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AN ALYTICAL PERTURBANCES IN AN UNSTEADY TRANSONIC FLOW

Ye. V . Na •ontov

Small perturbances in an unsteady transonic gas flow are

described by the equ atio n (1 1 .  (2 )

~~~ • .0  (1)

Here O(x , y, t) (aimensionless) is the pertubance velocity pote ntial

The variables x, y~ t are also dimensionless .

The t ollowin ; boundary problem was formu lated in (3 ) ,  (~~~
). In

the region D = ((z , y, t ) ;  t > 0, x ) 0, — —  < p < —~ it is necessa ry

to find the soluti on to •(z , y, t) of equ ation ( 1 ) ,  if we kn ow

‘8 ii 09 114
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(z,~ ,O) .~ , (zj ) , ~(0,j,i ) .$, (y ,t) 4~ 4 • ( O ,7,t) .~~1 (7,t ) o

In other words , pot ential 0 is known at the initial point in time

throughout the flaw , while the values of b oth components of the

velocity vector are known on straight lin e x 0 at t > 0. Inequality

•, ) 0 .eins that this straight line is in the supersonic part of the

flow. The uniquen ess of the solution to this problem and its valid ity

for the linear model of equation (1) were shown in these reports.

From the physical standpoint, it is logical to an t icipate that a

solution will exist at small values of t u e  t. This repor t studies

th e problem of the existence of analytica l solutions.

This is based on the theorem proven by L. V. Ovsyannikov (5]

about the solva bili ty ot different ial equations in the scale of

Banach spaces. We will write the necessar y equation , we will selec t

the scale of Banach spaces, an d we will check the solvability of the

conditions of L. V. Ovsyanniko v ’s theorem .

1. Vs viii consider equation (1) in region D = ((1, y, t) T > 0,

x ) 0, — —  ( p ( —, and we will assume tha t the valu es of solut ion

O(x , p. t) are as.ign.d in planes t 0 and z = 0. Equation (1) can

be replaced by the system
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U 
~
. — 3 uu~~ , 3 v~,

~ — v  .0  2

where U V are the perturbation velocities on axe s z and

y, resp.ctiv.ly. 1k. valmes u(z, y , 0) = u0(z, y) and v ( O , y, t) =

h(y , t) are found fro. the assigned value s of the potential. Then

v (x,3v ,tj h(y,t) +
~~~~~ J u(~ ,j,t)d~~

Substituting this e xpression in the first equ at ion of the system , we

will obtain the equation for function u

— 3 • 3 ~ ~a(~~,y, t)d~~. 3}I (
~

)

with the initial condition

u( x,~ ,O) . u0(z,y). (4)

If function u (x, y, t) is found , the potential can obvious ly be

reconstructed. Using tk. sibstitet ios

we will give the initial condition for zero and we will consider the

- ~~~~~. ~~~~~~~~~~~~~~~~~~~~~~~~ .— -  • — • . . • - •  ~-- - -— - - . - - -— - •  — -



DOC = 1579 PAGE Is

problem

w .~~~~
1 ww — 3 u w  • i w — 3 u  w: . 3~ .

C x >  0. t > 0 , — . <y < . ) ,
w(x ,~ ,O) • 0, (4 ’)

where oper ator 1 acts as follows

w a  3-4 $ w(~ ,y,t) ~~ .

2. Phe solvabi l i ty  of this problem will be proven in the

analytical scale Df the Match spacos • a 
~ 3 • Spac. a~ consists of

0 <p’.0

of funct io n v ( z , p . t ) ,  for which the nor m

Iw ~~ ~~ E ~—• 1 w 1. (5)

is finite at

aw l 
~~~~~~~~ ~~~~ ~~~~~~~~~ 

1.xab~a’~ (O,O,t) I.

• These norm s h*v. the necessary properties (5). We will also point out
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that the fol lowj n; inequalities are valid :

iw ~w,p~~ lwjp Iw , l , u~A~wu, ~ 4 i w j , (6)

3. Problem (3’), (Is’) can be considered to be the pr3blea of
searching for the solution to equation

a f(w,t) (7)

with  the init ia l  :ondit ion

w(0).o (~)

The nonlinear operator acts in the scale of Banack spaces if we

• requir, that fu nctions U0, u 01, 1u 0 and 
~~ (at 0 < t ( 1) belong to

space ~~ Smp~~s. ther , is a co.stant C such th at

~~~~~~~~~ (9)

If values 10 h 1 irs continuo~g with respect to t at 0 c t < T,
opera tor f is continuous with respect to t. N ow we viii prov e that
operator f is qussidiff.r ,~~j5~ , i.e. , the following inequal it y is
sitisfi.d at ‘s ’ W~ (2 g. P
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• Jf (w ,) — 
~(‘,

) l
~ ~ (1 •~~~

.) [?cJ w,J~ • J w ,J~ )Jw , —
- 

(10)

with function P(y) of the substantial variable p )j, 0 such that F 3, 0,
F’ ~~, 0, PW 0. We will have

f(w , ) — f(w ,) a (— 3 ~~ +3 w,w, ) , ( — 3 u,w,~ ~

• (1w1 — lv,) • C— 3 ~0a*1 • 3 u,~w,).

Using (6) and (9) , we will estimate the norms of the terms on the
right:

1 3~i,,,w, _ 3 U O~W 1I~~~o lw s — w , I~,

i 3 u owr~ ~~~~~~ ~~~~~~~~ — w , J~

further, we will have

I,,,, — w 1w, 1p ~ 
— + WSW Ia — VIWIII I p

~ I~,U,~~~Iw ‘a Ip ~i’i — w ,I~~~. Iw 1I,
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and

— 
~~i~~1a’p ~~ I w , I , $ i w , — w,l, + )w , — w,

vkemcs

i3”~’~ 
— 3 w

~
w,

~
j
~~ ~~~ L CP W i Ip I’,p,)I’, w,a~~J .

We will show that

~ 
1w, — 1w1 i , ‘ 3 1j I., — W, ~~~~

Actually , if

a — ~ 1 

~ ~~~ kl(n—kJL ’k,,..~, 
~~k7

s k
,

then

• 3 J 
a 3 £ £ (k+1) (~—i—2)J w*,..i,z 7 ’

Whe nce

r ’ i~~i •aaz ~~~~~~ 3~• ;~

and
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J]
~i,— 3 ,i, ~~~ ~~~~~~

The estima tes obtiined show that in our case, inequality (10) is

vali d with the func tion

P(~) .c .3  •~~~7~

All the conittion s of L. V. Ovsyannikov’s theorem are sat isfied,

and it guarantees that problem (7), (8), and that means also problem

(3), (4), have a single solution from space 8~, for any p < Po and

sufficiently small t > 0. Nore precisely, there exists a k > 0, so

that the solution belongs to for the values of p, t from the

region

A a : p , t :  p . k t< p 0 , t~~O, 0 < p < p •

In conclusion , the author is indebted to L. V. ~vsyannikov for

his helpful advice.

• • • • • • • ——--- ~~~~~~~~~ •-_______
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