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SOLUTION OF THE THERMOELASTIC ITY PROBLEMS
FOR A WEDGE BY , MEANS OF THE INTEGRAL MELLIN
TRANSFORM
V. M. Khorol’skiy

Let us assume that the temperature field in the wedge is known

and has the form
T-” T(,, r, t); O<r<oo; —f<p<j’,

where 2* - angle of opening of the wedge;
(r , 4)) — polar coordinates of the point .

The thermal stresses and shi fts  we seek in the form of the sum
1:3] -,

~~ — , +~ ,; ~~~~~~ t,,—t ,,+I,,: u—m+ ; v~ v+v.
Stresses and shifts , marked by one line, are determined by the
thermoelastic potential of shifts 0, which is determined from the

equat ion
A 0 6T; ( 1)

Here i , 
~~~ 

and G — Poisson coefficient , coefficient of linear ex-

pansion , and shear modulus ; for the case of the plane stressed and
deformed state the coefficient 6 Is equal to (1+~&)u , and ~~~~ ,
respectively ; u and v are shifts along the axes r and •.

It Is known that the temperature field, which satisfies the
heat—conductivity equation aAT—~~~, Is analytical with respect to

the coordinates [13]; con~e~flently , this field can always be presented
in the form

~~ 1

H
I
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)., t)r~ d7.; k(,, A, t) r, t)r ~ ’ dr ,

where a — heat—conductivity coefficient ;

A=k+icu — complex variable;
z — a certain straight line which is parallel to an Imaginary

axis; k1<k<k2; the numbers k1 and k2 are selected on the basis of
the behavior of the temperature field at 0, ~~.

The thermoelastic potential of shifta we seek in the form

Proceeding from relationship (1) we obtain a differential
equation f or determining the unknown function f($, A , t),

(2)

Stresses and sh i f t s  from the thermoelastic potential of shifts
are written as [3]

s,+, ’—2G~T”— ~~~~~~~~~~~~~~
(3)

~+ ~~ r, ~~~ [t(~
, A, t)(2 A)—1~,’ (ç, A, t)J (1 A)r~~d)-.;

(Li )

~~, ,  
.
~-J [fl ,, A, t) (2—A)A+f,”(~, A, t)]r~dè.. (5)

If the sides of the wedge are free of loads , the boundary con-
ditions for stresses marked by double lines are written as

(.,+ ‘‘,),-s,” ~J fFf (w. ., t) (2—A)—II,’($~g, A, I)] (1—A)r ’A, (6)

where
J 1 ,2; ~~~~~~~ c, —$.

If the sides of the wedge are rigidly secured , the boundary condi-
tions for shifts, after differentiating for r, have the form

The boundary conditions are written with the same simplicity If one
side of the wedge is free and the other is secured.
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It is characteristic that the indicated thermoelastic problems

are reduced to the basic problems of the elasticity theory with

boundary conditions which are presented in the form of the Mellin’s

integrals . Let’s examine individually the basic problems of the

elasticity theory for a wedge and present their general solution.
Let’s assum e that surface stresses , assigned in the form of

Mellin ’s integrals, are distributed on the sides of a wedge

(4, + Sc,,),.., ~ — -WI, (k)r-’dA.

Stresses and shifts we will seek in the form of complex Kolosov—
Muskhelishvili potentials [2]

(•, +h9, z) fWz)+.~”(i(z)+*(s)J,
., —a,+2h,,.”2s~’[ ö’(z)+*(z)J, 

•

—2G(u’,-—W,)— I— i(~3 +. (z)I + S~”[ IG’(a)+*(s)J.
The unknown analytical functions In the wedge we seek In the form

l~(z) a -~~5.Q~~~A W(z) — . 5bQ~)r ’dA.

Taking the boundary conditions into account, we obtain a system of
equations for determining the unknown functions of the complex vari-

able a(X), b ( X ), the solution of which has the form

— 
~.(A)h(A)(DI(A) (1—A)sin3~—D1Q.)~in2(1—A)$J ;

bQ~) — DaQ4—a(A) (1—A) cos2~’—~jA) cos2 (1—A)~ ,
where

~
— ( 1—A)~ i~ 2i~±sin2 (I— )~) q ;  D1Q.) D~Q);
— I I ( )  ~IA~~2b4 

4e)C
_41& 2)* J

DAA) — 4- luiQ’)d 4~~

In particular, for a symmetrical normal load

~~~~ 
3Q)V ”~d)4 ~ + #mW

we have

a4A) — j~Jj-suI(2.4)~; bQ4 — —-j~~. si~i ~4•

For the second basic problem of the elasticity theory, when the

shifts on the sides of the wedge have the form

3
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~~ j .AA)r-~
d),

we obtain

a(k) — 
~~~~~ 

[D1(A) (t_).) sin2$+x~*(A)s~n 2(t—A$J;

b(A) — D,(AHA (1—A$—aQi)(1-.4)cs2$;
à1,1(A) (1—A).M 2 *nsla *1—A)*.

The obtained solutions of the basic problems of the elasticity
theory for a wedge represent an independent interest due to their
generality and compactness. From general solutions it Is easy to
obtain calculation formulas for the various part icular cases , which
is convenient in the problems of thermoelastici ty . The solutions ,
available in the literature, of the basic prob lems of elasticity
for a wedge are based on the Papkovich-Neyber concepts and have a

more comp lex form [6].
Let us examine an Import ant part ic~ lar case where the tempera-

ture field In the wedge has the form

T —~~-~$g(A, t) r~~dA; ~ z~) Achoq +flshoc

Assuming that in the equation [2] we have

fW~ A, 
t) ~(aq~)p(A, I); h(ç, Â, t) ~~(aç) 6’(A, t),

we obtain

p(A, fl (2.—A$+a’

Stresses from the thermoelastic potential of shifts and the bound-

ary conditions will be written by the formulas (3)— (7), if we as—
surne that

H —
“ ~ (2— A $+.’

Assuming that in the preceding formulas q.~)1  we obtain a case
of an axisymmetric temperature field

7(r, 1) —

Let us wtite the formulas for temperature etreses. The boundary
conditions for complex potentials for the tree sides are written as

— •i, Or~~A; ~~~~~~~~~

I
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Adding the stresses and shifts with one and two lines, we have

(~
_

~$~~) 11143—A)$ ossA,--1J g(A, t~~ ’*;

~~~~~~~~~~

.+sinAceos(A_2)~]_1Ig(A, t)r-~dA;

~2—~)6~(L) [slnA çsin(2—A$—

—sinA~sin(2—A)ç~g(A, t)r~~ dA;

U , — 2~ f ~~~~ (1—x—A)cosAçsin(2—A)~p—

—AsinA~cos(A—2)~J —1 J t(A, t) r~~dA;
VP, — 4~

.ç (2_~~ (k)
[~A*A$sia(2_A)

~~
.
~

—U +x— ) inA~sin(2—A)~J ( A ,  t)r AdA . —

In the case of a rigid f ix ing  of the sides the boundary conditions
are written as

— 20?,/,. 
~~ ~ ~~~~~~~ 

~~-~t(A, t) r~~dA; ~~~ ~
The calculation formulas have the— form

~‘ 
~~~

‘
‘

~~ 
11 [ ~2-*~ ,(a) ~in(2_A) eosAq—1JgQ., t) r~~ dA;

e,_~,.. J_

+(1+x—A)sinAi~,cosQ.—2)~) +)~jgQ~, t) r~~dA;

~~~~~~ $ j 1
(~~_~~)~~~~~~) 

[Asin(2—A)q sinAç~
•+(1+x—A)sinA~sin(2_A)~Jg(A, t)r~~dA;

— M , 2*J5~f A,(A)

L 

•+(1 +*—A)$i flA~7Sifl(2—A)wJ —1 Jg(A, t)r ~~dA;
VP,.. ~LJ ~~~~~~~~~ (sln(k—$) .1n4+

+sIn(2—A)~sin4J~~A,I)r-~dA. —

Thus , the problem of determining the temperature stresses for
an axisyminetrical temperature field is reduced to the calculation
of the function

• 

I(A, t) ‘.‘7T(r,sy-’dr.
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As an example , let’s examine the case where a heat source with
intensity q act8 at the apex of the wedge for the period of time t.
If the initial temperature is equal to zero and the sides of the
wedge are heat insulated, the temperature field has the form [3]

where — heat—conductivity coefficient;
Ei(—r~) - integral power function ;
p*~~r1/4aI — value which is inverse to the Fourier criterion.

The function g(A , t) In this case has the form [1]

sQ. I) — ~~~~
. L’ (4-) ; I ’Q) — gamma function , At

Taking Into account the singular points of the gamma function and
using the theory of deductions , we obtain the calculation formulas
for thermal stresses in series. Thus , for example , for the case of
free sides the stresses and sh i f t s will  be wr i t t en  as

31n2(2a+!* ;A—-~~-;B— 
~~~~~~~~~~ (8)

~~~~~~ .-2A ’
~ 

(— 1)’,” 2a~.(2s+ 2)Pc~di+
n =L nIsI ( A s  1)1.,

s,.— 3~ = 4A~ ~~~~1~
”

~
31’ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~

~_t (ii+t)I 1. 2 • 
•Ti 1 ‘ (9)

— 2~4! ~~~~~~ {~in(2s+2)$sin2n,_~in(2n+2),sin2n~ }; ( 10)

a ’ ~ (-1rp”f(I—~+2.)c~~ .(242n~ —2~s,1n2afcoi(l+Z,)~ —
‘ 2 .~ i(n+I)Iis 1. ia

1 1 .  - •

I+2ii J ’

— ~~~~~~~~~~~ ~~~ .f 1+s+2*m521,si~~2+2~~1p+

+2flSiII R*S*fl(2+2*)~ ).

We note that~ the series which correspond to the roots of the denom—
inabor ~1, ( A )— 0 , represent homogeneous solutions [5], 1. e., do
not caus e stresses on the sides of the wedge and , therefore , can be
omitted.

The formulas for the stresses , ( 8 ) — ( l O ) ,  coincide with the
solution obtained by the method of power series in work [7].
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