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RECOGNIT IO N OF ORTHOGONAL SIGNALS BY RESOLVE RS WITH LIMITED

SENSITIVIT Y

/

S
Ye. I. Kulikov

Summary

The probabilities of the recoqnition of one useful

signal amon g a grou p of false signals which are not

superimp osed in time are determined. A num ber of examples

are exami ned wit h consideration of the effect of additive

normal noise and the limited sensitivity of the resolver on

the recog nition process.
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Statement of Problem

The problem of the recognition (detection) of the

useful signal (the true signal) amon g fa l se signals arises

in a number of applied problems of the statistical

reception of signals. Here recognition can be realized both

with and without addit ive noise.

7

True signals can be distinguished among false by using

two types of information obtained during the observation of

the signals and the measurement of their informative

parameters. First , this includes information on the laws of

the distribution and static characteristics of the signals,

and second, information related to changes in certain

parameters of the signals through time.

Of course, the higher the noise level and the closer

the characteristics of the false signals are to the

corresponding characterist ics of the true signals, the

greeter the errors in resolution. The finite value of the

I _  _ _  _ _
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sensitivity of t h e  resolver also affects the error , be sides

these factors. The resolvers (including man) which can

presently be realized have limited sensitivity Which can

theoretically be a random function of time. Without going

into the reasons for fluctuations jfl the Sensitivity of

resolvers in detail, we will nevertheless point out that

when m~n jS the resolver, the sensitivity of his sensory

organs which participate in the resolution process depends

on many psycho—physiological factors (1).

In connection with this, it is interesting to consider

the  effect of the  f in i te sensitivity of the resolver, as

well as fl uctuat ions in sensi t iv i ty ,  on the characteristics

of the recognition of signals which are not superimpos ed in

time. Her e we Will assume t h a t  t he  apriori statistics on

the recogn(tion parameters of true and false signals are

known and that it is necessary to distinguish the true

signal on the basis of this apriori information on the

received group of true and false signals. We will sol ve

th is problem ana logously to the classic problem of the

r .cogm ition of om e of the N—orthogonal signals r 2, 3,

etc. ).
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Discrimination of One True Signal From a False Signal

Suppose we have one true signal (IS) and ons false

Signal (LS) with unifor m pro bability densities of the

recognitio n param .t.rs W~~ (z) and w~ (yl , whereupon it is

known apriori t h a t  the mean valu, of the r.coqaition

pa rameter for the  true signal is higher than the  mean

value of the recognit ion parameter for  the false signa l.

Suppose that the rule of resolution (recognition) is that

the signal which has the highest measured value of the

recog nition parameter is considered to be the  t r ue  signal.

Howe ver , due to the limited sensitivity of the resol ve r

wh ich selects the highest value of the recognition

parameter, the true signal will be taken as true when the

measure d value of parameter x of the true signal exceeds

the  measu red value of para mete r y of the false signal by

a certain value 6. In other words, the true signa l wil l

be taken as true when the following condition is S~ti5fj ed

-

L ~~~~~— - - — - — — - --— . — _ ~~ 
_ _ _
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Here the false signal y will be mistaken for the true

signal when the folloviag cosditiom is satisfied

6~~ x — y - ( - - 6 .

When —6 < x—y = & < 6 or ~x— y~ < 6. the  signals will  not be

classed as either true or false, and it is necessary to

make a f u r t h e r  analysis  of the  sign a ls.

As was inlicated above , the sensitivity of the  resolver

depends on many fac tors, generally being a random value

with a certain probability density w 8(6). Since the value

of 6, wh ich determines the  sensi t ivi ty  Of the resolver , is

positive, the probability density w6(6) only differs from

zero when the value  of 6 is positive.

With the  a b ove designa tions, the probabili ty th at the

tree signal will be taken as tru e (the pr obabil i ty of the

recognit io n of the  true signal) depends on the random value

of 6, and with the rule of resolut ion used , it is

determined ~y th e  expression

P1,(6) ~ W~st(Z)[ c w.,(y)dy dx.

which agrees with the expression for the probabil i ty  of the

- ~~~~~~~~~~~~~~~
—- - -
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recognition of one of two orthogonal signals found in

psblicatioa [2 , 3] at 6 = 0. Averaging the probabilit y

P., (6)  for all the  poss ible values of random value 6, we

wiU ha ve

• 

- 

P,,. < P., (6) > 6— ~ P (6) w ~ (6) dô — w, (6) f w,,(x) ) W a (y)dy dx d6.

01

We f ind  the probabilit y t ha t  a false signal Wi l l  be

mistaken for the t rue  signal analogousl y

P1, <P~,(6) >6-’ f ry1 ( 6 ) f r ~~( y ) c w.~(x)dx dy dô. (2)

Here the probabi l i ty  of nonresolution is

P.s__. — I — (P ., + P A,).

As an example , we will consider the case when

recog n ition is based on the measurement of the signa l with

the maximum a mpl i tude  at the outlet of a quadrat ic

amplitude detector. This case can be equivalent to the —

recognition of signals with  the  ma x imum brightness of the

marks on the screen of an Indicator with a brightness

mark , or the recognition of radar objects from measure ments

of the instantan eous values of their effect ive  surface areas

1T11 
_ _  _ __ _  _ _
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of radiowave scatter ing. Assuming that the signals at the

inlet of the  detector are norma l, the probability dens ity

of the signals at the out let of an inertialess quadra t ic

detector can be represented as

~~~~~~~~~~~ x)”O.
A, 

•
• (3)

0 x ( O. 0

where s,. a*d GA, are the mean Powers of the t rue  and

false •i;mals at th, inlet of the quadratic d.tector,

respectively. Here it is assumed apriori that Ouc > GA,.

In order to s impl i fy  the proble m , we will al so assume

that random value 6 is distributed according to Rayleigh’s

law

~~(6) — 3 exp (— i~r). 
6)i O, (4)

wher e parameter u~ is numerically equal to the highest

probable value of the sensitivity Of the resolver.

We wi l l  point  out that  a numbe r of factors pre ve nt us

from incr easing the lower limit of sensitivity of actual

resol vers (decreasing the value of •6
).  mainly the d i f fe re nt 

~- —-—- ~~~~~~~~~~-~~~--- .-- -_—-——--- ~~~- - - — -- ~ - - - -
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type of noise and  instabi l i ty  of di f ferent  com ponents of

the recei ver and resolver.

substituting probability densities (3) and (~4) in

formulae (1) an~ (2), after computin g the integrals of the

• type (3.~$62.5) ~14) we will  obtaim the following expressions

for the above probabil i t ies  ~~ aad ~~~ :

~~~~~~~~~~~~~~~~~~ {i_ay ~~
ex
~(~~~{ 

i (5)

p _ ~~~~~cJ i 
_
~V~

exp (~)1i_ )]}, (6)

wher e

is the probabi l i ty  integral.

If the t rue and false signals are received against a

backgrounl of alditive normal noise, G and Ga are the

total inten sities of the moise mm d sigmals, i.e.,

o — a._+~~~. a — g ~~-Pv~~

wh ere i.., mmd • are - t h e  powers of the t rue and false

_ _ _ _  _ _ _  _ _ _ _ _ _  _ _ _ _ _ _  _ _ _ _  _ _ _  _ _ _ _  _ _ _  .4



- ~~--— ~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~~~~~ - -

DOC = 0037 PAGE 9

signals, respectivel y; and G~~ and ~~~~ are the intensities

of the  noise at the inlet of the amplitude detector during

the reception of the  t rue  and false signals, respectively.

For the f u r t h e r  analys is  it is convenient  to introd uce

the fo l lowing  designations:

a =
ON.,

is the coefficien t of simi la r ity of the false sign a l  to

the t rue  s ignal  according to the mean powe r ( the  value of

the e f fec t ive  su r f ace  area of rad iovave scat ter ing d u r i n g

ra dar obser vation);

~ 0A,S

are the ra tios of the noise in tensi ty to the s ignal  power

at the  inlet  of the detector during the reception of the

true and false signals, respectively (the signal/noise ratios

dur ing  t he  reception of the true and false Signals ,

respectively);
S

0g.,

is the  rat io of the most probable value Of the sensitivity

of the resolver to the power of the true signal  at the

inlet of the detector.

_ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  _ _
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As a result of these designations, the expressions for

probabilities P. mmd Pa can be represented as:

~
“-‘

~ O+!•,~
+(1+

~..) {‘ — ______

P uiuii 
.(14q J~~~~~ 

— ~~~~~~ exp [ 1~ ,~~ j [ ’—~
(
~~!q~)

(8)

In the  absence of noise ( 0 = ø~~~ 0 these formulae  are

simplified :

p., J
~-~i ._~~J/~~ eTt 1 —~@)l J’

(9)

Pi. u~~~~~ {I 
~~~~~~ Y~~~~~~~~~~~~~

(’-
~~~~~~~~~~~~

’1)’

wherepon when ~ << 1 (very high sensitivity of the

resolver)

p ,...J~~, P~~~~ -~-1-. (10)

Figure 1 sh ows the dependences of probabilities P.. s.d

Pra on the coefficient of the similari ty of the false

signa l to the true signal a at different values of

4 

- -  - — - - - - — - - — - — - - 5:z~~~;- .~~~~ ,
.,.-- . ~~~~~ 
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parameter ~ and q.. — q ~~— O .

Figure 2 shows the dependence. of probabiliti•s Pa, sad

P 0. th. noise/signa l ratio q —

a.~e. 6~~~ (~~.t .q/ m) , ~~~0.I and thres v 1*•s of the coef fic ient

of the similarity of the false signal to the true signal.

General formulae (1) and (2) and formu lae (5) , (6) ,

(7 ) — (10 )  obtained above for the common case of expon ential

laws of the distribution of the recognition parameters were

derived wit h con sideration of the apriori data , so that the

mean value of the recognition parameter of the true signal

is higher than that of the recognition parameter of the

fa lse signal. On t h e  other hand , i. e., when t he  mea n va lue

of the recognition parameter of the true signal i3 lower

than that of t he  false signal, the  expressions for P.. and

P. are obtained analogously.

Recognition of Dn e True signal Among a Group Of I dent ical

False Sig nals

In the majority of practical problems, it is nece ssary

- - -——-5 -_~~~~~~~ -—  --- — — -~~~ -
. :-~ 

-_ _  _____
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to recognize the true signal from among a number of false

signals.

We will assume that one signal is singled out of R +1

signals, for which  we know that  the mean value of its

recognition parameter x is higher than the mean va lue of

the  recognition parameter of any  of the N identica l false

signals. Then at an assigned sensitivity of the resolver 6,

which is characterized by probability density v~~(6), the

probabilit y of t h e  recognition of the t r u e  signal is

defined as the  probabili ty tha t  a l l  the values of the

recognitio n paraleters of the false signals will be lover

than the values of the recognition parameter of the true

signal by the value 6

— 
J ILJI1.(x)f ~

‘ wise (Y)d v
J

dx.

Averaging this expression for all the values of 6, we will

obtain the formula for the probability of the recognition

of the true signal

<P .(6) >o_ (e)jm
~
..(x)1Im

~
.,(,)d,j..trde ii ’

In this case, the probability of nonresolution can be

___________________________ ________________________ - — _____
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defined as the probability that none of the recogn ition

parameters of the  false signals will exceed the l imits  xt6.

The computat ion of the integrals  in the last equations

in volves sign i f ican t  mathematica l diff icul t ies .  However ,

analogously to : 3], for a large number of false signals N

>) I we can approx imately set

1 0 at x— 6 -< x0.

[ J W a(Y)d vçJ 4 .

I x— 6>xo.

As a result, ex pression (11) is simp lified , assuming  the

form

f ws (6) S m~. (x) dx dd, • (12)

where i o is determ ined from the relationship

The probability of monresolution when S >> 1 can be

____ ___ — ~~~~~~~~~~~~~ 
.-~~~~~~, T h— . 
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approxi.mtely represented a. (comsidariag the ap prox i mate

relatios*ip ~~ts . . (,)dy awa (x)  .6) for saall values of 6)

P._p ..
j w.46)6*!I

j ~~~
,(x) r61A,(x) 

~~~~~~~~~~~~~~~~~~~~~

_
~2~~ o”we (o)do~~wra(x) w~c(x) dx. (13)

We will calculate the probability of the recognition of

the true signal with regard to the common situation

discussed above, in which the probability densities of the

recognitio n paraieters  of the  t rue  an d false signal s are

determined by ex pressions (3) ,  and the  probability dens it y

of parameter 6 is determined by expression (14). In this

case (at N >> 1), the value of X~ is found from the

relati onship

A.

If j — e ‘adx.i (1_e
_1w’a,) .. 2~~~iN

Whence

(14)

— 

Considering that  at a large number N 2 ’ i — 3., 
the

expression for the value of Z~ is ap~~~oxia.t.i y .g~~~1 to

_ _ _ _ _ _ _  - .
_ _I~~~ -~~~~~-~~~~~~~ -~~~~~~~~~~~~~~~~~~T
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x,~~ q~~In N.

sub.t itat img the re lmtiomskip. from (3) , (4) , and (14)

in (12) for w,, (x),  ws (6) and x0, respectively, we will

obtain the forula for the probability of the recogn it ion

of the true signal.

r ~o+q~~ 1 ~ i f ”  I e’Pr a e X Pt _p Nj11
_

~~ TV iexpj20÷...~ 1—

- _ .(~!~))}. (15)

J

Com pa ring formulae (7) and (15) with each other, we

ca~ see that Other conditions being equal, for a

sufficient ly large number of false signals N >> 1, the

probabilit y of the recognition of the true signal in the

former case is k t ime s lower than for the d iscr ia ina t ion

of the true si;nal from one false signal, where

(I+q1,)e*p 
~
a (I+:)

~~ 
ION ]

The Probability of nonresolution for the case in

question is determined by the formul a

~

. — - - - - --- — —-5--5_.--_- - --_ - -.----—--
~
.-_T——-—-- _ _ _
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~~~.,— 
~~

_s . ÷ ~~~~56 exP (_
~~ )

d6. (16)

C considering an integral of the type (3.461.2) [14J, the

formula for the probability of nonresolution (16) when  ~
I will b.

P
~ ~~~ (1+ q~~~~~1 IO(I+Qa)+N(I+ QJI

vh~~~eupoa it is sim plified at G.. O~~~ , asssaiag the  form

(q—~~ Qau ’+)

_____________(a+q~~’ .V( I+q~

The analysi s of the ex pressions obtained above sho ws

that With the assumptions made, ~ (< 1 and N >> 1, the

probab’III ty  of nonresolution approaches zero. ph ysical ly ,  thi s

is ~~~ to the fact th at at a l arge numbe r of fa lse

signals and even re latively low sensitivity (~ $ 0.1), the

probability that all the false signals will lie within the

limits of sensitivity of the resolve r ~~~ i. vir tua l ly

eq ual to zero. With these assumption s, we can say that  the

- - —-5—- ----— - — - -5 --5— - -. —-- 5—- - --5-- - -  --- . - - . 5 -- - -  —--—- - -—- - -
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~
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probabilit y of aistakimg a false signal for the true one

is equal to P.~~ - 1—P . , .

Figure 3 shows the dependence. of cOefficismt 5(5) on

the number of false signals N at q.. qa, 0,~~~ O.i aid a

series of values of the similarity coefficisut a.

Figure 4 shows the d.p.mdeac.s of cosfficiemt 5(q) on

the noise/signal ratio q— q .. at a1~~~a... (q~~~~a) for two

values of the number of false signals I 10, 20; •
0.1; an d ~ = 0.2, 0.5, 0.7.

It is ev ident from these cur ves that the probabilities

of the recognition of the true signal  decrease wit h the

increase in the number  of false signals and the increase

in the noise/signal ratio.

Simi lar ly ,  we can find the formula for the probability

of the recognition of the true signal when the decision is

based on th. fact that the mean value of the recognition

parameter of the true signal is lover than that of the

false signal. In this case

1- 
_ _ _ _ __ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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P.._ f .1(6 )
1 
.
..(4 I 

Was (u)d v~J 
dx

The probability of nonresolution when N )) 1 is deter mined

by expres sion (13) , l ike before.

With reapect to the laws of distribution (3) and (14),

the probability of recognition P., is determined from the

form iiia

0~~ ~ ~~ tj ~ I N’o~ \ I / N ., ~1P.._j j~~+o~~1 —-0--N~I T exP~ -~~~-)[ I_
~~ )J. a.>a..

whereupon, if Na1/c~,~~i ,

P 0 .~~~ as
1’ ~~~

When the true and false signals are a mixture of signal

and noise at the inlet of a quadratic detector,

P. N(I+;~_)+.U+q~~{1 
_ s(1+,~ V’~ exP1,.I( JJ[1_

(a>I)~

- — 5 --5 I~. - -  — . , S .~~- - - -

— -  -- .. - 
— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~
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Figure 5 shows the dependences of the pro babilit ie s of

the recognition of the true signa l P., on the number of

false signals N at ~ = 0.1, q..— q,, — 0 •. aid three va lues

of the similarity coefficient of the f.l., signals m 5,
4

2 and 1.2.

Fig ure 6 shows the dependences of the probabil i ty of

the  recognitio, of the tr se signa l fro. the aoise/siqnal

ra tio q— q ., at ~~~~~~~~ (qa, .~ q/.) for severa l

valmes of a sal two vals.s of the musher of fa lse  signa ls

N = 10 and 20.

It is also evident from these depeudences that the

probability of the recognition of the true signal decreases

with the increase in the nu m ber of false signals an d the

increase in the noise/signa l ratio.

Thus, this analysis of the effect of the l imi ted

sensitivity of the resolver on the char acteristics of the

discrimination of the true signa l from false signals has

shown t h a t  the  errors in resolution are higher t h a n  t hose

of perfect resolvers. The “rougher” the resolver, the greater

this increase in errors. The rather simple engineering

relationships obtained make it possible to compute the

- - -5- - - - —  ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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probability of resolution errors depending on the con ditions

of observation and the statistical parameters characterizing

the sensitivity of the resolver-
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