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U. S. BOARD ON GEOGRAPHIC NAMES TRANSLITERATION SYSTEM

Block Italic Transliteration Block Italic Transliteration

A ~ A ~ A , a P p p p R, r
B ô 5 4 B, b C c C c S , s
B e B • V, v T i  T m  T, t
r r  r s G,g Y y  y , U, u

D, d F, f
E e E • Ye , ye; E, eM X x x x Kh, kh

Zh , zh L~ ~ L~ q Ts, ts

3 3  3 s  Z, z Ch , ch

H u  I, i W w  W w  Sh, sh

~i R i~ Y, y Ui, u~ ill q Shch, shch

K, k b iD  ft

fl a L , l Y ,y
M M M, m b ID b ~
H u  N, n 3~~ E, e

0 0  0 o 0, 0 I(J io JO ~ Yu ,yu
f l n  u n  P, p  2 1  Ya,ya

~~~~ initially , after vowels , and after ~~~ , ~; 
e elsewhere .

When written as ë in Russian, transliterate as ye or e.

RUSSIAN AND ENGLISH TRIGONOMETRIC FUNCTIONS

Russian English Russian English Russian English

sth sin sh sinh arc sh sinh~~cos cos ch cosh arc ch cosh 1tg tan th tanh arc ti-i tanh_1
ctg cot cth coth arc cth coth 1
sec sec sch sech arc sch sech 1
cosec csc csch csch arc cech csch

Russian English

rot curl
ig log
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OPEN RESON ATORS, F ORMED BY PARALLEL DISKS W ITH ARB IT 9& 9Y~ RA T I O OF

THEIR DIAM ETER TO THE DISTANCE BETWEEN THEN.

A. T. Fialkovskiy.

Artici.e was submit ted 6 Oct. 1965.

The theory of good quality natural oscillations in an open

resonator, formed by parallel round disks, is developed. In this case

on the ratio of a/i (2a — diameter of disks, 2i — distance bet ween

them) are not placed any limitations, in pacticular, the listance

betwee n disks can be approximately equal to the half—w ave or wave.

The natura l frequencies of high—qual i ty  oscillations ~re found . The

problem is solved about the excitation of oscillatione in the

resonator by a plane wave, falling normally on the disk (with low

transparency of disks).

_ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _  —S —~~ ——~~~~-~~-S -. ~—- . - ‘ -S.. -.-—-~~~
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Intro d uc t ion

0• -

In (1] are examined resonators, consiating of t W 3  lisks arranged

one against the other (Fig. 1), under coad itiops 1>°~ 
ka>1, where

— wave number.

S

______ —

Fig. 1. Op en resoiator, formed by disks.

With h i — I  (or i d a )  the theory of disk resenators develope d in

(1) needs some ref inement with respect to the followin g

coqsiderations. If wave 11. or E.~ arrives at the open end of the

fl at wavegnide at freqmency close to its critical, then with q>)

the coefficient of reflection is determined by formu la t23

R = —e’~~~~, ~3 =0,824. (1)

It doss not d.penl on the wave polarization — the same for waves

I#~ aid E~ — and pertains to the coipoi~ent of the field, d irected

along the coordinate axis, which the field does not depend on. 

—--5- - - - - -
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With arbitrar y va lues q (qzl, 2, . . .) , i.e., when between plates

are placed approximatel y h lf—vavss, waves etc.., the reflection

factors are different for waves I., a~id H., and are determined by

for.ul as

i($’+IIpg~IRH——I (2)

where ~~~~~~ depend •n subscript q. They can be easily found from

the strict theory of diffraction on the end of the wave;uide (see

Appendix), there values are presented in Fig. 2.

fl~~

~~~~~~ 14 12 Th ‘I 29 q

:;: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Fig. 2. De pendence of ~~~~~~~~~~ and 4 on the nember of hal fwaves,

placed between plates.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
.=
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Fr~a Pig. 2 we sea that the tendency of ~~~ and ~ to value ~ =

0.824 occurs quite slowly; since vs will see below taking into

acaount the  d i f fe rence  of ~~ from P~ 
the construction of the

theory is substant ially complicated.

§ 1. ANALYSIS OF N A T U R A L  OSCI LLATION S

In cylindrica l coordinate system r, •, z let us use electric and

magnetic Hertz vector (3]

= ~~‘AJ,,, (wr) —~~ v,z cos (m,+,.), 
(3)

fl’~= !LBJm (Wf) ~~ v,zsan (m,+,,),

where A and B — ar bitrary constants of multiplier, w =}’k’_4 —

radial wave number .

Then, substituting (3) in the Maxpe ll equation, wit h accu racy up

to the rejected terms on the order of w’/k ’ we obtain the expressions

f cr electromag netic field in our resonator

______________________ 
_ _  

___ j
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E, —fp~(r) ~~ v~ sin (mtp+,,) , H, =ifH(r) ~~ v,z ~s (m, + ,•),
E,. = _,,1(,.) sm v,z COS (mc + ,,), H, =ifE(r) o,z sin (m, + ,,) ,

!!f A/ rn (wr) u~~ cos (rnq, + ,~) ‘ 
(4)

= t - Bin, (wr) Sin (mc + ,.), 
j

where I E (r) _CJ n,_~ (wr) + DJ n,~1 (wr),
‘H ( r) =Cin,_,( wr)—DJ a,+i (wr), (5)
C =A + 8 ~ D e 4 _ B, u q =~i, q = z , 2 , . .

For determinat ion of ratio D/C, radial wa ve num ber w an d the

freq uency of oscil lations o i =c k  we use the  reflect ion factor from

the open end of the  f la t  wa veguide under the  condition that  the

freq ue ncy of the wave is close to critica l, and we put to ;ether the

impedance boui~dary conditions on the edge (r = a) of our resonator

it dr

TMH d1 (6)
=0,

where, considering the smallness of the parameter

(2k1 =~iq±2 ~p) , 7)

it is possible to assume

2 
s; y

~~= 
2 

s. (8~
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Bubstituting (5) in (6), we obtain

tJus—~ (is) + y,,J ,,_~ (ce~a)J C ± IJ ,.+~ (mu) + MN1 ‘+1 (wa)I D = 0. 
~U....1 (~~

) + VZilI-1 (msa)j C — ~~~~ ( ‘w) + YE’~+t (mu) I 0= 0. 1 ~9)

By e~uat1ng tk~ deter iihint of system (9) tQ zero, we obtain the

charac teristic equatiou

‘E 

~~~~~~~~~~~~~~~~~ 0, (10)

where

At small valties of YE’ y,, in the first approxim ation the

solutions of equat ion (10) have the form

or
$ = 

2 v ,,_~~ s = 
2 vn,~ 1•,, (m = I , 2, . . .), (II ~M +~’+i ~’

where

M=J/~ia, ~~~= (12)

and v,~ — n—t b zero of function J n,(x). By substitutin3 (11) into one

of eqeatiops (9) , we determine the rat io ;D,4’C. When we take Vm~~ .n,

C/D = s, (13)

ail d vh•n v,,...,~,, then .
D I C = — i~~- ~E 3 H

5 (14)
211 4 

.~~~~~~ . . 
- -~~~~ • -• -  
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Wit h m = 0 el uat ion (10) is brokep d o w n  into two eq ualities:

F_1 F 1 — — % P-~ — F 1 — YK’ (15)

where we obtain different natural frequencies, and so that equalit y

(8). would be fulfilled, it is necessary to assume

C = D W C — — D ,

i.e., we come to the case investigated in (4], when it is possible to

use only the magne tic or only the electric Hertz vect3r.

§ 2. CLASSIFICATION AND MAIN PROPERTIES OP NATURA L OSCILLATIONS

The oscillations being examined are characterized by three

su bscripts; m, n, q and still by Bessel function (J
~ ’...L or 1m+i)’ the

roots of which det ermine the natural freguenciss and which in the

first approximatio n determine the field of natural os:illation. Hence

appears th. natura l formation of natural •scillation s with the aid of

four subscripts: in Qn—I)nq ;  m(m+ 1)nq.  Let we examine the main

properties of oscillations in the given resonator.

h1~
______
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1. Symmetrica l oscillations (m 0) appear from classification.

According to (
~~1. 

we will designate them through HZ and HZ.

The natura l frequencies of these oscillations are determined by

formul as
2v , O~t- 2v

J L A I ( S—  . (16)
M+a’ +1~E

The differ ence of ~ from ~3, leads to polarized dec3mposition of

natural frequencies. Within the accuracy of formula (16) it is

po ssib le to only c o n f i r m  that the im aginary  parts of nat ural

frequencies are distinguished by a value, piop ortional to 
~~~~~~~~

for real parts a i ore precise investigation is necessary.

Unsymmetr ica l  oscillations (a = 1, 2, 3, . . .)  correspond to

classification. In this case the complex frequencies f natura l

oscillations m— 1 (m)nq and m+1 (m )nq within the accuracy of formulas

(11) coincide (however , wit h m ore precise solution of eq uation (10)

the frequencies can be obtained slightly different). rIte natural

frequency of oscillation 1(0)nq is a single noudegenerate frequenc y

(wi thin the accuracy of formulas (11) 3.

On the line, connecting in complex plane the natiral frequenc ies

of oscillations HZ and Ha’,, at an equal distance f rom these

I
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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fr equenc ies is placed the n a tu ra l frequency of oscillation 2 ( 1 )n q .

Fig. 3 schemat ica l ly  shows the course of lines of force of

el ectric (sol id li nes) and magnetic (broken) f ields for  osci l lat ions

1(0) lq, 1(2) lq anI 2(1) 1g.

~~~~~~~~~~ •Fi g. J.  D i s t r ibu t ion  of lines of force.

As follows f rom ex pressions (~4) and (5) , t he  d i s t r ibut i~ n of l ines of

focce for  oscillations m ( m + 1 )  l q wi th  w = 2 , 3... is si mi la r  to

distribution for oscillat ions 1(2) lg and differs from it 3nly by

azim uthal period (equal to w/m). In exactly the same way the

distribution of lines of force for oscillations m (m- b~1q with m = 3,

4~~~,, d~i f f er s f ro m the distribution for os cillation 2 (1)l q b y

a z i m u t h a l  period , equal  to w/m ( taking into account t~te direct ion of

lines of force in both cases the azimuthal period is aqual to 2w/rn).

The discussed theory of na tural oscillations boils tru e with

s<< 1, i.e., with



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5 .—-. - 
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M_ j ,/ ! a_ .
~~.i>1. ( 17)

This means th a t with q — 1 there should be ka~~. 1 , a~~I; with

Q>I there can also be 1>a. Thus , on th:e theory developed above on

the ratio of the diameter of disks to the distance between them there

are not im posed any  limi ta t iotts. W ith q—~ oo parameters ~~~ 3~~ f3’

approximately coincide with ~, and our formwlas change into formulas

of work (1].

§ 3. EXCITATION OF PLANE WAVE

Let us examin e the exc itation of the open resonator of a plane

wave, bitting the resonator along axis z. The disks of the resonator

are assumed slightly transparent; we will characterize the n by the

reflection factor P and the transmission coefficient r , where

R-’~ I , TI < 1 , which is necessary for the existence of high—quality

oscillations. In this case as bef~~ ” we can use expressions (~$), (5),

(1.1) and (12) for writing the nataral oscillations, h~wa var now

(18)

wh ere parameter p is connec ted with the complex reflection factor R

- ,. _ ---- .. _ . .  

.

~~~~~ 

— -

~~~~~

. ,

~ - - ~~~~~~~~~~~~~~~~~

—
~~~~.- .— -~~~~~~ .. _~_.S_5~~~

_
~_ _____a_ rn , -~ ~~~~~~~~~ .- - -—--—5 .,
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by relation

p = -~~-In R. (19)

The wave falling on the top disk will soak through inside the

resonator and on the bottom side of the top disk excite electrical

and magnet ic currents with surface density

j ~ =~~~ TE.e
_Ihl, J~~r = —j ~~TE,e

_
~*i, (20)

where E0 — amplitude of incident wave

(21)

Thus, the posed problem is reduced to the calculation of

excit~*tion of disk rescnator by currents (20)... By solving it in the

first approximation , we will assume in ex pressions (~4) and (5) 0 = 0

for oscillations m (m—1)ng and C = 0 for oscillations a (a+1)nq.

With the assu m ptions made, we can obv iqusly use the theory of

excitation of ordinary volume resonatots (C 3), § 101) and consider

that ampl i tu des ~1. of electrical and B. of magnetic field of s—th

oscillation are determ ined by formulas

4, — i * ~
wr ~ . — co~r ~~~

(22)
a,—— ‘ 

~~ S(a,t E,_0j mH,)~~,

where ~ - frequency of excitation, subscript s replaces four of our

- .—~~~
. .-.—,- .- -‘.5 - . -~~ - - -- 

~~~~~~~~~~~~
-
~~~~~~~~

- --- -
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subscripts,~~ h&~acterizing a specific type of oscillations,

integration is per formed with respect to the bottoi side f the top

disk z—1, N, — standard of natur al oscillation

Ns _
~~~

S E d V _ _
~~~~

Hh.dV (23)

V — volume of resomator (—1<z (1, 0<r < a). Let us note that in our

case I.t is necessary to consider natural frequencies complex

(w5 —c i—i . ) and to  take into account in them the presence of losses,

o~nnec ted with radiation to the sides and the transparency of disks,

at the same time t he  d istribution of fields can be taken without

tahing into accoun t losses.

By su bstit u t i n g  expressions ( 20) , (4) , (5) in (22). (23), we

arrive at the conclusion that the plane wave excites only

oscillations 1(0)nq. In the first approximation inside the resonator

the electromagnetic field will have compoqents

v~r 
) ie~~’

(_ 1)’ e~~ ’
LI (24)

H, — ~~B~1J 0 
( 

~~~~ ) Ee” + (— 1) e ~~”J

and components H. and H,, which we do qot write out (H, H .~ = 0)

Coefficients A,, and B,, are determined by fqrmulas

A,, = e~~’”~’ 
STE. ~~~~~

kiv,,11 (vM) 0’ (25)
— —I(k—-c~ 

) 1 STE,,q—t
hlvMJl(v,,) ~~‘ —

— — — 
— — 

~~~~~

-. ~~~~~~
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where

(26)

With m..w,~, in particular , from formula (25) we obtain

As, — 1 — . &....Q,
$

where the quality factor of the reson atoc Q is deter mined by

ezpression

Q~~~ .’—~--— (28)3. 4V+V’)
where

~~~~~~~*(M +~~~~+*)
S —P ~--- V ’p —p ’—ip . (29)

The resonance values of (27) with p<p , i.e., wit h prevale nce

of diffraction losses, are inversely propottiosal to ~~ and q”,

i.e., with increase of subscripts n and q decrease r a the r  rapidly.

With prevalence of losses on disks (~‘>~~) the resonan ce losses (27)

are inversel y proportional to v~ and do .qt depend on q.

CONCLUSION

Recently ther e appeared exper imental verks, in which open

- 
S ~~ - — - 5- ~.“ - ~‘ .— . . .

. 
. . - — ‘ —-‘

~~~-—. ... . ..— -

— 5-5-- ~-.--- —--——-—~-----—- 5 ‘-5- — —5 --- 5— —
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resonators of the examined type are applied. So, in (8) there were

used resonators, formed by wire lattices ~otherwise, anisotropy of

these systems lead s to additional rarefaction at the spectrum; in

such a system there can be only oscillatiops 1 (Q)nq, polarized along

the wires of the lattice). Under the effect of these works there

appeared the problem , solved below.

Let us note that the similar problem for open res onator , formed
ty rectangular mirrors, turns  out to be sinFleg , it j3 solved in book

(143 . H

I deeply than k I.. A. Vaynshteyn for posing the pr oblem and for
guidance.

APPEN DIX

Curves of Fig. 2 w ere calculated by us by f~rmu1as

- 

~~5~~:~ 5L . L~~~~ ’-
- ~~~~~~~~~~~~~~ _ _ _
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~~~~~~~~~~~ ~
.+ i( .4-q) 

...J. )], T 1 ,781.

— + 
~~ (f 

— 2~~ y~ — (Zni 
~~

~ V’~
(f — 2~~~ yqs— (20)11 )’ 

q=  2,4 

which were obtaine d from the corresponding expressions of book [23.

In this case

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
..

~~~~~~~~~~
t.

I I \  11 1 ‘
1

Yx ’+qx 
_

~~
_ ) d x Jj =_ : ,~~~ {

m~
*
•i7:

_

__
~i~ [V

’
~~In(1 +— ~~-i  + -~

- v ’ +~)} } — ~3 — 0,824,

since (see , for ei~ample , (5) ,  p. 71)

i~~ (~~ 4_zvr) =t(1/2)=—I,480,

where ~(x) — zeta- function of Riemann. Similarly it is possible to

sh ow that
u r n  3,  —Urn ~~ — 0,824.

I-.~~ I-.~~

As is known, with decrease of the distance between plates of

flat vaveguid. the beam pattern of radiation is weakened from its

open end , therefor e wi th  q — 1 flanges can become an esseatial

effect’. However , t h e  calculations, per formed on the ba sis of the

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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variation~ ,me .tIio& 63, show that with q = 1 the account of f lan ges

leads to such a decrease of values $~.,, •~d ~~~ .H :

= 0,125, £~ = 0,175, &~, = 0,065, Aj3 , — 0,070
and with q = 3

st~~~’~ 0,Ot4 , ~i$ ’.’0, I40, A~~~u..O,056, A~~~..O,ON.

More precise calcwlation of these corrections can be obtained by

iterat ions dur ing  the solution of infinite system of equations,

obtained in  ( 7 ]  f o r  wa veguide with flanges. It is interest ing to note

that, bein g limited in this system by diagonal terms, we once more

arrive at results, obtained in (63 by the variation method .

BIBLIOGRAPHY

u. IT. A. Ba6awve *w .*3T•,44j* 3, 1060, 1963. -

2. IT. A. B ah y e * u,. fli,$paoisi ~~e rMm’.wI p is~m~i.uz ooa~ us
O?NPM1OM NONNC sn~i.o.opa. N.. Hu•.o .Co. pauo,. 116$.

3. JI. A. B a * N ye * N. 3auip.warwwtiswe .oauw. N., Hu.a. iCes. panues,
1951.

4. .71. A. B a 6 N (0 ye  * N. Of, pwnie peaoNaTopw N OTK~ MTWI so~iiosojw. M.,
II3~•eo .Cop. pa suo’. 1966. cit . 51.

3 3. 1. Y u , t e ~ e p. fl*. H. B a 1’ C 0 H . Kype cospeueis~ o~’o $Ns~fl$1, ~~ 2.
flep... c iNr.i. UJT. 1963.

6 IL It e a NW Co.psossuu teo,irn ao.ivt.osoaos. fl.p . c a~~. HI!, 1964.
7. H. N. Na $ si u a w ci i Solotuss s( a 4Itk.ctlom pr,bl.is . Ph I!. h ans, Roy.

Sic. Leads.. SicWs A. MaNi. Phys. SaL 161, 1—51. 1961.
R F. A. I~~.or p a a o s .  6. N. ~ i .asos, II. A. Hp ac . a . .  Ilicana a
*)i~ . 1,1* 1. 361—301, 1161.

5 .- _ _  

_L ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~



—5 

- 
—-5—..-—~—-—--~5--.-- - .— 

— -- - -~~~~~

DISTRIBUTION LIST

DISTRIBUTION DIRE CT TO RECIPIENT

ORGANIZATION MICROFICHB ORGANIZATION MICROFICHE

A205 DMATC 1 E053 AP/ INAKA 1
k210 DMAAC 2 E017 AF/RDXTR-W 1
9344 DIA/RDS-3C 9 E403 AFSC/INA 1
C043 USAMIIA 1 E404 AEDC 1
C509 BALLISTIC RES LABS 1. E408 APWL 1
C510 AIR MOBILITY R&D 1 E410 ADTC 1

LAB/FI0
C513 PICATINNY ARSENAL 1 FTD
C535 AVIATION SYS COMD 1 CCN 1
C591 FSTC 5 ASD/FTD/NIIS 3
C619 MIA REDSTONE 1 NIA/PHS 1
DOOB NISC 1 NtIS 2
11300 USAICE (USAREUR ) 1
P005 DOE 1
P050 CIA/CRB,’.ADD/SD 1
NAVQRDSTA (50L) 1
NASA/IcSI 1
APIT/LD 1
LLL/Code L-389 1

FTD—ID(RS ) T—2239—78

I!

- 5 -  .~~~~~~~~~~~~~~~~ -~~~~ -- -- ,.—~~~~~~~~~~~~~~~~~~~~

-

- - - ~~~-- .--. ~~~~~~~~~~~~~~~~~~~~~~~~ 5 _i


