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SUMMARY

Many applied problems would benefit from being able to describe postfis-
sion decay of beta or gamma spectra accurately over a limited range of times
by only a small number of parameters. This report describes the preparation
of such a set by least~squares fitting of a series of exponential functions
to each group in selected multigroup spectra calculated by summation of fis-

sion-product data in ENDF/B, The parameters are for fission of 235U 238U,

23
and 9Pu induced by fission-spectrum and 14~MeV neutrons. They cover the time

range from 0.1 to 1000 seconds after fission.

Approximately 45% of the photons emitted from zero to infinite decay time
emerge in the first millisecond after fission. These are not included in the
data set described in this report. Of all beta particles emitted from the
instant of fission, or all gamma rays emitted after the first millisecond,
about 70% emerge during the 0.l1-to-1000-second interval covered by our fits.
Extrapolation of our fits to infinite time misses an average of about 5% of
the postmillisecond yield.

The ENDF/B data have uncertainties in total energy-release ratez of less
than 10% for decay times greater than about 100 seconds. The fits can achieve
few-percent accuracy with five or fewer terms in the series. At the expense
of one additional term, a given fitting accuracy can be achieved with a more
compact parameter set that uses a single set of decay constants per group for
all six combinations of fissioning isotope and neutron energy but individual
amplitudes for each combination. We find the earlier work by Dieckhoner on
the beta spectrum from 235U irradiated by fission-spectrum neutrons to be in
moderately good agreement with modern data near the peak in the spectrum for
several decay times, but in poor agreement elsewhere. We anticipate a sub-
stantial improvement in reiiability of calculations like ours when Version 5

of ENDF/B 1is released, particularly for the short decay times emphasized in

this work. o
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PREFACE

The work described in this report would have been impossible without the
preexisting code system and data base developed with the support of several
agencies of the U.S. Government. The fissicn-product data in ENDF/B are the
fruit of a long-term program of the Division of Reactor Development and Demn~
onstration of the U.S. Energy Researcn and Development Agency (ERDA) (now De~
partment of Energy). The U.S. Nuclear Regulatory Commission supported the
evolution of tihe computer program CINDER-7 Into CINDER-10, the development of
the programs FPDCYS and FPSPEC, and the use of CINDER-10 in processing five

of the six basic data sets used in the present work. AFWL, to whom this report

is addressed, supported the reduction of preliminary Version-5 ENDF/B data to
individual~nuclide fission yields for 14-MeV neutrons on 239Pu and the corre-
sponding processing through CINDER. AFWL also supported processing of all of
the data through a streamlined version of FPSPEC, as well as the development
and use of the program FPSPFT and its ancillary codes (which constituted the
main part of the present work). ERDA's Division of Military Applications

furnished supporting services in the preparation of this report.
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SECTION I

INTRODUCTION

This report describes the preparation, for the Air Force Weapons Labora-
tory (AFWL), of a compact parameterization of the beta and gamma spectra emit-
ted by fission products during the interval from 0.1 to 1000 seconds after a
very short fission burst. Although this project was designed specifically to
supply input to computer codes that calculate the injection of electrons from
a high-altitude nuclear explosion into the earth's magnetosphere, the results
have obvious applications to other problems. Indeed, the gamma spectra were
included without any immediate objective in mind, taking advantage of the fact
that they constituted an inexpensive add-on to the beta spectra. The param-
eteriza*tion that we have used is least-squares fitting of a series of expo-
nential functions.

The specific task for which this work was performed has had the effect of
limiting its scope in two respects, In the first place, since it is intended
to be applied to nuclear explosions, the resulting parameter set is restricted

235U, 238U, and 239

to fission of Pu by fission neutrons and by l4-MeV neutroms.
Although data are available for thermal neutrons, these have not been included
in the set bz:cause practical nuclear explosives mzke negligible use of thermal
neutrons. In the second place, the time range of 0.1 to 1000 seconds after
fission excludes interesting phenowena at both earlier and later times, Both
limits were chosen to permit a quick, accurate solution with a minimum number
of parameters. Thus, although the electron spectrum should extrapolate accu-
rately to zero time, the parameterized photon spectrum does not include the
intense prompt burst or succeeding decay of metastable states of the primary
fission products prior to one millisecond, which constitute the source of the
electromagnetic pulre that frllows a nuclear explosion. Both electron and
photon yield curves exhibit a pronounced kink between 103 and 104 seconds
after fission. Fitting these would have required several additional parame-
ters in order to describe fewer than 157 of the electrons injected into the
magnetosphere, and would have increased the cost and duration of this project

' in exchange for minimal practical gain.

Qur basic approach is usually described as a summation calculation,

It continues the trend exemplified by the earlier work of Stovall (ref. 1)
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and of Dieckhoner (ref, 2). Rather than work from direct measurements of time-
dependent spectra, of which there are not nearly encugh to cover the require-
ments of this project, we have reconstructed the spectra from detailed data

on each step in the fission-and-decay process. This was possible within the
existing budgetary constraints only because othur sponsors* had already sup-
ported most of the data preparation, and the prepared data were stored in the
Central Computing Facility of the Los Alamos Scientific Laboratory (LASL) in
machine-~readable form, The only basic data added specifically for this pro-

ject were fission yields for 1l4-MeV neutrons irradiating 239Pu

Section II of this report describes this data base in greater detail, aad
summarizes the initial computational procedure, including the parts that had
already been completed before this project began. Section III gives a general
overview of the resulting time-~-dependent spectra. Secticn IV discusses the
extensive program of validating the data and the computatiocnal procedures by
comparison to benchmark experiments. Section V gives an explicit comparison
of the present results with those of Dieckhoner (ref. 2), Section VI de~
scribes the form and procedure for parameterizing the time~dependent spectra
for use by AFWL., Section VII discusses extensions and improvements to both
the data and the fitting process that could profitably be exploited in the
future. As an aid to actual use of the AFWL parameter set, we have included
appendices that describe the mathematics of the fit and the format of both the
output listings from the fitting program and the cards used for transmitting
the fitted parameters.

Since we shall refer frequently to erergy-isotope cases; that is, to
specific combinations of neutron energy and fissioning nuclide, we chall hence-
forth use the abbreviations for these cases listed in table 1. The last column
of the table lists the number of individual decay times for which we have spec-
tra available for fitting in the time range between 0.1 and 1000 secvnds after

fission.

*See the preface to this report for the contributions supported by each
sponsor.,

" N - * N £ s g B AT - 5 P2
Tagned AT ER OB SRR R s ey
- b - e

B .




R L e s e e e e, e

AFWL~-TR-78~4
y
P Table 1
|’ ABBREVIATIONS USED TO DESIGNATE DATA SETS
i
! h
L Fissioning Neutron Abbreviation Number of
Nuclide Energy Decay Times,
0.1-1000 s
b
235y thermal 25T 29
1
239, thermal 49T 29
*
235U fiss, spec. 25F 9
*
2380 fiss, spec. 28F 29
*
239Pu fiss, spec. 49F 29
235y 14 Mev 25H 9
238y 14 Mev 28H 9
239, 14 Mev 49H 29
*Fiss. spec, = fission-spectrum neutrons
{
lé.
9
"
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SECTION II

CALCULATION OF TIME-DEPENDENT SPECTRA

All of the data used in this work are taken from the Evaluated Nuclear
Data File, part B (ref, 3), which is customarily abbreviated ENDF/B. The
individual-nuclide yields of the fission products from l4~MeV fission of 239Pu
(case 49H) are taken from a preliminary set for Version 5 of ENDF/B; all other
data are from Version 4, Table 2 summarizes the nature and extent of the data
in ENDF/B-4, Most of the data are from actual measurements, but some of the
half~lives and decay energies have been taken from nuclear systematics, espe=-
cially for nuclides with half-lives less than one second. In Version 5 im-
proved models have bez2n used to supplement measurements in distributing the
mass—~chain yields among the individual nuclides in each chain. In particular,
Madland and England (ref. 4), find that a correction for the effect of the
nuclear pairing force varies greatly from one fissioning nuclide to another
for low neutron energies, but has only a minor effect at 14 MeV. In ref. 5
the same authors describe a semiempirical model for the ratio of yields to
the ground and isomeric states of the same nucleus. In the past it has been
assumed, in the absence of measurements, that the two states are populated
equally, whereas Madland and England find that the isomeric state is usually

strongly favored.

Table 2

SUMMARY OF ENDF/B~4 FISSION-PRODUCT DATA

825 nuclides (total, counting isomers separately)
112 isomers with half lives > 0.1 second

42 different elements

96 different mass numbers

77 nuclides marked as gaseous isotopes of &4 elements
181 have neutron-interaction cross sections

180 have explicit data on beta and/or gamma spectra

712 are unstable and have average o, B, and Y energy
and branching fraction

825 have fission yields for each of 6 fissionable
nuclides (~ 10% yields) for one or more ranges
of neutron energy

10
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ENDF/B data were originally strongly oriented towards the needs of the
reactor~design community. Accordingly, experimental data and theoretical
interpolations now in the files emphasize energy production rather than par-
ticle spectra., The spectral data are concentrated on times greater than a
minute after fission and on fission induced by thermal aeutrons. Thus, the
data do not serve our particular needs as well as they do the needs of reactor
design,

The primary code that LASL uses (ref. 6) for generating the time depend-
ence of fission-product decay is CINDER (currently CINDER-10). Although it
was developed earlier and entirely independently, CINDER contains substantially
all of the features recommended by Dieckhoner (ref, 2), in addition to having
access to the vast amount of recent data in ENDF/B. It calculates production
and depletion of fission products by applying a known neutron-flux history to
multigroup cross sections taken from ENDF/B, In the present application to
essentially instantaneous fission we have uniformly used a constant flux of
1013/(s'cm2) applied for 10_4 seconds. Decay is followed along the mass
chains, as well as between chains when delayed neutrons are emitted. The
actual coupled decay scheme of 825 nuclides is decomposed into linearized
chains containing 2811 nuclides, of which 1722 are out-of-gum virtual mem-
bers to eliminate double couvnting of partial yields and the rest are summed
to give the actual yields. CINDER solves the linearized chains using a com—
pletely general solution to the coupled differential equations. Because some
of the chains contain as many as twenty members, very careful attention has
been given to preventing the accumulation of rounding errors., CINDER output
lists the concentration, activity, and energy-emission rate for each nuclide
(including isomers) separately as well as their overall sums. In addition,
gaseous and volatile~solid isotopes are summed separately.

The 180 nuclides that have detailed spectra in ENDF/B have been processed
separately by the code FPDCY5S (ref, 7)., FPDCYS uses the exact Ferml express=-
ions to generate beta spectra from the tabulated end-point energies, transi-
tion types, and branching ratios, then calculates the integrals over 75 100-keV
bins. The tabulated gamma-ray line spectra from ENDF/B are simply binned into
125 50-keV groups. Both sets of spectra are stored for use by other codes.
For our project we have sorted the spectra into a standard order and placed
them in a compact binary library for rapid retrieval. Similarly, we have
picked up from the stored output of CINDER the individual-nuclide data as a
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function of decay time, sorted them into the same standard sequence, and stored
them in another binary library along with the parameters that describe the
irradiation history,

The final step in generating the composite spectra is to combine the
stored spectra from FPDCYS with the stored irradiation parameters and time-~
dependent decay-rates from CINDER, using a code named FPSPEC (ref. 7). The
result is absolute particle-emission rates per fission from the 180 nuclides
with known spectra (ref. 8). The CINDER calculations also supply the total
electron and photon energy-emission rates for these nuclides, and independently
for the entire ensemble of 825 fission products. Since we have no further
information available, we assume that the average spectrum of the remaining
645 nuclides is the same as that of the 180, and normalize the calculated

spectrum to the total beta or gamma energy-emission rate. We snall consider

the validity of this normalization in Sections III and IV. FPSPEC stores
these normalized spectra in a cumulative binary library of its own, to serve
as input to the exponential-fitting process.

The CINDER output used in this project was generated at varlous times
during 1576 and 1977 for various immediate purposes. The earliest data sets
contained calculations only at decay times of 1 and 5 times powers of 10
seconds. Using the notation of table 1, sets 25F, 25H, and 28H are of this
type. These ''sparse’ sets have only nine times in the range 0.1 to lO3 seconds,
which seriously restricts the fitting operation. More recently, sets 28H and
49F were rerun to add points at 1.5, 2, 4, 6, and 8 in each time decade, rais-
ing the total to 29 times per set. We shall call these "dense" sets. The only
case run expressly for this project, 49H, is also dense, but in each decade we
have substituted a point at 3 for the one at 5 to produce a more even loga-

rithmic spacing. The number of decay times per case is included in table 1.

12
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SECTLON III

GENEPAL OYVERVIEW OF TIME~-DEPENDENT SPECTRA

Our normalization method insures that the total energy-emission rate
implied by our calculated spectra will be as accurate ags any quantity that can
be calculated by CINDER, The shape of the spectra, on the other hand, is
reasonably certain only in proportion to the fraction of the total energy re-
lease that occurs in the 180 nuclides for which ENDF/B-4 contains detailed
spectral data. Figures 1 and 2 show this fraction, for electrons and phoctons,
vespectively, for each of our six cascs. The lower part of each figure ap~
plies to fission induced by a fission-neutron spectrum (cases 25F, 28F, and
43F), The upper part displays the ratio of the 14~MeV fraction tec the cor~
responding fission-energy fraction (25H/25F, 28H/28F, or 49H/49F)., We see
that in general less thar 207% of the total energy is in known spectra at 0.1

second after fission (the lowest fraction 1s less than 3%, for photons in case

B T L

28F). The known fraction rises slowly until about 20 seconds after fission
- for photons or ~ 40 seconds for electrons, then rises more rapidly until about
100C seconds, after which it levels off well above 90% for all cases.

It is tempting to assume that all proverties of fission-product decay at
early times will vsry slowly and smoothly with the mass of the fissioning
nuclide and the energy of the incident n2utruns, simply because the number

s of fission products is very large. Figures 1 and 2 are our first indication
) that this is not true, and we shall see in the rest of this repcrt that var~
iations of up to a factor of two between cases are typical of most quantities
of interest.

Even so0, we can make two generalizatiors about the known-spectrum frac-—
tion, First, particularly for beta decay (fig. 1), this fraction is usually

smaller at all decay times for i4-MeV neutrons thzan for fission-spectrum neu-

2
trons, Secondly, at early times the data for 38U are conspicuously deficient,
ar
. whereas 2”0 is the first to become well-lnown. Both tendencies are obvisus
; congequences of the thermal-reactor orientation of the ENDF system.
5 Figures 3 and 4 show the total particie multinlicity as a function of
i
£ decay time for electrons and phocons, resrectively. Ons extreme case from
g
£ each figure is reproduced in the other to emphasize differences becween beta
? and gamma emission, We see that throughout this time range therce {s more than
13
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Figure 1. Fraction of Total Electron Energy, as a Function of Decay
Time, that is Emitted by the 180 Nuclides with Known Spectra.
Data points are not shown after 1000 seconds.
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2 Figure 2. Fraction of Total Photon Energy, as a Function of Decay Time,
that 18 Emitted by the 180 Nuclides with Known Spectra., Data
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one photon per electtéon in all cases, but the relative difference decreases
steadily for the first hundred seconds. The total yield of either particle

is systematically of the order of 10% less at 14 MeV than fcr fission neutrons.
In both figures the early yield from 2380 is the largest and from 239Pu the
smallest, but the difference is small after 100 seconds. The decay rafe for
case 49F is markedly smaller than for the other five cases.

In section II we pointed out that the output library from FPSPEC contains
absolute emission spectra in 100-keV bins for electrons and 50-keV bins for
photons. In order to reduce this information to manageable size, we have
rebinned these spectra into group structures appropriate to AFWL's specific

Table 3 lists the three structures adopted for this purpose. They

needs.
Table 3
AFWL GROUP STRUCTURES FOR FISSION-PRODUCT SPECTPA
Energy, 38-gp 17-gp 20-gp Energy, 38-gp 17-gp 20-gp
MeV gamma gamma beta MeV gamma gamma beta
7.5 1 1.00 19 11 14
7.0 2 0.95 20
6.5 3 .90 21
6.25 1 1 .85 22
6.0 4 .80 23
5.5 2 2 5 .75 24 12 15
5.0 3 3 6 0.70 25
4.5 4 4 7 .65 26
4,0 5 5 8 .60 27
_3.5 6 6 9 «55 28
3.0 ? 7 10 .50 29 13 . 16
2.5 8 8 11 0.45 30
2.0 9 9 12 .40 31
1.9 10 .35 32
1.8 11 .30 33
1.7 12 +25 34 14 17
1.6 13
1.5 14 10 13 0.20 35 ‘
1.3 16 . .10 37 16 19
1.2 .17 .05 38 17 20
1.1 18 .00 } hstend - -

18
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consist of a coarse-group structure for both electrons and photons and a
compatible second fine-group structure for photons. We shall use these group
structures to display a sampling of the behavior of the spectra.

Figure 5 shows 20-group electron spectra for the 25F case, taken at even
powers to ten frém 0.1 to 104 seconds after fission., The early spectrum has a
maximum near 2 MeV that is roughly a factor of 5 greater than th? intensity in
the lowest-energy bin. The spectrum cuts off arbitraily at 7.5 MeV, where the
original binning for the 180 known spectra ends in FPDCYS (ref. 7). The 1nten-.
sity at the cutoff energy is approximately 1% of the maximum at 0.1 second and
decreases rapidly at later timeé. At later times the maximum moves towards
lower energies and the high-energy part of the’spectrum drops more steeply.
After 103 seconds the peak disappears altogether, leaving only the monotonic
decrease with energy.

The corresponding 38-group photon spectra for 25F appear 1in fig. 6. Here
the individual linés produce such large fluctuations that it is difficult to
‘ plot them in a single figure even at time intervals of a factor of ten. In-
deed, we have had to omit the spectrum at one second after fission. The aver-
age energy of the spectrum at early times is conspicuously lower than for
electron emission, with the four highest peaks all below 1 MeV and a sharp
drop in intensici above 1,5 MeV, The early intensity in the lowest-energy
bin is a factor of a thousand lower than in the first peak, but this extreme
difference disappears after ten seconds. By 100 seconds after fission a broad
background is evident under much-reduced fine structure, with a maximum near
0.6 MeV, The high-~energy tail of the spectrum is gquite flat at early times,
but, as in the electron spectrum, becomes much steeper at later times. Note
that ENDF/B does not list any photons more energetic than 6.25 MeV,

The densities of many individual fission-product nuclides exhibic growth
followed by decay, but in the electron spectrum summed over all the nuclides
none of the 100-keV bins exhibits growth. On the other hand, because they
are easily dominated by one nuclide many of the 50-keV photon bins do exhibit
a maximum in the decay curve, Figure 7 shows an example; namely, the 50-to-
100 keV bin for case 49F, The same bin in the electron spectrum has no cor—
responding maximum, In contrast to the total intensity as shown in figs. 3
and 4, in this bin the photon intensity actually drops below the electron
intensity after 600 seconds.

19



AFWL-TR-78-4

Electrons/(MeV-s-fission)

T 1 lll‘ll] 1 TTlllll' T ll1]lll'

% lll‘ll‘[

L]

0.1 second after fission

| 1000

1 ] |
Electron spectrum
235U
Fission neutrons
20 groups

b
—

/s

1 llllllll Lol L 24042

LLllllll

I 1 ljjllll

d. lllllll

|

]

L_d llllll L 1 Illllll i

A

Al llllj.

Figure 5,

3

4

S 6 4

Electron Energy (MeV)

Selected 20-Group Electron Spactra Following Fission o

by Fission Neutrons

20

¢ 233y




AFWL~-TR-78-4

10 g T T : T i T
- ) 3
[ J
]
by L Photon spectrum ]
’ A 235U i
Fisston neutrons
o g
ICH 38 groups 3
.- 3 ]
) |
{ 4
.| -
10 ! J ~ Extrapolated 3
L ]
L ]
JL ] I J
H 0.1 second after fission
=2 L . -
10 3
I b,
hod ]
[71]
) 10 .
? -
-m - L—Ll
2?10 L -
= 3
< L— .
w ] E
8 ]
©
P -4
a

5

A i lLl_lLl

__I——L——\

v I""l‘

i

10000

Al l_lllll

'SL_ —
10 Ew 1
o " ]
; o :
I .
‘ ,67 H | o i { 1 | 1
0 ! 2 3 4 5 6 7

Photon Energy (MeV)

GHPWL g 8 1 B o

Figure 6, Selected 38-Group Photon Spectra Following Fission of 235U
by Fission Neutrons., The "extrapolated" values are discussed
2 in the text.

G R R e e T Sl .ol
: LA EEWNER A A 2 s s %, Yy AP - ki -
o ¥ PG et gy FOSERTEY & T £ T, LAy
L. i By ¢ TR RIS, .. p .
i Y BRSNSt T TR A ! ol AT Y
N -
- i, V‘M =t L) - >
< A R “‘-‘é:ae*f*i*ima.m e




o~

S

oy .

‘
T ———— D KA T R WA &
.

AFWL-TR-78-4

IO : 1§ L] T T l'V‘ L L) T LANR § 'Il[ L] T L] LA AL 'I[ T T T LOELS "'r L} T 1T 1T 757
F 23%p, 1
[ Fission neutrons ] )
-
0.05-0.10 MeV secondary energy
= .
o]
2 168
a 3 Photons -
2" F ]
p - ]
2 : Electrons T
2 .
\ ol -4
o
S IO.B;-
2 - o
£ ] ]
& [ 3
§ 5
'0‘4 - ot 3 1 s aaal bt aa el Lo el bt a3 a1l bk td ]
10 ! 10 102 103 104

Seconds after Fission

Figure 7. Example of Growth Followed by Decay for Low-Energy Photons
Following Fission of 239py by Figsion Neutrons, Note that
growth is not observed for electroas of the same znergy.,

22




=
4
&
A

AFWL-TR-78-4

As a final example of diverse behavior, let us examine the 0.5-to-0.55
MeV bin in the photon spectrum, which is in the center of a peak in the 0.1-
second spectrum, and compare it to the broader 0,5-to-0,75 MeV bin in the
electron spectrum, In figs. 8 and 9 we see that the photon multiplicity is
roughly thirty-fold greater than the electron multiplicity at early times, but
decreases very rapidly and crosses the electron decay curve twice in the first
thousand seconds. The slower decay in case &9F,vwhich we pointed out in figs.
3 and 4, is especially marked in fig. 9. These two figures show only the
fission~energy cases. The ratios of the intensities for 14-MeV neutrons to
those for fission neutrons are shown in the two parts of fig. 10. The vari-
ations in the electron intensities are comparable to thoge that we observe in
the total intensity. The 14-MeV/fission ratic for the narrow photon bin, on
the other hand, shows large fluctuations for all three fissioning nuclei
{(of the order of 30%).
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. SECTION IV

¢ VALIDATION OF DATA

5 As with the data themselves, validation of ENDF/B-~4 fission~product files
i bhas emphasized heat production following 235U fission induced by thermal neu-

v trons (ref. 9). A number of spectrum benchmarks exist (discussed in ref. 10),
but all of them are likewise for thermal neutrons. Nevertheless, it is pos-

sible to make some estimates for other fissioning nuclides and other energies.

Schmittroth and Schenter (ref, 11) have propagated the experimental and
modeling uncertainties underlying the ENDF/B data tbrough the summation
calculations in order to estimate the a priori uncertainties in the total
energy-emission rate., Table 4 shows part of their results (excerpted from
ref. 12) for thermal neutrons incident on 23SU (case 25T), as well as for our
cages 28F and 49F. The same authors (ref. 13) have performed a least-squares
analysis of the decay-heat benchmark measurements in order to derive a poster-~
1077 egtimates of the same uncertainties, and we have included their results
for 25T in table 4, The dominant uncertainties in the ENDF/B data come from
the nuclide-yield model, and at early times from the mass-excess estimates
for nuclides far from stability. We see from the table that the a priori
uncertainties are similar for all cases., However, for 25T the a posgteriori
uncertainties are dramatically smaller for decay times between 2 and 106 sec~
onds. Indeed, they turn out to be dominated by systematic disagreements among
the thermal benchmarks.

The thermal-neutron benchmarks include a beta-spectrum measurement made
at the University of Illinois (ref. 14) following a 15-ms pulsz and a gamma-
spectrum measurement made at the Oak Ridge Natioral Laboratcry (ref. 13) foi-
lowing a 1-s pulse, both of which coastitute striagent tests of the short-half-
life data. The Illinois measurement agress very well with ENDF/B-4 after 100
seconds. At shorter decay times and electron 2nergies greater than 0.5 MeV,
beta-gpectrum measurements from the fwo laboratcries disagree (ref. 12) with
each other by amounts comparable to their disagreement with the summation cal-
culations. The Oak Ridge gamma-spectrum measurements are in good agreement
with our calculatfons after 50 seconds, except for a narrow peak near 0.4 MeV,

: which we systematically underestimate by as much as a factor of two between

20 and 200 seconds after fission.
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Table 4

PERCAN. UNCERTAINTIES IN ENERGY~EMISSION RATE FOLLOWING A FISSION BURST*

235, 238y, 239p,,,
. Decay Thermal neutrons Fission neutrons Fission neutrons
Time, s Est.** | Meag,*#* Est,** Est **
. 0.0 24.0 32.1 42.5
0.1 23.2 31.4 42.3
0.2 21.9 28,2 38,2 :
0.5 20.1 2.7 32.2
1.0 18.6 28. 22,4 27.2
2.0 17,4 8. 20,7 22,5
5.0 16.2 19.1 18.8
10.0 15.1 2.5 17.7 17.1
, 20.0 13.6 2.1 16.3 15.6
; 50.0 10.1 13.4 12.8
1 x 10% 6.8 1.7 9.6 9.8
2 x 10° 5.1 6.6 7.2
5 z 10° 4.8 5.3 5.8
1x 10° 4.6 1.7 47 5.5
2 x 103 4ot 4.5 5.6
5 x 10° 4.3 4.5 6.2
, 1 x 10 4.3 1.6 47 5.9
: 2 x 10* 3.7 4.1 4.6
, 5 x 10 3.2 3.5 3.9
1 x 10° 3.2 1.7 3.3 3.7
2 x 10° 2.3 2.4 3.0
5 x 10° 1.7 2.0 2.4
1 x 10° 1.5 2.0 1.8 2.0
1x 10’ 1.6 2.0 2.1 1.9
1 x 108 2.2 2.0 3.8 3.8
. * Excerpted from ref. 12,

*%  Uncertainty estimated by propagating ENDF/B uncertainties to derived
emission rate.

**% Uncertainty deduced from least~squares analysis of benchmark measure-
ments,
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From the above considerations, we estimate that our calculated spectra
r are about as accurate as present-day direct measurements for decay times for
which more than half of the yield comes from the 180 nuclides for which we
have spectra in ENDF/B., From figs. 1 and 2 we see that this threshold varies

I

between 50 and 100 seconds after fission. The accuracy of our detailed spectra
at earlier times depends on the postulated similarity of the overall spectrum
to that of the 180 nuclides, so that for the present we know only that it is
no better than the examples shown in reference 10 (see particularly their
figs. 52 to 62 and 91 to 94). Our total energy-emission rates are probably

correct to substantially better than 5% for decay times greater than 10 sec-

onds.
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SECTION V

COMPARISON WITH EARLIER CALCULATICNS

For many years the calculations begun by Stovall (ref. 1) and improved
by Dieckhoner (ref. z) have been the standard reference for fission-product
spectra cited in calculations for the Air Force. We have pointed out in Sec-
tion I that the LASL calculations are basically a modern incarnation of the
same computational approach. The LASL fission-product work includes a number
of improvements in addition to incorporating the results of post-1963 experi-
mental work.

Dieckhoner used 83 mass-chain yields taken from smooth curves, whereas
ENDF/B uses actual measurements for 95 mass chains with all irregularities
included. ENDF/B uses an empirical model similar to the equal-charge~dis-
placement hypothesis that he used for calculating unmeasured direct yields.

In Version 5 (which we have used only for case 49H), ENDF/B adopts two new
models (refs. 4 and 5), one to include pairing effects for individual yields
within a given mass chain, and another to describe the branching ratio between
ground and isomeric states (which normally strongly favors the isomer, contrary
to the previous common assumption). Dieckhoner's longest linearized chains
contained only 10 members, whereas CINDER uses up to 20 and includes inter-
chain transitions that result from neutron capture and emission. Also, CINDER
uses a single general solution to the linearized-chain differential equatioms,
rarher than special forms for each length of chain. We have also given ex-
haustive attention to the problem of numerical stability of the solutions,
which Dieckhoner does not seem to have addressed at all, but which we now

know can cause order-of-magrnitude errors. Furthermore, instead of estimating
the spectrum from average ratios of beta end-point energy to total decay
energy, we have used exact spectra of 180 dominant nuclides as mod=is. Finaliy,
we have added the data required to generate photon decay curves to those re-
quired for electrons.

CINDER includes the detailed treatment of irradiation history recommended
by Dieckhoner, so that it can follow neutron-induced changes in fission-product
concentrations, However, in the absence of such transmutation it is not neces-
sary to have this ability in order to correct for either finite irradiation

time or finite counting time. LaBauve et al, point out in ref. 16 that it
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should be possible to use the results of a fit such as we shall describe in
Section VI to transform the results of a short-burst calculation analytically
into the result for any specified finite irradiation and counting times.

Only one of Dieckhoner's four cases corresponds directly to one of ours;
namely, the electron spectrum for case 25F., Two of his other cases are for
thermal neutrons, which have negligible effect in practical nuclear explosions,
and the fourth is a "thermonuclear" case which contains an unspecified mixture
of isotopes and neutron energies.

Figure 11 compares Dieckhoner's 25F case with our calculations, which
have been interpolated to his decay times by using the fits described in
Section VI. As one would expect from the paucity of measurements for short
half-lives, his calculations have missed about half of the intensity extrap-
dlated back to zero time. He also had serious difficulty with the high-energy
part of the spectrum, which at 7 MeV he underestimated by an order of magnitude
for O through 20 seconds and overestimated by factors of 10 to 40 between 60
and 300 seconds. On the other hand, his calculations at 2, 6, and 10 seconds
agree with ours within about 107 from zero to the maximum in the curve, and
the 2-second curve is still less than 25% low at 5 MeV. After 20 seconds his
calculations are about a factor of 2 low at zero energy, but all of them cross
our curves near 4 MeV and end up much higher at 7 MeV. The 300-second curve
agrees with ours within about 157 from 0.5 to 4 MeV. At 1 MeV, all of his
curves except the one at 0 seconds agree with ours within 307, but 5 out of

these 7 are low.
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SECTION VI

PREPARATION OF COMPACT PARAMETER SET

| e

1. FITTING ALGORITHM
One obvious method for representing a multigroup spectrum of fission-
product radiation as a function of time is to perform a least-squares fit of

each group to an exponential series of the form

m -Xsit
Vg = D % © ; (1)
i=1

where yg is the intensity in group g at decay-time t and m is the number of
terms in the series. Previous work at LASL (ref. 16) has shown that this
gives a satisfactory description for the few-group energy-emission rate and
the total energy-emission rate. Indeed, a 23-term fit to the total energy
has been proposed (refs. 12 and 17) as an engineering standard for reactor
use. Our purpose in the present project was to extend this technique to the
particle spectra, using finer group structures specified by AFWL.

Our basic tool for the fitting was a Fortran program called FPSPFT that
was writteu specifically for this purpose and run on a CDC-7600 computer under
the Chili Ridge Operating System (CROS). The input data were prepared under
CROS by FPSPEC as we have already described in Section II., We had anticipated
difficulty in fitting the gamma spectrum because it exhibits growth followed
by decav, as illustrated in fig. 7. This specific probleu did not materialize,
but on the other hand we had much more difficulty in all of the fits than we
had anticipated.

The fits are all weighted* so as to define x2 in terms of the relative
error at each decay time. We ignore the overwhelming covariance introduced
by the CINDER calculation and use a diagonal weight matrix. We find that the
design matrix is linear with respect to the amplitudes agi but nonlinear with

respect to the decay constants xgi’

*
Mathematical details of the fitting process are summarized in appendix A.
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The nonlinear nature of the fit implies that there may be more than cze
relative minimum in xz, which we find to be a pervasive problem for more than
three terms in the fit. Because of the large number of groups to be fitted,
we made the search for absolute minima a largely automatic process that 1is

built into FPSPFT. We shall outline the automatic procedure here and discuss
it in more detail in appendix A. As we shall see in Section V1.3, however,

the automatic search proved inadequate for fitting the photon spectra, so that
we were forced to adopt additional nonautomatic measures to obtain acceptable
fits.

The automatic search in FPSPFT is conducted on two levels. Every fit
begins wiﬁh a trial set of decay constants, from which a straightforward cal-
culation gives the corresponding amplitudes for an absolute minimum in x 2.

The complete parameter set is then iterated, following the multidimensional
gradient of xz, until it either converges to a relative minimur or else clear-
ly fails to converge at all. The central problem, then, is to find a trial
set of decay constants that lies close enough to the optimal set for the ini-

‘tial gradient to guide the solution to {it.

In ordex to explore parameter space reasonably thoroughly, FPSPFT uses
up to six different trial sets. The fitting algorithm always starts with the
lowest-energy group. Once a group has been fitted, its parameters are
used as the first guess for the next higher group. This guess is almost always
guccessful for the smooth electron spectrum, at least in the sense that it
finds a corresponding relative minimum (whether or not that proves to be an
absolute minimum). It frequently fails for groups near the high-energy end
of the electron spectrum, however, and usually fails for the much more irreg-

ular photon spectrum.

The second obvious estimate is found by making an'empirical search for
regions of the decay curve that appear to be dominated by a s;ngle decay con-
stant. At late decay times in the highest-energy groups the decay is fre-
quently dominated by a single isotope, so this procedure is often fruicful.
For the dense data sets the search is made by fitting a five-term Lagrange
interpolating polynomial to the logarithm of the group intensity and examin-
ing the derivatives of that polynomial. For ehg sparse data sets this fit {s
too erratic to-be-useful, and the empirical search cannot be used.

Four other trial sats are based on the apparent decay constants at the

beginning and end of the time interval that {s being fitted. For the dense
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sets these are taken from the Lagrange fits, For the sparse sets the loga-
rithmic slopes between the first two and the last two points are used instead,
with an optional* procedure to extrapolate the estimate averaged over the last
interval to the latest time in that interval. The four trial sets are then
formed by using various systematic subdivisions of the interval between these
two extreme slopes. In appendix A these are referred to as equispaced sub-
divisions.

FPSPFT also offers the option of dictating initial estimates of the decay
constants from input cards, for selected groups or for all groups. In this
event an additional option allows the minimization of x2 to be carried out

solely by choosing the best amplitudes, or alternatively by iterating on the
entire set of parameters.

2,  PROPERTIES OF INDIVIDUAL FITS

Clearly the effect of increasing the number of terms m in the fit is to
allow the fit to follow more of the undulations in the decay curves. Figure
12 1llustrates the resulting improvement for the electron spectrum in case 49F.
The bottom portion of the figure refers to the same group of electrons that
wys displayed in figs. 8 and 10. We see that the fit crosses the data at
precisely 2m points, as expected, and also that the error nowhere exceeds 5%
for m > 3. If we sum the fit over all groups and compare the sum to the sum
of the input data, we obtain the results in the top portion of the figure. We
observe that the errors in the total yield are roughly equal to those in the
individuval group yields; that is, that no major reduction results from averag~
ing over many groups.

The reason for the latter result should be clear from fig. 13, which shows
the error at 10 seconds after fission for each group in the same electron
spectrum. There is enough similarity in the shape of the decay curve for
each group that many adjacent groups will have errors of the same sign and
comparable magnitude at any given decay time. Naturally the locations of the
regions of large error depend on the number of terms fitted, Figure 14 shows
the corresponding errors for the photon spectrum., Here the errors in adjacent

groups are less strongly correlated, but the magnitudes display greater extremes.

*
In Section VI,3 we shall refer to this as the L option.
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Figure 12. Variation of Fitting Error with Decay Time as a Function of

the Number of Terms Fitted (m). This example is for a single
group and for the total intensity of electrons emitted by 39pu
following fission induced by fission neutrons. Each curve is
marked with the corresponding value of m.
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3, ADDITIONAL MEASURES TO FIND BEST FITS

The measures that we described in Section VI.1 were developed using the
electron spectrum as a test problem. For each of our six csses we punched
output cards containing the best parameter sets, and their root-mean~square
(»ms) errors, for values of m from 2 through 5 (2 through 6 for the dense
sets). In a few instances we had to exercize the L optior mentioned in Section
VI.1 in order to get the best fit.

In an attewpt to broaden the search for absolute minima 4a xz, we then
used each of these punched narameter sets as the initial estimate for the other
five energy-isotope cases, aliowing FPSPFT to iterate all parameters from chat
start. In none of these cases did we find a further improvement in)(z, which
we found to vary smoothly from group to group, so we accept these parzmeters
as givinyg the best possible fits.

To our dismay, in bouth the 17- and 38-grouy photon spectra we found that
the L option gave better fits iIn some g+woups and worse fits la others. 2=
cordingly, we had to include both alternatives fn the cross-fercrilization
process described above, 1his time the crose-iertilizatiun produced many
improvemeuts i:;xz, soue vf thes very large improvemen<e, espacially in the
4- &sad 5-tewm fits. Sume of these triggered improvemeuts in adjacent groups
also. When the improved solvtions were recycled inte the cress-fertilization
they produced still further improvements. This process finally converged
after four iterations. It required much clumsy hand work with thousands of
cards, 80 that we were eventually driven to writing a separate computer prog-

ram just to read and compare the rms-error cards.

4,  QUERALL FITTING ERRORS

For each case FPSPFT calculates rms relative errors routinely for the fit
to each group in a spectrum, for the ensemble of all points in all groups, and
for the summed fits compared to the CINDER/FPSPEC gsums, In support of our
qualitative remarks that are illustrated by f£igs, 13 and 14, the rms error in
the suns is always smaller than that for the ensemble, dut usually not very
mucn smuller, For practical purpozes in judging the effect of using a parcic-
ular number of terms ia the fit, it is more useful te calcalate a yisld-
weighted rm3 error, cefined as the square root of the weighted average of xz,
vhere each group 1z weighted by its integrated y'eld Srum C to 103 secounds.,

In aadition, in conpounding these resulisz over our six energy-isotope c2ses
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Y it is appropriate to weight the dense and sparse cases by the number of times
, in the case.*
: i The resulting point-and-yileld-weighted rms error (PYWE) provides a cop-
i venient index for evaluating the penalty associated with using a given number
of terms in the fit., The result is plotted as the solid lines in fig. 15. We
see that for only two terms the PYWE is about 307 for both electrons and pho-
tons regardless of the number of groups in the spectrum. The PYWE is less
- than 2% for 5 terms and less than 1% for the three cases in which 6 terms can
he fitted, although in the latter cases there is more than a factor of 2
spread between the 20-group beta and 38-group gamma PYWEs. Figure 15 in con-
junction with the error estimates for the ENDF/B data bzse discussed in Sec-
tion IV thus allows an informed choice of how many terms to use for a partic-

ular application.

3. EXTRAPOLATION

Fitting a decay curve with an exponential series permits extrapolation

e}

. to both earlier and later times. Clearly, the fitting process cannot usually
’ pick up components with decay constants whose reciprocals are much smaller
‘;‘ A than the earliest or much larger than the latest time Included in the fit.
i%? There are so few beta-decay half-lives less than 0.1 secsnd that we can
-4 be certain that CINDER calculations will extrapolate reliably to zero time.
On the basis of the half~lives in ENDF/B we find that less than 1% of the

integraced electron yield from zero to infinity occurs before 0.1 second. On

i the otlier hand, we have pointed out in Section I that we have deliberately
b? ignored the gamma emission at early times. Tiais emission, which accounts for

roughly 45% of the photon emission from zevo to Infinire time, includes a very

3 iitense prompt burst within the first nanosecond followed by decay of more
:é than &0 kncwn activities with half lives between a few ns and 890 us (ref. 18).
1 Tne deiayed component, which 1s usually attributed to isomers of the primary
- fission fragmencs, Lecomes negligible velative to the photons folluwing becs
K decay at 1 decay time s5f -~hout £ millisecond.
2

:

%

=

H

H4

.
8

i

A

1

%

<

*
Five teras with two parameters per term permit an exact fit to the 9-point

sparse gets in most groups, but %he fits are ghysically unrealistic. Hence
we shoulu reduce the weighl of the sparse sets.
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. Since gamma emission more than a thousand seconds after figsion is almost
' entirely from de-excitation of the daughters of beta decay, both emissions
f should have comparable inaccuracies in extrapolating the total emission to

later times. To 1llustrate such extrapolation, in case 49F our fit from 0.1

-

to 103 seconds predicts that 847 of the total number of electrons that will
be emitted have emerged by lO3 seconds, and by extrapolation that 1007 will
have emerged by 10& seconds. Unfortunately, if we extend the fitting range
to 104 seconds we find that only 707 of the emission is actually complete by
lO3 seconds, 137 more emerges by 104 seconds, and extrapolation beyond 104
seconds predicts at least an additional 57 to infinity.

In fig., 5 we showed selected 20~group electron spectra for case 25F out
to 104 seconds after figsion. If the fit stops at 103 seconds, no group ex-—
trapolates to an intensity at 104 geconds that is greater than the bottou of
the figure [10.8 electrons/(MeV+g-fission)], although 41l groups below 5 MeV
should exceed that limit., In fig. 6, on the other hand, we see 11 out of 38
photon groups fitted to only lO3 seconds that extrapolate to values at 104
seconds that are greater than the bottom of the plot [10—7 photons/(MeV s fis-
sion)], including one that extrapolates to a greater intensity than the cor-
rect value from CINDER.

To summarize, roughly 307 of the beta-decay-dominai.d emission occurs
after lO3 seconds. The intensities at 103 seconds and integrals up tc that

- time can be represented accurately by parameters fitted from 9.1 to 1035econds,
- but extrapolating that fit misses about 5% of the total yield to infinicv.
- The extrapolated intensity is almost invariably too small by at least a factor
of ten at lO4 gecondsg, and the error is much more erratic in the photon spec~
trum than in the electron spectrum.
6.  JOINT FITS

The existence of multiple relative minima in x2 suggests chat eazh group
in a spectrum might be fitted reasonably accurately by a vide variety of decay
constants, as long as the amplitudes are chosen accordiugly. This suggests
in turn that a single set of decay constants might be used for all six energy-

isotope cases simultaneously, thus reducing by nearly a factov of two the

™

total number of parameters required to represent all of the data with a spec-

ified accuracy. If such a joint fit is successful, it offers an important

. § ;

: but less obvious additional advantage. The sparse data sets are divided very i

¥

f unequally, with time intervals of a factor of five alternating with a factor 3
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of two, We find that the overdetermined S5-term fits to these sets oscillate
systematically towards and away from the fits to the dense sets, taking advan~
tage of the factor-of-five gap in which they are unconstrained to make it

eagy to fit the pairs of points that are only a factor of two apart. Thus,

the use of a single gset of decay constants (derived in this case only from the
dense sets) probably insures a fit that is closer to the true (but uncalcu-
lated) values in the long gaps. ..

We did not recdgnize the desirability of combined fits soon enough to
design simultaneous fitting of many cases into FPSPFT. Accordingly, we tried
the simple alternative of averaging together the corresponding* decay constants
from the six cases. Although the rms difference of the six individual values
from their average is often of the order of many tens of percent, the joint
fits display an unexpectedly small increase in the PYWE defined in Section
VI.4. 1In an attempt to explore this further, for both photon group struc-
tures we added an additional step in finding the joint fits. We used the
avefage decay constants from the free fits as initial estimates for each case
in turn, but allowed FPSPFT to iterate both amplitudes and decay constants
away from those estimates. We then re-averaged the resulting decay constants
for the final parameter set. The resulting improvement was small. In a few
groups the composite fit was actually worse than before, so that we had to
return to the original average. '@

The dashed lines in fig. 15 show the values of PYWE for the final joint
fits compared to the separate (and therefore best) fits given by the solid
lines. In examining this figure, we find empirically that the PYWE of the
joint fit 1is approximaﬁely 0.6% greater than for the best fit to the 20-group
electron spectrum, roughly independent of the number of terms in the fit. The
corresponding differences for the 17- and 38-group photon spectra are 1l.3X and
2.0%, respectively. We note also that in many cases the joint fit with m
terms has both a smaller PYWE and fewer parameters than does the best fit
with m~1 terms, in addition to giving a physically superior fit to the sparse

data sets.

*As noted in appendix A, FPSPFT stores the decay constants in order of
decreasing size. Correasponding constants are those with the same index.
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SECTION VII
SUGGESTIONS FOR FURTHER WORK

It is clear from fig. 11 that the gradual accumulation of a more complete
data base has ﬁade a very large difference in fission-product calculations
since Dieckhoner's work was ccmpleted. We have also emphasized in Section
III that on the average less than half of the total energy emission at times
less than one minute after fission is accounced"fof by detalled spectra in
ENDF/B-4, and in Section V.5 that fits should extend to at least lOa seconds
if reliable integrals to infinity are needed. »

Version 5 of ENDF/B is scheduled to have more than 1,000 fission-product
nuclides in its decay-property tables, including about 240 for which detailed
spectral information will be included. As we pointed out in Section II, the
new version will also include nuclidic yields of fission products that have A
been calculated using improved models for the pairing effect and the branching
fraction between ground and isomeric states. Thus, it would be attractive
to repeat the fitting of electron and photon spéctra after Version 5 has
finished its lengthy review and testing.

The .computational tools for calculating the spectra are already complete.
The fitting code FPSPFT can already handle extension beyond 103 seconds, but
- needs to have an additional algorithm added that would perturb solutions after
convergence in a systematic way in an extended effort to locate all of the
local mimima in xz. If experience by then has shown that AFWL's particular
applications benefit from the more compact parameter set that results from
using a common set of decay constants for all isotope-energy cases, it would
be desirable to add rigorous simultaneous fitting of all cases to FPSPFT.

The spectrum of photons from the prompt (< 1 ns) burst has been measured
for a number of cases, but the subsequent decay (1 ns to 1 ms) of isomeric
states has been measured carefully only for well-moderated neutrons incident
on 235U and 239Pu. If this fragmentary information is useful, parameterization
in any given group structure would bs relatively. straightforward.
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APPENDIY A

MATHEMATICAL DETAILS OF FITTING DECAY CURVES

In this appendix we shall designate all vectors by unsubscripted lower-
case letters, all matrices by capital letters, and all scalars by lower-casge
Greek letters. Our treatment basically follows that of Hamilton (ref. 19).

For each group in a given spectrum, CINDER and FPSPEC give us a table of
intensities ¥y as a function of decay times ti. For convenience, we treat
these as vectors y and t, respectively. The covariances <dyi dyj> of the vy
are embodied in a covariance matrix V. As mentioned in Section V1.1, we have
taken V to be diagonal with elewments Vii = (0.01 yi)z; that is, we have ignored
correlations induced by the fact that our "data" are calculated from a common
data base (as opposed to being independent measurements), and have arbitrarily
assumed a 1% standard deviation. The weight matrix W 3 V! then causes the
fit to be weighted by the relative error, with the generalized;(2 in units of
percentz.

Our task is to find m decay constants Xj and an equal number of amplitudes

aj such that the values of ?1, defined by the relation

n ~t )
- 3
Yi Z aj e ’ (Al)
J=1
give a best fit, in the least~squaras sense, to the FPSPEC values Yy For

convenience we shall collect the parameters aj and kj ‘nto a single 2m~dimen-

sional parameter vectcr p such that

- 0 < §
pj aj j m
- Aj-m m < $om .

We put the amplitudes first in p for convenience in a preliminary linear fit
using ass ad initial values for the decay constants, as discussed below. All
inf.rmation concerning the times ty and the structure of equation Al is then
embodied in the design matrix D with elements
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oy -t A
Dy, = i, e 11 0<j] S (A2a)
49
P3
-t A
- - i j-m <
ti aj-m e m < j 2m . (A2b)

In the usual fashion for covariant fitting, the quantity to be minimized is

x?zd -wa=3dwd ,

where d = § -~ y is the difference between the fit and the data, and d denotes
the transpose of d. We minimize'x2 by finding the value of the parameter
vector p for which the gradient of XZ with respect to p vanighes:

V2 =2Bwd =2BW ($-y) =0 ,

and hence Duy =dwy . (A3)
Here we have used the chain vule to differentiate x2 with respect to the ele-
ments Py Equation A3 is the basic form of what is traditionally called the
normal equation,

Up to this point the solution is completely general and we have ignored
the actual form of the design matrix in equations A2a and A2b. 1f the elements
of the design matrix are independent of the fitted parameters, equation A3 re-
duces to a set of linear equations with an unique solution. Since this is not
the case for equation A2, the problem is nonlinear and must be solved by iter-
ation. We note, however, that the amplitudes aj do not appear in equation
A2a, go that if we assume trial values of the l we can immediately deduce the
amplitudes that will minimize x for that particular gset of decay constants,
using only the parts of p and D that correspond to &. Thus, we can begin the
solution by estimating only the decay constants Aj.

1f we designate this initial set of trial parameters by p and the cor-
responding initial fit by y, the next step is to seek an improved parameter
set p of the form

p=p+q , (A4)

in which q will be chosen to minimize xz. This produces a corresponding
change in the fit given by
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$§=y+Dq , (A5)

where we have kept only the first terms in a MacLaurin series in the small
change q, and taken advantage of the fact that the first partial derivatives
of § with respect to the parameters are just the elements of D. By making

this approximation we have linearized the normal equation, which now reads
BW(ytq) =Dwy ,
and hence (BwD) q =D W (y-y) .

The product N = D W D is known as the normal matrix. From its inverse we

can readily find a solution for g, .
q =N1Bw @G o, (46)

in which the difference y - y is simply the error in the trial fit., Equation
A6 18 not rigorous because expansion A5 is not exact. However, if q is small
compared to p we can expect to find that the new value of p calculated from
equation A4 producés a reduction in xz, so that by recalculating D using the
new parameters ﬁe can iterate until q becomes vanishingly small.

If cthe first iteration increases x2 we know that the initial estimate
for p was too far in error for equation A5 to be a satisfactory approximation.
Accordingly, in‘the'hdﬁénthaﬁ the multidimensional direction of q is more

nearly correct than its length, we can replace equation A4 with
P =p+qé , (A7)

where 6§ is a damping constant. FPSPFT tries values of § beginning at 1 and
decreasing by a factor of 2 until a decrease 1n‘x2 occurs or until § < 10‘5.
If an improvement does occur, FPSPFT recalculates D and q from the successful
parameters, doubles the previous value of 6, and tries again. Usually it can
continue doubling in each subsequent iteration until the value of § returms to
unity.

When q is large, it may produce such larges changes in p that one of the
decay constants will be displaced past one of its neighbors. If this happens,
even if a decrease in)(z would result, it is treated as an unsuccessful iter-
ation, and the damping constant is reduced successively until each decay con-
stant is at least 107 greater than the one below it (reduced to 35X after five

iterations).
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FPSPFT stops at a preset number of iterations (usually 25) unless the
solution converges sooner. The criterion for convergence is that.xz decrease
by less than a small fraction € of its previous value. After the first iter-~
ation (for which any decrease 1s acceptable), € is set to 10-8. Thereafter
it 18 doubled in each iteration, so that the definition of convergence becomes
increasingly less reatrictive.* This procedure allows FPSPFT to work with
slightly overdetermined cases without wasting an inordinate amount of time
trying to get x2 ever closer to zero. It also terminates a fruitless search
for a minimum that is too poorly defined to merit accurate parameters.

In Section VI.l1 we discussed two methods of generating initial estimates
of the decay parameters that are required to begin the iterative search. One
of these is to use the solution from the previous group, and the other makes
use of the empirical logarithmic slope of the decay curve. The latter method,
which we attempt only for the dense data sets, requires an automatic means of
defining regions in the decay curve for which the logarithmic slope
A = -d(log y)/dt of the intensity y is nearly constant for an extended in-
terval. This means that we seek regions in which ﬁhe second‘and third deri-
vatives of log y are both small compared to log y iiself. We have found by
trial and error that the product of the normalized second and third deriva-
tives 1is a simple and satisfactory measure of this property, so FPSPFT simply
chooses values of A that correspond to minima in this product, beginning with
the least positive minimum. The selected values are then sorted into descend-
ing order.

The four remaining methods that FPSPFT uses to find initial estimates
produce equispaced values in a relatively blind attempt to explore the pa-
raneter space within which the decay constants are expected to lie. We begin
by estimating the logarithmic slopes at the beginning and end of the time
interval 0.1 to 103 seconds, which we term Ab and AQ, respectively. For the
dense sets we take these directly from the empirical analysis. For the sparse

sets we take

xb - IOB(YI/Yz)/(tz-tl)

%,

*3ince 225 x 10-8 = 0,34, there is clearly no resson to atteapt more than 23
iterations under this definition of convergence.
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and .Ae - 108 (yn_l/yn) / (tn-tn”l) ’ (AB)

*
where there are n decay-times in the data set. FPSPFT includes an option

to extrapolate Ae approximately to tn’ rather than using the average of tn—l

and ty implied by equation A8. Setting r = Xe/kb, we then define three con-

stants:
§ = rl/(m—l) wide
W
§ = rl/ n medium
m
Gn = rl/(m+l) , narrow

where m is the number of terms in the fit and the subscripts stand for the
indicated adjectives. These constants are used to generate the four geometric

series of decay constants shown in table Al. The wide equispaced set spans

Table Al

EQUISPACED ESTIMATES OF DECAY CONSTANTS

Eprclug
Index High Wide Nagerosm Low
1 Ab Gm N kh §n Ab
IS 2 2

2 Xb Sy lb GW lb Sn lb Sm
3 2 5 M 2
3 kb 60 Ab °wL Xb én b Gm
- 2 2
-1 A /6 )\\_/Sw Ag/Gn )\(_:/6‘n
m Ae \: Aelén ke/ém

*
In Section VI.3 we refer to this as the L Opuicwm,
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the interval from Ab to Ae in equel logarithmic steps. The narrow equispaced
set is compressed so that it is wholly interior to the same interval. The
r high and low equispaced sets use an Iintermediate spacing, and are offset so as
to erd on Ae or begin on Ab’ respectively. FPSPFT does not vse estimates that

lie outside the empirical range, since we have found that it is easy for the

L e

iteration ptocess to move parameters outwards from within the range but some-

times 1s difficult to move inwards from outside the range.
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APPENDIX B

FNRMAT OF TRAN3MITTAL CARDS

We have ugsed two different furmats foxr the opunched cards thac contain
the parameter sets that describe the fitted decay curves. The first form is
used for the free fits (or best £its), which Lave different decay constants
for each energy-isotcne cagse. The sata are orgenized into self-contained
decks, of which an example is shown in f£ig. Bl for the 6-term fit to the 17-
group photon spectrum from case 49H. Most of the format is explained by an-
notations in the figure. The information at the end of the deck-heading card
correlates the cards with their corresponding printed output. The primary
inferuation is a succession of pairs of parameters (Xi,ai) for the successive
terms in equatior Al. A separate subtab - in this form is given for each
group.

The cecond form of transmittal cards is used for the joint f£its, in which
a single set of decay constants serves all six energy-isotope cases., Since
this parameter set emphasizes compactness, we have used a card format that
minimizes wasted space on the cards. ¥Figure B2 shows the beginning and end
of the 17-group photon parameter get, together with an intermediate portion
of the set. 1In this format we have uged descriptive hecding cards to make the
format as nearly self-explanatory as possible. Here the boundaries of the
group structure, which is constant for the entire set, are given first., Next
we give the decay conscants for all 2~-term fits, followed by separate sub-
takles of the ampliitudes for each 2-teiw fit, and so on for each number of
terus in succession. Consequently, the primary information cousists of a
list of values (not pairs of values) of a particular type of parameter for
successive groups in the spectrum.

In both forms all of the significant integer information is given in
fields with Fortran formac 15 that end on a multiple of 5 columns. The energy
widths and boundaries of the group structure are in F5.2 format in fields that
also end on multiples of 5 coclumns., All other floating-poinr values are in
E10.3 flealds that end on a multiple of 10 columms.
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Atomic number of fissioning nucleus

Jo P e g G QUSRS

3,159€=¢6
W

2,091E=00

1,097E202e3,527E=d8

6,966E=95
1,263Eeu4
6,997E=05
3,323E«04
3,487E=d4d
1,043E=03
2,831E<03
1.S541E=03
2,778E<03
3,003E=28
1,360te0Y

6,224Ee0a

N

I Hua n . ] ”n n
Neutron energy ( 1 = thermal, 2 = fission, 3 = 1l MeV )
Type of particle ( 1 = elsctron, 2 = photon )
Number of groups in spectrum
MNunber of terms fitted
Date and time cards were punched
94 239 3 2 17 6 8/12/717 4,01,41 LAMBDA
1 6,25 ,7S e Croup 1 upper energy and width (MeV)
3,308E+00 1,049EeAd 1,311E¢00 §,076F=AS |, 813F«P] 8,989E=0S5 »,083E«N2
1,922E«82 3,71VE=0s 1,2606E«02 3,177E=00 ‘-13 a3 lh
2 5,59 5@ )
3,229E+00 9,7S5E<¥S 1,233E+00 4,293E=05 |,788E«01 7 ,BU1E=05 3,01 E«D2
1,145€«82 6,360E=06 4, ,A34E=nY | ,8104EQ0
3 5,00 ,50«@————— Croup 3 upper energy and width
5,210E+90 7,113F=A5 |,266E+00 3,3R6E=AS 1,770€E-A]1 &,414E=QS
9,921E«N3 7,278E=0P8 3,899E«0P3 2,146E~00
4 4,58 ,59
2.812E40Q 2,124E=24 7,886E=01 5,620E=US U4, TR2FE=02 5,756Ee0¥S {,u71E02
T 782E«AY 2, UbSE=AS 3,598te¥y 1,202E=05
S 4,08 .54 ‘ -
J,002E+38 2,R95E=0y |,8968€+70 |,230F=24d 3,929F=N2 {,149E~B4 |,375E02
S,2UUEe@3 | ,720EeS {,130EeNY 3,4B86E=Rp
6 3,5%¢ .50
2,933E+003 2,392E=4y 9,533EeR) 7,623E=7% 6,398E=d2 7,312E-05 1,TU9E=DBQ
6,386E«A3 4,597E=05 1,581E«83 9,698E=00 '
7 3,80 .50 o '
2,389E¢80 1,28UE=03 3,186ER=1,T763F=00 6,410E=02 7,368E=04 1,890E=02
8,006E03 |,1S52E=A4 9,699E=¢y 1,382E=AS
8 2,5¢ ,50 :
3,207€+03 9,103€=04 1,225E+M0 4,352€=34 9,551E=d2 3,375E=04 2,791E=62
9,606Eed) 2,127E204 7,21%€E=04 2,924E=0S
9 2,990 59
2,925E400 3,559€-33 §,993E+01 1,074E=A3 {,052€-A] |,4@8E~03 2,731E=02
9,320E=83 3,190E~A4 8,787E«0y 5,263E~25 : )
12 1,58 ,%92
2,01564030 1,0621E0@2 7,367Ca?| 4,349E=03 |,146E=0] 6,835E«03 2,889E<02
9,434E=BS | ,S7SE=AS §,89TE«0y |,674E=N4 :
11 1,20 25
2,259E¢00 5,8UTE=02 6,579E=0] 7,151E=82 1,212F=N] 4, 643L=03 2,042E~22
T.A97E«P3 §,521E04 7,962E=04 1,969E=R4
12 .75 ,25
2,671E¢P0 9,824E=A2 3, 06RE=R] 6,610E=02 1,i57E=A] 2,0d0k=02 2.,932E«82
7,764E=D3 /,SS7C=Py 9, 149C=vy 1| ,84RE~A4
13 ,98 ,25
2,065E+00 6,78/E~A2 3,4N1Eeny 2,9S57E=02 |,498E=01 2,987E=02 2.,019€=02
6,579E«03 | ,038E«R3 B,6P6Fa0u 3,398E-C4
14 ,2% L10
2,859€+@J 4, T6UE*A3 8,052E~01 |,311E~A3 1,826E=91 1,808Eed} 2,633E-02
6,798E«03 3,185E=Nu |,269F=A3 |,461E=04 ‘
15 ,15 ,0%
2,176E400 6,363C002 6,502E=1 §,897€N2 9,4T70Ee02 2,A02L=03 2,0843E=02
7.150E0@3 7,986E-05 7,092E«04 2,860E-0%
16 '13 .Bs ’
24305E049 7,209E~04 2.751!-ﬂx-2.03n§-aass.blS!-OZ,“.SSSE-OM 1,4008E=¥2 2,013E0¢
S,269€003 1,120E~04 9,183Eeny 3,191E=AY S
17,05 . 08«s A.eroup;l'ruppormmundw&m
3,1038400 3,0126-00 {,0A9C¢Mp 1,823800d | V00leRlo2,522E04 3,US1EeRQ 2,71%Ea00
©,562L«P8 | ,890F~Ay 9,7%06keAy 1.uau5:fn \gxs,;» h.., \g\h

Figure Bl. Transmittal Card Format for’?édi Fits (Annotated)
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Ton of group 1

17-GHOUP ENERGY HOUNDARIFS

0.25
+ 0S W ¢ U9
z.rgan

|
3,265k2v2
2,419 22

2
1,938Ee43
2,061Een ]

1,944F=9]

14710E=0}
1,381E8}

AMPLITUOES FOR

i
?,02ukeN}

JeTEAM
1
L, 4B1Ee 00
2,991L ¢34
2
2,200E12
2,095k=042
3
‘.20‘[‘0}
1,948E-R3

d,bA7F=Bu
4,98UF=9}

Qroup 16

1,85¢E-2

2,102E-03

92 23§
4,4908C=0yg
2,369E=02

OFECAY CONSTANTS FOR

2,930E¢00
1, UU2E+0Y
3,185E+0Q0
1.50[2-01
2,025E=22
6, 97UE~R3
1,324E=82
1,473F=03
4,98SE-Py

AMP_ITUDES FNR

1
3,851E<A3
1,518€=03

2
l.“"QE-U"
14234E=05

3
7,293E<05
8,977te¥5S

S¢587E=H4
1,IAE=Vy
3, S00E=44
3.6605-03
1,229¢=04
9,813E=¢p
1.164E=0G4
7'”606‘“5

AMPLITYDES FOR

i
8,953E=04
T,24BEey

2

-l.!ab!-ﬂ“

3

3|861E’"“

1,459E=04
2,0795E=03}
4,uR4E=Ny
2,2UTF =05
1,926E€43
1,18v€=04
8,616E=US
1,3836=23

J,00uleRin? TUE-RY

4
2,912E=04
2,443E=04

S

1,421ty
I.OMGE-BG
b

2483375
3,3usfedy

Figure

2.065E°06
I.UFHEOWS
Z.b’ﬂf'“ﬂ
’o”qu'“b
2,950E«7y
Z.W“QE.““
3,137y
5.250"35
I.HOQE'ﬂ“

2.068E=01
5.[.95-“‘

1,499€«0
2.516t=2

44342Eedy
1,459t -0}

32 23s%
4, 1h1E=Pq
31,4188=02

1.2405'35
1,104Ee02

6,915€=04
3, 866E=0y

94 23¢
1,311F=0y
1,601E02

1,991E=05
4,867€«43

7,353F =95
6. 3!7&’“3

Gy ShdE=tg
2.,967E=113

4, 80uEeRp
1,458t =03

1,920F=0p
!.b25f'ﬂy

BotUm:oflpoup
DFCAY CONSTANTS FOR EACH GROUP

053 5,82 4,50 4,90 3,50 3,40 2,5v 2,40 1,54 1,0@

i

o75

50 e2Y

1 9 E'a UE =D LY ¥ -

L eanroas Legestoal s:ofgsoa: 2¢31UE=M2 2,003E02 §,721E02
2,4 248F « 3 Qutrrreemnseeee Docay constant for 1lst term in group 17
1,320Fad? S, 41T78=03 4, 9816«P3 4,U9UE=N3 2,d6iLwit] 3,780Ei}
3,358E=03 3,0S55E=%3 2,03vE=13 | ,798L~¥3

GAMMA

FACH GROG
4,728€=01
'.‘QQE'“l

$,294k=02
3, 3R1F=02

4,Sh3te03
1oAGaE"Y S

GAMMA
3,915E=04
3,81 7E=0U1

3,077€=05
503‘0&'“3

9.6685'36
4,850F=0u

GAMMA
7."5'!'05
b,61T7E=02

3,865E-0S
6,831t =2

S, 7ASE=0S
“.577"”3

1,974Ewa?
1.5195'33

34453E=00

S.202E=04

2.356F =00
l.'llﬁ'ﬂd

1.936E-“l

FAST

[
2.330Le080
2.3“0['“1

1,835€E=02
2.18UF =072

de3VTEe2]
1.985F«03

FaAS?Y
Se3uT7E=dy
1e377E=01

2¢618E=V4
Se072E-0)

6,351€e09
3.50SF=34

N
{aeMEyY

2¢229% el
1.,103E=71

beWISE=NS
7.131€=02

1,589k}

G,8T8Ee¥?

17 GROUPS 2
3,133Ewdd 3},211Eedd S,708Edu 3,00uEeity
2,628E=01 |, 52uE=0] 8,UU5E~82 B, U25E=0}
l.uaec-n S, vose-es-———-—-upnmde of ht term in group 17 for case 25F
9,968E«36 {,380Ee0s |,287€=05 7,30SE«0S 2,395Le0% 9,177E05
9, 323£-ns :.a-oc.au 0,379€«0a 1,12uE=03 1.377E-03 1,302E=0} 2.057t-““

a ,852L«=@S 1,u65E=04y
“————-—-—-A-plituh’ot 2nd term in grow 17 for case 2SF

17. GROUPS

2,377E+00
2.“765'“‘

1,743L 02
2,376E<02

2,336E=03
1,287€-03

1,028E¢84
1¢980E 00

{.789E=02
3.123E=B2

24927843
1e520E03

17 GROUPS 3

B,v8i5E=Vu
9,V80E=-02

4,778E=du
4,873E=u}

2,171E=B%
5.!60!-0«

7.2’3['0“
1.187=R2

2.031E=04
be134t=03

3,779E=09
1,975€«90

17 GRQUPY 6

$,0¥3E=du
7,283k=02

7,268E=0S
3,5006€02

2¢351key
S,uSTtens

1 10

Applies to all 6 cases
17 GROUPS

3, 026k=002
5,435E=41

1,905E=43
0.3295003

TERMS
2 4Uptens
2,869E=01

5,355keu5
2,4ShE-04

1,8816e01
6, 7T11Euy

1,98P€=8¢
4,137€=0¢

1,680E03
1,469E=43

TERMS
2,028€03
3,166k=d1

1,298E«03
5,9208E=4}

4,NBYEeIY
5,871E«05

TENMS
1,331k03
6,587E=82

8,611E=3%=],312€=00a

1 429UEwb}

0,449Emve

5, 826E=05 3,694E0% b,340E=8S b, 847Ny

1,657€=02

4,875E-0%
24726E03

U 189E=08
0¢337E=024

4 429C=0%
|4868E=vd

53

2,642L202

f1,712E=04
2.7““5.03

4,590E~¥%
1 h31EeD3

“.5":'“0

3,209E=04"

l.bQIE-ﬂS

a.sowt.“s
Q.QBSE.u“

5.2056'“5
S.?ZIE-GH

Q.BFECOGO
14171Ewdu

1,9¢40t=03

§,7uske04
6,88 ke

1,189ty
7,95uf=2%

1,348Feus
2,92uUkwns

B2. Transmittal Card Format for Joint Fits (Annotated)
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APPENDIX C

FORMAT OF PRINTED OUTPUT FROM FPSPFT

The printout from the fitting program FPSPFT is organized into five ta-
bles, with some informatjon displayed in more than one table. Samples of
these tables for a 9-group beta spectrum (chosen to limit the fifth table to
a single page) are shown in figs. Cl through C5. Again, these figures are
liberally annotsted and should be nearly self-explanatory. All except the
fourth table use the same three lines for a page heading.

The original purpose of the first cutput table was to summarize the strug-
gle to find the absolute minimum in xz, and that is what we illustrated in fig.
Cl. 1In practice, however, the listings delivered to AFWL are the product of
the ad.itional analysis descrihed in Sections Vi.3 ard V1.6, and hence are
made by rictating fixed decay constant: and refitt:ng only tite amplitudes.

.. .cordingly, they in~iude further informa:zion between lines 3 and 4 of fig.
Tl te i1dentify the imposed set of decay constants, and the table contains
onlw the first of the ¢ix columms.

The second osutput table, as shown iu fig. C2, displays the fitted param~
etzrs. Yor the free fits, the transmittal cards are essentially equivaleat
to reacing this table across the rows in turn. For the joint fits, the col-
umns headed lambda are punched first (they are, of course, the same for each
energy-isotope case). Then the amplitudes are punched, again reading down
the columms.

The third table contains the most detailed information regarding the fits,
and hence 1is too crowded to explain each column directly *n fig. ¢3. The

meanings of the column headings are fairly evident, but require some additional

explanation:

GROUP Number of the group.

MEV Upper energy of the group.

ITER Total number of iterations to reach convergence. In the final list~

ings this appears as ( because the decay constants were dictated.

DAMP Smallest value of the damping constant (see equation A7) required to
achieve the fit to this group. Here, again, the final listings al-
ways give 1.0 since no iteration was required. Below the value of
DAMP for each group, this column is used to number the times in the
SECONDS column.

SECONDS  Decay time since the end of the fission pulse.

4
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DATA Intensities in this group calculated by CINDER/FPSPEC. These are

in particles/(MeV's*fission), not in particles/(s'fission).

PCT.DIF. FIT-DATA expressed in percent of DATA. The rms value of PCT.DIF.
for this group appears below the last time-step.

FIT Intensities calculated from the fitted parameters, in the same units
as DATA.

TAU Empirical mean life (reciprocal of the decay constant) in seconds,
determined by fitting a Lagrange polynomial to the logarithm of the
data, as described in Section ViI.1l. For sparse data sets the ap-
parent mean life implied by pairs of adjacent times is used instead.*

CURV Normalized first derivative of TAU.

DEP

Product of CURV and the normalized 2nd derivative of TAU.
LAMBDA Fitted decay constants, in units of s~1,

AMPLITUDE Fitted amplitudes, in particles/(s:fission).

FRACT. Fraction of the integrated yield from O to infinite time that comes

from this term.

Between the columns labelled FIT and TAU appear asterisks and numerals.
These are intended to be read as graphical marks against the time scale implied
by TAU. The numerals mark the assumed mean lives with which the fit began,
and the asterisks show how far these migrated during iterationm.

rounded to the nearest row in the TAU scale.

Both are

The fourth output table (fig. C4) shows the comparison between the sum

of DAT. over all groups and the sum of FIT over all groups. The three types

of rms error are discussed in Section VI.4.

The final table is i1llustrated in fig., C5. All of the information in this

table 1s reconstructed from the fitted parameters. In principal, almost all

of it occurs in the third table also, but here we have converted the units to
group constants by multiplying each fitted intensity by the width of its group.

We have also extrapolated the table backwards to zero time and forwards to lO5

geconds. We have discussed the accuracy of this extrapolation in Section VI.5.

The total number of particles per fission integrated to infinite time appears
only in this fifth table.

A rule of thumb that was widely used in the very early days of Civil Defense
states that the current decay constant is equal to the reciprocal of the time
since fission. This approximation implies a t~1l decay curve, The difference

between SECONDS and TAU is a measure of the inaccuracy of the -1 approxima~
tion.
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"—"CTUAL S,0, 8 1,02 PCT

Rms of
"pct.dif."
colum

YIELOeWEIGHTED RMS ERROR =

TOTAL YIELD VS, TIME

SECONDS DATA

l1,nE=d] 2,22uE=01
1,501 cell12E=}
2, 0E=0} 2,812E=0]
4,pEedl = 1,697Ew0}
5.,0E=01 14579E=0}
6.@&-01 1,479E=01
8,0E=01 1,321te0]
1,0E+20 1,202E-01
1,S5E+QQ 9,979t=A2
2,0E+90 8,640E=02
4,p€E+20 Se779E~0D2
S,8E+@A2 4d,996E=0Q2
6,0E+080 4,418E=02
8,0E+00 3. 619E=02
1,0E+21 3,087t=02
1,5E+01 2,291E«02
2.@E’ﬂ1 1.5“15-02
4,pE+01 1,057E=«02
5,0E+B1 8,746E=03
6,0nEe01 7,448E«33
8,0E+81 S, 7AUE=0Q3
1,2E¢02 4,582E=03
1,5E+22 3J,008E=Q3
2.,0E+02 2,211E0Q3
4,nEe02 1,480Ee0Q3
SQQE’Ga 8,737&'““
b.ﬂE#ﬂa 7.399E.0a
8,0E+02 5¢72SE=Q4
1.,70E+0% 4,682E-04

PREDICTED S,0, =

PCT,DIF,
.'92
L)
83
067
12
..07
-l,27
-i,02
1,27
1,18
.58
-,84
w{,59
- .66
1,24
-,04
-'96
-.31
1,31
«1,94
1,12
1,61
.1'26

(defined in Section VI.))

FIT
2,204E=01
2.1345'01
2,¥13E~0]

"1,711Ee0)

1 4592E=¢1
1,489t=01
1,323E-01
1,196E=01
9,852E~02
8,552E=08¢
5,852E=02
S ¥S55E=0¢2
4,444E=02
3.5885.02
3,838E«02
2,276E=02
1,864E=02
1,071E=02
8,742E=03
7,376E=03
S,637E«03
4,568E-73
5,047E=0S
2,22UE=¥}
1,059E«Q3%
8,704t=04
T,482E=04
S.818E=04
4,623E~04

1,21 PERCENT

1,60 PCT

Rms error of

all groups
and times

Figure C4. Example of Fourth Output Table (Annotated). This table compares
the sum of the fitted spectrum to the sum given by CINDER.
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