l a t e  ce l l/ e lement  f r o m
state into state ,, depend on that ,  how lan y cell/eie.e~ts in this

state (yes even in other  states) are in system.

S
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Fig:6.’4.

— I

O~ 42 O,* 46 C

Fig.. 6.5.

Pa ge 301.

Fo r exa m ple, in an example of 2 p r ev i o u s  p a : t y r ap h s  we assumed

that the mean time of the repair of ceil/eieme r.t (value , inver sely
proportional the intensity cf flow of repairs) does not Jepe nd on

that , how many coll/elementE simult .aneous ly are located in repair.
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1hi~ i~; real/actuil so, if cell/elements se r -~r~ l~ •jo out of order

t h a t  v i r t u a l ly  cannot  t e  c r e a t e d  t h e  “ b l o c k ”  a u r i r l . ;  t~Lei r

restoration/reduction. If this not then , it is neces~ aty to consider

the lact that the time , required to the repa ir or cell/element ,

depend s on a quantity of defective cell/elctucnts , availa ule in the

presence.

H 
It is real/actual, let us considet sy ste m S, which consiSts of N

cf unitorm cell/elements — in s t r u m e n t s  w h i c h  can  a t  r a n i o m

tortl ue/moments go out of order and be directed for repair . let us

asstime that the re pair is r€aliied r y cne bzi&jade , w h o  h a s  the

C o i r p l e t e l y  speci f ic  capac i ty  ( a v e r a g e  q u a n t i t y of repairs per unit

t i m e ) . The n the  t i m e  w h i c h  each ~.epa r at e  dez ~ c t i v~ cell /e l e m e n t  w i l l

stay in re pair, depends on the total numb e r of c ve r h ~iu l e i  at given

t o r q u e/ m o m e n t  ce l l/ e lements :  t h a n  t h i s  q u a n t i t y  i t  is more , the

greater , on the average , will stay in repaiL cacti sep arate

cell/element , and the fact, therefcre , will le~-s be the intensity ot

f l c w of events, wh ich translates each separat e cell/element from

st at ’-~ “it  is d e t e c t i v e ” in t c  s t a t e  “i t  is ~x~-~ct ”. T h u s , t h e  i n t e n s i t y

of flow of events, whi (:h translates cell/e le tuent ir on  tn~ second

s tat e  i n t o  the f i r s t , depends  on t h e  n u m b e r  of f i r s t  s ta te .  This

n u m b e r  is r a n d o m  - it m e a n s  t he  i n t e n s i t y  ci the t r a n s lat i n g  f l o w ,

st r i c t l y  s p e a k i n g ,  it w i l l  be r a n d o m .

S
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3y frien d an example. Let _;y~~~~~ ~ C O f l s i~~~t ot the large number N

cf the  ~ r u c k s  eac~ of w h i c h  can  hein~ j i jt~ “cx act ” or “L?fective”.

The park/f l-~et of trucks p e L L u L ~r s t h e  c c m p l t t ~ l y  specific circ le of

wotKs , SJ th . i t w i t h  .i l~i r qe  q u i ~ t i ~~y of det~ ctiv .:- machines the load,

W h i C a l ies dow n on exCct , increast~~, an i, t ; 1  is me ir~s, incrcases the

i n t e n s i ty  or f l o w  of t~~~~~ ev e n t s , w k ~ich ~L a : L 1~t t c  in t o  t i~en s t a t e  “is

d e f e c t i ve ” . A g a i n  t h e  i n t e n s i t y  of t i o w  or  C V t- l i t 5  i1~~p en ~s on numbe r

cf S t a te . .

I-n ~he g e n e r a l  case ( b e l o w  ~e w i l l  see a ser i e s  or such

€xanplc s) the intensities ci t l c w  ci the e v~ x i t s , ~h i ch  translate

cell/el .-~ine nt f r o m  s t a te  i n t o  S ta te , can  J~~p~L n d  ca the number not of

one st- -ito, but immediat ely several . In the ~ u so w i e n  the i n te n si t ies

of tiow of events depend on t h e  n u m b e r  states (triat means that are

random), we no longer can hcw tnis was ea r l i e r , ~~ite the e~jua tion s

cf the dynamics of average, since w- ~ dc n o t  k n o w  t h e  nu~u u e r s  of

states, determining intensity. :iowcver , this di friculty can be gone

arcund , if one assumes that the intensity ci flcw of the  e v e n t s ,

w h i c h  t r a n s l a t e  ce l l/ e l em e n t  f r o m  st a te  i n t o  state ttiey i mp e n d  not on

very num bers of st ates, but on their average value s (mat~ ematical

expectations ) m 1, w 1, ..., ~~~~~ .

T h is  assumption , which we , follow i ng I. Ia. Diner [13- ], let us

ca l l  “Princip le of quasi— regularity ”, it wil l ,  mak e  it possible to • 
- -

:~

i J  
—-- - -
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wri te the equation s of the dynam ics of average .-~n 1  to so l v e  t he  task

( t r u e , not i t  is a c c u r a t e, b u t a~~p r o x i m a t e 1 2 ,  i E c~t u se  sane  t h i s

i s s um p t i o n  — not p r ec i s e , b u t  a p p r c x i m a  t e d ) .

P acj~ 3J2 .

L~ - ! ‘is no te  t h a t  t h e  a s s u m p t i o n , u n d e r  discu~;sron , L e a d s  to the

~i j ; . i f i ca n t er ro r s  o n l y  when  t h e  tot  31 n u m b e r  c t  c~~l i/ e l e m e nt s  N in

s y s tem  S c omp a r a t i v e l y  l i t t l e  — t h e n  t h e  a c t ua l  n J i H Llers of sta tes

t h e y  c a n  s t r o n g l y  d i f f e r  f r c m  it~ m a t h e m a t i c a l  ~~p ec t a t io ns. B u t  if

the total number of cell,elements N is great , the leviati on of the

n u m b ~~r of each state from average valuE is iel~~t iv e ly s m a l l, and the

i r e t h - u of  t he d y n a m i c s ci a v e r ag e  g i ves c c m L a r a t i v e ly  sm a l l  e r rors .

I s  essential dl~ O t h e  fo r m of d ep e n d e~tco , ~oich connects the

in tensitie s of flow of events with numbe rs of ~~t i t es. Th e n e a r e r  t hi s

dependence to by the linear (in the range c~ t h ~ v r r t u a l ly  possib le

val ues of arguments ), the lesser t h e  error j i V €S  ~he replacement of

r a n d o m  n u m b e r s  by t h e i r  a v e z a g e  va lues .

Let us explai n the methodolog y of the use ci the  p r in c i p l e  of

q u a s i — r .~j u 1 ar i t y  based on e x a m p les .

4
/

Exampl e 1. Sy stem S cOnsiStS of t h e  la rge  n u m b e r  ~ of u n i f o r m
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technica l equipment/devices each of which can k in one of t .he t w o

S ta tes :

e x a c t , i t  w o r k s , 
4

defective , it is overhauled . H

Or ~-ach cell/element functions the flow ~j t mu! t~~~llCt ions with the

inten sity X, which does not depend  on the nuni i;e~ s or states. T h e

repair of cell/element s occupied the cj L C U ~~ of the wor~ in.j in

composition of k persons (k  << N). Each def t l v e  cell/element is

o v e L h t u l t d b y one worker (there is no mut ual a~:s i ;t  -tnce betwee n

t h e m )  ; each worker it Cd f l  o v e r h a u l  cm the tvetu ~~~ p of cel.l/elements

p~- r u n i t  t i m e .  At the i n i t i a l  m o m e n t  ( t  ~) 
a) .1 c e l l/ e l o m en t s  arc

U correct. All flows of events — Poisson (it can be , wi t h

d i t e ln a t i ng / v a r i a b l e  i n t e n s i t y ) .  To w r i t e  t i , e  ~ j i . t t ions  of the

d y n a m i c .~ o f  a v e r a g e  f o r  d V C L d ~~C numb ers states .

S o lu t  ion . The g r a p h/ c o u n t  of the sta tC.i of c~-ll /ele~u e n t (one

te chn ica l e L u i p w e n t / d e vj c e )  t ake s  t h e  f c r m ,  ~‘r e se nt e d  in F ig .  6 .6 ,

whe r c ‘

~~ 
— t h e  i n t e ns i t y  ot f l o w  of r e p a  irs , w~i icu  is n ’~c ?ssa ry to one

oveihaul ed cell/element.

Let us f i n d  t h e  dependence  ~ on n u m b e r  X 7 oi c~ I l/ e i e ment s ,
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WLI ich ~IFI teund at gt v ’n t c t t l u e / m o w e n t  in  ~~~ t a t e - e~ u -~p a i L ’. Let us

t u  -J iii t i oin th~ inc t t~ at j et  us  det  e~ m 1 no , w ~ t h t. n e i-i t un X ~ • the

tot al i nt ’ nsity M1 of the tiuw et rupaira , w h i c h  is ut ’~~s~.ary to all

e11 ~’olt?me nt s whic h ar€ located in state ~~~~. This total int e nsity

t t t ~~ L t  I~. a t unction ot the n u n - h e r  et  ccl l/ ~~I e m e nt , w h i c n  ate t o u n d

in the : ; t c t t O  of t h e  L~4p4ir:

M~~~c(X~).

: ~~~~~ wo r k e r s  vot’  k w i t  h O U  t n u t  ua 1 0 5 5 1  a i~~
’
~’ ~t n I  n u.i b or t h e x i  is

e’qu~t to k , then the total h it  ji:;~ t y o f  t l o w  e I I a w ith the

• i f l • L  •~a ~;~‘ o t t h e  nu m h e i  e t U V C U  h a u l  ~ ce 11 / ~ i~~’ it l it  ~
- ; n~ r ~‘ t  se~

acco t ~t l f l ’ J  t o  l i i t e .~ t law (ot L~~~~~ ) L  t io~~all y t l it ’ n u a L ~er overhaul ed

c el l/ t 1t e n t s )  un t il t tie i i number is nchiwv td K ;  t t t e i  t ais all

w o r k e r . ~ w i l l  bt o : cu p t e~~, & n t e n S i t y M1 w i l l  c t  to in c r e as e  and

will remai n equal to ~k:

A x t —  ‘ (2h
‘ 

~~ &k itp~ X ,>k.

Ke y :  ( 1 ) .  w i t h .

4
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EJ~~~~~ez
Piq. 6.6.

Pa

~

j e ~~J.

Lt - t u s  c on st r u c t  p l ot t e d  f u n c t i o n  ~ ( X 1) (~~~t’O 1 i — J .  n . 7 )  . I t  is

assiqn ti onl y at i n te g r a l  ~ c in t  s; h u t  du r  i nj  t h e  coulpositi on ot the

equ a t i n s of the i y n a i n i c s  of  a v e r a~~~ w i t h  t~~e u~~ of  p r i n c i p l e  or

quasi—re~jular-ity for us it is n OCO~~•Sa L y to 
~~ 

lace rand om n u m b e r  X~
of cell/elements in the state or r e p a i r  to ~~t it V ~t e ’ u i at  ica 1

expectation UI 2 ,  but it can be w h o le .  T h e r e f o r e  w ’  ~d i u u l d  J et e t  m i n e

f u n ct ion  •, also, for t h e  n c n o  n e— p iCce’,,~~n t  i ~e val ~li- S Of a r ~; um e n t  • For

t h i s, WC w i ll use l i ne a r  in t e r p o l a t  i~ n and ~ ~ 1 1 connect ~~~ uts on the

grap h of F i(J. 6.7 by line scejmeuts .

L e t  us count now , which will h~ th~ a Vt - ’ I a e a’ £ n t e n s ity  of x lo w of

re~~t~ rs, which is necessary to one overhaul€d cell /element :

-

ç~ (X,) —

• — —
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Fuith er (2.1) from X 2, we will obtain :

ii ‘op~~X~~~k.
— c~ 

(X1) — { _
~~~~~ S~~ X 1 ~ k. 

(2.2)

Key : (1). with. Plotted functio n ~1 (X 2) i~ r-~presented in Fig.

6. M. This  curve , as ~~~(X 2 ) ,  co ns is ts  of t w o  s ec tions.  On the fit’st

( f r o m  0 to k)  it is parallel to the axjs ~ f a s s c i;s a~~, on t h e  second

— decrease s d Cc Jr i i f l j  t o  hyper ~ o1ic law .

‘~cw to us is known the intensity of flow c i  avemts

translating one 03 11/element ot s tat e g, in it depends on the

actual (random) number X 2 of cell/ele.ents, which are Loun d in state

s Accord ing to the princi ple of q u a s i — r e J u l a L i t ~~, lot  U s  replace

th is r a n d o m  n u m b e r  w i t h  i t s  m a t h o w a t  i ca l  e x p e c t a t i o n  in 2 . T h e n , with

the ta si s of the ~ r a p h/ c o u n t  o t st at es  (F 1~J . h . n) , he a it  I ere nt ia 1

eq ua t ions of the d ynamics of average are re~ iSteL ?u in t n e  form :

(23~

—ç1 (nn ) m,+ Am1, (2.4)

vhere •i, rn ,
~ 

— ny era~ e nu mber s of states  
~~~ ~~~~.

—
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t’quat ions (2.3), (2.4) can be r e w r i t t e n  i i  othe r  f o r m , if we

re member that

~ ; ç~ 
(m e) ~

W~’ w i l l  obtain two equations:

~ —ç 
(m~).f Am3.

-~~~
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From these two eq uaticns we can select one — Lo r  e x a m p l e , the

sèco~ d , t i r s t  r e j e c t/ t h r o w  and in the second substitute expression in 1

of the  co n d i t i o n :
m1+m,—N ;  m1~~ N—nn~.

We w i l l  ob tain instea d of (2.5) one th€ d i t i e L  cu t  jal equat ion:

—q

T h is  — equ at i o n  f r o m  s ep a r a t i ng  a l t e r n a t i ng / v d L i a o l e :

—dl .

Integrating right side troui 0 to t, ano a it L t  — fiom 0 to in2

(initial value of m 2 is equal  to z~ ro) , we have :

1)
I

5
’

.
’ 

•
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T a k i n g  into  a ccount  t h at  t h e  fUflCtioin ç(~~) is assigned by two

d i t f e r e n t  expressions with in2 ..~ K and wit h l
~~ k, we h a v e :

with m
~ .~ k

r dm1 e dm1____________ — i  — I

J ) . ( N — m ) —~upi , J 3tN— ( ~e+~i)m ,

in A N_ O~+~~~sn, ,

whence -

m,— II _e- (l+M)’J.

W i t h  in 2 > k I
I

dm 1 ______ —•— J ~sN ..- ( ? .+j~) m ,
0 

I

I.
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Page 305.

‘the tirst integral is equal to:

— 
I 

~~ 
)
~N — ~~ .+ ~~)k 

• -
I AN

We compu t e  the 5econd integral :

I ~~~

‘ 

~~~~~~~~~~ 
+ mm

~~~~~~~
Am*~r’

- _ _ _ _ _ _

3L A N— kQS—M )

Ccnsequently, with in 2 > k

C — —
~‘

I

— - - - - ~~~~~~~~ ~~~~~~~~~~~~~~
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whence

~~~ U

— - e~~. (2.8~
~ [ A.,~ )~- () .4~~I

AN

By formula (2 ,7) value in2 wil l he expressed  w i t h

in — (A .I~~& )k ,_ in
AN 

~~~~~

while hy formula (2.8) — at the hiy h values or t.

E x a m p l e  2. The conditions the same ds in uxa inpl~ 1 , with that

d i f f e rence t h a t  k wo r kers , W hj C E L ove r h a u l  t O t .? lcz t t h e  sy s te m

c e l l/ e l eme nt s , h e l p  each o the r , so tha t k workers realiz~ a re pair ot

cue cell/element on the average in k o f t i m c ~ sconer  t h a n  one worker.

I t  is r e q u i r e d  to const ruc t  for  thes e c on d i t  ions f u n c t i o n  M~
ç(X~ (tota1 intensity of flcw of re~air~ ), f u n c t i o n  ~* ~1(X,i (intensity

cf t i o w  of repairs , wh i c h  is necessary  to one cver hauled

Cell/element) and to compr i s e  d i f f e r e n t i a l e q u a t i on s  f or  t h e  ave rage

n u mh 4- r s  of states (equ a t ion  of t he  d y n a m i c s  ot  av e r ag e ) .

I ’



- :~. ~~~~~~~~~~~ ITii~~~~~~ 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

DCC = 7806871 5 P A G E

_ _ _ _ _ _  
______ H-i 2 .1 4’g 0 ‘ 2 3 ,  f O g

Fig. 6.9. (..1O .

Page 306.

4
,

Soluticn . The graph/diagram of the dcpcndence M~ 
on the numbe r of

overhauled cell/elements X 2 is represente d in Fig . 6.9. It is

real/actua l, vit¼ any positive intcg er nu-n,L€r cf cell/elements, whic h

are fo u n d in state I. (12 1, 2, 3,...) , all workers, workin g

simult aneously above the repair of these ceil/ele nents, they generate

cne flcw of repairs with an intensity cf ke.; they as are equivalent

to one “super—worker ” with productivity, in K of tiDies 1~ rger (see 9

dhapte r 5). In su:h a way as to solve stated prcblem , it su f f i c e s
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unde r conditions of example 1 to place h = 1, and ins tead of ~ — to

suL- s~’i tute ku .

TTnth’r actual conditions the dcpendence or  the t o t a l  i n t e n s i t y  of

flo w of re pairs M~i on th e number of over h aul ed cell/elem ents can be

H and not su ch an id le time , as in t h e  e x d m i n ~~--i t w o  e x a m p les — i t  can

d e p c n d  on the spe:jal feature/peculiarities of t mi ~ organization of

repairs in brigade , on the crder of the m aintenance of cell/elements

cn t L e  c a p a c i t a n ce/ c a p a c i t y  of r e p a i r  shops, a n d  ~ o f or t a .  I t  can

turn out that for the esta~ Iishment of the 1o ra ~ of functions Mx —

i t  is nece ssary to m a k e  t h e  spec ia l  r escarc~~, for  tx aap l e , - 
-

consider in g repair team as system of mass mc i n tenance and system for

it mdthematical model.

E x a m p l e  3. Is examined the system , w h ± L h  c Cn s i s ts  of N = 100

iden t ical i n s t r u m e n t s ;  eac h i n s t r u m e n t  c on s i st -c of two identical

assemblies: one basic, the second spare. In flc cas~ of orea kdown of

basic assembly in work , is included spa re. ~ur inj the mal. function of

both assemblies, goes out of order and ceasts tc work entire

instrument. The flow of mal functi on s, which functions on working

assembly, has intensity X 1; to that not wot~ (exact ) — 
~~~~

M a l f u n c t i o n i n g  a ssembl ies  are o v e r h a u l e d  by worka .ng team. The tota l

intensity of flow of brigade ’s repairs , ~~~~e n d i n . A  on the total numbe r

of overhauled assemblies y, is assigned by the  function

• M1—çtj ). I ’ 

-

L -~~~~~~~~~~
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The  f o rm of the function 
~ (y) is L ep r e s en t ~ a in  Fig. to 6.10.

Separate instrument (cell/element) can be locate d in the

fclloving states:

exact bot h a s s e m b l y ,  the first works , tue s,~cond in

• re erve,

I~— the first assembly is defec tiv e, is cv -~rh au l-~i, the second

ass’-mb ly works; instrument works ,

~~~~~~ both assembly are defective , they ar~ ov er~ au t e d ;

instrument dOes not work.

The left the system unit~. are overhauled re-jardless of the fact,

is unit basic or spar e (repairs are distributed -on u n i t s  even l y) .

Af ter the correction of the left the systea~ unA t, it becomes spa re it

a n o t he r  did not leave the system , and by babic — if l e f t .

To wr ite the equaticns of the dyram ics ot aveLage .

_-

~~~~~~~
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Sciution. Th~ jraph /count of t h e  st•it~~ 01 c ~11/eleae nt

(instrument) takes the form , shown on Fig . a. 1 1.

Page 307.

L et us determine the inten sity of the ~ lo~~ s. the ~VentS , which

trar,slat&~ cell/element fro. state into stat .. Fjr~~t ut a l l ,

I t is real/act u a l , thus ta: instrum ent works norm all y ,  on both

• unit- , tunction the flows of tne ~na l tu n c t i o n ~~: t c w o r k e r  — w i t h

intensi ty X~~, to that not work — w i t h  intensity X~~. To instrument as

a whole , f unctions the flow wjti~ total intensit y A~~ + X2.

Furth er, from state $
~ into ~~, instrument ~csses under the

ac t i on  of the  f l o w  of malfunct ions, which is :Rce.;sary on the only

workin~ U n i t :

Ccnversely, f rom state é~ into ~~ , i f l s t t U f f e n t is t r an s l a t e d  the

k . 
-
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flow of repairs , which is necessary to cne cv~~r~ aule-I unit. The total

n u m b e r  of  u n its, t hat is located in t ep a i r , is e~~uu l

v~~ X,+2X ,.

It is real /ac tua l, to each  i n s t r u m e n t , wh iCh i~ t o u n l in  state ~~h

w i t h  is go ne one d e f e c t i v e  u n i t ;  to  each i n st r u n e rm t in  state ~ s

twc detective units.

The total intensity of flow of repairs will oe:

Mr c (y) =~c(X 1+2 X.).

This intensity is divided egually be t ween au o v e r ha u l e d  u n i t s ,

so t h a t  to one unit cones the intensity of n o w  -~~ r e p a i r s , eq ua l to

— v(Xs+2X,)
X~~+2X,

Consequen t ly ,  the  t ru e  in t ~~n s i t y  cf f l c w  cC :epairs , w h i c h is

necessa ry  to one ce l l/e lement  in s ta te  I,, is equal to:

~ (X 1+2X s)
X.+2X.

• A n a l o g o u s l y  le t  u s  de te r m i n e  X32. in state a~ 
the instrument

has two defective units; for each of t F€m , COIES the flow of repairs

- - -
~~~~---——~~~~~~~~~~ ~~~~~~~~ 

-
~~ — 

— — - -.
~~ ~~~
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with the intensity

ç(X,+2X1)
X ,+2X,

and to both — f low w i t h i n te n s i t y ,  d c u I le l d r ~J k : 1:

2, (X.+2X .)
X,+2X,

A c c o r d i n g  to the principle of quasi— :-)u la ri ty , w o L-e }-lace the

ra ndom dr~J umiic nts X 2 a n d  X 3 wi t h the m athem atic al expe ctations m 2 and

we w.~ll obtain :

_______  

2ç(m~+2ms)
— m1 + 2m, ‘ m, + 2nt,

Page 308.

T h u s , ~ t is possible to wrnte on the g L d ~ - h / I : u u u t  of s t a t es  a l l

the in tens i t i e s  a n d , according to general r u l ~~, t - )  r eg i s t er  th~

e q u a t i o n s  of t h e  d y n a m i c s  o r  av e r a ge .  O L  t !see e 1 J~ttion5 (for m~ , m 2

a n d  rn ,) we w r i t e  t h e  f i r st .  a n d  t h e  l a t ter  — th~ second we

re j e c t / t h r o w :
- - .~~!L ..~ _ ( A ,~ f X ,)m ,+ 

W ( ~n,+2m.)~!!t
(2.9)

dsn 1 2W
~
m.+2m.

~
ma
÷~~

,,,~at m.+2 1n.

IA
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F r om t he  condi tion

— 
- 

m~+m,+m,—N

we express m 2 through i
~ 

and m 3 :

m,~~N — if l i m.

we substitu te in f irst and second equat ions (2.9)

— —(X1+X~)m 1 +as .~ — m 1 + m . (2 10)
— — 

“i ~
•• “tj )”* +X~(N— nz,—m.).

dl

The obtained system of t w o  n o n l i n ea r  d i r  t e r u n t  ia l  e l u a t i o n s  wi t h

th e u n k n o w n f u n c t i o n s  m a ,  m 3 c a n  b~ - sol  ved III u1acIin ~ or b y  h a n d  (i t

is numerical)

T h u s , using the principle of quds j— requlsLity , it i5 possible to

w r i te  t h e  equa t ion s of t h e  d y n a m i c s  of t h e  ~ V Q L .~ ~~ on ihich unknown

f u n c t  ions  ar e  the aver aye numbe rs ci st a t e ; t h e s e  e qu a t i o n s

a~’p r o x i m a t e l y d e scr i be  a c h a ng e  ot  t h e  a v e r a g e -  n u u b e r s  of s tat e s  even

in t he cas e w h e n  t h e  i n t e n s i t y  of f l c w  ct t i e  e v C u t S , w h i c h  t ra n s lat e

ce11/~~~e m e n t  f r o m  s tat e  i n t o  st a tt , t h e y  d e F e n d  )fl tue naab .~rs of

I
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s t a tes  ‘and , w h i c h  m e an s , t h a t  t h e y  a r c  i - a n d o m .  The e r r o r  f i o m  w h i c h

t h e  .~q u a t  i ons  of t ht- d y r a m i c s  ot  a v e r a g e  ~ie .~c r i bt? ~ rocess , t h e  lesser

t h a n  m or e  it is n u m e r o u s  t h e  g r o u p  of c E l 1 / C l e u ~t T f l t s  and  t h d r l  n ea r e r

to l i ne a r  t h e  f u n c t i o n s , w h i c ~1 ex i r e s s  t h e  i n te n s i t y  of  f l o w  of

ev en t s  d e p e n d i ng  on  t h e  n u m b e r s  of s t a t e s .

Doe s ar i se  t h e  ~u c s t ion :  a i t  is cax u t u t  w h c t n t r , U sL n q  t h e  Sa Se

m e t h o d , t h a t  in  51. to a p p r o x i m a t e l y det e r  a u n t -  no o n l y  m a t h e m a t i c a l

€ X ~ t t t  ~l t  ic 5, but  also t h e  di~ ~er s icn s  cf t i l e  a v~~L~s~Je nu.a  be r s of

st a te s ?  ke s~t w  t h a t in t h e  case w h e n  s € j ~a rat e cc l l/ e l e i n e at s  passed

fro ir st~ ~~ into state independent ir on  ea ci, et b , - r ~i. e- . t h e

i n te n s i t i e s  of f l o w  o~ t h e  e v e n t s , t r a nsl -~. t n n g  c e l l / e l e m en t s  f r o m  the

s L itt ’ in t h e  state com p letel y dii not  de~~~n~i o n tim e I i um ~~3rs  ot

5ta~ e:;) t h e  d ispersion:;  of t h e  n u m b e r s  of s t a t E s  w e r e  lo c at e d  s i m p l y

t h r o u g h the formula:

Dk (1) ~~~~ (1) (i  — 

N ) (2.11)

La qe  30 g .

Resea rch shows that in the case when t ho m t  ~n s rt  j es of I low of

event s depend on t he numb ers of states , t h i~ r c r m u l a , generall y

~ p e t ki  n~j • carnot be used. it p r o ve s  to be s u i t  .~tio only in cases whe n

d e p e n i l en e e  the intensity at flow of eve rt s cn numb ers vor y weak

- - - _ _ _ _ _ _ _- - - -- --- - -~ - 4
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(a l mos t n eg l i g i b l e ) , e v e n  t h e n  on comp a r a t i v e l y  low s ec tions  of  t ime ,

w h e n  d id  no t  a c c u m u l a t e  e r ror s B ut i t  t h e  dependence of intensities

on num i-ers is essentia l, fcrmula (2.11) give s error. If the

fui~ct icns, which expre ss tot al intc~ sit i e5  of flow (as, for instance,

function ~ in exampl e 1) are com -iv ex upw ar d , then formula (2.11) gives

decreased value for the dispersion: the dis~ersion , computed on this

f o r m u l a , cai~ be let us say ,  that half true ( L i l t  som et i m e s  — an l more

than double).

To ap proximat ely f i n d  t h e  diskersicn s of the number s of states

is possiole by writing out and by solving s~ecial d i f f ~~r~~n t i a l

equations no longer for mathem atical expectations , but for

dispersion s D~j ) and covariances Kk,(1). the characterizia~

connmun icat ion/connection between n u m b e r s  st at e s  
~~ ~~ 

r~~se

equations in some sense are analogcus to the equations of the

dynamics o averag e, comprise d on the basis of tim e principle of

quasi— regularity, but much more complex then ~nd t h e y  do not possess

the same clarity. The number or equaticns a~mJ the n u m b e r  ot unknowns

in these equat ions is equal to the number cr dis k~~r sio ns p l u s  th e

num ber of pair wise correlations between number s X ,, , ~~~~~ •.., x~, i.e.

n Q t — I )  nQI +~~
2 

— 
2

Besid e- s dispersions Dh(I) and t h e  c c rr e l at i cn  t o r q u e / i o m e nt s

~ 

I

.

ki~~
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K~(fl,into equations for them enter even a of funct ions m 1 (t) , m 2(t),

m,~(t)—aVSrage numb ers ot St dt t S  which dre ~. ; s u m ed to be already

determined f rom the equatio~is of the dyna m ics or ~v e L a y e .  e q u a t i o n s

b r  ~is~’ersions D~(t) and covariances J ,(I) prove tc oc relative to quite

these variables linear , although the mathe m atical expectations of

numb ers ,p~~(t) enter in them ncn line-i t.

In vi ew of a comparative complexity or a question , we do not

examine the methodolog y of the construction of sy ;tem of equations

for dispersions and covariances (fcr a specia l case of e-iuation are

desc ribed in article 122 ]) .

3. A c c c u n t  of the  a dd i t  i o n/ c o m p l e t ion of t he num u eL s of states.

U n t i l  now , we a p p l i e d  t h e  m e t h o d  ci t h e  d~~n a mi c s  or average to

t h e  decision only of such tasks where the ~ysteoi was l o c m e d , i.e., a

quan tity of cell/elements N , participatin g in process, remaine d

constant/invariable. In practice frejuently are encountered the tasks

where in the course of the ~rccess of the nu mb er or c e l l/ e l e m e n t s,

whic h are found in som e states, they ar€ f i ~~lcd trom without. This

addit icn/completio n it is very easy to take i n t o  account into the

eq uation s of the d ynamics of avera ge.

L€t us consider as an exampl e system S, wh icu consists at N of
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uniform cell/elements. The graph/count cf t h e  ~-tatcs of cell/e lement

is shown in Fig. 6.12.

Page 31~).

In t en s i t i es  
~~ in the gen era l  cas’~ l ep en d  on t h e  n u m b e r s  of states

X 1, X 2, X 3, X 4 (d u r i n g  t h e  c o m [ o s i t i c n  cf i l i f f e r - e m t i i l  e lu a t i o n s

these number s are substituted by the average num uer s m 1, n2, m 3, a,).

a
It t h e  addi t i on/ com p le t ion of t h e com~~- s i t i o i m  ot t n - s  numbe rs of

states in the course of process does tict occur , t I m e R  t he  equations o~
the dynamics of average will be:

(3.1)

.d _ —~41 m4+~~~rn1,

moreover any of these equations of them can be r-.~ject/thrown , and the

cor re--5ponding variable it is expressed t r cm the condition :

m1+sn,+m~+m.~~N. (3.2)

Now let us assume that t h e  contingent ci the cell/element s,

‘I

~~ML L~~
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locate~ in one of the states ( fo r  cxaJEle , F)) is supple~ented from

without , moreover the intensit y of addition/completion , i.e., the

n u m b e r  of cell/element s, introduced per u n i t  tir-~ in to state ~~ , is

equa l to 6 (if for  t i m e  u n i t  it is i n t r c d u c ~ d the random number of

u n i e - s, h e i n t e n s i t y  of a d d it i o n/ c o m pl e t i o n  i t  w i l l  be c i l le d  the

average number of u f l i t s, introuuced frau w ithou t rot the unit cf L
time) . Val ue 6 can be both the ccnstant and vdri iule both depending

in -i ~ot .Ie pend inq on the average numbers of .~~ ates.

t~ the presence of addition /completion , the f ir s t  e qu a t i o n  of

systen (
~. 1; will be changed; in the righ t L a r t  of it viii appear a

term e q u al to addition/completion 6:

—(~~1+~~.) m1+ ~u ms+ ö, (3.3)

and r emd if l i f lg  e q u a t i o n s  w i l l  r eu l a i r .  s i m i l a r , as t i m e y  w ere.

II
~~

.

--

~ 

_  _ _  _
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Page 311 .

Let us  note t h a t  cond i t ion  (3.2) also w i l l  ~e c h a n ge d .  Ear l i e r

of the any moment of time the sun of all average uumber s was equal

cne and the same to value N; now it will be equal to the changing in

the course of time number

N (t)_N ,+S6(t)dt, (3.4)

where No — initial value of the numbe r Cf cell/elements.

lid
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Thus , the  ac:ount  of f i l l i n g  of t h e  n u m b e r s  or  s tat a s  is reduced

to t h e  fac t  that t o  t he  r i g h t  side Ct the corresponding differential

equation is added component , i t  is e q u a l  to  t h e  in t e n s i t y  of

-~ddit icn/coupletion — to the mea n number of cell/cit ments, introduced

i n to t h i s  sta te f~~r t i m e  u n i t .

Examp le 1. Is considered a system , which ccmisists ( it  the

i n it i 3 l  m o m e n t )  of N 0 of  u n i f o r m  t echn ica l s~- q u i p u m e n t/ dev ices

(instruments) , each of which can be in cne of t h e  f o l l o w i n g  s ta tes :

~~~— correct ;

defective , it wi ll be scanned ;

Is — considered unfit , it is co~ ied ;

I.— repairad.

Corr.aponding average numbers we wij . i ~~s i y ~~tt e  a 1, 12, m 3, •,.

The graph/coun t o( the states of cell/clement is shown on Fig.

6.. 13.

The i n t ens i ty  of f l o w  of t h e  , a l fu n ct i o n s  cr w o r k i n ~ in s t r um e nt

is ejual to ). Tha m e an  time or inspect io n uoes not depen d on the
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number of scanned instruments and is equal to 7~~~~. Defective

instrument proves to be unfit and is ccjied with probability p, but

with probability 1 — p, it is directed for repair . The mea n time

whic h inst rument is carried out in the state of repair , 7 there is

certain fu nction from number x of the instruments , si m ul taneou sly

loca ted in the repair:

~~~ 
— F (x).

I
I n or der  to compensate for the loss/depreciation of instruments

as a resul t of writing off, is produced  t h e  a d d i t i o n/ c o m p l e t i o n  of

the number of instruments from without (by corrective inst ru ments) ,

moreover for the time unit into system It i~, i nt r -ouuced  on the

average 6 = 6(t) of exact instruments.

It is required :

— to write the equations of t u e  d y n a m i c s  or  a v e rag e  t a k i n g  in to

account  ad d i t i o n/ c o m ple t i o n ,

— to determine , what must be functio n 6 ( t )  f o r , t he  w r i t i n g  off

of instruments on the averagE~ woul d be b ein~ comp ensated for,

.4

— to  write formula for the total numb er of cell/elements N (t),

- - -__~—- - -  __________  4



DOC = 78068715 PAGE

tha t are located in all states up to tcrque/m oment t.

Sciution. On the grap h/count of Fig. 6.13 , w o en te r / w r i t e  the

intensities of flow of events. Intensity X~~ w e ~i~~p r ox im i t e l y t ake

inversel y proportional to the ~~~cin tjme of re pair (strictl y speaking,

t h i s  cc r rec t ly  on ly  f o r  a s t a t i o n a r y  Pc i sscn  f i c u )

xl’ ..—, (X)
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Substituting the true numb er ot overhauled instruments X, by its

mathema tical expec tation m,, we will oktain:
A 1~~ ..J_~~.

f(m~)

7he system of the ditierentidl eguaticas cf the dynamics of

average wi ll be:
mi +6

dl 1 j (ni~)

dr.~ pm..

dl ~~din , m~ + 
(I—p) m,

dl f(m~)

Let us note t hat in this case we not can sc simple to

reject/throw any of the equations as in the case without

addition/completio n, since ccnditicn (3.2) is modified; the total

num ber of cell/ele ment s in system de~emds on time and it is equal to:

N (:) =. No +5 6(t)d t .

In order on the average to compensate for the copied

instruments, the intensity of addition,icoapieticn must ne equa l to

the averag e number of instruments , copied for time unit. In all per 

— ~~- -~~~ ~~— -~~~-
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un it time it is cojied (it ‘asses from state I, in I,) on the

average

too,’

instruments; that means we must assume:

p

‘0CM

At this intensity of addition/coapleticn, the system of

eq uati on s of the d ynamics of average w il l  take the form:

— — xm, + __
~!_~_ nz4 + ~L-~ ins,

dl 1(m,) goo,’

— — ~=.L.. ~n2 + A,n1,
dl (36)

4 dsn~ p -

—~•- = —=•——•
- - dl 

~OCM

dn~, 1—p
— — — in4 + —=---— m2.dl f (m ,)

Page -313.

Pros the number of equaticns (3.6) it is possible to pain less

exclude the third, since value m 3 cnters not in one rignt stde. Value

• m 3 under conditions of this example can be computed very simply: for

each torque/moment t, it is equal to th€ tctal number of newly acted

instrements (since everything cop ied on the average are compensa ted

fGr) and, which means, that

rns _
~ rL.j ’mi(:)da.

_ _ -
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In th is example 1 addition/completion was introduced only into

one state; general ly ,  this can be and r.ct so (fcr example, it is

possible to introd uce a d d i t i o n/ c om p let icn by t h e  defec t ive

instruments which must be cverhauled by local resources). Let us note

that besides the fact that the functicn s ot addition/completion can

have both positive and negative values (loss/depreciation of

cell/elements).

The addition/completion , introduced into states, sometimes it is

convenie nt to represent visually, on the graph/count of states (Fig.

6.lle). Let us agree to represert them as “ half—arrows” which do not

go either from which state, and in the case of “loss/depreciation” —

those directed or to which state (for the clarity ot half—arrows,

unlike arrcw /pointers, let us make double) . Labeling graph/count with

the  intensities of flow of events, against half—arrows let us write

not the intensity, which is necessary tc one cell/element, but

intensity being necessary tc system as a whole (this is made in order

tc avoid unnecessary division and multi plication by one and the same

- • num ber).

Exam p le of 2. under conditiors of an example 1

addit lcn/completiom of numbers is related tc twc states: I~ (exact

in strume nts)  and S~ (overhauled instruments) , mor eov er the cer tain

fraction a of the newly suU lied instrument s is given exact, and

_
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tracticn (1 — a) — defective; the lattex immediately begin to be

overhauled. As in the previous example , total addition/completion per

u~~it t i m e is equal to ~~~~~~

____  _____  ____  
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Fig. ~.14. Fig. 6.15.

Page 314.

To construct the graph/count of states, after reflecting in it

addit icn/corapletion, to write the equa tions of the dynamics of

average, to define grand average quantity of cell/elements in system

N(t) as fu nction of time.

Solution. The graph/count of states is shcwn on Fig. 6.15;

ha if—arrows , directed to states 1,. , re present

addit icn/completion. The equations of the djnarics of average take

the form: dm I
— —Xm 1+— m4+-=—-—— m1,dl f (m 4~

(3.7)
— — -=--— ,n l,dl 

~~~

~~~~~~~~~~~~~~~~~~~~ ~‘ m,.
dl f(m 4) ‘0CM ‘uCU
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From them is most convenient as before to exclude the third

equation and to express m3 as

m,— _
~JL_ 

~in,d: .

The total total number of cell/elements in system varies in time

accor ding to the formula:

N (1)_N .+1_Sm ttU_ N ,+m$.

4. Method of the dynamics of average for the system, which consists

• Cf heterogeneous cell/elements.

Until now, we applied the method of the dynamics of average to

the  systems, consis t ing of u n i f o r m  ce l l/ e lements,  howe ver , wi thou t

fundamenta l change s, it can be used also tc t h e  sy stems, w h i c h

coqsist of the heterogeneous cell/element~ of d if ferent ca tegories —

a difterence will be onl y in the fact tha t the nuaber of differentia l

equations will be increased. If the numbe r of categories and states

• not is too great, the solution of prcblen difficulties is not caused.

Exa mp le. In motor transport establish ment is N’ cargo and Na

passenger trucks. Each caryc machine can be in cne of the folloviag

states: r, — expec ts call cn bas is, f~— accomplishes empt y voyage

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



-

~~~~~

—

~~~~~~~~~~~
—---

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

DOC 78068716 PAGE 7D(~

to the place loads r, — accompli shes vcy age w i th load, r4 —
accomplishes empt y voyage back to base, r~— conduct the preventive

inspectiOn, r4— is overhauled.

Page 315.

Each passenger machine can be in cne CL from the following

states: A —  expects call cn basis, J1,— accomplishes voyage , .11,~~

it passes the preventive inspection , J1— is overhauled .

I
The basis enter the Poisson flows of claims for the cargo and

passencer machines whose intensities M and Aa do not depend on the

number of free machines on tasis. The ccme claims are distributed

evenly between all machines of this category, which expect call. If -

on basis there is not cne free machine of this category, claim

obtains the failure (it will be re—addressed tc another basis).

To the preventive inspect ion are taken only the machines. which

are found in states r1, A. The average intensity of flow of the

preventive inspect ions of caryc machine is equal to ?~.~ ,pa ssen ger ?~~ ..

Inspections are carried out by the specialized brigade : the tota l

flow of inspection s has the intensity

(4.1)
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where y — a nu m ber of machines (cargo aid passenger together), that

pass tuspection.

The average duration of the preventive inspection of cargo and

passenger machine is identical and equal to !~~~. The average duration

of empty voyage (to the loading site Or to motor depot) is equal to

~~~~ The averag e duration of loaded voyage is equal tof~,. The average

daistion of the voyage ci passenger machine is e-jual to ta

From the preventive inspection ca r go machine with probability

p’ goes into repair, and with probabilit y 1 — p’ — back into state

r1. Analog cus probabilities for passenger machines are equal to Pa

au d i _ P a .

The repair both ot cargo and passenger machines is produced b y

mainte nance crew; the total flow of repairs, produced by brigade , has

the intensity

B1 — b (1 —e—’), (4.2)

where x — a number of machines (cargo amd passenger together),

simultaneously locating in repair.

Besides the state of the preventive inspection , machine, they

ca~ enter repair directly from voyage. The intensity of flow of the

- - - - ~~ 
_______J_

~~
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malfunctions of one cargo machine in the state of empt y voyage is

eq ual to ~~~~ in t he  s tate  of lcaded voyag e , — 

~~ The intensit y of

flow of the m a l f u n c t i o n s  of passenger m a c h i n e , which is located in

voyage, is equa l to v’.

• It is required: — to comprise the graph/ccunt of the states of

the elements of system , to write ditferential Equations for the

av erage nu mbers of states...

Page 316.

Solution. It is introduced th~ designation:

m,t _.. average number of cargo machines, whic h ex pect call at

tOrque/moment t;

rn,’— average number of cargo mach ines, which accomplish empt y

voyage to the loading site;

m~’ — average number of cargo machines, which accompl ish loaded

voyage ;

rn ’— average number of cargo machines, which are returned with

empty car to basis ;

S

______________
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1~~r _ average number of cargo machines, which pass the

preventive inspect ion ;

~~~~~~ average number of overhauled cargo machines ;

m1a_ average number of passenger machines, which expect call;

rn 1’— average number of passenger machines, whic h accomplish

voyage ;

m,a _ average n u m b e r  of passenger ma~chines, which pass the

Freveative inspection ;

,,~ a _ average numbe r of overhauled passenger machines.

The graph/count of the states of system , who falls into two

Subgraph — F and J1, is shown on Fig. o.16.

Let us determine now intensities ~~~,, A~’, the flows of the

events, wh ich tran slate cell/element s gcargo and passenger machines)

from state into state. So.e of these intensities depend ~n the

num bers of states, others dc not depend. For the first we, during the
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composition of d ifferential equat ions, according to the pr inciple of

quasi—regularity, will replace for the number of states on which they

depend, by average numbers.

Let us find M2 — intensity of flow of ev ents, which translates

the cargo machine, which expects call, in state 1, — voya ge to the

loadiag site. The calls of car go machines , according to the

conditions of problem, form f low with intensity Ar ; but call is

received only if in state r~ there is at least one machine.

I

I~
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Therefore intensit y of the flow of rece iv ed calls ~ (but only such

calls they can translate cargo machine fro. state r1 in t1) depends

on the number X~ of machines in state r, as follows:

(43)
~
nr

l0 aj~~x~’ — o.

This func tion of the same for m, as to us it was encountered

- al-read y earlier, in exa mp le 2 §2, and sil l be met still repeatedly in

following examples. Therefore we will now introduce two functions

which subsequently will be designated always equally: R(x) and p(x)

-
- (the. we will use in many s [ecific pr ob lems of the dynamics of

average) . 

—-—~~~~~~~---—-- -
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Let us determine function R (x) as follows:

R ix ~~ 
A withx~~ L; (4.4)

- I p~w x > I .

The graph of this function is represented in Fig. to 6.17.

Funct ion p (x) let us Jeter m ine formula:
- 

-

p(x)—~~~ — (4 5)
X JM1M X>I•

•1
~7’Q o1~ ~~~s,ic oi .  ~

(
~

) ~ ort P~ ’. ~ /8

With the help of functicn R(x) the intensity ~~ of the flow of

th. calls of cargo machines accepted is record/writte n as follows:

(4.6)

Let us now compute the intensity )~ of the flow of the events,

which translate separate cargo machine from state F1 in F, ~see

Fig. ~.16) : R X (4. 7)

Let us further f ind  other intensities.  We have:

— l I t~.~; X 34 — I1t rD; ~~~ I/i .~; ~~~ ~~~~~~~~~ (4.8)
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Pig. ~.17. Fig. 6.18.
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Let us now determine the intersity )..~~ of the flow of events ,

I which translates cell/element (cargo machine) • wh ich is f oun d in

state r, (the pre ventive inspection) , intc state F~. Thi.s intensity

Let is compute as follows. The total intensity cf flow of inspections

which prod uces the brigade, according tc formula (4.1), is equal to: -

A1=a [i _e~~~~+x a~)]. (4.9)

This intensity must be equally divided between all machines,

wh ich are found in states F, and 11,; it will ~e obtained

Ii — _ (A .r +~~.a)J
- - g 

A 
(inspect icns ~er unit time) . (4.10)x, +x,

But this still not all: indee d intc state r~ passes each

• machine, passed inspection , but only scie part of them. I n order to
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cbtain from (4.10) intensity X 51, it is necessary to multip ly (4.10)

by (I _pr) — probability that the machine iron maintenance will

teturn to state F1; we will ottain :

— 

= 
a (I — Pr) — e (X .r +X ..~)] 

• (4.11)
X, + X ,~

Analogousl y we find:
~~.I i  

_ (xar+x,a)1
— 

a~ —e 
• (4.12)

~~~~~

The intensity of flow cf the repairs, which translate

cell/elemen t from state I’, in F1, will be expressed by the f ormula:

A’ = 
b [i _e

_ ( t
+~~~~A)1 

, (4.13)
S 

~~~~~~

wh ere X,’, X4A — number of overhauled in this time cargo and passenger

nachises.

Fro m states r,,r,,r, into state F, (repair) tue cell/element is

translated by the flows of event s with the intensities, respectively

equa l to:
r r r r p rAm — v,~,; A~6 — Vrp ~~ — v 0~. (4. 4)

analogously we determine the intersity of flow of events for the

second subg raph (passen ger ma ch ine s):

(4.15)
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~~j t_~— p~’) [i 
_ e x.r +x .~)I 

, (4.18)
1

A~4 
ap ( i_ e ~~~~~+X a~’)t . (4.19)

(4.20)

~~~~~~~~~~~~~~~ . (4.21)

¶
Page 319.

Thus, all the intensities of tiow Cf events tur bota ~.ub—graphs

cf Pig. 6.16 are found.

Substituting in them for the number of states by average

numbers, let us write the system of th€ difterential e~1uations of the

dynamics of avera ge in th e f orm :
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1

+ 
a (I ..... pr) (I __ . e~~4.m~’)} mbt 

+ 
b E u —e

fl~~
1 
+ rn 3-’ ~7j 6r + j , j 4

Jt

~~7~1r ( r l ) r r ( r )

flop
I 
= 

(
~.

r
+ 1) m ~~+

1
in~

;

rp nor.

nop

= — 
a ~~~~~~~~~~~~~~~~~ ‘n b

r 

+A
r m~dl m51+msA flp O4~ I,

= — 
b ~I _e_ (m.’+~

$
~~J 1~~r 

+dt (4.22)
a i —e (m r ÷m l)1 m r

+ ~ r +v~0~ (m+ n1~)+v~,m~;m1 +m?

~~~~~~~~~~~~~~~~~~~~~~~~
a (1 —pa ) [i ~e (m.’+~91 m A & [i _e_ (  +m.

~)1 m 4 A
- -
I 

1 m 61+,n .,A + m.1+m ~’
dm? 

= —

= — 
a fi— e m~ +~fl3 J m’~ + ~~~~ rn~;dl

d-m~ — 
fr 

__________ +dl m.r +m 4A

+v’m, + 
ap ~ [i _ e

_
~
m.t+m~~Jm ,:

Page 320.

Recall that in these equations R(x) — the function , determined

by fo..raula (4.u~).
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Thus, you wro te ten differential qquations for the average

numbers of states (6 + 4 10). However , actually to solve is

necessary not so m uch: any cf six first equations and any of four

latter can be reject/thrown corresponding function it is expressed

iron the condition:
,~~r + ,~~r + ,,~~F + m4’ + m~ + m,

r — NF, m14 + ir 1 + m,a + m4a 
—

Thus, the total number of differential equations, which it is

ne~cessary to solve , is equal to eight (~ 4 3

The initial conditicns un der wh ich we will solve this system ,

depend on which qu estion we wish tc explain. If, for exam ple, us

interests chiefly the initial oper ating cycle of basis, soon after

its organization, it is log ical to assume that at the initial moment

all machines are located in states T1 an d Jig; then initia l

couditions will be:
t~~0; in ’~~ N~ n r ,~,~m r =m r _m r _,fl.r _O;

— Na; m.~ — —0.

But if us interests anc ther, for exam ple, bow rapidly system can

.ai~age the “block” , caused by the large ~uaber of malfunc tions, it is

possible to assume that at the initial moment the already large

number of machines is &ccated in repair (state I’~ and .71k).

Let us focus attention on the tact that the obtained by us

system of differential equations for tb€ average numbers of states is

1’’
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nonlinear. This is ver y typical for th€ method ci. the dynamics cf

average u n d e r  c o nd i t i o n s  w h e n  the  i n t ens i t ies  cr t l ow of e v e n t s

depend on the numbers of states. N e v e i t h e l e s s  the solut ion of th is

system d i f f e r e n t i a l e q u a t i o n s  by ETSYM cr even ty hand (it is

nu merjcal) difficulties does not represent. For ttiis, it is only

necessary to assign the numerical values ot all pirameters ,, which

figure in çroblem .

I
5. The asy mptotic behavior of the average numbers of states.

• X n the  p rev ious  p a r a g r a p h s  we considered the  methodology  of the

descript io n of the process , t a k i n g  place in  the  comp lex  (m u l t i u n i t )

system S w i t h  the hel p of t h e  e q u a t i o n s  of the  dy n aa t c s  of the

average , on which  u n k n o w n  f u n c ti o n s  are t h e  av e r a ~je n u m b e r s  of

st ates : r1, m~ , .. ., mf l .

I

It is logical, does arise the question : to which limiting values

4 they do strive (if do strive) these average nuiters with t-# oo? There

does exist , and if there does exist , then which steady—state

conditions/mode?

In the case whe n  we e x a m i n e d equat ions  fo r  the  p robab i l i t i e s  of

states, a question on m aximu m conditicrs/acde was solved sufficiently

Si I ply .

- -
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If from any state system could ~ass intc any another, and the number

of states was certain, then there was ua x im um steady—state

conditions/mod e, not depending on initial conditions. In otder to

tied the probabilities of states in this ccnditions/.ode, it suffices

it was to place the left sides of the differential equations equal to

zero and to solve the obtained system cf linear algebraic equations.

For the metho d of the dynam ics cf average , the matter is

somewhat  more complex.  I~ call that the equations ot the dynamics of

average in the general case are nonlinear; so are nonlinear the

algebraic equations, obtained of them , if htt sides are assumed

equal to zero. It can seem that the solution ot tai s  system of

equation s not is singular , then it is necessary t~~ consider the set

of solutio ns and to reject/thrcw those cf them , tha t do not answer

the physical. conditions of problem . Even if solution singularly, it

is necessary all the same tc t race the behavior of the solution of

the system of d i f f e r e n t i a l  equa t i ons  w i t h  l — ~. oo .

Let us demonstrate the special feature/peculiarity of research

of the asymptotic behavic~ cf the average numbe rs of states based on

A
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the examp le of the p r o b l e m , undertaken , for diversity, trom the field

of biology. Let in certain locality dwell animals of two forms A and

B, moreove r an i m a l s  ot t h e  fi r s t  f o r m  (A) — p r e d a t o r y ,  an d the y are

ted by ani mals of the second form (8), which are satisfied by

ve getab le food.

Let us characterize the state of each dnuaal maximally roughly,

taking int o accoun t only, livel y i t  s t i l l  cr i t  perished.  The

cons truc t ion  of t h e  y r a p h / c c u n t  of the states of the elements of

syste. is caused no difficulties: this graph/count will ne decompose d

into two s u b g rap h , t h a t  co r re s p o n d  tc f c r m s  A and S (Fig. 6.19). Here

the arrow/pointers, which lead troir A 1 in A~ and from B 1 and  112,

consider the mortality of animals , moreove r for torn B — mortality of

two kinds: and those cases when individua l perishes by n~ tura1 death ,

and those, when  it eats  u p  ar i iEa l Cf f c r m  A. Dcub le  h a l t — a r r o w s ,

wh ich 1e~d into states A 1, E 1, correspcnd to the a d d it i o n/ c omp l e t ion

Cf numbers  because of birth rate.

Let us designate the numbers of cell/elements (animals) in

states A~, A 2, B1, B 2 respectively tbrcugb X I A, XIA , XI1, X.a, and their

m a t h e m a t i c aL  expec ta t ions  t h r o u g h m3 A, m,4. m11, m~~. We wish to comprise

differential equat ions for mj A, m1. (average numbers m1 4 m11 the

previous genera t ions  as f i n a l l y  l e a v i n g  f r o m  “act ive” ce l l/ e lements

systems, will not enter in these equa t ions, and w e can by them he
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interested in no way ).

In order to compr ise differential equations, it is ueceasary to

assign the 1cm of the deperdence ci. intensities of flow ~~~,, Af,. ~A, 6h

cn X 1A X~~.
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Fig. ~.19.
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Let us begin f r o m  h e rb i v or o u s  a n im a l s  of for m B. Let us assume

that the supplies of the focd , available to them , depend on the

number ot anima ls not of form A ,, of form 3, and wuich the food

suf f ices  o n  all. Then  i t  is logical to assume that the avera~je birth

rate ~er unit time (in recalculation tc one livin~ i nd iv id ua l ot f orm

B) remains constant. Let us designate this the constant c; the n

growth of the number of state L~, because of the generation of new

animals it will be expressed by th e  for mula:.
(5.1)

As concerns mortality ~~~~~~, th•n we already said th a t it is

composed of two terms.  The f i r s t  — this is natural mortaLity; we w i l l

consider it constant (on the sa m e reascns, en wh ich  t h e y  considered

constant birth rate). Let us designate this constant (average number

of natural deaths in recalculation to cne living individua l of for m
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B) through k; valu e k can be interpreted as portion/fraction of

animal s of f or m B, which perish per unit time by natural death .

Second ter m in composition ?~, — this pcrticn/ftaction of animals of

form B, eaten up per unit time by the plunderers of form A. It is

logical to assume that the number of meetings (per un it time) of the

animal for ms A and B, which end with the tact that A eats up B,

directly proportional to the number X~ of animals of form A (living)

and to the  number  X18 of the available animals ~t tor n B, i.e., that

this numbe r is expressed by the  fo rmula

IX ,A .X ~h, (5.2)

where 1—  a constant. In necalculaticn for one living imdividual of

form A the number of such deaths “devourings”) per unit time will be

equal to IX ,A . so that the intensity of flow cf deaths, whic h is

necessary to one in divi dual of for m B in state B1, will be expressed

as follows:.
— k + IX~. (5.3)

We wi ll, be now occupied by aninals of iorm A. We assumed that

their only food comprises fcra B; therefore it is logical that both

th. bi rth rate and the mortality of form A they will depend on the

number of those eaten up per u n i t  t ime  of an i m a l s , that are necessary

to one predator. the number of eaten up animals is assigned by

formula (5.2), and to their cne plunderer it comes on the average

IX1~. Thus,, the moctality of plunderers )~, will be some function from

IX I~, oc, si nce 1— a constant, by some fancticii from X11:

— f (Xf). (5.4)

L~ . - -
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It is obvious , function I will be decr€asin~j function from

(i.e.. from a quant ity of fccd). It is teal/actual, animals will that

lesser die, than more they will have fccd. Ihe pos.iible form of the

functjon f is represented in Fig. to 6.~ 0.

Zt is analogous, birth rate will be some c thur  function fro. the

num ber of animals of form B: g(X 1 8) , and the average increase of the

populat ion of p lunde re r s  because of b i r t h  r a t e  (per un i t  t ime)  wil l

be registered as follows:.
ô~ ~=X , 4 g (X 1

1
~). (5.5)

Punction g. it is logical, increasin g func tion from X1~ (Fig.

6.21).

Page 323.

I

Let us write out n c w  d i f f er e n t i a l  egu a t i o ns  for the average
numbers of states:

Using the princi ple of guasi—regularity and substituting for

num ber X~ , X~
” on which thei depend intensity (5.1), (5.3) , (5.4),
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(5.5), by their av erage values miA, rn i~s we wi l l  obta in :

— .z ~~f ( m 1 a)m ,4 
~-g (~111ft) m1A ,

(5.6)
—(k + !m1~’)rn1 8 +ctn,’~.

We see that in the first equaticn actually enters only a

difference in functions y and of I, which characterizes t -

full/total/complet e average increa se. Let us desi.jnate this

difference through b:
h (x)~~g (x) —f (x) . (5.7)

This a di f ference  in i n c r ea s i ng  a n d  decreasing  f u n c t i o n , and

that •eans that funct ion itself Ii — increasing (see Fig. 6 .22 )

Unlike the positive functions f and g, this function can reverse the

sign. Let us assum e that it reverses the sign at some point x,8 (Fig.

6. 22) .. Value x08 wakes sense of that number of aninals of form B,

with which th. birth rate and the  m o r t a l i t y  of p lundere r s  on t he

average are balanced. At the high values of the number of for. B, the

number of form A on the average grcws , with smaller — on the avera ge

it decreases. Let us name x,a the critical LumbEr of form B.

Zn exactl y the same way it is possible to introduce the critical

num ber ~0A of plun derers, so cn of which the number of herbivorous

animals on the average remains constant/invariable.

_ _  J-4
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Pig. 6.20. Fsc ~ ~

Page 324.

From second equation (5.6) it is evident that

(5.~)

When the number of plunderers is greattr tham ;A, t h e n  the

number  ot form B decreases , but with their smaller number — grows .

Using new designaticns, the eguatic~s of the dynamic s of average

45.6) can be rewritten in t~e form:

A

~~~ —h (m18) m,~dl (5.9)
~~ — — 1 (x.~ 

_m1A) m1b.

I n this  fo rm we w i l l  ar a l y z e  equa t ioa~ for tue average numbers

of states of system .

Let us look how with chan ge t will move the point on plane ,

which repr esents so lu t . i cn  m,A, rn,’ system (5.9) (see Fig. 6.23)
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When  m~’<x ’, i.e., it is low er t h a n  t h e  s t ra i g ht line m18 _ z.a.
dm~accord ing to first equation (5.9) , -i-- < 0; this indicates that point

moves to the left (it is simultaneous ~ith this perhaps upwa rd or

downward) . digher than this direct/straight point moves to the rig ht.

In exactly the same manner f r o m  second equation (5.9) we obtain, tha t

is more left than the straig ht line m,’~ — x ,,~ the motion of point

direc~ed upwar d, and more to the ri ght by this strdiyht line —

downward. In the torque /m oments ot the passage of straight line m1 5 —

x~ point moves strictly verticall y: dcw nwa ri , if it is locate~ more

to the right x,4 and upward — if more left; at the moment of the

passage of straight line m1A _ x.A it  mov es strictly horizontally.

Thu s, the point , which represents the solution of system (5.9),

revolves around point (x.A, X,’) clockwise , moreover it revol ves,

general ly spea kin g , not in circle — it can ~e, approarhing a point

(~,A, x,’), but it can be receding from it. t~cint (~,A, x,’) — position of

equi l ib r ium:  if we as i n i t i a l  condit i ons  for  the  solution of syste m

(5.9) take x,~, x,8, then numbe r 1 ’4 , m 1’ they will not be change d, and

the solu tion of sy stem (5. 9) does not .dspsnd o~ the t ime:
m, 4 ( 1)~~~x,A; m11(1) x,’.

This position of equilibrium can t€ s table, if the solutions of

system, w h i c h  begin frcm the ~.cints , close to (x,A, ;~), in the course
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of time unlimitedl y approach this ~oint ; anu unstaDle — if the y

recede.
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Pig. 6.22.
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Figures 6.23 depicts the case when the solution, which begins on

straight line rn ,B = x oB throug h cne “revclu ticn ” proves to be nearer to

point (x~~, x,8) , than in the beginning.. It is cbvious, are possib le an

addi tional  two cases:

— af ter on e “revoluticn ” point will render/show further from

(x,A, r,,~), than in the beg i nn in g ;

— after one “ revolution” point in accuracy will return to its

iaitial position.

Zn the latter case all the subsequex~t “revclutions” of poin t

rn~~,m,’ around positio n of e quili b rium they will be accomplished on

th . one an d the same locked way. Such the locked way in the theory of

L -~~~~~~~~~~~~~~~~~~~~ ~~~~
- . - ~~~~~~~~~~~~~~~~~ - - - - -~~~~~~~~~~~~~~~~
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differential equations is called cycle ; tc it ccrresponds p e r t Cdi c

~clu tion nh,A(l). rn i ft(g) : t h e  n u m L ’ e r  of p l un d e r e r s  g rows ;  t h e r et o r e  the

number of herbivorous begins to decrea~z€ , it r€acnes x,’; then ~eyins

to decrease the  n u m b e r  of ~l u n d e re r s , and , ~h e n  it passes crit ical

value ~~ the number of herbivor ous begins to grow; finally, the

n u m b e r s  of each a n i m a l s  r each  t h e i r  p r e v i o u s  v a l ue s  and  p r oces s

begins ane w Just as po si t  icn of equilibriun , cycle can oe stable

(when the solution s, which begin n~ ar tlis~~.s, uulimitedl y approac h a

cycle) and unstable (when they recede).

Let us return to the case, depict€d in Fig. b.23. ?ae following

revolution of point (m ,A. ni,’) dLound posjtion of equilibrium is still

more it appr oaches ~o pcint (i,’4, ;‘), and with each followii*g

revolution point (rn,’4 , rn,1) w i l l  all  more approach  a point (x,’~, r,1). Here

furthermor e there can be twc cases: cr ~oint will unlim itedly

approach a position of equilibrium — t h E n  obvicusly, this position of

equilibrium will be stable; or it will with each revolution apiroach ,

but not it is unlimited. In this case Icint (m,’~. m,’) will unlimitedly

approach outside some cycle which , of C O U L s ~~, w i l l  be stable.

The same reasonings can be ust~d , also, in the case when atter

one revoluticn point (m,’4,rn,1) recedes rica pcsition of equilibrium: or

in the cou rse of time it will unlimited ly rtcede troa point (x,’4 , ~~
1)

and also , therefor e, tr cm t ht’ criqin of coordinates; or it will
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~
approach some stable cycle (this time fro m within) .

All these characters of the behavior at the solution s ot system

(5.~9) can differently be combined with eact other, forming sometimes

Y suftic iently complex picture. For example , is represented on Fig.

6..24 case when position of equilibrium is stable, and there are no

cy cles (periodic soluticns). There will here be only m ax imum

cond itions/mode (x.A, x,1); and to it will strive all the solutions,

whateverwer-e initial conditions. Figurc~ 6.25 depicts another case

Hi when posit ion of equilibriu m is unstable, and cycles, as in the

preceding case, no. In this case of no maximum conditions/mode

exists: the number of each for m first decreases almost to zero, then

strongly it grows, moreover with each “r ev olu tion ” these vibrations

become all more, after growing unlim itedly. It goes without saying

that in accuracy this characte r of the asymptotic behavior of the

: 1 ruabers of forms virtually cannot be met.

Page 326. 

/

Here will begin to manifest itself the not taken into consideration

during for malization prcb]eas the factcrs: t r  exampl e, the

limitedness of the supplies of food of the herbivorous or error,

connected with the application/use of pinciple of the

quasi—regularity (whic h will be considerable at low values rn ,A , n,,A) .

~14
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One Additional Example of the possible character of the

asymptotic behavio r of the solutions : ~csition of equilibrium is

unstable, there is one stable cycle C (see Fig. 6 .2 6 ) . There will

here be again only maximum conditions/mcde — periodic increase and

decrease of numbers, which corresponds to liaitinj cycle C. To this

conditions/mode approach average numbe rs m,’4( 1) , m,1(t) under any

in,i t ial co nditions.

Figures 6.27 depicts the even mor e complex case: stable pcsition

cf equ i l ibr ium, around it the unstable cycle C 1, and aroun d it — one

additional, but the stable cycle C2. Maximum cc~ditions/modes here

two: Qosition of aquilibrium (i,4, x,1) an d the periodic benavior, which

corresponds to cycle C2. ‘Ic the fizst iaximum conditions/m ode of

num ber m,’4 , rn,1 approach, if initial conditions are located within

cyicle C 1 (shaded regio n in Fig.  6. 27) ; ‘40 the second — if at f i r s t

point (m,’~, m,1) it was located out of cycle C1.

It is certain , it can seem tha t scme at the enumera ted cases,

dur ing  the specific l imi t a t i ons  to the  torn  of the f u n c t i o n  h ( x )  ( fo r

example , for bounded functicn h(x)) are impossible. But, in any case,

the picture of the asymptotic behavior cf solutions will be not

a lways  one and the same , and for the determination of maximu • 

_ _ _ _ _
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conditions/modes is necessary the stud y of system (5.9) with the

concrete/specific/actual values of the entering it nu merical

parameters and the concrete/specific/actual for, of the function

b(z)

S
Is
I
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rig. 6.2~. Fig. 6.25 .

0 m,’
Fig. 6.26.

Page 327.

Example . Under conditions of the Examined above problem function

h(z) , assigning is the relative increase of the number of plunderers

per unit time dep endin g on th e number of herbivorous, has the form:

constants / and x,’4 are equal to with respect 0.001 and 1000. in

this ease, the equations of the dynamics of ave tage (5.9) take the

following form: 
I— in 

A
41 [ 9000+mih] ‘ 

(5.10)
— 
[
~ — ~~~ 1 m,” .

41
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aet us note that x.1 (the “critical” num ber of animals of for m

8, with wh ich animals of form A in average,mean not multiply and they

do not die out), in this case also equal to 1000.

Solvimg numer icall y system (5.10) under different initial

conditions, we are convince d that here cccurs the case, depicted in

Fig. 6.26: there is an unstable positic; of equilibrium (1000, 1000)

and ome cycle, mor eover stable. This cycle will play the role of

maxim u m conditions/mode , fcr any initial conditions. As show

calculations, the period of this maximum it is solved it will be

approximately equa l to 10.8 time units; a change of the average

mu •bers of forms A and B during this time is represented in Table

5. 1, and graphically — in Fig. 6.28 and 6. 29. As the zero time

reference, is undertaken the torque/momen t of the smallest num ber of

herbivorous animals.

rigur 6.28 depicts the dependence of the average number s of

p1~~ d.r er s mjA and herb ivorcus (rn11) on time t; rig. 6.29 shows stable

limiting cycle. Cycle is labeled om time; divialoms corres pond t = 1 ,

2, ..~~~, 10. with t a 10.8 (period of cycle) rn,A aad rn~” they are

returned to Initial va ues.
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I

Fig. 6.27.

Page 328.

£nalyzing data given in Table 5.1 k we see that at first, when

the nnmber of herb ivorous is small (into aierage,mean L453) ,

plunderers starve, their number decreases and therefore the number of

herbivorous begins to increase. At that torgue/moment when the num ber

cf herbivorous reaches 1000 (this occurs somewhat more tha n throug h 3

time units from the beginning of cycle), the average number of

plunderers it reac hes its minimum (abort 620). After herbivorous it

• • becomes mote than 1000, the n u m ber of ~luflderers again begins to

increase and again reach 1000 somewhat later than t = 6. The number

of herbivorous at this time it reaches the maximu m (2170 or somewhat

more) , an d then again it begin s to decrease, because the n u m ber of

plunderers is more critical 1000. Then (with t between 8 and 9) the
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1 Du •ber of plunderers reaches the ma ximum , ejual to appr oximately

1550, and the numb er of herb ivorous at this time is equal to critical
1000.

4 .

“S

‘~~~

rl~
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Table 5.1.
___-____
BpeM~ I 0 i 2 3 4 5 6 7 8 

~ 5 RI 510 .1

pSJH~~1 ‘4H~ JI~~H
NOCTI. X I4ULH HK O N

(‘ pC*NM~ Ifl4CMH•
NOCY b Tpat% o*.1
N~~X 450 50O~ 650 9~p 13 1) 18102170 1950 1200 670 4 451

Key: (1). Time t. ( 2 ) . Average Ilumb er cf plunderers. (3). Average

n u m b r of herbivorous.

F ig. 6.28..

z~~~. iT’.
Di 149

• Fu~ 
6.~~~~~~7



r’- - J
~~~~~~~~~~~~~~~~~~~ 

• —-

-. ~~~~~~~~~~~~

-•- ---- -. -•

~

-

~~~

-— 

~~~~~~~

—-—

DCC a 78068716 PAGE

Page 329.

On the last/latter section of cycle (tc torgue/moment t = 10.8)

decreases the number of herbivorous (beca use the number ~f plunderers

ezceeds 1000), and the number ot plunderers (because herbivorous less

• than 1000). At the end cf the ~ericd , with t = 10.8, the numbe r of

plund.ters again reaches critical value 1000. and the number of

herbivorou s is returned to its smallest value with 450.

It is interesting that in nature real,actually are encountered

such alter nations in the numbe rs in connected wit h each ot he r forms.

6. Equations of combat dynamics (model 4

The method of the dynamics of averag e can be successfully used

for the ap proximat e description of the processes of the combat

operations in which participat.e the numerous grou ps of one or the

other cell/elements (tanks, ships, aircr a f t, etc.). Moreover ,

precisely the descript ion o t t he ~rocesses of ccmbat operation s

(“comba t d ynamics”) — one of the first on tLme application /uses of a

method of the dynamics of average. Th€ differential equations, which

describe a change of the ru.berr ot fightin~ groups in the process of

d
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bre akage , by the name of the “eyua tion~ of Lanchester”, apl*ared even

in the tjmes of the L irst wcrid w a r .  T rue , the field of their

application/use was then is ve~~ narrow (a total of two—three of

•odel3 , but coamun icaticn/connection of method wi t u the aarkov ian

processes not establish€d . At prest~nt the method of the 1~ namics of

average received w ide develcpaent and teprEbents by itself the

detailed and very flexible vehit le, w h i c h  makes  it possible to

de scribe the most diverse ccmbat situations ( SE Q  tor exa mple [ 1, 11 ,

13, 23 )) .

Here we will consider cnly a lit tle from the tasks of co.bat

dy namics, predominantly at syste ma t ic visual angle, wi thout dwelling

in detail on the g uantitat ive si te of dependences

We wi l l  examine  t h e  coibat sjtuat icus , in which clash the

groupings, which consist of a large quantity of cell/elements whic h

w w i l l  cal l  “comba t units ” (aircrat t, ta n k s , ships , rocket

installation s, etc.) besides combat units , in scie models will

participate “auxiliary unit” (~ad~ r stations , prospectors , confusing

reflectors, etc.)whose difference tiu . the combat units — in the fact

that they not can news themselves airej light on the objects of the

enemy, accomplishing d i tf e L c o t  ensuring tasks.

Systems mathe m atical model , w~’ wi l l ex amine the described
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phenomena within the framework ot Markcv random chains (with the

escape/ensuing of t hem method of the dynamics of average). Therefore

we always will assume that each ccibat unit pLCJuCes the Poisson flow

of shots with certain intensity X, whic h can be both the constant and

varia ble, depending on time. During the calculation of this

• in tensity, it is necessary to take intc attenticn not simply the

“rate of fire ” of combat  u n i t , hut its ac t ual average rate of fire ,

tahing into accoun t the ti me , required for the calculation of

sighting dat a, aiming, recharging it is other..

Page 330.

If the shooting ot combat unit is conducted on the uniform

target/pur poses each of which as a result CL shot on it can be only

“struck” or “struck” (“camage/defeat” indicates breakdown) , t he n i t

is convenient instead of the rate of fire to use the otfic ient rate

of f ire

where p — kill probability of unit by the directed along it shot.

Value X represents by itself nothing else but th . intensit y of flow

‘successful” (damaging) of shots, [rcd ~ ced ny ome combat unit.

Calculations show that in the examination of the  dyn a mics of

combat of numerous groups the assumpticn abou t the Poisson cha racter

_ _ _ _ _ _ _ _  L
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of the flow of shots (or successful shcts) does not distort any

serionsly the pict ure of p hencmenon. Furthermore , one must take into

accoun t that the t ask of the method of the dynam i cs of avera ge - the

creation not of the detailed and p re cise, but roughl y approximate

model of breakage.

Let us examine the first tollcwing similest model of breakage —

let us name it “model A”. In breakage take lar t two yro’.ipings: K (are

redder) and C (blue) (Fig. 6.30). Let us ncte the parameters , whic h

r elate to redder and blue by the superscripts of “K” and C . . In  t he

composition of grouping K is N’ uniform comb at units (aircraft ,

tanks, ships), in the ccmpcsition cf gicuping C— N~ the combat

uni ts, uni form bet ween themselves, but are not compulsory uniform

with comba t units redder. The etticient rate of fire of one combat

unit redde r is equal to AK, blue — AC .

Relative to the organizat ion of breakage w~ take following

assumptions.

1. Each comba t unit redder can ccnduct fire/light on each combat

unit of blue, and vice versa.

2. Fire/ligat is sighting, i.e., it is directed on completely 4

specitic combat unit; by ore shot cannct be struck more t han one
uni t .
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3. Bombardmen t undergoes with identical probability any of still

not affected units ; after damage of unit, frre/liynt on it ceases and

im mediatel y it is transferred to other, still tha t  not affected.

~~. Af fected u n i t  ceases shooting and in further comba t

operations does not participate.
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K C
‘I

1 C ~ Nj noDaAv?l~a C,

____ 
~~~~~~~~~~ f c~ 1

Pig. 6. 30. ~ /

• VI~~. ~~~. 31.

• Key: (1). It is not struck. (i). It  is struck..

Page iii.

Thus , in our simp lest model each comb at unit can be in one of

the two states: “it is not struck” (and , which means, tha t conducts

fire/light ) and “struck” (it codse l tite) . The gr4ph/count of the

itates of the elements or system , divided into two subyraph K and C,

is shown on Fig. 6.31. Letters A ,,’, ),,~ designated the intensit ies of

f lew o f the events , w h ich translate cull/element (combat unit) from

state into state.

Let us designa te, as ever ,

A,’~~ X 1~ ( 1) . X ,’~~ X ,’(1) ;
X ,c _ X ,C (t);

the nw.ber s  of states K 5, K 1, C~~, C2 at th ,  mome nt  of t i.e t . Th r oug~
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H m1,  Ate’, ?P•~~, g~ 1
C we will designate t h e  a 1p C~ riate average numbers.

• • 
A 51’, A 11’

It is obvious , in t h e  case of intens ity ~ in question

vary and depez~d in the course of time cp the nuaba~ s of states

• ( q u a n t i t y  of shoot i ng u n i t s ) . Let us d e t e r m i n e  these i nt en s i t i e s .  Let

us d iscuss as tollows. Each combat unit of blue produces per unit

t ime  )~ of successful shots. In torque/moment t shoots X~ the

combat units of blue; everything tCgeth€r [er unit time tk.y give on

th. averag e
)CX ,C

of successful shot s. These shots are dA stribut~ d evenly betwee n all

presetved up to given torque/moment combat units redder , so that f o r

each of them it co mes cm the average

(61)

of successful shot s. Rut this still not all: intensity (o. 1) must be

multiplied b y func tion R (X ,9 (see f o k m u l a  (4 . 41) ç~i4 ) ,  w ksi c h  i t  is

coDverted into zero with X1’ 0 (if at tor~ ue/aoaent t at redder was

preserved not one combat unit , blue sii~ ly not cn coma it will

shoot).

Taking into account that L~(x )/x p ( x )  (see formula (~~.5) §4)

we will obtain

(6.2)
Analogousl y we fin d

(6.3)
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Knowing these intensities ~nd uSing tt~ principle ut

1 quasi— regularity, it As possible on graph/count’s basis (see rig.

6.31) to immediately write the eguatlons ci tht dynamics et average :

• (6.4)

Equa t ions tot nt,’, g~~,
C w• d o not wilt . , since b r  any t

ns~’ + as,’ — N’; m~’ + as,’ _—
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L• t . u not.~ that , as a r u I’ , ~~~ to ii o t i i  t • t t h t  is urn b~ I

dt~~t u u y ~~ 1 tinits n,,’, rn,’ ainct~ ~t t ~ t 1V~ ~.jr ti~~i ~ .1 t~~ )i~ ii)

c~~’ ts t i n ~ t h e y  to not  E~ceept .

~ •~~I ye equt ~ i o n ; (b. 41) i; ~o~ .’;j lie ‘si~~t~ t .iy ilutia 1

I t )  14* 3.1 t I OTi . ~. t h ey  u ~~i i i  11  ~ •i~ 1111* t h . i  t ,t t t l t t ’ A l i l t  I I I ifl~~)~IIt ~ iL t ill units

~ILtl w h c l ’ :
1— 0; m,’—N ’ , m,C _ Nt .

I •~ t (5: ; t OC Us ~ tt~’ Ut i Oi l  Oi l  t h t . t t  t i t  it  1 t ~* I I I  i t  t 1 St t 5 ~~’S ot

3 U c~ k 4 i ~’, ~t i st an t  trOin t tl~~ ta j t ’ O f  “o X h.t U: t ~ “~ t 3 1 ’  1 V O r a 3 t’ u i u b e~

of call/elements in St . Lt t ’s  
~~~~~ 

C~ x~~. m c l i  H i ’ , t 1 1  v i l u . ’ of t u I ~c t  ions

R(rn1)  R(rn1) — 1, ~i i1 inst o~~1 ~> 1 . IU u t  i >  li~~ (Ii . 4 ) i t  1:;  ~~‘is~.i Li i t  t o

t * ‘ i  i : ;t  U

dt (6.5)

dl

3: i 1 t1 ~l t  i o n s  (b. 5) i r o  known 111 t h~’ li t ~~U d t  t i l t  i: o f  ‘ ~ua t ion of

La n~~1~~’ ~~t ~‘L ~ 3 2 n I  K m d  • I t i~ h o  u U t~e ii ted t h i  t i~~ h eq u t  t ions , t V  Ofl

111 UlOL ~~1 * ‘~~~18C totiti (n. II) , d L c  .;i i  l t u1 It1 * t o~ 1 U l t u i1 3 . . o m t ’.tt
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d yn~ :nics only at its initial stajes whEn t h e  a V € L ’ . LJ e  nu n o e rs  of bo th

qr c u p i nj s  are not still snail in ccm ~arison wi th t~i ’ir in i t i al

n u ml ) o r s , b ut i n  f i r  p rog re ssed  stages  C f  br~ ak. i ~~ ( : ;t ay~ ot i

“o x h a u st  ion ”) t h e y cease to  be s u i t ab l e  ev c i ~ a j  ~r o x i i u a t e l y  ‘•

F OOTN O T f ~ 1 
• On the  eva lu d t i c n  cL t h e  etrors, ccr.ii~ ctej with the

pr~~ncj  ~~~ of q u a s i — r e g u l a r  i t y ,  s.~e f u r t h e r , ~ 13 . r.N ~W ( f l ) fN O T E.

Let  us not e  t h a t , u n l i k e  e l u a t i c n s  (6 4) ~ l 1 at  ions (6 .5)  a re

l i ne ar , wh ich r e p r e s e n t s  e s sen t i a l  a d v a n t a j c  u i 1 L i n ~ t h e i r so l u t i o n .

W h e n  de r i v i n g  the  e q u a t i o n ; (6.4) , (6 .5)  w e  in  a n y  w a y  d id  not

specif y, were constan t or alternating~’variau i~’ ~‘i:icien t rates of

f i r e  A,, Ac — e q u a t i o n s  are  v a l i d  bot h i n  t h a t  and  in o the r  case.

Howe ve r , w i t h  cons tant  e f f i c i e n t  r a t es  of t A U t .  ~~~‘ — const,

of  e qu a t i c n  (6.5) it i~ possih l~ to

integrate in an ex plicit form. Low crin~~ Olc&It ’fltJU / tLaasfOLma tiOflS,

• let  U S g i v e  d ir e ct l y t h e  f i n a l  r e s u l t :
• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
wh•re ch x_ -I

~
.
~v+e--1. shx_ +~e’—e-.r) — h y p e r &~o l i c  r u n ct i on s .

C u r v . sm 1”(t), m1’(l)have a d i f f e r e n t  t y p e  dep~~n d i n y  on t h e  initial

rela tionship/ratio of forces NK / Ne and  L e l a t i c n . II ip / r at i o s  of

efficient rat•s of firs ~‘iA’
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I

For o x a m p le , Fig. 6.32 shows t h e  cas e w h e n  in t h e  b e g i n n i n g  of

t~r € d k a ~~e blue have guantitative advantage a z o v e  ~~dd a r ~Nc >N ~), a in

t h o  ccurse  of b reakage  red t h e y  c o n q u e r , b c c a u ; e  of u rge r

efficient rate of fire ().‘>)~‘). Let us tccus att .-~’~ tion on the fact

that the curve ,n1c(l) (number of conquered ~iidE) t~~p r o a c h es t h e  axis of

abscissa5 at angle and durirg continua tion it ~ cu l d cross it , i.e.,
R the average number of conquered side would ~~ccme n eg a t i ve , w h i c h , it

go es wit hout  s a y i n g ,  is impcss ib l e .  T h i s  o c c u r s  b ecaus e  t o r  t h e  f i n a l

stages of the  breakage when s i d e  C is c l o se  to  th e  st a te  of

exha ustion , equation (6.5) , as we a l r e a d y  s~.oic~~, t h e y  cease t o he

those used. If we solved not equations (6.5), hut. more precise

€ q u a t i c n s  (6 .4) , curv e  rn,91) smoothly it would a [ j L )ach  a n  axis Ot.

A n a l y z i n g  the s o l u t i o n  of Lanches ter ’s eg u a t i on s  (b .~~~) ,  it  is
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~‘os~ jb it? t c trace , a~; they att ~ct this so l u t  i on  o t  t he  c on d i t i on  of

b r e a k a e ( p ar a m et e r s  N’, ~c, ~ and  A ’) . P Ot  tLiit let us Jivi le equations

• ( 6 . 1)  cn  N and (V l e t  us pass to ~eldt’iVt qua~ t i t i t ’t ~ of preserved

* combat u~i its at tor’~ue/m oment t :

~&,‘—eh~~~~V t — - ~ - j (6.7)

~5’ chY~~~
( .

~~
. 
j/~~~shVF~~t.

Fiom formulas ( 6 . 7 )  i t  it ;  Cv idC flt that t 3 i t i L t I o a s L ~ of t h e

n u m b e r s  of each of t h e  sides  in  l at  jcr nea sulk de 
~~ ‘ i I ~ 

)a t he

r e l a t j o n sh i~ / r a tj o  of torces N~/A.1~ t h d n L i o n ;  t I i ~ r e 1 a t ion sh i~~/ r a t i o

o t t ’ t f i t ’i ent  rates ot t A r P  ).‘/).‘ ( f i t s t  ~ c~f l 5 *  e n t c i  :~ in f o r m u l a s  (6. 7)

di rect  l y ,  a nd the seco lid — un d er  t atlical s l~j n )  . ~ .i l~; comple t e l y

ex p l a i l * a L l c :  i t  is r e a l , ac t ut l , lu r i n g  t h a t  oi ~j i  i~~ it~~Ofl of breakage

w h o  is accept ed in our  n i o dc i  A (~;n c o t i n y  i c c r du c t e d  ois l. y on

n o n a t t l i c t e~t u n i t y )  r e I ~~~ wo re  t d v a n t a 3 e ~)us , f o r  t ’x r r ip lo , t o  t w i ce

increas~’ the numbe r of unit y /ti~ t h a n  t c  t w i c e i : i c t e a s e  t h e  efficient

r a t t ’ of t i r e  of each )‘ to t h e  d am a g e  of  t w o  n n i r . y t h e  e n e m y  is

4 f o rc t  d to spend double more r e s our ce s , t h a n  • o ta~ia~g e / d e f o a t  t o  one.

The more detailt d anal ysts it  the  s o lu t i o n  *: ~he eluatiens of

La n c h est er  of the  2 nd k i n d  dOI ’J  n o t  d l i t c u  i i i  o u r  ~ a s ks ;  t h e  reader

in t er e t ;t in g  can ba referred to t o  i n a n a y e m e n t ,’ m o n i s l s  ~ 11 , Ii , 23 ~.

7. A c c o u n t  of t h e  add i t  i c r / C O m p l e t i O n  Ot  I C U t ’t , i e v e n tj v e  at t a c k ,

r a te  of  thc ’ mobiiizatjcn 1tnd cf  o t h e t  f a c t c ~ s , it  t h e  ~quttions of

c omb ~it dyn an i l  es
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In  the equations of combat J y n a IB ic~~, i t i .  ~os s i h l e  very to

simp ly t~ k*~ into account different factors , Uti ici i elate to the

ortJdflizd tiO!l of combat o~ eraticns as t h a t :

— input /introduction at reserves (aldition/c uo~ leti~ n of

fo rces)

— pre ventiva attack by one at  t he  sid C s ;

L at e  of t h e  m o b i l iz a t i o n  at  c om k a t  d~~V j ~~t~~,

— an exhaustion of the am~iuni tio ii

and of so forth.

Page fl4.

L t t  u s  show h o w  t h x ~~ it  is )ossib l ~ t o  do . L.Ct i n  t h e  process o~

kreakage each of the sides i n t i o d u c e  i n t o  a c t i o n  r eserves  in a

guan ity 6’ of comba t u n i t s  per u n i t time ( r o i  .T e 1 ~~~~~) and 6~ — fo r

b l u e .  We already be able (see ~3) to consider in t i .e  eguit ions of the

d y n a m i cs o f  av e r a g e  t h e  at1 t 1 it i cn / c c~~p l e t i o n  Ut the composition of
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ce ll/elenae nts f rom W j t  h o u t .  i n t o  d a t u m  t !it ’ i n j  u t / i n t r o d u c t i o n  o~
ser v~-t; w i ll  be t aket i  i n to  account  w i t h  t h~. ~ ~ lp ol t h e  ad d it iona 1

c o m p o n c l i t  in t h e  r i j ht  s i de  ot each  e q L a t i c n  ot ~i iiiam ic s breakage:

dl (7.1)

V a l ues 6’, 6~ ca n be ~‘o th  t h e  c o n s t a n t s  an i vanjabjes b oth

Je~~t ’n o i u ~j and  not dept~ndiny on t h e  average n~ jntct ., ~ L sit e s.  It is

so lved  t h e se e q u a t i o n s  a n d  a n a l y ~~i n ~j t~~~ C C U L t ~t o~ ch a n g i ng  the

n u m b e r s of sides ( F i g .  t .33) , i t  is ~. os si b l e  t io  c o n c l u s i o n  abou t

the  r a t i o na l  rat e  of t h e  i n p u t / i n t r o d u c t i o n  of  r eserves , t he  period

of i ts  b e g i nn i ng  a n d  t e r m i n a t io n .

j u  e~lu atj o ns  ot c o m b a t  d y n a tn i c s ,  i t  iS p ot  s in l e  to  t a k e  i n to

accoun t not  on l y  a d d i t  i c n/ c cm p l et i c n  at  t O L ~~Cs , ~~i t  a l so  a ser ies of

cthe r fact ors: pre ventive attack , t h e  r a t e  ci  ~n o b i l i z a t i o n , t h e

exhaustion of cash resources of a m n u n i t i o n an d  its  r e s t o r a t i o n , etc.

For e n t i r e  this  are s u f f i c i e n t  t•o set/ asSuut  in th e  e qu a t i o ns  of

comb at dynamics efficient rates øf fire )~K )C C OflSt c1 fl~~ 5 , but

varyin g for the specific law:

) ‘~~) t’(l); ).C ) bC (g)

Let , f o r  e x a m p l e, L’C d~~~~ is p lot blu e the preventiv e attack at

some torque/moment t = 0, but blue , caught u n a w a r e , a nsw er  no

c oun t eract ion to torque,mcment t = v , into w hich they introd uce into

action ill their forces. Then in the e q t ut i o n s  of the dynam i~~ of

4
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co i n b i t
),c m e

(72)

it i. necessary to st t/assune value )~U) by . . q u a l  t o  z er o  t o

t o rj u t ’/ m o w e nt  t. v and constant (eqwa l t o  ~c const ) w i t h  t ~ ~ ( F i g .

6. 3~4)

Sc w i l l  be ma t tor , i t  t h e  s id e ,  su oct t c ~~- c v C n t  Ly e  at t a c k , in

no w a y  a n s w e r s  e n e m y  I i r e / l iy t i t t O  t O r qu e/ ~N c U l e L t  r , b u t  in to

t o r q u e / m o m e n t  y to sec t i on / s he a r  a r e  i n t r o d u c e o  I ~to n rt t kage all its

tat ‘es .

I

-~
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I t  is  m : e  n a t ur a l  t h i n  t o  suppose  t h a t  b l u t , 5u o j e c ted to a t t a c k ,

will beqin gradually to mobili ze and tc introd uc~ i n t o  a ot io n  its

forc.~s. This I can t a k e  i n to  account  i l v e —  ~ f t~~r ~il by the

i nt r o d u c t i o n  to c ar t a i n  alternating/variable e ft i c i~~nt  r a t e  of f i r e :

where £‘ — nom i n a l  ~ fficjent rate of fir e ‘.hich .ill be reached

af ter the termination a: mobilizat ion; ~~( t )  — c~~~ t a in  i nc r e as in g  f r o m

0 to 1 tunction (Fig. 6.35). Solving the ejuatIc :i~i or combat dynamics

wi th the specific torn cf the tuncticn ~ (t), ~~t is  possii l e  to take

into account the effect of t h e  r a t e  Ci m a b j i l z a t j o : ;  on co ur s e  and

outcome of battle.

It can seem n f i rst  g lance  t h a t  the a c co u n t  to  the •n obilization

cC f o rce s must be produced by the same methods , as the account of the

in t ;u t / in t r O d u C t iOfl of reserves : but thi s i~ n o t  so. The ionmobilized

-
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u: t o  t c L q u e/ a om~ n t  r i c r L e s  i n .  r o u n d  CLt ( s  - ~~ o u y ,  s u b j e c t e d  t o

t h~ ’ ~ir e~’l ij h t  at  e n e m y ,  • h a v i n j  st i l l  ~~~~~~~ ~i ~~~ o a ct i ,~n ; fr  e~ h

~orces (r~’ serves) b e g i n  tc u n d . i g o  I ir e/ I  ~ j ~~t cn ~ j w i t h  r a e

t o r 1u e / ~~o m U n t  of i n p u t/ i n t r o d u c t  ion .  T~~t~~eIu~~. ~
)uilizatL on and the

in~ : u t/ i n tr o du c t i on  of r ser~~et ; a~~e ccn~~i iet ~~I dt ::.~r~nitly : the first

— b y  ~t 1 t e r n a t i n y / v a n i a b l e  r a te  ot  t i r e , i iH  t i ’ e  s~~con5I  — oy an

•i~~J it  i c i ~ t 1  ~em b e r  in  t h e  n i g h t  sid c  of t h e  ~

I
~~~~~ y i n g  a n a l o~;ou s  ~roc~~d u :e it  is ~ c~~~;i ~ Ic ~ t iKO i n t o

~1c c o u : i t  in t h e  ejuat ions ci cctla t d y n a m ic s  a i ~~i t u c  L i m i t e d n e s s  of

~ r n: ~U f l i  t i~~n . Let  us s up ;~ose t h a t  C irst t h a t  r u t  ~~ u n i t  ion at ea c h

~~~~~ •~~ ~~~~ ~ is r ig  i d l y  w i t h  i t  c c n n ec t e d  ( i t  c a r u ,t ue tn  n sm i t t e d  L y

c th ~’r )  a n d  i t  is J e s t r a y e d  t o g e t her  w i t h  c c a d a r  u n i t  1u ~~iu g  i t s

d a m o ~~e,’de f o i t . Let the  a m a u n i t  i on  cf  each  cc n~~.i t in i t  he red*

calc u l at e l to t imi ~ and blue — on r °. it is C~~V ~~oU s ,

?—k ~IA,’; kdl) ,c,

w h e re k~ — suppl y ot  projectiles , availa ble at each co~u at un its

red~~~~, kO 
— the corresponding s u p ~~1y c f  P l u e , ~,E(~’

c) — the avt ra ge

rat es  of f i re (not  o f t  e c ti v e )  one c o m b a t  u n i t  r€ 1  ( b i le ) .

In order to take into dccount the lim itedness of ammunition , are

su f i c i e nt  to assume af te r torque/moment ‘
~~~ for red~~~ and ~ for

blu e .‘itici ent rates 01. fire equal to zero:
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)~~ O with t>T’

)~c~~~~~ wit h t>~~.

S o m e w h a t  d i f f e r e n t l y w i l l  L . ~ C O n S i 1 e r€ ~~ t L c  L i mi t e d n e s s  of

ala m u n i t i o n , if t h e r e  is c cm a c n / y e n c r a i,t o t a l  Cc r a ll  u n i t s  s to rage  of

a m m u n i t i o n  s u pp l i a s , r e l i a b l y  de~ er .ded f r o r n  t ~~ t i r e/ l ij a t  of enem y

an d  w h i c h  suppl ies  w i t h  a m m u n i t i o n  a l l  u nj t ~~, t~~~- sides  ib o v e  ano t her

is expressed  weaker , t h e  dec rease  cf nu ~~ue t~~ occ~~cs n er o  s lowl  y .

Is
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C/tI

~~~~~~~~~~~
Fig.. 6.34.

£~age  336.

U nd er  con d i t i ons  of model B ~ju st  as A t h e y  can be, moreover by

t h e  3 am e  m e t h o d s , a re t a k e n  i n t o  a c c c un t  the  f ur t h e r  f a c t o r s:

~revc r .t ive  a t t a c k , the  ad d i t i o n/ c o m p l e t i o n  at fcrces , m o b i l i z a t i o n ,

et c.

9. Model into the account tc the activity ci o x ~ 1orat ion a n d  of t he

• control system of breaarage.

In § 6 and 8 we considered t w o  l im i t i ng  cases of o r g a n i z i n g  t he

breakag e :  ideal o r g a n i z a t i o n s  ( m odel A and pocr •er g an iz ~~tions (model

B) .

In rea l reality tee  m a t t e r  is not as good ~s in t h e  f i r s t  case,
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• b u t  also not as it is b a d ly / ~ oor as in t h e  seccn i .

Transfer of fire from the affected unit to tuat nonafflic ted is

~r o d uc cd  not instantly as in model 
~~~, 

bu t all the same it is

tro iuced . In real reality there are delays in  t r a n s f e r  or fire,

connected with delay obtaininy s of in fcrma tion about damig e to

ta r y~’t , an d  also w i t h  the  n o n i n st an t an e o u s t r an s i n i 5 si on  of this

in torm ati n on the compcnent,links of the control system of breakage.

S
• ~~-as~ v• ’: , • -~se delays are not so/such great so that would be obtained

the schematic of model 0, w i t h  i t s  sh O o t i n g  “blin dly ” at a l l

tar~~.t/pur poses — b o th  a f f e c t e d  a n d  n c n a f t l i c t e d .

In this paragrap h we will construct the unitied model of

breakage  — model C, w i t h  re spect to  w h i c h  p r e v i c u s ly  i n t r o d u c e d

models A a n d  B: are special cases. In mcd e l  C, are  considered such

factors as activit y of explcration and the aegree of the efficiency

cf control of breakage.

Let us consiaer following model of breaka ge. Occurs the breakage

of two groupings: K (is red ) and s ~bluej , that consist each of
i/C.

the unifor m comba t Uni ts jfl quantities /1’ and IP . The efficient rate

of fir e of one combat unit redder is equal to h”, b ]aa. — )~t~ lach

combat unit redder can be located in the Iollowimq states:
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— is not reconnoitred ,

1
K 1 — i s  r e c o n n o i tr e d , b u t  s t i l l  not  t i r eu  u~~cn ,

— Fired upon b u t  is n o t  s t i l l  s t r u c x ,

• K 3— is  s tr u c k , but  t h i s  s t i l l  r c nl  d i s c o v er ed ; b o mb a r d m e n t  is

C o n t i n u e d ,

K ,. . s  st ruck , th is is d i s c o v e r ed , t n t  r o r n l a r~1we nt  s t i l l  is not

r em o v e d ,

K s -is st r uck , h o m b a r d m e n t  r e m o v e d .

Th e  analogous st~~tcs  of t h e  cemb a t u n ~~r ci  ~ i u e let  u s  designate

C0, C1, C~~, C3, C,, C~~.

A l t e r b o m b a r d m e n t  f r c m  t h e  a t t e c t c d  u i ~i t  i t  i~ re m o v e d ,

f i re/ l ig ht  is t r a n s fe r r e d  tc  a n y  o t h e r  m o m  r c c c u u o i t r e d  u n i t y , wh ich

a re  f o u n d  under bombard m ent , i.e., ~ fl L td  t e~. rc m th ’ second on the

t o u r t h .

Th~ g r a p h/ c o u n t  ot t h e  st ates ot t h e  e l e m e n t s of s y s t e m , d iv ided

into t w ~ sub . jr aph  K a n d  C , is sh c w n  on F i g .  ~~ t’. in .

~
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I F).

Let u s  designate, as ever , X0~, x~, ..., x,K, x0c, x1~ ,... , x,~ —

n u m i e r  of states; nQ’, m~ ... , m~ , m~ , ~~~ •.., — corr espondim~ average

nu mber s ;  ~~~~ X,,c — i n t e n s i t y  of  f l o w  o f  t h c  ov~~n t s , 4 h i c a  t r a r ~sI a t e

Co a b a  t uni t of Re~& (h i  uc) t r o m  St ate into ~ t ~ t .~~. L~~t Us  de t e r  m i n e

• these i n t e ns i t ies, b ej  i n n i n g  w i t h  ~~~~~~ Let us c c n s r d e r  t h it  t h e

t r a n s i t i o n  or c o m b a t  U n i t  r € d d t :  at  t h e  st a te  K 0 ( i t  is n o t

r e c o nn e i t r e d )  in t ~ st at e  K 1 ( i t  i~. r C c c n n o i ~ L e u )  it occur s u n d er  t h e

ac t ion  of the flow of successful explorations of the Blues (under
the flew of successful reconnaissarices It is understood the

• tl~ w ot the events, which consist ci t h e  detec t ion s t i l l  of the not

r e c on n c i  t red u n i t )  . It .  is ob v i o u s , t h is  i r t ~~n s i ty  u e p e n d s  on

i n ten s i ty  and success of  t h e  m e c o u n a i s L u n c .  a c t i on s  ot  b l u e  ( f l i g hts

of reccnna i~.sance avia tion , tne se ar c h  ci r t c o n n t i s s in c e  p a r  ties,

• ct C .) . Let us desi gnate the i n to  n L i t  y cm r le~ c~ t he  su c ce s s f u l

• exrlorations ot bl ue, t h a t  is necessary per e a c h  s ti l l  n ot

r e c onn o i t i e d  comba t  u n i t  re d~~~~, t h r o u g h  )~ , a n a lo g ou s  i~ signation

fo r th~ i n t e n s i t y  of s u c c e s s f u l  e x p l or a t i o ns  w i l l  r .  d be 
~~~~~~~~~~ 

Thus

we r i n d  t h e  intensities of tiow ci the ~Vents , ~~icl. translate one

combat unit red (analogously — b l u e )  f r o m  st a t ~ “ i t  is no t

t~-conn oitred ” into state “it is sc~~a rat e d , rut stil l it is not

f i re d ” ;
K C C U)
~oi —b.p.s. ; ?~o u—lp.~~

. (9.1)

-•
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Let  us not~i that both intensities ~~ 1
N

1 ca :~ no b a t a  depe ndent

a n d  i n a eI ) e n d cn t  on t he  general state , i n w h i c h  is located t h e

grcup in~j (i.e. tr3m the numbers of StatEs) . T h i s  is caused by t h e

fact , does function ex~~loraticn au tonom cusl y, cr iT. cOnf ld issa f lc C

re source s are selected f r o m  t h e  ccn ’p cs it i on  or g r iu p i n g  itself and

thus the y are transla ted frcm com bat unit s i m ~ a u x i l i a r y .

i t  c~~n r e n d e r / s h o w  a l so  t h a t  t h e  i n t e n s i t y  o~ f l o w  of successful

ex u lo ra t ions dep ends  on t h a t , how m uch r e m a i n e d  in  th~ co lpos i t i o n of

t h e  g r c u p  of the  e n en y  of th~ u n e x p l o r e d  u n it s .  Thus , d ep e n d in g  on

t h e  c c n u it  io n s of b reak age,  the pardireters ?.~,,, and ~~~ c a n  in one or

a n o t h e r  m a n n e r  depend on t h e  av e r a g e  n u m b e r s  of st a t es  or not  dep end

on :henm . We wi l l  no t  m a k e  sore p rE c i se , w h i c h  C t  ~~h t s e  cases occur s,

~u t si~ p ly  let us designate ~~~~ 
— in t e n~~i t  y of f l o w  it  tu e  successful

exçlora tions of blue, which undergoes eac h still not  d i l u t e  c o m b a t

u n i t  red ( ~~~ — vice v e rs a) .
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key: (1). It is not reconnoitred. ( 2 ) .  it is L t ~ C U I t I l O 1t t O J , but still

it is no t  f i r e d .  (3). It is fired , but  is not ~ t i l l  • ; t r u c k .  ( 4 ) .  I t

is st r u c k , but t h i s  is not  £ t i ll  uct  u i~ co v e L e d ;  ~ om b a r d . a e n t  i s

4 c o n t i n ue d .  (5). It is s t ruc k , t h i s  is d i s c o v e t e d , but  b oab a r d m en t  is

not s t i l l  removed.  (6) . I t  is s t r u c k , ~ c m h a r d m ~ nt r e s ov e i .

Page 344.).

For ca lculation ) ,,, it is necessary to det~~L t a i n e ,  how o f t e n  t o r  the

tj~~ unit in comba t unit t h is  (arbitrarily ~.el~ ctud) unexplore d

Ai~
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L e j i o l i  t~~i a p pe ar s t h e  p r o s pec t  em o t  h I  u~ ( r c r t X . t  m p l  ‘, t h e

a i L cL a t t  o t  r e co n n d is s ar c e  a v i a t i o n ) , a n d  t i  m a l t  i~~ly  t . mj s  n u m b e r  by

rol~abi Ut y that the unit will b . disccve m:~ d i y ~~~iz.~~oc t J r  ~~~ it is

l o c a t e d  ~ ) )

• Let  us  r i n d  t h e  i n t e n s i t y  or b l o w  of t~~~ • t ’ v ’ : m t ; , w h i c h  translate
- 

t h e  u n i t  t r o m  s t a t e  K 1 i n t o  K 2 .  Th e  C C L L e s~~~4hi fl~~j • v c n t  L i e s  i n  t h e

f a ct  t L t t  t h e  rec n n o i t re~1 u n i t  is p l a c E d  un ~le t  ~enhardaen t. . Th~
I i n te n s i t y  of f l o w  of e v en t s  ca n  be del  ine~j ,  a~; v a t u e , r~~ci p roca l  t o
I

m e an de lay  t i m e  in set t in g  u n d e r  t h e  b c m b a r ~~ 1 e t m t I e c O n . l o i t e r t ?d

c o m b a t  uni t red. T h is  t i m e  d e pen d s  cn t t s  • m t ~ :re ~ i t per f e c t i o n  and

operating st eed of the system cm ccntrc l or i lu e ; L et  u s designate it

-
~ ~~~~~~ Then

• ,.
• — 1I~~~~ . (9.2)

an a l og o us l y

c ~~~~~~~~
Lot us  t i nd  t h e  i n t e n s i t y if f l a w  of .~v e m : t . ~, w h i c h  t r a n s la t e s

t h e  c o m b a t  ‘m it f r o m  s t a t e  K 2 ( i t  is f i r e d U~’i! , ~)u t  is n o t  st i l l

st r u c k )  i n t o  s ta te  K 3 ( i t  is s t r u c k )  . This is t h e  x low it t h e

~ucc~.as x ul ( d a m a g i n g )  shots or n i u c , t h a t  i5 n e c~~;sar y per  one combat

unit r i~~~~, tha t is found in statt K2. From w h a t  ~1J.-~:; store/add up

t h i s  t l ow?  P r o m  t h e  s i de  C , p a r t i c i p a te  i n  u o m t ’ a r d L n e n t  a l l  u n i t ,

wh icli  are found in states C0, C1, C,; theiL n u m t e u is ~~ua 1

X,e + Xe + X,..
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~;ach of t h e m  mak es  A~ success iu l  sh ot ~ I . ’L a l , i t  t im e .  According

t ) 4. 4.)fl di t  i011, t h e s e sho t s  e v e n l y  ar e  d i  st r i L U  t e l  ut ~t we~~n al l  comba t

un i t s  ~eJ d e~~, t h a t  are  f o u n d  in  s tat e s  K 2 ,  A 3~~ K ,. Tn e i :  n u m b e r

X,’+X.’+X.”,

me t n s  t aLT  each of t he m it comes t h e  f l c w  oi su c c e s st u l  sh o t s  w i t h  the

i n t e n s i t y

T~losL’ i n t e n s i t y  as we k n o w  t hat  i t  is LLe Ce~~s 1 r y  t O s t il l

m u l t i p l y  b y  fu n c t i o n  R(X ,~ +X sN + X ,K), that tu~~m m i n j  in t o  zer o, w h e n

X,~ 4-X1’+X,’— o i.e., t h e re  ar e  no u n it s  .> ~~ :~~~~~ .•; w a i . h it woul d

be possible to f i r e  (see f o r m u l a  ( 4 . 4 )  ~4) . U s i n . i  a es i gn at  ion !

p~x) (see formula (4.5) §4), we o b t a in  t h e  i~~t e r s i t y of f l o w  of

e ven ’s , wh ich t r a n s l a t e s  t h e  c o m b a t  u n i t  t e 1  f c o m  s tat e  K 2 i n t o

K 3 :
(9.4)

Pa .j e 341 .

Let us analogous l y find the intensit y ~ t f l o w  of e v e nt s , w h i c h

translates th. combat unit blue fro. stat e c2 int o C ,:

— A~ (x + x~ .~~ 
x;~~ (x +X ~+X ) . (9.5)

Let us d e t e r m i n e  t h e  i n t e n s i t y  of f l o w  or  ev ’i i t s , w ! t j C h

t r an s l a t es t h e  u n i t  ir o n  st at t  ~~ i n t o  K 4 ;  t n x ~ ~ ne i n t e ns i t y  of f l o w

of t h e  successful cont  rol e xp lo r a t i o ns  ot b i u c , • ;u p p l y / ue l  iver ing to

L~~~~V . • V V
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t h e m  t h e  i n f o r ma t i o n  abou t  d a m a g e / d e f e a t  f i r e d  un its. Iii  t h e  gene ra l

case the intensity of flow cf control Cxplordt iCtI S does n o t  coinc ide

w i t h  t h e  in tensit y of flow ct the exp icr atic ims , dir ect ~~a toward the

d e t e c t i o n  or new t a rg e t s ;  t h e y  e v e n  caz~ be L e a l i z 4 ~u by d i f f e r e n t

f o r c e s .  Let  us designate the intensity of tiow ct t h e  c o n t r o l

exp lorations of blue A~0.1 (this value can be c o u n t • ~ u as reverse to the

m e a n  t i m e , w h i c h  s e p a r a t e/ l i b e r a t e s  t h e  t o r V ~u e / w u m o n t  of damage to

t a r g e t  f r o m  the  t o r q u e / m o m e n t  of t h e  det e c t i on  ~l i t  b y c o nt r o l

e x p l o r a t i o n ) . We have

a n d  i t  is analogous

A34 ~~~~~~ 
(9.7)

Intensi ties ~~~~~ ~~~~~~~ can be both d€penden t and independent of the

a v e r a j e  n u m b e r s  of st a te s .

It remains to determine the intensit y ef. L i d  of ev~ nts, w h i c h

translat~s the unit from K , ir ~to K ,. T k i s  ii. ’cr .~i t y  can cc conside red

t h e  value, recipr cal to the mean dura t io n of traa~ mission of order

about removal/taking of tire,liyht from unit a f t e r i t s  aamage/defeat

record ed by the exploration of blue. Let us de~~i~~.m a t O  t h i s  mea n t i m e

~~ (is analogous for red 1~). We will obtain:

(9.8)

Page 342. 74~—i/~.. 
(9.9)
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u s i n g  the  gr a p h/ c o un t  of s tat e s ( F i g .  & i . J o ) ,  by intensities

(‘i.1 ) — ( a .8) and by appl y i n g  t h e  p r i n c i p le  oi guaai—reyularity, let us

register the equations of combat dynamics in the form :

-=—4,,~ m0, v
dv IC

noel

....~ C (,p~c+ m C -f m,9 p ( m ,U +m,U+m ak) If l tK +

¶
I1OCT

-_ = --- AI ( ONl m3+ A (sno .f m~ -3- m 2)  x
dl

— _ _ -  m~ + A 0,,m ,
dl 1e -

CU

— —
dl

dl• foci

— — A’ (rn~ + m1~ + ni,’) p (&fl ,c + ~n,e 
+ m4e) m,C +

~~~~~~UOMT mg± A’ (m~+ rn~ +n’~
) •~~

x p ( m ~ + mg + m~~r n .  
V

I c VWI _._L — M4 + AU,,. J nz~.
dl

I~q ’2at ions for nZ,~ m,’ are reject/thrown , since for ~ny mo ment t

m~y — N’ _Qp,
C + m1c + m18 + nt, + nt ’) J

aore )v.’r .1 S a rul~ , us do not i n t e re st  t h e  ou in ~er of u n i t S , affected

ani not . t i red  ( a n d  t h e r e t y  ci the leaving f i ~.~~rn n un b e r  both active and

— 
~~~--• - -
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p a s s i v e  e l e men t s  o f  s y s t e m )

D i i : f e r e n ti a l  e q u a t i o n s  ( 9 . 1 0 )  a t  an y  va l ue s  or t h e  e n t e r i n g  in

t h e m  p a r a m e t e r s  can be solved n u m e r i c a l l y  ( in  ~r a c u in e  or b y  ha n d ) .

In i t i a l c o n d i t i o n s  depend  on t h e  t a c t i c a l  s it uj t i o n  w h i c h it is

r e q u i r e d  t o  trace. For e x a mp l e , if  a t  t h e  b e L 3 in n i~~y of c~~a b a t

operations some portion/fraction of coir~~at  V A f l ± t S  is a l r e ady

reconn V ’~~t r e d  ( a.k f o r  red~~~~ and  ~.? f o r  b l u e ) ,  t h en  in i t i a l

co n i i t i o n s  wi l l  be:

e=o , sn,” — N ’ ( I — a’); ,n1’ ~~N ”iz;
nt,’ rn,’ — m41 = —0;

ni,~ _ Nc( I .._..~9; m ic _N C~~C;

mV,
C =m,,c =m 4c gfl~~

l —0.

The e x a m i n ed  by  us model  of b r e a k a g e  ~ is i n O I C

c om t T~o n/ g en e r a l/ t o t al  t h a n  p r e v i o u s l y  e x a m i n ~ d ~c ie ls  A a nd  ~ w h ich

esca pe/ens ue f r o m  model as specia l  cases.

I t  is r e a l/ a c t u a l , if we consider at t u e  in i t i a l  m o m e n t  a l l

H u n i t s  r c ’connoi tr ed , a n d  t h e  t i m e , n eces~ a r y  h o :  t h e  d e te c t i o n  of t h e

fa ct of da ma ge to t a r g e t  a n d  f o r  t he  t r a n s m i s s i c n  of i n f o r m a t i o n

about  t h i s  o n al l  c o m p o n e n t / li nk s  of t h e  cc~it r o l  . ;y s t e m , e q u a l  to
V 

ze ro  — wi l l  be o b t a in e d  model  A ( i n  t h i s  case t h u ~~e first states will

m e r g e  in one : “ u n i t  is not str u ck ” , a n d  t h re e  l i t t er  — also in one :

“U n i t i:; s t r u ck ” ) .
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• 
~Tci~~j~~ 3Lf l •

Med ~’ I ~ 411 be o b t a i ne d , if  w e  a lso  ccu sj J ~~LV d r  tn .-  m i t  ia l  m o m e n t
all u n i t s  reconnoitred , b u t  t h e  t i m e, ntce~~ a i y ~or obta i n i n g  and
tL’an:;mjssjo~ of inform ation , to assume equal tc i~~t i 1 ii ty .

The  ~ qu a t i on s of model  C, wa ich i r .c l u d~~, ~~ es ~u : e ly  ccmba t

Op erations , even r econnais~~aflce, ar .~ tl~ o c , u s 1 1 e ~~inL J th ~ deg ree  of
t u e  e f f i c i e n cy  of c o n t r o l  of breakage , ua~ e i t  ~ossiu1e t o  solve the

proLle;us, connected as w i t h  t he  “ Va lue Ct l n t O z m , t t l 3 n ” 1:i t h e  process

of d~~velo p in y  the  c o m b a t  o p e r a t i o ns .

Lt~t us note addition al ly that i n  t h e  e 1 u~~t IV ) ; t s  ol m del C, as
for  moj e l s  A a n d  8, it i~ [ c ssib le  t c cash 1 t a k ’  L I ~L O ac co u n t  all

the turt he r factors, which a c c o m p an y  c cm b a t  o j c r ~~t 1on~ (p r e v . n t i v e
attack , t h e  addition/compictien of. forces , t :~~ ~

-
~~t of mouili zation ,

et c . ) .

10. Acc un t of the restoration /reducticn O~ t h ~ ‘z : u 1 t ~, h~ the course

cf comta operations .

~)nt ii now , exam ining the equaticns of ~~~~ at d y n a m i c s , we
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• ~t~ Sume d that t h e  ~ff~ cte t ccmha t uni t tinall y L~~~~~ii e s  f r o m System .

ene r a l l y  s peak i n g ,  t:i is nct a l a t y s  so, i ;i t h e  case w h e n  the duration

cf c o m b a t  ope r a t i o n s  is grea t  in c o m p a r i s on  w i t  ~ t n .  t i m e , required

to the repair of unit , can arise s peec~ ab c ut  t h  a ccount  of t h e

restoration/reduction ot the  u n i t s  in t h e  cour ~~c o~ c o mb a t

ope ra t ions . The s a m e  t a s k  a~~pe ars  also in cases ~aeu t h .~ c o m b a t

a c t i o n  (~t u n i t  dur ing its “dama~e/ueteat” c€ as~ s on l y  tem p o r a r i l y

(for example , due to the etttct ot interferences ) - V~ all these cases V

the unit , temporar ily failing, it can in  ( g e n e r a l i y  sp e a k i ng ,  ra nd om)

for a while again enter into system.

To tike into account this restoration/~educt ion in the equations

of corn hat  dynam ics does n o t  r~~~L e s e nt  w c r ~~. L~ t s~ sn o w  ao  w t h i s  to

• do , l~~ sei on the s i m p l est e x a m p l e, cl ose a c c o r d i n - j  t o  d i L - g r a m  to

model A ( i n  t he  case, o f  ne c es si t y  a n a l c g o u ~ ly  i t  is ~ossib 1e t o  t ake

into account the restoratio n/reduct ion of the u n i t s  i n  an y  o t h e r

m o d e l )

Let in combat participate t~o th  sid€s  K - m d  C i n  t he c om p o si t i o n

/Jkan d  ,tJ Cof  comba t units; each ot t)~~m can 1€ ~n on e of the

s t a t e s :

K , (C 1) — functions normally,
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K~ (C 2) is injure d , is repaired ,

K~ 3 (C 3) is st r uc k f i n a l ly ,  to  r ep a i r  it Is n o t  s ub j e c t .  •

Gra ph/ c o un t  o f s t ar e s , w ho f a l l s  i n t o  ~ u L y r a p hs C and  K , s h o w n

on Fig. ~~ 6 37.

• The organization of breakage is assumeu fcllowin;.

i

i’
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A’ (e) c
K, iv” c,

£1 4

4 ~ c, 17,,T,upv,,T,c1
A.23 

~~~fl~pewsw~K: Cs

Fig .  6.37.

r
K ey : ( 1 ) .  ~~t f u n c t i on s  n o r m a l l y .  (~ ) . ~~ is r r ~ 1U L ~~ d , it is

ov u~ ha u l ol . ( J) • 1 t V V 

~ uc~ x i  n u l l  y .

P a q i  314 L4 .

1. i t c h  comba t unit of any side ca im C c f l d U c t  t i r t s/ l i g h t  on any

combi t uni  t of ene my .

2. Fire/light si~j htiny , each  shot  r a n  u a m a ~n •  on l y TJ unit along

w h i c h  i t  is directed.

3. Fi re/light evenly is dis tri buted b c t w ’  ~ i~~l t i n a l l y  not

aft~ t-t cd units both tunction ing and ov rhauitd .

— • •
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L~. D am a g e d  un i t  f i re / l i g h t  does n c t  c cn d u c t .

5. D u r i n g  f i n a l  d a m a g e  of u n i t , t i~ e/ l ig1i t t r o m  it i m m e d i a t e l y

is remove/taken a n d  is t r a n s f e r r e d  to c thez , st i l i  t h a t  not affect ed.

A l l  f l o w s  of e v e n t s , as over  l e t  us cons i d E L  Poisson.  Eac h

comba t unit redder produces the flcw of shcts w i t h  intensity 
~~‘, blue

1 — w i t h  i n t e n s i t y  ~~~ . The shot , d i re c t e d  a l cn y

intact/uninjured /undamage d unit redder , it i: j u r e s  it ( i t  translates

f r o m  K 1 into k~) with pro b ab ilit y ~~ and it t i n a l l y  s t r i k e s  i t  with

p r o b a b i l i t y  ~~ The s h o t , d i rec ted  a l o n g  t h ~ ~i 1r~~ady d am a ged u n i t ,

striKes it f inally (it t i  an sla te s  i n to  st a te  h 3) w i t h  p r o b a b i l i t y

~~~; ot herwise the state of the unit does nct vary. Anal ogous data for

the comba t unit of b l u e  w i l l  be ~ i. ~~~~~~~ 
~~~~~~

•

• The m e a n  t i m m  of t h e  repair : (res t cr a t i o n/ r e Iu c t i on )  t h e  d ama ged

comsat unit redder is egual to ~~~~bluc —

Let us write the equations of the d y n a m i c ~ OL a V P r ~t J e  tor this

system. Let us i n t r o d u ce  t h e  u s u a l  de s i -~n a t ~~on ~ or n u m b e r s and

a v c I a J e  flu i rhers  of s tates:
4 

A 1 X~, X~, X L X ~, X~
.

rn~, m , rn; m~, m~, m

i t  is expressed a l l  t h e  i n t e ns i t i e s  )~,, A; t h L o u g h  t h e  a s s i g n e d

Faramnet ers and the numbers of. states.

_ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _
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L~ t us find intensity Ai,. in a l l  c i t  sl oe  K it  t o r q U e / m o m e n t  t i t

shoot s X~ the units of 1-1 ue ;  each ot  t h e m ~ i o d u c - ~ ; , on t hi -  a v e r a g e,

)~C sh ots per unit t i m e  ( i n  t u i s  ~ u sc~ i t  is  s i m i ~~i or “s h ot s ”, bu t

no t  “ sti~~ sslul s ho t s ” ) .  Th ~~ -; ~- m ~~~t s  t ’v cn l y a L  d i s t r i b u t e d  b e twee n

- i i  I u u~~t i on j u g  and restoratle units te l.~~~~ i n ’  t i r e d  u n d a m a g e d  u n i t

w i t h  p r o h a  b~ l i t y  ~~ is d a u l a , ;k d , w i t h  P L V O L R V L I ~ty  5-~ cuaplete ly it

is d~ - i I V O / C L ) f i C lU d e d  t e e m  s y s t em .  I t  is c;. v i o u s , ~~~ oa cn  u n i t  i n

~ t a t .  N 1, it comes in the unit of time cm the JVt ’~~ t - j O

xa, ’+x .I
cf t h e  “dci i~ag i n g ” s h o ts ;  this ivtcn~ it y of r l o w  1 n is lg iz l  , sh o t s  mus t

ti l t  m. 1 .‘i b y f un c t  icn  R(X 1~ + .X ,’)(s ee tor  un  1 s (4 .  4 )  ~14) , t h a t  t ur  nr ;

in t o  ~‘.. ro , w h en  t h  c i e  is not on ’ unit w h i c h  i t  I. ; ~~~~~ , V
~~~iL,le to tire

u p o n .  W e  w i 11 obta i n :

V ~~~ ~
X
~~~u1R(X,k+X ?), (10.1)

wh it. corr ection f ac to r  ~~+x~) for the ini tial st a J i~~ of t~r e a ) a q e  i t

O Ssi  1’ 1..’ not t C O n S i d e r  ( t o  s et / a s s u m  . u 1 o 11 mm i t )

Pi~~e ~ 4 1)

he w i l l  - t  iii io~j ou s l  y ob t a i  ii t he  j u t  us i t  y o t  t l~ w ~ t hi ’ e v e n ts , w h i c h

tr nsl at .’ t h i -  u n i t  reJ~~~~ I i c m  s t t  te  K in  t ’  ~ ~, ~ .t  t str uck

c o in  l o t e l y )

R (Xe” + X,’). (10.2)

-__-•
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• Intensity of flow of events, which translates the  UUit redder of

• L’ 2 i n to  K 3 :

— R(X1~ + X1’). (10.3)

Fi n a l l y ,  the value of the intensity of L l c w  - of  e v e n t s

(restoration/reduc t ions) , that translates t ue  u n i t  f r o m  t~~~ into K1,

is r .~verse to the mean t i m e  of the repair:

(10.4)
‘DSV

Passi ng in the expressions of int€nsities tr nt t U f l ç t j o~ R ( x )  to

f u n c t i o n  p( x )  R ( x )  / x , we w i l l  o b t a i n :

1!1~ew.

~~~~~~ p(X~ +X ). (10.5)
A~a~~~~~~~~p(X~+X ).

A 3 ~~ °X~~ p(X’~~X) ,

a n d  i t  is a n a l ogo u s  f o r  b l u e :

~ O i 1 S
Ji lt — I 14 p

~~~~~~~~~~~~~~~~~~~~~ ÷x ) .  (10.6)

~~~~~~~~~~~~~~~~ ÷x ) .

• P a ge 3L 16.
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T a k i n g  i n t o  a c c o un t  th e  g r a p h  of ~i-j . u. 37 t u d  o r  i n t e n si t i e s

( 1 ( ~. 5) ,  ( l U _ b )  , U S l f lV J  t h i  p r i n c i p l~ - of ~u a b i — r e 9 u I o u i t y ,  let us w r i t e

t h e  sy~~t e mn of e q ua t i o n s  of c o m b a t  d y n a m i c s  w i t  I L~~.tjuutjon ot the

un i ts :  V V~~ -

-._ )
~‘ m1~ ~~~ +?s”) p (Sfl~’~ + m.im~” +

_ __.L_ m2K _) ~ fl110 (:3” fI (Pt 1 ,’ +m~) m~ +
4 )~C ,11~~C 

~~ p (m 1” -~~
- m’ 9 rn 1’ , (10.7)

— ?~“ m 1’ (
~ ‘~ + ~~~ (ni~ +m ,c) rn~ + V

~~~~ Ill s’.,

= — __L m.~’.—X ” rn 1 ’ (~~ C p (rn 1C+m ,’.) rn 3 c +dl
peN

+ ~~“ ~ 3’. p ( m 1e~~m59m~’. .

As concerns fll~~, ni~’., that tot aay •cment t
rn,’ — .~~~‘ ~~(m 1M -~—
m e  ~~~~~~~~~ r rn ) ;

m or e o v e r  these  s t a te  us , as a r u l e , t h e y  de n o t  in t e r e st .

The sy s t e m  of n o n l i n e a r  d i i t e r e n t  j a l  ~~j u n  l o i s  ( 1 0 . 7 )  t oL V a n y

concrete/s pecific/actual vaiue~ ot the e n t e i i n i  i t  pa r am~~te rs  can be

• s olved  n u m e r i c a l l y  ( i n  m a c h i n e  ci im y h a n d ) . i n i t i a l  conditions , as

evtr , a re  a s s igned  on t h e  ba si s  of t a c t i c a l  c o I m ~~i 1 e r at i ~~n s .  For

e x a m p l e , i t us i t  i n t e re s t s  t h e  b e h av i c r  of sy ~t em u soon after

d i s co v e r y/ o p e n i ng  of combat okeraticns , then it i ; possible to take
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the initia l condit ions:

l.—0; m1~—N~; nI,” — m ,’— O,
m1c _ Nc ; ni~~~~m,e _0.

Ho wever, us can interest and the ability of o~e °r the other s i lo  “to

be chose n ” from the d i f t i c u l t  s i t u a t i o n , w h ~ i m at  t i e  i n i t i a l  m o m e n t  a

considerable quant ity of its units is injured .

Let us note that for t~ e in i t ia l ~ t a y e s  or urca kdge , then the

a v e r a g e numbers  of in t a c t / u n inj u r o d , u n d a m s a y € d  a n d  o v er h a u l e d  units

mik+ m,~, miC+m,e are still sufficiently great , coii ’ction lactors

R4m 1”+m,~) , R(mit+ m,C) are cozivert.d into unit , and that mea ns that

A it is poss i hi e to rep] ~ cc by I J(m ,” + ~~~~~~~ p (rn ,t + m,’.) by 1 /(rn 1’. + lr~c)

D u r i n g  t he  S3 lU t i O n  of p r o L ~lem , W c t O L  s i m q i r c i t y  a s sum ed  th a t

t h e  f i i e/ l iy ht is d i s t r i b u te d  e v e n l y b e t w e e n  U i  r i n a i l y  not a f f e c t e d

~n it ; — both  damaged a n d  i n t a c t / u n i nj u r ~ d/ u t 4 d a m a g e i .  I o w ~~ver , t h i s

c o mp l e t e l y  not is c o m p ul so r y :  it i~ easy tc takc into account unequa l

distributi on of tire between those and c t h €e s .

I
Pdge 347.

ri
For th~ s, it suffices to multiply the appro~ t~~ate irtensi t ies of flow

ot shots per some coefficients , hi gh units x.or t hose  cell/elements

which are fired prefer ably, and smaller irn its - n o r  the ot hers ; these

coeflicients cant ne both the c c i m st an t s  and  v a t  i ab 1~~s. To t h e
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methodolog y ot the account to the nonunifor m ity or distribution of

fire, we will be introduced in followiry pai aytapu .

11. Equations of comba t d yr.awics fcr h et er o~ ei ieous  u n i t s .  F u n c t i o n s

• ct distrib ution of fire.

U n til now , U? e x a m i n e d  o n l y  t h e  g r o u p in g s , c ) n ~~i st i u j  ot u n i f o r m

c o m b a t  un i t s .  Does not r e p r e s e n t  t h e  wcrk to w r i t - ?  the ejuations of

combat dynamic s, also, for the case w h e n  t h e  ccmca t  u n i t s , e n t e r i n g

t h e  gr o u p i n g ,  are he te rogeneous .  Let u s  d em o n s t r i t e  t h i s  a g a i n  based

on the ~‘xa omp1e of the siampl cst m o de l , close in f o r m  of organization V

• to model but by the dit feriny from it diversity of units .

Let occur the b r e a k a g e  b e tw e e n  t u c  g r c u p i n j s  K a n d  C , grouping K

c o n s i s t i n g  of the heterogeneous c o m b a t  u n i t s  or  t y p o s  k an d  15 but

grouping C — from the hetercgeneous comba t u n i t s  or t y p e s  c and ~

(Fig. 6.18). & qua ntit y of each t y p e  c cm b a t  u n i t s  is e q ual
Ne, N”, N’, N’.

respectively A Each ccabat uni t can be r r  wie  of t w o  s t a t e s :  it

is not struc k, struck, shooting is conducteu only on t he  nonattlicted

un it s  ( o b t a i n i n g  and  ac c o u n t  to i r f o r m a t i o n  a r e  i n 5 t a n t a n e ou s  as in

mode l ki.

The gra ph/count of t he  std~os of unit is sho-i n on Fig. ~~ 6.39 —

he falls into four sub yraph: k and c tnu ~ (according to the

V -
~~ 

__Jj
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n u m b e r  of types of Uni ts). As l~ t US usuall y dt sigrma te t~~ n u m bers of
states and  the average numbers of states re~~p e c t i ve ly

k ,~, Xe’, XiM, X1” , X5’, X,., X1’, X1’,
rn,~, na,*, rn,”, mi,”, fA1t , N.e. IN,,, 1s?.

rI 
V



DOC = 780687 17 PAGE

- 1

Fig .  6.38.

Page 3~~d.

• In  or der to J e t e r a m i n e  t he  i n t e n s i t i e s  o~ t l o w  of t h e  events,

w h i c h  t r a n s l a t e t h e  u n i t s  from state into sta t~~, it is nacessa r- y to

assign some rule of d i s t r i b u t i o n  of  t i re  b e t~~t -en  t h~ u n i t s  of

different types. This rule it will prescribt at eacu mon~ iit of time t

some pcrti on/fraction of the available ava ilali c combat device s each

type to direct on unit s of first type enemy, ani all ot~13rs — on

second t y p e  u n i t y .

Let u s  in t ro~ uce des igna t ion for  t he  f u n c t i o n s , w h i ~:h d e scr i b e

this distribution (let us agree tht t y ke ct t iw suoot i ni g u n i t  t o

place at lette r with the first index , and tired u~ o V — by t h e

second). Let us introd uce the designations:



V ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ j
~~~~~~

I
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u~.Al) — p o r t i o n/ f rac t i on  of t h e  n o n a f f l i c t c d  comba t u n i t s  of the 
V

• t y p e  k whose f i r e/ l i g h t  to r  t o r g u e / w o m c n t  t is ~i :ec ted  on c o m b a t
1

u n i t s  cf t h e  t y pe  c • H

— a portion/fraction of the ncna ffuicted combat units of t h e

t y p e  k whose f i r e/ l i g h t  fo r  t o r q u e / m o m en t  t is d i te c ted  n cc m ba t

u n i t s  cf t h -  t y p e  y .

it  is obvious that since at  t h e  a r y  n c m e n t  u t ~ t i m e  fire/light •

cond uc t a l l  the  ca p a b le  of t h i s  u n i t ,

Let  us a n a l o g o u s l y  d e s ign a t e

~~~~~ ~~~~~~~~ ~~~~~~~

t he  p o r t i o n/ f r a c t i o n  of t h e  n n a f f l i c te d  cou~~.a t  u n i t s  u t  t y p e s  X , c,

~ respec t ive ly  whose  f i r e/ l i g h t  t o t  t o r g u e / .n o m o n t  t is airected on

U fl 1~~ Cf t y p e s  c. k , k r e s p e c t i v e l y ,  and  let us n a m e  four  functions

ae., (1), u.~ ,(g),

~c.& (l), ~~~~~
t h e  f un c t i o n s of i i st r ih u t i c n  of f i r e .

Besides t he  f u n c t i o n s  of dis~~i ib u t i o n  u t  i t  i . ; necessary

to ass ign also the characteristics of the efficie nc y of tIi~

fire/light of different units on different target/purposes. let us

designate :
(11.1)

_ __ _ _ _ _  A



—~~~~~ —

DOC 78068717 PAGE

t h e  i n t e n s i t i e s  of f l o w  of the  sho t s  of t h e  c o r r esp o nd i ng  c o m b a t

units. Furthermore , let us des i gna t e :

— k i l l  p r o b a b i l i t y  of a c cm b a t  u n i t  of t u e  t y pe  w i t h  one

shot on i t  of c o m b a t  u n i t  of t h e  t y p e  k ,

~~~~~ f ,, fm .,; fc ..; ,,; f,~; ~~~ 
— IS analogous.

Page 3~49.

In  these d e s i g n a t i o n s  aga in  t h e  index of sh o ot i c ~y u n i t s  — to  the

:1 left , f i r e d u p o n  — to the  r i g h t .

M u l t i p l y i n g  t h e  i n t e n s i t i e s  of f l c w  of sh c ts  to t h e  ap p r o p r i a te

kill proh~ bilitias , we wil l  ob ta in  t h e  e f f i c i e n t  :ates of f i r e :

A*.c k’f e~~; ~4•,~~~)~”~~k , ;  
V

)
~.e _)

~” fx .e ~~ ,— . ‘“f ~ ,; 
(11.2) -

•

— ;~
c ~~~~~~~~~ )V~~% _;~c 

~~~~~
- 

• ~~~~~~~~~~ ~~~~~~~~~~

Mow it is possible  to f ind the  in ten s it ie s  of’ all flows of
events for the graph of Fig. 6 .39 .

Lct us det ermine ).,~h. For this , let us rind tat’ average number of

successful shots, whic h is necessary p e r  one  c cm b a t  u n i t  of  the  t y p e

k fo r  t i ne  u n i t .  In  a l l  on u n i t s  of the type k for unit of time it

core s
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s u ce e ssfu l  shots .  This  n u m b e r  mu s t  be d i v ij ~~d i n to  t h e  nu mber X~ of

t h e  c o m bat  U n i t s  I f l  s t a t e  k 1 an d  n i u l t i~~l ied uy co::c~ t ioa factor  R(X,’).

Hen e” , p a s s i n g  f r o m  f un c t i c n  R ( x )  to f u n c t i o n  ~. (x) = P (x) /x , we will

o b t a i n :

~~~~~~~~~~~~~~~~~ p(X~). (1 1 .3)

It  is a n al o gou s

“I — 
~~~~~~ 

,
~,.,,x’; ~~~~~~~~ 

A,.~ xT) p(X~). (11.4) V

r — ~~~~~~~ + ~~~~.. ~~~~ p(Xfl , (11 .5)
(1 1.6k -

These expressions are possibl~ to s i m p l i fy  s o m ew h a t  if we join

t h e  f u n c ti on s of i i st r ib u tj on  of f i r e  ~it~ t~~t 1Ci ?n t  r at os  of f i r e

a n d  to  d e s i g na t e :

Pa.~ ~e.e ke c, ~~~~~~~ ~‘e.,,
~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~

~~ir.* ~~ c.i 
e~e t., ~,.,1— c z .,1, ~~ 

(11.7)

~y h U ~.h b y~h, ~~~~~~~~~~~~~~~~~~~~

Newly introduced functions ( 1 1 .7) can  Le n am e d  t he  ~ j s t r j b u t io n

f un c t i c n s  of e f f i c i e n c y .

Pag e 350.

t a k i ng  int o account  t hese  designat ions an d  t o r m u l t s  ( 1 1 .~~) ( 11.6)  it

is pos s ib l e  to re; j s t er  d i f f er e n t i a l  e~~uat lens  for  t ~ e average

_  _ _ _ _  _ _ _ _ _ _ _ _
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n u m t 9 r s  of s tates ( e q u a t i cn  of c omb a t  d y n a m i c s )  i~ t i~c f o r m :

—(~, , m,’ 4-~, , k m1~) R (m 1~).

=

• (11.8~
=

The av e r a g e  m u i n b e r s  of r e m a i n i n g  s tat e s  ~u s ua l l y  us n o t

i n t e r e s t i ng ) can be fo und from the conditicns :
m2h =N ~_m3 *; gp~X~~~~~ K .._~~~ x ;

m2t = Nc __ mic; m?v = N P _ ~ m1~. J 
(II .~~~

Let us  note t h a t  equat ion ( 11.8)  for i n i t ia l  of t h e  sta ges of

t h e  b r e a k a g e , when  c o r r € c t i c n  fact c r s  R(m i k) ,  R( m1~) , F~(m~9. R(m~) equal to

u n i t , are  l i n e a r  e q u a t i o n s  (in t h e  g e ner a l c a s e  w i t h  v a r i a b l e

c o e f f i c i e n t s ). The s olu t i c n  of s iw i l a t  e~~u at i on i s (~~n n ac~i i n e  or by

h a n d )  d i f f i c u l t ie s  does not  represe nt .

Let us  note t h a t , u s i n g  s i m i la r  e qu a t i o n s  ~n ’ i m b e r  of

he te rogeneous  c el l/ e lem e nt s  in  w h i c h  e a E y  to in c ~~~a~~e) , it is

possible to  not o n l y  a pp r o x i m a t e l y desc r ibc  t h e  course  of c o m b a t

o p e rat i o n s  d u r i n g  the assigned fu n c t icn s  of d i~~t r in u t i on  of f i r e , but

also t o  o p t i miz e  c o n t r o l  cf b r e a k a g e , i.e. , to  t i r i u  the  most

ad v a n t ag e o u s  fo rm of these  f u n c t i on s .

In  conclus ion let us note 4 h a t  in s i i n l laL  ty pe eq u a t i o n s  i t  is
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p o ss ib l e  t o  e x a m i n e  t h e  d y n a m i c s  o f  a c i ian  ~~ ~ n u m b ~~r s  no~ o n l y

cf ot  coJ~at u n i t s , b u t  a1~~c any auxiliary (r d ~ 1dr s t j tl -) LI s , Con veying

V d e v i c e s , e t c . )  . It goes w i t h o u t  s ay i n g  t h a t  f o r  u~~i s i c h  U f l V tS i t  is

n e cL s s a LV y to se t / a s s u m e  e f f i c ie n t  r at e s  of r u e  -~ j u a l  to zero.

1~~. ~i x ’~’ 1 t ype e q u a t i o n s .

r~ntil now , we described t h e  p rocesses , t a~~in~ j~~ i V i C~~~ in ph ysical

systems , ~ ither with t h e  h e l p  of e q u a t  i cns  b r  t ~~~~~ ~n o b a b i  ] . it les of

t h e  s t a t e s  (see C h a p t e r  ~ and 5), or with t t , e  l it  i~ o~ tse equation s

of t h e  d y n a m i c s  of ave r ag e ~6ha~~ter  6) • w r e  t h e  ~ n~~n O W a  t u n c  tions

are  t h ~ a ve rage  n u m b e r s  of s ta tes.  F i rst  t y L e t u i t i o n s  m e re ap p lied

~h c n s y s te  ~ was c o m p a r a t iv e l y ~ i m p  le a n d  it ~ s t at es  — ar e

compa ra~~i v e l y  scarce. Second ty~’c equation s w t : €  V;~ - e c i a l l y  intended

fo r  desc r i D in g  the  processes, t a k i n g  plac e ifl th’~ syste.i~ , consist ing

( cf n u m e r o u s  c e l l/ e l e m e n t s ;  for  suc rn  s y s t e ms  w~ su~~cee•R d in f i n d i ng

-
~ no t  t h e  pr obabi l i t i es  of st a te s , b u k , in t h ~- f i r st  j~1a~~e, t h e  a v e r ag e

I P nu g ’b er s  of s tates.

n p rac t i ce  are encountered the SjtUdtjj~~~ in  w h i c h  it  is

n e :~~~s a r y  t o  a p p ly m i x e d  t y p ~ or e g u a t i cn .  in ~~ ose e q u a t i o n s  f i g u r e

b ,th t h e  i - r oh a b il i t i e s  of s t a t es  a n d  th ’  a v e r a q c  n u m b e r s  o f  s ta tes .

F a q e  ~51.

L _ _
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This a p p a r a t u s  is a p p l i e d , w h e n  syste m 5, in wh i c~i occurs t he

prccess, cons i s t s  of d i f fe r e n t  t y p e  c e l l/ e lem e n t s :  scarce (un ique )

and  n u m e r o u s  ( a s soc i a t i n g ) ,  moreove r  t h e  s t a te s  of each ar e

in t e r r lated .

In the similar cases for cell/elemEnts of t rie f i r s t  t y p e , i t  is

poss inle  t o  compr i se  the differential Equations , in whica unknown

functions are the probabilitie s of states; tot cell/elements of the

seccnd type — equa tion of the dynamics of avera ge , w h e r e  t h e  u n k n o w n

function s — average numbers of states. Such eguations we will call
‘p

mixed t y p e  e q u a t i o n s .  As an e x amp l e  let us c on s i der  s y s to m  ~~, whic h

consists of the large quantity N cf unifo rm instruments of (~elenients)

and cnc voltage regulator C 1 which performs the impor tant function of

the provision for a normal mode of the ~ork of all. instruments

immediately. Both the stabilizer and se~drate instruments can go out

Cf ord~ir (reject). The intensity or flow of tne nral :unctions of

stabilizer depends from the number  2C of tn~ ~o rk in g  i n s t r u m e n t s:

(12.1)

The left the system Stabilizer immediately begins to be

c v e L h a ul e d ; the m e a n  t i m e  of t h e  r e p a i r  of  st a~. il i zer  d e p e n d s  on

numb er simul taneously with it the located in r e p a i r  i n s t r u m e n t s  y ;

(12.2)

- — V
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The intensity of flow of the malfuncticns of each instrument

with wor king stabilizer is e q u a l  to  l~ . w i t h  n c n w o r k i n .~ — 
~~

. The

r e fu s e e  instrument immediately begins tc be o v o l V h a u l e d ;  the mean time

of t h e  : epai r  of i n s t r u me n t  depends  on t h a t , is o v e rh a u l e d  s t ab i l i ze r

a n d  how m an y instruments are overhauled simultaneously. with the not

cverhaule .l stabili zer t h i s  t i ne  Is equ a l  t c  f ~(~’). wit h that overhauled

— ~~~~ where y — number of simultaneously o v e r h a u l e d  instruments , a

F., F .  — some functions.

I t  is required to describe the prccess, w h i c r n  takes place in

sy st e m , w i t h  t h e  he l p of m i x e d  t y pe  e q u at i cn s , in w h i c h  u n k n o w n

fur .c’icns they will be:

— p r o b a b i l i t y  of s t a te s  ( f o r  a st at i l i~ er )

— average  nu m bers of s ta tes  ( f o r  i n s t r um e n t s ) .

The  methodology Of the Compos ition ~ f 5uch C i~~d t L O L i 5 differs

f r o m  a l r ea d y k n o w n  to us t h €  m e t h o d o l o g y  o f  t h e  co mp o s it i o n  of the

e q u a t i o ns  of t h e  d y n a m i c s  of a v e r a g e , i n  f a c t , ye l l  t h e  r o m p o s i t i on

of equations for the average n u m b e r s  of  s tat e s  we t h e y  used t he

princip le of quasi—regularity, b e i n g  base d on wha t the  v a l u e s  of

r a n d o m  v a r i a b l e  X, — t h e  n u m b e r  ot  i s t a t e  w e r e  close t~ t h e i r

a ver a gt  v a l u e  m~, t h e y  a re  g r o up e d  around tnis average value. when ,

L -
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in t h e  s y s tem , “u n i q u e ” ce l l/ e l emen t  is pr~~~en t , a l r e a u y  t h e r e  are no

f o u n d a t i o n s  fo r  c o n s i d e r i n g  t h a t  t h i s  t h u s .  i n  t h i s  case) t y p i ca l  wi l l

be an o t h e r  situation , w h e n  the distribution of the numoers of states

of auxiliary cell/element takes the tu c—p eta~ L c r m  as , f o r  e x a m p l e ,

s h c w n  cn F i g .  * 6.40 .

P age 3 52 .

A l o n g  t h e  ax i s  of abscissa are p l ot / U e p o s it ~~d ~ he n u m b e r s  of some

state of auxiliary element, while a l on g  t he  a x i s  of o r d i na t e s, — t he

corr es~oniinq probabilities. I t  concrete/ sp~~c it i c,/ ac t u a 1 ly  speech

occurs about number X 1 of wcrki ng cell~ € lements , then is t h e  r i g h t

g r o ut ’  of t h e  va lue  (see Fig. 6.40) i t  ccrres~~onds  to ~~~ operation of

s y s t e m  in exac t stabilizer , a n d  l e f t  — w i t L ~ d ef e ct i v e  ( i t  goes

w i t h o u t s a y ing  that c o n s i d e r i n g  t h a t  t h e  w o r k  cf  st a b i l i z e r  it is
V 

favorable for instruments). I f  d i s t r i b u t i o n  is sucn , as in F ig .  6 .40 ,

t h .~ r: r a n d o m  va r iab le  w i l l  be s o m e t i m e s  close t o  t~~e average value of

l e f t  gr o u p ,  somet imes  — to t h e  a v e r a g e  of r i g h t  g r o u p ,  b u t  v i r t ua l l y

ne ve r it will be :lose to the  “ fu 1l/ t o ta l/ c c m p l~~t e ” a v e r a g e  v a l u e  of

r a n d o m  v a r ia b l e  Which lie/rests somewh ere between bot h groups. In

such cases the princi p le of quasi—regularit y is inapplicable.

Let  u s  look,  ~t is not possible with a n y t h i n g  to replace this

pr i nci~~le in order to n e v e r t h e l e ss  s o l v e  s t a t e d  pr ob lem ? I t  t u r n s  out
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t h a t  it is possible r e a l l y  t h e n  t h a t  we s u f L i c i E n t l y  i n d e f i n i t e l y

c a l led  t h e  “averag e value cf one  g r o u p ” ~in  th ~ ca se ,  w h en

d i s t r i v u t i o n  is gr oupe d in two places cn s~~~nent ~row 0 t~ N) — this

n o t h i n g  else b u t  t h e  c o n d i t i o n a l  m a t h e m a t  icu l  ~xp e c t a t i o n  of r a n d o m

H v a r i a b l e  X 1 w h e n  t h e  st ab i l iz e L w o r k s  — f o r  one  g r o u p ,  or when  the

s t a b i l i z e r  doe s n o t  w o r k  — f o r  a n o t h e r.

Recal l  w h a t  c o n d it i o n a l  m a t h e m a t i c a l  ex~~cct a t ion is. The u s u al

m a t h e m a t i c a l  expectation of random variable X 1 (u a c on d i t i o n a l )  is

d e f i n e d  as sum

MLX 1J~~~~ kp~, (12.3)

where p
~ 

— p r o b a b i l i t y  t h a t  random variable X 1, will take value of

p~ — P(X, —k), (k —0, 1,..., N). (12.4)

\ a k i n g  i n t o  accoun t  (12.4) f o r m u l a  ( 1~ . 3) c~~ he L C W L  i t t e ri  in

the form:

M(X 11— ~~
‘ h.P(X,—k). (12.5)

V -

Let us  examine now a n y  r a n d om  ev e n t  C ( in  ap p l i ca t i o n  t o  our

ca~ c 
— event , whic h consist s of t h e  fact tha t the stabilizer works.

Let  us l et e rm i ne  ;o n d i t ion a l l y the m athEm at ica l e xp e ct a t i on  of random

v a r i i h l . ’ x a unde r  t h e  c c n d i t i c r  of ev~ nt C , a f t e r  r e p l a c in g  in

f o r m u l a  ( 12. 5) of probability — by cond~. t i cz4a . l  p r o bab i l i t i e s :

MIX i/C~ iui~~ k P ( X ~~~k/ C), (12.6)
a—,
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w~I e r t ?  P ( ~~1 = k/C) — co n di~~icn~ 1 p r c b ab i  lj t y  t h a t  t~;e r a n 3 o m  v a l u e  X 1

wi ll tai~e va lue of k, when O C C Ur S  event C.

r
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P a g e  353.

Analogousl y will be written deter . ina~~xon , alsO, for conditiona l

-~~ mat h .’inat ical expectations M1X 1/CJ, MI X ./ CJ, MI X ,J~J (random v a r i a b l e  X 2 —

n u m b ~~r of in s t r u m~ n t s of st at e of r e p a ir .  — e v e n t , w h i c a  cons i s t s  j
of t h ~ f a c t  t h a t  t h e  s t a b i l i z e r  is o v e r h a u l t  1) .

We convert formula (12.6) t o  a n o t h e r  Loum . F U L V  this, we will use

e x p r e s s i o n  for  the c o n d i t i o r a l  ~‘r o i i ab i 1i t y  u~ a n y  e v e n t  A when  even t

C cccur s:

p2.7)

then fo rmula  (12 .6)  wi l l  take the form:

M [ X 1/ Cj — ~~~k~~~~~~~~~ ~~~
J
~. ckP (C, X = k). (128)

~iere P(C, X 1 = k) indicates proba iility that occur both events :

a n d  C, and X 1 = k (i.e. stabilize r work s an u  r a n 1 - J LD vari able X 1 took

va lue ct k).

In order to sim pliry expression (12.8) let us i n tr , J u c e  new

random variable :
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(X.~ if occurs event C ,

x1c _

(_
~
. if ~v~ nt c it does net occur.

~ it h t h e  hel p of th is  r a n d o m  v a r i a b l e  X1~ 
c on d i t i o na l

m a t h em at i ca l  e x p e c t a t i o n  MLX a/C) will be r e - i 1 st ~~re~ in tne tollowiny

ma i~ n c r :

M (X ) /C1 =~4~E~
M (x a9. (12.9)

It is real/actual , for k~~~ 0

P (X1’ — — P (C, X~ ~

t h e i ~~f o r t -  t& ~e m a t m e m at i c a l  e x p e c t a t i on  of r u n d o i ~ v a r i ab l e  X~ w i l l  be

r eg i s t e red  as - - 

H
M (X

~i~~~~~
kt ’( C.  X 1 k)

a-’

or , t a k i n g  i n t o  account  t h a t  t h e  m e m o e r  O~ sU~~, ~hj  C Or r e sp o n d s to k

0, is equa l to zero ,
N

M 1X 11 ~ *•P (C, X 1 “k) .

P ay ’~ 3 54.

It is analogous , i n t r o d u c i ng  i n t o  e x a ø i ~.n a t  ion  r a n d o m  v a r iab l e s

I.
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~ 
0, If event C It occurs ,x1 

~X1, if event C i t  does n o t  occur (i.e. ft occurs

if event C occurs ,

x~=~ if even t C it does n o t  occur .

( Q if event C occurs ,

~~c. -

if e v e n t  C it does n o t  occur ,

we obtain:

M [x1i~J —— .~~ M [X11], (12.1O~

M (X I 1CI I.I~~~~ . M E X .’1. (12. 1 1)

M [x,iCJ _ _j~M Ex.9. (12.12)

Let us  note tha t  for  any mom ent  of t i m e  t
X1C + — X + • — 

2(1 .13)

Now let us pa ss to the derivation of difterenti al eluations for

describing the process, which takes place in our ;ystem . Ln this

case, we will proc eed from the tact that the numbers of states in the

case when stabilizer works, are app roxi ma teh , y equa l to tae

c o n d i t i o n a l m a t h em a t i c a l  expec ta t ions of these numbers when occurs
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event C; but when it it does not wor k — t o  th ~ c o . re s p o nd i n g

conditiona l mathematical expectations when occurs event

First of all, let us describe our syst~ m wit h the neip of gra ph.

Irh i s  g r a p h/ c o u n t  ( F i g .  (6.141) will appear somewh at dift~ ren t ly in

ccniparison with the usual case. He falls i n t o  t w o  sUL ~gr ap h .  F i rs t  : -

(upper )  — this of the ~ubgraphs of the states ct the s tab i l i z e r which

can be in  one of the two states:

f
C — works ,

— doe s not work (it is overhauled) .

As far as instrument is concerned , for it vt 1~ considered

to be locat€d in one of the four states:

fl;t — instrument works with working st ub i l i z o t ,

11/ - an inst r um en t  does not work  (it i~ cverhauled) with

w o r k i n g  stabilizer ,

fl~~ — an instrument works wit h the incp erative stabilizer ,

l~

43 
fl,~ — an inst rument is overhauled wit h the inoperative

Stab il i zer

— —  V V 4
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i~i~—:: wi~
1]
~

1~L ~
‘1,c.,c

*~~~~II?~ ~~~~~ ~~~~ ~~iii~~~~~

*zCt~’[nil; i~’1
Fig. 6 . 1 4 1 .

• Page 3 .

t h ~ state of sta~ iiizer at torgue,mom~ i.t t i.; characteriz ed by

cne of tro m existences C = C (t), C = ~~( t )  (until now , we tot

brevity always lower~ d t ) .  Cf t i i e  p r o b a  h i  it i~- .~
; t t he s e  e v en t s  let

us d e s i g n a t e  p ( t )  and  ~~( t )  = 1 — p ( t )  . As i~ c v i i  a n t , these are the

alnady known to us probaLiliti~-s of th&~ s t o t c ~~ ot  stanil izer~

Ot the numbers of states fl~, flee, fl~, 11~ we alre ady

introduced into the exam ination : t h i s  X,’~~ A 1 ( t), X~c _ X 11(t), X~~—~~ ’(t),

X~— Xj (t).

Corresponding mathematic a l ex [-octaticns i tt  us de s ij n a t e:

‘I .-

I
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m1’ (t) —M (Xi’ (t)L

m~ (1) ~ M [X1(r~] ,  (12.14)

m~ (I) — M (X, (01. 
V

It is ob vious, for any moment of t i me t

(12.15)

Let us determine the intensities of flow cE ev e nt s  f o r  the  graph

of Fig. 6.141. First of all , accordin g tc condition; —

(12.16)
I I • -

. ~12.1i;
W j c $(X )

Further , instrument passes from state fla’ in TV or from state

1~ into fl, not b~ itself, but onl y tcyether an d  it is simultaneous

w i t h  the stabilizer ( w h e n  tbat  goes out ot order) ; therefore

(12.18)

It is anal ogous. 
V

(12.19~

As concerns the transitions of instrumcat from fl1 , fl1~ in 11~
e, flj

and vice versa (on vertical arrow/pointers) , it is not difficult
to establish/install the appropria te i n te nsi t i e s :

~~~~~~~~~~ ~~~~~~~~~~~ (12.20)

I,(X,) • (12.21)

—— 
I (12.22)

~~~“ f_ (X)
* 

C

IA V -
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Page 356.

Ncw , accordin g to our ~Od j t~ catjC~ of t n t -  ~~~in c i ple  of

qua ~ i— r c y u l a r i t v , d u r i n g  t h e  c omp o s i t i c n  of d i i r ~ r * - n t i a l  -~q u a t i o n s we

m u s t  rep lace X 1, 12 by t h e i r  c o n d i t i on a l  m a t L c i r a t i c a l  ex p e c tat i o n s ;

n a m e l y ,  w h e r e  occurs  speech about  t r an s i t i o;~s I:~~,u t u e  l ef t  side of

t h e  •j r ap h/ c ou nt  ( i n t o  l e f t  cr i n t o  r i g h t )  — L . j  c un i i t i on a l

¶ mathematical expectations w~en t h e  s t aL i li z er  is exac t  ( c o n d i t i o n  C)

m d  where the  transitions are accomj~lishe d t r 0 a  r i gh t  s ide  — u n d e r

conuition C. This means that in formulas (1~ . 1t ~) ,  ( 1 2 . 1 8 ) , ( 1 2 . 2 1 )  we

will r€~ lace

X 1 J M(X 1ICI, X 1 fh~ M1X ,IcI.

a in tormulas (12. 17), (12.19) , (12.,22)

X 1 f M [ X 1/?2~,.X, ~~
“M I X ,I~1.

— 
~ ince formulas (12.20) do not  c on t a i n  

~~~~~
, X~ , t h e n  in  t h e n

n o t h i ng  to s u b s t i t u t e  not  is n e c e s s a r y .

Using formulas (12.9)—(12. 12) , we f i n d  t h ~ c o n d i t i on a l

m a t h ~~iuat i ca l  e x p e c t a t i o n s :

M J X 1/C j =—!_ m1- ( t) ,

M (X ,/C 1

MIXi/?1.-~.— n,,(t), 
(l2.23~

M 1X./7~ -~~~~_. m,’ (t).
p (t)

~~~~

•-

4

LA - - - — —--—-
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Thus , we can finally write out mi xcu t~ jc diiierentia,l

eq u at i o n s , wh i c h  a p p r o x i m a t e l y descr ibe  o ur  s y ’ t ~ .n ( a r g u m e n t  t for

b r e v i t y  let us lower)  :

I
— .m(~~im~~\ 

(sn \

—, (~~) .m.c _
, (

~~
)
.m.~ +

I (12.24)

I 
_

dl 
(
~~c)

m2 ,  -

I
~~dl (m~~\ ~~

~7 p

Pa ge 357.

L e t  us  note  t h a t  f r o m  th i s  s y s t e m  of ~-~ u a t  ions it rs possible to

- ~~~~ - ~~~~~--~~ . V —~~~ - - -
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e x c l u d e  t w o  e cu a t i o ns :  one of first twc , u s i n g  coiuiit  ion ~ + p = 1,

a n d  o n e  — o f su b s e q u e n t  f o u r , u s i n g  r e 1at i ch s h i ~ / : at io  ( 1 2 . 1 5 ) .

T h ’~~e ~ g u a t i o ns  can  be s o l v e d  u n d e r  a i 1 i n i ti a l  conditions; for

e x a m p l e , i f  in tha beginning stabilizer and all instruments work:

1 0  P 11 ~—O$ m1t _N;

- 
ma c _m, ._ m?_0.

It to us it is important to study, let us say, how rapidl y

systen leaves the “block” , creited by z a n d c i o  b r e a K d o w n  of t h e

considerable numbe r of instruments (L) a n d  bt a~~ili- er , initial

conditions must be selected by others:

1—0; p—O; p—i; ,n,C 0  nz,f— 0;
,n~~—N--- L m, —L.

13. Some refinements of t h e  m e t h o d  of t h e  d~~n a u . i c~ of av~~r age .

U n t i l  now , examini n g the eguaticn~ of ti-~ •]-~~ m mj c s  j f  aver age ,

we e v e r y w h e r e  used the  p r i n c i p l e  ot  y u a s i — r t - ~j u l u r i t y .  R er a l l  t h a t  of

w h a t  cons i s t s  th i s  p r i n c i p le .  It  t h e  i n t e ns it i e s  ~~ f l o w  of  t h e

e v e n t s , t r a n s l a t i n g  t h e  e lem e n t s  cr  sy s t e m  u : cne state into another ,

in . a sp e ci f i c  m a n n e r  d e p e n d e d  on t h e  n u m b e r s  o t  st a te s , w e

substituted in the expressions of t h e s e  de~~en~h’nces n u m b e r s

t h em s e l v e s  ( r a n d o m ) by  t h e i r  a v e r - a g e  v a l u e s  — u~a tn e na ti c a l

ex p e c t a t i o n s .

P age ~58.
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T h e  sa me , a l t h o ug h som e w h a t  a comp l i c a t e d  t on I , w ‘ ma de  in mixed type

— e gu a t ion s  su b s t i t u t in ’i  t h e  a r g u m e n t s  c r  w h i c h  d s~’p ~~ 1ed the

i n t e n s i t i e s , b y  c o n d i t i o n a l  m a t h ’~m a t i c a l  e~~~ect a t io n s .  In  t h i s  case,

t h ~ a c c ur a c y  a n d  t h e  a c c e p tab i l i t y  cf t h e  V C L y  I U L f l c i p l e  ~~f

q u a s i — r e ’j u l a r i t y  b y  us was not cO n si d e red .

I n  ~~ t u a l i t y  p r i nc ip l e  it s elf  r ep r e sen t s  b y i ts el f  r e r t a i n

a s s u m p t i on , and w i t h  t h e  use  i y i t  we una  v c i d a b l y  a l l o w/ - i s sum e  som e

er r or s .  We already mentione d about t h e  fac t .  t h i t  t hese er r o r s  are

comp a r at iv e l y s m a l l  fV or t h e  cases  w h e n  t h e  n u m l e i  of cell/elements in

• system is g r e a t , a n d  a re  n o t  a l so  s m a l l  t h e  a v . ’r - ~ j e  n u m n e r s  o f those

states oi. which depen d the intensitie s. In  t h i s  ~~t r a y r a p n  we w i l l

touch a tluestion concerning t h e  e r r o r s  i n h e r e n t  i n  the m ethod of the

d y n a m i cs of av e r a ~~e , conn ec t ed  w i t h  t h e  p r in c i p le ci q u a s i — r e g u l a r i t y

a n d  w i l l  i n t r o d u c?  i n t o  the  e~1u a t i o n s  oI  th.-~ t y r i ~iics  of a v e rage  some

refinem ent s which will allow , in the f i r s t  a j  [ c x i m a t  i on , to

ev a l u a te t h e  order  of tVh CSC er r o r s .

F o r simplicity we w i l l  consider  t h €  case w h e n a cell/element

~ have a total ot two state: 4, and 
~~~ 

and fuom n u i n b ’ r  X 1 of

s~~a• .’ # , de pe nd s on l y one intensity 
~~~ 

but  i n t e n si t y  ~~~ IS

- ~~m. • ’ i n  : c~ nst . The graph/count cr tn. V V st at es  of ~ell /eleme n t
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• $ is given in Fig.  0 6 .42 .

For f u t u r e  r e f e r e n c e  to us i t  is c on v en i e n t  it w i l l  be to 
—

i nt r o d ice special des i~jnaticn ~11(X1) Icr  tn c  t ct a l  i n te n s i t y  of f l ow

cf the events, which translate the elements of sy s t e m  f r o m  s t a t e  ~i
into !,. a the intensity X 12  or t he  f l c w , ~1~i ch  t un c t i o n s  on one

cel l/ e l~~me nt , to express by this total intensity:

~~~~ A 1~~X 1) (13.1)

It turns out that for the average num~ ers c~ (t), m 2(t) states

~~ !~ it is possible to deduce , w i th cu t  u~r 1r ~~ t i ~~ p r i n c i p l e  of

Iu a s i— r e ;u lar i t y , t h e  c cmp l e te ly  precise d ir 1 e re n~~ia l  e~j a at i on s ,

-
~~ wh ich e x p r e s s  t~ e d e r i v a t i v e s  dm 1/ dt , da 2,’dt t h ro u~jh  t h e  mathematica l

A,2(X1). A -
ex~. ectatio n of r andom var iabl e,A n a m e l y :

~~~~ —M~A12 (X 1) ) +~~~m1 (13.2) 
-

( e q u a t i o n  f or m 2 we do not write out, SJ n c E  in th i s  case ,
~ni~ d ( N — m ,) dm1
di dl dl

L
us show how is d er i v e/ c on c l ud e d  e~~u a t 1 c n  ( 1 3 .2 ) .  For t h i s ,

let us cons ider  t h e  g r a ph / c c u n t  of t h e  s t a te s  nc  l o n — j e r  of one

s e p a r a t e  cell/elemen t, but cysteas as a w h c i e  ( F i j .  u . 4 3 )  . The states

cI s y s tem  S,, S,, S,, ..., SN let us la t~eI cor r e s p o r d in y l y t o  n u m b e r X~ of

ce l l/ e len i~~n t s , w h i c h  are f o u n d  in  s t a te  ~~~~~

1k - - - - _ _ _  - 
_~4
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Page i5~.

W i t h  t h e  larg e n u m b e r  of cel l/ele~~ent s  N , t h e  n u m b e r  of s t a t es

is e x tr e m e l y g rea t , a n d  composition and the SOi Ut iOfl ot t h e  sys tem of

djtrerentjal equations for the probabilities of t t i c  st at es  of system

diffic ultl y; for this very reason turn we te the method ~f the

dy n a m i c s  of avera e. A l l  t he  same  ~e w i l l  r e~j i~~ter  t n e  e~~u a t i o n s  of

I c o l m e g o r -ov for the protabilitie s ot the states o~ system 
~~ (since we

a r e  n c t  ga t he r ed  t o  so lve  t h e m , t h e  n u m b e r  o t  e q u a t ions to us  i t  is

u n i m ~ - o r t an t )  . Syst em of eg u a t i o n s  t a k e s  the  b ill :

~~ uui NXs,p~+A is(I)pi;

di 13.3)
+(N—k+ 1) A1, p~

_ , +A 11 (k- t -  I .~P~-e- ’

dp i.
—~~ —A , 1( N) p ~ +‘iI PN_ I,

where p~(I) ~ P(X , ~~k) p r o b a b i l i t y  t h a t  at  t o r q u e / m o m e n t  t t h e

syste m will be abl e 
~

1 (k = 0 , 1, 2 , .. ., N ) .

I_ 1
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L~~t us  note th a t  t he  f i r s t  a n u  latter ut equation (13. 3) can be

i edu c e d  to t h e  gen e ra l  v i e w , i n  w h i c h  is r e~~i st er ed  —~~~, if  we

n a t u ra l ly  assu me

A 11(O)— O; p_ 1 ~~PN+l ~~O. (13.4)

We know that the mathematic a l expectation of d i s c ret e  r a n d o m

v a r iab l e  X , ( t )  poss ib le  v a l u e s  of w h i c h  — int~~q e ~~:; f r o m  J to N , is

expressed by the formula:

m, (1) M IX1 (t)) ~~, k P* (1) . (13.5)

Therefore derivative ot this ~nathEma tjLdl Lx~ ,u c r a tj o a  we w i l l

ob t a i n , a f ter  m u l t i pl y i n g  t h e  k e q u a t i c n  ü t  s~~~ t e m  (13.3) by k it

~uwmed u p from 0 t o  N:

N N

— ~ k( N—k) ~~~pk —- ~ k~t11(k) p~-f.
dl k—C
N N

+ ~ k ( N — k + 1) ~~~p~.+ ~ kA ,$ (k + 1)p k +,.  ( 13.t4)
1—0

-
$

_ _  IA
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The f ir s t  t w~ sums of t h i s  ex pressio n w i l l  leave as t h e y  there

is, a n d  the  t h i r d  and f o ur t h  we c o n v e r t.  Let  us  cons ide r  t h e  t h i r d

sum. T a k i n g  in to  a ccount  t h a t  in t h i s  su m the term , which corresponds

to  k = 0, is con verted into zero, we have :
N A’

~ k ( N - . k + 1 ) A ,j p1....1~~ ~ k ( N — k + L) A ~ po_ . (13.7~1—0 k—I

Let us  f u r t h e r  c ha n ge  the  in d € z  ot a d d j t j o n ,  d ft e r  placing k— i =

N N—I

~ k (N— k +I )~~ pe_ 1~~ ~ ( i + 1 ) (N — i) ~~,p ,~~I—I

—~~~~
(
~+ 1)(N— i) )11p,. (13.8)

L a s t/ l a t t e r  e q u a l i t y  is c crr ect , Ej n C C  w j t h  i N z .. tctor (not )

is con ver ted i n to  zero. F i n a l l y ,  b e i n g  r e t u r n e d  t °  d e s i g n a t i o n  k fo r

the index of the addition (recall that the sum does not d e p e n d  on by

which letter to d e s i g n a t e  t h i s  i n d e x ) , we w i l l  cOt a in  exp re s s ion  fo r

t h e  t h i r d  s u m :
I!

N N

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (13.9)
k—U k—k

----- --- - -

~

- - -

~

- - -~~-~~__~- - -_____
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4e analogously convert fourth sum; t a k i n ~j i nt o  ac c o u n t  t h a t

PN+ I A,,(O) — 0 . we h a ye:

~~ kA3, (k + 1) Pe-s- I ~ J ~~~~ 
(k + I) P1+ If r — I

N i.
— ~ (i— 1) A ,, (I)  p , ~~~ (I — 1) A1, (1) p~ —i_ I

N
— ~ (k—I)A ,,(k)p1. (13.10)k-I

Let  us  su b s t i t u t e  ex pr e s s i o n s  ( 13 .q) and  (13.10) into f o r m u l a

(13.6)

N 
-

T~T ~~~~~, k (N_ k) i.,I pfr +~~~M11(k) p1+

+ 1~ 0 (k+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

—A, Y~0
(N_k) pk _

~~~A~ (k) p1. (13 .11)

~1er e the first sun — nothing else but MlX,11 i.e. ,  m 2 ,  b u t  the

second — t h i s  MIA ,,(X 1)1. Th us , we d~~d uceJ  av er age  number m 1 of State ~~

Page 361.

Howev er , t h is e q U a t i o n  it .  i t~ pr ecise  L o i n -  I J L  115 j~ completely

useless. The fact is that in its ri ght side entet only unknown

fu~ rt ions m 1 a n d  i~~ , but also m a t h e m a t i ca l q~~ c a t i on  MM11(X,)i. But  in

c rd er  to  k n o w  t h i s ma the~ atica 1 e x i - e c t a t i or , we ;u ou ld  k n o w  the large
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n u m b e r  (N) of probabilities p1(O (k l....,N ).of c ou r s~~, i t  is possible in

p r i n c ip l e  to find them , solving system (13.3) ; tat we for  t h a t  we

— apply the method 3f t h e  d y n am i c s  of a v e r a q € , in o r- i cr  t o  avo id  the

solution of the large number of equaticns ±or t hu  p r o b a b i l i t i e s  of

the  s ta tes  of sys tem .

Arise s the -luestion concerning how to Lind -ipproxi inately

m a t h e m a t i c a l  ex p e c t a t i o n  M (A 11(x ,)j , w i t h o ’~t k r c w i n g  tho

p r o b a b i l i t i es of t h e  s tates of sy s tem 
~~ (~ 

= 1 , 2, ... , N ) .

One Of the mathod s, which i~ak€ it poss ibl e  t f i n d  a p p r o x i m a t e

value MIA ,,(X ,)1 — this is the princi ile ci quasi—regu Lirity whic h

we, until now , used. It consists actually or t h c  fa c t  t~ut we

ap proximately replace tbe mathema t ical expectatio n of function from

random variable with the sane fu n c t i o n  f r o m  m a t h e m a t i c a l  e x p e c ta t i o n ,

i.e., we set/assume:

M A1, (X,)I ~ A,, (M IX,I) — A,, (m,).
(13.12)

After this precise equaticn (13.2) is conv~~rte d i n t  t h e

approximat e equation

— A,, (m1)+)~,~m,,

or , if we use intensity in recalculatici~ to O n e’ c~ il/eleiant :

-

~~~~~~~~~~~~~
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Thus, error ~.uring the application,u s~ of  p r i n c i p le of

q u a s i— r e g u l a r i t y  - t h e  same as e r r c r  fi c lu  t h e  L e p l a c e m en t  of t h e

mathematical expectation of f u n c t i o n  by t h e  saoi~ fu n c t i o n  f r o m

m a t h e m a t i c a l  expec t a t i on .

R e l a t i ve  to  t h e  e r r o r ,  w h i c h  a~~pea rs d U L - !0 g  t h is  r e p l a c e m en t , it

is possibl e to express  t o l l c w in -j  ov e r a l l  c on s i d er .j t ion s. this error

j  is small , if funct ion A,,(r) is a l m cs t  l in e a r  in t h e  r anj e  of the  4 -

-
~ virtually possibi. values of random variable X 1. l~. in tais range 

—

f u n c t i o n  ~~~~ str ong ly d iffers Iron t h e  i in e .~r , er r o r  c an b e

I cons iderable. If func t icn A,,(x) is ccrvex urwa rd , as tnis is

t yp ica l f o r  the t asks  o~ t h e  d y n am i c s  of  av ~~ra~~e (Fig .  o. i~4 ) ,  t hen

-
~ t h e  e r ror  f r o m  the  a p p l i c a ti o n/u s e  of f o r m u l a  ( 1 3 . 1 2 )  w i l l  be a l w a y s

to lirge side, i.e.,

A,, (‘n,)> M JA,,(X,)J.

- For t h e  fu nct ion A,,(x~, conv ex downw ard , ~~~ e rr o r , on t h e  c o n t r a r y ,

- will be to smaller side. H o w e v e r , th ~~s€ c o n s i dE r a t i o n s  do not  make  i t

possi b le t o  cons ider  t h e  v a l u e  of e r r o r .

- -



T~~T~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ -z~
- ------

DCC = 7806 8718 P A G E

1

F ig .  6. &$~~.

Page  3o2.

So that at least it is rough to Ccnsider the error in

approximatioa for m u l a  (13. 12) , it Is pcssihle  tc  use th :?  f o l l o w i n g

m e t h o d . ~e know that i f  t h~ i n ten s i t i e s  of i l o w  oi. t t~e events, which

t r a n s l a t e  ce l l/ e lement s f r c m  s t a t e  i n tc  s tat e , do no t  d~~~end  on ve ry

n u m b e r s  of s tates ( i .e . c e l l/ e l eme n t s pa s s L t o~ state into the state

i n d e p e n d e n t  f r o m  each o t h e r ) ,  t h e n  t h e  r u m b e r s  c~ ~.t~~tes w i l l  be

d i st r i b u te d  according to t h e  b i n o m i a l  l a w  (SCt Si) . In pa r t i c u lar ,

t h e  r~( 1mher of stat e ~~ , w i l l  be d i s t r ib u t e d  a c c o rd i ng  to  b i n o m i a l  law

wi th the ma thematical expec tation n , a n d  r o o t — I r e a n — s - 1u a ~~e deviation

oi .. j /m1(i _
~~ ) where N — t o t a l  n u m ber of  c e l l/ c  lcin .~n 4 s in s y s t e m .  We

k~~cv a l so  (see 2) t h a t  i f  t h e  i n te ns i t i e s  ot  f l - .~~ or events depend

on t h e  n u m b e r s  of s t a tes , t h e n  t h is , g e n e r a l l y s~~~a K i n g ,  n o t  t h e n .

H o w e v e r , for •he roughly approximate account t c  t n e  chance  of

argument x , in tunctio n A,,(X,) let us  a s sum e  t II - L t  an . i  in t h i s  case 
- - .

- -
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t h e  law of t h e  d i s t r i b u t i c n  of t he  n u m b e r  cr s ta t . w i l l  oc b i n o m i a l,

with the mathesatical expectation m , a n d  r c o t — m e a n — s q u a r e  d e v i a t i o n

a, J/m,(z _
~.) T h i s , of course , w i l l  te inaccurate , but all the same

it is much more precise t h a n  i t  is s i mp l e  to Set/assume n u m b e r  X , not

r a n d o m  and equal to its mathem atical expectaticn ithat ~e actually

m a k e , usin g the pr inciple cf quasi—re gularity)

-
- Let us register this probability d i s t r i b u t i o n .  Pr o b ib i lj t y  t h a t

the n u m b e r  of state ~ will  be e q u a l  k , is ex~~r’-~ssed bi t h e  k n o w n

f o r m u l a :

PH c1 \b 
— 

—A
• (13.13)

T hus ( i f  we c o n s i d e r  tha t X 1 has the  b i n o m i a l c Ij S tLj b U t j O f l )

M[A11(X,)J it will be expressed by the fcr~u l a~

MIA ,,(X,JI — ~~ A,,(k) ~~ (m~) * (i 
~ j )N_1 (13.14)

Wi th t h e  large n u m b e r  of c e l l,e l eacnt s  or c a l cu l a t ion  on f o r m u l a

( 13. 1L & ) a r e  v e r y  b u l k y ;  in order  t o  a v o i d  t i~is , ~t is pos’~ible  to use

the maximum properties of binomial distribution w i t h  t h e  l a r g e  n u m b e r

of experiments. It is k n o w n  t h a t  t h e  b i r o m i ~~l d i st r i b u t i o n  w i t h  t h e

large number of experiments N under some c cn d i t  ions a p pr o a c h e s

no rmal , and in others — the  Pcisson di~~t r ib u t i o u  (see f o r  e x a m p l e

[7)). The first case will occur when the proDa~~ilLt y of event in each

e x p e r i m e n t  is not too s m a l i  a n d  too g r e a t : t h i s , can be judged by the

-I

- - ~~~~~~~~~~~~~~~~~~ ~~~~~~~ - 
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f a c t  t~’at  en t i r e  i nt e r v al  m, ± 3 a , is placed on section (0 , N) , i.e.,

nz,—3o,> O; m1+3a , <N. (13.15)

Page 3€).

If bo th these con di t ions are  s a t i s t i e d, t h e n  the average value

or  intensity M~A,,(X,)1 car be c o m p u t e d , a p p r o x i m a t e l y  substituting

disc re te r a n d o m  v a r i a b l e  X , c o n t i n u o u s , d i s t r i k u t e d  a c c o rd i n g  to

n o r m a l  l aw , and s u m  (13 .1 14 )  — b y t h e  i n t e g r a l :

M ~~~, 
(x1f l — ~ A,, (x)/ (A) dx, (13.16)

0
w h er e

f (x) — e ~~~ (13.17)

C o n d i t i o n  (13 .15)  w i t h  la rge  N ca n  n o t  1e iIn ~) l e me n t e d  i~ t w o

cases.

1. When average number N 1 o~ cell,elenents i~ st ate  ~ is too

sma l l  in com paris3 n w i t h  N ;  t h en

ai~ _ mi ( l  
~~~~~~~~~~ 

(13.18)

i. e. -l i s p e rsi o n  of v a l u e  x 1 is a p p r o x i m a t e l y  .~~ u a l  to its
4.

m a t h e m at i cal  e x pe c ta t i o n ,  an d  t h is  — s i y n / c L i t ~ ’r io n  o~ t ac t  t h a t

binomial distribution is clcse to Poisscn. 

------- _ _ _
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2. When average number m 1 ot c e l l/ e l em e n t s  in  state I,, on the

contrary, is close to N and , w h i c h  m e a n s , t i~at according to Poisson

law is distributed not X 1, but i ts  a d d i t i o n  to  N , i.e., r a n d om va lu e

= N—X , 1 _

FCCTNOTE ~ • V our case 11 = X 2, h u t  if the  n u m b e r  ot states is

g r ea te r t h a n  two ,, this will be no longer t h e n ; tn ~~L e t or e  we will

re tain for random variable a N— X 1 se p a r a t e  d e s ig n a t i o n  1,.

EN DF CO ‘I NOTE.

L~t u~ show as to comput e  approximately value MIA,,(X,~1 in

both cases.

1. Z~andom variabl e X , is distribut ed according to tt~e jaw of

Poisso n w i t h  m a t h e m a t i c a l  expectat io n •~. T h o  n- a t ~~~ n t t i c a l

ex~ ectation of its function A,,(X,) is e q u ai

N
M jA,, (X 1)1 — ~~ A1, (k) p1. (13.19)

where

4’ For calculations according to formula (13.19) ~:-tn be U Sed the

- —
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tables ef the Poisson di stributi on (delay s i r o i r  tables Jive s , for

e x a m p le , i n  a p p e n d i x , t ab l e  2 ) .

2.  The r a n d o m  v a l ue  Y 1 = N— x 1 is dis trib u~ €d according to the

l a w  ci Poisson w i t h  t h e  utathema~ ical expectaticti s—n ,. The

m a t h e m a t i c a l  expe~~ta t i ou  of  r un c t i o n  .-~,,( X ,) w i l l  u~ e x p r e s s e d  by the

f o r m u l a
t

MIA 1,(X ,), — 
~~ ~,,(N— k) ,,1’. (13.20)

r
w h e r e

--

— pr o ba t ’i l  it ies of t n c  Fc is~~cn d i s t r i b u t i o n, a ls o  d o t e rm i n e d  on

t ab l e s .

Fag .  l b ~~.

Lct us assume that we approximately ex~ r ~ea thus MIA,,(X ,)i in

t h e  ~or rn  o f  cer tai n tunction A,,(rn 1); tbi ~ tunc t L~~~
) .I will be assigned

by  t h re e  different formulas (13. 16), ( 1 3 _ H) ~n J  (13.2J) depending on

t h a t , on which par t of the $ e g m e n t  (0 , N) it  x~ lo ca ted  i~~. It is

cer t tin , i t  w o u l d  be p o ss i b l e  t o  s-~b~~tj t u t c  t~~~ i ~ j - t o p r i 1t e

ex~-~~ s~;ion into eq uation ( 1 3 . 2 )  f o r  t h e  av ~~~a g €  i i i m h e r  1* ( i n  this

ca ~ i t  su E  r ices to  so lve  t h is  a l o n e  o qu a t  iu n )

L . . i A n i) f.?.11m, (13.21)

_ _ _ _ _  _ _ _ _ _- - - ~L4
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-
~~~ b u t  it w i l l  r e n d e r / s h o w  tcc  c o m p l e x .  T~-e r e t o r c - ~ d :is~ h as sense

a p p r o x i m a t e l y  to so lve  in t w o  st a ge s . F i rs t  ( i n  tti e f i r s t

a p~~L o x i I n a t i o n ,)  to sol ve t h e  e gu a t ions  of t n e  d y ; t a n i c s  of a v e r a g e ,

— o b t a i n €- l  w i t h  t h e  he lp  of t h e  usua l p r i n c i~~l~ cf 1u a s i — t ~~.J u l a r i t y .

Then , a f te r consi~~e~~in g  i~ t he  f i rst  r c u g h  a p L ~r c x i m at i on  t h e  d vor a g e

nu mber of state I, — value in 1 — t o  f in d  ap~~r O X i s 1 t 1  v a l ue  f o r

fl MlA~ (X1)l~~ A u(mi~~tA u* (t)

( w i t h o ut  f a i l  for  a series Cf the values or value t )  , u s i n g  in t h i s

case that or other of formulas (13 .16) , (13 .19) , (13.20) . Between the

ob t a i ne d  t h u s  va lu es A,,*(t) it is pcssib le to i n t e r p o la t e

intc tme dia te. Thus  is c o n s t r u c t e d  ~he func tion cf t i m e  A~~ (I). which

is substit uted in the ri ght side at equaticu (ld.2)

~~
L _

~~~A,,* (t) +~~~( N_ n$,~. (13.22)

Is obta ined t h e  l i n e a r  d i f f e r e n t i a l  e q u d t i c n  w i t h  v a r i a b l e

coetficients whose solution ditficulties is not caused . As a result

ci this, will be obtained function m 1 ( t ) ,  ~r o r e  ~L OCise than the first

ap p r ox i n a ~~ion. ~~ u a te/ c o mp a r in  ~ t h e  seccu d a~~p r c a c n/ ap p r ox  i m a t  ion

w i t h  t h e  f i r s t, it  is possible  to a p p r o x i m a t e l y  coi~s ider  t h e  e r r or s ,

w h i c h  app e ar f r o m  the  a p p l i cat i on ,u se  of p r i n c ip l e  I) t q u a s i — r e g u l a r i t y .  

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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In perfect analogy it is possible to solve t~ e task of refini ng

the ~quations and then , when the nuai l~er of states of cell/element is

mo z.~e than two and when on the numbers cf stdtt.5 d~~pends not one

intensity, but tw3 or it is more. Entire/all difLerence in the fact

that it is necessary to consider the mathenatical expectation not of

one tunction , but s€veral .

L
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M~~t ~& o~t pre sen t~id ~t b O Ve  of t h~ m t t  c t u  ~. 1 ~) I i  ) L &0r L~
4
~ t 1 OU S to

t~~~U1 ~~~~~~~ 0! the J y i hf lf l i~~~ OL  t1V~~L d ~~ t: .i~~
; & ( i i  d X~~~t . . V t ~] y  t 4 i b o r x O U S ;

Iio wt’ Vt ’  r 1 O L  the L U f ic t  1 O f l S  ot t ti~ t Ot ~il i f l t e i i~~ I t  y ~)t S~ )~~~ ~fl’~ C i d l

t~ I ui~ ., w h i  ~h are  t r~-~ u~’ n t  1 y ~ ‘ n cou  u t~ t. ’d in  t li~ ~ t i 0~ ~ it the

~iy ~~t . u i e ’:. of a ver a.j  e , col r e c t i on  t h e ~y c a n  be  t d k~ in to t~~:ount

s t I L t  ici ~ nt ly simpl y.

For t’xampl e, un d~•r condi tiun~-i ot t h ~ .-~~ ni 1 , l o ~,t t~t~~ with th *~

~r (tptl /coun t OL t he st at .m ot t ~. e ~~ 1 1/~ lein t l it  ~~~~~~~~ F i j .  t,. 42)  to t a l

i n t e n s i t y  A~,(X 1) it is ~‘ i u a t  to c o nst a n t  )~ *t  t L i  v~a 1u ~ s X~ = 1, 2 ,

... , (but vit~ X~ 0 , is lOe~ic4l. A1,(X~ — 0). •1:~~ii , it m~ is eJr eat,

then hfIA1,(X 1)J~~~~, with very hi~jh accur acy. In oi~1ur to 41)proxim4t tely

find this mt thouat jca l t’x~ ect .ttiogi ~ t the 5 u ~ t U  v~ilue~ i~~ , let us

ta k4~ tot val ue X 1 Poi~~son d ist u i b u t i on  w i t h  ~i i a m et  ~~t m 1. T h en  we
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obt,i i f t

MIA 11(Xa)I—Op,+ ,p~+),p,+ ...
(Pi +Ps+ •.• + p k) _ )

~, (I _p ~~~~
), $ I_ S~~~) . (13.23)

Le st i~~S d e s iy n 4 t e  f u i c t i o n J _ e— i v t b r c u ~ h k t ( z ) , !J!1 tkt ough

Tho ~p~ ioxiaate equat ion tot t he  avera qie i U ab~~t i~ w i l l  be r e gist o r~~i1

t h e n  t hu~;:

~~L _ _ (m,)+~11fl1s,
(13.24)

Lt? t u s  note t h a t  t h e  1e~~s ~r~ cise F~j U a t  i o n , o~’t a in t ..1 fo r  t h e

pr i n r i~~le~ at  qu a s i — r & ~g u l a r i t y ,  w c u l d  h ~e tLtkt the form :

or (13.25)

wh er t ’  R ( x )  a~ d p ( x )  of functions , intrcduct’u in ~~4.

~~ L e p re se nt e d , f o r  a com~’ar iso n , ~l o t t e d  f u n c t i o n ~. i~ ( x )  and

B (x) (Fig. 6.45) and functions p (x )  and ~~(x )  (~~ij .  h.4 t ~) .

A s  c~ n be seen from ~j r a p n s , the erro t. our ia~ th~ replacement ot

rij ht side in eguations (13 . 2 (4 ) by the  c o r t t  ~~ c r J t n ~i r ij ~~t side in

eq u a t i o n s  (13. 2 5) is s u f f i c i e n t l y  t I s *~n t i a  1 m u  tho small v a l u e s i~~,
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w h t ’rt ’as w i t h  th e  l a r y e ~ u~ i t  becomu ~ fl~~~lj ~~~h 1 c .

Thus, in all tasks where w e ~ ~~5~~tt Lu n c tmon ~ ~, 
p as ~~ rrec t ion

t~~ : to r~4 in the right sides of t ho ~qua t ion ~ c i  t t o  tynain ic s of

t V . ’ ra~f l, m i r e  accu ra te  results they will L~ ci t ain .~d , it w~ replace  R

t o r  ~, ~) on p.

I

I
_ U
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I I’MEN ’I’ 4

1. :;t i in t t  ion prob lem it Lel it l i l ity.

Tt.e o verwh elm irnj ma jority i t  t h e  o~er .it i i  n~~, ~ h i e : h  t r y  sub ject

to ~.~~i 4 n t  it  at ive research , in co nt . ’ i tpcra  t y  ~;o i ’  t y i s  mp1e~~ent  ed w i t h

t h e .  ~~~ lication/uso it  C U C  or t L t ~~ of h e r  t c c~~I( i ( ~~l i  t u i p m o nt / d e v i c e s .

The evoluat iou ot t he t4 it  ic i o n cj  01 su ch  0~~e L 4 1 t  ion~; 4t i i d t tt~

: tlu tlon/producti iu /~~ n&’ration OL t~~1 tio t i o J  :~~~ 10t 1i l ( s b y  t h e i r

(U ~~t It i :ttj on requi re t hi accou l it  to  t l it  ~ ~‘ I i i :  i Ii t y o t ~~c 1 ‘~ ica 1

~tiuipm ent/devices used .

He i t  t h by “ re~ I ta h i  l i t  y ” i n th e ’  h r  c.t i c ~ ~~~.‘ ‘ U it  OOd t he

CJj.t~’ility of techni cal elu ipmen t /elcv ic t I i i  0 t~~J U t 1 ~~~ t U 0 t

(rt’liot 1~.) operation e t u r i n q  t h e  t~. _ . i ~j~~t d  t. i u ~~- n it  ‘~ v i l  u z i d e r  c e r t a i n

c~~~eti t ions .  This  t m e  i n t e t v ~t 1 u ; U~~ Utt 1 ly t U ~.t ’ l  y t hy  t ime  o t  t h e

e x e c ut i o i i  of c e r t a i n  tisk w h i c h  is re 1ili.~e d t -y  t c h ni c a l

e~~~ UI pm .’r ’t / e l i ?v i ce  a n d  1:~ t h e  p a r t  it the  ~ 0Jr~Mi l l/  ~e 0 e L’,t 1 / t at a l  t a sk  ot
o p e r a t ion .
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A t  ~) r e s e - n t , i n  c o nn e c t i on  i i th  t h e  i n c i~~a~~iuj ~~m p l~~xity of

t~~ch n i c i l  e .j u i p m e n  t / dev  ic t  s a n d  t h~’ W i d t ’s [  I t - a d introduction of

au tO ’ i t t i if l  in all t he  L e ? y i O f l s  of p1-act ice, t h e  ~r n1eia of re~l iab i l i t y

I ecome~ . one it becomes cr.e cf t h e  luncti on,unit p~ oblems 3f

tecu n o l o y y a nd 0 13 ~niLa tion ot control . P r ay  i~~ m c ii t or a reliab le work

ot a l l  ~~iu ip r n e n t  c o m p o n e n t s  — tisk of }-aratcun t i~ipor tance .

I

F iy~ it  I or tel iabi lit y rcquire~ Sj ) f C i d i  cx an ina t ion m d  the

qua rt itd tiv c’ analys i s of  the  ~ he ’nowen a , c o r I z l o c t ’- ~- I wLth tac chance

t a i l u r~ of e q u i p m e n t. In recent ye ars t h e  t a t  cry of reliability was

converted into the si-ecial scicaco , u si rj e~~tcntiv oly th ?

~roliabil i5tic method s of study .

In the theory of reliability, is accepted to dist inju ish two

types of the failurcs: sudd€n and gradual.

Und er the random failure of cqui p~ ent/uevico , is un doistood the

i f l~~t t f l t i ! e O u t~ br ea k d o wn , which indi catcs t h c  in i~ossibulit y of its

app l . i c u t  ion/use. The rindcm fail u r t  a~’~ ia r~ i n  sine , ~ete~~r a l ly

‘e a k i i ; ~j ,  the r an i om m o m e n t  ot tim c _ i~y ex ampl es it the random

t a i l u r .~ ; can  serve: t h e  b u r r ~ou t  elec t r c  or ci elictron tube , t h e

b r e a k  of conduc tor , as t h e  sa mp le/ t e st  Cf co nd en s er / c a p a c it o r , etc.

hr_h. 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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‘ l i t t e r  j r a d u a l  is u n d e r s t o c d  t L e ~ L a i l u i t~ ot e lu ip i a en t / d e v i c e ,

coiinec te ’~ with gradual d~’terior tion (“cr& ej m y ”) in i t s

ch at m e t er i st ics . For t h e  e l i m i na t i o n  of su c h  f a i l ur e s , is required

~h e  c o i t i o l  of i n s t r u m e n t .

Th d et e r i o r a t i o n  fa i l u r es  c m  be c o n dj t j c n tj l y  co it s ide re d as

s u dd e n , it we a g r e e  t o  consider tiA at scui c d~ v ia~ ions of the

Fi r arn et~~rs of equipment ,d€vice trait ratin y t u e  y i r ~~- still

~~e •  imis . s ib l~~, and  l a r g e  — not ad m it ted; as soo n a ;  the ~ izame ters the y

.ixc.’ - -d f h c se lia ii ts , e I u z i p z s e f l t / d e V  ice .15 C( n S i~~2 € L iO refused.

~~~~~~ 3r. 7 .

H o w e v e r , t h e  d es ti n a t i o n  of such  l i m i t s  i n  d ~~~L 1 C s  of  th~ cases is

d i ft i c u l t . w i l l  m o r e  r i g h t  c o n s i de r  t h e  L t r u ~n L t - 2 L i of

equipment/device as random functions ot t i u r ~~, ccismect w i t h  t h e m  so me

index of the efficiency cf equipient/device (Icr example , the

~rc b bilit y of the solution ot p ro kiem cr t L e  mt .it:ieamatic .t l

e x p e c t a t ion of p r o d u c t i v i t y )  a n d  t h i s  i n d e x  c o u ~~Ut e  t a k i n g  into

acccun t th e “creeping ” of characteristics. ~hi~ ~~ pro ach  r equir e s  the

att e-~~t ive stud y of structure a n d  wor k of  cincre~te/specitic/act ual

technical ejuipment/device and ap~;lica t ion~ use Ct a com~ i rat i v e ly
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co.~ I e X  m at h c . a t i~~al  m~~p a r a t u s .  In  t h i s  cli t~ t e~ i w i l l  e x a m i n e  o n ly

i a n d c m  t t i iu re s .

The r e l i a bi l i t y  of  tec h m i c a l  e gU i ~~ it e f lt / d ev l C - ’  Or , ~i e u i in q l y  let

us ~~~~~~~~ sy s t e m  i t  ic penils on m composit ~~t’ 1L n d  a q u a n t i t y  of w h i c h

t o r m  sy s t e m  c e l l/ e l e men t s  ( u n i t s ) , on the  a e t i c  I i t  t t i e~~C associa t ion

i n t o  syste m and  on the characteristics of each sepiratt ce l l/ e l e m e n t .

The d i v i s i o n  of t e c h n i c a l  e qu i p m e n t / i~’v i c t s  i n t o  “ sy s t e m s ” and

th  c i t  to rm m y  “ ele ment  ~~“ beax.s c o n d i t  Ic ra 1 ch~ mac t e L  ~n d depends on

t h e  s et t i n  j  of task a n d  t C L  -t / ~~ur l - c s e s  ci . .escarch.  one an d  t h e  same

c~1uip :n t n t / d ev i c e ,  f o r e x a m p le t h e  r a da r si~~it c t  aestroyar , can be

co n si  t t e ~~ed tn d  as “ t h e  s y st e i t ” , w h i c h  CC!ISIst~ ci t h e  ceU/e iements :

e le c tr on  t u b e s , c3p aci to l- s, r e l ay  and  sc f e it  h , a n d  as “ ele m e n t ”  of

m o l e  (‘ O f l I I l t ~X s ys t em  — e ~u i p i t e n t  it  a i r c t m t  t .  m ~‘ t u r n , f i jater it is

t he  “ ele me n t”  of a i r  d e f e n s e  s y st e m

: U1) Se .] U e f l t l y  we w i l l  call “ Ct ll / e l c m C f l t ” an y  technic al

e q u L p m t’n t / i le vice , wh ich is not subject to t u r t h c r  separation whose

r e l iab i l i t y is con s i d er e d  g i v e n  on e  cr it’ i .~ d c t c r m i n e d

ex ~~- r i m e u t a l l y .  C o m b i n i n g  such cel l/ e l  ents dit tere ntly into

we w i l l  solve t h e  p r o b l e m  of d e t t r m i n i n - j  t h e  r e l i a b i l i t y

of sy s t e m  tro m t h e  r e l i t u i l it y of i t s  ce l l , e l e a e nt s .

~~

‘ 

~-
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Fel iah ii it y of eel 1/el ement. D e n s ity ot di ~- I L  i l  Ut ion  or  t h  ~ t i  at  of

f a t  l u r e — t r e e  opera t ion .  M e a n  t ~~~~ of f a j Ut  i .— t i c ’ ope rat i on.

e St im a ti o n  or  t h ~ i~~l j a hj  l i t  ~ et ’ 
~~~st  u r n  a nd L~ej l / e ’ 1emef l t s

r ’~ u i i  c ;  t t ’ ’ i n t r o et uc t ion of q u a n t  ~t at ive  ~ n - ar  a c t  ci ist i u a .  Let us

c o n : ;i d c r  h e r e some of th e se  c l i ar a ct e r i r t i c~~. F t  h r v i t y  i t  us

du ’ t e r m  ~~~ ~hem in connec t ion w i t h  “ Cc l  1/el eis n~ “; h ow e v e r  the  sa me

~i et ’: a l n a t i ) n s  w i l l  be r e l a t ed  a l so  to “sy st e ~~” .

Th.’ reliabili ty ot  cell,element (in t he± n a r i o w  sense Ot  t h e

word) is called probability that thi s c e l I ’e l e m ’n t  u n d e r  g i ven

cond i~~~ons will work smoot hly h r  a p er i o d e t  t i i i ’ t. T h i s

p r o h a h ~~l.it y we w i l l  d e s i g nat e  ~ ( t )  . Furetici; ~~ t) is called sometime s

t h e  “ l a w  of  r e l ia b i l i t y ” .

T t i s  log ica l , w i t h  an i ncr e ’ast’ in  t h e  t i it , t u n e t  ion p ( t )

decrea s es  (F ig. 7. 1) .  w i t h  t 3 , j S lc . ;ical  t t ’ ,t ,~ - u :h e’ p ( t )  1.

Th e ’ u n r e l i a b i l i t y  a; c e l l /e l e n en t  is C a l l e d  ~iL eL iab i i i t y q (t)  ot

t h e ac t  t h a t  c e l l / e l em en t  w i l l  r e fu se  ( i t  w i l l  [ ‘ av e  t h e  Sy st e l)  for

çeri~~d of  t ime t .  It is o~’vious ,

q(t )— I—p ~ ). (2 .1)

—
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L e t  it s consijer time T oh tne tai l u r e — i r e t  o , e r a tj u n of

(‘t’ 11/element as ranuom vari abic . Time tunct icr.  of f lst r i~j i t  ion F ( t )  of

this random variable is d€ t In~~d ~is

F(1)=P(T .<,). (2.2)

Is obvious , F (t) — pro~ ab 1uity that [CL  t j r n~ t c e l l/ e l eme nt w i l l

r e f u s e  — it represents by itself n~ thxny ~ ls~ [u t  t h e  u n re l i a b i l i t y

cl ~he cel l/ e l emen t :

F ( 1) = q (I) ,  (2.3)

a it ; reliabili ty supplements F ( t )  to the unit:

p ( 1)~~ I —F ( 1 ) .  (2.4)

T h u s, unrel iability q(t) possesses the ~t c~ e’ Z t i e s  of t h e

distriliutjen f unction cf m onnegative rando it vatiajie. It is equal  to

zero w i t h  t = 0, i t  does not decrease h i t h  in c i c as e  t a n i  it

a p p r o a c h e s  u n i t y  when 1-.~~ (Fig . 7 . 2) .

I n  pr act ice  u s u a l l y i ns tead o f  t h e  fun ctiem. it  d i st r i b u t i o n  F (t)

they  use i t  d er i v a t i v e  — d e n s i t y  of d i s t r i b u t i c n  or prob~.i) il i t y



-

~~)n ~~7 1 ~ p A ~;F

le i~s I t v

f(1) F’ (1) —sq (1). (2.5)

Th e  j t t ~~h Of d e n s i t y  ~ ( t )  i - ; 
~~t ; c w n  , rm ~ ~~~~~~. • - ) ‘ . L

It  m l  t e d  C U E  Vet ) 1( t ) , is egual to u m i t .

V~t ‘i~ t ( t) dt — pr ob abili ty e l em e n t  — i c us t  ms ’ i iS  prob~~bi l i ty

t h a t  t ~~~~ ‘ T vii ] take the valu e , w h i c h  l i e s ~~it ~~~~:i nm.’ L i m i t : ;  of

I ,‘ :~ e i m t try -;cct ior (t, t • d t)

I the U ter m t n r c  on t e l  t a t  i i  it  y t u n . t i e r ,  t r e d u e n t  ly cal is

t t i  € ~~ i c nsit y of ta i lures ” • b av o i d t h e  in i ~ u n d ~ i . t a n I i  n . j a , connec ted

w i  fm i l— de t ineu terminology, we ~il1 call ~ ( t  ) i i .  m o r e

accur at e ly: the density or di sttit ’u t ion it  t m ;  dO o: taml ure—t re e

otm er i t  ion.

De ’ m m s i  t y f ( t ) can [ e  a p p i  ox ~ ma t el y Ic t e L  ~ I ~~‘ m  I 0111 pe r  im ~ flt  ,

tot wIt ich is placed th~ Lcllowi :i.; tx ~’e’rim emtt : is  e~~ser v e d  t h e  wo rk of

the i t t i e  number N it  u n it  ii in cell /elen’ent .;; cj~ . m u :  t h e .~ wo rk s  to

t h e  t o r q u e / m o m e n t  oh f a i l u r e.  T he  time , I u r ~~ m i  w m i c h  wor~~~d t’he

cef l ,’” l e m en t , is r e c o r ded . I he o b ta i ne d v a l u e s c: t h e  t i m e

t~, I ,. • ..,

.t r c  t i c  i t o !  by t he  u s u a l  m e t h o d s  o~ t~~ ma t ~m e a a t mcal s t a t i st ic s;  is
con structe 4 h i s t ogr a m  ( rig .  7. M) and is e qu a l iz e l  w i t h  the h.1F of

an y  sm ooth curved , w h i c h  Fossesses p r c l sr t i e s  d en s i t y .
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F j t .  7 .1. ~~~~ 7. 2.

P a ;~ 3t ~’) .

The  ortinate of histogiam -~ ti ea ch Ele- r~e m t o r y  ~~ec t iin 01 time

~~ represen ts b y jt~~e 1f  no th i rs e ls r~ bu t tm av ’Lcq e num ber i t

failures for tintc uni t , which is nec€ ssary t o  c L e  t e s t e d

cell ” l e m e n t .  The  same sense c a n  oc a sc r i b~ u a i t  t o  tunctjon 1 (t).

~~~~~~~ im at e l y d e n s i t y  t (t) is u ct e r m i n e d  f L ~~mu t h e  r o r m u l i

fU)~~ (2.6)

wh ere m (t , t • ~t )  — a n u m b e r  or  ce l l / e l e m e m i t s , ~~m i c m m  r e f us e d on t he

s e c t i on of t i m e f r om t to t + ~ t ( t i m e  is c o u n te d  o~~t t r a m  the

torque/mo ment of conricction ,inclu sion) ; N — tot~~i n u m b e r  o f

ce’ 11/elements ; At — l en g t h  of t h e ’ elementary ~€ct ~orm ot  time.

Exampl e . Was tested N = 1000 t u b e s to t h ’  ~Iurati on of

~~~j 4
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f a i l u r e — t r e e  operat ion .  Test  r e su lt s  a re  g i v e n  in table 2. 1.

To f i n d  a ppr 3 X i m a t e ly  d e n s i t y  f ( t ) fo r  e a c h  5ect ion of t i m e , to

construc t histogram and to s t r a igh t e n  (b y h a n d )  sm oot h car v e .

Sciution. On the first section (0—10 hour - ) w o  have :

~~O,O151,

on the second

1( I)
~~~,~~~~~~~

O,OIO2

ari d so r o r t h~ The v a l u e s  of d en s i t y  f ( t )  a te  g i v e n in ~aLt l e  2. 2.

1*

LA £4
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i~ Si mm~

h ’ ’V : (1) . t~u ra tion U I  wor k in hotmir. (ttcm — t o ) .  ( .
~~
) .  N U I U b C ’ L  of

t U l e ’ ...

[
~ ‘I C 1 7i.

} l i : . t o e J t - am  a n )  t h e  lt ’ve l i i . j e u r v €  ar ~’ ~j i v~~~i o F r j .  oy 7 .5.

l,ct u s  m m o t e. t h a t  d e n s i t y  1 ( t )  , de~ j e t .. el  in  ~~~~~ i.’ , ha s a

IItm I t X l N - U f l  w i t h  t 0 , i. e ., maximu m t a i l u m ~ l u t e  t a l l : ,  on the i n it i a l

cpt t m  t j  mm ~ e y c l e  of e~t’ 11/Cl cnmeim t . ‘F h i s  e ha t ~i . .t  L . 1 1  VCJ &I I (t

t r *~~:t1e e n t  ly i s observed in p r a c t i c e ’, e’ s 1e~~ i~ m~~l y in  w o r k Iron ; ~‘1ec tro—

cii)  d y F ,t&I j C) P~ Lt  S , .is t ~~ y t r e ’ quo n t i y h a v e  ,t t t n t  ney  t . t e  jec t.
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i m m e d i a t e l y  or soo n a f t e r  c cn n e c t io n/ in c l u s~ on .  ~~on i et im e s  this

inc rease  o f  densit y tlt ~.o in t t. = 0 m a n i f e s t b  i t s e.- l f  so s h a r p l y  t h a t

th~’ n ot i ce a b l e  f r a c t i o n  ot c el l/ e l e m e n ts  C dn  te considered refused

a c c ur a t e l y  at t h e  m o m e n t  cf c c nn e c t i o n ,/.i n c I m ~sicn .  I n  th i s  case, t h e

H t i m ~- of t h e  fa i l u r e— f r e e  o p e ra t i o n  T is c c n v t ’ r t e i  ir o n  c o n t i n u o us

i n to  m i x c i  r a n d o m  v a r iab l e  in  w h i c h  O f l E  t h e -  v a l u e  (t = 3) possesse s

t l m c  I i t ~~e re nt  f r o m  zero ~r o t a b i l i t y  ~~ , a n n  t o t  , ) t h e r S  t h e r e  is on ly

~otre- ’ d e n s i t y  of d i s t r i b u t i o n .  The d i s t r i h u t i o r  f u n c t i o n  of t h i s

r a n d o m  v a r i a b l e  is s~i ow n on F ig .  7. b — at  p o i nt  t = 3 i t  it has a

lump, -‘;ua l to Po, and ~i th  t > U it is c on t i n u ca s .

Ditforentiati ng functicn F(t) wit h t ) 9, w e w i l l  ob t a i n  t h e

c u r ve  of t h e  “ d e n s i t y ” of f ( t )  (Fiq. 7.7) . ~ is  characteristic that ’

t h a t it l i m i ts the  a r e a , equal no lon ger t c  u n i t , b u t  i — p 0 .  D u r i n g

~rocessing  ot e x p e r i m e n ta l  d a t a  in thcit cam~ , td, ..e/ :;e 1t’~;t ~~~~
sepa r a t e  g r o u p  the c e l l/ e l e m e n t s , w h i c h  r e f u s e d  d u r i n g

Connect io n/ i  nd usi On , df l d  th e  ra t  i c of t he ’  Ii  :;u i1i ~ L m 0 t to t a l

ru~~b er N of  the t e s ted  c e l l/ e le me n t s  cc un t  h r  approxim ate values Po

for  r e m a i n i n g  da t a  is c cn st r u c t . .’d c c n v e n t x o n i l  h i s t og r am  ( in  th i s

case f re qu e n c i e s  a r e  l o c a t e d  by  t h 0  d i v i s i c u  o t  th e  n u m b ~~r t

cb s vr v a~ ions  in d i s c har g e  in to  t h e  tot a.! f l U U u ’ t t  o~ ou s er v a t i o n s N)
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I IaOT UOCTh It )  0,0151 0.0*~ 0,017. 0.006* O.U0~C. 0.0*ID 0.0*00 0.0010 0.00*7 0 , t*’lu

Key: (1) . D u r a t i o n  ot  work i n  h o u rs . ( 2 )  . Im ~ u s  ~ t y .

f/ t i
.

Fj q. 7.~~.

P d . I~ 1 71.

As the chara~~teristic or t~&e r e l i a h i l i t v  or ce ’l l .’~’1~~m e n t ,

f r e g u e r i t l y is a p p l i e d  the wean ti m e oi t . a i  h i t , —~~~i c e ’ o p e t  I t j e ) 11 , i . e . ,

t h c  ~1i t h e m at i c a l  e x p e c t a t i o i .  or  v a l u e  1:

i~~~M j fl.

11 v a l u e  r is continuous (i.e. it~ f~~~flC t i c u  . f  J i ~~t r i b u t i o ~ F ( t)

Joe~ n o t  h a v e  g a l l o p  w i t h  t = 0)

1~~~MIT~~~~~~ t 1(Odt.

AJ
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In  t h e  case w hen T — mix ed rartionl va riab it , an d t l.~ ;epa r at e~
v a l u e  t z 0 has  p r o b a b i l i t y  Po

— M ~T) — i7~ ~~. p.8)

V a l u e  t can be e - x  p r e s sed  not  t h r o u g h  ti~~n~ i t y  o: distr ibut ion

t ( t )  , 1~u t  it is dir ect  t h r o u g h  r e l ia~~i 1i t y ~ ( t  ) . It i.~ r a 1 / act u a l ,

i..~~lJ W d i ~.~~ tq’(t) dt ... —~~tp (t) dt. 

‘4
F1~~. -i.i.
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pie, p/ti

:1 Fig. 7.8. Fig. 7.9.

I Page 372.

I n t e gr a t i n g  in p a rt s , we h a v e :

— Ip (1) + p ( f )  dl. (2.~

The f i r s t  mem ber in t~ie r i g h t  s ide  of  L x p r ~ ssio n (2.~~~) is equa l

to zero , since  for r a n d c m  v a r i a b l e  T , 1n w h i c h  th er e  is a

math e’matical expectation, difference 1 — F(t) 9(t) vhOft ~~~~~~~ aUSt

decrease f a s t e r  t h a n  increases  t. T h e r e f o r e

T—~~p( t ) dl. (2. 10)

T h i s  f o r m u l a  has t h e  s i m p l e ’ geomet r i c  im *t e ’ r~~ r et at io m : the mea n

t i m e  or t h e  f a i l u r e — f r e e  o p e r a t io n  of c e l l / e l e m e n t  j S e q u a l  to the

f u l l/ t o t a l/ c om p let e  a rea  S , l i m i te d  by r e l i a b i l i t y  c u r ve  and b y  t he

Ii
V

La. .
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a x es of c o o r d i n a t e s ( F ig .  7 .8)

~~ 
~~~‘i~~’~~’ ~~ ~~~ ~~~~~~~ w h e ~i T — m j~~~~d r u i ~~~oa v~~~j a b I.e (va lue

t = ~
‘! has  probability p0), this rule r e m a i n s  v i l i d  entire/all

diff er ence in the tact that the curve p(t) hill ~~g iu  no t f r o m  1 , but

t r c m  l Po (Fig . 7. 9 ) .

3. E x p o n e n t i a l  law of r e l ia~~iUty Failure iat e

-I
~1ost c o n v e n i e n t  f o r  a n a ly t i ca l  d e scr i p t i or  js the so—called

ex I - on e n t i a l  (or e x p o n e n t i a l )  l aw  o r  r e l i a bl i lt , w n i c h  is expressed by

the formul a

(3.1)

w h e r e  >e > 0 constant  p a r am e t er .

Tue g r a ph of the e x p o n e n t i a l  law c f  r c i i a r i k i t y  is s h o w n  on Fig.

7.10. For this law the function oi tim e aliccation of failure—fre e

operat ion t akes  t h e  f o r m :

F(t) —q(t) — I __e~& . (3.2)

a th~nsity —

f ( t ) _ )~~_&t (1>0). (3.3)



DO C = 7~~U 6 8 7 1 8  P A G E  83)..-

Th i s  ho an a l re a d y k n o w n  to  us ex~~on en t ~~ai  l a w  of t h e

li sti ibut ion accordir.g to which is d ist r ibu t~’d t s s  l i st t u c e  betwee n

ad j a c en t  e v e n t s  in  the s imp l est  f l o w  w i t h  ii .t . ’ m s i t y  ~ (see ~.14 Ch ap t e r

*4 ) .

I n  the stud y of t h o  p rob l& .~~s ot re1ia~~i l i t v , I z t ’j u e n t l y  t he re is

to  c on v e ni en t  v i su a l r z e  t h e  m a t  t e r  sc , as i~ o m c e l l/ e l em en t

f u n c t i o ns  the  simples t  n o w  of f a i lu r e s  w j t n  i n t ~~n si t y ~ ;

c e l l/ e lem ent  r ej e r t s  at  t h e  t o r j u e , w o m e n t  w n e r  c o u ~- .; t h e  f i r s t  even t

of this tiow .

T he t er m of f low cf failu ies ” a c q u i r e ’s ut ’~i l  s.~ n s ’ , if  the

r e f us~~d cell/element is imne~1i~~r el y  su ~~st i t~~t~~~d ~~~ ( i t  is r e s t o r e d ) .

Page ~~~~

The s~ g uen ce of th e  i a n ~j om m o me n t s  of t in e , ~t t  w h i c h occur t he

failures (Pig. 7.11) , represen ts b y i t  self  t d  n p l e st  f l o w  of

ev e n t s , an d  t he  i n t e r va l s  b e t w e en  e v e n t s  — t h t  i n d e p en d e n t  r a n d o m

g u d nt i t ie - - s , d i s t rib u t e d  accord in i to  e x p o n e r t  Lii L a w  ~3. 3)

The c oncept ~ f “ t a i l u r e  r a t e ” can be i n t t c d u o e t .tot o n l y  f o r

ex p o n en t ial , but  a lso t ot  a n y  c t he t  la~ of r e l i a z i l i t y  w i t h  a d e n s i t y

of t ( t ) ; ~ n t i re/ al l d i f f e r e n c e  w i l l  ~e in t u e  t ac t  t h a t  in d e r  t h e
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non—ex n.’ntial law p (t) the Late of f a i l ur e s  X w i l l  be ~ a lon ger

~~~~~~~~~ v i i  uc , b u t  at  t c U n a t  in~J / V i r n a b  1€.

T~~t in tensity (or o t h e r w i s e  • ddnt ) & v “ )  ct  t ailures is called

t e l a t  i o n ~o t h e  d en s i t y  of d i s t r i h u t i o n  0 t h ~a tj ~u o~ t~ie

f J u ] u r e _ ~~re, ! operation of c€ll ,’clement to ~t s  L t  i i~~b i l i ty :

(3.4)

Let  us ex p l a i n  t h e  p h y s i c a l  sense of t~1 is ch~~t a c te r i st i c.  Let

si~~u l t a n e o u s l y  tes t  l a rge’  n u m i - e r  N o f  u ni t cr m  ~~cf i/ c l e ments , each  —

t o  t h ~-~ t o r qu e/ m o a~~n t  of  t h e i r  t a i l u r€ .  Let us d~~; i - ;sa~ e n ( t )  — t h e

r i m t e ’r o t  ce l l/el~ m on t  s , w h i c b  r e n d e r / sh o w € ~i e x i ~~t u p  to

t or ~j u e / m o m en t t , b u t  n ( t . t + ~ t ) ,  as b € f o r c  t h e  ; i u m h e r  t

ce i l/ e l e me nt s , w h i c h  r e f u s e d  on t h ~ l c w  s e c t i o n  o: ~ i~n e  ( t , t + a t) .

Per t . . n ’ e U n i t , it is necessary t h e  dv ~~ td~j~~ ioi~n I  ci ot f a i l u re s

•I (g, 1+~~~

L e t  us divide this v a l u e not  i n t o  the i o t a !  n U u ’ b o t  ~ f

exp e r ien ce/ t e s t e d  c e l l/ e l e m e n ts  N , Hit  in t o  n u m f e r  exac t  u p  to

torgu*’/moment t of cell,elemeuts n (t) . i t  i.~ n o t  l i f t  i c ult  to

a s c e r t a i n  t h a t  w i t h  l ar g e  N th i s  sc~ se w i l l  be ~~~~~ 0~ i m i t e l y eq u a l  to

t a t e  ot f a i l ures X ( t )

(35)
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It is t e a l/ ~ c tU ~~l , w i t h  l a rg e  N

n(t) ra’Np(l)

a n d

l~~(l, t+64)_ ~~~~~~ I4M) 
•N £1 Ml)
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Fig. 7. lc . Fig. 7.11.

8

Pa gQ-~ 374.r
R u t  accord ing  to f o r m u l a  (2. 6 )

m ( 1 , 1. $- A1) 
~~F( t)NA1

whence

m (1. 1+81) / (i)
L NA g~~(g) p (t)

I n  wo r ks on r e l ia bi l i t y a~~E r o x i m a t i o n  j.~~) t r ’~g u e n t l y  is

co nsidered as d e fi ni t ion of failure rate, i.e., a~~e d e f i n e d  it as

a ve rage  n u m b e r  of f a i l u r e s  per u n i t  t i m e , w~~ich  is necessary to one

w o r k i n g  c e l l/ e l e m e n t .

To cha rac te r i s t i c  X ( t )  it is possible  to  g i ve  s t i l l  one t h e

i n t e r p r e ta t ion : th i s  be a c o n d i t i o n a l  ~r o b a r i l i t y  dens i t y  of the

— ia
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tai lur e of cell/element at the qiven instant I , ~~:~er ~ t o  t o r g u e / m o m e n t

t i t  wc ’t ked smo o th l y. It  is real/actual , l~ t ‘is Oo:. si  l~~r p r o b a b i l i t y

elem ent X ( t )  d t  — p r o b a u i l i t y  t h a t  t ot  t i m e  (t , t + d t )  ce l l/ e l ement

w i l l  ass t r o m  s tat e  “ w o r k s ” in  s t a t e  11 1t lo~ n o t  w o r k ” , w h e n to

t o r . ] t l e / m o m e n t  t i t  w o r k e d .  In t a c t , t n e  u n c u r . o i t i o n a l  f a i l u r e

~r u t d b 1 l ~ t y  of co i l/ e leme nt  Cu s e ct i c n  (~~, t + i t )  is e l u a l  f ( t ) d t .

Tb is — t he ’ p r obab i  l it y  of t he  c o i n c i d e n c e  ci t we  e v e n t s:

A — c~~ll /eleient  w or k e d  e x a c t l y  t c  t or ~ ue/~ o u d n t  t .

— :ell/eleaent retus€u on the section of t i m e  ( t , t + d t ) .

A c c o t d i ij  to p r o d u c t  r u l e  of  t h e  ‘i rob a L i l ~~t i c s :

f (1) dt~~~P(A8)— P (A ) P ( B / A ) .

?ak~~n - i  into account  t h a t  P ( A )  — r (t)  , w~~ w i l l  ob i in :

P(BIA) -. PU)

f\ val ue )~( t)  is n o t h i n g  else h u t  the  cCt ~l i t ~ o n a l  ~L o b a h i L i t y  dens i t y

of t r a r sj t j o n  f rom s tat e  “ w o r k s ” l it o  st dt ~~ “ L t U ~~~s1” L O U

tor-~iie/mome nt t. 
-

i f  is k n o w n  r a te  of t a i l u re s  X ( t )  , t i u ’p it  i s  poss ible  to

~x i r r s s  by it  r e l i a b i l i t y  p ( t )  . Taking into a cc c un t  that t (t)

—
~~ 

‘ ( t )  • )e t us r e g i s t e r  f o r m u l a  (3 . 14) in  t~~ 1 C m :

— — lInp( fl J .

LA
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I r ~t e - ; r t t i n g ,  we w i l l .  o t t a i n :  p
np(I)~~

wh en c e

— (f ) à¶ n ( f l— e •

T h u s  r e l i a b i l i t y  is ex p r e s~ eJ as t h e  L a i l u r  t at e .

Ps qc 375.

I n  t he  p a r t i c u l a r  case w h en  x ( t )  X co i ~~t , t o r m u l ~ (3 .6)

g ives :

p(t)—e~~, (3.7)

i.e. the already k nown to us exponential law of r e l i ab i l it y .

Us ing  t h e  t o r n  of t h e  “t l ow  ot  f a i l u r c ~~” , it is p o s z i i b l e  t o

i n t er p r e t  not on ly  f o r m u l a  (3 .7) , h u t  a iso iu e r e  u w L u o n/ g a n e r a l/ t o t a l

t o r g u l a  (3 .6 ) . Let us vj s u~~l iz e  ( i t  is c o m p l e t e l y c o n d i t i o n a l !)  t h a t

to  ce l l/ e le me n t  w i t h  t h e  a rb i t r a r y  law of i . t 1 i a f i~~i t y  p ( t )  t u n c t i o ns

t h e  f l c w  of f a i l u r e s  w i t h  a l t e rn a t i I *y / v a r i a t L e  i n t e n s i t y  X ( t )  . Fh en

H
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~o L m u l a  (3. t )  fo r  p ( t )  ~ x p r e s s~~s p r o b a l i l it 1 ~~~ at  on t he  s ec t i c n  of

t im ’~ ( 0 , t )  w i l l  app ea r not  cno  f a i l u re .

j  such a wa n n o r , b o t h  u n d e r  e x p o n e n t  i~~l an u  u n d e r  m y  other law

of ~~~l i ab i l i t y  the  w o r k  of c e l l/ e l e m e n t , b€ ~~ii~s~in ~ w i t h  t a e

t o r q u e / m o m e n t  of c o n ne c t i o n/ i n c l us i o n  t 0 , i t  i s  po s s iol e  to

vi sualbe so that on cell/element functions th e ~oisso n f l o w  of

f a i l ur ~~s; f o r  t h e  e xp o n e n t i a l  law of  m e l i i L i l i t y ,  th i s  t n e r e  w i l l  be

f l c w  w i t h  Cons tant  i n t e r - s i t y  A , a n d  f o r  n o n — e x ~~c~~~r~t ia l  — w i t h

al te:nating/variable intensity X(t).

L~~t us  n o t e  t h a t  t h i s  f o r m  is s u i t e d  c n l y  ~~~~~-~~:i t h e  r e f u s e d

ce l l/ e lem e n t  is n o t  s u b s ti t u t ed  n e w . i f , i s  -
~~~~~ ~~~~ t h e y  m a d e  more

c a rl i l y, t o  i m m e d i a t e l y  s u b s t i t u te  t he  r e f u s e d  c ’l l/ e l em ~~n t  n e w , t h e

f l c w  or  f a i l u r e s  ~,t  w i l l  no t  be Poisson.  I t  is u~~u i / i c t ua l , i t s

i n t er . s i t y w i l l  d e pe n d  not  s i m p l y  on  t i m e  t , ~~is~ ~ : m  th e  I ’~y i n n i ng

of n t i r e  process, b u t  al sc  o n t in e  r , th e  ‘
a s t  :~ro w r a n d o m

t o rq u e/ m o m en t  conn e c t i o n/ i n clu s 5o n  of I. L ec ib e ly  t hi s  cell/element;

that m o m s  the flow of e v e n t s  it has an ~~t t e ~L e f f — ~c t  a n d  ?Qissofl i t  is

no t.

;~ ut  i f  for the extent,€lonyation cf er.tire p:ocess f the given

e l e m e n t  b e i n g  in v e s t i g a te d  is not s ub s t i t u t e d  and can r e f u se  not  m ove

th a n  one t i n es, then during the description ot t s e  pr ocess , w h i c h
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d e F e n d s on i t s  f u n c t i o n i n g ,  it is p-ossi tle  to use t h e  p at t e r n  of the

M a r ~ u v i a n  process, b ut at t h e  a l t e m n a t i n q / v ar i a c l e , ari a u o n s t a n t

i r .t en s i~~y of f l o w  of f a i l u re s .

If the non—exponential law or r e l i a b i l i ty c o m p a ra t i v e l y  d i f f e r s

l i tt l e  tr o m the  e x p o n e n t i a l , t h e n  it is p o s s i h l € , tor  t h e  pu rpcse  of

s ii~j l i f i c a t i on , to a p p r o x i m a t e l y  r e p l a c e  i t  e x p c n e n t i a l  ( F i g .  7 . 1 2 ) .

The  ara me t er  X of t h i s  l a w  is chosen s~ as t o  pr e ser ve

c or s t i nt / i nv a r i a b l e t h e  m a t h em a t i c a l  e x p ec t a t i o n  of  t h e  t i m e  of

f a i l u r e — t r e e  ope ra t i on , e q u a l  as we we k n o w  t h a t  t h e  area , l im i t ed

cu rved  p ( t )  and by the coord ina t e axes . For  t h is , it is necessa ry  to

p lace t h e  pa rame te r A of e x l o n e nt i a l  l a w  e q u a l to

w h e r e  to t — area , l i m i ted cf the  c u r v e  ot  t ’~’l iaL ’i l it y ,~i ( t )

~~



~~~~~~__ 
_ _ _ _ _

- ; DO ( ’ 780~~811$ P A G E

ski

.4
~

F i g .  7 .12 .

pa ge

Th us , i f  we w i sh  t o  c h a r a c t e r i L e  t h e  I e l i a f ; ~~l i t y  u~ c~~l l / e l e n e nt  b y

c er t a  in  i v er a ge  (a f l ar e  r a te , it  is rw.ce s s t~ . ~ .m::  m i s  l at e  r si t  y to

t a k e  t ~e v a l u e , r e cip ro ca l .  to t t ~e m e a n  t in s  e~ t~~ t a i l u r e— t r e e

o p t i  it  ion or  cc l i / e l em en t .

M~ov o we d e f in e d  v a l u e  t as a rea , l i i i  ~ t d u~ v e t  p ( t )  . H o w e v e r ,

i f  r . 5gu i red  to  k n ow on l y m e a n  t i m e  of t ~ I a i i  a :~~— i r o  o p e r a t i o n

Cf C. I l / e l e m en t , t o  siin~~i y  t i n t it di r € c t l y  :~~cm ;t i t i st i c a l  m a t e r i a l

as ~r i t h m e t j c  me an of a l l  o b s e r v e d  v a l u e s ci 1 m f l . I ) i1I v a r x ~~b l o  I —

e p e r  at  in ’j  t i m e  of c e l l/ .~l e n m e n t  to  i ts  f a i l ur e . r h i ~ m e + - h oj  can be

a L~.o j u  t he  ~ ar ;e w h e ri t h e  n u m b e r  C t  e x j  i m . . a t s  s m a l l  ~ nd doe s

n ot  i~~m ~. o i t  p oss ib l e  su i t  I c l e nt l y acc u i t t e  h t o  n~~t r uct  t h e  c u r ve

~ ( t )

-
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FX ~ n p l p  1. r h o  r d  i a b i . L t t  y o r  c~ 1 l ,’o lcu~on t ~ ~t )  dec reases in  the

course  of t i m e  a c c o r d i ng  to l i ne a r  l a w  (F i ~,. 7 . 1~~ . To t i n d  rate of

f a i l u r r s  A ( t )  a nd  t h e  m e a n  t i m e  of t he  t , j i I e — t ~~ee- O p e L j t ion of

cc1l/el e~tie n t t.

So l u t i on ,  on fo r m u la (3. 14) on 5€~~t j on  (0 , t 0)  we h a v e :

p (’) p (l)

A c c u r d i n j  t o  t h e  a s s i g n e d  la w c~ th e  r E l i a b i l i t y

(O < 1< ~~).

P l c t t e i r u n c t i o n  A ( t )  is s h cwn  on Fig.  7 . 14.  W u e n  
~~~~~ 

The

m e a n  t i m e  of f a i l u r e —  f r - c e  op er a t  i on  is e qu a i  t o  tac  area , l i m i t e d

c ur  vet t  p ( t )  and by the  •i xes  of t h e  coor ui  n a t o m  (~. .e :  F 1g. 1 • 1 3) : t =

t 0/2 .

E x a m p l e  2. The rate ct railure s of ~:.~ 11/. idrn~ nt k (t) varies

acco rd i i i ~ to  t he l a w , p r e s en t e d  in Fi g. ? . 1 .  I c  L j nu  th  ~ l a w  of

t e l ia hi l i ty  p ( t ) .

s ol u t i o n.  On sec’-ion (0. 1)
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F ig .  7 . 13 .  F ig .  7 , 14 _

Pdge  ~77.
4V

( l f l  f o r m u l a ( 3 . 6 )

— f  l e ( V ) 4 t
p (S)— c °

Let u s  c o m p u t e  p ( t )  on sect i o n  t ) 1. i n  c cm : n o n/j e n e r a l/ t o t a l

t o i m u l a  (3 . 6)  let us d e co cn p c s t  t h e  m t  C r Y a l / J d }  a t  i n t e g r at  ion i n t o

t w o :  f r -on 0 to 1 a n d  f r o m  1 to t :

Th e  qr .~~’h of t he  l a w  of  rd  ial- ility is s h c w u  on F ig .  to  7 16.

T h o  sh u d e l  area r ep r e sen t s  t h e  B e a n  t in c  or  ~ h~ r ~ i I u r e — r r o e

O~~er -ct t io’I :

Th e second in t e gr al  is h0 r~ eq u a j  to
_~—(i + ’ I —.e~~~~ O.I35. J

-___________________________________________________ ____
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1 .

Fi  ~~. 7 . j r , , F i I .  / . l b .

I

*1/ti
I

, _ A
Fi l .  1.. 1 7.  F i g .  7. 1 3 .

I’ a - j .  3 / ~~.

LI
‘- ) 1 3 1 O r n s  t he t t r ’ st  • t h e n  ~t is ( t L 0 t 1 i i t t l  i i t i o~~j a d t l 4 1 y ( i t

15 Islui e* Lj ’ a i ) :

w h t* it .

T~~o,a7n+n Ia5—o .5o6.
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~ x am p 1 e  3. The d e n s i t y  of d i s t r i b u t .~on o~ t h e  t i m e  of t h e

f a i l u r e— f t c !  ope ra t ion  cf c e l l/ e l e m e n t  is c on s  t a u t  on s ect ion  (t 1,

H t 2) an d  i t  is equa l to zero ou t  of th i s  SeCt i on  ( F i g .  7 . 1 7 ) .  To f i nd

r a t e  c( f a i l u r e s  A ( t ) .

So lu t i on .  We h a v e :

w h e r e

q (1) — f _ L 
~7

l~53_ t . ~~~~~~~~

w h e n c e

~~(5) —

t h 0  gr ap h of f a i l ur e  r at e  is s h o w i t  on F i g. t o  1.18 ;  w h e n 
~~~~ ~~~~~

4. ~e t o r u t i n at i on  ~ f r e l i a b i l i t y of s y s te m  I r o n  re ixau ility of its

ce l l/ e le m en t s ,  R e l i a b i l i t y  of t h e  n o n r e d u n h in t  s y . ;t e a i .

Let  ce r t a i n  te chnical syst e.  S be c o m f r  i~~s - d  L L O I U  n of t h e

cel1 /e le~ne nts  of u n i t s ) : 3~,

1’
‘4
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Let  us  a s sume  t h a t  t h e  r o l l  i bi l i t  y of  ee l  l , e l e m en t s  t o  us ar e

k n o w n .  r~r isOs t h e  gu e st i c n  c c n c e r n i n y  t h e  : c t e t l u i n a ? r o n  a t  t h e

r e l ia b i l i t y  of sys t em .  It  d e p en d s  cn h c w  c e l l / o  l e L u d n t s  i r e  u n i t e d

in t o  ;y ste ia , w h i c h  f u n c t i o n  ci e a ch  of t h o m  a n d  i i  w h i c h  m e a s u r e  t h e

exac t work of each ccl 1/elemeit t is nece5 sa ry  t or  t n .  o~ ’~~ra  t ion  or

sy ~~t .*m as  a whole .

I n  ~ series ~~f s ys t e ms , t he i n s u f t  icie~~t m e l  j a i i  l i t 1  ot

cpil,/cleinents rises because  oi t h e i r  r e t i u n i u n e y  ( r e d u n d a n c y )

p e iu r d a i 1 ey  lies in t he  t d ct  t h a t  t o y t ~t t~er w i t  u c t l i/ e ].eaen t  3~ int o

syst em is introduced Sparc ( s par e )  t h ~ ccl i ,’el e.en t 3~, t o  w h i c h  t h e

sy s t e m  is c h a n g e l  over  in t h e  case of i i i  ~~~ o ef nasi c ccl 1/ e lement .

T h e  n u m b e r  of sp ar e c e l l/ e l em en t s  can  ~~ a n u  I C t ’  t h a n  o ne ,

Th.e s i m p l e s t  case in c a l c u l a te d  SE f i S t is si~ i ~ lo sy s t c m  (or

• sy s em w i t hout  r e d u n d a n c y ) . In  t h i s  sy s t e m  t he  t i r l u r t ~ at a n y

• cell/element is eq uivalent to t h e  i a i l u r e  er s ’ s t -~~’~ as a w h o l e  b y

analogy wi th the chain/netwcrk of the ~er ie5 — c c n a . c t ~~i c o n d u c t o r s ,

t h e  b r e a k  cf each of which is equival ent tc h r .  a~~i ng in entire

ci r c u i t , w e  w i l l  ca l l  t h i s  c o n n e c t i c n / c c m p c u u L i  CL c e l l / e l e m e n t s

“ccn. ;~~cu t i  ye ” ( F i g .  7. 1 1)  . One s h ou l d  1€ s p t c i  t Lea t h a t “ consecu t i ve ”

t n i s  c c ’ 1 n e ct i on/ c omp o u n d  of c el l / e l e m en t s  is t e  a n l y  in  s e i n e  ot
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r e l i i b i l it y ,  p h y s i c a l l y  t h e y  c a n  y . ’ i ~ as c o 1 v € n 1 . :~t l y .

I t  is ~ xprcssed  t h e  r e l i ai~i l i t y  o t  t h ~ .; i u ~~1~ sy st e a  t h r o u g h  t he

r e l i a bi l it y of its cell,elemont~~, Let t h e r e  t . ~ c.~~ t a i n t i le  i n t e r v al

(0 , r) , d u r i n g  w h i c h  i t  is r e~~ u i r e d  t o  cn s u~~e t n • ~ f~~i l u r - e —  f r e e

O p € t at j Jn o~ Sy s t e m .

P age  3 7 4 .

r~ en , if  t h e  r e l i . t I ) i l i t y  cL sy st eg  is c a •~ ac te r i z e d  b y  t h e  law

of  r e i A~~ o l i t y  P ( t ) ,  t o  us a t  I s  m np o r t a n t  t o  k n o d  t h e  va l ue of  t h i s

r e l i i b i l i t  y w i t h  t ~~, i.e. • t ( r )  . T he se  .ire nct  f u n c t i o n , b u t  t he

~~~€ c i f i c  n u m b e r ;  l e t  u s  r e j € c t / t h t c w  a i q u m e u t  ~ a n d  w i l l  des ig n a t e

t h e  r e l i a b i l i t y  of s y s t € m  s i m p l y  P. Let  u s  an a i c q ou s ly  d e s i g na t e  t h ~

r e l i a bi i . r t y  of s ep ar at e  ce l l/€ l e m en t s  P~ Ph •...  p~.

For t h e  f a i l u r e — f re e  o p er a t i o n  or s i m b k ~- sy ~~t c m  fo r  i p er iod ot

t i m e  r , r t  is n ec e ssa r y t h a t  w o u l d  w o r k  ~ m o o t h 1y  •~~ic u of i t s

cel l~~e l e m en t s .  Let us de s i gn a t e :  S — ev en t , w h i c a  consis ts  of t h e

f a i l u r e — i r e ~’ o p e r a t i o n  of sy s t e m  r o r  t i m e  v ;  ~~, 9,, ~~ 3,, — ev e n t s ,

w h i c h  cons i s t  of t h e  f a i l u r e — f r e e  oper a t i o n  of  € qu i v a le nt  componen t s .

Fvent S is a p roduc t  ( co incidence )  of the  Qv en t s  9 , 9~ •,,, 9~:

S— 3 1 .3,.

U
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Set u s  assume t h a t  ce l l/ e l emen t s  3~, 3,, ..., 9 t h e y  r ej e ct

i n d c~ c i d en t l y  ot e a ch  c th e r  (o r  as we h il l s p eak  t om  b r e v i t y ,  “ are

• i n d e pen d en t on f a i l u r es ” , a r e  en t i r e l y L r ie . l y “a 5 e ’ i n 1 o~~-e nd e nt ” ) .

Ih e t ’  a c co r d i ng  to product rule ot pto~~ati liti~.~ - ~~)i t h e  in d e pe n d en t

ev~~u t s

P (S)~~ P~3~) P ( 3%) .. . P (3,j,

or in  o t h e r  d e s ig na t i on s ,

~~~~~~~~ ... .p,,, (4.1)

• it is sh orter

P.— 11 p,, (4 •2)
• I _ I

i .e .  t h e  r e l iab i l i t y  of t h e  s im p l e  s y st e i , c~~n~ ~ •~c&i ~~t in d ep e n den t

c e l l/ e lem e n ts , is eg ua l  to  t h e  p r o d u c t  ef ta~ t e l  i f t i  11 t y  ot i t s

c~~ll/ e l e m e n t s .

r t ~ t h e  p a r t i c u la r  case w h e n  a l l  C € l l / e u~~nt~ . ~ussess the

id~ nt ic~~l reliability

P t P, •..

• _ _

~

•

~~~~~ 

•~~~~ •~~~~ •
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I o i  n u l e  ( 4 . 2 )  t a k e s  t h e  I or m

P_p. (4 3)

~ X J .~ip1e 1. Si mp le sy s t e m  c o ns i st S  c~ 1~ ~~~ ~p er i i t ~n t

C C l 1 / ’ 1 ’ , i lCf l t ,, t h e  rd i t h i l i t y et  each of w .d c a  r~ j u a l  p = 0 .95.  To

det ~~r - :~ i t t  t h e  r e l i a b i l i ty  c i  Cy s t t ’lr .

s u lu t  i on .  On f o r m u l a  (34 , 3)

P — 0,9511 0,6.

I

F r o m  an e x a m p l e  i t  is € V 1 3t ’fl t , as  s h a r ~~l y  t a i l s  t h e  r e l i a b i l i t y

cf s i mp l e  s yst e m  wit h an increase in t h e  n u u h e r  o~ c e l l/ c e m e n t s ,  if

t h e  ~u i h e r  ci c e l l/ c le m~ n t  a n is ~j t eat , t h  en t cm ~t o v i d i t i J at least

t n e  •icce ’ pt a b l e  rel iabi  t y  P ot  s y s t em  e a c h  cc 1l~~~len t~n t  m u s t  poss ess

v e r y  h i gh  r e l i a b i li t y .

j ..~ t u s  ra i se t h e  lu e s t i o n:  w h i c h  t~~i I ~~L i I ~~t y  ~ i t  m u s t  possess

sepa r i t e2 c el l / e l e men t , so t h a t  t h e  sy s t c m , ~~~)1I~~~L L S~~ J of 11 ot such

4 c e l l / e l em e n t s , wo u l d  possess th e  a s s i gn ed  r~~1 ia ~~i L i ty  f?

•_ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _-

~~

__ •

~~~~~~
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S.~t /a ssu ming in fo rmu la  ( ( 4 .3)  P ~~~~ we w i l l  obtain:

p ;/ff. (4.4)

E x a m p le 2. s i m p le  s y s t e m  c cn si st s  Cr 1~~00 e q u a l l y  r e l i a b l e,

j n d e l - e r 1— n t  cell/e l e m e n t s .  Such  r e l i ab i l i t y  m u s t  ~osgess eac h of

t h e m , so t h a t  t he  r e l i a b i l i t y  of s y s t e m  w o n i d  1€ not  less t h a n  0 .9?

S c i u t i o n .  On f o r m u l a  (34 . 4 ) :

$000 100
p — y’P j~~~ Igp — -

~~~~~~~ Ig 0,9, p ~~ 0.9999.

It  is expressed  t h e  ra te  CL fa i lu res  cr s i m ~ Ic sys tem A(s)

t h r o u ~j~ the  ra tes of fa i lu res  ~~~ ot its s~~~at e t~e celL, ’ele ents. We

h a v e :

P (t)_ ex p{__ ~ A (I)d1J .

(1.-I, .. , n~.

H
A L A
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F C C T N O TE ‘. Here e x p i x ) — . ’. E N D F O O T N C T E ,

L c t  us  sUbstjtut~ t h e s e  ex p r e s sj c n r  i n t o  tot  n u l a  ( 4 . 2 ) ; we w i l l

C c t a i n :

ezP (I) i.’

exp { — ~ (i) di + )., (i) dt + ... + ~~,, (1) di —

— exp I — (X~ (I) + ~~, (1) + ... + ~~,, (i)J dl)

I
or , ]t  Is shorter,

exP
~~

_ cA ( s ) ds ex P{_ ~~~ils (e) dtJ .

whence

A (0 di — ~~~~ ~~, (1). (4.5)
I— p

D i ff e r e n ti a t i ng ( 14 .5) on t .  we w i l l  ot ~t a in :

A (t) — 
~~~~ ~ 

(0, (4.6)1~~ u
i.e. wit h Ncon secutj ve s~ sect ions of t h e  i n d e p e n d 3 a t  c e l l/ e l e m e n t s

w i t h  in tensity of failures , they store,add L; t ) .

Pa ge  181.
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• T h i s  a nd  it is log ical , since t a r  a s i 4 u p l e  sj s t e m  r a e  f a i l u r e  of

c , . l i/ e I~~u e n t  is e 4 u i v a l € n t  to  f a i lu r e  sy st ~~~, ~h i c i .  m e a n s , tha t a l l

f l c ~~. ot  t h e  f a i l u r es  of se pa r a t e  co l l je i~~~~ r t ~ - c o m b i n e  i n t o  one f l o w

of ~ he fa i l u r e s  of s y s t e m  w i t n  t h e  l ut e  r s i t~~, ~u~~l to t~ie  sum of the

in t e n s r t i e s  of s e p a r a t e  f l o w s .

i~x a :n p le 3. Th e s i m p l e  s y s tem  S c o ns i st s  O L  t h r e e  i n d e p e n d e n t .

c e l l/ e l em e n ts  3~, 3~, 3~ ( F i g .  7 . 2 0 ) , t h e  den ~- it i ~~s or l is t r i b u t i o n

of t h e  t i m e  of fa i  l u r e —  f r e e  op e rat  ion c i  w h . r c h  ar e  assi gnee  by the

f or m u l a s :

• f, (c).-2 1, 0< 1<1
7,(fl .-2(1—t) Witk

(F i g .  7 . 2 1— 7 . 2 3 ) .  To f i n d  t h e  r a t~ of  f a i l u r e s  cr sy s t em .

S o l u t i o n .  We d e t e r m i ne  t h e  u n r e l i a b i l i t y  ct  each  cel l/e le m e n t :

q, (t)— 1’ , 0<1<1.
with

ij ence  the rel iability Cf t h e  cell ,’e l e m e nt ~~:

p, ( 1)—1—t’ , 0< 1< 1.
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Fig . 7.20.

“,iei

• p ig.  7.21. Fig. 7 .2 2 .  Fig. 7.23.

~ay e  382.

R a t e s  of f a i l u r e s  of the  c e l l/ e l e m e n t s:

wi th  0< 1< 1.
2(1— 1) 2

1—21+ 1’ ~— 1

S t o re/ a d d i ng  up,  dE. ha v e:
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5. E~e li ab i l i ty  of t h e  r e d u n d a n t  sy s t e m  (“ ho t  re serve ” ) .

One ~~f the  w a y s  of t h e  i nc rea se of t h e  r e l i a~) i 1 i t y  f sys tem is

t h e  I n t r o d uction i n t o  i t  of t h e  d u p l i c a ti ng  ( sp a r e) c e l l / e l e m e n t s .

S p a r e  ce l l/ e lements  a r e  i n c l u d e d  in s yst e m  as “ in  p a r a l l e l”  by t h e

fact .  wh os e  r e l i a b i l i t y  is i n s uf f i c i e n t .

Let  u s  con sider a s imples t  e x a mp l e  of t h e  r e d u n d a n t  Sy stem: two

“ i n  pa r a l l e l”  c o n n e c te l  of cel l/ e l e inen t 31 end  32 ( F i g .  7 .2 4 ) . W o r k s

at :irst “basic ” c e l l/ e l e m e n t  31; if it r e f u s e d , sy s t e m  t u t o m a ti c a l l y

is ch ar ~j ed over t~ “r e se rve ” c e l l/ e l e m e n t  32. Let  us a s s i me  t ha t  the

c e l l/ e lom e n ts ~~~ and  ~~ 2 are i n d e p en d en t  on r a i lu r os and t n a t  t he i r

r e l i a b i l i t y  (probability of f a i l u r e — f r e e  op e r a t i on )  f o r  t he  which

in t e res ts  us t i m e  t = r are equa l  to r e s p e c t i ve l y  p 1 a n d  P2 .  Le t  us

assu me a lso tha t t he r e l i a b i l i ty of t h e  se con d  cell/element does not

der ~~rd  on t h a t , was  i n c l u de d  t h i s  cell~~e l e a e nt  ln w o r k  f o r  t i m e  v and

w h e n  it was  i nc luded. ‘Ihis p i c t u r e  is cb s erv e d , :or  e x a m p l e , i f

c e l l/ e l e m e n t  32 regardl ess cf the  f a c t , w o r K s  i~ or no t , i t  is held

u n d e r  o p e r a t i ng  vo l t age/ s t r e s s  (So ca l l e d  (“h o t  r e s erv e ”) .

--



— -~~~~~ •

~~~~

—

~~~~~~~~~~~~~~~~~~~

I
DOC = 78068719 PAGE ~5~I

I
Let us  d e t e r m i n e  u r . d e r  t~~ese c o n di t i cu s  t h e  r e l ia b il it y  of t h e

r e d u n d a n t  sys tem S. Let  us pass to the  1robar ~il i t y of opp. sit~ event

— railure of system S. Let us des ign a t e t h e  f a i l i r e  of system S. So

t h a t  t he  ev e n t  S w o u l d  occur , is necessary, that t~iey would refuse

b o t h  t h e  c e l l/ e l e m e n t :  and the first and t h~ se co n d:

He n ce according to product rule of the ~roIabilitie s of til e

i nde penden t events :

Desi g n a t i n g  t h e  u nr e l i ab i l i t y of s y st c L u  g ,  a n d  t h e  a n re l ~~a b il i t y

of ce ll/elements q1, q2, we will obtain:

Q— q , q,, (5.1)

i.e. d uring the “p arallel” connectiCfl/co.pounu of the iciiep.ndent

• ce ]l/e leme n t s  of t h e i r  u nr e l i ar i l i t y ,  t h e y  u L e  c tu i ~ i~) l i e i .

Pa ge 383.

Pass ing  in f o r m u l a  (5. 1) fr -3 m u n r e l i a L ~~l i t  y to  r e li a~i il i t y ,  we

• ha ve

I — P — ( l —p 1)( 1—p~J,

wh e nce
(5.2)
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• W i t h  t h e  arbitrary num reL fl ot t h e -  w h i c ~i du p l i c a t e  ea c h  o t h e r

in de~ en den t cell/e lenten t s , the  r .~l iabi  ]i t y u l  1 lue ,~ t r em s uch

ce l l/ e l e~ en t ~ (Fi~~. 7 .2 5)  is c u m p u t C d  t to ut ~~~~ t u r m u l a

• P — 1 — ( 1 — p1) (1 —p,) .., (1 —p1). (5.3)

• Cr . , ~- t  is shorter,

P— I— f l  (J—p~). (5.4)

I n  t h e  p a r t ic u l a r  case  w n e n  t h C  r e l i a L i 1~~~y )~~ ~1l l  c el l/ e lem e n t s

• aL e id~.n t i c a l :

p1 — — —. — p.

• f o r~i s u l a  ( 5 .4 )  t aX e s  t h e  f o r m :

P— 1 —( 1 — pY’. (5.5)

E x a m p le 1. T h e  p r o t e c t m y  a ev i ce , w h i c t i  e ~~~5~~~~5 t he  s a f e t y of

w o r k  w i t h  m a t e r iel , C o nSi St s  or  t L ~~e d u p 1ic~~t i i ~~ ~ ac~t o t h e r  ot

s a f e t y 1ev ice/fuses. R e l i a b i l i t y  c~ ea c h  of  t h e m  0. ’). S a f e t y

c v i e e/ t u s es  are i ndependent i n  t h ~ Sen se C L  r & 1i . i b i l i t y .  To f i n d  the

r e l i a b i l i t y  of e n t i r e  dev i ce .

, ;c lu t  ion. On f o r m u l a  (5 .5 )

P — 1 — (I — 0.9)’ — 0,999

U n t i l  n o w , s p e a k i ng  a b o u t  “ ch a n g e o v er ” t o  s~~.ir e Ce l l/ e l em en t , we

a s su m e d  t h a t . e i t h er  f o r  t h i s  is tiot requires slec ia l switching system
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(as in t h e  case with satety devica/fuses) , or t h e  r e l i a b i l i t y  of

s w i t c h i ng  sys tem is e q u a l  tc  u n i t .

~
i
~t1 ~ 

—•4:~;~;:~ 
—

pig. 7.214. Fjq. 7.25. Fiq. 7.26.

P a g e  ~84 .

I f  t h i s  no t  t h e n , t h en  it is easy to take into tc~:c u nt  i ts  i n c o m p l e t e

r e l i a b i l i t y .

L~ t us  assume t h a t  t h e  bl ock consis ts  et  t w o  “ i n  p a r a l l e l”

c o n ne c t e d  ce l l/e lement  ~ 3~ an d 32 ( F ig .  7. ~‘ b)  . In t h e  case wh e n

ce ll/ e l emen t  3~ goes out o~ or d e r ,  s w i t c h i n g  ~;y 5 t t ~rn fl system to

a n o t h e r , spa re ce l l/ e lement  3~. The  reli ability ci c el l/ e le m e nt sj 1,

32 and  ot swi tch  fl ar e  e q u a l  to r e spec t i v el y I i,  ~~ an d  ~~~~ Let us

de t e r m i n e  the reliability o t  e n t i r e  t l c c k .  FOL t h i s , is j o i n ed the

s w i t c h  fl in d  ce l l/ e l e m e n t  3? i n t o  one “ C O f l J t c U t  iv~~” cir cuit with the

r e l iab i l i t y

ps — p—ti.



—

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _

DOC = 78068719 PAGE

I
C o n s i d e r i n g  t h i s  c h a i n/ n e t w o r k  as one j fl  a r a il e l  cennected

condi tiona l cell/~~1eme n~ 3’?. let us f i n d  t r m  to~~m u l a  (5. 2) t h e

reliab ility of the block:

P — I —(I —ps) (1 —ps’) —1 —(1 —ps) (1 —pa ~j. (5.6)

T hus , t h e  i n c o m p le t e  r e l ia b i l i t y  c f  s w i tc h  csn  he t ak e n  i n t o

account by the simple multiFlicati on of the relia~~il i t y ~t spare

c e ll / e le me n t  by the  r e l i a b i l i t y  of sw i t c n .

I t  s ca re  c el l/ e l ewe nt s  not on e , b u t  it  is mor e :  3~ , ..., ~~~ and

each of hem is furnished by their switch w i t h  reliability

- 

- 

resj oct ive ly p?t1 p?’. •... ~~~ then in formula ( 5 . 3 )  it is necessary to

m u l t i p l y  the reliability of each spare cell,’el&meii t b y the

r e l ia bi lit y of the switch:

P — I — (I —p~)(1 _p5(?) p~) (1 _P~
(3t ps) ... (I 

~~~ p,~). (5.7)

I t  can seem t h a t  t h e  c h a n g e o ve r  t c  a n y  s p ar - i cell ,element  is

realized one and the sam e switch fl (Fi g. 7.~~7) . T aen  s w i t c h  fl
t o g e t her  w i t h  entire block of sp a r c  c e i l / e l & m e nt s  can be cons ide red

as one conditiona l cell/element 3’, with reiiaLilit y P’z. equa l to

Pi’ ~~P.t1 —- (1 —p 1)(l-— p5) ... (I —P~)I~ (5.8)

a the reliability of entire blcck will ~e computed accorling to the

P I —(I —p 1)(I —ps’). (5.9)
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Page 385.

E x a m p le 2. To d e t e r m i n ~ t h e  r e l i a b i l i t y  o~ t he  t k o c k ,  w h i c h

co ns i st s  of  basic ce l l/ e l ement  3~ w i t h  reli~~bi l i t.y Pi = 0.~~ and  threeI,
spare cell/e lements: 3,, 3~, •,, having ~~~~~~ reliability:

Switching to spare cell/elements in the cart- ot tai lur e et  a n y  of the

cell/ele me nts is rea lized with the helF of out. a~ d t h e  same switch ,

which has reliability Pa 0.95 (Fig. 7. ~8) . To triid t h e  reliability

cf block.

solution. Is joined switch with s~ are eell,elements E 2, E 3, E,,
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i n t o  cca i i t i o na l  c e l l / e l e m e rt ~~~’2 w i t h  th e  L e l i l b i l i t y

~,
‘ 

~ p~ j L  — (
~ 

— p,) (1 — Pi) (1 —p,~)~~O.9S ( 1—0 ,1’) a,0 .949

• 
~

• 
R e l i a b i l i t y  D f  en t i r e  b l o c k :

P~~ I —(I —0 ,9~ ( I  —0 .9$9~ 0,996.

Let  u s  n o t e  t h a t  in  th i s  e x a m p l e  C C I U P a L d t i V e i y  low reliability

of sw i t c h  v i r t u a l l y  d e p r e c i a te s  a la r ge  q u a i t i t y  ( t h re e ! )  of spa re

ce l l/ e l - s ine nt s .  Tha c o ns id er a b l y gi c a te r  r~~~li~i b i l it y  of sy s te m  we

• w o u l d  on t a i n , if each c e l l/ e l e men t  w a s  f ur : 1 i s r~~ d ny  i ts  s w i t c h :

P’ I — ( 1 — 0 ,9) (1—0 .95.0 ,9)’ ~ 0,9997.

U n t : i  now , V3 examined the sy s t e m s , d U ~A 1 c 1 t  ~r i  one basic

• cell/elom~ nt. In . the general case in tbe r~~ 1unoi ~~nt  system s , can be

ap p l i e d  both “the consecutive ” and “ par dllc ’4” ceninection/compounds of

cell/eleme rts, moreove r as a rule , are d o u L i e ~1 leist relLtb le

c.~l1/eie aIe nts. During the estimit icn of t i l t r’ 1 ia~ ility of this

system , it is necessary tc di smemi~ r it to a ~c L I ’S of tt i~3

“snls y 5ttms ”, which do not have c o m m o n  ccl l / e l € -tn n~~s, ti find the

reliabilit y of each ot th em and , consider in~ suL~ystems as

c o n d i t i on a l cell/elements , to con~sider t h e  ~e l i a~- I l i t y  of Syst em as a

whclc.
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Fig. 7.29.

Pa g e ~9b.

Example 3. To determine the re l i abil ity o~ t~ e system , which

coPs~~s ts  of  ce l l/ e lemen ts  3~, 3~, ..., 3-~ ~~ t h  r e l i ab i l i t y  P a .  Pa .

... . p 7 ( F i g.  7 . 2 9 ) .

Solu t ion. Subsystem I — “ c o n se cu t i v e  ly ” e cu n e c t e d  cell/elements

3~ and 32; the reliability:

Subsy stem IL — “in parall el” c o n n€ c t e d  c e l l/ e l em en t s  3~ and ~~~,;

the reliability:

P,,~~ I—(I— P,Ht—p,) .
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~;u iisystem Ut — ‘~ nse~v r/u e_I~
, “ -on ~w ct ~ - I an d  I L ;  t h e

L e l i a h il it  y:

S u b s yst e m  IV — “ i n  p ar a l l  € 1” c c n ne c t o d  ~~ an  I ~~, ; t u e

r e l ia b i l i t y :

I

s ubsys t em V “c on se c u t i v e l y ” C of l n E c t ~~~ 3~ s~u L V ;  t h e

re l i a b i l i t y :

E n t i r e  sys t em — “ i n  p a r a l l e l”  CO n n e c t e o l  I I I  an d  V; t h e

r e l i a b i l i t y :

I —(I — P111) (I 
~v)

~~. Reliabi lity of the redundant system (“ c c l i”  - i n t l t h e  “ l i g h ten e d ”

res erve )

To th e  these on we e x a m i n e d  o n l y  th e  ~~~~ w h e n  t h e  r e l i a b i l it y

- -~~~~~~~~~~
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Cf each  lupticatjn g ceul/eleme nt on de~ €nd~, on th~ t , when was

I !~c l U d e/ C o n f l e C tC d  i~ w o r k  t h is  cc l l / e l€ m e nt .  I :i s  cas e w aj c h  w e

con~i i t i o n i a l I y t i an e d  “h o t  r e d u n u d n c y ” , id le  t i m e  i t se l f  of al l

~e~~si b l e .  Is muc h  more c o m p l ex  t h e  case , w h~-n s~~a~ cel l / e l em e n t

b e f o r e  i ts  st a r t i n g not  ~ t a l l  can  r ej e c t  (“ c o l d”  r~. J u n u a n c y )  or can

rcj t ’ t , h u t  w i t h  ot h e r , by  less p r o b a b ij i t y  d * : ns i ty ,  t h a n  a f t e r

connec tion/inclusion ( t u e  “liqh t~~n~~d” r€ du ri uancy) .

I n .  t h e  e x a m i n a t i o n  of t he  t a s ks , c c n n € L t e d  w1t~ u t h e  co ld  or

l i oh t e ne d  r e d u n d a n c y ,  t o  us i n su t f i c ie rt  w i l l  i n t r o d u c e t h e

• r e l i a b i l i t y  of s y s t em  a n d  cel l, e le wen t s  f o r  one , ~n e v i o u s ly

fix/recorded , t he  values of tim e ~ ; will h a v e  t c  analyze entire

r a n d o m  process of t h e  f u n c t i o n in - ;  Ct sy ~~te n .

Lct us consider several ti~;ks, whic i L - la  t c  to t h e  c o l d  a n d

l igh t e n e d  r e du n d a n c y .

Task 1. G e n e r a l  case of t h e  c a l c u l a t i c l L  01 t u e  r e l iab i l i t y of

t h e  redundant system (the “lightened ” Cr “cola ” reserve). Syst em

(block) consists of “in parallel” Connected ce-Il/elements 
~~ 

and 32

(basic an ~1 spare). The intensity of flcw of th e itilu res of the first

cell/eleme nt X 1(t) ; wit t tui C failuic cf the f irs t  ce l l/ e l emen t  occurs

automa tic and  reliable changeover to spir e (p1 — )). The intensity of

• flow ot the failures of spare Cell/element tefore its inclusion into
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w o r k  X 2 ( t )  (cell /e l e men t  w o r k s  in t h e  “l i~j i t ~~n .  
~~“ c o n l i t i o n s / m o d e )

rage 387.

A f t e r  i t ;  st a r ti ng , at t h e  m o m e n t  or t I i~ f a i l u r e  of  t h e  f i r s t

ce l l /e l eme nt , t h e  in t e n s i t y  i n s t an t l y E u n s  u~ ( Fi j .  1. 3 0)  an u  becomes

equa l to t h e i n t en s i t y  X2, which it is logical to  a s s u m e  n o t  only on

t h ~ c u r r e n t  t i m e  t depending, but  also f r o m  t h i t  ~e r iod  t 
~~. 

d u r i n g

wh ic h t he  c”ll/elament operated in the lighten ed conditions/mode:

= ~~ tI1~).

i t  is r e q u ir e d  to f i n d  t h e  r e l i a b i l i t y  of  sy s t e m  P ( t ) .

L~~t us consider the set of twc rando m V a Li i~~Les;

-- torq ue/momen t ot t~ e tailure of tis ic cell/ele~aent,

— torque/Moment of the failure of stare c.~ l l / e l e m e nt .

Fveht A ( f a i l u r e — f r e e  o p e ra t i o n  cf sy st e m t o  t or ~~u e / m o m e n t t

lies in the fact that at least- one of values T~~. r 2 w i l l  t a k e  va lue ,

is larger than t (at l eas t  one c e ll/ e l e m e n~ w i l l  w o r k  u~ t o

t o r q u e/ m o m en t  t ) .  The p r o b a b i l i t y  of oppos ite  ~-v e:~t — t h a  t a i l u re  of

sys~~~nn to  torq ue/moment  t — w i l l  be

P~~.T ) i u 1 /~~ .4) P(Ti <1, T1~<i ).
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Let us  r i n d  t h e  c omb i n e d  den s i ty  of  u l i s t r i t u t i o t i  or r a n d o m

vari abl es T 1 and  T 2, d esi g n a t i ng  its f ( t i ,  t 2 )  . ~a n 1 o m  v ar i a b l e s  T 1,

12 are dependent, and

J ( e~, 1
~
j  =11 (Ii)! (t11( ,), (6.1)

whe re f 1R1 ) — unconditional density of distribut ion of value T1,

f (t 2/t 1) — c o n d i t i o n a l  d e n s i t y  of distrjbution cf va’ue r 2 ( w h e n

value r 1 it took value t 1).

Let us find both densities. On for~ u 1a (3 .  t4) ~ 3

(1k) (t i) p, (ii),

w h e r e  p 1( t 1) 
— the reliabilit y of cell,,e].ea~- nt31, by the force of

t o r n u l a  (3 .6 )  it is equal to

Pi (t &)= exP
{ 

—
~~ 

)
~1(t) dt} .

Heflce

13(11) _~i(ti)exp{ 
_

~~ 

).~(l) dt } .  (6.2)
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F ig.  7.30.

£d~J~ ’ ~88 .

Let  us  f i n d  t h e  c on d i t i o n a l  d en s i t y  f (t ~./t  ~) .  !‘h :~ cjn ditional

ra te of f a i l u r e s  of s p ar e  c € l l ,’~~ie~~ent  w h e n  ~~~~ = t 1 , will 1-c:

It A1(11) w~~ h t1<t1,
— 

~ ~~~~~~~ t~ >t 1.

A t  t h i s  i n te n s i t y  let us f1~ d the conditi nat ~~ f l s i t y  of

Ii~ tu i~~ution of the t i M e  of t h e  t~a i l u r e — t ~r eL o~~€r~~~ion o: th e  spare

cell/e lement : 

-—-—•- • -______________________________ 
• -
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fl~~ £~<t3,

/(4/1,)~ 
0 

,c X,(I~dt_~~~,(t/t ,)dt fl~~ 1

Y e y :  ( 1 ) . w i t h .

Th u s, the  com b in e d  d e n s i t y of d i s tr ib ~ t i c n  o~ t~te 5 j st e m of

ra n d om va riables T~ , T 2 is f o u n d :

~~ t , ) — t1 (1,) I (4 / I ,) ~~

X~ (1l) ?., (1* exp 1___ S ~~~ 
(t) dz __

~~ A,(1)d! mph 4<t~,

t I

Xi(t 1)~.,( t,/t~) exp ~1(t) dt ~~(t~ dt —
~ ~~(t It1)dt
‘ 1
M~ H 1$>’).

Key: (1). with.

Kn owing this comnined density, it. is j e - ;~ ~J - j - ~ ¶ o ~~ 
I the

f a i l u re  pr o bab i l it y of sy s t e m  to t o r q u c , m on ~~~t t :

P(~~)=P~TI < I . 7’,< I) —

m
~~ (

~
, 1,) dt 1 a’11

wh ence th e  unknown reliability ot system:

PU) = 1— 
~ ~f ( ’~

, I,)dl, d11. (6.6) 

-- -~~~~ -- —---- -
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- Fig. 7.31. Fig. 7.i2.

rag e ~~~

• Duri n g calcul at ion on tot m u l a ~; (~~
— . ~) — ( t - . t )  ~ t is n.~cessary to

ke~~ in mi n~1 , w h a t  e x p r  i ’~~SiOn 01 1 u n ct  ion ~ a ~‘~~~ ) i~~ ~1i ss im i l a r  by

I one and a no t her s i d e  t r c m  the str~ii qht u n . ’ t~ , t~ — b1~~ ? c t r i x  of

t h e  t i ~~ ;t  q u a r d a n t  (Fi;. 7.~~1) . 8 . in .j e s  ot  i i 1 t t  q~~i t i o t i  i i i  F i g .  7.31

a re  i o t  ~ a b y d i  f f a rent sh (1(1 lfl . I n  r an ~ ~ I L U n ¶ I a n  1 ( t /t  2) i~

- c x i  u . a s . ~~i b y  t h e  f ir~;t. of t c r m u l a s  ( h . ) g  in  r a n  11 , — t h e  set - and

co rse l u e nt  l y ,

P
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- ,

P(I~ .. ~
1
~5 ~L1(11)~.,(1,)x

X exp ~—~~~,(t , !: — 
~ ~,(t) dt~ dt1 d12+

‘-~~ 

~~~~~~~~ x

• x exp { — 5 l~ (/) dl — ~ (1) ~l — £, (1 t ,) dl d11 dl,. (6. 7)

1~

W i t i t h~- as5igned  c o n cr e t e / s p ec it i c/ a ct u d i  f o r m  of t I i ~- f u n c t i o n

X~ ( t )  , ~~~( t )  , X 2 ( t/ t 1) i n t eg r a l ( 6 . 7 )  can  be c a l c u la t e d , in  t h e

~Ti a , r le .~* cas e s df l ~t l  y t i c a l  ly ,  mor e ± r e q u € n t — n u i ~~r i c~~lly .

Let  u s  n o t e  t h a t  t h e  i c u n d  Ly us s c lu t r o n  cf t h e  P r o b  lem of

estim ,i t ihig t h e  rel iab i  l i t y  f o r  t h e  case of tht - ’  “ i L j h t e n e i ”  reserve is

i e l a~~ed a l so  to t h e  case of “cold” reserve — i n  t i i s  case X ? (t) = 0,

so t h a t  in  f o r m u l a  ( 6 . 7 )  t h e r e  r e ~n a i  us cnly o:.t intejral — the

second ,  yes  ev e n  t h a t  a lso w i l l  be s i m p l i t  i~~d.

W e  see t h a t  in  th ~ case e v e n  at  t h E  C f l t  ~~ IL C c e l l / e l em en t ,

w o r k  in in t h e  lightened ( C r  c c l d)  r e s e r v e  t n e  ta~~ at  ‘stim ating t h e

t e l i a b i li t y  of system is sufficiently c o m p l e x . E u t  i t  t he  n u m b e r  ot

spa r - i c e l l/ e l ement s is more t h a n  ore , t ask ev~ ii n o r - ’  is .~omplicated .

I -

_ _ _ _ _  • ~~~~~~• • • _ _ _ _ _ _
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~e w - ’v er , ta~ k c an  he h i g h l y s im p l  i t i c i , i r O~~e a s s um e s  t h a t  t he

t l c w : ;  of  ~n a l fu n c t i o n s , w h i c h  f u n c t i o n  c r  c l i  c c l l ,’e l c m e n t s  (basic and

, re pr e s e n t  b y  t u e m s e l v e s  a m p les t  f l o w s , ‘ i .e i n t e n s i t y  ct each

at  w h i c h  is c on s t a n t  ( t h i s  a s s u m j ; t i C n  is a ~U i V d l a. t t o t u e  fac t that

t h e  Ln w of t h e  r’4 ia~~i L i t  y at  each ccl 1/c l e u i e u t  — e x p o n e n t i a l , and

s t ar t i n ;  s e ll /e l em en t  var i e s  onl y the pa ranc t el at  t . ti s  law) . With

t h i i ;  a s s u m i t i o n  t h e  r ’ l i a b i l i t y  of  s y s t em  S c a r  t~ I O U I I J  b y  t h e

me t~~~ ¼ of s o l u t i o n  a t  dit rerential e qu a t i o n~. t e L  t he  p r o i a l ’ i l it  iCS of

i ts  st a t e s .

T.a: ;k 2. s yst e m  w i t h  cCld z:t --s~.L ve a nti t~~~ i~~ les t L i  o W s  of

f a i l u r e s .  The  r e d u n d a n t  s y s t em  ( b l o c k )  S cs u a  i~ ta of basic

cell/clem ent 3~ and two spare: 3~ , 
~~~~~~
. ~i th  t h e  t i i 1 u t~e )f

cell/elem ent , 3~ in work is i n c l a 1 e , 1  32,  w i t h t n e  :aiLur c of ~~~~~
(Fi~~. 7 . 3 2 ) .

ra ge 390.

~~-t O r e  C O f l f l C Ct  ion/inclusion t - ’ich o f  t h i t a p a ~ e C. I / e l em e nt s  is

locat ~~d a n d  “ cold” r e s er v e  an d  r e fu s e  i t  c a n n o t .  t h e  Inten sity of

ficu o~ the failures a t  b asic  cell/element X 1 ; t h e  i nt e n s it y of flow

at t i e  ti ilut -e s of cccii  at  the spare cEil /EA (’r..n~ -, w hen they work, is

ideut ic - t i . a n 1  equa l to 
~~~~~ 

All t t c~~s ct  : cii ~~~~-~ c u e  s imp l e s t .  It  is

t equircu to deter m inc the relial il i t . y C L  sy~.tc~ S.

--
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Let  u s  present  t h e  ~ rccess , w h i c h  t ak e s  ~ l.tc~ in  s ys t e m  S as

M c t r k o v i a n  ~‘rocess (se.’ c h a p t er  i4) w i t h  c on t i n u o u s  time and with

d i s c r e t e  sta tes:

— works basic cell/Elencut 3~,

— work s spare cell/element 32~

— works spare c€ll,€lement 3~,

S , — wor ks  not onc c e l l/ e l e m e n t .

The graph/cou n t of the states of systec i~ . . u own  on F i g .

7. 33.  Since  the r a st o r a t i o n/ r e du c t i o n s  Cf c~~l J / e l eu t en t s  i~~c~ n0t

• cccur , ill arrow/pointers cn grap h/count ccaduct to one side .

The s ys t e m  of e q u a t i o n s  of K o l m o y c t o v  j ar  th - ?  p r ob a mi l i t i e s  of

states wil l be:
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~~~~~~~~2 P2+~lP1,
- 

- dl 
(6.8)

To t h e m  it is n e c e s s ar y  to a d j o in  t u e  r or  ii a l i z i n g  c o n d i t i o n:

(6.9)

F r o m  the  fi r s t  eq u at i o n  w e  e~~-re~ s p~ as f u~ ct io n t:

p,(l) .=e—~” 
- .  

(6.10)

(initial condition by which we jntegr~ ted this e~ uation , p
~~(O) = 1).

Su b s t i t u t i ng  ( 6 . 1 0 )  in t h e  second . q u a ti o n , w e  w~~U o b t a i n :

4~J =_ ~ipt + X,e_Lst . (6.11)

L e t  u s  i n t e g ra te  t h i s  e q uat i o n  w~~t h t~~ - i i  j t  ic~ c o n l i t i o n  p 2 ( 0 )

= 0; we will obtain :

~ ( )  = — e~~”. 
- 
(6.12)
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T h i s  t u n c t i on  let  us s ub s t i t u t e  i n t o  t .~ j i ‘j u a t i on  (h _ U)  ; we

wi 1 1. cb ~di ii :

~~~~~~~~P,+~~~~~1
e~~” ~-~-~~-e”-~’ . (6.13)

E qu a t i o n  (b. 13) it is nece sSaL-v t C  i n t e - 1 L  a t e  - t 1 ~~o uit ~1.’r t h e

i n i t i a l co ndi tion p~~( O)  = 0;  w e  w i l l  o l t aj u :

- p,(l) — 1 e—~’ — ~~~~~ e~~” — ~~~~~ C—~~ . (6.14)

Fo r t h e  det e r m i n a t i o n  cr f u n c t i o n  ~., ( t )  i t  i ; not necessary to

in t e J r a t t ’ last/ i tt  t er  e qu at  1011 (b.  8) — it it i s  j t j a si  ble to  f i n d  I ro .

con d i t i o n  (t .9)  :

p4 (t)~~ I— P~z, I —(p~ (i~ +- Ps (1) -f— p , (1)) —

— V 
~~~~~~~~~~~~~~~~~ — ~~~~~~~ ~‘~~_ ~—“L1e’~.~ (k,—) 1)’ 

~~~~~~~ 
j
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Task ) . Syst?m with the lig htened res~~ v.- an~i t h - •~ s imp l e s t  f l o w s

ef t ajlures. The redundant system (~ lcck) 3 c o ns i st s  of u a si c

cell/e leme nt 3~ an d  t h r e e  sp a r e :  3~, 3~, 3, (Fig. 7.3~ ). Basic

ce l l/ e l e m e n t  undergoes  t he  s i m p l e s t  f l o w  of f a i l u s e s  w i t h  intensity

each  of the  sp~ re b e f o r e  t he ir  c o n nE c t  i On / i n cL l s io f l  u n d e r g o e s  t he

f l o w  of  f a i lu r e s  w i t h  i n t e n s i t y  X 2 ;  a f t e r  t he  cc :a iect  ion/ i nc lus ion  of

sp a i e  ce l l/ e l ement , t h is  i n t e n s i t y  i n s t a n ta n e o u s l y  r en s  ~ip  t o  v a l u e

x 2 . ~i t h  t h e  f a i lu r e  of bas ic  ce l l/ e l e m e n t , 31 i~ i n c lu i e d  in w o r k

sp are 32, wi th the failure of 32—33 and  i.e.

It is required to determ ine t h e  reliab ility oi system .

Let us label the states of system by two inlice s: tac first is

equa l to u n i t , if bas ic  c e l l/ e l e m e n t  w cr k s , t n d  ~e:o — if on w o r k s ;

t h e  second is equa l to the  n u m b e r  of  e x a c t  spa~~c c e l l/ e lem e n t s :

S 1~ — basic cell/element is exact (it w o r k s ) , e v e r y th i n g  t h r e e

spare exact;

S 12 — bas ic  cell/element it is e x a c t  ( i t  ~ c r x s ) , o t three spare

cne it refused , two were exact ;

s 11, basic cell/element is exact (it wau~~s), at  t h ~~ee spare two

t h e y  r e f u s ed , on e w a s  exact~
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S10 — basic cell/element it is exac t  (it w c r c s ) , everything

t h r e e  spare r e f u s e d;

— basic cell/element it refused , works one of t h e  spare , -
~

re maining two are exact

S 02 
— basic cell/element it refused , w o r k s  one of spa r e, of the

cthers spa re one is exact, another refused;

S01 — basic cell/element it refused, operates one oj t h e  spare ,

the cthe rs two spa re refused;

S00 - all cell/elements they refused.
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Fig. 7.31$.

P ag e  ~92.

The g r a p h/ c o u n t  of t h e  s t a t e s  ot s y s t e m  is ~ u o w r i  on F i g .  t o

• 7. 35.

• S y s t e m  of equ a t i o n s  K o lm o g o r o v  a f o r  t~~ . j r a u a b i lj t i e s  of s t a tes

takes the form :

1
I.

1 —
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1 

= (Xt + ~~ Pu ÷ 2~ , Pu’

• 
dl (6.35)

~f!! =—(k ,+2.2) Po3 +~~~~ ,

= ~ Poi + ~~t Pu + ~~ + ?.,) P.8,

To these equations it is necessary to supp lement condit ion:

P i, -r- P i2±P ii +P io±Pss +~~~+P.i+P ..~~~~

m a k i n g  it possible to re ject/t hrow any  of equ a t i o n s  (6. 15) .

The integration of system (

6~~~ 15) can L~ r t a l L L c d  in t h e

f o l l o w i n g  order :  f r o m  t h e  f i r s t  e q u a t i c n  we f i n d  p 1 1 ( t ) :

(6.16)

This  expr ession is s u b s t i t u t e d  in the  3eCCnU e q u a t i o n  w h i c h  now

contains onl y one unknown function p12 (t) ; we t i~~l i t ,  we S ub s t i t u te

in t h e  th i r d  equation , and so on.
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S

• P a g e  J f l .

At each  t ep /p i t c~ of t h is  process t h e  n~~w L u r . c r i o n s  we ex~~i-ess as

a l re a d y k n o w n, t h u s  f a r  finall y it is nc t  t~~ach ~~i 
~~ L~~U l  anich we

ex p r e s s  as a l l  o t h e r s :

+ p,s(t)+p,, (t)+p ,3 (fl).

A f t  -~r cal c u l a t i o ns a r c  p r c dt i c e d  a r d  f u i . c t i~~~ii~~; ~ 
3 ( t )  , ...

p 0 0 ( t )  z cund , it is possible to find tb.~ r cliak i fit y ot system P(t).

It is O b V i O U S , it is e q ua l  to t h e  su m  cf ¶ he r c~- t L ) L l i t~~es of al l

states , in which th e syste~ woLks :

P (1) P~ (I) 
.4 

~~ 
t t ) + ‘~ ((~~

— :~ ; l t .  fl~~ ~~~

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  L 4
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cr , w h i c h  is the  same t h i n g ,

P(1)~~ 1—p,,(t). (6.37)

7. i~e l i ab i 1it y of sys tem w i t h  restor at i c n/ r L d u c t i o n .

U n t i l  n o w , e x a m i n i n g  the  t a s k s  of r e l i a b i l i ty ,  we prJCeeded from

t h e  f a c t  t h a t  the  r e fu s e d  c e l l/ e l e m e n t  goes ou t  of o rde r  f i n a l l y a n d

no restoration/reduction of its ruri cticn s i t  i~. p r o du c e d .  Is ot

interest research of the tasks ot r e l i a ti l i t ~ cn t he  a s su m p t i o n  that

t h e  ce tused  cel l/ e lements  are iestcreJ — t~~~~y j r e  i n s t an t l y

s u b s t i t u t e d  new or t h e y  are o v e r h a u l e d .

D u r i n g  the so lution of this typ~ of  ~~~~~~~~ ~~i will issume tha t

all flcws of events, which translate sy~ te~ ~~cm .t t t a  in t o  s t a t e,

si~~p lest  (o the r wise we suc h t a s k s  will not ini. ;~- )

Let u s prel i m i n ar i l y  do t h e  f o l l o wi n g  c b s t L v ~~t i o n :  ~ ll

processes, connected with the reliability ci the -~~stein s which we

examined , until now , it was substantially ii ns ttudy; since the

r e s t o r a t i o n/ r e d u c t i o n s  of c e l l/ e l emen t s w a s  n o t , it is logica l tha t

with t -.-~~ the reliability cf systea v a n i s h ~~l , and t ile M m a x j a u m

conditions/mode” of system it wd s s i m p l y  “ i t  dces not w or k ” .
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t n  t a s k s  w i t h  r e s t o r a t x c n/ r 2 i u c t i d n  us t h e  ~ m i l l  j a t e  rest not

cn l y t L a ~~sj e nt  processes in s y s te m , b u t  a lso t h [  3 t e a - i y - s t a t e

conditio ns/modes, at tai~ od wi t:i t ~~~~~~~ 
— - In t h i:-~ ~ ar i q r a p h we w i l l

H: con sid~-L sever-al tas ks ci t b e  r a n g e  cf t h e  r e I i a .~i l i t y  of systems

w i t h  r c s t o r a t i o n/ r e d u c t i o n.

T ask  1 ( task of s p a r e  c e l l/ e l e m e n ts)

W o r k s  t he  s i m p l e  s yst e m , w h i c h  c o n s i s t s  ot  o:~e ce l l/ e l e m e n t  3,

w h i c h  u nd e r g o e s  t h e  s i mp l e s t  f l o w  cf f a i l u i ~~s w i t n  i n t e ns i t y  X .  With

failure the cell/elemen t is inst antly subst ..tute~1 new w i t h  t h e  same

c h a ra ct - -~r i st ics. Availa ble is N u: spare c€ll /€ leuen t s , w n i c h arc

l oc at e d  in “ cold” r e se rve .  ‘10 d e t e r m i n e  p r c~.d~~i l i t y  t h a t  t h i s  n u m b e r

cf spa re  c e l l/ e l e m e n t s  to us w i l l  s u f f i c e  t ui  o~~-~z a t i on a l  p rov i s ions

of sy st~~u~ f o r  a period of t i m e  t ( i n  c the r w o r d s , to  f i ni  r e l i a b i l i t y

P ( ~~) or sy s t e m  w i t h  r e s t o r a ti o n/ r e d u c t i o n )

Page 39~ .

S o l u t i o n .  It is n o t  d it t i c u l t  to not e t h a t  ~;t at e d  problem is

cquivalent to the task cf e s t im a t i n g  t h e  r e l i a b il i t y  of the redundant

s yst e m  with N by t h e  spare cell/elements, w o r k i n g  iii  cold reserve

a n d , as such , it can  be so lved L-y t h e  m e t h c u s , irop o sed 3 D o V C .  B ut we

is solvp( 1 by it s  s o m e w h a t  d i f f e r e n t , s im p l er  m E  t i l od .

_ _  _ _  - ---~~-- • - - - - ---~~~~~~~~~
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-
~ Let us cons ider  ofl a x is  Ot t h e  “ f l o w  cz r e s t  r ~ti oi:/reductions ”,

i.e.. , t h e  sequence of t h e  m cm en t . s of t i m e  at w ~ ic,~ t h e y  jo out  of

cr d er  a n d  instantly are restored c c l l/ e l e w e n t~~ (?i~J .  7 .Jb )  . It is

cb v i o us , t h i s  — t h e  s i m pl e s t  f l o w  w i t h  in t d u s i t y ~~. ~he r e l i a b i l i t y

of s y s tem  P ( t )  is p r o b a b i l i t y  t h a t  u p  t c  t c r -~ u € / ~n o i n e n t  t tL~ sys te m

w i l l  w o r k .  For t h i s , i t  is n e c e s s ar y  t h a t  cj ~ t~ .€ • ;C Ct i O f l  ( 0 , t )  it

woul d r efuse  not  m o r e  t h a n  N cel l/e lem ent s t o n e  n i~;ic a:~ i b—i spar e).

W e k n o w  (see §4 c hap ters 4) t h a t  t i e  f lU l . L - e u  of even ts  of t h e

sim p l e s t  f l o w , w h i c h  f a l l  to  section w i t h  a l~~~n - ; t ~~ of t , is

disttihuted according to the law ot Pcissou~

ni t
wh ere a = Xt , i.e.,

P e~-” (m —0, 1. ...). (7.3 )
nit

Let us f i n d  p r o b a b i l i t y  t h a t  t h e  n u m b e r  o t  P O i n t s  ( e v e n t s ) , t h a t

f a l l  t o  section (0 , t) • will be not more t h a n  N .  I~h i s  pr L ab i l i t y

w i l l  be the r e l i ab i l i ty  of the  s yst em

P (t )— P ,+P 1+ •~~
- +~~~~.

cr ,, it is shorter,

P(t)~~~Z P~. 
(7.2)

I’~~~ 0 
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1 Subst i t u t i n g  (7.1) in (7. 2) , we w il l  c t t a in :

~‘ (1) — (7.3)
- or , a f t e r  t ak ing  out e-4’ as the sign ct sum ,

P (t ) a..e.4t~~~~!’ç.

‘V
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Fi g. 7.36..

Page 39~ .

- - Ca l c u lat i o n s  on f o r m u l a s  (7 . 5)  ort’7.4) it is co n v e ni e n t  to

p r o duce , using the tables of Poisscn distribution P m (or

p r o L a h i l i t ies R , J — ~~~P,,, which somewhat more conven iently are

t a~ u 1a ted)

In Ai pend ix ~table 2) gives delays from the tables at  Poisson

distribution (probability P,,,).

Example 1. Is e x a m i n e d  t h e  w o r k  of  ce l l ,el e~n .~nt  w i t h

restorat ion/reduct ion (task 1); the intensity ct :low of failures X =

2 ( f a i l u r e  in h o u r )  . In our d i s p o s i t i o n  ~1 = t’ ~ pare cell/elements.

lo determine the reliability of system P(t) i n  t i t d  f u n c t i o n  of time

to -r = 5 hour (maximum operating time).

4

Sol u t ion.  We wi l l  use Table 2 ap p l i c a t i c n / a pp e r ~J ices. The

f i r s t  c o l u m n  of t he  t a b l e  w h e r e  P 7 is E X C e lj ~~n t l y f r om zero  — these
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a r e  th~ c o l u m n , w h i c h  corres p onds  to a 1- , i .e ., t =

Se t/ a s sumi n ;  t 0 .5  a n d  st c r e / a d d i n y  up  aU  l r c n a h i l i t i e s  for  ii > 6

(or t h e n  is d i f f e r en t fr o m  zero c r l y P 7 ) ,  we o t ’t a iz~:

P(0,5)— 1— 0 .0001 — 0,9999.

Fc’ r- t 1 (a = 2)  we have:

P(I) — I — (0,0037 -+ 0.0009 + O.0002~ — I — Q0048 0.9952 0.995.

-) 
F or t ~ (a = 4)

P(2 — I —~ 0,0595 1- 0,0298 + 0.0132 + 0.0053 -t- 0.0019 4 0,0006 +0.0002 + 0.0001) — I — 0.1106 0.889.

For t = 3 (a = 6) a l r e a d y c-ore c c f l v e n i e n t  t - )  n ot  pass to

cpposite event , but to cow~~ute p rotab ility t~~at t a r  n u ~~ber  ci

failur es will be lesser than seven :

P(3) 0.0025 — 0.0149 + 0,0466 + 0,0892 + 0,1339 + 0.1606 + 0, 1606
0.608

• For t = 4 (a - 8)

P(4) —0 ,0003 —F 0,0027 + 0,0107 -1- 0,0286 + 0,0672 + 0,0916 + 0, 122 1
0,313. 

-

F o r  t = 5 (a = 1 0 ) :

P(5t — 0,0000 + 0,0005 + 0,0023+0 ,0076 + 0,0189 + 0.0378 ÷ 0.0631 —0,130,

It  i~~; aPplied the ø b t~~j~~~ d V a l u eS  for -~ra ih ( F i j. 7 . 17 ) .

--
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Ta s k  2. System con si s ts  no t  o f  o n e  as of t a s r~ 1, but ot several

cell/ele ients; am Dng the ir

(JJ
n~ s~~iieui’os rpynn~t I ,
n0 m~erdewT~~ rpynrn~i 2,

• ~~~~~~~~~~~~~~~~ k.

Key : (1). the cell/elements of group .

Each of t he  ce ll/ e lements  of any  g r o u p 1  i n de~ enJ en t  of othe rs,

it can re jec t ;  tha i n t e n s i t y  of f l o w  ot  f a i i u r € s  ~ot t h e

c el l/ e lem en t s  of different qrou j -s is equa l L- i p e c t i v el y :  A 1, A e, .. ..

F
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rn,

Fig. 7.37.

P age  3%.

A l l  f l o w5  of f ai l ur es — s i np l e s t.  The  ~~~f u s e J  ct?ll/eleaen t is

i m m e~1iat~-l y substituted new . In supply ther~ is N~~, N 2, ... , W~ the

cell/eleme nts of the corresponding groups . ~~~ aL- c nce of spare

cell/element w i t h  next failure j~~d1C~~t€ ,~ t~~-~ LaiI U L C of -Ievjce . It is

rc (Juired to determine the reliability C f s yst e m  !~ ( t ) .

S o l u ti o n .  Since t h e  absence  of  t h e  sp a r e  c e l l / e l em e n t  of a n y

g r o u p  is e q u iv a l en t to  t h e  f a i l u r e  of d c vj c ~~, l et  us c o n s i d e r  g r o u p s

as “ co n s e c u t i v e l y ” c o n n e c t e d  c e l l / c l e me r t s ;  t h e n  t h e  r e l iab i l i t y of

£ y s t ~~m is t~.iua l to the p roduc t  of he r e l i a L i l i t y  ol a l l  gr o u p s .  The

r e l i a b i l i t y of t he  i g r o u p  is d e f i n e d  as i n  t a s k  1:

Ni
P~’)( t ) — e ”~~’ ‘S’ ~L1L~ (7.5)

— mI
m —  (I
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M u l t i p l y i n g  these  r e l i a b i l i t y ,  we w i l l  o i : t a i n  t n e  L~~l ia b il i t y of

the system :

I’(t) — p u )  (g~.P~
) (I)- ~~~. 

.p(~) (I),

or , it is shorter ,

- ~
- 

P(t) = fl P10 (g). (7 6)

Let  us  no t e  t h a t , u s i n g  t h e  b c o U g h t  ou t  i C r ~~u lr1 .., it  is possi ble

to n o t  o n l y  consider t h e  r e l i a bi l i t y  of  s ys t e m  w i t h  r h e  a s s i g ne d

f l u m L  er of spare c e l l/ e l e m e n t s, b u t  alsc  to a~ t~~• r~ in~ t h a t  h o w  m any

spare  ce ll/ e le men t s  it is necessar y to h a v e - a v d i l ~~~1e so that the

sy s t c m  wi t h ass igned t gou ld  a a v e  t h e  qe c i Lic  L. ’l ia ~i i l i t y .

Example 2. To dete rm ine th e nuaber ~ir ~~~~~~i c~~l l/ e l em e~~ts N

w h i c h  mu s t  be had  a v a i l ab l e  so t h a t  t h e  sy st ~ ’rn , w~~ic~i cons i s t s  of one

b as ic  cel l/element and N ci sp ar e  w i t h  t he  x n t ~ f l 5 it y  Ji  f l o w  of

fa il ures X = 0.5, w o u l d  h a v e  w i t h  t = ~ r e l i a x i 1 ~~t y  ~u O t  less t h a n

C .9~ .

So lu t ion .  We have  a = Xt = 4. In co lu tuu ~ Ta~ i~ 2

a p p l i c a t  ion/ appendices , ap p r opr i a t e  a = ~~~ w-~ t ) :c/a 11 ip all

prchabiliti es, be~~innin-j with th e l a t t er , u n t i l  s i~u r e aches

I — 0,95 — 0,05
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H ‘Je obtain :

o.ooOi + 0,0002 + 0.0006 + 0,0019 + 0,0053 + 0,0132 + 0,0298 — 0,0511.

TLUS, probabili ty that the number of rttu sed ~~-ll/elewents will

b e m ore  t h a n  seven , is eq ua l  t c  0 .0511 , i.e., N = 7 does n o t  satis f y

cur requirement; b ut i f  we t a k e  N = 8 , t h e n  t h e  ~r ob •t b i l i t y  of the

d e f i c i en cy  of c e l l/ e l e m e n t s  w i l l  b e less t h a n  0 .05 :

- .1 
0.000 1 + 0,0002 + 0.0006 + 0,0019 + 0.0053 + 0,0132 — 0.0213.

~1cnoe , the n u m b e r  of sp are  cell/c l eu a e n t ; , w h i c h  sat i sfies the

condition of task, N 8.

~~1t,J1.~”al l  e x a m i n e d  a b o v e  t a s xs  t h e  r e s to r dt i c n/ c c d uct i 3 n  of

cell/element occurred instantly; new we w i l l  c c n s i t i e r  th~ task wh ere
-

• it is detained .

Task 3 (System of one cell,/elcmen t w ith the hlayed

restoration/reduct ion)

S y s t e m  consists of  one ce l l/ e l em e rt  ~~~ t h e  lo c at in i  u nde r

acticn simplest flow ot failures with inte1~sity ~~. The refused

cell /e le me nt i mm e i i a t e l y begins  to  be r c s t o r e d  ( to  he overhauled).

LJ~ _ _ _ _ _
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F l e w  of r e s t o rat j~~n/ r e du c t ion s  — s i m p l e s t , w i t h  i n t e n s i t y  ~~ The

s u p p l y  of re so urces r o r  a repai r  is not l i m i te d .

Page 398.

It i5 requi red  to d e t e r m i n e :

H — j ene ra l i zel  r e l i a bi l i t y  us  s y s t e m  P ( t )  — ~~ob a b i i i t y t h a t  in

to r qu e / m o m e n t  t t h e  s y s t e m  wi l l  w or k

— limiting va l ue ~ y g ei�er aliz&d p — p r c i : a ri i i ~’ y  t h a t  in t he

a r b i t ra r y ,  s u f f i c i e n t l y  di s t a n t  f r o m  b e g i n n i n g  toc j u e/ m o i o e n t  t he

s y s t e m  w i l l  work ;

— p roba b i l i t y  P ( t )  of t h e  f a c t  t h a t  to t u e  sp ec i f ic  t o r q u e / m o m e n t

t h e  system will work generally smoothly (~~~.L. w i l l  he not one outage

ic r  restor a t i on / r e d u c t i c n ).

Solut ion. The s ta tes  of s y s t em  ~i r  t h i 5  case of cell/element)

w i l l  he :

S 0 - wo rks,~

S 1 — is res tored .
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rh~ graph/count of s ta tes  is s h o w n  on F i g .  7.38.

Fquate/com paring the graph,count of states 7 . . 3 t~ w i t h  t h e  gr a p h /count

cf  the  sta tes  of the sing le—channel system o f mass maintonance with

t h e  f a i l u r e s  (see §3 c h a p t e r s  ~, f i g.  5.1) , w e  see t h a t  t h e y

coincide; that mea ns t h e y  c c i n c i d e  and the  p r o b a b i l i t y  of st at es ,

i.e.
p,(t)~~

“ +U )b+U (7 7)
I ‘ p~(1) — I —p,(() — —~-— (1 —e 0~~ ).

The ge nera l i zed  r e l i a b i l i t y  of sys t em - 
~rcbanjlity that in

torque/moment t it will work:

P~~~—~~ (t) — (7.8~

W i t h  t —
~~~ this reliability apEroaches t h - ~ limi ting value :

p
-I

i.e. it is equal to the relative percen tage of th.� i n t e ns i t y  of flow

cf r e s to ra t ion/red uct ions  in th e  t o t a l  i n t e n s i t y  ~ r t i ow of

r e s to ra t ion/reduc t ions  a n d  t a i l u r e s .

•
Probability P (t) of the fact that to torque /m oment t will occur



— - -.-- -~~~~~ 
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not  on~ ta  il .ure, let  us d e t e r m i n e  as f o l l o w3 .  L~ t us a s s u m e  t h a t

th~~r— ~ ar e no rest3ration/reductions of the s~~tusea cell / e l emen t ,

i .e . ,  th ~ gr a p h s  of st a t e s  has t h e  tor m , s b u w n on F i g .  7 .39.  The

H u n k i u o w r ~‘robability P ( t )  w i l l  be equa l to ~L o b a t i ij t y  p 0 ( t )  that that
H

Sy St e m  w r t h  the  gr a p h / c o u n t  or states, ~how~ on Fi~j. 7 .3~~, it will be

up -0 torque/momen t t in  state S0; this prc b abi lit y will be obtained

by  the  sol u t i o n  of t he  differential equ ation

w h e n c e

I
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F ~ 2 1 ~‘ ] { 1
Fig. 7. 38. F i g .  7.3~ .

P a g e  398.

Tb us,

P ( t )~~e_~
t . (7.91

Tas k 1~ (system from several ccll/elements ~it~ t h e  1e l~~yed

Leztcration/retjuct ion)

Sys t e m ~ consis ts  of n of t h e  c€ l l/ e l~~w e n t s  .~ ich  of w h i c h  is

loca ted  u n d e r  the ac t ion  of t h e  s imp lest f l o w  cf L a i l u res w i t h

in t .~n s i t y  X. W i t h  the  f a i l ur e  of a n y  c€l l ,e l emen t , the  s y s te m  is

disconnect/turned o f f  a n d  b e g i ns  t h e  r € st o ra t i cn / ~~e du c t io n  of

Cell/e leme nt .  In th e  i n o p e r a t i v e  s y s t em  t n e  c e l l / e l em e n t s  r e j ec t

cannot . The  i n t e n s i t y  or f l e w  cf r e st c r a t i on / r e du c t i 3n s  is equa l  t o

~i. A l l  f l o w s  — s imples t .  To f i n d :

— t h e  g e n e r a l i z e d  r e l ia bi l i t y  s y s t em  P ( t )  ( p r ob a o i l i t y  t h a t  in

t o r q u e / m o m e n t  t system will work)



___
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— Det~~r m i na t i o n  th ~ g en e ra l l ~~~d r e l i a b i l i t y  of  sy s t e m  p;

— croh a b i l ity  P ( t )  of t h e  f a c t  t h a t  t c  t o i q u e ,’m o i e n t  t of

f a i l u r es  w i l l  not a t  a l l  be.

Sc i u t i o n.  S y s t e m  m a y  as h e to r~ to  be w.l y in  t o  st at e s :

— wo rks ,

is t urned off , is restored one CC I I / u ’ l &  ~ ‘Hr

FOCTNOTE 1~~ Si mu 1t a n e o u~ b r e a k d o w n of t w o  CL n c r - ’ c e l l/ e lem en t s  is

r et  e~~a u ~~ne~1 b y  t h e  f o r c e  of t~ u~ o r d i n a r i n~~~ ; ci  : u e  t iow ci

t a i lu r e~ _ ENDFOOTNO T E .

T h t  graph/cou nt of states is s h c w i  on  F i l .  7.~~J. A s  is

e V i d e n t , i t  d i f f e r s  f r o m  q r ap h  i n  F ig .  7.3~ ofl~~ i:~ t e r~~5 ot  t h e  f act

t h a t  in . ;tea . 1  of X s t an-is  n A .  He i ce , on t h e  ~~is i s  -~~~~ t h e  solution of

t h €  p r e v i o u s  p r o b l e m ,

P (t) _~~
E__

÷~~~~
_ e_( S&+l1I t , (7.10

(7.11)

fl(t) = e_ IM. (7 .12)

biLL ~ ________________
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A n o t h e r  picture we will obtain , if l e t  u s  a s s um e  t h a t  d u r i n g  t h e

r e st c r at i o n/ r educ tion  ci one c e l l/ e l e m e n t  e th er s  ar e  c o n t i n u e d  to

work and they can 9C o u t  ci ct de r .

Tas k ~~~. System S consists of n of the cell/elemelits each of

w h i c h is loca ted unde r  t he  act ion of t h e  f l o w  c i  t a i l u re s

( m a l f u n c t i o n s )  wit h i n t e n s i t y  A.

~
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~IJ 1 1

Fig .  7 .40 .

~a y e 3~J9 .

*j t i  t h ~ f e t i l ur e  of  c e l l/ e l e m e n t , it in ~m e d i ~~t~~l y  ~e-~ins  t o  he

r e st o rE  1, r em a ir . i n  g c e l l/ e l em e n t s a re  C C f l t j I l U t - O t o  w o r k  ( i t  is ac t ive

cr ii .  L o t  re serve ) . The i n t en s i ~- y  of f i c w  ci t h e

• r e s t o ra t i o n/ r e d u c t ions of  t h e  c~~ll /e le a e nt  (I ie~~~:~- i e n t  f t h e  n u m b e r

cf s i m u lt an e ou s l y  r e d u cib l e  c e l l/ e l e m ent s ) is — j i s l  t o  ~~~~

To f i n d :

— p r o b a b i l i t y  P ( t )  of the  f a c t  t h a t  at  t o r q ue / m o m e n t  t a l l

cell/elements will be exact;

— t he  m a x i m u m  p r o b a b i l i ty  j ; of  t h E  s a r~

— t he  av e r ag e  n u m b e r  o~ ex a c t ly  w c r k i n y  c l i / e l e m e nt s  f o r

m ax im um conditions/mode (with t .4 ~).

AJ~
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Sc i u t i on .  Let us l a b e l  t h e  s t a t es  ci ~~~~~ ii -t cc o r d in g  t o  the

n u m b e r  or  d e f e c t i v e  c e l l/ e l e ment s :

— all ce-il/elements a re  e x a c t

— one c e l l/ e l e m e n t  is r es to red  t h e  o t h e r s  I t O  e~~t C t~

Sk — k  of cell/elements ar e  i e s t ct e l t he  c t h - c rs ar-c e x a c t .

S8 — all n of cell ,/ e l c t u c n t ~ t r e  r e s t c i ed .

TIe ’ g r a p h/ c o u n t  of the states of Systc~a is sLloWn OIL Fi g. 7.41.

E qu a t e / c o mp r i r i n y  h in w i t h  t h e  g r a p h/ c o u n t  or t h ~ ;t a t e t~ l o c k e d  SMO in

t h e  case  w h ~~n Mpch num b e r ci ~~CL  k e i s , tha t opt’r a r -  m a c h i n e  t oo l s , is

equa l ~o number n of t h e  m a c h i n e  t o o ls  (see  ~~ c h i p t e r s ) • we see

t h a t  t h e y  co inc ide .  C o n s e q u e n t l y ,  tor  ~c th  •Jr i~~Ia/ ce n a t s  co i n c i d e

J i t t - ~r (~ 1t ia l  equat ions icr  t h e  ~r cb a b i l it ~~ -~ o~ .; t i~~~e5 , a n d  maximum

p r c~- t h i l i t i o s. D i ff e : en t ia l  e q u a t i o n s  t a k e  t h e  f - ~~ ia:
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4 1

(7.13)

~~~~~~~~~~~~~~~~~~~~~~~~~ 1) ?~p~
_
~ +(k+1)~ p *+i,

plus the condition

( sDJ ’
~i~!4 

s
r I ~~~~.::~~~~~~

sb !::.
~~~~~j

f1~ . ~ n.

LA
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ral-JL 400.

The unknown probabil i ty P ( t )  t her e  is r~~ ~i n y  •~i ;  b u t  p~ ( t )  • w h i c h

we w i l l  o b t a i n , i n t eg r a t i ng  s yst c a  of € q u a t i o :~s (1 . 13)  i:i d er t h ~

i n i t it i  c o n d i t i o n s:

t = ~O; p 0~~ I; p 1~~ ... =p ~ =O.

Th - ~ : n a x i i n u m  p rob a b ili t ies  o: st at  c-s w e  r~~n~ ~ i~r o 1 J : ~ t h ~-~ f o r m u l a s

ot 8 of C h a p t er 5, s e t/ a s s u m i n g  ii = n , A/~ p:

Po~ n n ( n — l ) . . ( n — r + 1)  n (n— I I . 2 -I
± ~~~~~P’+..- -i- P

— _ _ _ _  ---— 
I 

— 
I 

-

I+C~’P± . +C~’p’ + - - .  +~~“p~ O±p)”
Pr~~~~n’P’Po ~~~~~~ , fl

The u n k n o w n m a x i m u m  p r o b a b i l i t y  p h i l l  ~e e-~u a l  t )  t : 1 - 3  m i x i m u m

p r o b a b i l i t y Po .

rh~ ~ v~- ra ge  n u m b e r  of e x a c t l y W O L K i n ~~ ~~ I ,‘e l - i e n t , u w i l l  l-~

~‘~~ual  to t h e  n u m b e r ot  c e l l/ e lem e nt s  U, r n u 1 t i~ - i i  ? 1  1 y pr)~)aoility

t h a t  t l ~~ s ep ar a te  c e l l/ e l em en t  w o r k s  e’ x L c t  l y .  ‘rh~~ p r - ~~~ioi  l it y  tor  
- 

-

m a x i m u m  co n d i t ion s/ m o d e is e q u a l  t o  ~~~X + ~~

~~~ I+p

U ~~~~~~~~~~~~~~~~~~~~~~~~ -~ -
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T I i e  e x a m i n e d  p r o b l e m s  and e x a m p l e s  s h o w  t h a t  t h ~? n a t n e m a t i c a l

appa r a t u s , used br t h e  a n a l y s i s  of  t h e  r e l i a i i l i t~ of t~~c h ni c a l

equi 1’m ent/devices, in essence, coinciues with th e •ipparatus of

lueu einy theory, m d research of the processes, ~aicn take place in

s ys tem s  wit h unrel iable cell/eleme nt s, undet ~ nc w n con d i t i o ns  can be

c a r L i o d  bu t  b y th e  m e t h o d s  of t h e  t h eo r y  of  CO~1t i ; i U O U 5  M a r  kay c h a i n s .

For t h i s , it is necessary, in  o r d e r  to t h e  r i o ws  - ‘i  ~ v~~ it s , w h i c h

t r a ns l a te  ce l l/ e l em e n t s  f r o m  s t a t e  i n to  st a t e , th  ~j w~~ L~~ ( i t  is

accura t~ o r  a p p rox im a t e l y) Foisson.  These fLows n )t n e c — ~ss ar i 1 y  mus t

be st a t i o n a r y.  but in a n y  case s i m i l a r  so t h a t  th e  i nt ~~n~~i ti e s  of

f l o w  of ev e n t s  w o u l d  no t  depend  on t h~ r a n d o m  ~ o r g u e / i u o n - ~n t s  of  t h e

t r a n s i t i o n s of s y s t e m  f r o m  s ta te  i n t o  s t a t e.  F o r  t~~e s i m p l e st ,

s t a t i o n a ry ca se t h i s  m e a n s  t h a t , in  p a r t i c u la r , a l l  l a w s  o~

re l i a bl i l ty  mus t  be  e x p o n e n t i a l , and t h€  l aw s  of t in e  a l l o c a t i o n  of

restor at io n/reduct  ion — by  a lso  e x p o n en t i a l  o r  ci is~ to  ~ x pone ntial.

8. A c c o u n t  to  t h e  d ep e n d e n c e of f a i l u r e s  d u r i n g  t~~e ~ s t i m i t i o n  of t iL e

r e ’l i ah i ]  it y of t e c hn i c a l  equ i p m e n t / d e v i c e s .

~Intil now , analyzin g the reliability or th~ tecnnicil

eluipment/devices (systems) , c omp r i se d  cf c~~l i / e L- ’ . n en t s , we  a s su m e i
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th1~t t h e-’ t~~il~~j cs  of t h e s e  ce l1/ e lement ~ O C c U L  i u , I d - ~ t I t  l y of each

cther. I

Eagc  40 1.  !

T~~is assum j-tion not is always correct: in a sec ics of cases of

f a i l u r e, ot cell/elements can be d e p c U d ~~n t .

Th e 3 nden~~ bet ween t a i  lut  ~s c an be two ~
I $

1 . F a i l  ure of a n y  cell/el em o n t  varies ~ou~ 01 o p er a t  ion of

sy s t e — m ( t o r  example , can  a r i se  sh o tt  c i r c u i t  o: s t I dr 1  f U i t u a t i o n s  of

st r e s s;  or b r e a k d o w n  of one c e l l/ e l em en t , wh i ch  is  r~ gulator , varies

mode ot operation of others).

/
2. (i~ e n t ir e  set of cell/ele~uents, f u n c t i o n~ ~~oai e r a n d o m  factor

( t e m p e ra t u r e , vibr  at i on , etc .)  , w h i c h  s i m u l t a n L c u s i y  i t t  ~c ts

r e l i a b i l i t y  of a l l  ce l l/ e l e m e n t s  o~ p a r t  a t

Lct us  pa use b r i e t l y  at r a e  m e t h o d s  o~ t h e  L S ~~~~OU~~ . t of bot h ty p Q s

of e k ’p en do nc e .

Let , t h er e  be p r e sen t l y  t h e  -ie ’j . e TRk- nce 01 ii.~ ,t  t y  p~ f a i l u res —

br~- i  k d c w n  at one : e ll/ e le m e n t  i t  a t  f e c t s  t h~ i it  i n ;  ~ ou e a n d ,

L
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M L A j Ch me ans , th at to t h e  r e l i a b i l i t y  of t h e  o t her s .  I t  is obv ious , it

we dea l w i t h  s impl e ( u n r e s e r v e d )  sy s t ea  i n  the  a n s e n c -~ of

to or at i o n/ r e d  uct  ion , then fir st t ype  uep~~n I e n c ~ c a n n o t  p r o n o u n c e  on

t h e  r e l iab i l i t y of sy s t e m .  But  i f  ~y s te n  is ~er -ved  (o r  o c c u r s

t e s tor a t i o n/ r e d uc t ion) , a dependen ce of suc it typ e must ua considered.

E x a m p l e  1. S y s t e m  consists of t w o  ce l l/ e i e u l~~at s :  b a s i c  
~~ i 

d f l d

spar e a, w or k e r  of “h o t  reserve ” (F ig .  7 .4 2 )  . ~it n t h e  La i l ur e  of

basic cell/e lement , the system is automaticall y swi tch el to spare.

The intensity of flow of the failures of seth  celL/elements in nor mal

woC KIfly or der is identical and equal to X. breakiown of -aasic

cell/element affects tse mode or operation or sr-ire so t r t a t  t h e  r a te

of f a i l u r e s  X inc reases  b y  v a l u e  f ( t — t  i). w i L e r e  t — t o r 4 u  e/mo m ent  of

the failure of basic cell/element. Thus , tht,~ eeniitional rate of

f a i l u r e s  o t spare ce l l/ e l ement  w h e n  t h e  b a n e ret  usc -I  at

• torque/moment t1, was ejual to:

. s U I t) — I ~ ~~~““‘ ‘<11.

- 

~ I ) + !(t—t ,)(~ li p H t>11.

Ke y: ( 1 ) .  w i th .

It is required to determine t h e  r e li a t ii i ty  f syst-~n P ( t ) .

So l u t  ion. T h i s  problem is reduced to aiLead }’ s~)lve1 is eai h er.

It is real/actual, set/assuming X 1 (t) = X 2 ( t )  ~~; ( t / t ~~~) = X +

_ _ _ _ _ _ _ _ _ _ _ _ _ _
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r ( t — t 1) ,  we co me to  t h a t  d i a g r a m  w h i c h  was exami :i~~.i in arollem 1 of §~~.

- Th e  f i r s t  t y p e  of t h e  d e p e n d e n c e  cf f a r l u L L s  ( e f f e c t  of  t h e

fa i l ures of some cel l/ e lements  on t h e  r e l i a b i li t y  of otu ~~r s) is

obs~ r v eu a n(1 t h e n , when some cell/element s (rL-~ulators) ire intended

fo r  m a in ta i n i n g  t he  n o r m a l  mod e a t the  w o r k  or C th - ?r s .  P

VI

• 4
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Fig. 7.42. Fig. 7.43.

Page 402.

E x a m p le of 2. Sys t em S consists of t w o  “ i i i  ~si t .t i 1ei” connected

c e l l/ e lem e n t s :  basic ~ and  spare  3,, t ha t is b e  ~t e~ Ia  t h e

li gh tened reserve (Fig. 7.43). 8egulator 9~ is ri4 t~~r.iei for

su~ por t ing  the of n o r m a l  mode  of t h e  w o r k  or b et s  c e l l / el e m e nt s :  3~

a n d  3,~ In t he  nor ma l  mode or t h e  r a t e  or f a i l ur e .; or w o r k e r  a n d  no t

wo rking (exact) of cehl/element~ are t.gual t o  t e  e c t i ve ly  X 1 and  X 2.

~i tL  t h ~-~ f a i l u r e  of r e g u l a t o r , t he s~ in t e n sit  i~ i n s t a n t l y  inc rease

a n d  b ecome equa l  t o  ~~ a n d  X~~ The i n t t r si t 1 u t  ~ i ow  ot t h e  f a i l u re s

Ct r e - j u l a t o r  i t sel f  is eyu ~~l to ).~ A l l  f l c~ s o r ev en t s  - s i m p l e s t .

Jo d et e r m i n e  the  r e l i a b i l i t y  of d i a g r a m .

S o l u t i o n .  At c o n s t a n t  f a i l u r e  t r l t F S  t u~ process , w h i c h  occ ur s in

sy s t e m  — M a r k o v .

Let  us label  t he  s tat e s  oi s y st em  Ly t ~~ ~~~~~ r s - i i ,: ~s: t he C l rs t  is
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equa l to z e r o , if is e x a c t  r e gu l a t or , and it is d u a l  to  u n i t y ,  if i t

l e f t  t n e  s ystem . The second index  is equa l to zero , it is exact basic

c e l l/ e le me nt  a,, a n d  to unity, if it l€ f t  t u e  s y s t e m .  rhe third index

— t h e  same f c r  a spare cell/elemen t 3,.

The states of system (F i g .  7 .4 4) :

— all  th ree ce l l/ e l e m e n t s  a r e  e x a c t ;

— regulator is ex act , ce l l/e lement  ~ , l e f t  t h c  system ,

w o r k s  9,;

S 001 — r e g u l a t o r  is exac t , c e l l/ e l e m e n t  3, exact , it works; ~

l e f t  t h e  s y s t e m ;

S 01~ — r e g u l a t o r  was  e x a c t , bot h ceh l~,ie l e i n en t  3, an.! ~, left t h e

s y s tem ;

S f 0 0  — regulator l e f t  the  sy s t e m ;  bot h  cel l/ e le:n~~iit 3i and 9,

were  exac t , of the m 9, workE;

S~~~0 — regulator left t he s ystem , cel l/cl ient a, left the

system , works 3,~
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S 10 1  — regulator it left t i ad  S y St Q W , e~~ll/€le~aen t 9, works, 3,

f a i l e d ;

— all  t h r e e  c e l l/ e l eme n t s  l ef t  t h e  s y s te m.

A f t e r  c o m p r is i n g  f o r  t h i s  yra p h/c c un t tk:~ s y s t em  or t h e

d i f f e r e n t i a l  e q u a t i o n s  ( w e  let th i s  to do for  r e - i  ~~ r) an .! a ft e r

solvin g these  e q u a t i o n s  unde r  the i n i t i a l  c o n d i ti on s :

~~~~~ ~~~~ 
1; p1,— ..

we will obtain the probabilities of states. Th ~ rer iab ility of system

P(t) will, be expressed as sun of t h e  p r o b a bi l i t ie~ of a L L  s tates ,

excep t 
~~~~ 

and S1 1~~, in which works ncne or tue cell /elements 3, and

3,:

P (f l — —p,,, (t~— p11, (I).

Let us pause now at the second ty~ c oi the ~e ndtnce bet ween

f a i l u res. This  t y p e  of •depend enc e  is caused  L ) y  t h e  p r e se i e e  of some

rand om f~rc tors, which affect simul taneously the ~ otk  of a l l

c e l l/ el e m e n t s.  Let us consider that these t~~c t c r ~ de tL~rm iae one or

ancther mode of operation of system.
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F a g e  403.

Let us cons ider  f i r s t  t h e  s im ples t case ~~~~ t h ~ .ao ie ~ t op e r a ti o n  of

sy s t e m  doe s not  v a ry  in  t h e  co u rse of i t s  c~ er a t i o n , b u t  it remains

co n s t an t .  Thus , f o r  i n s t a n c e, i t  is possib i .. t o  c o u n t  t h .~t t h e

meteorolog ical conditions dc uct vary C L  l i t t l e  v l L y  in  t h e  process

ct roc ke t f l i g h t  of “Zenl — Z C L U I ’ s class” .

Let be possi o le several o p er a t i ng  mod ~~~:

R1, R,, ..., R~

with t~.e probabilities , equal to respectively

P(R,), P(R~1. .... P(R1).
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T h e r e  is certain system S whose rel i .icrlity ~I~ pencis on the

con - .lit ions/mod e , b y  w h i c h  i t  w o rk s .  Let  us  s~s i g u at e  t h e  cond i t iona l

reli t t i l it y of s y s t em  du r in g  i conditicns/mod~ 
(R 1):

P(’ ’R,) (i~~I.....

Let  u s  t i n d  n o w  t h e  tu l l/ t o t a 1/ c om ~~let e  ( u n c o n d i t i o n a l )

r e l i ab i l i t y  of sy s t em  ~~( t) .  On t h e  t o r i ru l a  ot t h e  composite

f r cb a h i l i t y :

PV) P (R ,) P (t~’R 1~ P (R~ P (t!R,) + ... +P (R 1) P t t iR k) ,

or , it Is s h o r ter , 
-

P t) =~~~ P(R ,) P (t ’R,). (8.2)

Exa mp le 3. System S consis ts  ut t w o  “ cL- n~ C C S It  iv e ly ” onn ected

cell/eleme nts 3, ~ nd 9, and can w o r k  in  on ~ ot  t n - ~ t~ir ce

conditions/modes: R 1, R 2, R 3, p r o b a b i l i t y  or w~~iLm

P(R ,)— O ,4; P( R,)— O .3; P(R,)—O ,3.

D u r i n g  conditions/mode R 1 of the  i n t on .~i y ~n f l o w  ~ f t h e

f a i l u r e s  of  elements 3, and ~~,. are egual ~u 0 . 1  ~~~ 0 . L  ( f a i l u res in

flour) , durin g con i itions/aod~ R 2 ,  t h e y  ar e  J u a l  t a  U . i in  j 0 .4 ,

, 1 U L i t : ~J C o n di t i on s/ m o d e 
~~ 

— 0. ~4 an d 0.5. To u c i  CL I f l 1 f l L~ t a e  reliability

— —a
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or sy s t e m  a n d  to  c o m p u t e  i t  f o r  t 2 h o u r .

S o l u t i o n .  D u r i n ~ th e  “COfls~~c u tj v e ” Co n e c t i o a / c o m p o u r i d of t he

cell/e leme nts of f a i l ur e  r a t e , t h e y  5t o r e/ a u ~i u i .  W e  t i n i  t h e

c o n d i t i o n a l r e l i a b i li t y  of s yst e m  d u r i n g  t h t e c  ~i i t i oa s/ m o d e s :

P~1/R1 ) e ’~~
’40 ’t’ ‘ =e °~ ’ ,

PU/R .)~~e~~~.4+O .$) 
~— e °~~~.

H ence

P( f) ~~0 ,4 e 0 3  ‘ +O ,3e~~~~’ +O.3e~~°’~~.

Set/a s suming  t = 2 , we w i l l  ob t a in :

P (2)=0 ,4 e ’’ 0 ’6 —O ,3e ”4 +0 .3e ’ 6
=.0 ,4.0 ,549—0 ,3.O ,247+O .3.O , 165 .. 0,343.

P a j e  1404 .

Of analogous with the examined discrete a l i j u i m  s ov er a r

co ndrtions/modes i t  is possible  to d e t e t m i n e  t~~€ l iab i l i t y  of

syst em , if t h e  mode  pf  op e r a t i o t i  is ch a t a c t e ri z e d  b y  c er t a i n

continuous random varianle H ( l e t  us s a y,  t L I a ~ ~y temper ature) • t h at

has  k n o d n  d en s i t y  of d i s t r i b u t i o n  t (r)  . T h ei i  in t~~rm ula (8.2) instead

of t n e  sum wi l l  f i gu r e t h e  i n t egr a l :

~ P(1/r) f (r) dr, (8.3)
‘R)

~h ci. ‘~ P ( t/ r )  — con d it io n a  1 r e l i a b i l i t y  of .i~ t m ~ iu~n H = r ;  f ( r )  — 
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~ h e  d e n s i ty  of d i s t ri b ut i on  of p a r a m e t e t  ~~~.

I n t e j r a l ext~~n(l s to en t i r . .~ r a n g e  (U)  or t ~~~~ p o s si b le  v a l u e s  of

p~~E a m e t e r  i~.

~ xa :n~~le 14• S ys t em  S consists  o f  t w o  ce l l/ ~~le inen t s  ~ ,, ~~~~,

connectee “in p a r a l .lol ” ; spare cell/ele~ten t -
~~~~ is loc~~tei in  “h o t”

re serve .  T u e  i n t e n s i t y  of f l o w  ot t h e  t a i l u Le s  oi~ each c e l l/ e l e m e n t

is co nstant in tim e, bu t it depends cn t he  i i : o i e  U t  op t .~r a t i on  o f

syS t*~m — t e m p er a t ur e  ~~, this dependence is cx ~~~~~~ d t y the formula

The d e n s i t y  ,f d i s t r i b u t i o n  of t~~m p e r i t u ~~e i is c on s t a r t  in

r a nge  f r o m  ~~ to  ~~~

P ( * 1/ *, —~~,)

K e y :  ( 1 ) . w i t h .

To de t e r m i n e  the r e l i a b i l i t y  of sy :it  em .

Sc iu t i o n.  ~e detel. ul in e  t h e  c o i d it i o n a l  : l i l f l r l 1~~y it  s y s t em a t

t h e  u s.~,r ; a t~~ v a lu e  0 =

P(1/O) 1 —(1 ~~~~~~~~~~

--  -~~
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On formula ( 8 . 3 )

P (oI—

i— ~ l~~e— e) )11 I 
dO —

, 
~~~~~~~ 

(!2 e ’ > ’ —e~~~~~ ~~~ dO—

A — — 
I ~~~~~~~~~~~ _ j_ e_2

~ ,~~ 01~ +
a (03—O,)l L 2

÷ 2
Let us  note tha t  the  di~ rey ar d ot the u e p t n d .~nce of f a i l u r e s, if

it i~; ar i d it is essen t ia l , it c~i n lead to l d L j C  ~~i L O r s , ~specid l l y ,

H i C  sy ~~t om cons ists of m a n y  cel l/ e lemexi t~~.

~ x a m p 1e of 5. sys t em S consi~;ts of 5~) u n i ~~o~. u c~ ll/ ~~lement . s,

co nn ~~c ted “consecut ive  1 y ” • and it can wor k in c n. O X  t It ~ t w o

c on d i t i o ns/modes:

— n o r m a l ,

— a b n o r m a l .

The  p r o bab i l i t i e s  of these co n d i t i cn s/ ~n o i ~~ t r e  ~q u i1

tes~ e c t i v e l y :

P(R~) — O ,9: P(R , ) 0 ,1.

In  no rma l  mol e t he  r e l i a b i l i t y  ot t’~i ch  cc11/~~I eme nr . ( f o r  the

s pe ci f ic  t i m e  r) is eciua l  p = O.~~98 , in  t h c  d l i C L  a~i 1 p ’ = 0. 9.. To

d e t e r m i n e  t h e  fu l l/ t o ta l/ c o m p l e t e  r e l i al i l it y  ot  ~.yst em $ and  t~~

coa~k 1re fr o m  t h a t  t h a t  would  be ob t a ined , it c .4 1/ e leT I l e f l t S  w e n t  out

cf o rder  in~1epend e n t l y .
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S c l u t  i on.  Cond i t  j o n ,~l rt~lj .~bi l i t  y o f ~~~~~~~~ in i u v  in . j  t h e  t i  L’st

co ~~ t t ion s/ m o d e :

P~ WV ~~O 9O4;

w i t h  t L ~ s.”~:ozid

P~~— O,9’~~ u,uo~.

~ U l l / t t ) t a l /coapJ. e te  r e l i a b i l i t y  of  t i l t ’ :~y .i t~~ i :

~~ ~~u,I.U,UO4 —~ ,8I4.

L~~t us co unt  TIJ r c l i a b i l i t y ,  c u n s i~I~~t i n .j t h ~: ~ a L l u U ? s  01

Ct 1 l/e  Ic inc n t s  inJ ~ pen d o n t  v an  a j 1e~; a n d  a ~~~~ . i i :  in  t ~ eaca  of t it em th ~
k reliatility , equal to

M u l t  ij dy i n y  t h e  L e l i ~L b A l x t y  ci 50 ce I l~~’1 L~n’~ t~ t~~. wc w i l l  o b ta i n :

P—, U.9$$~’f t O ,5bI .

A~ ci n be sca n f r o m  an e x a i n ~’l~’, n € q l e c t .  ~ I t~ i c~ U e j ~~~l~ i k  nce of

ta i  lures dun m y  t h e  “consecut I V t ~~ t cn i t C c t  i C i ~/~~t~i l 1~JUii .1  01
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C~~l1/elements can lead to the ;~;ei~t ial u n ~~~~s ta t  iu ~ 01 r e l i a b i l i t y .

P u n :  I I .
~ t~ie “parall el” C 0 f ln C C t i C n / c c W~~Ou f ld  o~ c~ li/elements , the same

di £L eJ arJ of dependence leads riot t o  t L t ~ u r~~ez ~ t t t i n  j  ot r e l i a b i l i t y ,

I~u t , on  t h e  c o n t r a r y ,  t o i t s  overestimate .

Exa m 1 1~’ of b. The redundant systei c o nsi s t s  )t ~~t s i .~

ce ll/ e l  ‘m o n t  and three spare: ~~~ w o r k ~~n~j i l l  “riot”

t e se r v~~. y~~t e w  c~ 11 worác iii  one ci t h e  t w o  c on d i t  to l l s/ i t o j es :  R 1 —

uot~ral ~:..1 ~~ 
— abnormal with hrobab ilitics P ( t

~~~~) 
0.7 m d  I’(l~2) 

=

0.3. 1
I

~~~~~~~ L ’  I i . i h i lj  t y ~ t a l l  cL l l/ e l em e nr . i  i~, i d ~~r t  i cal ;  in  nor ma l

mod . i i.; 
~‘ 1ua 1 = 0. ‘9 , in a i n ) r i n d l  p ’ 0. 4 . ~e 1ot ~~i in m e  t h e

f u l i / t  ot i l/ c oa pl et  e t . ’ l  i a b i  l i t y  ot ~;y st c ~ ~ .t~~d t o  c o n ~~~ re  b y  i t s

t h a t  P ~n i c~ w i l l  be ob~ ainEd , i i  wu cci  i i ’~ . t a i i u L e ~; i n ie p e n den t

vd ri5ib1.~
;.

~;o l ut  ion .  Condition al nel iaLl lity of ~~~~~ •~~~ i l u : i  n j

conditions/mode:

P~,~~~I~~ ( I — O ,Y9)’~~~I ,000, P,~,~~I—(1~~0,4)’~~ 0,b70.

P u l l / t o t a l/ c omp lete  r e l i a b i l i t y  of t n q  ~~~~~~~~~~

P ~~~~~~~~~ 0,3.0,870 .. 0.961.

S 

_  _  _ _
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I t  w e  c~~n siJ~~t t L t e  i d i l U L ’ .’S o x  c.’1l/e1~~m . : t 5 .

V- U i ibi. ’.. an~t to  a~;cr ib e  to each  of t h ~~in t h .~ I ~‘ I  l i O l  Ii ty

I~~o.7.0.99-,- o.3.o 4 — o .el3,

t h e n  t lie r e l i a b i l i t y  of  sy s t em  it  w i l l  t~e

i.e. c o n : ; i d e r ab l y  h i j~t t ’t  t h a n  t r u e  r e l i a D i  li~ y 0. ~u 1 .

1
rli~. eV , ,r e s t i m at e  o f  t he  r e lia~i i l i ty  c i  t l i t  . . :v e d  b l o c k  w h i ch

is e l i t  a i r r e d  n eg l e c t i r r ; ot t he  dt ’p enden ce  or f .~~ 1u ~~e~;, i ; ~ n e at e r , t h e

~ r e i  t e~ t h e  n u m b e t  01 s par e  c t ’l l / c i t ’t u en t s .

I I t e~~~~t n i ca l  sy st  in cons i~ . t s  ot  t h t ~ celi  / . i ~uie Ut: ; , ~ o nuect ed

~ot h  “~‘ i ~ ;e cu t i ve l y ” ar i d “ in  p a r a l l e l ”  ( L o t  ~- x . i m ~~I L - , i~ t r .~
dupl mcate/backup/rejnrorced only most itupoit n t  i r o ~h / u n i t z i ) ,  t h e n

ri~ j hc t  ci tn ~ dependence of t a i lu t es can i~~ t u  l ) t  u t o  t n e

ov er.
~

;tima te and to the und€rstatin .j of Lcl~~l L i 1 i t y .

Fin al ly, let us t~ci:sider the cas~ u t e r i  i i~ t a  ‘ 
~~~~~~~ 

‘ ;.~ Ot the

w c r k  ci system conditions/mcde can v ar y i5

Pa~ j 4 01) .
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E x a m p l e  7. S y s te m  3, w h i c h  c o n s i s t s  ot  t w e  “ c on se c u tiv e l y ”

c on n ec t e I  cel l/ele  nent  s, can w o u ~ in or ~e a ~ t it~ t ~ o con di t ions/modes:

i~1 à H I  i~2. Tu e t r a n s i t i o n  at  system frcu c o i i i k i ~ z /in~ ~~ i n t o

conditions/mod e P2 o c c ur s  und er th e  ac t ion  ~~i t h e  ~ i~ plest f l o w  of

events with i n t e n s i t y  X ~~~; t e ver s e  t r a n s i t  ion  — u~i i ~-r t li~ a c t i o n  of

R s i a r j ) Iest f l o w  of ev en t s  w i t h  i n ten s i t y A 2 • i a c o n d it  i o n s/m o d e

t~~. ~he i n t e n s i t y  of n o w  of t h e  t a i lu r c s  OL ~ L i r st  s~~l 1/ e lem e nt

i.~ c jua l to ~ ,
f1  t h e  second 

~~~~~~ 
in c o n r dj t i o n ~~/ :u ) O c  

~2 t he s e

i n t c n 5 ; i t i e s  are eq ual to M2 . ~~~~
‘ Al] . f l o w s  — ~;iiv j~lest. To determine

t h e  t e i t i ~’ility of sy stem P(t).

So l u t io n .  The s tat e s  of system w i l l  b~~;

S~, — c o n d i t i o ns/ mo d e  P 1 , b o t h  c E l l / e l e me r l t  i r e  e~~m c t ;

51N — c o nd it io~~~/ inode  R 1 • at l e a s t  one  c~. I l/ e l e m e n t  is

d e f e c t i v e;

I
5,,, — condi t  io n s/m o d e  13 2 ,  Dot  li cc I l/ c i t  ii .. nt  a r ’  o p - ~r a t iv e ;

S, , , —  condi t io n s/mode  
~~2 ,  at  l e ast  0 1  c~-1L/ clemeRt is

dtj I ( ‘Ct  i Ve .

The j r a ph / c o u n t  of t h e  st a t ~~~ of s y s te m  . ;n o wn  on F i g .  7.+’S.
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~~~~~ ~~~~° t r i ow/ p 3 i n te r s . w h i c h  t r an s l a t e  s~ st .  n t~~oiu s t t t e  s~ in

S,,, an .~ v ice  versa , a r e  not  s h c u n , sincc , i t  s y : ; t ’ m  i .~ n ot  e xa c t , to

us n e ver t he l e s s , w h i c h  c o n d i t i o n s/m o d e  occu~~~.

Th e  e q u a t i o n s  of K o l m o y o r o v  f o r  t h e  p r .~ia L ilit ies ot ~.t a tes  w i l l

.t! a_,_ —() .j”+)4 +)~1p) .1,+)i,1~~,,, .

—

O t h e r  p r o b a b i l i t i e s  us in t i t i s  cast -  t ic  n o t  L r i t . ’res t , sin c0  t h e y

cc r t t ~s~~oii3 to d e f e c t i ve  (not  w on ~~i n y )  sy~~t t u . .

I t  we k n o w  t h a t  i n  w h i c h  c o n d i t i o n s/ m o d e  ( [3 k or 112 )  t he sys t e m

be~j i ns  wor k, then equa tions (8.4) will Ee i i l t .  j r a t .’~ r~~5ier t h e

conjie t ~‘I y determin ed initial conditions . Icr c XO , l i 1 i ’ , it  s y s tem

b ej i n s  wor k in conditions/mode R~~• ini tial C O U d i~ tons  w i l t  La’

V~~0, p~,,— I , p~~~ 0. (8. 5)

~~
t u~~ i n t e g r a te  s y s te m  (~~~ ) 

‘ to~ ex . i~~1 l e , .mt t h e  I l u m e n i c a l

va l ues of the p a rameter s :

“ ‘  ~ ii
’
~~~ ’ 

)41)_ )  )41) 2 4U_2, )4t)_j

I .

~L. ..- .. .
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F i q .  7 .4~~.

5,

r i  ‘e ~J7

r 5~ u . tt  i o n s  (8. 4) t a ke  t h e  t e r m :
dp~.

~Piii (8.6i

Let  us f i r s t  of a l l  t if l ( 1 t h a t  w i t h  d~~I 1tTh A t . t t  ~~a i L  Ot  t un c t i ons

ce~ & . De~~ ’ can sa t isf y e~j u at i o n s.  The s ub st  i ’ u t  io~~ ot  t h is  p a ir  i n t o

s y s t e m  (8. 6) gives :

—kc~ —4C+3D,
—~D— C—9D

cr

( —4) C+3D—0,)
C+(~ —~~D o .  I

Sc t h a t  t h e  s ys t e m  or  e q u a t i on s  (p . 1 )  w e u l i  ~a v ’  m y  solut i on
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( I. ,  0) • ~~~~~~~~~ Z~~ L O , it  1.’ L I t  Ct’ ;~~.iLy an d .~~I I i C i  ~i i t  : 0  th~i t would be

j t ~. t  1 t e .~ “ro  det ?  r m i m a n t  L i on  t ~t e  ccc t i ~ ~~ ~~‘ L • & L: ; y s t e m :

~~~ 4) ~. 9)..l .3 o

)
~‘— l3& + 33—O.

:; c l v i  ~~ t h i s  & ju a t j ail , W e  f i n d t w o  v i ~~~~ ~

~,—e .5—) &5’—U~~ 3,45a.

.~ t v i l u e  >~ = X~~, o c l u t i o n  ef  sy s t c m  ( 13.7) i~ ~~ v e n i  Ij y t h e

w~~e:~ )t = — t~y t a t m u l a
t

i 
_(~347~ (2)

i t  ft e nice f o l l ow s  t h a t  t h e  q ez i t ra l vie~ ~~r t a ~ sc1ut~~en of t h e

s y s t t  in ot d i t f e i . e nt i a l  eq u a t ion s  ( 8 . 7) — t h i ~. j i~~ el  t a ~ t u f l c t i o f l s :

~~~~~~~~~ ,
—.3.45~ I~~~~4tb ,.—~.$4I ‘1

P.. ((~ i.. O I$OC”) ~~~~~~ •_
~~ ,$47( 4b ~~~~~~~~

in i ti al CO~~tj j tj 0 f l 3  we can sat isfy by ~~~~ i ~e 1 t i a t ~ s e l e ctj o n

a h i t  ~a ry  c o n s t a n t s  C01 and C4t~. So t h a t  w c u  1 J se i m p l e m e n t e d

condition P..(O)~~ l.p..(O)—O . it is necessary tna t it woul~ ~~i

C4
~

1+C”~ I.
0,110C40_I ,$47C(1)u_ O.j
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• ~~
(I) ._ a.~~~a4$)F r om second ~ q u a tx on  •~~~~~~ ; su bst i~~u t i 4 i ’~ t . i ls in  t h e

f i i s t , w ’  ob ta in :

~~~~~~~~~~~~~~~~~~~~~~~ C~’~—o,OIs.

Fa~zc 4 0~3 .

It  ~s f i na l :

.,,, ( I)—0 ,912e 3 4 5  ‘+1’.fl$s e~~
9’

~
1t 

~,

i’,,, ~I) = (I , (64 I _
~~~

Q • ,4 I)

Thu reliability ci system , obviousl y ,  w i l l  LIC • -j u a l  t o  t h e  s u m

of tae p r o b a b i l i t i e s  of  t he  e x a c t  w o r k :

~~ ~) (1) P~ ~ U) + 4!)(:)= I .016 ~__$ .4&~ ‘—0 .076 ~_9.64~ ~,

wh e i c  s up e r s c r i p t  (1) shows t h a t  t h e y  are  c d l c u l A t c J  to r  t h e  s p e c i f i c

i n i t i a l  c o n d i t i o n s/m o d e  P 1.

It  is analog3 us , for  t h e  in i t ia l c on d it i o ns/ .node 9~~:

~~~ (t)~~0,493 (,..4.489 _~ —ø.54

4~ (t) _ 0,089.3 4
~~~+0,91I. 9.$4I I,

P(
~I (S)

~~,S’~ (O+4V (t)=0 ,582 ~~~~~~~~ ÷o .4i8.~~•~ ‘.

I t  t h e  i n i t i a l m ode  of o p e rat i o n  cf s y s t e m  in  ac cur ic y  is

u n k n o w n , and  are k n o w n  on l y t o  p r o b a k i l i t y  uI ccn di t io n s/n odes R~ and  
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R~ in  t n e  h e g inn i n j of process , the re1iasii~~t~ ~: syst~~u can  be

c o u n t e d  on the  t o r mu l a  ot the comp osi tw  p r c L ~~L i 1 i r y :

(f l — (R ,) P (t) +p (R 1) p t).

w~~t ’ ut  P ( R 1) ,  P ( R 2) — pro babi lity of th€ tact tn ~it a~ t h ~ initial

uoai~~it .,ecur conditions/modes i~1 a n d  R 2 r e . .-c~~~v~~l y .

p t
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~~ . S : M U :~A T i 0 N  31” Gi ERATI 0N S BY STAT 1STICA 1.  TE STINGS.

1 . ~~. t : j ~ : ot s ta t i s t i c a l  t e s t i n j s  (~~o n t e — C a  ~~. j

& n u m b e r  ~~i t : i e ~ r e v i ou c  ch~~j ’t € r s ~~ ~ e c i ~~~- , t c c u ~~in t e J  wi t h

r h €  ~~~~~~ ~ cds of t h e  c o n s t r u c t i on  ur  some  n a t i1 . r i  ~~~~ m o l  ? l  s , w h i c h

~; x v t  ~c.;~~i b i l it y  t o  .~st ab l i s h~~in st ~~i l  a n a 1 y t i c a ~ (~. )i~m u 1 i )

c o i m u n .~~c i t  i o n/ c o n n e c t  i c n  u~~t w ’~~’n t h e  a~~si. j n .~ cc: 1.. t i o n s  t op e r at  ion

(a :noni et h er  thjn~~s ~y accepted as sciution) ar~i t e  ~~ l t  ( iss u e )

c o i  ~~i t ~~~ i O f l , that are e aracte~ ized by one c~ ~z~~~~ i-a l  s. i ra m e t e r s  —

1r i i ccs of et u ic i e  n c y .  r t  in  t & i .~ co u t SC  of  c~~et ..jt ~~~ ii t h e r e  a re  m i x e d

Il I m n ~~e~ fac t or s , the 11 it L- ’ ‘t e s e n t s  L 1 ~ ~~~~~~~ I : r ~~) 1  ~cocess , a n d

t~~~~ in  I cx  ci e f f i c i e nc y  — p L o I a D i l i t  y o t  sc~i~~ e v : i ~. c)t m i t h u m a t i c a l

~ x~~. c t s t  i o n  of soic r a n d o m  v a lu t  • S e m e t  Irne.: ;  t C coi~st r u ct  t h e

r ~cal model  of  r a n d o m  hr o cc s s  ( f o r  e x 5 i ~~~1. , t i~c sy st ~~m of

d i f f  ~rential equations for t h e  ~ro hab ilit ics o~ 5t . it C S  or algel:raic

~ judtions for the m aximum ~Lub an ilitjes or ~. t d t ’ . ;)  a i i i i t  is possi bl e

tc connect the ass i y n e~I condi ti ons of c~ eratied ~ ~~t h t t s  i ssue w i t h

a n a l ytical iependenc ’s. However , this acc o 1 i c~~’s h~~r J l y  ever ,

m a u i1, whe:i the random process, w h i c h  ta k~~.1 1 1.icc in t a O  system in

question , •~arkov or close tc Markov . 

~~~~~~ - - - -~~~~~
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In :) r a c t ic c  b y  n o n u a n s  a l l  r an Io t r  or  c~~c~~5 e  ;, a t~r~~ed in

O j t ~ L i~~ l ens , a r e  ~a r k o v  or close to t h e n .  F c r  c x L~~)i.’, in t h e  real

v~~t ’ 1ac )~~ mass  m~~i nt e n a nc e  tac tiow at c la i  n i;  in  a n y  w 1t~ is n o t

i I w a 1 s Poisson; even ~aore rarel y i s  cb~~e r v e u  X ’t ) .L -h t j ll (or close to

it) t i~ ie illocati n at mainten ance. For  t~~ic  I r r l t r a i/  f l o d s  of

~ v-~i i t 5 , whi cn translate syst~~rn f r T O ; 1  St a te  ~~~~ i t e , a n t l y t i c a l

~c1ur i on s  a re  ob t a i n e d  o n l y  f o r  isci itt d s~ Lc~~i1 :,i s~~s , o u t  in t h e

~n,.-ra 1 ct s-~ of the satisfactory l U L t  ho~is o~ t :n tt hen ~~t~~sa1

• : e scr i~ t ion of the correspondin~ ~roc e~~ses, tnc~~- Ioe s n it  ~ xist.

• W~ i eu  th e  CO ng tructioii CI t i.  ana ly tic i .&. ~ c.1el. o~ ph ? n o m e I l  On Ofl

cne s~ t i ~ e other reaso n is is difficultly real i~ i~~lt~, ~~~~~ a~~p l ie i

a I I ) ~ ~Ot  IlO t nod of simu liticn , k n o w n  by the n~i mc  :n ~ t no d  ot  s t a t  istical

t e i nj s  or , otherwise , the ~onte — Carlc met~~o i .

I A t  sr esent  d u L i ~~ t he  s i m u la t ion or  o~ ~~~io i i s  an d  jon erally

r a n d o m  processes, t h e  M c n t e — C a r l o  ~e t h c d  is  ~ ~lio~ v e r y  widely.

Pa .je ( i i i .

T h i s  wide  a c c e p ta nc e  of m e t h o s  is C O f l f l e ~~~t t  1, i i i n l ~~, w 1th  the

ap p t ’ar ~t u c ~ of ETsV M Cdigital compute r ), w h i c a  m a k e  it

I
LA. ~. ___________ __________________
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possible within the for eseeable peLiods to imp 1e~ ent nass

calculations according to this method (wittiout nionines war y

la norious) . Ho weve r, i~ principle the Mcn tc—Carl o uet hod can be

aU-lied , u s a , without aid of fTsVM . In this ~ ara . j r a p h ~~ is

presenten the essence of method , iLres [ectively o~ th~� ai~ thol of its

realiza tion.

Th e idea of the Monte—Carlo method is t x t t 2 t ~u~~ly sinpL€ and

con sists it of followin .j. Inst ead of , descr.~oin .j of r an 4 i  ph enomenon
I

• w i t h  t h e  h e l p  of a n a ly t i c a l  dep en d e nc e s , is p r o d u c e d  “ d t t w f n y 11 — t h e

si ivulation or random puenomenon with the h~~ip ct  c er t a i n  p r o c e d u r e ,

w h i c h  ~ives random r e s u l t. Just as in lif e t h~

conc re te/specific/actual realization of process  .;~~ot e/ a d J s  up  each

tim e differently, t hat  j i ve s  random result. Jus t a.; rn lire the

concr ete/specific/actual realizat ion ot pr o.:- r - s ~~t o u~~’i i i~~ up  each

time diffe rently, so and as a resul t of “ .1r~~w inj ” ~e obtain one copy

— one “realization ” of randcn phencnencn. A r t~~r .iuo iuc inj this

“arawing ” the very large number once , w e w ii i cL tii~ t h e  s t a t i s t i c a l

material — many realizations of r~undon uh en cm en cii , wnicn can be

de veloped by  the u s u a l  tae th cds  of m a t h e m at i c a l  st iti~ tics.

F r e q u e n t l y  this method proves to k~ inur e simp ly thain the attempt

to c o n s t r u ct t h e  a n a l y t i c a l  mo del  of p h en c~~ n o n  a n d  to t rac e  t h e

de pen d .~nce n e t w e e n  i t s  p a r a m e t e r s  on t h i s  m o d e l .  r’or t h e  c o m p l e x
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op e r a t r o n s  in  w h i r h  pa rtici pates t h t  larg e n u n l i-ci of cell/elements

(in a ch i r c ~;, sys tems , peop le , cc1l’~c t i ve s)  a n u  in  i . i o in  r a n i o m  fa c t o r s

c o m p l e x l y  i n t er a c t  b e t w e en  th e m s e l v e s, t h e  j e t  hcd 01 st a t i s t  ical

1 tes t  i ng s , as a r u l e , p r o v e s  to  be more s i mp i ”  t h a n  a n a l  y t i c a  1.

In  es sence, b y  t h e  m e t h o d  of “ d r a w i n g ” c a n  o~ 5I) 1V 1 a n y

~r c i !a b i l ist i c  p r o b l em ;  h o w e v e r  justified it become . ;  on l y i n  t h e  ca se

. 1 w h e n  t he  procedur? of “drawing ” is simple r, ~ut  i r e  not  m o r e  c o m p l e x

than the app lication/use analytica l, cCmpu taticnu l methods.
P

Let us cons ider  a n  e l e me n t a ry  ex a mp l e . Is  so lv e d  th~ p r o b l em :  on

some t a u~,e t /pu rpose  Ts , is p r o du c e d f o u r  i nu c ~ e n d - ; n t  v ar i a b l e s  of

shot  each  of w h i c h  f a l l s  i n t o  i t  w i t h  ~ r o b a n i l i t y  p 0.5. For damage

• ( de st r u c t i o n )  to the  t a r g e t  or oee i nc id en  c t/ i  m p I a y e i I e I A t ,

i n su t  t icie n t l y ,  is r e q u i r e d  no t  less t h a n  4 w u  I n c r d en c e / i m p i n y €m e n t s .

To d e t e r m i n e  k i l l  p r o b ab i l i t y  t o  t a L y et / p u r ~ u s - .

• Stated probabilistic probl em can be solved uy two n.~thods : a)

analy tically and by b) “drawing ”.

I s  first solved problem analyti cally hil l p rob ability to

t a r g e t / p u r pose U l i t  us  c o m p u t e  t h r o u g h  t h e  p r o b a n i l i t y  of opposi t e

4 eVen t. — n o nde s tr u c t io n  of t a rg e t/p ur p o s e .  ‘1n~ ! r o n a h i l it y  of t h e

f l o r i d .  s tr u c t i o n  of t ar get / p u r p ose  is e qu a l  t o  t h e  s u m  of t h e
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~~t ci t i i ; l it ies  not ot one  i n c id en c e/ i m p ing e ii. ~t a~; i it  is ex a c t  one

in c  Ide i;ce/ i m p i n g e m e n t ;  t h e  p r o b a n i  ii t y  no t  ut L nc

in ci m e r .I ’t / i m p i n ge i e n t  is  e q u a l  to  G. 5’ ; t h e  pi  oL t s r  lit y ox acti y of

cxa in cidence/impi ngement is equal to C,~ .0. 
1 .0. ~~ — 4 •J .  ‘ ) ‘ ,

t h~ - r ~ - ( c L e ,

N O W  l e t  US U y to  so lve  l’U p r ob l em  “ d r a w i i I J~’. Let us s i mu l at e

t h e  prce .  I u r e  or shoot  i ng  w i t h  the help ot ut h t ~r , a lso L i n d o m ,

[~r o C e du : t~s. Ins tea d of f o u r  sh c ts  on t a r y et 1~ r p u ~~~, I c t  us  t h r o w

t o u r  cci  u s :  the app ea rance  ot a coat of  ar  n~. w il l coridit io ma ily

i n i l i sa t .  “ i n c i d e n c e / i m p in g e m e n t ” , a nd t a i l  — “ e r r  fl ’. I ; of f o u r

de~~c i -t ea  c oins  not less t h a n  two tal l b y C O lt  c t  U ip S, t h i s  w i l l  mea n

• t h a t  t~-e t a r ge t/ ~~i rp o se  “is  s t r uc k ”. “ € X p e L I~I I * m i t ”  or  “ i r i w i n g ”  in  our

cas.~ w 1 1  he the throw ing of four ‘~oi ns ;  l y “ r . ,u i t ”  e lt u o t  by t h e

“is~;iie ” of t h i s  cx p e r i l u en t  — “da;nage/deteat” or “ ; ~-~i~~~t r u c t  ion ” of

t a rg et / p u r pose.

I
Pa je 4 11.

Let us repeat this “exper i mnen t ” , Which cc n-~tst.~. j i  t h e  th~~o w i n y

of four coins, ver y there are many times i n  a t c w .  Th en , i c co r d i n g  to

bernou lli’ s theorem , frequency of “dama~ o” tlit ~ try et/puupose almost

for sure will differ little from the prcba n.m1ity ot this ~vent W ;
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• t h a t  mea ns i f  we is  t h r o w n  four cu Ir e ; t he  m i  j~ u ~~~ei  e l : e  N an d  let

us d i v id e  t n e  n u m b e r  o~ “ d a m a g t • ” t c  t a r  j e t  i n t o  w a l :n o~~t w i l l

o b ta i n  f u r  su re  t h e  m u n b e r . close  to ~~, r c .  • t o  ) .~ cit~.

I n  t h i s  e x a m p le t h e  d e t e r u i n a t r o n  Cf ~L o L a I ~t L . i t y W ~ y ~ r a w r n g

wa s  1n 0¼ ) m n p a r a b l y  i~ore d i f r i c ul t  t h a i  anal yt~~:al ctlciil it io n . H o w ev e r ,

h a r d l y  ev er  t h i s  is t h u s .  I t  v .. r y  i r e q u e n t  l~ r e v  t o  u~ that

cbt . i  in n i y th e  p r ob db i l  i t y  of  e ve nt  (or av c r a ~~c V ~lue of r a n d o m

var iabl e) by analytica l , c a l c u l a t ion is so Cu mn~~~ r c a t e d  a n t  i t  is

cum ;-eL -sumn e that m o r e  simpl y p r ov e s  to he  t h e  d E~~~ in J .

Let us consider an e x a mp l e  of t h i s  p r c r l  L ir. ~~~t h e  ~ rodu ce u  t h e

• i~om h i n 3 on some t a r g e t / p urpose  T:; ( F i g .  d . 1) ; t h~ ~ eue  of t h e

• d e s t r u ct i v e  e f f e c t  of numb takes the fcrm or t t m . ’ ci r c l e  of r a d i u s  r.

Is discard ed n of bombs. ioi c l a i u aj e  to  ta r i~€ t  (h ~~: b r e a k d o w n )  it is

necessary to cover with destru eti omi not ~~~~~ t i ~~m m ~o/o t i r g E s t area .

It i5 reguiri~d to f i n d  k i l l  pronab ility to t a r l e t / p u r p o s e  W.

I r~ sp i te otT visible simplicit y of t h e  r u m  u~u~~tt  ion  of t h e

~r o b l e m n , its analy tica l solution is extte rr .l y ccmi ~i 1icate1. it will

much simpler solve problem by “drawing ”. For t h i ~. , w i l l  n a v e  t o

“ p l i y ” c o o r d i n a t e  n of i m p a c t  p o in t s  (as  t h i s  t o  to  — w i l l  descr ibed

su ~~s . g u e nt  l y )  ; a r o un d  each i mp a c t  p o i n t  ti t -sor  i~~e t h e  c i r r lc  of r a d i u s

r ar id co u n t  t h e  c o mm o n/ ~Je ne ra l/ t ot  i i  a f t e c  ted f i~ J t ~ t • i r ’  ( in  Fig. 8.1
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it 13 shad ed).  I t T  t h i s  area r e r m d e r / s h o w n 1  ui cr~ ko/o t ar g e t  ar ea ,

to cons ider  t h a t  t h e  t a r g e t/ p u r p os e  “ was  s t r u c k” , i t  l~~~s t h a n  kofo —

“ W d S  not str uck”. This “experim ent” , w h i c h is cf  “ t h r o w i n g ” ii of

h o m i s , mus t be r e p eat e d  v e r y  m a n y  t i m e s, n o t i n g  L a ch  t i m �  by

arbi trary symbol (for example “i” )  the exp erim en t , in w hich the

targ et/purpose was “struck”. With the lar~je n u m b~~r of “experiments ”

in N , the kill probabil ity to taryet/purpos~ b ca mi be approximately

esti~i at e d  as frequenc y of “damage ” to t h e  t d ry i t :

(1.1) .

— a n u m b e r  of the “exp erimen ts”, noted ty klu~~.

It proves to be tnat even for the e x a m i n e d  ny us comparatively

elem entary problem t i .e  p r o c E d ur e  or “dra~~iny” (cst~~in in g  p r o b a b i l it y

t h e  ~orto— Carlo mathod) will be considt-rabl y s i i r j i e r  t h a n  t h e

de t~ rn m a t  ion of the same probability a na lyt. i.e s 1, calculated met hod.

Exam p le is a good sp eci~.eu,’~ a m p le ct ty~ ic.tA.Ly “~ionte CarU.” problem .

A i d



—~~
.• .‘ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~TI ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~ 
_ _ _ _

[ b C  = 7dO6~372O & A G f  q~i,

P i g .  t h i .

Pag e  ~~12.

L~ t us note that b y statis~ ical test ins; (~~o:it  e C a r l o )  it is

po~~ ible to find not onl y piobah ilitie s of vu m : t ; , A u t  aLso average

value (mna th~ maticil expectations o~ rando m v a r i1~~A.~ s. In this case,

we will use no longer Deraoulli ’~ theorem , j U t  I~~w of large numbers

(b y Ch e ny sh e v  theorem) . Acc ording to this t k . e o r . n m  w i t h  t i e  l a r g e

num h er ot  inde penlent experiments (ILjthtnet ic n e m n  of the observed

values ut random quantity almo st dii ferr 1 i t t  1’: i or sur3 from its

math ’matical expec tation .

So, if we unler conditions U t h e  l a s t/ l at t ~~r e x a m p l e  (bombing

on target/purpose Ts) it is requited icr us to tln1 not Kill

~.robability, but the m athematic al expectation ot t~ e area of

destruct ion S,:

MIS,J — ~~
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t h e n  it it is possible to d e f i n e  a p p r o x xm d t e l y  as arithm~~t ic  mean  of

t h e  a rea s  of destruction in the large numbe r N c~ the p layed

N

- ~~sp,
(1.2)

where — a value of the area of destruc t~ un in the i—th

“ex~”riment”.

An i logously ~an be f o u n d ~ot  o n l y  m at  heu~ut icil p~~~tations , but

also the dispersions of which interest us t~ noc’m values . de will not

fory~.t , t h a t  the iispersion of ran dom variarle is n o t h i n g  else but

the ~nathetn at ical expectatio n of t h e  square of central ranl om

variable ; it can be approxi ma tely found as ~t ithmet ic mean of these

squa res in sepa rate “experiment s”. So, in our e x i u ~~le t~i~ disp~ rsion

of t h e  area of destruction can he approxim atel y t o u n d  f r o m  t h e

f o r m u l  o

N

• 0 — M [(sr —i~)i ~~ 
‘
~~ N

or , that simple r, through the second initial torA ue /m omne nt:

N s,
D fS~j  M tSp’) — s ’ ~~ 

____ — 
~,
‘ (1.3)
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I

T~~us, t u e  Monte—C arlo me t hod in o [er it~ or.s i - .~earch ir~ a method

of tim e wathematic~~l s i m u l a t i o n  of random p h e n o m e m m ~~, in  which very

chance iirectly is included in the proc~ ss of ~iiujlation repre sents

by it se lf  its essential cell/element. each time , ~s~~n in the course

of operation is add~ intertered one or the other ~~j m m d o m  tictor , its

eftect is imitate~ with the h e l p  of t h e  sp~cial1~ oryani~ ed “drawing ”

or “coin toss”. Thus is constructed CR C  realizati )n of random

Ei m e f l o m e n c n , which represents by itselt as ~~j  L t S U i t  of one

h’ ex p e r i m e u t ~~.

Page’ ~~1J.

With the larg e number of real izat ions, t ~ e a~aich  in te  rest us

characteristics of random phenomenon (proba ~ i 1i t y , ma the~ ati cal

expectat ions) are located so, as they are lecci r~~~ t ron t u C

ex~ erimen t~ probability — as Lre~lucn ci€s , mat i1ema t~ ctl expectations —

as arithmetic mean ut the values of corres~ ondin i random variables.

The simulation of random phenomena by t h e  M a ’ e -C ar l o  m e t h o d  has

common/general/total features wit h the process o .T the set of

exp crim ent by separate t.eople and hum an collectives. Ami d here , and
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that each separat e realization is randc ni ; ~t i.lt iau~ ar o  d i scove red

only during the repeated observation of ph nm~ n om , Jurtn j vas t

• € x~~e r im e n t .

I,

The la rge nu i  bet of realj~~i1ticns, 4:licn i ~ ~u i r e s  d u r i n g  t h e

ap [lication/ use of Monte—CaLlo method , is m~~dt . it t y  g en e r a l l y  b u l k y

an i Labori ous. Before starting t h e  M o n t e — C a r l o  m~~t~~oa , aLw ay s makes

• sens~’ t~ attempt to solve problem a n a l y t i c a l l y ,  ~ n u on. l y i f  th i s  i t

wore possible, to resort to statistica l siiula t i o i m .  ~Jseii a]. pro ves to

be ~ least the approximate prelim inar y a n a l yt  ica l  s o l u t ion  of

pro:1em — th i s  helps  t o  t ev e d i / d e t e c t/ E xp O s o  t h e  aa sic  : t ct or s  on

wn ic m d epe n d s the result , and to ~ ld nm the F i m n i  c m  t u r t h e r  w o r k s

The simulati3n of r a n d o m  p a c a u m n e n a  uy  t a .  ~ )Im t c—~ aLlJ met hod is

fr€ iuent ly produced for purpose or checkin g ccnn~’’tence/valiJit y in

this case of one or the other math ematica l a ’~ aratu s , al~~ays based on

some assuw ptions. Let, for example , examinin g t h e  sv st  em o f  mass

maintenance, we approxi m ately replace ncn— Pcissen n o w  oC claims

Poisson and nonind icative servicing time — ~x~~cn ~~ 1 t ia l.  ~h e

si m u l a t i o n  of the  same process by t h e  ~cnt ~~- c a r l u  n e t h o d  i i l l  show

that ar~ permissible these simplificat ions , to wuich errors they

1en ~1, and it will make it possible tc introunce into caL ulation

formula .; the appropriate corrEct ions.
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Snny le toss.

th~src cell/element trom ~~et  ot uh f h ster~ /~t i~ up  the Monte

Can e ao ’l.? 1, is one random realization ot t u o  ~~u e a on m e n o n  being

simulat ed , for example: cue “bcmbardmen t” en tarJ .~t/purpose , one “day

ct 1 e  work” of transport , oI~e “~~piUemic”, t t  C.

:~Qd li .~d t i O f l  repre semit s by itsel f as one cis~ o~ r e a l i z i n g  the

• random 4 hen menon (process) be in g si~~ulate 1 w i t h  iii whi ch are

in h c~ e:t in it chances. It is d ev e l o p e d  w i r u  t h ~ .iol p or t h e

.;;eciall y worked ~ ut  p r o c e d u r e  or the a l q o n i t h n  L a  w h i c h  i m p o r t a n t

role n l a y s  strirtl y t i m e “drawing ” or t h e  “ t n ro~ ia of toss”. Each

t i m e  wh en in the course of the ~roccss be in ~ s i m u l a  ted  there is mixed

chance , its affect is consiucred not ~ calculation , Lut the

thr ow ing of toss.

Let us  assum e that in the course cr t hc p r o c e s s  b e i n g  s i m u l a t e d

did appear the torque/m cm ent w h e n  i t s  t u r t h o r  v~~l o p n e n t  (b u t  that

m~s a n ~.d result) does depend on that , ~iid al pean i :~ t h i s  s tage  eve nt

A cr i~ ~tid not appear ? For example: d i d  occu :  t a ’  a i t ?  £s  discovered

certain ob ject? is exact equipment ? Did app eam claim for mainten ance ?

anm ~ so t or t h .

£ay ~ 4 1 g .

~i1
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T L e n  it is nacessary by t h t  “ t h r o w i n g ci ~ Oss” to  ~ o lv e  the

~uest ion : appeared event A cr aid r o t  a~:petr? Fcn this , it is

n e c~~~ sa ry  to give into action ce rt a i n  i a n do ~ m o c : m a r . i s m n  of the drawing

(lot us bay, tzmat to throw t h e  d i e , eithe r ~ev orm L co i ns  or to select

num l’ :r from the table of random n u m b e r s )  a n u  t o  a gr ~ -e against whic h

result ot  toss indicates appeara nce, and W i t i C I — ~~ 
) m a p ~~�i r a n C e  of  e v e n t

t
A . .~elcw we will see, that the drawing olia 1.~ i. ii. i~~ organ ized so

t h a t  the event A would have any pre assi;neI pnon.i b ili t y.

Ptsides the event s, which a~~p cac  tt i J. C~~ , t C O U t S ?  and issue

cf ~~i e ra ti  on c a n  a lso affect vaA.ious ran dom va n nan les (tar instanc e,

t h i ~ ~e r v i c in . j  t im e  of claim by the chann el S~~O ;  c o o r d i nat e s  of the

• in pact  point of projectile; th~ tim e , duri ng w h i c i i t  is i m p l e men t e d

th~ vojaJe of tru:k; t h ~ numbe r or l eft  t n .~ s y .~t e n  n o u c/ u n i t s , etc. ) .

hit ii the hel p of toss it is possible to play th e v a l u e  of a n y  of

raraloin variable or the value part of several r i ri or variables.

let us agree to call single toss any c . L e m e n : . e r y  ex~~ rimo nt in

wh ion is scived one of the questions:

1. Did  occur or did not occur event A?
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2. w h i c h  of possiule event s A 1, A 2 , • . . ~~ A~ ~ i i  o c c u r ?

~~ ich v a l u e  took rando m v a r i a b l e  X ? .

e. Whic h v a l u e  p a r t  d id  t a k e  systcui ot Lalid u in vsri~~~les

X , X ,, ..., )(~?

Fach r. a l i zat  ion o f  r a n d o m  p h o n o m € n o n i  ~iy  t h e  ~o n t e — ~ a r l o  method

cons~ist s  of the chain/network of si .gle tos~ t .~~, 4~in ch interrupt

t~iemselves oy routine calculations . By ca lcu 1a~~i~nis is c.nsidered the

crrect of the issue o~ single o~,s on t~ it ~ ccur5~ of operation (in

p a r t i c u la r , to the  c o nd i t i c r s  Un !or ihiCh it w i l l  ~~ realized

f o l l o w i n g  s ing le  t oss)

L L t  u s  consiler  the methods ot o r g a n i z i n g  a~~1 var i e t i e s  ot

sing le toss. As it was already said abcve , i u n i n j a n y  o r g a n i z a t i o n  Ot

s in g le  tos s, m ust be s t a r t e d  to  course some u t c h a n i s m  ot r a n d o m

s a m p l i ng (co in— toss ing ,  bo nes , r e m c v a l  Ct tad ~je t~ o~ r~~t~~t i ng  drum ,

number from the set of numbers an d , e t c .)  . Such ;i~ chanisms can be the

most d i v e r s e ;  h o w e v e r , a n y  Cf t h e m  c an  ~e L~~p l icea  b y tri e standard

m e c h a n i 5 n , w h i c h  m a k e s  it poss i~~le t c  sc lve  o n e — o n l y pro~~l em :  o b t a i n

random vuriable , listributed w i t h  c o n s t a n t  u e m : s i t y from 0 to 1. Let

us ~jree for brevity to call this uan dcm variable “ r an ~iom n u m b e r  f r o m

0 to  1” a n d  to d e s ign a t e  R ( f r o m  En *j l i s t i  r a n d o m  — r a n d o m ) .
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L et  u s  show t h a t  a n y  p r o b l e m  or s i ng  l~ te •;an be s lved with

the :iei~ of the s t an ia:~ mechin i..ia, w h i c h  g~ ves number .~~.

1. U a ~pea r or ther e is no event A?

Let t h e  probability of event A be e q u al

P (A ) =p

4

L ot  us select w i t h  the h€1 ~ of stand a cu necn~~ni stn random number

p and will consider that if  i t  is l e ss € r  than : , ev e nt  A o c c u r r e d, if

more p — did not occur 1 _

FOCT~ 1)T~ 
1~~ Obta in inj s  ~~~, in th~ accuracy oL the e~~u a l  to p , let  u~

con s~ d~~r virtually impossible. 1~N Dt~OOTNcrE .

~‘age 4 1~~.

I t  is r ea l/ a c t u a l, it t~ — random num ber from 0 to 1 , thi~n

wh~~r•~ (i )  = 1 w ith  0 < r ( 1, or

P ( R p) S dr -. p .ui P (A).
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2 .  ~ h i c h  af several p o ss i bl C  C v C f l t s  l i d  d~~~a d L ?

L e t  there be the full/total/complete C L O U p  °: t~~e antithetical

e v e n t s :

~ i t n  ‘he probabilities

p1t p1, ... Ip ~.

Since events are illcompatibie/inconsjsteflt an~1 i~ r~

f u l l/ t ot a l/ c o m ple te  gr o u p ,  t~~~ n

L e t  us  div ide  entire range from d to 1 into k ci  ;c ct i on s  w i t h  a

• l e ny ’ h  of Pb Ps. ...,~~ ( F i g. 8.2 ) .  I L  r a r d o m  i l i n c o r  h , g i v e n  out by

Standard nechanisa , hit , for examp le , t c  s~ et ic n p~~, t h i •; me a ns  that

appeared event A3.

~~. ~hich value did tdke random variable?

Let  we need “to play ” the value of ran uon v~irrab l~ X , w h i c h  has

11
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the k n c w n  law of d is t r ibut ion.  The case w h e n  v a l u e  X is iisc re te

(i .e.  it has Separ a te v a] ues x1, x1...., x~ wi ta prcLJiuilities

P it P2. . . . ,  p~) examine we wi l l ,  not , sinc e it is reduce d  to p r e v i o u s

ç oin t/ i t e m by  2. I t  is t e a l/ a c t u a l, if we d.~s i gn a te  A, t h e  even t ,

which consists of the fact that value X diu ta ke value X1, then the

d r a w i n g  of the value of r andom va lue  Z is r t d u c e i  to t he  s o l u t i o n  of

the question: which of events A1, A11 ...,A~ did as- pear?

D9 p, P3 Dl
V~~~~~~/Thi” /~~~1~ w
0 1

I
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P~tje ~41b .

Let us ex a m ine  t he  case wh en r a ndom v~niaI le X is c on t i n u o us  and

has the assigned :ontinuous tuaction of d i s t r i L u t  ion F ( x )  ( F i g . 8. ) .

Let us demonstrate the following a sser t i o n:  ii w e t a ~~~ on t h e

ax is ot  o r d i n a te s  random num ber 13 (from 0 to 1) a R e  tO t L u d  the va lue

of X a t wh ic h F (X) = P (see d r L o w/ p o i n t ~~r s  in F i -j .  ~4 . 3 ) ,  t h e n

obt~t~~ncd random variable X let us have function ot distribution F (x).

It is real/a:tua l, let us t a t e  rando m v i L i ~~~h- x and let us f i nd

i ts  dj ~~t r i b u t i o~ f u n c t i o n , I.e., t h e  p t o b a h i l i t y

P(X.<x)

F igu r ~~s 8 .3  s h o w s  t h a t  so th a t  w o u l d  Le i n~~lem ~~u t e i  t h e

inequalit y X ( x. value  ~ must tdke va lue ia less th an F ( x ) :

P(X<x) ...p(R .<F(x))



i~uc = 7~3 0 r d 7 2 O  P A G F  - -*~~~

~237

i1U r a n d o m  n u m L e L  R na s  c on st a n t  dens  i t y  c f  l L s t r x & n j t ion  f (r) ,

j u a i t o  1 on s e g m e n t  (0 , 1) ;  t h a t  m e a n s

F4z) f~~z)

P(X <x) r— J (r) dr — l .dr—F(x), (2.1) 
I

;

I , . . r.

T h u s , t h e  d r a w i n g  of t h e  v a l u e  of r a n - 1~~m v ar i a b l e  X w i t h  th e

as~u n od function of distribution F (x) is i.~~Ju ce~l t o  f o ij o w i n g

~rcceu use.

To ob tain random number P L r o m  0 to 1 afl~ 1 •~~~ ; value of X to take:

X — F-’ (R) .

wh~~r~ F 1  — function , reverse with respect to ‘.

4• W h i c h  v a l u e  par t will takc t h ~ sy s t em  o~ r i n d o u i  v a r i m o l e s ?

L et  t h e re  be t he  s y s t e m  or  r a n d o m  v a r l a b l 4 - s:

X1, X1 X,~ (2.2)

wi t h  c o m o i n e d  dens ity of d istributi on

1(x1, z~, .. ., xe).
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Fig. 8.3.

I

Pa qi~ 417.

It  r t n d o m  v a r i a b l e s  ar e  i n d e p e n de n t , t h e n

-
~~ f (x 1. x2 x~) —f ~ 

(x ,) h (x ~) ... f ~ (x~) .

a n d  t he  d r a w i n g  of the  v a l u e  par t of c yst Cm (~
.. ~) ic r e dm ~~ ed t o  p l a y

ea c h  of  t h e m ind iv i d u a l l y ,  i. e., to o tg a n i z t  r c~ cj f l -~lt- t osses  Of

th e type , described in p. 3.

I f  r an d o m  v ar i ab l e s  ( 2 . 2 )  a re  d e p e n d e n t , t h o u

I (x1, X
~~ 

.. ., x~) — f ~ (X &)! (x,1x1) f (x1Ix, x2)

wh ere cach subsequen t density ci dist ributi on is tak~~ii con di tional ,

w h e n  p l e v i o u s  r a n d o m  v a r i a b l e s  t o o k  th~ cp e c i r . i c  v a lu e s .  w i t h  t he
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Is t w i n j  of the  seq uence of t h e v a lu es of r a n u c u  v i r i ~~bles (2 . 2 i  is

ob ta i n e d  f i r s t  the v a l u e  x 1 o~ r a n d o m  v a r i ab l e  X a ;  t h i s  v a l u e  is

taken as arg ument in the conditio~~ul density t (x ~ /x 1 )  ; is developed

va l ue x~ of random variable X 2, both values x 1, x 2 ar~ taken as

a r g u m e n t s  in the  :o n d i t i on a l  d en s i t y f (x 3/x~ , x~~) an d  so forth.

Let  us consider  s e v e ral  e x am p l e s  tcr  the o r J t f l i L l t i J R  of s ing le

toss. Exawpl 3 1. The flight vehicl€, w a i c h  ac c omp l ishE s  f l i g h t

abov e the territor y of enemy, aLter shcctiny a t it can render/show in

• cn€ or time followi ng states:

~~ 
is unharmed , is c o n t i n u e d f l ig h t ;

A 1 is injured , is c o n t i n u e d  f l i g h t :

- comple t ed  f o r c e d  l a n d i ng ;

A , was

T h e  p r ob a b i l i t i e s  of these  f o u r  e v e n ts  a u c  a ;s ig ne d :

p~~~P(A 1)~~O,4; p,~~P( A,~~ O.I ; p,~~P (A.) —O .I5 ; p — P~A ) — O .35.

To c o n s t r u c t  t h e  p r o c e d u re  of s i n g l e  toss  fo r  th~ d r a w i n g  of the

Le s u l s -  ot bombard m ent .
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Sclut ion. Is divisib le sect ion (0, 1) on nuu parts, as shown in

F ig .  to  8. 4. With the incider~co,’ima I’inycmen t ot r-t .idom num~,er H to

s e ct i On  i r on  0 to 0.4 t o  c on si d ~ -s ‘ m m d t C C C U L L t  ~i •:~~‘~~ n t  A 1, to  sec tion

t r ( ) m  0 .4  t o  0 .5 — event  A 2 an d .;c t o u t h .

• E x a r i p lo 2. ~ando m varianle X is d ist L i~~U t 4 d  •icco~~J i t i j  t o

e x i o t a  ntia l law with a density o t :

f (x) — ~.~~ ~~~~~

To construc t the procedure of sing le to s s  t~~ )~~t. a i I m i u g t h e

• v a l u e  cf X.

Sc iut  ion.  T h r o u g h  t h e  assi g n e d  d en s i t y  L (
~ ) w~ m i  t h e

d i s t r ib u t i o n  fu n c t i o n :

F(z)_V(z) dx... r4’  ~~ — ~ ~~ -4x 
~~~~ 

— -  - -~~~~~~~~~ -~~~~~~~~~~~~~~~ --~~~~~~~~~~~ - - ~~~~~~~~~~~ - j J~~
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0, p.

0 0,2 C~ 0,6 41 1,0

F i ; .  .~~~~ .

Pa ,. 41~~.

l ot t e d  t~unc t  ion r’(x) is .~ i v ~~n in Fig. ~o d. . d ra ~l m i c a l l y  the

v a i m  o~ r a n d o m  v a r i ab l e  X it i~ jJc~ si~ Ic t o  j l m j  t h u s :  to  t ak e

r a n : o i r  n u m n l e s  f r o m  0 t o  1 on t~ ie a x i s c t  o u i i r m~~. s  •c. i t f i n d  t h a t

-t cor : ;~i on i l f l L J  to i t  t h e  v.i lu e of t b sc is~~u X (s~ .t ~ r o w/ ~’)j n t e r s  in

F i j .  -
~~. ~ • rh j s  c a n  1e d o n e  n o t  grap hical l y ,  i t  

~~~ 
. a  l~’o l a t i on , i f

we w r i t e :

m2 .3)

a f l d  ~~~ ~~)1 V~~ th is  e q u a ti o n  r ” l at  iv O  to X ( i . e . to 1 i f l i  Lu v cr s e  w i t h

resrect to F funct jon). We have :

e~~
” — I — R i  ~~.X~~ I n t I— R).

(2.4)

• F ( rm n u l t  ( 2 .4 )  ran uc s im p l i  t~i~ ~~; let u~ r e c al l t h a t  i H —

L i  i f op t n umn l~~: ftom m ) t o  1 , t h e n  ( 1 — H )  — a lso  L . i n i  n n u n m o~~r from 0 to

--—----~ 44
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1; theretore instead of (2.4) can be t ak en

X__ + I n R .  (2.~

T~iu~~, the procedure Cf d r a w i : s ;  is reauo. o to ~ollowing : to take

r tniamn n u n  ber f r o m  0 t o  1, to  t ak ~ t h e  lo~j i . i t i i m it  w i t f l  t h e  n a t u r a l

t o u n t l a t i o n  f o r  ch ~~n g i n - j  s ign  and  d i v i d i n g  Ca X.

Ex amp le of 3. To construct t h e  prc cedu~ s ot :no drawing ot the

value of random variable X , den sity oi d ist iin ut Loli of wh i c h

f(x)— ’/1cos c c4L —~,2<~<~/2 (2.I~

l~.e tj ’
• (

~~- w~+h
(Fi~ . 8.b)

Sc1utjo-~. We tind the distribution fun0ticn:

Fix) — f ‘ l, cos xáx~~ 1/. (tIIu +l).

The p lotted function of distribution is g i v ~~n in  ~ij . to 8.7. There

is s h o w n  t a c  p r o c e d u r e  of t h e  d r a w i n g  c t  t h L  v a l a ’  or r i~i . Iom v a r i a b l e

X. An a lytically this is expressed as fcllow~ :

‘,, (sin X~~ I),

• whence inverse function

X—ucs ln (2R—fl
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~~~ q’./3
P1?/
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Thus, for the drawing ct the va lue or ~andoi varianl e X w i t h

density (2. ~
) i t  is  n e c e s s ary :  t o  t a k e  ra li I cm n u t ~~er  t 5O~~ 0 to 1,

d o u l  Le i t, to subtrac t unity and rrom resu It t C t~ i~~c- a rc  s i n e .

Let us note that i n  examine I by us oxa in j Ics o: 2 as d 3 functions

of d i s t r i b u t i o n  F r a n d o m  v a l u e s  ~a si ly  a l l c w /a~~sua~~i obt~ it m ing in an

e xp l i c i t  f o r m  of i n ver s e  fu n c t i o n  F ’ ; in p~~ac t 1 c .~ t h i s  h a r d l y  eve r

is t I I U S . t f  we e xp l ic i t  ex p r ssi n fo r  inv ~~r t a i i c ~ ior.  i t  is

imnp ossiole obtain, it is ~css iL le, as r h o w n  i n  F1 . j .  to ~ .i , to

d
~

- t t r m i :~e this inverse iunction by a g r a p h ;  b u t  r~ calc u l at  ion is

~roa uce(1 not by hind , but  b y EI sV~1, it is pe~~s i~~Ie  ~ o U S . ?  t h e  method ,

propose d b y N. P.  Busl€nkc [15]; it lies im ~ th e fact that the

f u n c t i o n  of  d i s t r i b u t i o n  F (x) is repl aced by tun ctio n P ’(x) ,

com~-r i scd of t h e  s e g m e n t s  of l i n e s  (Fi g. 8 . o )  ; tar s (-an  be d on e w i t h

a n y  aEsigned degree of accuracy. For each or s tmc .m l i ne a r  sec t i o n s

inverse runc tion is tound easily.

• Examp le 4. There is a system of dep end ent r a i m i u n i  variables X 1

an d  X 2. i.indom varianle X 1 is d i s t r ib u t e d  d L C o L J i f l ;  t o  t h e  l a w  of
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L i ~~t t t r i a n j le on se ct i cn  L L O P I  0 to 1 ( F ig .  8.~~) :

I,(x 1) —b 1 O < x < i

Key: (1). with.

£~ani um variable x 2 is di3tr ibuted wit c o f la t  an t  d e n s i t y  on

sect ion with a length of 2, wi th center at ~o ir .t x 1, w h e r e  x 1 —

val ue , ac c e p t e d  by random variable X 1 (Fl;. t~.1U) . To oLjanize the

~rocea u:e of single toss tor t i ~~ d r a w i ng  01 t h e  ~) a i r  of t h e  v a l u e s  ot

r i n d o r t  v a l u e s  X 1, X 2.
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Pi g. 3.7. Fig. 8.8.

p,z,gz/
z .  

. 
- 

I 
_ _ _ _ _ _ _ _ _ _

- .
~~~~ ~~. J~~~L~o :, o z- ’ x, z,.i a~,

Fig .  8.9. Fig .  8.1C.

Pc.l~~~C 420.

S o l u t i o n .  Let us p l a y  f i r s t  t u e  v a l u e ~ t V i A ~~~ x 1 ;  L i :  t his let

us cor .s +~~uc t  its the listribution t u n c t io n :

O~~1IP M X I<O ,
F,(x 1)~~ x~Jnpii O ( x < 1 ,

IJflpH X.> 1 .

K e y :  ( 1 ) . w i t h
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p.11). Value X 1 we will o i t  am  a~ 1 f i V t L ~~~- : ~~c t i o m i  w i t h  respect

to (~. 7) L ros ran do m ~ u~ ber 1 :

R—X 11: x 1 —j f L

A f t e r  is p l a y e d  v a l u e  X 1, t t  no l c n ~j c r  is :imu o m u ; let us

d e s ij n m t t  i t  X j. At the known valuE £ 1,  W e  C O r m ~ t r .j e t  t a  on d i t i o n a l

t u r c t i o n  of d i s t r i b u t io n  F ( x 2/x 1) of r a n d o n ’  V d L  i i~,l~ ~~ ( ? i y. 8 . 1 2 ) .

The  ~~~ r .-ssi on of t h i s  d i s tr i b u t i c o im f u n c t i c i .  w i l l  he :

Xi — I < x 2<x i+l . (2.91

hey: (1). with.

Let us take the new random number R’ troL ~ d to 1 ~nI let Us find

:rcrn it the functi on, reverse ( i .  ) )

R — ’/,(X,—x~4-I). X~—2R + x 1—I. (2.10)

Thus, the procedure of drawi ng is re d uced to :ollowing : is taken

ranu cm ;~um b.~r H trom 0 to 1 and from it is txtraetetl th~ roo t ; the

cb tai t value ~~~~~~ t h e  play ed value of t irst r t a i o t r  v ir iable X 1 =

x 1. I s further taken still one random nu rnb er P tr -~ u .) to I • it

douhies, to it is adjoined that ~reviousl v oPt .ijned x 1 .in i is

subtr act ed unity; is ob tain€d the ~l a y € d  value ci second random
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v a r i a b l e  ~

3. ~‘ ra~~iu ~ ot the valu t of ror na l ly ii~ tr  i L u t ~ - d  ~ :i o.n v a r i a b l e .

Lc t us pause spe cially at one V t ’L y f re jut nt i j  e n c o u a  t ered

r o b l e .~ : the drawing of ~ue valu e ot : a n d o~i V d L i~~~~ ) i C  X , distributed

acc o r- lmn¼ J to the ncr.a l law ( i t  is sac~~tet 
— “no~~ual”) wi th

~dt hema t icaL expertation ‘n~ and r oo t— nt-an —~, i~~r •~ d -’v .~.ation 
0, The

~~~t distribution of random variat1~ A t a k e ,  t h ~ f o r n ~:

— 
~* ..~~~~~)I

e ?o~I (3.1)

A ecerding to general rule ~r was n o c e s s~~r y  r act t n u s :  t o

con~ truc t the fun :tion of d i st r i o ut i on  F(x) n d  ~~~ j  find Let it

i n v e r s c  fu n c t i o n  F ’ , t h e n  to this ccnver sron tc ~u h j e c t  r a n d om

ru ~~~I r  ~ f ro m 0 to 1.
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:1
f,/x, J

_ _  _ _ _  

1 .
o ~~~~~~ s,., 

-

~~~~

Fig.  8.11. Fi g. 8.12.

rage-  4 2 1 .

1
ho ~e V P L - , .~on v en i en  t l y to  act  o tn er  w i s e :  t o  t . i~~i i:oiv r a n d o m  variab le

~ ar . i j n o t  her, to so—ca lied “s t a n d a r d i z e d /f l c r w d 1~~~C 1 ”  r a n d o m

v a r i a b l e :

(3.2)

to ~iay t h e  va l ue of tuis randoir variaUe , a n d  t h e n  t o  a lr e a d y f r o m

it tind X. This  is convenient because t h e  m a t h e ~i i t r c a 1 ecpectation or

valu ? Z is equa l to zero, and its r o o t — m e u n — s ~~u a r e  dev i at ion  — to

u n i ty :

m~ ~~O, o~ — 1,

it is necessary onl y o ne timc an I to  forevc~ f m a  i n v ~~r s~ function.

It is real/a:tual , let us designate tn~ den sity of distribution

- _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _- - I A
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cf st a n d a r d i zed va lue £

I 1 (z)=~ 4=.e T. (3.3)

The ncrmalized distribution zunction will ~c: 4

F~(z) 
$~~~~ e T dz_ O,5+q~ z~. (3.4)

wh e r e

~ (z) _L f e T~~?1~ J

— t h e  f u n c t i o n  of L a p l a c e .

• P l o t t e d  f u n c t i o n  Fa(Z) iS ~~ V @ fl  in  F i g .  d . 13.  Th e r e  by

r i f l em a n/ p o i n t e r s  is shown o b t a i n i n g  r a n d o~ n U ~~~d J e L  X w i t~t d e n s i t y

( 3 . 3 ) .  A nal y t i c a l l y  t h i s  is w r i t t e n  ou t  in .  t a~ - f o r m :

R~~O,5+Q(Z).
(3.5)

where ~~~~~ 
— fun :t i o n , inverse Laplace fun ctions ~~~.

A fter playing t h e  value oi standardizeu/ncraali zed ra ndom

variable Z, let us pass frcm it tc value X on the rormula

X~~ a Z+m,. (3.6)

‘r~~1s, the  va l ue of n or a a l  r a n d o m v a r i a h l e  X w i t h  c hi r ac tet i s ti c s

m,,o~ is played on t h e  f o rr u l a

X~~ o,ø~~ (R—O.5)+m,. (3.7) I ’

- 
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i. e. i t  is n e c e s s a r y  t~ t a k e  r a n d c ~ n u m b e r ~ t r e ~n 0 to 1, to subtr act 

~f t c m  i t  0.5 , to take t r o m  r e s u l t  i n v e rs e  f u j i c t  i c a  at  L a p la c e , to

r r u l t i p l j  on o~. and to adjcin rn, ~
.

_ _ _  _ _ _ _  _ _  ~~~~~•_
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I n  t h e  case w h e n  g a m i n g  L~~~! n o r m a l  L a n d ~ n v~ ii.i~’l e is realized

nut by ‘a n d , b u t  i n  ma ch i  ne, u su a l l y  is ~t ii ed a n o t t i e r  :u~ t h o d  , ba sed

C f l  t u ~ central limi t theorem u~ t h e  p r c b a b i i i ty  t~~ . o ry .  According to

th is th.~ouem , durin g t h e  a d d i t i o n  ot the s u LLi ~:i ’1tly large number ot

the in d e p e nu~ nt ri nd om 1u an t i t i~ s, c o n g r u e n t  i n  i~ i r  dis p er s i o n s, is

oota jnei r audom variable , d is t r~ bure ,I a~ pi ~~~i na tel y i~~c.~u .I  j u g  to

nov. i ~il  l a w , moreove r  t h i s  l a w  is t h a t  n c a r t .~ t L  ij : :n a l , t h e  m o r e

raiitIom variabl es stote/auds u p .  F x  p e r i m ~~n t ~h u w s  r n a t  f o r  obtaining

t h e  vj r t u a  liy normal d istriL ’ution or tho 5 U L L i ~~ i~~dt  1~ cJ . ip a i a t  iv e l y

sm a ll number of terms. Fot  ~ x.nr p ]~ ? , d u r i n g  t h e  i l j t ~~~~~) f l  a t o ta l  of ot

s i x  ra n d o m  n u m b e r s  L~~om 0 to 1 i:; o b t a i n e d r a n i c . n  v t : ia~~lo , w h i c h

w i t h  t he accuracy , su f f i c i e n t  t a r  t h e  f f u J O t ~~. t ~ a ~il i..~.i p r -oh  leru s

can be considered norm al.

hence i pp e ar s  t h is  m e th o d  ot  t u e  d r a w  i~~g ~r ao .  n i a l l y  distributed

r a n d o m  v a r i a b l e  X :  t o  s u m  s i x  r t n ~1cai f l U ~~o e r ~ . i U to 1; to

s t a n i a i d i ~~~’ t h is  s u m , i.e. , to o b t a i n  st u n  cai  d i z e . u  v a lu~ . ,  a n d  then

t r o m  i t  t o  pass to X on for n u la ( 3 .b )

-

~

_ - • • • - • • - • -
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L t t  (is  convert t h ~ •t ~~p t o~ - l  i . L t t  U : .  ~~ S i  3

R1 + R, + R, + R4 + R.+ R.,

r e  L 1, .. ~~ 
— S I X  i n J ep ~ nu e n t  c o p ie s  u t  i n~~u u m  n u m u ~~r f r o m  () t o

1. Let  us f i n u  m a t h t ’ u d t L c a l  expect at ion , i i s p.-~i s io n a n u  t h e

tO ot — i
~cai. —s 1tlare dev iat ion ct t a n d e m  var ia L1~ V. \ c c ur d i n~j t o  f l u e

t h t ’ o ; e~ of t h e  additio n of the ma th em ati ca l x~~e~~t it  ions

v MIV 1—m.—m,1+m,,+...+m,.,

w h e r e  m,~, ... . m,, — t h o  m a t h e m a t i c a l  ex~~ec t a t i o i~~ of v a l u ~~s R 1, ...,

~ b •  i t  iS  o b v i o u s , t u e  y c o n t i n u a l l y  a r e  i d e u ~ ~~~,ii  a n d  t ’gua 1 to 0.5,

he nc.

ni,—6 .O,5 3 .

T he (l i sp e rsi o n  of i an d c i t  v a n  j u l  le V l o t  i i .  r ~ ud r u i n  t h e  t h e o re m

cf  ~~~ a id it ion of the  di  s~’et s iun s

where D,1, ..., — the  disperi ion of va lu es X 1 , ..., ~~ It  is k n o w n

t h a t  t i r e  ~1 i s p e rs ian  Ut r a n d o m  v .~i i a t - l e  ~~ , l i st  r i . a t -a w i t h  c on s t a n t

.1~’I. ; it  on sect ion (a , r )  • s: ..i u u l  t e

D



= 7~ 068 72 1  P A G E

in our c~ se this will b€ D, — 1/12 , cr o~~ ~~~~~~

D,— 6 . l / 1 2— 1/2,

Ln4 ti’e root—mean—squ are deviatio n

I 0~~yz5 .-i,-y~.

T
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“AZ, 

~ TTT-3 •2 •‘  9 i z Z  S z
Fig. 8.13.

l i l i C  4~~~.

W c  st an d a r d i z e v a l u e  V, i . e .,  let  u~ ~~~~ j i o n  i t  to v a l ue

~‘~~~“ — (V — 3 )j t~; (3.8)

t u r t  l e t  Li  our v a l u e z , let. U~~ j a s s  t o  t i r e  f l t~~~e~~~~ iL  
~
‘ t o  US V a l U f ~ X on

t h e  t c r m u l a

X — o ,Z + m ,. (3.9)

:; u t i s t  it ut i tug in t h I~; f cm u la t o n  7 r t r ‘ ~ r .~ .;sion  (3. 8) , and in

( 3. n)  , i i i  t u r n , in ste a d  Of V jt~ t ’x p t C S s i O I )

14
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I
we w i l l  o b ta i n  t i n a ll y :

(3.10)

-f

I n  su c h  a w ay  as t o  f l a y  the  v a l ue  of 1 r ( I i a a t  ~~t t i 1 O ~ri Yu r i ab l . i  I

~itu m athematica l expe ctation m, and r oot—mta r — .~~ 1u a r e ’ ~icv iatioa 0~,

i t  is ‘~~~ssary: to take six random number i r o n  J to 1, sum them up,

f r o m  the sum subtract 3 , result tc m u l t i p l y  on  c,,Y2 and to a d j o i n

t h e m  m,.

N o w  ‘L O t ~ us assume that W t s n o a l d  c l a y  t a o  v a L u e  nu t  a t  one , b u t

several norma lly distr ibuted randc~ va r i a b l ~~i. I: r n i d o m  v d r i a b l es

ar e  i u i d e p ’n d e n t , p r o b l e m  s im p i  y is r duce d t o  t h e  :e a l i~~a t io n  of

sev~~i a l  tj s ses  on th e  p i cce du r e  d e s cr ib e d  . m u ov e .  d a t  if values are

da e r : d . n t , then wi th each tollowing d r a w in g  i~ i .  m ust b r o t h e r  not

sim~ l y t h e  law of the distributicn of next r a n u c . ~ v a r i a b L e , b u t  i t s

cou ,a i ’i o n a l law of d i s t r i b u t i o n  ( w h e n  p r e v i o u s  [ m ourn  v a r i a b l e s  t h e y
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toc~ n a m e l y those v a l u e s  w h i c h  w - ~r e  o b t a i ne d  L i : d 4 L n - J )

-.4
E x ~~ rp le . S y s te m  t w o  r a n a o a  m agnitude (~~. 1) is 1i s t r i b u t~-d

accor d i n g t o n o r m a l  l a w  w i t h  t h e  clara ct ori~~tici- :

mg, m~, ~~~~~~~~

w h e t  e r — a c o r r e l a t i o n  c o c f fi c i ~~n t .  Tc c C f l 5 t  L Oct t h e  pL )C c ~1Ur e of

th e  ~r r a ~~in g  of t it e p a i r  of v a l ue s  X , Y.

d e l u t  ion. We d e v e l o p  t i rst  v a l u e  ot  O u t  o r  t r . d wn vur iabl es , for

e x a m p h x , .tccord i rig to the j r o c e r u u z e, J03C1 1 i i ’~ is abOVe for one

no r a r a l l y  d i s t r i b u t e d  r a n d c m  v a r i a n l e  w i t h  c u i a u a c t ~~i i st iC S  ~~ and

~~~~. The va lue of a n o t h e r  r a n d o m v a r i a  P l c  y ~e d~-v o l o m already on

con d i t i o n a l  law of d i s t r i b u t io n  w i t h  m a t h ~~n’ a i c r  I ex~~~~t a t i o n  a nd

t h e  ro o t —ni .~in — s q u a r e  d e v i a ti on :

CII
( .  )

o,,~ ~~o, i’T~ ’.

x — the value , accepted iy r u n - lo w V d t idk 1 ’  . as  a result of t h e

~revious tcss.

Foo T~;(r r :-: i . See , f o r  e x a m p l e , [7 ) .  F N D ~ COTN e ’FF.
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L et  us  no te  t h at  f r o m  x in r o rw u lai ~ (3.1 1)  t e p o n I s  n l y

w a t L ~~mj t i c a l  e xpe~ t at i on  of c o r t u i t i o n a l  l a w , h - ut .  not j t s

reot —~n o a n —  s-1uar e d e v i a t i o n  w h i e ~ w i t h  a n y  x i t -  w a i u ~ ; o~~uaL to o~, l  —

~dy e  4~~4 .

4. T h t a i n i ny  r ando m n u m b e r  R t L o : n  ) to  1.

I f  t~e fl f r -~~~~ Jc n e th o d  is r e a l i z ed  ~ y ~oz .s  L~~i t n o u t  t h e  a id  of

~ mc h  r ues) , the n f o r  o b tj i n i n g  t h e  r a n d c~ n u m b e i  ~ [ O D  ~) ti 1 most

:r e g u en t l y  are  a p pl i eu  t h e  s o — c a l le d  t a i l o s  o r  t . L r u s o : n  n : ui a e r s . Th ese

t a L l . . s  ar e  g i v e n  i n  m a n y  m a n a -j e i i L n t / u n d n u a l s  ou  ‘ i t u a t i c  m l

s t a t istics and  c o m p u t e r  t e c h n c l o yy  (se- c f o r  e x ~~w p i o , l D ~ lf l)

Ta bios cont  d in  alt ern a  t m y  i n  r a n d c m  or d er  n u  rn~ ra Is  0 , 1, 2 , ...,

D u r i n g  t h e  c~~m p o s i t i on  of t h e  ta~~l€s , a r e  a c c ep t e d  t h e  me a s u r e s

f o r  t h a t , so t h a t  each of th :ese  n u m ~~r a 1 s  w c u I ~: be ~- n c o u n t e r e d

a p p r e x i m at  el y e q u a l l y  t z e g u e n t  ly  a ru i rde  j’cu~i . ? u 1  t a: u th e : s.

U s i n g  t h e  t a b l e  o r  r a n d o m  n u m b e r s , i t  is ~c.~si~~le t a  ea sil y p l a y

ta n d e m  n u m be r R f r o m  0 to 1 w i t h  a n y  n u m b . n ~ ot d-~c iu r a l p i nt s  a t t e r

comma .

- _
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L~~~~t .,  t a r  ex ~i ap l e , be r e qu i r  -~d to  c L t a i ~ n u ~i o i  d w i : a  t ou r  s i g n s

a t t .  ~ cou~m m . Let  us  t u r n  to  t h e  t a t l e  r r a n ~~ca t~~ s~ers  ~ n d  le t  us

t i  k~ ~io~ ~~ere a n y  ~r u u } ;  of l o u r  se r ie s o t i~~ si~~~ s c o n f r o n t  m y ,

t ar  ~x a i ~~l e 7643.  Let  U s  c cr i s idc  r t h a t  c u r  i t  ~s 1cu  u~n b ~~ t o o k  v a l u e

as J .  ~~~~~ Fo l lowi  n j  t i~n e  w h e n  it is n e c e s~~a r y  t o  t h L i w  3 i n g l c  toss,

l et  is ~~~~ ~o l l o w i n j  t o u r  u r u m e r a l s .  et  t h o y ,  t - ) ~~~ -~~ dm $le , w i l l  he

3 3 12 — ti~~~i~~~ means t h a t  t h e  f o l l o w i n g  r a r d o~i r u u r c~~ ~i ll  t e  0 . 13 1 2 ,

d n d  ;e r o r t h .  I t  is p o s sib lc  t o  t a k t  t he  n u ~~er .i ls , i~it ch s t a n d  not

tj ~I e~~h er , bu t  t h r o u g h  cue;  €~~the r in t h e  b c g i r n i a ~ a n d it  t~~e end of

t: i c c o l u m n , or r o w s  — in  a w o r d , by  a n y  f l C t  n O l , : i ov i I e J  t h e

Fi 1 nej ~ l e  of se l e; tio n  was t ro t  111 any way c ncc~ ~c wit h t he a values

ot  n u i m e r a l s  t h e m s e l v es .

Fo r t h e  d r a w i n g  ot  r a n d o m  n u m n e r  R , i t  is  ~ 
;.~1 L l O  to appl y by

ha nd no t  o n l y t a b l e s  ot r a n d o m  u u m l e r s , u u z  d i s c  at he~ se n s o rs , f o r

e x a u j i e  t h e  d i s k , c a l i b r a t e d  c on ip l et e l  y i n  t h e  s~~i l 1  d i v i s i o ns ,

l a i e ~l~~d by n u m b e r s  r r o m  0 to  1 (Fig. 8 .  ~- 4)  . I n  t r . ~ c e n te r  of d i s k , is

at t ich ~~- 1 t h e  w e l l  b a l a n c e d  a r r o w / p o i n t e i , j i v~~n ~~ t h .~

r c t d t i c n / r o v o l u t i o n . f o r  C x d ~~p le’ , b y t I e  ~~h c t i rc ~i a t o r , i n c l u de d  b~

L u S h  i n~ of r~nob .  A f t e r -  t t i~ r04 .eaS e/ t e ! f lp € r  i n  ~ o i i i  l e m a n / g  u n n e r ’ s

k n o b / b u t t o n , it is sto~~~€ d  i i  r a n i o m  c s i t i t .n , j u l  i t s  en d ind icates

iar icw flumb e r R.
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I t h e  M o n t e — C a r l o  m e t h o d  is r eal i z e d n o t  I v  l a n d , o u t  by E T s V M ,

t~~e:~ to :  t h e  se l e c t i on  or r a n d o m  n u m b e r  ir o n  0 to 1 t a ey  c a n  b e p
a p L ’i i e d  b o t h  ph y s i c a l  r a n d o u r — n u u i b ~- r  t r a r s du c e r~ t i r i t h e  ~ J i n p u t ~~t io n a l

a l q e r i t h r n s  t o r  o b t a i n i ng  t h e  s o — c a l l e d  “ u l o r a n u s u ” n u u u o e r s .

Pa~ e ~2 d.

L :t  u s  pause , r rr s t  of a ll , at  p h y s i c~~i sc n , - i : s . As a r u l e , t h ey

arc bas~-d on the conversion ot random m ign als (noises) , ~i th e r  of

nat ur ai or irtifi:ial origin. Let ther e oc t h e  r a n o o n  noise (i. e.

r-i no~~~ly v a r y i n g  s t ress  U ( t )  ( F i g .  8.1~~) ,  w a I c ~ ~e c o m p a r e  w i t h

cer t  u n  tixed 1.-; .I u 0. T h i s  noise can  be 1l acod  is t h e  o as i s  of t h e

t u l e  ot  t h e  c o l r - ’ - n 1’t i o u / p r o d u c t iu n / y e n €r a t i c u i  C f  r a r s i o t n  number from 0

to  1. l et  us assume that E T s V M  w o r k s  i r  t h e  ~ i n a ~~1 code;  t h e n  r a n d o m

n u m h~~r t r a m  0 to 1 r ep r e s e n t s  by i tselt  tii c b i n a : j  ~-ru ~~er traction ,

in w h i c h  on each p lace a re  e q ua l l y  p ro t ub l~ s i g n s  C or 1. Let us

agr ee  to  c o n s i d e r  t h a t  th e  n e x t  h i t  of  r a n i c a t  n u n o e r  w i l l  be 0 , if

f o r  c e r ta i n  t i m e  i n t e r v a l  T noise U ( t )  e x c€ e l e - 1  1 ~vel u m ev en  n u m b e r

Cu:Ce , a~~d 1 — if 3dd . Now let us assume t h a t  it ct such  a ? ns o r s  wor k

si n u i t a n e o u s l y and send random signs to 0 ar -i ~ in  a of  t u e  h i t s  of

th  € r eg i s t er of c e r t a i n  u t u m b e r  i~. T h e n , ii t i n ~ in t e rv a L 1’ to take  is

i u : X i c i e n t  large  th en  so t h a t  o~ i t  w o u l d  be i~laced  su f t i c i e n t !y  m a n y

I’-

-~ d A
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I uc~ u a t io ns  of n o i se  U ( t )  , t h ~~ CVe fl and CsI : u : nJ C r s  a t  t~xceedan c e

ct I~ v o l  U~~ t h e y  w i l l  he  e nc ou n er~— d  o r .  t h~ U V ~~~~L i  j ° —~~u i l i y

~r e~~a v n t i y ,  a n d  n— d i s c ha rg e  I- i t a  r y  n u n  b e t  . : li  a~~ i5tria u ted

a j ~~ t a x i n i a t c 1y  e v e n l y on  s e c t i o n  0.1.

I t  ii; possirile to [roposc ctaet p r i n c i 1- l e s  a t  t h e  f o r m a t i o n  of

t a i - d e m  n t i r n l e r s  on t h e  b a s i s  01 one  or t h e  ct h e  i. ~i : ry s i c a l  r a n d o m

~.r cce ~~s; tb-? y a l l  r e - lu i r e  e q u i p m e n t  E T s V M  L 1 ~~~~~~~~ r a n J o m - ~ n u m b e r

a n s d u c ~- rs .  For t h a t  n o t  s p e c i a l i zed ~1s V M , o n l y ~ r : ci d e nt a l ly  d r a w n

on t ne s i m u la t i o n  at o~~c r a t i o r.s b y t h e  M o n t ~~— C~i r l  a t ic t hoj , t h i s

t~:u i p m e n t  i t s elt  Joc s not  j u s t i ly .  M u c h  ~n e r -  L : c~~ie nt  d u r i n g

si aru Li t  ion oy t h e  M o u i t  c — C a r l o  n e t h c d  h t y  u~ - - ~- U t -  so — c a l l e d

I s~~u i o r a n d e n  n u m b e r s .  So a r e  c a l l e d  t h €  n u r r ~- r s , n e v el o~~ed ( c o m p u t e d )

b y ~ a c h i t i e  i tself  a c c o r d i ng  to cc: t aj  u r uj e  (~ lao L -  i t n i n ) , ~ enst  r uc t ed ,

~o U~t ,i t s~~ins 0 and 1 would be enccunt~ red ~ r t h e  uvera-) ? equally

- . f r ~ quo nt l y ,  and , f u r th e rm ort , so t h a t  t Ito d~~p c n d ~~~ce hot u b e t w e e n  the

• Se j ’ d L i t e  s igns  and b e t w e e n  th e  ~ormcd  C t  t h ~~t i ~‘n i ti ~ - l e — a i g i t  n u m b e r s

wou l d  I v i r t u a l l y  a b s e n t . For - o b t a i n i ng  t h~ ~ s : 1  icr t n d o m  numbers ,

tz1 f’~ use d i f f e r e n t  me thods .  For  ~x a m p lc , i t  i s  ~u ; s i~~lc to  m u l t i p l y

t uc a r l it r a ry a— m a r ,~r n 1  b i n - t r y n u m b e r s  d i ( r i t e a 2 a n d  t r a m  product to

~ i k c  a of a v e r a g e/ m e a n  3 i y n s  — t h i s  w i l l  n t r 1 . i - t -r  u j ;  t h e n  l R U l t i I ’ l y  a2

a n d  a 3 an d  r ep e at  p r o c e d u r e , et c.
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Key: (1). La u nching/starting.

Layc 426.

I
1h~~r~ a re  method s of o b t a i n ing t h e  p s e u d o r a i I c r r  n i t b e r s , uased not on

t h u  m u l t i p l i ca t i on  o f n u m b e r s , but cn t h e i t  s h i :t / s t e ar  r e l a t i ve to

each o t her  on severa l  di schar ~ie s ;  af t er  s h u t / sh e a :  is pr oduce d the

aldi t jcn and then selection from sum a of a v c r a ~~e/ mean  s ig n s  an d ,

etc. The different methcds ci obtaining the hsE~~iarandom nu mbers are
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J e s c r i l e d  in detai l in the ~ j~~cial manayei ~ t /Itd.rAdlS ( t r  e x a m p l e ,

see ~~7 1) -

• It must be uDteJ that the rsoudOta fliO :r I u m i e L - s, st r i~~tl y

spe a~~in~j rando~~~ re riot (en tire1ali their ~~ -~ u cn c~ can h~ predicted

cn the  b i s i s  of initial material ) . In jarticu lar , arj aLgori thm of

t he calculation of p s e u d o r a n d c a  n u m b e r s  is L y c l i c , i.~~., throug h some

large number Ts of t he  manufact ured thus nu .r~Jcr s, the y unavoidabl y

w i ll b~~~:n to be repeated. However , if dur  ~~~ ~bo sirnul ition of

opor ation fer us i t  IS necessary tc use a quant ity of drawings less

th a n  Ts , this cyclic recurrence no value has.

At present during the simula~ ion of op~ Lut ioi1 ; ny ta?

Mon t ~- — Ca:lo method by ETsVM they usually us~ ~~~ u io zandam r.umbers,

chcc
~~

in
~ 

one of the well inspected and chec~ e o al jorithms , t h a t

ensures sufficient length of cycle , accepta:le un iior ait~ a n d  t h e

independ ence of numbers with coatpai ative siop lic ity of t~ieir

calcula tion. The advantages of pseudorar-l o~ nuff i ~eus i n c l u d e th e f ac t

tha t they allow/assume the possibility of tne s~ coi Iary control error

of t h e  sine realizatior of random ~rccess ; athor netir od s of the

to rma tion of random numb ers (pnysical senso:s) tt ria possibilit y do

not allow/assume.

-
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~~~~ Ex~tniples of t h e  -sL t n u l a t l ~~i i  of’ random processes by M o n t e — C a r l o

~ t - t h ~~d

I n  t h i . ;  p a r  t g r i [ l i t  will t o  e xituiured .;uuI- e~~r~~~i~ -s or the

~~L t c ~ i&: d ~iobl ems ut ica , hy v ii tue C t  t n1~ ~ : c u 1 I L t t  i v ’  c o m p l e x i t y ,

u - - un1i~~t -t jn~tble for an tl y t i c d l  :~ )lU tiC L’ d f l U  L~ ~;tLL e sim ula t ion by

M o n t  o— Carlo :nethod. I a ‘dC h ex a u we wi l l c o n ~-t  ~ uc t  t i t  d i a g  r i m  of

i m u  Li i en , i.e. , the ‘qu en c e  o L cu icu l at  icu s - rn - i  iT t  ~ 1 -~ t o55i-’5 , a ad

u s e  t h e  m e t  hod of t r e a t i n g  t l i t  r~-ali za tic n.

! x ~t n r p l e  1. Technic -il equi~~ueit t /ievict - 1 In i  j 5~~ . - ) t  t u r o * ’

•iss ’ n~r l i . ’s: U~~, U 2 an d  U.s. T he -  ‘xjet wctk ~~~ as e t ; j J j t - : ;  24~ ~ nd lA.~~ ii

u n c t ) r r I  ~~t L ) n ~ I l y  a~~co: ;sr :y tot t i r t wt ) F~ o f  , u ~ 1 - t - - - n t  /-i ’vi ~~ ; t s s t m h l y

~~~~, i n t o  n ! ’ 1  f o r  mn1t i n t a i u i n ~ t t i e  nor  nj !  i O l t  t i  I ’  ~~)L~~ of

u S  U 1 < t a d 142. i~-_ jui~ i~~~~~i I t / t i .V t C t -  i I I t : ; t  we~ k n - t  1 ’r i o d  ot t ime

I .  ‘ 1 4 1  t rino of th?  t t i  l u t e — l i t  ~ ( )} I~~~~~~~a~~ 
j~~a I i t  • t ; . e n l n ) L y  ~~ r a n d o m ;

I t) t - l  ~ e tub ii ~‘s ~~ • 21 , ,  24 
~~ , 

it ii~u:; I t  i i :;  i t  . 0! - 1 1 1 -. 1 1 -  I I I

L . 4 :  ~~~o t  i v e l y  f 1 ( t )  • I ~ (t) , t~ (t) . A v i t  1 ibi ti t ~~~~~

t - UI LI I i  - ‘U a ni t hi- 0 1)41 t 0 cI 
~ 

0 - - ~ mu 1 ~ 14 • U r. :i ~j t 1. ’’

r - r l i  t m n ~ ’~ ~otr  ( f a i l u r e )  o a i - ~.~~tn t - ’i y 24~ t . <  l l ~~~~~t [  • n~~~- r . I n t / h v I ( ’e ~S

- t t ’~ ~ t ’ I  j t ~ he t~~n ~1oin t j mt ~ , d i  ~ r it - l i t  ~• d w i t r e t ,  • y 

~ (t ) , a f t  or

w h u < 1, t ; .;P - n t I l y  is S U t I ~~~~t i t U t ~~- e  ;
~ - i l l ’ ( i t  ~ h . - - ~ :.~ ~ L L  l 1 I ) ~ ji I ar~

: 1 1 4  ) , t a i l  t i r e w o r k  ot t q u i  put n t  ,~~ ! I V  i 4. i - - ~~
- ~ • W it Ii t he t a 1 1 t i r e

j~~ a: ;t ~~, L . 1  y U 2, t h e  ~. ‘qu ipmne r t,’d ev I - U I i  a 1. 51 ‘ C ; ’ ’ 1  it. tii~ r a n d o m

timi - , 1li st rj h ut 4-i with lensit y ~b , (t ) , <i~~ - ; ~~ r i l  ~ ~ .‘i i ; t  ituted 51-are
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(if such still ara in t h e  ~rcseri ce ) , af ter which th e work of

ujUi t)Ifleli t/l?vicO it  is r e n e w e d .  It  s i m u l t a r n o u ~~ly n o  not  w o r k

assotublies U~ and 
~~2 • th~~ w o r k  at  equipme !ut/uevico is renewed only

ur  to:  is f i n i s h e d  the  r ep l a c e m e n t  of l a st / i ~~t t ~ r i s s e t u b ly .  I f  j t  l e f t

t h i ~ : - y s t t - n n  (i t  ref u sed)  a s s e mb l y  Z(~~, it  do ~ut  sU ub * it u t e , but  t h e

l a w ~ ef ~~imn e -u l lo c a t i o n  of t h e  f a i l u r e — t tee o p e r a t i o n  of ~r s s e m h li e s  ~~
a n d  ~~ va r  ics if t o  b r e a k d o w n  at a eiu~~1y l

~~ d s s e n b l y  2~~: it st u d ied

t im ’ - i 1, then the  conditional densit y of di~ t riL- ~tjoit of the

re na : n i n~ time of the  failure—tr ee operation ot a s s e mb ly  U~ w i l l  be

1 1 (t/t 1 ) ; assembly ~~ — f 2 (t/t ~~) .

~ay ~ ~~ 7.

I t  is r e q u i r a d  to find the following P L’ L t C U I U I U C C  :zu i ra c te r i s t i cs

ci t i r e e-jui pment/devic e:

— p r o b a b i l i t y  of t he  e x a c t  w o r k  of  e l u i p u r e n t / t l ev ice  p~(t) as

function of time

— probability that the final failure at jui :nnent/Ilevice of more

<-a r lil y t i m e  r w i l l  occur  beca use of t 1~ d .~i i C i < t i ~~y at  tr u e spare

asscmbl i~ s

— t h e  m e a n  t i aa  ~ of the o p er a t i cn  c~ sy s t ~~ m , i.e., the mean

LI 
_ _ _ _ _ _ _ _ _
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t i m e  w I t c h  e g u i p u t e nt/devic e will carry out ~n w c : s i : - ij  j t i t t ,

ii~
— t i < . iveraj~ n u m b er Y t  01 t h e  5[)dre d~ s0u~~l1L~; V-1 - d f l i c lr w i l l  be

~p < :~~~, t u d  a l s o  t h e  a v e r a g e  n u n - i -  r ~~2 a n d  t n t . :-~~~~~~!V 5 d t .~ as sembl i e s

~;ol ut ion. Since the laws or 1~~1;tL-iL tu t i - .,n , whi ch : i ‘ure in

~ t e~- 1 ’ n - , ar e  diffe rent ~rour th~ Lx ~.onent 1a1 , t C ij~ ’l -j  t a r  de s c r i b i n g

t L  ~ ~-h ~~i i o ;neno n  t h e  dia g r a m  ci M uL ~ (‘V ~ 
LCC t ~~~~ 

_; w ’  n o t  r i n u  •

C O l :  ~ t u ~~~ t h e  d i a j  r a n  of s i m u l a t ion  Of r a n ~ic~, L - -~~~~-O:4 n y  t ho

~o n f o — C , t 1  La  method . I i L ~;t of a l l , we l t~! L r i i n t ’ :~~ uii i i uj the time or

t h e  r i  i l u r e — f r e e  opera tion ef t ; s ’ i ~ ;l y U j  ( . n  i t .  h ~~ n e t  rest or td).

F a t  t h i s , we f i n - I  t h e  j u n c t i o n  at tire d i s t : a h u t  i r .

we t i  ke t a  adorn mum ber R rom 0 t r 1 U~ sub jt_ C t  t ) 1t t .jjv t-~ s~ On

F 1 3 (R) (Fi1~. 8 . 16 )  ~.

F(:(”l N O T C  • — f u n c t i o n , r o v e r _ ~e k ’
3 . ~ N r . F t - C  1:~~) T F .

I: is - i r e su l t of th i s  d L a w i m t j  v a l u e  T~ r t  n t :‘. ;h a w e d  lesso r r ,

th~- r W L  record/fix T 3 a ;  t o r ( l u e / m o m e n t  on t a t .’ I i r  -~ or ussemhl y ~~ ;

h u t  j
~ i~ turned 3U t t ; r 3 t  -r 3 > v , we cons i k r  t h ~~ t ar tim~-

assembly U
3 

did not fail. Let US assume that  the f i r s t  (more complex)

var iant  took place , an d assembly U
3 

refused at torque/moment T
3 

( -t- . - 
-

- —
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J L< t us consiier four parall el axes Ut ~it  ii on <-  countd own (Fig.

8. 17). O~~~ ax is (1) wO will rotc th i- state or t h e  irst assembl y (by

nn I ’a v y  l i n e  — “work s”, fire /thin — “r e fu s t -a ”) . i n  ax is  ( 2 )  also are

noto~ t n . ’ s t a t e s  of  t h e  seccnd us~~c~~hl y ,  on axis 3) — t h e  t h i r d , on

ax is (Ii) — a state ot system as -t whole (“war K: ; 11
, “ i t  do~~ not

wo rk”)

1
S l a c e  t h e  t o r g u c / t u o m o n t  o t  f~~i lu r€  l’~ or  n e l e / u n i t  U~ to us is

k n c - ~n , t~~~n we ca n i m m e d i a t e l y  till axis ( i ) .  A f t  • i  this let us fill

( 1 )  a n d ( 2 ) .  Let us  f i rs t  ~l a y  t imu~ T 1, - 1 u u i n ~ w i t c h  w ill work the

c u n i t  ‘U~ — for thi s we we w i l l  use t h e  L u n c t : - e n  0: the

lis tr iluu ’iOuu

f,(1)~~~ /1 (t) dl. (5.))
b

Further , let us p lay the time r~~, t I u ’ r t t ej -~ h i - : 1; t h i s  un it w ill b0

IC p lacc i spare. For thi s, w e w i l l  use t h e  t U h e t  1 ) 1  0~ t i - ’

d i ~~r r  i l u t i o n

• ~t,tV)~~~ç,(~)dt . (5 .2)
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Pig. 8.16.

t t g t  ~e 2 - ~.

I t  in t o r q u e / m o m e n t  T 1 + i~ t h e  t c r m i n a t i c n  al t~ui5 r ep l a c e m e n t

t h e  t h i r d  u n i t  s t il l  w o r k s  (T 1 + r j < 13) • t h < - n  w e  ag a i n  d e v e l o p  t he

v a l u e  cf t he  op e r a tin g  t i r n~ 01 t h e  rirst spar~ unit r~ w i t h  t he  h e lp

Ct I un c t : o n  (5.1) a n d , a f t e r  t h i s  — a g a i n  t i ’ . - t ij u e of t h e  r€-p lacem en t

of t h i s  unit r~~, w i t h  t i e  help ot funct ion (h.i). Let us assume that

t h e  tot  lu e / m om e n t  of t h E  t e r m i  n a t i o n  of  th  j~ r ~
- L a~~4.-ln rfl t ( a s  s h o w n  in

F ij .  8 . 1 7 )  it render/ showed a f te r tor gu e /meui<-it £ 3 :

Ihen  w i t h  t h e  draw ing of the ne w value cf tn. - t i n e  of tn~

t a i l u r e — f r e e  ope ration at Unit Y 1 W~ mu st let u~ uso no Longer

t u ; c t i c n  ( .  1) a t h e  new conditional funct ion ci tire d i st r  i b u t i o n

F 1 ( t#O) i~~I 1 (t~O) dI ,

_ - -- ~~~~~~_ _ _ _ _ _
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a s s u m i ng  t h a t  to  t h e  t o L q u e / m o n n t~I r t  of t h e  t . u i l u r ~ at unit ZL 3 t h e  new

u n i t  2i~ Uj d not w o r k  ( t 1 0 ) .  L— ’ t t h i s  ~) l a ~ cd va l ue be ~ -j u a l  t o  T ’ .

Let us assume t h a t , as shown  in Pi g. 8.17.

(5•5~

Ib is means that  at the

torque/.om .~nt, noted iii t igure by asteris k , u n i t  2~ lef t  the syste m.
to replace it already with Something (a total c t  two spare Units)

a n d , which means , t h a t  a t  t h i s  m o m e n t  f i n a l l y  : e l a~n e J  wh a l e

equipment /device.  Obvious ly  f u r t h e r  th i s  ~cin-t of n ews I r a wi ng  not it

is necessa ry.

We will be o:cu [ied axis ( 2 )  , on w h i c h  w i l l  at.  r e fj j c t e d  t h e

state of the second u n i t  U 2 .  Fu r  t h i s  axis let  u;s lead t r u e  second ,

t h e  analogous by the first , series of d ru w i ~~ :- , w ith t h a t  d i f f e r e n c e

t h a t  th e  functions of the d istributicn~ 1) y wh ich converts random

r~umI er ii , w i ll be oth ers:

G,(t) . ~q,, (~)dl, (5 7)

F. (1/t,)~~ $i. (1/I,) dl. (5 w,

i i

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _  14
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Let us assume upon e x p ir a t i o n  of L h i e  t ime  of t h e  second

re~ I ac~ - - aen t of r 
~ we a l ay  v a l u e  ci ~~“ 2 ~ h o o~ t.-u i t  i i i -~ t inc of th~

sec ond .;~‘a re Unit 
~~~~~~ 

and i t  t .’n-1or/~ hcwed .;in iil -i u that t o r g u e / m o m e n t

- 
-

- 

~~ of br~ a kdown of the t h i r d  u n i t  a r r i ve d  t o t  he o p e r a t in u  cycle of

t h e  ~~~~~ un i t .

• 1

I

II

I
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SjflCk during the malfunction of the third asseint l y of the condition

of t h e  wor k of the  second u n i t  t h e y  det~~r i or a t c , it is necessa ry  i n t o

value T” 2 “to introduce correction ” durin g the ~~ r i o 1  of the

failure—tree operation of thi s copy p2; to take into account that it

a l r ea d y stud ied t i m e  t 2, and t h e  residue/r € ira inde ~ of t i~ne T” ~ 
aft er

t o r - I u e / m o m e ri t T 3 t o  p l a y  a n e w , a l r e ad y a c c or d inj  t o  t h e  c han g e d

(con ditional) law of distrik~ution (5.8).

The  o b t a i n e d  t h u s  v a l u e  T” 2 j~ is n ’~t~~- s s a ry  t o  ada t o  a l r e a d y

F a ssed  t i m e  t 2 .
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1
~\: ter this is developed the time of r t~~l a c € u e n t  r ” 2 this unit

(according to the law (‘~.7) ) an u  t inall y t iue 1’’’ ~. ot  the

• td~~i n r e — 1r e e  work of the last/iatttr (the t~~i r d )  ~;p a r e  unit Z42; since

un i t  24 3 -d read y re f use d , their in this case we us-- law ( : .  - 8 )  with t 2 =

d. 1: * he played value of time , in sum wi t h i l l  p~~t.-viously

d ep o si t  ed/postponed on axis ( 2 )  t i n es , it end s ‘ i- ic ’  to t:ie right

U O 1 I t , noted b y asterisk , their , which m e a n s , t h a t  th e  r ea son  fo r  the

failure :)f e~~u ip m~~nt/device in this case wo~ ~ h.: i~~tici ency of the

s~ a r - i  un i t s U 1. If t h e  se r ies  ci t he  i r t e r v a l , L~j o~~it ~~1 on axis

( 2 ) ,  er .d s  more  lef t t h a n  t h e  & o i n t , n o t e d  t~ a s t -~~~i - a~ — that nea~~s

4 t h  ~ in this realization as the reason for t n e  r -s r i  u r ~ - or

t~~ui pm cnt/device was used tl~e deficienc y o~ ;: tte u n i t s  1e2 .

F in a l l y,  let us till last/latter axis 
~~) , ~ n wh i ch is reflected

-‘ t h e  w o r k  of  e q u i p m e n t/ d e v i ce  as a ~ h o lc .  A c c o t d l I H  t o  c o na i t i o n t h e

Equi pment/device works only i n  t h o s e  t c r q u e / n r o nlei • ts w h e n  work two

unit s P~ ~ nd 
~~~2 si m u l t  ~neous l  y .  Tn ~~L € t c r e  on - i x  i~ (~

) we n o t e  by

heavy line o n l y  t h o se  sections ot time , rot w h i c t .  t n e  gr~~i s y/ f a t t y

sect icns  o f  axes ( 1 )  a n d  ( 2 )  c c in c ide.

T h u s , is played o n e  r ea l  i -~~ t i c n  of c u r  in n i n u  p rocess.  It goes

~i t i o u t  s-’ y i ng  tha t i f  s i n u l at  ion is p r c d u c~~d by ~~sVM , i~~y i r a p h s ,
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ix os ann sections to construct not is necessary; h awing is ensure d

by h : i n q in y  i n t o  ac t i o n  of t he  n~a ch i n e  c a l c u la t o d  a l g o r i t h m  w h i c h

c o mi i n c s  s i ng l e  tosses — d r a w i n g s  w i t h  t he  O j U ~~dU~~5Ofl b l t w e e n

t h em s e l v e s  ox the  t o r q u e / m o m e n t s  0: r e a l iz i i r~ r h o  s i f i er e nt  e v e n t s

( w h i c h  o c c u rr e d  m or e  e i r l i l y  — t h e  r e s t c rat i o n ,’r- - t u c t j o n  o f  t h e  f i r s t

( t h e  sec on d)  u n i t  or b r e a k d c w n  of t i r e  t h i r u ? )

Let us assume that in t h i s  or- scm O t h L U  WJj you oatained a

l ar ; e  - q u a n t i t y  (N)  of r e a l i z a t i o n s  of  r a n d o n  hLCc-- .s~- . Th e a , u s i n g  the

l i m it  t h e o r e m s  of t h e  ~r o t a b i l i ty  t h e o r y  a nu  st1 L~~t i tu t i n~ t h e  u n k n o w n

r r c~~ibilities by fr e qu en c i e s , but  m a t h e m a t i c a l  ex :~~ c t a t ion s  by

~rit hm~~t is means, we can approxim a tely answ~•r •tIl t u e  p 1ico-•i i n

~rc l  len  h u es t ion s .

p r o b a b i l i t y  p.(() of t h e  exact w o r k  o r  e q u i ~~:n~ I lt / t . l e J IC C  a t

t o r q u e / m o m en t  t can be counted as t c l lcw s : 101 c~. ch  ( t h e  i — t h )

r eal iza t ion  to m t  rod uce i n to  ex am m a t  ion t i e  r a n d n n -  f u n c t  ion of t i m e

~ o. w h i c h  is e q u a l  ~o zero , w h e n e g u i j r n e n t / d t. vice does not work ,

and to  u n i t y  — w h e n  w o r t s .  The possj~~l€ fo i l ot t I e  SO p a r a t e

r e a l i z a t i o n  of r a n d o m  f u n c t i o n  X,(fl is s h o w n  o n  r i ~~. 8.13. The

p r o l . ib i l i t  y of the  e xa c t  w o r k  ci equipuent /uevice a t  t e r g J e / m o m o n t  t

is not zinj else but the mathem atical ex~ ect it i’ n ~~~t r a nd m f unc t ion

X (t) ot , approximately, a r i t h m e t i c  mea n of l ea  l i z at i on s  X~fl:

_ _ _ _ _  _  _ _ _ _ _ _ _  ~~~~~~~~L4
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(5.91

The pos~;ible for. of pro babili t y p.(O is suown on ?ig. 8.19.

- th e decrease of function p~~~ is conn€ct ed w i th  tu’-~ ta ct that in the

course  o~ t i me in :r eases  tir e failu re prcba bml it y o~ th e ta ir d  unit

a l i l , f u r t  h o rm o r e , rise c h a n c e s  b y  t h e  f ac t t h a t  s~:a :e units it will

be i i~ - ;u r t i c ien t .

$

—~~~~~~~~~~~~~~~~
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F ig. 8.18.  P ig.  d. 19.

P dye  4 3 Q •

Let  u s  f i n d  p r o b a b i l i t y  t h a t  t h e  f a i l u i o  et  e~~u i p n e nt / d ev  ice

will cccur because of the deficiency of t h e  spa re  un i t s 2&~, . Let us

consider event A, COflsiStiflg in the fact t fat • he f ai l u re  of

e 1 ui~~mnent / dev i ce  of more  e a r l i l y  t i m e  T w i l l  occur  for t h i s  reason.

Let us con nect wit h each realizaticn random v a r i a m l e  Y ,, e qu a l  to

uni t y if in this realization event A cccurr eLi , ani ~oro 
— if did not

cccur. di t h the large number ot realizations N , ~eo~ ahili t y P ( & )  of

even t A is approximately equa l to its fre q uency, out the latte r there

is n o t h i n g  else b u t  the  r a t io  a t t he s u m  at  a l l  r • L n - l o n i  v a r i a b l e s

to the number of t- ealizaticns N:

(5.10)

4

~~~~~~~~~~ -
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H
Lot us determine t h e  mean time l~. whic h e-ju ~~me nt/device will

C a r L  y Out  in worki rrg state. For this , it  is necesud ry f-a: each

real~~:rrio n to determ ine its operating time ~~~ su n  of the

l e r •j t h s  at all wor king secticns at a x i s  (~
) t o  tor ~u~ /monent r — a n d

to tin~ t h e i r  arithmetic mean:

~~~~~~~~~~~~ 
,~°. (5.11 )

F i n a l l y ,  the avera ge r.u~~her ~~ Cf sp a i t  u i . i~~s 2~ w h i c h  w i l l  be

s~
)ent , wil l be located as arithm et ic mean c~ tue ~rum ~-~~rs of spent

units yf” for- all realizations :

~~~~ 
(fi.IZ

‘—I

w h e re v~ — the  n u m i : r  OZ spa r e u n i ts 
~~~~~~, ~0 t f lt  in tne i

r e a l i z a t i o n .
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An a~ o j o u s ly  i t  is d e t e r m i n e - i

N

(5.13)

T I  u s, we con s t r u c te n  t h e  p - i t t  em ot  t h~ si~~u lation of process by

the ~o .i- e—Carlo method. Let us r.ote onc char~~cter i~,ti c Leature of
t

method . In exampl? 1 , we assigned t h e  ~ i s sio n  of  i c t - - r n r i n l n g  a t o t a l

of ~~: ive values: p1(l), P(A), (~, y 1 a n d  ~ 2• i uw € -  ‘~c: , t cie v~ l ume of

ca lc u la tions barel y woul d 1e increased , if we wau tco besides t hese

f i ve  v u l ies to determine e v e n  a whole 5 €t i O L  -C i  others , t-D r example

~rc~ i~’ilit y t~ at both unit 2L1 and Q2 wi ll stard ( ;~ot to dork) is

Si m ul tan- o  us, ei ther the average/rn~~an S€fl5~ at t~i ~ o~ oriti n~j t in c of

th€~ f irst 1nd second unjts , or t ne dispersion oi t i m e  of the

exac t wor k  of equ i p m e n t / d e v i c e , or a n y  ct h e l  j L C L ) i D i l i E ~t L .

chd : icteristic of process. It is real/actual , Ju rii ~j simulation by

the Monte—Carlo method the  licn f racticn 01 t i r r c it uccu~ ie~; V ety

si~~uiation of realiza tions and onl y n eg li-~i~~le portion/foact ion —

their treatment/working. Theretore , or g a n i z~ :l —J t :~e simulation of

oper ation on EVM [ — com~~ut eL ] by  t h : - ~o r t — C a r i o  a e t h o d ,

a lwc i y~ 1 1 5  sense to care ahcut , “d educing ” i~~~~m t u ~ m acnine a l i t t le

irore of the information about each realization -ui i to co~int the a

1it~~1e m o r e  chara:teristic parameters , wit ~~ r t L i n  limited to the

calculation of the only cne  i n d e x  of eftiei~ nc~~.

~~~~~~~ i4
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Page 43 1.

E x a m p le 2. Let us consider  t h e  p r o t i eu i , s i m i l a r  to  tha t t h a t

ha s al r ead y been m e n t i o n e d  in § 1. is ~ iodu ce t i  sh o o t i ng  a by  rockets

at t h e  area target of ccmplex configur ation (Fig. ~.2O). The zone of

f rac t u re s  f r o m  ona r o c k e t  r e p r e s e n t s  by i t s elf  tho  circle of r a d i us

r. As a r e su l t  of n of sho ts, w i l l  be s t r u ck  some pa r t  s~ of ta rget

area ( r - ~e t h e  shad ed r a n g e  on F ig .  8 . 2 C)  Ts , wh ic 1 composes  so me

portion/fraction of f u l l/ t o t a l/ c o mp le te  t a t y o t  a r ea :

In order  t o  avoid  the u n n e c e s s a r y  c v e rla ps  of le t - i d  a reas , a i m i n g  n
- - 

b y rockets  is produced not on one p o i n t , b u t  on n to d i f f e r e n t

points: 01, O~ . .. ., o~ Are a s s igned  t h e  c~~a L a c t e L ist ics or mi s s i l e

dispersion the root—mea~~~Eguare deviaticn along rue  a xes o x  and Oy ,

equa l to o~, o, Systematic errors are a t sen t , ccareinat es X , Y of

each impact point are independent of each cthet -A .i d i ron  coord ina tes

of o th er  impac t  points. It is required ~ith the assijriod l oca t ion  of

a i m i n g  p o i n t s  0 1, 0 2, .. ., o~ to c o m p u t e  tue fcllowing

charac~~~r is t ics of the  e f f i c i ency  of t h e  o p t r a t i ou :
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I
av er a g e  p o r t i o n/ f  r a c t i cn  of t h e  a f t  t -

~~~~t~~~~~i t ~r ;et area :

m.—M(Ut :

— (I i s~) eCSj o f l  of r h o  portion/f iact ion oi i i i  t ec ta d  target

a r ea :

D~~ D i Vj;

— p r o b ab i l i t y  t i - a t  w i l l  t’e s t L t ~~k no t  i~- ; ~~~a~~ -- j j t i ed

p cl icn/traction U of tar-jet a rea :

— ia ttheinati cal expectation ot t h e  t~U U I  t I - ‘ )-~~ ‘ts w h i c h

ca us-’I the target/pu Lp ose or n o  d a m a g e  ( t h e 1 u

sc iu t i o n .  I t  we m a k e  no s i m p l i t y i r g  as. , r m ~~t I ~~~~~~ t h a u t  t h e  fo r m

of t a r  j e t / p u r p o s e  a n d  l e t h a l  a re a , t h e  au ~t l ~~t i - i I  sj l ut i ir at  st at e d

f r c i - l e m  is e x t r e m e l y  c o m p l i c a te d  an d  it is i t  is v i i t u a i l y

unreal izable; it w i l l  s i mp l e r So lV e--  b y  i t s  M o z i t  —~~~L I )  n~~t h o d .  E ach

i~~alxzj *ion will repr esent by itselt t i e  “~~omL ui - t ~ei i t ” of

— tar- yat /pur pose n b y rockets , in which the 1lI ~~~~ d~~~~t ~~~O 1 f l~~~~~
— at  rockets

ar ~ 1 - l a y - id on toss . The s im u l a t i o n  of cach  L e l l i . : i t i a n  w i l l  consist

cf n o~ si ngle tosses, p l u s  t u e  culcul~~tian at ~~~~~~ ~tfccteti ~r ea S,
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I ri i-ba ch s i ng l e  toss  is dev~— l a p e d  t he  im p a c t  a a i n t  L~~~ one ( t h e

j — t h )  i a ck e t , i.e. , two random variablc~ Xb Y 1. di~ t r - U u t e I  according

t o  n o rm . i l  l a w  w i t h  t he  c h a r a c t e r i s t i cs

~~~~ a~.

where the coordinate of pcint o~ (cor r~~la tia u coefficient

is o gu a l  t o  zero, since values X,, V1 accoru 1 n s J  I ) c a n - I  i t i o n  a to

in d ~~u en d en t )

Let  us  assum e th a t t h ~ si iaujatjo:, 
~~~~ ~~~~ u c - ~ ~y i-; i~;v N. T h e n  t h e

‘ost c o n v en i e n t  m e t h o d  of th ~ I t a w i n j  e t  t n ~ 1
’ I~~~~L i i  no r m al  v a l ue s

X,, Y j w i l l be d e s c r i bed  in ~ 3 ~~i I i t j c  n a : s~.- v e i -j 1  in i e~ e nd e n t

ta r~ om numbers from 0 to 1 wit j~ t h e  su Lsegu . t r- uor ~n a l i z  ition . With

t h i s  m e t h o d  of the  c o o r d in a t e  Ct  t h e  j impa ct ~c i n t , t h e y  can ~~

~l ay t ~~ on t h e  f o rm ulas :

(5.14)

wh ~~L- p ~~~ ~~~, .... ~~~ 
— 12 s~-~~j r a t e  i n~1e~~ n i —  n t  ca :  1.05 )f r a n d o m

f l U f l ~~ t~t f r o m 0 to 1 L
_

I
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F C C T N e T t - ~ 1 • It  goes  w i t h o u t  s a y i ng  t h a t  f or  t h e  i _  ~ w i r i g  a t  the

cocLc jn1 1- t~~ of ea:h new impact ,-oint , it is n~~cc~~ ;a r y  to  t a k e  n ew of

12 ~ a n d o m  numbers .  ‘~NQf ~~~ ’ ’ N . T ~~ .

Pag e 14 3 2 .

Let us assume t h a t  this s te - j o of s i m u l at i c u  is c ar r i e d  out , and

we oot~~iu e - ~1 n of im p ac t po in t~ in t h i s  realization. Now it is

necc-ssary to count t h e  a f f e c t € J  a rea  S~ for m i s  ( 1-~ie  i— th)

r~~a l i z I i t i o n .  For t h i s , it is I cessar y ar o u n - I  t I cu  inpact point to

~~~~~~~ L- .~ t h e  circl e or r a d i u s  r- and t c  c o u n t  t i e  ir ~ a of t h a t  par t  of

t h e  •am- -j .-- t/purpose , which is cover ed a t  l ea st  witu one of the

c i rc les .  I f d r a w i n g w a s  p r o d u c e d  ~ y ha n O , i t  cu l l ~‘
-
~~ ~ - s s  jble to

d e t e r m i n e  t h i s  a r ea  by  p l a n im e t r y .  Dur  i n j  s i u t u l a t l o n  in  m a c h i n e , t h e y

E n t e r  o t h e r w i s e :  e n t ir e ,a l l  t a rj e t / p u r [ c se  15 LV ~~~~ 1 ’ 1  i R t O  t he  la r ge

r u m h e r  of su rf ace  e l e men t s  dS (I- ig. d.~ 1) dI. u f c c  • -a c a  a t  t h e m is

d e t e r m t n e d  t h a t  is h o w  i t s  d ist a n ce  p, f r o~u t t i c  ~~m~ i ic~ p o i n t  of t h e

i r o c k e t  ( j  1, ..., n ) .  I f  a t  least f o r  cn~ c t  t h e  i m p a c t  points

this distan ce  render/showed lesser t h a n  r (~~1 f i c t i v e  c i s a a lt y

r a u lu s ) ,  t h en  a r e a/ s i t e  d5 is con s i d e red  e t L t c t :~1 , aft er which is

~ r o d u c € d  t h e  a d d i t i o n  ( i n t e g r a t i o n )  of a f f e ~~t~~u a~~~~~~ a / s it ~~~ S ds~ On

t h c  entire target/purpose :

SI—I’.”.I’
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Palo t he obtained in the i realization v a1t ~i si” foi. t h e  t a rg e t

dr ea , we o b ta i n  t he  i-ortion /fractioi . Ot th~ a l:ecte1 area in t h i s

re dl i z at i on :

4i) S0~’)

Incidentall y w i t h  v a l u e  ~~~ for each rL- -- il1 ~~~tion , we comj~u te

4SL. -i j u c i i : t l ty  ot rock ets, a d~ stanc€ f r &~m t h e  i n : e a c r  poin ts of

• w h i c h  to t ar g e t/ p u r p ose  i t  E x c c ~~I~ t (in t!t i~ realization these

r o c k e t s  -j i d  not  cau s e  t h e  d a m a g e  t o  t d tj 0 t / ~~I~ T ~:c~~~ ) . l a y i n g  these

i 1at~j to r  t h ~ lar -j e n u m b e r  of r e a li . a ti c n5  N , w e  c a n  a n s w e r  a l l  t h e

p l aced  ~uestions.

A v e r e  
~ porti on/fraction of the at fecr~. u a l e  t :

• ~~~ 
~ ± Li~~.‘—I

D i s p e r .~ion of the p o r t i o n/ f r a c t i o n  of  ~~~~ a~~~& i :t ed  tr ee:

D, ~.! ~ (L/U))1_m s
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Fig. 8.20. Fig. 8.21.

Page 433.

Proh~ bility tha t the portion/fractio n at t h e  a f f e c t e d  area w i l l

te not lesser t h a n  u , is d e t e r m i n e d  as follows : w ith each realization

is connected the n umbe r X,. equal  to OflE, it i n  th i s r e a l i z a tion

U”’ ~ u. and zer o, if u ( ’) < u. Then

~ X,.

The m at h e m a t i c a l  e x p e c ta t i o n  of t h €  i i u m h e c  of ro;~~ets , wh i c h

did nc t ca use the damage to taryet/purpcs~~, w i l l  ~e loca ted f r c m  the

f or m u l  a



~~~~~~iiI ~TT~ ~~~~~~~ 
~~~~~~~~ r-~~~~~~-~ ~~~~~~~~~~~~~~

Dd C 1d0 b 8721  PAGE

~~~~ + ~~~~~~~

Wh O L E  — the n u m b e r of r o c k e t s , w h i c h  i i i d  r o t  cau se  rit e damage to

target/purpose in the i realizaticn.

. I:etermining the characteristics of st~~tiuuaLy run ion process by

~ontt~— Canlo method from one realization.

During the statistical simulation of o~ erat1o,,s, tr~ g u e n t l y  i t

is nec essary to meet the case , w h e n  t h e  r a n d o m  p ro cc~ss b 3 i n g

simulate d is stationary it cccut/flow/ias t~ uii iiinitedl y for long,

having time—indepen dent probabilistic characteristics .

A s an e xa m ple let us cons ider  operat ion n— at the cuannel system

Cf mass  m a i n t en a n r e  w i t t i  m places in t h €  t ui. n t ~h- j r a p h / c o u n t  cf

states of wuich is shown en Fi g. 8 .22 .  Let ns a s su m e  that the flow of

c l a i m s , wh ic h t r a n s l a t e s  s y s t e m  f r o m  s ta t e a n t c  s ta te  ( f r o i r  l e f t  to

r i ght) , st at ionary , b u t  not  Po i s son, tct ex am i 1~’ t he f l o w  is p a l m

wiPh the arbitrary law of d i s t r i b u t i o n  r ( t )  ot  t i n e  i n t e r v a l  T

Iet w e O f l  c l a ims .  The s e r v i c i n g  t i m e  of c ne d c i  ir Is also JLst ribu ted

not accord ing to e xponential law , iut d c c oL ~~i n - J  t o  a r b i t r a r y  law
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~ (t) . :;i nc e the process , wh ich t~~k&s place in syst~~t~i , non— Markov

( f l o w s  of even t s  — n o n — P o isso n )  • then it cannot no descr ibed  w i t h  the

ht ‘L ~~ th e standard mathe m atical apparatu s ci t.~o Markovia n

pro cesses — ordinary differenti al equa t iour for t A l e  p r o h ~a b il i t ie s  of

st at e s  u n u  a l g e br a i c  e q u a t i c n s  — t ar  t l - e aI~~~i u u m  ~j r o b a b i L i t i e s  of

states. A n d  ge nerally, the attc~ ipt  to  d t s rc ib e  t h i s  random process

w i t h  t h e  h e l p  of a n a l y t i c a l  de~~en dcn c e s  w c u l d  I c i  I to th~ excessively

1-u ik y cf e q u i p m e n t , hot j ustit yiny i t se lf  in  p r a c t  ice. Py the only

vii tu~~lly suitable r u e t h c d  of t h e  s t u d y cf sii:~~la r  n o n — M a r ~~ov sys t ems

i s t h e  simulation of p rocess the ilcnte—Ca r Ia n i c t h ~~1.

Fig. ~.22.

Pagc 43 14 .

I f  speech occurs  a b o u t  t h e  stuu y of tn~ i u it ~ . a l , u n s t e a d y  per iod

of f u n c t i o n i n g  of sy st e m , t hen  s ir r u l a t i c n  is  r co uct - ,i i n  the usual

w a y  — it is deve loped  m a n y  r e a l i z at i o n s  of ~~~~~~~~~~~~~~ an d necessary to

us p r o b a i i l i st i c  chdracterist ic:;, for tx am E - ie , tilu :e probability,

t h  a v c t  age number of cccupied charne l~ , t h e  u v - : a - J e n u a n e r  or c la im s

_ _  _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  U
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in turn , etc., are located by t h e  t r e a t m e n t  a t  “expe rim ental ” - -

H Taterial as statistical average throug h m a n y  realizatio ns,

However , when speech occurs about t h e  s t u d y riot of transient,

i n i t i a l  period , but steady, steady—state statt , attained w i th  t -~~ ~~~~

the situation changes. In fact , when simulating steady—state

random processes we can usually use not a great number of reallza-~
tions , but one sufficiently long realization .

Here the probability characteristi c s of the ran dom process of
interest to us can be obtained not as the means for a large number

of realizations , but as the time means for one sufficiently long

rea l i za t ion .

Strictly speaking , s t a b i l i t y  of  the process  alone is i n s uf f i c -
ient for this. The process should also possess the so—called ergodic

property. In an elementary interpretation the essence of’ this

property is that the limiting mode which is established in the system

often some t ime of its opera tion does not depend on what the  i n i t ia l
conditions and the Initial period of the system ’s operation were —

each separate real izat ion is a sor t of “plenipotentiary representa-
tive” of the entire class of realizations. This means that whatever

• realization we may choose , with 1 4 O O  ye will obtain process wjth o~ e
and th e sa a b b y cga ract er ist ics.

-- - .



It is possib le to give a~ eza.& le of the process of wtationary ,

but not possessing ergodic Eroperty . Let, for example , n~ examined

the system with the graph/count of stat€s , s h o wn  on Fig.  8.23. A l l

flow s of the event s, which translate syste m frcni state into state, we

consider stationary . Let at the initial moment . t = 0 s y s t e m  are be

located in state S 0; fro. it it can pass eitner 1~ to stat e S1 or in

H 53.. A f t e r passing in to  s ta te  S 1. s y s t em  w i l l  L e q i n  “to circulate ” due

-
~~ to states  S 1 and S a. Because of the stability cf the flows of the

even ts, calling th is circulation , in sufficien t tine of p robability

p1 (t) and p3 (t) st ates S1 and S2 they bil l Decame constants, but the

process of circulation — stationary:

p~(l) -,~p~ — const; p 1( t )- .p .~~~nst.

~‘1

IlL — —  - —~-— -—-—~~~_ _ _ _ _ _ _ _
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~g~7

Fig. -~ .23.  j
I

t a - t  435.

~~~ if t~~Ow state S0 sy st~.. L aE -;Cd :tot in 
~~~~~

, nu t  in S 3~ then it

w ill cir culate not due to states s~~, S2, i- ut ~i u- ~ to states S3, 5,;

t h e  rewibilities of t he se  st~~t~~s will also J~-~~rOICh coj~~tants :

p
~ 

(fl--. p, const; p
~ ~

t) —. p4 — const ,

h u t  a l r e i iy  f o r  o the rs , t h a n  i a n d  P2~~

Thus, in the given examp le the prccC s~ , w i ~:~ t a K e s  p l ace  in

system , will be stationary, but er yodic , a n i  i t s  ‘robabilistic

chara cterist ics depend substantially cr  initial eria.I (initial

behavior of system). It is c lear  t h a t  t h e  s i n u  itt ion at t h i s  process

w i t h  t h ~-~ h e l p  of one (at least and by ver y iur -~) ~-e alization

insti ftic ie nt for obtaining its ~roh ~hi lis tic c h i L  i C t ~ i 1i 5t iC S .

A
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F o r ~~u n t t el y, er ~~oi i c  r an d oni processes to h i~~
I
~~J i f l e s s, the ergod ic -

ranson processes in practice are en~ o u r t e  ECi.  t n - i -  i re~~ue~~tly t h a n

r on ~ -rgo1i i~ ones and , as a rul e, t h e  S i a U l d t i ~~L~ ot one realizat ion

m a k e s  it poss ib le  to  o b t a i n  dl l  the prcbabiiis tic characteristics. In

~articu lar , ergodic prove to be the prccess~~ , w h i c h  t a k e  i l ~~c~ i~

the system s the g r a p h/ c o u n t  01 ~ t a t t - s C f w h i c L  i~ . r~lateJ to the

~a tt~~rn  of “death and m u l t i ~~l ic at  icn ” , as •e~ r ., i en ex anpi c , on Fig.

~. 2 i .  Her e system can t~ rouyh some numb er e~ st -~p/p itches j— ass from

ea cL  state of each another and t u e  “split t in~;/± i~~s ion ” at the

process, sinilar occurring in _ .yst€m with . L a  / c au t . t  F~~j .  ~ . 2 3 , does

riot a cc u r .

If system has an infin ite m ult itude o~ 1-o~ sijlt states , t hen , we

kncw tria r ev e n  w i t h  t h e  st a b i l  j t 1  ot a l l  ~~~~ C: C V t - r it s , m a x i m u m

co r i h i t i o ns/ tk de w i t h  t -
~~~~ — i t  can  not  ~~~~~~ — ~ r ~is sa~ l i sed on

t h~ •T’ x~~m - l .~ of th~ sy st e m  ot m a s: -; m a i n t e n a r ..~ ~~~~~ ti l e u n l i m i t e d  t u r n

(see -~ o f  Chapter ~) , wh e r e  w i t h  t ÷ • t u l n  ~he:i x>  I increases

u r - lim i t~-dl y. However , if maxi m um co~l d i t i O n ~~/ n l o u . - -~x i s t s , t h e n  d u r i n g

tne :.i;ulation of process by the Monte—C al is m E t  L ie d  ~~ t is possible to

~e bou~~d - l  to one r e a l iz a t i o n .

To d e m o n s t r a t e  t h e  •~x i st e nce  of m a x i m u L l  cc- - i i t ~~ens/ i aode  w e ,

—.__
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st r i c t iy  speak ing , ca n o n l y  f o r  a M a r k c v  sy ~~t e i r , ~n d  simulation by

t h e  ~1 on t e— C a r l o  m e t h o d  is a p p l i e .I , as a r u h , rc  -;y s t~~tns n o n - N a r k o v .

Iiowk~ve:, with the hel p of indirect reasonin~s f t • ’ lu e n t l y  a n d  of this

case it is possible to  be c c n v i n co d  of the existence of naxiuium

cons L tions/mode .

For the explanation that presented , let us consider the example ,

w h i c h  t e l a  tes to simulation by t~ie Monte—C ailo met hod t h e  o p e ra t i o n

o1 n o n — M a r k o v  syst em or m a n s m a i n t e n a n c e  w i t h  t u r n .

~ xa mp1e. There is two— chdnnel (n 2 )  ~ MO w i t h  turn. The number

Cf j.laces in turn m = 3; t h e  c la im , w h i c h  came at the t a r -m e/ momen t

~h e n  ill the t hre m places in turn are o c c u p ie d , out  e m s  f a i l u r e  and

leaves system. The flog of cla ims — P a lmo v , i.e., time int ervals

Letwee ri claims represent bY themselves the in d
~~ eauent random

qud rtities , distribu ted according to one a rtu the same (nonindicative)

law f(t) (pi g. 8 . 2 4 ) . ServiCing tim e of on e  cl~~iri~ — ilso random

v a r iab le , distributed according to noni ndic utiv -n law ~~( t )  (Fig.

3 . 2 5 ) ,  different from f (t) • b u t  i d e n t i ca l  t on  a l l  c l a i m ~~.

P age  4 3 h .

It is reguired , simulating the work of S~~C ~rth the ~onte—Carlo

method an-I disposing of only one  by long realiia:ion, to consider the
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a p p r o x i m at e ] .  y m a x i m u m  cn a ra c te :~~st ics O r s y~ t en- ( -. iLL t P — ) :

— p r o b a b i l i t y  of s t a t eS  (probabilIty ci the tact that they will

be eccup ie d 0.1 , 2 c h a n n e l s;  t n~ protaLil~ t~ ot rae t ac t  t h a t  in  t u r n

they w ill be located 0, 1 , ~~ , 3 claims);

— the average num ber of occupied c h a n n ~~ls~

— :nean latenc y of claim in t u r n ; the Jas j e n s ion  of L a t e nc y of

cla im in turns

— f a i l u r e  p r o bab i l i t y  ( t h a t  w h i c h  d al i ;  w i l l  i-~ave  s~ o not

s er v i c e d) .

To construct the pattern of simulatio n and t i C  set-ui of

processing its results.

SolnLion. Th3 grap h/Count of t~a~ S ta t ~~~~.; 01 s? st e [n  takes the

form , shown on Fig. 8.2~. th e  num~-er or statc~ is c rtein; fro m each

state it is possib le to pass into each; t k c ~1cws oi  e v e n t s , w h i c h

t r an s l a t~ sys tem f rom state into state , d t t -  station ary (-ilthough

no n-Poisson) ; from this we ccnsist tha t the ~ysten possesses er g o d ic

[ r c p e r t y  a n d  s i m u l at i o n  on cne realization is i cssible.

I
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Let  us  ass u me r~~r s im p - l i c i t  y t h a t  at t n e  i r n t i a l  m o m e n t  ( t  = 0)

- 
t a r  system is in s tat e  

~~ (is :see) t~

- F O C T N O T E  L . This  doe s n~~t h~~vt~ a v a l u e , Si nS ? w a x ~~m u m  Coniitions/mode

d ck-~s nct d ep e n d  on initial state.

- ~ N D F O O T N O T E .

L~ t u~; ~-~g in simulation from t h e  f a c t  t ~at  i~~t n~ 5lay on axis Ot the

flow of claims , i.e., a series of the raLid oll I)CILL tS t 1, t 2 ,  t3, ... —

t h e  t o n g u e / m o m e n t s  of the arn i  v a l  ax the ccir ~ - — f l i s i n g  c l a im s  — the

- fjLst , t h e  second and the like (Fig. d . 2 1)  

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

~~~~~

- -—____ 
- -
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Fig. ~ .2 4. - Fi t ,. b. 2 .

(‘1 ov.pigw ‘#em (2) 
~~~~~ ecm.

F ig .  S.2n .

K e y :  ( 1 ) .  There  is no t u r n .  ( 2 ) .  T u r n  is.

Page ~37. 

- 

-

The  d r a w i n g  of the flow of claims is produ cLJ d~ t o l l o w s. Is

construc ted the function of random nuin ~ er w~~tni:a1t iozA T — interval

I-e twt-en t h e  claims :

F(1) _j f (t) dl (6.1)

j -414
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a n d  i t  is de velop ed t h e  va lue  of r a n d o m  v a x i d i - l e  
~~~~ 

as this

describe-I in ~ 2; for this is t a k e n  t h€ -  f u n e t i c n , rever se F, f r o m

La ndc in n u m be r R from 0 to l x T 1 = F~~ (R~.

Dista nce T 1 ~~ s p l o t/ d ep o s ited from the oni-jiii of co)rdinates; is

cb tained torque/moment t 1 cf the arrival or t h e  r i r st  claim. Then the

procedure of drawin g is repeates (it goes without saving that alread y

w i t h  c th er ~) and the new value T2 is plot/uep c-site-1 ~rotn T 1~~~ iS

obtained tor-lue/moment t 2 cf t h ~ arr ival ot t h e  second cl a i m , and so

t o l t S  1

F O O T N O T E  ‘ . D u r i n g  s imu l a t  ion in m a c h i n e  IU CL e L C L1 V Cf l i ~~~~f l t  no t  t o

constrlc t the chain/network ot the arrivals or cliints previously, but

“tc supply ” them to SMO on one , wi th arn ivdi ; for t h e  p u r p o s e of

c o n v e n i en c e  in the  e x p l a n a t i o n  w e  a r s u u e  t b ~~t t h e  c la i m s  are

develo~ ed previous l y. ENDF -CTNOTE .

Th~~ w~ will construct the chain/n et work ot t~~e -L o L - J u e / m o m e n t s  of the

a r r i v a l  of claims (Fig. 8.27 ) .  ~t goes w i t h~~u t  sa y i n g  t ha t  th i s  

~~— - -—-- - - ~~~~~~~~ - -~~~~~ -
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~99
c h a i n / n e t w o r k  must be d e n e  ~ u L t r c i . -n t  lcn sj , a f ~~~ ~layinj, in  a n y

~~~~~~~ 11t~~ t~~e less several hund red vci lu c s  ci L~~~ -~ iu  vtL - ii~~le T.

It  IS LCpresentcd the p L e c I I I L C  of  s i a i l , i t  i o n  w i t h  t 1~~- ho i~’ ot

i c t u ri . i~ i l - t y r a z n  ( F i g .  ~~. 2 H )  . AL ’ove we *ili ~ 1~s- ? ime ix is (0) w i t h

t h . ’ n ) t e ~ On it tOr gue/ Luomer t s 01 t h ~ ~1 LLL i~~~ i o t  o~ ~~~L i 1 , I I S .  l i e l o w  i t

we will p1 ice an  a d d i t i o na l  l i v e  aX e s : (1) , ( )  , ( 3 ) ,  (~4 )  , (S) . On

1 x 5  ( 1 )  .t :i~ ( 2 )  we w i  I I r eIres~ nt t he st at ~~- ~ i trst and second

c (Iann~~ls (grea sy/tatt y feature — “it i~ occupied” , f in e / t h i n  — “is

f r ee”) . On axes (3), (-~4), (5) we will represent the 5 tests of the
f i r s t , second , and th i rd  doses in turn (heavy line — “occupied” , —

fine line — “free”). Everything of five axes have the same count—
• down , as axis (0).

4

II ’— -—~~~~- -~~~~- ~~~~~~~~~~~~~ - - —— --~~~~-~~~~~~~~~~~~~~~
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Page 43~~.

To tor-jue /m oment t 1 — a r r i v a l  o~ the :ir .t S L- L i tu  — Lii c h a n n e l s

a n d  a l l  ~he p laces in t u r n  a re  ~ ~~ e . At  t o i  ~U . - / : r o a c r L t  t 1, comes  t h e

firs t cl.ii m and it occup ies the x ir st ch inuLl . i-ow l on g  i t  w i l l  be

occupied — it is solved b y d ra  w i n g .  F o t  t h  i , .c .ill suu ject random

Iu w i ’~r H (it goes witncut saying that new) tO ( C I l V e t S I O f l  ~~~‘(R) .

~ ~~~ t Un:  t ion of t i m e  all ocat jon e~ t h ~ -n - tint - n i  nce :



_ _ _ _

7~~J n ~~72 1  P A G E  ~~

16.2

Th ~ f i r s t  p l a y e d  V a lu e  01 s-?rViCin j tia.- i ~ -- -1 ~ ;igtl a t e  v 1 and

£ L ~~t on & ~ 15  (1) frcin p o i n t  w i t h  a~~~-c i i  s-~ t 
~~, 

no t i n g  i t by

heav y line (Fig. 8.2~ ) . At tj,c m omezi t ~ L a r r i v a l t~~~ o t  t a o  second

c la i m , the r ir s t  ;h a n n o i  is Still occupied; ci j ii  occup ies  second

c h d nn e l .  Let  us p l a y  s t i ll  one v a l u e  r , l e t us  d - s i g n a t e  i t  r 2 and

w i l l  ~ lot  by he a v y  l i n e  on a x i s  ( 2 )  f r cu  p c i n t  w i t n  abscissa t ?.

Cl a im t3 ,  w h i c h  cam e  a t  t i i~ t o r g uc / In on i ~ u t  w h e u  b o t n  sh a u ~ el a r e

ccc u p i~ d , £tops  in t u r n , it occupies ii: it the ~ i L s t p l - t ~ e (a x i s  (3) )

-

- 
it a w a i t s  to th at t o r g u € / m o a e n t  w h e n  in  f t ~~~d on~ or  t h e  c~’.in ne ls .  In

cur case m o r e  earlily js free~~relcased c z i a n n e l  ( 2 )  — a t  this momen t

the point from axi s (3) jum p s to axis ( 2 )  — ~n d  a jam ~ s developed

the servirin g tiam r~ of tuis ci t i a . O n ax is (
~

) ~~. con st r u c te d n e w

~j r~ as y / f d t t y  sect ion , a nd a x i s  (~
) i t  is  C C I t t j f l U~~~ 5 ~or  Line/thin line

— t h e  p lace  in t u r n A t  is f r ee .

W~ w i l l  not ant inUC the d e tai led  de 5 Cr p t i n t  CIt t h -  p r o c e d u re

ci t~u drawin g of realization — it is suftici ~~i, tly cicar tx o m  Fig.

;~~. in th i s figur e aga inst each ~- ec t  icn oi t he emple y ien t of

I .
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c h a n n e l  (place in turn ) for conven~~encc in  t h e  tj  ~~d t I f l e 1 tt  is writte n

thc num ber of the claim , which cccupies t h i 5  place; it is possible to

t rac e, as cla im ~t ravels ” f r o m  the  last,latter places in turn to the

first , then — for maintenance. The claim , ~i.~~cii oritained failure , is

noted b y  the asterisk (it leaves St ~c nct S€LV iC€t ~)

Let us assume that the simulation of real i:at ion hav e is

c o n t i n u e d  we s u f f i c i e n t l y  icr  long  ( Sc f o r  l o n g  w a i cu  th .~ e f f e c t of

initial co nditions alrea dy ceases to in a n i f ~~~t i ts~~l t ) . Let us look as

l-y t h i s  r e a l i zat i o n  to  d e t e t m i n e  t h ose  in t t ~L e s t in j  us tn ~

jroj-abilistic performance characteristics CL ~ PC. Probauiiitie s Po,

tha t t h ey w i l l  Ee o c c u p ied  w i t h  0, 1, 2 channe 1~ 
1 , let

us find as follows .

FOO TN OTE 1 • Designatio n j~ is introduced b~ eaus€ ti~j S p r ob a b i l i t y

does not  co inc ide  w i t h  e a r l i e r  (see C h a p t e r  5) th~ i n t r od u c e d

~robahilit y P2. but is egual to P2 - P2 + + p4 • p~~. E N D F C O T N O T E.

Let us d iv i d e  en t i r e  a x i s  O t  i n t o  s ect i cn s w i h  r~~spect  t o  t he  number

cf occ up ied  ch a nn e l s .  T h e  s ec t ions  of t i n e , on w h i c h  is occ u pied n ot

one -~ha n n e l , let us note by nume ra l 0, one ~;h~~ii ;~’l — by numera l 1,

t w c  c h a n n e ls  — by n u m e r a l  2. On t h e  l a r ge  s t  Ct I CU U t  t i m e  T , le t  us

a d d  t h t ’ 1~~n~ ths  of al l  sec t ions , by ma r k e d  ~er c  — we w ill ob ta i n  T0;

t h e  stun of the l e ngt h s  of all sections , ~o~ td ~y - n e , will be T1,
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pair — T 2.

It is obvious ,

T.+T1+T 1— T

W i t h l a rge  T of p r ob a b i l i t y  p 0 ,  Pi a n d  p~~, t h e y  w il l  be

~i pp i o ~~it n a t e 1y  equa l to t he  ra t ios of t h e  C C L L e S p O I I d I n Y  t i me s  t o  t h e

t o t a l  t ime ;
p,,.~~ T0/T ; p1 ~ T1IT; j ,,~~ T,/T. (6.3)

Page 439.

Let us note that- secticn 1 it is e x p e d i e h t  t o  count off nct from

t h e  ve ry beg inn ing  of t h e  process whe re  s t i l l  i n a nj i e st s  i t s e l f  the

e f f e c t  of i n i t i a l  cond i t ion s , b ut t r o w  n or  ~ a iS ta nt  fo r  t i m e

torque/moment 0’, where the erfect of initia l conditions already in

p ract ice ceases to m an i f e s t  i ts el f .

~ A #~ ALet us find probabilities Fo , p~~, p~ , ~~ 
t hat in turn they

w i l l  s t a nd  0 , 1, 2 , 3 c l a im s .  Let us a g a i n  ue coni~~ose t h e  l a rg e

sect ion of t i m e  ax i s  T i n t o  t h e  p a r t s , mar ~~~t 1 0 , 1, 2 , 3, on which in

turn it is located wit h respect to 0, 1, 2, 3 claims. Store/adding u p

t h e  l e n g t h s  of all .  e g u a l l y  m a r k e d  sec t i cns  a n d  Dale  s um s  7. on T, we

wi ll ott - tin:

~~

- I
—4
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~~~ T,il’; p~ ~ T1IT; 
~~~ ?,/T; ~, ~ t,/T. (6.4)

The  a v e r a g e  n u m b e r  of c c c u pi e a  c h a nn e l s  = w i l l  be ob t a i n e d  in

t h e  u s u a l  w a y  as m a t h e m a t i c a l  e x pe c t a t i o n  01 disciu~t e  r a n d o m  v a r i a b l e

2 — n u m b e r  or occupied  c h a n n e l s :

z=  l .p 1 f2 .p, —p 1+2 ,. (6.5)

M ea t i  l a t e n c y  of c l a i m  i n  t u r n  !~~ ,, w e  t j p d  as fo l l o ws :  let us

consider a series ot the claims , which act.~u on t n e  1arg ~ section of

tim e T t h e  torque/moments

~~, ti.,. ~. ...~ 6i.~~
, •..,

a n d  ~or ‘~ach  of t h e m  le t  us d i r e c t l y  c cun t  i a t en c y  in turn 1h i

e q u a l  to  z e r o , if ( k  + i) c l a i m s  i t  has i z - : n ~~d i a t e l y accepted for

t h e  m a i n t e n a n c e  (or  was  o b t a i n e d  f a i l u L C )  , ~ n i  t a o  sum of lat op le

t h i s  c l a i m  fo r  d i f f e r en t  axes  ( ( 3 ) , ( 4 )  a n d  ( 5 ) ) ,  i f  i t  s tool  in

t u r n .  ~1ean latency of claim in turn ap proxiu ~ateli di l l  be located as

a r i t h m e t i c  mean of t he sE  t i f f e s :

t~~~, ~~~ ~~~~ (6.6)

if  us interests not the s i m p l y  m e an  t i t e  o f  ~~t i t i n g ,  and

~

- _ - —

~ 

_ _ _ _ _ _ _ _ _ _ _ _- -
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c o n d i t i o n a l mean t i me , calc u l at e d  w h e n  the ’ c l a i i r  w a s  accepted fo r

m a i n t e n a n c e , then  a r i t h m e t i c  m e a n  l a t op l e  is ccuipat e.1 not  fo r  all

c l a i ms , but only to~ t h o s e thdt were SEEVic~ d.

Th ~ dispe rs ion of l a t e n c y  w i l l  be locat~-d with analogous form as

a r i t h m e t ic mea n of the sq u a r e s of latople sin  u~ t a c  sj u a r e  of the

mean time of waiti ng:

~~~~~~~~~~~~~~~~~~~~~~~ (6.7)r

F i n a l l y ,  f a i lu r e  p r o b ab i l i t y wi l l  be l c a u t~~d on large section of

time T as ratio of numb e t N* of t h e  c l a i m s, ~na r Ke. i  w i t h  as t e r i sk

( ob t a i ned fa i l u r e )  , t.o the total number N ci the :laims , which acted

fo r  t h i s  t i m e :

~~~~~~~~~ (6.8)

E a g e  44 0 .

7. EstImat ion of accuracy of characteristic~ o r t - l i n e a  ny lonte—Car lo

m e t h o d .  Necessary  n u m b e r  cf rea~~i z a t i on ~ .
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, The M o n t e — C a r l o  m e t h o d  is based on  t n t ~ u n- it theorems of the

probability theory, which claim tnat with ~~.e larje number of

experiment s N the frequency approaches i ts  ~robabilit y, m d

a r i tn m e t i c  mea n of the observe d values of r~~n d o r r  v a r i a b l e  — to its

mat hem atical expe:tation. Using t h €  M o n t e — C a r i c  t t ? t h o d , w e , a f t e r

prod ucing the large number of experiments (r ea1 i~ -ations) ,

-
- 

- 
approxima tel y replace tI~e probability Cf event w i t h  i t s  fr e q u e n c y ,

and mathotuatical e xpectation — by arithmetic nl c ’ai . —

Logically does -get up a ques t ion  — how great will )C the error,

which appears from this approximate repla c~ .~~-nt ? And how must be the

r u r r h ’ - r ot realizations N, so t h a t  this erro: w ita practical

-ju thenticity would not leave teycnd g iven limit s ? I n  oth ~~r words ,

arises the question concernin g the evaluaticn of t u e  a c cur a c y  o1 the

ch aracteristics of randcm phencmencn , cbtairRsl L~ t h e  M o n t e — C a r l o

method .

Wit h answer/response to these questions, we will h2 Dased on the

centtal limit theorem cf the probabi lity theoty . ;ccorlinq to this

theote s, with the large number of e x p e r i m e nt s  N t~ heir average result

(frequency P~ of even t A or arithme tic mean X of t n ~ observed values

of ran dom variable X) is d i s t r i b u ted aUroxiii~~tcl / accorling to
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H 
n o r ma l  l a w .  i.et us give the relating h er e  f or u u l~~s.

1. Law of all ocat ion of frequencies of event with large numbe r

1 ci experiments .

If is produced the large numb er N of t~ ’— inu opendexit

exp eriment s, in each of which even t A a ppeaLs w i t L i  p r o ba o i l i ty  p ,

t h en  frequency A

MA
(7.1)

-
~ (where MA the number of appearances of event .~ in N experiments )

1 is distributed approximately according to norm al law , vita the

mathematical expec tation

mpi =p  (7.2)

- 
a n d  ~he root—mean—square deviation

= 
( 1 )  

(7.3)

2. Law of the Jistribut i3~ of a r i t h rn- ti c moan w it i the large

rumb er of experiments. 

~~-_
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Pa~Jc L4 L4 1.

I f  is produced the large num le r N of tne inJ~~pe n1e n t experiments

in w h i c h  r a n d o m  v a r i a b l e  X t a ke s  t h e  v a lu e ~~;

X1, X,, ...,X,~, (7.4)

t h c  arithmet ic mea n of these values:

-( X = _ ~-~~~~A , - (7.5)

it is dist  r i b u t e d  ap p r o x i m a t e l y  a c c o r d i n g  t c  n c rn a l  l a w , w i t h  t h e

1 m athem atical expectation

m~ = (7.6)

a n d  tj ~~ - root—mean—s quare deviation

4,

(7.7)

- 4
m2, 03 ma them a tical ox otat ion and the L oot— .nea n—sq nare

deviation of random variabl .~ X.

ii
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B e i n g  based on t hese  l a w s  ot  ~1 i st r ib ut ~~or L a r i . ~ f o r m u la s , we can

p l a c e  and  so lve  s e v e r a l  p r c c l e~~s, w h i c h  r e l a t e  to the  ac c u r a c y  of the

Monte—Ca rl a method..

P r o b l em  1. Is p r o d u c e d  N of i n d e p e n d e n t  t - x p ~- ’r im en t s

(re~~liza tions) , in each  of w h i c h  e v e n t  A app eaL -s with proDability p.

As a result of these experim ents , is obtained t r~ ~uonc y t’* of even t

A. 1 0  find probability thdt fre1uency P* d ilr€rn from probability p

nc t o r e  t h a n  to a s s i g n e d  m a g n i t u d e  e> O.

S o l u t i o n .  C o u n t i n g  n u m b e r  N s u f f i c i e n t  l a r j~~, in o rde r  to

se t/ a s sum e  f r e q u e n c y  P * t h a t  u i s t r i b u te d  a c c o r d in g  to  n o r m a l  l a w  w i t h

c h a rac ter i s t i c s  (7 .2) , (7 .3),  -~ w i l l  c L t a i ~~:

P ( I P * _ P I < e) = 2 ø (_ ’~~~ )I (7.8))f p ( I — p )

w h e r e  0 the  f u n c t i o n  of L a p l a ce  1~~

FC0 T’~OT F 1~~~ The va l ues of th e  f u n c t i o n  Cf La~ l a c ’  s~~e i; Table 1 of

ap p l i c a *ion/append.ix. ENDFCCTNOTE .

_  _ _  -~~----~~~~~~~~~~~~~~~~~~~ - - - --
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Example 1. Produced N = 1000 i n d e p~~~dc n t  .~x p e r i m ~~n t s , in  each

ot whic~i e v e n t  A a~~pear€d with ~rchabi1ity p = 0. 3. To f i n d

~rcb ability that the o b ta i n e d  with this fr€qu~.ncy P~ of event A

d i f f e r s tro Lu probability less t n a n  on e~~ O,O2.

S o l u t i o n .  On formula (7.d) we have:

P( I P — O ~3I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

H
T h u s , if  p r o b a b i l i t y  p of .~ ve iit A to u~ i.~. K n o w n , ~e can

c on s id c r  t h e  a c c u r a c y  ot  t h e  u e t e r n L i n a t i o n  ~ f thi~
; p r o b a o i l i t y  f r o m

~r eque nc y P* and  t h e  d e p e nd en c e  of t h i s  a c c u ra c y  ~ n t h e  nu uther of

~ x~~e r im e nt s N . M i s f o r t u n e  in t h e  iac t  t h a t  ~L o L a L ) i 1 i t y  p t o  us is

unknown: indeed and theLrselves exp~ rim e rt s we L a ;~ in  o r i ? r  it  to

find. ~Iowe ver, for estialatiny the accuracy of ~~~ Mon te— ..arlo method

j to u~; not very substantial to know a pr€cis~ valu~ of probabilit y

its elf p 
— i n to  t h e  L i g h t  s ide  of f c r ~~u 1a ( 1 . 8 )  o~ it is possible

to subs titute tentative value , after takin .j inst~~i 1 of p, for

exanpl~~, frequency P* of ev ent A in this set ot oxper ini~ nt s.
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Page 4i$2.

thus, we solved direct pr oblem of the evaluat ion of the accuracy

of the determination of probabilities by the Ncnte-Ca rlo method: if

is known the numbe r of experimen ts ~ and the tent ative value of

probab ilit y p. we can find probabil ity that frequency PS will deviate

from probability not larger than by the assigned magnitude ‘.

Let us place now the inverse problem : how many experi ment s N it

is necessary to pr oduce in order wi th  FEactical confidence to expect

that the frequency viii deviate from probability no more t h a n  by the

assigned magnitude ?

Problem 2. There Is conducted a series of the independent

ex periment s, in each of which event A appears with probabi l i ty  p. How

must be the n~ ab r  of experime nts (rea l iza tions) . so that  wi th  the

assigned, sufficiently high probabilit y Q it would be possible to

ex pect tha t frequency P* of event A will deviate fr om its probabi l i ty

p Isas than op €?
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1
Solution. Let us assign any sufficient to close to unity by the

value of probability Q — let us name it th e “level of confidence’. It

. 1 prob~~ility that the frequency and pro~ebility diverge less than by

‘~ ~tll be 0 or m ore, let us consider problem solved. In practice

th• lav.l of confidence Q is chosen by any circul ar value , close t o

one , for example, 0.95 either 0.99 or 0.995 and so forth, depending

on the i.portance of the problem which we .~ursue. Let us assum e that

pr.bability Q it is assigned. Let us equate to this value of Q the

right side of equalit y (7,8):

1

‘pi T )  (7.9)

is soj ved equation . (7.9) relative to N:

~~~~~~~~~ P’
•Do-~~

j -) ( 2 Q) .  (7 10

vh rs •~~‘ — function, inverse functions of Laplace. W e hence

obta in formula for the number of experiments N:

(7.11)

If on formula (7.11) N proves to te w hole, it mu st be rou nded

off to larg. side to the nearest whole.

Per the calculations on of formulas (7.11) is convenient to have

available the tabl e of the va lues of f emotion t.~’(.~Q)r . Tabl e

7. 1 gã ves corrected value s of this fu a~tios for some most typical
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values of the level of confidence Q.

~~~~~~ io ,Y I2 ,25~ ~5,2

Pa ge als3.

Examp le 2. Is produced a series of independent experiments

(rlalizati ons) • in each of which is recorded the appearance or the

n~~appearance of e vent A whose probabilit y p 0.2 how many experi.e nts

must be produced so that the frequency PS of event A with probability

(i•VSt of eo.fid.mc.) Q~0.95 would differ from p not larger than on
— 00 1?

Solution. Num ber of exper iments N we calculate by f o r m u l a

(7.11).. On table 7 .1  for ç=0.95 we find

[~
- ‘ ~~~~~~~~

Substituting in formula (7.11) we will obtain:

.3.w4 ~ 6I1O.0.01’
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i. .. for the reliable (QzO.95) determination of probabi l i ty  p= 0. 2 ~po

for frequency with error not more than 0.01 (i.e. within limits of

0.19—0.21) is required to carry out •or~ than 6000 realization s 1.)

POOTNOTE ‘. The value of probability p. entering formula (7.11), in

practice it is possible to take tentatively, in frequency in the

first seri~~ of realizations, refining it with the accumulation of

material.. BNDPOOTNOTE.

Problem 3. Is produced N of the independent experiments, in each

of which is observed th e va lue of rand om variable X , whi ch has
mathematical expectation rn~ aid root—mean—square dev iation Is

co.pi~ted arithmetic mean of the observed values of random variable X:

~ X,. (7.12)
N ~~~,

To find probabil i ty that ar i thm tic mean I will 4eviate from

mathemat ical expectation ‘n~ l ss  tbam by the a igned ma gnitude e:

Solution, on the basis of central li m it theorem , consid er ing the

number of experime nts large, it is possibl e to claim tha t  random

variable I is dist r ibuted normally, with characteristics (7. 6) and
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(7~ 7)~. Hen ce

p ( I X _ mz I < 2~~(~~)

or

P(~~~—m~I<e)~~2G ~~~~~~~~~~~~~ (7.13)

on formula (7.13) can be estimate d t h e  accuracy of the

de terminat ion of mathemat ical expectat iat from ar ithme tic mean .

Example 3. Is produced N~ 1600 the independent experiments, in
wh ich ar, observed the values of tande, variable I with

characteristics mx 2 and O~

Page 4414 •

To find the probability of the fact that  arit h met ic mean of the
obser ved values of random variable I viU d i f fe r  f rom i ts

• mathematical expectation less than to 0.05, i.e., it w i l l  be included

• in interval by 1.95—2.05.

Solution. Through formula (7. 13), using table I of

applicationJapp,~dj x. we find:
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Let us note that  f or estimating t~. accu r acy of the

determination of ma thematical .xpectatiq~ in, by the Route—Carlo

method is not required previously to kios the quit. mathematical

expectation of random variable then substantial to know its

root—mean— square deviation ~r. which eaters in the right side of

formula (7.13).

Usually in practice, beginning the simulation of random

• ph enomenon by the Route—Carlo method , we know either mathematical

• expectation or root—mean—square deviation of which interests us

random variable. However, for the approximate estimate of the

accuracy of simulation, it is possible in the first approximation ,

instead of ‘~~ to us. its statistical evaluation, obtained in series

itself from I of the realizations:

r N
~ V -

~~

- ~ X~’—X’, (7.14)

where I —  arithmetic mean. If accuracy render/shows in su f f i c ient ,  one

should continue testings, introducing into average the quadratic

appropriate corrections with an increase in the number of

realizations.

I
Problem a. Is produce d a series of the imdependent exper iments

absve random variable I. How much it is necessary to do experiments

in order wit h the assigned proba bility (level of confidence) Q to
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expect t hat arithme tic mean I of the observed values of random

• variable ‘ill devi ate from its mathematical expectation not more than
~

C u ?

Solution. Let us place the right side of formula (7.13) equal to

the level of the confldemcs:Q:

(7.15i

is solved equation (7. 13) relative to I. Re sill obtain:

N =_ (!~.) ‘{w_ ’ (+Q)] ” (7.16)

• wk•r* [~‘(-~-~I’_- — function, given in Table 7.1.

• Example of 4. Are run the experiments above random variable I

tel perpose of approximately determining its mathematica l expectat ion

‘~
x The root—aesa— square deviation of random variable N, evaluated

preliminarily (Se the first series of exper iments ) with respect to

1 
fo rmul a (7.14) ,, ii approximately equal to ~~~~~ Rhich number of

I ex periment s N is necessary so that (with the level of confidence

Q— O.~~) arithm.tic mean l of the observed values of random variable x

would differ from its mathematica l expectation not more than on
s 0 , Ol?

Page 45.

_ _ _ _ _  -
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‘ I
Solution. Usi ng rable 7.1, for Q 0.99 we find:

[~
z-’ (4Q)} .. 6.61 1~~

Y_ w0 .

Hence on form ula 17. 16)

N— ) O O.6 bI ebI.

In conclusion l.t us pause briefly at the estimation of the

accuracy of determining the characteristics of stationary rando.

function from one realization (see §6). Since here there is no .any

realilations, and there is culy one lop g realization, do a r ise the

natural questions:

— which error in determination of the characteristics of random

process from one realization of length T?

— which m ust be the length of realizatios T, so that with this

level of confidence Q error would not exceed datum 0

The exact solution of these problems does not simply require

fi~ ..tbin reasonia gs. rough—approximat ely to these questions it is

possible to answsr , after reducing them to the questions, already

solved for many r.alizations, if we conditionally equate on accuracy

L ~~~~~~~~~~~~~~~ • •~~~~~
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one Long realization of duration T to man y realizations of length T’

of the same common/general /total dur at io~~:

T~~Nr.

where the length 3f  real izat ion T’ is def~ined as such time for which

the correlation between the values of the random function X(t) being

investigated becomes negligible.

I n  practice ‘uring the simulation of random process on one

realization, frequently does appear the questicn: the pore whether

already to stop? Did become already stable the probabilistic

characteristics of process? In such cases instead of the ted ious

esti.atioo of the accuracy of simulation it is possible to use

fo llowing tough method : to sharply change the initial con~1itions by

which is produced the simulation (for exa m ple, to assume tha t at the

initial moment not “all channels are free ” , but “all channels are

occupied”) and to repeat simulation by th changed initial

~~nditioms. If in this case on the sufficiently distant from

beginning sections of tine are obtaine d v i r tual ly  the same

probabilistic characteristics of process, this good evidence in favor

of the fact that to them it is possible to entrust.

Page £146.

I
,

A -
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Are worked out the special mathematical methods, intended for

the proof of solut ions under conditions of

indeterminancy/un :ertainty. In son e, simplest cases these methods

mahe it possible actually to find and to select optimum solution. In

the more com plex eases these methods supply/deliver the auxiliary

mater i al, whic h ma kes it possible deeper to be dismantle/selected at

comple x si tuation and to consider each of the possible solutions from

different (sometimes contradictory) points, to weigh its advantage s

and deficiency/lacks and in the final analysis to make a lec ision , if

not singularly correct, then, at least, to end thought out.

It is necessary to co;sider that when selecting of solution

under conditions of indeterminaucy/uncertainty is always unavoidable

the cell/element of arbitrariness and, which mean s, that risk. The

insufficiency of information is always dangerous, and for it it is

necessary to pay. However, under conditioRs of comp lex s i tua t ion , it

is always useful to  present the versiops of solut ion and the ir

possible consequences in such form, in order to to do arbitrariness

of selection by less rough, and risk — minimum.

• In a number of the cases, the problem of making of docision

under condttions ot indeteriinancy,uncertainty is placed in this 
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Are worked out the special mathematical methods, intended for

the proof of solutions under conditions of

indeterminancy/un:ertainty. In some, si.plest cases these methods

aa he it possible actua l ly to f ind  and to select optimum soluti on. In

the more complex cases these methods supply/deliver the a u x i l i a r y

material, which ma kes it possible deeper to be dismantle/ selected at

complex situation and to consider each cf the possible solutions from

different (sometimes contradictory) points, to weigh it~ advantages

and deficiency/lacks and in the final analysis to make a lecision , if

not singularly correct, then, at least, to end thought out.

It is necessary to coisider that when selecting of solution

und er conditions of indeterminancy/unc ertaint y is a lways unavoidable

the cell/element of arbitrariness and , whi ch mean s, th at risk. The

insu fficiency of i nformation is always dangerous, and for it it is

necessary to pay. However, under conditions of complex situation , it

is always useful to present the versiops of solution and their

possible consequences in such form, in order to to do arbitrariness

of selection by less rough, and risk — minimum.

In a number of the cases, the problem of making of decision

under conditions of indeter.inancy/uncertainty is placed in this
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form: by which value it is possible to pay for the missing

information so tha t the economic effect of an entire operation would

be maximum?.

Page £$47.

with the problems of making of decisioa~s under condit ions of

indet.rminancy/uncertainty occupies theory of games and statistica l

solutions.

In this chapter is stated some basic information fr3m this

region. For more detailed familiar ization can be recommen ded vcrks

(24, 25. 29].

2. object/subJect of the theory of games. / basic concepts.

During the solution of a series of the practical problems of

operations researc h (in the region of economics, of military science,

etc.) it is necessary to analyze the situatioss, in which they

collide two (or are more) quarreling sides, which pursue different

target/purposes, the result of any measure of each of the sides

depending on which modus operandi it will select enemy. Such

situations we will, call conflicting situations.
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Examples of conflicting situations are very varied. Any

situation, which store/adds up in the course of milit ary actions,

belongs to conflicting: each solution in this region must be accepted

taking into accoun t the conscious counteraction of reasonable enemy.

To the same category belong the situations, which appear when

selecting of the weapo n system , m ethod s of its combat e m p l o y m e n t  and

geRerall y during planning of combat operations. A series of

situations in the region of economics (especially in the presence of

capitalist competition) also belongs to conflicting ; in the role of

the fighting sides, cone forward commercial firms, industria l

enterprises, trusts, monopolies. etc. Are encountered conflicting

situations also in legal procedure. sport and in other field s of

human activity.

• Need to analyze such situations caused to life special

mathematical apparatus — theory of games. The theory of ~jam es is

mathematical theor y of conflicting situations. Problem of this the ory

— consumption/production/generation of recommendations regarding the

rational mod us op.randi of the participants of conflict.

*ach directly undertaken from practice copflicting situat ion is

very complex, and its analysis is hinder/hampe red by the presence of

maqy attendant, unessential factors. In order to do possible

mathematical analysis of situation, it is necessary to he distracted 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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from these secondary factors and to construct the simplified ,

schematized model of situation . Th is model we will call Jam .’

From real con fl ict ing situation the game differs in terms of the

• fact that it is conducted according to the completely speci f ic  rules.

Humanity since olden times uses such formalized models of conf l ic t s -

“games” literally (cartridge, chess, card games, etc.). All these

ga ses bear the character of the competition, which occurs according

to known rules and wh ich is finished “wit h one or the other player ’s

comquestN (by gain).

Such formalized games represent by tkemse l ves the mo st

coqveuient materia l for i l lu stration an d mastering basic concepts of

the  theory of gamss.

Page 448.

This was reflected also in its terminology: bot h sides, part ic i patin g

in conflict, are :onditionally named by “players”, th e issue of

conflict — by “gain”. etc.

I. game can collide interests of tw~ or mom, enemies; in the

fir st case the game is called , “paired” , in the second - “ multiple ”.

The participants of mult i ple game can form coalitions (constants or

- —
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time/temporary). Nulti ple game with two constant coalitions is

converted into paired. Great practical value have paired games ; we

will be bounded to the examination only of such gales.

Let there be the paired q ese H. in which they participate two

players A and B with opposite interests a.

FOOTNOTE I. Th is forma l condition, obviously, gives no real

ad vantages to player A. ENDPOOTNOTE.

Hearth “ga me” let us understand the measure, which consists of a

series of actions or “courses” of sides A and F. So that the game

could be subjected to mathematical analysis, must be clear l y

formuLated the rules of ga me, i.e., the system of conditions,

regulating:

— possible versions of the actions of the players,

— a volume of the information of each side about behavior

an.ther,

— a result (issue) of game, to which leads each this set of

courses.
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This result (gain or loss) not at all does not always have

quantitative expression, but it is usuaUy possible, at least

coqdiitionally, to express by its numbe r (for example, in checkered

game gain to ascri be value of 1, to loss — 0, draw — 1/2).

Game is called zero-sum game, if cpa player sins exactly as

much, as loses another , i.e., the sum of the gains of sides is equal

to zero. In zero-sum game, the interests of enemies are lirectly

cpposite. Here we will examine onl y such games.

tet us design ate a player ’s g ain A, a b — play er’s gain B in

zero—sum game. Since a=— b , the n during the analysis of this game

there is no need fo r  examining both these number—sufficient to

examine gain of one of the players; let t h i s  wiU be, let us say,

that A. Subsequently we, tot convenience in the presentation, side A

will conditionally name “we” , and side F — “enemy ” t.

FOQTNOTE t . This formal condition, obviously, gives no real

advantages to player A. ENOFOOTNOTE.

The development of game in time we will represent that consist

of a series of consecutive stages or “courses”. Course in the theory

of games is called selection of one of those provided by the rules of

the game of actions and its realization.
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Courses occur personal and random . ly personal course is called

conscious selection by player of one of the possible versions of

actions and his realization (example — any course in checkered game) .

Chance move is called the selection frQm a series of possibilities,

carried out not b7 the decision of pla yer, but by any mechanism of

raqdom sam pling (coin—tossing, the selection of map/chart from the

shuffled block, etc.). For each chance move of the ruts of game, is

deter.ined the probability distr ibution of ~osstble issues.

Page 449.

Sole games consist only - of chance moves (the so-called pu rely

games of cha nce ) either only of chance mov es (the so—called pure ly

games oj chance) ~r only of personal courses (chess, cartr idges) . The

ma j Qrity of car d games contains both personal and chance moves.

The theot y of games is occupied by the analysis only of those

ga mes whic h contai n personal courses; its problem — to give

in dications to players when selecting of their personal courses,

i.e., to recommend to them deter mi ned “sbrategies”.

Playe r ’s strategy is called the set of the rules , wh ich

I
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determine the se].ectjoi of the version of act ions with this player ’s

each personal course depending on the situation, which established in

the process of game.

The concept of strategy — one of basic in the theory of ga.es;

let us pau se at it in somewhat more detail. Usually, taking part in

game, player does not fcllow some rigid, fixed/recorded rules:

selection (solution) with each personal course is accepted by it in

the course of game, depending on the establishing

concrete/specific~actua]. situation. Hovevir, theoretically mat ter

viii not be changed, if we visualize that alt these solutions are

accepted by player previously (“ if it is summed certain situation , I

I will act such a one”). In the pr inciple (if not virtually) this is

possible for any game. If this system of solutions viii be accepted,

th is will mean that the player selected specific strategy. Nov he can

and not participate in game personally, but replace his par tici pa t ion

by the list of the rules which for it it will apply the disinterested

face (judge). Strategy can be also assigi~ed to machine — automat  in the

form of the program (precisely so they play the chess electron ic

computers).

Depending on the number of possible strategies of game , are

divided into “final” and “infinite”.

IL - - • ~~-~~ -•~~
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Game is called final , it at eac h play er has only finite numbe r

of strateg ies, and in f in i te, if at least in one of the players is an

infinite number of strategies.

The target/purpose of the theory of game s is the

co;sumption/production/generation of recom mendations for players’s

reasonable behavior in conflicting situation, i.e., the letermination

“optimal atrat.gy” for each of them.

The optima l strategy of player is called suck strategy whic h

durinq the multipl. repetition of gale e~sures to this player a

maximally possible average gain (or, which is the same thing ,

smallest possible average loss). When selecting of this strategy the

basis of reasoning. is the assumption tha t the en emy at 1~east popp y

is reasonable as and we thems i lves, and makes everything in order to

prevent us to attain its goal.

In the theory of games, all recommendations are developed

prec..ding pr.cisely from these principles; consequently, in it are

not considered err ors and players’s errors, the unavoidable in each

conflicting situat ion, or cell/elements of ardor and risk.

Tbe theory of games as any mathematical model of com p lex

ph enomenon, has it. limitations. Mos t important of them is the fact

A
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that the gain artificially is reduced to one—single number.

Page 450.

in the majority of conflicting situations when selecting of

reasomable strategy, it is necessary to take into attention not one,

but several numerical parameters — indices of efficiency. Stra tegy,

optimum for one index , vii]. be not necessarily opt imum for others.

Realizing these limitations and therefore without adher ing  to b l i n d l y

the recommendations, obtained by play methods, it is possible all the

same reasonable to use a mathematica l aEpa ratus of the theor y of

games f or consumption/production/generation, if not in the accura cy

of optimum , then , in any case of “acce ptable” strategy.

3. Payoff matrix.

Let us consider the f in a l  game in which player A (“ we ”) has m

of strategies, and player B (“enemy”) — n of strategies. This  game is

called gam. a z n. Let us designate our strategies A 1, A~, ....
strategy of enemy — B1, B,, ... , R,~. Let us assume that each side

selected specific strategy: we selected A ,, em.ey — B,. if game

co siats only of personal courses, them t~he selection of strategies
A ,, B, eniquely det erm ines the issue cf game — our gain (positive or

seqeti,.); let us designate it a,1.
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If game contains besides personal chance mov es, then ga in wit h

the pair of strategies A~. 8,~ ther. is a value random, that depends

on the issues of all chaics moves. Ia this case the natural

estimation of the expected gain was the mathematical  expectation of

ra ndom gain. V. will designate one and the same sign a,~ bot h gain

itself (in game without chance moves)amd its mathemat ica l expectat ion

(iq ga me with chance moves) .

Let us assume that to us are known the values ~‘u wit h each pair

of strategies. These values can be registered in the for, of

rectangula r array (matrix/die)whose rows correspond to our strateg ies

colu mns — to strategies of enemy (B,) :

- -  a,,

A , a,, - a,,,

— 

A, 
- 

U~ U1.

A,,, “ “ii .

This table is called payoff matri x or it is simple by the

matrix/di, of game.



~~~~~~~~

“ 

~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~

DOC — 78068722 PAGE 1&2 7

I
Let us note t hat the ccnstruction of payoff mat r ix , c~specially

for games with a large quantity of strateg ies, can by itself

rapr.sent very com plex problem .

Page 451.

Por example, for a checkered game the number of possible strategies

so is great, that constauction of p ayoff  m a t r i m  (even with the

enlistment of computers) is thus far vivt’~ally unrealizable. However ,

in principle any f inal  game can be given to matri x form.

Let us examine severa l elementary exa mples of games let us

construct for them payoff matrices.

Exa mple 1, Game “search ” ,

There are two pla yers A and B ; pl ayer A hides, in B it he seeks.

In order A , the e are two refuges (I and II), any of vhic~ it can

select at its discretion. The conditiona of game are such: if B f i nds

A in that refuge where A hid, then A pays to it penalty I rubles; if

B dons not find A (i.e. it will seek in other refuge), then it itself

mu st pay A of the same sta f f .  It is reqwir.d to construct payoff
mat r x.

_ _ __ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _  ~~~~~~ A
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Solution. Gam e consists in all of two courses, both - personal.

Of us (A) two stra tegies: A~ — to hi de in refuge I, A, - to  hide in

ref uge II.

Of the enemy (B) alsc two strategies: 81 — to seek in refuge I,

B, — to seek in refuge II.

Befor e us — game 2 x 2. Its matrix/die takes the f or m :

L~J±i
A, -~~~

Bases on the example of this game , as it not is elemen ta r y ,  it

is possible to explain to itself some important  ideas of the theor y

of games.

Let us assume first that this game is implemented only one time

(is played only “party/batch”) . Then , cbviously. there is no sense to

speak about the ad vantages of one or the other strategies — each of

the players it can with the eq ual basis/base to take any of them.

I
L
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Ho.ever, dur ing the multiple repetition of game , position varies.

It is rea l/astua l let us assume that we (player A) selected some

st rategy ( let us say, tha t A2) we adhere to it. Then, alr ead y

according to the results of the first sqveral party/batches, enemy is

~~~j.ctured about our strategy, it will begin always to seek in

refuge I and to win. The same will be, if we select strategy A,. To

us to clearl y disadvantageous adhere to one some strategy ; in order

not to render/show in loss, we m ust alterqat e them.

Page 452.

However, if we are alternate refuges I and II is some specific

sequence (let us say, that through one Farty/batch), the enemy also

will be conjectured about this and will answer by the worst for us

form. It is obvious, the reliable method, whi ch gua rantees us from

accura te loss, it will be such organization of selection in each

part y/batch when we  the mselves it do not know in advance. For

example, it is possible to throw coin , and , it falls coat of a r m s , to

se’ect refuge I, if tail — refuge II.

The sad posit ion in which render/showed player A (in orde r not

to loss, to choose refuge randomly), obviously, it is been inherent

not on ly in it . but also to his enemy B, for whom were val id all

- ,
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reasosings given a bove. The op’ Tmal strategy of each proves to be

“mixed ” strategy, in which Flayer’s twc possible strategies are

al termated raado.ly, with identical probabilities.

Thus, we via the intuitive reasoniugs arrived at one of the

essential concepts of the theory of games — to the concept of the

mixed strategy — i.e. such, in which separate “pure/clean” strateg ies

are alternated randomly with some probabilities. In this example f rom

the considørations of sym metry, it is clear that strategies A~ and A2

must be accepted itself with identical probabilit ies; in more complex

examples the solution can be by no means trivial.

Example 2. Ga me “three fingers”.

Players A and B it is simultaneous and ind*pendently of each

other show one, two or three finger/pins. Gain or loss solves the

total number of shown finger/pins. Gai’ (in rubles) is egual to this

number ; if it even — wins A, and B to it pays ; if odd — vice versa.

It is required to construct payoff matrix..

Solution. Of each player on three strategy: to show one, two or

three tin~er/pins. The matrix/die of ga me 3 x 3 takes the form :

A j ~~~
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We analyze situation. It is obvious, to any our strategy the

enemy can answer by the worst for us form. For example if we select

A 2, it answers us B,, and we will lose 3 rubles. Strategy A,, it us

will answe r 8~ , and we will lose S rubles; to strategy A3 — B,, and

we again lose 5 rubles.. It is obvious, certain advantage has strategy

A~ (with it loss is minimal), but also it for us is clearly

unfavorable, since always it leads to loss..

Page 453.

Wowever, let us try to stop to the point of the second player

(B). Its position also not frc. bright. If it selects B~. we will

answer it A3~ and it will return to us 4 rubles; if B, - we will

answer A, and we will again obtain 4 rubles; also on 03 of us

answer/response A 3~ which leads to the even worse result: B it will

lose 6 rubles.
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I t leaves, gam e is unfavorable neither that nor other of the

— players: each of t hem , a f t e t  selecting some specific s t rat e gy ,  is

condemned to loss ! this suggests, that also here out put/y ield - in

the application/use of mixed strategies; it is real/actual, so it

there is, but in this example matter is not as simply as i n  previous,

and in order to find the optimal strategies of aides, it is necessary

to learn to solve games. Subsequently we will return to this example

and will find its solution.

Example 3. Ga me is “armament and aircraft”. Available are three

forms of the armament: ~~~ A,, A 3; of enemy — three forms of the

aircraft: ~ 1, B,, B,. Our problem — to strike aircraft; the proble m

of th. ene my — to preserve him that nonafflicted.. Our !‘ecsonal course

— selectiop of the type of armament; the personal course of the enemy

— selectiop of aircraft for combat operations. In this game there is

even a cha nce mows — application of armament. By armament A 1 aircraft

B1J B~. B, are surprised in accordance with probabilities 0.5, 0.6,

0.8; by ar mament A , a with probabilities Q.9, 0.7, 0.8; by armament

A, — with probabilities 0.7, 0.5, 0.6. To construct the aatrix/di~ of

game and to analyze situation.

Solution. The matrix/die of game 3x3 takes the form:
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A, 0.7 0.5 0.6

where the gain — kill pcobabilit y of the aircraft (we attempt it to

ma ximi ze, and enem y — to minimize).

Above this game it is worth thinkiig, since it possesses some

special properties, imperceptible on first glar*ce.

tet us become first to the point of player A and will sort out

one f~r another all his strategies. A 1 the enemy will answer us B 1,

and we will win 0.5; on A~ — B,, and we will win 0.7; on A 3 — a g a i n

B,, and we will win 0.5; to A,—B,, and we will win 0.7; on , — again

B,, and we will win 0.5. It is obvious, certain advantage above

others has strateg y A, — with it we let us win more, namely 0.7.

Let us become now to the point of enemy; we will not forget ,

that it wishes to return a little less I Let it choose B1 — we answ*’r

it A 1, and it gives up 0.9; B, we answer it A 1, and it gives up 0.7;

- -~~~~~ - - - - _ _ _
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on B, — A,, and it gives up 0.8. It is log ical, it will prefer B, in

order to return only to 0.7.

Page 454.

We see that in this example of strategy A, an d B, wit h gain 0.7

they are most advantageous immediate ly for both sides; to player A it

is more advantageo us anything to choose strategy A,, to player B —

strategy B2, Ci the maximum gain A coincides with the minimu m loss B.

Is reached as if position of equilibrium: if A selects strateg y A,,

then B cannot find the best output/yield, than 8,, and vice versa: if

B it selects strategy B,, then A it cannot find the best

output/yield, than A,.

Subsequemtly we will see, that the pair of strategies, which

possess this property, they are the optimal strategies of sides and

form the so-called solution of game.

1. Lover and upper pure value. linimax principle.

Let us examine game m x n with the matrix/die
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Letter i let us de signate the acmber of ocr strategy, by letter j -

number of strategy of enemy.

Let us reject/throw a question concerning mixed striteg ies and

will examipe thus far only Eure/clean. Let us assign the mission: to

determine best among our strategies A1, A,, .. ., k~. 
We analyze

consecutively each of them, beginn ing wit h A 1 and ending A.~. We

analyze copsecutively each of them, beginning with A 1 and ending A~.

Choosing A,, we they must calculate, that the enemy will answe r it by

that of strategies 8,. tot which our gain it is minimal. Let us find

miai mu m from numbers a,, ~~ the i row apd will designat. it a,:

;~~min a1, (4.1)

(sign mm it designates the minimum value of this pa rame te r  at al l

çossible j).

_ _ _  _~~~~~~~~~A
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Page *55.

Let us write out au.b rs ~ (ii*i ms of rows) next to

matrix/die to the right ii the for m of the additional chair:

~~ 

1 . . .  ~~ 

J 
UI

_
4~ 

__-

~~~~~~~~~~~~

_

~~~~

~ 
_
~

_ [
_ _~L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

;

-V ~~~ ~
1rn~ 

- -

~ 

- 

“u,,~

~~ i ~ ~, i i~(~~a b c U ~~yNIl ~ l(~a~4~O 1  ~~~
Key: (1).. (minimums of roes). (2). (Ilaxim u ms of columns).

Choosing some strateg y .4,, we they must rely on the fact that as

a result of the reasonable actions of enemy we will win on ly a,. It

is logical, functioning •ost carefully (i.e. avoiding any risk), we

must prefer to other TO strategy, for which the number cc1
. is

maximal. LCt us designate this maximum value a:

a — max a,,

or tahing into account formula (4. 1),

a — max mm a11. ( -
~ 
.3)

a is called lowe r worth of go.., other w ise — by .aximin
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gain or maximin. Player ’s that strategy A which corresponds to

ma ximin a it is called maximin strategy.

it is obvious, if we are adhere to •aximin strategy, then to us

with any behavior of the enemy is guaranteed gain, in any case, not

smaller a. Therefore value a is called “lover worth of jane”. This —

that guaranteed minimu m which we can to wurselves provide, adhering

to its most careful (“ reinsurance”) strategy.

it is obvious, analogous reasoning can be led, also, for enemy

B. It is of interest to convert our gain into the minimum ; tha t means

it must look over all its strategies, selecting for each of them the

maximum value of gain.

Page 56.

Let us write out below matrix/die (4.2) m ax imu m values Q., on the

chairs:
— m x  g,j

let us find the m them minimum :

m m  
~,

or

mm max a 1~. 
(4.4)

L - - k~~~
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Value ~ is called uppe r pur e value , otherwise mini nax  ga in  or

minimax . Corresponding to gain ~ strategy of the enemy is called his

.i;ima x strategy. Adhering to his most careful minima x strategy,

en.my is g uaran tee d, that in any event he will lose not more  than $.

The principle of precaution, which dictates to playars the

se lection of corresponding strategies (maximin and m m m i x ) ,  is in

the theory of games basic and is called the minima x pr inciple.  tt

escape/ensues fro. assumption about the soundness of each player, who

attempts to achieve the target/purpose, opposite to the

target/pur pose of enemy. Most “careful” ma ziain and m m m i x

strategies frequently designate by com mon/general/total term “ m i ni m ax

strategies”.

Let us determine lower and uppe r cure values, and also minim a x

strategies, for three examples, examined in the previous paragraph.

Example 1. (Game ta “search”). Deter m inimg the minimums of rows

a, and the maxims ma of columns ~~~,, we will obtain

L



DOC a 78068722 PACE AD39

—

A, —
~ 

-+1 —I

— —;
~

_  
+ I -I

— 
~

-
---——----

I I

Since values a 1 and fL are comat ib and equa l to with respect

—1 and +1, lover and upper pure values ate also equal to -1 and +1 :

49

• Pl ayer ’s any strategy A is him •aximin , and player ~ — by his

mi~imax strategy. Conclusion/derivation it is trivial: adhering to

any of his strategies, player A can guarantee, that he will lose not

more than 1 rub.; the same can guarantee player B wit h his any

strategy.

Example 2. (Game “three fingers”). Writing out the minimu ms of

roes and the maximums of chairs, let us find lower worth of game a =

—3 and upper 0=4 (are isolated in table by sold type).

Page ~457.
Our max imum strategy A1 (app~ying it schematically, we guaran tee ,

A , A , A, J a1

A , 0,5 
-•
~
-—•—;::;—‘

~-1 0,8 p 0 ,5

A, 0,9 0,7 0,8 0,7

A, o,; ~

, 

0,5 0,6 0,1

0,9 1,7 0,1

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- ~~



- 

~~~~~~ 
_ _ _ _

DOC — 78068722 PAGE

that let us win not less than —3, i.e., let us lose not more than 3).

Mi nima x st ra tegy of enemy — any of str ategies E 1~ and B~ ; a p p l y i n g

thee systema tically ,  it can guaran tee, that it will not return wore

than 4. If we step back from our maximin strategy (for example , let

us select A~) ; the enemy it can us “punish” for this, after using B,

and after reducing our gain k—5; equally and the departure of the

enemy from his mininax strateg y can be “punished” by an increase in

its loss to 6.

Let us focus attention on the fact that linilax strategies in

this case are not stable. It is real/actual, let, for exampl e, the

enemy select one of his ainimax strategies B
~ 

and he adheres to her.

Afte r lear ning about this, we will pass to strategy A~ and will win

4. On this enemy will answer by strategy B, and it will win 5; this

we, in turn, will answer by strategy A~ aqd will win 4, and so forth.

Th us, the position in which both player use t h eir ainimax strategies,

is unstable and can be broken by the acted information about strateg y

wh ich applies the contrary side. However, this instability is

observed not always; of this, we will be convinced based on following

example.

Example 3. (Game is “armament and aircraft”). Be determine

the m4.nimu .s of rows and the .axi.u.s of the chairs:
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B, B, 8,

h E A l ~fl -~T~ ~ _

—3 4 
_
~~~~—5 p

~ I ~ 

— - —

~r±1~ ~fTh
Page 458.

La th is case lower worth of game is equal to upper:

= ti — (1,7

~~inimax •trategies A, an d B, are stable: if one of the players

adheres to its min imax (maximin) strategy, then another player in any

va.y cannot improve his position, stepping tack from its.

Thus we see that there are games for which lover value is equa l

to upper :

These games occupy the special place in the theor y of games and

they are called ga mes with saddle point. In the matrix/die of this

game, there is a cell/element, wh ich is simultaneousl y minimum in its

L
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row a~ d maximu m in its chair; this cell/element is called “saddle

point~ (by analogy with sa dd le point on the surface w here it is

reached the minimum on one coordinate and the m ax imum on a nother).

The common/g e neral/total value of loser and upper pure value

- i is called pure/clean worth of game.

To sadd le point corresponds the pair of •i4imax strategies;

these strategies ire called optimum , and their set — by a solution of

game. The solution of game cossesses the following property: if one

of the players adheres to its optimal strategy, then for a nother it

cainot be advanta;eous to differ from its optimum (this deviation

either will leave position constant/invariable or it will impair it).

Actually, let in game with saddle poin t player A holds its

optima l stra tegy, and player B — by its. As long as this so — gain

rema i,~s co nstant ind equal to worth of gam.f\ Joe let us assume that B

allowed deviation from its optimal strategy. Since cell/element is

mini mu m in its row, this deviation cannot be advantageous for B;

equally and for A, if B adheres to its optimal strategy, t here cannot

be profitably deviation frcm its.

We see that for a game with saddle point minimax strategies
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possess stability. The pair of optimum strategies in the game with

saddle point is as if position of equilibrium: deviation from the

optimal strategy causes such change in the gain which

diaadjantageously f or the deviating player forces hi. to return to

its optimal strategy.

Pure~cleaa worth of game in game with saddle point is that

value of gain whic h in game against reasoqable enemy player A cannot

increase, but play er B — to decrease.

Page 459.

Let us note that in payof f matrix there cas be not one saddle

point, but several. For example, in matrix/die is six saddle points,

___________ I h- 

_______ _______ 
1 
________ 

I 
_______ ______ 

I

A, 2 2 I 1 i 2 I

A 2 I I I I 0

A, I I [ I I 2 I

A4 I 2 I 

— 

2 
— 

I

2 j~ j I 2
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with the com mon/general/total value of g&in a = — v 1 and the

corresponding pairs of the optimal strategies:~ A1B,, *383, A,B,,

£433, A,B,. It is not difficult to demcnsbrate (we this make will

not) that if in the matrix/die of game several saddle points, t he n

they all give one and the same value of gain.

Example. Side -A (air defense weapon defends from the air raid

the section of ter ritory, disposing of two instruments No 1 and No 2

the zones of action of which S1, S~ do not overlap (Fig. 9.1). Each

instrument can fire only aircraft, passiqg through its zone actions,

but for this it must previously (prior to the entrance of

target/pur pose into zone) follow it and develop sighting data. If

target/purpose is fired, it is surprised with probability p = 1. Side

B has available two aircraft each of which can be directed to any

zone B the torquefmoment when side A realizes the tarqet assignmen t

(it assigns, to wh ich instrument on which target/purpose of

shooting), moving target aircraft so I is directed to the zone of

action S~ of instrument No 1, and target No 2 — into the zone of

action 5, of instrument No 2. Ho we ver , after makin g of decision by

target assignment, each target/purpose can maneuver, after using

“misleading maneuver” (see broken pointers in Fig. 9.1). Proble. of

side A — to conver t to maximum , and sides B — to convert i nto the

minimu m the number of affected target/purposes. To find the soluti cn

of game (the optimal strategies of sides).

~~~~~~~~~
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Pig. •.i. Eey : (I). Target/purpose. (2). Instrument.

Page 460.

Solut ion. Of side £ (air defense ~eapon four possible strateg ies

— each weapon follows after directed for its zone target.
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— instrument they track a target ‘~cros.— crossv~~e” (each 
-

after the target/p urpose, which is directed toward neighbor) ,

£3 — both instruments they track a target No 1. P

— both instruments they follow target No 2.

Of si de B ( target aircraft)  also four strategies:

B 1 — both tar get/purposes do n~ t var y direction.

B, — both target /purp oses app lies misleading ma n euver.

83 — the first target/pur pose is applied misleading maneuver ,

but the second no.

8, — the second target/purpose is applied •isleadin~ ma neuver ,

but t~~ first no.

Is obtained game 4 x 1$ whose .atrii/die is given in the  table :

- -
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~ 1 B~

~~~~ ~~~~ L

2 I~) I 0

• 4 ’ ~~~~~~~~~~~~~ O 2 1

A ‘ \ I 
— 

i 
- - - -

I 1 I

- fl u 
~~~~~~~ 

p :p ~T~
T _

Finding the minimums of rows and the maximums of chairs , we are

coqvinced that the lower worth of game is equa l to uppe r pure  va lue :

a- $—ial; that mean s game it has saddle point and solution in the pure

strategies, which leads to pure/clean wor t h of game ~ a1. In this case

of saddle points not one, but whole four each of them corresponds the

j pair of the optimal strategies, which gives the solution of  game .

Worth of game ~=1 mean s that with the optimum behavior ot sides the

aircraft will unavoidably lose one aircraft, and any contrivances

will aid them to lose less, but to the air defense weapons — to btinq

down are more than one aircraft. Is reached this state ot the

equili brium when both sides use their optimal strategies: inst ruments

follow both one and the same aircraft (b~ any), and aircraft are

directed after target assignme nt for one and the same zone (any).

-a
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The class of the games, which have saddle point, is very

interestijlg both from theoretical and from the practical point. To it

belong, in particular, all the so—called “perfect information games”.

Perfect information game is called such game in which each

player with each personal ccurse knows the results of all previous

courses — both personal and random. As examples of games wit h

complete information can serve: cartridges, chess, known game the

“crosses and zeroes”, etc.

Page 461.

In the theory of games, is proven , t ha t  each perfect information

game has saddle point and consequently, solutiom in the pure

strategies. In other words , in each perfect information g ame there  is

a pair of the optimal strategies of each side, which gives the stable

gain, equal to pure/clean worth of game. If perfect information game

coqsists only of personal courses, then during application/use by

each side of its optimal strategy game must end with always

completely determined by the issue, equal to worth of game v.

As an exam ple let us give following perfect information game.

T*o Players they alternately put identical coins to circular table,

ch .osing arbi t rar i ly  the position of the coin (mutual over lap  of

A L 4



p
DOC — 78068722 PAG E

coins is not allow/assumed). It wins the one w ilo will  place t h e

last/latter coin (when places for others no longer will remain). It

is not d i f f icu l t  to  ascertain that the  issue of this game is decided

beforehand , and there exist s specific strategy, which ensures

reliable gain to that of the players, who puts coin by the first.

Namely, he must for the first time place coin to the center of table ,

and furthe r on each course of enemy to answer symmetrica l course. It

is obvious, no matter how behaved enemy, to him not to avoid loss.

Therefore game ma k es sense only  for those, who do not know its

solution. In exactly the same manner matter is with the chess and

other perfect information games; any of these games possesses saddle

point and, which means, that by the solution, which indicates to each

player his optimal strategy, so that game makes sense o n l y ,  while is

unknow n solution. The solution of checkered game found (and in the

foreseeabl e future  scarcel y wh ether it will be found) Onl y because

the number of strategies (combinations of courses) in chess is too

great so that it is possible former to construct the payof f matrix

and to find in it saddle point.

5. SoLution of game in mixed strategies.

Among the fin al games, wh ich are of practical us , not  too

frequently meet the gases saddle point; more typical is the case whe n

lover and upper pure values are different. Analyzing the matrix/dies
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of such games, we arrived at the conclusion that if we to each player

let the selection of only one pure strategy, then taking into account

reasomable enemy this selection must be determined by the minimax

principle. With this player £ guarantees to itself a via, equal to P -
-

lover worth of game a. Does arise the question: it is not possible

wbqther to guarantee the gain, larger tbaq a, if we apply not a

one—only, “pure/clean” strategy, but to alternate randomly severa l

strategies? Such strategies, which consist of the random rotation of

the pure strategies, are called in the theory of games displaced.

With the use of mixed strategy before each party/batch of game , is

released into course some mechanism of random sampling (coin—tossing,

the die or calculation by the machine of random number from 0 to 1),

that ensur es the appearance of each strategy with certain

pr obability, and then is accepted that strategy,  to which fell, the

toss.

H
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Mix~-~1 stratej ie~ represent m a t h e w a t i ~..ai ~‘~~~i-~~ ot vx:iahle , by

k € n ~ in ~; th e  t ac t i cs, w i t r  w h i c h  th E EflE~~~ ~L~~~
-
~~~ ; nj t  kn~~w , ~i r,d i t

cann.)t i~~~
-
~~~ rn previou~ 1 y, with ~~ icn  ~itu~it  icr. rcr i t  it i,s ,necessary

t~~ 1 e a;~~t .  Tti~~S ra flti~ )fli L L ) t d t j O f l  o~ nethc 1i ~ (of c-~~~r s~~, without the

c l k - l : ly  ~a e t .~ rn in e i  pr o b i l~ilit ies)  t i~cy t :e  j u t ~~:t lv use in ~ arJ games.

L~~t us  i n t r oi uce s~~~cial  .i. i .~n i icn ~~r c~i~~~.i ~;‘ ra t e~~ies . Let

t L f L - : •  t~~T th~ yame fri. in w L ~ich of us (A) a Cf £t r .xt eJ ies :

anJ  D f  .-r ~o~~y ( 2 )  
— n s t r a te gi~~;: B,, B, .... B,. Let us

designate

SA = (p ~. p 1. .., p _ )

cur mixed strateg y in which strategies ~41. A ,,. ~~ ~ re i pj lied w i t h

Fr o b a t~ilit ies i’i. p,. ..., p,,., •oreover Pi +/’, -- .. - - p , = I .

\n i 1~~~~us d*~sxgna tion to i  th~ m ix€ -i stL~it e—I~ i t th ~~ -~ne.y w i l l

S~, ’-= (q, q,. 

-~~---- --
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wh e r e  q14q,—.- ...-.f- q,.=1.

It  is obvious , each pure/clea n stratt ~y i~ ~a case m i x e d :

au ~ t r t ej ie s , except da t u m , h~ v~ prol~ oil~ ti~ .;, t jual to zerc, and

datum — to one.

I t  proves to be , if we a l l ow not cn l y L U L  , j J ,  an , ~ u t  i l so  m ixed

st r a t ~~~y ,  t h e n  it is possible for oac}~ fi~ a~ ~ , i;; ~ ~ ~in i  solit ion ,

i. e. , t h e  pai r  of t h o  s t a b l e  o p t i r v a l  s t r a t cj i . - ~ ~ ~ho p 1-a yers .

The solution of g a n l t is ca l le d  t h e  p a i r  o: o p t i m a l  ;t i - i t~~-Ues

~~~~~~~ 
in t he  g e n e r a l  case m i x t ~d , w h i c l  po~~ e~> . ~~ie : )11owi~ -~

prope r ty :  if one of t n e  p l aye rs h o l d s  1~Is c~- t i n i 1  ~ t r a t ? j y ,  t h e n  t o

a n c t ~~cr  it ca n n o t  be p r o f i t a b l e  to stek . ~ a c A  l i o .n i t s .

Th~-~ g a i n , which corres~ on d 3  to  solut ic- n , is ~ al1od  d o L t  h ot

g a m e ;  w~-~ will (as is earlici — ~ u re/ c l e a n  val 0t ) L ai~;n i t e  i t  ~).

Th e re ~.s the  so—called tun darn~ n t a l  t he o ry  ~ ~ the t~~ ory of

~am ~~:, 4nich consist ~ of tollowinj .

F-a~~b f i na l  g a m e  h a s  at least  one so lu ~~ion , p J s s i hl y ,  in the

-~~~~~~
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ra~~-j~ ct m i x e d  s tr at e ji e s .

~e w i l l  not be s top ped on t h e  s t r i c t  ~ioc  t i f  t h i s  t~ieo r~~m ,

~~~ t - e i a l 1 y bec ause sub 3~~cj u e n t l y  t he  e x i s t en L ~. Ct  tn e  s ol ut i o n  of g a m e

will ~~ suffici ently obviously from ot t’eL- c o i i s i d - ~~~i t i o n s .

F r o . n  f u n d a m e n tal theorem it f o l l o w s  t h ~ t e~~c i  f i n a l  ~j a m e  has a

v a l u - . w o r t h  of  ga me v a lw a y s  lic ,/ t e~~ts t w~~~i~ iu~ ’r w o r t h  of g am e

-~ a r ~. i u p j - e  r pu re  v a l u e  ~ :

a< v<~~.

It is real/actua l, a t h e r e  is th e  w a x  u u  w ~j u ar dn t e e i ga in , whic h

w~ c-in to our se lves  ensure , a p p l y i n g  i ts  c n l y  ‘ ur e ~;t r at 3 gie s .  Since

~ i x 4 ’d r t i~~tey ies c o n t a i n  as a sp-~c ia l  cas e ~ V e r y t u i u g  pure/clean,

t h e - n , allow/assuming besides pure/cleat evt i i’iix ~~ i ~t~~~ t~~-j ies, we , in

any c iSt ’, will not i~~ air our po~siz i1 It i e s ;  t h i t  w ea u s

V ~~,

E d J ~ 4b 3 .

It is an a l o g o u s , e x a m i n i n g  t h e  ç o s s i L i l i r i ’ -~ ot  e n e : iy ,  le t us

de’nicnstrate that
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wh .nce

Let us assum e t h a t  1 U fl x n w e h ive  is o un i sil U t  1011,

w h ich consists of two e~)timal st r a t c g i€ s :

— (p3. p~. ..., ps); Se’~ (q~. q1, •...

I n  t h e  Jenera 1 c i S c ,  scme of n u m b er s  p~, p~ ..., p~ ; q,. q,, .., , can

i-c .~ j u a l  t o  z e ro, i.e., not all st tategies, availaile to playe r ,

En * OI iii his optimum m Ixed strategy. Lt t u s  c a l l  l i ~ ei  ‘s a ct i v e

st ~it o gie s  those that. en te r  in li ~~; o p t i m u ni • ~x e i  .t t i t c ~~ w i t h

di t~~c : t ’n r  f r o m  zero  p r o f a b i l  i t  los. ~‘or t h e - ~ol  ution ot es vital

1Ul~’O Ltdflt’O has  t h e  f - 1  lowing t h o o L u m  a~ c u t  ~ c t ~vt ’ s t  r-t t -~Jies .

I I  onc of tha  p la y er s  ho lds  h i s  o [ t j m u ~. ~ ~~‘ I  st r a t ~ g y ,  then

gain i cinain~. constant/invariahle a r:d equ a l to  w~ : r t i  i f  gi me V .

r oy a r i  less of the fact the tact t hat mdk es iiot he~ j . I a y L~r , if  only

that lees not fall outside the a kpat itcr s c: t t s  a ct i v e  3 t t a t e g i c s

( i _ k ., is USed any ot them iii ~) U L ’ C  tor m CL s i L t  w i~~~~d t h e n  in  a n y

p r o p o r t i o n s )

Let. U s  demoristr .it t t h i s  t hco r~’m . let  t i i e r  , - t n ’  ~ i1 U t i O f l  of

ga me in x n i n  w i x a d s tr u t e g i c s , i n w h i c h  seie ~~~: 1t t g i e s  ar e  a c t i v e ,

k u t  et hu~~ no. Let us ind ex St rategies th.a t so th  i t  a c t i v e  would be

first K Lt  p l ay e r ’ s ~t rategies A and f i rst  L ~~t ~ I a y e r ’ s s t r a t e g i e s
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B. Solut ion will take tue fornl :

Sag’ = (ps, p1, . . . ,  p~, 0, ..., 0), (P~ + p~ +... + p~ — 1);
S1’ — (q3, q,, ..., q,, 0, .. ., 0), (q1 + q, + ... + q, — I),

afl i i t~, d l p l i ca t i o n,/u s €  leads  to t h e  g a i n , t g u a l  to wo r t i  of game v.

It is c la im ed  t ha t  if we ( A )  w i l l  a dh e t e  to our  o~ st r a t ej i es

S~, 
the enemy (B) can apply his stratecies 

~~~~j , B,, ... ,  B1 ( b u t no t

B j + , ..., BR) in  any  p r o p o r t i o n s ; t h e  g a i n  in  t h i s  case remains c o n s t a n t

a n d  equa l to v.

Let us des igna te  V1. v,, . ..,  v~ the gain , Lo~~rin -~, if we use optima l

strategy S,, and e n e m y  — by rure strategies B1, B, . B3. F r o m  t h e

determination of the solution OL  ~j a n e , it f o l l o w s  t h a t  on e—s ided

devidt ion of enemy from his opti~iia I strat e j ~ c a n n o t  be to it

p r o f i t ab ly ; t h er e f o r e

v1~~~v V~~~V; ...; V~~~V.

Let  us look, can at least on e of values v3, v,, ...,  v1 turn out to

be actually more than V. . It t ur n s  oij t nc. A c tu a l l y ,  is expresse d

g a i n  , with opti mal strategies S~, ,~~~~ t h r o u y k -  g a in s  v~, V , ...,

Fay4’ ~464.
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:~1nc ~ ~ :i ni~~ d strateg y 
~ 

pure st i at ~~g ie~ B1, B, .  B & tC

app tie l ~i,tIt proba Lii ities 4~. ~J2. . . .,  q,, the n a Vt r i  ~~ g a i n  w i l l  be:

= 
~
‘1 q3 ‘~ ~, ± . . .  +v1 q,= ~~v1q1, (5.1)

mor ~~o ve r

q1 J q2~~... e q 1~~ I,

It  is obv ious  tha t i t  cf v a l u e s  ~~ ~~ ,, ~~, 
at  1 o i~~t o n e  was more

than r , t hen t h e i r  al so  m e a n  s usp e n d e d  v a l u e  1. 1) u o u l i  be m o r e

than ~, which contradicts cor i ii t  ion . ~ hu s , •~~~~aous t ra te d  t h e

th e o r e m , w h i c h  w e  w i l l  u se  e x t e n s i v e l y  d u r i n ~ th e  s o l u t i o n  of gam es .

6. :~~ rn ’~iification in t h e  ya~~cs.

It  Js~~flC m x n does not  h a v e  s a d d le  p o i n t , tn e  f i nd i n g  of its

solu~ icn , especiall y with large fl a n d  11, LTt ~U t  sc n t s  by i t se l f

sutfici erit ly laborious problem . sowetim es th is ~~~o lem c~ n be

s i w p 1 i f ~~c~i , if we p r e l i m i n a r i l y ” r e d u c e ” IaIU t’, 1.’., to  r e d u c e  the

nu m b e r  i t  st L - a t e j i e s  by  t h e  d e l e t i on  of so t t t  xc css  i v e .

Rxcessive strategies are ei t w o  k i n d s :  iu ~ licating and knowingly

Un tdVO L .ini €.  

— --—-_____ _ _ _
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Let u s  c on si l e r , f o r  exu lu ~) 1 ’~ ~a~ac , j4 , ~~~~~ t he tL~ tri x/(Iie:

B, 8, 8, B,

_ _ _ _ _  
I

A2 U 

~ I ______________

A, ~ 1 2 I ~
A, I 3 •—

~ I J 0

F~~e t  ma t r ix / d i e  it is € v i d e it  t h a t  s t L u t t s j y  A~ n a c c u ra c y

t e F e u t s  ( “ d up l i c a t e/ b a c k s  u~ / r t - in ~~orce ”) st~~1t Jy A 1;  t a e r e to r e  any

cf t :- ies ,~ two strategies can i e  c:osse’d c u t .  F’ U L t . . :, equ at e / c om par ing

p i~~c € - r n c . i l r o w s  A 1 a n d  A~~, w€ se~ t h a t  a l l  L C W  t l ~~u~~~t s  A~ are le~~
(o r i r e  e~ u a l )  e q u i v a len t  c c m p o n e n t s  of r o w  A 1 . .i .t t :n~~ A: 1 s t h a t

strate gy A 2 :or us , t hat di~sire t o  b i n , is K 1 - o w i :~ ; l y  u n t a v o r a b l e .

D e i t j n g  
~~ and A~, let us lead matrix /die tO  t~~~ simpler fora~

8, 8, B,~~~~~ B~

~~ ~~~~ i~~~~~~~~2 ~~ ‘ 3

— 

A, 
~ 

4 I_ I I
i’~~ j e  14~~~

W e j u r t h e r  n a t e  t h a t  fo r  an e n e m y  s t r a t e gy  o~ is k n o w i n g l y

u n f d v ~n i - 1e ;  we i e l t~t e  i t , an d  ~n a t i i x/ d ie  i. . g iven to t&L ? form :
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_ :
~.~J _ ;:__T 

_ _ _ _ _ _

A, 2

A, I I 0

I a u . ~, ~~e ~ x 4 is r-~uuced to g a m e 2 x 3.

S c m c t i n e s  i t  is pOssiblt~ to s im 7 l i ty  ~ u m n e  ~y a rt i t i ~~i a l

i nt r o d u c t i o n  i n s t e ad  o f  tb e  p u r e  s tr a t eg i e s  — iv ix~ d .  Le t  t h e r e  be ,

for examp le, the ~awe 3 x 11 w i t h  t h e  m a t r i x / d i e :

a, /t, ,~,

A I I O  I 
________ ________ - 

2

A2 Ii I 0 2

A, 
~

‘ I ~ I 1 I

Examining matrix/die, we nott~ t h a t , in  v i e w  oi s v m ~~~ t L y  of

c o lu ~r n e l e m e nts  
~~ an d E 2 ;  ~~ a n - i  E 4 ,  an d a i se  r- ’~~s A 1 a n d  A 2, th e se

st rateg ies, if they enter in solution , t h e r ~ o n l y  -.~~t h  t .~~ i d en t i c a l

probabilities: Pi = P 2 ,  Y i  12 .  ~ 3 -i~~~~~~
- l1 e m1ce i~~~~~r~ t ,A e  idea: to

p reviously join strateg ies B
~ 

an -i ~~ i nto ~n e ~r ixed strategy B 12,

w h i c h  COflSiStS hal t or B~ , halt ot ~~; so t o  ac t  ~ it  it st : at eg i~~s B 3

anti 
~~~, 

i.e., to join them one mix ed strat t~ y :,, , in d h i ch  B3 and 3,

H tney ~nt~r with ilentical probabili ties 1/2. Wc t e a l  m a t ~~i x/ J i e to

t h e  t o r m :

—
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~
~ 1 ~‘F~
A, I
A , 5 I

‘ow i t  is e v i d e n t  t h a t  j t  t h t - ~ e n e w y  uses s~~r - i ~~~g 1~~s J ,~~, B 34,

~~ a n d  A 2 i u p l i c a t e,’.~~ck U k / I C  i f l i o Lc e  ~ac h  ot~i e r ;  d e l e t i n g

a n y  ~~~ t h e m (or j o i n i n  ; A 1 and  A 2 in t o  cn~ A~~~ ) , ~e lead m at r i x/ d i e

t o  f o r w  2 x 2:

8..
• 

~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~ 
_ _

A, 5 I

Pa ge ~~~~~

T~ius , j a m e  3 x 4 is re duced tO (Jane 2 2.

~~~~~ i:i n m y  the sol u t i o n  ot ia y g a m e  m x ii , i t  i ~ - ~i ;es~~d r y  t o

t i r s ?  of ,t l l  t u l f i l l  t h e  f o l l o w i n g  p r c c c d u L . - ; :

— t o  Look • no w h e t  her  in t h e  m a t  r i x/J jL  c t  - , t  t i e  ~‘JL Il t : i t  be ,

L•~ •~1 -
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solut i on  i s already f o u n d  —

- 

- 
— i :  t h e re  is no sad d l e  p o i n t , to  co m p a r e  h - ’rwc ’en  t t i eu s e l  Yes

p i e c e n c a  I. c o l u m n s  and  r o w s  for purpose or tne deletion at duplicatin g

a n 2  k i i o w i n j l y u n f a v o r a t ’l c  s t r u t t ~g i t m %

— t o  look , it  is n o t  ossi t i l~ t c  dcc r e use  t t  nu:nber of

~ t L t t e 3 i t s  w a y  r ep lac ~~‘ i t  01 some g r o up s  c: p u r e / c l ea n  — t h o s e

m i x e d .

7. &ame 2 2.

The simplest case of final ga ne i~ -ja rn, 2 x 2 , W h e t  of each

p lci yer two strateg ies . Let  us c o ns i der  .a  m c  2 x 2 w i t n  t i l e

r i t r i x/ J i e :

- , >~~~~~~~~~~~~ 8,
_

A, 
— ______________

-~~ A, a,, a,,
I

h e r e  can be met two cases :

1) ~ja in. has s a d d l e  p o in t~

2 )  ga me does not have saddle point.
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i n  t h e  f i r s t  cas~ s o l u t i o n  is ob vj ou :; : t h i s  — t h e  p l i r  of

st rc~ ~~.J 1cs  of thos e i n t e r s€ c t i n -j  at s a du l e  t - 0 1  n t . It  is t o t  ditficult

to d em o i i s t  r at e  t h a t  if  t h e  g a m e  2 x 2 ha s  ~~~~~~~ I t 1  Ic , o l n t  • t a e n  i n  t h i s

g a m e  a l w a y s  a n y  of st r it eg i c s  ther e car .  be , c j t et ’~ m as K n o w i n g l y

u n f a v o u i u i l e or dup  h ea t i ng .  We w i l l  no t  t h i s  t - L C V ’ . 2 et  U S t to

Leader to d e m on s t ra t e  t h is  pos i t  ~on Ot  to ft ~~t n V  i r i ced  )t h i s

v a l i d i t y  on  a s e r ies  of the a r b i t r a r i l y  se Ice t ej  X a a p l e • ; .

Le t  us  cons ider  t h e  SeCOna case:  let us l~~~~i I • U O  t h a t  i n

ma t L I K / l ± e  2 x~~th? r e ar e  no sa-L 11~’ p o i n ts . I n a i m ;  case, l o w e r

wort h of g a m e  is n o t  e gu a l  to  uppe r u fr 1. ~ohi~t~ 1 :n u st  oe in m i x e d

st r a t e g i e s .  let us f i n d  t h i s  s o lu t i on ,  i .e . ,  t ~ie  p a i r  or t he  o p t i m u m

m i x e d  s t r a teg ies:

SA’ (Pi. ps); S8’ (qj, q,) .

P a y ~- 46 7 .

L . t  ti m; f i r s t  d e t e r m i n e  o p t i m u m  m i x e d  m t r at e g y S~’ A cc ord in g to

t h e  theore m about  a c t i v e  st r dt (’ - Jj e s  ( S ee  ~ u )  • it we ire i d her e  to

t h i s  s t r a t e gy ,  th3  n , i n de p e n de i ir  o r  t h e  m n o d u ~. c~ ci  m d i  i i  en em y  ( i t

it o n l y  it toes n o t  e x cee d  t h e  limits Ct j t~. d C t ~~Y c •~t L - t t e y i e s )  • g a i n

w i l l  r e m a i n  equa l  to  w o r t h  of l am e  v. In J a n ~ 2 ~ 2 , bath s t r a t eg i e s

I
~ k A
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cr e n e m ~ y .tre ac t i ve  ( u t ~~e rw i s c ~j - ui~e w ou l d  h a v e  saddle  point). That

means if w e  a d h e r e  to o u r  o p t i m a l  strategy SA (p,.  p ,~ then enem y

C a n , w i t n a u t  v a r y in g  g a i n . tc  d~~)l y a n y  of it s  pure  st rat egie s . We

h e n c e  a~mv e tW o e-Juation s:

a,1 p1 fa,p,~~~v, (7.1)
a,, p, + p, ~~v.

f r o m  w h i c h , t a k i n g  i n t o  a c c o u n t  c o n d i tj c n  p~ + = 1 w ,~ will obtain:
— 

au—a,,
~ i1 +QU—O,?—Q,I (7.2)

a~~ —at.P, ’ — P i ~
---

a11 +afl—a,.— - :~~

~ OL ’ t i t  a t  gam a v let us; tind , s U b 3 t i t u t in • j  t i m . y u le  P1.  P~ in
a n y  a: eq u a t i o n s  ( 7 .  1)

II O at, (7 3)a~ ±a.,—a,,— o,,

a n a l o g o u s ly  i t  is l o cat ed  t h e  o p t i m a l  b t r - m t e j y  of  t n e  e n e m y :

S8~~~(q1, Q,J

f r o n  t he  equations

a~~q + Q ,q,~~ v. 1, (7.4)
a,1q, +a,,q,— v ,

w h e nce

— ~~“— ‘~~~~~

a,, ±a,,—a,,—a,, (7.5)
•

1 Q,— I—q ,.

E x a m p l e  1. To f i n d  t h e  so l u t i o n  o t  J a ~ut  “ s& t L c h ”  (see exa~~ he 1

• o f $~~) .

--_
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Sciution. Gam e 2 x 2 with tàe mdtii~ / d L C

B B ,

_ ____
I

A ? I

docs not  h i v e  sadd le p o i n t :  a — 1 , ~ = 41. W e  ~ cek  S O l U t i O f l  i n  mi xed

st r a t e .~ies.
I

Cn r o rn i u t a s ( 7 . 2 ) , (7 . 3 ) ,  ( 7. ’3) we obtain:

p1 m ;,~ ~, ~~ v —0; q1 1 / ;  q, —~~

SA’ (1/ i, ‘I ,), Sa (1/,, ‘/,)

P ag e  46d.

Ccnse  iu e n t l y ,  the  o p t i m a l  s t r a t e g y  or  L a C~ ~i u y e L  l ies  in t h e

f a c t  t h er , randomly alt ernating of its ~u r c  ~- t  r a t  - g i - ~ s , u s i n q  each ot

t h e m  with probability 1/2; in t h i s  cas€ , av ~~r e~~~ t i n  w i hi  he equa l

to zero ( t h i s  con~~lu s i o n/ d e r - i v a t i o n  a l r e a d y  i m a v ~ aLtain ~t.1 w~ from

i r , t u i f i v e  co n s i d e r a t i on s) . I n  a f c l l c w i r g  cxa ~~j 1 - ’ ~~‘ w i l l  consider

t h E  g a m e  w h o s e  so l u ti o n  is not so/ Su ch  C h V l e t I m ; .

E xa m j l ~ 2 . Ga m e “two bcwoers and des t r ey  :1 “.
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S i i . -  ~m Sen ds  in t o r-ej icii ot t i e  lo c at  ion c f e n e m y  ~ t w o  bo mb er s

I a r ~ 1 I I  ; I r u es f r o m  t h e  t r o u t , I I— fro m h n-i . ~) u e  of t~~e bombers

( it  :; ‘ v~ oUsly un ~~I 10Wi1 , wh el m )  m u s t  car r~ rcr .i ; ai iot  h~~r i nip l em e n t s

en ly  t ~~~~ f u n c t i o n  at  t r a c k i n g .  In  ~-n r -m y r e~;io~ ‘ - . l o m b e r s  a r e  u n d e r

at t o~ t t u c  dest r o y c u  cIT ~~i - 1 e  t ( F i ( ~ . ~~
. ~) . 

[~o t m  b o m b e r  a r e  a r m e d

[ y u n _ .  I t  oe ’stro  y e t  it  t i cks  r e a r  [ o m  k cr  • t ~ u an  it cort d uc t the

a~ the  gu~ o n l y  or  t c i .; ~ otn l e~~, t i m m ~ • i t m a g~ d e st r o y e r  with

~m - a m i b r l i t  y 0 3 .  b u t  i t  i l e ut i cy e r  a t t a c k s  t~~o n t  ~ia~am~~u, on i t  t h e y

con’ ! me t h . ’ t i re / l i  ;~~ at  t h e  j a n  i~o th  t r o n t . / l~- ‘ i f l  i a n d  r ear  b o m b e r ;

t ) - ~et  i m . - i :  t u. y s t r iK e  i ~ w i ti l  t S i C  p L o ~~a L  il it 1

I - ( I  — 0,3)’ = 0,5L

1 i i . ’ stroyer 1 -  n O t  L 1 a 5 & d / N ’ d t C f l  [y  t t~e itt ii ii L it o  ot [‘embe rs,

t h e n k t st L i k e s  sa lect ~ -i b y  i t  t a r~~ t w it h I 0 1 a L i~~l ~~t ~ 
j .  ~~~.

P~ al - l e m  ot b o m b e r s  — to  L e m ) o r t  r o n i t  ~- c  ~ .iL g~~t / t ’ u 1 p o a ~~; t he

p r  o~ •- ‘ af d e s t r oy e r  — to pr e  y e n  t t h is .

i t  is  r e qu i r e d  t o  r i n d  o~~t i~n u m  s t r a t e g i t m ;  ~ t t h e  s t ie s :

— F~~r side A — which bcmbe r t a  do ly  .1 c i t  r • r  ?

— tor  sj u i ’  B — w h i c u  b c o i u e r  t o  a t t a c h ?

£4
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Solut ion. Let us ccmprisc t m m . ~ m a t t i x / d i e  at  J a m e s , t o r  w h i c h

w i l l  fj u d  average gain during ea ch c o mb i n a t i o n  ci st r a t ej i e s . cai n —

I r c 1 ab i l ~~t y  of the  n on d e s t r u c t i c n  of c a r r ie r .

1. A 3 LI~ — car r i e r 1 , is attacked 1. C a r r i c r  .i ll  not  be s t r u c k ,

i~ L e i r n e r s  w i l l  b r i n g  d o w n  d e s t r oy ~ 1 , Ct i t  t h c y  i t  13 nO t  b r i n g

d o w n , ~-~~t also it w i l l  n o t  s tr i k e  i t s  tarqet /pur~iom ;e . Prabability

t h a t  b o t h  b o mb e r  w i l l  t o g e t he r st r i ke  t i -j h t e r , 1; e q u i l  t o  ü . c i

t h e r - f c f - ’

a,, = 0.51 + ( 1 — 0,51)( I — 0,8) = 0,608.

.~~. A 2 B 1 — c a r r i e r  11 , is attacked I;

a,,= 1 .

3 • A 1 132 — carrier r, are a t t a c k e d  I I ;

a,, = I.

L4~ A 2~~ 2 — c a r r i e r-  11, a r e  a t t a c k e d  I I ;

a,, = 0,3 -t- 0,7 . 0,2 = 0,44.

P ag e  46Y.

M a t . L I  x/die  of g a m e  w i t h  i d i l i t  lo na  ] co lu t n  m : m  a t u e  L a w  :

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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- 
0.6

A, I , 
~ 

(1 , 4.1

I i i - -~i
— the wortn or  g a m e  ~i 0. 6 C c ’ , n , ~- “ r  ,~~ 

= 1. .;Ame does not

hct vt s o o dl e  ~o i n t ; solution is , i c n i t v e d  in 1 i x . - d  ~~ r u t e ~~L e e . T h r o u g h

t e r r u l , u ;  ( 7 . 2 ) , (7.3), ~7.5) we t i : m ~i ( w i t ~~ an a~~- - - i _  i cy  t t h ~ t h i rd

~i gn  ~t t cc comma )

(~,4 4 I  
—O ,60’+a ,4 4 — I —I

P~~= 1 —P ,  -~~0,41’2;

( .44 -0 608— I - I
________— =
0,608 —s- 0,44— I— I

0,7&~ q1 ’—0 .588;q,=0,4 12.

( i n  t h i s  case q ,  p~ 
= 12  CII t h e  ~t r c- ng th e t  ,k.. 1 0 ¼ t t n a t a 1 2

T h us , t h e  Opt  im ~~l S t V a t c 1 i ~ s C l  S i~ia e  ~, I I l W - ) L t h  ot j , i  m e a r e

Ic un~
Si,.’ = (0,588, 0,412) .

Si = (0,588, 0,412), v 0,768,

i .e .  our  o p t i m a l  s t r a t € g y  lies  i n  t h e  t ac t tL~~~, L .t ø  ~~t .~~o/O of a l l

Cd ~~~~~ ( w i t h  p r oh a b  i l i t  y of C. “-~~~) m a k i n - I  t j  c.I L 1 i ’: I • an d  i n t o

L
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~4 1. .o/ C Ut cases — 11. An alog ou~~L y cnea y nh1 ~- t  ~ i r a  ~ r - ) n i i ) i l i t1  3. 588

at t ~~c~ t h e  : i rst  b o m b e t , an d  w~~t t L  p r o l  a~~i l i t ~’ C . -~ L — t s e  second .

~ith t ~ is si~ie A i t  w i l l  accotu p l ish  i t s  t a ~i~ — t i c~~~~r t  u o m b s  t o

t a t  ; ( - t / ~)u r  pose — V i t u  p r o b a l~i l i t  y U . Th~ t km it  ~ t ~~; n o r .~ L o w e r  w o r t h

c~ ~-ime 3. t~d~ a n d  lesser  t h an  ti~i~~ei p u r e v ~ii mi ~ 1.

Te t u e  so lu ti  on of g a m e  ~ x ,~ i t  i~ poss i a. 1-~ a ~J i V ~ c o n v e n i e n t

1e~~met  t i c  i n t er  p r e t a t i c  n Let  t~~t - c c  ~e th  ~ t ~~ ~ x ~ w i t h  t h e

na t~ ~ x/~iie :

~
j
~j B, 13,

4 , a ,1

I 
-
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_*IItt.
.
I (.~~)

60 apoup0&m’ugj,

¶ 
—I 

., ;1IVt 
— NcmpM~Inefl.

H 
cI~3 , 9 ( _~~~•

N e y :  ( 1 ) . l3owbers. (2). Destroyer.

Pa ge 470.

L~~t us t ake  t he  S~~C tk C f l  ot  t h e  a x i s  o~ am ’s c i ~j sas by t h e  le n g t h

of u r ~i t  (F ig.  9.3) . The  l e f t  end of t h E  s e c t i o n  ( p o i n t  w i t h  abscissa

x = 0) w i l l represent s t r a te g y  A 1, t h e  r i g l ;t  en d  ot t h e  sect ion (x =

1) — strateg y A2 ; all  t h e  i n t e r me d i a te  p o int s  cf  ~ eC t i O l i  will

H represent the mix ed strategies of p l a y er  A , moreover probability Pa

of ~trateyy A 1 wil l be equal to distance from POjflt SA to the right

end of the section , and probability P2 of stt  a t e g y  A 2 — to a d ista nce

• cf l~’f t  end. Let us lead t h r o u g h  p o i n t s  A 1 ~n d A 2 two perpendiculars

to t he  a x i s  of the abscissas:  ax i s I—I a n d  a x i s  i l — Il. On axis I—I ,

let us plot/deposi t g a i n  w i t h  s t r a t egy  A t ,  w h i l e  on a x i s  I l — I l , —

g a i n s  w i t h  s t r a t eg y A 2.
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Let  t h e  eneey  a~ip l y  st r a te gy  ~~; 1t g iv~:-s era axes  t i n e I — I  and

H 1 1  respectively poi nt with ordinates a 1 ar . d a~~~. Let u s d r a w

t i i r o uj h  these poin ts  tia~ st r a i gh t  l ine  E~ B 1. I t  is ob v i oa s , w i t h  a n y

~i xe-d str a tegy  SA = (Pt , p,) ou~ - ja i l :  wi ll  be ~x p r ~ ssed by p o i n t  N on

th~ straig ht line B 1B1 conditjcnally let u~ c a l l  “ s tr a t e gy  b 1”

It is obvious , accur~ te].y tuu ~~ it  can i e  c cu s t r u c t e d  a n d

s t ra t e g y  R 2 (F ig.  9 .U )

We  shou ld  f i n d  op t  i~~a1 str a t~~qy S A ,  i.e., s A ch , w i t h  which O U r

- - ! T i f l i m U 2  g a i n  ( w i th  the  w o r s t  f o r  us b e h a v i o r  B) ~-iu ld  be converted

i n t o  m a x i m u m .

- -
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F a a .  thi s, let us c o ns tr u c t  l o w e r  b o u n d a r y  ci -j d t : I  w i t i t  st r at eg i e s  13k ,

~~~ 2 s  1 . 0 . ,  thi? broken  l i ne  ~ 1 N E 2 , no t ed  in F i ; .  ç.~ a.- y ~~‘ i v y  j i ne . on
p

t t m  is bcund ary will fie/rest p l a y e r ’s m i n i m u m  ~J~i t : ~ A w it. Li a n y  of h i s

Ti Xt ’~i s t r a  t t ~q y ;  p o i n t  N , an d  sy  w h i c h  t h i s  -~~m 1 n  ~ t r ’ a c m m ~~s maxim um ,

a n d  a e t k - r m i n e s  s o l u t i on  a n d  w o r t ~ i ot g a m e . ~at  ~i~~t icu l t to be

c otv i n c e d  t h a t  o r d i nat e  of  point. N is n thi mm i •-lsc h u t  w o r t h  of game

v, its abscissa is t~4ual to P2, but di st tn~ e of the right en d ot the

eeq m~ n t  is e j u a l  P t ,  i.e., di st a n c -~ t r c m n  p o in t  SA’ to the ends of

t h e  segment  are equal by p r o b a b i l i t i e s  p .  and p 1 s t r a ( - ’~~lt ’ s tU, and I -

A
1 ~~ the optimum ml~~~d st r a teg y  of playci’ A .  
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In our case the solut ion of game was determined by the p o i n t

of Intersection of strategies B1, B2; this will not always be thus.

F i g u r e  9 .5 shows the  case when the optimal strategy of player A is

pure strate gy A 2 ,  although this does not correspond to the point of

intersection of  strategies. Here s t r a t egy  A 2 of p layer  A is

c l ea r ly  ( w i t h  any s t r a t egy  of the enemy ) more s u i t a b l e  than  s t r a t e g y

A 1. Figure 9.tc shows the case when the enemy has knowingly unsuitable

st rat  egy .

~ec : te tr ic  interpretation give the possibility to visually depict

also t h e  lower value of play~~ and upperft (F i g .  p . 7) .  ~n t h i s  graph

it is possIble to  give the geometric interpretation of optimum

s~~v a t e g i e s  of enemy B. Real/actually , it is not difficult to

a s cer t a in  t u a t  p o r t i o n/ f r a c t i o n  q 1 of s t ra t t - ;y E 1 in t h ~ o~-t i m u m

u i x .~J st r a t e gy

S1~~~(q,. q,~

is c iua l t o  the  r~~t io of ‘-he l e n g t h  of se -j mt - n t  K~~2 to  t h e  s u m  of t h e

l e n g t h s  of segments KP 2 a n d  K B ~ on a x i s  I — I :

KB,
KB, + AD1

or , w h i c h  is t he  s a m e  t h i n g ,

cn ax i s l I— I l .  r -
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.1 A D, - 1 ‘,

Fig .  ~~~f )_ F ig .  9 .7 .

Fa y c- 4 7 2 .

O p t i m a l  s t r at egy SR ’~~ Q~~~~ 
can be f o u : .i nis in  a n o t h e r , d i rec t

m a n n e r , if to  i n t e r c han g e  tbe  p csi t i c n  cf t a ’c p l a ye r s  A j n d  B , but

- 
- j n F t~~(td ot t ile m a x i m u m  of lowe r b o u n d a r y  o t  ;a~~n t o  c o n s i d e r  t h e

f i h i n i m u m  of up p e r  b o u n d  ( F i g.  ~~~8 ) .

F i g u r e s  9.9 g i v e s  the g e cm e tr i c  i rt e ~~~r e t j t i -j r~ ~or so l u t i o n  of

ya~~e “ t w o  b o m b e r s  and a f i g h t e r ” ( e x a m p l e  2)

~~. (;ames 2 x n an ~1 nii x 2.

~e i s c e r t a i na d  t h a t  a n y  g a m e  2 x ~ c ar .  a: ~ - ~~~~ved by e l e m e n t a r y

methods . In per fec t a n a l og y  c ai  be sc ived  a n y  ~dir c 2 ~ a , wh e r e  of us

_ _ _ _ _ _
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(A) th cy hav~ a total of twc s t r a te g ies , a i u  c t  cn~~u a y  ( s )  — an

- - a r b i t L a r y  n u m b e r  ( n ) .

T h u , let t h e re be th e  m a t r i x/ d i e  of ga :~~ 2 - n ;  i~ c onsis t  of

t w c  i o~ s ~ nd n of c o l u m n s . Analogous with t i e  cas t - ~ x ~ let us give

t o  p L o l - l ern ge o m e t r i c  i n te r p r e t a t  i ci ~; n cf st r - i  ~~~~~~~ ct t h €  en e m y

w i l l  bc~ depicted n as s t r a i g h t  l i nes  (F i g .  9 . 1 0 ) .  L - ~t ii - ;  c o n s t r u c t

l o wer  b oun d ar y  of ga i n  ( b r c k en  l i ne  E 1 N N b 2 )  a n d  w : I 1  ~iad on it point

N w i t h  m a x i a i u~ o r d i n a t e ;  t h i s  c rd in a t e  w i l l  he ~~r t n  of game “, but

j t h e  ib~ ci~-sa of p o i n t  N w i l l  t -e ~ -~u a l  tc p r o i d~~i 11ty  Pz of s t r a tegy

A 2 i n  t h e  o p t i m u m  m i x e d s tr a t e g y  of p l a y e r  A ;

S~’ ~~~~ p,).

K n o w I n g , w h i c h  5tra teJi~- s intersect at poiai ~ N , it  is possible

to injicat e active strategies Cf e n e m y .  I i i  o u r  c ~st (Fig. 9.10) the

cpti in um oii xci stra tegy Cf the ~ ae:~y

= (0 ,q,, O ,q,)

c o n s i s t s  of m i x t u r e  of t w o  ac t i v~ st r at c g ik -~’ ~~2 ,  ~~~ , i n t e r sect i n g  ot

p o i n t  N. S t r a t e gy  U 3 is k n o w i n g l y  u n t a v o r a~~ie , w n ~~l~ st r a t e gy  B~ 
—

ij n t a v o r i ~~le  w i t h  o p t i m u m  s t r a teg y SA ’. Protu b il ities 12 a n d  g, Ire

t e l ut - ’ d as l e n g t h s  of s e g m e n t s K B , and KB 2 in  F i j .  ~~ . 1 0.

- ~~~~~~~~

__ .__
~L4
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E’d~Je 4 f l.

IL A wil l use its optim al st r a t e gy  S A .  t h e n  ~a i i i  w ill not l~e

chaiH ed , whatever from its activ e strate ;i .-~- i~~eJ L~; h o w e - v t - r , i t  w i l l

l ’e ~~~~~~~~~~~~~~ it [~ w i l l  I-ass to s t r a t e gj c s  P , ci

I t  15 possible to dciaonst  r i t e  t j ~a t o f  u f l 1  i .~ i 1  .Lt iI ~ UI X ii t h e i e

is ( l u t i o n  in w h i c h  t h e  n u m k - e i .  ot  ac tiv e  L I  s~ c~~ i - ;  ol  e ac h  si d e

does ~ ot exceed  sinai lest c f th ~. ii u n b c  I i

F t ’~m t h i s , in p a r t i c u l a r , it  t o i lc~~s tu a t ~~~u ’  2 x n a l w a y s

h~~s t he:ol.ut ion , in which troin e t c l  s i i e  ~ a r  r i i a t c ,  n ot  m o r e  t h u r .

tw o Lct1 v~ strategies. I t is W C L t h  o n l y  t i n u i t q  t h s’ s t c a t e g i~ ’s —

and ; - t , u e  2Xn is converted i~~to ~~ W e x 2 -
~ I i cn  is s o l ve d  elementary
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Ii c ue ’  esca pe/ ensu  ~~
• s t his Ira.:’- ice  1 In ~-t  u.: c~ t~~ seju t ion -ot

qain~ 1 x ~i : is constructed gecti t t r i c  i r t e r ~ ~~~~~~~~ i t t - i . ( F t . ;. 9. 10) , is

cug ht t he p-i i r  of s t ra t e g i e s , w h i c h  i u t  ~i- ~~ Ct  I t  ~ u i n~ N ( i f  i n  it

i n ter s e ct s  uio re t h a n  t w c  st t a t e ~j i e s , i~ t a ~.t ii 0 n v u t )  — t h e s e

st i at  egi~~; repress nt by t h e in s e l  yes  p ]~i ~~:r ‘ a c t  i v e - ;t  r t t e j  ieS B, and

j t u i ~~ 2 x n ~s r educe d o ga 2 x 2.

it is ob v i o us , so can be so lved  g a m e  ir ~ 2 , ~ i t h  t ij i t

d i f f e r ~~:ce , t h a t  i t  is e o n st r u c t~ - l  not  th e  ~ u w ~ - t , a n d  u p p er  boui:dary

of  g a i t , a n d  on it i t  is o u g h t  not  t h e  n i x i n i n , u t  t h ~ m i n i m u m  ( F ig .

9. 11)

h x a i n p le 1. G a m e  “ titcraft (I fl i the n i t  ~—~i ~~~. c u t  t in n - ; ” .

S i- i c  A (a i r c r a f t )  w i l l  a t t a ck  tot t a  eb j e c  t v t , si Ic ~ ( t he

a n t i — a i r c r a f t  g u n s )  d e fe n d s  i t .  Of si d c  A ‘- wo ~1 : c L  i t t , of  s i d e  B —

t h r ee  a n t ia i r c r a f t  w e ap o n s . 1’ ach d it -c r a  ft  I -  t ~ c ea~ rie u of the

p o w e r f u l  d a m a g i n g  m e an s :  t ot  t h ~ d a m a y c  of o b j ec t , i t  is  . ;u f t i c i e n t

so t h a t  to i t  w o u l d  b u r s t  open  at least o n e L i rC~~J L t .  A t ratt can

ch 0 0 5 ? t o t  an  app r oach to  object - i  ny of t h ic ’ ( i i  ucc  t io n s:  1, I I or

I I I , w i t h o u t varyin g it su b ~~c q u ~. - n t l y  ( F i g . 9 . 1 2 ) . ~~n e i n y (a) can  place

a n y  ot  h i ;  i n s t r u m e n t s  in a r y  t i t e ct i cr . ; e - i . ~~ at .  t~~e tnstrim ents I -
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shoots t h r o u gh  o n l y  t h e  r a n g e  of space , w h i ,~a L E i d t e S  t t h i s

i ir e c~~ion , and do not  s h o o t  t h r o u g h  a d j a c en t  i i r - ~ct  ions .  Each  weapons

can  f i r e  o n l y  one a i r c r a t t ;  t h e  t i r e d  a ir c r u t t  is s u r p r is e d  with

f a l l/ t o ta l/ c o m p l e t e  au t h e n t i c i t y.  side A dot :; not k n o w , where are

p la c c i i n s t r u m e n t s ;  s i d e  B does n c t  k n c w , wui i ;ce ~il1 a r r i v e  f l y i n g

a i r ct a t t .  P rob lem of s ide A — to s t r i ke  ob ~~ ct  , s~~lCs B — not ~o

a l l o w  I i n : i j e/ dc t e~~t .  To t in o  t h e  so lut i on ot g a t e .
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F i g .  9 .10.

rag e 4 714 •

Solut ion. If we as s t r a t eg i e s  e x a m i n e  i l l  t n - f  sessi~ le method s

a: ti e  selection of dir€ cticn~ by aircraft m d  t t ;~~ a r r a n g e m e n t s  of

In ~~t L U m ~~I m t s , a quantity of strategies w i l l  i V t L f  - r c a t L y  — . on the

one  h~~~I even 27 on the othtt hand. How€v er , i~~~ 1-ess iole  to be

b o u n d e d  to t h e  mu c h  ~; m a  11cr n u m b e r  of  ~ t ra  te~~it  s , i f p r o vi ou s i  y t h e y

“are m ixed ” and are consider ed tor A orly t . u  s t r a t t -g ie~~:

A 1 — to send b y  one ai r cr az t  on t w o  d irL~-r en . (any) directions;

A 2 — to send both aircratt by one (to any) -iirec t i oa , and for an

en*~my — fh t e e  stra tegies;

L~~L_-_ _
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(1 + 1 + 1) — to  p l ace  on cu e  I n st  r u ~~~ r t  - i i i  e t c h  d i r e c t i on

Ll~. (2~ • 1 + 0)  — to  place t W O inst ru mc Ct S Cli Oflt- (any)

l i I c c t  i c u , one — on an o th e r , d f l u  t h e  t h i r d  c l~~a~~. - t hose not

c

~ (3 + 0 + 0 )  — t o  p lace  a l l  t h r € t  w e u ~~o t s  n; on e  ( a n y )

d i  r . - C t . i c t - ,  an d  t w 3  o t her s  to  l e a v e  u n pr o t  Oc t !.

I
In this case , it is i S S Um c . i  that t h ~~ s. i e c~~~~~~, of  ea c h  of t h e

d i re ct i o n s  is p roduced  r a n d c n l y  a n d  w i t h  idt t t t i c i i  prot’a~~ility.

Let us  compr i s e  t h e  I n a t r i x / d i t -  o~ g a m e .  S a i ;  A i n  t h i s  case —

k i l l  p i o l a hi l i t y  of  o b j~-ct , o ’ - h c r w i s c  — p i~ ~~i t - i 1 ~~~y t h u t  t o  oh j ect

will burst 01_en at least one airctait.

Let u s  consider gains fo r  a l l  coa L~~i u a t i e n ~- ci st r at e gi e s .

1. A 1 B 1 — a i r c r a r t  t h e y  f l y in  d i f t e r e z i : a i ~~~c t i a n .~, inst rum ents

d t  u r t t i l y e d  on one (1 + 1 + 1) .  C.iin a 11 — 
~-r  f i c i l i t y  t n a t  a t  least

cue  ai~~c rci f~ wi l l ,  b u r s t  open t o  ob j e c t  — in  t h~~. casc i t  is e q ua l  to

z e r o :  a 11 0.
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2. A 281 — a ir c r a tt  t h e y  n y  i n  one  ~ f l u  t i . 6  s~ t n e ’  d i re c t ion ,

in s t r u a e l i t s  are arranged on one (1 • 1 + 1 ) .  i t  i.~ obvious , w i t h  t h i s

cue of the aircraf t, being fired , for sur e wi l l  oarst ope n t o  t h e

oLje c t : a 2 1  = 1.

3. A 1 B2 — a ir c r a f t  they fl y on one ; enemy I ;laces t w o  i n s t r u m e n t s

cn c i a  d i r e c t i o n, one — to  ~n o t  h e r  is l E a v e a  n c t  ::otected ~he third

(~~ 
+ 1 + 0 ) .  I n  o rde r  to  burs t  0~~~~Ci) to  objeLt , at. leas t  o ne  of the

a i r c ra f t  it mus t  se lec t  t h e  u r  ~r ct e c te d  ditect i c m i .  T h e  p rob a bi l i t y  of

t : m i ~; ~‘v e n t  let us rind through the jrol.abi lAt y c~ t h e  opposi te event:

“b o~~h a i rc r a f t  w i l l  se lec t  t h e  d’~- t e n J e d  dir~ cticn ”.
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F i g .  9 . 1 1 . F i g .  9. 1~~.

K e y :  (1 )  . objec t .

la —J e 4’7~ .

‘The Probability of t h i s  e ve n t  i �~ e q u a l  to 2,~3.1/ 2 = 1/3, w h e n c e

~rcb abil ity of the ifltercstin j.. to Us e v c n t :  -~~12 .1 1/1 = 2/ 3 .

4. A2~~2 — aircraft they tj1 toyetbc ’r ; i. n5t Lu ~~~- i t s  i r e  p laced

a c c o r d i ng  to pa t t er n  ( 1  + 2 + J ) .  Let us a - ’ a i n  r u i ~j pro otbilit y that

Eon , aircraft viii be struck, fot this, t h e~ r u s t  .,~eiect t h e

direction , defended by t w O  i n f t r u n l c n t s ;  p r c~ a L - i l i t y  h i 5  1/3 , t h e

[Lcbabi lity of the oppo site event: a22 1 — 1,3  = 2 / L

~~. A 1 B 3 — a ir c r a f t  they fly separately, i n s t - ~u m n e n t s  ar e  p laced  
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I
all thtee to one direc t ic o (3  • 0 + 0) . It  ~s c E v n o u s , in t h i s  case

i o t~~ aircraft are tidsEd/~ eaten they cannot ~e , and a 13 = 1.

6. A2~~3 
— aircraft fl y togethcr , ir .strutnents are p l~~ced a l l

t h r e e- to one dire~~t i or .  (3  + 0 + 3) . So t h a t  b c t h  t h e  a i r -c r a f t  w o u l d
- 

- 

1e s t r uck , t h e y  t h e y  m u s t  select t h e  d ir ect . io n  in w h i c h  st an d  a l l

thro~- ir st ru r n en t s .  P r or a b i li t y t h i s  1, 3. P i e~L d C ~~L i t y  that at least

c~ e - i i r c r a  f t  will b u r s t  open  t o  obj e c t , v i i i  he  -t ~~j  = 2/3 .

\~c comprise the m atrix/die of the game :

>~~~I~~~~~~~~HH
A , 

() 2/3 J~~ i ~~~~~~O

A, I 2/3 2/3 2/3
________  - 

2/3

Front matrix /d ie it is evident that t h e  low”’ u A o r t h  t g a m e  is

€~~u a l  t o  u~~~er : u = = V = 2/3; t h a t  mn~’ans  y m n -  ha s  s ad d l e  ~. o int

j 
~nd  is sol ved in the pure strategies : side ;~ (-~itc~~-rft) rnu st always

use s t r a t P yy  A 2 ( t o  f l y  t o g e t he r ) , an d  ~~~dt- L~ ~ust  a l w a y s  a r r a ng e

i n s t r u m e n t s  a c c o r d i n g  t o  ç a t t e rn  ( 1  + 1 + 0 ) ,  i. -~ ., t o  place two

w e aj  ons on som e o n e  d ir € c t i c n , one i n s t r u m e i t — in  a n ot n ~~r , a n d  one

d ir ~~c t i o n  to  lea ve wit . h y e n e r a l ly  not  fr o t ~~ct ~~~i .

F i g u r e s  9 . 1 3  g i ve s  th e  g e o m e tr i c  i nt e r L r c t a t i o n  of ~~~~~~

i
_ - -
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8, (3 + I + 0 + 0) — to p lace thrEE insti-umuen ts on one

direction , one — 
~ n ano ther , an d two to leave those not protected~

D~ (L ~ + 0 + 0 + 0) — to place all four in.~truthents on one

d i r e c t i o n, and remaining three to leav€ t h o~~ ncr protected.

Page  47b .

S t rat egi es  B, and 8~ can be p r e v i o u s l y  r ej € c t / t n r ow n  as

knowingl y unfavorable. It i~ real/actua l, ~ .n i n  one direm tion fly not

wore tha n two aircraft and € a c~i of t he m is ~~rpri sed with probability

one b y one i n s t r u m e n t  — to j~lace on One th e direction of more than

two instru ments excessively. Discussing, as in p r ev ious  e x a m p l e , let

us c o n s t r u c t  the •atrix,die of g am e .

- 

I ~~~~~ ~ 
•

A , a L__ ~/~2i 5/~ 1/2

-4
~ 

I 1/2 F 1/2

I 3/4 5 6

I’ 

~~~ _ _ ~-- --~~_- ~~~~~---~- -~~ -~~~_ — _______- —--

~

----- -- _ - --- - _ --~~ -



This game 2 x 3 docs  not h a v e  saddle ~ci n t  ~ z 1/.~, ~ =

~e s~-e~ solution in mixed strategies. I~ isula te i active strat€yie s

of the enemy: this B 1 a n d  ~~~ ( F i g .  9. 1~~~) . A i t er  this ~ aw ~ it is

r e d u c e d  t o  game  2 x 2 :

~ ~ 

—

4 , ~
- 

5

L I 
- 1/2

Sclviny this yazn e, we fjnj the optim a l S t i  a t - ~-j ies oL t h e  sides:

K’ v 1/
s; q1 = 

~
. q1 =

SA = ~ •, .); S1I’~’ — 0, 

--_-------—--—— —-—~~~~—— —---—
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- -7 1 Li
8, 8~~7 B,

_ _

Fig. 9.fl. Fig.  9. 14.

P a g e  -4 77 .

T h u s , it is possib le  to f o r - n u l a t e  f o l l o w i n g  :€ c o n m en d a t i o n s  to

~id e~ A a n d  B: s ide  A m u s t  w i t h  ~ r c b a b i l i t y  3/ 8  send  a i r c ra f t

st ’~~a : a t t - I y ,  and w i t h  p i o b a b i l i t v  5 ,/t -~ — t o y e t h € r ;  sl a c  B i list  w i t h

~ t C ) L e d b i lj t  y 1/4 a p p l y  t h e  a r r a i  e ne n t  of i:~.~t r u i t a n t s  (1 + 1 + 1 + 1),

a n d  w i t h  ~)rotability 1/4 — a r z a n g e a - e n t  (2  • 2 + ~) + 0 ) .  In  this ca se,

t h~ g a in  ( k i l l  probability of o b je c t )  i~ eq u a l to v = ~~-~ . that it is

‘ore tha n lowe r w 3 r t h  of g a m e  an d  lesser t h a n  up p e r .

r x u iple  3. Game  is the “J i s t r il : u t i o i .  01 : u tc es  in onset  and

To side  A , ,~~h ich  disposes of t h re e  b a t t a l i e n s  of i n f a n t r y ,  it 

~~~~—- - _ - -  -—_________________



- ‘~ 
- 

~~~~~~~ 
- -
~~~~~

____
~~~~~~w-—- ~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~

DOC = 7~~Q 6 ~~723 P A G E  /D14
-1
- 

~
_ 

-at t e m p t s  t o  take  c e r ta i f l  o bj e c t  3; side  3 , w h i c h  iis~~usas of f o u r

ba t~~sl~~ons of i n f a n t r y ,  a t t e m p t s  to  p r e v o n  t i i - ~. dach  of the

a t t a c k i ng / a d v a n c i n g  b a t t al i c n s  can  ne d i r ec t e d  t o v ar n  onj e c t  a l o n g

a n y  of t w o  roads :  I a n d  II ( F i g .  9 .15) . Sid e B a i so  C d f l  place any of

i t s  , )a tt a l i o n s  to a n y  of t h e  r c al s .  If cn t :. e  rca - i  t h~ f or c e s  of side

F meet s u p er i o r  forces  of s ide  A , t h e  l a t te r  £ ;u~~h as i d e  - let e n se , t h e y

~s t C o b jec t  an-3 o c c u p y  i t ;  i.t on  r - o a d  d c i e n s .~ o u t n u m o - ~r s  a t t a c k ,

~t t t a ( K  is repulsel. , t he  fo rces  oz  s ide A W I A I  m ove  a w a y  a n d  no longer

t h e y  r en -~w a t t a c k. I t  on r oad  a r e  en c o u n t e r e d  t h e  r o r c e s  of  i d e n t i c a l

r u t f t e r , a t t a c k  is r e p u l s e d , t h e  f o r c e s  of si do  A w i l l  m o v e  a w a y  a n d

no l o n g er  t h e y  r e n e w  a t t a cK ~ I f  on road  ar c  eiic c~ at .~r-aJ forc es of

i d e r m ~~ica l n u m b e r , side A w i t h  p r o b a b i l i t y  0 .4  C C U j t e L 3 an d  passes to

o bj * ’ct , a n i  w i t h  p r o b a b i l i t y  0 .6  a t t a c k  t u r n s  c u t  to  be repeled.

- I t  is req u i r ed  to give r e c o mm e n d a t i o n  j O t  si . i e s  r e j~~r d i n g  t he

H g u a r e t i t y  of b a t t a l i o ns w h i c h  s h o ul i  be d i re c t e d  t o w a r d  eac h  of the

• roads.

- 4
- 

S o l u t i o n .  G a i n  A in t h i s  case — pr cb a~~i l i t y  ~ f the o c c u p a t i o n  of
-

- Ob j e c t .  Let  us consider following st r a t € g i e ~ o f  a tt a c k ( A )

A 1 (2  + 1) — t o  u i re c t  two  b at t a l i cn - ;  a l o n g  Of le  of  t u e  r o a d s

- ( a n y )  a n d  one — on a n o t h e r ’7



-~ -
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A 2 ( ~ + 0) — t o  d i r e c t  a l l  t h r e e  b a t t a l i on s  a io ng  ona of th -

roads  ( anj ) .

Stra tegies of detense (13 ) w i l l  be :  
-
~ 

- -

3 3 (3 + 2) — t o  d i r e c t  a l o n g  two  b a t t  a l  ion t o w a r d  each of t h e

toads,

a2 ( 3  + 1) — t o  direct three battalion s tow aL--1 one of t h e  roads

( a n y )  , an d  one — t o w a r d  a n o t he r ,

13 3 (4 + 0) — to d i r e c t  al l  f o u r  b a t t al i o n s  t o w a r d  one of the

r oad s  ( a n y , and a n o t h er  r o a d  to l e a v e  nct  ot~~ct e a.

Let  us compri se  t h e  m a t r i x/ l i e  of g a m e .  let  us r i n i  •j a in  f or  a l l

c o r n c i n a t i o ns of s t r a t e gi es .
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- - Fi g.  ‘~~. 1~~.

K e y :  ( 1 ) .  Boad.  ( 2 ) .  Ob j e c t .  ( 3 ) . 8 at t a l i o n ~~.

I r~~j e  47~ 3.

1. A 3 B~
. On one road they meet one b a tt alion ot attack two

- 1 i at t a l i on s  ot  d e f e n se ;  attack ci th ir Lc~3J Is Lepalsed . Ja another

road mee t  two  b a t ta l i o n s  of a t t a ck  t w o  ~1,~ f & n ~~t’~:; a c c o r d i n g  t o

condition the  a t ta c k  c o n q u e r s  w i t h  pro~~a b i 1 it y C. 4 :  3 3 3  0.4 .

2. A~~B 1. In t h i s  case , on one ot  t h e  r o a ds  w i t h

f u l  i/ t c t al/ c oap le te  a u t he n t i c i t y ,  t i t e r  t- w i l l  
~~~~ 

r zi~ repondera nce of
- t h e  lorces  of a t t a c k , dfl d a 2 1  1.

3 . A 1 B2. Since the select ion of a n y  r~~ id t~~1 eacn s ij i -  is

e qu a l l y probable, t h e n  w i t h  p r c ba b i l i t y 1/~~, on on e road will be met

~1
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t w o  i - a t t a l io n s  A t h r e e  B , tc  a t e t h e r  — cue L a t t - i l i o n  A one  B ;  on t h e

first road the attack will be repeled , to thothcr — w i l l  occur  t h e

Occupation of object w i t h  p r o b a b i li t y  0 .4 .  w i t h  t u e  sine probability

1/~ will be met on one road o n e  hatt ali ce A t~~rec 3, t o  a n o t h e r  — two

b a t ta l i o n s  A one B , and ob jec t .  w i l l  be cccu ~- i ed  w i t h

t u l l/ t o t a l/ c omp l e t e a u t h e n t i c i t y .  A~ p l y i ng  th c ’  t ou . uu l . i  of c omp o s i te

I r c h a b i l i t y ,  we f i n d :

a1, = 1/2 . 0,4 + I’2 . I 0,7.

4 • A~~B2. W i t h  p r o b a b i l i t y 1/2 on  cr c  L e a d , w i l l  be n e t  t h re e

b d t r a l i C n s  ~ three 3, t o  an o t h e r  — c o l li s i c i  w i l l  not be; i n  t h i s

• case the p r o b a b i l i t y  of  t h e  o c c u p a ti o n  of O L j t -  t O .~~~. Wit a the sawe

~:o ba b il i t y 1/2 thrce ~i a t t ~a ] i c n s  A w ill be re~ cut , one ut tt al ion B,

t h ey  pass and  wi l l  DC occupied obleet . On t l • ~~ L cr-~Iu1a of the

co m p o sit ~- probability:

a,, = 1/2 0,4 + 1/2 . 1 = 0,7.

5. A 1 U~~. Sinc e f o r c e s  A y c  a l c n j  t w o  L L - I l S ,  a n d  t o rce s  B are’

a rr a i a ge/ 1o c~~ted o n l y  i l l  O n e  at  t he r o a d s , aj 1~ - A w i tu authenticity

w i l l  o c c u py  the  ob j ec t :  a 1 ~ = 1.

6. A283. With the p r o b a b i l i t y  o~ 1/ 2  f o rc e s  it , t hey w ill go

alcng that road where there is no d vf on s e , an d  w 111 be 0~~~u p~ ed

obj ect; with probabili ty 1,2, they will be Lt -ehe le 1 b Y superior forces

-~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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of defense ; hence

a,, = 1,2 .1 + 1/2.0=0,5.

T h e  m a t r i x/ d i e of g a m e  2 x 3 t a k e s  t h e f o r m :
I

A 1 
~~~~~~~~ Ep ( t +2)  8~ ~s+ii a. (4+0)

A 1 (2+1) 0,4 0,7

4, (3+0) I 0,7 0,5

• Lowe r wor th  of  g am e  e -= 0 .5 , u p p e r  p u r e  v a l u e  B = 0.7 ;  g a m e  does

not ha ve saddle point. We seek s o l u t i o n  in ~~~~~ strategies. The

gec~~ tr i c  in t e rp r et a t i o n  of game  is g iven  in Fi g. 9 .l o .  Low er

b o u n d a r y  of  gain reaches  m a x i m u m  in  p c in t s N’ and N~ on all section

between them ; this maximum there is worth ci game v~= O ,7. In this case

t h e  solut i on of g am e  was  obtained ambiguous : side A can use any of

its m ix e d  s t rategies, w h i c h  c o r r e s p o n d  to t~ie p c i n ts  of t h e  a x i s  of

absc i ssas  f rom K ’ to K ” .

cage 479.

Thus , cf side A t h e r e  is a n o n d e n um e r a t l e  s~ t of th0 optimal

s t ra tegies. Let us find the abscissas Ct pcints N’ an d  N ” . T h e y  w i l l

be equal to respective l y Pz ’ an d P2” — to t h e  t cu u d a r ie s  in w h i c h  is

included the probability of strategy A 2 in th e o p t i m u m  aixed strat egy

--
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of i - l ay e r  A . From d r a w i n g  w e h a v e :

0,7.— O ,4 1—0 ,7
1’,
’

w h e n ce P21 0.5. A n a l o -j o u s ly  we o b t a i n

1—0 ,7 0,7—0,5
9,’ I—p,’ ‘

w h ~~nce 
~
‘2 ” 0 .6.

Titus, as the optimum mixed strategy sloe A can apply any

SA’tP l, ~,j, at w h i c h  p r o b a b i l i t i e s  Pt  a n d  p~ l ie / L es t :  t~a � f i r s t  —

between 0.4 and 0.5; t h e  second r e s p e c t i ve l y  k~etwec-n 0 . 5  a n d  0.5.

I t  goes witho ut saying that extreme vajues p~ 
an d  P2 also g i v e

the optima l strate gies of player A:

SA = (0,5, 0,5), S~ (0,4, 0,6).

Thus , the optimal stra tegy ot p l a y e r  A is f o u n d :  it lies in the

fact th at, with the probability, w hich takes any value between 0.4

a n d  0.5, directing two batt alicns cn cne of th~ roads (ally), b u t  t h e

of remaining batta lions — a l o ng  a n o t h e r  u o a u ;  i i :  a l l  r e m a i n i n g  cases

to send all three battalions by one of the ioads (any).

CcT lce r u i n g  the optimal strategy ot ene ny (P) , t h e n , as can be

seen from Fig. 9.16, it is teduced to the a~ plication/us~ of only one

-~~~~~~~ - --- -
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p u r e  s t r a t e g y ,  n am e l y  8 2 :

8a (O, 1,0)

i.e. d~~t e n d i f l g  a l w a y s  mu s t  dis~- 1ay t - h r e €  b a t t a l i o n s  on one roa d

( a n y ) , and  one bat ta l i c n  — cn a n o t h e r  L c a d .  w o r t u  of J a n e , i .e . ,  t h e

s t a b l e  ga in  of s ide  A in t hi s  case w i l l ,  be € g u a l  t o  up p er  p u r e  va lue

C _ 7  1) .

F C C T N O T E ~. From Fig. 9.16 it  is p css ib- le te dc t a •~ c o n c l u s i o n  tha t

active strategies of s ide  B , b es ides  812 , t h e y  are  even  
~~~1 

and B 3

( Si nc e  the corresponding lines of strateq ies ~ n te r s~~ct at p oi nt s  N ’

a n d  N”) . However , it is not difficult tc ascertdin that since line

52 82 is pa rallel to thc axis of abscissas, the a c t u a l

p c rt  ion/traction of strategies 8~ and  B~ in t h c  o p t im u m  m ixed

st r a t e g y  of the defense should be equal to ~~~~~ ~NDFOoTN0TE .
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1 Fig. 9.16.

H
- - P age  L~80.

9. Solution of games m x fl.

U n t i l  now , w e e x a m i n e d  o n l y  e l e m e n t a r y ,~nres x n iri d m x 2,

- 
fo r w hic h the re  is a s i m p l e  g e o m e t r i c  i r t e r p i - t - t a t i o n , w t a i c h  m a k e s  it

p oss ib le  to  solve these games  wir . h t h e  h e l p  ci  t u e  s i m p l e s t  m e t h o d s.

In  t h e  case of  ga nes 3 x n (or m x 1) s slirilar geometric

i n t e r p r e t a t i o n  also can be c c n s t ru c t e d , b u t  in ~~toa~i of t~ae plane it

becomes three—dime nsional,’spac e and much l~i.i~i acastrative . In the

case of ga me in x n , w h e r e in > 3, n > 3 , f r o n t  -j~~c m e t L i c  i n t e r p r e t a t i o n

it is nece ssary to r e f us e  and i n to  f o r c e  e n t e r  ~- 1 L e l y  t h e  ca l cu l a t ed

me thod s  of t he  solut io n of games .

L. _ _ _ _ _ __ _  _ _ _ _ _ _
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I n  t h e  -g ene ra l  case , u i t n  laL ge w and ii, the so l ut i~~u of game in

x n r epr e s e n t s  a s u f f i ci e n t l y  l a b o r i o u s  p r o b l e  n’ , cu t  t u n l a m e n t  al

d i ft  i cu l t ies  it does no t  c on t a i n , it is easy tc sn ow t h a t  t h e

s o l u t i on o f  any of t he  f i n a l  g a m e  in x r~ c a n  be r e d u c e d  ta the alread y

k n c w n  to us p r o b l e m  of l i n e a r  p r o g r a m m i n g  ( . a a i n  ~~)

It is real/actual, let us consider ga me an x n with player ’s m

strategies AI. A,, ..., A~, A and n by player ’s strat egies B1, B,. ...,

F. Is as s igned  the m a t r ix / d i e  ct game (a~j J

Is required to find the solution ci ~J OLI i t ’ , i.e.., t w o  o p t i m u m

irixe d stra tegies of t he  ~l ay er s  A and  ~:

S~ (ps, P, •... PM); S8’ = (q1, q,, ...,

- 
- where  -—

p~, p ,,...,p M; qt, q,, ’•.,qn (P 1 + p , + .. +p ~~= I :  q1 ~ Q1 -I- ... +q,~~ I)

— the  p r o b a b i l i t y  of a p p l ica t ion  of t h e  p u r e  strati - -li es (some of

t h e m , t h at  cor respond to  i na c t i v e  st r a t ej i ~~~, ( dli ~~ e qu a l  t o  z e r o ) .

Le-” us find first optimal strateqy SA’. This itLat ejy must

ensure to us the gain, not less v, with an~ beha vior o . the enemy,

—

~

-- -

~ 

-~~~~~
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and th e gain, equal to v• with his o p t i m u m  b e h a v i o r  ( i . e.  wi t h

s t r a t e g y  S8’) .

w or t h  of game v to us  t h u s  f a r  is u n x n o - w n .  w i t h o u t  b r e a k i n g

t h e  ge n e r a l i ty ,  it is poss ib le  to a s s um e  t c  i ts  e~~ual  c c i t a i n

p O s i t i V e  num ber 
~~~~ 

It is r e a l/ a c t u a l , so t h d t  g o u l d  be implemented

c on d i t i o n  v > 0 , it is s u f f i c i e n t  so t h a t  al l  :t c l t r L x  e l e m e n t s  (a 41)

w o u l d  be n o n n e g a t i v e .  This  a l w a y s  it is p c s si s l e  to a t t a i n , ad joining

1(0 t o  a ll  m a t r i x  e l e m e n t s  (a,1) one a n d  t h e  ~aw~ tt icie ntly high

p o si t i v e  v a l u e  N;  w i t h  t h i s  w o r t h  of g a m e  it h i l l  be increased by N ,

b u t  s o l u t i o n  it  wil l  n o t  be ca a n g e d .  Thus , ie~ us count v > O

Let  u s  a s sume  th a t  we (A)  app ly our  o p t i n a l  st r a t e g y  SA ’, and

e n e m y  (0)  our  pure  s t r a t e g y  B,. Then cur avt ra~~e j a m  is ~qual  to:

+p,4a,flJ (1= 1, ..., n).

Pa g e  t~~ 1.

Our  o p t im a l  s t ra t e g y  SA ’ possesses t i~~t ~ r oj )~~r ty ,  w h i c h w i t h

a n y  behav ior  of en emy ensu res  to us  t h e  g a i n , rot  less ta~~n w o r t h  of

ga me v; t h a t •eans  th at a n y  of n u m b e r s  a~ c a n n o t  be less V. We

o b t a i n  a series of t h e  c c n dit i c i :s :

Pi a ,1 ±p , a,, + •. .  +p,,a,,1 ~~~~~

(9.1)
p , a , , , 4p , a 1~ -f ~~~~~~~~~~

--
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Let us divide inequality (9.1) into pc.~itive value a’ and let

us i n t r o d u c e  the  des ig n at ion s:

~, = P-1, x,=~~~, ..., x,= e~. (9.2)

T h e n  condit io ns (9. 1) are reg is tered  j n t h e  f o r m :
a,, x, + a,, x, + • ..  +a ,~, x,,, ~ I ,
a ,2 x1 + a ,,.~,+ ... ±a m$ x rn~~~I , (93)

+ a ,,,, x,~ I ,
wh ere x,, ~,, ..., x,,, — nonnegative variables.. in force ( 9 . 2 )  and the

fact that p,+p,~~ 
... +Pm = ’. the variables x,. x, x~, satisfy the

c o n d i t i o n

(9 4)

We wish to do our guaranteed gain by inu xim ally possible; it is

obvi ous, in this case, right side ( 9_ t 4 )  t a ke s  ~ in1~lU f i  v a l u e .  T h u s ,

the proble m of the solution of game was reJuc~~d t a  f o l l o w i n g

m a t h e m a t i c a l  task.

To de t e rmine  the  n o n n e g a t i v e  v a l u e s  O L v a r i a~~les x1, x,, ..., x,~ SO

that they would satisfy linear limitaticns (9.~~) an d  in th i s  case

their linear funct ion

L =x , +x,+ ... +x,,, (9.5)

was converted into t he  m i n i m u m .
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B e f o r e  us — t h e  t y p ical problem of l i n~~ar  p r a g r a n m i nj .

Ti~us, solving the problen of linear ~ t O - j L d i n n ~~fl~~, w~ can  f i n d

opt~~n1a l stra tegy 3A * of player A.

Let us find now optim al strategy se of player B. ~very thing

will be analogous with the solution of ga me for playe r A , wi th t h a t

d i f f e r e n c e , t ha t  p l a y e r  B a t t em p t s  not m a x i n i z e , ou ’ m i n i m i z e  ga in ,

hut that means tha t not  to  m i n imi z e , b i t  tc  ma x i m i z e  va lue  I - v .

Instead of conditions (9.3) it had to be oLserv~ J the condition:
a,1 y, +a,, y~ + • . .  +a,~ y,~ ~ 1,

(9.6)

a ,,~y, +a,,y,+ •.. + a,,, y,, ~ I,

wh ere y,. y,, .... ~ ,, — the nonnegative variables , ~ jua1 to

y1~~~ Q, !V , j ,~~q~/v , ..., ~~~~~

Page 4 8 2 .

It is required so to selcct variables y,, y,, ..., y,,, so t h a t  t hey

- I would satisfy conditions (9.6) and would ccnv€rt into m ax imum the

lin ’-~ir  fu n c t i o n

L — y, + y, + ... +~~
,, (9.7)

t n st ea ( 1  of ma x i m i z i n g  of f u n c t i o n  (9 .7 ) , it  is poss ib le, as we

k n o w  t h a t  to minimize th~ function

L’ — — L  —y, — y, ._ ... ~~ — ~~~~~!. (9.8)

- - ~ -~~~~~~~~~-~~~~~~~~~~~-



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -—..i ,w-.~~~ 
~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~

DOC = 78068723 PAGE

T h u s, we reduced the problem of the solution of any af the final

g a m e  in x n to the pai r  of t h e  p r o b l e m s  cf l in e ar  ~L o~~r an~~i n g ;  the

method s of the  sol u t i o n  of such pr ob l ems t o  us  a~ e al ready we l l  k n o w n

(see Chapter 2).

Let  us incidentally note that from the infcr :nation af the

p r o b l e m  of the  solut ion of g a m e  to t h e  p r o b l e m  ciT linear programming

H escape/ ensue t h e  c o n s i d e r a t i o n s  a p r o p c s  of the- cx i st en c .~ of  the

H so lu t i c n  of - j an e  m x n .

I t  is real/ac t ual , let the p r o b l e m  of  the deter .nination of

optimal strategy s~ = p,, Ps, • . .‘  p ,,J cf p l a y er  A ~~ r educed  to  t h e

p r o b l e m  of linear prog ramm ing w i t h  c o n d i t i cn — ln e ju a l i t i es  (9 .3)  a n d

m i n im i z e d  f u n c t i o n  (9.5). Always whether t b e t C  is its solution ? We

kncw (see Chapter ~~)that the solution cf the 1- LC DICW of Linear

programming can and not to exist; it it is a U S C f l t , if :

1) condition s (equality or  i n e q u a li t y )  n o t  - i t  dli t L t v e  the

çe rmissible nonnegative solutions;

2) the permissible solutions exist , but d m C n j th em n o  o p t i m u m ,

I..
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~ i nc~ t h e  ~‘ 1 nj L n i z ~~d f u n c t  ion is no~ l i m i t  ~~ i L r o i r  üel~~~.

L~~ us look how is m att et in  o u r  ca se.  It  1-j R u t  Jiff icult to

a s c e r t a i n  t h a t  the p.~r n i ~~~i~~li. :~clut i cr O~~ L~Li in our case always

€ X~~~tS. It ~s real/dctual , let us ~io m a t r i x  ~~l m e n t s  jj ) by t h e

s t r i c t ly p o s i t i v e  ( f o r  th i s  is ~ u : t i c i c nt  t u  ~djo~ n to each of then

suffici .~~itl y large Nach number) and let us u~ s 1 — J n i - e t ht-~ s m a l l e s t

H rrat :ix ~lement (ajj) t h r o u g h ~:

~ =min mina g~.

j is p l aced now x, = U~~, x, = = ... = = 0. It iS not ti~~t i cu lt  t c

see that this sys t em ot the values of varit ~.ilt~s x~. x, K m

r~~~r.—sen t s b y  tLe~~selve s tkt~- p eLmIss ib lE scluticn of 11..? — the y a l l

ar
~ 

n a n n e g a t iv e , ~ nd th eir sCt it Sdti5-fieS co~~J :tians ) . 3) .

Let us  now a s cer t a i n  t h a t  i i n ~~a r £u a c t i o t l  (~ .5) ca n n o t  he

l i mi t ed  t r o n ~ below.  It is rea l/ i c t u a l . a l l  x1, x 2, ..., .~~,,, ~ r’~

r o u r - j a t i v e , a nd t h e  co~~t f i c i e n t s  of t h e m  in ~~~~~~~~~~~ ( ) .5) are

p o s i t i v e , w h i c h  m e a n s , t h a t  f u n c t i c u  L in  f~~r nte1 - i ~~~~~~~ 
j 5  a l s o

r o r r .~ j d t i v e , wh i ch  m e a n s , t h a t  i~ is l i~r i t c u t i c n  L~~L ow ( z e ro )  a n d

t h e  s~ lution ot t h e  ~:~~ObI ~~ ot 1. i n~~at  ~- ro~j L ..i~ n - i n  (an d , so’~st~-juen t ly ,

cf ~;ame m x n) exist:;.

Faj~ 
I4~~~4 •

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _  __________
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F - x a m p l e  1. to t i n d  by  the method Cf l is ea r  p r o g r a m m i n g  t h e

s o l u t i o n  of  g a m e  “ t h r e e  t i n y e r/j ~i n s ” f r c m  e x a m ~~l~� 2 of -
~ 4.

;clutjcn. The matrix/die of game takes t h e  i or r ;

1~. 8. L’ .

4 ) 2 —3
____ — (9.9)

A, —3 4 —.5

.4. 4 —5 6

A d - J ing  to a LL  m a t  rix elements one and th~ sain ’~ ~~~~~ n u m b e r =

C.5, l~~t us do them nonnegative :

~4 3 I 

— 

- 9

(9.10)
.4, I
A , • -

~~~~~~~~~~~ 

(I I I

W ith t h i s  w o r t h  of g a m e  i t  w i l l  he  in c L e a s ed  by 5, &nit solution

~ + 5.
will not be changed. Let us designate new ~ort~. oL ga m e ,1Le t  us f i n d

optin u n mi x~~d strateg y S~~— (p ,, p 1,p ,~ of p l a y e r  A. c-i~m u i t i o n s  (9 . 3 )  t ake

the f o r m :

7z,+2x,+ 9x1>1 , ~
(9.11)

9x,+ f l x ,)’ l . J

L ________________________________
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I
I~ m i n i m u m j z e d  l i n e a r  t u n c t i o r ~

L—~i+x t+j .. (V Z

Let u s  pass f r o m  c o n d i t i o n — i n ~ ’j u a l i t i € ~ ( 9 . 1 1 )  to

co n d i t i o n — c~q ua1iti es:

I’, I— (—?z 1—2x,~~ V a ) ,

L c t  u~ f i l l  ~ s i m p l e x — t a b l e  (~~ah l e ~~. 1). S iu ce a b s o lut e  te r ms

are z : e .jd t i vt? , then , s e t/ a ss u m ing x 1 A 3 
j , we w i l l  not obtain

su~ p J r t in q / r e f er e n c e  ~o l u t i c n _

Table 9.1. Table 9.2.

lAbsolute 
~ 

—

Iterm I 
_____ - 

JAbsolutel 
~

~ r J term 2

_ _ _  

:2 
_ _  

7~~~~~~~~J-2 
_ _

-O 0 -l
~ 

—1 -2 -~~~ 0

~~~~~~~~~~~~~~~~~~~~~~~~~

_ _ _ _  _ _ _ _ _ _  _ _ _
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~abt~ Q3•
___________  _____  

92—- 
_____

Jc~
oooas

~~ I 
___ _ _ _ _

- [-T -

~~~~

Key: (1). Absolute terrri

Tab 1~ 9 • q •

92
— 

2 9
I 99 11

1 1 2 1

—f-- 9 -
~~~~ 0

1 9
3’ II 0

Key: (1) . Absol ute t e r m .

Pa cJe 48’~.

A p p ly ifl~J t h e  ap p ar at u s  Of th e  s im p l e x  m e t h o d  (5 ut~ c hap t e r 2, § 7), we

f i n d  s u p p o r t i n g/ r e f e r e n c e  so lu t i on  (~ ak les ’ 9. 2 , q~~j, 9.4). Table 9. 4

~Jives the supporting/reference soluticD of UZLL:

‘~ !/~i 
..O~ ~~ ~ ft — —

L _ _ _

I
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I t  is necessary to check that is it opti uu uw , i.e. . is converted

into the minimum expression (9.12). using Tdble 9.4, is expressed L

through the new independent variables x1, y~ , yj:

L~~z 1 + Z~ -f - X 3 X 1 -4- (’ / ,— ’I,x 1 +‘/gy,)+(’ /ii — ‘I s, x~ + ‘/ a*j, s)
~~~~~~~~~ 1I.h — ‘111y,)

let us register absolute term an .t  t he  c c et t i c i ’~nt. ; of x 1, y2 ,  y
~ 

in

u ppe r row ~~ble 9.5. Fr om t he  tact t h a t  t h E  coetticient of x~ is

Fositive it is apparent that in c r ease r.~uuc€s ~~, i.e., the ~inimum

is not s t i l l  achieve/ reached.  We p r o d u c e  r € ~~l a c € m e zut x 1 i.—> y~ (tables

9.5, 9.6).

I ,

‘I

L A L ~ _ _  _ _ _ _
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~~~~ 9.~.

I)

C 000AHWM I u ii
9JIS.I I

— 

~_Q — 

~~~~~~~~~~~~~~~ iL ~g 99 J.. ~~ 
I

599 20 I .  
~- - ‘ _~~~•

4—~ 
..-.t.

~- -, 
I 

~8O\ I 2 9 .

~ ~~~~~~~~~~ I.i-~
12 j

1 
~ -

~~~~~~~~~. ! ± : ~~
j _

o
.10

; I ri ~ i. jjièi 0 ~ : .J..
220 i~~~~~ 40

K e y :  ( 1 ) .  Absol ute t4 ~r l n .

¶aLla 9.6.
— 

(I)
I,

~ne~ ~2 Y3

L I I
5 20

99 i i  81
20 ~~~ J 4 Ô  80

- — -  

I ~~~~~~~~~~~~~~~~ I I T  1 
— 

-

~~~~~~ 
40

- — — ‘  —— — - — - — ‘~~-- -— .- - —-.———.~.—- .———--— - - --—

I L  59
20 80 40

K e y :  ( 1 ) .  A b s o l u t e  t e r m .  

- ..
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Table 9.6 sho ws that function L t.k.~ the minimu, value Lain Z

1/5 with
Vi — Vt — ~~

~~ _ I/~, ,,...LIt. ~~~~~~

~~~~ v~~~I/ L mtn  a 5, i.e., wort h of game wit h matrix/die (9. 10) ~ —5.

Consequently, the value of initial game with aatriz/~1ie (9.9):

This value of gain is r.acbe d at

~ i 51ft ~~~~~~~~

i... for the probabilities of strategies

Pt ~~ X i V i f :  
~t ~~~~ v —  ~~ p1— r 5 v ’ —

Thus, is foun d the solution of game — opt imal strategy of player

A 1
SA’~~

(
~is. i/i , i/i )

and vorth of gas. — 0.

The optimal strategy of player B can be found accurately thus ,

if we comprise the conditicus. ana logous (9.7), but not for chairs,
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but for rows, after replacing in them sigqs >~. by ~~, and value L to

coiv.rt not into the minimum , but into max imum. However, in this case

F for this, the necessities no: from the sym metry of rows and columns

of matrix/die it is clear that the optimal strategy of pla yer B must

be the same as the optimal strategy of player’ A:

S1’~~(’/,~ I, L/~)

Thus, in gam • thres  £iag~~/pias~ the optimal strategy of each

of the players lies in the fact that, eitk probability of 1/4 showing

of one finge r/pin, with probabilit y 1/2 — two linger/pins and w i t h

pr.babilit y 1/4 — three finger/pins.. Em this case, each player ’s

averag, gain viii be equal to zero v — O )

In this example each player’s all three strategies were  act ive.

Si~ch game, in which all strategies are acftive, is called completel y

averaged. In a following example we viii consider an example of the

completely not averaged game.

Examp le 2. Game is “armament — inter ference”.

Side A disposes of three forms of armament A~, A~, PI3~~ while

side B — by three forms of interferences B1, B~, 3,. The probability

of the solution at combat m ission by side A in the various forms of

armasent and interferences is assigned by the matri /die:

- - - -_ _ _ _ _ _ _ _ _ _ _ _  _ _ _
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0,8 0.2 0,4

0.5 0,6
0,1 0,7 (13

Page 487.

Side A attempts to soiie combat mission, side B — to prevent

this to find the optimal strategies of si d es.
- l

Solution. Getting rid from fracticus, let us rewrite matrix /d ie

in the for.:

~~~~~ f ~~ 
~.

4 $ [ 2 4

4 6

A f l  7 I

4 let us des ignat . th .  value Cf new game with this matrix/lie y’ l 0 ~
let us reg ister conditions (9. 3) :

dA 1+4~,-f ~~~~~

vhe.ce (passing to condit iol—equaiit ies) -

— — l — (— $
~ ~~~~~~~~~~~~ 

s~)

Vs

I
-
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It is requir.d to find the nonneg ative values X i, X~~ , X~p, Y i .

y1~ Ia. which satisfy conditions (9.13) a~d which rotate in the

•i;i.u. the linear function: j
ye solve prob le. by the simplex .et~~ d (by lowering de t a i l s , let

us give immediatel y opt imu. solution , j b.le 9. 7) .

Table 9.7 shows that minimum L is achieve/reached and equal to

F ~~~~ ~~ 7/32.. This value is reached at

Vi Xs V e O~ i&~~~~/a, p,— ’I.. i,..~~,,. I

‘I
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Table 9.7.

_LJITITJII
_ _  

—

5 a~ I
I , ‘ 32 32 8

y3 4 
_____
4
_ ~

.J.
I., 16 16

Ke f: ~1). Absolute term.

Page 488.

We ke~ce f ind ptobabilities p~ , p2. p~ , wi th  whic h player A mu st
apply his strategies A~ , 1~. A~ :

‘
pt—li V

.
. ~~~~~X1 V

’, P;1 X ~~V
’

and worth of gale:
v’— l

In this case,

v’— ’/7; Pi / ss ’1/7 .’/ ,:
p , ~~~~~~~ l/ ,~ p5 ._(1.fl,7 — 0 .

Thus, the optimal strategy of pla yqt A is found:

SA~~
(
~h. 

‘I, , 0) ,
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i.e. , we swat use with probability 1/7 by first for. of armament .

with probability 6/7 — by tbe second , but the third for. of armament

not to apply at all. In this case, the probabilit y of the execu t ion

of co.tat mission viii be maxim um:

— — ~~~~ ~~~ 0.457 .

Let us now f i nd  the  opti.al strategy S~~ of en emy. In the

general ca ns for this, it is necessary to ester in the manner  t h a t  it

is said above: to solve proble m f o r  an e~.ay in the m a n n e r  tha t we it

solved for ourselves, with the replacement of the colu•ns of

matrix/die by rows, signs ~~on .~~ a nd thy  m i n i m u m  by m a x i m u m .  However ,

in thi s ca ns for this, the necessities no: us helps the fac t  tha t to

us are already known player ’s active stra begies A , and the ir on ly

two: A , and A5. Game , thus , becam e ga me 2 z 3, which can be so l ved

.le.ssta ry. Lowering details, let us give only the solution:

S1~~— ( / ~, •/ ~, 0).

i.e. the optimal strategy of snesy lies ~m the fact that , with

pr obabilit y of 3/7 usi n g i~ t.rfer~ oc.s B,,, with probability 4/7, — by

in terferences B~. but the third form of iyter ferences (33) not to

apply at all.

La copclusios let us note th at the demonstrated is t h i s

pa ragraph general method of the  solutica of games a x n ( i n f o r m a t i o n

to the prob lem of linear pro gramming) doss not alwa ys turn  out to be

the simple st. Pr.qwent ly game — especially wit h small a and  n — can
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be solved simpler, if we previously gu.s*, which strategies arc

active. For exampl e, if the mat r ix / die qf gas. — is square (a = n ) ,

then it is possible to t ry  — it is not game cc.pletely averaged? In

this case~all’stra tegies of both sides are act ive, an d inequalities

(9.3) ate converted into equa lities. If, af ter solving this systen of

eq uations, we will obtain th e  positive values 1~~, x,, ..., i ,,, . then,

by store/a dd ing up the., let us find value Iv ~

~~~~~~~~
vhe~c worth of game :

3~
.

y~ Probabuities Ps. p~, ... , p ,,, in the optimal strategy S..1’ will be

located as

p~~~X 1 V. p1 X1V, ...,

_ _ _ _ _
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10. Solution of final games by the method of iterations.

in practical problems frequently there is no need for finding

th. exact solut ion of game; su f f i c i en t ly  there is to f ind  approximate

solution, whic h en sures the average gain, close to worth of qa~ e.

Tenta tively worth of game v can be determined directly from

matrix/die, knowing lover vcrtb of game ~ and upper ~~. If a and  ~ are

close, then virtually there is no necessity to be occupied by the

searches of exact solution, and it suffices it viii be as optimum

take pure/clea n mi nima x strategies. In the same cases~ when a and ~

are no t close, approxima te solution of game can be obtained , using

the method of iterations.

The idea of this method is reduced to following. Is developed

4 
“thought experiment”, in whic h both si des A an d B apply a~Jainst each

other their strategies. Exper iment consists of the sequence of the

separate “party/batches” of this game. Begins it from the fact that

one of the players (let us say A or “we”) is chosen arbitraril y one

of its strategies, for example Enemy (B) this answers that of his

strategies that is least adva ntageous for us, i.e., is con verted

LA _ 
- _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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r
ga in with  strategy A 1 into the minimum. This course we answer that

our strategy Ak which gives maximu m gain with strategy of e n e m y  4.

Further — again the turn of enemy. It answers our pair of courses

and A k that its strategy wh ich g~ives the smallest aver age

gain to one party/batch with these two strategies and, etc. At each

step/pitch of iterative process, each player answers the next course

of other that his strategy, which is optimum relative to all previous

courses of enemy, considered as certain “mixed strategy”, in which

th. pure strategies enter in the proportions, determined by the

frequency of their application/use.

This method of the construction of the optimal strategies

represents by itself certain model of the practical “mu tu a l

instruct io~” of the players when each of them on experiment “probes”

the way of behavior of the enemy tries to answer it the best for

itself tot a.

~t is possible to demonstrate that the process of iterations

descends; if this alternating sequence of party/batches to continue

is sufficient for long, then the average gain, which is necessary to

one party/batch, w ill approach the worth of gamy V . and of frequency

p1*, p~*, ..., Q1 *, Q2 *, ... , with which were applied

strategies &~ , A ,, ..., ~~ B ,, B5, ..., in this “drawing ”, they

~il.l approach probabilities p,. p,. .~~
.. q,, 

~,, ~~~~ in the
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*optimem mixed 8trat.gies:S~ — (p s .  ps. ~~.. ‘ — (q,, q~ , • . ..

Calculations show that the convergence of method - very slow;

however, for high speed ETsTII ( SLLBM — digital computer j this Is not

seri~ is obstruction. The advantage of the method of iterations lies

in th. fact that its complexity co.paratively little grows with an

increase in the size/dimension of table m x a, whereas the complexity

of the solution of the problem of linear programming sharply

increases with inc rease in a and a.

Page 490.

Let us demonstrate the application/use of an i te ra t ive  method

based on the example of game “three finge r/pins”, solved by us

accurately in the previous paragraph. Tb. fact that we k n v  the

solutjon of game and its value ( ‘ — 5), will aid us to consider

tb. accuracy of the method of iter ations.

Bxample. To solve by the method of iterations game with the

matrix/d ie
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5olution. Table 10.1 gives the first of 30 step/pitches Of the

process of iterations. In the first colum n is given the number of

party/batch (pair of selections) k, in the seco;d — number i of

selected in this party/batch strategy ci player A. In the subsequent

three colu mn s — “a ccumulated gain ” for f irst  k of party/batches with

those stra tegies which were applied player ’s both in the  p rev ious

party/batc hes, with  strategy4~~~ ~ l~~~
t 1his pa r ty /ba tc h and

wi th  strategies B1, B~ , B 3~~ 
a
~~ is party/batch. Prom these

accume)ate d gains is emphasized minimum (if such minimum jam s

several, then are stressed they everything). The emphasized number

deteraines by itself player’s most advantageous strateg y B in this

party/batch — it corresponds to the numbe r of that strate~jy for

vh lch is reached the minimu , of the accumulated gain (it such

.iai.ums several, is taken any of them , for example , by rind om

drawiag). Thus is enter/written in following column the number of

optimum reciprocal strategy of enemy j. In the subsequent three

columns is give n the accumulated gain for k of party/b tches
of player

respectively with strategies A ,, A5, A JA A
~ 

Prom t hese values

- _~~~~~~~~~- - -
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is vrjtten maxi mum; it determines by itself the selection of player ’s

strategy A in following party/batch (fclloving 1~ble row). In further

columns l~hle 10.1 are placed these data:

— ainimun tccaiulated gain. divi~ded into the number of

party/batches k; V — maxim ma accuaml.t.d gain, divided into  the

number of party/batches k .’? v’ ~~~~~~~~~~~~~ t~ eiv arithmetic mean (is placed

in table between v aid

Value v’ can ser ve (is better than ‘~ and ~ as approximate

value of wotth of game.

I i
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Page A491.

Table 10.1

~ I I / ~~~~~~~
B

~~~~~~
8

~~~~~~~~~~~j 1 ~~~~~~
A . 

~~~~1 3 9 II 2 2 Th 0 0 4 ,5 9

2 2 II 9 i i  2 4 (8 0 4 ,5 6 ,75 9

3 2 i. I~ ii 3 13 T~ i i 3 .67 .,~ 4 6

1 2 (5 27 II 3 22 18 ~~ 2 ,75 4 ,13 5,50
5 ~ 29 20 3 ~.l t~’ ~~ 4 ,00 5,30 6,60

. I II 29 )~ 2 ~ 27 33 4 ,hl 5 ,17 5 ,50

~ U 40 2 35 ~9 33 4 , 43 4 ,79 5 14
¶ f 2 I 2 37 ~~ 33 5,00 ~,30 5 ,6!

2 I 4 ; ~ 46 45 44 4 ,45 4 ,78 5 ,11
(0 I ~~

. 31 19 I 3 17 ~~ 4 ,90 5,10 5,30

It  5” 51 60 55 56 53 4 ,6,4 4 ,87 ~,09

(2 2 6~ 6(1 60 2 57 65 53 5 ,00 5,20 5,41
(3 2 62 69 60 :3 66 65 64 4 ,6 1 4 ,~ 4 5,07

14 t 61) 71 69 I 73 67 75 4 ,93 5,07 5 ,21
• (5 J ?~ 7i 80 2 75 Th 73 4 ,74 4 ,90 5,06

16 2 80 80 80 2 77 
•

~~~~ 73 5,00 5 ,16 5 ,31

Il 2 82 89 8o ~6 85 84 4 ,71 4 ,69 5,07ç l~ I ~9 91 89 I 93 87 93 4 ,95 5 ,06 5,17

19 98 91 (00 2 95 9t~ 93 4 ,7~) 1 ,93 5,06

• 20 2 (00 100 IOU 2 97 i~ 93 5 ,00 5,15 5,31

21 2 102 (09 1110 3 1116 105 (04 4 ,76 4 ,90 5,04

• 22 I 109 III 109 1 113 107 m 1 ,97 ~,05 5,11

2 4 3 118 III 120 2 113 1Th 113 4 ,83 4 ,94 5 ,04

24 2 120 120 120 2 Ill 125 113 5 ,00 5 ,10 5,20

25 2 (22 29 (20 3 126 (23 124 4 ,80 4 ,92 5 ,04

26 - I 129 131 129 I 1 :33 127 i~ 4,96 5,04 5 ,11

27 3 13~ 131 (40 2 135 i5~ 133 4 ,86 4 ,95 5,04

28 2 (10 140 140 2 137 115 (33 5,00 5,10 5,09

29 2 (42 (49 140 3 146 145 14-1 4 ,~4 4 ,94 5 ,04

11) I 149 151 149 I (53 (47 1~ 4,97 5,04 5,10
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Page ~92.

Counting the number of cases of appl icatio /use with the player

of each strategy and Dale him to the number of party/batc hes k , we

will obtain approximate valses of th. probabilities wit h which ~re

applied strategies in the optimem aixtue
S4’ =— (Pi. p,. i’,), S~’ = (q1, q2, q3 ).

As can be seen from lable 10.1, value v’ insign i f i c a n tly var i es
abou t wort h of game 5 (value of inibial game was 0, we added to

all matrix elements on 5)..

FOOTNOTE 1• Register P5* = = 0.S is. of course, random.

!NDPOOTNOT E.

Counting according to Table 10.1 frequencies of the

application/use of strategies A 1, l~, A3 in the f i r st 30
pa rty/batches, we will obtain:

P~’ ~~ ~~0,267~ P~~ 
‘
~~~, ~~0,5; P~’ 

7
,~, ~~0 ,233.

They render/shovel sufficiently close to this know n to us from the

solution of game probabilities:
p1~~~l4~~O,25 p,

~~ ’ ~— O,5; p,_ h/ 4 _ O,25* .

Analogous ly fo r  player B we f ind  the frequencies of s trategies

B ,, B~ , B3 in the f i rs t  30 party/batches: .
Q1* —~ ,, — 0.2 ; Q. ..~~~‘ ,,.iO,5; Q,’— ’,~=O,3.

- •~~~~~~~~~~~~~ •-
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This already more intensely differs from the solution of game

according to which:

• ~
• q, = 0.25; q, = Q.5; g, = 0.25.

But for us indeed are important not precise values of probabilities

q,, q5, q3, but ga in, which is ensured to us by the applicat ion/use

of mixed strategies. If enemy will use the mixed strategy

~a’ (O ,2;O,5;O,3).

Our gai n (his loss) will  be not greater t han 5.10 ( l a s t/ l a t t e r

row in Table 10.1) , tha t  only a little d i f fe r s from the w o r t h  of game

5.0. Let us note that by posing practical pla y problem, we usually

ma ke simplification and the assumptions which make excessive pursuit

of the hig h accuracy of solution, so that the tentative solution of

game, obtained by the method of iteratioi~s ~eve~ wi th the sma l l

num ber of Rparty/batches~). frequently can render/show sufficient.

Let us do apropos Table 10.1 still one obser vation. In it are

encounter d the rows (for example, the eighth, twe l f th, twentieth and

so forth), where all three values of gains are emphasiued; this means

that  is reached the “position of equilik ium ”, by wh ich an y  behavior

of enemy gives to us one and the same gain, namely, worth of game v•

Let us focus a ttention on the fact that for t hese rows

real/actually valu e ~ reaches acc urately valess v. According  to
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such sign/criteria it is possible to find approximate value  of wor th

of game: if in some consecutive columns with all strategies of

coi~trary side is ensured approximately oqe and the sans gain , this

means that it can be taken for approximate value of worth of game.

The knowledge of approximate value of •Crth of game is important for

during stopping th. of process of iterations.

Page 493.

How to find virtually optimal strategies after the process of

iterations it is ended? Let us return to lable 10.1 and will consider

in it column v. Let us f ind  in this column m ax imum cell/e lement. In

our case this rencl.r/shoved ~~~ a 5 (ra$o.ly equal worth of game ,

but, beginning the iteratior s, we indeed it not know!). From this we

consist that apply ing the mixed strategy, which corresponds to this

row, we ensure to ourselves the gain, not less than 5. Let us cOUnt

the frequencies of strategies for the 20th row. Strategy A , was

applied by us S tines of 20, strategy 13 — also S times, strategy A~
— 10 times, wheacs we tak e the probabilities of strategies:

• p~~’— 0 ,25, p . 0 ,5, p, —’ O,25,

which, as one would expect that it coincides (is this case it is

accurate, but not approximately) with the optimal strategy of player

A in the solution of game. Let us do the same for player B. Let us

consider column V and will find in it minimum number 
~~~~~~~~ 

This will



•
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•
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be 5.0*, attained, for example in the 29th row. This means tha t if

player B wil l appl y the mixed strategy, *hich corresponds to entire

“past” for this row: q, 5,29 0.172; q3 15/29 0.517; q, = 9/29

= 0.311. then it :an guarantee, which wil,l lose no more than 5.04.

This — is better than value 5. 10, attaisel ‘ in quite last/latter

row.

Thus, even with the s•all number of iterations (k = 30) worth of

game and solution are located with satisfactory accuracy.

11. Physical mixture of strategies.

Solving the problems of the theory of games, we r.peatedl y came

to conclusion/derivations, the recoanendiqg players to apply not the

pure/clean, but mixed strategies. Let us consider a question

concerning the actual reali2ation of mixe d strategies in pract ice.

The basic reg ion where is applied the thecry of games -

coqflict in g situat ions, connec ted with the combat operations where

the deliberate counteraction of the reasonable enemy is not subject

to doubt and always must be included in the model of operation.

The problems of operations research, connected with comba t

operat ions, it is possible to conditio*ally divide into two class: -

— —~~
—- JA
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“t chnical ” and “tactical” problems. Is “technical” problems speech

occurs about th. selection of the raticqal design parameters of the

specimen/samples used comba t of technology. In “tactical” problems

spiech occurs from the methods of the conbat esploymeat of the

already available technical equipment with the assigned parameters ;

this — lore movable, is more “topical” solutions. Significant part of

them will be be accepted and be justified in the course of quite

combat operations.
.

Let us consider a question concerning the application /use of

mixed strategies in each problems.

Page 49*.

As concerns “tact ical” problems, her, the applicability of the

mixed strategies of doubts is not ca used: they indicate the  f l ex ib le,

mova ble, always unexpected for an enemy tactics. The advisabi li ty  of

this tactics was obvious always; by play methods it is possible to

only justify the proportions of different tactical methols.

• tn “tqchnical” problems matter is somewhat otherwise. Let, for

example, the speech occur from that in order to select made of

• several possible v ersions and to carry out a new specimen/sample of

ar ma ment, Scarcely whether will expe dientaly let this selection of

—- -•- .--
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chance, for example toss up co in and, if falls coat of arms, selec t

the fJ~rst version., and if numeral — the second . This is i n e x p e d i e n t

at least because the essence of mixe d strategy in the fact tha t its

ooncrete/specificfactual realization always remains mystery fo r  an

enemy, and when speech occurs about lasting solution, at enemy, as a

rule, viii be the time and possibility to gather informati on about

strategy accepted and to act with respect to it.

In similar proble ms play principles can be applied otherwise: in

th, fern of the so—called “ ph ysical mix ture  of strategies” . The

physical mixture of stvateg ies is called such mixture with which

simultaneously (in one or several operations) they are applied

severa l strategies in the specific propqvt ions; for example, several

specimen/samples of armament, which possess different properties. U

the specimen/samples used are sharply different in their

characterist ics, then, using physical mix t ure of strategies, we can

noticeably increas e our gain in ccmpariao n wit h that  case when is

applied only one strategy. The proportio*e in which must be mixed

di fferent specimen/samples , can be substa n tia ted on th . basi s of t h e

principles of the theory of games.

As the examples of the physical mixture of strategies, it is

possible to give: — application/use in automa t ic gun of ammunition

belt , comple te cartridges of different types (armor—piercin g,
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ig;itioa, expl osive) ; — arrangement in th. band of PYO of

antiaircraft complexes with different characteristics; -

application/us, in th. combat oper ations of uni form fighters vith

di f ferent armamen t , etc.

Strictly speaking, the physically u~xed strategy is that not

mixed, but pure/clean; its parameters are the proportions, in whic h

are mixed separate specimen/samples. However, stated so play problem

proves to be, as a rule, very complex (at least because the number of

strategies in this case it is infinite). In the first appr ox imation ,

it is possibl. to solve the proble. of the establishment of these

proportions on th, basis of the theory of final games and by

substituting the optimu. mixed strategy by physical mixture. This

approximate solution of the game •ost of all is approached in the

case when the situ ation of the combat employment of specimen/samples

of armament pteviausly is not completely clear; in this ase, the

presence as arms simultaneousl y of several specimen/samples with

different characteristics and to a certain degree ensures their

application/us, in combat operations in those proportions on the

average, in which they are in the presence.

Page *95.

Example. A vailable are the worked out tour spec im.n/samples of
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the U guided missiles: A 1, A,, A 3, A,, isteaded for shooting at

aircraft; are know n the aircraft types of enemy a1, B~, 53, 34, B~ ,
wh ich it can apply;  however, it is unknov~ previously — in whi ch

propor tion~ The kill  probability of the  aircraft of enemy so on

applicatioji/use of each typ, of armament is assigned by the

matrix/dis:

_ _ _  
_ _

H ~ H 8

A , (
~,2 (~ , 0.6 0,4 0,7

4, n,:i ,4 * ,5 0,8

J 4 0,4 
— 

I ,~ 

— - 

0,5 0,5 0.8

___________________ _________ 
I •

~~__— 

0,1

it is required, on the basis of the principles of the theor y of

ga mes, to justify the proportions in which it is necessary to orde r

the armamept of different types.

• Solution. We note that strategy A 1 is knowingly unfavorable in

comparison with A,; strategy A ,, is kuo~iqgly unfavorable in

comparison with A~ ; game is reduced to game 2 x 5 with the

ma trim/die:_________ _______  ______ _______  ______ ______

~ I ~• 0,4 0.5 0,6 0,5 0,4

- 4, 0,7 o.:~ 
- 

0,5 0.2 0.1

?urth.r, we note that strategy B, for an enemy is clearly

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- .
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unfavorable in com parison with 8,, and B, — in comparison with B,.
Re mains ga me 2 x 3 with the matrix/die:

0,4 O,~ 0.8

A , 0,~ 0,2 0,1

Let us construct the geometric interpretation of game (Fig.

• 9.17)~..

¼
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I ,

ff
rig. ~.t7.

Page 96.

From curve/graph it is evident that active strategies of enemy they

are B~ and B,; game is reduced to game 2 x 2:

0,4 
— 

0,5

A4 t’ , 0,2

Be find the solution of the game:

wh•r e S A’ = (0, 0, ~~~~
0,2—0 ,7 5 I

0,4 +0 ,2—0 ,5—0 ,7 6 ’
0,2.0 ,4—0 ,5.0 ,7 9

V — 0,4+0 .2—0 .5—0 ,7 j~
-=0,45.

Thus, on the basis of the principles of the theory of game s, we

ta ke the recommeniations: not to order et all specimen/samples A~ and

• • •- • --~~~~
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A,, but specimen/samples A,, A, to order in proportion 5:1. In this

ca se, the average kill probability of th. aircraft of enemy (during

the mass application/use of specimen/samples of armament ) let us be

maximum (it is not below 0.45).

12. Cell/elements of the theory of statistical solutions.

In the problems of the theory of gam es, examining the

operations, conducted under conditions of indeterminancy/uncertainty,

we they connected this indeterminancy/uncertainty wit h the unknown

for us behavior of the enemy they proceeded from the fact that this

enemy it is “reasanable and ill—intentioned’ it launches those and

çrec isely those actions which for us are least advantageous.

However, during operations research is necessary to meet not

only this form of indeterminancy , u ncertainty. Very frequently the

indeterainancy/uncertainty, which accompan ies operation, connected

not with the conscious counteraction of the eneay , but it is simple

from our insufficient information about the conditions under which

will be carried out the operation. Thus, for ipstance, can be

previously unknown: weather in certain region, purchasinj demand on

of the specific form prod uction, the volume of transport which it is

necessary to imple ment to railroad and , etc.
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In all of this type the cases of tbe condition of the execution

of operation depend not on consciously counteracting to us enemy, but

on the objective reality wh ich in the theory of solutions is

coiventionally designated as “nature”. The corresponding situation s

• are freque ntly called “games with nature”. “nature” in the theory of

statistica l solutions is considered as certain disinterested instance

w hiose “behav ior” is unknown, but, in any case, does not contain the

cell/element of the conscious counteraction to our plan/layouts.

Let us consiier of this type situation. Let there be at us (side

A) a •f possible strategies: A 1, A,, ..., A ,~,: as concerns si tuat io’~,

about it it is possible to do n of assumptions EI l . fl?, .. , IL1 — let us

coqaid er them as “strategy of nature”.

• Page 497.

Our gain a,1 with each pair of strategies A , 11, is assigned by

ma trix/die (Table 12.1):

___________ 

Ii, II 

________

_______  
~~~~~~~~ 

_ _

1 02, 
~~~~~~~~~~ L~.... •

A m am, ~~~ ... a,,,,,
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It is required to select player’s such a strategy A (pure/c lean

or mixed), which is preferable (more advaqtageous) in comparison with

~hers.

At first glance it can seem that stated problem is simple r than

the recreation area, since it does not coitain counteraction. It is

real/actual, that makes decision in ga me with  nature  core eas i ly  in

that sense, that it, most likely, will b. obtained in this game

larger gain than in game against conscious enemy;  howe ver to i t  to

with more difficulty make the substantiated decision which will give

a good gain. The point is that in play coi~flicting situation the

assumption about the diametr ic  opposit ion of the interests of e n e m y

by our in a sense seemingly remove/takes inde terminanc y/ un cer ta int y.

But if this assumption cannot be dose, isdeterminancy/uncettainty

maqif eats itself to much more powerful degree.

The simplest case of the selection of solution under conditions

of indster.imaacy~uncertainty is the case when some one of pla yer’s

• strategies A exces da others (“ prevails” a bove them) as, for example ,

it is shown in flble 12.2.

In this table gain with  strategy A 1 in any state of nature 11~
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not less than gain with any other strategy; that means strateg y A , is

preferable (“prevails” above all others), and wit h it it shoul d be

used.

_ _ _  • _ _ _ _ _ _ _ _ _ _ _ _ ___•

~~~~~~
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Table 12.2

II, II, Ii.

A, 
______ 

2 
______ 

5
• 43 ~

‘ J _ _ _  _ _ _  _ _ _

___________ ______ 

4 I _ __I__i 
______

A, 4 2 L 2

Pa ge *98.

If in even in matrix/die there is no prevailing strategy, all

th. same one should look over it at the visual angle of strategies,

knowingl y unfavora ble for a player, worse, than at least one of the

othe rs, or that duplicate, which must be reject/t hr own. For example .

in jable 12.3 it is possible to reject/throw strategies A,, A~,

knowingl y unfavorable in comparison with A,, and strategy A, — in

• 1 compariso~ with A,, as a result of which matrix/die it will be

reduced to matrixfdie 2 x 5 (see Table 12.4).

Let us focus attention on followipg: in game against reasonable

• enemy, we would reject/tkro~ for it strategy fl, as unfavorable in

comparison with 114~ and 11, — in comparison with flb; LI “game against

nature” this cannot be mad., since “nature” does not choose its

strategy (state) so that as much as possilbie to us “to do harm”. 

• ~• • •~• • ••~•_ _ _
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Sub sequently we will assume that the analysis of matrix /d ie and

the rejection of knowingly unfavorable aqd duplicating strategies are

alread y produced.

How to us to be guided in the matter of makin g dscision in  t h e

situation of indeterminancy/uncertainty, if not one strategy does

prevail above othe rs? It is clear that we must pr oceed f r om th e

matrix/die of gains (a11). However, somet imes the picture of situ ation,

which gives the matrix /die of gains , ccntains it.s kind of

“d istcrtion” .

-3 Let us explai a. that  we keep in mind~ Let us assume t h a t  the

gaAs in strategy A 1 and state of nature fl,, is more than in strateg y

• 
~4, and state of mature I1~:

But the first gain can be more than the second not because we

selected more successful strategy, but it is simple b cause the state

of nature 11, “is more advantageous” for us t h a n  state fl ,. 

• ~~~~~~~~~~~ ~~ • • • •~~~~~~~~~~~ • ••
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Table 12.3

~~~~ ~ • — ••._______ • •~~~.. _____________

~~~~~~~~~~~~~~~~~~~~~~~ 3~~~~~~._
4 

- 
2
_

-
~~
_ _ _

A2 5 3 2 I I
— 

A, I 5 
___ 4______ 

:~
A~ 1 i 6 7 3

A1 I 
- 

2 3 3

Table 12.4

~~~~~~~~~~~
II

-~ 
~~~~~~~~~~~~~ 

,I II , I I . U,• -
~1 - • 

~~~~~~ 
______ _____ f 3

• 7 6 7 3 I

Rag. *99.

For example, for any economic operation state the “absence of the

natural calamities” generally is more favorable than state “flood” ,

“earthquake”, etc. it is represented desirable to introd uce such

indices wh ich would not simpl y give gain in each situation , but would

be described “success” or “failure” of the application/use of datum
• of strategy in this situation, taking into account that, how

ge;erally this situation was favorable for us.

I

For this purpose, in th. theory of solutions, is in tro duced the

important concept of “risk”.
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The risk of the player during the use of strategy A 1 under

coi~di tions fl, is called the difference between the gain, whic h he

woul d obtain, if he would know that fl,, and by the gain which it will

obtain under the same condi tions, applyin g strategy A ,

• Let us designate r ,, player ’s ris k with his stra tegy A , un der

coqditioms Ilj. Is expressed risk r 11 through the matrix elements of

ga ins ~a,1). It is ob vious, if player knew previously the state of

nature (condit ion) 11,. he would select the strateg y to which

correspond s the maxim u m gain in this chair, it is shorter, the

“maximum of column ” — let us designa te it , as earlier, 
~~~~

. Accord ing

to the determination of risk ,
(12.1)

where ~ — max a ,1.

From this determinat ion it follows that the risk can n o t be

me get ~ ye: ~
, o.

Durin g the calculation of the risk, whic h corresponds to each

strategy under given conditions, is considered common/genera l/to ta l

favorabl.n eas or nufavorableness  for  us of this state of the  n a t u r e :

va lue fi, ser ves as if criterion/studard of favorableness of state.

• -- • •~~~~~~~~~~~
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The matrix/die of risks (‘,j) gives the of ten more demons t ra t ive

picture of the indefini te  situation, than the matrix/die of ga i ns (a ,j).

Examp le 1. The operation is planned under the previousl y uncl ear

coqditions, which concern, for example, market conjuncture. Relative

to these conditions it is possible to do different assumptions:.
n,, ri,, fl,, n~.

The advantage of operation (expected gain) with  our strategies

(A ,) for varied conditions (11,) is assigned by the matr ix/die  of gains

~~~ ~~able 12. 5) .

Table 12.5

___________________ 
~~ , I ~ I ‘‘

~ I ‘‘~ I
A, 1 5

A, 3 I 8 4 3

A, 4 6 f 6 2

Page 500.

To co*struct the matrix/die of ris~~ (r ,1) .

_ _  • --• •~~~~~~ • • - • • • -~~~~~~~~~~~~~~~~~~~~~~~~~ • • -•~~~~~~~~~~ • • ••
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Solution. Each matrix element is subtracted from m aximum in this

column val ue (in the first col umn this Ø~ II , in the others ~~ = 8,
(2

a 6, ~~ = 9. Ws obtain the matr ix/ d ie  of risks jlab le 12. 4 ) .

Tables 12. 6

I 
_ __

- 

•4 1 
•
~~~~

•

-~~~~
•
~~ 

0

I 6
• 

4. i i 0 7

Wit h view on this matrix/die to us become clearer some features

of this “game with nature”. So , in mat t ix/ die  from gains (a ,1) (see

Table 12.5) in th. second row the first aqd last/latter cell/elements

were equal to each other: a,, a,, = 3.

However, these gains are entirely oo;equivalent to aach other in

the sense of that, is how successfully selected strategy: in the

state of nature  fl , ma could win larger anything le, and the selection

of strateg y A, is almost completely good; but thus in state Ti we

could, after s.l.:ting strategy A~ , to vi~ on whole 6 ones is more ,

i.e. , the selection of strateg y A, ver y poor. This is r e f l ecte d by

th. matrix element s of the risks: r1, 1, r,, a 6.

Tha t th at we made, un t i l  now, — altogether only different
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methods of th. grouping of initial data; as concerns criteria for

ma king of decisions, we them will consider in following paragrap h.

13. Criteria, based on the known probabilities of conditions.

Criter ia of Raid , Hu r w i t z , Savage.

Mos t simply is solved the problem of the selec tion ~f solu tion

under cond itions of the indeterminancy/uncertaint y when to us

although are unknown the conditions of the execution of ~peration

(state of nature) Ii,, fl,, .., Ii,,. but are known to their probability :

V Q, P (fl1); Q, = P (Ti ,); ...; Q,, —

(±Q ~=I).

In this case as the  in dex of •ffic* acy which we attempt to t u r n

in to maximum , it is log ical to take average va lue ,  or the

mathematical expectation of gain , taking in to ao~ount this

çroba.bilities of all possible conditions.

Page 501.

Hi
Let us designate this average value for player ’s i stratejy through ~ :

~ ~~~ a ,) -f Q, a,1 -f -1- Q~ 
a,,,,

or, it is shorter,
a -~ ~~Q,a,,. (13.1)
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It is obvious , ~ to eat nothing else but is weighted mean she

gains of the i row , under taken with weights Q,, Q2~ ..., c . .  As the

optimal strategy it is logical to select that from strategies A* =

A ,, for which valve a , is converted into maximum.

lith the help of this method the problem of the selection of

solution uqder conditions of indeterminan!cy/uncertainty is con verted

into the problem of the selection of solution under conditions of

definition, on].y taken solution is optimum not in each individ ual

ca se, but on the average.

Exa mple 1. Plan/glides operation under previously unknown

• meteorological conditions; the versions of these conditions: fl ,. Iii. [L. fl~
Accord ing to the materials of weather reports after many years of

the frequency (probability) of these versions, are equa l

respectively:. Q O I  Q,~~~ O.2: Q, — o , 5; Q,— O ,2

• The pgssible versions Cf the organization of operation in

different meteorological co~ditions yield different advantage. The

va lues of “income” for each solution un d .r d i f ferent  condit ion s are

gi ven in Table 13. 1.

___ .4
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A , 
—

~ I

A, :1 4 ,5

A, 4 6 6 2 5,0

Q1 0,1 0,2 I., 5

In la st/latter row are given to the probability of condit ions.

Average gains ~ are given in last/latter column. From it it is

evident that the o ptimal strategy of p layer  is his s t ra tegy  A’ = A 1,

which gives the average gain a, = 5.2 (it is noted by asterisk).

When selecting of the optima l strateg y under unknown conditions

with known probabilities, it is possible to use only average g a i n

a,= ~~ Qj a,j, -

but also by the av erage risk

= 
~~~ Q1 PS,,

wh ich, it goes without  saying, must be converted not into maximum ,

but into the  minim u m.

Page 502.

Let us show that strategy, which maximizes average gain a,,
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coincides with strategy, which minimizes average risk r5. Let us

compute both these of index and will add them:

~~, +~ = ~ Q,a,, + ~~ Q,(1~,—a,,) =

= Q, a,~ — ~ Q,a1, + 
~ 

Q1 i, = 
~ 

QJf ~J. ~13.2)

• This sum (weighted mean val ue of the maximums of columns)  for

th.~s matri x/die is a constant value. Let us designate its C:

‘I

~~~~~~~Then

-I

whence average risk is equal.
(13.3)

:1 It is obvious, this value is converted into the m in i su m  a t  the

same time, when ~, — into maximum , therefore, strategy, selected

from the conditions of minimum average risk, coincides with strategy,

selected from the conditions of maximum average gain.

Let U~ note that in the case when are k;ovn to the probability of the

states of nature Qt, Q,, ..., Q,~, during the solution of game with

nature always it is possible to manage with some pure stritegies,

without applying t hose mixed. It is real/actual, if we are apply some

mixed stra tegy
S., =(p,, p,, .. ., p,,),

i.e. strategy A , with probability p,, strategy A, with probability p2

Li --
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• an d so forth, then our average gain, avaraged and according to

conditions (sta tes of nature) and on our strategies, wil l  be:
+P 1,.

This — is weighted mean the gains s~• which correspond to our

pure strategies.

Page 503.

But it is clear that any average cannot exceed maximu m from the

averaged values: — - -

a ~ max a,.

Therefore the application/use of mixed strategy S.~ with any

pr.babilities p,, p,, ..., cannot be more advantageous for a player

than the application/use of pare strategy A*.

the probabilities of conditions (states of nature) Q,, Q,,

Q,, can be determi ned from statistical data, ccnnected with repeated

execution similar operations or sim ply vi’th co~ducting of

observations on by the properties of nature. For example if railroad

for this t ime interval one must fulfill not the completely known

volume of transpor t, then the dat a on the distr i bu t ion of con d it ions

ceo be undertaken from an experiment in the past years. If , as in the

previous example, the success of operatioo depends on meteorological

conditions, the data on them can be undertaken from the st atistics of

- • ~~~~~~~_ •~~~~~~ ~~~~•~~~~~~~~~~___ _
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meat her reports.

However, freq uently are encountered the cases when, beg innin q

the execution of operation, we do not have an idea of the

proba bilit ies of t he states of nature; all the our infor m atio n leads

to the enu mera tion of the versions of states, and to consider their

• pr.babilit ies we not can. Thus, for instaqce, scarcely whether to us

be managed to reasonable consider probabi lity that during nearest k

of years wi l l  be su ggested an d realized the imp or tan t tech n ical

I invention.

It goes without saying that in the similar cases of the

probabilit y of conditions (states of nature) they can be estimated

subjectively: some of them are represented to us more, and others -

by less plausible. In order our subjective representations of greater

or the smaller “likelihood” of one or the other hypothesis to convert

into numerical estimations, can be applie d d i f f e r ent tech nical

methods. So, if we cannot prefer one hypothesis, if they everything

for us are equal, then it is logical to assign their probabilities

equal each other:

Q1 — Q1 — ... — Q~~ 
1/is.

This — the so—called “principl, of Laplace’s in sutf icien t

basis/base”. Another frequently encountered case — whe n we have a

representation of whic h conditions are more prok-able, but whic h -

k~~~~~~~~~ . 
_ __ _ _ _
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less, i.e. , we can place the available hy potheses in descend ing ocder

of their likelihood: in all is plausible the first hypothasis (l1~),

then the second (fl,) and so forth ; least of all is plausible the n

hypothesis (TiN). lowever, how one of them more probable another - we do

not know. In this case it is possible, for example to assign t h e

probabilities of h ypotheses proportional to the terms of the

d.cr.asing arithmetical progression:

Q, :Q, : ... :Q~ —rz : ( n — I )  ... :1 ,
or, taking into a:count that Q1+Q,+ ...

(t~~ I, 2, ... , a).

Page 501..

Somet imes it succeeds, on the basis of experiment and the common

seqse, to consider fine/thinner differences between the degree s of

the plausibility of hypotheses.

Similar methods of the subjective ev a luation

“probability— likelihood” of d i f f e ren t  hypotheses about the s tate of

nature can sometimes aid when selecting of solution. Nowever , it

cannot be forgotten which “optimum solution”, selected on the basis

of subjective probabilities, also will unavoidatly render/show

subjective. The degree of the subjectivity of solutioa cam be

desreesed, if we instead of probabilities Qa, Q,, ..., Q~, assigne d
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arbitrarily by one person. introduce average of such prohabilities,

assigned, it is independent of each other, by the grou p of the

qualified persons (“experts”). The aethqd of experts’s interrogation

is generally widel y applied in contemporary science, whers speech

occurs about the evaluation of the ind.fiqite situation (for example ,

in futurology). An experiment in the açpl ication/use of similar

methods teaches tha t of ten the est imat ions of the experts (accepted

in dependently one of another) prove to be by no means so/such

contradictory, as this it was possible to assume previously, and to

deduce of them som e prerequisite/premises for mak ing  of reasonable

decision is completely possible.

Above we threw light a question ccncerning the selection of

solution on the bisis of the objectively calcu lated or subjectively

assigned probabilities of the states of liature. This approach in the

theory of solutions — not only. Besides it there exist still several

of the “cr iteria” or of approaches to the selection of optimum

solution under conditicas of indetermi nanicy/uncertainty. Let us pa use

at some of them.

1. Naximin Wald criterion.

According to this criterion as optimum, is chosen player’s that

strategy A , by which m in imum gain is maximum , i.e.. strategy, which

I
- -~~~~~~~~~~~~~~•~~~~
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guarantees under any conditions the gain., not lea.. than the naximin:

~1’~~ max min a ,1. (13.4)

If we are guided by this criterion, necessar y always to be

oriented toward the worse conditions and to choose TU strategy, for

wh ich in the worst conditions the gain is maximum. Using this

• criterion in games with nature, we seeaii~gly place of instead of this

impersonal and disinterested instance active and ill—intended enemy.

It is obvi ous, this approach can be dictated only by extreme

pessimism in the evaluation of situatica — “it is always necessary to

rely on is worse” I —, but as one of the possible approac hes it

merits co~sideration.

2. Criterion of the min imax  ri sk of Savage.

This criterion recommends under conditions of

in determinancy/uncertainty to choose I~- strategy with which the value

of risk takes smal l value in most unfavorab le  situation ( w h e n risk is

maximum) :
*=min max r11. (13.5)

Page 505.

Essence of th i s  criterion in , by any ways avoiding t he  large

risk with the taking of solution.
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The criterion of Savage, just as the criterion of Wald — this

the criter ion Of extre me pessimism , but Oflly pessimism is here

un derstood d i f f e rently: worse declares not minimum gain , but the

ma ximum loss of gain in comparison wit h the fact that it would be

possible to achieve under given conditions (maximum risk).

3. Criterion of Hurvitz ’ pessimism—optimism.

This criterion is recommended under conditions of

indeterminancy/uncertainty when selecting of solution not to be

guided either by the extreme pessimism (always rely on the worst!) or

by the extreme, frivolous optimism (continually will manage best!)

Hurwitz’ criterion it takes the form:

3~= niax (x nhina i+ (1_x)max a1i~ (13.6)

where x —  the coefficient, selected between xero and one.

We analyze the  s tructure of expression (13.6) . When x =  I

criterion of Msrwitz is converted into pessimistic criteria of Wald ,

while with — into the criterio n of “extreme optimism ”, which

re-consends to choose *e st rategy, for which under the best conditions

the gain is maximum. With O < x < I  it is obtained something

average amon g ex t reme pessimism and the ex t reme op t imism ( c o e f f i c ien t
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,c expresses as the  “m easure of researcher’s pessimism’). This

coefficien t is chosen of the subjective considerations - than more

dangerous situation, the more we wis h in it “ to fear ”, the nearer to

one is chosen x.

W ith wish it is possi ble to construc t the cri terion , analogous

to the criterion of Hurvi~ z’ optimism— pessimism by proceeding not

from gain, but from scratch as in the cri terion of Savage , but  we on

this will not be stopped.

I
Despite the fact that the selecticn of criterion as

identif ication of parame ter in Hu rwi tz ’ criterion , they a r e

su bjective, all the same it can render/show on desire to look over

situation from th. point of these criteria. If the recommendations ,

which result from different criteria, coincide — so much the better ,

it is possible to boldly choose recommended with them solution . But

if, as so often is the case, recommenda tions co;tradict each other -

it always makes sense to be planned above this and to make final

decision taking into account his powerful and weak sides. The

analysis of the m a t ~ ix/die of game wit h t~a ture  at the v i s u a l  a n g l e  of

different criteria frequently gives better/best representation of

situation, of advantages and d isadvantages in each solution, than the

direct exa mination of matrix/die, especially, when its

su e/dimensions are great.
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Examp le 2. Is examined game with Rature 1$ x 3 with player’s

four str at egies: A~~, A~~, A 3, A~ an d by three versions of con di tion s
(sta tes of nature) : n~, ri,, II , The matrix/die of gains is given  in  Table

~~ 13. 2.
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To L i ~~~i opti muu ~ ~;oluti or ~ (.~trategy), ubin .~ t.~e ~:r i ’~~r i a  ot  W a l d

a n d  S a V a q e  r i nd Hurw i~~z’ cLi tt~ri un ihen~~~~
o.6

Solution. 1. Crit~~rion cf ~~1d .

In e4ch m a t r i x L O W , we ta k~. t 1~e s oal . t - ia i : :  (~~th1~ 13.3)

From value ~ z maximum ( I t  i~ n c t e d  o y  i~~t~~~i . -’k)  i~; e.iual to

O_ 2r~ t n e r e f or e , on t h e  c~.itei ion ot Walt] o~ t i ~u~u j~; 
~~t Lt t e q y A 3.

2.. Cr i t e r i o n  of i j e _

We con st r u c t  t h e  m a t r i x / t i l e  j f  risks a~ d we place in r i q h t

~ddit icn a 1 c o l u m n  th~ m a x i m u m  r isk j~~ ~acn L O W  ~~ (Table 13.4).

~M i n i m u m  f r o m  vaiues i it is Q .uc (~~t ~ ~~~te i  L)y ~st~ r i sk )

c u t i ~;c j u e nt  ly , on t h e  c r i t e r i o n  of S a va q ’ , cj  t i n~u u is a n y  t) t

~t i . a t e t J~ cs A~~, A 3.
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3. Cri’er ion of Hurwitz 
~ 0.6).

~ record/uLite i n  t h ~ r i~j I~t ~ k~r e~ c o 1 u~~u~ oL matrIx/die (table

1 L5)  t h e  ‘ :) ~? s s x n i st j C ” est i i t a t i c r ~ of .~u i n  ~~ . “optimistic ” ~, and

tht~ w~ iyhr~’~i mean accordint i to formula (1 L b )  :

Maximum value ~ (nOt€d l ’y asterisk) c o L L e s ~~on J s to  st r at t ~qy

~~~ Conse.~ju ent 1y, or. i u r w i t z ’ cr it ~~r ior ~ w i t h  1i~~~t / l u n y  r ep o n d e r a nce

t o  ‘~ n~~ side of jossimism (x~~ 0.6) the optun a 1 : ; t L i L ~ -j y i.~ \ 3. Th us, all

the three criteria acc~~tdi~tyly speak i n  f a v o r  c i  ~tr dt c Jy A 3, whic h

we have  a l l  Lo u nda  tions t ot  s ol€ ct  i nj .
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TdblC 13.2.

U, fl~

° .~~ 
, 15

0,75 ~~~~~ o1 ,3~
— 

A, 0 .25

A4 ~ 
0.85 1~,05 I

Table 13.3.

Ii. at

4

A i ,Th •
,~~~ .-~~~ 01

,20

I t ,~~5 
1 ,80 0 25 0,25’

A 4 ‘

~~~~~~ 

0 ,05 0.4
~~I 

(0
,05

L
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T4DIe 13.4.

~~~~~~~~ ~~~ ~~

~~ ‘ J ~~~~~~~~~~~~~, 0 ,0 )  o~, l~

4 i~~~~~~~~~ J~~~7 5 f  (I~~~~~ ~~~~~~

T a L l e  13.5..

~~~~~~~~~~~~ 
0~2j

4. 0 7 ~ o ,:~5 ‘ ,~~~~
- o , m 0,42

4 0,25 0 ,~~~ 
(0 ,25 0,25 080 0 ,47’

A 4 0,85 (0,05 0.45 0,06 f 0,85 0,37

T a b l e  13.6.

~~~~~~~~~ 
~~i iii~. I 

__________

h 2 3

.4, ~ 
________ 

I 
________

A. l  7 2 8
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Tab l~ 
p3. 7.

A , 

~~~~~ I ~ I ~~~

A 2

A
’ ~ ~ I 2
43 

I ~ 2 8 I

Faq~ 508.

E X a m p le 3. Is e x a m i n e d  j â t h C  a g ain s ~ n a t u r o 3 x ~4 w ith the

m a t r i x ,’die of g ai n s , p laced  i nl ab l e  13.5.

o To select the optimal s t r a t egy  cn the  c L i t o r~~a of ~a l d , Savage ,

a n a  i i u t w i t z w h e n  x 0,5

S c i u t i o n  1. C r i t er i o n  of Wald (~“~L1~ 1~~.7 ) .

O p t i m a l  s tr a t egy  A 1.

2.. Criterion of Savag~ (Table 13.~~).

Ojtim al strategy A 3.

3. Uurwitz ’ criterion (x 0 .5) (Table 13. ;) .
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O p t i m a l  S t r a t egy  A 3.

T h u s , t h e  c r i t er i a  of s a va g e  a n d  i I u r w i t . ~ ~~~~~ in  L i v o r  of

s t r a ’~e g y  A 3, whereas the crite :ion of ñ d l i  is c o m m e n d e d  A 1. i f of

that tnakiny decision t h er e  are no ~peciai ~~~~~~~as~s it stops to the

point cf extreme pessimism , it is possirle to rtop at strategy A 3.

In conclusion let us note icliowiny. All the three criter ia —

halu , Savage , and Hurwitz — have formu lat€d for the pure

strategies ; but completel y thus it is possible to torn tnew , also,

for m ix ed strategies. fer exan~ le, acccrding tc t:ie criterion of

Sa vage one should choose mixed strategy

SA =(Pl , P2~~..., Pm),

for w h i c h  it is reachad

mm max (p, r11+p, rgj + ... +prn l mj )
(p 0. P2 ~m)

( m i n i m u m  i s  taken  on a l l  P i .  P2 .  ..~~. p~~> 0 , p 1 + p ,, +.. . +p m lY To

f i nd t h i s  m i n i m a x  (or i n a x i m i n  in  t he  c r i t e r i o n  cf ~al’1) is possible

the usual me th ods of linear pro yra 3ming.

There can be the cases, w h e n  a p p l i c a t  i c n/ u s o  01 m i x e d  s t r a t e g i e s

with the use of the criteria of Aul d , sav age , and ii urw it z will give

a d v an t a g e  in c om pa r iso n w i t h  t h a t  s o l u t i o n  . h e L c H  a~~e app l ied  some

p u r e  s t r a t egies ; h o w e v e r , we w i l l  e x a m i n e  t o o • ’ ..;e criteri a only for the

~~~~ strategies.
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T a M e  13..9.

I o . I J n. 
~~

,

4 r I •~ 4 S~~~ 2

A 2 
~~.

‘ 
_ _ _ _  

‘ 
~

_____ 
I $ 1 I 8 ! 1 .5*

i

r ag e

Ci&~ Of the reasons ror thi s — t i , e  f act  t h a t  ~~ ~~~~~~~~~~ t o  ~ v o i ~ c o m ple x

ca l c u l a t i o n s, w h e n  t h e i r  r e s u l t  ca t .  ~e re~1oi ~~.: i c~. n~ by

d e t i c i c n cy / l ac k  in t h e  i n f o r m a t i o n  a b o u t  5 1 t ud t j ) ~ a ( n o t  c n o w i n y  t h e

i r c t ~, i b i 1 it i .~s of c o n d i ti o n s ) . A n o t h e r , i L o ~ i f l~~~I c L  t a n t  t e l s On  — i n  t h e

t d C t  t l i n t  the basi c c o n ten t ot  t o~e t ht ~or y  01 t b .  .~ t n t i s t i c a 1

so lu t  j ofl : ;  ( w e  w i l l  t o u c h  it in  t o l l o w i  ng ~ . t r a g r a 4 ’u )  — t h i s

y l i~11n~J / j l a n n i f l g  of  o bt a i nj r y  - t n . 1  U~~~C c t  t u ~~t h k r  u o f o r m a t i o n  a b o u t

LA ._ _ _ _ _ _ _ _ _  - - . - -~~ ~~~~~~~~~~~~~~~
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t h e  ; t a t e  of t he  n a t u r e  w h i c h  can h’ e x t r a c t e d  v ii exp erime nt.

z 0 e~ , .. , o r ( -h shows that in the typic al cases wboe ~m ~h Ieceh occurs about

c b t . i i n t u ~ t ) t  d f l y  consi~1er a h i e  q u a n t i t y  of t~~r t h e L  in formation , the

c L i t ~~r i u , w h i c h do not  use t h e  ~i r o 1 - a t- i l i t i .~~ o f  ~;t a t e s  (~~ a l d , etc . ) ,

i . c o m c  virtually equ iv al€ n t to the crit ’ric z , 0d ; -’u  on tti e

[rc~ahil iti e s of State~~ But w e k n o w  t h a t  w i t  1 t l o c  use of t h i s

c r i t  .‘r ion t h e  appi  icat  i c n/u s e  of m i x e d  ~t r~~t ° y ie s  doe s not  h a v e

• s i ise; the refore , if we can obtai n. a.~ m u c h  ~s l c ~~m i t ; l e  f u r t h e r

i n f o : n at i o n , the  ~ pplication/uoe of mix ed ~tr at e ;  ics b e cj m c s

b r e a ’ m i n g l e s s  ( w h a t e v e r  ir cm the crit et ia of the s”lo~etion of solution

we t i~
;. d) . But i t  w e  not can  ru  n r . i n j  cx ret i to~~n t ~ - , to obtain new

in te~ m ation , then di’ teront crit .1  ld  c an  g i v e  w h i c h  c o n t ra d i c t  each

ot h.  i ~c o m m e n d a t i o n s , .15 we ~; a w  t o  e x a m p l e  ~~~

14.. t l d t . f l i f l . j  exper  i inent  i i n d t ~r c o n d i t  i c r ~ ot

in d e t ~~r m i n an c y / u n c e rt a i n t y .

I n  t h i s  p a r a g r a p h  we w i l l  t o u c n  a / i i ~~j~ CI t i L t  il l  t i . ’ t heo r y

of s t a t is t ical s o l u t i o n s  q u e s t i o n  c c 0 c € t n l r ~ m c w  t o  u s  c an  a id  in

~a k i n y  of decis ion  t h e  e x p e r im e n t s , l a u n c h - u t o r  purpose of t h e

e xp l a n a t  ion  of rea l s i t ua t  i cn ?  F h i s  ~j u e s t  i c i ,  i~~; c e n t  i a l  in  t h e o r y ,  as

is sh c w n  n a m e  i ts? i f :  i nde€ d w o r d  “st at  j 5t  i~.~d 1  “ ~o u a  is u u e t ~, w h e n

s~~’~~~h occu rs abou t c o n c l u s i c i i j d ~ r iv a t  ic u s  ~ o~ ~‘x p e r i m e b t t s , about

II_ - LA
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thei r glid ing/planning and trt-i tme nt.

Th e appropriate theory can be developed Dcta on t h e  oasis  of t he

kncw n probabilities of th e stat.~s of nature ari a fr omm t he  c r ite r ia ,

s i m i l a r  ~o t h e  c r i t et iczi  of WaLl ; we will hLr ’ —xa:mline tti~~ t h e o r y ,

w h i ch ~rcc eeds f r o m  th  ~ k n o w n  p r ob a b i l i t i es  of  t~~ c st a t e;  of n a t  ure

as s im p l e r .

Let us consider a following j U e S t j C f l. Us m is t laun~ :L certain

cperltion in i n s u f  f i c i e n t l y  e x p la i ne d  ccn cit  i o n s .  Does h a v e  sense for

r e f i n i n g  t ac  condi t ions  in cu r  i n u e t i n i t e  S it u I t i )ri t o  l a u n c h  c e r t a i n

ex~~e r iaent  ~? It is logical , t h i s  q u e s t i o n  a r i s !~, o n l y  i f

e xp e n d i t u r es on ex p e r im e n t  a re  e ss e n t i a l  a u c  ccn g ~~u on t  w i t h  t h a t

incr .?a s~- i n  the  g a i n  w h i c h  we can o b t a i n , a t t e r  l e a r n i n g  s i t u a t i o n

m o r e  a c c u rat e l y . B u t  i f  e x p e n d i t u r e s  en ex p e r i : f le n t  ar e  n e g l i g i b l e,

a n s wer / r e s p o n s e  to t h i s  q u e s t i o n  a l w a y s  p O S I t i VE .

Let. us  cons ile r  f i r s t  t h e  case  of “j ~~€ u l ”  c~~~e r i~~ent ~~~, of the

l e a d i n g  to c o m p l e t e l y  p r e c i se  k n c w l e d gc t h i t  s t a te  of n a t u r e

w h i c h  occurs  in t h i s  s i t u a t i o n.

Page  510.

Let  be ass igned th e  m a t r i x/ d i e  of  ga in s  
~~ti 

( 1 =  I , • .• ,  tit; j  = 1, ...,~ ),, 

~~-~~~~~~~~--~~~~~~~~~~ — - - —  _
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,i~~1 , t u r t h e r m D r e , are known to pro lab ilit y ~~ , ~~~, ... , Q
varied coalitions Pt ,P~ ,.. • P~/~~Let the exp .’~. i  1 t u r - ~s on

€ x ~~~r~~n.-~nt a t i o n  ! be equal C. Let us compare cir averaje gain

~it o,)uf e x p e r i m e n t a t i o n  ~ and  aV er a g e  g u  j~ 1 w i t :~ c o n du~ t i n y  of t h i s

cq cr i m en t . .

A s  we saw in ~13 , if we carry out ad ditiona lly no experiment ,

th~~n i~ is necessary as the solution to seltct that st r a t e g y  ~~
‘ = A ,,

~ot w h i c h  is reached  the m aximum average gain:

max {Qi a~ ± Q a ,2 4- •. +Q,,a~,,}, (14.1)

T h i s ;  there will be our gain without exper imentation t

N o w  l e t  us a s s u m e  t h at  we r a n  e x p e r i m en t  ~ and t h e y  e x p l ai n e d ,

w h j c l-’ ci sta tes P1 P ~ is the real State at n a tu r e .  I f  t h i s2
-
‘ render / s howed P, t h e n  we m u s t  ap p l y s t r u t e g y A ,1, fo r  w h i c h  i t  is

r e a c he d

a n d  o ur  .ja in will be e iual to ~‘~~~; if t h e  r eal utat~ of n-i t u re

r en d er / s h o wed  P~~ our ga i n  w i l l  be ~~~, and  .e~ t c i t :i. ~;enorally , in

t h e  r ea l  ;ta te of n a t u r e  ou r  g a in  w i l l  e•~ c~i u t l  to  m a x i m u m  g a i n

i n t h e  JA column :

ma w a,1 
~~~~~~~~

B u t  w e should pr eviously solve , w i l l  wc L U f l  e X [) e L i~~~~f l t  ~ 
Ot

- -
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n o t ;  t o  us i t  is u f l M A O W f l . w h i c h  of  s ta te s  ~n t e a l i t y  o c c u r s  and

w h i c h  t h e t  w i l l  be o u r  g a i n  ~~~~. • T io~~Eefcr o is a v e r a g e d  t t i i s  g a i n  w i t h

the ~ei j h t  s , equa l to p r o b a b i l  i t ies  Q 
~

- 
- Q~ 1+Q1~~+ •.. +Q~~.

T a k i n g  i n t o  a c c o u n t  t ac  c o s t/ v a l ue  o r  tac cx p e r i i o c l i t  ( w h i c h  m u s t

b e - s i i t r ac ted  f r o m  g a i n )  our a ve t a g e  g a i n  w i t h  t h e  a p p li c at i o n/u s e  of

i de a l  e x j e r i m e n t  ~ is e q u a l  to

Q~~+Q,f~+ •.. +Q~~—c. (14.2k

Th us , we must  car r y  cu t e x~-er im ent , if valu e (14.2) is more than

(14.1) ; bu t  if, nonr evoluticn , valu e (114_ i ) are acre , t h e n  e x p e r i m e n t

to  us is not n e ce s s a r y .

It is possible to  somew h at m o d i f y  t h i s  r u l e , a f t e r m a k i n g  it

s i m p l e r .  W e saw t h a t  e x p e r i m e n t  F to us w45 u s e ru l  ( i .e .  “ on

m e a n s ”) , i f

max (Qa a,i+Q,an+ •..

<Q~~i +Q1~.+ ... +Qft ~ ,—C. (14.3)

Let us move C into left side, and “ iua x i , u u m ” t r om l e ft  sid e in to

r i g h t , a f t e r cha n g i n g t h e  si g n b e t o t e  t h e  s u m  an d  su b s t i t u t i n g

“ m a x i m u m ” by  the “ m i n i m u m ” ; c o nl i t i o n  ( 1 14 _ i )  it  w t l l  be r a w r i t t e n  i i i

t h e  t o r n :  C<n h i n lQ1~j~,~~ a,,) fQ1W1—a&-f. ... +Q~(~~—a,~fl

- -  ~~~~~~~~~-~~~~~~~~~- -  ~~~~~~~~~~~~~~~~~~~ ~~~~~~~ - IA
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cr , it is shorter

Ce~m in  ( ~ ~~~~~~~~ (14.4)

Pa. .3 k-~ 5 11

hut ~1 — a 1 there is no t h i n g  else b u t  r i sk  t~~, but the s u m  of

rig ht side — average expected risk:

There fore the rule of sol ution to t h e  ~- x c C u t i u n  ot  experiment I

acquires following form .

E x per iment  I must be carried out , it cx~~€ nd itur es on its

r e a l i z a t i o n  are lesser t h a n  t h e  m i n i m u m  a v er a g e  r i sk :
C<rnin~~. (14.5)

Ctherwise one should restrain from .X~~~~ ij , f l e~ it , i n - I  t - o u~ e that

~t r a t e y y  A * for  wh ich is r e a c h e d  t h j ~ m i n i a n ~ in cr av i -ri ge ri sk.

E x a m p l e  1. Is ex am i n e d  g a n !  w i t h  r at u~~ I x 4 wlios~ so n d i t i o n s

are  g i v e n  in Table 14 . 1 ( t h i s  m a t r i x / dj ~ w t  •i 1t ~~ad y  e x am i n e d  i n t o

~13)
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Th~ p i o b a b i l i t y  of t h ~ s~~ .it ’~ 5 01 f l a t U L t  ~~~i .  P:, P 3, P , ar e eq ua l

re~~j~ec ’ive l y :  Q 1 = 0.1 , ç2 = 0. ~ , ç~ = C_ h , ~~~ =

To de te r m i n e , is i p j - ro~ r i a t e  t h e  “ i l e a i ” ex p e ~ i r n e n t  w h o s e

c o st / v a l u e  (i n those on e s , in wh ici. i t  is cxprcsst ’J gain ) it is eq ual

to

solut .  ion.  ~~ pass f r o m  t h e  m d  tr ix,die Cf ;a i a s  to  t h e  m a t  r i x/ d i e

Ct. tisks (~~~ble 14 .2).

Ii ; r i g h t  f u r t h e r  c o l u m n  arc  w r i t t e n  t h e  w i l s e s  o t  . ivei i ge risk.

~ in r m u n i  f r o m  these values is egual tc 1_ b ;  con..~c~~uen t ly ,

e x p e L - i~i e n t a t i o n  w i t h  t h e  c o s t/ v a l ue  o f  2 sn~ is in ’. x r e i Lefl t.
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Table 144.1.

PT ±~ 
1:, ‘1 ‘;!_~__~ __~. j

Table 114..2.

ni n, u~ n,
.4, I ~ 4 1,6

4’ 
A,~~~~~ I 6 2 , —

4~ 0 2 0 7 1,8

Pa.~t 
r) 1 1

A b o v e  we considered the case of “i de a l” xjc ~ i : i e i i t ~~. as a

r~ su l~ ot  wh ic h t h e  s i t  u at i cn  c om p l e t e l y  is s i  a i L L i s i .

~ t u s  now con s i d e r -  t h e  case  not ct i.ka 1 x t imez~t ë, whic h

do~~ n ot  l e a d  to exp lanation in t~~c a& ’cura c )- o: tao s t i t  of nature

u t  i t  o n l y  g i ves scme ir ., I i s t ~ct  € V 1 I I O I 4 e ~ i n  tavor ot one or the

O~ ~ei st. ates. In g e n e r a l  v i e w  we c a r  t c  .i s a r ~~- t h a t  u x p e r i m e n t

l e ad S  ‘o a pp e ar a n c e  ot  one of k ot the ant ith.-tical event.;

A,, B,, ...
me i’ ov. r t h .~ p r ob~ b i l  i t  y of t h  e S C  vent a ( i . au ~ - a ot e x p e r i m e n t )  they
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dej~~nd on the conhitions under which it is conducted : P~ , P~, ... or

Let us de s ig n i  to the conditional prob anil i t  y or a p p e a r i n g  event

u n d e r  c o n d i ti o ns P~ t h t o u gk i

P (8,/fl,), (1 1, 2, .. . ,  a; 1 = 1, 2, ..., k)

an d  l et  uS consider t h a t  all these ccnditioua l probabilities to us

arc kncwn .

At ter t he  realization ct exp eriment ~~~, v !  i c h  g a v e  is sue  8k,, for

us ~t is necessary  to r e e x a m i n e  t he  ~. r c~ a b i ~~it ie..i ot t h ~ co n d i t i o n s:

t h e  s t a t e s  of n a t u r e  P j ,  P2 , ..., P~~ w i l l  ~~~~ c n ar a c t e rj z ed  no t  by

t he  ~t~~ViOUS (a p r i or i )  p r ol a bil i t i e s

Q,, Q,, • • • ,  Q~
,

w h i l e  i y  t h e  n e w , “ a po s t e ri o r i”  pr ob at i l i tie s  of the states :

~~~~~~ 
•..‘

i.e. by the conditional prolaba .iit ics of states P,, f’~ , ... , P~ w h e n

t h e  ex~ eriment gave result L
~L.

rscse a jost~ ticri ~-robanilitie s are

c o u n t e d  a c c o r d i n g  to  k n c w n  ~ay € s ’ tcrmu la :

= 
Qj P(81111j)  

(j — I , .. ., n) (14.6)
. 

~~~Qj P (B j / I 1j )

( w i t h  t h i s  and  is c o n ne c t e d  t h e  fa c t , t hat t i e  c c r s t ; ; p o n I i n g  ap p r o a c h

to m a k i n g  of dec is ion  in  t he  si t . u a t i c n  cf in d e t u i n a n c y / u n c e r t a i n t y

is C,i l1~~U Ba yes) .

~;ince  the  & p r i o r i  p r o b a b il i t i es  of t m i ~ - 5t ~~teS of n i t  ure 
~~*‘ Q~~.
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a r e  s u bst i t u t e d  new , a ~ost e r i cr i  ~ and also,
1~’ Ig 

ther .-for~ , opt i mal s t r a t e g y  A* in the  g e n e ra l  case w i l l  be replaced

by new op t i m a l  st r a t e g y A’~ ca lcu la ted  t a k i n g  i n t o account  a

post e t i ur i  p r o b a b i l i t i es  ( u n d e r  th e  ccn d it i c n  ~ t ev e nt

E x a m p l e  ~~ 2. U n d e r  c o nu i t iu r s  of exu  a~~1e I a ith tha a pr ior i

p r o h i b i l i t i e s  of t h e  c o n d i t i o n s  B,).

Q,~~O,I Q,=0,2, Q,—o,5. Q4 0;2

is r u n  e x p e r i m en t  ‘
~~ employed fo r r e f i n i n g  t h ~ sit uation . This

ex~~e r i m e r m t , g e n e r a l ly s pe a k i n g ,  c a n  na ve t h ee I :j ssiole issu es:

8,. 8, ~,

The con d i t i o n a l  p r o b a b i l i t i e s  of t h e s e  i sSUe s P(8, ’fl j~ for  t h e

d i f f e r e nt  s tates 3f n a t u r e  P1.  P2, p3 .  P, di~ ely -nh in  th3 matrix/die

cf condi tional probabilities (Tabl e 14.3)...

Page  5 1 3 .

I~ is k n o w n  t h a t  in e x p e r i m e n t  ~~ oc c u r r e d  i~.5ue  Li,. To c o m p u t e

a p os ter io r i  p r o b a b i l i t i e s  ~~~ , To in dicate thu new optima l s t r a t e g y

Sol ut ion. On f o r m u l a  (14 .6 )  we h a v e :

I—
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_ 0,1.0,2

0,1-0 ,2+0,2.0 ,9+0 ,5.0.4+0,2.0.3 0,043,

-

~~ 

-

~~

‘ -

~~ 

0,392; ~ ,, 0,435;

Let  us  comput e average gains ~~( ‘) w i t h  each st r a t e gy  t a k i n g  i n t o

a c c o u n t  t h e  o b t a i ne d  a p o s ter i or i  p r o b ab i l it  ie~.. (Ta n i e  1 4 . 4 )  . In

last ,/ l a t r e r  t a b l e  row , - ire  p lace d a p o st e r i o r i  p r o m -~~ai l i t ie s , in

t i i h ~
- , f u r t h e r  col u m n  — a v e ra ge  g a i n s  at t h .  i € ~~ v a l u e s  of t h e

p r o h a b i l ~~t ie s  of s ta t e - s, ca l cu l a t ed  a c c o r d in g  t c  t a e  f u r n a l a

~~~~~~~ ~~~~~~~~ a41+Q,, Qb+~~~
,, as,.

j V a l u e s  ~n are given in Iower table row.

Th us, t ak ing  i n to  acco~ nt ~ esu1t 1, o t  ex ~ - e I i a e n t  L the

o p t i m a l  strategy w i l l  be nc l cn - ~eL A ,, b u t  :\~~~.

I t  is c e r t a i n , in  o rde r  p r e v i o u s l y  t o  o l v o , it is worth to us

c a r r y i ng  o u t  e x p er i m e n t  ~ or no t ,  i t  is n - s a : y  t o  p r e v i o u s l y

produce similar ca lcula tions not onl y zor ese ie..u. 3 ,. ~ u t  a l so  f o r

a l l  c the rs. Let us c o n t i n u e  t h e  e x a m i n a ti o n  o r  cx cr

E x a m p le ~~ 3. U n d e r  c o nd i t i o n s  of ~~ a n ~ le s  1 an.! 2 t o

m a n u  f a c t or  e t h e  ru le of  t h e  sc lot  i c n  w h i c h w o u  11  at -  l a d  ic i  ted with

w h i c h  i s s i .~ of e x p e r i m e n t  w h i c h  s t r a t e gy  t i  c he c s  ~~. ro ~~ p l a i n , how

a v e r a g e  a ga in  d u r i n g  t~~e ex e c u t i o n  Cf  E x p e r i m t n t  is gr e a t e r  t ha n

av er a g e  - j a m  w i th 3  Ut t h e  e x e c u t  ion of t h i s  ex~~ r i .~on t .
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Tab i .  1~4. 3.

~~~~~~~~~~~~H~~~~~~~~~~~i I I ~~~~~~~~~~~~’~~~~~~~~~~~~~~
.

0 . 9 0 ,4
~~~ 

0 3

~~~ 0 ,3

~~t i ~lt  14 .~-4 .

n, 
_ _ _  ~

, ~~ I)

A 1 ~ I 4 5 8 p 4 ,96

-~ 8 4 3

.4 , 4 6 6 2 I ~~‘°~~

- 

~ 0,043 0,392 0,435 0 , j 3 .)

Fa .j f 5 14 .

S clu t  ion .  Let us c o m p u te tii~- r e m a i n i n g  .~ p c st e r i o r i

prci~~bi1jties of all states of nature V~ 
Q.~.. ~j = 1, 2, 3, ~4) dh en

t~~e exp~ ri :nent gave ISSUeS I~~, i~~ r e sp e c t  j V t l~ c i f c i i l a t  ion  let  us

~rod uce on the same formula (114.6) :

_________________________________ -- - A
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1;

Let  us  red uc e a l l  t h e  new (a  ~ostEriori) ~ro~i .thilities of the

st ates of aature with each of t h e  issues B 1, b~~. 3 3 in t~ Dle 1 4 .5.

— 0 , I .0 . 1 —

O .I U I -i - 0 2 . O ,I-f- O ,S.O ,S+0 .2 - 0 3 
~~ 0,029

0 , 02 — 025 — 0 0 6
~:~~~~~~~~ o , 1)5g; Q32 ~~~~~~ 0 , 735; Q42 = j O .I77~
— 11 ,1.0 ,7 

_______

~~ ‘~~~
=- 

U ,1.0 ~~~~~~~~~~~~~~~~~~~~~~ ‘

~~ =~~~~~ ,
=(~ 

~ 0 0  
Q1 =-~~~~— 0 ,40.

IL
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‘Y ah l .~ 14. 5 .

B~ ~~~ ~4) 

~~ r~ij 
— 

B~ (I 029
1 ~~~~ 

0 7 h

8a~~~~~~~~0.35o
f 0 J 0,250 0 ,400

T a b l e  1L 4 .b .

~~~~Li1 ” “ I~~~I .. ._ .~__ i ~~4 1  I ~ 1 ~
A, 3 8 

~~I ~ 4 ,03

A3 6 6 2 J 5 , 23

Q12 j~~ t) ,029 0,059 0,735 0 , 177

Tab le  14 .7

___ ~,( ~ _ _ _

4 5 9 f ,20

42 3 4 3 3,25

.43 6 6 L 2 3, 70

~~~i3 ~ 0.35U J 
0 0,2 5 O f 0 ,4~~~~

N o w  f o r  each of t h e  events  B 2 ,  9~ (fur i , ~~~~ , L l r e a - l i  t h i s  d i d )

let  us t i f lI l  average .j a i i i,  a v e r a g i n g  i t  wi t h t h e  ~ -~ ij h t s , e q u a l  ~o

a p~ : ;t .~r io r i  p r o b a o i l i t i e s  t h e  o p t  t ani I s~ r a t e~ y we r~o te  b y
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h s t e rj g k .  The r e s u l t s  of c a l c u lat i cn s  f c r  e v - ’n t s  i~~ m d  a~ a re

re~~p e c t i v e l y  g i v en  in Table.s~~~ 1~e . 6  a nd  1 4.7 .  I n  t n ~ l o wer  row tab le,

g ives  t h e  ~ p o s t e r i o r i  p r o b ab i l i t i e s  of s tat e s , w L L i l e  i n  r i g h t  c o l u m n

— average -jam s.

N c w , on basis of Tables 14. 4 , 14.e , a n u  14 ./  ~ e can f o r m u late

t h e  r u l e  of the  so lu t i o n :

I f  ex p e r i m en t  ~~ g a ve  r e s u l t  B , — t o  d p p l y  t o  s t r a te g y  A 2 ;  if

i t  ~~~~ n o t  u , (i. e. 
~~~ 

or b 3) — t o  ap p l y  s t r a t e j y  A ,. In  th i s  case,

if ~~~~~~~~~~~~ g a v e  issue B~~, o u r  a v e ra g e  g u n  w i l l  be e g ua l to 5.20;

it h~ 
— 5.53 , and  if 83, then 5.20.

The average value cf average gain w i t h  tP is rule of solution can

be ca lcu li  ted as follows: let us f i n d  t h e  c u m i  cs it  e p r o n m u  i l i t y of

ev e n t  B 1 :

~~~~~~~~~~~~~ ~~~~~ 
Q,e°~81m, + Q,P (8 ,!f l 4 = 0, 1.0 ,2 +

We a n a l o g o u s l y f i n d  the proL ab ilities ot even ts B 2 ~n d  B 3:

P B ,~~~~Q,P(8.Jfl~ + ~,~~8./fl , ) +  Q,P (A 1/ fl ,) + Q4 P(8,/fl ~ — 0,1.0,1 +

~~
BI .Q1P(8Kr1% I +  Q P P ~~fl ,; - Q,P18,Ifl ,j + Q,PtB ,/ f l1) 0,1 0,7 +

F u l l/ t o t a l / c 3m p l et e  a ve r a g e  g a i n  w i t h  t h i s  r u l e  of so l u t i o n  w i l l

t e :  

-- ---~~
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— 0,4b.5.2~ -
~~ ~.53 i- 0,20 .5,~~ — 5,345

Let  u~ c omp a r e  t h i s  g a i n  w i t h  t h e  tact.  ~~, i c ~m w e  w o u l d  o b t a i n  in

~h e  al :s.~ n ce  of  t h e  ex p e r i~ en t  (see e x a u i j l e  1 
~, 

13) . T h o r  - w e o b t a i n e d

= 5. .~~
) . T h u s , t h e  xecu t ion ot ~ x p c r  i m e n t  i I ~CL. - is o.! ou r  a ver age

‘lii in  b y . 1 4 5 — 5 . 2 0  0.145. ~en ce f o l l o w s  t t i ~ c on e  l i s i o n :  i t  t h e

c o s t/ V a  I uc of e x p e r i m e n t  is less t h a n  0. 1~ ~ — ~n p ei i e~~t ly .

The c a ]  u l a t i o n s  of the  a d v is a b i l i ty  or  ex j-’n imuen t a ti on , it goe s

~i t h o ut  .— a  y in g ,  can he p r o d~ c€d  p roceed in g  n et  f r o m  i v e r i -j  e ga m e bu t

fr cn ’  a v e r a g e  r i sk ;  in t h i s  case , will. ~e ol tais~~d t h e  s am e  r e s u l tS .

A n a log ous ly  it is pos sib le  p r e v i o u s ly  t o  r e a l a l o u l , i t  is

p r c f i t a b ( e  to us s e v e r a l  t im e s  to  lead  € x p F L i m € n t  I t  is

r e a l/ a c t ua l , let , lot us  s a y ,  t h a t  t h c~~e is k o s s iu i l i t y  t o  pr -a Iuce

t w c  i ndepe n d e n t  re p e t i t i o n s  of  e x p e r x ’ . lmt whic h is

c h a r a c ter i ze d  by t h e  c c n d i t io n a l  ~ r o b a b i l i t i o , er r u e  is sues :

( j  1 , 2, ..., n ;  = 1, 2 , . .., k) u n d e r  r !~ co~u 1 i ti o n  o f  t h i s

s t a t e  of n a t u r e  T h i s  is e qu i v a l e nt  to c d n . i u c t  i n - i  on ~ c o m p l e x

• ex~~e rj m e n t  ~~ wi t h issues ~~ ( 1,, = 1, ~, ..., k ;  -; 1, 2 , ... ,

8 is m a r k e d  t h e  event , w h i c h  ccns1:;t ~. c~ t iu ’  f a c t  t h a t  t h e

f i r s t  ex p e r i m e n t  gave ~~~, a n d  t h E ?  si~ccr .d  — L 3.. Too  c on d i t i o n a l

p r o b a b i l i t ies at t he se  j ssU~~s a c c or d i n g  t o  1i ~~ du c t  rule or t h e
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~rcbabi 1i t ies  of i n d e p e n d e n t e v e n t s  w i l l  be: p (B1,Ifl,) .P(B 1111,)P (B.tfl,)

- T h u s  p rob l em is reduce d tc  t h a t  p r e v i o u s l y  e x a m i n e d , experiment will

be on l y  in no longer  k of possible  i ssues, Lu t  k2 .

So is the  m a t t e r  when  r epea ted  exp er i m e n t a t i on  plan/glides

I p r e v i o u s l y .  Ho weve r , w h e n  speech occurs a b o u t  c cn du c t i ng  o t  a series
- - 

of t estings for refining the inforniaticn about actual coaiitions in

t h e  s i t u a t i o n  in  q u e s t i o n, more advantageou s not -o assign the number

of testings previously , but to solve afte r each z2sting — is w o r t h  to

us c a r r y i n g  out f o l l o w i n g .  It prov es to  be t r l a t  t ais  m et a o d  in a

series of the  cases gi ves not iceable  ecctzotv~ i n  t he  m e an s , spent on

- 

- e x p e r i m e n t .

I
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Page 516.

— 1
10. ~ET UoD OF N E T W O t ~K P L A N N I N G . .

t
~

1. P r o b l e m  of p l a n n i n g  th e  c o mp l e x  cf w o r k s .

D u r i n g  o p e r a t i o n s  r e s e a r c h  in p r a c t i ce , t r e g u e n t l y  i t  is

n e ce s s a r y  to meet  t h e  p r o b l e m  of r a t i cr a l  g i i d i n g / p l a n n i ng  of

c o m p l e x , c o m p l i c a t e d  works .

E x a m p l e s  of such  w o t k s  can be:

— bui ld ing  l a rge  i n d u s t r i a l  o b j e c t i v e ,

— the r e a r m am e n t  ot a r m y  or separ ate b r a n c h e ; of the armed

forces.

— d e v e l o p m e n t/ s c a n n i n g  t ne  s y s t e m  of n € d x c a l  or p r e v e n t i v e

mea sures .

— the e xecution of composite sc i e n t i f i c  r esearch  t n e m e  w i t h  the
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[a U t  ic.i p t t  ion  of a 5cr it ’S of org  an iz a t  icn s , e t c .

C h ar a c t e r i s t i c  r o r  each su c h  c o m p l e x  oi w o r c s  is t LIC f a c t  t h a t

it consist s of a s e r i e s  of s e p a ra t e , o l em e nt a r y ~ - : k s  or t h e

“ ccir~’on e nt / l i n ks ” w h i c h  a r e  not  s i m p l y i m p ltr 1~- I  to I in d ep c  n d e n t  l y of

each other , but they mutu ally cause each ota- r so tnat tac execution

cf some w o r k s  c a n n o t  be initiat - -3 e a r l i e r  t i t a n  a: c o m p le t e d  s o m e

o t her s .  T h u s , f o r  i n s t a n c e, d u r i n g  b u i l d i n g  or  i a iu s tr i a l .  e n t e r p r i s e

t h e  d i g g i n g  of f o u n d a t i o n  a r e a  c a nn o t  be in i~~i a t o . 1  e ar l i er  t h a n w i l l

~e delivered and mount ed t h e  c o r re s p c n d i ny  d - ; q r c j a t e / u n i t s ;  p i l i n g

toun dation cannot be initiated etrijer than ~~j j j  ~~ delivered the

necessary materials, for wh ico , in t u r n , it ~s r~~~uired tne

coniplc ’ t i o n  of bu i l  d i n j  of er .~~r a nc c  w a y s ;  I o: a l l  st a g e s  of b u i l d i n g ,

is n ece s sa r y  t h e  p re sence  of t h e  co ir e s~ o n d i n g  t chnieal

s p e c i f i c a t i o n s  and r eco rds  a n d , et c.

G l i d i n g/ p l a n n i n g  r o r  ar i ~ such c om ~~lex  ~e ~-:r~~s m u s t  oc produced

— t a k i n g  i n t o  accoun t t h e  f o l l o w i ng  ess e n t i a l  c e l l/ e l e me nt s :

— t i m e , requi red for the execution of - n t ~~re complex of works

and  i t L -  se p a r a t e  c o m p o n e n t/ l i n ks .

— t h e  cost/va l ue of  e n t i re  c o m p l e x  o~ ao r ~~s an d  i t5  s e p a ra t e

co mp cnen t/ links.
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— r aw , e n e r g y  and  h u m a n  L eso U r c e/ 1 i f e~~iiu ~~~.

The r a t i o n a l  g l i d i ngj p l a n n i n g  of the  Cota p lcx of w o r t ~s doe s

— 
r e q u i re , ~ fl p ar t i~ u l a r , a ns w ei/ r . ?sp on s e  to  t h e  f o l l o w  iri g quest  ions :

— h o w  to  d i s t r i b u te  t h e  a v a i l ab l e  s u p p I i E — s a n d  l abor

r e source/ i  i f e t in i os  bet ween t h e  corn p onen t/l i n k s  Ct  c omp l e x ?

— In wh ich t O r - gu e / m o i n en t s  to L’egin and w h e n  t o  r i n i sh  separa te

coirponeri t/links?

— which can a r i s e  o b s t r uc t i o n ;  to  t he  t i m e l y c omp l e t i o n  of t h e

co m p lex of works and as remove the m ? ano sc fort :t.

Page 517.

o u r i n g  g l i d i n g/ p l a n n i ng  of c o m p a r a t i v e l y  sm a l l  b y  v o l u m e

(quantity of compo nent/links) complexes of ~oiks answer/response to

such  que st i o ns  us u a l l y gi ves t h o  l eade r , mor eover without special

ma t nematica l calcu lations , it is simple on t } t  ~~t s i s  of e x p e r i m e n t

a n d  t h e  c o m m o n  sense. h o w e v e r , w h e n  sp€ec h o c c u rs  ab o u t  t h e  v e r y

c o m p l e x . e xpenSive  c o m p l e x e s  of  w o r k s , w h i c h  c c n s l st  of t n ~ l a r g e
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n u m P t r of compone n t / l i n k s , by t LL e co m p l ex f o r m  j r  t h o s e  c a u s e  each

ot heU , su c h  m e t h o d s  beccni e no t  a d m i t t e d .  I n  these cases appears the

need f o r  t h e  special  c a l c u l a t i o ns , w h i c h  ma -se it poss ib le  s o u n d l y  to

a n sw er  t he  placed above  q u e s t i o n s  and  a series of oth ~~ t s .

One  Of t h e  m a t h e m a t i c a l  me thods , ~iIe i~ U :; Cu I l l i r i n ;  t h e  so lu t ion

of th is t y p e  of p r o b l e m s , is t h e  m et hod of n~- t w o u ~ g l i I i a - J / p l a n n i ng

or as it f r e gu e n t i  y ca l l , SPU ( n o t  wcr  k m a n a g e  me t p1 an n  in ~)

T h e  met hod of netwotk gliding /p lanning ma kes it possib le  to

solve b oth  direct and t C V C U s ~ p r o b l e m s  ct a p e u t t i o n s  r e search .  Direct

p r oh l e~~s do  answer  t h e  gu e s t i o n :  w h i c h  w i l l  he , if we do take this

p a t t e r n  of t h e  o r g a n i za t i c n  of ope r a t i cr ~ Re v e rse  - io  an s w e r  t he

quest i c ;i :  h o w  i t  is necessa r y  to o r g a n i z e  (to ~lait ) o p e ra t i o n  so t h a t

it wou ld I o s~ ess, in some sense, m a x i m u m  e t L i c i t - n cy ?

in v e r s e  p rob lems , as a r u l e , a re n u c h tt.ot ~ c om p l e x t n a n  s tr a i g h t

l ines.  In order t~ so lv e i nv er se  p r o b l e m s , ~ t is i c c ess a ry  f i r st of

a l l  t o  learn to sol ve ~traight lines. it is l o g : c - t l , t rot  such

pr o b l e m s , we w i l l  b e g i n .

Ma ter ial for network gliding/p lannin g is l ist  or th. .~ en u m e r a t ion

of t h e  wo r k s  ( c o m p o n e n t / l i n k s )  of t h ~ com plex , in w h i c h  t r e  s h o w n  not

o n l y  w o r k s , b ut a lso  t h e i r  i u t u a l  c c n d i t i o n a l i t y  ( t e r m i n i t i o n  of
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w h i c h  wo rks  it is r e q u ir e d f o r  the  b e q i n n i a ., of t u e  execution of each

w o r k ) . Let us call t h i s  l ist  t h e  s t ru c t ur a l  t ab l e  of t h e  c o m p l e x  of

works . .

r ~
—

_ 
J
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‘~
‘akle 1.1.

~~2 ~
pIIøoT. 0iL.~~. NN p.60Tw

I a1 —

2 a1 a1. a,
3 a, —

4 a, a,, a1, 4,
5 a, —

6 a. —

7 0~ °i.  a~. a1,
S a1
9 a,
It) 0~~ 0~,II a11 0~ , 0it
12 Qj, a~, a2
13 a1, a,, a,, 

~~10
14 a21 a~, a,, a1
15 a1,

Key: (1). No.in sequence. (2
)

~~~ lork.. (3) . It is oased on works.

Page 518.

Let us agree to des igna t e  works  a~~, a 2, . ._ . Ir. s t r u c t u r al  t ab le

for each work ~~~~. mus t be shown t h a t  t h e  e x e c u t i o n s  of wuich works it

requires, or as we will speak furth er, cn w h i c h  wo r ks i t  is based. An

example of the structural table of works g ives in table 1. 1.

In  Tab l e  1.1 l a s t/ l a t t e r  c o l u m n  c o n t a i n s  t h e  e n u m e r a ti o n  of a l l

w o r k s  w i t h o u t  comp l e t i c n  of w h i c h  t h i s  work cannot be initiated .

T h r o u g h — l i n e  in th is g r a p h  means t h a t  t h i s  w o r k  c t n  be i n i t i a t e d

direc tly, right after making ot a decisio n a b o u t  c o n d u c ti n g  of th e

~ 

— —.~~~~~~ - - - -  ~~~~~~ i .4
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complex of works.

The first ope ration which we will load with Stru ctur a l table , is
c a l l e d  o r d e r i ng .  W i t h  o r d er i n g  to  wor~~s is a s s ign e d  c e r t a i n  new , more
cc n v e n i e n t  n u m b e r i n g  (each work  can be ba scu  o n l y on w o r i s  wi t h

s ma l l e r  sequence  n u m b e r s ) .

11-i
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Table  1.2.

1 ~ I (3) ë”) 
~~NII1NWI~ ’

~ p P.I(~OI~ OflNpae?~N NI PI6OTW PNNr P P0101 M~-
II PIUNII

1 a~ — I
2 a2 o1, a3 ~ 

~~b

4 a~ a 3 ,  a~, a1 3
5 a~ — I 1’,
6 a, — I
7 U~ O~, 114, 030 

• 
6

S 01 . 0? 3
(I a a3, n, , a, 4 6,

5 611
~i a~ a~ a3, 7

a1, a. 3
‘~, a~ , a , 0~p 6

Ii ~~ a~, a,, a1 4 61,
- 

a11 a 1~ 6 63.

K e y :  ( 1) .  N o . i n  sequence .  (2) . Work.  (3 ) . .  it is na sed  on w o r k s . (14).

I~a n k .  (5) . D e s i g n a t i o n  in ne w n u m b e r i n g .

T a L l e  1.3.

.
~~ 

n i l  ~~~~~~ O?l ~On.p.~~~P N~

I —

2 b, —

3 b3 —

4 b, —

5 6, b3,  6,
6 b, b3, b,, b,
7 6,

6. b~, b,
b, b2, b~. b,

6,
II b~ b,
12 633 b1, b,, bi~13 b3, b,, 6,. b13
14 b,,

- ;  IS b31. b.

Key (1). No.in se quence. ( i) . W o r k .  (3). rt  i~ ~aseJ on wor ks.

-~ --  - -- - -~~~~~-- - - -  - ~~~~-~~—---- -- -  - -~~~~~~~-- -~~~~~~ - -~~~~~~~~~ -~~~~ - -~~~~~~~~~~~~ - -~~~~~ -



— -~~~~~~~ -——~~~~~~~ ~~~~ — - - - ~~~~~~
___J~~_ _ _____ 

~w
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

DOC = 7a06k3725 PAGE/,/~~

~1

Pa g e 5 1 k ’.

For o rde r i n g  of a l l  w o r k s  ar e  su b d iv i d e 1 i  i n to  r a n k s . Work  is

c a l led  the  w o r k  of t h e  f i r s t  r a n K , it  f o r  it s  r~~-j i n n i r .g is r e q u i r e d

t h e  ex e c u t ions of no ot h e r  w o r k s .  I n  Tab le  1. 1 , as we se-~ t h a t  there

are f o u r  w o r k s  of the  f i t~~t r a n k :  a 1, a 3, ~~~ a~~ - i  - t b . W o r k  is called

t h e  w c r k  of t he  s?con d r a n k , i f  it is b a s e d  ci: Cflc or s e v e r a l  w o r k s

of the first rank. w o r k  is ca l l ed  t h e  w c r k  of t h e  k~~ra nK . if i t  is

ba sed cn one  or se v e r a l  w o r k s  not above  ( k — 1 ) — t h  r i n , a m o n g  w h i c h

t h e r e  is a t  least one w o r k  (k— 1)—t fi rank .

A ft e r  is prod uced t h e  w o r k  a s s i g n men t  a c c o rd ir . -; t o  r a n k s , to

w o r k s  t h e y  a re  a s s igned  new n u m b e r s , b e y i n n u ! L j ~it i ,  t h e  w o r k s  of t h e

f i r s t  ra nk , then the second , third and so t u i t h .  dithi r each rank of

w o r k , t h e y  are labeled in arbitra ry crd€r .

For an  ex a m p l e  let us p r o d u c e  t h e  c r d e r i n y  j L  th e  w o r k s , placed

in ‘Table 1.1 (see Tabl e 1 .2 ) .  In  t h e  f i r s t  t w o  l’aole 1.2 g i v e s :

n u m ~~~r and t h e  a e s ign a t i o n s  of w o r k  in  p r e v i o u s  n - i u i b e r i n -j , in  t w o

l at t or  — a r a n k  of w o r k  a n d  i ts  n e w  d e s i g n a t i - ~ n in  t h e  r e g u l a t e d

s tr u c tu r a l  table.

- -_ _ _ _ _ _  
___________________ A
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A f t ~~r the  o r d er i n g  of w o r k s  ci t  r a n ks i t  is ~ e o d U c e 1 , i t  i s

p O s s i b le  t o  c o m p r i se  t n e  n e w , r~~j u l a t e d  t a t~~ w her e t h e  w o r k s  a re

~ ld u e l  in t h e  order of t h e i r  ne~ n u r n b e r~ ( T d L l.~ 1.3) .

It  is not dif f ic~i i t  to  s ee  that i n  n e w , L-~~~u L a t e 1 s t r u c t u r a l

T ar i e  1.3 eacyes of  t h e  w o r k s  i~ based  c n l y  on  wu:~~s w i t h  sm a l l e r

r e f e r e n c~± r . umbe r s .

S u b s eq u e n t l y ,  g i v in g  t h e  s t r u c t u r a l  t i ~~les of l i f f e r e n t

COfll~ iCxeS of w o r k s , we w i l l  be f r o m  t h e  ve z.~ h e  ~i ; i n i n g  c o n s i d e r  t~i e m

r e gu l a t e d , and  for  w o r k o  le t  u~ r e t a i n  t h e  ii ~~ t i a l ly  u n d e r t a k e n

Jesi.jnations: a 1, a2 ... .

2. ‘et w )r(  s c h e d u l e  of t h e  coni~~iex  or w c r  k s.  Ti~~e,’te:n p or a r  y n e t w o r k

sch~ iule.

Let  u s  a s sume  t h a t  to us is 1s L i y n ~~(1 t ~.e - -- - j u l at e d  struct ural

t ab l e  ot  t h e  comp l e x  o f  t h e  w o r i c 3, t cr  ex~i u j le , w i t h  Tau ie 2.1.

C o m m u n i c a t i o n/ c o n n e c t i cn s  net w een  t h e  w o t  ~s, e n t e r i n g  t h i s

comp lex , ~an be depic ted graphically, in th~ 1ci;i ~ as of e a ll ed

network schedule (or ycaph ,/ccun t).’

_ _ _ _ _ _ _  - _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _  - _ _ _  ~~~~~~~ _ A .
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Table 2.1.

(/,) 
~~~~~~~ 

- .

Pi~ola Omip~e~ca Na p. 6ory

‘3 —

—

33 —

04 0~, a~a,, a- ,
• a, 04

a,
03 ,  a~,a, a,

a,. a,

— Key: (1) . Work. (2). It is based on work.

Page 520.

This  g r a p h can be cons t ruc t ed  u i f t e ren t l y .  M o s t  f r e q uen t l y  represent

the works, enter in g t h e  complex , as riflemaa/pcinters , and t he

events , wh ich cons ist of t h e  e x e c u t i o n  cf scme w o r k s  a n d  p o s s i b i l i ty

to begin  n e w  works — sma l l  c i r c les  or “unit s”.

For an example let us represent in the form of network schedule

str’*ct ure Table 2.1 (Fig. 10.1). Unit s let us de.3ignate A 0, A 1, A 2,

..., works a1, az.

The  i n i t i a l  u n i t  of e n t i r e  c o m p l e x  of w o r k s  le t  us d e s i g n a t e  A0

•nd will understand hearth it the “beginning of works ” or “making of

~~~~~ - - - - - — —---
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a dec ision  a b o u t  t h e  b e g i n n i ng  of w o r k s ”. F r o m  t : i is  u n i t  proceed

arrow /pointers a1, a2, a3, t h e  r e pr e s e n t i n g  c o r r e s p o n d i ng  w o r k s  a n d

g o i n .~ r e s p e c t i v e ly i n t o  u n i t s  A 1, A 2 ,  A 3. -r it e c n t ~c incd  ex e c u t i o n  of

w o r k s  a 1, a 2 we w i l l  r e p r e s e n t  as t h e  f u r t h ~-r U n i t  A 1,2 ,  i n t o  w h i c h

cond uc t ir oK*-~n poi n te rs , w h i c h  t e~~rese nt mc k )L ~s, h i t  t hose

i n d i ca t i n g  o n l y  log ica l c on l m u n i c a t i o n / c c n n e c t i d n .  F r ) L a  u n i t  A 1,2 ,

~ r cc t ed s  arrow/pointe r a4, that is based on work s a1, a2; at the end

Ct  t h e  arrow/pointer , stands unit A 4, w h i c h  i n d i c a t ’~s t h e  exec u t i o n

ci work a4, and so forth. The concluding unit A indicates the end of

e n t i r t ~ c o m p lex of w o r k s .  On g r ap r t / c o u n t  a re  l o w € ~~ed

c o m m u n i c a t i o n/ c o n n e c t i o n s. w h i ch  l og ica l ly ccd~~~/~~n sue  f r om  o thers ;

f o r  e x a m p le , work a 8 i n  ‘Table ~.1 is base d on w or~~~ a 3, a 5, a 6 ;  on

g r a p h/ c o u n t  i t  is s h o w n  t h a t b a s i n g  o n l y OL I  ~~~, a6, since work itself

a 5 is base d on a 3 and  w i t h o u t  i t s  e x e c u t i o n  c a n n o t  he m i t  i a ted .

As  it was a l r e a d y  said t h a t  t h er e  ~re u i h t e r ~~nt  f o r m s  of the

network schedules (for example , st~e [ 1 7) ) . .  lii scm~ by

ritleman/pointers of graph/count are desigi.itod t a c  w O U f ( 3, and by

u n i t s  — the events , which cons 1st of the ex&cu t ion of one or several

w o r k s ;  in  o thers  — by units ai e designate 1 th~ works, and t~y

r i f le m a n/p o i n t e r s  — logica l  coiainunicatxon/coz:nections b e tw e e n  t h e m .

S tr u c t u ra l  Table 2 . 1  i t  is p oss i b le  to de p i c t  .~r a p a i c a l L y ,  als o,

u s i n g  t h i s , second met hcd (see F ig .  ~O 2 )  - I n  t h i s  f i g u r e  b y  h e a v y

l ine  a te  enc i r clei  s m a l l  circ les  a~~, a 10, ~- h ~- i c p ~ e s e nt i n g

.1
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last/latter works of complex cm which are bas.- i ali ’~a-I y no further

.0 rk

Each of the methods of the construction ot  n e t w or k  s c h e d u l e  has

t h e i r  a dv a n t a g e s  a n d  t h e i r  d ef i c i e r c y / la c k~~. A n  a d v a n t a g e  of t h e

second method , is t h a t  w h i c h  i n t o  it is easy tc L:ltroduce new,

p r e v i o usl y not indica te d c o w m u n i c~~tion /connecticas wtiic h are

d isc o v er e d  i n  t h e  cou r se  of t h e  oxecuticn C1~ W O L K5 .  The idvantage of

t h e  f i r s t , to  view m or e  c c n i p l e x , m e t h o d  is tht fact that i t  can be

c om p a r a t i v e l y  s imp l y a d a p t e d  t a k i n g  i n t c  c o ns i de ra t i o n  to t h e  t i m e  of

t h e  e x e c u t i o n  of s e p ar a te  w o r k s  a n d  c o m p l e x  as a wh o l e .

_______________________________ ~~~~— — ~~~~~~~~~~~~~
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Fig .  1 0_ i .

P ay~ 321.

T h e r e f o r e  we w i l l  use t h e  f i r s t  m e t h o d .

Let u~s assume that to us is assigned the structural table of the

c o m p l e x  of wor ks, in wh ich are .ritten the ti~n e s  of t h e  ex e c u t i o n  of

each w o r k :  t 1, t 2, .... These va lues  of  t h e  t i r e s  of t h e  e x e c u t i o n  of

• se pa ra te w o r k s  we a s sume not  r a n d o m , ou t  k n c w n p r e v i o u s l y .  W i l l  be

o b t a i ne d  t h e  t a b l e  of f o r m  ~~~b le  2.2 , i n  w h i c h  st r u c t u ra ’.

c o m m u n i c a t i o n/ c o n n e c t i o n s  — t h e  same as in  T a b l e  ~ .1 an ~1 - , n  t h e

g r a ph s  of Fi g. 10.1 , 10.2 (are  r 3 d u c e d  cn l y  ~excess ”

c o m m u n i c a t i o n/ c o n n e c t i o n ) , b u t  in r i g h t  c o l u m n  are  s n o w n  t h e  ~ imes of

t h e  ex e c u t i o n  of s e p a r a t e  w o r k s , e x p r e s s e d  ~ n a n y  t i m e  u n i t s

(w a t c h € s , week , mo n t h s )  . This  t a b l e  we w i l l  c a l l
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struct ural—time/temporary.

T he  t i m e  s t r u c t u r e  of t h e  c o mp l e x  cf wor ~~~, t s ge t he r  w it h

logica l st r u c t u r e , can be dep ic ted  on one a~~d t h e  same  g r a p h w h i c h  we

will call time/temporary network schedule. ~e w i l l  * construc t as
f o l l o w s. u r a p h is o r i e n t ed  a long  the  t i m e  a x i s  Ut , on w h i c h  on some

scale are plot/deposited the times of the  execution of works. As on

of Fig. 10.1 , of ~ rifle cuan/pcinter s depict s works , but the length of

each arrow/pointer is not arbitrary, but  such , that its ~re1ection on

t h e  a x i s  of abscissas Ut is equa l to the time of the execution of

this wcrk. Logical communica tion/connections ~-et w e e n  wor k s  are

d e s i g n a t ed as b e f o r e  b y  b r o k e n  r i f l e m a n j p o in t cr s , who  i n d i c a te  no

real  w o r k  (somet ii es t h e m  i n t e r p r et  as “ f i c t i ti c us ” w o r k s ) .

_ _ _ _
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1~ ble 2.2.

(I)  (2~ ~G 1 ) —

.‘~. n- r  I’.I6OT~ a Onapaey-c~ isa p.6omi

01 — LU
- — 5

— 154 a4 ~~~~~ 1 85 o~ a, .a j ig
6 187 0~ Os . a . 88 a, 25
9 a, a, 30

t 
10 a, 8

K e y :  ( 1 )  . No in sequence. (2). ~iork. ( ~).  i t  .i~~ - ~~ts~~1 on w o r k s .  (14).

Ti me.

Fig. 10.2.

{
Fage  ~22 .

The m i t  Li i  u n i t  A ~ r e p r e s e n t s as h e f o r ~ t in- 1) ’ ~J i a n h m i ~ of t h e  c o m p l e x

cf w o r K s ;  besides j t , is i n t r o d u c e d t h ~ f i m ~~ 1 (m i t  A , w h r c h

re p re sents t h e  t e r m i n a t i o n  of comp lex  ( t h is  p o i n t  of g r a p h  w i t h t h e

— - _ _ _  --- - - - - - _ _
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g r e a tes t  abscissa)

- 
- 

r i i n ~ / t em p o r a r y  n e t w o r k  s ch e d u l e  f or  t h e  c c m ~~ Lex of w o r k s ,
- a s s ign e d  Table 2 .2 , s h o w s  on F ig .  t o  10.3. L U r i n g  t h c  c on s t r u c t i o n  of

t i m e / t e nV o r a ry  n e t w o r k  s c he d u l e , t h e  l c c a t ic n  of u n i t s  on v e r t i c a l

l i n t  ( a l o n g  the  ax i s  of o r d i nat e s )  is t u t ~Cn ar ~~i t r ar y ,  t im e abscissa

of each  u n i t  is e q u a l  to  t h e  t i~~e cf t h e  t e i mj . n a t i o n  of t h e

- c oLr e sp o n ~~i ng  w o r k .  The l e n g t h  of eac h  a r r cw / p c i n te r  is c o u n t e d  f r o m

4 cen te r  to t h e  cen te r  of  sm a l l  ci r c le .

Let u s  observe how is c o n s t r u c ted  t i fa e/t~~ r i - o r a r y  networ k

- sc h e d u l e  in  Fi g. 10.3. We b e g i n  it w i t h  u n i t  A~~, ~l a c e J  in  t h e

b e g i n n i n g  cf coo r d i nat e s .  From t h i s  u n i t  p r o c e & i t m i r e e

ar r o w / ~-o i n te rs :  a 1, a 2 , a n d  a 3 w h o s e  p r o j e c t i o n s  on a x i s  Ot  a re  e q u a l

to t h e  t i m e s  of t h e  e xe c u t i c n  or t h e  c c r r es~~e n d i n g  w o r k s :  t 1 = 10, t 2

= 5 a n d  t 3 15. W o r k  a , is base d on w c .r~~s a~ a :~ i 
~~2 ;  o~ t h e m  w o r k  a 2

ends  a t  t o r q u e/ m o m e n t  t 2 ~ , w h i l e  w o r k  a ~ — at  t or~A u e/ ~n o m e n t  t 1

1 10; t h a t  m e a n s  w o r k  a , can ~e b e g u n  not  e •i r i i er  ~.n a n  at  torque/moment

t 1 10 , w h e n  is t i n i s h e d  a 1. Lot us be g in  u r r c w/ ~~o i n ter  a , f r o m  u n it

• A~~, a n d  u n i t  A 2 is connec t ed  w i t h  A 1 by b r o k e n  ~ -o ir ~ter .  The

pro j ec t ion of ar r 3 w/ p o in t er  a , is e q ua l  to  t , = -
~~~~~~ ~d , t h e r e f or e , th e

ab scissa of u n i t  A ,, i n  w h i c h  t h i s  a r r c w/ p c i n t e r  en d s , m u s t  be T ,

+ t , = 10 + 18 = 28.

I 
- — -~~ -~~ —- --- --- - -_ _ _ _ _  - - L A
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A r r o w/ p o i n t e r  a 5, w h i c h  is b a se d  cn  a 2 a n i  •~~~~~, mu st ce begun in

uni t A 3, w h i c h  has the gr e a t e s t  •ib~~cis~~a f r c m t 2 
L~ ~~~ t 3 = 15 ;

unit A 2 -
~~~~ c omb i n e  w i t h  A 3 b y b r o k en  p o i n t e r .  U n i t  A~~, w i t h w h i c h  is

f in i s he d  ar r ow / p o i n te r  a 5, has abscissa  T 5 t 3 + = 1- ~ + 19 34.

A r r o w/ p o in t e r  a , b eg i n s  in  u n i t  A , a n d  (~ f l d s  i n  u n i t  k , w i t h

absc i ssa  T , = T , + t , 28 + 18 = 46. A r r o w / p o i r t e r  a 7 ,  ~aic h is

ba sed Cii a 5, a ,, ~ ust b e g i n  f r o m  u r . i t  A ,, w h i c ~ ha s , in co m p a r i s o n

w i t h  A 5, l a r g e  abscissa;  f r o m  A~ in  A ,, it is d i r c ot e d  b r o k e n

~o i nt e  r. A r r o w/p o in t er  a ~ ends  in  u n i t  A 7 w i t h  •i sscissa r 7 = 4~~ + 8 =

~4 . A r r ow/ p o i n t e r  d d beg ins  in t h e  sa m e  u n i t  A , w i t h  abscissa T, = 46

a n d  ends  i n  u n i t  A 8 w i t h  abscissa  T 8 = 46 + 2~ 11. a rr o w/ p o i n t e r  a ,

w i t h  p r o j e c t i o n  t , = JO b e g i n s  in u n i t  A~ -~ u d E n d s  ~ fl u n r t  A , w i t h

abscissa T-, = 54 • JO = 84 . A rr o w / p o i n te r  ~~~~~ W . 1 C I L  is ~ ased on a 8,

b ep r i s in  u n i t  A 8 and  ends  in u n i t  A 10 w i t h  a hs e j s s- i  i’10 = 7 1  + 8 =

79. 

-—----— - -
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F i g .  10.3.

Page 523.

Since w o r k  a, is c c mp l e ted  ~y the latter , then uni t A, A

indicates the terwinaticn of entire com~ lex or works; let us note

t h i s  unit by greas y/fatty small circle and is ccn a ec te d  w i t h  i t  by

b r o k e n  po in ter  u n i t  A 10 — t e r m i n a t i o n  cf t~n- r e v io u s  w o r k  a 10 , on

• whic h, besides the end of t he  w o r k s , n o t h i n ~ is b i s c i .

T h u s , the time/temporary network schedule cf the complex of the

w o r k s  is c o n s t r u c t e d.

T i m e  T = 814 from initial unit A 0 t c  conc i u d i n g  A = A , represents

by  it s e l t  the  m i n i m u m  t i m e  in w h i c h  can  be c o m [ 1et~~d t h e  c o m p l e x  of
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wo t \  S.

L~~t us focus attention on the tollowin .~ L-act: tine 1’ represents

by i t se l f t h e  s u m  of t h e  t ime s  of t h e  j € r f c r m a n c e  x iot of a l l  works ,

b u t  c n ly  some of t h e m :

T— 11+4+4+ g. + 1~~~~ 10 + 18 + I 8 + 8 + 3 o ~~~84.

W c r k s  a 1, a ,, a,,  a 1, a, fr o:u durations ot which is compr i sed

t i m e  T , a re  called critical works , and the onain/aetwork of the

c o r re s jon i  ing  to t h e m  a r r o w/p o  i n ter s  on n et ~~or k s c h e d u le  —

c r i t i c a l l y. Fi gu r e s  10.3 cr i t ic a l  w a y  sho~~s d o u b l e rifleman/pointers.

The special feature/peculiarity of critical works consist s of

f o l l o w i n g :  so t h at  w o u l d  be obse rved  t h e  m i n i m u f f  time or the

execution cf complex , each cf them must begin accurately at the

t o r q u e/ m o m e n t  when was f i n i s h e d  t h e  la t ter iron the works on w h i c h  it

is based , and  to be c o n t i n u e d  on and  w h a t  i.~ t nc r *  t h e  t i m e  w h i c h  by

it is assigned a c c o r d i n g  to t h e  p l a n ;  l e a s t  r c t a r i a t i o n  in  e x e c u ti o n

by each of the c r i t i c a l  w o ck s  leads to c o r r o s p o n l i n g  dela y of the

f u l f i l m ent of plan as a w h o l e .  r h u s , c r i t i c a l  ~ay on n e t w o t k  s c h e d u l e

— t h i s  is t h e  set of the most v u l n e r a b l e , “w e a k  places ” of

p lan ~~l ay ou t , which  m u s t  be p lace a in t i m e / t e mp o r - i e y  p l a n/ l a y o u t  w i t h

t h e  g re a t e s t  clearness.  A s  c c n c er n s  r e m a i n i n g , “ n on c r i t ic a l ”  works

( i n  o u r  ca se t h i s  a 2, a 3, a 5, a 8, a 1 ~) , t he n  w i ’ n  t h e m  m a t t e r is no t

- - - - - - i A
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so b a d l y/ p o o r l y: each of  these w o r k s  ha~ k n o w n  t im e / t e m po r a r y

re~~erves  a n d  can be f i n i s h e d  w i t h  a ce r t a i n  d e l ay  w i t h o u t  t h i s  would

b e r e f l e c ti n g  in t h e  pe r iod  of t h e  e x € - c u t i ci .  o f  c o m p l e x  as a w h o l e .

The reserves, w h i c h  c or r e s p o n d  to n o n cr i t  i cal wo r ks , eas i ly  can

Le d e t e r m i n e d  by n e t w o r k  s c hed u l e .

Let us n a m e  “ n o n c r i t i ca l  ar c ” th e  set ot ncncritic1]. works and

u n i t s , w h i c h  begins  a n d  w h i c h  ends on cr i t  i cal  wa 1 ( t a k i n g  int o

account and broken pointers). Zn Fig. 10. 3 a re  f o u r  n o n c r i t i c al arcs:

— a1 — A A1,
A0 — a,— A,— a 8 — A  —A ,,
A~ — a1 — A 1 — A ,—a 5 — A~ — A.,

on th~ first of these arcs, lie/rests one noncriticil work

a2; to the second — t w o  n o n c r i t i ca l  w o r k s  a 3, a~~; on t he  t h i r d  — t w o

noncr i t ical works  a 2, a 5; on t h e  L o u r t h — t w o  n cn c r i t i ca l  w o r k s  a,,a,,.

Page  524.

To each noncritical arc corresponds t n e  ~~ cc if i c  t i m e/ t e m p o r a r y

reser’ve which can be by arbitrar y form distiil-u ted between the

noncritica l works, w h i c h  lie o r  t h i s  arc.  T t lj s  r~~~er v e  is equa l to
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the difference bet ween the sum of the times of tu~ critical works,

wh ic h lie on the  c r i t i c a l  w a y ,  c l o s i n g  arc , and aoncritisal , t h a t  lie

Cfl ar c  i t s e l f .

For e x a m p l e , on a r c  A 0— a 2 — A 2 — A 1 lie/r e--sts cu ly  one n o n c r i t i c a l

w o L k  a 2 ;  on i t s  c l o s i n g  s e g m e n t  of t he  c r i t~~~al  w a y  A 0—a 1 — A 1 — one

c r i t i c a l  w o r k  a 1; the  reserve  or t i m e, w h i cu  i~ n ec e s s a r y  to w o r k  a2,

is e ’lua i t o  R 2 = t 1—t 2 = ~~~ 10— 5 5. CC n se~ U~- n - ~1j ,  t h e  ex e c u t i o n  of

w o r k  a 2 can  be , wi t h o u t  d a m ag e  f o r  a c om m o n / g e n€ r I l / t o t a l  period ,

de l a ye d  per 5 t i m e  u n i t s .

On th~ seconi noncritical arc A 0— a 3— A 3—a 3— A 5—A ,, lie/rest two

r on c r it i cn l works  a 3, a 5; on t h e  c l o s in g  sect icn  of  c r i t i c a l  w a y  —

three crit ical works a 1, a,, a~~ Tha t  geans ~ hu~ ~h e j ~r a l  r ese rve

cf time , which  is necessary to works a 3, a5, is equa l  to:

= 12. 
‘2 + 4 + ls — (1, + jb) — 10 + 18 + 18 — (15 + 19) =

~~~ it is possible any form to diSttjbUtt b c t ~~een w o t ~~s a 3, a5.

On the third noncritical arc th€ reserve i~ e— ~ual to:

R2.5~~ 1l + 1,+ 4— V I + d I)~~~10 + l8 + 18—(S + 19)—fl .

Since  to  us a l r e a d y  i t  is k n o w n  t h a t  w i t h  wO ~~K a 2 wa can  retard

nct more than per S time units , an d  w i t h  y O L K — is not more tha n

to  12 , the  r e q u ir e m e n t , so t h a t  t h e  s u m  o t  uC i dys would be not more

‘ -t
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t h a n  22 , it tells us nothin g ned.

On ~ h e  tou rtb noncritical arc there is t h e  reserve

Re l o ~~~~ +:. _ (4 + / 1~~~~B + 3o_ ( ~~ + 8 ) s

w h i c h  can  be á’r b i tr ar i l y d i s t r i b u t e d  b etween  w c rk s  a~ , ~~~~~

The k n o w l e d g e  of c r i t i c a l  ~a y  on n e t w o i r -. sc~~e : u l e  ~s u s e f u l  in

t w c  r e lat i o n s :  f i r s t, i t  m a k e s  it p o s s ib l e  t o  i s o l a t e  f r o m  e n t i r e

coirp lex  of w o r k s  t h e  set  of t h o s e  most ”  t h r t a t e n o - i ” , c o n t i n u o u s  to

c o n t r o l  t h e m , and , in t he  case of t h e  n e c es s i t y ,  t o  boost t h e i r

e xe c u t ion; in  t h e  second  place , i t  na ke .~ it Lossinle in  p r i n c i p l e  to

a c ce l e r a te t h e  c - x 3c u t io n  of t h e  c o m p l e x  of  d o r K s  b ecause  of  f r o m

“h ar m l e s s ” r e t a r d i ng/ d e c e l er a t i o n/ d e l a y to  ev c  t~ . e part of t h e

t or c~~s an d  means to nore impor taut , mor e  cLit i c ai  W O ~~ K 5 .

Let  us  note that on netwo:~ sche du l e  g~~n e L a l i  ~ t h e r e  can be not

one  cr i t i c a l  w a y ,  b u t  t w c  cr  i t  is m crc ; l c g i c ~~l l y  t h e  sum of the

t im e s of cri t ical w o r k s  fo r  c ac~ of  t h e m  n~j st  ic one ’ ~n - 1  t h e  same.

E x a m p l e . To :o nst r u ct  t i m e l i n c  f o r  t c  c c u j l e x  of w o r k s , g i v e n

i n t o  a s t r u c t u r a l — t i m e ~~t e m ~~c r a r y  ~ ah l e  .~,3 Tc t i n d  on it c r i t i c a l

w a y  ( o r  w a y s , if  t hem sev er a l )  a n d  to  act € L n L L n ~ t n e  r e serve s  of time

on n o ncr i t i c a l  a rcs .

- -_ _ _ _



_ _ _

DeC = 7806d725 P A G E

So l u t i o n .  Tue n e t w o r k  s c h e uu l e  Cf com~~~cx is ‘j~~V C1 in Fi g. ~~

10.~~. Critical way is uesignat e~ ny doub le ~ ~ ic~t an /iointers and

cons~ sts of  t h e  works:

ai, a.. a7, a , 
~ii

P a g e  525 .

i o w e v  er , it is possible to construct anoth~~ c r it ical w a y ,  wh i c h

c op 5 i S t~~, f o r e x a m p l e , of t h e  wor~~s
/

in t h is  ~~~~ t i m e  T of t h e  ter m ination cf tk~c cca iex or wor ks on

b o t h  c r i t i c a l  ways  it w i l l  be Cu - ?  and  t h e ~ a N ~~:

T—  6 + 4+  t~ + 6 + 4,— 2 0+ 1 0+2 0 -4- 10 + 20 = 8°~T— 4 - 4 -  4+ t,+t~,+t,,— 2 0 + 10+ 2 0 + 10 + 20=~ 80.

3€ sid es t hese t w o  cn gra~. h ( F i g.  1O.~4) c a r  ~~? d i scover ed  s t i l l

k some cr i t i c a l  ways ; we let fo r  r e a ue r  to :in l  ~~~~~ in~i e p ~~n d e n t l y .

It  is i s o l a t e d  on n e t w o r k  s c h e d u l e  ( F ij .  1.) .~4 )  t o u r  n o n c r i t i c a l

arcs: A, — a , — A , — A 2,
A0 a, A, A1,
A, —;  — A , — A ,,

-~ - 
- 

- ~~~~~~~~~~~~~~~~ — — . ~~~~~~~~~~~~~~~~~ 
_____________
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Table  2.3.

~::c:~ ~~~~ I ~~~~~~~~~~~~~~

Ke y: ( 1) _ No , i n  sequence. (2) . Work .  ( 3 ) .  I t  i~i ~~is e1  on w o r k s . ( 4 ) .

Ti me.

A

,,, ~r:d;1
I ~~~~~~~~~~ O~-I\ 

~~~~~~~~~~~~ ~~~~• a 7
I S a ~ ~ —~~

‘ ‘—~.(~~~~~ftrz
if ~~ s 4~~ A ’ ~‘ a  a I a,1 A 1,

• a a I

/ : a,0 I — — 
A

A az 1
° 20 JO ~O : 50 

1
50 70 80 C

~~ A 3 
S a

1 A 8

~~ A 6

I
y jj .  10.4.
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rag e  ~~~~~

For ~~ ch of these arcs , t h e re i~; f row cne n o n c L . Lt i c a L  wo r k . : a2 ,  a 3,

a 8 a n d a~~~. The r m s e r v e~; ot t i m e  t o r t h € m  JLC  c q u a l  r e s p e c t i v e l y :

= t 1 — t 2 = 5; R 3 t 1 — t 3 = 10; R 8 = — t 8 = 
~~; ~~~~~~~ 

t 12 —

t 1 1  = 10.

The i~ou c rj t i ca l  a rc  A 0 — — A 3 — A , u n d e ~. ~ u r con d i t i o n s d oes

not  j i v~ t h e  new d a t a  on t h E  t e s cr v e s  c t  t i w ~ .

3.. F o r m ~~I r ecord ing  (a l go r i t h m )  ot t h e  p r o t i e m  ci n e t w o r k

g l i d in g / p l a n i ~i ng.

The descr i bed above g r a p h i c  m e tho d  of c o n s t rj c t j o n  an d  an a l y s i s

cf job schedule  is s u i t a b l e  o n l y  in  t h €  Case  w i c u  t h e  p l a n ned/ g l i d e

c o m p l e x  is not too c o m p l e x  ( in  a q u a n t i t y  ci. wcr ~~ a nd l) .J ical

c omm u n i cat i o n / c o n n e c t i o n s ) . I n  ~u ac t icE f r e g u c u t l y  are  encoun te red

the complexes of works , which Consist cf the er c r n ou s  nulber of

component/links (on the order of thousands anu ~or~ ) • by the co.plex

f o r m  of those basing on each other. It is lojicai that ~n such cases

— J
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t h t  ~tr t w i n  g of net w o r k  ~cti ~~d u l e  b y  h a n u  — h e a v y  a~~u t h an k l e s s

occupa t~~ou . since the major advuzi t~~ge of n t ’t w o r k  ~;ch e du I a  — its

clai i ty — in this case is l c st .  Foi. anal ysi~ .in~ ~ m~~i. o v e n en t  of j oh

schc.tule in such  oase s, t h e y  u su a l l y d r a w  ~1sV ~~.

So t h a t  t h e  i a chj n c  w o u l d  be e ap at l e  ci i i  c~1i c i n y  t aLe

a p p r u p i i a t  e act ion s, i t  is na c e ssa iy  tc c o u ~~l e t t 2 1 y  t o r n i l i  ze t h e

~rcrcd  ur ~ cf the  on st r u c t i o n  ci z ic t  w o r k  sch~- d u  l~~, to  ~~ p ress  it  i n

the torn ot . t h e  prec ise  sequeri c~ o~ act  i o n s  ot  i i  j o u i t h a .

L~ t us descri be ona~ of the p o s s ib l e  a 1~~ 1) L I f a i a s w~z i & : : z  can be used

fot t h i s  p u r p o s e . F ir st  of a l l , is im p l e m e n t t  d t~ i erder ing of the

s t r u c t u ra l  t ab l e  (see ~~ ) , t o r  w h i c h  a w~~t k t h e y  a~ I i  v i i  ed i n t o

L d f l k s , according to the s i g n/ cr i t er i o t i  O f n u n !  t a n t  r~ j n~~~ ; of t he

wo~~ks on w h i c h  th ~ y a re  based .  T h i s  — a c om L a i  a t  L~~e ly  s i mp le problem ,

a n d  on i t  we be stopp ~~d w i l l  no t  be. Let  ~I:~ ~~~~~~ h a t  t h t ~ ordering

of t h e  c o m p l e x  of the works is carried cut , d u d  ; t L u c t u r i t —  table

dep icts, for example , in the for m ~~1b l E  L i .

Let us register i n  the torn of m d t  h em it  i :  u l  t o r i n u la~; the

communic ating system, r.~’t1ecte~1 into a st L u cl u Iai—tlm ’ /t ezl porary to

the 4ahle of compl ex .
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Table ~L1. 
____________  ________¶ • 1
_

(3~ (I..ItN vs P~ o,. .
~ J Or.p~~ca sa p.øom a,

I a1 — ‘12 a, —

3 01 — ‘a4 a1, a, 1~5 a, Oj, a,, a,
6 a~ a, a7 1,
8 a, a, ,a,9 a, a,. ...a. C,

10 1l •S. OS II,

K e y :  ( 1) .  in  sequence. (2) . W o r k .  (3) . It is base ! on w o r k s .  (4 ) .

Ti me .

rage 527.

For thj . 3 , let us de s i g na t e  ~, — s ina ll c st  p os sit : ie  p e r iod  of t h e

b e g i r n i n y  cC work a, .  ( t i m e  is c o u n t e d  o f f  i r o n  t i ae  b e g i n n i ng  of

process) , and T, — the sral les t p c ssib l e  pt~r io d  u t ~ i t s  t e r m i n a t i o n .

it i s  chvious

(3.1)

whcre / , — time of t h e  execution of work a4.

f l s inj  these designations, it is poss i Lie t o  r eg is te r  b y f o r m u las

all logica l commun ication/connections Let w een the works of coaFlex .

It is real/actual , let , for example , the work a, be based on works

ah a,, a~. Then the work a, cannot he begun earlier thin will end that

4
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Cf t h e  works  a1, a4, ~~~~ w h i c h  it enos  n o r €  I d t t  t L~~:i a l l .  r a a i s

c o z n m u n i c a t ion/confl•ct iof l  we w i l l  register in t h e  ton , of the formula

~, —max I T,, T,, Ti,). (3.2)

A~~j Iy i nj  such formulas to all vor ka of com~ l x on turn , we w i l l

f in s  a l l  t o r q u e / m o m e n t s  of t h e  t e r m i n a t i o n  of wor ~~s T, sad , after

a l l , t h e  m i n i mu m p er i o d  of t h e  t e r m i n a t ion ~it  ~ nt ire comp lex of w o r k s

T.

Let u s  dem ons t ra t e  how t h is  is m a d e  on m a t e L L a l  Table 3.1. Let

us c o m i u t e  values t , and T,. for all wcrks ot  c o n p i e x .

Fo r t h e  work s  or t h e  f ir s t  r a n k  a 1, a 2 , a 3, W t  h a v e :

t~—O T1—~1;
;~~O T, -t,
t,~~O T8 —S,.

W o r k  a , is based cn w o r k s  a 1, a 2 ;  jt C u n  ~c o ey u n  at

t o r q u e / m o m e n t  
~~,, 

when is f i n i s h e d  mo st  La tc ~~n t a . :a~ t r oa wo r ks a ,,

a 2:

i1 — max IT1, T,). (3.3)

Torque /mom ent  ci t h e  teraim a t lon cf woc k a,:

(3.4)

An alogously, for works a5, a5 and so for th :
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~~~~~ IT1. T , 7’,);
T, — t, + t,;
t,—max IT,, T,~;
T~ — i , + t~;

(3 5)
t,~~max $T,, T,);
T, =~~, +4;
T,— ma x (T,, 7’,, T,);

i1,—max IT,, T,);
7’,,,— s,,, + t,.

rag e 52~.

T h u s , a re  f o u n d  t u e  torque/moments ot ~c ;in ziinq T , a n d  en d i n g

7’, of a l l  wo rks  or  c o m p le x.  i t  is logica l  t h a t  t u e  time of the

terminat io n of ent ire ccm ~ lex is e j u a l  to n a x i m ~~ua of a l L  t i m e s  of the

te x. m i nation:

T~~max IT1, 7’,, •..
~ 

T~.l. 
(3.6)

In order to find the crit ical works (Lut therefore, and critical

way ) , it is necessary tc dc following; to fits t o~ all t in d work a,,

for which the tia3 of termination T, T 
~~~~ an uxi lnal ; this wor k, of

course , wi ll be critical. Thea to find’ aaonj f c r ~~u i a s  ( 3 . 5 )  that by

which is determined the torque/uoaaent ct t h e  P t ’~~i u u i n y  of this work

T4. Va lue r, is repres•nted in the fotm of thc :naxi muoi of some

torgu./ .oaentsT,, T~, T,, ...;it is necessary to tiua ~1 th.~t from the m, on

which is reached  t h e  m a x i m u m  ( i f  suc h t c r g u ~ / m c~ en t ~ sev e r a l , to take
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any of them ). That work a~ , at ~h icb is reacte d t a r s  m a x i m u m , w i l l  be

the second from end wor k on c r i t i c a l  w a y .  Further in exa ct ly the same

t ma nn~~r i~~ determined t h e  t h i r d  and so tor t t. ~t wo r~x on c r i t i c a l  w a y .

Thus, crit ical there will be t k i ~ work ~ith t~~~ 1ate~ t p~ ciod ot

termination and all vorxs , d u r i n g  t h e  I c r  ~ OU o X  t o r m i n a t i o n  of which

is r~ acIi~ d the m aximum in the expressicu , ~ ui ch s ’t * ’L.ninas the period

ef the beginning of next critical work. It i~ ; Ic ~~~ain , mi xi mu m in any

ot f o r m u l a s (3.5) can be reached  rot c r  one , P ~ t on s~ vera I works;

res~ ect ive l y at  c ich  s t ep /p i t ch  we can o bt a i i i  not one , b i t  severa l

c r i t i c a l  w a y s .

Let us d e m o n s t rat e  t h e  a l g o r i t h m  cf t h e  c cn s t rt z c t i o :L  of c ri t i ca l

w a y  on the ma te r i a l ot t he  ~am c  s t r u c t u r a l — i  im€ , t  c u i p o r a r y  ~ àble  3. 1.

For r~i is , obviousl y ,  i t  is neces sary  t c  assign ia t h i s  t ab l e  t h e

oncret e/ s p e c i f i c/ a c t ua l  v a l u e s  of t i m e s 1~ (Table 3.2) .

4
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Table L2. 
____________  _____

(,) ~~~~~~ 
— 

& ?~ 1
,
~
. 

~~~ 
Pilur. I 

~~~~~~~~~ ~s PIISTW ~~‘‘ *4

I u 1 Is
2 — 32
.1 a 3 — 20
.1 

~~ 30
~,I. ~~~~~ ~~ 35’

a, d~ ,a , 3$
40

4’ a,, a_1 $
9 

-~~~~ ~~~~~~~~~~ 23
III ~ 1, 33

~ey : (1) . in sequence. (2). Work. (3). I t  i . n i ~. t  sit wor ~~~. ( 4 ) .

l im e .

[a ,~ ~~~~~~~~~~

W~ have:

7 , 15. T,— 1 2  T.20;
t , — ma * IT ,. ~~~~~~~ ~I5. l2~~ 35 (37~7 , -~~. g,— I5-~ 30— 25;
~ ‘ 

IIIa~ 1~~. T, T, - 35 . _\l 2~ —25
7 ,~~; — t ,—25 . 15. 40;
T,~~~iflaX (1’,. f ,t — m ax ( 12, 20)— 20 (3 9)
T,—t,+ t,.20a I$..,3$~

(3 10
s, ..~~ .,

~~~~ u~~\ 7,. T1 - l I%a ~ ~ 4~1 ~~. ~~ h i
1. - i,. , 40 8 .— 48.
~~ max 7 ,, T~ . T, — m at ~5, 40 3~ 

.~ 10. (3 l~ i
7 . — t, ~ t,.. .311 23. 63;
t 31 — m ax  7,. T,~ — m ax 4$. 63, —63 (3 333

t,,~~63~ - 33.14
Tt~e t ime of the execution of enti t~ ccm p 1~~x ci works is maximum

ot .iJ1 times f, i..•. T,0 — 7’4 :

.max j f 1, T,.... T,,).74, (3.34)

-~~~~~~~~~~~~~~~
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Let us find ~rjtical works , i~~yinn i n j w i t h  t s~ l at t 3 r .  Since

maximum in formula (.3. 14) is jeached fcr T 10, thia work t 10  is

critical. It is based on works a m dfld at) . ~h & 1 c h  or t h e m  is c r i t i ca l ?

It is cbvious , a,, sin ce maximu m in formula (3.11) falls on T,. We

~a~~s to f o r m u l a  (3. 12) — in it iax imum tall.i ~~ ‘~~~i whiCh means, tha t

wor k a 5 — i~ critical. further , an a logou sl y ,  cxami r .o/scanning

iaxi m u m ~, in formulas (3.11)—(3.7 ) ,  we fina cne alt er another all.

cr it ica l works. En umerated in nat iral order , tucy w ill be: a 1, a3,

d ,, t~~~, a~~, ~~~~~

T h u s , cr i t i ca l w a y  is f o u n d  b y  p u r e l y  r o r m a i  nethod , with out the

co n s t r u c t i o n  of nm twork sch€dule. In Talle i. ~i~~o em p h a s iz e d  a l l

c r i t i c a l  w o r k s .

Co mp letel y ana logous  f o r m a l  can be i c t e r m i n e d n o n c ri t i c a l  arcs,

and the corresponding to then reserves.

4. O p t i m i zat ion  of the plan/layout of the ccm~ i.~x o~ w o r k s .

We dl read y spoke a L - o u t  t h e  tact t ha t  t~~e n~ t.~~o rk schedu le  (or

its substituting forma l algorithm Ct t h e  a n a 1 y ~~i~. ot t t i t ~ co m ple x of

woiks) can be used for an improvement (optim ization ) in the
‘I

p l a n/ l a y o u t .
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Thi s improvement can be prod uc~d for ~i i t  t ir ont target/purpose s.

For ‘x a m ~ le , i t  ca n  seem t h a t  t h e  t o t a l  t iit € of carry ing out the

co m p l e x  of w o r k s  T us i~ n et t r ip l e d ; a r i se~- t X i ~~ ~ue~ tron conce rn ing

how i t  is necessary to  boost w o r k s , so th at t h ~. total time would not

c x C t e d  t h e  ass igned  ~‘e r iod T0. It is obvio~~ , tar this h i s  the  sense

to Poost the  p r ec i s e ly  c ri t ic a l  w o r k s  a r~~d u c t  ica in d u r a t i o n  of

w h i c : i  d i r e c t l y  w i l l  P L~~h 1ounce oii t i me ‘I. h o w e v e r , in t h i s  case , it

ca n seem t h a t  the  c r i t i c a l  way  w i l l  be c h an g t ’ d . an d  t h e  w e a k e s t

places on t i m e  wil l r e n d e r / s h o w  some othe r work s . It is logica l to

assuae that the boostin g Ct works is gi v e n n o t  fu r  t r ee , b u t  i t

requires the insertion of some means, toes up p t - JL’ t he  typica l problem

of operations research: which f u r t h e r  r ou r c e s  aad into which works

cne sh c u l d  p u t  so that the common/general ,’t~ tul period of the

E x E c u t i o n  of t h e  c o m p l ex  C f  w o r k s  w o u l d  be ;.ot mors  t h a n  a s s i g n e d

ma~In i t u d * ’  T 0, but the expendit ur e ot tut th~ r r ;
~~u r c O s  w a s  minimum?

Another problem at optimiz ution is related to tae r~ Jistributi on

Cf the already available resour ces bet w een ~;c~~arat~ works. Above we

ascertained that all works , except critical , h a v e  some time/temporary

zes*~rves.

Page ~30.

In  cer t a i n  cases it proves to be possible, at tcr moving forces and

IA
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rc s ou r c~ s f rom th~ n o n c r i t i c a l  sect ions  of k l a n / l ay o ut to cr-it  ical ,

to at tain the decrease of t h e  t o t a l  t i i ’~ ot t L e  f i l f i l m e n t  of p la n .

Aya it~ does appear the t ~pical problem of opi. rdt ion s research: whic h

forces and resources mu st be mo ved from so~~ wcra ~~ to others so that

the time of the execution of the ccwplex of works would oecome

m i n i m u m ?

Finally, is possible one aid itional fcrmulation or t h e  prob lem

cf ~ne optimization of plan/layout. After t ;~~ ccns truction of networ k

schedule to us it became it is known that tde  m i n i m u i  t i m a  of the

executi on of entire comp l ex  ot  vorks  is p laced  in the ass i gned period

wit h the surplus:

T<r ..
i.e. of us exists the ~novn reserve of time , b y  w h i c h  we r i g h t to be

crdered , having somewhat stretched wor ks (but , it goes without

saying, so as not to l eave  in the  assi gne d ~e r ici  T~ ) . Afte r J
stretching works, we can economize some resources. Does irise t he

question: to which limits it is possible tc inCrease the times of the

ex e c u t i o n  of works and  w h i c h  w c r i~s so tha t th~ cb ta i ned f r o m  t h i s

€ccnomy of resources would be m a x i m u m ?  In th i s  st~t t i ng  can be placed

t h e  ~r c b le m of o p t i m i z a t i o n  n o t  necessa r i ly  or en t ir e  p l an / l a y o u t,

and it Cdfl be, the separate ncncritica l arcs, cn which are reveale d

time/temporary reserves.

I
I
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Let u s  g ive  t h e  se tt  i r i j each c f t hes e ~r o k  lens opti~~i zation in

f o i m u l a r e c or d i n g .  For s i m p l i c i t y  let  us a~~s un ~ t~iat cr i t i c al  w a y  —

one (it this not then , o b v i o u s l y ,  i t  is a l w a y s  ~ossiDle, i n t r o d u c i n g

i n t o  t~~~ t in e s  at t h e  e x e c u t i c n  ot t h e  ~o r k s  of e — c h a n j ~~, to do

c r i t i c a l  p a t h  o n l y ,  s im i l a r l y ,  as we e n t e re d  t h e  •ieyen~~r a te p r o b l e m s

cf l i n e a r  p r o g r a m m i n g )

Problem 1. C o m p l e x  consist s  of works a1, a,,...,a~at tines of

€ x e c u t i on t,, ~~ ... , t,~; is k n o w n  c r i t i c a l  u d y ,  moreover t h e  t iae  of t h e

e’:~~cution of com plex is egual

T
~~I1~

>7’, (4.1)
(KD)

wh ere the addition extends cnl y to critical works. The assigned

per i~~I of the execution of t h e  comb lex cf w o r k s  ii e qu a l  t o  T0.

It is k n o w n  that the insertion of the ~ci~ ic sum x of further

resources of work a, shortens the tim e ot ~xecut~~on with I, t o

I.’ — Mz~<1,.

r t  asks itself , which fur ther resources x1, x11 ...,x~s h o ul d  put in

each o~ the works, in crd er to:

— period of the execution of complex was nct higher than given

cne T~~,
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— a sum of the inserted resources it reached the minimum.

Thus, we need to determ ine t h e  nonnegative values of variables

x~,x,, ...0x~(further insertions) so that would ~e irpienie nted the

condition

(4.2)

where  the ~d dit1on extends from all critical work s of new critical

way (obtained after the redistrioution cf resources and change in the

times) • and so that in this case the ccmni on/jeneral/total sum

supple ment bod y insertions it would be mini m um :

~ 
;—min. (4.3)

Pag e  531.

Stated problem calls to win d the problem Ct linear programming,

beca use in it with some limitation—ine q ualities it is re~~uired to

m inimize linear functicu ( 14 . 3 )  of t h e  C E l l / e l e m e n t s  of so l u t i o n .

However , in the general case the entering limitatior .s (4.2) f u n c t i o n s

/1(X1) are nonlinear, since t h e  insertion cf scme L~~~ou r c~~s into work

a1 does nct compulsorily cause the linear ~ crci~~-~ of t t i e t i m e ,

spen t on this work. Therefore in general fciin st it ed pr ob l em is

related to the class of the problem s ot th~ cnli :~ -~ r pr ogramming

which much more complex than linear prcb].ems dnd m e t h o d s  o f  so lu t i on

of which are not worke d out. Such nonlinear probl ems we here be

occupied will not be, referring thcse interestin g to special
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m an a~ieni ent/manuals ( [2 , 28 )). Uowever , if ~~ a~~e j o u n d~ I to th~

compar atively smal l cha ri~jes in the plar/layout (:by such , durin g which

the tim e ot~ the execut ion ot wor~~; app rcx ima tel y 1in ~’a r i y  i t  dep e n d s

cn the inserted further rescurces, and cri tical way it ace s not

v a r y ) , stated problem i t  becomes the ~rcblem ol lin~ ar p r o g r a m m i n g  it

can be sol ved by the~ ~ lr eady known to us method s (.;ee Chapter 2 ) .

:~xa mpl e 1. There is a con~~lex of works i~~ , t , ,  ..., a~ whose

pa ram etezs are given into a struct ural— tmnie /ttIr pora ry 1ib le 4. 1

n e t w o r k  sc h e d u l e  of w or k s  g i v e s  i i  F i g. ~~ 10 5. The

cow’ let ion of work — unit A A 8; cr itical w ay ~on~~ist~ of works a 1,

4 4~ a 8. Tim e of the termination of the complex:

T—  4 + ~.+ S.— 50.

T h i s tim e it must be decteased to ‘to = 40; f~ t this by us it

will he required to boost certain critical works. it is know n that

into work a1 it is possible to pu t resourcts x4 in size/dimension

not more than c1, in this case the time of thi ex*’cution ot work is

redu ced accord ing to the u nset dependence:

Zg ~ Cj. i~’ S ~(I— bg i). (4.4)
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Ta~~ie 4. 1.

~ 
P.6~~~~ ~ j ~~~~ ~~ 

—

I —
2 a~ — 10
3 a~ — 8
4 a1 a~, a, 20

a~, a,, a, 10
6 a~ a1, a,,a, 5
7 a, 5
8 a~ ____ 

10 
-

~~~~~

key: (1) . in sequence. (2). W ork . .  (3) . It i.. Last’d on w u u ~.s. ( L I ) .

l i me .

4
Fa .jt~ 532.

For criti .~al works a1, a 4, a ., the par a.et~ rs bg. cg are eq ua l to
b3~~~0,2, c 1—2 ,
b,~~0,3. c,—2 , (4.5)
b,—0 ,I. c,—5.

It is requirad to determ ine insertions x 1, ~~~~, x~ so that the

pe r iod  of t h e  exe c u t i o i; of com i lex w culd c’ ti~~ t a~~ F~ ’ th~~ni T 40 . hut

to the sum of insa rtions it te~ ch~~d the n i t  m u

z1 ~~x1 +x ,— ml n .

Sciution.. Conditions (4.4) and (4.5) give :

2—x 1>0 ~ 2—x .~~ 0 S—x ,~~0. (4M

The new period o . the execution of works (when critical way it

w i l l  not be change d)

L T — SI+I. +i,’— v ~ t I— 0.2xi +S.1—0,$x.)+t,I—0.Ix,~~

~ 20O—0,!x~)+20(I —O,3z,) + 10(1—0 , Iz,) —80 — 4k, ~~~~~~
This value must not exceed T0 z 40:

60—4.i~ .—6x, —~, c 40,
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w h en c e

) 10. (4 .7)

Let us assign the mission of the linear progransing: to find the

nonn’~gative values of the variables x1, x 1, x8. that sa tisf y

c o nd i t i o n— i n e q u a l i t i e s  (4 . 6 ) ,  ( 4 . 7 )  a n d  r o t a t i r ~y in  t h e  m inimu m the

l i n f a r  f u n c t i o n

L—X ,+x ,+x,. (4.~

We so lve  prob lem accord ing  to t h e  g e n e r a l  ru les  of t he  s imp l e x

m e t h o d  (see C ha p t e r  2)

~~ 
~~~~~~~~~~~~

c~// ; c5~ 
(.:~

) 
~f i g 

~ S ‘4
1’ ’ s

)—. g
/ J~Az)/ (As) /, 

~\ I

~~~~~~ 70’ 20 30, ‘#0 .50 60 C
/ C,

a31’ A,

A3

Fiçj. IO.!5

- -
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Page ‘
~ 13.

Table 4L2.

N ~~l 
- 

X4 
- 

- 

4

L 0 -i -, -I

~~~~~~~~ T~ 0 
— —

o
2 ~~_ _ ~~ _

I
_,_~ 0

5 0 0

1~ 

- 

-tO -4 -6 -l

I~ey: (1). Abso.Luts term.

‘table 4.3.
-r —._____ _______

CsoOo APsIws~ r rI I

2 I 0 --- 0
_ _

yI 
~~~~~~~~ ~~~~~~~~ _ _[

~~~~~~~~~~!

- - --: -
~
-
~ : ~~~~~~~ ~~o o l o  o

_ _ _  
I 

_ _ _ _  

-

~~~ 

-I

key : (1) . Absolut , term .
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(I
CSO ANW* X1 U I.4 I

.1 .! -~~~~L 3 6 6

2 1 0 0

I ~2Y2 3 6

5 0 0 Iy3
2 I

_~~~~~~~ 
~~~ 3

k e y :  ( 1).  Absolute  term.

ra ge 534 .

~v t he  introu uction o~ the tut t h er variab l~~ Yi~ 12. Y)V y,

c o r , d i t  i o n — i n e q u a l i t y  (4 .  ~) • (4 .7) they ar~ c o nv ~~~t ed into the

eq u a l i t i e s :
w, ..2 —x 3.

~ — 2—i 4

y, — 4 x 3 -f6x.+x ,— 1O .

we c3aprise simp lex—taUe (table 4.7 )  • ~et~~ t a su 1n L n ~j u n r e s t r i c t e d

v a r iab l e s  equa l to z e r o:  x 1 = = x 8 0, will o s t a i n  tt~e

i n a d m i . . sih l e  s o l u t i o n  in  w h i c h  y ,  = —10; t ’ ~~~~f c i~~ t h e

~u~~port~~ng /reference soluticn of OZLP i.~ re~,u ire d ~. t il l  to  f i nd. We

ente r according t3 the general tu l~ ot the a e t . r n i i n a t i o n  of  t h e

supporting/reference soluticn ci o 7.LP (t e e  ~, 7 Charters 2)

re 3ect/thL. owing tmm por ar ily row L (during ti~. dct~’mmi nation of

s u p p o r t i n g / r e f e r e n c e  so lu t ion  it it is not f l e e t  ~~aLy) at i l choosing as
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t h t  ..o~ v i n q  c e l l/ e l e men t  Ce l l/ ~~lt~u~~n t  —
~~~ iL  1 a~~t/la tt er row , w e w i l l

113 i s m m i l t .x — t a b l e  (t a b l e  4. 3) —

C c n t i  f l U i f l t J  actioii s, Wt2 com. t C t n ~ sU ~ j . or t  i i i  J/r efeLTeIIct ’

~u 1u~~i c n , r e j i s te r e d  in  T d l l c  4. 4 .

In  T a b l e  ‘~.4 a l l  a b s c i u te  t~~r n ~- a r e  a l..~’a.i y positivo , w h i c h

fle d ! , : ; . t~~a t s up p o r t i n g/ r t ’f e r t -n c e  ;c l u t i cn  is t C ( l t I 1 _ I n  r w  L t a bl e

4.4 is ~ l~~ced (ii i  s t a n l a r d  form) the l i n ea r  t u t ~~t ion L , e xp r e s s ed

t h r o u q ~ ; the new unrestricted var iables x1, y , ,  3.:
+ +x.—x 1+ ‘/._ ‘/. x 3 + ‘Is~1 1/.x,~~ i..

A l l  coofficients in upper row Table 4.’e are neyativ~ ;

Co fl~;t’J uC!1t ly  • an. incr euse each O t  U f l L i 5 t I~~ .~~~ d v ~ i ia~~l.’:; can o n l y

as. .’ I n a c t i o n  L. r h d t  ~caz i s  t h d t  o~~ t i m u ~~ ~~~1u r i ~m I ;  t o u n d
‘

~~
2 V, 1/3 , y, — 5. ; — 5/3.

At these values the alternatiny/var~dbie mu . of ia ;er tion s it

r e ach e s  t h e  m i n i m u m :

L~~ L,~11, ~~~~
T h u s , o p t i m u m  so l u t io n  by the insertion of  u ’sourc e. ;  i~

folle~~ing : to put sun’ x , 5/] o~ w o r k  a~ ; i !,t c .~a L k s  
~~1 and a~ not

~o p a c k  resources. In th is case , perio d T’ e: t i . .’ execution of works

will he:

T ’ 5 1 +  $4 +5a 20 + 2O(l 0,3.513) -f 10—20+10+ I0—40 T,.

I t  is checkel , will be preser ved durin g thi s solution critica l
W I 

~
~‘
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F igu r es 10.5 shows t h a t  r educ t ion t , r i in 20 t o 10 loes not

still vary critica l way, but it is located dlItiad y on th e very

boundary of that reduction , during which critical way varies.

Arises the natural question: a what is to be done , if with the

insertion of resources into some wor ks critical way chanjes. It

appears in this case t h e  p r c b l e u i  of o p t im i z a t i cn  al so  can be reduced

to the problem of linear programm ing, but to o th er — alrea dy more

cowplex , with the larg e num ber of variables. L e t  as show how this is

made , base d on the same example , but in literal torn , without leading

to numerical results.

As va riables let us introduce resourc€5 x~ , ..., x 8, packed into

works a 1, ..., a.,; torque/moment s ‘n’ ,1 “
- , r~~ t a . .~ beginning of works

a,, ... , a 8 (torque/moments 1 1~~ ~~~~ 7 3 are t qu al to 0) and

torque/moments T1, T2, ... , T. of end ot au wcr sa.

Fage 535.

Struc tural table gives to us the followin g 1imitatioa—ia-~~uali ties:
t,~~ T1, t,>T,;

T1~~~T1, ~~~~~~ t1~~ T1;
t,~~ T1, v,>? 1. ‘.>7 ,;

v,~~ T,; ~~~~~ v,> T7.

L . .  
.~~~~~~~~~~ .‘ —--.~~~.--_ _ _ _ _ _ _ _ _ _
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lh c  c o n d i t i o n s  of the  d e p en d e n c e  o t  t h e  t l W t  of t a c  ex e cu t i o n  of wor k

on the inser ted resources will give to ~s liaitation—equ~lities:

T1~~f1—f 1b1 x4+; (i=1 , ..., 8)

( rec a l l  t h a t  here :~ and b4 — constam~.s).. Further , are re ta i ned

c o n d i t i o n — i n e q u a l i t ie s

x~ <c ,, (i L~ ..., 8).
F i n al l y,  the condition of the executios of entire complex of works

into perio d will b ecome 1imitation—ine q ualitie~

T, < T.,..., T1< T.,

from which , by special feature/peculiarit y strength of triis

concre te/specific/actual structural tatle , it i~ possiL~l~ to leave

onl y tb ’ l a s t/ l a t t e r :  T 8 ~< ~~~~
.

Under all these conditions it is nec’~ssary to minim ize the

l inea r f u n c t i o n

L=x 1+...+;.

Thus , problem was reduced to the problem ct tne linear

programmin g from 21 of variable , with 8 limi ta t ion—inequaLitie s even

21 by a limitation—inequ ality; by the intrc uuct ion of furthe r

v a r i a b l e s  it it is possible to r e d u c e  to OZLP w i t n 42 vitiable s and

29 limitat ion—equalities , it is certain prcblom with family

alternating/variable and four limitaticn—egualiti~ s many times it is

simpler; so that in such cases it is reasonaol ..- L u st to check tha t

will not be preserved critical way ~.revio u~ , a.~ t h i s  was at numerical

_ _ _ _ _ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  3
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values t,, b1 c~, examine l in  ex am u-le 1 _

Probl em 2. There is a set o~ the wcrxs :a1, a1, ...,a~ at times of

execution I~, 1,, .. ., 1~. Tht~ t i m e  of t~~e cx e cu ’i o n  of the comp lex of works

is expressed by th. formula

r _ ~~,s. (4. 9)
‘up)

On no ncritica l works there are some time reserves using t hese

reserves , i.e. , m o v i n g  some resou~~c&s f r o m  ;i on c ri t i ca l w o r k s  t o

cr itical , it is possible to deciea~ e the t iu ~-s c~ t h e  ex ~ c u t i o n  of

critical works ani tii~~ceby the time of ex...- cut i c n  u :  entire complex.

• T’~cr ’  is certain constant/invariatie supply ot the aovable

resources ~ which is di~ triLut ed between wcrks a .Q,....a~so that to

eaca w o r k  co r r e sponds  the  quantity of mov atie resources, equal to

r e s p € c t i v e ly

b1, b,, ..., b~: ~ b~ ~~~‘— I

£~age 536.4
It is known that t h e  q u a n t it y  of  resoui-ces  x > 0, removed f r o m

work  a1, i nc reases the t i m e  ot its execut  ~CL w i ~i t , t o

a luantity of resources x , inserted additionall j into work O~,

reduces t h e  t i m e  of i ts  execu t i on  to
c (x) <Ii.

- -
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It does ask itself : how it is necessary tc redistribute the

available movable resources B between wcrk~ so that the period of the

e x ec u tio !~ cf complex  w o u l d  be m i n i m u m ?

Let us  show h o w  can be ~olv ed a simi lar prcblem .

Let us designate x, — qu a n t i t y  of m o v a b l ~ ~~ so urces , t h r o w n  to

work a, (x, is negative , if from work O, is ~~move/taken some

q u a n t i t y  of  resources)

Value s x, m ust sat is fy  the limitations :

x,)- —b, (1—1 , .., n). (4.10)
It is logical that the sum of the resources, removed from some works,

must be equal to the sum of the resources, supplemented to other

wotks , so that

X1+. . .  ~~~~~~~~ (4.11)

A f t e r the t r an s f e r  of resources for t hose works , to which  the y

are m oved , new t imes v i i i  be equal tc

Il’ q,(x,), (4,12)
for the sa me works from which the resources are remo ve/taken :

Ii’ f,( x~~). (4.13~
The comm on/general /total period of the execution of the comp lex of

• works will be:
T’ wi ~~~~~~~~~~~~~~~~~ (4.14)

- — - •  •
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Where t he  f i r s t  sum extends to all works to which ~ie transfer red the

resources, if they entet in critical way; tic Lecond — t o  a l l  w o r k s

iron which are transferred the resources, ir  t hey  enter in critica l

w a y .

It  is l ogical it seems t h a t  t o  con~ id€~ t L ~ t t r a n s f e r  of

resources makes sense only from noncritical works to critical;

howE- ve r not above to forget , that in this case t~t~ n o n c r i t i c a l  works

can pass into crit ical, but vice versa ; thc~etcr .~ in formula (4.11$ )

in the general case they are present b o th  sum s .

T h u s , before  us s t a n d s  t h e  p r o b l em :  t o  t i n J  ~ uch v a l u e s  of

variables x1 (i = 1 9 .., n ) ,  so t h a t  were imp lemented limitations

(4. 10) , and f u n c t i o n  ( 14 .14) wa s  c on v e r t e d  i i ito  the m inimum.

Problem repre sents by itself the problem ci non1ine~ r

j programm in g even in the case when function 
~, and q~ (that with

certain tension it is possible to allow) are linear. Substantially

noni m eat in function (4. 14) is the fact that values i, j — n u m b ers

ot the wor ks to wh ich extends the sum (i.e. critical works),

themselves depend on Xi.

sa ge 53 7.

a11
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‘1
A s has a l r e ady  ~~ cn  sp c k e n ,  m e t h o d s  o t  t~~~ ~) lu t  ion  o f  t h e

~~-uh1 ,~ ns of n o n h i m e a r  p r o g r a m n i n j  w o r k e d  o u t ;  h~~.ever  s o me t i m e s  it is

p o s s i bl e  t o  so l ve a s i m i l a r  k i n d  of p r c b l e~~, u~:in J c o m p a r a t i v e l y

I C  ne t  hods. In t h e  t o l l c w i n y  e x a m p l e  we  w i l l  ~ ui~siier solution of

cn c i t  suc h problems.

~ x a m ~~le ~~~
‘2. The comp l e x  of w o r k s  a 1, d 2 ,  a~ is a s s i g n e d

~~ r u c t u r a l — t i w e / t n m p o r a r y  t ab le  ~~~~
‘- . C r i t i c a l  a t -  h er~ w o r k s  a 1, a 3;

t h e  ~ it ~ of  the  e x e c u t i o n  oi c o m k ) l e x  T 3C.  i c nc r i t i c a l  is w o r k  a 2.

Cu i~ t h e r e  is a s u p p l y  of t h e  in - v a b l e  r e s o u r c e s  ~~ = 1. 1’ he s u p p l i e s

of nova~) le  resour;es on remain j i g  t w o  ~cr k s a t t  .1 i ) s e l L t .

I~ is k n o w n  t h a t  t h e  transf~ r of rEsouic~ s •~ t r o m  w o r k  a2

in u r c a~~es the  tima of its execution to

10 
•S I—O , lz

The s u p p l y  of resources r , move d by w oz. t~ ~~~~~
, r~ i u c e s  t h e  t i m e  of

• it s  ex e c u t i o n  to

sl # l_

The s u p p l y  of resources x , moved ty  wo L . - l i, r~ ~u c e .~ t h e  t i m e  of

its execution to
I0

lp._. —.
1+4x

1’ is required to define as to opt imally t i .  t u s t e r  t r e e  resources

tros wic k a~ to works a 1 and a~ so t h a t t h e  j t  r i s i  of t h e  e x e c u t i o n

cf com F iex would be m aximum.
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i i i~ ion.  Let  us l es ign at e  t h ~ qU a n t  j t  les ct  L e SO U r ; C S , moved

~r c m  w c r k  a 2 r e sp e c t i v e l y  o~ a 1 a n d  
~~~, 

t h r o u y i  x 1 a n d  x 3. It is

r .-~ 1u i r ed  t o  f i n d  such  n o n n e g a t i v ?  v a l u e s  x 1 a n t  x 3 so that w o u l d  be

i l . ~- m e n t ~~J the c on d i t i o n s :
x 14- x, c l , (4.15)

(4 .1

whe tt- thC index “kr ” means that ‘he correspondinj tt~r m  ~n t er s  in  sum

o n l y  i~. it it belongs to critical way.

Let us  look, under which conditi cEs wock d 2 d il l  e n t e r  i n t o

c r i t i c a l  w a y .  This w i l l  occur , it  t h e  t i m e  ot i t 5  e xe c u t i o n  becomes

wor’~ than the tine of the execution cf work S i :

SI.> ii’.
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Tabte~~~~~.5

~.iiin 
a, Ha P~~OTh

a1 — 20
2 10
3 4. a~,4. in

Key: (1). in sequence. (2)~ Work. (3). rt is b~~sed on works. (4).

‘lime.

Pa ge 538.

The “ j u m p / m i gr a t i o n ” of work  a 2 to c r i t i c a l  w a y  occurs , w h e n  is

r e a l i z e d  t h e  equa l i t y :

~~~~~ ~i

or (if from work a 2 a re  r emove d all r e s o ur c e s )

10 20
1 — 0 . 1 

=

w h i ch  is realized with x t = 0.8. Tha t  m e a n s  t Au t wor ~ a 1 and  a 3.

Let  us a s s u m e  t ha t  t h i s  so and in f o r m u l a  ( 1 4 . 1 6 )  t n e  secon d t e r m  wi l l

Le equal to zero, but two others t’1 a n d  t ’3 :

20 10
+l+x i I+4x,

Tak in g i n to  accoun t  (4 .15) ,  we ha v e  x ,  = 1 — x 1, and
20 10T —

l~~-x , 5— 4xi

We tr ace this function to m aximum ; le t  us f in d i ts derivative

f r c n i  x 1:
20 

— 
40 (5— 4x1)’20—(I+x1)’40

dx, ( l+x ,)’ ~5—4x 1~’ (I +11)

The  derivativ e dT/dx 1 is converted intc zero when it is

— -~~~~~— -~~ _A~~~~
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conv erted into zer o nuiaeratcr. Solving t h e  ob t a in e d  q u a d ra t i c

e~~u a tj o n  a id  t a k i n g  t h a t  root w h i c h  li* ,’rest~ hetween zero and one ,

we w i l l  o1~t .aj n X 1 ~~~ 0.bb.

I t  is not d i f f i c u l t  to  d i re c t l y  a s c e r ta i n  t h a t  at t h i s  poin t  is

r e a c h e d  t h e  u i i n i m u n , b u t  i iot  t h e  m a x i m u m  oil va l ue T ’ . Si n c e  x 1 = 0.66

< 0. 8, then  critical way will be preserved.

Th u s , of our e x am p l e  t h e  a d v a n t a g e o u s redis tribut ioti of

r e sou r c e s consists of following: f r o m  t h e  a v a i l a b l e  su p p L y  of t he

tr e e  resources b 2 1 r e s o ur c e  x 1 = 0.~~t , the y mu s t  be p o st p o n e d  by

w o r k  a~~ a n d  resources x 3 = I — 0.t~t) = 0 .34 — r c  w o r k  Ij . In  t h is

case , t h e  t i m e  of the e xec u t i o n ot t h e  c o m p l e x  ct w o r k s  t ak e s  the

m i n i m u m  v~i lu e  T ’ = lb. 2~~. Th e  times cf the execution of the separate

• works a 1, a2 and a3 will be equa l t o  w i t h  tLSjtCt t ’1 12.O5~ t p

• = 11.11 , t’3 = 4.24.

Problem 3. There is ~ C Ofl1 P l~~1 of w c r k s a i, a, •.., ça~ times of

extcu tion 4,t,..., 11. For this com~ iex is fcund critical way and it is

establish/installsd that the m ini m u m time ci th€ execution of complex

T c T0, where To — a s s ign e d  pe r iod  of ex e c u t io n .  i t  is poss ib le  to

reduce the rates 3f the execution of scme wor ks w i t h  t h e  f a c t in

ordet the period of the execution cf co~plcx to bi in j to the assigned

value I~,; because of this it is possiblc to O~~tdiu the economy ot
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resources. Mn increase in t h e  t ime of the cx~~cu t i o n  of wo r k a, on T

(i.e. finishing/bringing the tine cf the execution of work. Og tO

1,+r~ frees some resources Xg, which they de~ cni on delay v:

— 
~~ 

(T).

I t  is r e q u i r e d  to d e t e r m i n e , how cne s u i o u l d  ae t a i n  t h e  execu t ion

of each work so that t h e  period T0 wculd be w~~i n t a i n e a , a n d  the

eccnomy of resources was obtained maximum.

Let u s  desi g n ate t~ the delay time ci work a,.

Page 53~~.

The sum of the  t i aes  of t h e  e x e c u t i o n  of t h ~ W C t K S , w h i c h  lie on

critical way, must not exc€€d T~~:

(Hp)

wh e r e the sum , as earli er, it extend s cnly  to c r it ica l works.  It is

r e q u i t e d  to select such nonneg ative values of  var .~.ahles 1•~ so that

• t h e  s u m  of t he  f r e e i n g  resources wcu l d  r eacn t h e  ua x i m u m :

~ I, (i,) —max.

State d problem again is related ic the class of the problems of

nonlinear programming. In the case when spetch ccours  on ly  about

insignificant delays  i,, soDetimes it is pcssiule to reduce it to the

problem of linear programming ( n a m e l y ,  if function Ii are close to

linear in the range of the ~ossible values ~b a critical way with
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d e l a y s  it does not v a r y )  .

5. N e t w o r k  ~l i di ng/p l an n i n q  w i t h  t h e  ra ridot ~ t i n e . ;  of t h e  e xecu t ion  of

works . .  A p p l i c a t i o n/u se  of E I s V M .

U n t i l  r ecen t i  y ,  e x a m i n i n g  t h e  p r o h l -~ ins of p l a nn i a g  t h e  comple x

of wo rk. , , we we re l i m i t e d  tc t h e  case whe n the t im e s  of t h e  e x e c u t i o n

ct se p ai st e  w o r k s  were to us in  a c c u r a c y  kn ow n  p r t ~v i o u sl y  ( t he

so — c a l l e d  d e t e r m i n e d  case) . In  p rac t ice t hi s r a rel y  is as follows:

mor e frequen tl y are encountered the cases wuen t a ~ actual time of the

execution of work p r ev ious l y in  a c c u r a c y  is u n k n o 4 n  (it is random)

dn d  i t  can s t rong ly  d i f t e r  f r o m  i t s  f o r e c a s t  v a l u e .  The l ev iat i o n  of

r a n d o m  va r i ab l e  1, — the  t i m e  of t h e  e x e c u t i on  o~ wo r k  a, — f rom

its predetermined value g/O) it can be, g e n e r a l l y  s j e a k i n g ,  to  both

sides — both into large (delay) and in ~a i a l l er  t l e a d/ a dv a n ce )  ,

althou gh in practice the second is dnccu ntccuJ much more rarely than

the first.

Do arise the following questions:

— Which probability that t h ~ actual t i u u ~’ ct execution of the

comp le x of works T will not exceed assigne d m a c n i t u d e  T 3 ?

— As one should orq~ nize th~ comp lex ci w~~ik 5 so t t i i t  v alue T $
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• w o u l d  not excee d g i v e n  c n e  T 0 w i t h  s u f f i c ie n ~~l~ h ig h p r o~~t t i i l i t y ?

L et  u s  cons ide r  t h e  f i r s t  qu e s t i c n  as ~L O j L  id l e  t i m e  (especially

because for an answer/response to t h e  s. ’conu , I r u n t r i l y ,  iust be able

to answe r the first). Let  us  assunt t h a t  t i e  t i m e s  ot t u e  e x e c u t i o n

of wor ks t~, 1,. ..., 1,~ r e p r e s en t  b y  t hem s e l v~~ ijn&iott v ar i ib les with the

kncwn laws of distri but ion. Let is a ssu m e  :ei. i . n p l i c i t y  t h a t these

random var ialles are independent , and t h e i r  ~ersities e~~u a l  to

f~(O~ f,(1), .... f~(:) .
Is ex a m i n e d  t h e  f u n c t i c n  of these ra m i e n  variables — t o t a l  t i m e

ci t~ie execution of entire complex of the works :

T..~~~I,. (5.~)
(Np)

Pa ge 5 L 4 0 _

S ta t e d  p r o b l e m  w i l l  be solved , it we c~n tin i the function of

tandoit number dist r-ihut icn T: -

• F ( t) —P ( T < t) .

Then , substituting in it for t v a l u e  T 0, we f i n d  t h e  u n k n o w n

• [ r c b a b i l i t y .

F u n c t i o n  (5.1)  in the  genera l  case is r a i n  ly c o m p l i c a t e d , sin ce

critical way itsel f is a c c i d e n ta l  a n d  d ep e n d s ci  those vu ucs which

take r a n d o m  variab les Ig~~ times of t t t  ex t  c ut  ioi~ of t u e  sepa rate

w o r k s :  w i t h  some v a l u e s  1, t h e re  can be on~ ci ~ ~~‘al w a y ,  w i t h
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o t h e L s  — a n o t h e r .  Ho w ~~ver , it  we ure b o u n J e~ o n l y  t o  c o m p a r a t i v e l y

~m all deviation s ~f r a n d o m  vari~ i1es t, frcm ir • ; nominal va lues ~

(by  so s ma l l  w h i c h  cn it  ical  w a y  r e m a i n s  t h~ sa w e)  , t h e n p r o b l e m

st r c n y l y  is s i ap l i f ied . Then  in ~e L m u 1 a  ( 5 . 1 )  t he y f i g ur e  o nly

se ver a l co m p l e t e l y  sp e c i t i c  r a n d o m  v a r i a u i e ~i t~— t i m e s  of t h e

EX€cut jo !~ of critical works. ‘rue l a w  o f  r a n u in n u n uer d is t r i b u t ion T

re~~re s~ -nts by itself in  t h i s  case nothin g ~- i s e  P u t  t ac  co m p o s i t i o n  of

t h e  l a w s  or r a n d o m  n u m b e r  d i s t r isu t i o n  t g, relat~ n~j to critica l

wor~~~.

S u b se q u e n t l y  to us comes to the aid ver y ccw~ loxity of

e l a n / l a y o u t  and t h e  presen ce  on t h €  c r it i ca i  w a y  or  m a n y  w o r ks . Me

k n o d  t h a t  w i t h  c o mb i n a t ion  of ~ s u f f i c io n t 1~ l i r j e  n u m b e r  of t h e

ind ejendent random quantities , distributed acccriing t o  a n y  l a w s  and

co n g r u e n t  in order of d i s p er s i cu s , t h e  l a w  of  uui 1 i s t u i b u t i o n  pro ves

k to be close to n o r m a l  ( cen t r a l  l i m i t  t h€ o :~- u )  . Tuererore, if o n

cr i t i c a l  w a y  sta nds  s u f f i c i e n t l y  l a rg e  n u : n P t r  of w o r k s  (j e t  us say ,

t h a t  c rth r- 5—6 or it is m o r e )  , t hen  in I r a c t i c e  i t  is possib le  t•o

ap~ roxiinatel y cons ider  v a l u e  T ~1j st i. i b u t e d  i . o r m a l l y .  It .;  ‘m a t h e m at i c a l

expectatio n will be equal

• m,~~Im v 1,(Np)

• wh e r e  rn,1 — mathem atical expectation ot the ~~~~ ~ L t h e  ~x e cu t i o n  of

t h € ~ i wor k , while its root—mean—square deviaticn :

Np)
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w h e i e  O,,~~~ the ruot—Inean — squai t ’ d~~v i a t i o , ;  ‘1 h t :~~ e • &  t h e

~‘x. cut ion of the i w o r k .

rh i: ; , in  t h i s  case to r  t h e  l e t  ~‘r u i i : a t  1~ ~~~~~~~ law O t  t i n e

al1ecot jo~ ot the e x e c u t i e n  ct r~:~ e c m ~~ 1~ ’x  c i  ~~~~~~~ t r e k . !  i s  n o

neck - 5si~ y t o  k now t h e  l a w s  ci t~ie disk r i~ u~ i O f l  f~(I) of V~t L  t o u s  t i m e s

I ,; i~ su I ices to snow t he ii m at  he m a t  i c  I ~ x hec ta t i en~ a n  d

t o o t — r n .~ t I — s j uare d e v i a t i o n ,  it  t h e s e  v a l u ~ ~~~ • s~n o w t A , t h ~~

~~r c i u  si l i t  y of th~ ox e c ut  r o n  of  cO d . p l e x  i n  •~~ r ed  w ill .  i c  l ocated

t r c~” tI; ’ known for m ula
• 

P (T< T ,) _ 1 6 ( T._m
f ) + O , S , (5.2)

wh ere ~ — a function of Laplace (see a p p en d i x , Table 1)

Eu ~ 514 1.

~xamp le 1. durin g the ex ecut un  of t h ~ c c i  i ’ I ex  o1: wor ks ,. a

c r i t i c a l  prove to be the works

a,. n~. a1 ~~.

the t i  me: ; oX CX e Cu t ion of which represent h~ t he;n •s’lv e~; ci ncloe

vu r jab 105

it. S~, 4,, •.. 4,, 1.

iij ti t Ii ” m a th e m at i c~~J. ex p ec t a t i o n s

— io, 
~~

• ,, — ~), fl’~~ — 10, m1, ~~5, ~~ 7, ~i~• tO
and t h e  root—m.an- aqua r~ deviati on:

o ,, — 1 , c — I . ç,~—O .5. ~~~~~~~ ~~~~~~~ o,~~ t.
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T h e  ~rooable d e v i a t i o n s  of t h e  t i m e s  of t h ?  ex e c u t i o n  of w or k s  f r o m

t h e ir  ~i.a ni~- ’mat ical  e xp e c t a t i o n s  do not  v a r y  c:~~t ic al  w a y .  Is a s s igned

t h e  p e r i o d  of t h e  e x e c u t i o n  ct  t h . c con ~~1ex  i •~ o . To t i n d

~r o b a b i l i ty  t h a t  t h i s  per iod  w i l l  te carr i i :  o u t .

Sc lu t i o n.  We have :
fllg 1O+24 ’+iO+5+7+ I0’.m~~,

o,— Y P +  l’+0 ,5’+0,~~+O,8’+I’— }’~~~~~~I.9.
P r ob ab i l i ty  of the execution of the complex or w or k s  w i t h i n

peri od ‘t’~~~ = 65:

P(T < 65) _
~D ( ~~~~~~~) + O.5_ 4D (I ~58)+O .5.

Throu jh table 1 of a p pl i cat i on / app e n di x  we f i n d:  ø(1,58)~~~O,44, whenc e

t h e  j r cb a b i l it y  of t n e  e x e c u t i o n  of co~~p l e x  w i~~h i n  per iod P ( T  < 65) ~

C. 9~4 .

If d u r i n g  r a n d o m  c h a n g e s  in the times I~ can v a r y  c r i t ical w a y

i tse l f , ~he  proble m of c a l c u l a t in g  t h e  ir oh ab i l i t y P ( T  < r e,) hinders.

With a com pa r a t i v e l y  small n u m b e r  ot  woi-ks in coup lex , th i s  proble m

can ~e sol ved by analytical methoc , bu t witu their large numbe r

calculations become excessively bulky, and in ~ractic e it proves to

be ~o cor :venientl y determine t hese p r o t a b i li t r e s  oy t h e  i on t e — C a r l o

method ny ETsVN (see Chapter 8). I n  t h is  c i .~e , are  deve loped  t h e

value s of ran dom times 1~ and for each  se t  oi t h i ~ o b t a in ed  val ues is

determ ined time T of thE execution of the complex of works by that

method which is applied for nonaccidantal tiles.
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- •  Fig. 1O, b.

E ay e  5~~2.

A f t e r  ob t a i n i n g  su f f i c i e n t l y  l a rg e  n u m b e r  N of such  r e a l iz a t i o n s, we

can d i rec t ly f i n d  m a th e m a t i c a l  ex p e c t a t i o n , du~p er sion  a n d  t h e

.1 
r o o t — m c a n — s q u a r e  d e v i a t i o n  Cf r a n d o m  vaLiahie ‘I. A~ con~~~rn s  t h e  l aw

cf s i st r i h u t i o n , t h e n  i t  in  t h e  m aj o r i t y  of  ~~~SEs f o r  c om p l e x

g r i d/ n e t w o r k s  prov es to be close t c  n o rm a l .  T h e r e r o r e  tn~ probability

• cf t he  f u l f i l m e nt of p l a n  within period can be calculated according

to t L ’  sine for m u l a  (5.1). If  t h e r e  are f o u n da t i o n s  f o r  cD n s i der i n y

• the l a w  of t h e  distribution of value T rot norm al. (thus, for

i n s t a n c e , it is , i f  s cat t e r i ng  t h e  t i m e  of tx~~cu t i o n  any one of the

cr it ical w crks s h a r p l y  e x cee d s  s c a t t e r i ng  the  c th u r s )  • t h e n  as

approximate va lue of p r o b a bi l it y  P ( T  < 1~~) it i~ possihl~ to take

f r e q u e n c y cf th is  e v e n t  in the  series  ot r e~~l iz ~~t io n s .

It is necessary to note that this typ e of calculations can be

only especially tentative , since in pract ice u~~uurly the laws of

di stribution f,($) a re u n k n o w n , and  t h e i r  o b t a i n i n j  t he  s t a t i s t i c a l

d a t a  ~~s d i f f i c u l t.  At best s u c ce ed s  in ind icating tot ea~ ti t im e t~
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it s  •~ost prob~ b1e value ti’, and d l~~o r c u y h t o  c c t L ;i d er  s ma l l

(~p t i ~~j st i c ”) va lue ~~ and  gr e a t  (“ pess in i~~t 1 ”) vilue I?”~ (Fig.

1 0 _ n ) .  A s concerns v e r y  d i st r i b ut  ion I#)~ it it is necessary to assign

su t:rc i e rtly arbitrarily, cm t h e  b asi s  cf :~~ !cclative considerations.

I o z  x a ,n ~~le  t h e  f a c t  t h a t  c u r v e  in F i g .  10.o ii i s  ~~~~~~~~ p O s i t i V e

a sv~~i.~ t I y  ( i s  more  s t r e t c h e d  t c  the r i g h t , ‘ b i n  to  t h e  l i f t )  r e f l e c t s

th ~~t we l l— k n o w n  f a c t  t h a t  d e l a y  i n  com ~~u r i s~~n w i t it p l a n n e d  p er iod

th . ~ c l i i  he c on s i le r ai l y more  th in l e a d , a dv a n c e .

I n  co n c l u s i o n  le t  us p a us e  it  o n e  I n o r t  ~u e s~~iei.,  connec t e d w i t h

th~ ~~ 1 r e a t  ion/use of E T s V N  d u r i n g  : t~t~~or~ -~ 1i I i i : id /p 1 a n u in ’ ; . Usually

du r ing ‘ 11e ex e c u t i o n  or  t h e  u n v o l  V~~d ccm ~’l ~s o f  ~oi-ks, the initially

H selectci p l an s  are  not inp lcmen ted , an d i t  is ~~~~~s a r y  on operation

t o  r~ exa mi ne t h em .  in ~ h i s  case , i~ is E x t L L m e l y c on v e n i en t  to ho ld

af l  c a t a  on  c om p l e x  — b o t h  t h e  o r ig i n a l p l a n a i g  L n c o m in . I  i n f o r m a t i o n

cii it s  d i s t u r b a n c e / b r e a k d o w n  — in t h e  ni cinor ) o f  .~rsVM , w u i c h  f r o m

ti nt - t o  t i m e  anew e x a m in e s  job  s c h ed u le , f i n d : ;  t e L  ~ ack ,  m o m e n t  of

t i m e  n e w  critical way — “ t h r e a t e n i n g ” t h r o u g h l i i~ of and

cpt ~mi ~~s pla n / l ay o u t , i n d i cat m y ,  whic I p r t c i  lj  w o r k s  a r~1 into any

d eg i t e ene sh ou ld boost.

The t ruitful appl ication/use or a met  I’od e t  • ‘t w o r i (

y 1 i d i n ; / ~~l a n n i n g  l u r i n g  t h e  o r g a n i z d t i c n  O t  c o m p l e x  c o m p l e xe s  of

w o r k s  I . ;  i o~ sible on l y w i t h  t h e  eoi~d i t i c n  ci t h e  con t i n uo u s

m o n i t o r i n g  of p le a/ l a y out  and its o p t i m i z a ti o n  w i t h  the  h e l p  of

ET L ’YM .

L. - —  L4
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AP~ ENDIX .

T a h l e  1. V a l u e s  of t h e  t u n c t i c r  of Lap lace

~ ~~~ • (i’(~~) • e~x ) • I’(1~ ,

0.00 ) ,0000 0,45 0,1736 0 ,90 0 ,3159 1,35 0,4115 1,80 0,464 1 2,50 0,4938
01 0040 46 1772 91 3 186 36 4131 SI 4649 52 494 1
02 0080 47 1808 92 3212 37 4147 82 465(- 54 4945
03 0120 48 1844 93 3338 38 4162 83 4664 56 4948
04 0160 49 1879 94 3264 39 4 1 7  84 4671 58 4951
06 0199 95 3289 85 4678
06 0239 0,50 .1915 96 3315 1 ,400,4192 86 4686~2,600 ,4953
07 0279 51 1950 97 334(1 4 1 4207 87 4693 62 4956
06 0319 52 1985 98 3365 42 4222 88 4699 64 4959
09 0359 53 2019 99 3389 43 4236 89 4706 66 4961

54 2054 44 4251 68 4963
0,10 ),0398 55 2088 1 ,0 0 0,3413 45 4265 1 ,90 0 , 47 13 .70 0,4966
II 0438 56 2123 01 3438 46 4279 91 4719 72 4967
12 0478 57 2157 02 3461 47 4292 92 4726 74 4969
13 0517 58 2190 03 3485 48 4306 93 4732 76 4971
14 0557 59 2224 04 3508 49 4319 94 4738 78 4973
15 0596 05 3531 95 4744
16 0636 0,60 .2257 06 3554 1 ,5~1) 0,4332 96 4750 .80 0,4974
Il 0675 61 2291 07 3577 51 4345 97 4756 82 4976
1$ 0714 62 2324 08 3599 52 4357 98 4761 84 4917
19 0753 63 2357 09 3621 53 4370 99 4767 86 4979

64 2389 54 4382 88 4980
0,20 ),0793 65 2422 1,10 0,3643 55 4394 2,00 0,4772 .90 0,4981

21 0832 66 2454 II 3665 56 4406 02 4783 92 4982
22 0871 67 2486 12 3686 57 4418 04 4193 94 4984
23 0910 68 2517 13 3708 58 4429 06 4803 96 4980
24 0948 69 2549 14 3729 59 444 1 08 4812 98 4966

Si 26 0987 15 3746 2,10 (1,4821
35 1026 0,70 1 ,2580 16 3770 1 ,600 ,4452 12 4830 3,00 ).49810
27 1064 71 2611 17 3790 61 4463 14 4838 3,10 49901
28 1103 72 2642 18 3810 62 4474 16 4846 ‘3,20 49931
29 1141 73 2673 19 3830 63 4484 18 4854 3 .30 49953

74 2703 64 4495 3 ,40 49900
0,30 1,1179 75 2734 1 ,20 0,3849 65 4505 2 ,20 0,486) 3 ,50 49977

31 1217 76 2764 21 3869 66 45)5 22 4868 3,60 49964
32 1255 77 2794 22 3888 67 4525 24 4875 3,70 49969
33 1293 78 2823 23 3907 68 453’ 26 4881 3 ,80 49993
34 1331 79 2852 24 3925 69 4545 28 4887 3,90 49995
35 1368 25 3944 2,300 ,4893
36 1406 0,80 0,2881 26 3962 1,70 ),4554 32 4898 1,00 0,499968
37 1443 81 2910 27 3980 71 4564 34 4904 1 ,50 499997
38 1480 82 2939 28 3997 72 4573 36 4909 ~,00 o,j spmmi
39 1517 83 2967 29 4016 13 4582 38 4913

84 2995 74 4591
0,40 1,1554 85 3023 1,30 1,4032 75 4599 2,40 .4918

4 1 159 1 86 3051 31 4049 16 4608 42 4922
42 162$ 87 3078 32 4066 17 4616 44 4927
43 1664 88 3106 33 4083 78 4625 46 4931
44 1700 89 3133 34 4099 79 4633 48 4934
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p3 J~~ 5~4~4 .

Ta~~l~- 2. V a l u e s P m~~~~~j e ° ~P oissCzi  u i s t r i b ut i o t~)

“N..~ 0 . 1  0 ,2 0 , 3 0 . 4 0, 5 U .6  0, 7 0 , 8 0. 9

0 0 .9U4~’ (1,8187 0,7408 0,6703 0 ,6065 0,5-4 88 0 ,4966 0,4 4 9 1  0,400
I 0 ,0905 0 ,1638 0,2’222 0,2681 0 ,3033 0 ,3293 0 ,3476 0 ,3595 0,3659
2 0 ,0045 0,0164 0 ,033.3 0 ,0536 0 ,0758 0 ,0988 0,12 17 0 ,1438 0,1647
3 0,0002 0,0019 0 ,0033 0 ,0072 0,~~26 0,0198 0 ,0284 0,0383 0,0494
4 0,0001 0,0002 0,0007 0 ,0016 0,0030 0,0050 0,0077 0 ,01 11
5 0,0001 0 ,0002 0,0004 0.0007 0,0012 0,002)
6 0,000 1 0 ,0002 0,0003

~~ - H P  ~~() 0,36790,13530,04980,0183 0,0067 0,0025 0,0009~0 ,O003~0,000 I 0 ,0000
1 0,36790 ,2707 0 ,1494 0 ,0733 0 ,0337 0 ,0149 0 ,0064 0,0027 (‘.0011 0,00C
2 0,1389 0 ,2707 0 ,2240 0,1465 0 ,0842 0 ,0446 0,0223 0,0)07 0,0050 0,0023
3 0,06130 ,1 8040,22400,1954 0,1404 0,0892 0,0521 0,0286 0,0150 0,007
4 0,0153 0 ,0902 0,1680 0 ,1954 0,1755 0,1339 0,0912 0 ,0572 0,0337 0,0189
5 0,00310,0361 0,10080,1563 0,1755 0,1606 0,1271 (1 ,0916 0,0607 0,0378
6 0,00050,01200,05040,1042 0,1462 0,1 606 0,1490 0,1221 0,09)1 0,063)
7 0,0001 0,0037 0 ,02)60 ,0595 0,1044 0,1377 0,1490 0,1396 0,1171 0,0901
8 0 ,0009 0 ,0081 0 ,0298 0,0653 0,1033 0 ,1304 0,1396 0,131 0,1126
9 0,00020,00270,0132 0,0363 0,0688 0,1014 0 ,1241 0,1318 0, 1251
10 0,00080,0053 0,0181 0,04)3 0,071C 0,0993 0,118 0,1251
11 ),00020,0019 0,0082 0,0225 0,0452 0,0722 0,0970 0,1137
12 0,0001 0,0006 0,0034 0,0)26 0,026~ 0,0481 0,0728 0,0948
~3 0,0002 O,00~3 0,0052 0,0)42 0,0296 0,0504 0,0729
14 0,000) 0,0005 0,0022 0 ,0071 0,0)69 0,0324 0,0521
IS 0,0002 0,0009 0 ,0033 0 ,0090 0,0)94 0,0347
16 0,0003 0,00)4 0,0045 0,0109 0.0217
Il 0,0001 0,0006 0,0021 0,0058 0,012
18 0,0002 0,0009 0 ,0029 0,007)
19 0,0001 0,0004 0,00)4 0,0037
20 0,0002 0,0006 0,0019
2) 0,0001 0,0003 0,0009
22 0,0001 0,0004
23 0,0002
24 0,0001

F aj t ’ 5 L 4 5 •

:~,



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _

i) OC 7 r~() 6 ~3 726 r .~ ~~ 
~~REFERENCES .

I. M o p 3 ~ M , K H M 6 e .
~ ..L E. MeTo~w HCc.,e~ OBa HHq onepauii A lia.a-ao

.CoBelcKoe pa~ Ho) , 1 956
2. 3 y z 0 B it U K u 9 C. II , A B ~ e e a a JL 11. .9uueAuot it ahinyic.~oe np o-

~~~~~~~~~~~ 11~~-a~ s Havxai , 1964.
3. El o i i T p a r H i l  .1 C., B O J 1 T J H C K H A  B. r., f a ~ 1 K p e J I i i n 3 e

P B • ‘4 ii tu e ii K o E ~ MaT CMaT Hq CCKaR TeopHH OfIT HM8.lb Hbl x npouec-
COB 4H 3M arr H3 , 1961.

4. C a a ~ ii T ~‘1 Mare~laTiIqecKiI e NeTo~u KCCJIe,3,0B aHIIH Ofle paU HH BOe H
N3a aT , 1963

5- K a p n e .~ e n q 
~~ . I) C a ~ 0 B C K H II .T1. E. 3Jie~IeHru JlIi He9Hor i

a.tr e0pit H .111 ) IC~ it o ro n po rpa ~~~ppos aKiia. 113~ -B0 iH ayx ai , 1967.
6. K) ~ 14 II .a B.. 1’o .1 b w i e 1% H E I’. .TIHHe9HOe nporpaMMtI~oaauHe.

~~ii3~ airna . 1963
7 B e H T n e it b E. C. TeopH a Bepo aTHocTe9 . Haj~’ao aHayxa 1969.
8 B e H T u e l b  E. C., Oa ~~~a p o B  /i A- TeopHa Bepoaruocrcil (3a~aqit

H ynp a) KB e HHB ). U3A-Bo t f l avx a i, 1969.
9. B a H t u e .~ b E. C 3JICMeHTbI AHHaMll qec Ko ro np or pahiMH po aaHHH. Hu-ao

€ HayKa . 1964.
tO B e ii ~i hi a it P. .11411aM14’ Iec KOe nporpa hihi Hpo eaHHe. 113~-ao IlHocTpaIlHoA

.I111’ep arypb& , 1 960.
Ii. B e ~ i a e Ji b E. C. BaeacuHe B MCcJl eJ~0aaHHe onepauHA. H3j~-BO Coaerc-

~oe pa~~Ho), 1964
12. 0 B ‘i a p 0 11 .9 A. flp uKJ7 a~ Hwe 3a~ a4H T~O~ MH Macco aoro O6CJT y)ICH$aHkI

H3~-Bo iMawHHocT po eHHe , 1969.
13 .11 13 H e p 11 . W 0 HCK0TO~ htX H8fl~ 3BJI~ HHHX p a3BHrHsl NccJi e~oaaHMa one- - -

pau149. (Mopc KOA COOp HHK) , 1970, M I.
i~. I’ H e ~, e H 14 0 5. B., K 0 B a ji e H g o H. H. BSeAeHHe B ~eopino Macco .

$O~O o6CJIy )KKBaHHR. 1I3~~BO IH ay ka ) . 1966.
15. B y c i l e h i K o  H. fl.. Lll p e 9 . a e p  10. A. MeT0~I. C Ta T H C TH ’I eCK H X H C nL1Ta-

HUH. 4 u ~~ airwt , 1961.
16 C e B 8 C I 3’ H H 0 B B A. iIopMy.’Ihi 3p,zanra a re.~ie4toaiIsi np~ flpOHSRoJlb .

HO\I 3aKoiIe pac npe~ e IeHHsI ~~ I1Te.nbKocTa pa3roaopa. TpyAu 111 BcecoIoaHoro
Marehi ataqeCKO rO Cbe3~ a, 1. IV. 143A-B0 AH CCCP, 1959.

Il K o 4) 3’1 a ii A.. J~ e 6 a 3 e 9 r Celeahie Mero~ ba nJt auHpo BaHHa. H~~ -ao

~flpor pecc . 1965
18. K a ji hi p o B M. TB6JIHUbI cJIy~ af1HblX qHceJi Taw K ewr. I43~aHHe Tatux eHic-

Koro rOC~ .~~pCTB ~ HHOrO yHI4aepcHreTa , 1936.
19 p 0 hi a H 0 B C K H Il B. C IlpHMeHeHHe Mal-eMaIH4ecKo9 craIHcIHKH B On WI-

14013 ae~ie. (Z)H3M aIrH3 , 1947.
20 K o 4) N a H A. , K p 100 14 P M8CC0B0e o6cJI y icHB aHHe , TeopHa ii npIlMeNe-

141413 11i~ -~ o iMnp , 1965.
21 4) a ~ ~ e e B ~~~- K., 4) a ~ ~ e a a a B. H. BI.iqHCJIKTeJlbHWe ~eio~~ AN-

He914o9 aJl re6pu. 4)H3M8Tr H3, 1960.
22. B e H I U e Ji 3’ E. C OnpeAeJIeHHe BepoBTHocTe 9 coCt o13uHi ) B ~HH aMHK e 6oa

MHO rO’ IHCJICIIHbI X rpy nn. aMopcico9 c6o pRuK , 1962, M 10.
23 4 y e a  10 B., M e i t b H H x o B  Ii. M., fl e r y X O B  C. 11 . C l e n a -

u o a I’. 4)., 111 o p B. B OcNoBw ncc iieaoaaHHa onepauNli B aoeuHo9 TtX-
IINK~. H~*-ao BCOBBTCKOe pa~ it~i, 1965.

24. 4.T11414e9141.ie IlepaaeHcraa H cMeacHwe Donpocbl’. C6opHHII nepeaoao. c aar,,
no~ pe~ KaHTopoBN~a J1 B ~ HoBoaIHitoBa B B H3A-Bo HHOCTP8HHO9 .‘IWTB-
palyp ia , 1959

25 M a K - K ii ~ c ii .~~ a~. BBejienHe B T~OPHIO H11) ØH 3MaTrH3 , 1960.
26 K 0 K C £1 P. • C N H I B .71 TeopHa Boc cTaHoBJl eHII n I1~~i-~o CoBel’.

cKOe pa~L1t oa , 1967.
21 C o 6 o Ji b I~1. P4. MeTo~ Mo iti e-Kap~io. cDH3M aT rHi , 1968.
28 r y p H H  .71 C , abi M a p c K I l 9 ~l C.. M e p i c y i i o a  A. .~ 3aaaqij

H MeTOib’ onTHMLJIbIioro pacnpe.ac’j IenHa pecypcoa 113.3-no aCOseTcKoe paii ii oa,
1968

~ ) P. ~~~ . .71 b 10 C, X. Pa 9 4 a FlrpbI II peweiIMa 14u•ao flHocTpaHIIuO jun.-
patypw, 1961



~~

__  

~~~~~~~~~~~~~~~~~~~~~ 
—

~
- 

_ _ _ _

DISTRI BUTION LIST

DISTFIBUTION DIRECT TO RECIPIEN T

oRGAN I~A’rIoN MICROFI CHE ORGANIZATION MICROFICHE

A205 DMATC 1 E053 AF/INAKA 1
~~ io n~t.~~c 2 EQ 17 A F / RDXTR—W 1B3h 1~ DIA/RDS—3C 8 E404 AEDC 1C014 3 IJSAMIIA I E408 A FW L 1C509 BALLISTIC RES LABS 1 E4 10 ADTC 1C510 AIR MOBILITY R&D 1 E4 13 ESD 2LAB/FIO FTD
C513 PICATINNY A1~~ENAL 1 CCN 1
C535 AVIATION SYS COMD 1 ASD/FTD/NICD 3

N I A / P H S  1
C591 FSTC 5 N I C D  2
c619 MIA REDSTONE 1

4 D008 NISC 1
H 300 IJSAI CE ( usAREUR) 1
P005 ERDA a.
P055 CIA/CR S/ADD/ SD 1
NAVORE6TA ( 5oL) 1

NASA/KS I 1

AFIT /LD 1 
-

FTD-ID (RS ) T-0687 ’78

-


