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1
EXECUTIVE SUMMARY

In this Technical Note, we anal yze the link performance of a circuit -
switched system wi th priorities. Two classes of traffic , high and low pr i-
ority, are using the link. The high priority traffic is allowed to preempt
the low priority traffic when ini tially bloc ked on the link . It is shown
that the probabilities of blocking, preemption and total loss for the low
priority call s significantly vary as the ratio of the mean holding times
for each class of call s. From a system viewpoint two measures of perform-
ance are presented and analyzed . It Is shown that the difference between
these measures are significant and also very sensitive to the ratio of the
mean holding time for each class of calls.
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n
I. INTRODUCTION

In a recent technical note [1], we described the modifications we

have made to our circuit -switch performance model to consider priorities.

Two priori ty disciplines , friendly and ruthless search , were incorporated

into the model. In the ruthless case if all circu i ts are busy , the

high priori ty call would immediately preempt a l ower priori ty call. In

the friendly case, the blocked high priori ty call would first try to find

another path in the network. If one does not exist , it returns to the

link and preempts a l ower priority call. In [1] we assumed tha t the mean

holding time of the high priority calls equaled the mean holding time of

the low priority calls. In this technical note , we develop a link per-

formance model for the ruthless discipline wi th unequal mean holding times .

The results of this mode l are then used to examine the effect unequa l mean

holding times has on various link measures of performance.

To see the effect of different mean holding time , consider the single

channel case wi th Poisson arrivals for each class of traffic and exponen-

tial ly distri buted holding times. Suppose a class 2 (low priority ) call

is occupy ing the channel . If is the arrival rate of class i calls and

l/u~ the mean holding time for the class i calls , then the steady state

probability that the class 2 customer gets preempted is ~j c t / ( p 1c x+l) where

~j~~~1/3~i and cz
~u~ / u : .  Thus , one sees that the probability of preemption is 

~~~ 



dependent on the ratio of the class 2 mean holding time to the class 1

mean holding time , and so, this ratio Is a factor in the system performance

measures for the low priority ca l ls.

In section II we g i ve the ma themati cal ana lysi s of the system. Some

special cases are presented as well as a di scuss ion of several rel ated , but

different, system measures of performance. Severa l numer i cal exampl es are

given In section III a lon g with some In teresti ng conc l us ions. Secti on IV

contains overall conclusions drawn from this work.

2
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II. MATHEMATICAL ANALYSIS AND SOME SPECIAL CASES

1
In this section we give a mathematica l analysis of the link per-

forrnance when there are two classes of traffic trying to use an s-channel

trunk group. The class 1 traffic is given preemptive priority over the

class 2 traffic. This means that if a class 1 call arrives and finds all

the channels busy it preempts a randomly selected class 2 call that is

using a channel . The preempted class 2 call leaves the system without corn—

pleting service. If all the channels are busy wi th class 1 calls , the

arriving class 1 call leaves the system without receiving service. An

arriving class 2 call is accepted into the system if there is a free

channel. If there i s none, it leaves without receiving service. No queue—

ing of calls is allowe d for either class of traffic. The case where the

mean holding time for each class of call is equal was considered by Burke

[2]. To the best of our knowledge , Burke 1 s is the only related work on

thi s problem.

We assume that the class i calls arrive in i ndependent Poisson processes

wi th rate x 1, i=l ,2. The length of time to service a class i call is ex-

ponentially distributed wi th mean ~~~~~ and the service time random variables

are independent of each other and of the arrival processes. Define

~~~~~~ (1 1 ,2), 
~~u1/~ 2, Q~ the steady state number of 

class i calls in

the system ,and P1 ~~Pr(Q1=i~Q2~~} for i=O ,1 ,...,s and j=O ,1 ,...,s—i .

The steady state equations for ~~~ are for i=O ,1 ,. .. ,s-l and j=O,l ,...

s— i— l

( 1)

3
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for 1 0 ,1 . ,s-l and j= s-i -

(P1
~

+i
~

+s _ i ) P i s j 1 ~
Pi_ l s _ j 4P2 P j s j _ l +ø11P j _ l 5 ._ j +l (2 )

and 

~~~~~~~~~~~~~~~~ (3)

w i th

~-l , j i ,-l s+l , j i ,s+l 0
~

One can rewrite equation ( 1)  in the form

(j+ 1 )P1 ,J+ 1 1 P 2 ~~a+W~ ~~~~~~~ ~~~~~~~~ ~~1~ (i+l )~P~~1 ,~~; (4)

from which one can see that P. •+l can be expressed in terms of P. a i 0 ,1 ,J 1 ,

1 ,.. .,s. That is ,

S
= E A(i ,j,k)P~ ~ 

(5)
k=O

where for k=0 ,l,... ,s- l , j=0 ,l,. . . ,s-1 and i=0 ,l ,.. . ,s-j-l we hav e

(j+l )A( i ,j+1 ,k) —pj~A( i— 1 ,j,k)—~’A (i ,j— 1 ,k)+(pj~+~’+i G+j)A(1 ,j,k)
ç6)

—( i +1 )aA (i+l ,j,k)

and

11 i=k
A(i ,O,k)

10 i+k.

Thus , the solution of the problem rests on fi nding the (s+l ) unknowns

P1 0  i=0,l ,2,. ..,s. Using equation (2) one can find s of these equations;

4
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the f inal equation can be given by

= EB (
~

j ,s ) ( 7 )

where E8(.~1, s) is Erlang ’ s Loss Formula ,

aS! I
EB (a ,s)  = 

~

E a
r=0

Equation (7)  fo l lows from the fact that ~~~~ is the blocking probability

for the class 1 calls and this has to equal Erlanq ’ s Loss Formula since the

0 class 1 calls only have to contend with calls from their own class.

4s one can see, there does not appear to be a straightforward solution to

the problem and no simple results exist. One has to solve a set of s+l equa-

tions. The measure of performance of interest for c lass i is its loss probabil-

ity . For class 1 the loss probability , PL1. ecj uals blocking probability . and -

is given by

PL 1 = EB (~
1, s)= PS Q . (8)

For class 2 the loss probabili ty , PL2, is composed of two probabilities :

f’~ st , the probabi lity of blocking and second , the probabi lity of preemotion.

The probability of blocking, PB2, is t he probabil i ty al l the channe ls are

busy; i.e.,
5

PB~,= EP. . . (9)
‘- i= 1,s — 1

The probability of preemption for class 2 can be found as was done by Burke

[2~. Since PB2-E8(p1, s) is the proportion of time a high priority call is pre—

empting , we have ~1[PB2-E8(~1,s)] is the rate at which the preemption is

taken place. Thus, the orobabi lity of preemption , PP2, is

5
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X~[PB -E (~~,s ) ]  /2 B
pp2 ( 10)

and so
P1I
~
[PB2

_E
B(~ 1 ,s)]

= (11)

Thus , one can see that there is no simple characterization of the desired

measures of performance for clas s 2 because PB2 is not easi ly found.

Al though PL 1 and PL2 (=P B 2 ÷PP 2 ) characterizes the percentage of c lass 1

‘and c lass 2 offered erlangs that are lost , there is another measure of

performance for both classes which is in terms of the number of customers

who are lost , denoted by PLN;

c~~ PL +~~PL,,PLN = 
- 

. (12)

Some interesting comparisons between the percentage of lost erlange PLE (~ 1 PL 1
and the number of lost customers PLN , are g iven in the next

section. It should be pointed out tha t PLN is the results one would get

from an event-by—event simulation where blocked and preempted customers are

computed , or from a real world traffic measurement system where blocked and

preempted calls are counted. By contrast , lost erlangs cannot be measured

in a practical real world systems because this is a measure of call seconds

lost.

Three special cases are now considered. The first is the condition in

which s=l . From equations (1), (2), and (3), we have

= ~Pl O +PQ l  (13)

(~ji+l)P0 1  ~.Po,o (14)

p,
1,0 

= ~1 P0 0~-~~P0 i 
. (15)

6 
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The solu tion to these equa tions i s

- 

l +ap~ (16)
0,0 - 

(l+~p 1+p2)(l+pj)

P2H p
1 = (17)
‘ (l+~p 1+p2)(l+p 1)

P 1
(18)

‘ l+p~

The second example is the condition in which c~-s~O; from equation (1)-, we

- 
have for i=O ,1 ,. ..,s—1 and j=O,1 ,. .. ,s— i— l

(P2 +i)P 1 ,J 
= P2 P~,~~1+(i+l)P1~~÷1 ; (19)

the solution to equation (19) is

P = C  P2 1
i ,j i j!

where C 1 is an unknown constant. Since

s-i Pi
1
/~~1E p. . = Pr{Q,=i} = 1. 

, (20)
• f l  1~ J i S r

r O  r!
we have 

i
P1

- iTC~ ~~
_

r s 1 t 

I 
-

7



or for 1=0 ,1 ,.. .,s, j=O,l ,. . .,s— 1 and x=O ,

I j
01 P2

p. . = 
11 ii . (21)

1 ,J S r s—i t

r0 9~ t~o 
2..~

A quick check of equations (2) and (3) with ci=O will show that the form of

given by equation (21 ) holds there .

Equation (21) has an interesting physical interpretation; the joint

probability of the number of class 1 and class 2 cal ls in the system , P 1~~,

is equal to the product of the probability of the number of class 1 calls in

a s—channel loss system times the probability of the number of class 2 calls

in an (s-i)-channel loss system. As c~=U1/u2 -’O while p
~ 

and P2 remain constant ,

the class 2 mean holding time is getting small relative to the mean class 1

holding time . Thus , the class 2 preemption probability is going to zero

and the onl y loss for class 2 occurs when a c l ass 2 arr i va l fi nds a ll the

c hannels bus y . Fur thermore , rela tive to class 1 , the arrival and service

ra tes of class 2 are ex tremel y fas t and so the sys tem a ppears to class 2

as a (s-l)- loss system. These observations explain the form of the solu-

tion for P1~~ given by equation (21).

The final special case is that of 
~~
-

~~~~~; 
from equa ti on ( 1) we have for

1=0 ,1 ,.. .,s-1 and j=O ,l ,. . .,s—l— i

(oi +l)P~~ 
= 

~~~~~~~~~~~~~~~~ 
(22)

8



this implies that 

= o~
for some 0.. Since Pr{Q1=i}= E P1 ., using equation (20) we must have

j=O ‘~

r~ D. E ~ /
- - j=O ~ Lr=0 r.

for all i. One possible choice for ~~ j=O,l ,. . . ,s is

D0 
= 

~~~~~~~
and D~=O for j=l ,2,. ..,s;

then
1 

0 i>O ,j>l

~
, (23)
i ,i

I P1 / I! i>O ,j=O.
1 s r

~ P1
‘-. r O

A check of equations (2) and (3) with a=m shows that the form of solution for

gi ven by equa ti on (2 3) ho l ds there also.  When ~~-..o’ the expected holding

time for a class 2 call is getting large compared to that of a class 1 call.

Thus , the probability of preemption, gi ven the ca l l gets a channe l, is approach-
Ing 1, and so either a class 2 call gets blocked on arrival , or if it gets a I -

9

A



i free channel It gets preempted almost immediately . The reason it is pre-

empted immediately is the mean holding time is very long compared with the

H mean class 1 ho ldi n g time and hence , the class 1 arrival rate. Thus , if

j>l P. .~O and when j0 , P. ~ is the sta te probabilities of an s-channel1 ,3 l ,v

loss system wi th only class 1 calls using it.

It~

1

[

10
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I
III. NUMERICAL EXAMPLES

A computer program implementing the mathematical results of section II

has been wri tten . Those results require the solution of s+l equations. ~~~~~
-

pend ing on the values of s and a, severe numer ica l problems can arise.

Even for small va l ues of s(s=3) and a greater 1 ,000, the accurac y (even

using double precision) becomes a problem . For this reason, we also -

develo ped a~event-by-event simulation model for the system. The curves

presented in figures 1 through 4 were basically generated by the mathematical

solution; for the case where a was large , equation (2 3) was use d to genera te
I

the trends. These trends were then checked against the results of the event-

by-event sinulation model.

In figures 1 through 3 the probability of blocking (PB2), probability of

preemption (PP2) and probability of lost (PL2=PB2+PP2 ) for class 2 cal ls

are presented . For s=8 three cases are considered : c’i 7 , 02 =1 (figure 1),

P 1 P2 =
~~ 

(figure 2) and pi =1 and P2=~ (figure 3). In each figure PB2, PP 2
and PL2 are plotted as a function of ~~~. The probability of blocking and loss

probab i l i ty are monoton icall y increas in g in c~; whereas the preempti on of

blocking is monotonically decreasing.

We sun~narize these results in table I , where Pr{Q1 i} is given by

equation (20). Noting that when c z l , we can use the resul ts con ta ined i n

Burke [2]. For this case,

PB2 
= EB (P1 +P2,s) (24)

and

— 

P1[E B (P1 +P1, S ) _ E
B (P1, s)] (25)

2 P2

11
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From ta b le I,one sees that the loss probabili ty increases from
I I

: Pr(Ql i}EB(02,
s_ i) to 1. Thus , as a varies from 0 tom , the values of PB2,

i=O

PP2 an d PL2 can vary si gnificantly.

Figure 4 gives a family of curves for increasing values of a. For s=8

three load combinations are considered: A-0 1 =7 , 22 =1 ; B-p1 p2=4; and

C-p1 1, P2~~~ 
The solid lines for each combination represent the percentage

number of erlangs that are lost , PLE=(p1E8(p1 ,s)+p2 PL2)/(p1+p2); whereas the

dashed lines are the percentage of customers that are lost , PLN , as given

by equation (17).

For comparative purposes the loss probability for the case where class 1

calls are not allowed to preempt the class 2 calls is also presented . That is ,

- :  both classes compete equally for the channels. For this case it turns ou t (see
Cooper [3]) that PLE PLN=E9(pi +p2,s).  Hence , the line EB(8,8) represents

the case where both classes of calls equally fight for the channels.

Since PLN i s the portion of cal ls  that are los t i n terms of num ber of ca l l s

and PLE is the portion of calls in terms of erlangs of lost traffic , DLN ~ PLE

except when a l .  Several conclusions , which are summarized in table II , can

be drawn based on different values of a. If one is interested in the number

of los t ca l l s , the system should be run wi thout priorities when a<l (i.e.,

priority calls have longer holding times), whereas the system shoul d be run

wi th priorities when a>l. If one is interested in the total number of lost

erlangs the system should be run wi th priorities when a~d and wi thout

priorities when a>l. We note as far as class 1 Is concerned , the performance

of the system is i nvariant in a.

16
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The B and C curves cross in figure 4 for a85 and a 350. The reason

for the crossing is the particul ar selection of load , p i l .and p2 7. If

p
~ and P2 were closer to 4 the crossing would not have taken place .
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1
I TABLE U. COMPARISONS OF SYSTEM MEASURES OF PERFORMANCE FOR VARYING a

cz< l PLE < E6 (p1+p2 , s) PLN

c & l  PLE = EB (P1 +02 , S) = PLN

cs>1 PLE > EB(p1
+02 ,5) >

19 
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Ii

IV . CONCLUSIONS 
-

In this technica l note we present an analysis of a priori ty loss

system where the different classes of traffic have different mean holding

times. Severa l genera l conclusions can be drawn from the results presented

in the technica l note . First , the non-priori ty traffic blocking probability ,

preemption probability and loss probability , significantly vary either in—

directly or directly as the ratio of the mean holding time. Second , upper

and lower bounds can be given for each of these probabilities , see table I.

Third , there are two measures of performance that are considered for both

classes of traffic. Depending on one ’ s viewpoint , vastly different re-

sults can be obtained.

Although AUTOVON was developed for use of hiah priority customers ,

current traffic enqineering practices require the trunks to be sized so that

all classes of traffic meet a given level of performance. Thus , the results

of this technical note will be incorporated into DCEC’s voice performance

modeh which is currently being used to perform some of this traffic

• eng ineering.
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