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EsThis paper develops an organizational promotion model, based on a

. principle of equal employment opportunity, to effect linkages between
promotion opportunities and organizational responses to legal compli-
ance, The m&del considers individual attributes and the manner in
which they are "weighted" as contributions to human resource valua-
tion, and, hence, to the probabilities of promotion withir a given
career ladder. The connection of such human resource contributions
to equal employment opportunity issues provides an insight into the

development of a management tool for the discretionary weighting of
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1l. Introduction

With the emergence of equal employment opportunity (EEO)
considerations in the personnel management realm, complications
have been introduced to manpower management sysiems. These compli-
cations are related to the design of procedures pertaining to recruituent,
training, promotion and career development, and to the recalibration
of the manpower system {i.e., the organizational-social structure)
in order to comply with EEO law. Accountability of this new system
must extend beyond the operational limits of goal attainment (i.e.,
monitoring the system to fulfill its prescribed responses) to provide
a firm base or set of operational guidelines for personnel policy and
planning. These must be realted to specific equal employment oppor-
] tunity and affirmative action provisions that are legally defensible f

proof of compliance.

In 1964, the Civil kights Act was passed, establishing what
later became the Equal Employment Opportunity Commission. Title

VII of the Act places broad prohibitions on employment discrimination

e

on the basis of race, sex, or national origin. In 1967, the Department

of Justice put a high priority on the-enforcement of Title VII, with
the specific objective of forcing case decisions on the law to pro-
vide Federal agencies with specific implications of the law. Such
cases addressed the meaning of Title VII between 1968 and 1971,
resulting in two interpretations. The narrower one saw Title VII

as prohibiting only those employment acts which were consciously

motivated by social prejudice. The broader interpretation, however,
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was that Title VII prohibited any kind of employment practice that had

a discriminatory impact, unless that practice was required by some busi-
ness need. This second interpretation was upheld by the Supreme Court in
1971, stating that a test or requirement which has a discriminatory
impact on a group that was previously the object of discrimination, is
unlawful, unless the practice is required by a business necessity, (i.e.,
is Job—related).1 This ruling has largely defined the basic underpin-

nings of equal employment opportunity.

Meanwhile, in 1969, Executive Order 11246 was established, further
strengthening the move toward EFO by providing for the design and imple-
mentation of affirmative action programs. Affirmative action was to
supplezent the equalizing effects of the job-related considerations
of Title VII, by compensating for past imbalances in the manpower system
via the imposition of some systcmatically determined high priority on

minority mobility in the workforce.

In the present paper we develop a model that describes the inter-
relationship between EEO considerations and affirmative action policies,
with allowences for separate consideration of the two. Couched in a
framework of promotion opportunities for work force gembgrs, this model
explores a multi-attribute approach to determining promotion probabilities
as a function of (1) individual attribute combinations; (2) EEO law re-
quiring like contributions to promotion opportunities by job-related
individual attributes regardless of race, sex or national origin; and

(3) affirmative action policy effects.

lSee Griggs vs. Duke Power Company. [TB_?.
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The analysis of these promotion probabilities provides for a

possible linkage to related works on manpower planning models of the
kind developed by Charnes, Cooper, Lewis and Niehaus 1:2{;7 and Stewman
and Schinnar 1T1Q47.2‘ Furthermore, output from this work, in the form
of promotion probabilities, provides a source of input required to

run each of these other systems.

The organization of this paper is as follows. In secrion 2 we
develop a conceptual backdrop for separating the effects of EEO and
affirmative action policies. Implications of equal employment oppor-
tunity and affirmative action are detailed in sections 3 and 7,
respectively, and their inter-relationship formulated into a piecewise
linear model in section 4. An analysis of the parameters of EEO policy
and their effect on promotion possibilities is then provided in section
6. Finally, the numerical example in section T further clarifies the
relationship between EEO policy and the social structure of the organi-

zation.

It is our intention in this paper to lay the groundwork for analyz-
ing the promotion opportunities of a heterogeneous work force population.
Therefore, the bulk of this paper is d;voted to an expository discussicn
of the definitions and conditions arising from EEO and Affirmative
Action conditions. Subsequent papers will be devoted to further exten-

sions and applications to personrel planning problenms.

%See also Charnes, Cooper and Niehaus LTQ;T and Lewis 1?9;7.




2. Conceptual Background

For a given organization we distinguish between two structures:
(a) the organizational structure reflecting the hierarchy of grades
and the allowable mobility patterns within it; and (b) the social
structure providing a heterogeneous port.ayal of the attributes of
the population, Kk in number, (e.g., sex, ethnicity, educational level,

seniority, skill or occupatiou, ete.).

We direct our analysis in this paper to a single origin grade,
say i, of an organizational (graded) structure and a single desti-
nation grade, j. We assume that mobility from grade i to grade J is
attribute-specific, and that a functional relationship exists between
an individual'’s atiributes and his probability of promotion. For
example, an increase in an individual's job seriority and/or educa-
tional level will tend to bring about a concurrent increase in his

promotion probability.

The population in each grade is assumed to be heterogeneous,
classified by its attribute combinations. We use attribute combi-
nations of individuals to obtain N mutually exclusive homogeneous
sub-populations (i.e., groups) of individuals. Two individuals who
arc alike in every attribute but one, say sex, will belong to two

distinct groups.

To formalize the above, we let

x: = an index measurement of the a attribute associated
" with population group %, where & = 1,...,n and a = 1,...,k,
so that we may associate with each homogeneous group & an
attribute vector, x”.

e 5 i s SOt
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Further, we let

pij(kz) = the promotion probability from grade i to grade j of
an individual possessing the group £ attribute combination.
Because in *he present discussion we focus our attenticn on a single

time period, we suppress the time notation in our formulation.

We next partition the set of attributes into two subsets: (a)
invariant individual characteristics such as ethnicity and sex; and
(b) those attributes that, for purposes of exposition, we will here
define as variant over a continuous scale. We will use the invariant
attributes for the primary purpose of further labeling and describing
the various population groups. Let the number of invariant attributes
be ¢ < k. We then assume that the first derivatives of the probability
#unction piJ(xz) all exist and are continuous over the range of the
(k~¢c = m) continuous attributes. Thus, we have continuous partial

derivatives,

o B dx)
fiju(x ) = ——wii——— . R SO R (1)

denoting the marginal effect of a change in an attribute index on

the associated promotion probability. We shall hereafter refer to this

as the MPPE-~the marginal promotion probability effect.

For any given set of invariant attributes, a proportional re-

sponse function of the promotion probability to variations in the

attribute index is defined as its elasticity, viz.,

(2)




We also define

L
m m .. £x")

hij(xz) = sida(xl) =3 _AJE__I_ xi,
a=1 a=1 pij(x )

which provides a lccal measure of change in the promotion probability

as a result of a scale change in the attribute index.3
We next observe that

2
hij(X)

= g fiau(x ) xa
| i '3
a=l pid(x)
m
1 A 3 (le ¥,
p (xl) a=1 i} a
i}
or,
m
L 1 L L
p, (x) = ——— 3 £, (x) x.
| ij hid(xz) - ija a

Equation (5) is a definition in which hij(xz) is a function of the
vector xz. Iif hij(xl) is a constant, then equation (5) conforms to
Euier's Theorem. In any case, it enables us to express each promo-
tion probability as a function of the promotion elasticifies, eiju’
and the change in these probabilities associated with alterations
in each attribute x:, aggregated over the set of m variant attri-

butes.

3These definitions are consistent with the economic nomenclature of
"output elasticity" and "elasticity of production." Cf., e.g.,
Intriligator / 7/, pp. 181-182.

(3)

(4)

(5)

B ——




3. Equal Employment Opportunity Considerations

We now turn our attention to incorporating manpower policy and
relevant considerations of equity in our model design. This is accom-
plished by introducing a principle of egual employment opportunity,
(EE0), that provides for a way to distinguish between the effect on
promotion opportunities of an individual attribute, and the popu-
lation group to which it belongs. Allowances are then made to account

for the possibility «.f discretionary decisions by managers.

Initially, we observe that while the combination of attributes

in the vector xl is generally determined by individual characteristics,
the marginal promotioun probability effect (MPPE) values in equation (1)
generally contain some degree of managerial discretion. The latter is
manifested in various ways such as the formulation and approval of job
specifications at a destination grade j, and related organization-wide
policies and objectives. For example, if promotion to J is associated
with movement to a higher level administrative job, then we would expect
fiju(xz) to increase for any specified x:, when the index o is associated
with attributes indicative of administrative skills. Of course, when it

is not associated with administrative skills, the sign of the related

MPPE is not decisively determined.

For each population group we define a distinct x£ with an associated
fiju(xz)' Any variation in xz would generally imply a fluctuation in

the £, (xz). Consider, for example, two individuals who are alike in

ija

h

Cf., the system for setting executive compensation in Charnes

and Cooper / 1 / Chapter X, where managerial incentives are provided

for altering these individual characteristics. See also Tinbergen L 11 /
and / 12 / for a job selection model based on matching individual attri-
butes and job characteristics, and Wise /_l? 7 for a related individual
choice model.




every attribute except sex. A clear case of discrimination would then

be present if cach incremental year of seniority was weighted diffcrently

o s i

in promotion considerations. i

We may formalize what is involved as follows. Consider the
attribute vector for a pair of individuals in any two different popula- ;

tion groups, say x" and xg, respectively. Discrimination will be present

v

if we have x = xl, but, i

L v i
fija(x ) # fija(x I R (6.1)

Furthermore, if only the ath attribute is pertinent, then we may drop
the requirement, x’ = xz, and still say that discrimination will be
present if equation (6.1) holds with XZ = xﬁ. In either case, the

presence of discrimination is detected by reference to alterations

in the corresponding MPPE, which may be attribute~specific or not.

Note thatlwe do not require equal promotion probabilities, as would
be the case if we were trying to equalize all opportunities, independent
of past considerations. This concept might well be illustrated by the
following example. Consider a minority employee with 5 years of
experience and 2 years of education, and a non-minority employee with

5 years of experience and T years of education. Assume that these are

the only attributes to be considered. If both emplcyees increase their
years of experieﬁce by one; the marginal effect of this change on their
respective probabilities of promotion should be the same, in the absence
of discrimination, althoﬁgh their respective probabilities of promotion
may be different resulting from different levels of educational attain-

ment. Note that the marginal effect of the increase in experience is




required by this principle to be equal fcr both cases, even though one

employee is of minority status and the other is not.

In the above example, the years of experience were the same for both
groups, and so; evidently, equal employment opportunity requires the
promotion probabilities to be incremented by the same degree for an equal
change in experience. Bul now, assume that the relevant gradations for
education are 1-4 years, 5-6 years and 7-10 years. If both employees
increase their years of education by one, the fact that they started with
different amounts of 2 and T years, respectively, will result in a dif-
ferent incremental change to their respective promotion probabilities.
However, in the event that the MPPE values associated with these one year
educational increments are the same, it need not be implied that the EEO

principle follows. We would, however, like to alter equation (6.1) to

obtain
f§Ja= fgja’ @ = ly.eesmy and
$: VB Boioealin (6.2)
where 4
f:Ja Efija(xi,. X ,x:,...,x:;) ‘

which is constant for a given x: and all xi, Yy # a, but varies with
x: alone. Thus, the definition in equation (6.2) implies the presence

of an EEO policy.

The fact that the total probability of promotion is left unattended

at this point in order to focus on the marginal changes is also deliberate.
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We want to reserve the total promotion for consideration in terms of
affirmative action, and subsequently examine how these EEO and affirmative
action characterizations interact in a total organizational personnel

program.

The above characterization of equal employment opportunity provides

a vehicle for transforming equation (5) into the following form:

1 m

L . -
hij(x ) a=k+1

L —

for any of the given invariant attributes {XZ’ ¢ =1,...,k}.




4, Model Definition

To help clarify the intended impact of the preceding developments,
we now proceed with an explicit piecewise linear approximation of the
functional form expressed in equation (6.2). This will entail one too

many spaces partitioning the variant attribute indices into level grada-

would be replaced by gradation into, e.g., 1-L years, 5-6 years and T-10
years. We can accomplish the above by assigning a different index %g

to each of the applicable education classes.

! For our piecewise linear approximation we write

N
Ak

L L

fija o (i1 a ag

N, %9+1 6=1 ) 6-1

where

N = max 6: xz < xz,
a a a

]
L L
{x’ ,x ,xi ,...,xk ,...,xl } denotes the set of predetermined
a. "o o a Q.
0 "1 "2 ] M
a
levels of gradation, and Ba denotes the slope ot the linear segment
)

between the two poinis (xz ’ x: ) on the partitioned scale of the a
6-1 6

attribute measurement. Next, by inserting equation (8) in equation (5),

we obtain a quadratic form for pid(xg) with piecewise linear derivatives,

m N
) 1 £y ) ) g
Po(x) s e [ x -x ) B + I (x, =-x ) 8 x
i h J(x"’) a=1 { . kel % T W 7

tions. For example, in ti.e case of educational attainment, the continuum

=(x:—x ) B b e et B, (8)

§
i
'
i




......

12
m N
A b {(x: ~ xz )x::;ﬁe+l + Za(x:' -~ xi' )xi’Bu}. (9)
h“(x") a=1 I p=1 @ -1 8

In Figure 1, below, we show the curvalinear form of fi o approximated

J
by a piecewise linear equation. The components of equation (9) are shown .
on the right-hand side, corresponding to the segments of the linear

approximation.

ija

Figure 1.




We can summarize this model in matrix form by letting:

T
Bl il el il e . (10)
[ R lwa % “Ma Tmy ‘%ﬂj

represent the (Mxl) vector of associated EEO "weights," i.e., MPPE's,

m
for each of the attributes over a« = 1,...,m, where M = T Nh;
a=1
- =
1 | qoil
Dlxl . c . Dax’a . . . Dmxm
X = Dixi . 5 Dix: . « Dy 3
{nxM)
N STV - 1 Rl T (LR -
1 aa m
- -l
where a typical subcomponent vector of a row in X is
L [ L ;L [
D, = [(xa - ),...,\xcl - X ; 8 (xz s, ),0,...,0], (12)
X 0 Nq Nal Na

a (lxMa) vector with the last (Ma = Na) components eqﬁal to zero.
Thus, in the above example, for a person with 5 years of education,
(e.g., a completed Beccalaureate dsgree and 1 year toward completion
of a Masters degree), D: = [h 1 Oﬂ, while for a person with T years

of education, DX = [4 2 1].
a
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For further fucility in interpretation, we can rewrite equation

(12) as
TR e s
Da = (xa - x“o) da’ (13)

where d: denotes the vector described by the relative distributicn of

the a attribute-gradation specific to population group £, with components

a =1, (1k)
o

g [ 2 " ; k21
da -[; 5 0], and for a person with 7 years of cducation, 4 [-.-?- 7 7] .
Hence,
MOl
£00x7) = (xp - xp ) Eoar B = (xp - x) ) Blxy), (15) .
06=1 "6 @ (6]
’

where

2 a

Rxl) =1 ale (16)

6=1 "6 6

is the weighted mean of the predetermined weights of the gradations.

Note that d: is a piecewise linear function of xi. Again, in the
(]
above example, for an individual with 5 years of education, |

Ekxl) = (EQB + (lQB + (0)B and for one with 7 years of education,
a 5 al 5 a2 a3’

T . (2 1

Bxy) = (P8, + (8, + (P8, .

To sum up, X is the (nxM) matrix of attribute measures associated
with the population groups corresponding to the piecewise linear

structure of the model;
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L 2 n,| T
(ni])= [Pi‘j(x )’Pid(x ),n-,PiJ(x;J

u denotes the (nxl) vector of the set of population group-specific promo-
tion probabilities over the £ = 1,...,n population groups; and h designates
‘ - an (nxn) diagonal matrix constructed from the reciprocals of the "total ‘
| elasticities," h, (xz), as defined in eyuation (3). Using the above defi-

J

nitions, we can express equation (7) as




5. Affirmative Action Interpretations

Let W denote the number of members of group & in grade i. Then,
sz (x ) represents the expected number of people of group £ promoted

to grade j. Thus, the aggregate promotion rate is given by the ratio

(x ) n
D, A kit S, (="}, (18)
ij e n = ij
2=1 =1
z W2
2=1

n
where w, = wz/x Wz is the proportion of the total population that

=1
belongs to group £. Denoting w = (wl, m2,...,wn), from equations (17)

and (18), we obtain

1:\:1‘j = wP. (19)

This further suggests that the scale of the diagonal elements of h must

be selected to satisfy 1 2 2 Py (x ) 20, and 1 2 pij = wP > 0.

Equations (17) and (19) provide a linear mapping from a set of
attritute-specific weights, B, to the vector of population group-specific
promotion rates, P, by means of an affirmatively weighted social structure,
ﬁx. Thus, one problem might be to delineate a discretionary range for 8
and/or ﬁ. This can provide initial guidance for managerial consideration
of equal employment (and also affirmative action) as & part of a compre-
hensive personnel program. The way this may be done will be illustrated
after we first develop the relevant affirmative action parametexrs in this

section.

We now observe that wh = hw, hence from equation (19),




iJ

whXg

(20)

hoXB

= hAg,

where A = &X, such that the social structure matrix, X, is weighted by
the level of participation of each population group in the grade, h, is a
(1xn) row vector with l/hij(xz) for its components, o = diag (w) and

hw = 6h. The elements of the vector h consiitute the affirmative action

components we wish to consider next.

Note first that, for a given B, reflecting job-related, attribute-
specific parameters, the social structure, A = X dictates a particular
range of choices for affirmative action weights in order that the bilinear

form hAB will have a value of pi for all discretionary sets, {B8,h}.

J
This is necessary because we want to characilerize affirmative action in
terms of individual population groups' probabilities for promotion,

j
Pij(x ) ¥

It may be recalled that in section 2 of this paper we presented
the term hij(xl) to denote the total elasticity (i.e., the degree of
homogeneity in the case of a homogencous function) of a promotion proba-
bility function p (xz). The toval elasticity was defined as a sum

iJ

of the partial elasticities of a promotion probability function with

6

A game theoretic interpretation of equation (20) is discussed in
a subsequent paper, K.A. Lewis and A.P. Schinnar, "A Game of Quotas
for Equal Opportunity Employers," (in preparation).




respect to changes in its attribute indices. The components of the

discrectionary row vector h in equation (20), l/hij(xz), are the "mathema-
tical" reciprocals of the respective total elasticities. The operational
implication of this connection with respect to interpretations related
to affirmative action, is, therefore, the following: population groups
normally possessing attribute structures that demonstrate lcw =lastici-
ties, would require a high degree of "affirmative actioa" input--i.e.,

a small hij(xl) implies a large l/hij(xl)' In other words, a large

"affirmative action" effect is required to compensate for an otherwise

historically low tendency to be promoted.

Note from equation (5) that these l/hij(xl) values are "weights" used
in the definition of piJ(xk). Thus, we require a "heavy" weight to
represent an affirmative action policy. Similarly, a low discretionary
weighting placed on some population-specific attribute combination
implies a high total elasticity in the associated promotion probability
function. This, in turn, implies a low elasticity reflected in the
functional responses to changes-in the population attribute index
scores. This conceptual connection between the elasticity of a popule-
tion group's promotion probability function and its affirmative action
policy is inherently, as well as operationally, consiéteht. We accord
l/hi (xz) a discretionary interpretation for use by management in order

J

to include differential weighting on the various population groups. ]

Thus, well-defined affirmative action strategies can be incorporated

into the model development and their respective impacts clearly noted. A




6. Analysis of Promotion Possibilities

We turn now to illustrate the explicit relationship between the Affirmative
Action and Equal Employment Opportunity parameters by examining the range
of promotion possibilities for various population groups. We use here an
analog from production economics, especially Lancaster's formulation 178_7
of a production possibility space, constrained by & budget space. This
approach has been made operational and wholly computatvional in 175_7, vhich
we follow here for the calculation of efficient trade-offs, i.e., substitu-
tions and complementarities, among the promotion opportunities of various

population groups.

For a given h, w, X and pij’ the rclationship specified in equation (17)
describes a transformation, or mapping, from a space of aggregate promotion
probabilities for B into a space of individual promotion probabilities with
points pij(xz)’ The transformation is submitted to & constraint, as in
equation (20) as follows. Formally we have an aggregate promotion proba-

bility set defined as

G = {B: [whx]8 =p ., B 2 0}. (21)

ij

Note that without loss of generality we can let B > O by adjusting the

sign of the respective columns in X. The image in the space of individual

promotion probabilities for the hXB transformation is the set

vz {pid(x!'): p = [Ax]8, [whx]8 = p,,, & > O}. (22)

iJ
Our analysis in this section will focus on the properties of V and

its relationship to the affirmatively weighted social structure matrix

in each grade, ﬁx, and its aggregate form, wﬁx, which will be viewed here
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as the analog of prices in [j'8~7, and pij' The properties of V are as
follOWGT; The aggregate promotion probability in G is the set of all

convex combinations of the following extreme points,

r— s O -— P~ =
Pij /mﬁxl 0 0
0 P 3/wh¥ 2
0 0 ;
T .
Ie ! : 0

0 0 Pij/wﬁxy
= J L | - a

where Xs denotes column s in X, s = 1,...,M. V is the image set

of G that consists of all convex combinations of the imsges of the
extreme points above. While every extreme point of V is the image

of an extreme point in G, an extreme point of G is not necessarily an
extreme point of V. Hence, the polytope formed by the above extreme
points can be described in terms of the convex hull defined about the

points

(—i{‘l) hX . (23)

Assuming the existence of a differentiable untility function, U(P),
defined over the set of individual promotion probabilities, and that
aU(P)/apiJ(xz) >0, for all &, we can define the "efficient" promotion

frontier of V in terms of the problem

Tsee [ 5/ and [ 87.




maximize U(P), subject to P< V, (2k)
P

*
where an optimum point, P , is necessarily a boundary point. We further

define the efficient set of promotion probabilities,

{B: [ﬁx]Bév*, [whx]8 = p,,, B 2 C}, (25)

ij

x
where V denotes the efficiency frontier of promotion possibilities

* *
such that P < V .

e *
As shown in / 8 /, once P is known, B can be obtained from the

ordinary linear program
~ ~ * * *
minimize [whX]B, subject to [AX]g =P , B 20, P < V , (26)
B
and the associated dual progrum
* -~ ~
maximize nP , subject to w[hX] < whX, (27)
L

where the components of n are otherwise unrestricted. At an optimum

point, if it exists, we have

~ *
piJ =phXg =wP =11P , (28)

: *
where * , 2 = 1,...,n, are the shadow prices associated with the promo-

tion of population group %£.

*
The unrestricted signs of the shadow prices, m , customarily reflect

the sensitivity of the aggregate promotion probability, p, to marginal

13>

* *
variations in {pij(xl)}. Since we want to consider adjustments in P such

* *
that P &€ V for which piJ = wP --i.e., stay on the surface of the efficient




promotion frontier--ve may also accord a trade-offs interpretation for

*
the sign and scale of nz.

T e

Now, consider a change in the pij(xz) of two population groups. As

Ry

S * -
shown in / 5 /, if w, = O for at least one, the substitutability does not

L

i
*
occur. If the signs of m, are the same for both, we have a case in which :
*
the pij(xz) of the two are substitutes. If the sigu of T is different,

complementarity holds between the two groups and substitution, again,
does not occur. When substitution occurs, the ratio between the respective
shadow prices reflects the trade-off rate between the promotion opportu-

nities of the two population groups.

The only remaining difficulty with implementing the above model is
access to the utility function U(P). We adopt here the "goal focusing"
method, developed in [j5;7, where the utility function is replaced by

a functional of goal artifact deviations:

LG
minimize --npiJ +£§(°£kszk + olkslk) - (29)
subject to p (xz) . (xk) LB R m O B Ly
i3 2xPi 3 kT % T U M BRGNS
i L # k.
wP = piJ
[(Ax]s = P
OscsPsec<l
RB < 0
&
P,8, 6lk’62k 2 0,




23

+ .+ + =
where n = E(ozkéik)’ Gputs By
Lk -

+
positive and negative deviations, ng, 62? 2 0, from the goal artifacts

are non-negative weights associated with

(&)

is a scalar thh constraint reflecting the
k
X.

in the constraint, and P ok
desired or existing relationship between pi

z ny
(x”) and pij(x Thus ,

J

for example, p = 1 implies a desired equality of individual promotion

Lk

probabilities for population groups £ and k. ¢ and c are corresponding

vectors of upper and lower bounds on promotion probabiiities, respectively.

n is a large positive scalar, so that minimizing --npij and, hence,
maximizing npij, will ensure the attainment of the efficiency frontier for

*
P . The final constraint set, RB £ 0, designates desired relationships

e A - e e =

between the B parameters, such as, B, > B that reflect job-related

1 22

| characteristics at the destination grade.

In the above approach, we want to be "as close as possible" to all

goals, but with pij(xp) also at the highest possible level. Thus,

) *
¢ bearing in mind that generally there are many efficient points in V

and that a utility function focuses our attention on only a few of them,
using program (29) we have performed a similar focusing via the Pk

goal artifacts.

The goal programming forum of the above problem'is particularly
uselul when the constraints on P and B forestall the attainment of a
particularly desired P*, such as having P* reflect equal promotion
probabilities for all population groups involved. That is, when a
set of equal opportunity goals are inconsistent with other organiza-

tional and social goals and constraints and cannot be attained simul-

taneously, the goal programming approach directs us to alternatives




T - >
P e

= S o U ot e L b e
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that come "as close as possible" to achieving cqual opportunities in

accord with other pending organizational considerations.

If the set of goal artifacts, P ox? is fully specified for all £
and k, and is wholly consistent with the remaining constraints in pro-

gram (29), we can simpli’y the program as follows. From the cet
L k -
pij(x ) - pzkpij(x ) =0, B0 S Ly ci nglis (30)

we have (n-1) linearly independent equations, which, when coupled

with wP = pij’ gives the non-singular system

- Ex 190 1 = - =

1 P15 pij(xz) 0

1 -p P X ) 0

1
. 3 & iJ - : g (31)
1 -p 0
1n n\

wl w2 ma PR mn Pij(x ’ plj
L d L 5 hos. Tl

whose solution is

* P. w w w
pij(x”)=—1-1(wl+—2-+—3-+ . R S (32)
Pig 12 fiz in

Note that for equal promotion probabilities pi2 = 1 implies that

2 *
piJ(x ) = Py for all £. Now that P is available, we can apply

program (26) directly.
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T. Numerical Example

In this section we provide a simple example in order to illustrate
the workings of the concepts outlined in the previous sections. Specifi-
cally, we focus on the trade-offs among thc promotion opportunities of
various population groups with reference to Equal Employment Oppcrtunity
and Affirmative Action considerations. Consider the mobility between
two grades in an organization. The pool of populations consists of two

social groups whose attribute data is represented in the following table:

o Attributes
gggzlatlon g?p. . Years of
P ikt Education Seniority in job i. related
experience

Undergrad. Grad. £ 3 yrs. > 3 yrs. to job 1.

1. Male staff 6 L 0] 3
2. Female staff L ' N 3
By Be Bs1 Bso By

The first row describes the group of male staff with undergraduate educa-
tions, less than 3 years of seniority in the piresent grade and one yeur of
rcelated experience to the anticipated range of tasks.in job j. The second
row consists of female staff holding undergraduate degrees and exhibiting
high seniority in the present grade. This higher seniority level is
representative of a bottleneck effect, possibly resulting from past
discrimination in promotions. The B parameters at the bottom of the

table denote the marginal effect of variation in the attribute structure

of each population group in the following manner. E.g., S2 provides the




marginal effect of additional seniority for the female staff. Of

course, the gradation of education and seniority can be further
refined in the above example. Also, related experience can be accom-

panied by scores on performance and other qualifications.

The matrix X of attribute informalion can be constructed accord-
ing to equation (11) by multiplying each score in the respective

gradations of an attribute with the total interval xz, thus

o B8 o(w) 3(3) o(3) 1(1) 2 0 1
L(k) o(k) 3(5) 2(5) o(0) 16 0 15 10 0
Let h = [.l .2], reflecting a higher affirmative action weight for

the promotion of female personnel. Hence,

16 0 g€ 3 . BE o 8 & .2
16015100“ 3.2 ¥ 3.2 @

provides the transformation matrix between the aggregate and indi-
vidual promotion spaces. As we have 6 men and 4 women in the grade,

= [.6 .h], and the aggregate promotion equation becomes

pij whXB

(2.24)8, + (008, + (1.TW)Bg, = (.8)Bg, + (.06)8,.

Then, the extreme points in G are

e e by (171 _— el o o
Pjj/2.24 0 0 0 0

0 - 0 0 0 0

0 0 Pij/1.1u 0 0

0 0 0 Piy/.8 0
| o o J§ o || o _j | Pig/.06] .
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The image of these in V is f

(a) (v) (c) (a) (e)

'leij 0 [ .52pij l- 0 l.67pij :
1.h2p, | |0 L}.TQpij L-2.spij 0

which gives rise to the convex polyhedral set portrayed in Figure 2 by

the "shaded" region, for By ° -1,

.20
(e)
.15 et
N
N
hAN
\\\
N
T
5 B
(b) ‘
(b') .05

Promotion Probabilities of Female Staff




The efficiency frontier with maximum possible pij(xl) is clearly
portrayed by points (d), (c) and (e), implying that considerations
related to seniority and previous experience will yield the highest
individual promotion rates. Undergraduate education, (a), is close to
the frontier, but is an interior point in the promotion possibility
polytope. The ray through the origin reflects the points of =qual

promotion opportunities, pij(xl) = p; (x2), and intersects the segment

J
(e) - (c) on the efficiency frontier at the point .1, which is at the
level of Pjj The slope oi the segment between (e) and (c) is -.67T,

reflecting the trade-offs between the promotion of men and women. It

suggests that small variations in the promotion rates of men will have

larger effects on the promotion opportunities of women.

Note that in this analysis the scale of the components of h is
selected arbitrarily and variation in these will alter the level of
pij' However, the latter is constrained by reference to I pij = 1y

J

requiring simultaneous modeling of promotion tu several grades. We

discuss this further in the concluding section.

We now change the h to reflect equal affirmative action considerations
for men and women, i.e., h = [.15 .li]. The resulting region of promotion
possibilities is depicted in Figure 2 by a "dotted" line. We note a shift
in the location of (a) and (c) to (a') and (c'), respectively, resulting
in a slight increase in the slope or substitution between promction oppor-
tunities of men and women, thereby decreasing the responsiveness of women's

promotion to declining opportunities of men. Hence, in this example, we

have seen how an affirmative action policy for women has increased the

M e e




sensitivity of women to opportunities vacuted by men.

To illustrate a more complicated array of interactions anong
promotion opportunities of personnel, we introduce a third population
group to the grade, consisting of 2 new recruits with graduate education,
who have no tenure in the present grade, but who have one year of rela-
ted expericnce to the destination grade. We chose not to favor the
promotion of these recruits over male personnel, bul we introduce affirm-
ative action considerations for wcmen as before. The social structure

of the present composition of the grade is

L(k) o 3(3) o 1(1) —16 g 9 0 1
X = L() o 3(5) 2(5) o = 16 0 15 10 ©
L(6) 2(6) o 0 1(1) 2y 12 0 0 1

The third row of X represents the newly recruited staff in this grade.

We assume that these replacc two quits, a man and a woman. Hence,

w=[.5.3.2], h=[1.2.1],

and

Piy = whX = (2-2h)BU * (.214)8G * (1-35)8Sl 1 (-6)832 5 (.OT)BE.

We now apply the procedure outlined at the end of section 6 to compute
the trade-offs among the promotion probabilitics of male and female

personnel and new recruits. The results are

* * * * *

ﬂ:(males) = .5,

* *
n2(females) I n3(recruits) = 2




. s s e o T B SR A

In this example, with equal promotion probabilities for all population
groups, i.e., Pij(xz) = piJ = ,1, promotion is based on seniority and
related éxperience to the destination position, with a higher marginal
effect attributed to experience relatcd to job j than is related to

seniority ‘n job i. The shadow prices, ﬂ*, we found to correspound to

*
the share of each population group in the promotion pool, i.e., m = w.




8. Conclusion

The procedure and relationships cutlined in the preceding sections
couple the concepts of modern personnel management, in terms of the needs
associated with legal compliance, and their operational demands associated
with implemcnfation. Organizaticnal recponse to the attribute structare
of the workforce may now be considered, first, as in compliance with
Equal Employment Opportunity law, and second, with respect to the explicit
components of affirmative action policies and their individual effects

on promotion opportunities of staff.

By examining the workforce attribute struccure, the decision-maker
may choose the values for the various R's, while maintaining the various
differentiations dictated by job-related requirements. Affirmative

action policy and its operational impact may then be defined through

the vector h. Such delineation of manpower policy provides an organization

with an operational framework for exploring the range of promotion stra-
tegies in compliance with Equal Employment Opportunity law, and develops
the framework for further investigation on the stance assumed by the

organization with respect to external demographic conditions.

For organization-wide planning purposes, the information supplied
by the pid(xg) values can be agsregated into a Markov matrix of organiza-
tional mobility, as shown in equation (18). This will provide for a way
by waich to design goal-oriented transition matrices. This, then,
represents a departure from the solely historical approach to analysis.

As we observed in the numerical example of section T, when the Affirmative

- T TR




Action program changes or the social structure, as reflected in w, is
altered due to promotion and recruitment reforms, the B parameters will

change, leading to adjustments in the p; (xl). Thus, the Markov chain

J
resulting from equation (18) will be non-stationary.

The approach outlined in section 6 can be used to compute the
individual promotion probabilities as well as the aggregate (Markov)
rate proposed above by effecting the condition that ¥ pij = 1 for each
row of the aggregate transition matrix. Thus, from equation (20) we have
1=2h3[&x]sj, (32)
J
with an associated set of transformation matrices hJ[QX]BJ = piJ(xl), for
use ir the goal focusing program (29). lere, hJ will be scaled in accord-
ance with (32). We explore this further in a sequel extension of this
paper. Further extensions of tnis work may include the application of a
scaling method for estimating Equal Fmployment Opportunity and Affirmative

Action policy parameters, as well as game characterizations of the rela-

tionship between them.
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