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Page 204.

Chapter of V.

~!~JJ.4rn?A-fr/COnPLE?E R!GULARITY. Processes wit h discrete time.

~1. Determination3. Preliminary construct ions. Examples.

In this chap te r  we viii examine stationary in the br3ad sense

process ~ (t) with the discrete time t = 0, 
~~. 

1,.... Everyw here here

we deal only with such concepts, w h ich are formula ted in terms of the

first  two to rque /moment s, so tha t  it is indifferent, is process E (t)

Gaussian or not.

Recall (see chapter IV) that the process ~ (t) is called

com pletely regular , if the coefficient of the regularity

sup I Mmihi=supI(m,i~2) I—+ 0q,~~If (’ . •), ‘h~~ F I ( ~~’,O)

(sup is ta ken fat m. fl~2~ by that satisfying the condition of

standardiz ation I~~Il — li’~ II~ I).

-
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In the present chapter we wi.1l trace the properties 3f spectral

characteristics of comple tely regular processes E (t) . For this it is

• fIrs’- of all necessary to rewrite expression for the coefficient of

regularity in spe:tral form.

Let us recall that any completely regular process (linearly) is

regular , an d therefore

a) it has sp?ctral density f (X), representable in the form

(1.1)

where g is a func t ion of flardy ’s class &ó2 in unit circle;

~~~f~ Inf (x)dxi<oo . ( 1.2)

Pag e 205.

(In reality (1.1) and (1.2) are equivalent and

~(z) = exP {~~~$ ::~~ 
In f (X) d X } .  z~<1.)

Heacs and fr om th•or sm 1 chapter I! isuediately follow that

p (T) ~— su~ $ e’~ ç (e ’~) * (e’~) 1(X) dX su~ I (e~~p, ~~
(1.3)

where sap it is taken according to all fuactioasq (e”), *(e ”),t bat belongs

to snbspac. L~~( F ) — - ~~~~ , which they satisf y the condition of the

standardization

(
~2~— —_ .. .~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ —
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ij~~p (f I~~(e’~ F f A d X )
’
~=1. ~j * ij~~

— ( 5  *(e ’~) F1 (X ) dX ) = 1. (1.4)

It is useful to n ote that value p (v) will not be changed , if we

in (1.3) take sup on any dense in L 4 i F )  multitude of func t i ons, wh ich

satisfy (1.4), for example according to polynomials or functions from

~7c2 •

If w. *~ 
Q7t2, thato = 

p*~~~ t ’ , a Il O lI~ I F ~I F H ’~~F.0fl the contrary, if

function Oc~~’t’,it it is possible to register ii the form (see §1

chapter II) of product 9 = p ~ two functions p, *~~~
92, whereupon for

almost ~~~~~~~~~~~~~~~~ and , consequently, OO~~ = U ,=II*H,.

Page 206.

• Therefore besides (1.3) occurs the still following expression for p

(ri:

(1.5)

_ _ _

—
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where sup it is taken on all ~~~~~ II O It~~~ 1•

In or d er to o btain one add it ional necessary subsequen tly

expression for p ( r ) , let us be based on th . theorem of the

R’yerling, accoHinq to which the set of functions (wg). where 0 (z)

passes all polynom ials, is den se in spacs &~
2. By beginning from

(1.3), we let us find that

p (~)= sup

= (~g) (~‘g) e’~

su~, f 
~~ (c ’~) 

~~
j (e ’~) e~~ ~ ~~~ 

(1.6)

whereupon in the last/latter integral sup it is taken on all

fro. the single sphere of space ~~~2
•

F i n a l l y , in the  sane way as of (1.3) we were obtained (1.5),

from (1.6) it is possible to deduce the squality

_ _  ______ - -—-~~~~--~~~~~~~~~ ~~~~~~~~~~~--—-- -~~~~ . J
~~~~~~~ ~~~~~~~~~~~~~~~~
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p ( t )  — sup 0 (e ’~) e”~ dX ( 1.7)

where this time A it passes the  single sphere of spac. ~?6’.

Below eve rywhere  in this chapter  wil l be encoun tered only the

absolutely continuous spectral functions, which are assigne d by their

(spectral) densit ies. In  order not to in t roduce  excess des ig nations,

subsequently for the extent/elongation of an entire ckapt.r let us

use sy.bolsL(f), L ’ (g) ,  H • l~, ( • . -), ,v~mo for th instea d of L ( F ) ,  L~~(G) , l l  • 
H4~,, (• , •),

and so forth, where f a 
~~‘, g a c’. h = H’ and so forth.

Page 207.

Being returned to our problem of the descr iption of completely

regular processes, let us note that it it is possible to reformulate

as follows: to describe the class of the nonnegative summarized on

f-v. ‘1 f unct ions  f 
~~ ), 

for which the determined by equal ities (1.3)

or (1.5) values p (r) approach 0 with r —~ —. This analytica l

formulation is the basis of our further research.

Now b efore passing to more detailed analysis, let us give

several assertion s, which almost i.mediately escape/ensue from (1.3)

or (1.5), but which nevertheless will make it possible to obtain the

IITTT TI ~~~‘~~~-
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general idea of the structure of the spectral densities of com pletely

regular  processes.

First of all , by set/assu.ing in (1. 5) 9 (X) ~~ 1, we will find

• that  the  n Fourier coefficient f 
~~
.) satisfies the inequality

t
13(n) j~~p (n) j f (X) dA.

Consequently, th~ condition of fu]l/total/co•plet• regularity assigns

some limitat ions on smoothness f 
~~

) .  So, tf~~ p (n)<c’o,thea f (X) is

continuous. It is below , improvin g this v.ry rough approach , we vi ii

obtain considerabl y more powerful results.

Prom inequality (1.2) it follows that f (X) cannot have zero

extremely high orders. Below (~5) it will be shown, tha t in  reality

on zero f (k) are assigned much more severe limitations (speaking in

general terms, f (X) is a prod uct of function without zeros by the

square modulus of polynomial).

On the contrary, if spectral density f (X) sufficiently smooth

an d posit ive, the corresponding random process completely is regular.

Specifical ly, occurs the following.

~~ge 208.
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Theorc~m 1. If spectral densi ty f 
~~

) is continuous * and

strictly positive, f ()4 )~ n > 0, then corresponding f (k) s ta t ionary

process is completely regular, whereupon

(1.8)

?OOTNOTE 1~ Recall that the points v and . are identif ied.

RNDF OOT !IOT!.

Here and throughout through E,,(h) is designated the value of the

• best a p p r o x i m a t i o n  of func t ion  h (X) by the trigonometric polynomials

of degree not h i g h e r  t h a n  n on segment ( — w , v)  in uniform metric.

A ctuall y, for any trigonometric polynomial 9 (X) degrees are not

above r—1 and any function 0~~~7t’.

••
3~

f e u~o (x) Q (X) dX _ o.

• Therefore, if P 
~~~ 

— the polynomial of the best approxima tion for f

of degr e $~—1, them on the strength of (1.5)

p ( t )_ s ~P~~f e ’~ 0 (X) 1f ( P MdX ~~

~ ~~~ ~~ f I 0 (X) dA. ~~ E % _ 1 (1).

. . . - .- —.--, — • .  — — —.-—_-—_

~~~~~~~~~~~~ ii:~_ _  ______ •~~~~ • -~~~~~~~~~~~~~~~~~~ ~~~~L~T _ L T -~~~~
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Limi t  ation ~ >~ a can be a t tenuate/weakened , af te r  not ing that

occurs t h e  fol lowing  common/ge neral/total result.

Theorem 2. If w (X) there is the spectral density of completely

regular process , and  P (z) — the polynomial of degree fl, then ~4.

(1.9)

there is the spectral densit y of completely regular process. In this

case
p(T; f ) ~~~p ( t — n ;  w). (1.10)

Page 209.

Actually, eu” I P 12 ~ ~~~ further .or.,~i op l~
’ —II 0 Il~.fl.r.f ore

p(t; ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~ ~~~~ S e~ ’~~~ 0 t X) w (X) dX~ =p(~ — u;
• —J’ 

-

- -
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Theor em is demonstrated. Below we frequently will encounter the

ex pansions of form (1.9) .

~2. First method of s tudy.  The theorem of Khelsona is and Sarasana.

Here we is presented the belonging Khelsonu and Sarasanu 1 the

description of th e set of the spectral densities of com pletely
— regular processes.

FOOTNOTE * . H Ilelson , Sarasan, Past and Futuce, Liath. Scnnd. 21, No.

1 (1967), 5—16. END?OOTNOT!.

Their method is substantially connected with output/yield into

——- —•-- - -
- -
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composite plane. In  connection w i t h  th is  to us it is c o n ven i e n t  to

consider that spe:tral density f (X) is assigned on circumference

C: I . re~’.

Theorem 3. S t a t i o n a r y  process ~ ( t )  w i th  d iscrete t i m e  is

completely regular th~~t and only then, if it has spectral density f

(A) ,  representable in the form

(2 .1)

Here P (z) — polynomial with roots on 1, and function w (X) with

z~ny E> O representable as

= u p  (r ~ ± U r + vj, )2 .2)

where r ,. is cont inuous  on C, a

Proof. Su f f i c i ency .  Prom theorem 2 it follows that it is

possible to count P ~~~~
. 1.

• Page 210.

• Relying on the Ieyerst ras s theorem , let us select tri gon ometr ic

polynomial Q~ degree v• so, in order to

e~~=Q, (t + 0), rnax lO (X) I<s .

Th en (P 1!)

1(X) — er e + ~~~ = Q1e ’~ (I  + 0,). (2.3)

where )0,i(~~~ 7*,tf ~<i.

• •“-  -

~~~~ 

- -- 

~~~~~
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Let us assume I IQ, I~e°’~~”~. On the strengt h of (2.3)

• -~- lI q- Ij ,~~~H p f l ,~~ 2 11 q iI , ,

if on ly  ~ is s u f f i ci e n t l y  small .  Fur the r , func tj on e~
A T

~Qr ( e ~,
a)_ 1v ,~

is summarized and is the  boundary value (on circumferencefz~a 1) of
‘h e  f u n ct i o n , an a ly t i c al  in circle!zI( 1. Consequently,  f o r  an y  two
polynomials q~~), ~j , (~) and all r ) v~

I ~ (e
n) 

~ (e
u) e l

~
TQ, (A) e5

’~~ ’ dA = 0

Therefor e for a l l  ~ > r~ on the  st r eng th  of (2. 3)

p( ~r) = su p  $ ~~~~~~~~~~~~~~~~~ ~~‘r iP

~~sup 
~ I ~ (e~ ) j I ~ ’(e ’~) If, (A) II 0,(A) IdX~~

~ H q II~ II ~t ~ ~ 28€. (2.4)
P P

The s u f f i c iency of the conditions of theorem is demonstrated .

Need. First , being t ransmi t ted  of equal i ty  (1.7), let us

- 

- - • • •  •~~~~~~~~~~~~ 

_T :
~~~~~~~~
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demonstra te  the fo l lowing  lemma.

Lemma 1. The coefficient of regular i ty  satisfies the  equali ty

p( r ) = in 1~~_ e i t
~~ A~”~, (2.5)

where inf it is taken accordimg to nil functions A~~~~~ , A (O)~~o.

Page 211.

• The assertion of lemma is a special case of the

common/ge~ eral/total  d u a l i t y  pr inciple  for analogous ex t r eme

problems , at basi3 of which  lie/rests the well kn own theor em of the

khan — Ban ach.

Actua l ly ,  the integral in r ight  side (1.7) determines  the linear

funct ional  t (0) in .2”. Examine/considered only in ~~“ c 9 ” ( — 8, i) . thi s

functional (in accordance with (1.7)) has a norm, equal to p (r). £iy

continuation l~ ( 9)  this functional 1. (9) fro m space e~~ to

everything .2” takes the form

1, (0) — 1 (0) — 1 (0),

where 1. * (9) it is convsrt d into zero on SO’. All the con tinuations

have a norm, not less p (‘r) ; according to the theorem of the khan —

Banach among them there exists continuation t~~ 
with norm, in accuracy

equal to p ( i ) .  Conseq uently,
p (r ) — m l  Il l — 1’ II.

- • •~~~ • &•—•-—• •- - —-——--—--- - - - - - —-•--• . •— - - — --- -  

- - - - -- - -~~~~~~~~~~~~~~~--~~~~~~~~~~~~~~~~~~~~ 
- - -

~~~
- -

-~~~-
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whereupon in this equa l i t y  sym bol 11 . 11 designat.s the norm of

functional in .2”. Any functional L in .2~(—7t .~ ) according to known

theorem is represented in the form

L (0) — f 0 (e iX) A (e tX) dX , AE.2’~, (I L I I II A II’~ .

Requir eaent 1. * (9) 0 for all 0E~9O’ is equivalent to the fact tha t
A~~.2”°(— ~ , 

~~
),

for  funct ion A dete rminin g funct ional 1, *

A (e ’~) e”~ ciA = 1 (e~~) — 0, ii ~~ 0.

These equalities in turn, are equivalent to the fact thatA~~ ’t~aad A

(0) = 0. Hence and from (1.7) it follows that

p (r) = inl I I 1 — 1 ~ I — m l  Jj
_ &e1T

~
_ _ A

~~.
A H ~~. A (O)—O g

Lemma is proved. Prom it al.ost immediately it follows.

• Page 212.

Lemma 2. For the full/total/complete regularity of process ~(1)

it is necessary and sufficiently in order that on any c>0 would be

located function ~~~~~ such which is simultam.ou.

— $ < m l  A l <e , — ~ < arg  (Ag 2e~~
t
~) <, (mod 2it). (2.6)

— —

__________ — -~~---------- -—---
--- .---- •-- —- - - - --

~
---- • --. - • • — ~— -- -—~~~~ ----—- -
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Actually, g/g= exp {— i a rg  (p 2)). Therefore (2.5) it is possible to

register in the form

p (t) = iiiFjj I — e ””exp (— i a r g ( Ag2e — E ~ ) ) 1~°’ ,

whence in view p (v) —
~~~ 0 and it follows (2.6).

Us will be required one additional lemma about analy t ical

continuation ; the use of this lemma and duality principle composes

the nucleus of the proof of Nhelsona and Sarasana.

Lemma 3. Let function S (z) be analytica l in circlelzl< 1,

excluding point z = 0, where it can have a pole of order r .  If ztS (z)~4?CIP2.

and O f l I Z I =  1 func t ion  S is real and nonnegative, it analytically

continnabl e th rough~ z~ = 1 m lx i> 1, and continued funct ion  is a

polynomial of z, l/z.

We will plot the proof of lemma to the end of the paragra ph , and

thus far, by assuming lemma demonstrated, let us finish the proof of

theorem 3.

• Relying on (2.6), let us select function s(e’~~~.2’~~io, in order to

Is I ~ e, arg (Ag 2e ”’~) +s— 0 (mod 2i~).

~~~~~~~~~~~~~~~~~~~~~~~ IT i~~
_ - - -

~~~~~~
-

~~~~~~~~~~
-— - ---- • —

~~~~~
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Let us consider the function

S (z) — A (z) g2 (z) z te(I
~
_ i
~~

).

It is obvious, function zTS (z) ia analytical is(z/ (  1; on i

S (e ’~) — I A (A) I e ’(”~)f (A) ~ 0. (2.7)

It is well known that the limitat ions on an increase in function

s (~ ) assign the appropriate limitations on increase adloint function

S.

Page 213.

Specif ically , from inequality I s i ~~~€ it follows (see (13], page $Ot),

that exp (k i~~I)E.2” (—n.~~) for all k<-~ - ;  consequently, f or e<2/~

f i  S(e~ ) I~~dA < 1/ 1(5 1(A) d A f e I ~ (e’~) I dA) < 00..-

Thu s, for funct ion s (z) are satisfied all condit ions of lemma 3;

therefore this function is polynomial of z and l/z.

• Fur ther , on circu.ference (xI= 1 func t ion  S (z) is a nonnegative

trigonometric polynomial. According to ~eyera — Riesz’ theorem

• nonnegative trigonometric polynomial is a square modulus of

polynomial of e’~ (see (11). page 33). ~ that  

.-_ . a-.. — —.4 A - .  — _ — - • - — — — -

— — ••— - -•—---••--—--—
~~~~~~~~ — —•—.~~~
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wh ere P1 (z) — polynomial.  Let us register P1 in the form P1 = P.Q

where Q and P — polynomials with the roots, arrange/located

respectively outside b y~ zj= I and by l zI= 1. Prom equality (2.7) it

follows then that

f (A) = S.(e ’~) l A ‘ e~ =

I P (e ’~) l2 exp (InI Q 12 _ IuI A + ‘~
) =

= I P I2 exp (r , + a, + ~
j ,  (2.8

where 1) r,=InIQI2 — t s  a continuous function ; 2) ii,= —ii ,L ’1ia~ Ila ,jr~~~e; 3) u,= .~
also, regarding s

• In order to finish the proof of theorem to us remained to check

that polyn omial P does not dep.ad on ~~
• Let

• f (A) =1 P’ Pexp (r r + U, + v,~). (2.9)

Let us show tha t  polynomials P and P. coincide wit h an accurac y to

constant factor. Above we already noted that em ~ i~~.2’, e1 ~s’

Page 214.

—
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, ±I f f \±
~Therefore all the functioss(yj ) ~cI79 ) are suwmarized . On Schwarz

inequality

~~~~~~~~~~~~~~~ 
<00,

• (210)

J r I dA ~~( ’ d X f i r dA) <00 .

Inequalities (2.10) •ean that polynomials P and P divide each other,

root s of bot h of po lynomials  l ie/rest into (z 
~
= 1 and , therefor e, PIP’

= const .

Theorem 3 is demonstrated ; ther• r.mained only to be convinced

of the va l id i ty  of lemma 3.~~~unction zTS ~~r1/t~I~2 can be registered in the

form of prod uct ZTS = b0 102• where b — prod uced to lliyashke , 9~ 
- the

internal funct ios, analyt ical ia )sJ< 1, I~ — external f u n c t i o n  in Is j <

1. On I s 1 I ~b 
~~ 

1; funct ion o~”~~~i ’. Therefore, by set/assuming S

• ,
~ 

fS~— o ~~, let u~ present S in tb. form of product S1S~, wher• zTS,,

S2~~~ ’*Id with R 1 I~ I ~S4 Hence and from matter S on circumference

)zfr I it follows that (on/zfr 1) 5~ = ~~,. Consequently, on

•1

—  - - - . ~~~- - - - - - _ - — ---•—

T ..:.: T -  :: ~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 

~~~~~~~~
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c i r cum f er e n c e lz l=  1 f u n c t i o n  ~ 1 • 5~ and i (S 1— S2) are real; t hey are

summarized on~z~= 1 and by the known pr inciple  of the s y m m e tr y

analy tically are ex ten dible thr ough~z~= 1 (values of the continued

func tions for z ) >  1 are determined by equalit ies (S 1 • S2) ( z) = (S1t

4 S1) (1 t), i (S1—52) (z) = i (S1—S2) (z ’) 1~

FOOTWOT E 1~ For t h e  proof of the  ana ly t i c i ty  of the con t inued

functions in the v icinity of circulferencejzl= 1 one should ~se the

valid for all func t ions  ‘~~~c equality

JIm 5 y (re ’~ ) d~ — 5 ~‘ (e ’~) dX.
‘4’ U U

ENDFOOTNO?!.

Rut then also fun:tion S1, S2 (but that means and S = S152)

analytically are extendible through (z~= 1.

Page 215.

In this case of the very method of continuation it follows that the

cont inu ed func t ion S is ana lytical everywhere, with the except ion

perhaps only of points z = 0, z —, where it can have poles of order

not above v. According to the theorem of Liuvillya S (z) it is
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necessary to eat a polynomial of z and 1/z. Lemma 3 is demonst rated.

Thereby is finished the proof of theorem 3.

Fro. the demonstrated theorem escape/ensues a series of the

simple corollaries, which make it possible to obtain the sufficiently

demonstrat ive representat ion of the struc ture of the spect ral

densities of completely regular  processes. The conclusion/derivation

of these corollari es we wi l l  plot to §5.

The examined here method makes it possible also completely to

describe th e class of those ran dom processes, for which p (1) < 1

(but not com pulsorily p (i)  —p 0) .

As already ment ioned , inequal i ty  p (1) < 1 also is a condition

of r e g u l a r i t y ,  more  power fu l  t h a n  l inear  regu la r i ty ,  and ind icating

geometrically, that the m i n i m u m  angle between subs paces L~ , e”~I , was
-
* positive. We will obtain below deeper result 1, after indicating the

conditions , by which  p (r )  < 1 for the first time with v = k.

FOOTNOTE ‘. This result with k = 1 is establish/installed Khelsonom

and to Sege (H Nelson , G Szego, A problem in prediction tneory, Ann.

• Math. Pure Appi. 51 (1960), 107—138), with k > I — Khelsonom and

Sarasanon (see reference on page 209). EWDFOOTROTE.

I
- - - -_ - - - — .r - C _ 
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Theorem 14• For stationary process ~(t ) ,  t = 0, • 1, ..., the

rela tionship/ra tios
• p ( k — L ) = I , p ( k ) < I

are fulfil led in that and only that case, if it has spectral density

f (X), represen table in the form

f (A. ) = I P (e i&) 2

where P (z) — the  polynomial of degree k—i with roots on l s I =  1, and u

(X) ,  v ~~) - t h e  real  bounded func t ions, whereup on  v i I ” <-r 12.

Let us demons t ra te  f i rs t  the suff ic iency of the condi t ions

indicated. On the strength of (1.11)

p(k; f)~~~~p (I ;  e””),

it is possible to be bounded to th. examination of that case , when P -

1. It is obvioas, ~n f = u + Ci~~ 5~’ , so that f ( A ) = (e~~~~’. whe re gE~ e 2

Page 216.

Let A (z) — the external function of class ~~~~
‘
. for whickI A(e’~)I=e~~Let

us construct, further, function ~ _ e _
~
t . This is the extet sal fmnct ios

of class ~~~~~~~, since, as noted abO~e,e~’E~S”,as soon as I~i I < i t / 2. On Iz I= 1

--_-- •--~ •••- - • -- -~ • •~~~~- -_ - - - - _ •  — .---— —‘-_

- —~~1— - _ _.__._ _ — — ~—..._r-
_ 

-_..__. . _ .  —•-—— - -_ —_—. - —- _ —•

.4— — — — — — — - —‘ - •-•-—-——•--— .•t____ _•__ 
—---
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occurs the equal i ty  I~PHIA R2I.The external functions whose

module/mod uli to fz(= I coincide, differ perhaps only i. terms of

constant factor , so that it is possible to count ~~~~~

Let us select positive number y so, in order to y 1 A l~ 1. The
values of function ~~

-.
~ \•~~~‘1e-iu with all A lie/rest at region

• tl= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ It Is not difficult
to count, that p,= in 1 I — ~~I<l. But then on the

tEll

• strength of (2.5) and

— =~II  — ye”~~~ex~ ( 
— i a r g ( A ~

2)) II’ ’

= t — ~~~~~~ II~•~ ~~ l~i < ~•

The sufficiency of the conditions of theorem is establish/installed.

Let us demonstrate need.

Recall that the inequality p (IJ < 1 will draw th. re gu larity of

process ~ (t). Therefore spectral density f is factorabl.:f—Ii~
2. ~~~~~~~~~

and p (k) is compu ted with the help of formula (2.5). On the basis of

this formula , it is analogous with lemma 2, is concluded , that as

• soon as p (k) ( 1, necessary will be located functiomAE~e2e’wtth the

properties

-• I A I ~~~ e, I arg (~4g2e~ ‘~ )l~~ j-~~e, ~>0

(second inequality occ urs on mod 2.).

Let us determine function v , c ’ I ~~~j~. -.e . so. in otder to

v + ar~ (Ag ’e ”~~ ”) ~~0 ( m od 2si).

— - — - - - — - - —  --~~ - - - - --“--4 . - •~~~~~~~~. - - - - . a _ • _  —_  - - - - - - - -
.

~~~~~-••—-—• —- - • —
- ——-~~~~~~~

••
~—— —•-—_ -• •

~~~~~~ - - - - —•- -——-—-- •-•-•• - -_------•-—•—•••—--——— ——— — -_ -—— •-._ • •~~~~~~
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The func t ion

S (z) = Ag
2z ’~~’~e

5’

is analytical in frl< I, exclud ing the poi. of order k - I in zero. It

is analogous with t ha t , as this is done on page 213, is conclu ded,

• that Sz~~’ E .~’t ’2 , amd  since S = ~PJ2 , where P p o lynomia l  of degree are not

above k— i.

Page 217.

F ina l ly ,  se t/ assuming ii —ln A~ let us f i n d  that

1 = I P I2~~~4~~.

It remained to show that degree I of polynomial P, not  exceed ing

k—i , in rea l i ty  was  equal  to k — i .  On already demonstrated p (l;e~~ )< I.

Therefore, if I C k—i , them

p(k — I; f)~<p ( k— 1 — N ;  eu+~)~~ p( I; ~~~~~~~~

in spite of equality p (k—I; f) = 1. ?h orem is d.monstrat.d.

~3. Second method of research. Local conditions (it began)

In this and following paragraph we is presented new approach to

— -- 4--. - — -- -- — - --- - .- - 

— ——— ---4
• -. --- - -  ——-~-- -•--—— --- --—
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research of completely regular sequences. Unlike methods §2, it is

pure ly  real and leads to loca l conditions for f (X) . However , th ere

is a d i s c o n t i n u i t y/ i n t e r r u p t i o n  between the  necessary and suff ic ient

conditions in the given here local form.

Theorem ~~. In order that positive summarize on [-s ’ w )  function

f (X) would be the  spectral densit y of completely regu la r  s ta t ionary

sequence , it is necessary that it would be repr...nted in the form

f (X )= I P(e’~
)I2 w (A), (3 .1)

where P (z) — polynomial with roots or~fr1a I, and original U (X) of

function w (X) sa t i s f i e s  th. condition
o,, (ô) = 0,

where

• + x) + (I (X — 2 W W —

~
0W’ (6) = sup  s u p  — - (17 1 . 

• 
- - - -a

1, kI~—~ 
+.t )— %~- ( A — .t) 1

One of the si mpl.st inversions of this theoren has the following

form.

• Paqe 218.

Theorem 6. Let spectral densi ty f (k) of sequence ~ (t) is

representable in the form (3.1), where P (z) — the polynom ial of

degree k, and of w (X) possesses the following properties:
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1) ~~ w 2~,(2~~ )<oo ;

2) 0<,,,~~~w (A)~~ M < oo .

Then sequence ~ (t) is completely regular, whereupon

p (t)~~~40 (±!-)
h1 (~: -(- -

~
--
~~~

k_  )
/~ (33)

The proof of theorem 5 is s u f f i c i e nt l y  cumbersome. It based on

the  analysis  of the  f u n c t i o n s

y (N; ~&) = ——- — -
~~
---

~~
--— f (A) dA .

_ •
, ciII 7

which is car r ied  ou t  f u r t her in this  paragraph 1•

FOOTNOTE 1 • Our research of fu nction y (N ;  ~) in many resp ects they

follow V. P. Leonov’s work “on the dispersion of the time/temporary

average of stationary random process”, is theoretically probable. and

it applica ble V I, No 1 (1961), 93—101. ENDFOOTNOTE.

J 11J 1 
- - - ::~~~~::T~~~

-
~-
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In the fo l l owing  paragraph , being based on this  anal ysis, we wi l l

demonstrate theorem 5. There wi l l  be demonst ra ted  theorem 6.

Passing to research y (N ; p ) ,  let us note first t h at

~ ‘ (N: 
~
i) = M ~~ C~lAl~ 

2

page 219.

A c t u a l l y ,  if the  spectral representation of sequence ~ ( t)  takes

t h e  form

~ (1) = 
•~

• 
e’~~P ( dA)

• (where a (dA) — is an orth oqonal random meassre,M~~~(dA) 2 =f  (k) dX ) ,  then

71

I 
2 

~~~~~~~~~~~ 
2

M ~~c ’’a(t) M I —~-~ —--~——---1- (I) (d) )e _~~

si ll ’

• 2Sin —i--



F.— . . •  —-—--- “- -, -

~

-=-“- -=-• - •- - - “ - - - - ----••---- - . ---

~~~

.- - - — . - -.-

~~~~

-- - •- - —,“
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Lemma 4. At N —P value
N “

- 
~ 2 “ sin ’ —

~~~
—-

v~N; 0) ’ (N) =Mj ~~~~ (1)~ J. sin!_I —n 2

either approaches • or is limit.d. The latter occurs in that and only 
- 

-

that case, if

f ~ d~~<oo . (3.5)
sin 2

1

Proof. Let TI designate uni tary  operator in space if if ( -— •),

that  corr.sposds to sequence ~ (t) : U (t) = ~ (t • 1). Let us

consider suas sN =~~~ (O as cell/elements of space 0. hssertion~~~ M I S N I 2 <00

means that for certain subsequence N1~ SN,~ =M~~ S~’ 1 1
2 < C C —. Since

- 
- sphere in hu bert space H weakly is compa ct, fros (N ,) it is possible

to extract this subsequence (‘1*), wh ich S71~, weakly converge to certain

cell/element — 1E~IIi .. , for all V~-I1

• 
~ini (S1~, 

~
) = urn  MS71~C = — (ru , 

~
) = — Mt ~C.

ii:: iI - - - - - 

~~~~~~ 

• .::i::i i::: ~~ - 

..—



- 
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Page 220.

~ut then

L i r n ( U S~~. C) — (Un, C)7

and , therefore, with all ~~~lI

— s~, ~) = l irn ( S~k — (J S ~~, 
~
) (~(O), ~) 

— urn (~ (n t), C) = M~ (0) C — u irn M~ (flk) C.
14

On the str.a;tb of the isometry between H and L (f) random

variable ~ answers the function weL(f) such, that

M~(nk)~ -~’ ‘~
k
~~~jf (A ) dA. (3.6)

It is obvious, ~~~~~~~~~ ~), and in terms of r imana — L.bss;ue ’s

theore m istegral in right side (3.6) vaiish.s, when ns,-÷°°.

Therefore, if lim y (I) C •, t hen with all C e H

and, therefore,

wher e 
~(0)~~~. ~,(k) = U *11. But ii that cans ~(1) ~(:+ t)- .- m i ( t )  an d wit h all I

S~,

- - - - - ___________________ — 
______________________—--—-•..--— -—•—
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Thus, we dem3nstrated that either y (W)4~~, or sup y (N) C , the
last/latter inequality occurring, only if ~ (t) is represented in the

form of the difference

~( E) = U ’’’r i— U ’si —=~1 (I + 1 ) — t ~(1), i~e II. (3.7)
It is obvious, from (3.7) in turn, it follows that supv (N)~~ 4 M L I ~2 kZ co .

Page 221.

It remained to check that (3.7) it is equivalent (3.5). Let it

is made (3.7). Let us designate by f~~A) th, spectral density of

sequence ~( i ). On the stre ngth of (3.7)

— 
H)’) H ’)

~~~~~ 
• )‘4 sin

so that

1— ~-~- dA =4 f f ~ (x) dA< oo .
—n Sifl

On the contrary, if is final integral (3.5), then on the strength of

the determ ination itself y (I)

5 

~ dA <~~ .
—17 31fl

Lemma is demon strated.

_______ • • - —--s -
~~,‘--~ -.‘~~~~~ — *-- - . •--— - ______________ — ••- - —

II— -~~~~~~~

-. 
. .~~~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ---- ------ •-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Lemma 5. With each p. when ~~~~ function y (I, ~a) eit her

approaches • or is limited. The latter occurs in that ani only that

case, if

I_ 1
~~—_ dx<co .

J • , ) ‘— i’
_

~~ 
S i l l

Proof. After presenting function 
~ 

(I; ii) in the form

,, A’)’
I.

y (N;  i~) 
= j ~ f (A + ~t) dX ,

slil’ —
-.72 2

we are convinced that y (N; p) it coincides with expression M l~~~’(~~
2

where the stationary in the broad sense sequence (~‘(t)) kas ”as its

spectral density f (X • p). Further follows from lemma *.

Lemma 6. With I-*— either inf y (I , p ’)-~— , or there is a point

such, that ~~~~~~~

dX < 00.
sin’—

—n 2

Page 222. 

•  _ _ _ _ _ _

- ~~~~~~~ 1J~~~~~~~~~TT -
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Proof differs  lit t le fran the proof of lemma *. let i~ i ir1 f V (N , i t ) < oo .

Then it is possible to isolate sequence N4 and conver~sat series (04)

points from 1— n~ ,sl with limit 9 so that
thu 

~
‘ (N4; 04) ( 00 .

4
N4 —

By set/assuming S4 ~ e”~~~(t) and by disc siag as in the pr oof of
lemma 1, let us arrive at the existence of maximum cell~e1eneat~~~~ij
such, that with aI.l C~~ 11

Urn MS4C =4
Urn Me ’°~US4C = e~~MUS4C.4

From these equalities just as it is above, is derived the

representation

~( l) = 1 1 ( t) — e ’°i( t + I ) ,

from which in turn, ssc*pe/masuen the a arttom ot lemma.

Lemma 7. Spectral dens ity f (X) of sequence (~(/)), which satisfies

the condition of full/total/complete regularity, is represented in

the form
1(A) = w (A) I P (e ’~) I~, (3.8)

where P (z) — polynomial with roots on I z I =  1 , a v (k) it possesses

those by pro perty, th at

• 
~~ sin2N!.jJ~.

lim ini i 
— 

w (A) dA = oo .
N M J ~~~~~~~~~~~

—n 2 

—-- - —- - - • — —- ---- - - •- - — - — -  —----.- --- -- - -----
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~so
Proof . Let us assume

~ 2 (n) 111111 M I ~ (0) — ~ ,, 2, (3.9)

where mm it is ta ken on all ii~~~ 11 ( I 1 I > n ) .

Page 223.

Let us designate ‘l the random variabi . from H (III>1L), on which is

reached the minimu m ii (3.9). It is obvious,

MI ~(0) I2 + M I~~ I2 _ 2 ~/ i p ( n)  M’~ El~0) 2 M”~~1, ~<
~~~o2 (,,) ~ M~ ~ 0) ~ . (3 . 10)

Therefore with large a

o2 (n)~~~~~M I~~(0) I 2 >0, (3 .11 )

i.e. the process I (t) is “aonimterpolat.d”, and hence fol lows I the

existence of polynomial Q (z) such, that
12

I ( ~L) I~5 Q
/~)’~ dA<00. (3.1 2)

FOOTNOTE 1~ S. , for example, (22],  pa ge 1~~2. !WDP OO ?1OTE.

Let us designate Q~ (z) that of the polynomials Q (z), that

satisfy (3. 12) • which has a smallest degree and coefficient 1 with

leading term. Inequality (3.12) indicates also that among all

polynomials Q (2) with the real roots, for which

there is polynomial P (z) of the maximu m (final) degree. Actually,
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fros the inequa lity

(~~~~ 

~~~e’~i 
2 

d~~~~ $ 1  
~~~~ 

dA I ~~~~~~~~~ 
dA <00

it follows that polynomial Qo is divided into P.

Let us assum e nov f (x~~~Ip(e~
A)I2~~

, (x) and let us assume t h a t

~tim j ul J 2 i.t (A) dA< oo .
s ill 2 -

~~
—n 2

Then on le mma 6 is located the point 0~~~— ~, 
~

, for which

II 77

w a.) 
______ _____

— 
~~
‘ IA—fl) 2 

A = J ~ (e ) ( L — e ’~~~°~) 
2 <

Page 22g.

The last/latter inequality, obviously, contradict s assum pt ion about

the maximality of polynomial P (z). Lemma is deaonstrate~.

Lemma 8. If f (X) — the spectral density of the sequence (~(i)),

wh ich satisfies the condi tion of fsll/t~~al/complete regularity, them

at those points a, where I i m y ( N , it )= oo , fiaction 7 (1; M) is represented

in the form y (N; •) • lb (I; .~ • where k (I ; b’) is slowly varying

- - - • ——.— --.-— . • --—-- -.~ - - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~-.--- — - ~~ - - —--• —.--- - — 
~—. - --•-- .—-- - —~ - — —- ——- -  -- —
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(in th e sense of ka ramat) function N, i.e., with all whole k > 0

Urn h (kN; 
~
i)

N-* ’~ 
h( W;~ s)

Proof . Let us assume for the multiplicity

~(N; ~
) = y (N) ,  h(N ; ii)— /t (N).

Let, further,

~, = ~~~~
[ (j —  I)N+ (j — l )r+sJ X

X ex p (— i1 L 1 ( j — I ) V + ( f — 1)r+sI),
• J =  I , . . ., I?;

= ~~ fiN +( j  — t )r  + .cI cxp (— 4~ ~~ + (j  — I) r + sD,
c— I 

(3.13)
j~-~ I , . . ., k — I ;

It

~(Nk + s) exp (—i l4 ( Nk + s)),

where r = r (1)4= wi th  14 , but so be slow , in order ~~~~~~ 
~~~~~~~ T) 

~~~~~~~~

Then

+Z k+~ 4 I’ =

~ M j z1 2 
+ ~~ (Mz 1i, , + M2 ,y 1) + ~~ Mz~ , + ~ M~~i/ 1.

i. / ~ I i . /
(3 .14)

Page 225.

On the stren;th of stability the first sum to the right in

(3.1*) is equal to ky (N), the second and four th sums in (3. 14) will

not exceed k’ (7 (1) y (r)) ‘I’ = o (y (I) ) finally the th ird sum in 

~~~~~~•- _ _

- - - . - . - - - - - —- - - - — - - .
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(3.14) on the strengt h of the condition of ful l/total/complete

regularity it will not exceed k’y (1) p (r ) o (y ( N ) ) .  Thus , 7 (hI)

= k~’ (1) (1 • 0 ( 1 ) ) .  Lemma is demonstrated.

Are below we will show that funct ion h (I) can be con tinued from

integers to all positive numbers wi th  the

preservation/retention/maintaining of property to be slowl y varying.

For the arbitrary slowly varying functions of natural argument this

continuation, generally speaking, is impossible, and we f i r st let us

note those properties h (N) , which m ake this  cont inuat ion possible.

During the conclusion/derivation of these properties we wi ll

set/assume M = 0; the case ~ / 0 is examined analogously, necessar y

only valus s ~ (t) to e verywhere r eplace by ~,O)e -iI1t

1. If k is fix/recorded and 13’—, then h i m 
~~~~~~~~~~~~ 

I .

Actually,  since p (1)4— with 14’-,

v (N.+ k) v (N) + v (k) +
+2 M(UI)+...+UN) ) (UN+I)+ . . .+~ (N + k) ), (3i

~
)

(~(I)+...+~(N))(~(N+ ~~~~~~~~~~~~~~~~~~~~~~~~~

and

yj~j - k) 
= ~~~~~-~~-~- = I + o( I), (3.16)

h (N + k) I + o ( L)Iu ( N)

_ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _  

-
~~~ r~~~~

--
~~~~~~~ 4
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2. With all e> 0  ti m Neh(N)=00, t im  N~~I : ( N) = 0 .
N-,~~

Actua lly, using relationship/ratio h (21) ~~~ h (I) and the

previous property, we have

In h (N) in ~ ~~~~ = o (In  N) .

3. If r .~( p ~ 2r, then for sufficiently large r

~up~~ -~-~~~4.

Page 226.

Let us select and we record/fix m by the so/such large  that p

(m) ( 1~1d. Let us assume that p > 3r/2 (case p ~ 
3r,12 is exam ined

analogously). Pros the representation
04- ne

~~ ~ (i) —~~~~(O+ ~~~ (~~+ ~~ ~(O
I I r+I ,+mfI

—
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we find that

(p + rn) h (p + rn) = rh (r) + (p — r) h (p — r) + 0 ,

where

I 0 I ~ 2 jp (in) (r (p — r) h (r)  h (p — r) )I/2 
+ (rrnh (r) h (in) )“

~ +

+ ( (p  — r )  rn h (rn) h(p — r) ) ~~j +  rn/i (in).

It is obvious,

2 f r ( p  — r)h  (r) h (p — r ) ) ~~<r h (r) + (p — r ) h  (p — r).

Therefore with large r I ,( p+ rn)— 0h( r)+02h ( p — r ) + R ~. where  R~= O(p ~~~) , O~> 15/32 ,

02 > u ,and therefore wi th  large r (se th. previous property)

h (r )  3 #e ( r )  4
Oi h~ r. f ni ) < 2~ ~~~~~~~~~~~

4.

. For all su f f ic ient ly small c and suff iciently l a rge  I h (tIi)/h

(N ) < C l/C.

It goes without saying that they are accep ted into consideration

only those N, for which til — whole. We have, using properties I and 2, 

~~ - - - - -- -~~_ - -~~~~~~~~~~ ~~~~~~~~~~ - - - • •_ - - - - -- - -_ - - - - •-—— — -
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I Inc
I Iui 2

In h ( CN) 
~~

+Luh (cN)— ln/z (F ~ l~ <-~t n Ic I=_ ~~Inc.
1 2 ] )

(3.17)

Let us not e that  t h e  demonstrated inequal i ty  occurs evenly on all

sufficiently small ‘C, C ‘C C0.

Page 227.

Let us spread now functions y (1), h (N) to all positive x, by

set/assuming

sin ’—
~‘ (x; ~s) = J —~~

-- I (A + ~&) dA ,
Sin’ (3. 8)

Lemma 9. With all p. for which y (1)3—, funct ion Ii (x )  — slowly
• varying, i.e.. with all y > 0

h (xy) 1. (3.i9~

_ _ _ _  ---~~~~ -~~~~-- —-

- - - -—— - • - • .
~~~- - --~~~~~~~- - - •— -—_— —_  

T~~~~
- _ -

~~~ - -~~~~~~~
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~~~~~
p1

Proof. We vii i demonstrate (3.19) first for rational y. It is

obvious, with x-~’—

v (x) =~’([x I) ( I +o( 1)). - (3.20)

Therefore with y k , where k is integer, on the str.ngth of the

property of I functions h (N)

(I +o (1)) k( I +o(1)). (3.2 1)

If y p/g, where p, q are whole, then, by taking into account

(3.21), let us find

v~~~-x ) 

= Iim _±~~L nn i’ . i,3 2 2 )

Let nov 7 be an arbitrary real number. Let us assume

~‘ 
(y) = Urn ~~~~~~~~~ ‘I’2 ( Y) = 

~~~~~~~~~~~~~~

For ra tional !/ ‘lI ( Y ) ~~~l’2~
(I) =’ ”. and th er efore to us is sufficient to show

that the functions S’i (y). i~ u,) are continuous.

Page 228.

— ___ —
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I
~~

( ( 9 + ; ) x ) _ y yx (
<~~~ J she ’—

~~ 2

+ -Tb-i- ~
!!

~I±~
si

~: 
YX A 

~) + j~) (IAc l I ) 2 —— --
2

V • I [ y (‘ix) \ I 2 y ( tv)  \ /2

v ‘~ 
l 2 y (x) I 

• y (x) ,~ 
3.23)

it suffices to demonstrats continuity ‘i’1 (y~ and 1’2(y) in zer o. Using a

property of 3 functions h (I), ye have

,,(J.~i t~t ’I
~~~~~~~~~ \~~~~xJ / ( l + o ( 1 ) ) ~~~flh/2 ( I + o ( I ) ) ,  (3.24)

F rom (3 .23) ,  (3.2~ ) it follows that

I ~1~I (f/ ÷ e) — )~) ( 1/) = 0(c ), ~I’2 
(ij + €) — ‘~~ 

(y) I = 0 c ’)

Lemma is demonstra ted.

Lemma 10. If ~n ( N ) ’ m 1 y ( N .~~) ~~~ 4-00, then th. relationshi p/ratio

iii ~~~~~~~ = I
~~~~~~~

occurs evenly on all p and y as such, that 0 ‘C Yo ‘C Y < Ti ‘C

Proof. Let 4~L~!-=I+R(it: y; x).Let first i s  I, y = k be integers.

As it follows from tb. proof of lemma 8,

R jt : k; N) = 0 [kp (r)  + k ( y ( r  ii ))U2 
+ k (

~ 
~~~~~~~~~~~~ IL)) 112]

--  - -  - - --~~~~-- - -

h~iT -
----- - — —~~--— - - -  -~~~~ Tr-~----~ -
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With all ~ y (N; ~) <N 2 j f (A) dA , and therefore, by s.t/assuimg r = I n ~0(N), VS

will obtai n tha t

R (~; k; N)  = 0 [k p (r) +

Page 229.

Further, f rom the proof of relationship/rat io (3.16) is concluded ,

that

y ( W + k ; )~~ ~~~~~~ 
k~

\~~o ( N ) i

øence it follows that it is evenly on p

I n h ( N ;  ~) _ ~~~~(Ii1 I l ( ( ~~~ . r ] ;  ~L ) — I u h i ( i -  _-
~~~~; ~i))_1_

+ 0(I)  =0( 111  A ) .

and, tb.r.for., Um/ , (N;  II) N~~~~0 evenly on p. Prom entire aforesa id  above

already masily it is obtained, that property 3 and 4 func t ions h (N;

p) and equalities (3.20) • (3.24) also occur evenly on p.

Let now y~~~y o , u I . Let us assign intege r q. Is evenly on p and p by

such, that y~~< p~g ( y~,

tim

4.
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Let y ’ be nearest to y the num ber of form p/q . Then from (3.23) ,
(3.24) it follows that

+

y ( ~ix) 
— ~~ Cq~~

’ -~ ~t I .y ( r )  ~

where constant C and o (1) do not depend on p, q. Lemma is
demonstrat ed.

§4. Local conditions (termination).

Nov we pass iirectly to the proof of theorem 5. This theorem can

b considered as proposition is Tauberian the type, in which on the

basis of the behavior of the function

~‘ (N; ~
i) — 

2 
1(X) 1)~ with N -

—~; 
sini.~

.

L - ---- - - -- --“-• - 
~~~~

- ----- -- ~~~~~~ - —~~~~--“- -

• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —
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are made the conclusions relative to the behavior

w ith x— .~0.

Page 230.

In the  proof of th i s  theore m will  be used the belonging to Kara•at

the method of the proof of Tauberian theorems.

Let us show p re l iminar i ly  that v i th  all p we can count  function

p (1; p) representable in the form

y (N; p. )=N .h(N, p~.

where h (I; pa) is the slowly ‘varying function. This follows of lem ma

7 and given below lemma 11.

Lemm a 11. If f ~~) 
— the spectral density of the sequ ence (v)).

which sa tisfies the condition of full/total/complete regularity, all

zeros of the polynoaiai. P (z) are eqeal o~ nodule/modulus 1, and

functios w(X )—-~-~~
’
~ -~ is integrated on I— .~~

. 
~~~~

, then w 
~~) is the

spectral density of tb. s.qseace (~~/)), uk ich also satisfies the

condition of fvll/tstal/co.plet. regularity, and p (~ ; vi ~ p (v; f).

Proof. L t  fSICtLOS ç, ~,e~~’.1f polynomial p (2) has roots only 

-- -  —-•- ----- - ---

- - ~~~ - ~~~~~~~~~~~~~~~~~~~~~~ • . .. .-• - . - - •

L ~~~~~~~~~~~~~~~~~~~~~~ -~~~--
-- --— ------ -----

~~~~~~~ 
— -  —~~ 

—
~~~~—
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om circwsf.r.nce I z I — I , then for all sufficiently small o 
~~~~~~~~~~~~~~~~~~~~

1WP E~~
6.

Theref or e equality (1 3) gives

p (~; w) = sup f w ( X *
x) e’~

T w ( 1s dx —
• ‘i ll’

= su)  
$ ~~~~~~~~~~ 

-
~~~~~~~~

- e’~~w (X)I P (eu) 2dA ~‘I. 
~ 

P (A)  I’ (A) -

~~sup 
$ 
w (X)11,(A)e~ Tf (X) dX =p(t; 1) .

‘1,- li, — ‘

Nero in the first integral sup it is tak .a on all p. ‘l’~~L~~~’) 
with ~~~ I I ’l~

= l .a ad in th. latter — on all q , l~ ~ L ~ (f) with p 1/ = 
~‘ ~ = 1. L cups is

d..oastrated.

Page 231.

By beginning f r om this place and by ending with the proof of

lemma 4, let us consider tha t  through f 
~~

) is designated the

spectral density of the stationary sequ~~ce (~(t)), which satisfies the

condition of full/total/complete regularity with the coef f ic ien t  of

regularity p $v) . Furthermore, let us assume that f 
~~~~~) 

is such, that

for it u rn it il y (N; ~s) 00.
N 18

Lemma 12. Let a 
~~~~~~ 

— the even funct ios iith the limited th ird

derivative, which turns into zero outside interval I— I, I~. Then with 

- --—- - - - -. - — —  - . .- • - -• — •~~~ -— - - — - - -

•:~
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z —~it is evenly on p

r -

!
x J 

~—iv 2

sill’ —

( 4 )
2 a (X) d X . h ( x ) ( I  +o 1)). (4.1)

Proof. L~ t I a ” (X ) I~~~C<~~’ 
Let, further,

a (A) = 

~~~~~ 
cos AzA (z) dz,

(4 .2 )
A (z) cos Xza (A) (/A.

_____  

e >O (
Based on smoothness a(X)IA (z) I~~ z~~ + I  According to the assigned numbit!1

let us select n bers s and 6 so, in order to

$ 
A (z) I dz + $ IA(z )Idz + J IA (z) I dz < e. (4 .3)

a I—~ I~~ô U

Pa ge 232.

- ~i:T”.i~~i:i. •~~~ T .1~--~
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Let us assume f l= (z :  ö~~ z~~ s, I l — z I > ô} . Th~ f l

sin’ —

/ ~f Sill Ti j /l (z) dz =

= j/-~- J .A (z) dz 
~

— cos xAz .J(A + ~) dA + R (x) ,

• t4.4)

where j R ( x ) l ç e h (x). Using the ident it y

• 2cosxAz sin —~--=

. 4 .[sifl 2~~~(z+ I)+s i rt 2
~~~~ ( z_  I)_ 2sin 2.±~~z]i

let us rewrite the right side of equality (4.4) in the form

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -

~~=~~~~
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~/~[ 5 zI/z (x (z + I))+h (x (z—
- 1+6

+ j I /i (x (z + I ) ) — / i (x (z — 1) ) ~ 4 (:) dz +

-f- z [ /z (x (z + I ) ) — I i (x ( I  — z ) ) — 2 1 i (x 4 1 A ( z) dz +

+5 Eh (x ( l + z ) ) + h ( x ( 1  — z ) ) I A (z) dzl + R (x). (4.5)

Page 233.

Taking int o account that I i r n - ~~~ I it is evenly from ,i .e I — ~ , nj, 6 ~ z
s • 1 (lemma 10), we will obtain that the first and second integrals

in (4.5) it is evenly in p essence o (h (z)), and the sum of

re maining ten s, besides N (x) , wi th  z%~ evenly on p is converted in

Z) A (z) d z . / z (x ) ( I  + o ( I ) ) .

Taking into account arbitrariness 6, e, V . find hence that it is

evenly on p

I —
~~~~

-
~~~~



— 
~
—

~~~~
‘
~~~~

- 
~~~~~~~

‘ 
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r
— J —~— f ( X +~i) a (xX )d X

sin -

~~

=1/
Ti ~ (l — z ) A (z) dz . / i (x ) ( l  ±o (I))=

= 

~ 
a (A) (IA f (I — 

~ cos Az dz . /i (.v) (I + o (I) =

I 
~~~

a (A) dX h (x)(t+o(l)) . (4.G)

Lemma 13. Let a 
~~~~~
) — the odd , three times d i f f e r e n t i a t e d

function wi th  the limited third derivative, which tu rns  into zero

outside interval (—I , I I . Then with z-~. it is evenly on p

Sin’ 
~1

—

~ 
—-~--y -f ( A +~&) a (xA) dA = o (h (x) ) . (4 .7)

Si l l

Proof. First let us assume that z4-, by passing only integers,

and instead of z let us write N.

Page 234.
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As it is above, let us introduce Fourier t rans form funct ion  a () ) :

A (z) = ]/~ ~~sin Xza (A) dA,

- (4.8)
a (A) = 1/

1
! J S I n X Z A (z) dz

According to that which was assigned E > O  l*t us determine the

set B, ( z ~~~s) ( j ( z , j z — , j ~~~~ ‘z= O , 1 , . . . )

so~ in order to fIAz n dz<~. Let us desigeat e B complemen t of a set B1
to half—line (0, J. Then

fl NA
Sin ’

~ f - ~ f (A + ~t) a (NA) dX =
Sin •1

I’ . NA -
sin’

— A (z) dz 5 —i---- sill NAzI (A + i’) il) + R (N), (4.9)

I R ( N) ~~~eh( N).

With whole N 
~~~~~~ 

—~~~~ e”~ 

2 

•~ decompose/expanding sin Kkz

- 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - - —-—-—-—---

~~~
—-—— - - - -

- - - — -—- — --- - - --—-— -- - •
----—-- -•- __ _ _ _

~~• ___ _ •~
j _ — .— ---— - -. —- - --—--—--•- - ---- , ---— •- —•-••---_—•------ ——-—— --- -•- _.



— — —- —

— • • -  - • • .  - •

DOC 7718231 1 PAGE -~~~~~
‘

3’,c’
according to degrees e’~, let us find that

Sil) NAz — ~j 1 Nz~s 
~~ 

(— 1) ~(c ’I’~ — e Uk) (-Ai
~~

-- Nz + j ) —

(4. i Oj

Page 235.

Now we can rewri te  first tern in right side (14.9) in the for .

5 
A (z) dz 

~~ 5 (~~ i (A; z) + ~~ 
(A; z)] I (A + ~) dA —

z) +~~2 ( — A ;  z ) J f ( A +~t) dA +
- 

+~~ 5 A (z) d z J P o (A ; z)f (X +~s)dX ,

where

N—I N— I
D~ (A; z) — ~~ a , (z)  ~~k 0  I — I  rn— I

N — i  N - I  N — f — I

W,(A ; z) — a, (z) ~ ~ ~~~~ (4 .1 1)
~— l i— N — f  ,?t_ O ~~

NA
2i fl1 —

• (110 (X; z) — 21 
~~~~~ 

~~~ a1( z) s in j A .

- - -~~~~ - - - -  - - -~~~ — - . --— - -— - — -- - - -
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Let us pass to the estimation of the integrals

z) f (X +~s) dA.

is i.ti mat ion k I h1)~~(~~ z)f (A + ~s) dA. Let us mote that ~ (~ 1) ft Sill kA I

~ cwitb all a, wh ere C is an absolute constant. By using the

trasef or. of Abel, we will obtain

. . sln Nzn %11( I I
Z~

a,(z) s i n j ) . — 2~s •~ L~ N z — j  — N z — j —  I 
—

I—N

_____ — 
N z +j + I  ) I~~N

(_ 1
~~

5 mnk
~ 

(4. 12)

- 

-- -- - —-- - - ~~~~~~~~~_ ±: :•i~~~~~i .  
-_i• - i __

___ _
__i ~~~~~~~~~~~~~~~~~~~~~~~~
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Page 236.

Prom (4.12) easily it follows that with z ‘C 1 — 6

) (1’,(X; zfl ii~ —~ j - . (4.13)

Let nov z > 1 • 6. Let us designate a the large, bet

fixed/recorded number. Again by using the transfor, of Abe l, let us

find that for sufficiently large I

~~ ai (z)sinJA ~~~C(.~~ H-J_ ) . (4.14)
1— Vz  I > Il

From the condition of full/total/complete regularity it fo l lows  that

“ N A
,,~~~~~

_ •v, I

c~ 12~ 
a1 (z) (e ’1~—e ’~ )f (A +i~)dA~~

‘a 2 Il Nz~~~ fl

= ~~ l i ( — ~ l) +

+(~ , C_ i ~~
( S_ I l

~~~ (~~~i I! ~ Ii(~ — i’ )  I ~)~) (IA
/

‘a NA -

Sin 2 —

~~4 !.p (N6 _ n) j  — f ( ~ + ii) dA = o ( h ( N ) ) .  (4.15)

Finally (4.13) — (4.15) they give, which is evenly on pa

F

-j i
_ •j --

~~~
- 

T T~I1~TT - 

•I~I
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A (z) dz .J ~), (A; z) I (A + ~t) dA — o (h (N) ) .  (4. 16)

2. Estimation ~- t ( D i (A; z) f (A +~s) dA. Let us designate again by n

the svfficie~tly large, but fixed/recorded number. Let us decompose

ezt•rnal sum of formula for I~~ ; z (mae (14.11) to two suns:

Page 237.

Integral of the first sea viii not exceed
• v - _ i

~~~

- j ~~ a, (z) ~~~e1m
~~f ( A +~t) dA =

—ii ~~~ m—O

= ~~~~• 
•
~ • 

•‘ ~~ a~ (z) (e h IX — I) I (A m i) d).
—I Si ll —

~
-•

• (( / f~ ) S i I 1 j A  [ ( A  + i i d A +
— f l  S i l l  —

~~
— f_ ~ I

±~~ ~~~~ ~~~~uj (z )s in 2
~~~~ f (A + I&) dA. (4.1 7)

— f l

With the help of relationship/ratio. (4.10) and (4.13) — (4.15)

easily we find that right side (4. 17) evenly on ~a does not exceed

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
—~~~~ Sin _i

+ o(I, ( \’i). (4 .18)
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For the second of the cosposent, cosposeats

5 (P 1 (A; z) I (A + ~L) dA ,

we have, using a transform of Abel,

~ (~~~e~~~~~a; (21 ~~e A) I (A +~L) dA = -

—‘a  ‘k—n I — I  I

—~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ +
5 1 i  i — - I

~~~~~~~~ 
e~~ ( V  ~~

ik
~~~ V 

~~~~~ a 1 (z)) f ( A + ~t)dX. (4.19)

Page 238.

Let us note that with z .~~ 1 — 6, j .~~ Nz

(4 .20)

with z~~~I — ô , j > N z

(4.21)

_ _ _ _ _ _  I ~~~~~~~~~~~ I_ _~
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and f inally,  when z > 1 + 6

~~ a,(z) = 0 (-k). (4.22)

Let z ~~ 1 — 6; then , by usi ng (4.20), (4. 2 1) and the condition of

full/total/coaplate regular i ty ,  we will  obtain for the module/modulus
/

of right side (14.19) the following upper limit:

‘a • N — n

~~(~~+ I n N )  5 ~‘~~~~2 A 
f ( A +~ ) dA +

— ‘I I  2
1~ • N — n  t f2

+ 
C O ( : )  

p n + Nz) (J 
~~n’—~—~~~~~~~ 

+P.)dA) >

~ ( S I (A + ~) dX = o (h (N) ), (4.23)

wher e

O1z~ 
V (—I ) ’ sin Nvs

• ‘‘ ~~~~ Nz --s

Similarly with z > 1 + 6 we obtain as upper li,it for (14.19) the

exrression

‘a N-, ,
c C sin 2

~~~~~

- j  — 
,~ f (A +,~)d X — o ( h (N)). (4.24)

-‘a

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -_.---_-_ - -  -r-

—-I
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Page 23g.

It is obvious, and (14.23) and (4.24) they occu r evenly on p and Z~~~B.

Fr om (14.18) and (4.214) we obtain , which is evenly on 4J and z~~ B

I’

~j
(L)i (A ; z) f (A +~i)dA ~ =o(I i ( N) ) .

3. Estimation

$ 
1D2 (A; z) f (A + 1L) dA .

We have, rec rd/fixing as before certain large number a,

~~~~f~~ 3(A ; z) f (A + 1 t ) dA~=

Ti 
~~~~~~~ ~~ ~•

- _ ,

~ r i  ~= 
~~~

- J ~ ~~ a, (z) ~~ elk) . 
~ e”~ I (A + j&) dA

I — f l  j ... I k..i) il—I

I ~— i ?.~— f \

~~~~ 
-

~~~ J (,~ 
a~ (z) ~~ e~~ ~~~ 

I (A + p.) dA 4-
I — ‘a i — i  k— S rn— I

‘ I N—I N — I  \ ‘I( ~~ a~ (z) ~~ elm)
) ~~ e’W (X + gt) dA +

— fl / — n + I  rn—I k— S

+~~ fe
u’t’~( ~~ 

a1 (z)~~~e~~ ~~ e
hiM).)f (A +I1) dA~. (4.25)

‘a I— n + I  k — I  r n — I

It is obvious, first ter , by right side (4.25) viii not x ceed

it ii

-1~~~~I a , ( z) I 5~ 
~~~~~ 2

= o(-~~-) — o (Ii (N)).  (4.26) 

-.- . . .: , •  - ---~~~ .-- -— ---— - --—,~~~~ - -

- •  
~~~~~~~~~•
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By applying to second and third terms in r ight  side (v.25)  the

transform of Abel and by discussing just as dur ing  the conclusion of

estimations for (4. 19), let us f ind  that both these component is

evenly in p and z~~~8 ess nce o (h (I)). Thereby

~~~~5~~2 (z; A) f ( A + p.) dA~ =o( l l (N) ). (4.27)

Thus, for whole x lemma is demonstrated. Let x be an a rb i t ra ry

real number. A bove we saw ( see §3) tha t  is evenly on pa h ( x) = h

( (x J )  (1 + o (1 ) ) .  Therefore it i~ evenly on p

Ii

Sin2

~~
Sill 2

~ ,in’-i-~1-~

~~i* I • ~— f ( A +~~) a ( I x I A) dA ~~Cx~~’4 =o( h (x ) ) .
_

~~ 
S il l

- (4.28)

F i r

4
-
: • __ ~~: 

- -_ - -_
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‘a -

-L $ _—j~--- f (A + p.) (a ( I;] A ) —  ~ (xX) ) dA ~
—n ~~~

• 
- 

Ti

- 
mix I a (~)I sin’

~~~~ 1~~~~~
11(

~~i~~ ~—~~ 
‘aiii

- ~~C (- - ~ -~
’2 =o(h (x) ). (4.29)

Lemma 13 is demonstrated.

Lemma 14. Let a (X) — the turning into zero outside interval

(—1 , 1) function of bounded variation.

Page 241.

Then with x-~— it is evenly on p

Ti 
•

‘ sin ’

-

~~

- J —~
-— I (A + p.) a (xA) dA =

—~~ 
sun’

I _ A
sill , ——

h1x ) J ~ 

~~~ 

a (A) dA +o(Fi (~)). (4 3ffl

Proof . Let first functios a (
~

) have the h atted third

‘I  derivutive. P~ applying to even function a 1 A ) + a ( A) l.sma 12. and to

odd fenct t.s leses 13~ we will obtain

— _ — _ - —_ - - - - - • .  — - - - — -~;----— - —t -.

_______________ 
-

_ 
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~oc ~A ’ P
‘a • 

~ 
xA

7 J —~—---~—f (A +~t)a (xA) dA —
_1t Sill’

‘a a).
sil l e _ —

=
~~~~ f —- -~— HA +~ 

~~~~~~~~~~~~~~~~~ 

~ (IX + -

sin ’ -—
— ‘a  2

f 2 [(A ± p.) 
(7 ( X ) . )  

2 ~~ (/,2
sill’

—‘a 
- 2

/1 (x) 
~ 

~~~ 2 a (A ) 1-a ( —  A)

.J (~ - \ ~~~~~~~ 2 dA+ o (/, (x))=
o k 2 )

I 2
~ 

sill ’

* 

—
~

--
~

-—
~~a (A) dA + o (h (x) ) .  (4 .31)

- -i~~~~T

Let now a (A) have bounded variat ion . On any ~>o always it is
possible to select two sa tisfying the conditions of the henna of
fu nct ion a (A) and I (A) , which ha ve the limited third der iva t ive  and

such, that
a (A) ~~a (A) (A),

- Sin —_

5 (a (A) — a (A) ) 
~~~~~~~~~~~ 

dA 
(4.32)

-n

Pug. 242 .

actually, for functions a (A) • the having  only f i n i t e  nunber

~enps, thi s is obvious; but if the number of jumps a (A) is infinite ,

we can preliminarily select two functions b (A) and b (A). that

wettsfy inequality of type (4. 32) and having the f ini t e nu mber of

leaps.

If fu nctions a (A) sad a (A) ar e selected La accordance with

ineq ualities (4.32) • then

.1

_ 
_  ____  

- __._- — _ •— — • --—‘—
~~~~~~~~

- S —- -
~ ~~~~~~~ 

-
~~ -—*
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‘a •
I. Sifl2~~~J_ ( 
___

~-_ f (A +j~)a(xA)dA~~ 
- •

~ sin ’-1
‘a x) .

sin’ —
~

sin -~-

‘a • , xX -

~~L 5 _ ~
.._ f (x +~ ) a ( x X ) dA. (4.33)

—It ~~~

For functions a (A) and a (A) it occurs (4.30), and therefore (4.33)

it is possible to rewrite in the form

it
Slfl1 —

(4 ) 2  
a (A) d X ( 1 ± 0 ( L ) ) ~~

Sin’

~~_L I ~~ 1~r 
f (A +p.)a (xA)dX ~~

‘I 2.

~~~~~‘I j ~~~L2 a (A) d A ( I + o ( 1 ) ) .  (4.34)

Page 243.
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In (4. 34) and the ).ri9kt and left  of part t h.y dif fer from each other
sin’—

and fro a~~!~~L 5  
(4r

a (A)dA
~~
)ore than on eh ( x ) ( I + o ( l ) ) .  and , sin ce e

arbitrarily, it is possible to claim that

r 5lfl2~~~~
-

~~

- J ~—‘a 
sin e .j . - -

Sin e —h (x)
f -~~-~- a ( A ) d A ( I  + o ( I ) ) .

Lemma 114 is demonstrated. (Strictly speak ing, still re.ained to lead

further research f functions with discontinu ity/interruptions in

points ±1; we will let to its rea d er) .

Let us pass to the terminat ion of the proof of theorem 5.

Let f (A) — t h e  spectral densit y of the Gaussian sequence ~ ( t ) ,

which satisfies the condition of full/total/complete regu larity. With

the help of lemma 7 we can find the msxi.um polynomial P (z) , for

which the function w (A) = 1~~~ 4~~ is integrated and

—-.-—-------—-- - —  - -- - - --—- -- - - --

• -- - - - _ _ _ _ _ _ _ , ____ __ __a_ _ea_ __*____* .•- _ _ _ - - --— -~~- - - S  - — - - —- —— —-—- — - - - -— - - - - — - - - - 
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‘a NAr sin’—
~n1 j ~I’ ~j flI—

—‘a 2

On lemma 11 w (A)  — t he  spect ral density of the sequence, which

satisfies the condition of fsll/total~cosplet. r.gularit~. Let us use
(A 2 j A j >  1.

to v (A) lemm a 14, by set/assuning a (A) = ..LL ... if X~~~ an d a ( A ) — O ,
sin’ —

We will obtain that it is evenly on p 2

i l x

-

~~

- $ ~~(x~~p.) dA~~~~ h (x ) ( 1 ± o ( 1 ) ) .  (4.35)
— u . s  

~~~~~~~~~~~~~~~~~
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Page 2 144.

Again let us use lemma 14, but by choosing now ~ (A) = (A/2) ~/ san’4
if O< X ~~~~I . and • (A) = 0, if A > 1, whereupon  ~ (A) =— a (—A) , if

A < 0. Ic will obt a in tha t  it is evenly on p

I Ix

o(h (x))=o (~~ .1 w ( A + it ) dA) (4.36)
- —l/ x

Aft er designating V (A) original v (A) and after replacing 1/x by 6,

we let us viii be able to rewrite (4.36) in the following equivalent

* form: it i~ ev.mly on ~ with 6 
—

~~ 0

W (1i +~ ).+W(~&_ ö)_ 2W (p .) 0(W(i~±ô) — W(p .— ô))

or

W(p .+ô)+ W(~ — 6)—2W/ (~i)=o(W(it +ô)— W (p.)). (4.37)

If we use usual ~~~~~~~~~~~~~~~~~~~~~~~~ 
W(~’), i~JW(p.)= A6A~W(1L , that, as

can easily be seen , (4. 37) it is equiva lent to the follow i ng

re1ation~ hip/r at io : evenly on p

t~W (i&) o(tsoW (fl)). (4.38) 

— -- - - ——--- --- -——--•- - ---—- - -—- - -- • - - - - —-~~--- •--—--—-----. --—-.-—--- --—..-—- — - -
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Final ly ,  using a designation cü~~(o). introduced in the for mu lation of

theorem 5, we see tha t  (4 .37) it indicates: ~°w
(6) -

~
0 w ith 6 - 1 0.

Th eorem of S is proved.

It is below , in §5, we wil l  give som e corollaries of this

t heorem. Nov let us  pass to t he  proof of t heorem 6.

From th eorem 2 it follows tha t  in proof it suf f ices  to be

bounded to estimation p ( i , w ) .  Therefore let us below con sider

polynomial P from representation (3. 1) equal to 1.

Page 2145.

Let us place V 1 (A) = U (A) • aX, where a it is selec ted so, in

order to V 5 (v) = W~ (— r ) .  It is obvious,

• W1 () . +  x) + W 1 (A — x)  — 2W 1 (A)

- W~~~+ x) -~- W~~~— 5 ) _ 2 W ’ () . ) (
~. ~ 

(~ + x)  — il ( A —  x) ((7w (IS).

Lemma 15. For any trigonometric poly nomials ~~. q~~~~~ occurs

~~~~~~~~~~~~~~~~~~~~~~ ~
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the equality f t p Q ~) u p ( X) &”f (x) dx ..

~~~~- f [~‘(A)i~(A)+q,(A~~,’(A)+ i~~( A)i ~, (A) J eiTk W u (A) dA .
—‘a 

-

Proof. For all~~~~> 0

5
Th erefore

5 w (
~)* (A) e~ Tf (A) dA 5w  (A) ~~ (A) e1

~
T dW 1 (A).

By prod ucing in t he  last/latter integral  in tegra t ion in par t s, we

viii  obtain (4.39)

• Subsequently the proof of theorem 6 is realized as follows.

Conditions 1), 2) theorem mean that U1 — sufficiently smooth function

and , therefore, it approaches suf f ic ien t ly well by t r igonometric

polynomials. Carrying out in (4.39) approach/approximation V 5 by suc h

polynomials, we viii obtain estimation for p ( i )  (comp. with the

• proo f of theore .  1) .

Let w ( A) =~~ a ,e”— be a trigonometric polynomial.

Page 2*6.

Under conditions of theorem 6 occur the following inequalities:

- -*—--—--- - - - - - 

— •--_ -_- -----—--- --- -- — - ——
~~~~~~~~ 

• •—
~
- •
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‘ ‘ /
11w’ H, ~ C1n11 w H, (Hepa8eHcTno 3IIrMyH.aa), (4.4 0)

‘at 
- 1~~)

~ ~~ C2H w i~. in ~ n (ilepaBenciBO M. Pucca) ,
0 (4.41)

Ney: (1) . (inequal ity of Zig.unda) . (2) . (N. Ries z ’ inequa l i t y ) .

and the inequality of Littuluda — the Pelt: for any whole r > 0

2 2”r

~~ a 1e”~1 + ~ a1e’~
I 

~ C3 H w II~ (4.42)
• Ii, 0 p 

2
p— 

~~~~

(here is set/assumed a, = O , if j  > n ) .  Constants  C 1, C2, C3 depend

on ly on f , but  not on O.

On the  s t rength of assumption 0, m , = mm f (A) ~ f (A)  ( .axf

(A) = ~ — these inequalities are obvious. Por example ,

~ V w ” (
~~ 

j/~ nIl  w~
27 

~ 1/~~~
nhi w ll, .

Analogously they are  proven inequal i t ies  (4 .4 1) ,  (4 .42) ; i t  is

possible to place C2 = C3 = M/ m.

Lemma 16. Let

ç (A) — ~ a1e~
1, ~ ~~ L ~~ N,

• $(A) _~~~b,e
kI, 0r ~ L,~~~N 1, I <L , +L  

~~ - -- -—~~~~~~~ - .-.~~~~ -- -.-~~~~~~~~~~~~~~~~~~~~~~~~~ - -- - - -~~~~~~~— - - — - - - — — - -_ - - - -

k — -—  - -— — ~~~~~~~~— - - -----~~~~~~~~~-—- - —~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Then

j_ ~ c(A)~P (A)~ (A) dA~~~
f M \ ~~2 A + N 1 •

~~C 1~ -~--) E +L~~
i 0) w ( L + L 7 ~T).  (4 .43)

Page 247.

Proof. In accordance with  (4. 39) it suffices to demon strate t hat

~j ,(Ah~’(X) Wu (A) dA
H 

~ 

(4.44)

~ c4 ( - ~-) 
~~~~~~~~~~~~~~~~~~~~~~~~

From the condition s of theorem 6 and determination of func tion 05 it

follows tha t
I W1 (A + 6) + W, (A — 6 ) — 2W 1 ( A) I ~ 2M&o,~. (6),

— 

* L *
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‘“p

- i.e. V 5 (A )  — smooth function 1) ,  and according to the theorem of N .

- I. A kh iyezer (see (25 1. of page 274) value E~( W )  the best

approximat ion of function 0~ trigonometric by the polynomials of

degree ,~< s it satisfies the inequality

E ., (W 1) ~ C4 4- ~0w (4-) . ( 1.15)

FOOTNOT E 1 • Function V (A) is called smooth , if its “module/modulus

of smoothness’ satisfies the condition:

~uf . W ( A + x ) + W ( A — x ) — 2 W ( X f l 0(6), ô ~U.

ENT IFOOTNO TE.

Let Q — t h e  po lynomia l  of the best approximat ion  for W~ of

degree be not h igher tha n L • L1 — 1. Then

• 
—~ $ w ’ A I A w i A — Q ~~ 1d~

.
~~~

—fl

• dc 4 •-v I I ‘i
-
~ ~~~~~~~~~~~~~~ 

W W~~I + L . I ) ~~~

• (Al \~ ~~~~ ( r ~ /H , ~~C1~~1 )

______

~~

±ITT1T

~

L ±ii~ 1111 1~~ T~~~~I~~~~T~~ ~-~ 1•
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Page 2148.

Analogously  is proven the second of inequali t ies  (4 .44 ) .

Let us pass to the proof of t heorem 6. Let 0, ~~~~~~~~~~~~~~~~~~ be

trigonometric polynomials from ll w lI,~~I~~fl, = I  the for m

N N ,
p(X)= ~~aj e1x1 , (?.) =~~~b ,e1

~I .
0

N = 2” r , N 1 = 2~r, p> o.
w i thou t  loss of general i ty  it is possible to count

Let us ass um e with j  1, ... , p

• 
. - O’r

~ w1(A) = ~~~ a 3e’~’, -

• 2 I_ I
T+I

(TI1 (.A) = 
~~~

2’T 1

~ (A) ~ a ,e”-~, ~ (A) ~
2~ s+ I  0

~1’~ (A) — ~~ a e ’~-’. -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-

~~~~~
-

~~~~~~~~~
- -

~~ ~~~~~~~~~~~~~~ - —
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ly using inequality (I.3) and by inequalities ($.2) , (14.4 1),

let us fin d

~~ 
r, (A)~1’,(A) f (A) dx~±~ .~ ~‘1 A)~~~ , (A) f (A ) dA~

/ 1  *1

- ~ 8C , (
~ 

)
~ ma tj r  

“~ti-’ 
(2’- ~~~

) Ii Wi ~ +

+ m a x i l c l ), IL, ~~ 
~~~~~ ~~ - ) ii i~, 

H

<8C~ (~t)2 (
~ ~~~~~ ~~~ - ))

‘
~((~~ ~

(1 ~1~(

Page 249.

Taking into account t h a t  C, ( 5/2 (25] ,  page 305) , let us arri ve at

(3.3) . Theorem 6 is demonstrated.

~5. Corollaries of the fundamental 
theorems. Examples.

Let us give several corollaries §~~~ 
2—14, which permit mo re

- - 
_ .  - 1~~~~~~T1 T T
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graph ica l ly  to present , wh ich l imitat ions assigns on spect ral dens ity

the  condition of ful l/ to ta l/ comple te  r egu la r i ty .  Let us note f i rs t  of

all tha t

the  spectral densi ty  of completely regular  process w i t h  d iscrete

time does not have discontinuity/interruptions the over/rewater of

kind (jumps).

For a proof let  us tur n to representation (3. 1) . It suff ices  to

demonstrat e t h a t  t h e  jumps  do not have w (A) . Ac tua l ly ,  if V (A) had

a lump at point A 0, it would be l imi ted  in the  vicini ty  of th i s

point. Consequently, in th i s  v i c in i ty  f u n c t i o n  U (A) would be smooth

on the strengt h of (3.1), i.e. , would tak e place the e q u a l i t y

W (A+ô)+W (X
_ ô)—2W(X) 0t~

).

But , as is known ((3] ,  page 182) , the derivative of smooth function,

: possessing Darbou x ’s proper ty, it cannot have first—order

discontj niiities.

Above has a l ready been noted that in expansion (2.1) or (3.1)

everything zero spectral density f (A) will  carry the f i r s t

polynomial factor , the second factor w (A) “almost’ is positive, so

th at all zer o f (A) , rou ghly speaking the y have the  whole even order.

• In order to give to  the  aforesaid prec ise sense, let us note f i rs t

~~~~~~~~~~
— -

~~~~~~~~ •~-•- - ~~~~~~~~- _ -- —- •~~~~~~~~ • - -~~~~~~~~~~~~~~~~~~
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that

functions v from expansions (2.1). (3.1) are summarized with any

degree of p, — — ( p < •.

Page 250.

E>O i exp (± r i- uj j~~~ j~
Let w — from expansion (2.1) .  It is obvious, wit h alI~~~~

C x I ) ( I r . L l  ~~~~~~~~ ~~~~. Above we already noted (page 212) that from

inequality LI~ e L f ~°~<~ it follows that for all k < - ~ exp ( k I i ~. I J e 9 ’

and , whi ch means , ~~~~~~~~~~~~ if only ~<-iL . Fur ther, if now v — fro.
2p

expansion (3.1), then (as it follows from the proof of theor~~~~ j~~~~

?quate/coa par ing  expans ions  (2.1) and (3. 1), we find hence that in

both expansions function w is one and the same.

Let us name order , the uppe r order , lower order zero A 0 of

f unct ion f (A) respectively of the number

k (A0) — liii) 
~~~~~ 

, k (A0) = hrn ~~~~~~~

- In ( (A )k (A0) — u r n  I k )  A— ~~I — 0

F rom recently the demonstrated proposition relative to summabi lity w

it follows tha t

1he lover orler of any zero w is equal to zero, so that the

present order zero f (A) can be on ly  whole  even.



DOC PAGE

Finally , it is obvious that

spectral density f (A) completely regular process ~~) is

su mmarized wit h a n y  positive degree.

let us now move on to the construction of examples of completel y

regular  processes, mor e precise, spectral densities f (A) of such

processes. it goes wi thou t saying tha t th e large num ber of examples

can be constructei wit h the help of theorem 1. significant exa mple s

will be obtained, only if are not observed the conditions of theorem

1, i.e., if f (A) can be converted into zero not by polynomial form

or have discont i n u i t y/ i n t e r r u p t i o n s  (of course, the second kind) ;

s imilar  examples  can be constructed wi th  the  help of theorems 3 and

Preliminarily let us establish the following result, after

designating 1sf adjoint fuactios and
Theorem 7. If at least oae of the functions 1sf, lit is

continuous, stationary process ~(I) with spectral density f (A)
completely regular, whereupon

p(r) ~~ O ( m i nw ( -L. ; In !) . w (-~.; i~7fl, (5.1)

where ~ (ö; h) it designates the
module/nodulna of the continuity of function h (A). 

- .
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Page 251.

Proof. In the  case of the con t inu i ty  of funct ion  lnf (A) it

suffices to exile to theore• 1, since according to Jackson ’s theorem

about the best approximations E~ . 1 ( l n f ) — O (w ( - ~~; nf))/fuii/tot al/complete
~(1)

regularity of processA with the continuous funct ion m t  fol lows from

theorem 3. Actually, whatever number ~(t) it is possible, relying on e > O ,

the Veyerstrass theorem , to f i n d  trigonometric polynomial  Q1 by sack

that
I n f — Q ~+v~, I v ,If~~~~e.

Obviously, function r .~~al5o is a trigonome tric polynomial , and

-
• 

therefore for all ~~~ f (A) it allow/assumes the represent ation

f (X) = e ’~
’
~” e ’’0 ’. jv~I~

°1
~~ e.

Now already it is possible to exile to theorem 3.

However in order to obtain estimation (5.1), it is required to

lead the  d i rec t/ s t ra ight  proof , howe ver, very simple.

Let this time Q (A) there is a trigonometric polynomial of the

best approximat ion of degree $ i — I for continuous function e’~~ .

_ _ _ _ _ _  - -
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Then wi th  all 
~~~~

f e i .To (x) Q (A) dA = o .

So tha t  on the strength of (1.7)

sup 
~~~~~~~~~~~ ~~~~~~~~~~~~~~

~<E ~~i (c ’~~ ) = O (w (.L ; eu ’ ’i ) ) _ o ( w ( ~L ; i ~7)) .
Theorem is demonst rated.

Page 252.

Let us give several examples, based on this theorem.

Example. Let ~(t) there is a stationary process with the spectral

densi ty
f (A) = ex Pf ~~~~_f3~~

A 

}

In t h i s  case t h e  funct ion  I~ i (A) .
~~~ k (~ ?÷~’l)  is continuous , and

according to theorem 7 proc ... ~(1) completely regular . At the same

- . 
time, using the properties of Fourier series with monotonic to

coefficients ‘), it is possible to show that with A —3 0

— 
~_JI. ‘1L~~~~~~~1 - -. - -

_ _ -  

- 

-~~~~~ ~~~~~~~~~~ ••
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FOOTN OTE I. See (13J, page 303. $PDPOOTIOTE.
IA

Inf (A )_ S  1(1 ( ÷ J )
_

~I n t n ~~~.

Consequently, with  A —.
~~ 0 the function f (A) grows as In 1/A.

Analogously process ~,(t) with spectral density 1/f (A) also is

completely regular, but now its spectral density in zero is converted

• in to zero as 1/in 1/A.

• It is possible to count tha t  the module/modulus of continuity w

• (6) function m t  in  this example does not exceed i~~ so that

- . O ( - ~4-~ ) ,  so tna r

• Example. Let us give this t i ne  an exaiple of the completely

regular process, spectral density of wh ich is limited on top and from

below, but it has discontinuity/interruptions (it goes wi thou t  saying

tha t  the second k i n d ) . For this  in accordance with  theorem 7 i t

- suffices to construct the limited discontinuous function,

conjugated/combined w i t h  which is continuous.

I—-. - - ---  
_ _ __•.______a__ _ - - - ~~- S - - _-__- .  - - -~- - -- — — - —• - - - --- -— - -
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• Fig. 2.

• Page 253.

For thi s purpose let us consi der the given in Fig. 2 rectangular

region with cut/sections, “3. Littivud ’s h ippopotamus” 1)~~

- FOO’?910TF I. Sm. J. L i t t lvu d  mathematical mixture, Fizmatgiz, 1962.

The region s of th is  t y p e  are vei l know n in  the theory of principal

points, see (9 1. EII DFOOTNOT E .

The number of cut/sections — teeth — is infinite, the length of each

cut/section 3/14. Let 0 (z) — the function, which confor.ally reflects

- —-  - - - - - -~~-- -------- -—--• . - - -- _‘- —-‘ - ..- — ---- --- -- -- —----—--- - - -— - —-- - - - - - - -•- --- - —
___________________ — ~—• - ~~~~~~~~~~~~~~~~~~~~~~~ - -~~~~~~~~~-~--~~~~~ ~~~~~~~~~~~~~~
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is unit circle to this region. If a (e ’~) — s (A) + IV (A) , then,

obviously, funct ion v (A) is disruptive, 0 $ v ~( 1, and fu nction u

(A) = v (A) is continuous. Ve can select as the unknown spectr al

density fu nction f (A)~~e
v (l). It woul d be interesting to indicate

• 
- sufficient ly good estimation for p (r).

~6. Rapid sizing.

Un til now, we were occupied by the investigation of the q uestion

concerning convergence p (r)  to zero , being barel y interested in rate

of convergence. Here we will be occupied this problem, af ter placi ng

by the target/purpose of explainin g, when p (v) decreases wi th r ‘—p

— fast enoug h, let us say, not slower t ~. E>O (let us note that

from the v iewpoint of the applicabili ty of central limit theorem to

the  process, whi ch satisfies the conditio n of powerful mixing ,  this

is the mos t interest ing case) ~~.

FOOT~0?! R • See f 1~4), chapter 18 or (22], chapter Is. ERDFOOTIO TE .

It proves to be, here it is possible to obtain the sufficiently

- - - -  :~~~• •i:: :_T’ 
-~~~~~ ~TI~~~~~IJ TL~TT •: - - - •

~~::: =~~ ••i
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complete and final results.

Theorem 8. In order that

p (T)=O(~
_ r_

~), eOe O<~~~< I.

it is necessary and s u f f i c i e n t l y  in order tha t  spectral densit y f (A)

would ailov/assai• representat ion of the form

f (A ) = lP(e ’~
)j 2 w(A ) , (6.1)

wh ere P (z) — polynomial with zero o n/ zj = 1, and f u n c t i o n  w (A) is

• strictly positive, V (A) ~‘m > 0, r once d i f f e ren t i a t ed  and  it r—I

derivative satisfies the condition of Gelder of order ~~.

Page 254.

Proof. On the basis of theore m 3 or S spectral densit y f (A) can

be presented in the form (3.1), where w (A) satisfies condition

(3.2). In ‘his case according to theorem 2 and to lemma 11

p(n; f) ~~ p (n — k; w), (6.2)
p (n~ w)~~~p ( n ;  f ) ,

where k is a degree of polynomial P. Therefore it suffices to be

bounded to those by the case, when f ~ w, i.e., when in

representation (3. 1) polynomial P ii absent and already spectral

density itself f (A) satisfies condition (3.2). Below, without

U :

- -- - --- -.- •- - - - -_ t - -• “~~~~~~~ -~~~~~~~~~~~ -~~~  - - - -“

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -~~~~~ . — • - •~~~ L_ ~~ .— -~--- -—-
•-~~~-
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specifying this especially, we everywhere set/assume P 1.

The sufficiency of the conditions of theorem escape/ensues

• immed iately f rom theorem 1. Actually, according to this theore m

~p(r; f ) =p ( ~r)~~~~~E._ i ( 1) .  (6.3)

On the other hand , as it is claimed in Jackson’s theorem about

the order of the best approximations 2),

• E~_ 1 ( f) ~~
—

~~
- . (6.4)

FOOTNOTE 1, See ~25], page 275. EN DF O OT N OT E .

Need. That that spectral density f (K ) of process wit h the

• rapidly  decreasin g coef f ic ien t  of regu la r i t y  must  be su f f i c i en t l y

smooth , has already been explained in general terms on page 207. It

was shown , tha t  t h e  smallness of t he  coefficient of Fourier’s

regularity function f (A). The used there simple idea is the basis of

our presen t examinations. only instead of the Fcurier coefficients to

ad van tageously consider immediate ly  the segments of Fourier series f

(A). The obtained results in turn, will be used to evaluate the value

of the best approx imation s of function f (A) by trigonometric

polynomials. Finally, the converse theorems of bernstein from the

theory of the best approximat ions allow, on the basis of the  ord er of

_ _ _ _ _ _ _ _ _ _  -
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the best approximations of function f (K) , to d raw the determined
conclusions about its smoothness. Here is the exemplary/approximate

diagram of proof.

Page 255.

Let r 1 designate the j Fourier coefficient function f (K). On

the strength of (1.5) occurs the inequality

‘~

~~ r 1e ’/ ’~~~ , .1 (
~ 

ehI ( 1t._ A) ) f () ~) d A H~~I —~ 1

• -

~ 
p (~k ) f  ~~ e’fl~ —

~- 1(X) dX , k ~~ 0.

If we assu me it is additio nal that inax~f(A)j ~~~~~~~~ t h a t  let  us have

2~+I SI
• 

~~~ r 1e’I~ ~~~p(2k)M f 
sin 2~~ dX~~~C1p ( 2~)k .

Analogous inequalities, obviously, occur also for negative k.

If nov 2~cr< 2~’+s 
that the value of the best approximation f

(A) by the triqo.ometrj c polynomials of degree ~ knowingly doe s not
exceed

max ! ~ r 1e”~I ~ ~ r 1e’~’I ~is p—e
~ kp (2~).

- —b 
—
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From the  obtained inequa l i ty  almost immediately follows theorem 8;

true, w in state to guarantee for ~~~~ Gelder’s con dition with
• index ~~~~~~~~~ where e as conveniently little (but not w i th  

~).

In order to ~et rid of this ~, it is necessary to make

suf f ic ien t ly cumbersome calculations. During th is  instead of the  sums

Fourier’s lifetime viii. be considered Fejer ’s truncated sums for f

(A) (examine them completely logically, since they approach f (A),

actually, so accur atel? as polynomials of the best approximation).

Page 256.

Lemma 17. Vith all •, 0 C e < 1, o~~ ur of the inequal i ty
3 2 r n a x j ( X )

E~ (1) ~~ 
-A 

p (2k n ( I  — 0): f) .  (6.5)

• 
• 

Proof. Sufficient to consider only that case, when a series in

right side (6.S) descends; if this series diverges, inequality (6.5)

is trivial.

- - — -- —  - • - --  — --. •--— 

— — — —  — — 
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Let us demonstrate first that if a series ~~ p (2k) descends, then

function f (K) is l imi ted . ror this again let us turn to f unct ion p

(N ;  p) from §~ 3, (4 let us demonstrat e tha t p ( N ;  I’) ~< NM , wher e

constant N < — does not depend on N and p.

In the proof of lem ma 8 was obtained equality (3.114). If we

assume in this equality k = 3, it is not difficult to count , that

~‘ (3N; 
~ ) ~ 3y (N; Il) + 9 Yv(N; ~ ) ~ (r; ~t) + 9~ ’ (N; ~i) p (r).

Wh atever numbe r ~>0~ with large N evenly on ja (see §3)

N ’’~~~v ( N ;  ~)~~~N ’”.

In 3— In 2
After  selecting here ~ ‘ we will obtain that  wi th  large N it

is evenly on ~

1 +3pfr)-4- 3

set/assuming finally N=3 , 5 1, 2, ...; r = r (N) = 2~ let us

have for large s evenly on ~a

y (3S+ I . A ) 12 S/4

3y(3 ’:~ t) 
+ 3~~(2~) + 3 i ~~~

)

Cam s.qu set ly,

m ~~~~ ~-~c~cf ~ (i +3p(21±3(4)”4)_M< oo,

— —~~~~~ -—--_- -- —- -~~~ —~~ -. - —
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since

~~ ~p(2~) + (~-)S(4 j <~~~

Page 257.

Thus , we demonstrated the existence of constant N to such tha t

• 3~~~(3~. )~~ ,S1 . (6.6)

Accord in g to Lebesgue’s theore. for almost all ~~~~~~~~~~~~

it • ~

I I r SIfl

u r n  -

~~~ ~ 
( N ;  !‘) = l i rn  ~~~

- —--
~~

----
~

—---— 1 (X )  dX  = 2~’tf (I’),• N-t”. N J ~~2 ~~~~P
—SI 2

and on the strength of (6.6) for almost a l l  p f (p) 
~
..$ fl ’2w .

Consequently,  it is possible to count tha t  sup f (p) ~ N.

• Subsequently let us place N = sup t (p). Let r , ther e is the j

Fourier coefficient function f (A) , b y S ~ (X ) ..~ ~~r ,~lIx let us designate

n—s t he  par t icu la r  s u m m a t i o n  of ~eriea of Pouri .r function f (K ) . Let

us take  f i n a l l y , a n y  number  0, 0 C 9 C 1, and let us in t roduce of

examination Fejer’s truncated sums for function f (A) :

, ( f ;  ~n0I; X) — 
i~~

1
+ ~~ S~..., (h).

I 
• •

.

It is obvi ous,

En (1) ~ max g (X) — 
~ (f; ~n0J; )b) I.

_ _ _ _ _  _ _ _ _ _ _ _ _  
- ~~~~~~~~~

---
~~~~

-- - -

~~~~~~~~~~~~~~~~~~
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We will show that

r n a x j  ~ (X) — a~ ( f ;  1q01; A) I ~ C (0) E p (12kn (I — 0)1).
k—O

where C (0) — is constant , that  de pends on e. Let us consider for

th is  purpose of the equality

A k ( A ) = a 2~+ t fl
(f ; ~2~~’n 0j ;  A) — o 2~~( f ;  2~n0j; A).

Page 258.

It is easy to see that  these differences can be registered in the

fo r m

L\* (A) — ~~ (A) + ~ (A) .

where the sum A and ~~~~
- they take the following form:

2*4

A ( A )  — ~~~ a,r1e’1’,
I2knAi+t
_ 12kn0i_ I

~~

I 
-

•

a coefficiomts a1 do not depend on funct ion f (A) ( their  precise

form for us is unessential) .

.-• — — — - -•— —•- • - —- - — -  - - — --—-• ——-  — •— -—- -~~ —.—— • —-- —

L -- — -  — — - - -_— —
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Simple calculations make it possible to rewrite ~~ and ~~ in

the form

where

I2~ ‘~r O I 2*4- ~—vr~ (A) =1~
__L

~~. �; 
~~~~

- 
~~~~

- 1,kne) 2~’t-v
— ~~~~~~~~~ \“ 

~~~ ‘V iTh
• 12*nOj + I ~~ 2n ~~ e

v_fl I — I

c (A) = (A).

The t rigonometric polynomia l r~~(A - ~ i), considered as function a,

contains on ly  nega t ive  degrees e’~. beginning from exp (— (2kn~~I2*nO1 + I)tL).

Therefore (see equality (1.5))

~~ (X) j ~~p (2*u I2 *n o I + I ) f I r + (x _~~) ;1 (~)d~~~

(6.7)

- - • -- - - - - -

— ~~~~~~~~~~~~~~~~~~~~~~ _ -_____ ___ _ _ ___- •~~~~ _—- - --_  •
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Page 259.

- • It is anal ogous

~~ (~) I ~~~ Mp(2~n — [2*n01 + i) f f~ 
Re r~ (A — u’) I d~& +

• + 5 i J m ~ (A_ ~) J d~J (6 8)

- • 

Let us show t hat the  in tegrals  in the r igh t  side of these
inequali t ies  are limi ted.

1) Limited ness f j R e r~ (A — ~ f l d~. Let us for a b rev i t y write N
instead of 2*~, p instead of 0~. Then a f t er  simple calculations we
obtain

Rert (A -.M)~
— 

I 
f I  sin~~~~~~~!P1 (A — 

~I) 
cj ~

• 
)( ( A — t i ) — 

~~~~~~~~~~~~~~ (A — ~i) si n ~~-~~--~ (A —

W ith  all whole a Fejer’s integral

I 
sIn’ -j - (A —

therefore



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
—--— T~~~~~~~~~~~~
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• 2) Limited ness I I I r n r (X _
~~~dI 1 .

Page 260.

This time we have , re ta in ing  as before designation 2*n=N ,

I2Nfli 2 N—v
+ 1 %~1mr~ 
(X .

~4=~~ (f 2N0j 15 ~~~ ~~~ s i n j ( X —~)—
v— O I—I

INOI N—v
I I

2~t ( LNOjTi T

- -~
- — c rc

- Rut • 
~~~

sinX=__ ______
k 
L_

,

I 
SI f l— — X ~ n, +a+I

~~~ c o s ( T + 1) X ~~ 
2 

sin 4 

2

- So tha t
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• 

,~iO7

• i2N~1- 5~~ — i’) IN — 12N01 + I
4,t ( 12N 0 1+{ ) 

~i~ 2 ~~~~~ COS —
~ (A— ~~)+

• L NO I+ I
-f 4 t I L ~~U[TJj 

~~~

• I N O I + I
I SIII _____

2 
— it) 

• 2 4N — .12N01 + I
~~ 2~ (j 2~~if~ i ciIi 2 )‘~~~ IL 

SlU — —  (A — jt) +

• INO I 4- I
I s~n 2 ( X — t t ) i  

• 2 2N — ( N O J + J
~~~2~i ( t N U H - I )  

ç j f l 2 __i~ 
SIll (X — u~)+

- 12N 0J + I •c iii — ——— k — —— (A — c ’~ —— —i——- ~~
-s —— j — --- - —---—

~~~~~
--— 

— 
. (6.9)

I 4~~( [2 NOj + I ) s tn ’—~-J~- 4 2%(j NO J + I ) s i n ’—~~ k±_

Pa ge 261.

Integral from of the  f i rs t  two terms by r ight  side (6.9) vii]. not

exceed 5/140. The last/latter ten in (6.9) let us designat e for a

H- - brevity by b (A) . For /A/4 1/2/sine K — )
~)~ J A1~, and therefore

f b (A) dA~~
(I k_~~II~ 12N01+I - -

I 
_______ ______I L (2N~TIJ +

• I I ‘~ i~v~
—i-r )

_______________ 
dA

+
~ 

LNOJ+ i  ~~~~~~~~~~~~~~~~
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I A — I ~~~

In reqi on lit us hav e

2 

A 
- __

~~~J I
-

• 
4~~ in2 i~~ 12N81+I ) +

• • + x8~t (sIn~ !.j a ) ( livOl + I)
- j 2 N0j -s- j • 

-
• SlI1 —~ — (X -.-

~~
L) _ _ s i I~~~[N o1 +u )( A _~~ )

• + 
~~~~~~~~~~~~~~~~~ x1~~(~Iii~ ~ LL~.) I uivoi + I )

x ~,,, i N Q i + I  
(A I N O J + I  

—

—
- IA ’Oi f- I 5

+ ~~ i~~~ j

• . •

- and herefor e
- 

S
~2N9I+I .1  LI

Page 262.

- 

• 

Finally we have

- 

J ’ ( I m r 1 iA_ 4 &) J d es ~~ -~~.

--

_ _ _ _ _ _  

-

~~~~~~
--

~~~~~~ ~~~~
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Further , by g a t h e r i n g  the obtained est imations, let us f i n d  tha t

- 

‘
~~ (6.10)

Being re turned to the est imation of ~~~~ is concluded from (6. 7)

and (6.10) , tha t

• A*c ~) I ~~~C ( 0 ) p ( 2 kn _ j 2 kn01 + I ) ~~
-
• 

~~~ C (O) p (2 k [n ( I  —~0)J), (6.11)

where
C (0)~~~~-M .

• Since a series ~~p(2 k ) descends , the last/latter ineq uality

means that a series ~~i\~ (X), a that  means and sequence ~a,*~(f; [2 *nOI ; A))

evenly they descend , but the sequence of Fejer ’s truncated sums
a,*., (I ; J2~nO)J ; A)

4 
. tot almost all A converge to f (A) I), and consequently, f

- 
(1)  is a uniform limit of polynomials ci,*, ( f ;  2~nOI ; A).

L •:T:Tii • T 1 I ~~~~~~J:~~~-~=~:IT1i 1I ~
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FOOTNOTE t . See, for example, (251, page 533. !NDFOOTNOTE.

Page 263.

By s u m m a r i z i n g  f i n a l l y  inequalit ies (6.11) , we let us f ind  that

E~ (1) ~ m a x  If (A) — a,*~(f; 12*nOl; A) I

Lemma 17 is demonstrated.

Theorem 8 is an almost immediate consequence recently of the

• demonstrat ed lemma . Actuall y, in accordance with inequality (6.5) and

by the assumption of the theorem about the rate of decrease p (r) • it

is possible to claim th at

E~ (1) ~~ ~r+$~2 (~ O)’~~ 
~~~~~~ 

~‘~~~ ‘ — 0 (n ’
~~

). (6 .12)

According to the  converse theorems of the theory of

approach/approz i.ation I), from inequali ties (6.12) it fol lows that

funct ion f (A) r once is differentiated , a fi ’) (A) satisfi es the

• — — -—. ____ 1__ - - • --_- - - - -- -- - — —  •-••-—-—----- — — • •••—--— — - - - _
_ _

_
_ __ _

_
_ __ __ _  

--
~~-—~~~~~~~~ 

-
~~~~~~~~~~ —~~~

--- -
~~

--  - - --
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LI, ’
condition of Gelder of order ~.

• 
c 

To us it remained to de.onstrate the positiveness of function f

(A) (recall that P 1!). Let us assume that f (A) is converted into

zero at point A0. Function f (A) satis fies the condition of Gilder of

order ~~~ ( u ! ( A ) — f ( A 2 ) I ~~ C A — A 2r .  so that If (A ) I~~C IA A0 P). Thus , lower

order of zero K, is

‘hat it contradic~ts the assertion on page 250, according to wh ich Ic

(A 0) = 0. Theorem R is demonstrated completely.

Let us explain now , when the coefficient of regularity decreases

even more rapidly,  nasely it is exponen t i a l  r a p i d l y.

Page 264.

Theorem 9. Ii order that

iI~~ V~~~~~e—~,.we O<6 (oo ,

it is necessary an d suff icient ly in order tha t spectral ~.asity f (A)

would allow/assume analytical comtimaation into ban d-6 C E m ~<ô

the values of complex variable ~~~~~~



- —~~-- • • - • -• - -•- -
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Proof. Let fu nction f (A) be analytical in the band ind icated.

On segment-i ~ i it has perhaps only f i n ite numbe r of zeros. Let

l~ 
(z)/? be a polynomial of degree k, everything zero which they

coincide wi th  real zero f (A) . Then f (X) = I P ( t ’ ° ’) 12 rv (A) , where function v

(K) strictly is positive on real axis aflow/assun es analytical

continuation into the same band , as f (A) , It is not diff icult  to

• comprehend that this analytical continuation, let us say w (C),

limitedly in any band of form —ô ’~<Ini~~~ô’,ô~<ô

~j~cording to S. N. Bershteyn ’s theorem *) hm V7~~)~~e—6, a then

in accordance wi th  inequality (6.3) and

Urn ~~~ (t; w) ~~ e~~.
1) Footnote :  See IlL ~~~~ 2~~~. L.~~ F’~-t ~.ote

• That means and

Uu% Vp (t , f ) i ~ p ( t -~~c~~ e~.

• conversely, lit hrn p ( ~; f ) ~~~e~~. Then p ( i ;  f)  ~~e~~’(l  +e (~ ) ) T
,

wher e l~~ e (v)  • 0. In accordance with lemma 17

I i r n [ E~
(f ) r t t  

~~Iini 
[~~t~~~exp 

~~
— I r ( I  — 0)j62 ’) x

- x (I + e ( 1~~ 
( I  — 0)1 2*) )IT (I—fil l 2~ 

‘
~ — e ”’ 11~

lim ~ET (fl ’’t ~~~ e ’.
Number 0 here is a r b i t r a r y ,  provided 0 C 0 C 1, and t k T . ’

—1:4
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The converse theore, of S. N. Bernstein claims t h a t  function

f (A) analyt icaUy coitinuable int o band — ô < l r n C < o  (is l imited in

any band of form ~~~‘c I m C ~~~6, o’<ô). Theoren is demonstrated.

• Page 265.

Analogously it is proven.

Theorem 10. In  order t h a t  p (r) O( e ’~)— with everyone 6 > ~~
0, it is necessary and sufficient in order that  the  anal y t i ca l

comttnuation f (A) would be the whole com plex variabl e f u n c ti o n

Let u s note also the fol lowing  result.

Theorem 11. In order tha t  p ( r )  = 0 wi th  all v ~ Ic + 1, it is
• necessary and s u f f i c i en t  in order tha t  f (A) • IP (~’~’) I’ , whe re P
• (z) — the  polynomial  of degree is not h igher  than k.

Suf ficiency is obvious. Reed esca p~Feusues from the  inequ alit y
- .

if Ic I>k+ I .

~~~~~~~ 

• . . ~~~~~~~~~~~~~~~~~~~~~~~ = - -  
-~~~~~~~~~~~~~~~~~~ -



DOC = 77182312 PAGE

Obser vation 1. To theorem 8 it is possible to give the mo re

f ina l  form , af t er so lv ing  index B to accept and value 1, i f  we

instead of the  theo rems  of Jackson and Bernstein we refer to the more

precise result, wh ich evaluates the value of the  best app rox ima t ion

• t h rough  the  nodule/modulus  of smoothness I ) .

FOOTNOTE ~~. See [25) ,  page 275. ENDFOOTN OTE.

Ref ined theorem 8 appears as follows.

Theorem 8’. For t h a t  in  order to p ( i)  • O(t-’-~) with

certain ~, 0 C $~~ 1 , it is necessary and sufficient in order that  f

• (A) would be represented in the form

f (A)~~ I P ( e A ) P w ( A ) ,

where v (A) is str ict ly positive, has r derivative and evenly in

terms of ~
m ax w~’~ (A + / i )  + w 1’~ (A — Ii) — 2w fr ’(A) I 0 (6~) .

Observation 2. From lemma 7 escape/ensues the followi ng useful

proposition: 

.•- - -- — • - - - — — -  - • - - - -‘r — -- -  - - - ---- S - — - — -  ~~~~~~~~~~~~~~ 
- -

__________________________
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~4 ~~~~p(2~)<oo , that spectral density f ~~) is continuous.

—
~~~~~~~~~ ~~~~~~~~~ _ _i 

-~~~~~ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~ _ _
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I
Page 266. Chapter Il.

FULL/TOTAL/COMPLETE REGULARITY. Processes with continuous tine.

§1. Introduction.

In this chapter viii be studied the spectral characteristics of

co.pl.teiy regular stationary processes ~(t) with the :ontinuous

time t, — < t < •. In accordance with that which was presented in §1

chapter 1!, the obtained in this direction results viii characterize

also the spectrum of the Gaussia n stationary processes, wh ich satisf y

the condition of powerful  aizi ng. Let us note previously that the

results~ which concern the behavior of spectra l densities f (X) of

completely regular processes with continuous t ime in any f ini te

interval of th. variation ), completely analogous to the results of

chapter Y, demonst rated for processes wit h discret e ti.e. The

•j specific difficulties appear, only when matter it concerns behavior f

p) with ). 4 —; unfortunat.ly , precisely in this point~ ite. our

- —~ — .-~~~~~~~~~
-
- -——— -,~~~~~~~~~—~~~ 

rn
~~~ ~~~~~~~~~.~~~~~~—-‘ ~~~~~~~~~~~~~~~~~~~
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analysis it makes less exhausting. Certai n concept about the
appearing here phenomena give theorems 5 and 6 (see below §*5,6).

Any com pletely regular process (linearly ) is regular in
accordance with the presented in §1 chapter IV results:

a) it has sp .ctral densit y f ()) .  repr .s.itabi. ii the for. f =

I gI~,vhere g is an external function of class &t2 in th. uppe r
ha if— plan.;

dX < o o .

Page 267.

Hence and free theorem 2 chapters II i..diately follow that the

cseffj ci.et of reg elarity p (v) (.gwa~j . regarding S IJ j ) ~ Mfl~~~, whe re
m~~ H(—~~. 0), ~~~~~~ r0 , Ml~~~

2 MI’ l2i~~~))
4 /111 tb. following analytical expression:

p(~)— sup ~IJ)
—~~~

where sup it is tnken on all q’, ij~ of the single sphere !4(f) of space
Lt(f) 1,g ~~~2 (icr. , as ii the prev ious chapt~~, we wi l l dea l only
with absolet.ly c.stiaeoss ap.ctral fu nct ions F, G, ... and therefore
instead of 1,4 (F) , L4 (G) , H .  il~ ( . . . )~ etc. we pref e r to wr i te  f. ’(f) , L’
(g), ~~. ~~ 

(.,.),. where f 1’, g G’, ..4.

— - --

-

~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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It is underst andable that value p (r) will not be changed , if we

in (1.1) take  sup not in the entire sph.c. r’(f) , ~~t according to
any of its dense subset, for example on 6

~
2 f l r ( f ) ,  according to

the functi on s of form ~~a1e”I , 1,~~ O , and so forth.

Analogous with equali ty (1.5) chapter V. f rom (1.1) it is

possible to ded uce the following equality ;

p (~c)— sup ~~~~~~~~~~~~~~~ ( 1.2 )

where sup it is taken on all O~~ 478’, II 8 Il~’~~~l.

Final ly , by asin g by egnality L~~(1)~~~~&~1
2 and by

substituting in (1.1) 9~J ~~I to •~/q, ~i’~/g, p, ip
~~~~~~~

’2 , let  us f ind

p(s)— sup ~ J e ’~’q,1 (~) ) ~~ -~~-d X ~, (( .3)

where now •~, aI i~ thy pass single sphere ~~12 . This equality is

analogous with for mmla (1.6) chapter 7.

Page 268.

Prom (1.3~ also it follows (coup. conclusion (1.7) from ( 1.6) in

chapter 7) • that

p (r) — ~up 0 ~ ) e”~’ ~~~ dX ~, 0 ~ ~~~‘, (1.4)

110

- - - - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~
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Further , consider ing integral ii th. right sid. of the

last/latter equality as funct iosal 1 (e) La .2”. possible, in the same

way as this was lone in $2 chaptar 7, to arrive at the equalit y

p (~c)~~inf 1e’~~— A
A g

where inf it is taken on all A E ~~~~ in the upper half-plane. Bein g

transmitted of this equality, it is possible to m ove on the  way,

indicated in §2 chapter 7, almost to the end itself; the

obstructions, whi:h do not make it possible to obtain so f ina l  a

result as theorem 3 chapters 7, they viii appear only at  the very end

of the pro of , wh en instead of polynomials P (see page 213) they will

ar ise the integral funct ion s of the final d.gr.. and it vii i

necessary prove their independence of ~~. Therefore we v i i i  be

bounded to the following resul t , which, just as theorem 1 chapter V,

has as a goa l to give the preliminary representations of the spectral

densities of completely regular processes .

Theorem 1. Let spectral density f 
~~) of stationary process ~( t )

take the for m
( 1 .5)

wher• r ~k)  — the  summarized wi th  squar. int gr.l funct ion of the

final degree, and function v with all e> O it allow/assumes the

repr •senta tion

w~~ ex p(r, + 1,+~ j, (1.6)

-— - 

-
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where r, — is th. limited real evenly coat ia.oea on (— , •) fun ction,

is real function with (_  ~~~~, ~~ and t , — is t his function , i ’ , if°~~~€ a

con j ugat e/co mbined (har.o.ically ) function Si. with II S. li~ ~ ~
. Zn th at

case the p rocess ~(t ) is completely regular .

Page 269.

Let us explain f i rs t, which is under stoo d by the funct ion ,

conjugat e/ combined to bounded function.  Let us designate by 1’ the

class of th. measurable fuactions a (X) , for whic h T~~i. ~~.2~ (— 
~~~~, 0°).

Specifically, .2’~~c W2 . Let as register

a (A) ()~~— i) _j~~ ~ 
( z ( u ) e~~

uh1 dii .

wher e a — Fourier transform function l~joint

funct ion let us dste rmine by equalit y

a (X) -- — 1) jr~= f c e  (a)  i sign ii e”~ dii (1.7)

(for greater detail , see (1], by p age 171) . From (1.7) it follows

that

S 1
~ 

d ) —  (X+1y1 ~~~~~
—~~~ ~~~~ I 2~’t

- —------ --~ - --------—---—..-- — — .— ——--

- .-~~~ - ‘ - .— ,  — - ..- . - .— . . — --—.——--~~ --- . - .— ~~ — .—— -
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In the proof of theorem I and below we will  meet the nonnegative

fun ctions f, which can turn out to be tho se which are n onsumn arize d ,

but for wh ich all the sane the determined by equality (1.1) va lue p

(r) .~.4 0. In connection wit h this by us will be requited the

following class of the functions, which we will call completely

regular.

Determination , the nonnegative measurable function f (X) will be

called com pletely regular, if

I )  f
2) p (t) = sup $ ) X ~e lMf (X) dX ~~~~~~~~~~~~ 0,

I’- .”.

whereupon sup are taken on all 0, ~, ~ ~~~ wit h q~ ~ 
= 1 ‘ii ~ 

I.

Any completely regular summarized function is the spectra l

de nsity of completely regular process. and, on the contrary,  the

spectral density completely of regular process to eat a comple tely

regular function.

Page 270.

On the stren;th of requiremen t 1) any completely regu lar

_ _ _ _ _ _ _  — —-——.--- - -.- --- - - -  — -- -—.~~ — -~

~~~~~~~
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function is factorable; f (}~) — g 
~~~~~ 

a, where

I C I+)~z ln f (2.)
g(z)= cxp 

~~j ~~
is an external function in the upper half— plane. Hence immed iately it

follows (:o.p. peje $0) ‘ , that closing/shorting L~ (f ) in L (f) of

set G~2 f l L ( f )  is equal to

FOOTNOTE I. Here is proof. Function w~~— l n ~ x (1, v) is factorable: v~=

whet. q’is an •xteraal function. If 0 — exter nal f u nction from
~~~ ~~

,, “id q~1g + E L ~~w , so that ~~‘~~L ( w)  is not empty. Further Og
— extsrna l function from ~~~~~~

. and according to th. theorem of Lax (see

§1 chapter II) in ~~~ a that mesas in ii~~~
- is contained the set,

dense in ~‘c’. Coun.quently, J~~~c2 c L i 
~~~~~

. on the contrary, if ~P~~~L 4  ( w ) .

that is func tion ~,g, being the limit in .5” of fu nctions ~~~ ~~~~~~~~~ (f ~lge(2 ( ’,

itself is a function fro m ~~~ i.e. L 4 (w) ~~ j ~~ C’. IPD FOO?NOTE .

Returning to theorem 1, let us demonstrate first that  function

w, which allow/assumes representation (1. 6) , is completely regular.

The evenly continuous bounded function ~ it is possible as

conveniently ~~.lI. to approach by the lisited integr al function s of

the f i nal stag. (see (25)) . Let Qr~~ be the limited iat. ;ra l function

of degree 4T, for which

~
‘
~~

Qr (I -
~
- 0), i0 I~~ e. 

— .- . - . - - - - . - - .~~ .-

- ~~~—-~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~
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Then

W ~~ ~~~~~~ (I + 0,), 110, ll~~ ~ 7..

let us assune w,— I Q ~ j l e ~~~’~
’s
~ . If e is sufficiently small , then for

all ç~~ L ( w )

-~- i l p 1 1,,, ~~i~q~j i, ~~~ 2~i q i j ~,,.

Further, on (1.8) 1-~~~~ - EE .2” , so that L+ (w) = L ( e ’e)~~~~~~
2, ,her. the

external function v (z )  is deter mined by .quality .,, (A.fl
2 =( , n , It is

obvious, ~~= ex p ~~~- (i3.—iv )~~.

Page 271 .

If 0, ~e(~~(w) that 0 • •~~/ y ,  — ~‘=~~p , / y ,  where 0~, ~~~~
Furthermore , for r ? e1

~ TQr ~~~ j t ’~~, so t~~t, for •xa .pl., ~~~~~~~~~~
Consequently, for all v ) T sad all O, 4,~~~L~~( w )

f q ’ Q~) ~p ~ ) e’~’Qr ()~) ~~~~~~~~ dX

- 

— f (ç, ~ ) elMQr (~)1 ~ (X) 
(IX 0.

Therefore for all v > T

p( i , w)— sup $ b ip() . ) e”tv (X) d) ~ ~
——

~~su~ f cp (?4li$(~) Ii w,(~Hi 0,~~) ldX 2$~

— — - — — - . . 
— ~~~~— -- - — .. .- ~~~~~~ - — 

-.- . —- .- .- . -a 

—‘ 
_a___ .- - - -~ - ... - - - . - -  . — - - —-——---- - --

_ _ _ _ _ _  _ _ _  -~~~~~~~~~~ .~~~~~~~ - - -—~~~~~~ —- - -—. —.~~~~- .~ -~~~



_____________________________________ --- --— ~~~~ -~~~~~~~ — - -~~-“— .-.--.-.-=-,,. -- - - - -

_ _ _  - -~~ - -~-~1

DOC • 77182313 PAGE

low the assertion of theorem ensues from the followin g lemma,

which is the analog of theorem 2 chapters 7.

Lemma 1. If function v completely is regular, r — l imited

integral function of the final degree 5T, a f — ~r J 2 w ,t hen is

function f also completel y is r.gular , whereupon

p(T ; f)~~ p (- r—2T ; w). . (( .9)

Really/actually and in r >, T both f unctions are

such , that elL~( ’ . e~~I~~~J~ ’ ‘)!

FOOTIIOTE 1• recall that ?~z;_P ii )  ENDFOO TIOTE.

Ther•fore, if 0, ‘P belong to the single sphere L (f), then e~
’7 l’ q~. e’~~l ’I’

they belong to th. single sphere of space L’ (a) , and , whic h neans,

p (-~;f)—sup f p () 4 ’ 4, () . )e1~~rv (Xfl i ’ (A.fl2 dA~~_,, Ip 
-~~~ I

f ~~~~~~T(’ j (~fr ~rfl el
~~

(T
~~~

T) v, (I)~ p (T — 2 ! ;  w).

T:~~~T~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Lemma , and with it and theorem 1 are demonstrated.

Pa ge 272 .

Corollary . tf spectral densit y takes for m !()~)~~I1’ (X) I2 w (X) ,

where I’ — the summarized with square integral function of degree �~~,

and funct ion w is limited on top, also, ft on  below (0 ( m 4 w 4 N <
—) and evanly  con t inuous  on (— — ,— ) ,  then is process ~(I) is

completely regula r , where upon

(1.10)

Here and th roughout  through A , Ui) ia designated the value of the best

uni form ap proximation of function h by the integra l f u n c t i o n s of the

final  degr ee 1..

Actually, w = e ’~ ’ and under conditions of corollary f unction m w

is limited and evenly continuous. Ineq u ali ty (1.10) easily fol lows

from ~he com~~ tations, used in the proof of theorem 1.

- - - - --- . --.----- —— ---- - - -— -—  — ..- —. - ~~;. - S - . 
~~—~- ~~~~~~~~~~~~~~~~~~~~~~~~~ —

-—- ----4 --— - -~~~~-- - - ----- .
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§2. Research of special function p (T; 4 .

In this and  two  following paragraphs we will spread to the

continuous case results **3 chapters V. As there , we wi ll begin

from the stud y of the b havior of Pe jer ’s integral

sIfl~~— -

y( T ; ~i) = 
~_ 2 I (~~

. + !t) d)  (2.!)

with Vol. T— ~~~. Here f (X) — the spectral density of com pletely

regular process ~~~( /) .  Subsequently funct ion  p (T; ~i) plays the  same

role, as funct ion y (N ;  p) chapt er V.

Let us not e t hat

~
‘ ( T ;  ~&) = M e ”~ ~ 

2 

(2.2)

For th is  proaf let us pass to the spectral representation of the

process

~ (‘) =‘- 
•[
. 

e’’~(J ’ (dA) ,
-

where q’(d~. i —  orthogonal random measure (A j i i i  (d)41’ = f (k)  dx .  

— - . - - . - .- -.. -- -- .—--- - - - . ----—-- -—---- - -- ---— 
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Page 273.

We will have

1 2 2
I ( A—u i t

M 5e uhh1
~ (I)dt~~:M J~

_ -
~~ 

~~~~~sin? T — ~. sin ?

(2.3)

Lemmn 2. If stationary process ~(!) has spectral density f (X) ,

then at Vol. T- -~~r’~ value
1 2 . TX

311,8

M 

~ 
~( 1)di 5 2

either a pproaches — or is li•ited. The latter occurs in t h a t  and only

that case when J
r I~ ± (/X <~~, The proof of this  and two fol lowi ng

lemmas very is similar to the proo f of analogous assertions (lemma

4—6) chapt er V. Therefore we will give the detailed proof only of

last/latter lemma 4.

Lemma 3. With  each 4, when T —4 —, funct ion p ( t )  eit her

a pproaches — or is limited. The latter occurs in t hat and only tha t

case, when (

Lemma 4. Let 0 < a < —. Wit h Vol. T— ~~ o or 1sf y (T; p) —~~ oo,

_ _  1I± .~~~. .~~~~JiII :
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or there is a point O~~~ L — ~~i ,~~ I IIiIs~a suc h., that

Proof in many respects is analogous with the discrete case

(lemma 6 chapters 7).

Page 271$.

Specifically, equali ty ~“Z / ’ - -~~~(/ + tI it deter mines in hu bert space H —
(— — , —) the  grou p of th. u nitary operators (U T) . if

- 
I l IJI ~~~

T—, oo iuI~~ a

we, discussing then just as in the proof of lemen 6 ch a pters V ,

dster •ine the sequence of the cell/elements

~ I/(— . ~~~~ , oo), 
~ 

_ j

weakly con verging to certain cell/element 1F(— c ~~~x i). Ii th is case
numerical sequence O~, converge to certain number OeI— ~I consequently, ime ’°

~~~~~e
_1T

~~; h•r~ u n  indica tes weak limit, a v —(Cu., (Ct )

arbitrar y real number .

According to ~iaaaa — Lebesgue’s theorem

B (s)=M ~ (t+ s)~~i~=’(~ (I +s), ~(1))=

— f e ”.’f (~~dx ~~~~

J

- ---- ---- ---- -~~~~~ ~~~~~~~~~~~~~~ -— ____________
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Therefore with all 1j e11 (~~~°, °°)

Il in (~ ( s) ,  Is )  = 0, I ni ~ ( s )  — 0,

and , therefore,

— e ’°’U~ = Usn (~ 
— e

_ IO
~

T U T
~k) =

(CM

Tk +T

= ~~~ (s ~~~~ ( I )  dl + ~ ~~~~ (/) di)  =
(vu’.) 

Tk

= (‘ ‘°~~(i)d1. (2.4)
U

Page 275.

We form stat ionary process )) ( 1 ) = p ’°’ (J 1
~ ~ the strength of (2.1$)

t~ ( I )  — 11 (1 + r) — e ’1’tU’ 
(c — e

_ m f h
U

T C) 
~~

.. f e ”~ (s) d.c. (2.5)

The last/latter epiality means that  pr ocess ,1(fl we di f fe ren tiate on

the average quadratic and that

(1) — — e ’~~ (1). (2.6)

Let us designate through f~(X), !1(X) the spectral densities of

- - - -  - -—- -~~--
— .____-_ - _ _ _ _ _ _ _ ._ _ i _  -- .- - -—~~~~~~- - -~~~—

-. - - - ~~~~~~~~~~ - -- -~~--— — - -  - - - -~~~~ ~~~ - - --- -_
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pr ocesses ~ (i), ~ (I ) .  Prom (2.6) escape/ensues the fo l lowing

relatio nship/ratio between Ti. f,,

Consequent ly,

5 (~~ 9)~ 
— (~) dX < 00 .

On the contrary, if ____  that on lemma 3 i irn v (T; 0)<oo . Lemma ‘~

is demonstrated. 
-

~~~

Lemma 5. Let process E (I)  completely regular. Will be located

by integrating wit h square integra l funct ion of the fin 3l  degree I

(}) such , th at

(2.7)

Proof literally repeats the first part of the proof of lemma 7

chapters V; only nov necessar y to use results about the

“noninterpolatability” of processes wi th  continuous time I ) .

FOOTNOTE I . See, for example, [22), page 183. !RD?OOTNDI’E.

Page 276.
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Lemma 6. Let process ~( 1) completely regular. Whatever numb e r

a, 0 < a < —. spe:tra l density f (k) of process ~(/) it is

possible to present in the form

1(X) — SE) (X)I P, ~~ ~
2, (2.8)

where Pa (X) algebraic polynomial with real root s (arrange/ located

within interval (—a. a]), a i (X) it possesses those by property ,

that
,? sln ’ T - ~--~—~—

j im m l  J w (X)  ~ dA —o o . (2.9)
r ~u)<o_,, ‘

Proof . Let us designate by ~ the set of all polyno.ials Q (X)

with roots inside (-a , a], for which

~ 
Q(M~ dX <o0 .

J f ( X )
—a

In accordance with the previous lenaa the set ~ is not empty. (As Q

(X) it is possible to take the polynomial. w hose roots coincide wit h

roots I (k ) ,  that  lie on (—a , a). Let Qa (X)~~ that of the polynomials Q( A) ~~e?.

which have a smallest degree and coef f icient 1 with leadin g term.

Among polynomicals P (~~) with roots inside [—a , a], for wh ich $ ~,~~x;, d7~<CO,

there is a polynomial Pa (X) the maxisun (final) degree. &ct~aily,

from the im.quslity

(
~~~~~~~~~~~~~

)

2 
. _ _ _

j

L_ 
_ 

_  - -  - .:::: .T. .:: ~~::T.~: •T .:
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it follows that all polynomials P (X) divide polynomial Q,(X) .

Page 277.

Let us place now f (~ ) a P,(X f l 2 w (X) .  It is obvious,

f w ( A ) dA < oo ,

so that w (~) there is the spectral density of certain s ta t ionary

process. Further r easonings coincide w ith the reasonin~ s, used in the

proof of lemma 7 chapters 7, and we will drop/omit them.  Lem .a is

denonstrat ed.

Lemma 7. Let proces s ~(t) completely regular. At those points

~~, where 1~~~ ’(T ~ ji ) oo , function y (T~ ~‘) is represented in the  form

i (T; ii) • Tb IT; es), where h (T; p)

- 
- -is slowly v a r y i n g  fu nction T, i.e. ,

with all z > 0
It ( Tx; ~u)

Proof to a considerable degree is similar to the proo f of the

analogous assertions of chapter V (lemma 8—10), and t he re fo re  we will

drop/omit some parts. It is necessary to show that with all z > 0

u rn ~
T
~— — x  (2 .10)

r ~~T)

- -.5 -- -- - -

-. - --- -— --—- --~~~~~ - ---- - - -~~. S.-~~~~~~~ S-.—~~~~- - 5 -- --- .5—- - -—
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(here below we for a brevi ty lower argument 4 .  as in chapter 7, we

first will disassemble the case whole x, then will establish/install

some properties of function -p (t) • after which will de•onstrat e

(2.10) f or all x.

1. x are integer. z — k. let us register 7 ( kT) in the tori

- 
y (k T) =M 12 1+y I + . . . +Z k + Y k 12 .

where j r - s - t i — u ’
Z j — .1 e~~ ’~ (I) d(, j

( I — I )  T4 i/ — I ) ’
/ 14  fr$ ~~(%u(~ (f) dt , I ~~~~~~~~~~

i T u- ((— i (
k T- 4- 5k — IIr

= — e~~ ’~~ (1) (II

a r = r (fl select ed so I ) ,  in order to r (T) .
~~~~~~~~

°°‘ but

~ ~~ I X  0.

~~~~~ . TX
sin’—

FOOTNOT E I • Since 
~ 

( T )  — f ~~~
-
~

--- (X + ~~ dX ~ r ’j  1 (X) dX ,

______  — - — - - - -- -~~~~~~~~~--——-— - - -—-~~~~~~ - - —- —- --

-------5--- - -—- ,—- ---—--.- -- — ~~~~~~~~~~~~~ ~~~~~~~~~~~
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it is possible to place r = lu p (t) , since the m 
( ) ~~~k2 Ifl’v ( n J l ( X )  dA.

END? OOTROTE.

Page 278.

It is not d i f f icul t  to count , th at

MIz ,~~=~’( T); MIyi I2 —~v(r), j~~ k—1;

M~yfr I2 — v ( ( k  I)r).

Therefore the sans reasoni.ngs, as on page 225 , they make it possib le

to claim the following: 
-

y (kT) = k~ (T) (i .+ o (kp (r)  + k
- 

+k ( V i~l)1~2) ). .  k~ (T) (1  + 0 ( 1 ) ) .

The case whole x is disnant le/selected .

2. x is rational, x • p/q. We have

_ _ _ _  ~i1 v (-)~~
~~ ~( T)  l i ii 

( T )  v ( ~~
_
~ ) 

q

3. Arbitrary x. Just as on page 225, it is derive/concluded,

th at ln /s (T)=o(I I1 T)

- - 5- — _5 - —  

- - ~~~~~~~~~~~~~~~~~

‘ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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and , therefore, wi th all e> 0

u rn rh ( T )  = 00 , u r n  T ’h ( T )  =0. (2. 11)
r 7.

Pa ge 279.

Being based on equalities (2.11) and discussing just as on pag. 228,

it is not difficult to show that the  functions ~1 (x) , ip2 (x),

determined by the  relationship/ratios

i),i~ (x) = u r n  , 4~ 
(x )  = lun

are cont inuous. Since for rational z ~ (x) — ~~ (x) x, also for

all real x

urn —---- - x.r

Lemma is demonstrated.

Lemma 8. If ~.(T) = in~ y(T ; )I) —, 0O , that  relationship/rat io
tIfl~ a

(2 .12)

occurs evenly on all ia and z as such, that ~ < a, 0 < x. < x < z1 ‘C — •

I

IL 
- _ _  _ _ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~II.1
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This lemma is proven literally just as lemma 10 chapt ers 7;

I therefore we will drop/omit pr oof.

- 

~3. Proof of the fundamental theorem about the necessary conditions.

- The target/purpose of this paragr aph is proof of theorem 2,

analogous to theorem 5 chapters V.

- Theorem 2. Let ~( t ) —  be a completely regular process wi th  spect ra l

dens it y f (k) .  ~~a t.v.r number a, 0 ‘C a ‘C —, function f (k )  is

representable in the  form

f (A) IP~ (A) 2 W a (A)

where P1 (A) — algebraic polynomial with roots on (—a , a]  a origina l Wa ( A)

functions w, (X satisfies the condition
I W~ (A + 1) + w~ (A 1) 2W a ( A )  I -

w,,(ô) = 
j~~ <a 

SUP W~~~ +I )  W ( A — I ) ~~~~~~~~~
0 (3 . 1)

- Pa ge 280.

- - This cond ition is a full/total/com plet, analog of condition

- (3. 2) chapter 7; it assigns on smoothness and order of zero spectral

dens itie s f (k) is accurate the same limitations, as condition (3. 2)

—5 - -- - - - - - — . 5  -- 5-- -- -- - -— - 

‘2: . ~~~~~~~~~
_ - , --  

: T ~~~~~~~~~~TT : I_~:~~
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chapter 7 in the ~iscrete case. Actually, by the same met h ods, as on

page 2~9, from (3. 1) is derive/concluded

corollary 1. The spectral density of completely regular process

does not have first—order discontinuities .

Small further reasonings will be required in order to

demonstrate.

corol lary 2. The lower order of any zero )4~ the spect ral dens it y

f (X) of completely of regular process directly is equal e i ther  zero

or to the whole even number.  Consequently , the present ord er of any

zero f (b.) can be only whole and even.

Corol la ry 3. For all ,>o

0.
,~ -4 l~.

We wi ll begin from the proo f of the follow ing assertion:

if carried out condition (3.1) , thss all the funct ion s

h x) = h ( x) ” - ~- f W a ( X +~t) dA

are slesly varying with z —s I, whereupon Urn 4~ - — evenly on

all i~s~~1—a , aJ it zc~[s , SJ, 0<  s < S- ( oo .

_ - - --5- - 5--- --
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Act ui lly, if z are whole, the n it is obvio , (3.1) it gives

ZX  
— I + o ( l ) .

—h(x)

Pa ge 281.

He nce easily it follows that 111~~PJ!~i j for all rational z. The
I, (x)

final part of the proof coincides with the termination of the proof

of lemmas 7 and 8; in this case one should still use the  following

obvious inequality: for e<l/q

x/q

J ~~~~~~~~~~~~~~~~ I
Let us demonstrate now that  t he  lover order (k (A 0 ) ) any zero A 0

function ~t’,(A) of theorem 2 is equal to zer o. If k (A ,) > € > O , that

in certain vicinity of point An tt ’~~( A <  I A — A 0 ( ~~ and, which means ,

h,~(x) = -~
- 5w . (A + A 0)dx < x’12,

but this is impossible, since funct ion h (x) — slowly vary ing and

with all ~>O Iiflh/7(X)~~’ 00

Corollary 2 is proved. Analogously is proven corollary 3.

Let us pass to th. proof of theorem 2. It is based on the same

— .5--—-——- 5-  — - - —‘ — ~~~~~~~~~ a~~
-. -~ -—-fl- - - - ~_~ 5 -_,.5,-.r- -.5!t - ______________________________ - - -  —

- - - - - 5 - - - - -— - -. - - - - - - -— - -- --‘ - - - 5 - - - - - - - - - - - - 5 - --- - - -
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ideas, as the proof of theore m 5 chapters is V. Just as the  ment ioned
result, theorem 2 is a proposition is Tauberian the type , in which on
the basis of the properties of the function

- - A — uslit ’ r—
v (T;  ~L) $ —

~~~
-------—

~ d W~, ( A)

it is disc ussed the local behavior w~ X).

Prelimina rily, relying on lemma 6 and following below lemma 9,

let us get rid from zero f (A) .

Lemma ~~. If f (A) — the spectra l density of complet.l y regular
process hi), all poles even zero rational integral function

R (X)—- ~-~~ ar. real , but function 
~~~~~ R l ’f ~~.2 ’( —  

~~
, 

~~~
, th at w (A)

is also the spectral density of st at ionery process ‘i (l), whereu pon

p~~-r; w)~~~~~p (T ; f) .

Page 282.

Proof. If function 0, ~ belongs to the  single sphere of space L~~(w) ,

th at 0,11, ,~~~~ 
they lie/rest at the single spher e Lt (f). Theref ore

p(~~; w)—su4~ ~~~~~~~~~~~~~~~~~ 
... -c.

- 

~ ~i~Pj f .~ :.~~~_ e 1xT,(X)dA ~~p(r; 1). 

- -~~~~~- - - -

- - 5.- - _____ .5 -_-- ——-- — _- - —5 — 
—5—— 5— — ---.5-— —~~- 
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By en tering as in § chapter 1, let us (by beginning with thi s

place up to the termination of the proof of lemma 12) cons ider tha t  f

(A) there is the spectra l density of the completely regular  sequence,

for which

Urn m l  -
~ (T ;  ~) = oo .

F

Lemma 10. Let a (A) — the even funct ion with the l imited thir d

derivative, which turns into zero outside int erval ~ -I , 13. Then wit h

Vol. T— ~- 00 is eve nly on IM ~ç a

- I AsIn2

+ S 2 
± ~t) a (TA) dA

5 t~
=-

~~ 

J& —~—~
-
~ 

a (A) d A - / : ( T ) ( l  + o ( l ) ) ,  (3.2)
o~~~~~~-)

where for brevity h (T; p) it is designated through h (1’).

—- -5- ---~ -~~~~~~~~~~~~~-- - -r -

- - - - ;_2~~.- 
--5--— - -

-.5 
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Proof , in fact , coincides with the proof of l essa 12 chapters 7.

Page 283.

Let us introduce Fourier  transform I (z) of funct ion a (A) and

according to that which was assigned 8> 0  let us define numbets s, 6

and set of 8 just as on page 231. Then let us rewrite left side (3.2)

in the for m

~~~~~~~~~~~~ 

f z~/z (T(z + I))+/,(T(z — l)—2/z(Tz) JA(z) dz +1+6

+ f I h ( T (z + 1 ) ) — / , (T (z — L ) ) I A (z)  dz +
+6

+ z 1Iz (T (~+ L))—1t (T (~ — I ) ) 2/ : (Tz) J A (z) dz +

+ f I h T (z + 1~) +h ( T (~ — L) ) J A (z) dz +R(T) ,  

-

where R (f) 
~‘ sh (T).

Hence an d f r m  lemma 8 it is derive/concluded alretly, wh ich

with T —b a is e venly on~ p~~ a

T

_

~ f (14fl(X)dA (1 +o (l)). (3.3)
° 2

- - — .5 ” 5- -~ -. — - -5 
.5- -5-— —5-

- - — - --5 - - -—-- -- - -—~~~~~~ - —-
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Lemma is demonstra ted.

Lemma 11. Let a (A) be the odd , three times different iated
funct ion wit h limited third derivative, which turns into zero not
interval ~-1, 1). Then with 1’ —-

~~~ is evenly am 1.14 a
— - , TA

T f ~~~~~
_ f ( A+~~) U ( T A ) dX ~~ o t/ : ( T ) ~ (3.4~

where as before h (T) — h (?; ii) .

Page 28*.

The proof of this lemma even is scmevhat  simpler than  the proof

of its discrete analog (lemma 13 chapters 7). Having again designated

by A (*) Fourier t ransform function a ~ 4 ,  let us rewrite being

subj ect to estimation integr al in th. fac e
- 

— - TAS1fl —

+ 5 A (z)dz 5 —j~-~2-- S1U TXz7 (?. + ~
) dA + R (T),

, and B is a set ( z; ~ ( z ( 1 —  •, I • I ( z (

_ _  --5---- -5—-

L — _ _  

2~ -~~~~~~~
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It is not d i f f i c u l t  to coun t , that

- TA 3
31fl 2

- 

2 
~~

Further ,

sin T) ~z — -~ — (e~~ 
—

so that for those s, for which Tz > T $ T,, the products exp ( iTAz) ,  cx p (—I TAz }
- TA

on ~~
‘i will be registered respect ively in the form

ei T 1
~q~ (A) , e_

~
T.

~~; (A),

where q-~ (X) .p;(A) t hey belong with respect to spaces ~~~ ‘ t n  the upper

and lower half— plane. On th e stren gth of full/tot a l/coipi s te

regula rity *)

I — _ 2 Tx
I - Slfl —f A (z) dz $ A’ 

2 
sin TAz[ (A + 

~
&) dA —

L8nt rz>r +r .

_ I’ $ A (z)  dz [C
1T

~~~p~~ (A) ± c .5 i T0~q;  (A)1 x
- I J f l ( T z > T - i - T,I —~~~

+ qç (A) ) 1(A + ~t)  dA ~ eh (T), (3.5)

if only T, it is selected by sufficiently large.

FOOTWOTE 1• Together with f (A) wi th  all ~ f (i • ) 4  • f11 (A ar. the

--5- - 

- -- - -5 - - - -~ * -- ~~ - - - —.5 — --—- - - - -  - - . 5- ----. - -------- - -— —- --- - --

- -  - -5
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spectral density of completely regular process with those coefficient

of mixing. ENDFOO?WOTB.

Page 285.

Thus, to us remained to study the behavior of our integra l, w hen
(ô<z< I — o).

integration is conducted according to rang. ,
~ 

Per this purpose
we slightly convert integrand in (3.5). Be have

r r2 
eh TAz ., s .e 1 T&.’~ e”~ dt-~ e ’~~d~= -

T 
- 

T ( l — z ~ -

_ -
~ fe

1T
~dT 

~T Ti T ( ~ — z ~ 2

e’~~d~ 5 e’~ dt + e1T
~dt~ -~~~

0 0

- T T ( I — z ~ - 
-

- 
+ 5 e”~d-r J e ’~ dr (3.6)
I SI—i) 0

(recall that now I ( z , ( I — 6). It is ana logoma
r -

-

~

- [5 e—l ~L d~ $ e ”~ dT +
2 

~ T O — i ) -

+ 5 e”d ~ + f e 1
~kdt 5 e1~( !r J . (3.7)o T ( I— ,) 0

By subtracti ng from (3.6) equality (3.7) , we will obtain f i n a l l y ,

that
~ 

TA
~~~ —r

Sin TAz — [ 1 ~ (A; z) — tI)i (— A; z) 1 +
+ ~D2(A; z) + II), (_ -  A; z)I,

-- - - - . 5 -  - - - 5 -  ---,~~~~~~~~~~~- 5 - - 5 - - --  - - -5- --  -_
- - - — • - -

- -- ---- - 5 - -  - _ ~~~~~~ - - - -~~~~~~~~~~~~-- -- —--- - - 5- — - - - - - 5 - - -  -- --5 - -  ~~~~~~~~~~~~ - - --- ~~~~~~~~~~~~~~~~~ - -  -- -~~~~~~
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I

where

(F1 (X; ~~~~~~~~~~~~~~~~~~

12(A; z) -

~

- $ e0” dt 5 e ’~ (Li-
((I—:) 0

~?fl -

~1_ _ _ _ _ _ _ _ _ _ _ _ _  
________________

- - - - - — - ___________________________________________________________________ -

- - - - - - 5 - - . - - - - - - - . .- - .~~~~~~ — - ~~ - -  ~~~~ - - - - — - -- —_ - - - - - — —— - - -- - - - — -- - - -  -- -
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Pa ge 286.

Let us pass to the estimation of integrals + fh I ~1( ± A ;  z) zf (A •
M) dx. The corresponding lining/calculations hete even are somewhat

simple r th an in the discrete case.

I, The estimation 
+ f~1 (x; j)f (A +~ ) d A

let us register D1 (A; z) in the form of sum 2 11 ( A ;  z)+~
) 12(A; z). wher e

- T (I — z ) # Y T  N I — i )

iI~1 (A; z)=-~- 5 e’~’di 5
- 

T NI—i)

~~ (A; -z)  — -

~~

- J e~ ’ dt J e’~-’ dr .
T ( I — z ) + Y T

It is obvious,

- A)’T T ( I — ? ) Asin — sin
(~D11Q; z ) l— A A - (3.8)

~~~~~~~~~ 
----5-- - -
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Fu nction D12(A; z) can be rewritten in the form

~~~I2 
(A; 4 = e’~ 

VT q~ (A) q’~ (A) , (3,9)where

sin ( r i — i f)~?~
- 

q t ( A f l —~~~~~~ A 
2

- sin T ( I  — z) -~- and
A 

~~~ ~

We have, fur ther , using property (2. 12) of functions h (T) • equali ty

(3.8) and a Sch war z  ineq uality:

4

- ~ T
114 l h (~-‘r)l’’2 (h (T)~

”2 o (Ii (T~ ), (3.10)

- - 
-_ i—~~~~~ —~~ 54
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whereupon this estimation it does not depend on z (6 < z < 1 — 6).

Page 287.

The condition of full/total/complete regularity gives taking

into account representation (3.9):

S~’2~-- 

~~p 1 1 T) t h ( T z  ~‘T ) h T( I — z) )~”. (3 .U)

On lemma 7
h(T ~ — V T)  - h ( T ( I — z ) )

,lI11 - , - 1, u n-i - —— 1
T—p — ,~ , 

~~~~~~~

it is evenly on z, 6 < z < 1 — 6, so that is fina l evenly on ~a land

z, 6 ~( z ,~ 1—6,

4- ,fi~2 (A; z) I (A + it) dA == o(Ii (T)). (3.1 2~

Estimation s (3.10) , (3. 12) make it possible to claim that is

evenly on f r l 4  a, z, 6 .~ z 4 1—6,

+ 5 ID 1 (A; z) f (A + 1~i) d A — o ( I ~( T) ) -  (3.13)

2. Estimation 4- S” 2~
; z) f (A + ii) dA.

_______ __________________ 
______________________________________ 

___________ 
__________

- ~- - - . -~ - .-*_s- -~ ~~~~~~~~~~~~~~ _— --—--- 
—5--— —
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Page 288.

Again let us present D2 in the form of the sun

ID2 (A; z) — ID21 (A; 4 + ID~(A; z),
where now

t ( I ) + ) - ’~~
ID21 (A; 4 — -

~~

- 5 ~~ dt

T T ( i — z )  
(3 14)

ID~ (A; z) I 
- — 

e~ ’ d~ $ e ’~ d~ — e1
~ 

)‘rq~ (A) i~-~ (A),
T( l —Z) - I - ~ T U

a 
~~
;,  ~-~~~~-Yt~ of the upper half—plane. Pro. (3.11$) we wil l  obtain

analogously to biL.~~(3.1o) and (3. 12) :

(A; 4 If (A + i’) dA

.
~~~~ T ’

~ h(V~)I, ( T ( 1  — 4  ) i~= o (I: (T)), (3.15)

4H fhI)n(A; z)f(A + i~
) dA

~<p (Vflih(Tz 1_~ I1fln(T (I —z) )~~ = o(h(T)), (3.16) 

-5 —- — ___ _ _ _•5~~~~ _ _•_ - - - - - - 5---— - — -

-
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4I~0

‘I

so that evenly on frj$ a, dh.z$ 1—6

J- Ij)2 ( )~
; z ) f ( A  + j i ) d A  = o (Ii (T) ). (3.17)

Is analogous evenly on p and *

~ f~
i) i~

_
~

; z) f (A +~&) d A = o (/ , ( T) ) ,

5- (3. 1 8)

4- •~ ~~2 (  A; 4 f ( X  +it) dA=o (/ , (T)).

These estimations are proven just as estimation (3.13), (3.17), the

~1
—

~~~~~~~~~~~~~~~ 
- - - - ‘  =

~~~~~~~~~ -‘~~~~
“ -

~~
-
~ 

— - 
- 5
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only •xpansion (3. 9) , (3.14) is su bstituted the expansions of form
I I 

~~~~ (A)~ p (A),
A where non p , 1~ ~~~ 2in lower hal f—plane.

By gathering the together obtained estimations , let us f ind

finally that is really/actually evenly o n I p L ( a

- TA
Sm’ —4- J A, — I (A -~- i t)  a ( TA) d A = o ( h ( T ) ).

Lemma is demonstrated.

Lemma 12. Let a (A) — the tu rn ing  into zero outside interval

1—1 . 13 function of bounded variation.

Page 289.

Then with T —, • it is evenly on a

-= 
- TA

T J —jy~--—f (X +ii) a (TA) dA =

I A
- sin’__

2l
~~

J ?
~)
r a( t A ( l ÷ 0 ( I ) ) .  (3 1 9)

I

-- - --
5 ~~~~~~~~~—~~-- __ __a - -- - 

—
~~~~

--
~~~
-

~ ~~~~~~~
- 

- -a-- - ——--- - —

- — 5 - -
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Proof completely coincides wi th  the  proof of lemma 14 cha pters

V.

Let f (A) - the  spectral density of completely regular process.
w~(A)i P~kA) )2 ,

By using lemma ~, let us register f (A) in the form where

.1 w5 (A) dA- < ~~, a Urn iu( y ( T ~ i~
; t~~~) -

— —  T I u I ~~~~ a

on lemma 9 w, Ai is the spectral density of completely regular p rocess.

Further , by using lemma 12, we will obtain tha t  is evenly  on~~~a ( 4  a

(comp. peg. 2*4)

4- J w.(A +~ &) dA

‘IT

—
~ (+s tt’a ( A  + iL) dA)~ ) 1.201

5—.- —

-5 .5-
_
u - - - - _.5-.5-
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that equivalent (3.1). The proof of theorem 2 is finishel .

§4. Behavior of spectral density on entire straight line.

The demonstrated in the previous paragraph theorem gives no

representation of the  behavior of spectra l densit y f (A) of

comple tely regular process with A —) .

Page 290.

It is clea r that f ( A)’ , for example, cannot decrease too rapid l y.

.5 —-—5—--—-——--- ---—-------—— —-5 -- -- - r____ - - - - — -  -5-.-

- - - - - _ .  S _ _ ~~~~~~~~s~~. a. -_ ~~ _ _ - - ._~__ .__--_ - — - -  — 
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— 
.- -___  _ _ _ .5___-___ _ _ _ _ ___ 5-5 _ _  -

DOC • 77182314 PAGE ,.*‘‘

Since completely regular process is linearly regu lar,

- . i in ! (A) j
~~—~-~ —dA <o o . (4 1)

On the other han d , this, actually, be the only limitation, assigned

on the  speed of decrease t (A) w i th  A —‘ —. Actually, if i~~ ) is the

integrated with square integral function of the final degree, then

process E (t) with spectral densityf (A)==I l~ A) t2 is completely regular

(this follows from theorem 1).

However , if factor F~fl above form indicated it is pos sible to

isolate from f (A) then so that residue/remainder f ))(l’ )~~
’I’ v (A)

would be with large A limited on top, also, f r o m  below (5 4 v ‘-L< N ) ,

then it is possible to draw some conclusions about behavi3r w (A) at

infinity (more precise, about the uni form behavior w (A) on en tire

straight line)4~A precise formula tion result will require the

introduction of one class of integral functions, which now will be

determined .

In the theory of integral functions the important role plays

class A — the class of integra l fu nctions ( f i n a l  degree F z ,  I • A +

i~, the f inal  degree, zero which they satisfy the inequality

~~ u n  l iz 1 <oo - (4 .2)

-5- --- —-5 - - - —— .~~~~~ ---- - -- — - -  _ _  _ _ _ _ _ _ _---

___  —-5 5-— -5---
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- 
We need Integral functions whose zeroes satisfy a condition

- more rigorous than (4.2).

Here we designate by A* a class of integral functions
l’(z), z=-A+ 4i of finite power , the zeroes zj of which satisfy

the inequality

_~0~
t
~y<0~ ~~ I ‘~ ~7~T I < °°- (4.3)

Here addition common on all the insubstantial zero function I’.

- ~. - - - ~~~~~~~~~~~~~~~~~~~~~ ~, ~~~~~- I’ - - -  ~~~~~~~~~~~~~~~~~~~~ 
— —-5 —-——--5--- —

__________ - - — - 5 -  — — — - 5  — --5 -
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Page 291.

Theorem 3. Let spectral density f (A) the stationary comp letely

regular process ~ (t) allow/assume representation of the form

- I ~A) = I 1’(A) 2 w (A),

where I’ — the summarized wit h square in tegral funct ion  ~ f class A

*, and function w satisfies the inequalities

0< ,u ~ . liii w (A) 
~~ SU ~ iv (A ) ~ Al < co .x -

Then for original W (A) of function v (A) is satisfied the condition

I W (A + 1) + W (A — I) — 2W (A ) I
= ~ Uj~ 

~~~~~~ 
I( r (x ÷ l )  — W (A — / f l  ~

- (4.41

Proof is realized according to the following plan/layout. First

it is proved, that the division during the function of class A *

leaves completely regular function by completely regular (relative to

terminology see §1). Then co.pletely regular function w, for which ,

obviously, infy (T, ~i; w) ~~~~~~~~ it is traced by methods §3.

Let us note that without loss of generality it is possi ble to

consider all the zero f unctions 1 lying at the locked lower

half—plane. Actually, l’2 represents on real the direct meaning of

the nonnegative imt .gral function of class A, and accordin g to the

- - - :
_

T~~ 
-

- -- -- - ~~~~~~~~~~
- - - - - - -~~~~ 

- -
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theorem of Akhiy.zera I any this function can be registered in the

f o rm l O (A)~~l, where 0 (z) is the integr al funct ion of class A with

roots in lover half—plane .

FOOT NOTE a . See (16]. page 567. END ?OOTN OTE.

(~1 €~ /1 ,
It is understan dable t hat ~ and if necessary it is possibl e to

replace I’ by 0, without varying in this case spectra l densit y f .  It

is obvious also t h a t  funct ion  I’~,-) can be consider ed ex te rna l  in the

upper half—plane.

Let us assmae, further l ’(z)= l~~~ let us introduce meromorpmic

function

Page 292 .

Let us reg ister func t i on  F~~) in the form of the infinite product:

~
‘
~z) ~~~~~~~~~~~ — e~~

I

Prom condition (4. 3) it follows that

~~ (~~~~~~~~~~ Ii: I 1( ’ — -I—~(’ 
— -

~~
_)  , (4 .5)

—- —~~~-‘- .- ~~~~~~~~~~~~ 55- ~~- -~c~- -- 
~~~~~~~~~~~~~~~ - - _____________ - _____________________
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where $ is real number , a j ~~I a  1.

Lemma 13. Let integral fu nction 1’(z)€E A , a then

meromorpmic function ~~~ is analytical in certain band l r nzJ<& 6>0

and is limited in any band I linzi-< 6’<ö.

Proof. Vithost loss of generality it is possible to :on sider -i =

• 0. Let z1 =a 1 +i~1 on the strength of (4.3)

‘—‘ I~~~~~~ I “
‘ I

~~~~ ( A _ a
1)

2 + D ~~ ~~~~ A —z ~, 
<00 ,

and, which means, 6.= iii1 I~ 1 I>0, where inf is taken on all insubstantial

zeros ~, (it everything zero 1’(z ’ are rea l, will  a ssum e rega rding 6 =

It is obvious, functioi~~(z) is ana lytica l in band i iu ~~~< &  Let 6’

< 6; let us demonstrate tkatlx (Z)I is limited in I i i z <ô ’. I$  the ba nd

indicated on the strength of (4. 3)

2 

~~ 
(I + _-

~~~~~~~~~~~~) ~~

~~exP{4hh t~~ (a,_.))r.~j~7~~ T}~~

<CXi) {46 ( I  — 
~~ )2 ~~ I~~t~~~~~~

} 
-= M~. <

Lemma 11$ under conditions of theorem 3 function v (A) is

— - -5- — - - — —- — - - - — 5 - — - -~~~- - - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - . - — —-—— — -
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completely regular.

Page 293.

Proof. Prom lemma 13 on the basis of the theorems about the

approach/approximation of the limited analytic functions *

escape/ensues the existence of integral functions ‘l~~(A) the f i nal

degree ~~., for which

II — tI’~ Ifo~
) 
= 0 (~

—
~ ‘~

‘ ), 6’ <6.

FOOTNOTE 1• See (25], page 317. ENDFOOTNOTE.

With lar ge • all the all the functions ~l a are evenly limited , for

exanple,I J ’ , (A) I~~ 2. I t is not d i f f icul t  to comprehend that ii

the u pper ha lf— plane.

Let mow 0, ~ be arbitrary functions from the single sphere of
(WI1’, ~4’ —~

space L (w) , t h e n q ,  ij ~€~ - ‘ . Consequently, fun ctions will

belong to single spker. L ( 1) . Finally, e~~i~~ ~ ~~ ( f) . Therefore f or  . —

LI
- - - - -- - - - — -5 --5— ---.5--.- ---- - - ‘-5-- - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

-5--- -5 — -5 --  5 -  —5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~
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I e’~~ (A) ~ (A) w (A) dA

= (~I~ T(~ (A) ~~ (A) x (A) I (A ) (IA

~ e~ ’ -~ t~~
?
~~

/
~
Il) (A) q )A ~j 

~~~ 
() _) [ ~ ) ) ( I ) _ ’ - I —

—i 
.~ (WI (A)~l~i (A)iIX (A) — (l

~,(A)If(A)dA
<-~

Hence in tu rn , it follows that

p ~r, iv) ~ 2p ( 1 / 2 )  + 0 (e _ t
~’~’~), 6’ <6.

Lemma is demonstrated.

The remaining part of the proof of theorem 3 in accur acy

coincides wi th the proof of theorem 2.
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Actually, according to th. condition of the the~~em
‘UI’ _____i n f y ( T ;  x; w) ~~ —~— T  

~~~~~~~
-
~~~~

°-

L~ (i v) .
Furthermor e, the function of form f e ”~d( ssencs c.ll/el.aent s from ,~
Consequently , the proofs of all lemmas 7, 8, 10—12 remain valid. In

addition now in all these lemmas it is possible to place a = — .

Condition (11.1$) indicates in genera], terms the l imite dness of

relation 
~~ 

or, more general, unifor m continuity on the entire axis

in v (A) (coup. the following paragraph). This condition can be

broken even for very smooth functions. Let us consider the following.

Example. Let the process ~ (t) have as its spectral density the

function

f (A) = (sin 2 A2+

where p — arbitrary positive integer number. It is not difficult to

see that J ~~~~~ dA -< 00, 50 that process ~ (t) is regular. How ever , it is

not cospletely regular, although its spect ral density is a nalytical

in an entire plane of complex variable z = A - ~- clL and has zer os

coinciding on real direct/straight f rom zero integral fun:tion final

degrea 1’ (z) . . 
(

sin 2 )2i~

Actually, functio n l’ (~’ ) E ~~/~’: it has osly real zeros. In accordance

with theorem 3 function w (A) • sin2 At • I must satisfy condition

—5- -- - - - - --~~~~~~~~~~~~~~~~ - 5- -- - -
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(4 .4) . However ,

W (A + I ) +  1 1 ( A  — ( ( ~~2W (A ) I
W (A +/) — W ( A — l )

~s in 2 s2 — siii 2(s — I)2l ds —

_ 1)

~~~

,

~

[

~

2 + (s — I) 2j d c
l (4.6)
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Let us select in (4.6) A a w/4t. Then for A 4 s ~( A 4- t w i t h  t —, 0

si i i I (2.c — I) -— I + 0 ( f e) ,

sin (,c2 + (s — j )2) — cos 2S
2 + 0 ((2)

Consequently,

l W ( A ~~( ) ± W ( A - , ) - 2 W  (A) I 
~ cos 2s2 (Is + 0(12).

Further,

)~~
- A - - Sr 2 C ds in (2s ’)

J cos (2s ) ((S = ) -ç
A - - A

~,~~5

— 
s i i i 2 O 4- ’)’ sin 2A’ 

+ I ~~~~~~~~~~ d.c -=A - f l A

= — - - s i n ~~ - ~-0~ I 1 I ~).
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Thus, f inal ly  we have

U (A s— (I— f U’ (A -- - I) - - -  2tI~ (A) I.11 )) U- tA ± l t — t l ( A — l )

Sin  -
~~~~, 

0 — 0

Thereby it is establish/installed that the process ~ (t) is not

completely regular.

§5. Sufficient conditions.

~~~~~~~~~~~~~ -- - 5 - —~~~~~~~~~
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~ ne of the criteria of full/total/complete regularity is given

by the following theorem , which is partly converse theorem 3.
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Theorem 4. Let spectral density f (A) of stationary process ~(I)

allow/assume r epresentation of the for.

f (A) —L I’ (A) 2 (Al,

where k — the summarized with square integral fu nction of the final

degree ~~., a function w pos.essee the following properties:
I) O < , n s ~~w tA) ~~~M < o o ;

.�. w p ) 2 ”’) <oo ;

2) ~ here . as above ,

0w (ô) = stIp s ip
• A ( 1i( ô )U’ IA--/ --—w(.~_,)j

a W is original for w.

1~

Then process ~ (t) is completel y regular , whereupon

p (~) ~ C .4~)I 
(~~~~~ 

~4(_i . 2
_
~
”_

~)) 
-‘
,

wher e C is absolute constant.

We will drop ~omit proof , becaus e it only in terms of

technicality differs from the proof of the corresponding liscrete

analog — the orem 6 chapters V .

- — - -
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Theorem 5. Let spectral density f (A) of process e (t)

allow/assu me re pr e sentation of the for m f (A) = LI’ (A) i 2 w (A ), where 1)1’

— the limited integral function of the final degree 4.;

2) function m w  (A) is evenly continuous on (— — , —) ,  i.e. ,
c t i p  In  —

~~~

-

~

- -—- =

3)
S

Then proctss ~ (t) is completely regular, whereupon

p (t) ~~ Cw (-~-~-2i~ 
-r > 2q (5.1)

(whe re constant C depends on w ).

On the strength of lemma 1 it suffices to demonstrate

f.ll/tstal/co.plete regularity of functio n w IA ) .  Prom inequal ity
) l r ’ i w ( A ) 4~~~ 1I n w (O) -t ü ( I A J )

A and condition 3) theorem it follows that~~~ -~T E~- 2’. It

remains to consiler value p (v, w). This estimation is bas ed on the

following basic lemma.
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To lemma IS. Unde r condit ions of t heorem 5 for any r > 0 will be

- - 

- 
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located nonnegative function W,(A) such that

(W’ *E ~ L~~(w)
1) for all A the function

q( I )( ’ , i4’(I),~ ~ j,
2 (_ ,,,, 

~ )

and if , furthermor e, ~ > r , then,

q’ (A) ip (A) eIAt fL , (A) dA = 0; (5.2)

2) for all A,—~ < A ( —,

t~ ’ (A) — 
~~~ (A) ~~~ C 1 s,(Ifr) i i ’  (A).

After plott ing thus far the proof of lemma , let us show , as from

it is derive/concluded inequal it y (5.1). Let 0 (A), i’~~t — b s  a rbi t rary

functions from the single sphere of space L 4 (w ) . On th. basis of lemma

for all r > r

J e ~A T q (A) ~j’ (X) iv (A) dA~ =

— (~ik T (p (A) ~FkA ) (iv (A) 
— II-’, (A) ] (IA

~ C,w ( I / r ) j  I q (A) ( I  ~‘ (Al i~’ (A) II). ~~C ,~~( I / r L

Li

- - —- -- - --- ---—- ----- - 5- -_ - - —

TI
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consequently . p (a’) 4 C 1w ( 1/r ) • and reference to lemma 1 proves

inequality (5.1).

Let us return to lemma 15. Let us det ermine  numbe r a by the

equa lity

a ~
~~~

In view of condition 3) theore m 5 determining a series descends.
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Let us assume , further

5 (1, 5

k (x) 

~~~ 

~~~ ((I

let us determine N m ncl eus Narche nkoN I K (z) , by set/ assuming

K (x )=k(x ) (Ik (x) dx) .

PO~~WOTE 
a. These nuclei are introduced to V . A. 8archenko in the

work ‘on sane question s of the approximat ion of the contin uous

- - - - i .- -“.-- - - - -.5- - -- ----5----- - .5
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functions on all of real axis’, III, the report/communicat ions

Kharkov Hathematics Society XXII (1950). ENDFOOTWOT E .

The sought functions 4 1’ , tX ~ nov are det .rnia ed by the equality

r 
~~ K ( r X )  iv (A — x) dx.

In order to demonstrate that lii , they satisfy all requiremen ts for

lemma 15, is preliminarily studied the property of nuclei K (x).

Lemma 16. Wuclei K (x) possess the following properties:

1) K (x) — the integrated wit h square integral function of the

fina l degr ee (~— -~ /2 + U t, 5~ I ) ;

2) K ( .v)dx = I,

3) with any r) - 0 
-

stil l - -

I K ( r x )  < M,e b0 (
~ ~~~~~~~~ . (5.4)

where the consts*t ‘il . it depends only on r.

- - —- _—__ ----- —~~~~~~=-.—_ -
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two first properties are obvious. In order to demonstrate the

latter, let us note first that um~~L~)-=o .&ctually, from the convergence

of integ ral it follows tha t ~,,, ~~~~~ <
-~

Page 299.

By integrating in pitt’s, let us arrive at the equality

f -~ f1 dq = î d o ( y )  
— (I),

- 
-

from which it follows that Sinc, the function c~ (x) does

not decrea se, the last/latter condition will draw the conv ergence of
(0 (x)integral j —v-— . Consequently, there exists 11w— --- , which on the

st rength of the conver gence of integral -~~ dx is equal to  ze ro.

Without loss of generality it is possiUe to coun t l i ii  ( l i v ) — -~~

(otherwise inequality (5.1$) trivially). On assigned x > 0, let us

selec t integer ~ so , in order to N ~ ~.s (x ) < N + 1. Then

- 2 ~~~~~~ N
1 Sill ~~~~~~~~ -j -J- (2 \ 2  2~ V i ) ’ (i.’ur”

.1 1 f at,xr -\ ’2 .1 J at,x ) - 
A 

- ,2N -

I t~~”~~~~ ) I *- ‘ “ ‘i ’ t A t

On the bas is of the Stirling formula with large x

(NI)’ 
~ N4”x 2”

~~ e’~~
’
~~ ~~~ e 21”~’~ ~ ~

L-
--_ - - - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~

-5 —- -5-—-~~— — -_ - - . -- —- 5- -~~~~~ - - -5-  -— ~~~~~~~~
.
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—
~~ o) .

The last/latter ezpression with large z will not exceed e ”” -’~ (since ,~

Furthermore, on the strength of equal ity v obviously and
Iiiii w (k) =

1 ’ (2a) 2A
~22A’ r 2A’ 

0

Inequality (5. 4) is proved .

Page 300.

Being re turned to functions ~~ let us note that  on the  strength

of P. 3) lemmas 16

1 , (A) ~ rw (A) 5 K ( r x)  sup  
~~ixr dx ~

~~ rw (A) _ j~ K (rx) e’~ 
X I 1dx ~ C2 A-1,w (A). (5.5)

(X) ~ w (A) dA < oo ,

so that  ~or all 0, for which A is compulsory c~1~~~Y’. Let

us assume, further

~~~~ 
(A) r 

,
~ K (r ,(x — A)) iv (x) dx , r > o.

— T

It is obvious, wit h all ?

~~~ ~~
.) < ~~‘, (A) ~ nfsl1 w (A). (5.6)

~~i:: :~~~i~~ :T~~~~ i.iJ
_-__~~~ii::.:~:~~~_ _
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If, further, ~44 1/2, then it is analogous to

4..~~, (A) — 

~1’ ,r ti’)

= r 

~ 
K ( rx) : (x — A) dx + K~rx)  iv (x — A) dx) ~

r~ (A) L-L- K (rx) e~~1dx + 
T12 

(rx)e ~
t5IdX]  ~

<
C
~~

(A) ‘I l r .

Hence and from (5.6) it follows that for any f ixed/recorded

funct iou sq,  ~)‘~~ /- (w ) and any  fixed/recorded r

liiii j qt (A ) ~ (A) ~~
l A t W  (2.) (IA

—

~ tç iA ) ‘1’ (A) C~~ ’~Dr (A) dA.
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The last/latter equality together with the determination of space L4 (w)

allows in the proof of equality (5.2) to be bounded to the study of

the int.grals of the for.

(5.7i

- ‘- _,_-_ __ -~ 5-— - ____________________________ - — - - - -
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1 is any positive number .

X, (x)
According to the theore. of Peli — Weiner, the Fourier transform A

nucleus rk (rx) is converted into zero outside interval f-r , r],  so

that

W,~ (A) = 5 iv (x) (IX C h( ~~~x )s  x~ 
(s)  ds =

e’~-~h (.c) dc . F, c~ ~‘

i J i

Consequently, according to the same theorem of Peli — Wein er  whole /~
essence the summarized with square integral functions of the f inal

degree ~(r. Therefore wit h all ‘r > r of day lily etL T 
~~~~~~ in the

upper half—p lane and all integrals (5.7) are equal to zero. Equality

(5.2) is proved.

For the proof of the second part of lemma 15 — inequality (5.3)

— let us not e f i rs t  tha t  on the analog y 2) nuclei K (z)

lw ~ s )—W ,(A) I~~~j K(x) w (A ) — w  (A -.- ~~~~~~~

~~~(A ) — i t (A— L)
~~ w (?.) f K(x )~~up 

r 
j dx. (5 .8)

-

~~~

- - S--.5 fl-~~~~~~~~~~ -- —I

- ~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i:- -~~~~~~~~~~ ~~~~~~~~~. 
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-v ‘~ — I
With all A Therefore

_____________ J’ (~
_ L ’

~
w (A) I — exp In — 

w ( A ~~~
( -5 

i )
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t~i ( I . v  / r~ c. ii +) x I ) w ( I / r ) ,

Let us substitute the obtained inequality in (5.8). Since I A

we will have (taking into acc ount the property (5.1$) of

nuclei K (z) ) ,  tha t  for  all r ) 1

-

~~~

- sin ’—

~ 
M1 o (l/ r) j (1 + xl ) —j -

~~~~
p-— dx . iv (A) C1 o (I/r) iv (A).

.5 - .5- - - ______~ _._ _ _l__ -- - - -- .5-’- - - -. 5 . 5  -- -.5-—- - —-—-5- -—.- -  —-.5-- .5 - . - - - --.5-- -
_ _ _ _ _ _ _ _  - - --5--- ---- —— -5—---—--—-~~- - --—--5 - --— - _ —_ -------- ~~
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~~~~~
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FOOTNOTE I. lay .odsl.fm odulus of cont inu i ty  (6) satisfies

inequality w i y b~~~~ l, I i  y )~~~ 6), ‘
~ >~ (for example, see (25], page 21 3) .

— 
ENDFOOTEOq I.

Lemma 15. and with  it and theorem 5 are demonstrated completely.

Obser vation. As can be seen f r o m  the course of proof , con stant

C1 can be registered in the form C,N,, where this time C, — the

absolute constant, and H~ — the characteristic of nucleus K — is

determined by fun:tion ~ (x). Therefore, although the constant fl~ and

is not absol ute, it  it is possible to sel ect one and t he  same for the

whole class of functions v (X), for example for all those v (k), for

.5 .5 - . - 5 -— . 5 - - -~~~~~~~~~~~~~~ 
.5 

- - ---~~~ —- -—-- - - -  - - —- ---4

--——-5— - - - - - — -- --- -—--- --- ---- - —-- -— — 5 - — — .5-



—5-- -- - -—-- --~~~~ - .

DCC a 7718231* PAGE

vh ici

SI ipj  In 
~~~~I~~

0) (x).

Iwa~~ l.. Let us consider stat ionary process ~~(t ) with spectra l

density fq lA~~~ l~~ 
“ , U>O . If a )‘ 1, theu 1-~~-, -ç~ 2”, so that process ~~(I)

evem is not regula r. If a ( 1, táen

s up in  =sup( lA+ x~~— l A~ )~~~a j x j ” .

Th is follows from the easily checked inequality

~l )~ —au ’~~ 0, :i>0.

Consequently with a < 1 process ~. ( I  is completely r egular , a p ( t ) = O t x ~~).

(It goes without saying that constant in symbol 0 (.) depends on a).

Page 303.

~6. one special class of stationary processes.

In this para;raph will be shown the conditions of the

full/total/complet e regularity of atattosary processes ~ (t)  with the

spectral density of form r (A) l 2 , where I i ) i  is the integral function of

the final d.qree. Nov is ezplais.d interest in this special form of

ii

-5 — -~~~~~~~~ —~~~~~~~~~~~~~ —- - —
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processes?

most simpl y tripled , apparently, one should consider the

stationary processes, spectral density of which is equal t o i P ( X ) j 2 , p-

polynomial. In th. case of Gaussian stationary processes the

processes of the form indicated are contained by all projections of

~arkov vector processes (continuous analogs m—.ember N arko v chains) .

From theorem 5 immediatel y it follows that the stationary process

with density ’/ ’ t ) .; 2 is completely regular. Simple calculations show

that the corresponding coefficient of regular i ty  satisfies condition

I

p (-r ) = 0 (e ~ ( a - _ P) )  (6. I)

where 26 is width of the band of analyt i c i t y( 1 .’ - ~~, funct ion 1/P

(z), a ~ is an arbitrary positive number.

FOOTNOT E I. In the article of A. 0. Yaglom , cited on page 162, it is

proved tha t in this case p ( i)  there is the  maxi m , root of certai n

determinant of equation; other roots of this equation also coincide

with the eigenvalues of operator Il , IRD?OOT!O !E.

/

The integral functions of the final degree are the f3llow ing in

complexity class analytic functions after polynomials, and it is

H

_ _ _ _ _ _ _   ~~~~~~
- - _

~~
- - --- - -—- --—

~~~~~~~~~~~~~~~~~~
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possible to think which in this situation is still possible to find

idle time and final criterion of full/total/complete regularity. If

this it were possible do, simultaneously will be solved the appearing

naturally problem of the description of that set of the in tegral

functions of the f i na l-  degree. divi~ ion into which retains complet e

regularity ( see §02—4; comp. also with lemma 11 cha pters V ) .

Page 30*.

Theorem 6. Stationary process ~ (t) with the spectral density of

form L’(&) 2,vhere F — the integral function of the f inal  degree, is

completely regular in that and only that case, if

2) function F is a function of class 1 A *, i.e., A
where the additio n is conducted according to by all insubstant ial

zero z, funct ios F.

FOOT1OTE I. Recall that the class A * is determined in §11.

EIDP’OOT NOTE.

In this case it is necessary in H lniz , I = ô > O  amd with all e > O

P (T) 0 (e ”~~ )). (6 .2)

- - . 5— - — - -— -  — ---5- -— -- _ -. - -—--_ ‘~~~—. -.--. ‘—.. - — - - — - - — 5 -— — ——-- —-.-- -— - - -  -—- . 5 - -  - - -5- — -  — --- - - -
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Proof. Let be satisfied conditions 1) and 2 ) .  Without loss of

generality it is possible to count that all the zero functions V (z)

lie~rest at lower half—plane, a F (z) and 
~~~ 

essence ex t ernal

functions in the uppe r half—plan e (see 3*) . Let us introduce

meromorpnic function x(z) = -~-~9- where as before f ( z)  =

On the strength of equality (1.1$)

- 
p (t) = sup f e’~’O (A) x (A) dA 1 , (6.3)

where 8 passes the single sphere of space ci( ’• On lemma 13 function x z )

is analytical in the band of nonzero widt h I m z <  ó, ~ = i n 1 l I n i z , >O. and

is limited in any band I n i z~~~~ ’<&  On the basis of S. N. Bernstein ’s

theorems about the approach/approximat ios analytic functions 2 will

be located the limited integral functious l’, (A) th. final degree ~r,

for wh ich

Sup ~(A) 
— (1), (A) ; = 0 (e~ .i), e >0.

FOOTNOTE 2~~ Se. (25), page 317. EWDP OOTNOT!.

- - - -- -5--— - - - - - - --5--- - - 5,---- -- - - - - - - -—

—
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For all r < ‘r

5 e’~ ’O (A) ~1), (A) dA =0

Page 305.

Therefore for r < v

p (x) slip 1e~’o (A) I X (A ) — EL’, (A )j  (IA - - ~

that also proves equality (6.2) .

The need for condition 1) follows from the regularity of process

~ (t ),  and again it is possibl e to count tha t  F and ~/E’ essence

external functions in the upper half—plane.

Let es demonstrat, the need for conditiOn IE ~ A’. If we designate

by z~ zero functions 1(z). it it will be possible to register in the

form
t’ (z ) = e ~~~~ ii.(i _ *) c ’

~
i .  (6 .4)

From already demonstrated condition 1) of the t heorem it follows that

*

j

— —s- - “r- — - - —~~~~~~~~ - - —  

- ----------————---- - —----~~~~~~ - -  — --- 5 - 5 -~~~~~~~~~~~~~~ 5-~~~~~~~~~~~~~
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FOOTNOTE I . See (16), page 314. EN DFOOT NOT!.

Th erefore

x(4 - -~-~-~-=ae ’~~T[(I 
L~f 1

I (z) .IL\ z ,/ )~

where ~ is real number , a~ a~ 1. In  the upper half—plane z = )~ +

p > 0,

(z) e ’~’ I = ’ ~~— H = IT !’ — -*-I1
— ~~~~ 

)Re ;j — ).~~ + ( ~m z + ~t ~ ; It? 
-— I l L

Cons.~uently, for all v ~ . 
~ functios e iT

~~~ z is (inter n al) the

function of class - f ~~~- Therefor e every tin e that ~~~~~~~~~~;/ 1
, function e”~0x

also belosqs -‘i ’ I n  the upper half—plane, so that

0.

-‘---~~~~~ -,- - —— — -- 5 -  - — - -
~~~
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At the sane time (on 1.4))

(A) t lX p (t). (6. c) )

Let us note that if ~~z ‘(‘ in the upper half—plane, then O~~)~’ in

lower half—plane. Therefore equalities (6.5) and (6.6) make it

possible to claim that for all I , those belonging to single sphere -

and 0 , that belong to single sphere~~~~, and all i. ~~~~~

- 

-
~ ~‘ ~ ~~~-) x (A) dA ~~ ~ (t),

-: ~~~7)

-~~~0 ~A) x (A) dA <p (t).

Ineq ualities (6.7) make it possible to demonstrate the follo wi ng

lemma.

Lemma 17. It is evenly on )~~~~ a < k < —, with t —~~ 0

I i-I

x ~~~ 
d.c — ~(,c) 1s ( I) .  (6.8)

A

-

I. — 5 -  — - -5—— ~~~~~~~~~ - -.5-—- —----5--
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Proof. Let a 
~~~) 

— the odd, three times differentiate d fu nction,

which turns into zero outside interval (—1, 1). Let us demonstrate

first tha t is evenly on x,—— < x ( ~~, with T -+

I -. ~~~
- - 

~~~~~
—- 

~~~~X + x) (1 (!A) (I ,~. = 0)1). (6.9)

Page 307.

This equality is the analog of lemma 11. On the strength of (6.7)

th ey occur of the i nequal i ty

J c ~~ ~ ~~ (III x (A -
~

- .v) dA <

<p (t) — 
~~~~~~~

- ( I~. 
~~

T)—
~
— , (h i’) )

e - ’  ( T 

elAti
du)  ~(A + x) dA ~~

if only r ). $. Let us note nov that pr ecisely inequalities of type

L _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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(6.10) are the basis of the proof of lemm a 11. It is literal the same

arguments th at they prove lemma 11, they make it possible to deduce

equality (6.9) from inequalities (6.10). Therefore hete this

conclusion can be drop/omitted.

Further, let us determine the odd function a0 (X) by the

eq ua lit ies:

A 0<A < I ,
a0(A)= t1 2 .~~

0, A > I ,

Let a1 (A~. € >O - the odd , th ree times different iated funct ions ,

which coincide with a 0 (X) outside intervals I— ~. ~l —I . — I +t~i, [I — F , F~~,

whereupon wi th in  the intervals  .1 funct ionca~~ , )  O.f r ~-

monotonic. On the strength of (6.9)

~ I,k
I - ~lII I __

~
__

-
I

- 

_
.
~ ~~~ - —— x )? . -~— x) ~a1 (TA) — a~~TA )j  (IA

2 SIll

I 
—~ -—- - dA+o(I )~~~I6F+oW .

~in2 —~~-

b- ---—— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -  ~~~~~~~~—~--- — - -._~~~~~~~. — - - — - - -  - - - - - -  -— - -~~~~~~~ --- -~~~~~~~
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~~~~~~

Consequently , equality (6.9) will rem ain in f orce, if we there

replace a (X) by a 0 (k) ; des ignating stil l 1/T throug h t, we will

obtain (6.8). Lemm a is demonstrated.
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Lemma 18. There is a positive num ber 6 > 0 such, that  the

function X (z)=1(z)/l ’ (z) is analytical in band I l i i i :~~~<&

Proof. Function x (z)  is meronorpmic, and as its poles serv e

insubstantial zero functions I ( z ) .  Consequently, it is to demonstrate

that all the insubstantial zero functions i~
’(~) lie/rest outside b a n d i l u i z i

~~~~& Let ~~,~~
-5- C L J

- - I; ’~ be any zero functions F

Let us det ermine integral funct ions v1~~) and v i (z )  by the

equali ties

-- z \ ’1 -- —

~
‘ , (z) = — —— ) I (z), ~~ (4 = 

~ 
(i).

Let, further,

I (IL .— n,) — I - I

It is not d i f f icul t  to comprehend that y,f~’,~~ Yt?~ in the upper
-V t -half—plans, and therefore -~ - E&~~ in t he  upper half—plane , whereupon

y ( I )
I. Os th. strength of (6.7)

L— ______ - ‘-

~~~~~~~~

_ - - .5 . - . --- ---

_____________
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e’~~ p 1 (A) (A) dA

~~~~~~~~~~~~~~~~~~~~~~~ 
(6.11)

Function c,(z)-~-4 is anal ytical in the upper half—plane, wi th the

exception of pole at point z~, and it approaches 0 with z I — ~ oo .

Therefore integral in right side can be computed accordin; to the

deductions of integrand. It is equal to

.f (I) ?/ -‘— 2 \  -, i -
23-ti ~I3bI~~CT c Ar q, j (z) 

~ 
) — 2 (e — I I e

Ke91 (i) PE~ sdWI .

Substituting this result in (6.11), let us find that

P(’)~~ ~~-(e — j)
2 t l /t 

(6.12)
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consequently, if ô - = i I I f I ~~~~~~~, where iaf is taken on all ~~~~ the n on

the basis (6.12)

and, then with an increase r p ( i)  —~ 0, It is necessary 6 > to 0.

Lemma 18 is demonstrated.

1
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Nov we will show that  from equali ty (6.8) and the analyt ici ty of

function ~~ in band liiizI < ~S follows the inequality for a derivative

X’(A): s U p i X ~~A) k Z oo . ~~un ~.e_.

x’(AH = ~~~
— 

~~~~ Iii~ ‘ —
1
—-

~~ 
= ~i —  2 ( i i i  

7 T A

the theorem will be demonstrated. Subsequently (for simplicity) ~

will be assumed to be equal to zero. This does not d iminis h

generality, because in basic inequalities (6. 7) factor ‘‘ ~~ 
can be

introduced into composition e” , which in the worse case wi ll bring

perha ps only to replacement p ( i)  on p(t— ~~~~).

Let as be above , z, =u , — i~~~~ On the basis of Leibnitz ’s for mula

I I , -  — A ) 2 -l (1

X~~
U (A) ~~C~~~’(A) ~~~~~~~~~~~

whereupon the sun.ation is con ducted according to that j, fo r which ~,

~~0. On lem ma 18t ~j t = — t % i~~ o > O ,an d therefore

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~~ ( ‘)
~ 

I I fr)

1( ( U
J X) 2

+) ~~~~~ = K~~A 
~~~~ J~I 2r ( (2 ) ~~) P

p~~~O. -

‘
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Consequent ly , for s — k >~ 1

s — h + I
2I~ , I ~~s A I ~ -, ~i~~t

k)1 . \~ 
( 2 I I ~ ,j  ) 

~~~~~~ 
(a 1 — A ) 2 + ) I ) 

- L~ ~~~~ ~~~~ 
s - k F - I ~~ -

< ~~~~~~ 
k)! 

-1-v ~~~~~~ ~~
- - - -

~ 
—I -~~~ 

.
~ 

—

2 \ I

- -c— 4 + l
Ic  — 1-)

=2 - - - - —_ , : , -- j ~~’(A) I . (6.1 4)
2~) 2

Let at point )I be fulfilled the inequality x’(Afl~~~I .  Let us assume
besides the fact that  at this same point for all ~ a 2, 3. ... , s

~~(A) 
. 

- I:~I x’(A)I~, (6.15)

where L — certain constant, and let us demonstrat e that then (6.15)
remains in force also for k = s + 1. For this purpose ,
we substitute InequalIties (6.15)

— 
~~~~~~~~~~ - — .5---.-, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- —-- —5- 
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—- - ----------- ~~~~
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in (6. 13) ; using inequality (6.1*) and by agreement Ix ’(A) I~~ I , let us
find

.c(
A — O

si ~
‘ (A) 

~ (i: -
~~ ~/ k (I.’ + (2ô)

_
~ 2)) <

(s + 1) 1 x’ (A) r’~~.

if constant L is selected by sufficiently large (for example, if

L > ( l+ 2 t2 ’~
t.

Further , f rom (6. 13) and (6. 14) follows that at those points,

where x’(Afl~~~l , knowingly

I x” (A) ~ ( I  + -

~~~~~ 
X’(A) ~< L2 .2 !  

~‘ (A) 2,

if constant L is great. Therefore in all points ) , where x’ )- ~~~~- l . and
for all k > 2  are fulfilled inequalities (6.15), constan t L in them
on )~ not depending .
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Let us show mow that  the assumpti.n s i p ~y ’ .~ j — -~ leads to

contrad iction with lemma 17. Let us select the sequence of points A~

.5 -~~~ - - ~~~ -- -----.5-

.5 — — .5 -.5 —S—- .5 - - .5 - - - —- — .5 - ~~~~~~~~~~~~~~ — -—-.5 - - - - -

_______- — — — — --—- - _ - - - — — - - ----_ --- - ----------—- -— -——
~- ----- ---—------- -- ---—--— - .5 -— — __ _ _ ___ _ ._ __ _____ . _ _ _ —

~~~
i____ ___ _ __.___ _ _ - _______ _--— __—~~~~- _ — — — — — . 5-— -- -- - -
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so tkat.-11 k = j x ’~A~~ --.- - -~ , and let us assume

In accordance with (6.8) with k —+- a

X )A) (IA — X ( A )d ~~, ~~~ (/~~ ) . ( G . I6~A~

With larqe k I kI < ~
\!2. aid on lemma 18 analytic in range lA—A 1 <Ikfunction x A)

is decompose/expanded t here in Taylor ser ies:
_
~~ l) )

~ t A t  =- 
~ 
(A t) I — - i-- - 

~~ 
- - l

By substituting this expansion into right part (6.16), we will obtain

with the help of est imation (6.15) the fol lowing inequality:

— X (~- 1 (I)~ -

~~~X
’k~-k )~~ 

+ 2 �. ~ x - 

y ’ (A i .)  /~ ~- l  — 2~~ 1 i ~. Ix ’()-’-~
’

~~-~~~
- 1k * ~ / t .
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The obtained contradiction proves the need for condition l’ c~ .i Tkeorem

6 is completely demonstrated.

Observation. The incidentally proved following equality, which

follows from (6.2) and (6.12) :

j i l t  (p (~) )~
‘ = e - —  iii I

1-411

I.

- - . 5  -- - - — . 5  ~~- -  -r a -
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Page 312.

Ch apter VII

FILTRATION AND THE EVAL UATI ON OP THE AV ERAGE VALUE.

§1. Best unbiased estimates.

1. Formulation of the problem. Let us examin e the  random process

of the form

~ ( f )  1~/) + \ ( l ) ,  I ~ T , (1 . 1 )

where O( !~, 1~~ T — the unknow n determined fu nction f rom a def ined class

0, a £ ( t) , I e ~ T are a Gaussian stationary process wi th  the zero

average and certain correlation function B (t).

For a clarity it is possible to inter pret a = 0 (t) as useful

signal, a £ = £ (t) — as the appearing in corresponding commun ication

channel ran dom noise. Us will interest the problem of the optimum

filtration of random process ~ a ~ (t) — isolation/liberation from

- ----- — - - - -— --—-—— — -- —---.5-- — ~~~~•.~~~~ - 5- — - - --

- ~~~~~~~~~~~~~~~~~~~ TT~~~~~~~ 1T - -  -~~~
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(1.1) unkn ow n sigulO€~ f4 . This problem includes in that in order to

convert the “entering signal” E for the purpose as it is possible

more precisely to reproduce e. specifically, the  obtained after

transfor m random process 0 = (t) must satisfy the follow ing

requirements: f i rs t , the  average value of difference e (t) — a (t)

must be equa l to zero:

M ( O (1 ) — Q ( / ) 1 =-~O, f ~~ T, (1.2)

a in the second place, the RMS value of this difference must be

minimum:

M ~t) ( I )  — ° t’)j2 — t in. ( 1.3)

Page 313.

The probability distribution of the random process of for m (1.1)

depends on the functional parameter~~~- . so that  t here is a f ami ly  of

distributions P , where the parameter 9 9 (t) , I G T i s  the  averag e

value of the corresponding distribution P, :

11 (1) M~~ i , I r~ T. (I 4~

In this case corr.lation function is one and the same with all 0,

namely:

~ ~.ct — 0 (.s)I ~~, (I) — II (1)1 — IS (1 — .c) ri -~~) 

--~~~~- --.-_.~~-~~ 
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(here and subsequently M~ti viii indicate the  mathematica l expectation

of random variable . calculated according to correspondin g

probability distribution P 1 .

The problem 3f filtration, actually, coincides with the problem
~~ A

of the determination of best estimator 9 a 9 (t) unknow n average 8 =

• (t). Special interest this problem is of in the case, wh en e = a

(t) takes the form

0(1) -‘-— 2 ~~~ (I), (I (~~

where 0 ( 1 ) . . . . ,  O~~ ( I t  — son. assigned functions, and 01, ..., ~~ —

unknovn (real) coefficients (“regression coefficients”).

Each of these coefficients is linear functional of 0=- ft Let us

say, if in the linear space of all functions 6 = 8 (t) form (1.6) is

determ ined certain scalar product (0’, 0”), and to function ø~
, ..., 0,

is formed base in this space, then

= i~
Il’
~, 0). k = I is , (I ~7)

where R , ..., 0, — the conjugated/combined set of functions, determined

by the conditions

I(.)iii~i / =(on , o, =. ( 0~~npii ~~~ 
/ .  k= I V.

Key: (1) . with.

~1 

- . 5- - - —- —  _ _ _ _ _ _ _ _ _
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Page 314.

As it will be show n subsequently, the best unbiased est imates ~ ( t ) , I c ~ T,

representable in the form

O(I )= t~0~(/ ) , I ~ T, (1 .8)

where ‘t — the  best unbiased estimates for  unknown coefficients
It (t v

Linea r functionals of OE= A are the separately undertaken values 8

(t). Subsequently will be examined the question concerning the best

unbiased estimates for arbitrary linear f u n c t ionals a = a (9) of

un known func tion 9 = 6 ( t ), I~~~T. In the study of this probl em it is

logical to suppose that all the probability distributions P1 are

equivalent to each other. Without limiting generality, it is possible

to count that  they are equivalent to d istribution P = P 0, to the

corresponding zero value of the parameter 0 (i.e. 0 (t) ! 0). This

will be assu med su bsequently.

2. Necessery and sufficient statistics. Completeness of the

family of distributions. Let us refine, tha t  statistics we call any

real random variable ‘I = ,l(o ), measurable relative to .—algebra9( r ) .

L 
- 

— — - -
~~~~~~~~ 

~~~
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which is generated by values ~ (t) = ~ (w, t) the “observad” random

process (h er . I € ~~T and ~~~~c~, vhere 0 is space of simple events). It is

logical, arises the question concerning that, with the exaninationof

which statistics it is possible to be bounded when evaluating the

unknown parameter o~~ t i  without the loss of any information.

Speaking about one fa.ily or the other statistician T -= i l (111 , it

seems expedient to be converted directly to generated then .—algebra t’.

In connection with this let us call .— algebra ~~~~ I ( T )  sufficient for

the evalua ted paramet .r0~~’~.if the condit ional probabilities

calculated for all events P~~A/v ) ,  according to corresponding A~~~ 1( T )

d istributions P~1, are such , that  with eac h o~~t to probabil i ty  1

P0 (A H ’ t = P ( A f ’ t ’)  ( 1.9)

(i.e. speaking in general terms, the conditional probabilities P 1 ( A/ ~ )

do not depend on the unknown parameter o~~~ ).

Page 315.

Let us call .—alg.bra I~ necessary, if it is contained in any

sufficient c—algebra (perhaps, supplemented by the sets of

probabilit y 0) 1~~

L - - - _~~~~~~~~~~~~~~~~~~ - - - ~~~~~~~~~~~~  1~~~~ I L~JTzIT.;
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FOOTNOTE 1 Comp., for example (17), pp. 33—37. UDPOOTN3TE .

Let us note that if ‘
~ ‘ is sufficient c—algebra , then for any

real value (having mathematical expectation Moti with ea c k 0 E ~t-~ valid

is the following formula: with probability 1:

M~(ij/’~)= M(i~/~), 0~~$. (l Int

This immediately follows from equality (1.9), if one considers

that the conditional mathematica l expectation M11 (t~/V) can be defined

as limit

M0(r~/~ ) = 
,,~~~~~.‘ 

�.: - .  p~ (.±..~ .!.. < ~ <

where there is in form mean convergence with P,: on the  s t rength  of

the equivalency of distributions P1 this limit with probability 1

one and the same during any t c ~~ l-1 .

Let

p0 (to) = P~, (dto)/P ( ( 1 ( 1 ) )  I .

be density of distribution P~. Let us designate ‘~t v—algebra of

events, generated by all values J~ I ~~t from t Q (0 
~ 

ft).

Lemma 1. c—algebra 2’ indicated is sufficient for the parameter
OFt H.

_ _ _ _ _  1IT11.~ T ~~~~~~~~~~~~~~~~~ J
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Proof. In fact, with any A~~~~~~fl and fS ci 2~

P0(A 1i)  — p0 (w) P (dw) -= M j M (X ,tXtjp o/ 1~)lAR

M J~ 8p0M (Xn/ ’~- ’)1 .‘— P (i1J2~) ~ (to) P (tI ~
)

is simultaneous

P9 (A IS) = 
~ v (~1~) P0 (dco) 

~
) P~ (A/~ ) P(l ( o )  P ((/1 ))

11 p

wh er e y 1 — 7 1 0.)) and Y,i =~~ 0 ((,)) — the indica tors of sets A and B.

Page 316.

Since B is an a r b it r a r y  mul t i tude  from ~ for measurable relative to ~
integran ds we have wit h almost all (I)~~~~~~~~ 2

P0 , 1/ .’1 i)  Pf l (t a t )  = P (/1/-i’) /‘~ ( t o) ,

but p , t I l , as densit y of equivalent mea su res P0 and P . is a lmost

everywhere posi ti ve , so t h a t  wit h probability 1 occurs equa li ty
(1.9) .

Let us not e t h a t  a l l  values p~ , o~~ e, determine d formula (1.11) ,
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satisfy condition Mp9 = I .  Let us designate L’ the spa ce of all

measurable relative to v—algebra 2~ values ii. for  which MIr l I<oo .

The family of distributions P0. 0~~ A , is called limited

full/total/complete in L’, if for any limited value ~ (measurable

relative to ~)) the relationship/ratio

M~1~1 = 0, 0 ~

is equivalent to the fact that ~=0 with probability 1.

The property of the limited completeness indicates I that any

linear continuous functional on banach space 1) (with norm m U  . ‘M ;i-~).

that turns in 0 on cell/elements 1~~- L’ . is equal to 0 ident ica l ly .

FOOTNOTE 1 _ See, for example, (26), page 35. ENDFOOTNOTE.

Thus, the property of the limited completeness of the family of

distr ibutions P ,. i)~~~~ -t , is equivalent to the fact t hat the  l inear

closure of values ,‘~~
, ~~~~ is everywhere dense in L’.

Lemma 2. For lim ited full/total/complete family  of distr ibutions
Pp. ~~~~~~~~
‘ribave c—algebra ~ (generated by all values of form (1.11)

- - - - .5 - - . 5 — - -  .5 - — - - -~~~~~~~~~~-- - ——--—-— -- ------—- - - - - —-— -- --— .5
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indicated) is not only sufficient, but also necessary.

Proof. In fact, it ‘t’ is not necessary, then it contain.s

certain su ff icient v—algebra (c suc h, that  certain mul t i t ud e ~~~~
does not e nter in addition/completion ~Y, in other words, va lve ~1= ( 1 ( w )

form ( , )

= 
I ~ 

p, 
~~~ ‘~~~. ~~~~~

‘ ~~~~~ k() I1~) I t  (I) ~~~ /5

Is not measurable relatively ~~~
‘

Page 317.

Since ic is sufficient c—algebra, value i~ = M 1~~,R~) does not depend on

0 G f ~and M 0 I 1~- -~ I -=- 0wt tb all ~~~~~~ Fur ther, once ~~~~~~~ 1, then also 0

4 1~ ~ 1, so that value ~~ = t~~~— i ~ is liaited. On the strength of the

completeness of fam i l y  P0. u~~ - -~. limited (measurable relatively .~~

v a l u e \ — i — i ~are s with probability 1 is equal to 0 and ( - -~~(. Thus ,

va lue 11 in real ity is meas urable relative to c-algebra “. The

obtained contradiction shows that  v— al gebra .~~ is necessary.

For by us the Gaussian distributions P in question the

conditions of equi valency and the explicit form of values (1.11) were

found earlier. Specifically,, acco rding to theore m 7 chap ters Ill for

the equiva lency of Gaussian distributions P11 and P necessary is

suff icient in order that  the  average value 0 (/), Hi1 , would bel on g to

H 

- - ~~~. . 5  - -
.5— -- -—- 5--- - - 
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space I of all rea l funct ions y ( t ) , I - ~~T , representable in the form

y (I) = $ ‘ ‘‘‘ q~ (X) F (dA), I € 1, I . (2i

where 0 (X) — certain function from appropriate space i , trL an d F

(dX) — the spectral measure of the random process ~ (t ) ,  s tat ionary

with respect to probability distribution P.

As already mentioned (see §6 chapter I), representation (1.12)

singularly. Let us introd uce on the linear space I scalar product,

af ter placing

(!Ii.  ‘/2) ~~ ~r .  ~~~~~

where •~ ~4 and 0, (>4 — cell/ele ments  f rom the hu bert spaces I r (F ,

wh ich correspond by formula (1.12) to functions Ti = 11 (t) and 12 =

y, (t) . Thus, for  equiva lent  distr ibutions P~, 0 c ~~-~. a param etric

mult i tud e 9 is set in hu bert space I:

~— -
~~ Y. I.

Page 318.

In order to cl a r i f y  the nat ur alness of insertion 0 in I, let us

point out in the cases , when the se ti i s  f ina l , so tha t  t here is a

f ini te  aunbe r of Gaussian valu es ~~t a uj  with unknown average

values Ut ,I I~ ~~ 1 ,,) and one and the same correlation matrix /d ie. If

this matrix/die is nondegen r at e, then I is the )i— d.tmens ional vect or

~~~~~~~~~ TI TJII~I - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
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space, in which 0 there is the det ermined mul t i tude of vectors 8 with
coordinate s c(/ ~) , . . . ,  0( / ,, ). If the correlation matrix/die is degenerated

and h*s ra nk m C n , then I is i- dimensional subspace in the

~ —d i.enstona l vector space , on which is concentrated each of the
degenerate Gaussian distributions PIt (probability distrib utions of

values ~~( t (  
~(1,M.

According to formula (3.2) chapter of III value (1.11) they take
the form

P~~(to) = C0 exp ()~ ,(i~)~~, (I .15)

where

C0 = e x p - ~ — -
~~

- Mi~~} , ‘lo - - 
,
~

and ~~i) it indicates the stochastic spectral measure of stationa ry
with  respect to dis t r ibut ion P Gaussian process ~ (t), a q’9 cf l  is
that function f ro. space i~~(F , which figures in representation

(1.12) of the corresponding function ‘~~~~~~~~
‘ :

( ‘~~~~~~tf ~~ () . ( F Id) J . I ~ T. (I. 16(

Lemsa 3. If a parametric mult itude ~ c Y  contains certain
ps rallelepi ped fr an its locked linear closure ~~, then the fa mily of
distr ibution s P0 is limited fully.

- - - - . 5  ___________________________

—.5. 
T~~~ _.-_ _~~_~~-L
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~~oY

Proof . In Hu bert subspace ~~— Y  with  certain orthonormalized

base a,, 0 ,, ... by parallelepiped we underst and many all point 50=~~ c 0 ~,

wh ich have the f inite number d i f ferent  fr om 0 coordinates C2 ,  C2,

.. ., which satisfy the condition

C
~~

_ C /
~~~~

ók, k = I , 2,...

where c~, c~. - the  coordinates of certain fixed/recorded

cell/eleme nt, and 6,, 6,, ... — some posi t ive num bers. Let us assu me~~,.

~~ 11”k (see formula (1.15)), k 1, 2, .... To them (1.16) it is evident

that

_~~~~
‘ - (€ ) . 1t. . V . r~111) .55- O I l  —

Key ( i ) .  u~ rUi.

Page 319.

It is easy to see that values p , . - -
~ . determined by formu la

(1.15) (in which 1 , I t c ~~~ ’ — Gaussian values from space H ( T ) I ,

enter in h u ber t space lI~I It is clear that the system p~ . ~~~~~~~~~~~

will be fu ll/total/complete in space I). if it there is comple tely in

filbert space I. - (designated subsequently simply L~, which co nsists

of all val ues ‘I~~ Fl~f . measurable relative to v—algebra ~P

(recall that it is generated by system p
~
. i~~~~~4 , or, which is

the same thing,  by the system of values ~, .  u~~ -’ .

Let ‘j- --q’ t ,i, ‘,,, i be a Borel fu nction on I—dim ensional real

L

.5 - - -- - 5 -- - ~~~~~~~~~~--~~~~~~~~~—~~~~~~ - - - - -- .5 - -  - - - —
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space. It is obvious, the set of all values i1 =L  form t -’q t~ 

forms ever yw here dense set in all space 1., and during fixed /recorded

n it forms the loc ked space.

let us assume temporarily that at any n the system of values p

form (1.15) (where )~-~~ (-0o,,, ~~~~~~~~~ i~ — I ,,, and — some

positive numbers , a ~~= �~~ek 11~ ) 
is everywhere dense in the subspace,

formed by all values ~~~~~~~~~~~~ Th en , obviously, the

linear closure of all values ,i , u~~’- . will, be everywhere dense in

all space 1. Therefore it suffices to demonstrate only that if

~~ Pn (ii !l,, ) ( ‘X ~ I ~~~~ 
C 

~
- P ( I I I  —

1/ ”

with all ) r C ~~~. (where P ( ,-I , , ) is distribution of values ‘~ 

in)v—dimensional space) • then also function itself ‘1 -ui  y, i is

eguel to 0 almost everywhere relatively P d y) .  But this is veil

known fact I , since the densities

P11 i~i tn  I ICo c x l )  
-
~~~~ C A-! Jr. j

where C~~~~~~?ik ,  /,‘= I  n, fo rm exponential family .

FOOTNOTE I~ See, for example, (173, page 76. IIDPOOTN QTE.

-.5-— .5.-.- - -—.5- ~~~~~~~ ‘.5— --——-— .5 .5-
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Thus, lemm a is demonstrated.

Page 320.

3. Un biased estimates. Formulas (1.12), (1.13) give the

isometric conformity of hUber t spaces I, L~~( F )  and H ( I) ,  wit h

which
y € ~~ ~~~~~~~~~~~~~~~~~~~~~ (1.17)

(!/ . !J~) = (
~~. q~2),~ 

= (‘h. ‘12).

Here H (T)i , as before it indicates the locked linear closure of

values ~ (t), f c ~~T , the stationary with respect to distr ibut ion P

caussian process, in which the scalar product is ~~~. 
i
~~~~~

= M 11 i-~7. ~I) cTh

— the corresponding stochastic spectral measure, and value ‘~ in

(1.17) is connected with functions 0 (X) and y (t) (figuring in

(1.12)) by the equality

.1 ~~~)t1~~1A). (I.I8

Let us note that since

~~
‘ 8 (-s — /i  = e~~~ c’~-’F (dA),

with any s the function q , ( I ) =- f J ( c - - I )  of i’ eT  enters in space I,

whereupo n the system of all functions !/. .c ~ T. it is

full/total/complete. Completeness follows, in particular, from that

fact tbet full/total/complete is the set of functions e~~~~i.r (F),

______ .5 - --.5-- “.5- - - - - - - —.5 ~~~~~~~~~~~~~~~~~ —

— - — ~~ --—- ---~~~~ —5----- .5
---—- ---- .5 

.5 

-

-

.5--- --- -.5 L T T ~~~~- L
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which correspond to functions g3~~~Y:

— 1)~s—~-.e ’’-~ - ‘---— a(s ).

According to formula (1.16) each functional of the functional

parameter 9 = 9 ( t ) ,  I ~ T, defined as value of function 0 = 9 (t)

at certain fixed/recorded point I ~ T , let us present in the form

U (1) = ~c ’~’, 
q)0 (A.))I~ (!I . 0). ((.19)

It is evident that the functional 8 (t) of 0~~~4 is cont inued into

linear continuous functional on hilbert space Y, whereu pon

unambiguousl y to the su bspace ~-sç ~~’, which is the locked linear

closure of cell/elements fl€~i-4~

Page 321.

Below we will consider the unbiased estim ates for the arbitrary

functionals a = a (9) of fl~~ 4~ which are the contraction on ~~~~~~~

of certain linear continuous functional in hilbert space I,

representable by the common/general/total formula of the form

a (f t ) —~ y, 0), ~~~~ (1.20)

wh ere y a y (t) , l e T , certa in funct ion from space I.

It is usef ul to note that the functional a (9) of 0 ef ’~

- -,‘a % -r - S-””’ .- — --5- - - - -- - .5- - 
.5 .5 —

— . 5-  
.5 .5-— - .  ---~~~~~~~~~~~~~ - . 5-— 

—- - — - .5-— - - — ----~~ -— .5 --- .5 -—~~~~~~~~~~~~~~~ -
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allow/assumes the linear un biased estimat e (i.e. this estimation à~~
FI~T), for wh ich M 0â~~ a(O ), )Je (~) when and only when it is the

contraction on )~4 ç Y  of certain linear continuous func tional in

hilbert space Y. Specifically, for the functional of form (1.19) the

linear unbiased estimate is va lue E (t).

Actually, tak ing into account that which was described in (1. 17)

unitary isomorphism, from formula (1.22), which is derive/conc luded

below, for the functional of form (1.20) we obtain

z ( O) =~ it. 0) =~~~, ‘io)=  M 11i1 with 0 ~~ f’), l . 2 1 i

wher e l ) C H ( T)  — the va lue of form (1.18), that correspon ds to

function ~~ ~~ . On the other han d, each value ~~ 11 ( T) .

representable in the form V= ? ‘I’U/)i , answers functional a (9)

form (1.21), allow /assume continuation from set €l~~ Y whole space

I. In this case its assigning function y e - ’ is determined by the

formula

!/ ~~) c iAt q 
~) F (dx), I ~ T,

Lemm a ~~. Any value 1 ) e l f I r ~ has the f i na l  mathematical

ex psctation M 0~, whatever oe~ . Is this case for va lues ~ from

subsp.ce K (T) , generated as values ~ (t),  i c r , occurs the

following formula:
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M9i1=~1, ,~
) , o~~e. (1.22)

Page 322.

Proof . Any value ij c lf ( T ) ,  as limit of the Gaussian values of

form ~~~ck~~(i fr ) ,  itself is Gaussian. Therefor e each of values 11o~~~f I ( 7 ) ,

which figure in formula (1.15), is Gaussian, so tha t density ~?~~~~~ ? ((n )

is integra ted squared with P (in other words, value p = p n l o )

enters in hu bert space IflTn. For any l imited value i~dH (T) we have

M0i1 = M 1p0 = 
~~~~

, pa). ((.23)

For any va lue -,1dH ~T~ it is possible to select that which is

converging to ~ (in hilbert space If l7~ the sequence of the

limited values ~1 ’  12 whi ch is fundamenta l , also, in the sense

of mean convergence with P0 :

— ‘i,, 1 =  K ~~ —- ‘n..~ I. / 1))) <: 
~~ 

— ‘1,~ II 11~~10 —
~~ 0

with •, n —~ °. It is obvious, sequence 1 . ~~~~ . . .  converge in

mean with P 11 precisely to value ~. since P is equivale nt to

measure P. Consequen tly,  M( ) < n o . whereupon for a math em atical

expectat ion M~i is valid formula (1.23) . Further , for values E (t) ,

leT,simultaneougt y occur the following equalities (see (1.t$), (1.15)

aid (1.16)):

j~ 
I

—.5- - -- -- — .5-- — ——-.5— —-—-. 5— ’  - -- - .5 -.5 - _-_-_—-.5 — .5.-.. - - - .5 ____ —.5-- -.5——
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0(1) M0~ ( I )  = $ e _ iMq~0 (A) F (dA) ~ ~~(I), 1o~’

From t~. obtained equation

= ~~. with I = ~ ( I ) ,  I e

in am ~~vious m an n e r  follows that the mathemat ical expectation M01 of
‘1 (-

~ 11)1).

~~~~~~X i11 ”li ne ar cont inuous functional of form (1.22) on hu bert spac./fl7 .

on subspace H (T) (generated by values ~ (t), I c T,  can be

registered in the form

M11 ~~~ F’O~
) = (si. ‘il).

It is evident also tha t the fi guring in fo rmula  (1.15) value 110 €= I1 T)

coincides with the projection of val ue p 0 E~ II ~ T) on subs pace H ( f l .

Page 323.

Lemma is demonstr ated.

Let us designate ~ v—algebra, generated by all values ‘i~ = i ~ (o-’)

on ~ (0~~~~I -l~ designate 1. subspace into the Bilber space 1I(T ,

formed by all values 1~~~IIl !, which are measurable relative to

~ v—algebra Z’ . and L — the locked linear closure of all values ,10 (o~~ H 1.

L

_____  .5 — - - -—~~~~~~~~~——  —

.5 _ _ _
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As has alrea~ y been indicated , f rom formulas (1.15) , (1.16) it

f ollows that

in �.~ ~—- flnk with 0 = ~~ ~~0k ’

and, consequently (see formula (1.22)), for any value ieII~ T)

M~,1 ~~ I)~) �..- C,~ (‘fl ~~ Ck M I) & 1].

In view of this it is clear that for any functional ~ (9) form

(1.20) (see also (1.21)), assigned on an arbitrary parametric

mult i tude ~~= Y .  its linear unbiased est i.ate i~~ If ) T

simultaneously is the linear unbiased estimate for linear

continuation a (9) to the locked linear closure an initial

multitude ~4. This indicates that in the examinat ion of the  linear

un bia sed estimates, without  limiting generality, it is possible to

coun t

((.2- I)

Under this assum ption we deal with full/total/complete family of

distributions P~. ~~~~ (see lemma 3), and necessary and sufficient

v—algebr a for the parameter fl~~~ f-~ it is v—algeb ra ~‘, qenera ted

va lues ~~~~~~~~~~~ from formul a (1.15) , i.e., the values of the form

— - -.- -- - - - - - - — — — - - - -_ .- _ — . -= — •- - - .5 - - .- —.-  - - -. 5—-- - —— --- - —- -- - --—-— . 5-  .5 - - -.5
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‘In ~1n (A ) (I’ (( IA), ((.25)

where the function 1 -~ iA ct.~~ F )  they are deter.ined from integral

equations (1.16):

I) ) I )  
-~ 

e~~xt t~ (A) (I) Id A ) .  I ~ T

(para meter 9 passes here certain full/total/complete system in ‘-fl .

Page 321$.

Let a (9) be a functional of the unknown parameter n~~ - .

described by formula (1.20), and 1i~~~ll~! — certain l inear

unbiased estimate (see (1.21)). Let us assume

= M (~/~t~). (1.26)

Since v—algebra ~‘ is sufficient for the parameter oe’-’. is

si multaneo us

‘1 = M01 /~ ,, 0 ~

and

M0l~ = ~~ = a (O) C’~1jp,i ncex 0 A;

fey: (1). with all.

- . 5 -  
_ .J~1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — -~~~~~~~ - —-~~~~~~~~~ - - . 5  .5——— - —- -
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furt her.or e,

M9 (a — a (O))2 = M0 (11 — a (O))2 — M0 (~ — a)2 <
~ M (i~ — ct (O))2 . (1.27)

It is evident that the deteruined by foraula (1.26) value ‘ is the
#~ A

Wiaproved~ unbiased stiaate. This value a = a (ia) is anasurable

relative to v-algebra ~‘ is (on the strength of the coapleteness of

the faail.y of Iistrthutioas P0) the only estiuation of this type,

since if~~= ~~o ) — ~~- aeasurabl• unbiased estinate for a (0), then

M~(a — 1) -= M0â — = 0

with all 0~~ ’~ ~nd therefore in reality 6=i~ (with probability 1

relative to any distribution Pa).

Pot aiassian values r~~~I ! ( T )  and ~q0 (0~~~~) value

iadicat•d à=M(i/’~) is th. projection of valus i~ on subspace L, which

is generated by values r in~~~I f ( T )  fora (1.25G (see §5 chapter I).

Let us designate L0 orthogonal coaplenent to subspacs L_ ~!I(T):

H tT)~~LTJLO.

La we recently shoved, all, the linear unbiased estinates i1~_ l I (T

for a (0) have one and the sane projection ~ on subapace L and

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  - 
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therefore are representable in the fori

= & ~3 ~~~
, 

~~ ~ L~. (1.28)

Page 325.

On the other hand, for any valu• A c L 0 by foraula (1.22)

M~A = ~~~ ~~ = 0, o ~

so that any va l ue of for. (1.28) is the linear unbiased estisate for

a functional • (e) , whereupon (see (1.27) ) esti•atioe â~~~L there

is best a.ong all such estiaations.

It is useful to be converted to relationship/ratios (1.17). To

values ~~~ 1 1 ( T)  they correspond to fun ction O~~ 1’ , so that (1. 17)

it det er.ines the unit ary isoaorphis. between subspac.s L~~~1I( T)

aid R~~~Y, with which

( L 2 :fl

F The linear c,utinuous fun ct ional a (~ ) of e unamb iguously is

determined on subspacs ~3 c Y  by the formula

u (O) (O~, O), o~~~e, ~L3O

vher~ O~-’fl,((~ 1~~ T , the assigning funct ional • (I) funct ion

from s~ By formula (1.17) (see also (1.21)) this functioa O~1 c~~~ it
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answers the linear unbiased aatimate i~ from subspaces I., which

coincides with best estimator a. Thus,

à =  J~~n () .) (-I) ( dX) ,  ( L 3 i )

where ~~~~~~~~~~~ there is a solution to the integral equation of

form (1.16):

O~(/) = 
~ 

e ’~’q~~~) F  (d X), t~~ T, ( l .~2)

with th e “left sid e” , which figures in formula (1.30) for the

functional a in question (9) of 9~~~F~

Theorem 1. Function • (9) of the unknc wn parameter (~~~~4

al low/assu mes the linear unbiased estimate ~1~~~II )T) when and only

wham a (9) there is a linear continuous functiona l on hu bert space
f$ c:: 1’

~ A t. t • (9) be this functional, given by formula (1.30). The best

unbiased estimate ‘~~ for  ~ (9) , e~~e, can be found by formula

(1.31).

Page 326.

The set of all linear un biased est imat es ~ for a (I), 0~~ A,

geometrically is hyp erplane in space if (T) of the for .

(L.33)
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(see (1.28)), wher e L0 is orth ogonal co.p leient to the subspace L c ~ 11(T .

generated by values ~io for . (1.25) . Subspace L is the set of all

best unbia sed estimates ~ (for diff•rent linear funct ionals • (9) of 0
E~ e). Th. estimation s & for ~ (0) a~(0) are best in the

sense that t hem correlation insulation blanket (se,), .c11 — M~~ ,—a 1 (8) )

(a , — u , (o) ),tk.re is smallest amon g correlation matrix/dies ( y ,,} all ot her

unbiased estimat s ‘~~
, ... ~~ ~~~~~~~~~~~~~~~~~~~~~ m ame ly:

(s,~) ~~~~ (L34)

(i.e. the matrix/d ie (s,~)— ( o ,,) is negatively det ermined)

Proof . Besides inequality (1. 34) , all assert ions of t heorem 1

have demonst rat ed we above. Inequa lity (1.34) follows from that fact

that the linear combination of best estiw ators à= ~~~ c~â ,, bel ongs

together with estimations a a,, to subspace L and is the best

unbia asd estimate for the appropriate functional a (0) = ~~ ckuk (0)  Of

O~~9.Uq sate/co.paring & with the unbiased estimate ~~~ on

inequality (1.27) we have

M0(4  — & (0) )2 = 
~~~ M0 (i~ — a(0) )2 

~~ c1c 1n~1.

In view of the arbitrar iness of coefficients e c~ hence

esca p./.usues imequality (1.34). Theorem is demonstrated.

It is useful  to note that for any values ~~~~~~~~~~~~

Li 

- - - — - - - - - -  -- - - - —. - - - 

~

--. - - _~~~
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M 0 (t~ — M0~1) (~ — M0t~2) = M 11I~ 2. (1 .35)

Page 327.

Further , let •i, O~. ... — cert ain base in subspac. ~~~~~

i.e., this full/t3tal/co.plete ii ~ system of cell/el...ats, tha t

for any real nu mbers a~ , •~~,

v ,-
~ 

2 . , \1
~~~~ - k ~~ 

__
k

Let 
~~~~~ ~~~~ 

... — the interconnected circu it of the

cell/el... nts:
( I )

I np~ k
(0 k ’ 0!) { 0~~pi~ k~~j.

K.y: (1). with.

Any cell/•lemeit o~~e can be unambiguously represented in the for.

n_ V A— —~~ ~~~~~k

wh•rs ~ =(0 , 0) aid ~ &,~x i 0 u ~. whareupon for any re al •~~
, •~~.

satisfying coiditiom z~~cZ oo , a s.r iss ~ 0,, stro ngly

descends and its •m• is certain c.l]./el..est 0c ~~4 . The

interconn•cted circuit of ~~~ •*~, ... also is base ~ . 

-

~~~~~~~~~~~~~~~~
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~

;-— .--- -——.-— - . - .-- - -.



-~~~~~~~~~~

- ——--— . - .  -—~~~~~~~~~— -----—~--~ .- -

DOC 77182315 PAGE .3P~

FOOTNOTE 1, See, for  example , (
~ 1. EWDFOOTNOTE.

Theore. 2. L.t a a (6) , 0~~~~, lir~ear cont inuous func t iona l

on subepac e ~~~~~ determined by formula (1. 30) . Then its assigning

functiom 0~=0~(1), t~~ T. representable together

o~= ~~~~~~ ( 1.36)

a the best un biased estimate ~ representable in the form of the

corres pond ing series

~ u ( 0 )  11k’ 1 .37)

where 1’ 12. . .  — value from the subsp.ce /. : / 1 1) , which

correspond in f orsela (1.29) to the cell/elements of e1, e, ... from

subspace ~~ }‘ , ire the best unbiased estimat es for the funct ionals

of for m ~ w (0k . o~ of u c~~ f~. Series (1. 37) converge in mean

qnadratic on each of the proba bility measures P(,. ~~~~~~~~~~~

Page 328.

Proof. The cell/elements •1, 9~~, ... are base, and fflflCtiOi 0a = O u

(1) , 1 ~ T , repr sntable in the form of the series

t 
-~~- —- —-4—
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00= ~~~~~ 0~)8k = ~~~L ( 0 ) 0 k.

Further, with conformity (1.29 indicated) between H c y  aid L c

11 ( T) base 9~~, 9,, ... subspace ‘~ sakes transition into base i i . ‘~~.

su bepace L , so that corresponding to cell/element o11~~ f~ th e best

un biased estimate a~~~L. for a functiona l a a (9) representable in

the form of series (1.37) :

a=

N ith a( 0) <Bk, 0~ f rom expression (1.37) we obtain , wh a t a = i~,,

i.e., ii is the best un biased estimat e of function u (4)) =~0, Ok), 0~~ H ( k ’~”

I , 2 , . . .). Finally, powerful  convergence of series (1.37) is equivalent

mean convergence (on probability measure PL whic h together with

convergence of series from the average values

a ( 0 )  M oil k ~~ i,O~) (‘i~ 
n.,~) = ~~. ~ (0~)(O k. 0)

= (0 ,,, 0~ = a (0)

is equivalent mean con vergence quadrat ic on any measure P~, ~~~~

Theorem is demonst rated.

,%et us note that if initial base 9~, •~ , ... subspacs ~‘~~~Y is

orthonormalized , then for any linear funct ionals a1 = a1 (9) and a, =

_ _ _ _  _ _  _  _ _  _ _

L __________________  ______________  ____
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a, (0) of O€ ~H occurs the following formula :

M01a 1 — a 1 (0)1 (a2 — a 2 (0)l = (a~~a2)= ~ a,(O ,~)a~(0~). (1 .38)

Specifically, the best unbiased estimates ~
‘ (t),, 1~~~T, /or

functionals 9 (t) of 0E~~~~~~ form (1.19) (where parameter t passes

set T) with respect to each of the probability measures P~ for.

randos process with the appropriate average value 9 (t), 1~~ T , and

the correlation function

Mo t O( s )  — 0 (.sfl RI (1) — 0 (‘H = �: Ok (s) O k (ft ( 1.39)
k

where the function O~ = U k (() of 1~~~T, k ~ 1, 2 . ..., form the

orthonormalized base in subspace €4 f unc t ion  space I.

Page 329.

Let us consider the problem of the estimations of “regression

coefficients” (see Section 1). Let subspace H have final

dimeasionality, equal U. Then any N of linearly independen t

cell/element s from Fi form base in -
. just as any N of linearly

indep.ndeat vslues from subepace L form base in L. If 0 0~ is

a base in €4, then any cell/element O~.=H let us present in the

form

N
fl V n— ~~

I _ _ _
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wher e ak =(0 . 0). k = 1, ..., N, the so—called regression

coefficients in diagram (1. 1), a 0 0~. are interconnected

circuit to 0~ 0 N• Let ‘i be values in subspace L, which

correspond , by f ormula (1.29) , to cell/elements o 0,, . These

values can be determined by formula (1.25) :

1k J q’~ (A) .D (dA), k I ii ,

where cpk (A)~~~1. r ( F)  — the solution to the equat ion of form (1.16):

~
1k (I) = .1 (‘ ‘~‘ 0Pk (A)  F (ilA), / ~~ T .

Values 1k are the best unbiased estimates for functionals u~(0)=(0~, 0)

of I)~~~H. It is analogous , to cell/elements 0 correspon d the best

unbiased est imates &k coefficients n~ =’ (0 , o~. k 1, ..., N. On the

strength of isomorphism (1.29) these best estimators ~ a ,,, form

interconnected circuit to i~; 

C’,)
[ I lo poi  k

(ufr , 11,)=l 0 ¶~ k~�~j.

Key: (1). with.
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Va lues ~ ~ for, base in su bepace I~~ 11 (T) ,  and if we use

the representation

— _.__ ...__ _* . — . . .  . - .——..

_ _ _ _ _ _ _ _  _ _ _ _ _  _ _ _ _ _  ~~~~~~~~~~~~~~
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a1 -= ~~~ (k . .~~~, N ) ,  . ~,L40~

that coeff icients , s j~,i , j = I  N)  can be determined from the

equations

(/)
~ 1 1 1 111)11 i = k ,
~~ Sj ,  ~~~ 1~) 

~ 0

Key: (1). when.

It is evident that the matrix/die {s ,) is reverse to correlation

iatrix/die (<ii,, r i~,)}. where

ç~ , , ffj >p .-- J ~ )). ) ( ~/ (A) F (c/A’, (1 .41 )  

N.

Taking into account (1.40), it is easy to count also which (c ,)

coincides with the correlation matrix/die of best estima tors
a t 

M R (à I —rz f~)~ / -— t ,,= (~ I, a,) = s 11, i , 1 = 1  N .  ( 1.42 )

In conclusion let us note that the best unbiased est ima te for

the functional of form ~1.19) is the average values 9 (t) at the

fixed/recorded point 1~~~T, being linear combu stion O (/)=~~ aftOk (/),

representable in the form (1.8):

i ) ( 1) = 4.1~~k O~(/ ) , 1~~ T.
k — I

_ _  _ _ _ _ _ _  - -- . . -~~~ 
- —~~~~ - _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

I T~~~~~~ T~
-
~~~iI .-



_ _ _ _ _

DOC 77182315 PAGE .AI

§2. On the evaluations of the average value as a whole. l~ethod of

least squares.

As already men tioned, the condition of the equivalency of all

Gaussian distributions in question P0. 0~~ H , with the  avera ge

values 9 = 9 (t). ,  /~~ T . it is equivalent to the fact that each of

the functions 9 = 0 (t) allow/assumes representation (1.16), which

means that 9 = 8 (t) there is contraction of continuous linear

functional ~‘u ‘Io~ r of c~~~I .~~ F )  on cell/elements ~~~ ~ / . r ( F ) .  It

is clear that in this case 9 = 8 (t) allow/assumes analogous

representation with respect to any spectral measure G (dX)  • for which

the corresponding spice I . , (G )  is contained in /~ (~) and 1 o 1.~~~~~ q I 0

with all q~(A) ~~~L~~( ( , ) .

Page 331.

If A — operator from hilbert space ~~~ into hilbert space L~ (F ) ,

determined by equality .~ i ( ) .)~~~r ( ).), then above conditio n indicated

means that the operator B = A*A is limited in I . ( G)  (A * — the

adjoint operator to A). Under this condition, as soon as which was

noted, function 9 (t), / ~ r , allow/asenmes the representation

0(1) $ e IM ,4~o (A) G (dA), / ~ T, (2. I

j  

_________________________________
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where ~ç , ) M ~ L 1 (G) .

Under the con dition, when this opera tor B = A SA is nuclear , a

representation of type (2. 1) occurs also for the Gaussian process ~

= ~ (t), i~~ r (stationary with respect t3 distribut ion P);

with proba bi l i ty  1

~ (1) J e ’~~v~ (A) G (dx) , t t~~~ i~ 2.2

(see in regard to this §6 chapter I), where ~1= i 1(X )  is a ga ussian

rand om function wi th  trajectori.s in Hu bert space L 7 ( G) . since all

the initia l distributions P 11 are equivalen t, representat ion (2.2)

occurs (with probability 1) • also, wit h respect to any of the

distributions P0. whereupon the corresponding probability

distribution of random function 1 i I~~~~~I T ) I ’iI is Gaussian wi th the

average va ls. 1~, A I~~~ / .r GI and correlation operator , who co incides

with above operator B A *A INDICATED.

In fact,

0 ( / )  = M0~ (1) = ~~~~~~~~ M I ti (A) G (dA)

(.~~~ IM  i j .  (A )  G (dx), / ~ 1,

so that on the strength of the uniqueness of representation (2.1)

~:i~~~~~: i~~:~~ - -~
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M )1 (A) 
~~ ~~

); (2.3)

furthermore (see §6 chapter I ) ,

M0 k’p, ‘l) o — (iP, 
*~~)~~~I I(’I” T~) o — (‘I’ , ~i’~)~I

= M I (w . ~~ (ii,, ‘i)~1 = M 111 ( ip) ~i ( i f t  =
= (q, ip), = (Aop , A’~) ,  = ( A f l p ,  ~ , = (li p, iJ’~~, (2.4)

where (see form ula (6.9) chapter I)

i~(q~) =  $ ip(A) i0(dA) = (w~ ~~~~. q~~ L~ (G).

Page 332.

Let us count below the “observed” ran dom process ~ = ~ (t), /~~ T,

by cell/element hU bert space x , which consists of  the functions of

the form

x (1) = ,j e 1
~ ’ q’ (A) G (dA) ,  I ~ 7 (2.5)

(w here q~(A) ~~~L~ ( G) ) ,  with the scalar product

( x ,  X~) = (ri , (f2 )o’ . (2.6)

let us consider some evaluations of unknow n average value 8 = 9 (t ) ,

eT ,as cell/element of the same space I.

Above it was shown (see (1.2$)), tha t in the examination of the

‘ I

—  — ... .-—.———- -.

~

—

~

-

~

- - .  —---~~ . - .- ~~- --- .- —-
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unbiased estimates, without  limiting generality, it is possibl e to

consider a parametric multi tude €4 the locked subspace in hu bert

space I, analogous recently to the introduced hilbert space I, but

with the spectral measure F (dX) — by the spectral measure of

stationary with respect to P random process ~ = ~~ (t~ - At the sa me

ti me the set €4 , as subspace in hilbert space I , is, generally

speaking, open—circuited. Moreover, the subspace €4c~ X is locked

when and only when it is finite—dimens ional.

In fact, that assigns the representation

y ( I )~. Y— ~ !/ ( ~~c~ .V

operator from hilbert space I into hilbert space I actually it

coincides with the adjoint operator A *~ more precise, wit h operator

A * and I, during functions y~~~Y coinciding with the va lues A y ~~~Y,

wh ich by formula (1.17) correspond to values 1*0, where c~~~L~~( F )

it corresponds y~~~Y:

y (t) j e ’~’q (A) F (dA) — (e~”1, W)~ 
=

— (Ae ’~’, p~, 
r .  (e ”~’, A q~0 = J ~~~~~

‘
~“ ~A’ip (A)J G (dx).

Page 333.

Thus , in the case of the closure/isolation of subapace €4 in I

Li

,
::T:~~~ Ti ITT TTJI~ T~~ ~~~~~~~~~~~~~~~

. .
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(closure/isolation of subspace ~~~~~ X )  one—to—one representation

0 ( / ) e  Y~~ -~. 0 ( t) ~~ X

maps the locked subspace f4~~ y to the locked subspaca ,1~~~~X, and

therefore according to Banach’s theorem, is a bounded inverse

operator (A C) — ~. But operator B = A*A — nuclear, an i bounded

inverse operator for A * exists when and only when the subspace H

is finite—dimensional.

Let us designate ~ closing/shorting €4 in filbert space I and

consider perform unbiased estimate ‘~~~X for the parameter ~~~~

with values in space I:

M0r~=0 , ~~~~

the condition of the nondisplacesent of estimation i~~~X mea ns that

M~(~i, .v =(0
, x) with any  .v’~~X. If •~~‘ 02, ... — the orthonormalized

base in subspace Hc-~,V , an d x~ , x,, ... — add ition to it to the

orthonormalized base in all space I, then

= �,i (11, Ok) 0k + ~~ (Ii, Xk) Xk

and

I

I 

_ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

-.-.---..--- -~~~~~- . -.--- ._ i:
~ TT ’- - .. - .-
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= ~~~ [M , (ii, fl~)~ °k + ~~ [M~ (ii, X k ) l  •t k
k k

=~~(O , O*) O k + ~~<O, X~)X ,~ =~~~(O , Ok) fl k - 0.
k k

Hence it is apparent that

the projection i1 the un biased estimate ~ em ssbspac. A

also is the unbiased estimate for the unknown average value:

and

Mo~~=~~~(0 , Ok)0 k — O , 0~~ e.
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Page 3314

Purther, simce values 1i .1~ and ’
~
’ 

— 0 are orthogonal ,

and

1(J( j ~ 
— 0~2 = M~~ i— t )  IP— Mo~~i— ~iii~~

~ M1 (ii — 0 
~~
. (2.7)

It is evident that c~~ 4 is the “improved ” estimat ion in c omp a r i s o n

vi~h the initial estimation ii~~X.

The simples t  ~inb iased  e st imat ~ for  t h e  pa rame te r  ~~~~ is value

~~. Its projection on subspace ~ let us designate E:

(2.8)

Por the un biased estimate r, called the estimation Df least

squares, we have

( M9~I — 0 P == ~~M , (~~
, 0~) — (0 , O k))2

— 

~~(B 0k, O k ) < oo , (2.9)
k

since the correlation operator u’ Gaussian value ~~~~ it is nuclear

(see ~ ‘4 chapter 1)

t _________.—_- -.-- — -— — --—- ,— — - - —. - . 

.-. 
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Each of real values 
~~~~~~~~~~~ 

k 1, 2, ..., n, is t~~‘There are the best unbiaee i estimate ii i, k = I~ 2
unhiase l estimate for a ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ descri bed in ~~~

theorem 1. For than

M0 (â~ 
— (0, Ok))2 

~~~~ M6 ~~
. Ok) — (0, O4))~, (2. IOi

/~= ‘i, 2....

~~om relationship/ratios (2.9) and (2.10) it is evident that

M~~C~ = ~~M&~ -~~~ M (
~
, 0~)

’= ~~(1J•0
~, 04)< ~~~.

and therefore with probabilit y I

(2i1)
4

Page 335.

Let us consider value o~~ A, determined with probabili+ y 1 by

the formula

jj. ~~~~~~~~ ~2.I2)

where &~ — best estimators for coefficients ~~ (0) <0, 1~~.

It is clear that is the unbia sed estimate for an u n k n o w n

average valie • ~~~~~~~~ and , wha t ever the mnbiased estimate ~~ x, f r om

inequality (1.27) we h a ve

I L

—1
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MOII O — 0112= ~~M ( à k — (0 , (W)2~<

~ M0 ((11, Ok) — (0, O ))2 ~ M~fl ~ — P 2. 13)

so ihat value it is best (in the sense of the obtained inequalit y

(2.11)) by the unbiased estinate for the parameter n~~~.s

ATheorem 3. There is the best unbiase d estimate 9 for the unknow n

parameter I)~~~H, as any cell/element f r o m  function space X

representable in the for.

0 (I~ 
-

~~ ~ (A) G dA , I ~ T ~2. 14)

(where ~(A~)c-~I.7 (G)) . With each fixed/recorded I c ~~r the value

(t) giv~s the best unbiased estimate for a value 0 (t)

unknow n average s c=: H., Rando• process 0

(t), I~~~T, is obtained by the linear transformation of the

“obs.rved” ran d om process ~ (t), i -~~T , determiaed by the formu la

0( 1) =~~7~~ (/ ) , I ~ i~, (2J~ J
where %~ — the operator of design in space H (T) to subspace L,

generated by t he  values of form (1.25) .

Page 336.

.1 A

Ra ndom process 9 = ~ (t) allow/assumes expansion (see (1.31))

i~ (i) = 5 p (A, 1) W (dA) , (2. Ili(
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wher e ~ (k , t) is a projection of cell/element e~
A t 

~ ‘~r ( F )  on the

subspace , generatsd by all funct ions q~ (X), that figure in for.ula

(1.16). Vilue 11 (k) ~ L.~. (C) in representation (2.14) w it h

probabi l i t y  I is

— (A) (2.17)

where 
~~~k ’ k z 

~~ 2, ..., the same random coefficienPs, as in iniiial

formula (2.12), but the f unctions q~~(A) ~~ LT (G) correspond to

cell/ele me nt s • k~~~ 
I:

O~ ~/ ) J e ’~’q4 U.) (i dA ) , I e 1’, (2.18)

k= I , 2, . . .

Proof. According to (2.18)

0 k ~~ (( .I M , Wk ~~~~~ I ~

where 0*, k z 1, 2, ... , orthonormal set in space Lp (~~. since °& ‘  k

= 1 , 2, ..., orthonormal set in space I. Therefore

(1)2 < <

with each fixed/recorded ~~~~~ an d since ~~E <oo with probability 1

(see (2.11)), the series 
~~~~~~ =- ~~~~~~~~~~~~~~~~ 

((~ 1, (2 .19)
wii’h each fixed/recorded I Q ~ T descends also with probability 1. It

is obvious , value 9 ( t )  (t fix/recorded) as limit at n —3 — values 
~~~~kOk (I)

f rom the  locked subspace L~~ H (‘F) , belongs  to  L and  is the  best

unbiased estimate for the unknown val ue

0(1) M9 0 (1 )  = ~~~~~~~~~ 04 (I), I E~ T.

~IT~~~ - 1ITTT~~
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*11 the such estimations are described in theorem 1, f r on wh ic h

escape/ensue formulas (2.15) , (2.16). Theorem is demonstrated.

Page 317•

A ~~

Th u s, the re  is best un hias~ d .~s timat e 9 = 9 (t), more precise

t h a n  ot h er unb iased  e s t ima te s  r*~prod ucimg the u n k n o w n  fu n : t i o n al

pa ramete r  9 = 0 ( t )  from subspace ~~~~~~~ This estimation U€~.V enters

in c los ing/ shor t ing  ~ subspace ~ (see formula (2.12)). A t  ‘he same

t i m e occurs the  f~~l lov tn g  r e su l t .

A

Theorem 4. ‘Ne hest unbiased estimat e 9 belongs t o  t h e  i n i t i a l

subspace ~ when and only when k~ is f i n i t e — d i m e n s i o n a l .

Proof . By formula (2. 1 6)

0 (I )  = 5 [~?e’~’1 (1) (d A), ~

where p is an operator  of design in hu bert  space L.p (F) to  su bspace

t , generated by a l l  f u n c t i o ns  Oo (X) , connected wit h ~~~~~~~~~~ by

equalit ies (1 .16) . This  subspace L is unitar y isomorphic~ ll y  $, as

subspace in hu bert space Y (see (1.29)). If with the positive

probability of the tra jectory of certain equivalent random process e~~

t 
_ _  _ _ _ _  _ _ _ _
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= 0 (t), t ~ T, they enter in Y, then there exists Gaussian fu nction

~ (A) ~ 
LT (F) su~ b, that wi th proba bilit y 1

0(() =_ (e ikt , ~( X)),~, I ~ T

(see §6 chapter T~ • correlation operator of which can be aeter mined

from the relationship/ratios

M ~(e ’~’. ~ (X)) ,~ i’” ~, ~ (A)~~ M 0 (c ) 0( 1)1 -
~~

~~~~~~~ ~~~~~ = ~
?~~‘?e’~~’, e ’~ ‘) r ’ ‘~~. I E~ I

It is evident that this correlation operator is ~~~~ -~ ~~~ Correla tion

operator must be nuclear (see theore m 1 chapte r 1), anl the operator

of design ‘~ possesses th i s  proper ty  if and enly if the subspace L

(and , consequently , u n i t a r y  isomor phic to h im space ~-$) is

finite—dimensional. Theorem is demon strated.

Page 338.

Let us pause at  t h e  f i n i t e — d i m e n s i o n a l  case. The best unbiase d

est imate  (t ) for  u n k n o w n  average va lue  9 — 9 ( t )  , t ~ ‘F, it can

be represented in the for m

i~

where 1i~~=u k — the best un biased estimates of coe f f i c i en t s  aL = (0 ,

~~~~H, in th. expansion

0— ~~~~
4.,

~
_ —— —-_------- ,~~~~~~

_ 
-~
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cell/element 0 ~~~~ in terms of base cell/elements 0
~. ... . IL,.. In the

case of the orthonor.alized base 0 , ... , i~ the corresponding

estimations y~1, ...,7~ are independent Gaussian values with

identical (equal to 1) dispersion (sce theorem 2).

The best unbiased estimate is ‘he point of ‘he ma x im um of the

“function of the plausibility ” of ‘1,,, (0) lo~j Po of • ~~~H, where Po =
p0 (ii) there is i?nsity P~ (d~ ) ,p (iw) • d’~t~~r r i ne d  from formu la

(1. 15)

— 
~~~~~~~~~ ‘ rt

~~ l I . ‘ cz~.2
4 a

Actually, it is ev iden t  t h a t  t h ~ m a x i m u m  of f u n c t i o n  ~ (0)  is

reached wh e n “A =’i~ (k  1, •.., N):

~~

I t  should be no te d  t ha t  t he  “ met h od of t h e  ma x im u m of

plausibility ” is inapplicable in infinite—dimensional :a se , when the

Gaussian process i~, (0), 0 ~~~~~~~ is not lim i1~ed.

Page 339.

This is im.eiiately evident , for example , from th~

relation ship/ratio: with probability 1

_ _ _
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Sit p 1(0) ~ sit p (q, , ‘12. . . . ) =

where ~~ , k = 1, 2, ..., the infinite sequence of indepenient

Gaussian values with equal to 1 dispersio n and the average values (Z~~~

= ~~~ 0
k

>’ 
such t h a t  ~~ < he r e 

~~t , ~~~ ... , t h e

orthonormalited base in infinite—dimens ional subspace ~~~Y. and

the corresponding values in subspace L s H (‘F) (see theorem

2)

But one should also say that the formally wr itten conditions of

extremum for the function of plausibility 1~ (9) of 9 =

— 0 , k = L  2 

lead to ‘he best unbiased estimates ~~ , — t ~~ for the appropr i ate

coefficien+ s = <~~• k ‘
, 2, ... , but , si nce “c o e f f i c i ents ”

= 1~~, k = 1, 2, ..., are such , t h a t  from probability 1 series ~~~

diverges, in hu bert space Y th~ re is no cell/element , representable

Vty a series ~~~~~ True, the best unbiased estimate 0 ( t )  w i t h  each

fixed/recorded t~~ ‘F is represented by converging series (2.19):

0(1)

Above we have used hu bert space L,~ (G), corresponding to the

fina l spectral measure G (dA) , what made it possible to be con verted

directly to spectral representation (2.2) for the separat.e values of

~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _



~ . —  ~~~~~-,— - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~

DCC = 77182316 PAGE ~~~

the initia l random process ~ (t), t€ ~ ‘F, coinciding d u r i n g  f u n c t i o n s

• (X ) = e ’ with the  values of the  random funct ional

‘1 (q ~) ~p , 11)~ ’ rp E~ ‘ r ((1).

which relative to d istribution p~, it has the average value ~~~ f l E~

(G) • wheroip. it assigns linear functional in hu bert space Lqi

(C), that coincides during functions 0 (X) ,,, h with value s 0 (t) tE

(see (2.3), (2.11)).

Page 3110.

Prom t h e  v e r y  b e g i n n i n g  instea d of t h e  r andom process ~ C t )  of the

co nt i nuous  p ar a me t er  t ‘ -
~ ‘F it w o u l d  be possible t o  e x a m i n e  the

genera l i7ed  r a n d o m  process )~ (0) o f r~~ Lip (C) wi th t h e  ave rage  v a l u e

(q~, “o) o = Ma(~
, 

~~
, q~ E L 1 ( G) ,

and by the correlation functional R = A*A , where operator A from Lip

(G) in L#p (~) fun:tions by formula A * = 0. Here it is appropria’e to

recall (see ~6 chapte r I) t1~~+ space i t se l f  Lr r (g) can be d e f i n e d  as

closing/shorting of the space of all functions of the form

qO~I= I eikt C ( O d I ,

where c (t) — the infinitel y differentiated funct ion, whi :h turns in

0 outside interval of T.

I
~~~~~~~~~

-——‘ -- . -.—— - --— --. -
~~~~~~~~

. .~~~~~~ -~~~a~~~ *r. eS~~~~~~~.. .. - - . . - . . .
— -

~
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In ‘he examination of the random functional of form (2.2) or,

wh ich is the same thing, random element in hu bert. space Lrp (C) ,

the speech must go abou t  t h e  e v a l u a t i o n s  of the  a v e r ag e  v a l u e  ij~~~~L,

(G). All the develope d at~ove methods and results are used also ‘o the

descri~-ed diagram; n.~ce5sary only of the pa rametric multitude ‘T to

pass to the param etric set L p (G) and of values ~ (t) a n d 0 ( t ) ,  t ~
1 , to values <0, 1~ > a n d  <0 , , 0 ~ L ,.~ (G)

A special case is G (dX) 1/2w d~
. . Here L ~ (G) coin~~i1es with

*h p func~ion space of the form

q~ ~) )  = J c,IMc (I) dl , 
-

where c (t) ‘T Y’~’ (T )  — to the space of all integrated s q u a r e d

func tions, whereupon on the strength of the equality of Parseval

I’ ‘I 2)ri (c , (1), c2 (l)) f c , (I) e2 (I) dl.

I t is c lear  t h a t  to  e x a m i n e  r a n d o m  f u n c t i o n  ‘1(~
.)

~~~~~
- I j-~

.
~ (G )  , t h at

has  th e  fo rm

~1 (X) = f e~
k1
~ (() (II ,

or directly initial random process ~ (t), t ~ ‘F as fun~ t ion  in

hilber t space ~~~~~~ (‘F) are actually one and the sane (let us rot c that

— J e’~’O (I)d I
,1.
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~3. Best e s t i m a tor s  and  t hei r  j u s t i f i a b i l i t y .

Let us  assume that the “observed” randcm process ~ (t), i~~~T, is

cell /e lement  of t h a t  w h i c h  was d e t e r m i n e d  p r e v i o u s l y  h u ber t sp ace X

of the  real  f u n c t i o n s  x x ( t )  of t ~ ‘F of f o r m  (2.~~) .  Le t us

consider value O~~ I — the estimat ion of least squares for an unknown

average v a l u e  ~~~~~~~~~~ wh ich is g iven by f o r m u l a  ( 2 .8 ) .

In expression (2. ~) figure the estimations

= ~~ 0)

for coefficients = <0 , ), k = 1, 2, ..., in the expansion of

cell/element 9 ~~4 in terms of the orthonormalized base 
~~1’ ~~~

These estimations and generall y the evaluations of the form

= ~~ 0) ~~ E)

for fun ct ion als a(8)=~011, 0) 01 (3 . 1)

in hu bert space X (where (l~~~~~) let us call the estimations
of least squares.

The estimations of leas’t squares can be represented i n  t he

followin g spectral f or m :



F- 

, .-  
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u = $ q’1, (X ) ‘.1) (dX) , (3.2)

where q~ ( X)  ~ L,r (C) is a solution to the integral equation

0~ (I) 1,~~j i , t  fu (X ) (1 ( ‘iX) ,  1 ~ T. (3 3)

fact , f ro m r esu l’s  ~6 c h a p t e r  1 follow s that

a = ~~ 0) ~~ ~) = 
~~~~ . i~~ f ~~ ,, (X ) ‘1’ ( d A ) ,

where (X) 
~~~ i.r ( G )  — random function from spectral representa’ion

(2.2).

Page 3112.

Let us note t h at  in t he  case of G (dX) = (l/2w
’
~ aX w e aeal  w i t h

the classical estimations of the least scjuares, when “obsarved ”

rand om process ~ = ~ (t), t ~e ‘F . is considered as point in the

classica l hilbert space .72(T) real funct ions x = x (t) of ~ ~ ‘F with

‘he scalar pro4n~t

x1 (1) X2 (1) 11 P11 JIHCKI)CTHOM i, (i)

(x 1, .~2? = ~~ 1~~~)(~

x 1 (1) x2 (I) dl 111)11 pue i i I)~ I)W I3lIOM 1,~ .)

Key: (1) .  w i th  d i sc re t e  t. (2) . wi ’h  con t inuous  t .  

- - . -~~- - -.,-. --,.~~~~ -- . .--- . - -—- ~~-- - - .- . — .- ,---——,— --- -.-. .----~~~-.  .- - . .  . --~~~~-
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where ~~ , , are connected wit h x 1, x~ ~~.2~ (T) by usua l

Fourier transform

~~ e’~’x ( 1)  H~~I1 TUICKpCT IIOM 1, (I )

= 

~ 
J e’~’ x ( l ) d t  fl~~H IICU~~C~~hlRhIOM t .

Key : (1 ) .  w i t h  d i sc re te  t~~ (2) . w i t h  c o n t i n u o u s  t .

The very eva luat ions  of type  (3 .3 )  for  fu n ctiona] .s • (9) = •>

O~~~H~~~.22 ( T)  has the  for.

f ~ 0~ ( 1) (1) I Ip H JUICI<pCTIIOM ~,

• (3.4)
O~, (1) (1) dl fl~~ H IICII j )epbInIIoM i. (~ )

key: ( 1 ) .  w i t h  discrete t. (2) . w i t h  c o n t i n u o u s  t.

Pormula (3.2) in its structure coincides wit h formula (1..31)

(see theorem 1) , so that if G (d)) was the spectral measure of

s t a t i o n a r y  proc ess ~ ( t )  , t ~ ‘F, then estimation ~ fo rm (3 .2 )  t h e y

would t~ the best unbiased estimates for functionals of type (3.1).

Below we will, con sider the new class of estimation s, whic h

.1
• -— ~.—- .. . —•.. _ _ _ _

_ _ _ _  - •~~T~:~~~T~~~i .~~~~~~~~~~~~~
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gene ra l i z e s  the  e s t i m a” i o n s  of least squares  and w h i c h  i n c l u d e s  as

ex’reme case and best unbiased ~stimates.

Specifically, formulas (3.2), (3.3) make sense not only when the

trajectory of the “observed” process ~ = ~ ( t) , t ~ ‘F, eater in the

appropriate hu bert space I, but even when are only satisfied

condi t ions  (in~ icated in the beginning ~2)

Lr (6)  ~ L~ (F), I~ ()~ ))p ~~)J f~ ~Jg, ()~ ~ L~ ( 6). (3.5)

Page 3113.

If G ( d X )  W as t h e  spect ral  measure  of s ta t i o n a r y  process ~ ~ (t) ,

then formulas (3.2), (3.3) would give the best unhiasei ~~tima’es for

functionals of type (3.1). Let us name measure G (dx), wit h the help
( 3 . 2 )  a pseudo spectra l measure and the est ip~~ L~ns themselves
of which are constructed estima

~
ionsA (3.2) oseudo best estimators ( for

f u n c t i o n a l s  of the type (3.1)).

r t  occurs the following of the formulas:

M~ $ q~ ~
) ‘I~ (dA.) = ~q’, ‘I’o) i, ~r ~ 

1 r (G). (3 (V)

where ()~) ~~~~, L1..1i (G) — fu n c t i o n  in spectra l  r e p r e s e n t a t i o n  (2 .1)

for I ~~~~~~~~ .

In the case, when random process ~ = ~ (t), t c~ 1, is ran dom

element in Hilbert space I (constructed according to the



, .• •~ -~~~—--~~~~~ ._ - --. --— —- -• — • -_ -~ . . 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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pseudospectral measure G (dx) ) , this  f o rmu l a  was a l ready

establish/installed (see (2.3)). In the case of the arbitrary fina l

measure~~(dX) with * (X )  = e’~’ formula (3.c) coincides with (2.1)

and extends to closed linear shell of functions • (X) = e~ ’ (t ~ ‘F ) ,

i.e., ‘o whole hu bert space L rp (G)  (comp . ( 1 . 2 2 ) ) .

Accord ing to (3.6)

M~i = M0 $ ~~ (?~) 
(1) (dX) = ~~~ ~~p)ij = ~~ 0) a (0) , 0~~ 

(
~;

and thus the best estinators are unbiased .

pc~~~The i m p o r t a n t  p rope r ty  of ,,best est imators  is the  invar i ance
(1 (dX)

r e l a t i ve  to  the  m u l t i p l i c a t i o n  of pseudos pectral  .easuifiAb
~ 

a n y

cons tant  factor  k.

Actually, tha function •~ (X) in f o r m u l a  (3. 2) u n a m b i g u o u s l y  is

determined f r om the relationship/ratio

a(0)~~~q~. ~ fl)O’ ~~~~~ 
(3 . 8 )

where the function 
~(~fl (~,)~~~ LT(Q) and I (t) ~~ are conne:ted by

formula (2.1).

Page 3111$.

It is obvi ous ,
0 (1) = j e~~

A jk ‘i4~ ~‘)j 
kG (dA. )

(
~

, k 
~~~~ ~~ i$

~)o 
(0), 

~~~~~~~ . . ——“ .————•=-~
, 

~
. — —.-

_ _ _ _ _ _ _ _ _ _  _____
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so t h a t  wi th  respect to the  pseudospectra l measure k~ (~ X) f unc t i on

q~,(X) in formula (3.2) is the sane as with respect to the initial

measure G (dx) .

Let us assum e t h a t  we deal  with the sequence of the “being

widened ob servations”, considering random process ~ = ~ (t) on sets T

- ‘I, ‘!‘ 4— 
L i ,  Z~

~ T2 ~

The ques t i on  w i l l  be about best estimators of ~ type (3.2),

constructed accoriing to the “observations ” of rando, process F = P

(t) on the appropriate mu l1~itude ‘F =

Let a (9) — Linear functional of unknown average value 9 = 9

(t), t ~ ‘F C, where

r•=

continuous with ~ar tain n ~~ relative to the scalar product

(0~. 02)1 = ~~~ ~~~ 
(3.9)

of the same type as (2.6) • namely fenction I I (t) • t ~ ‘F C, from
parametric spec. e end function *~(X)~~ L.7 (Ô) are connected by 

L ~~~.—  ~~~~~~~~~~~ =~~—— .-•--- - —---- — -~ . - .- - —- -. -—-——---•- --• --..
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r e l a t i o n s h i p  of t y p e  (2. 1) :

0( 1) 
f 

e ’~’4~ () )  G (dx) .  I ~ T1. (3. 10)

~mma 5. The scaler products indicated are such,, that
(3.11)

Proof. In fact , if representation (3. 10) occwrs with certain T,,,

then , a f t e r  t a k i n g  projection ~‘~
“ cell/elemen t *~~~ L~1 ( G)  on the

subspace

Lr ,,, ( G)  ~ Lr 1 ( G) ,  4n .  (
~yj LeM flMCTh T~ K)K C

0( 1) ~~~~~ 
~~~~~ 

= (e”~’, ~ fl )(i’ I ~

Ke y: ( 1 ) .  let  us h a v e  also

j ,e~ repre sen t a t i o n  (3 .1U) it occurs, also, wit h every~~~~- Trn c~ Tn,

whereu pon correspon d in g cell/element 1l~~ is the projection on Lr m (G)

of paren t element ~(~~~ L~1 ( G).

Page 14~ .

Hence it follows that

1011 ,1 
= *;;‘ L ~ 

= ItO

wi th any . 4 a, 
Q F. n.

Inequalities (1.11) make it possible to conclude that if the

_ _  —~~~~~~~ .,-- ~ -- -. • . - .  ~ -.• --- ---- -

.. . ~~~
__ .. . _. •_ ....... . . . _ . _ .
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linear functional a (9) of I €~ 3 with certain n = n0 is continuous

relative to scalar product (3.9), then it will possess this same
tso that for any ii ~~~~ii~ .)

property as w i t h  a l l  n 3 n ofA takes place a representa t ion  of t y p e

(3.1), (3.8):

u(0)= (q~ , ‘4’a ) 0 • o~~e, 
. (3.12)

w)~ich it a nswers the pseudobest un biased estim a te of t y p e  ( 3 . 2 ) :

~
, = 

$ 
q~ () ~~b (dA) .  (3.13)

Let us name estimations a,,, ~~~~ justified , if

MØ[a 1 —a( 0 )~
2 

~~~~ 
—i~0 (3.14)

with n —4 — .

Let us  assume t e m p o r a r i l y  t h a t  G (dx )  is true soectral measure

and , in accordance with ~his, &,— • the best unLiase d est im a’es,

cons t ruc ted  acco rd ing  to “observat ions ” ~ (t) , t ~ T,~.

Recall  (see t h e o r e m  1) t h a t  in t h i s  case the best e s t i m a t o r  a,

construc’ ed accord ing  to “observations” ~ (t) , ~ ~~ T, is the only

unbiased e s ti ma t~ in space L ~ H (‘F) , genera ted  by all values T]~, 0~~

~~

. for. (1.2~). tit the terms appropriate hu bert space Lip (G) (G (dx)

— spectral measure) this means that among all functions 0 (X) ~

(G), that assign the unbiased estimates j q’(A)i’(dA) f3r the

functional a (9) of ~~~~ only assigning best est imator

. 1
— .- - - - - — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- .  — J

- - — — - .~~~~~~~ . .a - - . . .  - - ._. _ . .. . ~~~~~. _ _ . . ._-.. .
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the function 14~ (K) lie/rests at subspac. L~~~LT (0) , w h i c h  is

generated by all possible cell/elements ‘l~(~’)~~ L,~ (G) f r o m  (2.1):

in t~’is case ~1’c~ (K) coincides with projection on the subspace L

indicated I- ’~~/ 1~ G)  “spectral characteristic ” 0 (~) any other u n b i a s e d

estimate i j~q (X) P(i IA .).

Page 3146.

Accordingly q~~(A) coinci des with projection os I. ,, c L ~~( G)  amy

of th. function s ‘F~~~- ) (wi th  • ,~ n ) ,  where I ., indicates the

su hepace , generated by all functions ~~~~~~~~~ ~~~~ ~~~~

Consequently,
— - ‘~~ 

=
~~4 :~~.;~ 

— q~ , ’ ~.O

with m , n ~~~ — exists th. limit

q . ) - ~~~~~~~q~~l)) (3 . 1 5 )

(in space Lrp r ( G ) ) .  ~3y passing to space L,~~(F) (under coniition (3..S)

for ‘F = ‘F C ) ,  we come to the existence of cell/element ~~~~~~~~~~~

such , +hat

(3.1(V)

It is evident (see (3.11$)), tha t justi f ia bility occurs when an d onl y

when
(3.17)

(almost everywhere  relative to F (dxv.



_ _ _ _ _ _ _ _ _ _  
~~~~~~~~ - - -

Dfl C = 77182316 PAGE 1?e”

Thus, under f urther assumption about the fact that measure G

(dx) is equival ent to the t rue spect ra l measure F (d)) and (comp.

(3.5))

L r . ( G) ~~ /. 1. ( F ) ,  (3.18)
Li (p : ;~ ~~~~ Ii q tt~

, ‘I~ 
E~ L~— ( G),

for a consistency of estimator a;, necessary and it is sufficient in

order t h a t  l i m it  f u n c t i o n  q~ (~) in (3.15) would be equa l  to 0 a lmost

everywhere relativ, to G (d x) : it is obvious, this is z~guivalent also

to the condition

0 
o. (3. 19)

Let us de f ine  t~~ as space of a l l  rea l f u n c t i on s  9 = 0 (t) , t ~ 7’,

which is the ;losing/shortinq of parametric space e relative to

norm ~O i ’ ~~~’~~~ . and assu.e

~~~~~~~~

Pe qe 3*7 .

Let ‘is consider f u n c ti o n

0’ (I) = ‘~~q’~ (A) (1 (d M , I ~ T’ , (3.20)

connected by a formula of type (3 .10) wit h l imit  function q~(A). It

is easy to see that ~~~~ since 9 * (t) t here is a limit (in each

L ____ - _ _  _ _ _ _
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fixed/recorded space ~~) of the sequence of t h e  f u n c t i o n s

O~ ( I)  
~~~~~ (A) G (dx), ,

~ > ,,,.

A n y  l inea r f u n c t ional  a (0) f r om O~~~(’ of the consil?re d type

(i.e ., c o n t i n u o u s  in some norm IL 0~~,=~ j’~’.0) wit h respect to

continuity is spread to closure ~~. and thereby to space ~~~ .

Specifically , f rom f o r m u l a  (3 .12)  in ques t ion from continuit y is

dete rmined  and the va lue

= li t ii u(O’t) = h iii ~~~ q~) 
= Iq~ ~. .(7

Th us, fo r  the j u s t i f i a b i l i t y  of best es t imators  a, it is necessary

and s u f f i c i e n t l y ,  in order to
(Z (O ’ ) 0. (3.2

W i t h o u t  limiting generality, it is possible to count t hat ~~~~~~

since t h e  cl ass of the pseudobest unb iased  e s t im a te s  f o r  a n  i n i t i a l

parametric mult itude *~ coincides with the class of the pseudobest

unbiased es t imates  for  i ts locked (in above sense i nd i c a t e d )  l inea r

closure ~ (see in regard to this observation on page 3214). In

connection wi th  th i s  let us assu me that

Let us designate -r subspac e in f~. formed by all functions B =

o (t), I~~~T , which allow/assume a spectral represent a t ion of

type ( 3 . 1 0 ) :
0(1)  — J e ’~’q’8 (A) G ( dx ) ,  I ~ 7’ . (3.22)

~~~~—-~~ .- - - -~~~~~-- ~~~~~~~~~~ — . - --

- 

~~~~~~~~~~~~~~ I :T ~~~~~T.: ~~~~~~~~~~~~~~~~~~~
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Page 3148.

For ce l l/ e l em en t s  9 f r o m  f o r m u l a s  (3.10) , (3. 12) ( v a l i d

wi th  all n ~~
. n0) we obtain

(0) 
~~ 

= ~~
• ‘i,) (3.23)

whence in the cas of the justifiability of best estima t ors a,, it

follows that

(L (O) 0 
~~~-~

XL ~~~~ (3.24)

Together ~n condition of justifiability (3.21) th i s  qives  t h e

following result.

Theorem 5. For  the justifiability of best estimators a,, l inea r

functional ~ (0) from 0 E~O it is necessary and sufficiently

condi t ion  (3. 24) .

Lr’t ns note tha~ if subspace ~ all f u n c t ions 9 = 9 (t) ,~~c~~T’ ,

which allow/assume spect ral representation (3.22). contains only

t r i v i a l  cell/ e le i i?n t  B ( t )  ; 0 , then  for  any l inear  f u nc t i o n a l  a (0) ,

A c~~ , carried out condi t ion (3.214),oniJ.. for theor em S a l l  t h e  best

estimators (for all linear fun ctionals a (0) of 0 E~ f~) will be

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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j u s t i f i e d .  Conversel y,  ~he j u s t i f i a b i l i t y  of all best estimators

means tha t  (see (3.21$)
a(0) ~~~ ‘4’o)() 0 

-

for all linear functionals (for all cell/elements q~ E~~L , (0) , n

1, 2, ...) and , ttierefore, ~ 0, i.e., su bspace •(-~‘~ triv ially.

Le t us f i n d  t h e  “spectral conditions ” , necessary and s u f f i c i e nt

in order f- ha t

(3.25)

i.e. in order that not one of functions 0 (t) ~~e would illow/assume

r e p r e s e n t a t i o n  (3. 22)

Let u s assu m~ th at t h e  p seudosp Qct ra l measur e G ( d x )  is

absolutely continuous , and spectra l density g (K)~~~G ( I X )  IdA is

limited.

!‘age 319~

If under ‘-hese conditions function 9 (t) , t -~~T’, is

represens-ed by f o r m u l a  (3.22), then it with t ~~T coincides w i t h  t he

simr.’urlzel squarel function 0 (t),—— < t < —, the being Fourie r

transfor, integrated squared function 9 (K) =~~~~f)~~~~ (A )  g ( K ) , by

sa’isf ying to the same condition

(3.26)
J g(~)

~~~~~ ~~1
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(c omp . on c o n di t i o n  ( 1 4 . 6 )  c h a p t e r  I II)  . On the ot her hand , if there

is the described type function 0 (t),—— < t < ~~, then with t ~~
T. it

allow/assumes representation (3.22), in  w h ich ‘~~, (A )  E~ ~~~ (0)
is a proje c t ion  of the function 0 ( /~~~’ from ! (~~~~~c;) fo r  ~ub3~ acc 

~~~~~

Thus, in th~ case of the limited spectral density g (A) we

arrived at the following result.

4L~

Theorem ~~. For th? justifiabili ty of best estimators it is necessary

and su ffic iently in order that each function 9 (t), t ~ T *, from the

locked parametric space ~ would possess those by property , that

either 9 (t) • t ~ 1’ *, is not summarize d squared 1, or f o r  a n y

cc n t i nu a t i o n  before  t h e  summarized square d function 9 (t) , ( < — ,

Fourier ’s transform B (A) i t  sat is f i es  the  c o n d i t i o n

(3.27)

FOOTNOTE j . ~~• e.,

I

- - -  

T~-TTi~ 11~ 1 TTET ~~~~~~~~~~~~~~~~~~~~~~~~~~
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I) 0 (1)2 00 fl~~j iuickpeT IoM i ii ( 
~ 
)

0 (I) 2 dl 00 f lpi  IIcIIpep~~BIio~t 1. (
~ 

)

Key: (1). “‘th discrete t and. (2). wit h continuous t. FNOFOOTNOTE .

Simple  cor o l l a r y  of thi s  is f o l l o w i n g  necessary ii a s u f f i c ie nt

condition of the justifiability of the classical estimations of least

squares (corresponding to spectral densit y g (A) =

1) ( f f 2 = 00 Ii F’” )UICKF’CT HOM 1, (I)

0 (/ )2 dl = 00 r ip i t  iie iIpepblnuoM i. ()~)

Key: (1) . with discrete t. (2) . w i t h  c o n t i n u o u s  t.

Page 350.

Generally speaking, the suhspace ~r’ all functions of type

(3.22) is significant.

~ 

_ _ _
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Theorc~m 7. For a p a r a m e t r i c  m u l t i t ud e  ~ ~ best e s t i m at o r  a4

descend with n —4 • to bes t e s t i m a t o r  ~
‘ (the same funct iona l a

0~~ ti) , c o n s t r uct e d  accord ing  to observations ~ (t ) ,  ,c~r.

Proof. Relationship/ratio (3.23) shows that

e (0)=<~q’~, tj’~~,. 0E~~
H

~, (3.29)

a’~~ogether with tbe asymptotic relation

j
• 
~‘~

(1
~ (dA) j q~ l) (d~.)

this proves theormm , since according to common/general/total formula

(3.2) the best estimator for the functional of fo r m (3.29) is

= q~ (A ) (J) (dX).

~4. Estimations of regression coefficients.

1. Some gene ra l i t i e s .  Let us pause at t he  case, w h e n t h e

parametric space ~ is finit e—dimensional and the question ccncerninq

f -he e s t i mat i o n s  of linear functionals a (0) of B

ex amin e,’considere i by us type  (3.1) is reduced to the qu es t ion

concerning the estimation s of coefficient s a1, ~~~~~~ &~ ‘ in the

expansion of f u n c t ion 0 (t) from h in terms of certain base 9~ (t)1

1’
- . — - - -~~ - - . .  -
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... , (t):

0(/) = a10 (1) + . . .  + a.~
fl v (I), I G T .  (4. 1)

jet us isolate subspace ~—r all functions e = e ( t ) ,~~~r

from ~~, that a l low/ as sume  spectral r ep resen tat ion  (1. 2 2) .  Let us

se lect in  subspace H c ~~~ certain base 9
~~
, ..., BN ALfl all space ~4 .

Pacic, 331.

Let 
~~i ~ T, ~~~ ... — the sequence of the sets ~L J T4 T)  for

each of whic h all the functions (t) k = 1 , ..., ~!, allow/assume

spectral representation (3. 10) :

U~ ( I)  - -  
- I~~l~(~~ ~A) (1 (dx). / ~ T~. (4.2~

• Let Ü “v — best estimators for coeff ic ie nts 
~~~ 

... ,

J ~~~ (I’ (i/A)

(Ic = 1, .. ., N ) ;  in  this formula  ø~~, ..., — -Ph. interconnected

circuit of cell/~lem ~ nts to ~~;1, . . . .  ~l’~- (see formula (1.40)), namely:

= ~~ ~~~~~~~ (4 -h

where the mat r ix/ d ie  ~~~~ j~~ reverse to matrix/die with the

cell/elements

(‘I’~. ~~~~~~~ 
— q~ (X)~j’~ 

(~A ) (: ( i IA ),

k , j = l . ...~ N.

--  -5— - 5 —  - -  -



-- 
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whereupon
= ~. q ’

/),~~
. 1?, j  = I N .

Prom formulas (4.2) and (4.4) we have

f  
e~ ’~’~~ (A) G (dx) ~ s~1 J r ’~~~’~ (A) G (dA) =

~~~~~~~~~~ / c  r ,1.

Page 352.

Pa ssi n g h~~re to limit with n —
~ •, we obtain , that

~~~ 
(1) e ’~’~~ (A) 

(1 (dx), I ~

where

q (A) = U n i q ’~(A) L 7. ( ( 1 )

and

~;, =lirns~ =Ièin (q~ , q’~’~0

(5 asymptotic rnlation (3.15). It is evident that linear

comb Inst ions ~ s~ 0~ (1) base cell/elements 
~~•. 

... . t hey enter in

.ubspsc. 0 with base cell/elements •i, ..., 0~~~, which can he only

In  th e  case, when

____________________ I_~~~--~
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~~~~~~~~~~~~~~~~~~~ 

-

~~~~~~
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~~ s~10~ (I) = 0, k = I, ... ,  N.

since ON’+l ’ . . ..  0& are linearly independent , obtained

equations are possible only un der the con d ition, when

.s~~=~ q~ (A)~~ =O , k = N + I  N.

4hcs. equalities mean that

i~ina” =a  k N ’
+ I N ,  (4.5)

i.e.

the met hod of the oseudobest estimat ions gives error—free

estimation for co!fficients a~ , k = N * + 1, .. ., N. For remaining

coefficients a1, ... , a~~* best estima tors ~
‘I. * according to

observations ~ (t) , t ~ ? *, are descr i bed above formulas indicated ,

na mely:

= (t~
I
~ (A) I]) (dA), k = I , . . . , N ,

wh ere -

q~ (A) = � S~~l’f (A),

the function ~‘k~~~~~) are d terained from the equations 

____ _ __ __- ____‘__ --_ - __ -__ - ‘__ _.~-- -_ _4_____ ._ _____ _ ___ _______ _ _ _  - -- - - — ~~~ 

— - -  - -
~~~~~~~
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0~ (I) ,
~ i~

_ i M
~ ’~ (A) G (dx), I ~ T’ (4.6) 

N ’) . ii

(Skj} ~~~~ pi)a) (~~‘~~‘ ‘- í) 1F - (4.7)

‘L?t u s ass u me tha t all the estima t ions ã~’ ü~, ~re

lustified.

Page 361.

From the results previous §3 it is easy to deduce, which for this is

necessary and is s u f f i c i e n t  the  cond i t ion : w i t h  a n y  real  C~~, ... ,

lw ~~ c~1$~’ 
(A) -~ = 00 .

(1

Let us visualize that certain formula

II
~i (dA) 

~~~~~~~~~~~~ 
G (dA) (4.8)

(composite) measure fj~,(dX) 
with n —

~~~ — w eakly converge to certain

measure (dx ) , i.e. , for a n y  l i m i t e d  a n d  con t inuous  f u n c t i o n  • (X)

tim $ p (A) H~~dX $ q~ A) l lk, (d A).
1*~4

I 
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Let us assuie that the weak convergence I1~ 4 Hkj occurs with

all Ic, j = 1, ... , N,  as the otyuer words, occurs the wea k

convergence of the matrix measures I a:

— ~~~~ 
H = (Il k,).

Let us name function • (X)  0 — permiss ible, if under t h e  condition of

the weak convergence H
!

~ => H occurs the relationship/ratio

I i i i i  5 q~ (A) H~ (dx) = f ç (A) II (dx). 
- 

(4.9)

¶he permissible functions form the linear class, lockel r~ lative to

uniform convergence and containing not only the l.iaitei continuous,

hut also sectionally contiruous functions with the finite gap count

in po in t s  X t h e  zero measure  H (A) = 0 (and , of co urse , t h e  ev e n l y

locked linea r closure of such functions).

Page 3514•

If we introduce the diagona l matrix/die

0

(4.10)

0

that for a correlation aatrix/01• (n~ ,) estimat ions • , . . ,

- 5 - -  - -~~~~~~ - 5- - - -

~~~~~ 

— = 5 . - -



—
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from formulas (14.3), (4.14) it is possible to ot~tain the following

expression:

= q~ (A)~~~~7 ( A )  F (dx) ~ = -

= .1 ~~ (A)~~’ (A) F (dX) } (s~~) =

- 
~l~k

(X) 
~~ 

- 
~ D ‘~ —

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
)

j 
—

- 
- 
= ts*111 D~ j’ I z (A) I1~j (dX) ~ D1 ts~

,),

where
- F (dA)

h ( A )~~~~ ~~~~~~~~~~~~~

a~~ s~~ and D6 are matrix/dies determined by formulas (4.7) and (4.10).

Let us assume t h a t  the dens i ty  h (A) = P (dA) /G (dA) is

permissible, On t~te strength of the condi tion of weak converge nce

(4.9) we have

irn 5 h (A) H~~(dA) = $ h (A) II k , (dA) ,  k , I—  I, .~~~~~ , N,

and , fu r thermore,

‘ i),~ (~.)* ” (A) — ‘D~ (s , I {- J i,,, ~ 
G (dx) } — { f II*~, (dA)

- _ _ _
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Consequently, unier the further condition of the nondegeneracy of the

matrix/d ie

i - i = { f  ‘k/ ( d X ) } ,

that- subsequently let us call the nondegeneracy of measure H (dx), we

ha ve 
-I

tHU I) ,, (s ~,J o,~ ii
,. -~ ‘~~

Page 355.

In summa tion , we obtain, that 
-

t h u  D,1 (a~’,I D6 = ff
5. 

-
~ h~~~A) ii ( d X ) j  ii — ’ . 4i I)

Thus,

under the condition , when the mat rix measures Hfl.. (dx) with the

com ponents of form (4.8) weakly converge to certain m e a s u r e  H (d A )

whereupon matrix/lie i 11 j FI (dX) is nondegener ate, and dens ity It

(X) = ~~
‘ (I X) /~~~ 

( I X )  is permissible, for a correlat ion mat r ix /d ie  (a~,)

best estimators occurs the following relationship/ratio:

— D ’ [H— ’ J h (A) H (dA) II .
~ ] O.~’

(where the diago na l matr ix/die D,1 is d.terui’ted by formula (14. 10))

and, in pa rt icular ,
a~~ — M a ~ — a~’... 0 

~~~~~ 
, k — I  N .  

TTT 5. - - - — -- --~~~~

_ _- -5-— ______
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2. Asymptotics of the errors in best estimators (discrete time).

Wil l, be f o u n d  below explicit asymptotic formulas of type (4.11) for a

correlation matrix/die ~~~ the best est imators ä~’ ~~ 
-

constructed according to the observations random process ~ (t) on

interval of 0~~ t n (time t varies discretely).

Page 366.

In t h i s  case , as a r u l e , w i l l  be assumed t ha t  t here is t -h e c on t i n u o u s

spectral density f (A), that satisfies the condition

c 1 ’cZ f~X)<c2 (4 I2~

(for some positive C1 and Ca), an d func tions 8~ (t), .. ., ( t )  are

such, that

Urn ~ o~ 
(/ )2  = 00

•1-~~~’~ 
ft

I 1~~’
IIUIX U~(I) i ’-’- () ~ 1~/ ~~Ok(t) 2

0

(I c  — 1, ..., N) and for all k, j = 1, ... , N with each s there is th~

limit

— .- .. J . .._ .. — - _ _ ~___ — —
_ _ _ _  ___  __ __ -5-- - -- - ---5-~~~~~~~~~~~-- - --5- - - -
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~~~O~~(1 +- .~) O j (!)
t im — _ __ _  - = R~~ , 

(s) . (4 .14)
Ok (1) 2 9~ (1)1 

-

~asy to see t hat the matrix function

R ( L) = ( R k ! ( 1 )) ,  _ o o < I< O o ,

is posit ively det~ rained in th, sense that for any moments  of t ime

t 1, t 2, ... sad any real C~ C~,

~~ C p C Q I4 k (I ,, — I~) ~ 0.

As is known I, this matrix function allow/assu.~~

.1 e~~FI° (dA) . (4.15)

where H O ( d A )  = I ( dx) ) — the positively det ermine~i matrix

measure, i.e., components H~~. (dx) they are complex-valued measures

(limited variation) and matrix/die HO (A )  = ( H °~. (A) positively

deter,ine~1 with any measurable multitude A.

FOOTNO TF 1• See, f or exampl e, (22], page 30. BNDPOOTNOTF.

_ _ _ _ _ _ _  

ii
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Let us  n a m e  H O  ( d A )  spectral measure  2 vector f u n c t i o n  ( e~ (t) ,

~~2 
(t), ... . 9~ (t) 1- . Let us assume that 110 (dA) is not iegenerated

(i.e. is not degenerated matrix/die Ho =J’ HO ( d A ) ) .

!OOTNCT? 2• This concept was successfully used ~y Grenander and

Rozenbiat during research of the asymptotic efficiency of the

estimation s of least squares — see, for example , r28]; coup, also

with our theorem 10. ENDPOOTNOTE.

Page 367.

On ~he stren;th of condition (4.13) wit h n ‘— ~~ —

~, (/+ c)O ~ (1) ~~~~ (I~ c )  fl , (I)

j /vo~~~2 
~~~~ 

~~~~~~~~~ 
J
/~~ n (() 

-

= J eiLs G0 (dA) = e S~~ 7 (dx),

where

- - . - - - - - - - - -  

-- T T ~~T~TTI1~’



DCC = 77182116 PAGE ~~~~~~~~~
“

~~
‘
~~(X) — ~~~~~ 

k I 

- - G0(d
~ - (

~~
’

and

k , j = I  N.

k i~~
’ Ii / ~

Consequently, with each t

RkJ (l)-= e tM lI~j (ax) = ~~~~ e’~~1l~~( d X ) ,

that the equivalently weak convergence of the sequence of measures

tl~~(dA) wi th n —> • to mea sur e

II~
6 =~ 1f (k j =  I N).

Thus, spectral measure HO (dx) fu nctions f ~~~ 
( t ) , ... , 9~, ( t)

), de term ine d  from formula (14.15), coincides with matrix measure in

formula (14.11), which corresponds to the pseutlospectral measure G0

(dx) = 1/2, dx.

Page 358.

_ _ -  _ _ _ _ _ _
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In su m mation , we obtain an asym ptotic tormula of type (14. 11) fo r

a correlation matrix /die ~~ the estimations of least squares —

the best estimators, wh ich correspond to pseudospectral. measure

(1°(dx)~. ~~~
— dA ,

at the 1°— permissible 1 spectral density

11w D°
~ (4.~ D~ 2~rR (O4~ f ( ~

) !-f~(dA) R (0; ”’ , (4.16)

where P (0) = fl~~~ ( d A) ,  and  D~ there is a diagonal matr ix/die of

the form

1! V~~~ i~~2
- V •~j V ~~~~~1

(4 .17)

0

POOTNOT? I~~ See I ? t er m i n at i o n  on page 353. ENDFOOT!IOTP.

L~t us turn mow to  best estimators 
~ ~~ corres pondinq to

I ~~~~~~~~ 
- - —— - — --- —5.-— - - - .5. - - - - -  -

--_______ 

- 

-- -
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t h e  pseudospectral measure G (d A )  w i th  the  densit y

~~~~~~~~~~~~~~ - (4.18 )

‘H

where Q(~)=~~~q~Zk _ the polynomia l with real coeffic ients,

which does not have as zeros in unit circle z~<I.

Lot us find solution of ~‘( l) ~~~Lf o f tj ( G )  the equa tion

8(1) j 9 — 1~~~1. ( .k )  
~~~~

i’7~~~,
L I2 ’ 

0 ~ I ~~ it (4.19)

Let us consider the function 0 (t) , determined with all t by e q u a l i t y

(4.19). With 0 ~ t ~ n it coincides with oriiinal function 0 (t), 0.~
t ...~. t~.

Page 369.

If we introd uce translation operator A: AG (t) = 0 (t + 1) and the

operat or

Q (L~) -~~~ q~~k,

that let us have the following relationsh ip/ratios:

p
.

-- - -- -5 - 

- _ _ __ __
~
J__ _ __
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Q(~)O(I)= $ L Q( ~ ) c ’MI ~~(X) 
j ~~~~

’
~~~~~

-y

= 
~~

-- e~~~ ’ 
- -
‘
~

-
~
-
~:

- ~ 
— o

2:, . Q I ~..’

with t < 0, since Q (z) — th e  ex te rna l  function even 1i ’(x) / Q(e ’~)

enters in subspace L1~~~1 ( G °) .

In the case, wh en ‘i~~~in , obtained equation

Q(A) 0 (I) =~~~q~0 (I + k) O. t — I, — 2 .

makes it possible to consecutively det ermine the values of the

function ü(t) with t — 1, —2, ... , n am ” ly:

0(— I)=  — -~---~~~q~0( k —  I) ,

— 0 (_ j ) =~~~~~~~ q~0 (k _ i) . 
k T I 

- I
t

In per fec f ana logy  it is possible to de te rmine  v a l ue s  9 (4) with

= n • 1, n + 2, ... from the equation

L ;- T:~~~T:I~~~~iTT::: Ii =~~TTi~ ~:t~~~~~~~~~~~~~~~~



________________ - - -- - •~~~~ 
- 

~~~_ : ~~~~~~~;~~~~~~~
-

~~~
---, -

~~~~~~~~~~~~ 
—

~~~i~~~~~~ r-~.: -

DCC = 77182316 PAGE 
~~~~~~~

- 

Q( ’ ) 0 ( I ) = q~8( 1 — k) ’ 0; t = n + l , n + 2 , . ..,

namely :

HI

O (II + t )  — —~—~~~ q~0(n -1- 1— k ) ,

-5 -—  --- - -5- - - - - -~~~~~~~ --5- -5-
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Fur ther ,

- 
. , (I) .

Q~A ’ )Q(A ) 0 (1) = J Q(A Q (A) e I*(~-~~.,~ Q ( C l&) p

-
. — -

~~~
- e~~ ’*(A)d X , - —

~~~~ <I<~~~~,

fro. which it is clear that th. solution *(x) equation (1L19) is

•4y (~) = ~ 9lX l ~~ (/), (4.20)

where

z(I)=Q (tV ’)Q(A)O(I), — c ~~</ < o o .

(Let us note that wit h m .~~ t ,~< a — a the fu~ctjoa z (t) = Q (A 1) Q

(A) 9 (t) is de termine d from the initiall y assigne d func t ion 9 ( t ) ) .

Fur ther, it is easy to see that

- - - - - - - -~~~~~~~~~~~~~~~- --- .- - - - - - -~~~~~~~~~~~~- - - - --5.-

- —

- — -5  -5 _ _ _  -5-- - —4



-----—--5—-5- - --5-- - — _ --—- .- -- -- - -5 

—- -- —--—-- - -—--— - - — - - -—— — _ --- -~~.in..- - — - - -

DOC — 77182317 PAGE 2

~~e1LV Q(1CI ) Q (A) 0 ( 1) — ~~ q~q1 0(1 — k + I)

~~~ ~~~ ‘ ‘0(/ ~
‘ ± I)

~~- I— ’,

= IQ (e ’~) 2 ~ e’~ O (s) + r

where in the trigonome tric sum

r )  ~~~~ + b~e~
M

the coefficients

i n- I

~ c~10 (j ) ,

in —

bk = Ec ~’,8(n — J)
j — 0

are the linear combinations of values 9 (j), j = 0, ..., m —1 and 0

(k) , k = n — 1, ... , n — a + 1.

Page 361.

It is evident that

_ _ _ _ _ _ _  
r~
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the soluti on ~ (~) eq uation (1.19) has the following struc ture :

(4.21)
where

Let us use the obtained results to functions O~(1), . . .,  O N (1). As it

follows from common/general/t otal formula (I. 21),

I ~~(X)= IQ ( e’~) ~O~ (x) + r~~(X)1

wher e under condition (1.13)

I , ..., N

(recall th at GI (Ak) — dk/2v and G (dx) i ~~~~~~~~~~ Th erefore under the

condition for existence (matrix) of the spectral measure H° (dX) of

functions {O~(I) O~
I/
~) for any limited and continuous funct ion 0 (X)

we have
~

t im j q (~~) —-
~~~

- -- - - -
~~~

- — G (dx)
~~~~~ 

O~ ~
,

O~ (~ ) 
~~~~~~~~~

= p (x),Q~c~ i~
2 

; , 
- ‘

~ 
— -

‘I -,— — •
~~~~() it~~~j ki~
(~) I Q(e’~~

2 I-I~, (d A ) ( - l .22 i

and , in part icular ,

irn ~~~~~~~~~~~~~~~~~~~~~ — J Q(e ’~)I’ 1I~ (d?.).
-‘

~~
‘ 

~~~~~ ~/ jj~,’

it is evilent that the matri x •eas~~e II ( d x ) — ( ~I~1 (dk ) ) in asympt ot ic

_ _ _ _ _ _ _ _ _ _ _ _  _ _ _  ~~TTI~TLT ~~1--5 —- —-5 —— --- --—— ~~~~~~~~ — — --- - —
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formula (4 .11)  has the components

H~,(dx)_ [j Q(e ”) I ’ ll~h (dA) ]  ~Q(e i
~~~~iI0h, ( dx )  ~<

X 
~J IQ(e ~ )~ ii7, (d) ~ 

1 

11.23)

a diagonal matrix ’die D,, is •uch , that (see (4.10), (4.17))

- (1 — i  -
hm DAD,, =

ii

- 

.- ~~/$ IQ(e
1x) I2 tfhI dx) ~~~~

.

0 

- 

~~~~~~ FINN (dX)

Page 362.

In summa tion, we obtain the following result.

Theorem 8. Let the functions e~ i~ °N( ~
) hav e the non degenerate

spectral measure if’ (A)) and satisfy couditioa (I. 13) • but the

spectral density f (A) is hO- permissible. Then at any spe ct ra l

density g (A) of the fern

g ()~) — 2~ I Q(,Ik) ~ (4.24)

L 
- T T ~~1 ~~
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for a correlation matrix/die (o~,} pseudo—best estimations u~’ 

occurs the following asympt otic relations hip/ratio ~~

- I) I ‘I I I)
wi D,1 ~~~ 

D,,

=2~I [ j 1~
_
) II °(dA)j [ J  h (x _

~~iI~~d x ) j { J ~
_
~ j II0 (dx)] .

(4.25)

where

1( A)

a D.~ is diagonal matrix /die (4.17).

FOOTROTE 1~~ It is necessary to say that relationship/ratio (4.25)

occurs for any continuous and positive spectral density g (X) (see

Tn. A. R ozanov~ ~~. 0. kozlov , the asymptotically efficient eva luation

of the coefficients of the regression, PAS of USSR 1 (1969)), but

from the v iewpoint of application /appendices, of course, i t suffices

to be boun ded to spectral densities of type (14.18). ENDFOOT1IOTE.
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Let us turn to perform linear unbiased estimates, usi ng for  them

the same designations

= J q’ (x ) 11) (d) .), k = I N ,

as for the examinad above best est imat ors. Let us show that under

condition (4 .12) for  the correlation matrix/die

~~~~ $ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

occurs the following asymptotic lower lim it:

Uiii 1),~ (~~~

‘
k
’,} D~ ~ 2n { .1 ~~~ 11° (d) .) } 

— ‘  
. (-I - 2h I

For a proof we will use one coamon/gen.r al/total ineq ua lity.

$p.cifically , if v — arbitrary cell/elements hu bert space, a q .

“ a— linsar ly independent cell/elements, then

{I~X 1, I
/~~) ~ (~

‘
~v1, i,;)) ~~ !‘k~~} 

{~i’~. I I I>} ’ 
~~~~~~ ~~,) i =

~~-~
• i .  !I~~

) UY~. !/~
)) {

~.‘- ,, !/i~~
) .  (-1 27~

ubste .
~~ ~ they indicate the projections of parent elements v 

on the •ubspsce, generated by cell/elements y j ,  .. .~ ~~~ an d they are

loca t ed through the formulas

t I ~~~~ CMI~X(, X,~~ y~
, i = Ill .

k, I

(c k, } = { <y k , ~i~>} ~ ’

_ _ _  - - - - - ~~~~~~~~~~~~.- -5 - - - - - - - - - - ---~~~~~~~~ - - ——_ _ _

~ 
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Applying inequality (1.27) to cell/elements q - 7R) 1 - ~. (A) and i4’~ A)//z (A),

‘~Z (A) / h (A) fro. hu bert space L(_ ~ . 1~) (F) ,  we obtain, that

= 
~(q ’7, 

~~I)F} ~~

~~ ~~~~ ~~~ { 5 —

~~

-

~~~~ ~~~~ (A)  
*7

(A)  G°(dA) )
~

‘ ((~~ i, ~4”)~
’

since the cell/elements ~p’/,,, ~~~~~~ .rc linearly independen t, and

nader condition (14.12) the cell/•lemsnts q’7 ‘i~ enter in hu bert

5piCe l (-... .~~
(( i)  and

I
~~~~~~~~~~~~ ~~~~~~~~~~~ ~~~ 

i . k I N ,

I ~ ‘ “ IX )  ii- ” ( A ) \
- 

~~~~~~~~ 
= J —

~ 
~~~~~~ ~~; 

(A) ~~ (A) (J (dA) ,
Il , j=t , . .. ,  N .

Page 3614.

(Recall that h (A) = f (A) /g (A) and g (X) r- l / 2 t I Q ( e iX) 12 .)

.

Furthermore , from spectral repre.eatatioa (14.2) and condition of

the nondisplacemen t of estimatioms ä~’. . . . ,  ~~ ma hive

-i 

- - - - -- ---- - - - . - - - - -

_ _ _  -5
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__ 1~4~ j H ._

~ 
q~ (A) M0’1) (dA)

.1 ~~~~~~ A~~~~~~

b

a
k

~~~~~~ X O d A , 1= 1 N ,

whence in view of the arbitrar iness of coefficients a1, . . . ,  a,1 jt

follows that
Vp7, ~l’k)()1 

E

— unit matrix) . Coaseq mamt ly,

~ { 5 ~~~~~~ 
~~~~ (A)  ‘4”

,
’ (A )  1 ~~~ } .

Since under condition (14.12) , whe n 1/f (A) ~ c > 0, occurs

inequality .± .I1~( dA) > c !-1°((IA). then tog.t her w ith matrizFd ie 11°— J FF ° (d A)

will be nomdeq.nerate matrix/d ie 
~~~~~~ 

I I ° ( dA) ,  and from

relationship/ratio (11.22) we obtain , that

el i f i  D~ (o; ,} D°~ ~
~ Iiiii ~~~~~~~~~ ~~~~~~~ 

- -

‘

~~~~~
-
~~~ G (dA) 

} 
—

~ I ( A )  
~ k ‘(P - /

- 2~ ~~~~~~~
- 11° (dA) }
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?h , under condition (14, 12) for any unbiased linear esti.atea â~. -

ã~wLth correlation matrix/die (o~~) occurs inequality (14. 26) .

Let us show that  for best estimators (wit h correlation

matrix /die {s~1) )  th is inequality is converted into precise equalit y.

It is obvious , sufficient to show that

Ii ~ii L)~ (s;,1 D~ ~~~ 2 8(5 T~~1 
tI° (dA) j 

~~~ 

(4.28)

Let us demonstrate the validity of inequalit y (4.28). Under

condition (14.12) continuous positive function 1/f (A) can be how

conveniently accurately approximated by the trigonometric (positive)

polynomials, always representable in the form ~~~~~~~~~~ Therefore in

formula (14.23) it is possible to select the spectral density

2~~I Q ( e ’~ ) i ’ ’

how co.vssi.mtly diffe r ing little from spectral density f (A) . Since

always ~~~~~~

n D s ~~~O~ < 
-

~~ 2n 
~~~~~~~~ 

II °(dA j [, i~-(--~ II~( dA) j  f .H! X 1 FI~(dA) r .

- 

ii

_ _  _ _ _  _  -5 - .— - --5-__-5 - -

- - - - - - - - - -— -- -- - — - —-~. , - . —.-.-— - - - . —--—-.- -.- -—— - - --- - -— —- . - - - - - -- -- - - .

-
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where g (A) can be selected how convenien t to close to f (A) , and

therefore must be correctly and inequality (4.28).

P rom relationship/ratios (4.26) and (14.28) escape/ensues the

following result.

Theorem 9. Under conditio n (14.12) in the case of the existence

of the momd.gener at. spectral measure H 0 (d A) for a correlat ion

matrix/die (s~ the best un biased estima tes occurs the fol lowing

asymptotic formula:

hni D~, ~s~ j D~, = 2~ J ~

-

~~~

— l I ” ( d A) 1 
I~

Page 366.

The obtained above results make it possible to deduce the

conditions of the asymptotic efficiency of best estimators .

Recal l that for the  un b iased estima te ~ the parame ter a, wh ich

alloufassnues the best unbiased estimate ~ with the minimu m

dispersios, the efficiency is defined as relation .-~J-~-J~~ - . Accordingly

estimation ci;’ ~~ they ar. called asymptotically efficient , if

liii) = I k — I N.
,,.., ,~. M(4~ — tz ~~

Let us show that in that wh ich is examine/considered by us the 

5.-—.— - --— . --- .~~ --.- --- .--- - -- .- -—-.-—- ——--—-- --.-- .—----— .. ----—--—-——- — .- - - -  - . —.

- — -—5 .- — -— — .——- 
— --—  — - - - a - - —- -- _— - -  .. ~~~~~~.
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case the asymptotic efficiency of best estimators ii~ ü~, is

equivalent to the condition

lw D.~ ~~ 
D~ 

—= u n D~ (~~~k/ ~ / ~~ (4.30)

In fact , in examine/considered by us the case there are the

nondegenerate maxiaua matrix/dies

= ~~ 1) ,~. (/ ,~~~ = j u l 1 1  f) fl (
~~

‘J
~~ 

(JO

on the strength of positive certainty of which all the diagonal

cell/eleme nts

liii (I~S1~(/ ~ an d b~ =— Ii in

are different from 0 (here ~~ the dia gonal cell/elements of the

normalization matrix/die J ) ’ ,~ Condition (14. 30) means that  {a k,} (b k,J  and,

in particular, tha t

fin (~~/;~~
2~~~
;
~ 1)111 d~~

) (T~~fr ~31~ 0.

Coas.gaently, un ie r  condition (11.30) is satisfied the condition of

the asymptot ic efficiency: m ,c~ In;k — l , k- ’~ I V . In turn, this condition

means that ~~ -
~~~~~~~L where ,~~ li~k k ( I ; ,  and since the matrix/die t~o~~

‘ - i  is nonnegative, with any k, j — 1, ... , I

“j :, — ~~ 
— .~~ )

U2
~uf 1 

ç
~~~)

l
~~ = fl

L k
Page 367.

( I

- -  

- 

__________



--

DOC = 77182317 PAGE ..W

~c79

Consequently, with the asymptotic effi ciency of the estisa tion s

bk/ = 11111 d~ fs~/ + (a~, 
— s~1) ( d7 =

ak, + 11111 d ( a ~1 s~j ) d ’,’ ak, , k , J= - I, . . - N.

in question i.e. occurs relationship/ratio (14.30).

We will use asymptot ic formulas (4.25) and (11.29). Let us

consider the stan~ardiz.d/normalized matrix measure of form (4.23)

- —u/I
11 (dA) = If ~~~ /j 0 (dA) J (( ((IA) r~~ ff (dA) 

( 2

where g (A) — spectral density. ?hen under condition , when are valid

formulas (11.25) and (4.29), for an asym ptotic efficiency n ecessary

and it is sufficiant in order that would be implement ed (equ ivalent

(4.30)) the equality

f i ,  (A) II ’ (dA) = {J ~~~~~~~~~ ii ’ WA) j

_ u  
( - 1.3

wher e h (A) = f (A) /g (A).

Let us show that it is implemented when and only when scalar

matrix/die Is constant almost everywhere relatively

H (dA): 1-
~ f E = C  ( C - - - lc k, ) ) ,  ~~~~~ ~~~~~~~~~~~~~~,

(—~
-
~

- E — c) ii’ (dA) - .  0, t4.32)

where E is single, C=(c&,} — certain co ta mt of matrix/die.

_ _ _  _ _ _  

~~~i : .: :.:T:: 11111 1TT 
--
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~gO

For a proof let us introduce the densities

“k (dA)
1
~kj  (A) —~~~~ --~-~~-~~. k, / = I N

(relative to certain measure m (dA)) and present positive matrix/die
~j/u~, (A)} ,
“~‘(Th th e form of the product

(h kj  (A)) (q~~ (A)) (‘(‘*, (A)),

wh ere (p~ )— positiv, square root from triz/die (/‘,1L

Page 368.

Vector functionsq’, fl=(~~(t) ‘P/N IX)) can be considered as cell/elements

the hilbsr t spa ce, in which the scalar product of cell/ele ents-q = (q ,

PA ) amd hl’ ft l~-~~) is dete rmine d by the formula

- J ~~ ‘P~ 
(A) i~,,(A) in (dA).

If we consid er th a cell/elements

1-~h ’P,~ ( Vh lA w, 1, . . ., VI~~~X 1 W IN L  / I, - - .,
and

~/~~~Pi
( 

- ‘ Pu . . . .‘  
V h ( X) ’P1~

t(
~~~~}~ 

i =I N ,

that will mesa tha t

(( Vi,~ ,, ‘Vhq ~,)) -= 
-
~ Ii (A) ir (dA) 

——--5 - ---5---- - -5—- - --5. - --- --

-. 5. 

— —— — -- -5—  -5—
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and -

1/ 1 I
~~~~~~~ j7~~

tP/ / 1 J  ‘I (X) ”~~
”
~~ ’

a furthermore,

f ( V’”ru. ~~~ ~} 
IP (dA) =

Consequently, equality (11,31) can be rewritten in the following form:

- 

(( V~ q’1. 1-~h (P1)~
• - I / \ -‘ ( i  I —l

-

. { ‘ I h uç ~, 
~~~~ i~~~~~~~

’ x

- X 
~~~ ~~~r (jj ) } .

Page 369.

Generally speaking, instead of the equal sign here must be inequality

sign (see ( 14.27)),  and equality occurs if and onl y if the mactors j ) i(7)

‘Pu (A) ~~~~~~ (XI are the linear combinations of vectors q~ (A),

‘PN (A), i.e., when for certain constant •atrix/di. C—fr11 ) almost

everywhere relative to a (dA)

• ~
r
,~~ A) ‘Pus (A ) = 

~~ r,~ (A), k = I V

(/ —  I , . . ., N).

t
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Hence we obtain, that

h (A) 
~ ‘Put (A) ‘Ph/ (A) = Ii (A) /i~ (A)

± ‘ c,,m (A) ]  q~ (A) ~~ ~~~~~ IX).

and, thus, almost everywhere relative to a (dA)

or (-
~

-
~ 

iT — (c~~~ (Ii ,,, tAo

iT — c) Ir(dA ) = 0,

Q. E. D. From equality (4.32) it is easy to deduce the following

result.

Theorem 10. Under condition (4.12) for the asymptotic efficiency

of the best estimators of Coef ficients “ 1,v in expansion (14.1)

(corresponding to spectral density g (A)) it is necessary an d

sufficiently in order that matrix function ~~~-E would be constant

almost everywhere rela tive to HO (dA).

3. As ym ptotic behavior of the errors in best estimators

(con tinuous time). Let us consider the case continuous t, when the

5. - - -. -- . . — - —a--- - . - .~~~~~ . --

L— - - —-5- --— -—- - -~~~~~~~ —--5- --- — - . -5-
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discussion concern s best estimators as’, . . , ,  ~~ according to the

observations of process ~ (t) in intervals of 04  t ~ ,. where -c = ;, --~~oo .

In which measure asymptot ic formulas for the correlation nat r ix/di.s~~~
best estimators, obtained by us in the case of the discrete time t,

do extend to the continuous case?

Page 370.

Of course, the spectral measure j j°(~(A) = (II~1 (dA)) vector funct ion (0 (/),

°N (1)) is definel in perfect analogy with that, as this is done in

the discrete case, namely the components H~, (dA) are de termine d from

the relationship/ratios

.1 ~ (I + ~) O~ (/1 dl

Rk/ (s)  lu ll - ~~~~~~~~~~~~~~~~ 
=

Il-. ~~‘

,. 
( / ) 2  dl O~ ( / )2 d/

= (~~
‘ I I t,j  ( ( IA),  k , / = I, . . . , N (4.33)

(in this case additionally it is assumed that the function (R k , (s ) )  ~~

continuous in 0).

Let
11w f Ok (/)2d1 = ~

- - - —  — _ - 5 _-5 - 5~~~~~~~~~~~~ ~~~~~~~~ ~~~T
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and
I l i a X  0h (/)I=O ~ J/’ J O k ( I) ’ dI 

~~

,( ~k~~I , . ..,  N,

a spectral densit y 
~~~ ~i° be permissible * , whereupon HO (dA) is not

degenerated.

FOOTWO?! I. See determination on page 3511. EWOFOOTNOTE.

Page 371.

Then, ~~st as in the case of discrete time, for a correlation

matrix/die (“~ the estimations of least squares occurs for mu la

(1$.16~ :

11w D~ ~~~ fl~ = 2nR 0~~ ‘ $ i  (A) II ’ (dA) R (Or ’,

in which R (0) F1
~~~1iI

0
(dA), a D~ is a diagonal matrix/die of the form

- I
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~ /
1

j ~~~~~~~ 1)

- (-[3 I)

But in the examination of the best estimators, whic h correspond

to the spectral density of th. form

~~~~ ‘ 2~t ( Q ( i X ) ) ’  ‘

where Q ( z) = ~~q~~* _ polynomial wit h real by coefficients , immedi ately

app ears the question concerning the legit imacy of passage to the

limi t in a relationship/ratio of type (11.22), since the function Q

(i)) is not limited when— — < A < —. The same question arises also

during reference to a formula of type (4.29), since the spectral

density f (A) is integrated and function 1/f (A) is not limited when—

— A < .

Let us assume that the fu nctions 0 ( 1) 0 (/) hays 2. continuous

derivatives , also, for functions (ti (I), . .  - ,  i /N  (t)}, wher e

! J k ( 1 )  Q (—.~ 0(/), k = I N . (4.3( )

I,
I

-

~1 
_=~.~-___~~

. _.
~ .

...__  ,ta_— - ._,-_S_c__._- - - —. - - - - -— - - 5 . --  — - --5— - - — — —

— -5—  - -5 —- --5- -
- - -

, 

--5

- 

~
-
~~~~~:-ï

- 

-

_ _ _
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~g(.

there is a nosdegenerate spectral measure, which let us desiqmatell (dA) =

(F I , , , ( d k) ) .  Furthermor e, let us suppose that

I / z
° 1 1’ J ! / i  (1 i 2 (II ( 4 3 7)

(k = 0, . . . , 2m; / = N).

Page 372.

Existence of the spectral measure H (dA) under condition (11.37)

of equivalently w a ak  convergence (to H (dA ) ) the  sequence of ma t r ix

me a sur es M ” (dA) ~M~,( d A)~ with the components

M~1 (dA) = 
~~~~~ 

i~~ (A) 0 k , j = N , (-I .3~~
~
, I/~

where

= J~ 
e’~’q~ (I) di , k = I, . . . , N

and G’~(d~) =~~~ dA , i.e.. for any l imited an d continuous

fu nction 0 (A)

li n i  f q ~(A)M~(dX)_ f q (A) II (dx).

Let us turn to formula (14.3), which describes th. best

estimators, constructed according to spectral density g (A)  of fotm

(4.35) , and l•t as consider the approp riat e integra l equation

0(1) $ e ’~’~p (A) 2i~ Q ( i ~) jT~ 0<1 ~~ t (4.39)

- •-~~~~~~~~- - - - - - - -  - — —= -. -  —— -- - - - - - ---- -~~~~~~~~~~~~~~~~
-

~~~~~~-
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(t ype (11.6)), relative to fumctiom ~~(A)E~ L~0~~1(G).

Let the function a (t),-— < t < —, with all t be defined as the

left side in (4.39). Since the polynomial Q (z) in ( ‘1 .35)  is external

function ( for a lover ha1f— plan.~. during any function iO’ (A) fro m

subspace Ljfl. ( (i) relatio n il’ (A)/Q (— I A)  will  be funct ion from ‘-I. ~~fri’ (see

§2 of chapter II) , and t herefor, for solution ~4~(A)~~L1, T1 (F) and the

corresponding function A (t) let us have

Q( — -~-H~~= ~~~~~~~~~~~~~ -~~- = 0  with 1<0.

For the completely analogous reasons

Q( 7~ o( 1) ‘
~~_ i~t~~j~~ ±X =0 with 1>-t

(since ~‘(A)/Q~iX)~ L1 _ 1 , (G°)).

Page 373.
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It is evident, that solut ion ~~(A) ~~L I~~TI ( G)  integral .qeatiom

(4.39) is the generalized Fourier transform ‘ the generali zed
funct ion

FOOTWOTE $ . See, for example, (6]. EWDFOOTWOTE.

Rut with 0 ( t < -r the left side of equation (4.39) coincides

with the initially assigned function A (t), which has 2m usual

derivatives ; with - ( t < -r usua l functiouQ (—-~~jo(1). as it was shown

above, it is converted ii 0 vith— .. ( t ( 0, and therefore the

generalized function z ( 1 ) = Q ( ~j’r ) Q ( - ;~~) O ( l ) j w ith— . < t ( v is obtained

by the applicatioa/use of a differential operator Q~~ -) to the usua l

sectionally smooth function Q (—~~-)0(i eq~i1 to 0 with -- ( t ( 0 and

which has 2m derivatives with 0 < t < v.

Similar pattern for z (t) occurs, also, with 0 ( t ( ., so that

in summation , we obtain the following formula * for the generalized

function z (t):
In— I  In_ i

z(1 )  = Z~ (1) + ~ a ô w (I) + ~ b~ô~’ (1 —
4 — I l

_ _ _ _ _ _ _ _  ---5- - - - - - —  - ——- - -  - - - - - - - - - -  —— - - -5 - - - - 5 - —

-5—- -— - , - ,-.-~ - - - ---- - -—- — - --  - -

- --- -5 -5-- - -- — -5 - - - - - -- ~~~~~~~--- -- ---
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where the coefficient s ~ and b essence Ulcer co.binat ions

derived not higher than n — I of fumctioss Q (_~~-)o(1)and Q(-~ -) o (i) at

end—points t 0 and t = -r, the generalized functions o(k) (l) and ô ( R I U _ T )

essence the k derivatives of 6—functions at the same point s t = 0 and

t -r, but z0 (t) are a usual function of the form

Z~( 1)  { ~~ 
( — -i-) Q (~—) 0 (1) w ith 0 <

with remaining t.1-
POOTWOTE ~~. See, for example (22], page 191. ENDFOOTNOTE.

Page 374.

Wow, if we introduce the function

0~~I~~r,

solution ip(X) sqentiom (4.39) can be presented in the form

= 
.~ e’M — _J1_)y (1)](1I t

I ’l l r n— I

-I- a (iA)4 + ~ b~c~k~ (iA)~.
k—I) k— f l

- — — -5 —  — - -5 — - - —  _- - -  - --- --5- - -
~~ 

— --5— —~~~1 
-5

- ~~~~~~~~
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Integrating in parts, we obtain, that

e M 
~Q( —- ;

~
- )  ~, ( 1 )j dI =

II 
t’i i

Q ( iA)  $ C~~
M

Y ( 1) dl + ~ a 1’ (IA)4 + ~~ b~’e~~ (IA) 4 ,
0 4—0

where the coefficients “~
‘ and b~’ are linear combinations derived

not higher than a — 1 of function y (t) at end—points t = 0 and t =

r. By using an obtain ed •guation ,

solution ~(A) equation (4. 39) can be presented in the form (comp.

(13.21))

where ~ (A) =- Q ( iX) i / ( A ) + r ( X ) ,  (4 .40)

i7 (A) = e”~’ y ( I) d l ,

an d the coefficients “~ aid b in the expression

ak (iA)4 +~~ b4e~kT (IA)4

U
- —-----5 - - - -—— --- ——-—-—------.—-— -—-- 5. - - — — - - — — --- -5- - — - --—--—--.-—-—--- - - — - --— -5 - —  - - ——-5.-.-- .- -1

- —---—-5 —--5 ~~~~~~~~~— --~~~~~
----- - -——— - -5— - -- -— -  — -—-5 - - - --5— 

~~~~~~~~~~ ---5— - - -  --5- --5—
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are the linear com binations of derivatives not above 2m - 1 of

original function a (t), 0 4 t ( v, at end—points t = 0 and t =

— I 2...— I

~ e~10
1 ’ 
~0), 1)4 = ~., c~~0 ’ (-r ).I-u I-u

Page 375.

Will use the obta ined results to funct ions ~~~A ) , . . ,  ~~~ A). with the help

of which are constructed best estimators u; ii~ (see (4.6)).

According to formula (4.40)

4’~(A) = Q(iA) i~ ( A ) + r ( A )  (4 . - I t )

(k = 1, .~~~., I), where under condition (11.37) “resid us/t•n ainder r~ (A)

satisfies the relationship/rat io

I r ~(A)~ = o t j A ; ” ’ ~r,~ j._ .)

and therefore for psesdosp.ctral measure G (dA)~~-~~~~~~1 (where Q (z) —

the polynomial of degree 2m)

°

___  -5——- — -- —- --- - -—---- -

- - - ------5 - -- - -- -5—- ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ -5-~~-5~~ -•~~~~~~~~ ==--5- 5 -- -- -- - - - - -

-- — _ _ _ _ _ _ _
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From (4.41) it is easy to deduce, that

hIll —

‘~~•~ ~~ ~‘
an d under the condition of the wea k convergence of the introduced
above (see (4. 3W) measu res M~, idA) we have

.
~
‘“ O~) ‘

‘ 
~~

Ui i i  (A) - -,~
-T--- -— ;;-- — G (dA)

-~~ 
,- -- -~ — 

—

LI ’ ~A ) :j” (k )
1111 

~ 
(A)  ~_ 1_ -~~ L _ . ( i° (d ) .)  =

—~ ~ - II Or !I j

.1 p (A)1141(dA), k, j =  I ,  . . . ,  N (4.42)

(for any limited and continuous function 0 (X). It is evi3en t that

the matrix measure s !I ” ( d A) = {/ ( ~, ( d A)~ with the components

(X ) -

JJ~~ dA) = ~~~~~~~~~~~~~~~~~~~~ G (dA), k , j = I  
- - ‘( :_-~~I 1 ,

weakly are reduced to the spect ral measur e H (dX) ( l I ~, ( d A ) )  of vector

function (YI(1)’ .. , YN (1)).

Page 376.

Thus,

for a correlation matrix/die ( o ~~ best estimat ors occurs
asymptot ic formu la (11.11) , in wh ich I (dX) there is a spe:tral

measure of functions (* 36), namely:

tim D~ (as) D~ 
— I [ f  

~~~~~~~~~ 

Ft (dA) ]II — ‘ , (4.43)g

a

- - - I ~~~~~~~~
I

~~~~~~~~
-II-I
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where N = H (dk), D,, is a diagonal matr ix/die  of the  f o r m

0

B,1 =

0

spectral density f (X) and spectral densityg(A) I
-5
~~( II ~) I ~ are such,

that relation f 
~~

) /g (X) H — is admissi ble I).

FOOTNOTE ~~. Corn p. with introduced previously condition (3. 5), wh ich

is satisfied, if relation f (X) / g (X) is limited. ENDFOOTNOT E .

Let us establish/install now communica tion/connect ion of the

spectral m easures H (d).) and H O  (dh) .

By integrating in parts, it is possible to arrive at the

following equality , analogous (11.111):

Q~ 
(A) e~~’ [Q~~ 1~0(l) dl Q( — iA)ö~ (A ) + r~ (A),

-— -5- --- - -—
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where (as was to desig nation earlier)

ô (A) = 5 e’~’0~ ( I)

and the “residue/remainder ” r~ (X)  satisfies (under condition

(4.37)) the relationship/ratio

= I ~;~7~o 
~

Page 377.

Therefore (under the condition of the weak convergence of sequsnce~~”

(dx)

2

t i n  j 
Q (IA) )2 

(50 (dx) =

~ J Q(j ~~~~~ 
Mkk (dA) j r~ (,) ) 11o ( d A )

it is simultan eous

I r,~ (A ) ~
t im I — — — — - - —

~ ~~~~ (5° (dA) ’ t im  ~
I- 

- - — .1 C) I i ). )/~ i(i - 
~
. 04 1’;’

It is eviient that the re is the fiual and different from 3 limit

d4 -~tirii -
~~~~~

-
~~

‘--- , k =  I , . . ,  N.
“ !/ , JIJ O

Furthermore, as can easily be seen,

- tI
I

- -5— ~~~~--  -5— —--- -— -- - — ----- - - - -  - - __—-——

___________ -- - -
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J ~~~~~~~ “
k j  Id A )  -

~~

q’ (~ ) r4’ (XI ,~~~i).)
- 

- - ( I  ( 1A) ’

~~
- •- . I ~ I ? .) — 

- - —~~

I) I
d 4 1 1 1 1 1  p (A) ~~~~ G t J A )  d , 

—
~

— ~~ i’)~

(14 J ~ 
(A ) 11° i dA)

for any limited and continuous function 0 (X) .

Page 378.

This indicates that under the condition for existence of the

spectral measure H (dX) of functions y4 (()~~Q~~~ )i~ U). k = 1,

N, there is the spectral measure flO (dx), also, of ori gi nn i f u n c tions

e (t), k = 1, ... , I , whereupo n

FI~ (dA) = d [ 
~

—

~~

- 
(iA)~~

’ “ (dA )j  d 
— I

, (4 .4’I)

where the diagonal matrix/die

d~ I)

d=

0 “N

_ _  - -=- --— -- - 5 .---  - - -- 5-- - — -- - 5.
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has on diagonal the cell/elements

ll0~d4 = 11111 - - —
~
--

~
---- , k= I N.

n-÷ —

If we now, using relationship/ratio (4.44), in formula (4.42) of

H (dX) pass to ~~ (dx) , then, after replacing the normaliz at ion

matrix /die L)~ by the matrix /d ie

0 -

0

let us arrive, in particular, at the following result.

Theorem 11. Let spectral density g ~~) ~ 1/2. I Q 0 ( i A I I 2  be such ,

that function h ~~4)  = f (k) / g (A) is limited , and spectral density

f (A) is con tinuous t), whereupon there is a nondegeserate spectral

measure of funct ion s .~Q I .~ - ) o ~~/)  Q ( - ~~~- ) O ~~~~~( 1 ) },  and is also made

condition (11.37). Then for a correlation matrix /die (°~ } best

est imators occurs the fol lowing asymptot ic formula 1) (comp. (4.25)):
- I~~I Ill I)
Iiiii ().~ ~n41~ D,1 —

~

~~~ ~~ 
,r (df lj  { i  / ,(Al -~ 

~ 

N ° (dX)}[ I 
~~~~ 

11’(IIA )j

(4.45)
where I. (dA ) - the spectral mea sure of functions 8~(/) , . . . ,  0, ,( l)  u h (A)

= f (A) / g (A) .



-5 -— - -5 -5 —---- -- -——-—5. -- - - -5 - 5 - -5

r - _ _ _  _

DOC = 77182317 PAGE ~

FOOTNOTE 1• It is necessary to say that formula (4.45) is obtained

and common for tha positive evenly continuous spictral densities g

(A), for which there an, limit s Ii In ~~(A) X tm , A. S. Eholevo: 1) about

the estimation s of coe fficients A-~ ±~~ regression. Theore tica l

probability and its appl ications. XIV No 1 (1969) , 78— 10 1.

EWDFOOTISOTE.

Pa ge 379.

Let us note that in the case of a spectral density of the type”

f (A) 1/2. Q (iX) this formu la gives t he following asym ptotic

expression for  a correlation matrix/die (
~ 3 the bst unbia sed

estimates:

Jim D~ Is
~
,} D

~
=2

~ { 5 - T_~~
- 1-10 dA j (4 .46)

(c omp. (4. 29)) .

Let us explain now, when is correctly inequality (11.26),

establish/installed earlier in the case of the discrete time t under

~~ condition f (A) ~~ 1. As the analog of this condition can serve

following :

f (A) ~ (1 + A2) ”, (4 .47 )

_ _ _ _ _
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where m is certain positive integer.

Let us turn to the best estimators, constructed according to
pseudospectral density g 

~~ 4 1/2. Q (IA) ‘, where Q (s) • ( I  + lzy * ,

let us a e  that ther e is the spectral measure ft (dAt of functions

!/4 (’~~ Q k ~-)o 4 (n. k 1. .. ., I.

FOOTNOTE ~~. On the asymptot ic efficiency of best estimators.

theoretica l probability and its applications. (in press).

!ID!OOTIOTE.

Page 380.

Then in perfect analog y with that , as thi s was done equal at the

conclusion of inequality (11.26), we will obtain that for :or relation

matrix /die (‘~ any linear unbiased est imates ~ occurs the

inequality 
I

~~ 
;~( ~~~~~~~~~~~~~~~~~ 

-- -

- 

_ _ _ _ _ _ _ _ _ _  1IITT -
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( let us note that with condition (11.117) function g (A) / f (A) is

limited , m ore precise, g (A) / f (A) ~~~ 1). Osing

common/general/total relationship/ratio (11.142). is hence concluded,

th at in the case of the contimuoss spectral density f (A)
tim B,, 

~~
i;

~~ ) 
D,,~~

~ I !~±~± ~~ (X )~~, (X)  
(5 (dk) 

J 

- 

[ i 
(A) 

FI (dX)] 
- ‘

1( A) “* ~~~ 
W i Ii(;~ I )A)

Passing here of H (dA) to HO (dA) (see (4.4*) and taking into accoent

that g (A) = 1/2. Q (ix) 2, we will obtain an inequality of type

(11.26), namely:

- (I 0 —

11111 fl ,, {~ 0 1) D,, ~~ 27t I fI~ (d~“-4 = ~ 1( A)  -

Let us assume now that spectral dens ity f (A) instea d of (14.117)

satisfies only the condition

f ( A )~~~~k ( l  + A’) ” (4 .48 i

(where k is certain positive constant). Let us introduce auxiliary

spectra l density

1, (A) = F I l m  Ir (I + A2) ”, I (A)~.

It ii obvious, f , A) sitisfien condItion (11.117),

and if (°~~, is a corre latiom .stxL.i/die of the seem linear unbiased

estima te. ~ 
ã~ (but calculated relat ive to spectral density f ,(x) ) ,

that acoocdinq to demonstrated recently the inequality

tim D~ tn~), 
D~ ~ 2n {$ j—.-

~~
- I1°(dA)J

I ~~~~~~~
— ~~~~~~~~~~ ~~~~ ~- 

- 
~~~~~~~~~ -. - 

-
~~~~~~~ J ~~~~~ 

-

- - ----- 5—-- - - --a
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Page 381.

Since f (A)~~~f , (A) .  that , obviously .

~~~

and 
~~ 

f l~~~r ’4’j D~fl~~~2~~~~-f-4~) Il°(dA) j

with any r > 0. But with r --
> the monotonically descending

sequence of functions I /f, (A) has as its limit 1/f (A), so that

tin , -
~
—-

~
--

~~
- /f~) (dA) -— ~~ T~

)5 /f~ (dA)

and -I

Lirn D~ ~~~~ D~ ~ 2~ t J r~ri 
!I~ ((IA ) j (4 .49)

- I
(where for the limited spectral density f (A) under the c~ ndition of

the nondegeneracy of matrix /die Ø• a S ~~ (dA) will be

nondegenerate matr tx/die I T~X1~ 
I10 ( d A )) .

Thu s, we nrrived at the following result.

Theorem 12. Let spectral density f (A) satisfy condit ion (4.148)

and is continuous, there is a moadeqen.~~te spectral measure of

functions~ Qc~ r)0 (1) Q(~~ ) 0 N ( / )~~ ~~~~~ Q(~ T ) _ ( t  
~~~ and is also made

condition (4.37) . Then for a correlation matrix/die (~~~
j I an y linear

unbiased est imates occurs asympt otic inequali ty ( 1 4 . 1 4 9) , in which ftO

- ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
— 

- .—. — —

- -  
--- -~~~~~~~~~~~~ -- - 5 - - -  - - -  -- — -

~~~~~~~~~~
--- --
— - - - -- - --5
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()~~~

(dA) — also the nondegenerate spectral measure of ori;isal ~i~~~ioniV ’

Of course, just as in the case of discrete time (see theorem 8),

under the condition of validit y of relationship/ratios (4.45) and

(11 • 149)

for the asymptotic effectiveness of th. best estimators,

constructed according to spectral density g (A), it is suf f ic ient in

order that matrix Vu~c~~c~ f (A) / g (A) E would be constant almost

everywhere relative to the spectral matrix measure H° (dA) ; under

further condition (14 .46) this also is necessary for a e f f ic iency .

Page 382.

Exam ple. Let N = 2 and

O~ (I) P 1 (1) (~~~(PI j (dA) , 02(1) P2 ( 1) $ e~’,n2 (dA),

where P2 (t) and P2 (t) — polynomials of t of degree n1 an d n2
respectively, of which the coefficients with leading terms are equal

to 1, m~ (dA) — the final measures.

Let us designate 
~~ 

and ~ the set of the points A, for which n 1(X)

~~ 0 and m5 (A) 
~~~~~

. 0 respectively. It is easy to cou nt, that

- I

4 ~~~~~~~~~~~~~~~~ 

- - - - - - - - - —

~~

-— — ,  ___p  - - ~~~~~~~~~~~~~~
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the spectral measure 8° (dA) {H~1~,dA) ~ functions (0~(I), 02 (/ ) lj s  purely

discrete and concentrating isolated point s A E A I U \ 2. more

precise’).

— F ( ~~~~ 
,,& (A) 2 

~“~ t (A) 1n2(X)\
II (A) ’= d _ __ 1d

in 1 (X ) i n 2 (A)  2~,, 4 - I  in 2 (A )  :2 )

where d is a diagonal matrix/di, of th. form

d = 
V
’
~ 2n +~ ~~ 

in 1 (A) 2 
-

I 0 1,f_
~
_L_ \~ in “A- : F 2n , - f L  ~~ 2~

FOOTNOTE ~~. See, for  exampl e, 128]. !IIDPOOT1IOT!.

When sets A , and A2 do not intersect , the condition: f (A) / g (A) E

is constant almost everywher e relative to NI (dA) - equivalently to

the fact that ratio f (A) / g (A) is constant for each of the

“cell/elements of spectrum” ~ and A s. , This condition, obv iously, is

always satisfied In the case, when there are only unique points
A~ ~~~~~~~~~~~~~~~~~~~aa4 ti the case, when the spectrum A I U A 2 consists of a

finite num ber of points A A,,,, the indic ated condit ion of asymp totic

efficiency is ma de, if we take pseudospectral density g (A) of type

(4.35) suc h, that  g (A) = f (A) with A • A A,,,.

- ¼

[

‘.—,—.——-‘-—  — -— — _________ - . -~
_
~~~~~__0_. - - ~~~~~~~~~~~~~~~ -

- -  - - -- ---5  - ——-----~- . . - - - - - -
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