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ABSTRACT

This is the final report for Naval Air Systems Cozmnand Contract on

the mutual coupling effect in a conformal array. It contains a brief

administrative summary plus three attachments which give the technical

details.
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I. INTRODUCTION

The contract  :~OOOl9—78 — C--OO6 4 ent i t led I~~5~~ Investigation on Characterizing

Mutual  Coupling Between Two Antenna Slots on a Cone ” was awarded to the

Univers i ty  of Illinois by Naval Air Systems Command for  the period of

16 November 1977 to 15 November 1978 and with funding of $53 ,000.00 . The

contract was later extended to 15 January 1979 with no additional cost.

The contract monitor is Mr. J. Willis of AIR—3lOB.

This is the final report of the contract , covering personnel (Section II),

technical results (Section III and attachments) and publications (Section IV).
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III. TECHNICAL RESULTS

Our study of the mutua l oup ling effect in a conforma l array has been

successfully conc luded. In the present contract , t h e  f o l l o w i n g  two tasks

have been carried out:

(i) GTD solution of self—admittance of slot on a cone or cylinder.

Lit applying GTD formulas to calculate the self—admittance of a slot on a

cone (cylinder), ther e is a difficulty which w,i s not previously presented

in the  c aL c u l a t i o n  of mutua l admittance , namely , the GTD Greens ’ function C

fo r  t h e  su r f ace  f i e l d  has a r 3— s i ng u l a r i t v  at  the  source ~‘oLnt r • 0. ~e

removed this difficult y by subtracting C
0 

fr om G , where  is the Green ’ s

function for a planar conducting surface. The contributi on of C
0 

to the

self—admittance can be calculated by a Fourier transf r’n method. The

remaining function ~G — is of order  ~~~~~ as r -. 0 , and is therefore

integrable. When the slot is on a cylinder , our GTD results of the slot

s e l f — a d m i t t a n c e  are in exce l l en t  agreement  w i t h  those c a l c u l a t e d  f r o m  the

known exact  so lu t ion . D e t a i l s  are  ~iven in A t t a c h m e n t  A.

(ii) Justification of t h e  t r a n s v e r se  c u r v a t u r e  t e rm in the  GTD so lu t i o n .

In our UTD solution for the magnetic field on a convex conducti :ig

su r f a c e ,  there  exis ts  a ra the r p e c u l i a r  t e rm.  Con t ra ry  to all previous

GTD theor ies , t h i s  te rm depends on the s u r f a c e  cu rva tu re  in the t ransverse

d i r e c t i o n  of the  r a y .  For many p r ac t i c a l  s i t u a t i o n s , the inc lus ion  of t h i s

term is of c r i t i c a l  impor tance  in g e t t i ng  accura te  n u m e r i c a l  so lu t i ons ,

This te rm was f i r s t  i n t roduced  b y us in November l9~~ as a c o n je c t u r e .  Now ,

we have shown through a r igorous  a sym p t ot i c  expansion of an exac t  s o lu t i o n

t h a t  our c o n j e c t u r e  is indeed cor r e c t .  Deta i l s  are  g iven  in A t t a c h m e n t  B.

3
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Our work on the  ~~~ ca l.cu at  ~~~it of mutual coup ling is summarized in

.i review a r t i c l e  ( A t t a c h m e n t  C~~. w h i c h  w i l l  be i nc luded  in the f o r t h c o m i n g

book en t i t l e d  P r i n c i p les and Ap p l i c at i o n s of An tenna  Desi~~ sp onsored by

lEE ( L o n d o n ) .
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GTD SOLUTION OF SLOT ADMITTANCE ON A CONE OR CYLINDER*

S. W. Lee, E. Yung, and R. Mittra
Department of Electrical Engineering

University of Illinois at Urbana—Ch ampaign, 1978

ABSTRACT

The input admittance of an elemental radiator on a curved surface,

e.g., a slot on a cone, plays an important role in rhe design of conformal

arrays. A search through the literature reveals that at present, there is

no reliable theoretical method available for computing this admittance.

The objective of this paper is to provide a solution to this problem using

a surface ray approach — within the framework of GTD . The solution is

verified for the limiting case where the cone degenerates into a cylinder

and it is shown that the GTD results compare extremely well with the exact

modal solution to the cylinder problem. Extensive numerical results are

presented in the paper for the input admittance of a cone as a function of

various design parameters.

*This work was supported by Naval Air Systems Command under
Contract N00019—78--C—0O64.
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1. INTRODUCTION

Because of its simplicity of geometry and ease of flush—mounting,

the slot radiator is one of the most frequently used elemental radiators

in the design of conformal arrays. A crucial design parameter of a slot

is its input admittance Y, whose value depends on the slot dimensions and

the geometrical property of the conducting surface on which it is mounted.

In the simplest case, the mounting surface is an infinite ground plane, in

which Y of a thin slot can be related through the duality relation to the

input impedance of a thin—wire antenna in free space. The latter quantity

was first calculated by P. S. Carter in 1932 [1) — [3). Direct

calculations of Y of a slot on a plane were reported in [4]. When the

mounting surface is a cylinder , the solution of Y has been expressed

exactly in terms of cylindrical modes , namely , an infinite series in

the azimuthal direction and a spectral integral in the axial direction [5], [6].

This modal solution is suitable when the radius R of the cylinder is

small in terms of wavelength (kR < 10); otherwise, its numerical evaluation

is extremely laborious .

In the present paper , we consider the calculation of Y of a slot

on a cone (or cylinder) using surface rays in GTD. The general concept

of surface rays was introduced by J. B. Keller in 1956 [71. The

explicit formulas for surface rays adopted here are those reported

recently in [8]. Our solution of Y is an asymptotic solution which is

valid when the radii of curvature at all points on the cone are large

in terms of wavelength (or high frequency solution). Its calculation

ts relatively simple ,and its accuracy is surprisingly good as verified

by the comparison wi th  the exact modal so lu t ion  fo r  the cas e of a slot

on a cylinder.

1
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2. FORMUL~TION OF INP U T ADMITT ANCE

Referring to Figure Ia , let us consider a slot on the surface ~f

an infinitely large conducting cone with a half—cone—angl e 
~~t)~ 

The slot

Is relatively small when compared with its surrounding cone surfa ’e,

and the shape of the slot is assume d to be rectangular  on the developed

cone (Figure 1.b). Note that , depending on the exact manner in which the

f”eding wavegulde is fitted into the cone surface , the shape of the slot

mapped onto a developed cone can be quite irregular. The assumption of

rectangular shapes represents a good approximatIon for practical cases;

at the same time , it simplifies the subsequent calculations . The

location and dimensions of the slot are described by

(c , 4,  and (a x b)

where c is the radial distance of the center of the slot from the cone

¶ tip, and w is the angular deviation of the slot axis from the cone

generator (~ 
— ~r/2 for a circumferential slot and w 0 for a radial

slot). Throughout this work , we assume tha t

(I) kc ~~ 1 (slot away from cone tip)

(ii) ka ~i ar.d kb ‘.‘- 1 (resonant thin slot) -

Assumption (I) is necessary because near the tip the cone is h igh ly

curveu and GTD is not valid there . As a consequence of assumption (ii) ,

the aperture field of the slot can be adequately approximated by a

simple cosine distribution . i.e., the so—called “one—mode approximation ” :

E — zV / —  cos (
~~~~~~

) , (~ — la ’
~t a b

-~ 
‘

H • —vi /-— - cos (—~-)  . (2—Ib)
- t a b  a 

~~~~~~~~ - - - - ~~~~-
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I wh ere V and I are , re spect  ively, the  mod al vo it  age and c u r r e n t  of the

-1 ~.h t .  The Input  admit t ance  of the slot is defined by

-
~ — .

1 Alternat ively , it can be calculated by the expression

- l  f (  —

Y — - —,- H • K da . (2.1)
V ~~~

Here A is the aperture ~a .v b~ of the slot . K is the equivalent surface

magnet ic  cu r r en t  d e ns i ty  due to the application of a field E described

I In ~~~~~~ and is given by

K — E ~ ~ a F  x x - ( 2 . - a )

The magnetic field H in ~.2. 1) is the field produccd 1w K when t he  slot

is short—circuited. Under the  one—mode approximatton , t h i s  H is I d e n t i f i e d
- 

with the radiation of K locat ed  on a comple t e l y  f i l l e d  cone ~w it h o ut s 1ot ~~.

- 
We emph asiz e  tha t  ( 2 .  3) Is an approximation of .2.2) b t c ~~ u~~~ of t he  manner

in w h i c h  H Is calculated , and is valid on l y  under the one—mode approximation

- 

In ~~1)

4 
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3. GTD SOLUTION OF INPU T ADMITTANCE

To ca lcu la t e  in ( 2 . 3 ) , we f i r s t determine the Green ’s function

h ( l ,2) which represents the magnetic field at point 2 due to a magnetic

dipole at point 1. Both points 1 and 2 are on the surface of the

completely filled cone (after the slot is removed) , as shown in Figure 2.

According to GTD, i~(l ,2) has the following two dominant contributions
-‘rnd —

at high—frequency : h due to the direct ray 12 going from the source

to the observation point , and ~ due to the tip—diffracted ray 102.

Thus ,

-. -~d 
-~th(l,2) h + h ; k - (3.1)

Accordingly , input admittance Y also has two parts

+ ; k . (3.2)

The calculation of h is detailed in [ 8 ] ,  and tha t  of h in [ 5 ] ,  [8] .

A p p ly i n g  the above resul ts  in ( 2 . 3 ) , ~d and on a cone are found as fol lows

( fo r  expj~~t time convention) :

Di rect cont r ibut ion:

d 1a/2 rb/ 2 ~a/2  1b /2Y a _ .
~-J dY 1 J  

dz
1 j  dY1

J 
dz2

—a /2  — b / 2  — a / 2  — b / 2

Ty
1

‘ cos (—) cos (—;~~~) g(v
1
, z1; 

~2’ 
z
2
) , (3.3)

whe re

g(y1, z 1 ; v 1, :,) ~~ sin ~ + H cos ~ , ( 3 .~~ )

- G(s) 
((i 

- 

~
-) r v ( ~ ) - (1~~

2 
r
3u (~~) (3.5~

+ j(v~~~~)
2/3 [rv ’(~) + (~~~~/~~~~) r

3
u ’ (~)]) ,

5
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H — G(s)(~ -) [rv(: + (1 
— 

~~u(~ ) + j(/2kR
~
r2”3 T3u ’(~) ,(3.6)

Go — 
k 

2 
e (3 7)

j24OTr

- 

~~~~ 
+ (z

2 
- z

1
)
2 

, ( 3 . 8 )

8 - tan~~ _ , ( 3 . 9 )

• i/c a 
+ — 2cs cos (u — ) , ( 3 . 1 0 )n Ct n ii

— ~ sin 8 - sin 1 r~ si n (~ - )\  , (3.11)n n Ii f l )

a a /v + z , (3 .12)n n n

— tan~~ ( z / v ) (3.13)

s in  
~~~~~~ 

-

: , l 
‘ 

(3 .14 )
~2

kr sin ~ 1/31 1 
~~~~~~ 

— ( 3 . 1 5 )
-

— ~c—-~ ~~~R — .. , , ( 3 . 1 t ’~
~ ~~~° 

~l ~~~ “2

— 
/~~~~~i~~~ tan 8

Rb - 
cos cos 

(3.1 7~

Fock’ s func t ions  (u ,v) and the i r  derivatives are described in 19 ) .

Tip contr ibut ion:
, I—,,

a 

a ~ sin
2 (1 + i)ab 

(1~ 
8

o )  

— 

[sin ~k b ’2  —j kc 
- ( 3 . 1 ’ 3 )

6O~t c  s in 8

7
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Here is the zeroth—order ti~’—d itfractlon coefficient and is a

function o t  t he  h a 1 f — c o n e — .in~~le I t  is app rox ima te ly  given b y [SI

• ~~~~~~~~~ ( 3 i ~ fl

whe re

A - l.3O5~~~~ - I .  ~55 4. 2.7
~

29 o 
- l .~a 3 0r ~

B - 2.~~195 + l. 4t~O~~~0 
- 1.l 2 9 5 ~~ + ~~~~~~~ , ( 3 . 2 1 )

in which both and B are in radians.

I f  :~~e s l o t  is on .i cylinder md is cr i en t e d  along the circumferential

~i ’~rect  ica ( T ~ c.:r c .~) , t h e  ~~ CmC expre ss io n in ( 3 . 3 )  can 1ie used to

calculate the input admittance V ( t h e r e  is nc t i p  contributi on for the

cy l i n d e r  case l - he ~TIl s o l u t ion  of the  C reen ’-~ f u n o t  ion , w h i c h  is

dete rmined in [ -f l . i- ~ ~z iv en  ~‘v

• v~~ , ~~, l ~~s) ~v(~~) H in  ,~~~
- co~- 1 1 - - -

-a ~ u (l{cos ‘~ — ~*3 *~ sin 2 
-
~~~ks a~ S

+ ~~ ~E~- ’ (-:) sin 2 -
~ + u ’ (

~~) 
2 
~ (tan ~ +

whe re

- 1 3
- 

— 
kR cos S

- - 2 R ‘ . - -

R * radius of the cy l inder .  ~~ . 2-.’~

The func tions C(s). s , are defined earlier in U.~~ through ~~~~~~~~

In s uCmnarv , t h e  ~TD solut ion of the  i npu t  a d m i t t an c e  of ,i s lo t on

-~ cone is g i v e n  in ( 1 . l ( 3 . 3) . and (3. i~ ) ; wh ile that of a cylinder

is ~iven in ( 3 .  3~ and ( 3 . 2 2 ) .  These S Ol u t i o n S  are approximately v a l i d

8 H
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when the rad ii of c ur v a t u r e  in the neighborhood of the slot on the cone

or the cy l in d e r  arc  large in terms of wavelength .

I 
-
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10
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4. FINITE PART OF DIVERGENT INTEGRAL

The integral for calculating ~
d in (3.3)  is in fact  a divergent

integral.  This is due to the fact that , as point 1 app roaches poi nt 2 ,

(Fi gu re 2 ) the Green ’s func t ion  in (3.4) becomes infinite as

—3g(y 1, z 1; y 2 , z 2 ) — Cs , s -
~~ 0 , (4 .la)

where s , defined in (3.8) , is the distance between the two points , and

the parameter C is

= 2 (2 — 3 sin 2 0) - (4 .lb)
j24O ir k

It is well—known that the singularity of cubic power is non—integrable

with respect to a surface integral. This d i f f i cu l ty  can be traced back

to the derivation of the Green ’s function g. Strictly speaking , g is

a distribution and can be written as

g = D g  , (4.2)

where D is a second —order differential operator with respect to

coordinates of point 2 , and g is the Green ’s func tion of a vector

potential compOnent . A “legitimate” expression corresponding to (3.3)

should read

= - -

~~~~ fJ dy 2 dz 2 cos {D [ ff  dy 1 dz 1 cos ( _ -_
~)~) }  , (4.3)

which is convergent , and has a well—defined f in i te  value . However,

in writ ing (3.3) , we h ave in te r ch anged the di f fe rential  opera tor 0 an d the

0 second surface integration operator in (4.3). This interchange is not

permissible and , therefore, leads to the divergent integral in (3.3).

Since (4 .3)  contains a differential operator and is .~~~ sui table

for numerical evaluation , we prefer to work with (3.3), provided of course

- - 

ii ~~~~~~~~~ ~~~~~~~~~~

—_



.1 ,

we can extract the correct f i n i t e  part from the divergent integral .  To

this end , we rewrite the Green ’s function in (3.4) as

g = g
0

+ g
1 

- ( 4 . 4 )

The f i rs t  term g
0 

in (4.4) is the Green ’s function of an infinite ground

plane , and is given by the well—known expression

g
0 

= C(s) [sin
2 0 + ~~ (l - 

~~ ) ( 2  - 3 sin2 
0 ) 1  - (4 .5)

Note that , as $ -
~ 0, g~ has exactly the same singular behavior in (4.1)

as g. This is expected , because in the sufficiently small neighborhood

of a point Source , the cone can be approximated by its tangent plane .

The second term g
1 
(g
1 

= g — g
0) in (4.4) is the difference between the

Green ’s function of a cone and that of a plane . Near the source , it

can be shown from (3.4) and (4.5) that

—3/2 -
g
1 

— C
1
s , s -~ 0 , (4 .6a)

where 

— -l -1/2 -3/~ 

.

C1 
= (l92OR~ ) k - (1 - j)(2 - 3 cos 0) - (4.6b)

When (4.4) is substituted into (3.3), the admittance on a cone is

decomposed into two components , namely ,

d d d —Y • Y  + Y  -

The singularity of g
1 
at the source point specified in (4.6) is

int egrable . Thus , there is no d i f f i c u l t y  in evaluating Y~ numerically . 1 -

The first term Y~ is the admittance of a slot on a plane . It is

defined by (3.3) after replacing g by g
0 

in (4.5). From (3.7) and

(4.5), we recognize the following identity :

- (1 +~~~~~~~ ) G(s) (4.8)

j 12
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N ote  t ha t  i, 4.  ~ ) is in the torm of (3 .2 )  - Subst itut in~ ( 4 .  ~) Into (3.

and I n t e r c h a n g ing 1nt egr a ~ ion and d i f f e r e n t i a t i on  op e r at or s  • we obtain

d 
.

~~~

. 

- -- ‘~v 1
V — -— H .iv , d~~, cos ( —“ -) iji + - — ,,- — - - , ) [  d y ,  dz , i-os (

— - — - )  
~~(s ) ) r  -

0 ab 
~ — — k ~~ 

a

(4 9)

The Integral in (3.~~) is now convergent , and ( 4 . -)) can be considered

as the  “ f i n i t e  part ’ of the divergen t intoc in (3. ) . For numerical

evalu a t ion , ( 3 . 9)  is co nver t ed  t o  t h a t  In  ~h~- - - a  ~~~r tr,tnstorm domain.

Foll owing Rhodes [10), it Is simplif ied to become ,Appe ndlx A)

rk r~ b
Re? ’1 a dcC C(ct)$ { F j (t)dt — .J ($b )  I ( 4 .  lOa)

0 -~ j J () 1
l5~~ k 0 3 

-

tm?~ - 

~~~~~~~~~~~~~ 
[f~ 

Y~3 ( t) d t  - V
1
($h) -

+ r [I~ 
K
0
(t)d t + K

:
(
~
h) - *1) (4JOb)

whe re 3 — (k — ~~ ) - 
, (a — k )  - - , and

cos
L(

~~
) - - ---

~~~, - 
( 4 . 1 1)

I — ( t a /’ I  ‘) 
—

In summary , the direct contribution ~
d 
~~ a cone as g i v e n  in (3.  ~l

is d ivergent , due to  an “ I l l e g a l”  In t e r c h a n g e  of in t e~zr . t t  Ion and

d i f f e r e n t i a t i o n  opera to rs  in the derivation process. The ~co r r o c t )

finite part of the divergent integral is given in 
~~~~~~ ~) , where is

~ Lve n in  (4 . 10 ) , and Y 1 in  ( 3 . 3 )  a f t e r r e p l a c in g  ~~ i v  ~~~~~ . The same

difficult y arises in the c,~se of a cv u nder , and It is t roated by the

same pro cedure as in th e  cas t’ of a cone.

13
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- 5. NUl’fl~Rt CAL RESULTS

We have derIved the Input admit t .u~ -e V o f  .i l ot on t l t  reo tYp e s

of surfaces: ~i)  For an i n f i n i t e  p l an e , t he f i n a l  solution ‘~ ?~ ~~

given in (4. 1i~l - Ii) For an infinite cvi inde r , v • is g iven  In  (4 . ~~) ,

where V ’~ is calculated numerically from (3. 1) after replacing g by g
1 -

The e x p l i c i t  f o r m  of g 1 
can be ga thered  f r o m  ( 4 . 4 ) , (3.22) , and (4.5).

~, I i i )  For an In f i n i t e  cone , V has two c o n t r i b u t i o n s  as d e s c r ib e d  in ( 3 . 2~~.

V
~~ 

is given in ~~.lS) and in ( 4 . 7 ) .  To c a l c u l a t e  V~~, we use (3.3)

a lt e r  r e p l a c i ng  g by g 1, whe re g 1 can he ga thered  f rom ( — . . -~ ) ,  ( 3 . 4 ) ,

and (4 . 3l . ~um er i c a l  results of V on the above three surfaces are

p resented below.

Slo t on a p 1 As a funot ion of s lot 1L.u th  a , we p lot ( a /  2h )Y

i n F igure  -~ for three ~1i ferent values c t  slot -~ i d t h  h .  Those curv es

~~ are ~ r a ct  ica 1 Iv 1 t n t ’ar , and can be d e s cr i b e d  to .1 ~ccd a c c u r a cy  by

to y 0.4 -. ( . t ,- \ )  ‘-

~~ [1. 02’) + j0.~~
O
~~1 + (3 7S + j3) - 0. ~) m i l l i nh o  (~~.l

where  B — 44 , fl , and 21 f o r  b — 0 . 0 00 l\ . 0 . 0 0 l\ , and 0.~~l \ , r e s p e c t i v e l y .

R e l a U cn  t~~~~~~~~le Imp e d a n c e .  As d i s c uss e d  In [ i l l ,  t i l t - re is an

a l t e r na t i v e  J e t  m u  I o n  for the  ( i n p u t  or m u t u a l )  admit t ance of a slot.

I nst ead  of ( 2 . l ~~, a medal  v o l t a g e  V can he de t ined by

— -. V ~~
- c~’s (-

i
- v )  ,

or eq u i v a l e n t  I ’.’ ,

V • ~~~~ -
~~\-—l ) 

~~ 
( _ ‘ . I)

‘2

1—I
V
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Then a different input impedance V is defined by (2.3) after rep lacing

V by V. It is easily shown that

V — (a/2b)Y - (5.4)

Conventionally , V is used if the slot is fed by a waveguide , wh i le Y

is used if the slot is centrally fed by a pair of transmission lines.

From the duality relation in M a x w e ll ’ s equations , it can be shown that

(p. 519 of [2))

-
~ - ( l 20 7 TY ( 2Y )  ( 3 . 5 )

where . is the input impedance of .i centr -illv fed dipole radia ting In

the f ree  space (no t in a h a l f — s p a c e  as in  t h e  case of a w a v e g u u d e — t e d

s l o t ) . From ~, 5 . l ) ,  ( 5 . 4 )  and ( 5 . 5 ) ,  we f i n d  that for a half—wav e

len g t h  d ipo le ,

— 73.12 + j -~~.3h ohm ,

which agrees w i t h  t h e  r e su l t s  in [2 1 .  [ 1 0 1 .

Sl ot on a cylinder. Consider a circum ferentiai slot of dimensions

0.-)” x 0.-~’ on an infinit el y long cv i  Ind er  whose radius is 3. ~~~‘ . Figure f’

shows V calculated by the present GTD solution and that by the modal

series solution in [‘i ) - These two -4olut ion s  are in agreement wit in

0 ~~ in magnitude and one degree in phase. Note that • unde r the “ one—

mode approx ima t ion .” the  modal s e r ies  so l ut i o n  [~ 1 is exact. I ~ is

am a z i n g  t h a t  the  pr e sent  (‘.TD s o lu t i o n g ives such an accurate result

fo r kR — 18.

S lo t  on a cone: v ar i i t  ion w i t h  r a d i a l  Ji~~t ance . In  a l l  the following

co ne ca l c u la t i on s , the s l o t  has the d i mensions of 0.~~\ 0 .3~~\ , ex cep t  whe re

s ta t ed  o t h e r w i s e .  In Fi gu r es ~ and 7 , the  s l o t  is  c i r c u m f e r e n t i a l l v

~~~
___~~~~~~;__~~~ _~~___ - _ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --
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oriented on a cone wi th  — 300
, and the var ia t ion of Y w i th  the

radial. distance c is presented.  We observe two e f f e c t s :  ( i )  As c

is increased , the radius R c sin t3,~ of the “eq uivalent ” cyl inder

becomes large r and larger. The magnitude of V decreases and approaches

the asymptotic value of the slot on a plane.  ( ii)  At c 2\ , the

t ip  contr ibut ion Y t
t is less than 1% of the F Y I  , and this cont r ibu t ion

diminishes as c increases.

Slot on a cone: variat ions with cone angle. As O .~ i.~ increased .

the cone sur face  becomes f l a t t e r .  Therefore , Y in Figure 8 app roache s

its value on a plane .

Slot on a cone: variat ions with  slot length.  It  is interesting

to observe from Figure 9 that the minimum values of h I  for  both cone

and plane cases occur roughly at a — 0 . 4 3 X , not at the resonant length

a — O . 5 X .

Slot on a cone: variation with  slot o r i e nt a t ion  angle.  Figure 10

shows that  there is about a 10~ incre ase in Y~ as a va ries f r om  0

(radial slot) to ~T/2 (circumferential slot).

20
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APPENDIX A SIMPLICATION OF

The input admittance Y~ of a slot on an infinite plane is given

in (3.9). In this appendix , it is transformed into a f o r m  more suitable for

numerical evaluation. Making use of the identity

-k 
exp f—j [k (y.,-y1

) k
~

(z
~
_z

i
)J}

G(s)  = dk dk 2 ~ 

. (A—i)
480-rr’ ~~) ~ 

Z (k~ 
— k — k~)L~~

-
~~~ 

y z

Equation (4.9) may be rewritten as

2 2

0 
= 

6O~
5
k Jf dk dk C(k ) S ( k )  

(k 2 - k2 k
2
)~~

2 
(A-2)

y z

where

4’ sin
2 (k b / 2 )

s (k  ) = (A—3)
(k b/2)2

cos 2 (k a/2)
-) . (A—3)

1 — (k a/!r~~

This result is identical to that obtained by Borgiotte [4], wh ich is

derived from a different method . Followi ng Rhodes [10] who has studied

a similar integral , we separate (A—2) into real and imaginary parts .

• Consider first the real part -

2~~~ ~‘k (k _ k ) 1~~ S(k
ReY~ = 

~~ 
J dk C(k ) (k 2 - k

2
) f y dk 2 2 2 1 / 2

(A-5)

By a change of variable k = (k2 — k
2
)~°

’2 cos ~~ , the inner integral of the

• preceding equation is transformed into

‘ 2 ‘‘‘ ~ 

_
~~

l/_ _)

~(k —k )
~~

‘
~~ 

S(k ) •~ /2 sin~ (cos n(k —k ) — h / 2 )
I Y Z 4 

_ _ _ _ _ _ _ _ _ _ _ _ _ _

j ‘ 2 ~~~~~~~ ~ 
Ufl

(k ’
~ 

— k — IC) b ( k  — k )  cos~ n
(A-6)
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4
Differenti ating the integral on the right twice with respect to the

‘ ‘ I’’pa rameter  b ( k  — IC) , we obtain
V

1 •, ,

-ç dn cos (b ( k  — IC) — cos n~ , (A—7)

I -
-) 

-

which is equal to ~T/4 J0 
(b(k — k~ ) 

). Then , integrating J0 twice and

apply ing the recurrence formulas of Bessel’s func t ions , the in te~zral

in (A—6) becomes

______ 
(

f
b(k _k

~~
) ’ ,

b(k  — 
- dt •1

0
(t) — J

1
(bk — k~~ 

d~ 

- ( A — s )

Substitut ing this result into Equation A—S . the real part of V 0 is

reduced to
-I -~I

- 

- Re~Y~~ - 
d

, f dk C(k
~~~

k _ k
~

) 1’
~~ ~~~~~~~ 

- 

dt J~ (t) - J
1~

b~ k- k )
1

)\

0 J

Ne x t ,  we s t u d y  the  imag ina ry  par t  of Y~ , w h i c h  is

d ab •, S(k )
I V — dk C(k ‘~(k — k ) dkm 0 I5~

5
k 

(k~-k )~~~ 

z 
-(k -k ))

1 -

, , S (k )

- J dk C ( k ) ( k  - k )  dk , -, 
~~~~~~ 

.

k 
- - Z 

~k;+ ( k;_k )) -

3y anothor change of variab1e~ . k (k — oosh fl In the first

inne r in t eg ra l  of  t~ie above e q u a t i o n  and ~ — ~k — k~~ s inh  ‘
~ in the

second in tegral , -~‘e have

S k ~~ - - ‘- sin ( cos h k - k y h 2 ~
~~

— v~-~- , ~~~ d’)
-- k~~k )  b~ (k~~ k~~ •

~ 
co ch ‘~



• 
-
~~~~~

) •) _ _) 1’’
-
~~~ 

S( k ) - -‘ si n (s inh ‘~(k — k ) - b/2)
-4 Vdk • ,

— — 

I ’  - dn-

) (k +(k —k ’)) b ( k — k ) sinh ~- ( A- 12)

it can he shown that the intLgrais Ln the ri ght—hand sides of (A—il)

and (A—12) are , respectivel y , related to Neumann ’s functions

(Y 0, Y1
) and the  modified Bessel s functions of the second kind —

(K0, K1
) by

-) -, • - -I — )

si n (cosh n ( k -k ) 1
~~ L / 2 )  •

~ ~~~~~~ 

b (k -k ) -

2 - ç f dt Y0
(t)

L o s h  fl

-, ‘ i, ’  2
- V , (b(k -k~~) 

_ )  
- , •

~ ~~~~~~~~~~ 

(A-13

~b ( k — k )
y )

and 
- ) - , -

~ 1/ - 
- - . . 1/ ’r~ si n ( sinh  ‘( k — k ) — h/2) . , ., ,-h ( k — k ) —

j dfl = b ( k -k )
1 - dt K

0
(t)

U 
sinh r~ 

- L o
‘ I ’ ’ I

+ K (b k —kfl - 
) — , , , - - (A—l4)

y

S u b s t i t u t i n g  these r e s uLt s  i n t o  ( A — L U ) ,  t he  imaginary part of Y~ is

reduced to
-k , - -h~~ —k ~

~ 
~ d 

- 
a dk C(k  ) ( k -kfl 1 - 

- dt Y ( t )
n O  -e

~~~~~~~ 
v v y 1)

l~~r K - - -

1-, —, , -, 
‘ 

-, ) 1- •
~’- Y

1
(b(k -k )~~~) - ~ -, 

~~~ 
+ dk C(k)(k -k ) 

I-

- 

~Tb (k —k ) 
k 

- - -

k —  
2)

1/2
‘ i i- ~ i. - dt K (t) + K ( b - ~ k — k f l  ‘

~~) — , , 
~~~

• , 
. (A—iS)

L~ 

0 1 y b(k —k ) -

The f i n a l res u~ ts in ~A— ’~ and (A- -IS ) are dup l icated in ~~~ . l0~ afte r

an ‘by ious  ‘iange of notations .



APPEND IX 31

COMPUTER PR OG RA M ~~ Y FOR cYLINDER

PC~OORAM MAIN ( INPUT,~~UTFUT ,1~~FE3 OUTFU 1
COMFLEX YU. , ~~~~ Y~~IF.~~Y 11 ,FyF-L ,~~Yt’IF,cJ,cONA
COMMON ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
CJ ’0. • 1.
~~I 3 . t 4 159265~~6
THISD=1./3,

J REA0*~ ,IN,BIN ,I~IN~ FREG

~~~A I N * O . O 2 ~~4
B E4IN*O,O2~ 4• R=RIN*0.02Z4

CAL L P L ;N E u (FL,,~K ,A , E l
C~ LL. 111FF ( ~I~t F ’~
f1I YPL?YDIF
PYPL=YPL
PYtIIF YEIIF -

P y l i — Y l l
CALL XTQP ( ~YF’L )
CALL XT OP P - ’1~

- -~ CALL XTDF PYIIIF )

~JRXTE(3’ 1> FREO,A ,AIN,E,~~IN,~~,RIN, ’FL.PYFL ,it IIF,F~~~IF, (~~~~, - Y t~
FQRMAT /T1O~~~INPUT :. .‘rlO, ’FREO =

,~~3.3,’ 31-4 Z ’ ,
/T10,~~A = ‘‘F3.3. ’ METER = ‘.F8.3, ’ tNCH~~

1 /T i O , ’B =~~‘F S . 3 ’~ M ETER ~~~~~~~~~ INCH’ .
1/T10~~~R = .F3 ,3~ METER ~~~~~~~~~~~ ENC H ~~.
;///TtO,~~OUTP’JT :‘,/TlO. ’Yl.l’ ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1/TLO, L~ NE’,T20,3E~~~.7.El2.4,
3/T .~~OIFFE~ ENCE’ ,~~2Q.3E~~~.7.E12.4,
S/
~~t0,’CYLINDE

, 2O.d~~LZ.7.E12.-4

¶ -  
S TOP
EN D

5U E~ROUT NE SEL~ R E SULT
2OMPLEX ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
EXTERNAL FTH .FA ,FY
COMMON ~~~~~~~~~~~~~~~~ .A~ R,5~~.SC,SE. THE~~ ’ .Ft ~C~~N~~T -

2OMMO N /tI~~~A 2 ’  ~ 1.Z1’Y ,ZL,ZU
1=0 .

~0.
SE’ O. ~tSC
3Z~~’) .  ~~SC
~-‘L~ I~ c . 2 .

-~~ L,.. ~ ‘3O — F~ ‘O. .THL .-3~ RES
- ~RE ~3

AL . 23~ 
( ~~~~~~~ •

~~~ 
3~ . ) . . :•::.~ Es1

-~~~L_ :~~o :~
~~~~~~~ ~~~~~ — ~~

-

- -~~c~ - -
~~~~3 :+’ E S 3

-~~2 L L~~~- -

~~~ZC~ D1NG Pj~~g ~~~~~~
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—
SUBROUTINE 01FF IDIF.NY
COMPLEX FY2,CJ,COHA,SPLINE, ‘t’tF
COMPLEX TOTAL,~ E3ULT .~ ES1.R~ S .RES3~RES4
REAL SP (i2)
EXTERNAL ~Y2
COMMON ~~~~~~~~~~ ,A~B~~~ R.S~4.SC,iiE , THtRt ’ .~~ ,cI2NST~~CJ,cONA
COMMON /IPATA2/ u,Z1,Y2,ZL ,ZU
DATA ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~
CONA (t. —CJ)/( 1920.*R*PItSQRT AI< *PI) )
Ai’14 4*NY

DY=A,AN4
CI~~~B / L 0 .
3C~ AM t N l ( D Y ’ 3 . . Z r Z ’ . I E — 1 )
3E=3.~~SC
CALL SELF - RESULT
rDIF=~~0. . O . )

- 
- 00 200 I 2 = t . ~~~

tF (1Z.~~Chi ~:~~t •E F ( 1Z . N E . t )  ~22 .2~~=OZ~~ i C — i >
SF L I N E = ~~O . . 0 . )
00 100 tY t ’- ’~~,2
ISP ( t V ~~ t )  ‘~~~
11 t1 Y * (  I (— t ~
RES1=RESC ES RES4= i. .).
ZL —E ~/2 .
ZU= 11 /2 .
>‘L —A / 2 .
YU=V 1—SE
IF (YU .GT.(L) CALL COO : /2 ,~~L.~~-J , S ,R- ES1 -

YU A/2.
IF (YUo3T.~~L) CALL CGQ C
Y L Y  1—SE

~U= f t
IL s -? - 2

1— SC
IF~~~’J . G T . Z L  CALL COO ( ~ f 2 , r L , f U . l 3 ’ S E S 3
IL~~~~4SC

IFCZU .GT .ZL Y C.~L L. COO 2 , . ’U. - 3 .
~~ECC 4

T - J t A L = R E S U L R E S l + ~~~ 3 2+- R E 5 3 . -~~E S4 3~~R~~3- ~

9pLzNE~ spL:NE+SP SP ’ -K r~It ~ L
)0 CONTINUE

YDtF=YDIFsEZ*SF-LINE
200 CONTINUE

YD I Ft i  t YO IF
Y0IF -~~.~~Y~ IF- -~.9
RE T URN
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0113 PA~F IS BEST QUALITY PMC~ZCA~~~

— JNCTUI N - A ~~T -1) ~~~~~~~~~~~~~~~~~~ ... ‘—

OM ~~u \  ~,-2ONA

~CMMON ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~:Jsx~ :JS. ~~
C~~~~ A E4 S~~3 OSX

-ALL. ~~ESNEL C C. - - 3 ’ (

~c~~C Osx 2 . -3 .~~C3SX *C0Sx tSOR1 ~~C O Sx

:-~MPL E(  O Ij ~ 4~~ ~~~~~ ~~~~~~~ 
I

~~~~~~ :3,
:J,CONA ,CONV

EX rE~~NAL ~3CCM MON - O A r4 . - SIN ,C O S 2 . S I N 4 , C Q S4 , C C S 2 ~~.x C 2 N. y C O N ,C O N v
COMIION -~ .D,S.A~~.A ~ A .ANB ,AlcR ,SB,SC,SE, IHIRD’Pt ,CONST.c J .CONA

~ O SX~~’~ J S(  11-4 /

• / ~~ /I~~A/\ k 1CJ53

: JN=1  ~~~~~ -~
Y~~- ( S $ -  .~ .~~Atc RIAIc R~

~~~~~ - 3 -). ~~~~~~~~~~~~~

~~Jt ’

:I:~~~~.: ; -~
- -

~iCr : :N F S C S ’
~~~~~~~~ - ‘X. ’’-~~~,UPX .-3~3

~ GCY L - - 3 F L  ‘CIIIF .- ~o-i- ~L J .  3ONS~~CO NA.CON V
: ‘ ~‘>“js :-z -~ S N 2 OS , i ;N4,CCS4.c 3 . x .~~C3N.~~~~~J. CNU
j / ’, - ’N ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

£
L : -  ~~~~~~~~~ :.~~

— ) )  -S E - . ~N
-I ’ 3 -4I ’~ ~ C

• I • t\ •3 ’
•
~~I V’3

~~‘
C • . <  • tix . -JFX ~C F (

:- ~ti-’~ - ~~~~~~~~~~~~~~~~~~~~ f _ S
C L -.  ~~

( S ’I2~- O f 3*C3 S2X
-~~ t _ CK3 ~~~ :3SI1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

% ~- I - ~~~ ‘ N J  ~*C2S2
•~~-~ O ’ 4C~~~ /3C .~ F~XtC NVtS:~~4 J3S.

I .~~ 
- - . ~~~~~~~~~~ -3C’L ~j,, YL ~-o - -C .  - 

~
- 

~.Th 3

,Z j~~/ ‘~~IILC ’L , FL >
r~ ~~~~~~ L .I— ~i ’ 3012 t-

- 
~ 5AI . ~‘1 IF’

- -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S~~~~ • S ’

;‘‘:ti-; ~~CN ’

- 
I

- 

-

- 
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~ ~~~~~~~~~~~~ 

- -:
~~~~~

-
~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

T
~~~*~~~~~ c~~~ - F ~ ’AL -:

- : ~~~N c _ \1 ~,E.R. A~~, A B KR,SB C .SE ,rHIRt ’,-~~.12cNsr.-:,, .- ’~~fIA

~j MML’N 0A 1 4 2  ( t . 1 . T Y . Z L . .U

‘Ct ZL SORT ,SB*SB—Y *Y2’
IFISB.LT. ’~~ ZL=0 .
-IaLL C U OC F . 1 L . 3 C , 3 . F ~

-~E “1tF~N

-~~~

COMPLEX FUNCTION FZt ’
ti-1f~PL EX ‘ )X . I J X ’V P X . U PX . C S
C CMFLEX 3 CY L , UP L ,CJ .  ~O K5 .: ONA ,CO NV

OMM ON ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
CUM(I ON t IAT- ~~I ~~~~2 1 . r 2 ’ L ’ C U
0Y ~~Y 2 —  r ’.

2 1 2 —
~ ‘ -~1~RT ~ Cr, ((I >’ -C h I C  I

~.Lr . ~— I-~ ~~ I’~~N_ os_ _ = cn_ S
:2-ti C “ ‘3x~~C35’~
3 = - — c3JS:
3 Ct-I I’~S N2’~t- CNC

- \ - 1 . — C .

t _
~
,.
~tiJ -~~5

• -~~~~ CO5-$ I-
“ - I  ~~ r 4 RE-1S, R

~~~~~ 
t~OCK - X.vX .-J~~.’JPX .UP\ 

-

-~~~ti’~ ’L\ . cos s). :N/~~f~s’ ‘‘A NS
2 .

:O
~
’v ~I;,J*CtJNST ‘-, [SI ’

k ~
CS2.t3E. t.~~—~~O’ JCVL CYL .~~~~~CONV1S~~

,4 
~~35’

!~~C ;2:.LI,1.~~—~~O~ .IC~~L 3 C — L 4 c . 3  £~~~~. - k t i  , I - I~~A/ .5 ~I-/ ’
~~ - _ ‘- 3 C ’ ~~~~~ CIs,3* (  . — 3 .  1. — ~OI\S -

— : ~~~ - 3C r!. —t3 FL -

~ ~~~~~~~~~~ ~~y ::~~’:’
• 2tII~LS~ • C .CC ’~A -

E’(IESN,~L
‘ -J INt i N ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I • • • •
—

~~ - ‘ v _I
:- ~ = .~trR I 

— ‘ f
,
~ I:: :,~~. L r . . I a _ 1 ,  ~~~~~~:~ ~~~~~ - :5—: - ~t = 3
2,~IL,. -2 2 0 _ I  ~I.~~~ - .L J. ’It .~~-2

r - = ’ - h ~~CO S - -  I~~~2 ~~
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APPENDIX 31

COMPUTER PROGRAM OF V FOR CONE

1-R0GRA~ MA IM : J r , U u T P u r . T E3_ Ju r~~ j T  I
:JMF- L~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
COMMON ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

‘E~~ l.,? S E Q , A . B , C , O N E .~~HETA

~r..— _I 2 . & P t * F R E O - 3 .
1 T r H E T ~~~ -t ‘iso.

- 

I OMEO . OME EF ’ 1 30 .
L N Ou S I N(O M E O’

CC )S0 ’s COStOMEO ’

I I ’ -~~[l 3.
~I 3 l ~~/ 3~
C , - -~!I ~~•

:~~ - - - L~ NE F L .AN ,A .B 1

‘ tL L IIIFFER - r O C F . 3
r~~NO.1~~ETAO
CALL CI ) ( rTI) I

~~~~~~ - ) . J _I 4

~ I t R ~~~IL 1 - Y C , ZF

- - I ~~~Y FL

r ’1)tR~~~D IR
IF’ F IF’

t . ’IL_ ‘TOP F”~PL

~ A L .  \ F 3P F’Y EI IF 1

~~~~~ ~‘flF’ ~ ‘tIR( t ’AL . ‘(I_IF’
:~~L ... ~ I- J i -  - 1~-~~l

~R l  E - ~3 .  I - S E 3 .  ET~~,0ME,A,A1N.B ,~~:N,C,,::~~’

S_ -hp

C • - ) -~~~4 T 1 ~~~~ -). ’ NPU’ : ‘ . - T 1 - ’ . ’~~SE~ ~
. . C 3 . . HZ ~~ .

I : . ‘‘~E T ~ ‘ C 2 . ’~ l i E_ I ’ ’
1:0. ‘:‘E34 ‘- .~~ :3. . • :C3SE E ’

I - C ~ . • .‘ C _ I .  - . • ME !S  • ‘ - 12 .  - . • “ IC~- ’ -

‘ 
_

~~~
- _ ) - .~~ . ‘ . ~- C _ I . ” ’ ’ ‘,E~~ES - ‘- ‘ L 2 .  •~~

“~~‘ER ~ ‘ t .  ~‘/C’-4
/ : - . JL~~~ U~ : .  L0.~~’ I 1 ’ .

/~~~~I. ’- - t 4 L • . ’ •
~~ l Oi ’ I A Is ” • ’ 13. t i(C’ . . - ’ -I / I , , E ’ .

$ :0. P~~~’ ’.r20,,3E1~~. .~~j2.4.

~ 
)1).’i - 1 S~ ENCE .T20’3E1~~. .E t_ I. 4.

• I
• I ,~ . T I P ’ . O . J E ~~~ . ’ .E 1 2 . 4 .

~
t ’ . • 2NE • 0 . S E I C .  ‘ .~~~~_ I . 4 ’
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SUEIROUTIN€ DIFFER - fOlF.NV
CQMPL~~X ~DZ F . t i~~.SUMY .S ESuL T
COMMON ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~A I IATA C . J / ( 0 . . L . I - ’
N2

~~
_I* Ny — t  -

DY-’.A ,FLQAT 2~NY
‘l IF.-  ) .  . 0 . ’
£10 100 £Z L .3
Z1 a&~~* i tZ - 2 l
SUMV=~ 0. .0.)
110 200 IVa1~ N2r t . 0V~~( t Y — f 4 Y )
CAL_ ~i’~~ ( RESULT,Y’.,ZI 1

RESULI=RESUL I*COSI~ :~~Y t .  ,~~
>

I £‘ + L I C)— I’~
- 2)

S U$Y .S UMV+RESUL r I(  1 - 2 + 1 9 * 2 )
_I~ 0 CONTINUE

fOIF Y DE F+SUMV ’$DV ~~~~ •

‘~-J0 CONTINUE
ft) IF~~CJ *AK *AP ~* B 3 * Y D I F ’ ( L 2 O . - I IKA ~~ ii

R ET U R N
END

SUBROUTINE TIP ‘rTIF ’ 1

COMPLEX CJ. ITEF’, 1,SIGMA
COMMON F’t,A~~,~~.&.?2.113,~~~._ I,OME-h.5iN0 .bCSC ’ rH E A.[EL
CO. / 0 .  ‘ I •

SB. . 1 + t . 4~~08*THETA— I.L~~~~~ TNETA* -lE’A *- . ~o$~~~E T-~*~~3
S IGMAa SA*~ C C S (S B) +C J * S IM (S B I I

S INX S I N ( 4 I ~3h ’ - M~~2
AN C . . lAfc*C

r~ SIGMA*A *BxSINX1S NX* L.+C.~
)-$T ~30.$FI$*4IC*C’

I P. 1*9 1 NO *9 1 ‘10
RETURN
END

0P F’LEX :UNCI._ IN ‘ A 1i-4 1
OMPLZX -2~

COMMON ~ C . A , A .~~.112 . 1 1 3 , , o _ I M E O . 3 : , - : _ I~~c.~~~~ o. - R L
COMMON OATA ~ (1 .Zi.S1.F1-4l,~~2. CT’-,
DA T A  C J / C O . . l . ) /

• COSTaABS~ COS ’H’~A RG.PIt I IEL ICOST A
~~~ FRE SN~ L C _IF’SF’ARO i

CON SQR r~ 3 .*A ,  C O ST )

~=— J*A)~ IrIEL.
-
~ R_IIF~~4CO N~ rF

SINA.SIN _I~’E )+~~ -4 l— I’ - l )

~~~~~*I2. -3 • ~C2S’~~ :2s :-‘~-~~ 3:NA
US N

3.4
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1~1IS PAGE IS BEST QUALITY PRLCTL 1~I1
71~o* OUP! J~v4Jusal~2D 1’U J~~~O ~~~~~~~.—

SU11ROUTINE ~ V RE3UL r .~~t . C 1  I
COMPLEX C~~.~~~2.F~H.FA.SESt .~ ES .SE3UL I
EXTERNAL ~~~~~~~~~
COMMON t . A K .A ,~~

, ,
~~3. . . t IMEO.SINO ,C0 . NO. EL

C OMMON D A r A ~ r y t . r 2 L , ~~t .~~~ 1. r: . rH
DAT A ERO ’CJ - .1E—50 .IO. .~~.’/

121.11

H DE . 0.95*AMZN1CI92—Z1).(Z2-$-92)I
SXSO Z 1 * Z 1 + Y 1 * Y 1
F(S1SQ .Lr.ZESO) 3010 100

S1~ 9OR1~ 3’~SO)
SIN1— Z1- 51
COS1.Y1- 91
SINO .StM0*COSI - COSO* 9 : N 1
COSC’.COS0*COS:-~SI’~o*S:NiSL SQ C * C + S 1 3 Q — 2 . *C K ’ 3 1 $ C O 5 t

5150 )
[ C  P 1- 4 t .A S I N ( S 1$ S t N t I - R 1’  C

30 10 200
100 R1.C

:-% 4 j~~~~
200 CONTINUE

- 
_ r1-IL OMEO+PHI

THU. 11-IL +P t~ 2.
hALL COO FA. HL .IHU.9.RES1
C 1-IL a I 1-lU
IH IJaTHL 4 - P t / 2 .
ALL 103 F.~. HL .r .4u.3 .RES_ I -

•RE S UL T U I I . , - C_ t t SGRTU- t ; K C ’ .$Af ~KAs ,1 1 R 1 $ T A N 0 - t , s ES:~~s E S _ I ’
r1-4L*OME0+~ H l
THUa T1-IL+PI
hAL.. COO I ~ T H, rH L,T -4U . 3 ,RE3t

— 4L~~T’4U
C1-4U.Ti4Li-PI
hAL.. COO ~IH.THL ,’’4u.3,SES2
SESULT~ RESUL +RESt~ SES2RES1 .,O ..0. 1
YL .-A 2.

~~ .—C’EL
‘4C ~~L~~. & (  “ J — Y L  ‘ - - A
t F— ”U ._ IT.~~L) ~~L.. COO ~“h . L’ ~!J ,-’41 ’-’E :3 l

4 ~ 3~~LI.RESUL -SES1
‘1t~~L . I C-E L .  112
‘1.

IAL COO I FV2 ,YL .yIJ ,N t ,AE SL
YL.YU
YU~~Y1+ (‘EL
AL .. COO I F Y 2 . r L ’ Y U , ’ 1 I , S E S C

RESULT .c ESULT -” ~E3 :  - 5552
‘~ES2~~ 0..).

f ’ J~~A

- . IF  ~‘J .3T. - C ~~’ CA L 1_ I_ I ~~ 2 .  ‘! .-“J.’1L •~~E3 ‘

;E9ULI~~SESUL~~ - S E 3 3
RE ~, N

- 

- 

35

-~~



TFEET~~ 
- _-— _

~~~~~
_

~~~~

_-

~~~~~
--
.

-
~~~~~~~~~~i

~~~ rL
Q~~1$?~~~ ~~~~~~ ODD

2’JMPLE’~ ~UNCTE QN 
:~~~ .i, ~~

E’cIERNA L ~S
COM MON ~ :. . A . i . ~~_ I .~~3 . . C . _ I M E ) . No .c i s 3 . -~No . r ’ €L
CCMMCN D A T A ,  ‘1.1l, 1.FHI. 2 . I:-,
111-4.1k
CALL C302 F3,0 . ,1)t I L. t~~.F i .
RETURN
END

COMPLEX FUNCTION ~ S t S )
COMPLEX F~~
COMMON PI,AIc ,A.B,B2 ,113,B 6,C,OMEO,SINO.COSO’ TANO .OEL
COMMON “ DATA!  Y t . Z t , R 1 . ~~ i L . Y 2 . H
Y2 9*COS( ’4- l )

~~.5*SIN T N ’

9 5* FS~~COS(~~IEV . A )
RETURN
END

COMPLEX FUNCTION FY 2 (/_I’
COMPLEX 2 , R E S I - R E S .5 E33
EXTERNAL ~~~
COMMON ~~L , , A , S , B 2 , 8 3 , ~~6. C . ) E _ I . ’ 1 0 .- , )S 0 . ”~~N 0 .~~E_
COMMON -1)414, YI , l, .~~-H1. ”~~ .

’H

RESt~~RES2 ~ RES3~~~0- • ) .  I

‘ f l N.3
IF Z t .~~~ . DEL I ‘I .1~

F~~~ l . L C ’ . — C!EL ’ N t . i ~~
:F-crY .5T. r,EL ’ 3010 1000
2.S ORI I I>EL*DEL-tr~(’V)

2U= BC

:F~~:’J .3T. C L’  hAL.. CGQ2 C ~~ _ I . L. j . ’~i . SE t i :
U~~~i—Z C

:~~~2U.-3
T .:L - 2~~L.. C302 F22. L, - .NI.SES .’

_ I o r c  1000
: 30 1 IT 1)’.OE .E3’ 3011) 300’)

2 .
AL..  h032 CL ._ IC~C . -~fl-AES 1

_ I’J~~~L
I’ EL I

CALL COC1 - F 2 . L’Z U .i~~.RES1 I

IC..

CAL... 3C~~ - _ ~~ 2 • IC.. •

~“2~ RES 1 555 ”F33
30 12 3000

1)0.) 2’Ja~~

CAL~ - _ IO_ I  • :2 2 .  L, J . - $ . R ’ C  -
100’) V ’  *C3S~~~~’ ,= C A ’

E ‘;RN
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Th IS PAGE IS B~~~T QUALITY &CflC~~~4*
iaom OUFI ,~3~JI1S~i~D TO ~ Q . ... . ,~ —

COMPLEX FUNCTION F52(22 )

• COMPLEX u.U, ’JP ,ij p . GS
COMPLEX CO’ ,,O4~S.NB.HT .3C .GP.GA
COMMON Pt .AI (,A, V4.B2 ,BO,11~~,C,JMEO,9 (t-40,C3SO , TANO .C’EL
COMMON / D A TA /  t’1,21,S1,P1-41,Y2,T1-4
[ ‘A lA Z E R 0 . 1 H I R D,C J / . L E~~~O . .33 3 3 3 3 3 3 3 3 3 3 3. ( ’ ) . . t . ;’
SISO Z *Z2+YIIY2
CF (S2SQ.LT.ZERO ‘3010 1000
S2 SQRT ( 3290)
SIN2 Z I/S2
COS2.Y / 9 2
SIND SINO*COS2—COSO*SIN2
COSD=COSO*COS2+S INC *91 N2
R2SQ— C*C+S290—2 • *C*$2*COSD
R2 $QRT (R2SQ )
PN2 ASIN( 92*9 IND/RO)
GOTO 4000

1000 F~~=C
PH2=0 .

2000 ANGaA EI$ C P1-12—PH 1)
DZ = Z 2 — Z 1
DV.~~2—f 1
SSQ* D2*OZ +t IYt t I~
IF’$SO.LT.ZERO) 0010 3000
S.SQRI(S9O
IF(A $G.L T .  ZERO ) ‘3070 100
SINA aSIN(ANG )
SINOI=R2*SINA/3
31N022R1*SINA,’S
R1=SQRT(R1*R~~ 1TANO/SINOI/SINCC
R1DRB=SORT~~~t . —S INO 1~~S I N 0 1 ) - x t j . -9 INO21SI t -J o2 , ’ S INo1r -32>IO _ I
CONP 2.tA)c*A~~xRT*RT uc—T 1--4tRD
1AU$Q 5INA/.4NG
TAU=SQRT C TAL’SO
TA U3 IAU*TAU SO
ZETA3aA~c*R1 *9 INC 1 IANG**3,- C C  • *1ANO*TANO
ZETA=ZETA3**THIRD
0010 200

:00 31N01=91N02=ZETA.CONP=0 .
TAU.TA&J3=I.
RB—IANO * SO RT C 51* 52)

200 CONTINUE
CALL FOCK ( ZETA~ V,U,VP’UP I
AK S AN*S
.JOKS CJ/ AK S
H E 4 = (  1 .— 00K3)*TAU*v+JOXS*JOKS*TAU:3*u+C .JICONP-iTAUIVP
EF (ANG .GE . ZERO) HB NEI+C~ *CONP*RT’)R?*TAU3~ UF
IF (ANG .LT .ZERO HB=HB+,37~~* l . -CJ -~O0ST-:~~l!-s ’ sE’
4-IT TAU*V+ ( 1 ._2.*JCKS)*TAU3*U+CJ*C_INF- *1AU3*Lt j:-
kT =JOKS*HT
SINTSQSDZ* D2/SSQ
C0STSO=1.—SINTSQ
GC=MB*$ INTSQ+H1* COST SO
OP S1NTSQ+JCKS~~c1 . —OOKS~~t(2.—3.4SiNTSO
GS C O S (A K S )— C J * S I N (A K S )
GSaI3S/AXS
F3 =G5* C OC-GP )
1F C S , GT . O E L ) RETURN
3 A* ( O . .0 . )
IF ’ A N G . G E . Z E R O

S 3 A = ( 1 . _C~~1AKS . + C J I , ( 3 . * S I ~ lT S Q _ l . , K C 3 0 S ’ I , : - I ,~~~~S)
S SSIN O1 *SINO 1, - c a . - x A I c S*A t c * S 1 $ T A N O ,

~Z Z = F Z 2 — G A
RETURN

500’) 2G A ~~~-)..-)H
RE”’JRN
END - -
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APPENDIX 33

SUBROUTINES OF

SUBROUTINE PLANE C YPL .tAtc,TA ,IB
COMPLEX Y P L ,C F 1 . SE SI ’ R E3 2
EXTERN AL CFI,5F1
ICMf’ON ~LA NAS . t.AK.A.11.At .~ .~~~i’.CON

~4T~ -1. .t-2 C.~~~2~ Z3o/

III B $1’
N 2 t ~~~~~ i’*-).~ ~ **4

ESIOD 2. iPI - A
•E3t~~~L~ 0.

- _ - -- -
~~~~

f :~ • ( - ; . _ I E . A l c ) 30 11)  200
hALL C3C12 ( FC.(L’<U.S.RESI

1~) ~L. XU
4Uz ’* L-PER DD

~~~~~u ._ I E . A K ) 3010 200
-~ L.. 1002 •

ES C. .RESI +5E32
_ I 0 0  112

IC 1.~L._ C0Q2
SE31=SES14PES2

ALL 5121 C 3t.C .A~ A 1

sE3 3~~_ I .  ~SES3* SES 3— A*SIN~~A4~A -AP ~.~ IAIsA* C
F ’ E 3 3 s R E 3 3 * C O N 2 / C 4 . * A~~*A~~

)
‘ L j = _I . a A 4 ~, ‘! RZ3 t’

~~a _ ‘~Ui-_ I-WERIOt I,2.
t F ~~(J. _E.Ah ’ IU-~XU+PERlOD .-2.

~~L... F’5O 
-

S 53 5ES 3 5ES4
13’) ..-‘~~‘J

~U CLs~~E RIOD
A L_ Z G 3  S F 1 . X L , u .e . R E S .*  -

F’ E 33 5 ES 3 534

~4 r :_ I = 4~5 - FES4~ RE53~
‘3013 :30

C,. ’~~LIA, ::~~.IAfc5r$P:c14,

38



ThIS PAGE IS BEST QUALITY PB.LCTLCAB~I4
,w.~a cX~FY t~~~ ISH~~ TODi~Q ~~~~~~~~~~~~~~~

OMPLEX ~ JN C C I C N  C F L I A r .~Y~
U!’ LEX 3FC
1)N!40N C’L,~NAR/ I.. ,A.~’.AJ’A,~~NB’CON2

X=11x$ORT(AI.~~Ap~—A ic ’f*Alc Y t

RETURN
END

FUNCTION RFI.,A K Y )
COMMON /PLANAR/ F’ I . A K, A , B , A K A . A K B , C O ~~X B * S O R T (A K ’ Y * A t c V — A K * A K )

~ I,.CV A N Y ) E R F 2 ( X )

P2~ C0N2*F’2*P2,AIcYt13
SF’:

~ETJF:N
END

- -I

FUNCTION C YCA ~~’.’
COMMON -~~L~~NAS/ ~~~~~~~~~~~~~~~~~~~~~~~~~
CY=CO 9 (ANYIA /2H,C 1. —- AI~ ’~ *4,  F’t)t~~2 t
C’f CY * CY
R E T U R N
END

COMPLSX ~UNC ION 0F2 (X )
CALL IkO t C ZJ0I~~Z Y 0 I . <

• R E A L = ( * C  Z~~0 I— J 1 X .’
A ClA G= ~~-*( ZYOI—Z ’f l C x )  —3. ,-3.:4t~~~~~~~~ô
CF_ I=CC EL (C REAL~~—4lMA G
~ET URN
END

- 

- 
FUNCTION R F I - X )

• 5F2=X lc  2C’, O t - X ) + Z K l ( X )  I — I .
F RETU RN

Et-40

L 

~~~~~~~~~~~~~
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APPENDIX C

SUBROUTINES FOR SPECIAL FUN CTIONS

SPECIAL FUNCTION SUBPROGRAM

Bessel’s Func tions J
0

(x) , J1(x) ZJO(X) , ZJ 1(X)

Neumann’s Functions Y
0

(x) , Y 1(x) ZYO(X) , ZY 1(X)

Modi fied Bessel’ s Functions 1(
0

(x) , K1(x) ZKO(X), ZK 1(X)

f J~(t)dt , J Y
0

(t ) dt  CALL ZHOI (ZJOI , ZYOI , X)

K~ ( t ) dt  ZKOI (X)

Fresnel Sine and Cosine Integrals CALL FRESNEL (C, S , X)

S( x) = 
1 Sj ° t dt , C(x) 

~~~ 

•f~ COS t dt

Sine and Cosine Integrals CALL SICI (SI, CI , X)

Si(i~) = 
sin ~ dt , Ci(x) — 

COS ~ dt

Fo ck ’ s Functions V(x), U(x) , V’(x), U ’ (x)  CALL FO CK (X , V , U, VP , UP)

40 
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THIS PAGE IS BEST QUALITY PBACflCAB~i4
FROA OQI’Y YU~C*LSFL~~~ TO DDO ~~~~~~~~~~

It : J~J c I : O N  :~o-~-~ 
: IJ NC T I _ I N  Z~’ , ) t ( ~

:,: .3 .3 . ) 00 10 1000 t F I X . L T . 1 . E — ’~O I  0010 2000
~~~~~~ 1 F - X . G T . ~~~~ -JO T-J 1000

-1. 2499QQT*X~~** 
T~~~’(, I.

I I.C~ 3~~20S*.X34*4
2 - O . 3 38 . ,o IX34* ~ 

t~~’) . 4 2 2 ’34 h 3 *~~~*2
,-,).,)444479*X3*~ 3

4 -0.  3 0 3 9 4 4 4 1 X 3 U ,) 3 + 0 . -) 3 48S~~90* $*,~

~ i0.300 100*X3**I 4+ Q. 00~~~~~~~S* T t * 9
RETLRN ~+0.O0O1O~~!C*T~~a10

i 0 ~) ‘ (3a3 .  X 64 0.00000740* 1* 112

~ 0 ‘).T9T884~ ó 
RETURN

: -0. -30 0000T’ IXO 1000 1. C . , ’x
Z~~Oa1.C!33:41-,—b.O793 3~~~IT

3 0.3000’~~~1 $ X 3**C
3 - 0 .,) 0 1 32 2 3 T $ Z 3 * 1 4

C i-iE T-~.~~-0. ‘3~~3~~8t6

h—0. , ) OO O 3 ~~~4*X 3*t2  ~ETUR- N
J0~~~~~~~~~ L X -$I3 2000 N0.l.E~~)

4- - C .  ~00~~4 t 2 ~~*X31*4 F’ETL’RN
- -) .  ~O0~~~T3 O 4 (3 1 * ~ 

END
‘.-~ - C b h
1,)~~~~~C 3 ~~7’-,E A ) 3Q5T ~~ ( t

~~~NI~~~:JN :~~t~~o ~~3 NCT ~~)N ~~~~~~~
‘ . _ I~~~ - _ I . ’ 3011 :000 IF C . L T . : . _ I -~~0 301-)  130I~

- ~~~ 1. F1X .3T .2. I 3O~~2 0C~
0 . = — ’ C • Z o C4 ’~e3~~- $ A 3 * *

‘ -
~
) . C T 3 3

~~~
3 I *- 2

I i - -) .  :Z 4 4 I i - I .4~~r* ; I

4 — ) . - - - ) 0 C ’~~~ 1~~~’C S t )

h ,~ 1’~~~~: t A  ~~ - ‘ .b O 1 L  C - 4 ) 4 ~~111 3

~ 3 . •  ( 2 i . := \ :
:~~•,) , 3 . ~ .-- - .30O001~~~*X3

C -- - .3: ,,,“ $~~_I$.h .30’) ~‘-C . ¼

C--) . C0 _ I~~0033*X3i*~ 3—0.0OT9O3~~34T*t4
4+0.OO3I~ ,~j4*T**~

L--C. 124~~”~~.. *~~3 ~— O . h - ~O~ 0 4Z*1**~
~~

-- ) . - ) I ) 0 0
~~

.3 I 0 I X 3 I* C  2~- :~~:\:IE~~F- ,—~~- S3R - T~~~ >
3 _ ) . ) . 3 ,~ 3 ’3 C’~~ t A 5 k 3

_I,)0 Nh~~1
- c- .) - )00 -~923&-2$S ?h ~ET j R ~.
,-.O• ~)-)1’~~~~,I-~3&t , END

4]-
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TIfl S PAQ~~ IS B~~~~ T QUALITY FEACTICA1~I,1

~~~~~~~~~~~~~~~~~~~~~~~~

‘4

~UNCT 1N I ’ O ~~~~I
F~~< . T. 1.b-~ 0’ 3010 2000

t F , X . 3 1 . 3 . )  3010 1000
~3.* 3.
Z Y O . 2 . -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

3-0. 3503B45x3*54

04~~~L 214*X3 I* 5

RETURN
1 000 (3 .3 . .X

FO. 0 . 9 884Z~

2—’) • JO ~ 1 40t X O S  * 2
3-0. 0000~~ I
4 -i- C .00 I 3 ? 3 *X3**4

T -4ETA.X-0. ~~3~~9 t - ~

2-0 .

4 - 0 . 0 0 0 Z 4 1 Z*XO1*4

i-C • 000 1 3~~~~S*X 31*6
0.~~0S9tHlTNETA ), 3 0 R 1 \ -

RETURN
1Q~)0 ~ -- ).—L.S~ 0

-:14 1)

. J NCTION ~~F \ , .  ‘.t .E—~~0 ’  3010 2000
-‘ \.31.3.) 3QTJ 1 )00

‘__ 5— ’ 1.

l i - C ) . :3h~~’-?*X3 ($-,
1. 3 L ,-.~31~~*’(3l$•,

4*0  • 3 .I3’~

) , l . 2 , ) ’ -1 3~~~~I~~* 1 h
$ h : ~~3’

-’ .

• )O~’ ~3.3. -

~
‘ : .- ) . $4~~~~-’.J00001!.~~~3

I s i ) . 3 0 0 t 10~~IX3* IO
J —0 • 00 : 5 - 4 3  I $4
4 + 0 .30 1  t 3 3 ~~~3*~~

I 4-’ ’ -~

• 4 • - ’ .3o~
)’434d*-424*4

i- ,l. 300 9 4S ’~3I*~
,—O.J00I~~1 , , 5~~3 I I ~

C- . IS N I ’-.E A 3 0 R ~~~

‘‘ 1,’ : - : . — :  -

sE II ’4
‘It ’



THIS P.&~~2 IS BEST QUALITY PMCflCA~L$
- - - iix .* DOFY rtn~1s1u~ TO .~~~~~~~~.- 

- -

5UBk IJU1INE CC-lOt h,~u L,.~YOC - -<

- C INIrIS ATION -)F ,~) AND 1)  i F11:rn ~ r,i

- - -C £I’WARD ~~. rUNG 4N(I :‘0Nl3 ‘IGUYEN

AUGUST 1 9 9

COMPLEX C~~.COM ~
‘I REAL ~ ‘

‘ ‘ . B ’ )•C- •5).D 9).FN(t 1 .GN (L1)
C’A TA A . B . C~~t I •

— I .13000000000 E+O1 .  - . 4 ’ Q’~~ O’)O E+O C. . . 1 h ~~~ø 1080O0Ei-O1 .
S - -31.~386o0000E+00. .4444~ 900COOE--t , - .i~~444000O0O€-0C.
I . I1000000000E—0. 3 . •3 o 7 4 6 o~~j 000E~~00 ’  . , ~I) 93~~ô 0 0 0 E 1 0 O .
S -.243~ 0184000E+00. .2~~300tt’000Ei-O0. — .42.~ 121400O0E-’)1.
$ .47 91600000E—02, — . 4846000000E—03 . .~~2334”S0400E-01’
I -.40403Z39000E—02, .10089872000E—02. -.~~3~~ot~~900O0E—03.
I •309 82Z0000E—03, — .2)’~~~03700O0E-03. .t2 00390000E—03.
I - .~~~84~~20000O E—C4 ,  • ‘9”$ 84~~60 00€+0O .  - -

$ .1’9)’0’?44000E--)I, - .~~T 4 0 j 3 8 0 0 0 0 E — O 3 ’  • 4 1b- 0~~~ ,O00O E — O 3 ,
S - .2~ 439~~ 00O0 E-03, t t 0 7 °~~00C0E—03. - . C ) 2~~I .380O0O0E—J 4 ’
‘ATA F”4.,3N,

$ .24d3t3B4o3TE+Ot. - .,~O~ $1 2’~2tEi-):. .:0~ °1333° 4E÷0 ,
S — .t46Z36~~~~~0E+02i .142’9864~ 04E-.-O2. - .:JJ3 11~~~~°E~- 02.
$ .496tTl~~~~~~ E+O:. ~~~~~~~~~~~~~~~~~~~~~~~ . 3 2 2 04~~~~~~13 E + - ) 0 .

• - .I$73I’~ !9l4 ’E—O1. •. I44:38$o~~T 9E-’--)0 . •:-~ - 4 ~~~~0 E+00.
S - . 4 T802t0o ~~ E + 0 t ,  .37t~~,bj e,811- ~E+- ) t .  — .3~~1 1 ’ l~iO~~~- C 1 -
$ -~~03198 736 ’ E+ 0 t ,  - .~~o~~~~~e6oC 1 s i - - ) 1 .  . 3 4 0” 4. 3 I 4 ,~~E- r ~ ) l .

$ — . I 1 ~~O Z10 ~~~9o E + O 1 .  . 2 3 1 1 h 4 ~~242 E~~O~) .  . I 3~~1ZC ’~ Ib )1
:ATA F t , C J 3 . l4 t ~~92~~~ 3 o , t O . , L . 1,

• Z t 0 t ~~ZY0I~~0.
I F - C X . L E . J . ’ RETJ RN

I F IX . J r . 3 . )  -3010 1 ) 00
- CON’ . ~ :

X L OO A L OG( - C . ’
X2~~X 1 X - .
110 100 ‘4~~j ’ ’
TEMP.XT . :‘EN

~~~~~~~~~~~~~~~~~~~~~~~
CY0t~~2’Y) - - JN*AiN ’5TEMI~t~~~LbG— 1. t ,EN’ i-E~~N - I tEME

DEN~~DEN+2.
:0-) ONTZNUE

I’

1) 00 IF C . 3 1 . 3 . - 30 ’ i00,)

~~~.‘ 
• ; _ 3

~0 1-3-) ‘I~~t .  1.
~~~+ I  ‘fl i c T

3~~’3 + 3 N -  14 ’~~ c T
2-D O ~~~~~~~~~~~

Z J O t ~~ 1 . , F $ C 0 S ~~~~~+ i 3 s St .’~~X I
2 Y 3 1.  S I - 1 4 ) — - cCI ~~~x ’
RETURN

1-3 )0 ~~~~~ -
— -42 .~~s sxa

110 !O~) -14~~~.-9

~4 ’  R T

1-)--) 3N’~~NUE
h3~ P .L ’F’ .~ - I 3 $ h _ t~ I •

I - — CCMF *02 1F C. I - ~~~~~ I -‘ - -~35 C’
• J : -~~R E ~~~L -~~~‘~~~~

- ‘ : - ~~~: — _ 1 o _  -
~~~~‘~~

.14 3
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T1315 PAGE 16 BESX QUAZaU~ P
&C?1~~~~~

7~~ 
OUL~1 

7JlIUS1W~ ~

F U N C T I O N  Z~~OI CX )

INT EGRA T ION OF KO FROM 0

C EDWAR D K. YUNG AND [lONG ‘~GUY EN

A UGUST 19’S
C

REAL A ( 7 ) , 8 ( 7 ) . C ( 7 ) , D ( t 1 )
DATA A . B ~ C/

S - 10000000000E+Oi • . 351~~o.I I Q000C+OL,
$ .12067492000E+Oi .  . I ’~’320000E~~00. .3~~ C .,dO0O 0 0E - ’) t .
$ •4~ B1300O00OE—0:, — .~~7”21~~~ø0O0E4-0O• . ‘1$

~~~0’)01-..-)- .S .23Oe97~~60OOE+00. . 3 4 S 3~~90OOO0E O 1 ,  .~~~~.~~~~q0 bOi)~~E ) 3,
3 .107~ 000O000E—03, .74O0000O000E—O ~~

, .I 5TJ 14 t - ’~)0~~~-’t .
$ — . 1 1 1 902 8~~000E-1-00. .1~~7 6 6 4 a 0 0 O O E — O 1 ,  - . -~33~~~ 4 O O O 0 L E - ’ . C .
1 .4174~~4000O0E—02 , - .t~~3271OO000 E--02’  .3 C~~3 4 C 0 O O ’) , 3 E - - ) 3 ,

DA TA 0,’ . L 29~ 92O~ 34 ’ E’ -01.  - . 33 Oo33d,3T0:E ~~- ) i ,
I .~~3449~~44 2 3 4 E+ 0t ,  — . 2 04 ’4 0 1 :~~3 1 E - 0 I .  . 3 30O 34CI ~,C~~~E f - ) 2 .
S — .3860ø846421E+02,  .3 314 I 7’~~ S4 E - - ) C,  - . :3~~4 O L J 3 3e 3 E * ~):.

-? S .72621Z9T719E+01, — .1~~~C67261$0E401, - 1 t 3 1 : 4 9 9 ~~~-’)0/
Z K 0 t ~~0.
t~’(X.~~E.O. I RETURN
t ’ EN.AX~~BX .CX ~~X T . I•
I F - . . O T . 2 • )  0010 1000
<3~~X;3.7~
( 3 = X 3 *X O
X2~~X ; 2.
X2~~XC1X2

L0G~ AL 2G(XJ2.)
00 100 N - 1 . ”
T E M P B N ) IBX—A IN )*AX I(XLJG—t. . [‘EN)

KO1~~Z K0I+TEMF’ ‘[‘EN
t’EN.DEN+2.
AX ~~4 X*X 3
9X~~$ X S x 2

100 CO NTINUE
~~ -3 t = ’~*~~~O I
RETURN

1 )00 CF CX.ST . T . I 3~~TC 1300
~~~~= _ 4 _  

~~~•

110 ~~0 N . I . h
ZN0I ~~Z K 0 t  I- Cl 1 ‘I

11~ T=~~rsx~

F’ ETJ R N
1000 ~~~~~~ - x

00 200 ‘4.1. ”
Z K3I~~Z K- ) t # C N) * CX
CX 2 CX *X T

10-) CONTiNUE
ZC -~O 2C-~J t ~~E X P ’ C — - C - 1 Q R T c ’

SE - ‘JR N
END

44
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ThIS PAGE IS BEST QuAl m
ra~~ OUk’I ~~J~~ 1S~1~~ TO D~)O

- 
SUBROUTINE ~‘RESNEL C .3.XX

3 FRESNEL SINE AND COSINE INTEGRALS FOR A -3I~-EN XX
0 -~~~
C EDWAR D N. ~UN0
C JULY. 19”9
- 

~~~~ C V - , S V - ~~ I , AV ( Q ) , 8V (~~ Y
:IArA C’).SV.AV.I”) .?9T984~~~E+O0, - .‘ -~~ -3~~40~~E--)t.

I .3o ’~39~~9~ E 0 2 ’ - .5Z224~~~~E--04 ’  .~~• - . 1Jt40729E—OT . .~~0998348E—t0, - C~~~Q 4 ’ -’E~~C0.
S - . 199 ~ I1O E—-) 1,  ..)C43~~371E—03. - -

$ .t:C1533 E— -)~~. — . 7 4 4’E—0~~’ 3.
S •~~~~ 4 ’1l~~E+O 0. — - t 20799S4 E- - 0~~.
I - .40 2’ :4~~OE - 0 3,  • “42S24~i9E—-)2 . - .

1
1 5 . J4 ’) L 4O~ O E — - ) I ,  — . 3 3 ~ 2~~~E — 0 3 ’  3 .

I. -- .4444090?E-08, - . 493321~~E—O1 . - - 18O~~4~~~L E-)4 .
I. . ‘111~O8E—32 ’ - .JO 9~~3412E—O3,
S .“910’~4 30E-O . - . 4 t , ~929~~4 E-) ’

.i ( 4 - I A . G T . 4 ’ 3 0 r )  -3
T I

C- ~~~~~~~

~O ‘-00 I~~t ’ ’
I~~~~ - - .) t  C.
3~~- 5 i - ’ 5 i) I ‘$15?’~F’

- ‘c) N~-.1E~4PIx2

,~~~ - ~~- U I  ‘CSI~
_ ; _ _ ‘_ )  I

- 
“-
~~1 .

-- 3 200 I — I . ~
~~l~- ’ 4 V ,  [~~~ T 5 ” ~

4 1 ‘ ‘ C  1T~~l~~ r~~’1~~~\ 3

-:-~0 .~~- ’ -c40 : • * S : N ~~~ - I ~-- — c C S ~~X ’s l ]  1

S ’ S I G N - S . X X )
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—--- —~~--~~~.~-- 

~~~~~~~~~~~~~

SUBR OUTINE 3101 S I . C I .X  1

C SINE AND CC$INE [NTEG~ ALi

C EDWARD K. YUNG
JULY. 1979

SEAL A Fi4).~~F,4 ),AO ’C4’.BG,4)
- ,~ 1-~ A F .~ 4 # ’ . A G , B G ,

• 3 8 . J 2 ’ 2 6 4 .  C . 1 ~3 ” - ) .~3.  33~~.,~ ”323. 39. • 3 , 4Q~~ .
5 40.321433, 3 2 . ~~~~4~~1 : .  ~ I O . 3~~1~~0. :~~~

‘
-

S 4 2 .2 4 95~~. 3C .I~ T3~~~. 3~ 2 .3194 - ~9. I1 .321~~9Q .
I 48.t~~b 9 ’. 4 a 2 . 4 d ~~~s 4 .  . L 4 .~~” 9885. 449 .~~~0 3 C )~a . -s :ao .

5s~~~~.t 5 O . J . ) RETURN

I F ’~~.LE. 1. ’ 0010 1000

I F N • 30. ‘ON • ~ I
— 1-0 1 )00 t~~ I , 4

XC

‘I~ R-’I~-44~ I 1 5 X T
3E Gtl i-~4 &3 c I ‘*XT

~- - ‘ I . ’ 3 N - i- A G I I C SX T

- ‘~ ‘ 3 ’4T IrU~
- ‘l’ -’I F O X

- - ,~ ‘‘ .i~~~~GC l ’ ( 2
3X
~~
COS—X’

~

-
~

T R N
‘C ~~~1

1 )  c T ~~CI5.N~ FTL~~1.

-313 ~0’~0 .1.~
J : ~~~~: — ( 1’I IEN ‘‘~~L
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ABSTRACT

The paper s tud ies  the  a sympto t i c  solution of the surface magnetic I
f i e l d  due to a magne t i c  di pole on an infinitely long cylinder whose

radi ts is large in terms of wavelength. Starting from the exact modal

series solution , we extract a dyadic Green ’s func tion fo r  the magnetic

f i e 1~ which is va l id  fo r  all  po in t s  on the cylinder. In particular ,

—1/ 2 -
our solution ~ustifies for the first time the (ks) behavior or the

field propagating along the generator of the cylinder , where s is the

distance between the dipole and the observation point.
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1. INTRODUCTION

Let (r, ~~, z ’ be cylindrical coordinates. An infinitel y long,

perfectly conducting circular cylinder is described by r = a. A tangential

nagne t i c  d ip o l e  w i t h  m a gn e t i c  poin t  source c u r ren t  d e n s i ty  is located

at P~~r a , ~ 0 , ~ 0) on the  s u r f a c e  of the  cy l i n d e r .  A t ime

dependence exp j~~t) is assumed throughout and suppressed . The problem is

to de termine the surface magnetic field ~ ~~t an observa t ion poin t 0 (a ,-~,~~)

on the surface of the cylinder under the assumption that ka is large
t

(k = 2-r /\ is the wave number). P and Q are  connected through a surface ray

(geodesic) which makes an an g le -~ with the a—dir ec tion ; the distance from

P to  Q is denoted by s; see Fig. 1. The present high—freq uency diffraction

problem was studied by Chang , Felsen and Hessel 11) and by Lee and S a f a v i —

Naini 12], however , the ir results differ in v a r i o us  w ay s .  in particular ,

- 
I Lee et al . [2, Eq. (2.13)) predic t a rather neculiar term in the approximation

of the comp onent H (Q) when S = T i . : , i.e. , when ? and ~ lie on the same

generator of the cylinder. This term behaves like

exp(-jks)
kay ks

for large ks and is introduced in a r a t h e r  ar b i t r a ry  m a n n e r .  I L  i s  the aim

of this report to clarify the appearance of this ~‘e cu i i ar  t e r m  and o t her

poin ts in which the asymptotic solutions (11 and [2] differ.

We shal l  s t a r t  from the exact modal solution for the surface ma gnetic

field as presen ted in [1]. Then the quotients of the Hankel function and

its derivative are rep laced by a D eb~ e—tvpe approximat ion . As a result ,

we find a two—term approxima tion for the surface magnetic field. The

Lead ing term is equal to the so—called p lanar ~olut ion , tha t Is. the

I

Li



Zk

/ 4

z 0

Figure 1. A surface ray ~geodes ic ’ f rom source point P to observ~~:ion
point ~ on an inf m i te Lv l ong circular cylinder.
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solution for the surface field due to a tangential magnetic dipole on a

flat ground plane . The present approach differs from that of [1] where

the Hankel functions are replaced by their uniform asymptotic expansions

-
~~ in terms of Airy functions. Then the resulting approximation for the surface

magnetic field is expressed in terms of Fock functions. The Debye—type

approximation of the Hankel function is discussed in the next section.

I
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2. DEBYE—TYPE ASYMPTOTIC EXPANSION OF THE HANKEL FUNCTION

(2 )Consider the Hankel t unc t ion  H~ (z )  wi th  both v and z being large

and positive . From Watson [3 , Secs. 8.4 and 3.41) we quote the Debye— tvpe

asympto t i c  expansions , taking in to  account  two terms :

H~~~~(v sech a) —jY (v sech a)

\‘(c~— tanhct) - 3
1~~ 

e 3 c o th  ~ — coth -~~ - 1
_______ [1 — -r

12’rv tanha

~ > 0 , (2.1)

and

sec 3)  ~ 
3 - 3)+ ~~~ 

~~ + ~
3 cot 5 cot

3 
3 

+ ~~~~~
2r’~~tan 3 - V

3 > 0  ; (2.2)

the former approximation applies when the argument is less than the order,

while the second approximation applies when the argument is greater than

the order. Replacing ‘~ sech -:~ and ‘~ sec 3 by z, we f ind

— L  V 2
,,T exp [‘u cosh (

i
-) — — 

~ I ~ + 3 1
H~~ ( z )  

~ 2 1/4 [1 + - - 
2 2 3/2 +

(v — z ) _ 4(~ — z ) - .

Z V ,

and

/ 2  2 — l v  ~-r
( • ••) ,r~

- exp [ - . J~ — - : + j v  cos (—) + —J ~~2 
+H (~) / ~

- 
2 2 l ’4  ~ + 2 2 $ ~ 2 

+ 0 ( — ~~~~~,
( z  — v ) 2 - 4 ( Z  — ‘

z -~ 
-
~~ . (2 . 3)

It can be shown that the as~~ p:-~ric expansions of ~~
2)’

(z) are obtainable

f r o m  ( 2 .3 ~~ and (2.3) by a t e r m — b y — t e r m  d i f f er en t i a t i o n ~ see Abramowit~ —Stegun



(4 , pp. 366—367]. Through division we obtain the asymptotic expansions of

- 

- the quot ient  H
(2 )

(z )/ H
(2)  ( z ) ,  v i z . ,

H~
2
~~(z )  

_ _ _ _ _ _ _  _________ 1
( 2 ) ’  — __________ — 

2 ,

~ 

+ O(—~-) , z < v , (2 .5)
( z )  /2 — 2 (v — v

and

u
(2) 3(a)  i

2 ‘ ________ 

— 2 ‘ 2 + O(—~-) , z > V - (2 6)
(z) /2  — 2 2(z — v )

These asymptotic approximations are essentially the same. Notice that for

— fixed z > 0, the quotient H~
2
~ (z)/ H~

2
~ (z) is an analytic function of V in

(2) ’
the whole complex v—plane except for poles at the zeros of H (z). These

zeros lie in the second and fourth quadrants of the v—plane and are

approximately given by

v = ± [ z  + e~~~~
3 

q (z / 2 ) h/3 
+ o(z~~’~ ) J  , p = 1, 2 , 3 , . . .  ( 2 . 7 )

where —q are the negative zeros of the Airy function Ai (x), i.e., Ai(—q ) = 0;

see Keller , Rubinow and Goldstein [5]. In order to unique1~’ define the

square root — V~~, we introduce branch cuts from v = a downwards and

• from v = —z upwards in the complex V—plane . Then it is easily seen that

/2 2 /2 2v’z — v in (2.6) passes into —jlv — z in (2.5), when ~ passes above

the branch point z or below the branch point —z. This shows the equivalence

of (2.5) and (2.6). In the sequel we shall use the approximation (2.6),

T~ 2 /2 2
whereby it is understood that Vz — v -

~ —jlv — z when v~ 
— z.

The approximations (2.5) and (2.6) apply when either v~ , or z , or

both vl and z are large , the error being of order v or z
2
, whichever

is smallest. The approximations are not valid in the transition reg ion



r~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~ ~~

- -- - - -

~~

-

~~~

.

~~~~~~~~~~~~

< O ( z 1
~~

3) and z large.  Further difficulties appear when both v and

z are small. For example , from the power—series expansion of

one may f ind

~~~
a log (~ a)  + (‘~ + ~~~~ ÷ O(z3 log z) , z 0 (2.-i)

(z)  - -

where y denotes Euler ’s constant. The latter result does not agree with

( 2 . 6 )  when V = 0. On the other hand , when v = 0 and z is large , we find

from the asymptotic expansion of
(2 )

H0 (z) 1 1j — -
~~

— + O(—~) , a -~ 
~~ (2 .9)

(z) a

which is in perfec t agreement with (2 6) when V = 0. Similarly , when a

Is small and v~ is large, we may find from the power—series expansion of

(-, )
H (z) 3 3v_, , = — — —~~-.— + O(-~-- ) , (2.10)

( a )  V 2v3

in agreement with  ( 2 .5 ) .

In subsequent sections the approximat ion ( 2 . 6 )  is going  to b e used

in integrals of the form

( -‘-I
H. ’( k a )

I —~v~ ~) C —- C , - , — .

(k a)
V t

whe r e ~ > 0, k
~ 

v~~~~~~- k , k
~ 

is real when k < k . and k negative

imag inary when k > k .  In order to justify the rep lacemen t o f

C’)H k
~
1)/ H -

- (k
~
a) by the approxima tion in (2.6), we distinguish three

case s : ~i) If k_ a is real and large , the integration contour in (2.11) is



—~~~~— 
_ _ _ _

I

deformed by introducing semicircular indentations above k a and below —k a,- t C

both of radius O((k
~
a)’”3). Along the deformed contour the approximation

(2.6) is certainly valid. After making the replacement of the integrand

A by (2.6 ) ,  the contour is deformed back to the real axis. Notice that in

- 
both deformations no poles or branch points of the integrand are crossed .

- ( ii) If k
~
a is negative imaginary and large, the approximation (2.6) is

- valid along the real V—axis and no deformation of contours is needed .

(iii) If k
~
a is small due to k~ k, then the approximation (2.6) is not

valid when ~~ is also small; it is valid though when lv i is large. It

- is not clear what effect this will have on the error in the resul ting

approximation to the integral (2.11). This case certainly needs further

-
‘ consideration. For later use we also establish an approximation for

the quotient

H~~~~~( z )  - /2 2

11 ( _ _ ) )  — .1 — ‘U 
— , (2.12)

H (a) 2(z - v )

f • -) -
~ 

I-, -,
where it is understood that Vz — - jv ’v — z when lv i > z .
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3. SURFACE MAGNETIC FIELD DUE TO A CIRCUMFERENTIAL MAGNETIC DIPOLE

3.1 Magnetic field component H.~~

In the case of a circumferential dipole

~~~~
a p  , (3.1)

the resulting surface magnetic field components are denoted by H~ (Q)

and H (Q). Neglecting the contribution of creeping waves which have

travelled around the cylinder , it is found in [1, Eqs. (18) and (19)] that

H (Q) dk 
-jkz 

~~ J dv ~~~~~2 H
~~~

(k
~

a)

4T rTh U 0a 
~~ 

k
~~ 

H (k a)

- 
jk  

~~ 
d k e  z 1 

r dv ~~~~ 
H
~
2
~~

(k
~

a) 
, ( 3 . 2 )

t - H (k
~
a) 

—

/2 2
where k

t 
,/k — k ,  k

~ 
is real when k < k , and k negative imaginary when

> k
2
. If necessary , one may think of k having a small negative imag inary

pa r t .  Then k = V - 
— k has branch cuts f rom k = k downwards and from

C 2 2

k = — k  upwards in the complex k —plane .

In ( 3 . 2 )  we replace the quotient  of the Hankel func t ion  and its

derivat ive by the approximations in ( 2 . 6 )  and ( 2 . 12 ) .  Furthermore. we

set V k~
a in the inner integrals in ( 3 . 2 ) .  Then we are led to the

following approximation for H~ (Q) :

8
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F-. -) ‘~I k k  jk k 3
H~ (Q) 2 exp ( — j k z — j k a ~~J j —

~
--
~ 

( C 
— 

t

47r ~~ 
- k f~ 

-, a ‘(k —

L. t . k — k  - t
t ‘.

I, -,

— 2 jI!C— k kk - t v 1 t -+ k
~ 

k
~~ 

- + 
•~ 2 ( k  — k~~~)~~~~~~~~~~~~~~~~

2 
— 

4-~~k 
jk2

z_j
~~~~~

1— ) ) 4 -, -, —‘ -, -~ - )

I k~ - k k — k k  — k k  - k k
— — 1... Z 

-. 
—
~~

--— - dk dk ( 3 . 3 )
I [2 2 2 ~ a (k — — 

“ -

L’’~ 
— k  — k  v

V 2

whe r e Y v ’~~I’~~; the square root — k — ~~ is positive when k~ + k~ < k

and negative imaginary when k + k > k2. Notice that (a~ ,z) are just the

rectangular coordinates of Q on the developed cylinder.

The result  in (3 .3 )  can be expressed in terms of  the der ivat ives  of

the following two key integrals

~-~~~~~~° dk dk
I1

(a~~, z)  = exp [-jk 2~~ - j k a ~ ] I 
~~~~, 

- k 

(3.3)

- - and

dk dk
I,(atb ,a) = J exp ( — j k : — jk a~ 1 , 

-~‘ 
,~~ 

, -, , ~3.5)- y (k - k —
y a

both of which can be evaluated in closed form . To tha t  purpose we

introduce polar—coordinate variables k = t cos -t , k = t sin ct ,

a~ s cos ~~, a = s sin -~~. Then by use of Watson [3. Eqs . 2.3(1) and

l3.3~ (3)], reduces to

I (a~ ,z) t dt 
exp [~jst cos 

(~~~) ]  
2-i~ J (se) ~ dt

• 1 J f., , .- I)

v k — 0

e 
- (3.6)

9
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I ’ 2 r2 2Notice that  we made the replacement /k — t -
~~ — j v ’t — k , and that in the

la t ter  integral  the path of integrat ion passes above t = k .

In a similar manner I reduces to
2

I 2
(aØ , z) t dt 

~~~ 
da exp [ — i s t  cos (c~— e) ]  

= 2~ J
0

(s t) 
(t
2

k
2
)
2 
dt. t

(3 .7 )

According to [3, Eq. 13.6(2)] and [4, Eq. 11.4.44], we have

~°~~t J (at) a
- 

i

_ 
( ~~~ 

2~2 
dt = -?-- K _ 1(az) = y— K~ (az) (3.8)

valid for a > 0, Re z > 0. Remember that k has a small negative imaginary

part , if needed , hence Re ( jk)  > 0. Setting a = s, a = jk in (3.8), we

obtain for I~ :

I ,(a~ , z) = 
~~~~~ K~(jks) = - ~~~~~~~~ H~

2
~ (ks) 3.9)

by use of [4, Eq. 9.6.4].

Returning to the result (3 . 3)  for H~ (Q) , we have

2 ’~ . (  2 
~~~~~2

H~ (Q) — — -— 
~k
2 

+ 
~ ~~ 

I
1
(aL ,z) — -

~~
--
~~k~ + k + k— ~-5-4 r k  L~ 

3 ( ad) )  L a(a~)

- 

~ Z 23(a~ )~~~~
2 ] = 

2~Jk[~~ 
+ cos 2 e ~~~ ±sin

2
e 

L~~
)(

e
)

- 
j~~~4 + k2(~~ ÷ - 

:05

2 
5 sin2 - (1- 6cos 2

~~sin 2
~~)~~ 

~~~~~~~

+ (2 - 15 cos25 sin2 5)~~ ~~~ - (2 - lScos
2 
~ sin2 5)~~~ ~~ (sH~

2
~ (ks)) .

s
_ 

2~s~ 
(3.10)

10 
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~~~~~~~~~~~~~~ --~~~--

The derivatives of the Hankel function I42~ (ks) can be evaluated and

simplified by means of the well—known recurrence relations for Bessel

functions*; see e.g., [3 , Sec . 3.2] and [4, Eqs. 9.1.27 and 9.1.30).

Thus we obtain as our final result for H~~(Q):

2 —jks
H (Q) k Y  

[sin S + -~ -(2 — 3sin 5) + 

k
2 2  (2 — 3sin

2 5 ) ]

- 

~~~~ 
[3~~~~ 4)  (ks) - -

~~~
- H~

2
~ (ks) + ksH~

2
~ (ks) cos

2 
S sin

2 5 ] .

(3.11)

Notice tha t except for the Debye—type approximation to the Hankel function

quo tien ts, no fur ther approximations were involved in the derivation

of (3.11). The Hankel function H~~~~(ks) in (3.11) can be expressed in

(
terms of and H1 

through

ksH~~~(ks) = —4H~~~(ks) — ksH~
1
~~(ks) + ~~H~~~~(ks ) - (3.12)

The first term in (3.11) is exactly equal to the planar solution , that is,

the solution for H~ due to a magnetic dipole M = ~ on a flat ground plane ;

see [1 , Appendix Dl and [2 , Eq. (2.l8a)}. The second term in (3.11)

represents the effect of the finite , but large , radius of curvature of the

cylinder. For large ks the Hankel functions in (3.11) can he replaced b’-

their large—argumen t asymptotic expansions , thus leading to

* In (3.10) the differential operator in front of sH~~~(ks) can be rewritten as

4 ‘ ~ 
1 2 3  ~ 4 3

k + k s 0  + 2k0 — s D — D — s D cos -
~ sin -

~

1~~where D — -
~
----

S ~ s - -

11



________________ ____________________ - ~~~~~~
,-

~~--~ -.-—— 
~~~~~~

—- - - - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— 

~~

—

~~

-------

~ 
- 

- ~~~~
U(_ p..--

I1L (~~\ ~ 

~ 
[ i  ~~ + -

~~~— (2 — 3sin 0) + - -  (2 — 3s1n
2 

~)
k s

+ th~~~
2 
e~~~

”
~ (ks)

1 2
~ 3 - cos -5 sin ~(jks+~~~) + 0(~~l.

(3.13)

Let the term of order in (3.13) he denoted by W , then for -
~ =

one has

3 1/2 —yr/3 L,’2
a ~~ 

e (ks) , (3.1-4)

which is in exac t agreoment with the peculiar term in Lee et al.[2. Eq. (2.l8c’1 .

~~ We shall now compare our approximate results in (3.11) and (3.13) to

the solutions presented in [11 and [21. Chang et at. [11 have two different

formulas for H~ , namely, the as~inptotic formula [1 , Eq. (123)1

- _. .,. -I
-‘ -,

~~\ ~sin~ 5 v
0
(~ ) ÷ ~

— (cos S — -~~sin — 

~~~

+ ~~~
— - U~~~~~~~~ ) ]  (3.15)

cos

not valid when -
~ 4ets close to ~,‘2. and the “full formula ” [1, Eq . (130) ]

. 2 . —jks -
I i  r~~’~~~e . .. -“ -, — . — —U -

~
---—:- —

‘ 
[s in  -

~ v (- ~~) ÷ :~~~~~ cos S — sin ~ — l)
~ 

(3
-~~j KS 0 ~s

sin -
~ v , (-~) 

— u
— ~~~~ . ~~~~ 

C) 
( 3 . l b )

cos ~

vhi~~ ro~ains finite on S ~~~
-
-
‘ . Lee et al.[2] present the f o rm u la

( 2 , Eq. (2.1~
,b )1

* On extending the result in (3.13), it is found that the term of order 3(~~--)
is equal to

sin ~) 0~—+-T
). (3.~~3.i

)

1~
~s



H~(Q) 
~~~~~~ 

[sin ~ v (~ ) + ~~~(cos 2 : _  Si f l  i ) v ( ) + ~~~ cos~ S u(-~)

+ —~——~-(2 cos ~~~- sin S)u(fl + — cos -S1 sin S V ( )
k s  (ka )

. 3 , - 1 )

+ 
~~~~~~ 

u ’(~) + ~~~
— cos S u ’(~~~tj  - (3.17)

cos S

in ( 3 . 1 5 )  — (3.17),

- ,—1 /3 ks 4/3
)/3

c05 0
(k aY

and v
0 

= v, u
0 

= u stand for certain Fock functions as defined in [1]

and [2].

We shall now re—expand the solutions (3.15) — (3.17) in the case of

Large ka, up to and including order ~~~~~~. For ~arge ka, is small and

we replace the Fock func t iors by the leading terms of their sma ll—irgument

expansions quoted from n j  and [2], viz.,

k vo
(
~

) = v(~ ) 1 - 
V f  j~ /4 3/2

u0(i~) = u(~) 1 — ~
v
~:~L 

j~ /3~ 3/2

I + ~~ j~~~~ / 4~~~~3/2

- 
3v~~ jT~/3 L/2 ,

~~~~~~ 
- 

.3~~~ ]~i/3 1/2

rhen the results (3.15) and (3.16) of Chang et al. [11 become

k ~~~~ S + -~— (2 — sin 5 + ~~
- ~~~~~~~~~~—)

cos

.7
— L/~ — T/4 1’’ 10 ~ ~~~

‘
~‘ -(ks) ‘

~~~3 — --~-- sin S—cos -~~4i ’ 1 5 ( + ,-3

( 3 . 1~~)

13
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2 , —i ks r - -~

U~~~~~~~~~ ) Isi n ~ + — / 1 n  I~~

— 
- ~~~~ ks ks

I -, 1 ’ ~ — i ’ - )

+ 
~~~~

— ( -
~~

-
~~ 

- (I ( S) - 3  i- s in  — cos S siu S ( ks ÷ ~4kJ .. J
(3.20)

and the resuLt (3.17) of Lee et ii [ 2

2 —jk-;
si + —

~
--(

~~ is in 5) + -~—~-—ç ( 2 - 3~ j~
2 5)

_ j  k~. i k~, - -L k s

+ 
~~~~~ 

1/2 - ~~~- • 

~ks~ ~
/2~ , - 

2 
-
~ ~ ~ks ÷ ~~

) - 1— )sin~~) ~~~.

(3.21)

The tsvmptotic formula (3. 10) due t o  Ctiang e t  . [11 agrees with (3.13)

only at 5 0. Even the load Lug term in ( . l~ ) ig rees w i t h  t h e  p lanar

so Lut ion only at -~ = 0. rhe “fu ll f o r m u L a ’ ( ~~. 2-5 ) o I Chan~ ot at - and the

so Lut ion ( - 2 L )  of Lee e -iL - do h a v e  t h e  ~ I .r~i r r so Lut ion is ChOir lead i:i~

t e r m .  The next  t erm of o r d e r  in (3.20) is in agreement with 1 .13)

oul~- on 5 0 and ~ert ain1v not on S ~/ 2 .  tie ~- orresponding t e r ’~ in

(3 . l ~ i~ re~’s ~ ith (3.~~3) both a t -i S and i t  ‘/ 2 , w, -\ or , in

b e t w e e n , t h e  lgret - e ~it is ~n v parti al.

3 . 2 Magnet I i~’ L~ ~omponeut

n this see t i 1n we consider the :—component 11
L 

I ’ t~ the surf ice ~ia c n e t  LI ’

h eLl One to a ci r - - ifer cnt~~r1 ~~etie di pole M ~~ . l’he 1-ou t ri hu ci ’n

of e ree~ i :i~ w av e s  h~ t have travel L’d tround he tind er is iga  ii

ne~~leeted . ~hen ~ceorJiii~ t o  [1 , Eq. (20)1, 1 ’ is ~ivon hv —

- -~ 
- -‘- -~k~~ z~ k ‘- ‘  ~~- HH (k a)

a s~Z1i ( ~ ) - ‘.~n (  :~ 
— - 

-
- —

~~
—- — —-; Jk ~ 

- 

- 
- 

- 
I ’ ’

~ 

— - - 
I I

- , -
~
- 

_ - _ _ _ 1
_ 

— 
— - - - 

~k a~— ‘  

(



where = ~k — k as before, in (3.22), the quotient of the Hankel

function and its derivative is rep laced by the approximation (2.6),

and we set v = k a. Thus we obtain
V

k k . k k (k- k )  I
H’,(Q) —h-- J e x p ( —j k  z — jk a~I ~~ 

“ Z + ~~ dk d k .
4ir k z v 1 / 2 2 2 ..a (k —k —k Y ~

‘

—~~~—~~ k _ky
_k
~ ~

‘ a

(3.23)

The latter integral can again be expressed in term s of the  de r i v at i v e s  of

I1
(at~,z) and t2(a~p, z), as defined by (3.3) and (3.5), vi:.,

H
L

(Q) - 

4~
2
k 

I
1
(a~ ,z) + 

~~ 3~~~~~~) (k
2 
÷ 

~) t2(a~ ,z~~ . (3.24
)

On substituting the explicit values of I
~ 

and I~ from (3.6) and (3.9), we
- 

- 
find

~~~~~ 2r1 jk
005 5

~~ I(~~~
-
~ 
( —Iks)

+ ~kT h D  + sin Ss
4
D
4 

+ 3s 2
D

3

~~~
(sU

~~~

1
(ks)i (3.25)

where D = -
~

-— . By use of the well—known recurrence relations f o r  Bess~~L

func tions , we ultimatek- obtain

H’ (Q) — 

k2v jks 
~~~~~~ 

-
~ ~~~ 

-
~ 

[1 — 
~~~~

- — —

~~~

—

~~~

I
k~Y (1) (2)

— cos S sin S [H , ks) — ksH 3 ks) oos -5] - (3.2b)

In deriving (3.2b) on1~’ the Debve—tvpe approximation to the Hankel function

q u o t i e n t  is involved . The first term in i3.26) is again the planar solution

f or H L
(S) as gi ” e n  in [1, Appendi x D]. For large ks the Hankel fun cti ons

in (3. 2~) -~ j u be rep laced by their Large— argument rsrmptot ic ~~X p J f l s  0 f l5 ,

‘.
. Lelding
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- - 
-

~~~~~~~~~~~~~~

—

~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ 

-
~~~~~

- 2 . — jks r
HL(Q) —~~--~- - ~ -~—— cos S sin ~ —

÷ e
3 7 

- cos S (jks + ~~) + o(~~ ) }j  -

(3 .  27)

On extending the result in (3.27), it is found tha t the term of order

O(~~
) is equal to

1_ (_  -~~~~~ + 
. 

-
~ ) + O(-4-~-) . (3.28)

Notice that the approximate result (3.26) for H
L (Q~ vanishes when = C)

or S = ~/ 2 .  The same holds true for the exact  value  of H
L (Q )  in (3.22).

The present approximate results in (3.26) and (3.27) are now compared

to the solutions derived in [1] and [2]. Chang et al.[l) present the

asymptotic formula [1 , Eq. (125) ]

- cos S sin S fv
0
(~) + ~~~~

(_  
~~~ + ~~~~~

-.
( 3 . 2 9 )

and the “full formula” [1, Eq. (105)1

k Y  —jks 3.
— I . -. ~ ~ ~ [v ( )  — 

~ ( 1)  - (3.30)z 0 k~ 0

From Lee et al.[2 , Eq. (2.t-~)] we quote the solution

4 
H
C
(Q) = — cos S sin 5 [ri

h~3 
— H (Q)]

- 
k Y  C cos S sin  5 LI - ~~~~~) ‘~~~~~~ ) - (~~~

-
- j  ks L I\~~S k~ - -

- - 2 ~ -

+ 
- 

,~~~ os~~~ v ’(~~) 
~ ~~~~~~~~ u ’

~~~~) - :~~ u ’cTH - 13. 3 1 )
( ka) cos -

~ J

The -~olutions (3. 2~~i — 3.31) are re—expanded for La rge ka by means of  (3. I S)  -

Then the results (3 . ‘
~~~~) and ~~. 30) If Chang et at. (11 become

~

€‘

L ______________________________________________________________________ 
- _ --



— — 
-- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~ ~~~~~~~~~~~~ T’~

H
L
(Q) - ~~~~ e

-

~
:s cog 5 sin -~ [~ 

+ ~~(- 
~~ + 5 sin

‘ cos S

+ ~~h/~~~j 4 h /1  - cos S(jks + 

~+~)}i 
(3.32)

and

H
L (Q) - E C cos si n S i t  - + ,_L (~L)

l/2
e
_i7t/4 (ks)

l
~~

• {- cos S (jks + 3)~~ , ( 3 . 3 3 )

whereas the result (3.31) of Lee et aL[2] become s

H
L
(Q) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ +(~) 
11

~~~~~~ 
4
(I(~ )

h/2~~3 - cos S(jks + ~~~~) + cos
2 

S~~ .

(3.34)

The asymptotic formula (3.32) agrees with (3.27) only at -
~ = 0. Both the

“full formula” ( 3 .3 3 )  of Chang et ,il. and the solution (3.34) of lee et al.

have the p lanar solution as their leading term . :\S for the next terms of

order in (3.33) and 3.34), there is only partial agreement with (3.27).

I
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3 . SUR FACE MAGNETIC FIELD DUE TO AN AX iAL MAGNET IC DIPOLE

In this section we consider the case of an axial dipole

M = a . (4.1)

The resulting surface magnetic field components are denoted by H~ (Q)

and H
a(Q). Exact results for H (Q) and H (Q) are presented in [1, Eqs. (26)

and (27)], subject to a neglection of the contribution due to creeping

waves which have travelled around the cylinder.

4.1. Magnetic field component H .

-~~~~ The re:ult for H in El , Eq. (27)] is identical to that for the

component H , as given in (3.22). Thus when applying the Deb~ e—t~ pe

approximation to the Hankel function quotient , we are led to the results

(3.26) and (3.27) for H .  Also the as~~ip totic formula [1, Eq. (127)]
C 

and

the “full formula” (1, Eq. (112)] of Chang et al. for H~ are the same as

those for HC. Hence Eqs. (3.29), (3.30), (3.32) and (3.33) also hold for

H~(Q). Also the solutions (3.31) and (3.33) of Lee et ii. for HC (Q ) hold

true for f-3 (Q) as well.

4.2. Magnetic field component H’1.

According to [1, Eq. (26)], Ha is given by

= j 
~~ ~~~~~~~ 

H
~

2
~~

(k
~

a) 
- (4.2)

4i~Th~ 0a H (k a)

* 
~3 ~3Minor prin ting errors: in Eq. (127), replace ~~

— by ‘
~~~~~ ; in Eq. (112) ,

replace by H~ .

**Notice  tha t  the re  is a m i s p r i n t  Lfl l , Eq. (26)]: —j in tront o: the
integral should b~ +j .

1$



___

In (4.2), the quotient of the Hankel function and its derivative is

replaced by the approximation (2.6) and we set V ka. Thus we obtain

2 ‘ 1 2 1

H
d (Q) - 

4~
2
k rr exp [_j k ~ z - j k a ~ J 

~~~k
2_k~ _k~ 

+ ) 
(k2_k2

~k2)~~ 
dk dk .

(4.3)

The l a t t e r  integral can be expressed in terms of the derivat ives of

I
1

(a~~,z) and I 9 (a~~, z ) ,  as def ined by ( 3 . 4 )  and (3 .5 ) , vi z. ,

( H
a(Q) - [~ k

2 
+ , i (

~~~
, z) + ~~~~k

2 
+ 

~ 
I
2

(a~~,z ) ] .  (4 . 3)

On substituting the explicit values of I~, and I,, from (3.6) and (3.9),

we find

H
a
(Q) 

~~~~kL
{k

2 
+ sin2 e + 1 3 }(C~~~~) + + 2k sin

2 5s 2D2

+ 2 k D  + sin4 3s4D~ ÷ 6 sin ~ s
2
~~
3 + 3D2}(sH~~~~(ks))j (4.5)

where D = ‘
~~ 

—. Using the well—known recurrence relations for Bessel
s

functions , we ultimately obtain

I
a k~Y e ~~~

5 ‘.7 1 -,

H
~~~~

(Q) 
~~~ 

ks [cos S + 
ks~~ 

— 3 cos 5) + —~---~-(2 — 3 cos ’ 5)]

k
2

Y 
-) ( ‘)  1 

~

— j~~— [—2 cos S 112 ” (I(s) — ~~~H~~
” (ks) ÷ ksH

3 
(I(s) cos 5].

Notice that except for the Debye—type approximation to the Hankel function

quotient in (3.2), no further approximations were involved in the derivation

of (3.6). The first term in (4.6) equals the p lanar solution , that is ,

the ~o1ution for H due to an axial magnetic di pole M = : on a flat ground

19
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plane ; see [1~ App endi: < D ] and [2 , Eq.  ( 2 . 1 7 ) ] .  For large ks the Hankel

functions in (3.6) can be rep laced by their large—argument asymptotic

expansions , yielding

Ha (Q) - , ~ 
.iks 

-5 + ‘~— (2 — 3 cos 5) + 
~~~~~2

(2  — 3 cos -5)

+ (~~~
u/2

e
4 1/2{2 ~~~~~~~~~~ 

- cog
4 

(jks + ‘~~~) + o(~~)}]
(4.7)

Let the term of order in (4.7) be denoted by W , then f o r  S = one

has ~~
‘ = 3. Hence , there is no term of the form (3.13) in the approximate

resul t  for  Ha . This agrees w i t h  Lee et al.[2, Eq. (2.17)1 where there is

no such term either. On extending the result in (4.7), it is found that

the term of order 0(~i_) is equal toks

15 ‘ 94’ 4 1
— —v— cos 5 ~~- cos -

~~) + (1(— ~—~) . ( 4 .8 )
k s

The present approximate results in (3.6) and (4.7) are new compared to

the solutions obtained by Chang et al.{1 J and Lee et al .[2). In [11 two

different formulas for H~ are presented , namely , the as~inptotLc fo rr~u I - i

[1 , Eq. (126)]

2 . —jks
[co (~~) + ~~~fl -

~ — i—- ~‘5S ’ °~~~~‘

~
j ks 0 .,~ 0

(4 0 )

and the full formula ” [1, Eq. (111)]

Hd (Q) C 
~~~~~~~ [cos 3 v ~~~) + ~~~i2  sin

2 
~ - c~~s :~)v (~~)] .

KS 0 ks I)
(3 .~~ 1~

From Le~ et al.[2, Eq. ( .l5h)j we quote the so L a : i o n

20
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-- 
-
~~~~~~~

—
~
‘--_ -

~~

-

~~~~

-- -

2 . — jks I • ‘.7 - -

Ha(Q) k ’~ è - tcos S v() — ~L(cos 9 — sin S)v(~) + ~~~
— sin~ S u(~)Z ~ TJ KS I ks KS

1 1 4 ‘/3 -?
+ —~‘—~-(2 sin S — cos ~5)u( ) + 

1/ 3  
cog4 S~cos 

Sv ’ ( ~~)
k s ” (ka)

+ sin” S u ’(~) +~~~~~
— sin

2 -5 u ’(~)~~ . (4.11)

The solutions ( 4 . 9 )  — (4.11) are re—expanded for large ka, that is, for

small ~, 1w means of (3.18). Then the solutions (4.9) and (4.10) of

Chang et al. [1] become

H”(Q) ~~~ 
e~~ 

[
~~~

2 
+ j~;(f — ‘

~~~~~~~ 
cos

2 5)

+ 

~~~~~~~~~~~~~ 
cos

2 
S - cog4 5(jks +

(4.1 2)

and
— — jks

Ha (Q) k Y  a 1 2  
± -~~(2 - 3  cosa .~~ j ks L -

+ ~~~(~) 2
e~~~~~(ks)

1’ ( ’ cos 5 - cos
4 
5(jks ÷ 3)~

]-~ a - 
(4.13)

whereas the solution (4.11) due to Lee et al.[2] becomes

2 —jks r
H
3(Q) k Y e  

~ 
cos S +~~— (2 — 3  cos 5) + 4 ( 2  — 3 005

2 
~~- 

~~~~ ~~~~~~~~~~~~~ 
~~~~~~~ 

-
~ -.7 4 11 

-. 

-. 
—

+ -
~
—— (-

~) e ~ 
4
(ks) ~~6 cos

” — cos S (jks#— ~—) +4ka _ 
- ks

(4.14)

The asymptotic formula (4 .12)  due to Chang et al.[L~ does not agree wi th

(3.7), even its leading term does not agree with the planar solution.

the “full formula ” (4.13) of Chang et al. ~od the solution (~~.14) of Lee et al.

do have the planar solution as their leading term . The next term s of order

in (4.13) and L 4.l4) agree only partiall y with the orresponding term in (4.7).
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5. REPRESENTATION OF THE 3URFACE MAGNET IC FIELD IN DYADIC FORM

According to Lee et al.[2 , Eq. (2.~,a)], the asymptotic solution for

-1 the surface ~iagnetic field at Q due to a magnetic dipole M at P can he

expressed in the following dvadic form :

H (Q )  M fb ’ bH
b
Q) + t ’ cH

~
(Q)) . (5.1)

Here, t ’ and b ’ are the u n i t  t a n g en t  and unit binorma l of the surface ray

at the source point ~ , and similarly . t and b are the unit tangent and unit

binormal of the surface ray at the observation point Q; see Fig .  2 fo r  a

pic ture of these vectors en the developed cylinder.

in Chang et al.[1, Eq. (128)], the surface magnetic field is represented

by a different dvadlc fo rm , c-tamely ,

H(~ ) ~ . [b ’bA + e ’~ S + ;‘~~C] (5. 2)

where ‘ ‘ and ~ are u n i t  vectors  at 7 and Q in the d i r e c t i o n  of increasing - .

The result in ~5. 2) is based on the “ f u l l  fo rmula ” (or  the na~ net L1,’ field

components. The main difference between (5.1~ md (-‘.2~ is that the result

of Chang et aL . 1] contains a cross term C , wher eas no such term is

present in the  result of Lee et t1 .[2].

now examine the pos~ ibilitv of expressing ‘~-r results for the

surface magnetic field in a dvadic form similar to either ~~~~ or ( .2). —

Starting from (5.1) in the case of a circumferenti al di- ~-’o1e M

the surface nagnetic field has component s H’~~~
) and ~~~~ ~iven by

-,

sin~ 
-
~ + H cos • (~~~ . t

and

H’( I ~~) — 

~
‘1b 

— “ t ~~~fl -
~ . ( S . .)  - -

22
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Figure 2. tjnit vectors ( t ’ , b ’ , t , b) and sur face  ray PQ
on developed cylinder.

Im$

r’

Figure 3. Integration contour
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Similarl’ , fo r an axial  magnet ic  d ipole  M z the surface ~nagnetic field

components H’
~(~
) and Ha(Q) become

U~~(Q) — (H
h 

- H )  sin -~ cos ~ , ( 5 . 5)

= “b 
+ H sin ” 5 . (5.6)

On substitution of the actual values of H
L
, 11

L 
= H” and Ha as given by

-~ z z -

(3.11) , (3.26) and (4.6), we can consider Eqs. (5.3) — (5.6), as a system

of four equations for the two components R
b 

and H~ . It is easily seen

that this system is incompatible and does not have a solution for H. and

H .  Indeed , when taking the difference of (5.6) and (5.3), we f ind

H
’3
(Q) — H~ (Q)

H
b

_ H
t

= 2 ,~ 
‘ 

• (5.7)

cos — sin

whereas according to (5.4), we have

p c~~~~)

H — H  = —  ‘
~ .

b t sin~~~cos 
-

Now it can easily be verified tha t

H~ (Q) - H~~(Q) H~~~~~)

-— - — — - .- ~ 5 . c . )
— - . — sin 5 cogcos — sin

n conclusion , it is not possible to express our results for the su r f a c e

‘nagnetic field in the two—component dvadic form (5.1) , as found 1w

Lee et aL .[2].

Ne x t ,  we t ry to express ou r  r e s u l t s  f o r  the su r f a c e  ‘n a c n e : i c  field

in a four--component dvadic form , vi : .  ,

. [~~
‘
~~~ - + ~‘tH + ~‘

‘ + ~‘~ H - /  (5.l V)
0 0  tt ~~t

/
L
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which is similar to (5.2). Then the magnetic field components for the

cases of a circumferential or an axial di pole become

H
C (Q) = H

bb 
sin S H

~~ 
cos S + (H

b 
+ H

b
) sin S cos

H
c(Q) = — — H )  sin S cL’s ~ + H

b 
sin S — cos2 -

H~~(Q) = - (Hbb 
- H )  sin S cos -3 - H

bt 
COS S + H

b 
sin

2 
S

H’
~(Q) = Rbb cos S + H sin S — (H

b ÷ H
tb
) sin S cos S • (5.11)

Since H~~(Q) = H~ (Q), as found in Sec. 4.1, we have H
b t  

= H
b
. Then the

system of equations (5.11) can be readily solved , yielding
-I

H
bb

(Q) = H (Q) ~~2 ÷ H
a
(Q) cos S -. 2H~ (Q) sin S cos ~

- :  
H ( Q ) = ~~(Q) cos S + Ha(~ ) sin S 2H~(~ ) sin S cos

H
bt

(Q) = 

~tb~~~ 
= [H

L
(Q) - Ha(Q) I sin ~ cos S - ~

‘(Q)(cos S - sin~ ~~).

(5.12)

~e now substitute the actua l values of H~ (Q), H
L (Q) and H

3
(Q). taken

from (3.11), (3.26) and t4.6). Then we obtain

~
bb
~~~ 

~~~ [1 — — 1
~~~~ r~~[3H~~(k5 ) sin

2 
S —

— 2H~,
’ (ks) cog ” S + ksH

3 
(ks) cos SI  ,

and

2 —jks , . 2 . - . 7

• - H
~~~~

(Q) 
~~ 

e 
ks ‘

~~~± 
+ 
~~~~ 

— 

T~~~
-[ 3H

~ 
(ks) — ~~~~~ ~~~~~~~~~ 

I 

-

-

• ( 5 . i 4 )

and I-

= ~~~~~ - sin 9 cog S{3H~~~(ks) ~ H~~~~ks)J -
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Notice that the leading terms of (5.13) and (5.14) agree with the planar

solution for Rb and H~ * as given in [1, Appendix D} and [2, qs. 2.8a ,b)}.

For large ks the Hankel functions in (5.13) — (5.15) can be replaced by

their large—argument asymptotic expansions , thus leading to

H
bb
(Q) ~ e~~~~ ~l - - 2 ÷ ~~~~~~~~~ 2

~
- J 4

s)
1I2

~~ - S( jks +

+ ~~~~~~~~~
_ 

~ 
2 S) + o ( 2

1 
~~~ 

(5.16)
k s

and

H
~~~~

(Q) ~~~~~ ~~~ + + th~~~ l/ 2
e i

~~
/
~~(ks ) h/’2

~~ ~~~~

+ -~--(--1 + 
2 

~~ + o (_+_~~~ (5 .17 )

arid

k Y  -jks 
1 1/2 -~~ /4 1/I

H
bt
()) = H

b
(Q) 

~~~ 
~~~~

— ( -
~
-) e (ks) cos S sin ~

- (5.18)

Alternatively, the surface magmetic field H(Q) can also be represented

1w the form (5.2). From a comparison of (5.2) and (3.10). we find tha t

A , B , and C are given by

Hsin S cos S bt -A = H — H • B = H — H . , C = . (.19)bb bt cos S tt bt sin S sin S cos
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~~. MATCH 1~~; TO AN EX PA NS ION IN TERM S OF FOCK FCN CTI ’~’NS

I n Sect ions 3 and ~ ‘~c der ived  ap p r o x in a t i o n s  to the s u r f a c e  f i e l d
c . , c .1 a

compon en t s  H~~, d and U~~, H due to a c i r ~’u m fer e n t i a 1  or  an a x i a l  m a g n e t i c

di~ ole on the surface o t  .1 cv~~i n der ;  see ( 3 . 1 1 ) ,  ( 3 . 1 3 ) ,  ( 3 . 2 6 ) , ( 3 . 2 7 ) ,

( 4 . t ~ ) and (~. . 7 )  fo r  th e  f i n a . ~~~u 1 t s .  These approxi~utions were obtained

by startirt~ f rom the exact ;olution in E L )  and rep lacing the quo tient of

the Harikel func tion and its derivative by the Debve approximation as

given in ( 2 . ~~) and (2.12). Althoug h the use of the )ebve approximati on

has no t been fully justified , ~t is believed that our ipproximate results

for  the  su r f a c e  f i e l d  comp onen ts a re va l id fo r  l a r g e  ka ~nd sm a l l  ~ where

~— l/3 ks
= — )~ 3 cos

(kar

For largo ~~~, i . e . ,  in the deep shadow, the surface field docavs expouentiullv

as • i  func t ion of ~; see [LI and [ 2 1 .  This ~—d ep e ndenc e of the  su r f a c e

field is proper ly described in terms of Fock functioas u(~~ and ~~~~~~~

Fo1lowin~ [2 , Appendix ), the Fock functions u() and v( ) are d ef in e d  h’

, , ,.

(~~) 
- _____ e 3 ‘~~ dt , (~~~

. l)

2 v 1  L. 2 ’

and
~ 3 / 2  

w ’, ( t )  
— J~::t (

6 

~~
•
)u ( i .)  = 

• J w , ( t )  e dt
v T

whe r e 
~~~ 

is an . \ t r\  f u n c t i o n , v i z . ,

~~ [ B i t)  - j A :~~t f l  2~~~ ~~~~~~~ A i ( t e ~~~
1
~~~

3) ( “ . 3 )

a nd the con tour  r is sketched in F ig .  3 (see Page 2 3 ) .

The “hard” Fock fu n c c i o n  V (  ) ar ises  when apprc ’ :~i .~la t  i n ~ i n t t a z r a l  v i th

an Integrind containing H~
2) 

(k
~~

l)/H
~~~ 

(k
~

a
~~

; s i m i l a r l y , the “ s o f t ” F’ock

- ,
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~~~~~~~~~~ ~~~~~~~~

t nct ion u~~~) ar ises when the I te~ rand ntalns ~~~~ ( k a )  (k a)

in I, A ppendix 31 the nota t ions  and u~y~~
) 

~re used f~~r ~~~~~~~~~ m d

~~~~~ respectve] . v. By c losing the contour ‘ at in f i ni ty  in (o . 1)  i:~d ( 4 . 2) ,

we a r r i v e  .m t t he fo ~low in~ res idue—se ri4~s representat ions fo r v ~) and ~

~ ~~~~~~• 
- — J~~T I - 4  ‘— .~~3 - I _  ~ n

• — C )

n~’l

• 3/2u(:.) ..e ex p { — j ~, t I ; ( ‘- ~~~.)
U *

n1.

see [ i ., Eqs .  ~B2O~ and (
~ 3~~1 and [2 , Eqs. ~.\- 7) and L\-~~) I .  Nere

t I t e ~~~
’3 and t ’ t e ~~ 

~~~~~~ 
t~ Ai~~-~~t~~~) 0 and A 1 ’ ( - I :’~~ 0:

see [ 2 , p. i~. 1 for a t ab l e  of the :erus t dUd . It is c lear  from
¶ U U

t hat the Fock functions v ( - )  and u(~~) Jec iv e~ rouentia llv as

~~. Not ice that u~~~
) decays fas ter  than v~~~) , s ince t ’ 1  t . For

smal l  ~~, t he Fock functions can he represented by the powe r—ser i e s

expans ions

j ’~~ 4 ..3 . ’ 2 ‘ i ~ 3 ~~~~ -
~~~~/ -~ . ) / 2

v i~ 
- -

~ 
— I — --—-- e + - ~, -4- + 0 ~-. h~)

~ ~r ’ -~ 3 2  5 •  
~~l •~•j ’ ~I .  l~~ -

+ 4~~~~~ ~~~~~~~~~~~~~~~~ 
- + 0 (  •) 

*
— L_ .

a t o c e d  fr o m  [ , E qs .  (~~l~~ and (B36) J , a nd [2 , q s .  L \ — I [~ and \ — l  ~

~e shal l  now matc h the previous approximations fo r  the su r face  f i e ld

‘ompo nents , = !~ and H~~, to a new set  of  approx~ mat i n s  in term s f

Fock funct ions v I - )  and ui~~) .  > lor e spec if L-a11.~~. we co nst ruct  new

approx imat ions in~’olvin~ F’oc k funct io ns in such i manne r that for small

the new a pprox i~ at ions reduce to chose obta ined in Sec t  ions 3 and -~~, wne re hv

the Foc k f~~uct ions are rep laced by their r~owe r— se ries ox;’ uisions in ~~~

It is hoped that these new lprrox i~iat ‘us are va l id  uniformly in

28
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~ii

11
~

n .  I ~Lt ~~t ie ( c  I e 1 1  component U .

ftc e x a c t  -~ 1 t i t  ion or II : I ~ l y ,~~ by 1 .2  ~nJ c o n s i s t s  f t w o

!~ ‘I 1 t ~ m i i ~~ [ I . ~~~~~ I S~ and H) I. We d~ nete t hese te rms by H ’’  mud U , c 
*

:~o i h  t e r m s  a re t o t th ~ * ’ m n t e ~~r m ia;  the l u t e - ~u.mnd t :  the term ~~~ conta ins

~~ quet Lent U t k  a ) ;U~ 
- k a)  , w hereas he te rm H ‘

~~ has in 1imtc ~~rand
• V C V C

• ‘ 1 ’which ~-o nt  a ins the quo t I cu t  l-1~ ( k a) / U (Ic a) . Thus , H ~~
‘ should be

t cited t o  an puox t:~ta on I nvo lv  I n~ the hard Fock func t ion V , w hereas

u :
0 

i~ ~~ cited o a ~‘t ’ r o x  I ma C ion wh to  it uvo 1 yes be S O :  F 4 c  Ic C unc t ion

in t h e  exac t  s ’ t u t  ions fo r I1~~’~ amid 1:
0

. ~~ re p Lmc~ t he Liatikel

tin t LOU 1UO t lent ~ v t he net ’ y e approxima t on in 2. u and ( 2 . 12’  *

t ye iv .  l tir ther~toro we se t  v Ic a in the inner tnt  e~ ra I . we
V

a t e  t ed t t  t i c . Co 1 1 w  in~ .u’pr~ x I nat to ns C r  ii ‘
~~~ and U ~ ~ t~~) :

U
S ’  

~~~~~ 

- - 

* \ ~~ [- j k  - j~~ H 

2 

1k Jk

— - -
,

- ~xp [ — j k  -. - 
~~ •m:i j - ----—--——-—- - - , r ~ -k -s

~1 V \ ~r r  ~ ~ 
—

-, • 
— - ‘ — • ‘ ~. — k — k ‘ 

—

- --

~~ 
- - , dk Jk * ~ ~~~.

~~ ~k~~~~~~~ fl j
r \.

and

~~~~~~ exp [ -~~k :  - j k .t I

- - 
~~~~~~ exp t - ~ k :  - k . m . I  [ :T ~-I~ I ~~~~~

s ’ i k  - L k - k  k _ k _ k
)

~IhJL 
_________________________ — - • 

•



Not  i c e  t m m t  the sum ‘~~ c u . u) and t n .  ‘I j~ Lt I Ud I to ( 1. 1)

l i te  doub le I nte ~ ra s - ~ ii r • an d n . 7)  c u t  be ex p resse d lit te rms o t

a • and I • a :  • 
4 

• as ~ic t ned i’v ( I . ) and (. - S .mn d ano t her ~ cv

integ ra l c i :  • .~~) de t  tated by

-

I a ’ . .~
) - exp [-J k : - ~k a : I  - - - -- - - -

,
--

~~
-— -

~~
- -  ik dk -

— k --

th e  ta t  t er i at e~ ra 1 can he eva I ua ted in c I os ed fo rm i use o the re 1 a t  ion

. 0~~~~

+ 
2~~ 

~~~ ~~, ~~ - 

-
~ 

-
~ exp [-j k~~ 

- l k m ~~1~~c - k - k dk 1k

= ~~~~~~~~~~ * —;- 4. k I
1~~a~~.?) .

ai r ~~

On sub st tu ion o the c-a I t Ie o r  (a  * r tn ( 3 . i l  • we re 1 ed o the

I Low tug J i f :  er oUt l.m I. c~ ua t ion or I , a : -
.

— - — I ks - ,

+ ~~~) 1 - + ~ + k~~ - 1 
L 

+ 
1 )

- ~ l/ ~~~~- ~
/ 2

i~~~~~
:1 

~ks )  ~u . I) )

,
w here s — c m ; )  is :. he is ta e : r ’ n  I t o  s o u r - c  ‘ 1 ) 1  1’ o the

oh St ’ rv.i t ton ‘O tnt t~ .mi.on~ the sur f ace ray ;  see Ft .

rhe J it t e re n t l a l  e& Lu.It icn (‘i . I t~~~ can be s - k-ed I-v I n n er t r t n s r r t n m t t o n .

On deC j u t ug the Four te r  t ra ns fo rm ‘ i  1 ‘v

I , ~ .m 
* 

— 1
3 

c a  • -~ -
. — 2 

• I .~) cos .
~~ do *

,-e read iiv : m d  rem (~~. I

3i)



- — •~ —-..— -•--— — •—••- --- —-- — ——--—•-—•--- - — --•. — —• —- • --,—--— —.._—,--.• =—.--. —; - ‘- •-•
~~

-- •--• - - •  L~

* •, / -I -s -,
- 1

3
( 1  )~ — - 

~~~~~~~~~~ 
:- r 1 c m  t~~~~ -i- 

~~ I )~~~(i~4 ( m ~~
) + ~~1

_
~~ ~ 

t~~~
:-
~ t — 

~.-
• 

1

— — • , ~~~~i~~~~ 1~~~) — • _ •

I’

-4 • t  —

where the i’our icr rans i o rm -f  t he Ua~ ke 1 unc: tort wa s /)Uo L -d C r ti

* 
,‘ 5

1 ~~~ I q. 1.1 Ic_ e 2 )  . In r-s . 12) 
~~t is unders t ood thai • 1 — k k —

when t -
~ Ic • in i cc  ‘rdauic c ‘..‘ i Cli Ic hi’ I im ~ m smal l  uegat v c [ m m  c i t ta Cv I - s t  r

B~- i nve -r se I c m n i e r  t i - mus f o r ma t I O n  we have f r om ~t . 12 ) .

• — L  -“  K~ ( i ; .  t~~ 
— k ‘ — I  — — ~k -

I (a ~~,.t
) — 

~—~~~a ;) .1 -
~~ 

— —— — -  cos t t 1  dt ~~ . k  (~~~ e
-~~ -• f T

U •“ t~~ 
—

.1~
f 2 r  —j k s

— — - —
~

- - - - -
~~

— -  e * 
cr ~. l 3 )

k 5 c , s ~ 
- ‘~

w h e r e  the :~ ‘ur k- r - os  it te  ir mnsform or  ‘-

~~~ 

w a s  obt a ined  rotc I~~. ~~ 1 .1  •‘ ( -~ ~~~

the c ’ r c s e n t  result  C r  1. 1 c~m~~,.t 1 was  chec ked Isv I-sac~ — s u b s t t t u t t ’u into ~n 10”

In f a c t  * 
the gene r. m I so I Ut ton of  the Ii: e Fe r m i ml  e5~- m t , t  i ion in . 101 15

~~i~’en 1-v

I ~c i  ~~ • :1 —2 ~k
1 

(a :  ) e  
ks 

.\ OS ’S ko + Is s in k~ ~~ . 1 ~~1

w here A and 3 ire arh it rarv co nsta nts  w it j o l t  mdv ~Iepcud on a~’ -

Now s inc e I 
3

( 1  • is an even func t ton - s t  on e ~as Is 0. Isv a dir s O t

c a l cul at io n  or 1
3

( 1 . . o 01 i t  is thunt~ th .tt •\ 0 is w e l l .  iNns t O t  r e S c i  I

in t r t . i . 1)  is c o r r ec t .

‘~e now re t  urn to t he magnet i C ol 2 c~’mp ~’ U s U  t s  
L and ‘

~ •

~ Ly on Isv n. r~~ and n. , ) . .\s mentioned b e t  - r e  • the doul’ Ic I niegr i ls cat ’

rhere ire some ot’v b u s  ni spr ints in tl’.is C • ‘rmula  in t Ime f i rs t  - s i  :- :  o

t rans: - - rm result  U ’ .1 
simoi t  Id be 11 

1 
the range or v . m l t J l t V o t  lie sec ’n5i

pa rt  -thou 12 he b -_ v ‘ Inst o a d  o f  
- 

0 v h - \ l 1 res t i  I: have boon c - -c
in in independent :t.ircter Isv neans 01 , -

~ec • I
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~~~~~~~

—

b e expressed in terms of de r i v a t i ve s  of the key integrals 1
~~

, I , and

Thus we f_ n d :or H ’ ~~ 
•

- -~~~-~~~k + ~
--—- -

~~~ 1, t a t , o)  - k t 3
( a ; , ~~) ~ 

- -- —
~~,

— -
~~

~~ 3 ~a t )  ‘(dt - z

( 6 . 1 5)

- , c
a~ d :or H

- 
~~~~~~~~

- [I
3
(a:’,~~) - ~~~- k  ~ ---

~~~~~~~~~~~
- + 

~~~~~
;.‘ t , ( a t , z ) i .  ~u . I ~~)

- 4 k  — )~~ i )  ~~ 
—

~e tow insert the actua l va lues of 
~~~~~ 

‘ 2 and I~ as o,iven Isv (3 .b) , 3.~~
)

and ( ‘ ~~ 
131 . the derivatives of the Hankel function H1 

ks) are evaluated

and simp l ified by means of the well—known recurrence relation s fo r  Besse l

f unc t i ons ;  s ee e . ~ . •( 3 , ~ec . 3 .  2 1 and 1-e Eqs. °. 1 • 17 and . . 30]  - Thus

we obtain is  our final result for tim e ocnst ituents H ’ ‘ ‘ and K

2 —~ ks
~c ’ e — i — 1 1 —

1~ i~~~
) ;—o (sin 0 + ~~— ( 2  — 3 stn -

~ 
— — 

~~—) + — 3 sin
- 1  — — —- cos -,

~~v m ‘) ~ 
( 5 )  ‘) “

- T— ---- t H - 

~ks) — ,
— U - ( ks )  -

~
- ksH - 

~ks ’l os ° s in H ,
0 ~s 1 3

( 6 . 1  t~

and
- - - ~~~~ KS -

)) 
C 

ks ~~~~ 
— 

~~~~~ 
[2H~~~ (~~~~) ] . u-s . IS)

As befo re , we obs erve  that excep t  for  the Debv e—tvpe  i pp rox immt i5 ’n to the

I unc t ion quo t [ents , no further a7prox  i:n a Lions we re invo lved in the

deriva tion of (n • 17 t and (6.18). rho sUm of co.l~~) and (o.IS) is equal to

the field component II~~i~~
) as ~ r e n  :~v

For lar~ e Ics the  Hankel functions in (6.17) and (l~.18) can Sc rep laced

Isv their large—ar~ ument as.mt niot io expansions , thus leading to

~~~~ —~~- ——



~~~~~~~~

r
I

sin ° + *(1 - l sln ‘~ — ~~~~~~~~~
--

~~~
-)  + ~~~ t 2  — 3 s in ~).

~~~~~ ~~~, ks - -

— cos

1 — ‘ ‘ ‘  i - ~ / 1/ ’ !  ~ 
5 35

( \ s) s~~ 
— -

~ , jf l  - “ ( ks + — ~ --)

- , ‘

~ I I S  ~~~~~~ 
•~ ~~~~ c)  -~- c  ~~~~~~~~~~~~~~~~ ,

r~~~S

and

k Y  ~~~~~~ 
~~ 

+ ~~~~(~~) l/~~ ~~~c ks )
1 2 t 1  ~~ -~~~~~~~ 

~~
- - ‘~l ~t 5  KS 

- ,- -4kU — -~ks , _ 
- —

,,_ ‘

i n .  10)

~e now tutch t he se  approx imatL~’ns to a :~ew se t  of  apnroxima t ions of

t i c r -n  s i m i t i : -  to  tha t o r  Lee et ai ~~ ( see  ~3 . 1 7 ) ) , involving Fock

the new m:- s n r - ’x i t n i t  ion : or H~ 
L invo lves t he :‘ard Fock tunc tion

~~~~ mud it ~ d e r i v m t  lye - ‘ iT ) . w hereas the mpn rox l ~cat ion for U ’~ contains

the soC t Fock C ::tc t ions u~ fl m d  cm ’ 4. . I he re i  o r e , guided Isv 3. 1 fl , we S Ot

1 —~ ks — 1 3 .
‘
~~---~- s-—-- -- f A ; i T )  + —

~~~~~~ c o s ~ 3k- ’ (~~ ) 
~ ,

• - ‘

and

2 . iks ~~~~3 • -

[~:~ (:) + - T 2 / 3  c o s~~ Du ’ ~T I ,

w here the co ns tan ts  .\ . B , C and 0 are determined Isv matching to ~ ts . 19)

and n . 10) for  sm~t l  I

For sma ll we rep lace - s- T 1 and u(~~ m d  their d e r i v a t i v e s  Isv the

approx imations

- j - r / - ~~ 3 I
— —- C -.

-4

- ~~~ -
-
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- ~~~~~~ e~~~~~
’
~~ , u ’ (~~ - ~~~~~~ j~~/4 1I2 

, (6 .23 )

taken fr om (6.5) Then , the results (6.11) and (6.22) become

2,. -jks 1 L - ’ ~ 1/~ 3
• H~,~~

L
cc ~) 2 j  ks 

[A + —
~

-—
~~~~) ~~ e

ulT
~~~(ks ) ~~—jk sA cos + -~B cos H],

(6. 2!~)

• and

+ th~ 
2~ -3 / 4  1 2~ k c  cos

2 3D cos

(6. 25)

By iden tifying ~6. 2~ ) and (6.25) with (6.19) and (6.20), respectivel y,

we can readily determine the constants A , B , C and 0, viz.,
.1

f [A 
= sin ~ —(2  — 3sin -

~ — ( 2  — 3 sin 2 
~

)

1~3 = 
sifl 

- sin ~ + 
~~~

—(-
~~ 

- ~~~ ~~~~~ ÷ sin~ H . (6 .26)
cos ‘ cos

and

1 
~~~~~~~~~~~~~ 

I (6~~~~)
ks 2 .  ‘ llks 2 ,cos t cos

The values of A , B, C and D , thus obtained are to be inserted into (6.21)

and (6. 2). Then Isv addition of (6.21) and 1o.22), we obta in the folThwing

approxima tion in terms of Fock functions for tli ~~ surface field component

• -s S 
. 2 

~~~ + ~~~(2 - 3 sin - ~ )v i ) + ~~ u~~~)

- cos -
~ t o s

- 3 sin Hv(~~) + ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ 

S1fl 
- 

11 • 0)v~~ (~~ )

c~ a) cos

+ 
s

4.
-~ 

- 
12 

+ ~~~, ~~~~~ H’- ’ ( )  + 1’k 
~~~~~~~~~~~~ .

cJs - cos • ( 6 . 25 )
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lhc :rescnt  -
~:~~rex ima t ion should be compared to the result of Lee et i~~~[ 2 j ,

:s ci- .-en in i 3 .3 1) .  th e main d i f f e r e n c e  is that  the result in ( 3 . 3 1 1

t n - ’o1 vcs~~~o: i: the hard and soft Fock funct ions , w hereas our a~~prox ima cion
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n . j  ~!d~~t i c t L  f ie ld component 1°.
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( 1
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1110 B to be hurermined . For small 7 :~e re;’Iace ‘~
- i 7 )  and - -  ‘ (7~ by i~~ . 23~~.

then rh’. a:’:tr’ximat ion for H’1U) recaces to the form ( i .  — ) .  Then by

~t a t c h m n~~~:.us f - ~r:~~ tc our previous lnnro:-t imaticn (- 4 .71 arid i- - • we c an

readt l.- determine :~ e constants A and 3, “1.:.,

= c os  — 3 co s H + 4~~i2  - 3 cos H

B = — -
~
-
~ cos — ~~

— - i —  -/ — 
— — -

~~ 
-
~~

-
~~
-

~
-- c ’ s  l.LI KS ~~ - -3 c os

On insert i r i ct t o e s e  ‘a It:es into the form ~n. I1~ , we o b t m  in t he Co I

l~~~roxima t ion in terms - s f  Fock f unct ions fo r the s u r face  f ield component
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7 .  NUMERICAL RESULTS

For the numerical calculations , we concen trate on H (the ~c—component

of ~1 due to a circumferential dipole) and H
d 

(the z—componen t of H due to

an axial dipole) Three sets of approximate solutions are used in the

calcula tions , namely , 
S

(i) the “full formulas” of Chang et al. [1] , which .are given in

(3.16) and (!..lO) of the present report;

(ii) the formulas of Lee et 31. [2], which are ~iven in (3.17) and

(
~
# ,ll); and

(iii) the present formulas in (6.28) and (6.32).

The radius of the cylinder is ka = 9.5325. The ray direc tions are

3 = Q0 -~5° and 
9Q0 • As a func t ion of ks, n’mmerical values of are

pr esented in Ftgures ~ t~ 6, and those of in Figures 7 to 9. In

those fi gures , we use the following notations:

C aMag = absolute value of (H /k~ ) or (H /k~ I

- c +jks a +lksc NormalLzed phase = phase of (He ) or ‘H e

The db value of I-lag is ca lcu la ted  by 20 log
10

(Ma~ in ampere—meter).

As another accuracy test , we calculate the mutual admittance

between two identical slots on a cylinder by using the three formulas

iescribed in (I) to (iii) above. The geometry is sketched in Figure 10

with the parameters

Frequency 9 (‘,Hz , • = 1.3123” , a = 1.991”

Slot d imension = 0.9” x

S l o t  separation described by (~~ ,z~ )

39 
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8. CONCLUSIONS

The surface magne tic field due t o a magne t ic dipole on a cy linder

- - 
can be found exac tly in terms of cylindrical modal functions and Fourier

integrals. This solution , however , is not suitable for computations at

high frequencies (ka >> 1) because of its slow conver gence ra te .  The

present paper is devoted to extracting an asymptotic solution (ka -~ cc)

from the exact  one. Explicit results have been obtained for the following

cases :

(i) In the penumbra region on the cylinder where ~ is small,

the asymptotic dyadic Green ’s function is given in (5.10) and

(5.13) — (5.15).

(ii) In order to obtain a solution uniformly valid for all points

on the cylinder (from the penumbra to the deep shadow), the

asymptotic solution in (i) is matched to the well—known

t 
creeping wave representation via Fock’s functions. The final

dyadic Green ’s function is given in (6.34) — (6.36).

The present solution has been compared with two previous ones :

Chang et al. [1] and Lee et al. [2]. Of particular interest is tha t ,

through rigorous asymptotic expansions , we have confirmed the peculiar

(ks )
~~~

’2 
field behavior along the generator of the cylinder (sometimes

known as the “transverse Curvature term ” in the field solution) This

term plays a most important role for rays parallel or almost parallel

to a generator of the cylinder. Until the present confirmation , Its

existence was predicted only through speculation.

____________ -Th — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-
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L.  INTRODUCTION

In the design cC a conf - m e l  i rr - l~- , t he  tw o most important

— 

- e lectroma g net ic  arameters  ire the tui ut - tal  idrti itta nce between elements

and the ac t i ve  element nat tern. these t’.;c tua r - sm eter s  have been calculated

b y t he following two techniques:

(i) Modal analys is ~l] — [ 3 ]  applied to problems with separable

geometry . The solution is usually rigo rous , and is in the form of

infinite series/integrals. Because of the convergence rate , it is suitable

for numerical calculations only when the radii of curvature of the array

surface are small in term s of wavelength. In other words , modal analys is

is a low—frequency technique.

(ii) Ray technique [4] — [10] is based on surface rays , first introduced

by Keller in his Geometrical Theory of Diffraction (GTD). It normally

- - - yields an asymptotic solution valid for high frequencies . Because of the

wide range of its app licabil ity and simplicity of its final solution , the

ray technique is a most attractive tool in solving conformal array problems .

This part of th~ book will describe the ray technique for calculating the

mutual admittance and active element pattern . We will concentrate on

conformal arrays which have rectangular slots as their elements.

I

1 

-
- 



2. CIRCUIT DESCRIPTION OF SLOT ARRAY

Consider an array of N slots over a curved conducting sur face :

(Figure 1). Each slot is fed by a rectangular waveguide (Figure 2),

where only the dominant TE
10 

mode propagates and all other modes attenuate.

The electromagnetic properties of the array can be conveniently described

by circui t parameters detailed below .

Let us concentrate on a typical element n in the array . A t a suffi—

c iently large distance ~ from the aperture , only the dominant TE
10 

mode

is present. Then tile transverse field vectors in the ~th guide - -an be

-
~ represented by

E(x,y,z=-Q) V e(x,v) (2.la)

H(x,y, z=—1) 1 (2 ‘- e)  (2 . l b )

where

—~ 

~~~ 2 1/2
e( x,y )  = v(—) cos 

~
— x) . . _ a )

ab a

H V = modal voltage j~ element (2.2b)

thI = modal current in ii element (2.2c)

Note that the field in (2.1) is the total field consisting of waves

travelling in both +z and —z directions . Because of the linearity of

the Maxwell ’s equations , the current in the mth element is linearly

proportional to the voltages in all elements in the array , i.e. ,

N

I = Y V , in 1, 2 , . . . , N . ( 2 . 3 )in — m n nn—i

-~~~~~~~ - 
_ _ _ _ _ _-
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~~~~~ _ _

. 1

In ma t r i x  f l o t a t i snil . 2.  ~
) may he r e w r i t t e n  as

I - ~~~~
‘

whe re I and ~
‘ are co lumn mat r is -Cs w i t h  elements I and ‘ , and is

4 ti n

a -~~t t a r t ’ t~tat rix w i th  elements ~Y inn

The proportiona l 4 -oustj n t  lii 2 . ~) . f o r  examp le , is 5- a Ll ed the

inutii,i l admit tance between s lo ts  I and 2 . By rec ip ros - i t v , 
~~~ ~~‘l~

o m a y  calcula te lmeasure ’t fr om the following setup ~,Figure 3):

~t )  Element I is ex c i t ed  so that the t,tota l~ vo l tage ~t t  tile

re fe ren c e  l’ l, lLle ~~ 
— -  ~ is

J L i)  ConCu~- t Ing p lanes are p laced at the reference p lanes of a ll

oc her ~l~ mt’nt~ so that \ ‘ — 0 fo r n ~ I.it

Then It Cot lows from 2 . 3 )  t hat

~~ ‘ )5
12

short a ll  t ’x5 -ept  I

wh ic it nay be ,-o ns idered as the Ce C m i  cLou t  ° •

~ I ~~
- t is - -a t rinsm i cc  lug ~tu teuua , t li t ’ it clement in the slot a r r t i v  n

is ‘x5 - ited hi- an inc ident 1H , mode w i t h  i-o l t ig e  V , ~‘ho rc the
- 

- 0 it

supe rsc t - i pr ‘‘ 4- ’’ 5 I gull I es that the wave  p i-c pa cates I owa rJ 1 lIt ’ tpe r  o re

in the +~ di rect  ion. the discont t un it v it the ape rt - i re ~-~it isos t r e t  I t O  ted

TE 10 
mode w i th  \ ‘O I tage V , which t rave ls  in the —

~~ ,iLre~- t ion. then the

t o t a l ~‘o I t igo it t he r e f e r cms5 - o o lane i~ — —
~~ 

) is

V • + \
11 ii ii

whi le its c~’rr~’sooud t tie, current is

+ -

I — \ ~\‘ — V ) .1) - t I Ii

_  - _ _  
_ _  _ _ _ _ _  ~ ‘ ‘~~—~-- —-- ------- -~ _tt ~ __~~I ‘~

- -=~~~
- - — — -
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where V is the ~- h a r ac  t e r i s t  ic admitt ance of TE
10 

mode

— ~~~~~~~~~ H — 
1 ) 2

1
1 / 2

~ 120 ” 
- ka —

For a g Lyon se t  o f  inc ident i-cl ages V~~} , we can determ ine t he ret  looted

vo ltages tV ~~ and the (total) voltages - V 1 from ~2. t ’ ) and ~~~~~ . The

resu lts are

V - (1 + ~
_ l
~ )~~I - ( 2 , -~

)

V • 2 ( 1  + ~~~~~~~~~~

w here I is jin ident i ty matr ix ,  and V V 1.
c c

[II jddit is ’tt tO adm i t tance t Y  ‘1
, anot her set c t  important parameters

inn

is t h e  sho r t—ci rcu i t ed  ac t i ve  element p a t t e r n s  ~P (t1 ,~~
) . For example ,

is deC m c d  as the radi.ition pat t e rn  (cC E or E~ component when

V — I • and V • s) if n I (Figure 3) . I’hte te r: n ‘‘ a c t  ivt ’’’ no uns that the
1 i-i -

rad Lit ing ci ement Is s i  t t t a t  ed in an array t’flV ironment (not [ut ~in iso  Lit e’l

environment ‘~~. ~‘heti in art - t v  us O X O 1  t - ,’d h\- an Inc l1lent i d  ca g e v e c t o r  \ .

t he rad [a t i  on ‘at t eril c i  the ~tto I e art- av is t li~~ ut g I von hv

N
P ~, 0 ‘~) — ~ V P I, ~ ,2.  ls fl

S a rray 
‘ ~~ 

ut n

where V can he ~
-
~i I on I .ited roni (2 . • and T is .i t r uss m~os e o~’o rat~’ r.U

_ _ _ _ _ _ _ _ _ _ _ _ _  

j
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SC.\ 1--r ER I Nt l Pi-~scRlP - r t ON OF SLO I’ ARRAY

Fot- thu ~ same slot arr,*v iii F I gure 1 • a d if f~’rent and equivalent

descr ipt ton nay h~ given in te rms of  s t a t  tering pa ra meters , instead o f

ircu it parameters .

Para l lel  cc t, 2 .  ~) , t ise has ic relation in the second des5- r i pt ion is

N
\. — V -

~ V t n — 1 , 2 N , ( 3 . l a )
-n —‘ mnn u

or mu ~t a t r t x  notat  ion ,

——V • SV . ( .lh)

Here S — [S  1 Is i s c at t e r i n g  m a t r i x .  S , S~ , fo r example , is the
inn l~ .1

ind uced voltage at element 2 when

i, I cLement 1 Is c x c i  ted w i t l i  VT 1 not ~ I 
• , and

I a ll other e lemt’nts are te rm inated u~ j tl’t a mn~it c ited load ,

~~ in the m anner s ke tched in Figure -~~ . Sometlme~ • 12 
is ~t I so known as the

cou p I i  ug co t ’ f f 1 5 ’ ion t between elements 1 and 2. ~he con ipa t.i son o t ~~. I

w i th  i 2 . S )  leads imm ed iately to

— J ÷ ~~~~~~~~~~~~~~~~ — 
~

w hich re la tes  ~ to the ~udm tttan oc mat r i x  ‘u . ~or the sm ’ ’~- ia l c i s c  \ —

we have

— 1  V_
~~~ - 

1, ~~. ~~
— (1 ~ 

—

For a g iven inc [dent i-c t  t ago v ec t o r  V
+
, t I i ~ ’ (vo I t  age) rt ’ I ccl  ton

c o e f i  i5 - i t ’nt in element in is ~le f iued by

_ _ _ _
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V
R — —a , • 1, 2 ,... , N (3 . - .a)
In +

in

and Is found from 3. lal to be

N
R — ~ S (V - V ) .

m inn it inn 1

The Input admittanc e of t he  TE~~ mode in elemen t in is given by

V 1 + R
\ .(in) 

— 
nt 

• 
in 1 , 5 , ~

)
in Iin in

Unlike I , we not e tha t R and y~~~~ are functions ot~ the a r r ay
inn in in

r e x c i t a t i o n s .

Under the condition sketched in Figure ~~, the radiation pattern is

5- a l ted the matot~— 1oaded act ive element pattern Q 1
(O ,-~

) . For a given incident

1’ 
vo l tage vector  V~

•
, the pattern of the whole array Is given by

P ¼ m 5 ,~~
) - V ~~+

Q (0 ,~~~~) - (~ +) T~ ~~~~~~it it
n— I

-~ t I l t  the he 1 p of ( 2 .  ~~1 , the comparison of ( 3. ~) and ~2 . 10) leads to

— — — — I —  — l  t—
Q — 2 [ ~~ l + 1 1) I P

which relate s two types of act i ve  element patterns . Note that

t o t  examp le , depends on P 1
( 1, t )  , ~~,( ; 1 ,~~) , . . . , P~~tP . ~) through the n i t  r t x

rela tion in (3 .~~) .
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-. .  ON E— M ODE AP P RO X DIA TI ON

In the discussion of Sections 2 and 3 , the reference plane for the

voltage and current is taken to be a distance -~ from the aper ture

(Figure 1). Specifically, 2, should be chosen sufficiently large so that

all reflected modes other than TE10 attCntuate to negligible values within Q.

As an example , wi th parameters (Figure 2)

a = 0.9 ”- , b = 0.-i” , f = 9 GHz

should be at least 0.45” in order tha t the next higher—order mode TE,0

at tenuate to one—tenth of its magnitude within Q.

For a finite Z, the calculation of ~Y 
} and other scattering

inn

parameters is quite difficult. Hence , in pract ice , we often set

-~ = 0 . (4 .1)

H ~Then (-~.l) is used , all of  the analysis in Sections 2 and 3 become s

approx imate. This approximation is valid if , desp ite the discontinuity

L of the guide and the coup ling in the array , the aper ture field of the slot

essentially contains no other modes than TE10. For this reason , the

approxima tion in (Je .l) is known as the “one—mode approximation. ” It

has been verified experimentally and theoretically that one—mode approximation

Li a good one if (i) the slots are thin , and (ii) their length is roughly

a half—waveleng th.

Under the one—mode approximation , the expression of the mutual

admi ttance in (2.5) can be replaced by

1 -
~ 

-t 
-= 

~~1~~~
2 J A~ 

E 2 x H1 
ds ,, (s.2)

-- _LA— ~-~--~ —-- -~ --~--— -~~~~~ — 
—~-
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where

• apert~ire of slot 2

H1 
— magnetic f ie ld when slot 1 is excited with voltage V

1
, and

all other slots are covered by perfect conductors at their

openings ( ‘  0 in Fig . 2)

• electric field when slot 2 is excited with voltage V ,, and

all other slots are covered by perfect conductors at their

openings.

Because H
1 

= 12 112 and E , V 2~ 2, it is a simple matter to verify that

(4.2) and (2.5) are equivalent under the one—mode approximation.

There is an alternative definition of mutual admittance. Instead

of (2.1), a modal vol tage V
1 
(with a bar) may be defined through the

- - expression fo r  the aperture field of slot 1 as follows :

E = ~ 
-
~~ V

1 
cos ~~ x l  (.~ .3 a)

or equivalently

= (~? . E) dv . ( 4 . 3 b )
1 - x 0  -

0

Then a different mutual admittance is defined by (~~.2) a f t e r  replacing

(V
1
,V~ ) by (V

1
,V ,). It can be shown that

~~12 
= 

2b

Two remarks are in order: (I) In the limiting case tha t b 0, goes

-~ to zero in proportion to b , whereas Y
1~ approaches a constant independen t

of D. ~jL) For the special case when a \ 2 and the slots ~sre arranged

on a plane (planar array ), it is Y 1,, not ‘i l8~ 
that is related . by the

S 

—-~~~~~~~ —--
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Babinet :‘r i :ttmm ~~t’, to the mutual impedance between two correspondin g

dipoles calculated hi- the cl ,isst cal Carter ’s formula [ 11. [121 . t iii l When - 
-

the slots are excited by waveguides (transmission Lines) , one o f ten  uses 
-

-

~ro~ here on , we w ill concentr ate on instead of V 1 , . -

Under the one—mode approximation , the sh ort—circuited a c t iv e  pa t t e r n

P
1
~

°.

~~

) of  sl ot I (Figure 3) becomes :ite pattern of a single slot when -

all other slots are covered by conductors at their openings t~ 
• m) in -~

Fi gure 3) . ~t s calculation is thus greatly simp lified.

0
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~~. ~; r o  I ; R ~:EN ’ S ! - 1 N C T I O N  FOR S L R F \ C F  F I E L D  0\’ -‘ C Y L I N D E R

Under the one—mnod e ipprox i:ia t ion , the inutna I idini t cane e he tween two

‘ h o rs  in an array can ~e ca~ 5-u lated t r om ( . . e w i ll  now ipp lv it ro

a s o t  ar ray on an infin i t e lv  long conduct ing cv I uder .  The key S t ey  I

m u  the c~i Iculat  ion of 
~l’ 

the magnet mc f i e ld  ~it t he ape r tur e of s io t  2

due to a vo l t age  ex5 - i t a t  ion in s L o t  1. To this end • we consider  the

following ~r een ’s fun ctm -~’n pro Nlemn .

.~c point Q ’ on the surface of the cv i  m Oor of rid j us R ( F i g .  ~‘ i )

there is a tangential ~nagnet ic di pole sou r5 -e described by a m agne t i c

current dens ~ t v  (for s ’X ~ +~~~~-t l ime convent ion)

K i r )  - I t  ~~ ~ (r - ~~~~~~~~~~

- .uere ~I is the magnet c d ~m o Ic moment , inc c r  ~~, = 0 . = 0) are

the 5-v l indrl cal coo rdinates o f  0 ’ . The problem ~s to detcrmmne H at

anot her point ~ — ~R ,-: , ~
) on ti-ic s ine s u r f a c e .  Tue r.t~ t oo  unique descr ibed

be low appl ies w hen kR is la rg e ( s a y  10 or more) .

~\~
- cording to ~TI) [ 1 3 1  , [ 1 - ~ ~ , the dcmmnant con t ribut ion of ~i it  0 is

rue f ie ld on the sur face ray from ~ 
‘ t o  ~~. The s u r f a c e  ray is a geodesic

on the conduc t ing surf ~ice . and in the present  c isc ms .i he 1 ical path

(F ig ure ~‘). the arc length of  the sur face  ray is

— ~~~~~ + . (
S 2 )

rh~ raucen t , to rma I . and b i:’orma 1 o the sur r i~- e ray  arc tt , — n , — h

at ~~ 
‘ 
, and t , — n , — 1’ i ~i t Q . thus , I, t , ml , h ‘~ to r n  a rio v 1:1 g r ted ron i ion

a sur • j 5-e ray , oot nt  t ug  towar d  I lie long i tiud nil and two transverse

dmrec : :ons . At ani- po t -at on the s u u r m  ac e ray , tile c m m r v l t u l r c  o f  t hi~

conduct i ng s urf . ice is d eso r t h e d  by tw o ~ ir i me ters: —

10

_ _



R = the radius of curvature in the direction of t (or that in the

long itudinal direction of the survace ray), and

R,
3 

= the radius of curvature in the direction of b (or that in the

transverse direction of the surface ray).

On a convex surface , bo th R
t 

and R.D are nonnegative . For the present

case of a conduc t ing cy linder , one has

R = R (5~~~’t 2 2 ‘ . ..

cos 9 sin &

where B is measured from the R4—axis in Fig. Sb , and takes a value between

0 and 2ff. The large parameter for our asymptotic expansion is

1 1/3
m = (-

~
- kR

~
) . (5 .4 )

- Thus, the solution to be presented is an approximate

asymptotic solution valid for m —
~ ~~~. Furthermore , let us introduce a

distance parameter

= = (kI2R ~)~~~ s = —

~~ 

( 5 . 5 )

which is the arclength normalized by k and R
t
. Note that ~ = 0 defines the

li t region (9 = rr /2), ~ 1 defines the penumbra region , and ~ >> 1 defines

the deep shadow region. Our solution is uniformly valid for all 0.

Due to the point source in (5.1), the final asymptotic solution for

the magnetic field on the surface derived in [ 9 ]  is given by

~
(Q) . (b ’b~~ + t ’tH

~
) (5.6a)

where the transverse component is

~~~
(Q) ~~ [ (1  - ~~~)v (~~) - (~~ )

2 
u(E) + j ( v~~ kR

~~
) 2 13 v ’ (

~~
)

+ j ( /~ kR
~

) 213 (R
~ / R 11

)u ’(
~~

) ]  G ( s)  , (5.6b)

11



the long itud inal component is

H (~~) ~ (~~~) [ v (~~) + (1 - 
~~

) u(fl + j (
~~ kR )

~~~
‘ 3 u ’ (~~) 1  C (s )  (5 .n c )

t ks ~~~~ t

and the tunctio ti C(s) is

— :- k Y
0 ~

_j ks
C(s )  

~~~~~~~~~~ ks - 
( 5 .bd )

• (c
0/o 0

) 1
~~ ~ ( I d O m i ) 

1
, v and u are defined in the A ppendix , and v ’

is the derivative of v. The solution in (5.6) is largely based on the

cla ssical work of Fock [171 .

Let us consider several limiting cases of  tile sol ut ion given in

(5.h). :f the rad ius of the cylinder becomes infinite

( S . 7)

the use of ~A — I 1 )  thro ugh (A—iS) in the Appendix in (~~.n) leads to

~ 11 - - (~~~~~J C(s) , kR -. ‘- ~~~~~~

- ~~ )C (s )  , kR -
~~ .

When (~~.S) is substituted into ( 5 . o a ) , we find that U in ( 5 .~~’) is

ident Ic d to the -ar to~ solution of the surfo -c field due to  a magnet ic

dipole on a f lat  ground plane [15].

The second limiting case occurs when

-
~ ~f2  .

We f ind f r om (S .h) that is aga in g iven hi- ~~~~~~ hut H
1 

becomes

~ [ I  - 

~~~ 
+ :~(~~

)I
~ ~~~~~~ ~~

-
~
‘-

~ 1 ~~~~ , 0 -

( 
~ . I 0.i )



Lu tertn~ o the ~ lanar so Eut Lou Lu (1. Sa) , we may r e w r ite  (~~. 1 
)a) as

— —j ks -

~~~~ 1 p iat iar + 
~ 

k T h e  
l-m -e ~~~~~~~ 

, 0 -

• ks
-

~ ~~. lOb )

r u e  resul t in ( 5 .10 )  is tnost interesting and , in fact , somewha t surprising .

the sur f ac e  t - ai- i-ave I Lu g Lu dl i- oct ion 0 — T /  2 (Fi g. ~ ) is a . m t i ne

(kR • ‘)  . Howev er , due to the f L u  1 e c urv~t t tire iii the hi norma I direct Ion
t

I ~; — 
~~~ 

• L-t~ on t he -i- I nOr i ca l  stir f ac e  01 fers I ron Its co unterpa r t  on

a planar surt t5 -e  by t he add It L~ u t I term i n  ( . lOb) . At a large Lii stan,-e

t w a\ - f r o m the ~ouroc (ks ‘)  In the 0 ire~- t ion ~ — / 2  , and for a f t  ~ed kR ,

j 
we f ind that il~ on a p 1.mar s u r i t c e  and that on - i  cv i  [nO r L o t  1 sur fac e  are

given liv respect Lye I

— 1k-’.
U (t~ ) ]  i- A -

~~~
——- - 

~~. 11)
b iilana r

~ tk~ — i k s 
-U ( t~~) ‘ -  i; —-  — -‘- _\ -- - — , . Ib kk ~

— ‘s

w here A and it ~it- e c o n s t a n t s  Independent o t  m d  R. rhus , lot - large ko ,

U1 
on a ci- I Inder is - , m ’ . - ‘ : -

~~~ t han that  on a 
~ 

lane

As ~i third I [tn t t Ing ~~~~~~~~~ let

-~ 
‘ -  

~~~~~ 
1 ;)

wimi oh OLc ii r s when ohserva t i-oil poInt Q t In the ieop shadow . Mak i uig use

o t~ (A— ~
) t hrough (A — 10) • we can Ocr y e  from ( i  •

~ ~
) k s ’~~~~ oxp j - t ) .SS~- - + ~). SL~ + ks) I

1’ l~~h~(kR ) (kS)
.
. 

S m - - . I-.a)

(l

~~

) i. !I~~( u~) , ~ “ . (~~~~
. l- .b)

There fo re , In the sleep s hadow , the f t  e 10 is a s I ow u~- a\-~• m d  a ~~s ii

exp o nent t .m l i v  .m 1 5 ’ng the stir t a c o  r u ’

I 3

- - --



6. MUTUAL ADMITTANCE BENEEN SLOTS ON A CYLINDER

Return to the calculation of from ( 4 . 2 )  for two identical

circumferen tial slots on a cylinder (Figure 6a). To calculate H
1
, the

voltage excitation V
1 

in slo t 1 can be replaced by an equivalent

magnetic surface current density (Figure 7) .

= zV 1 cos (~ y) , for (y , z) in slo t 1 , (6.1)

which radiates in a completely filled cy linder [16]. In (6.1), y = Rd.

Making use of the Green ’s function in (5.6a) , H
1 

is calculated from the

superposition integra l

P
-

. 

H
1 

- 

A
1 

dy
1

dz
1 ~~~ 

cos (-
~ y1) ] [ b H

b ~~~ 
+ t cos 9] ( 6 .2 )

where we have written the source point (v,z)  as ( v
1.
z
1
). Making use

-

- of (6.2) and the elec tric field distribution of slot 2 in (4.2), we

obtain the final expression for between two identical circumferential

slots on a cylinder , namely ,

~~ 

dy
1

dz
1 J dy2dz 7 [cos ~ v

1
][cos 

~~~ (y2 - R40
)Ig~ (1 ,2)

1

p Here (y 1,z1
) ,  and (y ,, z~~) are two typical po ints in slots 1 and 2,

respec tively. The Green ’s function is

g~~(1,2) R
b 

sin ~ + cos 9

where (H
b~
H
t
) are given in (5.~

-,) with

s (v 2 - v
1
) + - 

~l
) (

~~ . ~~~)

- tan
t
[ ~~~ 

- 

l~~~~~2 
- 

~~~ ~ 
(h. ~h)

1 4
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In .m very s imilar manner , t he mutual admittance between two identical

axia l slots (Figure bb) can be derived. The final result reads

~L2 ab A 
dv

1
d~ 1 

~~ 

dv 1d~~2 (cos ~ z1
1 [cos ~~~~ 

— z ) f l g ( l , 2

- (o .b )

where the Creen ’s function g is

g (1 .2) Rb cos 9 + H
~ 

sin  9 . (n.fl ¶

The two surface integrals in (6. 3) or ( t - e . O )  must he evaluated num ericall y .

Extens ive numerical results are given in [8), wh ile some representative

examples are quoted below . All values of Y
~~
, are presen ted in (db , phase

in degrees)  form at s where  db — 20 1og 10(~ Y1)~ in mho’t .

(i) Agreement between CT1) and exact modal solutions. Under the one—

- 
- 

- ~i~ 0at approximation , an exact solution of ‘
~l~ 

un a cyl inder can be found

in terms of cylindrical functions (the so—called “ex a c t  modal solut ion ”)

[I] — [ 3 1 ,  [81. Consider two identical circumferential slots with

parameters

a = 0.0” • b O .~e ” , R = 1. )L)l” (b. S a)

f L) CHz , - 1.3123 ”

For various s lo t  separa t ions , values of calculated by CTD solutions

In (n.3) and by the exact modal solution are presented in Table A. We

note that they are in excellent agreement.

iii ) Effect of transverse curvature term. As explained in the

discuss ion ot :‘. ‘4) t hrough (5. 12) , the ray travelling along the

gene ralo  r ot the cvi inder is straight . However, the t [eld 11
1 

Oil ~~t

is St roii~er tti .mu tha t 5 ’n a ray travelling on .i p ~auar couduc t ing

1)

-~~~~~~~~-- -
~~~~
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TABLE A. 
~ l2 

OF CIRCUMFERENTIAL SLOTS ON A CYLINDER

- r —

~~

p
0

(deg.) z0
(inch) Modal Solution GTD Solution

0.5” — 6 2 . 6 2  db —62.54

— 72° _720

2.0” —71.78 I — 7 1 . 6 6

-117° ~1160
0

8 .0”  — 8 1 . 8 4  — 8 1 . 8 3

3 4 0  37°

40.0” -91.95 7 -9 2.4 6  - 

-
~ 

-

_1150 —110°

30° — 7 7 . 4 2  — 7 7 . n ’ 4

175 0 177 ~

600 -90.00 - 9 0 . 17
— 30 _ 1 0

90° -102.52 -103.10

120 ° 116 °

300 — 8 1.33  —81 .3 4

7 7 0  75°

400 —89.87 —90.02

168° 170 ”
________________________ 4 —

~
- —

~~~~~~~~—-—~~—~— i
—101.97 —102. —.3

— 49 ° —4 ”
_ _  _ _-  _~~~~~~~~~~~~~~~

_ 1

Parame ters of slots are given In (bsS ‘I.

la
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9
surface. such a dependence on the surface curvature in the transverse

- 

direction of the ray is most interesting , and can be seen in Figure 3,

where we plot the ratio

Y
1

., on a cylinder with radius R

Y 12 
on a plane

as a func tion of R for z
0 

8” and — 0. We note tha t the convergence

rate of the cylindrical Y12 
to the planar Y1.~ is not as rapid as one

would normally expect. For exam p le , at kR = 50, the cylindrical Y1, is

still about 10 percent higher than the planar one . The exact modal

solution in this figure is truncated at kR = 50, because beyond this
,~1

radius , it becomes extremely slowly convergent.

(iii) Additional numerical results of Y1., between two identical

slots on a cylinder are given in Figures 9 to 12. The normalized phase

is defined by the phase of 
~~~ 

exp (+jks
0
), where s

0 
is the center—to—

‘ ~ 2 1/ ’
center distance of the slots and is equal to (z~ + R 4 0

) -.
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7. GTD GREEN ’S FUNCTION FOR A SURFACE FIELD ON A GENERA L CONVEX SURFACE

To calculate the mutual admittance between slots on a general

convex surface , we have to generalize the GTD Green ’s function for the

cylinder in ( 5 . 6 ) .  Refe r r ing  to Figure 13, let us consider a perfectly

conduc ting convex surface , whose radii of curvature at any point are

large in terms of wavelength. At a point Q1
, described by posi t ion

vector on 2, there is a tangential magnetic dipole source described

by a magne t ic curren t densi ty

K ( r )  — M 6 ( r — r ) (7.1)r I

where M is the magnetic dipole moment and lies in the tangent plane of 2.

The problem is to determine a high—frequency asymptotic solution of H at

- 

_ a general point Q2 described by position vector on . In other words ,

the GTD Green ’s function for the surface magnetic field for points r
1 
and

r .
~ 

is to be found .

Before presenting the solution , let us introduce several definitions

and parameters. According to GTD [13), [14], the dominant high—trequencv

contribution to H(r~,) is the field on the surface ray from r
1 

to r ,. The

surface ray is a geodesic of 2. Some of the geometrical properties are

described by (Figure 13) (i) the arc length s which is chosen such that

s — 0 at the source point and s = s at the observation point r~ ; (ii) the

tangent , norma l, and binom ial , denoted by (t , —n , —b ) at r where n = 1,2;- n n n n

and (iii) its two radii of curvature R
~
(s ’i

~ 
and R

b
(s) of at point s in

the directions of tangent and binormnal , respectively . (On a general

convex surfac e, both radii are nonnegative. )

13

—A
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From the above parameters , we may calculate the following quantities

that are needed for the solution of the Green ’s function:

(i) The large parameter in our asymptotic expansion of the Green ’s

function is

m ( )  [4 kR~(~ ) ] 1
~
3 

, (7.2)

-~which is a function of position along the 
:aY from r

1 
to r,

(ii) A distance parameter from r
1 

to r2 is defined by

k -
— ds . (7.3)

2rn (s)

For the special case when R
t 

is not a function of (ccnstant ray curvature),

~ is reduced to (ks/2m), a well—known parameter introduced first by

Fock [17].

(iii) The ray curvatures at the source and observation points enter

in a parameter defined by

ks 1/2 - - -( - . 4 )m(0) rn(s)  ~, 
-

which is positive real for a convex surface, and is reduced to unity for

the special case of a constant ray curvature.

(iv) Consider a small pencil of surface rays originating from r
1 
and

propagating toward r , (Figure 13). The angle extended by the pencil at

is d~ 1
, and that at r2 is d~’ 1 . The divergence factor DF of the pencil

is defined by

IsdP ll/2
DF — i—~~- i  ( 7 . 5)

where ~ is the caustic distance of the wavefront at r1 and is always

H. 

19
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positive . For example , if is a sphere and is the north pole , DF at

point r 2 ~~~~~~ 
j ~

0 l ’
sin 9

which varies from one at the north pole (9 = 0) to infinity at the south

pole (9 r) as moves along a great circle.

(v) The “mean” radii of curvature between and are defined by

= [R~ (0) R ( s) ]~~~ (7.6a)

Lb 
- [R.0

(0) ~~) ]~~~~2 (7.6b)

Throughout this work, we always assume that 5 is a smooth surface with

a slowly varying curvature . Then (R
~
,R
~0
) represents a sort of average

value of radii of curvature along the ray .

Return to the electromagnetic problem in Figure 13. We assume

that rn(s) is large and is slowly varying for all s in the range

0 < s < s. Then an approximate asymptotic solution for the surface

magnetic field at r2 due to the dipole source in (7.1) is given by

H(r 1) ~ 
• 

1
b2H~ + t 1

t ,H ) ( D F )  (7.7a)

where

- G (s)~~(l - 
~~~) Tv(~) - 

~~1 )2  r
3
u(~) +

• [rv ’ (-7~ + (R/ b
) T

3u ’(~ )]} (7.7b)

- s)(~~~ Vv(~~
) + (1 - ~~~

) r3u (~ ) + j ( Y
~~

k
~~~

)
~~~~

3 T 3u ’ (~~) ]  ( 7 . 7 c )

2 . —jkse
C(s) - 

~ T ks * 
= (l2O~T)

1 
. ( 7 .7 d )

20
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The Fock functions u and v and their derivatives u ’ and v ’ are described

in the Appendix. Sev~ raL remarks about the solution in (7.7) are in order.

(i) It is ~eriveJ in an approximate manne r from the classi.-al

work of Fock 1 1 7 1 and the reci pe of CTD , as detailed In [10]. A ll

traditional ~TD solutions depend on R , not R.~. In (7.7h) , the term

containing (R
~
/R
~
) was introduced through an Ansatz suggested in [-fl .

Because of the fact that u ’ decays faster than v ’ , this term is important

only if R is very large and R
b 

is finite . An example occurs in the

axial propaga t ion along a cylinder , where -
~~ and R

b 
is equa l to the

radius of the cylinder. For this particular example , it is only with this

additi onal term that (7 .7b) agrees with the rLzorous asvinptc’tic solution

(derived recently by J. Boersma in an unpublished note). Thus, the

Ansat~ in [~~1 is at least partially verified .

(ii) For the special case that 2 is a PLanar surface Rb
( 7 . 7 )  recovers the known exact solution given in (5.8). ~Then 5 is a

cylinder, (;.~~ ) is reduced to (5.b).

(iii) The solution is valid for any combination of r
1 

and r 2 . In the

penumbra region ~r , is close to r1 
and 1), ( . 7) gives approximately the

known planar solution. In the deep shadow (~ 
‘
~~> 1), the residue series

representation of the Fock functions can be used , and (7.7) is identifi ed as

the creeping—wave contribution.

(iv) Except for the very simple surfaces such as a cylinder , cone or

sphere , no explicit parameter equations can be found for the geodesics (18[.

Thus, for a general surface , one may have to rely on numerical techniques

for determining the geodesics and the divergen t factor.

21 
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8. GREEN ’S FUNCTION OF A CONE
- I

Let us apply the formula (7.7) to the field on an in f in i te cone ,

described by the equations (Figure 1-~a)

x — r sin cos ~ , v = r sin sin ~ * 
z = r cos

(8.1)

where is the half—cone angle (0 < < 7r 2). Since the cone is a

developable surface, the rays (geodesics) on a developed cone (Figure 14b)

are straight lines [18]. Due to the source at r
1 

(r
1 13 0,~ 1

), the main

contribution of the field at = ~~~~~~~~~ comes from the shortest ray

described by

sin — r 1 sin 
~~2 (8.2)

As the ray propagates away from the source point r
1
, it reaches the highest

altitude at M where 
~~
, ~/2. After M , the ray travels downward away from

the cone tip. The various parameters defined in Section 7 can be simply

calculated from the cone geometry , and expressed in terms of coordinates

(r
1 ,-~1

) and (r ,,-~2). The arclength is

s = ~~ + r - 2r
1
r 2 cos 

~~~ 
- &~) sin eo 1} 1

~~ (8 . 3)

The angle at is

— 
r~

— sin I sin [ (~~, 
— 

~ ) sin 9 ] }  . (8.—~
)

I s 1 0

We choose < i/ 2  if r < s + r~ . and ~ ‘2 if otherwise. The

othe r parameters are

— 
~~ ~~2 

= 

~~~ 
sin (8.5)

~r r., tan ~ ~~~~ tan 9
— l ~

) — L —  0a 
- -~ - — — -.

t S~~fl s~ n b cos con - .
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- ,  

1 - 1 ,3  - 2/3 --* (~ ~r 1 
sin H s in  

2 
— 

) (S.  -

(ks/
~~) (2k r 1

r 2 )~~ 
~ (s in sin 

~~~2 cos •~~)
)~~~ ( 8. 8 )

DF — I .

When :he above parameters in (4.3) through (~~.‘fl are su(~s t i t - u ted  into ( 7 .  7 ) .

we obtain an approximate solution for the surface field on a cone due to

a direct surface ray contribution. Let us consider a -special observation

point r 2 such that

ks ~~ I * 2
~ 

and 2, are not close to cero . (8 .10)

After ~nakin~ use of the residue series representation for the Fock functi ons

(Appendix) and keeping only the ~eadin~ terms , then tho two compoi-~ents

o t  the tiela in ( . - ) are reduced to

k (sin sin 2 cct ) - 
-

e
~~

p [ — ~~ . 4$ , — ‘ ~~~~~~ ‘- ks~ ( 8 . l ij ~
1518(k r

1
r ,) 

- (ks) - — —

H 0[ ~k~ ’ 
2~ ~s. ~

which agree wit h the rigorous asymptotic solutions ~i~-en in ~I~;uat tons

and (S ~) of [ l’~ . (In making the comparis on , note the corrc~ :’on d :n~

notations used in [I~ and here : —i i , -

~ ~r 
s ,

r r ,, 
~~~ 

2 — and — t .)  We c~ r a ~~~~e that  :‘e result

in $ . II or that in [10] is vjlid only under the ~-on~~it ions in y~. l0~

For an arbitrar i ly located observat iOn ~‘o i nt , ~. 7. 7) should he used.

T~ o f ina l remarks about the for~ u1a in ~~~~~ 1 are in order. (I) For

a given source and observat ion point , there are infin i te ly many rays

(~ eodes~ cs )  pass ing through them. The contribution from each ray can i~o

I :



-
~~ calculat- from (7.7), and the final field solution is the superposition

fJ
1 of all r contributions. In most practical problems (all the numerical

computat ns presented in this paper), only the ray with the shortest

arclengt gives the significant contr ibution to the field solution , whereas

all othe rays may be ignored . (ii) Depending on the polarization and

the dist ces of the source and observation points from the cone tip, there

may be a- ther significant contribution to the field from the diffraction

at the t . In such a case , the total field at any point contains two

- - dominant ontributions : one from the direct ray according to formula (7.7),

and one om the tip—diffracted ray . More about the latter will be given

in Secti 9.
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9. MUTUAL ADMITTANCE BETWEEN SLOTS ON A CONE

On the surface of a cone , let us consider two arbitraril y oriented

slots. Under the assumption that the dimensions of the slots are relat ively

small compared with the radii of curvature of the cone surface , the shapes

of slots are taken to be rectangular on a developed cone .

Referring to Figure 15, we describe the dimensions and the positions

of the two slots by (a ,b )  and [c ,(n — l)~~0, w l  , n = 1,2. Thus , the

radial separa t ion of the two s lo ts  is (c.~ — c
1
) and the angular separation

The angle 
~

- measures the deviation of the Longitudinal direction

ofslot n from the radial direction of the cone. As usual , we assume that

the slots are thin , and that their lengths are roughly a half—wavelength .

Then the aperture field in each slot can be adequately approximated by

a simp le cosine distribution , which is the “one—mode ” approximation

described in Section —i. Y 1., has two dominant high—frequency contributions :

one from the direct rays going from slot I to slot 2, and the other from

the rays diffracted at the tip of the cone , viz.,

Y -~~y + Y ~ (9.1)12 12 12 -

d
The first term may be explicitly written as

d 
_______________ 

1a1
/2 1b 1

/2 ~a~ /2
Y~ 1 — 

- 

i,., J dy 1 j dz
1 

dy~ j — dz ,
( b i b )  - -

I L 2 2 —a 1
/2 —b

1
/2 —a 1 /2 —h 212

(cos -
~~

— v
1
)( cos —f— y ,) g(1,2) (9.2a)

a1 ~12

where

g( 1 ,2) — FL, cos & cos ~~, + H sin -~~ sin - ‘ - . (‘) . 2b)
U 3 -~ t 3

*Coordinate~; iv ,,.: ,) hero have their origi n at the center  o t  slot  2 (Ft ~ ure I
not at the center of slot I as in the cylinder case (Figure 7).
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The Green ’ s funct ion components (H
1 
,H )  are given in (7.7), and angles

(-~ 3
.-~~, ) are shown in Figure 15. In evaluating the integrals in (9 .7-i ) ,

for two given points (v
1
,~~1
) and (v ~~ , c , ) ,  we must calculate some

geometrical parameters appearin-~ in H1 
and H .  Those calculations lead

to the following results

-I ,- )  -, I / I
r * f~’ + v + z — 2c vv + z cos (w — w )J 

- (Q .3a)
n n n n n - n n n n+4

i -
~ I

= (s in  9 )
L 
sin~~ 

[
~ v + r~~ sin (w — ,

~ 
(s) . 3b~n () - n ii n n

- — tan (~ -v ( 0 . ic)
n - n

‘
~n+2 

— 2 + (~~/ 2) — — 

~ 
sin + (n — I )~~ s in (a~ 3d)

where n — 1 and 2. We evaluate the integrals in (Q . 2a) numericall y with

the aid of a computer.

Next, let us cons ider Y~~,, the part of mutua l adm it tanco due to the

ric -s d i f f rac ted at the cone tip. We approx imate It bY

I sin -

~~~~ 

sin -~~~~,

where T is derived In [21 and Is given by

- tan 0~ sin (kb
1
/2) sin (kh ,/2)

T a  - -  — 1 ---— — - —  —

‘ 0 ~ 2 1 (kb / 2 ) ( k b ,72)
3O’T c L , sin ~) I —

• exp j (7- — kc
1 

— kc 2) .

Here -

~~~~ 

is th e ~:er- ’tli— order ti p diffr action c o e f f i c i e n t  and is  -i function

of the hal f—cone ang le 11) . A numerical table o t~ -

~~~~ 

for s e v e r i  I t vp i ca l

va lues of -

~~~~ 

is given In [21 . We have fitted those values b~- a simple

cxpr -ss~ ou, vi .~. *
2



—.--- - ~-~~~~~~~-- --— -.~-—-~---—- —---.

1~ 
— 

_

1

I 0
1) 

— A exp (jiJ )

wher e

A t .3O57~ U
t 

- 1.755 + 2.7720 ) 
-

B - 2. 7I’~ 4 l.3nU8~ 0 
— I. l2’)5t~~ ÷ O.o Shn~~

-~ Both 9 and B are In radians . It has been checked that the numerical

values of calculated from (9.b) are In excellent agreement with

those tabulated in [ 2 ] .

The final solut ions for (to tal  mutua l ad mit tance) and , (part Lii

mutua l admittance ) are given in (9.1), (-i . 2 ) , and ( .4 ) .  For a g iv e n

geometry of the slots and cone , the two surface integrals in (k) . 2.i ) are

ev-iluaced numeric ally by choosing an integration -~rld roughly equa l t o

0. )5\ 0. 0~ \ . Pnless specified otherwise , il’. numerica l computat ions

are based on two identical s lots w i th  s lot  length ) . i\  and v idt h

a. “Equival ent” cv Iluder. It has been ~‘on]ec cured in [ 2 1  that * in

calcu lating (the contribution from the direc t rays) approximat ely ,

t he cone may ho rep laced by an “equivalent ” cylinder with rad ius

R a + ~~~ sin  . (~
) . 7 )

This conjecture ha~ been quan t it~it ivel v c hecked out In [ 8 ]  . The

conc lusion is that the “equivalent ” c vl [rider g ives  a good approx imat i on

for .i sma l l—an ~ led cone • e .g .  , — 15° . ~1owever , the error In ‘~~~~~2

calculated rom he ‘‘equ ivalent ’’ cyl inder can be as lar ~e is 2. “ ,ib t or
a la rge—angled )t~~ — 3 i ) ” , for examp Ic)

h. Compar[~ on w i th  experiments.  A set of  experimental data on

t he mutual coup ling between two (—hand open—ended wave~ uides (0. ‘~~“ ~). -~~~~~)

- - —S -_ ~ - - ~~~~~~~~ 
-S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-— -
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on a cone was reported in [2]. As a function of frequency, measurements

were done on the coupling coefficient S12, which is related to

through the formula in (3.3). In Figures 16 and 17 , three sets of data

are presented : (i) the experimental data; (ii) the theoretical results

from the present analysis in which the calculation of is based on

a cone, e.g., Equation (9.2); (iii) the theoretical results from [2] in

which Y~ 2 is calculated from the exact modal solution of an “equivalent”

cylinder. Several observations can be made. (a) Both theoretical results

are in good agreement with the experimental data (with the present result

being slightly better) . As explained in (9a), the “equivalent ” cylinder

method works because the cone angles (8~ ~ 10°) are small. (b) The peaks

and valleys are caused by the interference between and Y~~ , which are

of comparable magnitudes due to the large angular separations (60.80 and

3 00 ) .  (c) There exists a slight shift in frequency (~~f / f  i percent )

between the theoretical and experimental valleys in Figure ln . We

specu late that this may be due to a slight phase inaccur icv in Y~~,.

c• ~lutual admittances of circumferential slots. In Figures 13 to 20 .

d . - . -Y 1, and Y12 for two circumterential slots are disp layed as tunctions et

angular separation 
~ 

and the radial sepa ration (c
1 

— c 1 ) .  We note t hat

the e f fec t  of Y~~, can modify the curves of Y
1~ 

in several different ways.

When the slots are at the same latitude (Figure 18), the direct coupling

is weak. Thus, tip contribution is noticeable even at a small angular

separation. As the rad ial separation is increased (Figure 19), the ti p

contribution is almost neg ligible for c bY . When the two slots ire

widely separated in the radial direction with one slot near the tip

(Figure 2O)~ the tip contribution gets stronger , the direct contribution

28
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I
gets st ronger , and the d i rect  contribution becomes insens it ive t o

Hence , the osc i llat ion  on the curve has a much larger ~er iod. In

f ac t , t here is only a ha l f— cyc le ” in the range ~) -

~ 

< 90~~, and
dappears to be shifted f r om b y .i fixed amount.

d. Eff ect of s lo t  orientation on mutual admittance. Consider two

slots separated by I \ along the radial direction. The magnitude of

as functions of the slot orientation angles 
~~
. ~~~ I:; p lo t ted in

Figure 21 . As expected , the maximum value (—73 db ) occurs when both
-

- 
- slots are circumferential (w

1 ~u , — 90°) . This value is above l~ db ,

hi gher than that when both slots are radial (w 1 ~~ 0) .  The minimum

value (— 1 13 dh) of  Y 1.) occurs when the top slot is radial and the bottom

one is  circumierential . This result confirms a connect belief that the

autual c- ’ u~’ 1ing between two orthogonal slots is gener~i’r1v negligible.

- -~~
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10. SELF—ADt1I TTANCE OF A SLOT ON A CYLINDER OR A CONE

The formula for calculating mutual admittance in ( 4 . 2 )  can

— 
be used to calculate the self—admittance Y (or the alternative notation

Y11), provided that slot 1 coincides with slot 2. However , in the actua l

numerical evaluation of GTD expressions such as ( 6 .3 ) ,  (6 .6) ,  and (9.2),

a mathematical difficulty arises as explained below.

Let us concentrate on (9.2) with a
1 

— b
1
, a,, b 1, c1 

c7, and

a 0, which is the direct ray contribution ~
d to the self—admittance of

a slot on a cone. This integral is divergent, due to the fact that, as

point Q1 approaches point Q2 (Figure 15’l ,the Green ’s function in (9.2b)

becomes infinite as

g(l,2) Cs 3 
, s -

~ 0 , (lO.la)

where s, defined in (8.3), is the distance between the two points , and

the parameter C is

C a ,, (2 - 3 cos 
~~ 

~l0.lb )
j24O~~k

it is well—known that the singularity of cubic power is non—integrable

with respect to a surface integral . This difficulty can be traced back

to the derivation of the Green ’s function g. Strictly speaking, g is

a distribution and can be written as

g — Dg , (10.2)

where D is a second—order differential operator with respect to

coordinates of point Q2, and ~ is the Green ’s function of a vector

potential component. A “le~ itimate ” expression corresponding to (0 . 2a~

Thould read
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) J dv , dz 2 (cos —

~~
- ) ~D [ dy1 dz 1 (cos ..~2. 

~~~ 
, (13.3)

which is convergent , and ~d has a well—defined finite value . However ,

in writing (9.2a), we have interchanged the differential operator D and

H the second surface integration operator in (10.3). This interchanging

is not permissible and , therefote , leads to the divergent integral in (9.2a).

Since (10.3) contains a differential operator and is not suitable

for numerical evaluation , we prefer to work with (9.2a), provided of

course that we can extrac t the correct finite par t from the divergent

integral. To this end , we rewrite the Green ’s function in (9.2a) as

(10.4)

- 
The first term g0 in (10.4) is the Green ’s func tion of an infinite ground

plane , and is given by the well—known expression , c .f. (5.R),

g0 
= G(s)  [cos + ~ —( l — 

~ —)(2 — 3 cos a
~i)] 

. (10.5)

Note that , as s -
~ 0 , g has exact ly the same singular behavior in (10.1)

as g. This is expected , because in the sufficiently small neighborriood

- 
, 

of a point source , the cone can be approximated by its tangent plane .

• The second term g
1
(g
1 

— g — g0) in (10.4) is the difference between the

Green ’s function of a cone and that of a plane . Near the source , i t

can be shown from (9.2a) and (10.5) that

C 1s - — 
, s 0 ,

- where

C
1 

( L
~~

20R
~

) 1 k~~ ~~~~~ (1 - 
~)~~2 — 3 s in ~~~~

) . (~~~.rb)

When (10.4) is substituted into (9.2a), the self—admi ttance ~
d 

~~ a cone —

is decomposed into two components , namely ,

it 

-
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The singularity of g1 
at the source point specified in (10.6) is

ineegrable . Thus, there is no difficult y in evaluating numerically .

The first term is the admittance of a slot on a plane . It is

defined by (9.2a) after replacing g by g0 
in (10.5). From (5.bd) and

(10.5), we recognize the following identity:

g0 
— (1 + —

~~~ 
—
~
--

~) C(s) . (10.3)

Note tha t (10.3) is in the form of (10.2).  Substituting (10.3) into

(9. Ia) and interchanging integration and differentiation operators , we

obtain

d I 
~Ty _ _, 

~ 
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dv , dz1 cos (— ~
-) ((1 + —

~~~~ 
-__~)[Jj dy 1 dz 1 cos (—i-) G(s)1}

(10. 9)

The integral in (10.9) is now convergent , and can be considered as the

“fin ite part ” of the divergent integral in (9 .2a ) .  For numerical

evaluation , (10.0) in the space domain is converted to that in the

Fourier transform domain. Following Rhodes [10), it is simplified and

the final result reads

d fk
ReY a dci C(ct )3  J (t)dt — J (3 b ) 1~ . ( l O . l O a )

~ l5i
4
k~~ 

0 1

tmY~ - 
~~~ ~~1

k 
da C(~

)
~ [r

~b 
Y~ (t)dt - Y

1~
3h) - 

~hl
lD~~k L~ J

~yb t
”
~+ Ja Cy~)) K0

(t ) dt ÷ - 
~ (lO.lOh )



• 2 2 1/2 2 2 lPwhere i (k —
~~~~~ ) , y ( ~ — k )  - , and

- 

C(~ ) = 
C05 (~a/2) (10.11)
1 — (~a/Tr~~

-1 This is no difficulty in evaluating (10.10) numerically.

In summa rY , the direct ray contributicn of for seli—admittauce

of a slot on a cone as given in (9.2a) is divergent , due to an “illegal”

interchange of integration and differentiation operators in the derivation

process. The (correct) finite part of the divergent integral is given

in (10.7), where is given in (10.10), and in (9.Ia) after replacing

g by g
1
. The same difficul ty arises in the case of a cylinder , and it

is treated by the same procedure as in the case of a cone.

We have derived the self—admittance Y of a slot on three types of

surfaces: (i) For an infinite plane , the final solution ~ = ~d is given

in (10.10). (ii) For an infinite cylinder , ~
. = 1.

d is given in (10 .7) .

For a circumferential slot , Y~ is given by the integral in (6 .3 )  a f te r

replacing g
~ 

by (g~ 
- g0

), and recognizing that = (~~‘ )  - 
~ and

= A,,. For an axial slot , Y~ is given by the integral in (6.6) after

rep lacing g by (g — g0
), and = 

~ and A1 
= A 2. ~iii) For an infinite

cone , Y has two contributions as described in (9.1). If one rea1i~ ed tha t

the two slots in Figure 15 are identical , and occupY the same position

on the cone , Y~ is given in (9.4) and in (10.7). To calcuLate Y~ , we

use (~ .Ia) after replacing g by 
~l’ 

where g
1 
can be gathered from (10.4),

(9.Ib), and (10.5). Numerical results of Y on the above three surfaces

ire presented below .

Slot on a plane. As a function of slot length a, we plot (a/2b)Y

in Figure 22 for three different values of slot width b. rhose curves

3 3
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are prac tically linear , and can be described for 0.4 < ( a/ A )  < 0.6 to

a good accuracy by

y ~k{[ 1 .029  + jO.596J + ( 3 . 7 5  + jB)(~ — 0.5)} milliinho (10.12)

where B a 44~ 33, and 21 for b = 0.0001X, O.OO1X , and 0.O1A , respectively .

Relation to dipole impedance. As discussed in Section 4, there is an

alternative definition for the ~elf— or mutual) admittance of a slot.

This alternative self—admittance Y is related to the present Y by (4.4) or

Y — (a/2b)Y . (10.13)

From the duality relation in Maxwell’s equations , it can be shown

(p. 519 of [ii)) that for the special case a a A/2,

— 1
Z = ~~(l201TY(2Y) , (10.14)

when ~ is the input impedance of a centrally fed , half—wavelength dipole

radiating in the free space (not in a half—space as in the case of a

waveguide—fed slot). From (10.12) through (10.14), we find that for a

half—wa velength dipole ,

Z — 73.12 + j  42.36 ohm , (10.15)

which agrees with the results in [111, [20].

a. Slot on a cylinder. Consider a circumferential slot of dimension

0.9” x 0.4” on an infinitely long cylinder whose radius is 3.8”.

Figure 23 shows Y calculated by the present GTD solution and that by the

exact modal series solution in [2]. These two solutions are in agreement

within 0.5~ in magnitude and one degree in phase. Note that , under the

“one—mode approximation ,” the modal series solution [2] is exact. It is

amazing tna t the present GTD solution gives such an accurate result for

kR - 18.
34
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b. Slot on a cone: variation with radial distance. In all of the

following cone calculations , the slot has the dimensions of 0.5A x 0.OSA ,

except when stated otherwise. In Figures 24 and 25 , the slot is

circumferentially oriented on a cone with 30°, and the variation of

Y with the radial distance c is presented . We observe two effects:

(i) As c is increased , the radius R — c sin of the “equivalenc ” cylinder

becomes larger and larger. The magnitude of V decreases and approaches

the asymptotic value of the slot on a plane . (ii) A t  c = 2\ , the tip

contribution Y~ 1is less than l~ of the Y l , and this contribution

diminishes as c increases.

c. Slot on a cone: variations with cone angle. As is increased ,

the cone surface becomes flatter. Therefore, V in Figure 26 approaches

its value on a plane.

d. Slot on a cone: variations with slot length. It is interes t ing

to observe from Figure 27 that the minimum values of Y~ for both the

cone and plane cases occur roughly at .a = Q.45~\, not at the resonant length —

a = 0.5A .

e- Slot on a cone: variation with slot orientation ~ng1e. Figure 2~

shows that there is about a l0~ increase in ~1~~s varies from 0

(radial slot) to ~/I (circumferential slot).

— - 4 - -- 
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11. ACTIVE EL~~~ENT PATTERN

As explained in Sections 2 and 3, there are two types of active

element patterns : P
~

(O ,
~
) under the short—circuited condition in

Figure 3, and Q
1

(S ,-~) under the match—loaded condition in Figure 4.

Within the one—mode approximation (Section 4), we may set Z = 0 in

Figure 3. Then P~ becomes simply the radiation pattern of a single slot

on a completely filled conducting surface (as if all other slots were

absent). Its calculation is thus greatly simplified . Once F
1
, F,,,.. .,P~

in an array are known, the other active element pattern Q1 can be determined

-

, from the matrix relation in (2.10). 
-

Within the one—mode approximation , P 1(e ,~ ) can be calculated by ray

techniques as follows: The aperture distribution of slot 1 in

Figure 29a is first replaced by an equivalent magnetic surface current

= x z in Figure 29b, which radiates over a completely filled

conducting surface . By using the superposition princ iple, the problem

of calculating pattern P
1
(B ,-~) due to becomes the determination of

the Green ’s function due to a magnetic dipole N on (Figure 29c). Depending

on the location of the observation point , the GTD calculation of the

Green ’s function is carried out as follows :

(i) Observation point A is in the lit region. The field at A is

that on the direct ray MA from the point source. The only effect of the

conducting surface is to image the ~-ource , thus doubling its strength .

(ii) Observation point B is in thu shadow regi~on . The ray path

from the source to B follows a geodesic ~tD of the surface until a point

of detachment D. From there on, the ray continues to B along a straight

line DB tangent to : without abruptl y changing direction.

3- 
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(iii) The lit and shadow regions are separated by the tangent plane

MT of surface . A small neighborhood of MT is called the transition

regions , through which the fields calculated from (i) and (ii) should

bend smoothly into each other.

Various formulas, which exist for calculating fields on the rays

described above [14], [21], [22], have been applied to calculate P
1

(0 ,~ )

of a slot on a cylinder [6], or a cone [4], [22J . Because of the facts

that (a) calculation steps are already available in book form [14], and

(b) there are still several unsettled (unanswered) questions concerning

the transition functions , torsion effect , numerical accuracy, etc., we

refer interested readers to the literature for further details concerning

the calculation of active element patterns by GTD.



APPENDIX

POCK FUNCTIONS

In this appendix we define and list some useful formulas of the functions

w
1
(t), w2(t), 

v(~ ), u(~), and v1(~ ). These functions are commonly known as

Fock functions.

(i) DefinitLon : For a complex t and a real E,,

w
1
(t) = ~~~~~ J dz exp (tz - -

~~ ~3) (A-l)

w (t) = —

~~

— J dz exp (tz — ! z~ ) 
a w

*
(t) (A—2)

2 I~~r2 
3 1

v(~ ) 4 j~~/4~~l/2  

~~~~~ J ~~~~ e~~~~ dt (A-))
1~t 2

u(~) e1 3 4
~
3f2 

~~ 

e~~~~ dt (A-4)

ej3~~
4
~
312 1 

~ 
3~ t dt (A-5)

where integration contour I’1 (r ,) goes from to 0 along tho line

Ar g z = —2~T/ 3 (+27T/3 ) and from 0 to along the real axis. Because of

different time conventions , w
1

(w 2) above is equal to w2(w 1) defined in [17].
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(ii)  Residue series representation: For real positive ~~~,

— F t ’
v(~ ) — ~~~~~~ 

1/2 
~ (t’Y 1e 

n (A—6)
n 1

u~~) 
= e~~~

42/~ 
~3/2 

n l  
(A-7)

= ~~~~~~~ ~3/2 ~ e~~~~~ (A-b)
n l

—j~~t ’
v ’ ( E~) 4 e

_ jn /
~
’4
~c ~

—l/2 

n~ i. 
(1 — j2~ t ’)(t~ )

1
e ~ (A—9)

u ’ (~) ~~~~~~~ 
~~~2 

~ 
(i - i ~~ 

~t~~~~~~~n . (A-b )

where t • I t ~ l exp(—J~r /3) , t ’
~~ — J t ’~~J exp (~j7r/3) , and

n (t I { t ’ t  nn n fl

1 2.33 S311 1.01879 6 9.02265 8.48849

2 4,08795 3.24820 7 10.04017 9 .535 4 5

3 5.52056 4.82010 8 11.00852 10.52766

4 6.78671 6.16331 9 11.93602 11.47506

5 7.99413 7.37218 
-_

10 12.82878 12 .38479
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(iii) Small uncut asymptotic expansion: For real positive ~ and ~ -‘ 0,

v(~) ~~ i - ~~ ~~~~~~~~ + + ~~~~~~~~ ~~~~~~~~~ 
- 4.141 l0

_3
~
6 

+ ...
(A—li)

u(~) ~ i 
- ~~ ~~~~~~~~ + + ~~~ ~~~~~~~~~ - 3.701 x io

_ 2
~

6 + ...
(A—12)

v
1
(~) ~ i + ~~~~~ ~~~~~~~~ - - -

~~~~~~~ e~~~~~~
9
~~ + ~~~~ x io 2

~
6 

+
- (A—l3)

~~ 
.~~~~~~~ ~~~~~~~~~~ + ~~ ~2 

+ ~~~~~~~~~ e~~~~~~
7’
~
2 

- 2.485 x bO
_ 2

~~
5 

+
(A-l4)

- u’(~) ‘~ 
-
~~ / ~ e~~

3 4
~~~

’2 
+ ~
j  ~2 

+ i~ 8 e~~~~
4
~
7”2 

- 2.221 x ~~~~~~ + ... 
- 

-

(A— 15)

(iv) ‘4umerical evaluation: For ~~ > 
~~~~~

, the residue series representation

with the first ten terms in the summation can be used. For ~ ~ the small

argument asymptotic expansion with the first five terms can be used. It has

been indicated in [7) that the smoothest crossover is obtained if = 0.6.

In the present study , we Set  = 0.7, where the differenc e in the two

representations is less than 0.1% in magnitude and 0.9° in phase.
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Figure 1. Array of N identical slots which ~re fed by waveguides.

Figure 2. A slot fed by a rectanguide waveguide of the same
cross—section (a x b). I
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z (e~
)

P1(&,c~ )

Figure 3. The radiation pattern obtained by V 1, V = 0
for n ~ 1 is called the short—circuited act~ve
element pattern P1

.
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o 1(e ,~
)

+Ftgure . with V 1 = I and all other elements match—loaded , the
radiatton pattern is called match—toaded acei~-e element
pattern
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Figure 5. A surface ray from source poin t Q ’ to observation point ~on a cylinder of radius R. 
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Figure ô. Two identical slots on the surface of a cylinder.
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Figure 7. Two identical circumferential slots on the surface of
a cylinder. The figure shows the developed cylinder.
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Figure 13. A surface ray pencil ori gina ting from the magnetic dipole
source at Q . The centra l ray of the pencil passes through
the ob serv~ hon poin t Q~~. The angle extended by the pt ’nc[ 1
is d~’1 

at and d~~2 at Q, .
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Figure 29. Calculation of short—circuited active element pattern
from slot 1 by GTD.
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