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OW DISCRE T E VORTEX SYSTEM OF WING OF FINITE S P A N

N. F. Vorob ’ yet

~~—

Here we invest igate  the prob le. of an invisc id , incom pressible

flow past the l i f t i ng  surfa ce of a wing. The wing surf a ce itself is

replaced by vor t ex surface S. w hile the sheet of vor t ices flow ing

from the trailing edge and, in the general case, froi the lateral and

leading edges of the wing, is represented as vortex surfa:e Z. This

surface consists of vortices whose axes in the case of steady motion

at. directed ab a; the flow line. Vortex density ~ on surfaces S and

ar. determined from the condition of nonpassage (nonpenetrat ion).

Horeover, the condi tions of shed on the edges of the wing must be

met. The presence of a vortex sheet flowing from the edges of the

• ~~~ -~ —~~~~~~~ 
~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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wing mak es it po s3ib le  to assure t he  condi t ion  of ve loc i ty  l i m i t a t i o n

on the edges from which the vortex sheet f lows  ( 1—3) .  In the case of

a l in ear system . when the vortex sheet flows only fro. the trailing

edge, on the lealing and lateral edges of the wing, as we know , the

speed of the infl~ w (penetration) , determined within the framework of

an ideal fluid, is infini tely great. In ‘he nonli near case , wh ere the

shape of the surfice is unknown , solution to integral equations for

wings of complex plan shape is difficult (1 , 2).

There ~xists a method for calculatin g the aerodynami :

charac’eristics ~f a flat wing of arbitrary plan shape, where the

vortex Jayer s im u l a t i n g  t h e  wing sur face  is replaced by a system of

discrete vortices, the intensity of which is determined from the

conditions of nonpassage (nonpenetration) ( 14 ) . The vortex sheet

outside of the wing is also simulated by discrete vortex lines , which

represent a continuation of vortices on the surface of the wing

itself. Each of the vortex lines outside of the wing consists of

rectilin.~ar segments which take the direction of velocity at the

corresponding point in space. The posit ion of the vortex lines

outside of th. wing is determined by the method of successive

approximations in the calcu lation process. The solution to the

problem of the fl3w past a wing of finite span according to the

system of discrete vortices is reduced to solving a syste. of

algebraic equations. This method can be conveniently used on the
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compu ter for wings of arbitrary plan shape. The wing can also be

represen’ed by a system of discrete vortices in the case where it is

cambered. In the discrete system of a win g of finite span the problem

of conversion in the case of an increase in the num ber of d iscrete

vortices replacing the wing and the problem of satisfying the shed

conditions on the edges of the wing remain open.

In the present st udy we show that with proper selection of the

discrete vortices which replace the wing surface and points at which

the conditions of non passage are satisfied , when the number of

vortices is in:r?ased, the algebraic sums used to represent the

velocity induced on the wing surface by d iscrete vortices will be

transf orme d into integrals whose conver gence can be proven , while the

introduction of addit iona l vortices near the edges will assure tha t

the shed condition is met.

Generally a wing of arbitrary plan shape is a certain s•ooth

surf ace S, which must be covered by an orthogonal grid of curvilinear

coordinates related to the wing surface. The coordinate system is

selected such that the line ç = const connects the leading and

trailing edges of the wing (Fig. 1). Applied to the surface is the

discrete coord inate grid ~ = comat , { — comet, wh ich breaks the wing

down into rectangl es with sides Al., ~~~~ Ome of the coordinate lines

passes through point N(l.~ i) and is the coordinate line of the grid
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l l ~. Th. two other coordinate lines of the grid, which ar e the

closest to point N(l..~
j)  and are orthogonal in relation to line 1 l i ,

are selected such that point N(~~ Cs) r.pr ennts the middle of the side

of the coordinate grid. This is lini t~~ti— Atj,t Cj+sSt,.

Selection of the direction of vortex lines which repl ace the

wing can be arbitrary. These vortices are not subject to the laws of

behavior of a vortex l ine in the flow of an ideal fluid. It is

assumed that the Segment of the coordinate line whose middle is point

N(t., tj ) is the seg.ent of a vortex line of constant intensity. Points

N(~i, Cs), through which the l —shap .d vortices pass, can be numbered by

row and column: .v.ry point has a number (m, a). At points

(I.. j—~~ ), (I. ~j+ACi) the vortex line has a break and cont inues along

coordinate limes t—Cj—hCs , C~~Cs+6Cs to the trailing edge of the wing.

Beyon d the 1—shap.d vortex of inten sity hits on the wing on

coordinat , line s•g..nt l~~~li+Ali l.s+i-, th. middle of which is point

l.+M.Ct. w• find the following vortex lin e of cossta nt intensity

- AF..1,,~ at points (1.-f-Al., Cs—AC,), (ls+zSl., C4+hCs) this vortex line also has

a break and continues along coordi nat , lines C Cs— &t,, C Cg+AC, to the

trailing edge of the wing.

Thus , the entire wing S is covered by a system of discret e

rectangular fl—.h.p.d vortices , wh ich are related to the wing. The

-
- . - - - - ~~~~~~~~~~~~~~~~~~~~~~~



DOC 1790 PAGE 5

fl —shaped vortices arranged on the wing S, and also a cer ta in

additional number of d iscrete vor tices, which can be introduce d later

for meeting the c3nditions of shed on the edges of the wing, descend

from the wing and continue outside of the wing to infinity,

simulating vortex shest 2• The vortex lines representing vortex sheet

Iconsist of finite rectilinear segments whic h lie in the direction

of the velocity at corresponding points outside of the wing (4). The

intensity of the vortices is determined from the conditions of

nonpassa ge on the w ing surface and the shed condit ions on th e edges

of the wing. When the cell dimensions are decreased, in th e

ex pression for th e velocity induced at points on the wing surface, we
• get a peculiarity related to sections of attached vortices. Related

to the  section s of free vortices representing vortex sheet 2 ii the

r egu la r  par t  of t h e  expression for veloci ty induced at point s on the

wing surface S. For proof of convergence of the process for reduced

cell values of the coordinate grid we mus t select point positions on

the wing surface at which the conditions of nonpassag. are satisfied.

As such we select the points N (z, z) with coordinates X ~~+ ~~~

wh ich lie in the ;eometrical centers of the coordinate cells (see

Fig. 1).

Henceforth considerations related to passage to the limit with a

decrease in the coordinate cell Al,, 2ACs. without limitation of

generali ty wi ll be done for a flat wing of arbitrary plan shape.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _  
_ _ _  —
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Ev e r y t h i n;  t h a t  h a s  been said above also app l ies  to a r b i t r a r y  smooth

surfaces without curvature separat ion lines. In the case of a flat

wing the orthogonal coord inate system is r ec t i l inear  on w i n g s , and ,

consequent ly ,  each fl—shaped vortex related to the wing  consis t of

three rectilinear segments.

The v e lo c i iy  induced by e l e m e n t a r y  vortex dT of intensity r at a

certain point separated by distance r from the middl’ of the

elementary vortex is determined by the Biot—Savart formula

r i~a>< ;id —~~~~~~ - •  
,~~

—.

According to this formula, for points on a flat wing the velocities

induced by vortex lines ly ing  in t he  same wing plane are directed

along the norma l to the surface. Here the value of the velocity

induced at point N ( x , z) on the  wing  by a fl—shaped vortex of

i n t ens i ty  Al’., passing through point N(1..ts) and consisting of

rectilimear segments of finite length 2ztCs, l,—x.(t,—At,), l,—x.(C,+~Cs),

vher • l.”X, (C) is the equatio s for the trailing edge of the wing , can

be re,re..mted is th. torn of

— ~~~(F(x .  z , ~ ,. ~ ± AC 1) — F(x • z, l,~ C,—A~)I 
(1)

j,Jas~- (L,C,~~Z),

where

~
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F i x , z , l~ ) — L [l (x — %)’+(S I~~_
F £ — ~~

hV~ =— ~J _ [ F (x, z , ~ , z + e 1) .—F ( x, z, ~,, z— e 1) i , (2)

~J.,, (lie Ci—z).

where

iF,=AI’~., (a,, z), ACs—e,.

Point M(x, z) is selected in the center of the coord inate cell,

so that is the case of a finite number of discrete vortices L~ ’X,

while Cs—z only for a certain column of coordinate cells. The

velocit y induced at poin t M (x, z) by all discrete 11 —shape d vortices

associated with the wing S is represented by the sum of velocities

induced by each of the fl—shaped vortices. If we perfor, summation in

a fixed row , in this case discarding the term which correspond to

value ~ = z, and then sumnation for all rows, the velocity at point

(x, z) can be represented in the form of

V — T p (l.~ C,) 
P (x , r , I,. :, +E,)— F (x , ~ ~~~ ‘ 

_
~9 <

‘ 2AC,AL+ Ip(l., z) IF(x , i, 
~~,, z+ej )— F(x , z , 

~~~, z — e i)I Arlt}. 
(3)

- :  where the intensity &F~ of th. fl—shap e d vortex passing through point

~i, ta (ls,., C..) is represented in the form of AF.,.—p(l., Cs) Al,, here Al. is the

distance along axis e from point li~ Ca(l... Cm) of this vortex to point

~.+&* ~~~~~ C..). through which the following fl —shaped vortex passes .

~~~~~~~~~~~~~~~~~~



- - -

DOC = 1790 PAGE 8

In formula (3) summation by column is exc]~ 4ed in the louble sun,

where C.~~ . Simma ti on of this column is done separately.

For am infinite increase in the number of discrete vortices,

when first 2AC.—s’ O , and thee &Cs-”O, the velocity induced at point (x,

2) by all attached vortices can be represent ed in the for. of

“
(a)

V= —_ -~~.1 if p ( l , C) F~(z, z,l,C) dCdl+ J. p ( t , z ) I F(x , z,l , z + e)—
S—I. x (a)

—F ( x , z , l.z_ e)Jdl)~ (Is)

where S—2~ is the area of the wing with the excluded flat width of 2~
near point C~~Z;l= x,(C), l=X..(C) represents the equation of the trailing

and leading edges of the wing, respectively, while the derivative of
the function P(x, z, ~, C) takes the form of

F ( x  p ” — I J__________

— 
(x- -x ,, (C)P+ 2 ( x — x ,  (C)1’ (’— CP — x ~ (C) (a— ;).

( ( x — z ,, (C)JI+ (Z_ ~~)I}~~2

Function F~(x.z, l,O exists in the range of S—2€.. In the ran ge of
S—2~ w ith in  the in tern al in tegra l of the  dou ble integr al of formula
(4) we can integrate by parts. After setting z > 0, withou t limiting

the generali ty we get
z~ (0)

v~~
_

~~~{_ 9cc oF~ ,z,l~~~ 4_ . ç p(L z~~) Jx

F Ix, z, l, z , (~) 1dl + p (l, 0) F (x, z,l, O) dl ± •~ pIl.z~~(~ 1
0 0

x, (I)
x P j .x, z,l, z,~ (l) J 4 +  c p ( L z ,( l) J F f x, z, l, z~~(l) J 4_

X~ (i—s)

___  
- __________ ____ _~~~:-~~~~~~~~~_~~_ _ _ _ _- .~— --——-—-- -------—.— -_ — - --—----------—- - - ~~~~~~~~~~~~~~ —~ _____ _____________________________  _____
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x,(I)

— p(%.O)f(x.z,l~,)4— I p~L0)F(x ,z,l.0)4+
x~ (z—s)

~~~(a—s) 1,(s+s) Sç p (l, z, — e) F (x ,z, l, z — e) dl — c p (~, O~F ( x , z,~ , 0 )4 - ~
a, (s—i) x, (z - I)

a~~(r+.) x,( z -a)

+ ~ 
p (~. z,~ (~)1 Fix , z,l,z,~,(l)1 4 — j  p (

~
, z -- - a) F (x. z, l~ z -.- 

~
) dZj -

slI ($ ‘) i,~ I+*)

K, t$)
+ - 5 p (L z) IF (x,z,%.z+ .) — F(x ,z, Lz —. ) 1 4

“ (4
For proof of the exi.t•iice of velocity on the wing letermime d by

formula  (S), we must sake assumptions on the shape of the wing

contour and on the nature of vortex density on the wing. For contour

1. we assume the continuity of equations 1 X,(t), ~~ xs(t) of the leading

m d trailing edges of the contour in the range of a < C ( b (can be

the lateral edges, parallel to axis ~ vhe n C = a, C = b). We also

assume that on the wing, including the edges of the wing, the value

of vortex density p(~, C) and derivative p
~(l.Q, from whose val ue we

determin e the m a x i m a l  density of discr ete vor tex lines on win g S

coinciding with the direction of axes ~, satisfy the HoHer boundary

condition.

~ow let us prove the existence of velocity on a wing determined

by formula (5) for internal wing points. The double integral in

formula (5) can be represented in the form of

c’j p~(L C) •( x,s,LødC4
(x—U~’—Q

where expression

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—(x — lIx—x (c~I (

~
)

— a, (C)J’ + (a— C)’

-~~ — ~~~~ 

‘

~~
-
~
-
~ ~~~~~~~~~~~~~~~~~~~~~
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represents the continuous function for wing points (x, z) whic h do

not lie on the trailing edge of the wing. This integral represents

the main value of the Cauch y type iterated integral, which  exis ts for

points which do not lie on the wing contour and which because of this

represents the internal points for each of the iterated in tegrals

r s

After adding the single integrals in which we have the

expression p (E, 0) F(x, z, ~, 0) d~ under the integral sign, there

remain two terms, which on the basis of the main—value theorem can be

represented in the form of

X~~(Z ii) K, (z~~i)

• S p (l, O) F (x,z,L 0) dl + $ p (L O) F( x ,z,~ ,O)4
a, (a—.) x~ (s+I)

= p fx~ (z), 01 F Ix, z, x~, (z) , 012€ + p fx1 (z), 01 FIx, z, x3 (z) , 012€,
where Fix , Z,’XL,(Z) , ~~~ !{v~

ix — x~,,(aflu + a’ 
— 

Ia — x, (0))
a ~~~~~~~~~~~~

is the fun ct ion l imi ted to poi nts which do not lie on th e edges of

the wing (value z > 0). Under the above assumpt ions on the finiteness

of the values of vortex densit y on the wing edges, th e v a l u e of each

of these ter ms when e—’ O reverts to zero.

_ _ _ _ _ _  ~~~. - -
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The m um of single integrals which under the integral sign

contain  fu nction

I fV (x —~J’+” 
Is—z,(’ ± s)J jF(x ,z,Lz ± a) 

~~~~~ 
z — I  )/(x — s,(a±s )J’+ s S f

— H (x,s,~,sj ~ ) ,
— (;‘)

where lImH(x,z,Lz±e)=O,

also reverts to zero when e—.-O~ Let us show this usin g f u n c tion F(x,
z, E, z +€ ) as an example .

~~(45 p(L z) F (x,z,~,z +e) d~ — 5 p( ~,z+ s) F (x,z,Lz + s)4~~
x~~(s~

a3 (,+s) a, (a+s)

S Ip ( t z ± e) — p ( ~, z)) F ( x,z,~ ,z+ a) 4 + $ p(~,z)X
x, r+a) x~ (z) -

13 (z ) x3 (z-f.)
x F(x ,:,gz +e)4 +  $ p( ~,z) F ( x ,z,~ ,z + s) 4 = 5 [ap~~~,z)+

a,(1+s) -

4— -
~~~~ 

$ p (~, z ) H( x, z,~ ,z+ e)d ~-x,~ (a)

1
T $

13 (3) 1. 1x (g)

In the f i r s t  term the iuteqran d, because of the  pro perty of function

Ii, reverts to zero when e— . 0, whil. the last two terms are

represented on the basis of the sean—valu, theore m in the form of

— p [x1 (z) ,— + x,, (Z), z] H [ x, z, xu (z) + + x, (z), z -
~

- a] x ~z) —

(z) ± -j -x. (z) z] H [ x z x3 (a ) + _j_x 3 (z) , z + P] x (z)

- .~~- 
,- -- _ • ~~~~~~ ~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~- - -  ~~

--
~

-
~
- ‘-

~~
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and , on the strength of function H, also revert to zero when e—.~0.

The r em a in i n g  single in tegra l s  in the r i g h t  part  of f o r m u l a  (5)

represent, when g—.’O the contour integral

fpIL,f(~)1FLx,z,~,F(~14,

where C = f(~) is t he  equation of t he contour L, integration with

respect to which is done counterclockwise. The contour integral can

be written in the torn of

~~p(L~ (~) 1 (x — I) j t— f ( ~ j ~~~~ ‘

where function • is determined by dependence (6). For poi nts (x, z)

which do n ot lie on contour L wi th the cond ition of con ti nu i ty of

equations for the leading and trailing edges, two situa t ions can be

encountered in the contour integral: 1) x = ~, z ~ f(E), 2) x ~ e, z:
= f ( ~~S). The case where x = ~, z = f(E) for internal points (x, z) of

a w i n g  can not exist .

In the first case the integral ~ • where

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ a cont inuou s fuaction , where  F 1 (x) =

~~z, f (x) ) is a Cauchy type integral and exist in the sense of the

main value.

4~F,(IJ 4
In the seconi case the integral ~“—1(~) ’ where

-- •~~r~~~- : .~~~~... ‘ ~~~~~~~~~~~~~~~~~~~
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is a cont inuous funct ion . Here P,(~~O) = 0 for

Ii —shaped vortices which end on the trailing edge is reduced to  the

form of the Cauchy type int egral by substitution of variables f(~) =

t

,4~ 
P,(j (fl)dtr ~~

‘ r (((S) I ( a — t)

where wh en ~~ —* t O  t —3 z. This integral exists in the sense of the

ma in value when f’ (to) ~ 0. ?or contour L with the condition of

continuity of the equations of the leading and trailing ed ges value

f’(e) = 0 can occur only for end points on the contour ~ a, ~ = b,

which cann ot be poin ts ~ = tO for points (x, z) • whic h do not belon g

to contour I. If t here are lateral edges parallel to axis t when C =

a, C b, where f’ (t) = 0, then neither can the points on the lateral

edges be points t = ~ O for points (x , z) whic h do not belong to the

wing contour. This seams that in the second case the contour integral

exists in the sense of the main value.

Thus, the velocity induced by the fl—sha ped vortices on w i n g  S

with transition to the li.it from the discrete system to the system

of the vortex surface, La determined for internal wing points by the

formula

v~~_ { ! F (x.z i~
) d i+ tp i~ RDI P (x l.LF ~~14I . (7)

~~~~~~~~~~~~~~~ ~~~~ — --- -—---~
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The integrals which determine velocity are integrals of the

Cauchy type, an d for internal wing points they exist in the sense of

the main value. Essential for representing velocity in the sense of
M

the main value of Cauchy type integrals (including iterated

integrals) is the breakdown of the integr ation range into parts

within the neighborhood of a certain point: 0 .~ ~~ x — 6, x + 6 ~
$ x 3(0) a n d a . ~~ C~~~~z —  ~ • z•~~ 4C 4 b. The selection of the

point  N ( x , z) in t h e  center of the  coordinate system, carried out in
• this work for the discrete case, assures conver gence of the in tegrals

in the sense of the main value wit h transition to the limit.

• The end (nonzero) density values of the vortex lines on portions

of the wing contour where the vortex sheet does not descen d (flow

off), give us infinite velocity values within the framework of an

idea l fluid. On wing contour L the condit ions for the existence of

the integrals through which the velocity induced by the vortices is

expressed will be met in the case where contour L is a line wh ich

lies entirely within the vortex surface S + 6S. This means that the

vortex surface of the wing must continue unbroken beyond w i n g  S. Then

contour t becomes a line whose points are the internal points of the

vortex surface S • 6S which lie within the contour L + 6L. For the

internal points of the surface the existence of velocity in the sense

of the main value is proven. Here the velocities at points on contour

L are determined by formula (7), where integration is done with

— 
I 

- 
._4
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respect to the surface S s 6S and the contour L + 6L. The vortex

sheet lying within the contour L • 6L, whose shape in the nonlinear

case is know n in advance, will , as already mentioned, give us the

regular velocity component for points on the wing S and its edges 1..

In the studie d case, where the wing is a lifting surface without

thick ness, for the existence of finite velocity on the edges we must

im pose the condition of-the smooth joining of the wing surface S and

the vortex sheet I which flows off of it and the condition of

continuous transition of the vortex density of these surfaces on

their boundary — contour L. On contour L satisfaction of the

condi tion of finite velocity does not generally require that the

vortex density on the edge of the wing revert to zero, provided the

vortex sheet flows from it. The vanishing of the density of the

vortex lines which coincide with the direction of axis ~ on the

trailin g edge of the wing in the case of the linear system is caused

by the form of the vortex sheet beyond the wing and comes from the

condition of shed from the edges of the wing formulated above. In the

linear system, wher e the vortex lines beyond the wing take the

direction of velocity at infinity, on surface I there are no vortex

lin, components which are perpendicular to axis e (axis t on the wing

as the direction of velocity at infinity), and from the condition of

the continuous transition of the vortex surface S into surface ~ it

follows that on the trailing edge of the wing S the intensity of the 

- - .
~~~~~~~ ~~~~~-
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vortex density of the last of the fl —shaped vortices should be equal

to zero. For the vortex line (wing of infinite span) from the

condition of finite velocity we also get the values for zero vortex

density on the trailing edge of the vortex segment. In the case of

the end point of a vortex line the condition of finite velocity,

determined by th e  Cauchy ty pe in tegral , can be satisfied only when

vortex density vanishes at the end of the line (5). However, in the

case of a vortex shedding from the edges of a wing of finite span,

the edges of the wing do not represent the end points of the vortex

lines, and vortex density on the shed line is generally not equal to

zero.

In the discrete system we can impose a distribution of vortex

lines which at the transition to the li.it from the discrete system

to the system of the vortex surface would cause a break in the

transition of vortex density on the wing contour L. This is assured

if a point which in the discrete system is considered to be a wing

edge point is limited on the vortex sheet side by a vortex line of

the same intensity as on the inner aide of the wing (Fig. 2). Since

on wing S the vortex lines parallel to axis C and axis ç have two
directions, for the selected system of rectangular fl —shaped

vortices, the limiting density value of discrete vort ices on the wing

in the direction of axis C equals p (t const, {). while the limiting

density va lue of liscrete vortices on the wing in the direction of

~
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axis t equals S ~~~~~ coast ) dt , for each point on the edge at

wh ich the condition of nonpassage is satisfied there are generally

two additional vortices. On the side of the vortex sheet one vortex

runs parallel to axis t, the other — parallel to axis C.

The w i n g  is broken dow n by a discrete gr id  of coord ina te  line s

into a coo rd ina t e  cells. In the center of each of these at poi nt (m ,

a) the condition of nonpassage is satisfied. Here, on contour

segments which do not coincide wi th  the  direction of t h e  coord inate

lines, the contour is replaced by a broken line, vhic h is loca ted

outside of the wing (the wing surface is take n with an excess) . The

rectangular  i —sha ped vortex lines which are bound to the  wing and

whose intensity is determined from the  condi t ions of nonpassage , are

shown in the left side of Fig. 2 as continuous lines. ‘the arrows

• indicate the positive direction selected. The figure also shows the

part of these lines which lies in a single cell. Here each of the

bound vortex lines begins and ends on the trailin g edge of the wing.

Continuation of these vortex lines outside of the wing, beginning

with the leading edge, coincides wi th the direction of the f low

velocity. On the left side of the figure their continuation, now as

• free (vortex lines), is shown by solid lines which begin at the

corresponding points on the trailing edge. The boundary points at

which the conditions of nonpassage are satisfied and whic h for the

discrete system represent the contour points, are marked by x’s. A t
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these points the shed conditions must be met, i.e., con d it ions

imposed which assure continuous transition of the vortex surface of

the wing S into the vortex surface of the sheet !•

For a trailing edge which is not parallel to coordinate axis C.

point (n, 1) wh ich lies in the center of rectangle B,, .tF m iC~i.tDn,i is

limiting. Here the boundary of the wing S and of the vortex sheet 1

are the sides Bm,1D,,,~ and D.,1.,C,, .1. . To assure an unbroken vor tex

surface in the direct i on of axis  t (vorte x limes coinci de with

direction of axis C) along the aide Dn. C.,,.t , vortex l ine of in tensi ty

sr ., is introduced, where M’m~i repre sents the intensity of the

fl—shaped vortex l ine bound to the cell whose center is the point (m,

1). At poi nts Dm t, C,,,~1 the vortex line breaks and thereafter behaves

as a free vortex line. To assure the comtinmity of the vortex surface

in the direction of axis C along side Bm.1L),,,.t , we introduce the vortex

line of intensity 2M’N,,t—M~,,.. it points Bm.i,Dm .t the intro dsced vortex

line breaks aad ther eafter behaves as a f ree vortex line. In rig. 2

the introd uced vortices are shown as dashed lines. There selected

positive direction is indicated by arrows.

For a trailing edge parallel to axis C point (m n), wh ich lies

in the center of the rectangle Bm,J,,,,i.Dm.sC, ,.a. is the boundary point.

N.re the boundary of the wing S and of the vortex sheet I is th. side

‘to assure the continuity of the vortex surface along side

- ~~~~~~~~~~~ 
-- -~~~~~~
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vs introduce a vortex line of intensity At’1..~. it points

~~~~~~~ the introduced line breaks, and thereafter behaves as a free

vortex line.

For a lateral edge parallel to axis ~, the point (m, 1), whic h

lies in the center of rectang le Bm , gC,i, tD~ t F,,,~ , is the boundary point.

Here the boundary of wing S and of the vortex sheet ~ is side Bm .1Cm.i.

Along side B~.,1Cm.i we in t roduce a vortex l ine  of intensity 2AI’m,t~~~AI’i,,2,

wh ich con t inues  1~~~ I- he end of the lateral edge, whero it sheds as a

free vortex line together with all attached vortex lines coinciding

with the lat eral edge. At point B,,,,~ the vortex line behaves as a free

Vottex line. The selected positive direction of the bound and

introduced vortex lines is indicated by arrows.

For a leading edge which is not parallel to axis C the point rn,

0), which lies in the center of rectangle D,,,0 ~~~ F,~, C,,,,, is the

boundary point. Here the boundary of the wing S and of th. vortex

sheet I consists f the sides D,,~081~0 and DM .oC,,,,o~ ilong side

D,,,..Bm.o (Dm .eCm..) we intro duce a vortex line of  intensity
• ALm i t.i — AFm.~(Af m ~1.1— Ar,,,.1 -‘- AF,,), which from point Drn ,g behaves as a free

• vottex line, and from point B.,(C~ ,) continues along the wing parallel

to axis e to the trailing edge of the sing, where it sheds as a free

vortex line together with the corresponding attached vortices. The

positive direction of the introduced and attached vortex line is

.
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in dicated by arrows. The different signs for the value of intensit y

in the case of corr espon d in g arrows, an d also identica l signs in the

case of arrows of opposite directions, indicate the mutual

obliteration of tl~e effect of the vortex lines. As we see in Fig. 2,

the in tensi t ies of the in tro duced vor tex lines whic h assure the

continuous transition of vortex surface S into surface I in the

d irection of ax i s ~ and axis C for point (a, 0). are such that they

mutually obliterate the effect of the attached vortex bound to point

(m , 0) and the  e f fec t  of the sums of in t roduced vortices of in tens i ty

In the discrete wing system it is possible to not immediately

introduce the attached vortex of intensity ar,,,. which corresponds to

n 0), but to select th. intensities of the introduced vortices

egea l to â1.1,~l.I and ar,,~1,1—ar .,,, • respectively.

Thus, the intens ity of all newly introduced vortices on the wing

edges which assura finite velocity at the points on the edges, is

expressed as the intensity of the attached fl—shape d vortices plotted

earlier, whose intensity is determined from the conditions of

nonpassage on the wing surfaces.

Institute of Theoretical and Applied Hechanics, Siberian Branc h AS
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