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OPERATIONS RESEARCH.

Ye. S. Venttsel'.
Fage 2.

Are stated the hases cf operaticns research - science, which is
cccupied by the quantitative prcotf of sclutions in all fields of the

goal-directed human activity.

In the book are examined tasic ccncepts and the methodological
principles of operations research, the mathematical methods of
cptimization (linear, dynamic prcgramming, the theory of games and
statistical solutions), and also the methods of tae mathematical
simulation of operations., Ccnsideraple attenticn is given to the
applied theory or the Markocvian prccesses (with
application/appendices in the range of the jueueing theory, thecry ot
reliability) and to the mathematical description ot the processes,
which take place in complex, multiunit systems (method of +he
dynamics of average). Are cxamined the methods of the statistical
simulation of operations by FTsVM [digital computer] and the bases o1
the method of statistical simulaticn. The Look contains the number of
the new materials, worked cut bty the author in recent years and than

nowhere carlier published.

Presentation is conducted at a comparatively clementary level,

completely available to reader, familiar with the usual aigher
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educational course cf mathematics and with the cell/elements of the

e ——

probability theory. The set-forth methcds aire illustrated by a large

quantity of examples frcm the different ranges cf practice.

The book is intended to the wide circle of the readers -
€ngineers, economists, cf the scientific wecikers and economic

leadsrs, who are interestod in the applicationyzuse of mathematics to

4 the prcof of optimum scluticns.

Pigs. - 266, Tables - 119, References - 26.

X
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Fage 6.

FERFFACE.

This book is written cn the basis cf lectures on operations
research, read by the author over a numter of years in the higher
educational institutions, and also cn the basis of an experiment in

the scientific research works in different fields.

By author's task was give as much as possitle idle time and the
clear presentation of ideas and methcds ot operations research,
without using bulky mathematical apparatus. In the relation of
mathematical preparation cf reader 1s reguired cnly acquaintance with
the usual VTUZ course of higher mathematics, ard also the possessior
cf the cell/elements of the probability theorye. For the purpose of
clarity presentation is acccmpanied by many examples. The book is
intended to the wide circle cf the readeérs - mainly, °nglneers and
scientific workers, who are interested in tue tasks of tae procf of

soluticns in different ranges ct practice.

The author expresses deep gratitude tc 1. Ya. Diner, L. Ao

Cvcharov and A. D. Venttsel!, collaboratior Wwith which aided it in
the development of the materials, presented in the book.

The book contains the number of the new materials, worked out be
the author in recent years and than novhere earlier published.
Moscow, 1970 Ye. Venttsel'.
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Page 7.
INTRODUCTION.

In recent years the scCience pays increasinyg attention to
questicns of organization anpd control; this is caused by a whole
series or reasons. Rapild develcpment ard the ccmplication of
technology: an increase of scales and cestyvalues of the conducted
measures; the widespread introducticn c¢f automation into the sphere
cf control - all this leéads to the need for the scientific analysis
of the complex yoal-uirected processes at the visual angle of their
structure and organization. Of science they are reyguired for
recommendation regarding the best (optisum) centrol of such

jrecesses.

These necessities of practice caused tc life the special
scientific wethods which it is accepted to join by the name
"Operations tesearch". under this is iwmplied the application use of
rathematical, quantitative methods for the ,roof of solutions in all

fields of the goal-directed human activity.
The need for waking decisions sc¢ is olu as humanity herselft.
From time immemorial to century people, beginning the realization ot

their measures, considercd above their possible conseguences and made

decisicns, choosing in some way or cther the depending on then
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parameters - methods ot organizing the measures. But until a certain

time of solution we could be accepted withcut special mathematical

analysis, it is simple cn the basis cf experiment and the common
sense, This method of m2king decisicns did uot lose its value, also,

in our time.

Let us take the example: man lcft by tae morning to house in
order to go to work. On course of events fcr it SR is necessary to
take a whole series of the colutions: tc take with itself umbrella?
In which place to pass street? Which fcrm ct transport to use? and so

Che.

It goes without saying that all these ascisions of man are made
without special calculaticns, simply relyinyg on the available he has
experiment and on the commcr sense. For the prcct of suca solutions,
no science is necessarv, yes scarcely it will te required

subsequently.

However, let us take another example. Let uUs assume that is
crganized the work cf urban transport. Available is some guantity of
conveying devices. It is necessary tc take a series of tae solutions,

for example: which quantity and of which ccanveyiny devices to direct

alcng cne or the other rcute? As to change tae repetition freguency

of machines depending cn the time of days? where to place cessations?
and so on.
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These solutions are wmuch more critical, than the solution orf ti

5t

frevious example.

Page 8.

Fecause of the complexity cf the phenomcenon of the consejuence ot
each of them are not so/such clear; in crder tc visualize these
consequences, jt 1s necessary to lead calculaticns, But agin, on
these solutions much more depends. In the tirst example the incorrect
selection cf solution will aftect the interests of one parson; in *he

second - it can be reflected in the business life of whole city.

It is certain, and in the seccnd cxample when selecting ot
soluticn it is possible tc function intuitively, relyingj on
experiment and the coamcn sensc. But scluticns will render/show much
more reasonable, if they will be sujppotted by guantitative,
mathematical calculaticns. These preligipary calculations will aid to
avoid the prolonged and expensive search of *he correct soluticn "hit

Cr miss",

Most complicatedly is matter with the acceptance ot the

soluticns when speech occcurs atout the measures, experiment in

|
{
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condncting of which still dces not exist anrd, tc consequantly common

sepse not on that to be based on, but intuition can deceive. Let, for

example, be comprised the lcng-range plan c¢i the development oi
weapon system on several years torward., The specimen/samples of the

arsaments about which can gc¢ the speech, still do not exist, there is

no experiment in their comkat employment. During gliding/planning it

is necessary to be based cn a largye guantity of data, that relate not

{' SO much to past experiment, as to the fereseen future. The selected

xq soluticn possibility to must as far as cuarantee us frowm the errors, g
connected with inaccurate forecasting, and to ke 1is sufficient

i efficient for the wide circle ot corditions. Fcr the proof of this

soluticn, is given into action the ccmplex system of mathematical

calculations, yes otherwise and to be nct must: indeed incorrect

R dsian i

soluticn, if it will be accepted that it can lead to the heaviest

consequences.

Generally, the more complexly organized measure, the more is

packed intc it supplies, the wider the spectrum of its possible
consequences, the less perwmissible the so=-called "volitional® ﬂ

soluticns, which are not based on scientific calculation, and the

b
3
|

larger value obtains the sct of the scientitic wmethods, which make it

ossible to previously consider the ccnsequences of each soluticn, to
F & 1 v

previously reject/throw the inadmissible versions and to recommend |

those, that are represented most successful. ' 3
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The tasks of operations research, tc whatever ranje they were

related, have common/generalystctal features, and during taeir

soluticn are applied similar methodclogical methods. For example, the

4 methodology of quantitative study, manufactured tor the analysis of ’ J
the processes of queueiny iu the systems of mass malntenance |
(barbershop, repair shops and so forth), can almost without charnyges,

to be postpored by some tasks ci electrcnics ccmputational

% . engineering, and also task, ccnnected with the crjanization of air

defense system (PVO [Air Defense]).

In order nearer to be introduced tc the specific character of
the tasks of operatione research and their characteristic features

Doy

let us give several =xanmples cf such tasks.

Example 1, Plant is issued the specific type of article. For
freviding the high quality c¢f these articles, is organized the systen
cf sampling. It is required bty rational form tc organize this check,

3 | i.€., to select:

- size/dimension cf ccntrol party/batch;

{
1
3 - sequence of control cperaticns; !

_3? - rule of the rejecticn of spcilage of the articles ’f
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and @ so forth so as to ensure the assignea level of quality with
rinimur expenditure/consumpticns,

Example @® 2. For the tecalizaticn c¢f the sgecific mass of
seasonal goods, is created the yrid/network of time/temporary
commercial points. It 1is requirced to select the parameters of this
grid/network:

- number of points;

- their arrangement/pcsition;

- quantity of perscnnel;

- sellings-price of the goods

and M so forth so as to ensure the gaxinmuwm economic efticiency of

csale,

Example @ 3. I

1 25)

; organized the air raia ot tuae group ot bomber

aircraft in the industrial region ot eremy. Available - specitic

quantity of aircratt with known tactical flight data and armament, It
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is required to select the parameters of the coating:

- flight altitude;

- separation of aircraft 1in systewm;

- aiming point of separate aircraft and grc

= met hod of the execution of bombing (by v

Upog

L1le¢ Ys SerLi en)

and s0 forth S0 as @@ a result ot ceoatipg to maxtamally reduce the

industrial potential ot region.

Example @ 4. 1s crganized the supply with

tae rav mat

eri1al ot

the group of industrial enterprises. Thte pessible suppliers of raw
1S I Pt

material are placed in ditterent gepygrapghical ye

country and are coppectoed with the group ot the

of report/communication (with different taritfs)

int/items of the

enterprises

« 1t i8 feg

tational form to place orders on raw material, so that the

necessities of the group ot enterprises would be

satistled

variously

uired by

for the

assigned periods and with minimum expenditures cn transport.

Page 10.

N —
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Example @€ 5. Complex techinical equipuent/device from time to
time can reject (gqo out cf crdetr). For elimipating of emergency, it
is necessary to localize maltunction (to discover its reason). It 1is
required to work out the system of tests, which wakes it possible
with the specific, sufficiently large probability to localize

malfunction tor minimum time.

Exanple @€ 6. 1s organized the medical examination/inspection of
the grcup of population tor jpurpose of the developmentZistoaction of
somwe diseases. To examinaticn/inspecticn are jisclated the specific
supplies, equipment and medical personnel. It 1s required to werk cut

the planslaycut ot the examinationszinsyecticn:
= quantity of point/iteus;
- theilr arrangement/position;
= seguence of inspecticns;
= torm and a quantity c¢f the analyses

and so forth in order to the assiygned jericd te detect the maximum

-

Fercentage of those sickened.
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The number of examples possible weuld te casy to multiply, bhut
also these are sufticienpt in order to ccmprise the representaticn ot
the distinctive special featurespeculiarities of the tasks of
cperations research. Despite the fact that e¢xasples are related to
the difterent ranjes ot practice, in them easily are examine/scanned
the similarities, In cach ¢t them cccurs spcech about some measure
(or the system of measures), which pursues tne spoecitic
target /purpose. Are assigned scme conditions, which characterize the
situation of the measures tc change which we nct right (ftor example,
the tempered means). Within the framewcik ¢l thig system of
copditionsg, is required to take some scluticn sc that the measure in

a sense would be mest advantageous (or least unprofitable) .

In accordance with these commongzgeneral/total features are
developed the common/general/stctal metheds ¢t the solution of siml lat
froblems, in set which compose the wmethcdolegical basigs of operations

researche.

FPor the solution of practical prolblems, ojergtions research
disposes of the whole arsenal ot wmathenmatical neans. To 1t are
related: the probability theory with its newest sections (theory ot

random processes, intormatjcn theoty, queuelny rhnoly): the

mathematical methods ot optimization, tegirning trom the easiest

retheds of the determinatict of extroma (maximums and the minimums),
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1

fapiliar tc each engineer, and ending with the contewmporary methods,

with such, as linear prcqramming, dynamic jprogramaing, the principle

of L. S. Pontriagin's maximuw and many cthers. From them in this

tcck, addressed to the wide circle c¢f the readers, are illuminated Lty
| no means everything, put cnly simplest and most widely used.
1' )
- For the understanding cf text, the reauer must manage only bases
I
} cf mathematical analysis and the cell/elements cf the probability
/ :
1 |

! theory.

In the book are contaired many numerical exaumples, which
illustrate the set-forth methods, wWhen selecting of the conditions o1
these examples, the author jrocesdeda frem systematic considerations,

so that these materials in rc case cannot te used as reference.
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Fage 11,

1. BASIC CONCEPTS OF OPERATIONS RESEARCH.

1. Operation. Efficiency cf coperaticn.

Under operation we willl upnderstand any measure (or action

system), united by single project and directed toward achieving of

the specific goal.

Examples of operations.

1. System of measures, directed tcward increase of reliability

of technical equipument/device.

2. Reflection of air raid by air defense wedpons.

3. Arrangement/positior of orders to production of eguipment.

4. Reconnaissance search cf groups of aircratft in rear of cneay.

5. Starting/launching c¢f group cf artiticial Earth satellites

for establishment of system of televisicn ccamunication/connection.
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6. System of transport, which ensuvies supply of series of !

S i RSP S R =

foint/items of specific ferm with gceds.
Operation is always the controlled measure, i.e., on us depends
to select in this or scme cther way some parameters of 1its

characteristic methoa of organization. "Organization" here is f

F understood in the broad sense, includirgy the selection of the !

technical equipment, used in ojperation. For exanmple, organizing the

P

reflection of the air raid by the air defense weapons, wa can,

depending on situation, chccse type and the prceperties of technical

equipment used (rockets, installations) or, with the assignred
technical equipment, to sclve only proltlem ¢t the rational

organizaticn of the very prccedure of reflection 1t is put on
(distribution of the targyet /purposes between installations, a

quantity of rockets, directed to each target/purpose, etc.).

y Any specific selecticn on us ©f the patameters depending we will

call solutione. '

E | Solut ions can be syccessful and unsuccessful, reasonable and

unreasonable. Optimum are¢ called the scluticns which according tc one '

cr the other comnsiderations, are mcre preferable others.




GRS S e~

R Ty

e

FVE s

e

ey

DOC = 78068701 PAGE .20,
/7

Basic task of operaticns research - preliminary quantitative

foundation of optimum scluticnc.

Let us note that very naking of decisicn exceeds tha scope
cperations research and is related to the scope of responsible person

(or the grcup of persons), which it is giveu rightly final selection.
Fage 1.2.

During this selection the critical for it persons can consider that
together with the recowmendaticus, which escapeyzeusuve from
mathematical calculation, another a series c¢f the considaerations
(quantitative and gualitative character)which were not taken into

account by calculation.

Thus, operations research is not fplaced to itself with task the
full/tctal/complete autcmaticn of making decisicens,
full/tctal/complete exceptionselin.naticn from this process of the
reflecting, evaluating human ccnsciousness. As the final result,
soluticn is always received by man (cr the gyroup of persons); the

task of operations research = to prepare quantitative data and the

recommendations, which facilitate tor can acceptance of soluticn ?
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FOOTNOTE ', Even when making decision, it would seem, fully automated
(fer example, in the process of autcmatic ccntrcl enterprise or
spacecraft), the rcle of man is nct remcved, since, in the final
analysis, on it depends the selection ¢f the algorithm, on which is

realized the control. ENDFCCTNCTE.

Toget her with basic task - the prccf cf optimum solutions - the

area cf exploration of creraticns incluydes cther problems, such as

- a cecmparative evaluation of the diverse variants of the

crganizaticn of operaticn;

- evaluation of effect cn the result cr cgeration of different

parameters (cell/elements ct scluticn and tue assigned conditicns) ;
- study of the so-called "bottlenecks", 1. 2., eleaments of the
controlled system the disrupticn ot work of whicn especially strengly

affects the success of cperaticn and, etc.

These "auxiliary" tasks of operaticns research acquire the
Y I

special importance when we examine thisc operaticn not isolatedly, but

as component element of the whcle system ot operations. The so-called

|
|
|
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"systeas" approach to the tasks of operations research reguires the
account to interdependency and the conditicnality of the Wwhole
complex cf measures. It goes without saying that in principle always
it is possible to join the system of oferations iato one complex
cperation more "“high order", but in practice this not is always
convenient (and it 1s not always desirakle), and in a series of rhe
cases it is expedient tc select as “operations" the separate elements
cf system, but the final decision to make takirg into account role

ané place of this operaticn in system.

Thus, let us consider separate cperation ¢ Reflecting acove
the organization of operaticn, we attempt to make it most efficient.

Under the efficiency of operaticn, is understocd the degree of it

&
adaptability to the accemplishment of the cenfirenting it objective.

The better is oryanized operation, the more efficient.

In order to judge the efficiency cf operation and to
€quatescompare bet ween themselves with resgect to efficiency the
differently crganized operaticns, it is necessary to have certain
numerical evaluaticn criteria or index cf tne efficiency (in sowe
ranagement/manuals the index of effjciency calls "objective

function") .

Let us subsequently designate the index of efficiency by letter
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Fage 13.

The concrete/specific/actual form cf the index of efficiency W,
which cne shculd use during the numerical evaluation of 2fficiency,

depends on the specific character of thke operation of its purpcseful

directionality in questicn, and also on the task of research which

can be placed in one or the cther form.

Many operations are made under ccrditicns, waich contain the
€lement of chance (for example, the cperaticns, connected with the
fluctuations of supply and dewmand, with the motion of populaticn,
morbidity, mortality, and also all military operations). In these
cases the issue of operaticn, even organized by tne strictly defined

form, it cannot be accurately groedicted, remains random. If this

then, swmm as the 1ndex of efficiency W is chosen not simnply the
i characteristic of the issue of operaticn, Ltut its averay2 value
(mathematical expectaticn). For oxample, it the task of operation -

obtaining maximum gain, ther as the index ¢t e¢fficiency is taken

average gaine. In other cases when the task c¢f operation is the

- e s T
PRRPRSEL

realization of the completely specific event, as the index of

efficiency, is taken the prchability of this event (for example,
probability that as a result of the air raid this target complex will

be struck).
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Correct selection of the index of efficiency - necessary
condition cf the usefulness of the research, used for the proof of

soluticn.

Let us consider a series cf the examples, in each of which the
index of efficiency W is selected in accordance with the purposeful

directicnality of operaticn.

Example 1. Is examined the work of industrial enterprise at the
visua. angle ot its profitatlepess, moreover is conductedi the number

cf measures for target/purpcse for purpose of the increase of this

frefitableness. Index of efficiency - gain (or average gain), yielded

by enterpr ise for fiscal year.

Example @ 2. The group of destroyers heaves into air for the
intercepticn of the single aircratft of enemy. Tarjet/purpose of
cperation - to bring dcwn aircraft. Index ct efficiency - kill

probability (killing) of aircraft.

Exauple @B 3. Repair shop is occupied py the maintenance of

pachines; its profitableness js determined ty a quantity of machines,

serviced during day. The ipdex of etficiency - average number of
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serviced for the day (" 1t 1s average® pecause the actual

machines,

number is random).

reyg ion

Example & 4. The grcuyp of radar stations in the specific
4 19

cbserves after airspace. The task cf grcup - tc discover any

aircraft, if it appears in region. Index of efficiency - probability

which appeared in region.

cf the dJetectjon of apy aircratg,

Example @ 5. Is launched the numbier ci measures for the ‘

increase of the reliability cf electronic digital computer (ETSVH).

Target /purpose of operaticn - to decrease the trejuency of the

appearance of malfunctions ("short duraticn failures") of ETsVM, or,

that eguivalently, to 1ncreese average time interval betdeen short

failures"). Index of

duraticn failures (the "pean time between

efficiency - mean time of the failure-free cperation of ETsVM (or the

mean relative time of exact work).

Example @ 6. Is conductea fight tcr the ecouomy of weans in the

:recduction of the specific fecrm of gcods. Index of efficiency -
y

quantity (or an average quartity) cf eccnomrized means.
]

fage 14,

In all examined examples the index of efticiency, waatever it
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was, it was required to convert intc maximum ("the more the better"),
Generally, this not is compulsory: in cperations research, they
frequently use the indices which it is required to convert not into
raximum, but into the rminimum ("the fewer, the Letter"). For example,
in example &% 4 it would be jossible as the index of efficiency to
take "frobability that the appearing aircrait will not%jiscovered" =
this index it is desirakle tc make as small as possible. In example 5
for the index of efficiency it would be possible to take the "averaue
number of short duraticn failures for days", which it is desirable to
pinimize. If is considered some systew, which ensures the guidance of
prejectile to target/purpcse, then as the iudex of efficiency it is
possiktle tc select the average value cf the "error" of projectile
(distance from tra jectory tc the center of target/purpos=), which it
is desirable to do as less as possible. The detail of th2 mezans,
isolated on carrying out any task, it is also desirable to make
minimum, just as the cost/value of the launched system of measures,
Thus, in many tasks of oreraticns research reasonable solution must

ensure not the maximum, but the minimun of certain index.

It is obvious that the case, when the index ot efficiency- W must
te converted into the minimum, easily is reuuced to the task of the

raximization (for tnis it suffices, foir example, to change the sign

cf value W). Therefore subsequently, examining in general form the

task of operations research, we will fcr simplicity speak only about

| -
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the case when W 1s regquired to cenvert intc maximum. As concerns
practical specific problems, then we will use as indices of
efficiencies which it is required to maximize, 80 also those which it

is required to wminimize.
2. Mathematical model of operation.

For applyiny the quantitative methcds ot study in any field,
always it is required to ccnstruct cne or anotheér wathematical nodel
cf phenomenon. Operations research 1s rc exception. During the
construction of mathematical wmedel the phencmenon (in our case -
operation) by some torm it is simplified, it is scnemntizéd; from
numerous set ot factors, which aftect the pmnencmenon, is selectad a
comparatively swall quantity of the dimpcrtant, and the obtained
pattern is described with the help of cne cr the other mathematical
apparatus. As a result arc establish/installed quantitative
communicat;on/connecticnn between t-he cenditions ot operation, the
parameters of solution and the issue ot obeLaticu - an index of
efficiency (ecr by indicee, it there are several of them in this

problen) .
The more successful 1s selectcd mathematical model, the hettor

it reflects the characteristic teatures of phercmanon, the more

successful will be research and it is mcre usetul = the

e e ————
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escapesensuing from it receompmendations.

Methods of the coastruction of mathomatical models 40 not exist,

In each specific case model is censtructed, on the basis of the

‘urposeful directionality of operation and task of scientific
furg Y I

research, taking into accourt the reguired accuracy ot solution, also

accuracy, from which there can be kncwn the initial data.

Requirements for model arc contradictcelry.

Page 15,

On one hand, it must be sutficiently ccuplete, i.ee, 1h 1t must he
taken into account all the impoertant factors on which depends
substantially the issuce of operation. Cn the other hand, model must
be sufficient simple sc¢ that it would te¢ possible to

establ ish/install the forececable (are desitable - analytical)
defendences between the entering it patamotels. Nodel wmust not b
"clogged" by many small, secondaby tacters - thelt account
complicates mathematical analysis and makes the tesults of research

Ly difficultly foresceable.

In & Wword, the art to comprise mathematical wmodels is precisoly

art, and experiment in this matter is acquited gradually. Two 8angers

e ——
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2 /s
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are always on the watch the compiler of the mcdel: the tirst - to

drcwn in the details ("can't se€c¢ the fcrest for tne trees"); the

second - to too desensi*ize tne phencmenon ("tc throw tu2 baby out

with the bath water"). In

rodel causes great doubt,

the complex cases when the constructicn of

useful preoves to be the peculiar "dispute

cf models", when one and the same phencrencn is traced on several

models. If scientific ccnclusionyderivations and recommendations frou

cne model to the next vary rarely, this - sericus argument in favor

of the objectivity of rese

,

arch, Characteristic for the complex

5 . !
problems of operations research is also repeated nandling to the

model: after the first cyc

returned again to mcdel an

corrections.

le of research it is carried out, are

d introduce into it the necessary

The construction of mathematical mcdel - the mest important and

critical part of the research, which requires intimate knowledge not

cnly and not so much in ma

rhenomena being simulat=d.

thematics, as in the essence of the

However, cnce the created successful model

can find use and far beyond the lipits cf that circle of phenowena,

for which it initially was created. Thus, fcr instance, mathematical

podels of mass maintenance

had extensive applicarion in a whole

series of main%tenance (reliability of techrical ejuipment/devices,

the organization of the autcmated producticu, tasx PVO, =2tc.). The

mathematical models, initially intended for describing tae dynanics

1
|
|
|
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e d
cf the development of viological pepulations, find wide application
during the description of ccmbat operations and vice versa - ccabat

rodels successfully they are applied ip bicliogy.

The mathematical mecdels, used at present in the tasks ot

cperations research, can be roughly subdiviaed into two class

analytical and statistical.

For the first is characteristic the establishment of the
formula, analytical dependences between the param2ters of the
Froblem, reygistered in any torm: algebraic equations, ordinary
differential equations, partial dirfferential equations and so forth.
So that this analytical descripgtion of cperatice would be possible,

as a rule, it is necessary to take these¢ cr other assumptions or

simplifications. With the help of analytical mcdels with satisfactory

accuracy it 1is possible to describe cnly ccaparatively simple
cperations where the number of interdacting cellyelements not 15 too
great. In the operations cf ldrge scale, arce ccmplex, 1n which is
interwoven the action of an encrmons gquantity of factors, including
random, to the toreground lecaves the method of statistical

simulaticn.

Fage 1€.
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It lies in the fact that the process of operaticns development as "is
copied" in computer, with its all acconpanying chances. Bvery time !
that in the course of operation is addyinterfered any randaom factor,

its effect is considered by the means cf the "drawing®, which recalls i
the throwing of toss. As a result of the multiple repetition of this
rrocedure succeeds in obtaining thcse interest us the cundaracteristics

of the issue of operaticn with any degyree ct accuracy 1.

|

]

‘ FOCTNOTE !. About statisztical simulaticn sce in daetail @hapter 5. ‘
ENDFCCTNOTE,

Statistical models have bLefore analytical the advantage that

it A

they make it possible tc take i1nto acccunt the larger nuamber of

factors and do not reguire rough simplifications and assumptions.

o Sk

Then the results of statistical simulation with more difriculty yieli

to analysis and comprehensicn. kKougher analytical models describe

phenorenon only approximately, then results are more demonstrative
and more distinct reflect those be inherent in phea2nomenon .basic laws.
Eest results are obtained during the ccmbined application/use ot the !

analytical and statistical models: simple analytical wodel makes 1t

i fossible to be dismantle/selected in the rcugh at *he basic laws

governing phenomenon, tc gplan 1ts wmain cutlines, and any further

refinement can it can ke optained by statistical sainmglation. ]
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J. Common/general/total tecrmulation of the protlea of operations

research the determined case.

h Let us consider the task c¢t operations research in
common/general/total setting, regardless ot the (orm and the

target/pur poses of operaticn.

Let there be certain operation O, i.e., the controlled measure

|
to issue of which we can tc a certain degree atfect, choosing in this '
cr some other way on us the parameters depcuding. The etfficiency ot ‘
cperation is characterized by some numérical criterion or index W,
which is required to ccnvert into maximum (case wanen it W is
required to convert into the minimum, it is reduced to previous ani

serarately it is nct examined).

Let us assume that in cne or the cther marnec the mathematical
wodel of operation is ccnstructed; it nakes it possible to compute
the index of efficiency W duriny any scluticn accepted, for any set

cf the conditions, under which i1s made the ¢peration.

Let us consider the first simplest case: all factors on which

deprends the success of operaticn, they are divided into twc groups:

- assigyned, previously kncwn facters (conditions of conducting
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the operation) a,, a;, <.., over which ye can have no influence:

= on us the factors (cellyelements of the solutions) depending
X3¢0 X24 eee, which we, within known liwmits, can chnoose at our

discretion.

This case, in which the factors, influencing the issue of
cperation, either are jrevicusly kncwn or tuey depend on us, we will

call determined.
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Page 17.

Let us note that hearth by the "assigned conditions" of
operation a;, @z, ..-, Can be understood mot only usual numbers, but
also functions, in detail-limitations, superiaposed to the
cell/elements of the solution. Equally, the cell/elements of solution

X3¢ Xp, «oes also can be not only numbers, but also functions.

The index of efficiency W depends on both groups of the factors:
both on the assigned conditions and on the cell/elements of the
solution. Let us register this dependence in the form of the

commom/general/total symbolic formula:

W =W(ay, @5 oi Xy Xa,000) 3.1

Since mathematical model is constructed, let us consider that
dependence (3.1) to us is known, and for any a;, @z, «eei Xyo X2o oo

ve we can find Ww.

Then the problem of operations research can be mathematically

foraulated thus:
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Under given zonditions a;, a2, -~ to find such cell/elements of

solutions x,;, X2, ..., which convert index W into maximua.

Before us - the typically mathematical problem, wvhich relates to
the class of the so-called variational proktlems. The methods of the
solution of such probleamas are vorked out in detail in mathematics.
Protozoa of these methods ("problem to the maximum and the minimua")
are well known to each engineer. FPor the determination of maximum or
the minimum (it is shorter, extremum) function it is necessary to
differentiate it the arguaent (or arguments, if them several), to
equate derivatives to zero and to solve the obtained systeam of

equations.

However, this simple method in the probleas of operations

research being of limited usefulness. Reasons to this several.

1. When arguaents x,, X, .. Ruch (but this is typical for
probleas of operat ions research), joint solutios of systeam of
equations, obtained by differentiation of basic dependence, often i
proves to be not simpler, but it is more complex than direct search

of extremuanm.
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2. In the case vhen to cell/elements of solution X,, Xz, ... are
superimposed limitations (i.e., region of their change is limited),
frequently extremum is observed not at point wvhere derivatives are
converted into zero, but on boundary of the region of possible
solutions. Appears the specific for operations research mathematical
problem of the "search of extremum in the presence of liamitations",

vhich is not placed in the diagram of classical variational methods.

3. PFinally, lerivatives, under discussion, it can completely not
exist, for example, if arguments x;, X3, .. are changed not
continuously, but it is discrete, or function itself W has special

feature/peculiarities.

The general mathematical methods of the determination of the
extrema of the functions of any form in the presence of arbitrary
limitations do not exist. Hcwever, for the cases when function and
lisitations possess the specific properties, conteaporary mathematics
proposes a1 series of special methods. For example, if the index of
efficiency W depends on the cell/elements of solution X;, Xzs <.. it
is limear and the restrictions placed on x,, Xz, <., also take the
fora of linear equalities (or inequalities), the zaximum of function
¥ is dlocated with the help of the special apparatus, tha so-called
linear prograssiny (see Chapter 2).
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Page 18.

If these functions possess other properties (for example, are convex
or quadratic), is applied the apparatus of “convex" or "“quadratic"
programaing (2], more more complex im comparison with linear
programming, but all the same making it possible within acceptable
periods to find solution. If operation naturally is dismembered to a
series of "step/pitches™ or of "stages"™ (for example, economic
years), and an index of efficiency W is expressed in the form of the
sum of the indices u;, reached for various stages, for the
deteraination of solution, which ensures maximum efficiency, can be

used the method of the dynamic programming (see Chapter 3).

If operation is described by ordinary differential eguations,
and the control, which varies in the course of time, represents by
itself certain function x(t), then for the determination of optimunm
coatrol can render/shov useful L. S. Pcntryatin's specially vorked

cut method [3J].

Thus, in the determined case in question the problea of finding
the optimum solution is reduced to the mathematical problem of
finding the extremum of function W; this probles can be very complex
(especially vith many arguments), but, after all, is computational

problea, vhich, especially in the presence of high speed ETsvVA
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[3uBM, = digital computer), it succeeds one way or another to solve
to end. The difficulties, wvhich appear in this case, are calculated,

but not fundamental.

4. Gemeral formulation of problea of operatioms research.
Optimization of the solution under conditions of

indeterminancy/uncertainty.

In the previous paragraph ve considered idle time itself,
completely determined the case when all conditions of operation a,,
aze -=- were known, and any selection of sclution x,;, x;, ... leads

to the completely specific value of the index of efficiency W.

Unfortunately, this simplest case not too frequently is
encountered in practice. Is much more typical the case when not all
coaditions under which wvwill be carried out the operation, are known
previously, but some of thes contain the cell/eleaent of
indeterminancy/uncertainty. For example, the success of operation can
depend on the metesorological conditions which are previously unknown,
either from the oscillation/vibrations of supply and demand,
previously difficultly foreseen, connected with vhims Maud, or from
the behavior of the reasonable eneamy vhose actions are previously

unknowa.
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In similar cases the efficiency of operation depends no longer

on two, but from three categories of the factors:

- condition of the execution of operation a;, ap, ... which are

knovn previously and are changed be they camnot;

- unknovn conditions or factors Yg;, Yz¢ e-.-i

- cell/elemeats of solutioms x,, X3, ..., vhich for us one must

select.

Page 19.

Let the efficiency of operation be characterized by certain
index W, which depend om all three groups of factors. This we will

register in the form of the common/general /total formula:
W =W (ay, gy ovas Yo Yy ood Xpy Xgy ooo)e 4.1

If copditions Y;, Y,, ... Were known, we could previously count
index W and select such solution x;, X5, «.., during which it is
saximized. Misfortune in the fact that parameters Y,, Y;, ... to us
are unknovn, and that means that is unknown depending on them index
of efficiency W during any solution. Nevertheless the problem of the

selection of solution stands as before before us. It it is possible

sl
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to formulate thus:

&£ Under given conditions a;, az, ..., taking into account the

unknovwn factors Y;, Y, .. to find such cell/elements of solutions

E | Xge X2¢ -eees Which as far as possible would convert into maximum the

index of efficiency W.

This - already other, not the purely mathematical of the

oy ;R A s

probleas (is not without reason in its formulation done stipulation

o "as far as possible"). The presence of the unknown factors Y,, Y,

L -e+ translates our problem into another category it it is converted

: into the problem of the selection of solution umder conditions of

indetérminancy/uncertainty.

1
‘1 Give let us be honest: indeterminancy/uncertainty is an ‘
: indeterminancy/uncertainty. If the conditions of the execution of

operation are unknown, ve do not have the capability then to
E | successfully organize it, as we this would do, if they would dispose
‘i of larger information. Therefore any sclution, accepted under
conditions of indaterminancy/uncertainty, is worse than the solution,
accepted in the completely specific situation. Our matter - to
communicate to its solution in the greatest possible measure of the

E feature of soundness. The solution, accepted under conditions of

indeterminancy/uncertainty, but on the basis of mathematical
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calculations, will be all the same better thanm the solutiom, selected
at random. Not without reason one of the prominent foreign
specialists - T. L. Saati in the book "mathematical methods of
operations research® [4] gives to its object/subject the followving

ironic definition:

"Operations research represents by itself the art to give poor
answer/responses to those practical guestions, to vhich are given

even vorse ansver/responses by other methods".

The probleas of the selection of solution under conditicas of
indeterminancy/uncertainty are encountered to us in life at each
step/pitch. Let, for example, wve be collected to go into tempering,
after taking with ourselves the trunk of the limited volume, moreover
the weight of érunk aust not exceed that by which ve can bear it
vithout cxtraneous aid (condition e;, age <.-). Weather in the
joerney regions is previously unknown (conditiom ¥,, Yz¢ eee). It
does ask itself, vhich object/subjects of clothing (x;, Xz¢ «<) ODE

should take with itself?

this problea we, it goes without saying, solve withoat aay
sathenatical apparatus, although, appareatly, not without support to
some numer ical data (at least on the probability of frost or rainy

veather in)the jourmey in this season regions.
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Page 20.

However, if it is necessary to make the more serious and more
critical decision (for example, about the characteristics of the
desiga/projected dam in possible region it is flood, either about a
selection of the type of landing equipmsent for landing/fitting on
planet with the unknown surface properties, or about of the saampling
of armament for dealing vith the enemy whose characteristics are
previously unknown), then to the selection of sqlution in necessary
order must be presupposed the mathematical calculations, which
faciljtate this selection and the communicating to it, in available

measure, featires of soundness.

In this case the methods used depend substantially on which
nature of the unknown factors Y,, Y, --. and which tentative

information about them we avail.

Simplest and favorable for calculations is the case, when the
unknowp factors Y,, Y;, ... represent by theamselves random variables
(or the randoa functions), about which there are statistical data,

vhich characterize their distribution.
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Let, for example, ve examine operation of railroad sorting ’
station, atteapting to optimize the process of saintain/serviceing
the arriving to this station freight trains. Are previously unknown
neither precise torque/moments of the arrival of trains nor quantity '
of cars in each train nor addresses with which are directed the cars.
All these characteristics represent by theamselves randoa variables,
the law of the distribution of each of which (and their set) can be

determined by the available data by the usual methods of mathematical

statistics.

It is analogous, in each military operation are present the
random factors, connected with scattering of projectiles, with the
chance of the torgque/moments of the target detection, etc. In
principle all these factors can be studied by the methods of the
probability theory, and for them can be obtained the laws of

distribution (or, at least, numerical characteristics).

In the case vhen the unknown factors, which figure in operation
- Y34 Y34 e« - are usual randoa variables (or the randoa
functions) wvhose distribution, at least tentatively, is known, for the

optimization of solution, can be used cne of the two methods:

- artificial information to the determined diagraa;
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- woptimization on the average".
Let us pause in more detail at each of these methods.

The first method is reduced to the fact that the indefinite,
probabilistic picture of phenoaenon is approximately substituted that
determined. For this, all the participating in problem random factors
Yoo Yp.: are approximately substituted not random (as a rule, by

their mathematical expectations).

This method is applied to advantage in the rough, tentative
calculations when the range of random changes in values Y,, Y5, ~c.
is comparatively small, i.e., they without large temsion can be
considered as not random. Let us note that the same method of the
replacemsent of randoa variables by their mathematical expectations
can successfully be applied also in cases when values Y,, Y3, ...
possess large spraad, but the index of efficiency W depends on thea

linearly (or almost it is linear).

Page 21,

The second method ("optimization on the average®), more coamplex,
is applied, vhen the chance of values Y,, Y,, ... is very essential

and the replacement of each of them by its mathematical expectation
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can lead to large errors.

Let us consiler this case in more detail. Let the index of
efficiency W depend substantially on the random factors (let us for
simplicity copsider thes random variables) ¥,, Y, -..; let us assusme
that to us is known the distribution of these factors, let us say,
that density of distribution f(y,, Y2+ <e+). Let us assume that the
operation is implemeated many times, moreover conditions Y,, Yz, «--
vary fros one time to the next randomly. Which solution x;, Xz, cc.,
should be selected? It is obvious, then, with which the operation on
the average will be most efficient, i.e., the mathematical
expectation of the index of efficiency ¥ will be maximal. Thus, it is
necessary to choose such solution x4, X3, .., during wvhich is
converted into maximum the mathematical expectation of the index of

the efficiency:

W=M[W|=

= J‘J‘ j W (ay, Qs oou i g, Ugy oor i Xay Xg o) (@10 W -2 ) Aty Al .. (4.2)
This optimization we will call "optimization on the average™.
But as with the cell/element of indeterminancy/uncertainty? It

is certain, in which that measure it is retained. The success of each

separate operation, realized at the rapdom, previously unknown values
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Yoo Y20 o+, can strongly differ from the expected average as into ’
greater, so, unfortunately and to smaller side. During the repeated
realization of oparation, these differences, on the average, are
smoothed out; hovever, the frequently this method of the optimization ' E
cf solution, after the lack of the better/best, is applied and then,
vhen operation is realized a total of several times or even one time.
Then it is necessary to consider the possibility of unpleasant
unexpected comtingencies in each individual case. As comfort us can
serve thonghttabont the fact that the “optimizatiomn on the average"
all the same is better than the selectioa of solution without aamy .
proofs. Applying this method to numerous (at least and different)
cperations, all the same ve on the average wviam more than if they in

no vay used calculation.

In order to comprise to itself the representation of that how we
risk in each individual case, it is desirable, except the
sathematical expectation of the index of efficiency, to consider also i

its dispersion (or root-mean-square deviation).

Nost difficult for research is that case of
indeterminancy/uncertainty when the unknown factors Y;, Yps ecce
capnot be studied and are described with the help of the statistical §
methods: their laws of distribution or cannot be obtained

(corresponding statistical data are absent), or, that still vorse,

e s el s i et ot i




pac = 78068702 PAGE 44

such lavs of distribution coampletely do not exist. This occurs, wvhen
the phenomenon, under discussion, does not possess the property of

statistical regularity.

Page 22.

For example, ve know, that on Mars is possible the presence of
organic life, and some scientists even are considered it very
probable, but completely it is not possible to count this probability
on the basis of any statistical data. Another example: let us assume
that the efficiency of the design/projected armament stromgly does
depend on that, will the predicted enemy up to the torque/moment of
the beginning of combat operations dispose of means of defense, and
if yes, then by which precisely? It is cbvious, there is no
possibility to count the probabilities of these hypotheses - larger,
it is possible to assign them arbitrarily which will strongly damage

the objectivity of research.

In similar cases, instead of the arbitrary and subjective
designation/purpose of probabilities with further "optimization on
the average”, is recoamended to consider entire range of the possible
conpditions Y,, Y3, ... and the comprising of the representation of
wvhich the efficiency of operation in this range and as it affect

unknown conditions. With this problem of operations research it

.4
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acquires nev methodological special feature/peculiarities.

It is real/actual, let us consider the case vhen the efficiency
of operation ¥ depends, besides the assigned copditions a,, ap, -.-
and the cell/elesents of solution x,, Xy ..., even from a series of
the unknown factors Y,, Y,;, ... the nonstatistical nature about which
there are no specific information, and it is possible to make only
assusption. Let us try all the same to solve problem. Let us fix
sentally parameters Y,, Y,, ..., let us give to thes completely
specific values Y, = y,s Y; = y;, <<-s and let us transfer thereby
into the category of the assigned conditions a;, a3, «<.. FOr these
copditions we in principle can solve the probles of operations
research and find the appropriate optimwm solution Xz, Xz, e<.. Its
cell/elements, besides the assigned conditions a;, @z, «ce,
obviously, will depend even on wvhich particular values ve gave to

cogditions Yeo Yg¢ <oo

£y =Xy (Byy Qgs o} Yy Ygo oo
Xy =xg(Qy, @y i Wy, Uy ..).
This solution, optimum for this set of conditions y;, Yay ee-
(and only for it), is called local-optimsum. This solution, as a rule,
no longer is optimal for other values Y,, Y,, .i.. The set of
local-optimum solutions for entire range of conditions Y;, Y;, ...
gives to us the representation of hov we must enter, if the unknown

conditions Y., Y,, ... vere to us in accuracy kgown. Therefore
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local-optimum solution on obtaining of which often are expended many
effort/forces, has in the case of indeterminancy/uncertaiaty
especially limited value. Is cospletely obvious that in this case one
should prefer not the solution, strictly optimus for some specified
comditions, but the comproaise solutiop, which, being perhaps
strictly optimua for vhich conditions, proves to be acceptable in the

vhole range of conditions.
Page 23.

The at present full-valued mathematical "theories of a
compromise™ still does not exist, although in the theory of solutions
are some attempts in this direction (for example, see § 13 chapter of
9 this books). Usually the final selection of compromise solution is
realized by man wvho, relying on calculations, can consiget and
compare the pqverful amd veak sides of each version of Qolntion under
different conditions also on the basis of this do a final selection.
In this case, it is not necessarily (although sometimes it is
interesting) to know a precise local optimua for each set of
conditions y,, Ya¢ --- - Thus, the classical variation and nevest
optimization methods of mathematics step back in this case to

background.

Lastly let us coasider the peculiar case, vhich appears in the
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so-called conflicting situations vhen tbhe unknown parameters Y,, Y,,
-«+ depend not on objective facts, but on actively counteracting to
us enemy. Such situations are characteristic for Combat operations,
partly for sport competitions, in capitalist scciety - for a

conpcurrent fight, etc.

When selecting of solutions in the similar cases, can
render/shov useful the sathematical apparatus of the so-called theory
of games - mathematical theory of the conflicting situations (see
Chapter 10). The amodels of conflicting situatiops, studied in the
theory of games, based on the assuapticn that we deal wvith reasomable
and farsighted enemy, vho alvays chooses his behavior in the worst
for us (and best for ourselves) manner. This idealization of
conflicting situation in certain cases can proapt to us the least
risky, "reinsurance" soluticn which to not necessarily accept, but in

any case is useful to keep in mind.

Let us finally do one a generality. With the proof of solution
under conditions of indetersinancy/uncertainty, that ve not made, the
cell/element of indeterminancy/uncertainty remains. Therefore it is
unwise to present to the accuracy of such solutions of too high a
requirement. Instead of after scrupulous calculations unambiguously
indicating of only one, in accuracy optimums (in some sense) solution,

it is alvays better to isolate the domain of the acceptable solutions
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vhich prove to be unessentially vorse thban others, whatever point we
used. In limits of this domain can produce their final selection the

critical for it persons.

5 Estimation of operation Ly several indices.

Above we considered the problea of operations research where it
vas required so to select solution in order to maximize (or to
minimize) the one and only index of efficiency HW. In practice
frequently is encountered the case, wvhen the efficiency of operation
is necessary to consider not according to one, but immediately
according to several indices: W, W, .., W, some of these indices

desirable to do more, others - are less.

As a rule, efficiency of large in volume, complex operations
cannot be in a coaprehensive manner described with the help of one

index; to aid for it is necessary to draw cthers, further.

Page 24.

Por example, during the estimatiop of the activity of industrial

enterprise is necessary to consider a whole series of indices as

that:
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-gain,

-the full/total/complete Volume of production ("shaft"),

- prime cost, etc.

During the analysis of combat operation, besides the basic
index, vhich characterizes its efficiency (for ezample, the
sathematical expectation that caused to the eneny of damage), is

necessary to comsider a scfies of further as that:
-its own losses,
~the operation time,
-the amaunition consuaption, etc.
This multitule of the indices of efficiencies from which some it

is desirable to maximize, and others - to minimize, is characteristic

for any of any complex problea of operations research. Does arise the

question: how to be?

It is first of all necessary to emphasize that the advanced

requirements, generally speaking, are imcompatibtle. The solution,
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turning into maxiaum some one index W,;, as a rule, converts either
into maximum or into the sinimum other indices ¥,, ¥y, .... Therefore
videspread formulation the “achievement of maxisum effect with
sinises expenditures® for scientific research does not approach.
Correct is any of the formulations the "achievement of maximum effect

vith the assigned expenditures®" or "achievement of the assigned

effect with minimum expenditures*”.

In the general case there is no sclutions, which would convert
into maximum one index ¥, and it is simsultaneous into maximum (or the
sinimsum) another index W,; all the more, this solution does not exist
for several indices. However, the gquantitative analysis of efficiency
can render/shov highly useful, also, in the case of several indices

of efficiency.

First of all, it makes it possible to previously reject/throw
clearly the irrational versions of solutions, which are inferior to

the best versions according to all indices.

Let us illustrate the aforesaid based on example. Let be

analyzed the combat operation 0, evaluated according to two indices:

W - probability of the execution of combat mission

®efficiency");

8 - cost/value of the spent seass.
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Page 25.

It is obvious, the first index it is desirable to convert into
the maximum, and the second - into the minisum. Let us assuse for
simplicity that is proposed to selection the finite number - 20
diverse variants of solution; let us designate them X;, Xz, <c.o Xgg-

Por each of them, are knowm the values of both indices W and S.

Let us describe for clarity each version of solution in the fora

of point on plane with coordinates W and s (Fig. 1.1) 1o,

FOOTNOTE t. In the book figures are nusbered on chapters, and
foraulas and tables - on paragraphs. ENDROOTNOTE.

Bxamining fijure, we see that some versions of solution "are
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noncompetitive"® and previously must be reject/thrown. It is
realsactual, thosa versions wvhich have above other versions with the
same cost/value S advantage on efficiency W, they must lie/rest on
the right boundary of the region of possible versions. The same ’
versions, which with an equal efficiency possess smaller cost/value,

must lie/rest on the lover boundary of the region of possible

versions.

Which versions one should prefer during the evaluation of
efficiency according to two indices? Obviously, those that lie/rest
simultaneously both on the right and on lower boundary of the region
(see dotted line in Pige 1.1). It is real/actual, for each of the
versions, wvhich do not lie on this sectioan of boundary, always will
be located another version, which is not inferior to it on
efficiency, but cheaper or, on the contrary, not being inferior to it
on cheapness, but more efficient. Thus, of 20 advanced versions
majority drops out from competition, and to us there remains only to
analyze the remaining four versions: Xy q¢ X;7¢ Xi9¢ X20- From thea
X6 - most efficient, but ccaparatively by road; X,o - cheapest, but
not so/such efficient. The matter of that making decisioa - to be
dissantle/selected at by which value ve are concordant to pay the
knova increase of efficiency or, on the contrary, by which
portion/fraction of efficiency we are concordant to endow in order |

not to carry too great material losses.
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The analogous preliminary survey of versioss (although without

this demonstrative geometric isterpretation) can be produced also in

the case of many indices: W, W, .., Wi

This procedure of the preliminary reject of the noncompetitive
versions of solution must always precede the solution of the probles
of operations research with several indices. This, although does not
resove/take the need for a compromise, substantially reduces the

solution set within limits of which is realized the selection.

In view of the fact that the composite estimation of operation
is imamediately according to several indices difficult and requires
speculations, in practice frequently they atteampt to artificially
join several indices into one generalized index (or criterion).
Prequently as this generalized (compound/composite) criterionm is
taken fraction; in numerator place those indices VW, .., V.. which it

is desirable to increase, and in denosimator, those which it is

desirable to decrease:

Uos die Y G.1)
Vi1 - ¥,

Page 26.
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Por example, if speech occurs about combat operation, in
numerator place such values as "the probability of the fulfillment of
combat mission" or the "losses of enemy"; in denominator - "his own

losses™, "ammunition coasumption”, the "operation time", etc.

An overall deficiency/lack in the "“compound/composite criteria”
of type (5.1) it is, the fact that a deficiency/lack in the
efficiency according to one index always it is possible to compensate
for because of another (for example, small probability of the
fulfillasent of combat mission - because of the low ammunition
copsumption and, atc.). Similar criteria call to mind into joke
proposed to Leo Tolstoy “evaluation criteria of man® in the foram of
the fraction vhere the numerator - true advantages of man, and
denominator - its opinion about itself. The groundlessness of cuis
criterion is obvious: if we take it in earnest, then man, almost
vithout advantages, but entirely without conceit, will have infinite

value !

Prequently "compound/composite criteria® are proposed not in the
fora of fraction, but in the form of the "weighted sum™ of the

separate indices of the efficiency:

U=a, Wy4a,W,+... +a, Wy, (5.2)

vhere g, a0, ...a <= positive or negative coefficients. Positive are
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‘ placed with those indices which it is desirable to maximize; negative |

- with those which it is desirable to minimize. The absolute values

cf coefficients ("weight") correspond to the degree of the importance

of indices.

It is not difficult to ascertain that the coampound/composite

criterion of foram (5.2) actually in no way differs from the criterion

of form (5.1) and possesses the same deficiencys/lacks (possibility of

the mutual compensation heterogeneous indices). Therefore the

nopcritical use of any form of “compound/composite®™ criteria fraught |

vith dangers can lead to incorrect recosmendations. However, in

certain cases wvhen "vweights" are not chosen arbitrarily, and they are
selected so that the compound/composite criterion would implement in
the best vay its function, it is possikle to obtain wvith its aid some i

results of the limited value.

In certain cases problem vith several indices can bs reduced to
problea vith some-only index, if ve isclate only one (main) index of
efficiency W; and to attempt it to convert into maximum, but to the
remaining, auxiliary indices W,;, Wy, ... to superimpose only some

limitations of the fornm:

r» 4 ~ 98 N . “" <un .
““!;\/U'..-; o y W m}u'm: Wit SSWag 1y eees A=Wy

These limitations, it goes without saying, will enter into the
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set of the assigned conditicns ay, az, eee.

Por example, during the optimization of the job schedule of
industrial enterprise it is possible to require so that the gain
vould be maximuam, plan/layout vith respect to assortment was
fulfilled, but the prime cost of production - not higher than given
one. During gliding/planning of the bombing raid, it is possible to
require so that the replaced to the enemy damage would be maximusm,

but in this case, their own losses and the cost/value of operation

did not exceed known limits.

Page 27.

Upon this formulation of the problem, all indices of efficiency,
exgept one, main, are translated into the discharge of the assigned
conditions of operation. The versions of solution, vhich are not
placed in the assigned boundaries, immediately are reject/thrown as
noncompetitive. The obtained recommendations, obviously, will depend
on that, as are selected limitations for auxiliary indices. In order
to determine, hov this affects the final recommendations by choice of

solution, it is useful to vary limitation within reasonable limits.

Pinally, is feasible one additional wvay of the construction of

comprosise solution, which can be named the "method of comsecutive
concessions",
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Let us assume that the indices of efficiency are arrange/located
in the order of the decreasing importance: first basic W,, then
others, auxiliary: W, W3, -<... For simplicity let us consider that
each of them must be converted into the maximum (if this not then, it
suffices to change the sign of index). The procedure of the
comastruction of compromise solution is reduced to following. Pirst is
ought the solution, which rotates into saximum the main index of
efficiency W,. Then it is assigned, on the basis of practical
considerations and accuracy, from wvhich are known initial data (but
fregquently it is swmall), certain "concession" AN, vhich ve are
concordant to allow in order to convert into maximum the second index
¥2< We assign on index W, limitation so that it would be not less
than ¥e,-AW,, vhere W*, - maximally possible value W;, and during
this 1imitation wve seek the solution, which rotates into maximum W,.
Purther again is assigned the "concession™ in index W,, by value of

vhich it is possible to maximize W;, and so forth.
This method of the construction of cosproasise solutiom is gooad
in that it is here immediately evident, by the value of which

"concession” in one index is acquired gaim in other.

Let us note that the freedom of choice of solutiom, acquired by

N— el
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the value even of insigoificant "concessioans®, can render/show
essential, since in maximum region usually the efficiency of solution

varies very wveakly.

One wvay or another, with any method of formalization, the
problea of the quantitative proof of sclution by several indices
resaias not to end determined, and the final selection of solution is
deterained "commander®s volitional event/report®™ (so we conditionally
vill call the critical for selection face) . Researcher’s matter - to
let into commander®*s order a sufficient guantity of data, that perait
for ip to thoroughly comsider advantages and deficiency/lacks in each

version of solution and, relying on them, to do a final selection.
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Page 28.

2. LINEAR PROGRAMMING.

1. Problems of linear programming.

In many regions of practice, appear the peculiar problems of
optimization of the solutions, for vhich are characteristic the

follovinu features:

- index of efficiency W represents by 1tself linear function

from the cell/elesents of solution x,, x,, ..J;

- limiting conditions, assigned for the possible salutions, take

the form of linear equalities or inequalities.

Such problems is conventionally designated as the problems of

linear programming 1.
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FOOTNOTE !. Word "programming" borrowed from foreign litarature and

Shbadnd

in this case indicates nothing else but "gliding/planning".

ENDFCOTNOTE.

V——

Let us give several examples of the problems of lin2ar

programming of the different regions of practice.

1. Problem of food ration. There are four forms of food

products:

nlo ni- nlv nl

Is known the cost/value of unity of each product:

0f these products it is necessary to comprise food ration which

must contain:

€, Cy, €y Gy

- proteins is not less than b, unity,
- carbohydrates are not less thanp b, unity,
- Jrease are not less than b; unity.
Unity of product [}, contaims a,, unity of proteins, a,, unity of

carbohydrates, a;; unity of grease, etc. The content of cell/elements

in unity of each product is assigned by table (¥able 1.1).
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It is required so to comprise food ration in order to ensure

assigned conditions (1.1) with the minimum cost/value of ration.

Let us write the formulated verbal conditions of problem in the

form of mathematical formulas. Let us designate

x]l xtt X3 x‘ :

guantities of products n, n, n, n, entering the ration.

Page 29.

It is obvious, the common/general/total cost/value 2f the ration
will be
L = ;x; + Coxg + Coxs + CoXe

or it is shorter
L-gh% 1.2)

Let us register mathematically conditions (1.1). In one unity of
product I, is contained a,, unity of protein, which means, that in x,
unity - a,,x;; in x, unity of product TIl, is contained 2,,Xx, unity of
protein, etc. The total quantity of proteinms, which is contained in
ration, must not be less than b,;; we hence obtain the first

condition-inequality:

Qyy Xy +0gy Xy + Gy X3+ G ¢ 2 b1 1.3
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Record/vwriting analogous conditions for carbohydrates ard fats,
ve will obtain, including (1.3), three condition-inequality:
Gy X + Gy Xy +0y Xy + 8o X 2 by,
Gy X, +0gs X3 + 0y X3 + Qe Xy > by 1.4
43 X; + Ogg Xy + Ogg X3 +8gy X 2 b,

These conditions represent by themselves the limitations,

superimposed on the solution.

Appears the following task:

to select such nonnegative values of variables ; . 4, x,
that satisfy linear inequalities {(1.4), with which the linear
function of these variables

L =cyx; + oty + coxg + Goxq

would be converted into minimun.

Stated problem represents by itself the typical task of linear
programming. Without being stopped as far as on the methods of its
solution (about this speech it will go subsequently), let us place

still several similar tasks.
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% Tabdle 1.1
' :l ' ' (/) Sacwenr
, gl L?,)ce.-..u £ —- —Kq)l‘l_‘_‘__
‘J ! (53 n, l a l Gy ! Uys
} ;>- n, | as) ! Oz2 | 9
i ' 3 NS R B R .
v ’ n, ‘ aq Qg des

Key: (7). Cell/element. (2). proteins. (3). carbohydrates. (4).

grease. (5). Produact.

| Page 30.

i 2. Task of loading of machine tools. Weaving factory has
| available N; machine tools of type 1 and N, machine tools of type 2.
Machine tools can produce four foras of the fabrics:
T Te T T

Each type of machime tool can produce any ©f tha foras of
k fabrics, but in unidentical quantity. A machine tool of type 1 is
produced in month a,, of the meters of fabric T,, a,, maters of
fabric T,, a,; meters of fabric T3, a,, meters of fabric T,. The
corresponding numbers for a machine tocl of type 2 will be az;, aza,
| @23, 224. Thus, the productivity of machine tools in the production

of each form of fabric are assigned to fable 1.2.

ke Each meter of fabric T, yields to factory income c,, fabrics T,
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- income c,, fabrics T3 - income c3 and fabrics T, - income c,. To
factory is prescribed, the gplans/layout according to which it is due

to produce for the month:

is not less than b, meters of fabric T,, is not less than b,
meters of fabric T,, is not less than b; meters of fabric T; and is
not less than b, meters of fabric T,, i.e., planned target is

expressed by numbers by, b, b3, bse

It is required so to distribute loading machine tools by the
froduction of the fabrics of different form so that the plan/layout

would be carried out and in this case monthiy gain would be maximume.

Let us register the conditions of task mathematically. Let us
designate x,, - number of machine tools of type 1, occupied with the
production of fabric T,, x,;, - number cf machine tools of type 1,
occupied with the production of fabric T,, and generally Xy— a
number of machine tools of the type i, cccupied with the production
of fabric 7T, The first index corresponds to the type or machine

tool, the second - to a form of fabric (1 =1, 2, 3 =1, 2, 3, 4).

Thus appear eight variables - cell/elements of the solution:
X1 X Xig xui} (1.5)
Xg1s Xags Y23 Xees

which ve they must select, so that the montnly gain woull be maximunm.
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Let us register formula for calculating this gain. Each meter of
fabric T, yields gain ¢,; x,;,; meters of fabric T, they will bring
gain C,x,,: in all fabric ? will bring gains ¢, (X;; *+ X»,) and so
forth. Common/general/total gain will be equal to:
L=duu%&ﬂ+ﬁ@u+aﬂ+gu“+no+quu+n4(L&
It is requir2d to select such nonnegative values of variables
(1.5),so that the linear function from them (1.6) would be converted

into maximum.

-
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H Table 1.2.

i “(‘:') |~"‘ (a) Bua ’I'l.nihl |
; CTANK Y Eﬁ- N l 8. -._‘-‘. ; l o
i 1 ' ay, d, ayy ay,
3 2 an Qy: Uyg g,

| -k

§;§E {1) . Type of machine tool. (2). Form ot fabric.

Page 31,

In this case, must be implemented the fcllowing limiting conditions:

.

1) Resource/lifetimes on machine tcols must not be exceeded,

i.e., the sum of guantities of each type machine tools, occupied with

the production of all fabrics, must not exceed the available stock of

the machine tools:
Xyt Xy + X+ 5 KNy
Xoy + Xyg + Xag + Xay S N
2) Assignments with respect to assortment must be carried out

(1.7

{(or are exceeded), With account of the data of Table. 1.2 these

conditions will be registered in the fcrm of the inequalities:
G X Gy X 2 by,
Gy Xyg 1 Qyy Xgg 2> by,
Gy, X153+ @y, X9y 2 by,
Gyq 1q + Qg Xy 2 b,
Thus, is formulated the task:

(1.8)

Yo select such non-negative values of variables Xgte Xy2e sesy

eses X24, that satisfy linear inequalities (1.7) and (1.3), by which
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the linear function of these variables (1.6) wculd be converted into

maximum.

3. Task of distribution of resources/litetimes. There are some
resource/lifetimes (raw material, work torce, €equipment) :
R By oo Ry
in quantities respectively
By B s By
units. With the help of these resource/lifetimes can be produced the
goods:
B i e
Por the production of cne unity of goods T, it is necessary
@, to unity of resources/lifetime R, (i = 1, 2, ce., m; j = 1, 2,
es<, W). Pach unity of resources/lifetime R, costs 4a, rubles (i = 1,

dy <+vy ®). Bach unity of goods T, can be realized on value
Cy(j = 1,2, ...,m).

In each form of goods a quantity of produced unity is limited to
the demand: it is known that the market cannot absorb more than k;

unity of goods T, (j =12 .., n).

It does ask itself: which quantity of unity of which goods must

be produced, in order to realize maximum gain?
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Let us register the copnditions of task. Let us designate

X1y Xy vee Xp

quantities of goods T,, T, eee, T, which we will plan to
production. The conditicns cf demand assign on these values of the

limitation:

Xy SRy Xy KRy oy XSk, 1.9

Fage 32.

Resource/lifetimes must suffice, hence apvear the limitations:
d“ x| +a|, x' + “en + aln xn g h"
Qy, Xy + g Xg+ ... +ay, X, < b‘:

A Xy + e Xg+ ...+ Gpn xn< bm:
These comditions it is possible to write more briefly in the

form: A \
.-vI a4y % < by,

=

S Qyyxy by, A (1.10)
o 1

It is expressed gain L depending on the cell/elements of the solution

Xy, xt- ey X

n

Prime cost ; of unity of goods 7, is equal to

8y == Qyy dy + gy dg + ooo = iy Ay
or, it is shorter,

s,-z'a,,d, G=1,2,...., m (1.11)

After computing according to this formula the prime cost of
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unity of each goods, we will obttain a series of the values:

81y By <y 8y

Pure/clean gain g, obtained from the realization of one unity

of gopds T, is equal to the difference between its selling-price

cj and prime cost g,

q;=¢€;—S§, (]Bl. 2, . ”). (l.‘z)
On this formula ve obtain pure/clean gains per unit for all

goods:

G G2 o s Gp-

Common/general/total pure/clean gain from the realization of all
goeds will be :
L =@y X} 1 ¢: X 1 e G X

or, it is shorter,

L= qjXj. (1.13)

s

Page 33.

Task is reduced to following:

Yo select such nonnegative values of the variables X3o X24 ense,
Xn which satisfy linear inequalities (1.9), (1.10) and convert into

saximum the linear function of these variables (1.13).

4. Transport problem. There are m of the storages:

G Gt G

okl
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and n of the point/items of the consumption:

M Byevees Ty

(see Fig. 2.1).

Speech occurs about the compositicn of the plan/layout of

transport from storages C,, Cz4 <«ee¢ C, into peint/iteas [T, ..., 1l,

certain goods. On storages Cy, C,, ee«y Cm are supplies of

goods in the guantities
ay, Ggy «eey Om

of ynity. The point/items of consumpticn m,m, .. M fed the

claims respectively to

by, by, ..., by

of unity of goods. Claims are feasible, i.e., the sum of all claims

does not exceed the sum of all available supplies:

n
Yh<Y .
j=1 i=1

Storages C;, <.., C,, are connected with the point/items of

coasumption n,.. I, by some grid/netwcrk cf roads with the

specific tariffs on transport. The cost/value cf the transport of one
unity cf goods from storage C: into point,/item [I; is equal to ‘v

A =21, 2, suuygn; 3=1, 2,

sewy N}s

ol o

i
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rig. 2.1.

Page 34.

It is required to comprise the plan/layout ot transport, i.e.,
to indicate that from which storage intc which point/items and which

gquantity of goods must be directed so that the claims would be

carried out, and overall expenditure/ccnsumptions to all transport

were aminimum.

Let us designate Xy — the quantity of unity of goods, directed

from storage C, in point/item I, (if from this storage for this

point/item goods are not directed, x;=0U).

The solution (plan/laycut of transport) consists of Mn of the
numbers:
LT xll’ seey xln;

Xa1s Xy ooy Xgp;

xml. xm" ey X,,m,

{
|
|

TR A—
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forming rectangular array (matrix/die). Let us in abbreviated form
designate it (x,). It is required to select such nonnegative values of
variables Xt = 1, 2, aese B 1 = 1, 2, eeey N)so that wonld be

satisfied the following conditions:

1. The capacitance/capacity of storages must not be exceeded,
i.e., the total guantity of goods, undertaken from each storage, must
not exceed the available on it supplies:

X+ Xt e+ X <Gy
X+ X+ oo Xpn < @5

cr, it is shorter,

Xy < g, (1.14)

2. Claims, subject by point/items of ccnsumsption, must be

carried out:
X+ Xq 4 .. + X = blo
x,.+’“ + s +x,,,, =b’,

Xin+ Xan + oo+ Kma =0,
either it is shorter or, it is shorter,

m
F Xy =b,,
o)

‘z' Xig =by, ©(1.15)

e + » o

m
y Xin = bn'

-
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The common/gyeneral/total cost/value of trapsport L will be egual

to L=cyxy+CrgXig+ o 401p X1p +

+cll Xa +cu xﬁ+ soe +clu Xan +
F e FCmi Xt F Cmg Xmg + coe - Coun Xpuns

or, it is much shorter, !

L= Y cyxy (1.16)
fe=) ju)
It is required so to select the plan/layout of transport (xgp) (1
=1, 2, eceeg m; J] =1, 2, weeq N)in order cost/value L of these

transport to convert into the minimunm.

Again arises the problea, analogous examined earlier: to select
non-negative values of variables (x,)' so that during satisfaction of
conditions (1.14), (1.15) the linear function of these variables

(1.16) would reach the minimum.

Certain special feature/peculiarity of this problem, in

comparison with those previously examined, lies in the fact that not
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all restrictions placed on variables are linear inequalities; namely,

conditions (1.15) are registered in the form of linear ejualities.

In the future we will meet the prctlems of the linear
programming in which limiting conditions take both the form of linear
inequalities and equalities, and will learn with lightness/ease to

pass from some to others and vice versa.

Let us note that upon certain setting of transport problem all
limiting conditions of problem become equalities. Namely, if the sum
of all claims equal to the sum of all supplies

n

2= Za
then each storage will be unavoidably from exported everything which
on it is, and inequality (1.174), just as (1.15), after being

converted into equalities.

This problem about transport is called transport problem, and it

we wvill be specially occupied subsequently (see §9-14 this chapters).

5« Problem of producticn of complex equipment. Plan/glides the
production of the complex equipment whcse each assembly consists of n

of the cell/elements:

31 3 ey O

R
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Page 36.

Orders to the producticn of these cellselements can be placed on

a the different enterprises:

i, M,.., 0N

=
During preset time T in enterprise N, it is possible to prepare

a; cell/elements of type '3, Bk W 0, sy B3 3 = Ny wsds B)e

To delivery are subject only full/total/complete assemblies of

equipment, which consist of the set of all cell/elements .3, 3, .., 3,.

It is required to distribute orders on enterprises so that the
number of full/total/complete assemblies of equipment, prepared for

time T, would be maximal. Plan/gliding the production of equipment,

wve must for each enterprise TI, indicate, what part of the available

in its order time it must return to the proauction of cell_/elements

3"(1 - ’0 csesy W, J = 10 LA n)‘

Let us designate *iy the fraction of time T which enterprise

M, 4t will give to the production of cellselement 3, (if this

cell/element in this enterprise not at all is froduced, x,=U).

During gliding/planning we must observe the following limiting
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conditions: the quantity of time which each enterprise spends on the
production of all cell/elements, must not exceed the overall supply

cf time T (but "fraction"™ - unity):

Xt xst..+x5,<1,
X+ Xt ...+ X, <1,

or

<1, (117

n
me,(l.
=]

Let us determine a quantity of full/total/complete assemblies of

the equipment which for time T will place all enterprises together.

The total quantity of cell/elements which will produce all '9,,
enterprises together, will be egual
Nj=ay x4+ 8y Xay+ ..o+ Gy Xy
cr
3 1
N’ nlgauxu (l-l, eoe g n). (" 8’
Page 37.

Thus, with the assigned plan/layout of the distribution of

orders, i.e., with given ones u (1= % 6ece 83 J = 1, caey 0) will

be produced:
. —N, gl?:eunmpoa snemenTa 3,

—N, sx?nnmlpoa sniemenTa 3,

..............

Key: (1). The copies of cell/element.
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Hovw many complete assenblies of equipment it is possible to
gather froa these elements? Is obvious so many, how minimum of all
numbers Ny, Nz, ee», Na It is real/actual, 1f, for example, elements

of the type , is produced by 100 pcs., and cell/elements of the type

3,— a total of of 10 pcs., then we in any way can gather of these

cell/elements of more than 10 full/total/complete assemblies.

Let us designate Z - quantity of full/total/completa assemblies
of the equipment which cau be gathered with this plan/layout of the

arrangement/position of orders (x,).

We have:
Z=minN,, (1.19)
i

vhere by sign min is designated minimum from the aumbers, which stand
1

under this sign, for all pessible j.

Taking into account (1.18), condition (1«19 can be rewritten in

the form

Z= m,in ‘Z| Qyy Xy -

Thus, we come to the followlng mathematical formulation
of the problem:




T
’
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To find such nonnegative values of variables x5 S0 that would
be implemented inequalities (1.17) and in this case was converted
into maximum the function of these variables

m
Z-min 2 Qyy X4y
1 tmm)

‘The difference for this problem from all those previously
examined lies in the fact that here maximized function Z is not
linear function from variables x; and, thus, rroblem, strictly, is

not the problem of linear programming. However, it it is easy to

reduce to the problem of linear programming by following reasonings.

Since value Z is nminimum of all values Ny= Y a;x; then it is
=]
possible tc write a series of the inequalities

m
:Zl a, x, =127,
m

v : ;
':lau X9 =12, (1.21)

lg‘l aln Xin 22-
“g. 3‘0 : 'é"

Value Z can be considered as new ncnnegative variable and to

solve following problem.

To find such non-negative values cf the variables X;,, Xyas =ees —
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¥o find such nonnegative values of variables x; so that would
be implemented inequalities (1.17) and in this case was converted
into maximum the function of these variables

Z= mjn ‘i ayy Xy

‘The difference for this problem from all those previously
examined lies in the fact that here maximized function Z is not
linear function from variables Xy and, thus, fproblem, strictly, is
not the problem of linear programming. However, it it is easy to

reduce to the problem of linear prograrming by following reasonings.

m
Since value Z is minimum of all values N,= Y g,x, then it is
o1
possible tc write a series of the inequalities

m
2‘ a, x, =>2;
i=)

‘Zl Xy =2, (1.21)

m
lgl A Xin = 2.

Page 38.

Value Z can be considered as new ncnneyative variable and to

solve following problem.

To tind such non-negative values cf the variables Xy;, Xy42s eees xn.
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and 2, so that they would satisfy linear inequalities (1.17) and

(1<21) and with this value Z it was ccnverted into maximum.

Since value Z is a linear function of the pew variables X,,,
X320 @ees Lmn Z:
Z2=0-x;,+0-5304...+0-x,, +1-2Z,
the prcblem is reduced to the usual prcblem of linear programming, by
introduction "excess" alternating/variakle Z which in the initial

formulation of the problem did not figure.

Problems of such type where it is required to convert into
paximum the minimum value cf some value (or, cn the contrary, into
pinimum-maximum), fairly often they are encountered in practice and

are called "problams to minimax". With such protlems we will be still

set in Chapter 10.

Thus, we considered a whole series of the problemg of operations
research from the different regions of fpractice; these problems are
characterized by some common/general/total features. In each of thenm
the cell/elements of soluticn represent by themselves a series of the

nonnegative variables x;, X3, e.ew IS reguired so to selact the

values of these variables, so that

1) would be implemented some limitaticns, having the form of
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lipear ineqgualities or equalities relative to the variables x,, x,,

2) certain linear function L the same variables it was converted

into maximum (minimum) .

The mathematical apparatus of the linear programming

presentation of which we begin, is intended specially for the

solution of such problens.

Can arise the question: a is necessary this special apparatus?
It is cannot whether, as is customary in mathematics, it is simple to

differentiate L arguments X , Xz, ---, to make derived ejual to zero

and to solve the obtained system of equaticns?

No, it turns out that it is not possible to do this ! Since

function L is linear, derivatives of it on all arguments are constant

and nowvhere into zero they are converted. The maximum (or the
sinimum) of function L, if it exists, it is reached always somewvhere
on the boundary of the region of the pcssitie values X;, X2s eeeys

i.e., where come into action limitations.

Fage 39.
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The mathematical apparatus ¢f linear prograwmming allows for us
consecutively, within the shortest pericds, to examine the boundaries
of the region of possible sclutions and to find on these boundaries
the solution, which is optimum, i.e., such value part x,, X, eees
with which the linear function L is ccnverted into maximum or into

the minimum.

2. Basic problem of linear programminge.

Above we considered different practical prcblems, which were
being reduced to the diagram of linear programming. In some of these
problems linear limitaticns tcok the form of inequality, in others -

equalities, in the third - those and others.

Here we will examine the problem cf linear programming with
limitation-equalities - the so~called kasic prctlem of linear

frogramming (OZLP) .
In the future we will show how frcm prcblem with
limitation-inequalities it is fpossible to pass to 0ZLP, and vice

versae.

The basic problem of linear programming is placed as follows.
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There is a series of variables
Il, x‘. see p x..

It is reguired to find such nonnegative values of tnese

variables which would satisfy the system of the linear ejuations:
Gy X +Gyg Xy + ceoF Ay Xy =by;
Qg %) + Ogg Xy + oo+ Gy X = by;

Gy Xy +0pg Xy + coc + Qg Xy = by,
and, furthermore, would be converted into minisum the linear function

@.n

L=0 %+ C X+ cccFCp Xan- 2.2
It is obvious, the case when linear functicn must be converted
not into the minimum, but into maximum, easily it is reduced to
preévious, if we change the sign of function and to consider instead
of it the function
L' = —L = —¢; X, —Cy Xg = c0.==Cp Xp. 2.3
Let us agree to call the permissible sclution of OZLP any
aggregate of variables

530, %30, ., %20,
satisfying equations ’2.1).

Optimum solution let us call that of the permissible solutions,

with vhich linear function (2.2) is converted into the ainimum.

Page 40.
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The basic problem cf linear programming nct necessarily must
have solution. It can seem that equaticns (2.1) contradict each
other; it can seem that they have solution, but not in the range of
the nonnegative values X;, Xz, eee, x, Then OZLP does not have the
permissible solutions. Finally, it can seem that permissible
solutions of OZLP exist, but among them no optimum: function L in the

domain of the permissible sclutjions is not limited from below.

With examples of such features of CZLF we will be introduced

subsequent ly.

Let us comsider, first of all, a question concerning the

existence of the permissible solutions cf OZLP.

During the solution c¢f this guestion, we can exclude2 from
examination the linear function L which is required to minimize - the
presence of the permissible sclutions it is determined only by

equations (2.1).

Thus, let there be system of equations (2.1). Are there the
non-negati ve values X;, X5, <ces X,, Satisfying this system? This

question is examined in the special section of mathematics - linear

algebra.
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Let us give briefly some positicns of linear algebra, not

stopping on the proofs cf the corresponding theorems 1.

FCOTNOTE ?. The elementary presentationm of linear algebra see, for

example, in work [ 5]. ENDFOOTNOTE.

The matrix,/die of the system of the linear eguations
y X+ X+ .. +0y, X, =y
Qgy X1+ Qg Xg+ oo+ Gy, Xy =by;

Oy X1+ Qs X3+ coo F Qpup X, = b,
is called the table, ccmprised of the coefficients of x,, Xgeo ooy X,
Gy Gy ... Gy,
Gy Gyy ... Gy
Gy Qg -o. Gy
The augmented matrix of the system of iinear equations is called

the same matrix/die, supplesented by the columm of the ansolute

terms: G, Gy ... @, b

Qg Gy ... Oy, by

Ot Gy - Gpy by,

The rank of matrixsdie is called the greatest order of different

from zero definitions which can be obtained, deleting from matrix/die

some rcws and some columns.

In linear algebra is froven, which for the consistency of the
system of linear equations (2.1) is necessary and it is sufficient so

that the rank of the matrix/die of system would be equal to the rank

oo
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of its augmented matrix.

Fage 41.

Example 1. Is given the system of three equations with four

unknowns:

Xy —Xgum 2;

2y +ay—xy 5= —1;
‘1—2'.- 3. l

¥o determine, is this system of ccmbined?

Solution. Matrix/die ot the system:

2 1 =11
1 =1 0 0.
i 0 =20

2 1 =1 1 =l
1 -1 00 2¢.
| 0o —-20 3

The augmented matrix:

Let us determine the rank of the first matrix/die. It cannot be

more than 3 (since the number cof rows is equal to 3). Let us comprise

any definition, eliminating from the matrix/die any column, for

example, the latter. We will obtain

- ‘3'.

i 0 =2

Am

Computing this determinant according to knewn rule, we will

obtainm:
A=2(=1) (=2 4+ 1.0:(=1)41.1.0—
—(==1)(—=1):1 ~2.0.0—(—2)- 1. 1 ==d —14+2=5,

gy
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This determinant is not equal tc zero, which means, that the
rank of the matrix/die of system is equal to 3. Obviously, the rank
of augmented matrix is also equal to 3, since of the cell/elements of
augmented matrix it is possible to comfrise the same determinant.

From equality the ranks of matrix/dies, it follcws that the system of

equations is combined.

Example 2. To trace to consistency the system of two

equations with three unkncwns x,, X, X3:

2% — Xyt xy= —4,
“'l_h."‘z" =],

Solution. The augmented matrix of the systenm:
2 -1 1 —4
4 =22 1\

(her left side - matrix/die of systea).

Let us find the rank of the matrixsdie of system, comprising all
the possible determinants of the seccnd order:

A.-I f"_‘g |--4+4-(r.
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