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OPEN RESONATORS, FOKMED BY PARALLEL DISKS WITH IRBITRIIYIRATIO OF

THEIR DIAMETER TO THE DISTANCE BETWEEN THEN.

A. T. Fialkovskiy.

Article was submitted 6 Oct. 1965.

The thecry of good quality natural oscillations in an open
resonator, formed by parallel round disks, is developed. In this case
on the ratio of a/1 (2a - diameter of disks, 2i - distance between
them) are not placed any limitations, in particular, the iistance
between disks can be approximately equal to the half-wave or wave.
The natural frequancies of high-quality oscillations are found. The

problem is solved about the excitation of oscillations in the

resonator by a plane wave, falling normally on the disk (with low

transparency of disks).
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Introduction

In [1] are examined resonators, consisting of tws 1isks arranged
one against the other (Fig. 1), under conditions I[3>»a, ka> 1, where

k= w/c - wvave number.

C P

Pig. 1. Open resozator, formed by disks.

With ki~ (or I<a) the theory of disk resenators developed in
[1]) needs some ref inement with respect to the following
considerations. If wave H, or E, arrives at the open end of the
flat waveguide at frequency close to its critical, than with ¢> 1

the coefficient of reflection is determined by formula {2}
R = — P+ 5 0,824, (i)

It does not depeni on the wave polarization - the sam2 for wvaves

He, and E, - and pertains to the component of the field, directed

along the coordinate axis, which the field does not dapend on.




DoC = 2239 PAGE 3

With arbitrary values gq(g=1, 2, ...), i.e., wvhen between plates
are placed approximately hilf-vaves, waves etc., the reflection
factors are different for vaves £, and H, and are determined by

formulas

R. ) _¢l("+l'z).. R" = _""""“”". (2)

vhere @, Bz By depend on subscript g. They can be easily found from

the strict theory of diffraction on the end of the waveguide (see

Appendix), there values are presented in Fig. 2.

Pig. 2. Dependencs of B.B; and B, on the number of halfwaves,

placed between plates.
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From FPig. 2 ve se2 that the tendency of P.B: and By to value B =

0. 828 occurs quite slowly; since wve wvill see below tating into

! account the diffecrence of P from Py the construction of the

1
theory is substantially complicated. | 4
|
§ 1. ANALYSIS OF NATURAL OSCILLATIONS

In cylindrical coordinate system r, ¢, z let us use electric and

magnetic Hertz vector {3) 13

TS = o Al (01— oz con (mg + ), ®
I = o Bla(on) gt sin(m + @),

vhere A and B - arbitrary constants of multiplier, v-}/k'—v: -

radial wave number.,

Then, substituting (3) in the Maxyell equation, with accuracy up
i to the rejected terms con the order of w'A' we obtain the expressions

fcr electromagnetic field in our resonator

B T
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G

E=1e(0) 330 in (m9-+8), Hy=ifu(r) _ DS 208 (mg + 9,
E, = -—f.,(r);:;‘ U2 c0S(m9 + @), H=ife(r) %0,z sin(my + g,),

- 2
L, = T’” Al (wr) ___c:;‘:’lv,z oS (M@ - @,), i

. 2 i .
H, =i —;BJ,.. (wr) i'(;’sv,z sin(me + @,),

h
vhere Fe(r)=Clm—y (@r)+ DIy, (wr),

F1t (1) =CJmes(Wr)—D ., (wr),

®)
C=A+8D=4—B8 v=2,q=1,2...

For determination of ratio D/C, radial wave numbar w and the
frequency of oscillations wo=c¢ck we use the reflection factor from
the open end of the flat waveguide under the condition that the
frequency of the wave is close to critical, and ve put tojether the

impedance boundary conditions on the edge (r = a} of our resonator

UE ‘”5 ¢
fE w dr -

where, considering the smallness of the parameter

3==l,/f-k-rw=v4np (2kl = ng +- 2=p), Y]
it is possible to assume

:+.' » ‘R°
Un"—‘a <L W y B+‘ﬂ”s

(8;

. iEden
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Substituting (5) in (6), we obtain

V1 (8) + §;J ey (€0)] C + [V (08) + y,Jms., (wa)] D = 0, ) :
(mer (@) + Y ey (08)] C — [J 4, () + Ygdimt1 (wa)) D= 0. '

By eJuating thé determinant of system (9) to zero, we obtain the

characteristic equatioa

Fﬂ—lFm+|+ '!+”ﬂ

(Fn-n+Fm+l)+ygy”=o (10)

where
I hﬂ
J hﬂ

Fp ==

At small values of 1y, y, in the ficst approximation the

solutions of equation (10) have the form

2 Vm—1.n - 2 vm+|.n ‘
Ee——— Y S = ————— (m=1,2 ... (I
b et v o
where

and Yma - n-th zero of functiom Jm(x). By substituting (11) into one

of equations (9), ve determine the ratio D/C. When we take Vmy,n

then
/D -z;—:_-E‘—“‘—"s. (13)
and vhen wv,.,, then
DIC =-.-;"-;-mﬂ'-“ﬁs. (14
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With m = Q eyuation (10) is brokep down into two egualities:
and ; D
F, =F,=—y‘ x‘F_l-Fl-—yH, (15)

vhere ve obtain di fferent natural frequencies, and so that equality

(8) would be fulfilled, it is necessary to assume

ansd
C=D wC=-—D,

i.e., we come to the case investigated in [4], when it is possible to

use only the magnetic or only the electric Hertz vector.
§ 2. CLASSIFICATICN AND MAIN PROPERTLES OF NATURAL OSCILLATIONS

The oscillations being examined are characterized by three
subscripts; m, n, q and still by Bessel function (Jmy OF Jm4,) the
roots of which determine the natural frejuencies and which in the
first approximation determine the field of natural oscillation. Hence
appears the natural formation of natural escillations with the aid of
four subscripts: m(m—I)ng; m(m +1)nq. Let us examine the main

properties of oscillations in the given resonator.

S
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1. Symmetrical oscillations (m = 0) appear from zlassification.
According to [4]), we will designate them through £, and HY.

The natural frequencies of these oscillations are determined by

formul as
2 oL 2
PYTRRL... " SN - Y. .. " W (16)
M 4B +iBg M+ +By

The difference of B from By leads to polarized decomposition of

natural frequencies. Within the accuracy of formula (16) it is

possible to only confirm that the imaginary parts of natural
frequencies are distinguished by a value, proportional to fz—pfy;

for real parts a more precise investigation is necessary.

Unsymmetrical oscillations (m = 1, 2, 3, ...) correspond to

classification. In this case the ccmplex frequencies >f natural
oscillations m-1(m)nq and m+1(m)nqg within the accuracy of formulas
(11) coincide (however, with more precise solution of equation (10)

the frequencies can be obtained slightly different). Iha natural

P P R S T L L

frequency of oscillatioen 1(0)ng is a single nondegenerate frequency

[within the accuracy of formulas (11)].

On the line, connecting in complex plane the natiral frequencies

of oscillations 585 and Hﬂ%. at an equal distance from these




.
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frequencies is placed the natural frequency of oscillation 2(1)ngq.

Fig. 3 schematically shows the course of lines of force of

electric (solid lines) and magnetic (broken) fields for oscillations

1¢(0) 1gq, 1(2)1q anl 2(1) 1q.

Fig. 8. Distribution of lines of force.

As follows from expressions (4) and (5), the distribution of lines of
force for oscillations m(m+1) 1q with m = 2, 3... is similar to
distribution for oscillations 1(2) 1q and differs from it only by
azimuthal period (equal to w/m). In exactly the same way the
distribution of lines of force for oscillations m(m-1),q with m = 3,
U... differs from the distribution for oscillation 2(1) 1q by
azimuthal period, equal to »/m (taking into account the direction of

lines of force in both cases the azimuthal period is 2qual to 2w/m).

The discussed theory of natural oscillations holis true with

s<<1, i.e., with

e g il 0% Tk
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2ka
M Vfga.uﬂa>u. (7

= This means that with ¢ ~ 1 there should be ka1, a3/ with

9>»1 there can also be [I»a. Thus, on the theory developed above on
the ratio of the jiameter of disks to the distance between them there
are not imposed any limitatioms. With g—»o parameters Jy=~pe=p

approximately coiancide with B, and our formulas changa into formulas

cf work [1].

§ 3. EXCITATION OF PLANE WAVE

Let us examine the excitation of the open resonator of a plane
wave, hitting the resonator along axis z. The disks of thes resonator
are assumed slightly transparent; ve will characterize theam by the
reflection factor R and the transmission coefficient ', where
R~1, IT|<€l, which is necessary for the existence of high-gquality
oscillations. In this case as bef:- = we can use expressions (4), (5,

(1:1) and (12) for writing the natural oscillations, howavar now
l=x(d ’
% x(’+p) (18)

vhere parameter p is connected with the complex reflection factor R

 — s A i B - D AT 5 T

ouiiia e e i S it
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by relation
p=-—InR. (19) 4

2n
The wave falling on the top disk will soak throujh inside the

resonator and on the bottom side of the top disk excite electrical

and magnetic currents with surface density

fom o TEE™ = — S TEL™, (20)
where E, - amplitude of incident wave

Ec=—H, = Egm. @n

Thus, the posed problem is reduced to the calculation of
excitation of disk rescnator by currents (20). By solving it in the
first approximation, we will assume in expressions (4 and (5 D = 0

for oscillations m{(m-1)nqg and C = 0 for oscillations a(m¢1)ng.

With the assumptions made, we can obviqusly use the theory of
excitation of ordinary volume resonators ([3]), § 101) and consider
that amplitudes A, of electrical and B: of magnetic field of s-th

oscillation are d2termined by formulas

i 1 m
A.--— '._.: ;T S(Wrs.—@d H.)dS. \
22)

Bym— —& ;’:S(ml‘ﬁ.—ml"'ﬂ-)d&

o — o

vhere v - freguency of excitation, subscript s replaces four of our
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subscripts, ‘chdtacterizing a specific type of oscillations,
integration is per formed with respect to the bottom side >f the top

disk z=1, N, - standard of natural oscillation

~.-—§e.dv-——§a:dv. (23):
v

V - volume of resomator (—I<z<l, 0<r<a). Let us note that in our
case it is necessary to consider natural frequencies -omplex

(0, =w,—ie;) and to take into account in them the presence of losses,
connected with radiation to the sides and the transparency of disks,
at the same time the distribution of fields can be taken without

taking into account losses.

By substituting expressions (20), (4), (S) in (22), (23), we
arrive at the conclusion that the plane wave excites only
oscillations 1(0)ng. In the first approximation inside the resonator

the electromagnetic field will have components

E;= ZA"J ( )‘ebql ___(_ l)'e"'" b ]

(24)
Z‘B,..,Jo( U )"—MJ

nq
and components E:; and H, which ve do not write out (E,=H,=0) .

Coefficients A4,, and B, are determinel by formulas

Ang= g 25 o '
kv, dy (Vo) @ - . (25)
Bg = =ik, iTE, w?

kvoadi(Ve,) ot — w‘l"

L T i bt PR T S . J
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vhere

M-::’-l--(%+p+p). (26)

With @ =w, in particular, from formula (25) ve obtain

Avg = Boy = 378 o
il @n
vhere the quality factor of the resonator Q is deteramined by
expression
»’ q
L T e ol @8
vhere

Vea

P T TR I W e =i (29)

The resonanc2 values of (27) with P’<Cp’, i.e., vith prevalence
of diffraction losses, are inversely proportiomal to v’ and q*h,
i.e., with increase of subscripts n and q decrease rather rapidly.
With prevalence of losses on disks (p">p") the resonance losses (27)

are inversely proportional to v and do not depend on q.

CONCLUSION

Recently there appeared experimental wvorks, in which open
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resonators of the examined type are applied. So, in [8] there were
used resonators, formed by wire lattices (otherwise, anisotropy of
these systems leads to additiomal rarefaction of the spectrum; in
such a system there can be only oscillations 1(Q)ngq, polarized along
the vwires of the lattice). Under the effect of these works there

appeared the problem, solved below.

Let us note that the similar problem for open resonator, formed
bty rectangular mirrors, turns out to be simfpler, it is solved in book

[s3.

I deeply thank L. A. Vaynshteyn for posing the problem and for

guidance.

APPENDIX

Curves of Fig. 2 were calculated by us by foramulas
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SEI L TS TN -

=t

. 1 q (=x s 1
S e (322 ==y oo

ﬂn-l/— Z Vq'—(zm)' ) =24 . . ..

BE-'B""W'.

b (30)

/
which were obtain2d from the corresponding expressions of book [2).

In this case

"“‘B'-— ?g lim {Vq In—+Yq hm [2 (Ym(.+') %) &

S T el --m{S A

-'l_i.t:o[}’q-ln(i-}-%t-i--:— Vm)]}-a-o.au.

since (see, for example, [S5]), p. 71)
4

. ey DR
lim (MV; zv:) $(1/2) = — 1,460,

where {(r) - zeta-function of Riemann. Siamilarly it is possible to

show that
L o
As is known, with decrease of the distance betwean plates of
flat waveguide the beam pattern of radiation is weakened from its
cpen end, therefore with q ~ 1 flanges can become an esseantial

effect. However, the calculations, performed on the bisis of the




variation method [ 6], show that with g = 1 the account of flanges

leads to such a decrease of values Bg, amd §; ,.

ABe = 0,125, ABp = 0,175, APy = 0,065, ABy = 0,070
and with q = 3

ABe =0.014, AB;=0,140, AB, =0,08, AB; =0,088.

More precise calculation of these corrections can be obtained by
iterations during the solution of infinite system of aquations,
obtained in (7] for vaveguide with flanges. It is intsresting to note
that, being limited in this system by diagonal terms, we once more

arrive at results, obtained in [6) by the variation ma2thod.
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