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1. INTRODUCTION AND SUMMARY ‘1

~~1.1 IN r R o D u c l ION ~~~~~~~~~~~~~~~~~~ __________________

The scattering of an e lect romagnet ic  wave by a dielectr ic  wedge

is an except iona l ly  d i f f i c u l t  problem which at the present time has no

known ana ly t i c  so iu t ion ,~~~ though Rad 1ow ,~~~ in the special case of a

r ight -angle  wedge , was able  t o use a double-Laplace transform method that

had been found successful in t rea t ing  the qua te r -p lame problem to analyze

t he wedge exact ly. * A l l  other treatments yie ld  approximations of one kind

or another .  An approximate numer ica l  solution for the d i f f rac t ion

c o e f f i c i e n t  has been given ,~~~ but the shortcoming of this sort of approach

is that , a lt houg h engineering and other applications eventuall y require

numerical  ca lcu la t ions , the wedge f i e ld  is a compound of severa l d i f fe ren t

components , such as specular ly  ref lected and refracted rays , surface waves ,

latera l waves and t i p  d i f f r a c t i o n , and a numerical  ca lcula t ion  of the corn-

posite e f fec t  throws very l i t t l e  l igh t  on the real nature of the response.

An ana l y t ic  solut ion , even thoug h not exact , is h i g h l y  desirable  in order

to enable the d i f f e r en t  components of the solution to be separated ,

recognized and understood . A study of the funct ional  form of the result

can y i e ld  considerable in~.ight into the rather complex properties of the

wedge , and in pa r t i cu la r  the behavior near shadow boundaries , as wel l  as

the e f fec t  of varying such parameters as wedge ang le or dielectr ic  constant .

B a l l i n g , 14) i n hi s Licen t i a t e  t h e s i s , provides  an ana ly t i c  treatment

based on t r a c ing  the mu1 t ip1y -r e f l~ ctcd  rays ins ide  the wed ge , In two later

he applies h i s  r e su l t s  to evaluate  the role of surface f i e lds

Radlo w ’s resu1~~,~re too involved for use, and Kuo and Plonus~~~~
and Kraut and Lehman ’

~ ~ have attempted alternative formulations. The latter
authors in fact find Radlow ’s a n a ly s i s  to be erroneous. In any case the
method seems incapable of generalizat ion to other ang les.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - - -~~ -— —~~ ~~~~- ~~--~~~~~~~~~ - - -
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and la tera l waves in the r a d i a t i o n  from a wed ge exc i t ed  by a l i n e  source

i ns i de  the wed ge. A l l  these t r e a t m e n t s  u t i l i . c  formulas  for successive

ray r e f l e c t i o n s , and Borovikov 1 has a l so  ob t a i ned a recurrence formula  —

fo r the c a l c u l a t  ion of the terms for an ed ge wa v e , provided none of the

ed ge s are located near shadow b o u n d a r i e s .  A somewhat d i f f e r e n t  approach

by Tricoles and Rope~~~ based on the I er l e t r a t ion  of the  f i e ld  in a dielec-

t r ic slab calculates the approximate effect of a hollow dielectric wedge

made by two s labs  meet ing  at a bevel led edge. The a p p l i c a t i o n  is to

radoines , where the h o l l o w  s t ruc tu re  is used.

Ka m ine t zk y  and K e l l e r , (9) in the most recent publ ished resul t s ,

analy:e the wedge in two cases in which  the t i p  d i f f r a c t i o n  can be cal-

culated approx imate ly  as the f i r s t  tern in an expansion of the f i e ld  in

terms of a smal l  expansion paramete r .  The two cases they treat  are

1) a small difference in the dielectric constants of the materials inside

and outside the wedge , and ii) small wedge angle. The latter complements

an e a r l i e r  t r e a trn ent U°) where the wedge angle  is nea r ly  180 ° , and the

expansion is relative to the reflection of a wave at a p la n e dielectric

sur face .

The wedge problem is an important one in at least two areas. The

first concerns radar reflections and EMP pulse response from dielectric

objects which may be in free-space or else buried . The second concerns

the use of the geometric theory of diffraction (Gil)) to calculate the

radiation properties of antennas and other reflectors . For example . a

dielectric support may be used to locate a subreflector or splash-plate

and the effect of the dielectric in modif ying the diffracted fields from

metal I ic edges needs to he taken into account. The radiat ion from most

composite reflectors can be represented in terms of specular reflections
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an d ed ge effe~ t s , and the advent of a new class o t~ fo rmulas  involving

d i e l e ct r i c  weth~es , e i t h e r on t h e i r  own or in con tac t  w i t h  a m etallic surface ,

ca n be expe c ted  to  ext  cud the  range of app I i  cat ion ot t lie Gil) net hod.

The shado w — hounda rv t er~~s ar e  an i m p or t a n t  pa rt of the  tC ) a I SO I ( i t  1011

and should  be sli owii exp l i c i t l y .

Al t h ou gh t h e  geom et rv of the  a r rangement  i s  qu i t e  s imp le , n eve r t h e l e s s

the  ex i s t ence  of pr op agat  j u g  waves i n s i d e  and o u t s i d e  the wet ige , w i t h

di f f ereu t  ye I oc i t i es , in a l~es the  prob lem a ver  form i ~lab le  one.

J

I . 2 Su MMARY

Three sepa ra te  i west  i gat  ionS  were made.  The f i r s t , based on a

spec t ra l decompos i t  ion method , was the one on wh ich  the con t rac t  pi~oposa 1

was o r i g i na l  lv  based. I t  tu rned out to have a b u i l t —  in f l a w , which  was

not d iscovered , however , t in t i i  rather l a t e  in the  ana lvs i s .  As a con —

sequence the  method was abandoned.  Jus t  at  t h a t  t inc . at  te nt  ton was dr awn

to two Sov ie t  papers , both of which  c l a imed  to have solved the wedge

problem r i g o r o u s l y  an d comp l e t e l  v , thoug h b y co mp l e t e l y d i  ff e r en t methods

The f i r s t  paper , by :avadski  , 
113) was examined  and found to be f a u l t y .

E f f o r t s  made to cor rec t  the errors were to no avail . However , a semi —

t r i v i a l  r e su l t  emerged f rom these  stud ies  wh ich , in  ret  rospect  , could  have

been found 1w elementary methods. The second paper , by :~i eksandrova and

Kb i i iva k  , a iso turned out to be f a u l t  v , tho ugh the comp lex  a n a l  y s is

involved a great deal of s tud y to p i n — p o i n t  e x a c t l y  where  t he  errors

occurred . It i%~~S not fo u nd possible to s o l v e  the pi•oi~ 1cm by the i r met n od

w i t h the errors corrected.

It appears that at the present t i m e  there  i s  st  i i  RO valid and

r i go rous solut ion to the wed ge p r ob l em , though  severa l ap p r o x i m a t  ions ,

____________
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particularly Balling ’s, have appeared in the literature , and should

Provide useful results in practical applications.

•
1

L ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --
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D IFF RAC TI ON BY A D E E LECT R IC WED G E: SPECTRAL ANALYSIS

ABSTRACT

A spectral analysis of the f i e l d  ins ide  and outside a dielectric wedge

is made , an d f ie ld  matchi n g in the presence of an axial incident wave is

made , both on-axis  and on the wedge faces. The method involves unkn own

spectral  func t ions  among which  a r e l a t ion  (14) is imposed in order to

lead to Wie ner-Hop f - l i k e  equations (21)  and ( 2 2 ) .  However an examination

of the pole locations of these equations shows that they self-generate
J

an unending pole-sequence , which makes the method unusable. No modification

of the method that  would render it va l id  appears possible .



2 .  1 I N  R~~u ’ ’ 5

1 ’.’ s ~ , m t  e it ~ ‘; i :~u p l e  ~:eo~:c I u” • t ic t a t ’  I e:~u 01 ’ .1 d i e  i c c  I r t c  i~ ‘.‘d~te e ~c i t  e.l

h ’~ an mc i d c : u t  u~.t y c  15 .111 e ’.t  re ru e l d i  t ’ t’u c u u l t  one , and no e \ . i c t  s o l u i t  t o u t ’ ;

,mre h:u. ’u~n . . u : ’ u . ’’.u ~. t e a t  a res i , m ~ e been t re. i t e . I  ‘v d i  t : e r e n t  r e s e , i r c u i e r s

in c  l a d  u :  an e\ . r ’u i n u t  t en  a t ’ t h e  u ’ ie u.d nea r hue  t i p . s:’ec’.i l a r  i u i t e r n . m I .m r i d

ex t e r a . u I :‘e (I  ~‘c : ion . .tn d : ‘t ’ 5 ’~’et ’t i L ’s is t t ’ um t h e  d : e l e c t  :‘ c c o I l s t , i u i t  s of t ic

m~ c.1 :c .m n d  : be snrr amid u t : : ‘‘:‘.‘, hiur: .m re Thea I’ I t lie ‘..i r ~’.’

In t h u  ~ ‘aoei’ tsc i t  t e~i : ’ I an e \ . ic  t I.’ r’::uu I .i t i on  t ’r. ’ru i s h i  u c u  ase  t ’a I rc .:u

can be e ~ rac ted. i n  v t ew at ’ lie ¼’ \ I venu e ‘.1 i t ’ t ’ i en I t  i t ’S L’u\ c~’uiuu e red , t he

t o t a 1 i. ed~te ,L n~: It’ ha’. been rest e t c  t e d  t a l e s s  t h u n  ‘1(1” , at  ii ’.’ r f e a t  a res

. i j ’:’ . l r e u i t  l v  en t e r  when t h e  u , ed t~’ . m n t i ’ .’ u s  l a r g e r  t h r i t u  t I i t s ~ . and t h e  . t t ia l~~s i s

I ’ .  ( ar t  h e r  c. ’n t ’ i n ed t o  sy n : ’:et t’:e .i l tnc i 5tenee s’ t  .1 p l an e  ~~~~~~ i~i t l i  1’ai’~t l h ’ l

~a i . i t ’  t .t I t .‘n .

2 . 2 1 i ’k ”i L \ I i

hut i .i I . m t t e n ; ’ t s  t o  p r o v i d e  a t’o r n n u l . i t  i o n  i n  t e r r u s  a t ’ c’ I i n d r u c a i

t arc  t to i ls  is eve d i s c  aim ~~~ u u i  ~ , and cv cut n a i l ’  .in e \: ‘,i 1 s t  on a t ’ the t’ t e l  ds ,is

.1fl i t i t  ~~ r a I a t ’ pl  . tuie i~ O v e s  ~ .is s e l e c t  ‘.‘‘.l .i :; more  p r an: i s i u i g  . t Iam ~eve r , a nii mbe r

at ’ ( c a t  t i r e s  li.t ~h to be ‘.‘ los ’.’ l v  ‘.‘On s t  r ,i i u i e d  i i i  or d e r  t o  p e i ’ n t  t I i t ’1 ‘.1 ii t cli i ng

i t t  a ‘.‘ ~‘ui  ~ I vu ’.’ t i ’~ ‘.‘ ‘.s . i ’. .tn..t thi s accounts in pa t’t (a t’ t ic (a ru n t a hen 1w t lie

st t b s e q uen  I an . i  I i  ‘. i s

F i :ui i’e 1. I shows t h e  can t ’ i g t t r : m  t t a n  i n  wh  i cli  a d u e  I ec t r t  c m~ t’d gt’ , at ’

,t u i g I e .~ and re (‘rae t i i ’ .’ i t id e x mm i s u t u n e r ’ ;  ed i n  ,t uu ’ .’d i t in at ’ re Ir a ’.’ t i V e i tid e x

u . ftc 1.1 t t er Is an Id no t’un , m I I  v c ar  u’ ’.’~ pond t o  t’t’ee 5 p a c e .  but t I t  t u r u t s  an

t o  be e s se i lt  i a h  t o  . m 1 l o m ~ ‘at bi ne~li ,t to passecs ,i s u u u . i l l  l a s s  t e r m , h ’ h i i s  u s i l  1

he a ken t o  t lie .‘ era i n  the 1 u n i  t , ‘ ‘ u t  for  untie  S a t ’ he ana I i  S S i t  1i,i s I a be

t ’ ’.’ t a i n ed , S i  t1 ’.’ t’ I t  ‘.l~ t t’ m u  I t i es  t he .t 1 1 i nI’ a i ’t a n t  (ea t t t l e  at ’ is bet Ii’.’ r cc rr .1 1 11

s i n g t i i . i u ’ i t  t e s  . t m ” .’ in sid e or o u t s i d e  t n t  e. :u’ . u t  t o u t  c e n t a u r ’..



.•‘—.— - . -‘ - -- ‘- ‘———w—,- ~~~~~~~~~~~~~~~~~~ 
-‘ 

~~~~~~~~~~~ 
- —‘——.. - .‘— -— -~~~‘ - -.-‘--,-—‘— ---.-— ‘-- ‘.‘—‘ ‘~--“— - — — ‘ ,“-

~
——“ -— .—— .

~~
—“—- ‘-—-—— —“- ‘——

~~‘ 
-‘-‘-“

~
“-——“—— ----“•‘—— “

.~~~~~
‘

( n o )

I p

( n )

2a
J _________________ . _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

z

I ’ LI ’
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for  t h  i s elio t cc , u ’, u t  :er t ha ti t’o r t h e  ma t’e u i s u t i  1 an e a t ’ se 1 cc t t u g  ( t une  t i o n s

at’ cas  , w h i c h  ar e  a u i t s ’mat  i~~a l i v  s v m m e t  t ’ i c u i l on a x i s , st e m s  1’u’cc n t h e

t’o m n i  t a k e n  ‘v t he  f i e l d s  i t  ~ = ci . la  en u i b i ’ .’ n o t c h i n g  i n  a fa rm t h u t  is

m at h en , i  t I C a l l  V t m. i c  t a b  I ’ .’ i t  seems .i¼ ’’.’eS s u m  r ’ to  IsO t’k is th  t he abo ve

fau ’tn u l , i  t i a n

2 . 5 
~~~~ \i’R SShg\S IN gN;i~~\ I

Th rou ghout  t h i  s paper  we take w as a spec t r ut  I va vi umb I c  and b u t  1’.!

solutions in region 1 f rom the  b a s i c  p l a n e  w a v e

I = e ° 
- j\

~ca s (~~-ci )1 (I)

In th i s cxpi’es s ion ~ i s t he rat ! i a 1 ‘.1 i st at i ce t’i ’ont t he t i 
~ . no run i i  :ed w i t t

respect to the free—space wave number  k . i . e k 1 u wher e  g i s t h ea a a a

a c t u a l  rad i a 1 ‘.1 i s t a n c e .  l’he expotieuit ia 1 is put i n  t It i s t ’a r n  • one of maui ’-

p o s s i b le .  in t i n t  i ci  pa t  ton at’ even t ua I f i t ’ I ‘.1 ma t  cli i ng a t  ~‘ = ci

Un me n t  ianed ea r l  le t ’  • n coil  I a in s 1 smzi 11  l oss  t ‘.‘ mm , tititl  we put
0

= (n (e .” 
~~~ i l i ~~) 12 )



_______________  ____ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ - .

lh 1u i :u t  I Ott  (1 )  has  b r a n c h  cu t s i t  ts = ut ~ , i uai iii u r i c  r to ova i d ‘.1 i v e i ’ g e u i t

w a v e s  t i t  j n r’j n i t  v t h a t  ‘ r u t t u c h  ot ’ I t s — n )  has  t o  he chos en  to  c i v e  d : i u t u u u e d

; s . I V S .’S i s  s • 
~~ ‘ . l ’his  l e a d s  i t s  ou t ’ .~ p us s  u i u i  l i t ~’ t o  the hi ’:itich c u t s  StiQisti ill

2 . 2.t , hut  t. h er e  i s  san te  i : i t u t a L l e  i s  to  ~-.h er e  t h e  c u t s  go.

-

~~~~~~~ 

I 

w~~ PL~~NE~~~~~~~~~~~~~~~~ 

_ _ _ _ _ _ _ _ _ _ _ _

+n o ÷n o

( a )  (b)

F i g ,  2 . 2  Branch  C u t s  in ts— I)lane

S i n c e  ci < < n in i’eg iaui I i t  i s  found that  i f  w = Re~~
0 as R t h a t

~ ~ ci i s  a p o s s i b l e  r a n g e , w h i  1st i I’ is’ = Re ’
1 ’ as R -“a , t hen

- ~~ < U is ti possible ran ge for  ~ , It  t u r n s  out from o the r  c o n s i d e r —

; it ions tha t  a b ranch  cut at ~~ = —
~~~ i s  needed at  w ~~~~~‘ and t b t i s leads to

the mod i ft cd branch cut shown in F i  g i t i ’e  2 , 2b . For the t ime  b e i n g  we t a k e

w exac t l y on the r e a l  axis and get , for  the scattered electric field in

region I 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



-s

= J f ( w ) e ~~~~ 
(w 2 _n

~~) 2 sj n ( s ~
_ci ) _ j w c o s ( : _ n ) ]

d ( 3 )

I t h  I’ (w) u t t t  un de t e i ’m i ned sp ec t ma 1 fu u t c t  l o u t . B et ore P rae i c’.! i up we mice ’ .! to

ch eck  b o t h  lo t’ coup le t c res s  t imid  p e r f o r n i u t t i c e  i t  i n t ’l t i  i t > ’  • \s Itt t’ :is t h e

l a t t e r  i s  conce rned , t h i s  i s  covered  b y t h e  c o nvei ’g e nce  oh ’ (3) as p

due t a t lie c h o i c e  of ’ b r a n c h  cut  . I loweve r , i n il lv i  ‘ . Iuia 1 p 1 a lu e  wave  coi t upo t i en t ~

nec’.! n o r  , i n  isa lum t t i , su it i s Iv l i t ’ . ’  r a d i  i t  i o t t  con’.! i t  i ott , whi t cli i s  a t ’est I ’ti j u t

on t h e  t o t  i i  l i e u !  o n ly , Spec i ( t e a  l i v , wh e t i  — In I < w < i t t  I we c a t i  pu t t
0 ‘.1

w = In I cos i) w i t h  I) -) < it , and ati  i n d i v i d u a l t e r m  i t t  (3 )  becomes l i k e0 -
‘

ii p l a u i e  w a v e ’ t r av e  i l l  t i ’ .~ :I t atlg Ic ~ = ii + ci — 0 . When C) < ~) ~ th  i s p i ~‘es

wav e s  a t  t in p 1 es p rca to t ’  t h i a t t  ~r , w h i c h  wou I ‘.1 not , i n  t h e  absence  o I’

t i t t e t n i t i t i o t i , he a c c ep t a b l e  i t t  i s o l a t  t o i l .  The fu i c t  t h a t  ( 3 )  is i u i t e g r t t t c d

to ~“ ensures  i n  any  case t i t e  co r rec t  p e r f o r m a n c e  of t h e  t o t a l  Ii el ’ . I , as

is evetit ita liv con I’ i t’ineu! when t h e  I’ i el  ‘.!s a i’e t o u n d

As fui t’ as cotup l c t e n e ss  i s  cot t cern c ’. l , it n ig ht  appea r  tha t a t e r m
) , I

s t i n t l u t i ’  to ( 3 )  hu t  w i t h  t h e  S i ’ t t  at ’ (t’i~~ — t i ” I reverse’.! u s o u i I ’ . l  also be

neede ’.I , s i n c e  such  a t e r m  won 1’.! a 1 so s u i t  i s t ’> the us ’ :iv ’. ’ e ’ . l u t u i t  l out . !Ioweveu’ ,

fa t ’  w~ > l i t  I t h e  ue iv ’ .’ won Id d i  v ’ . ’u ’u ’e wh i 1st lo t’ — U < w I~ I t h e

w a v e  c at u p o ne t i t  5 us ’oui  i i i  r ep r e sen t  i nc in i up waves at u i u g es fi ’oni ~ ci to

n t  n ot  o n l y ti re t h e y  p h y s i c i  I I v  i i ’r e l ’.- v u i i i t  wh t ’ .’ uu t u i k e t i  i n  i s o l t u t  j o l t ,

but  t t e e  t u r n  ou t  to  have  i i i t s a i” .I ;m tt e ni t ;i t ion when is i s  r e a l  , i .c. the~’

i t ’e i l t c s ’m i  t i c , w a v e s  fmo tn m t - m i  tv , atm ’.l farm no j i . i t ’ t o t ’ t h e  s o l u i t  i u t i .
— .1 ‘n cut s

I t i c  i ‘.I et i  t t’ i c i ’.! on a x i  s a t ’ t in i t amp I i  t u i d e  i s S u t t j i l  Y e

u s h s ’nc ’.’ we p e t  t h e  total t ’i c hIs i n  ct ‘
~ 

< ii

l I t ’.’ S t e r m t t i n  Ti e n s u l t” .’s t b utt these uct i  i e s  are at t c ui uia ted t u m t w a i ” .I wht ’. ’t i  is

I S r ca 1



—

~~~~~~~

2—i ’

J ~~~~~
‘ ‘ —n~~ ~ ~~~~~~~~~ ~~~~~ ~~~ ~ I ~~ dw

(4)

1- . 
, ‘ — ii ’ fl C u ~;— ï  = — ] Ft 5 1 f l ) ’  0

P 0 , ’ 0

+ i~ ~~~~ 
(w ’ — n ’ )  s i n ( ; - ~i ) — j w c ’ .i t ;  

~~ ~~ [ ( w 2 — n~’)  ~cos ( .;- - u )

+ j w s in (~ ’ — c i )  I tIw ( 5 )

(The  Lit t e i’ exp i ’’.’ns ion is pi ’oj ’’.’i ’ti out . .i 1 to II

~~. 4 P h b - ~l . l )  I P  1 u ~~l . l .~ - .~~I u ) ~ I l

The onaL ’ n i s  f ol  iowa , in p.~ rt ’ , the consi’.Ierat ions

out 1 i.ne’.I i n  sect  ion ,‘, w i t h  (w 2 —n 2 ) r ’.’p iac i  ito  (w~
’— n ~~) bu t

t It’.’ no are  som+,’ impor t  a nt  di f fe r e n c e a  . In i’ eq on T I  t h e  wav es
-) - -~ 1,

cot’ i ’’.r ;p ’.)nd i ru t to r ’.’vers i u i q  the  s ign  of (w “ — n ” ) are not only

.i’.’c .’pt able , from t h i ’ .’ po t  nt  of view of coflverqence at in  I m i  t y

tht e~’ .ir e a iso r e uiu i red , and in f a c t  r e p re s en t  those  wave s

I n c  i ‘.Ie nt in t ” .’’.~ ion 11 front req ion  I I  ‘ , w h o re  t h e y  are ge n e r a t e d

by i” .’t ’r . t c t  ion c i t  t h e  bounda ry  at ~ = —ci and cross t he  a xi  a i n t o

l ’ ’.’ si i o n  1 1 . Acco i ’’.! in ’.i ly we got , for 0 ci

= J — p[ (w 2—n 2) Sin ( c i — ) ’ )  — J W C O S  ~~ ‘ ‘ )  l ii i 
(w)

~ f , ‘ E (w ~ 2 ) 2 s i t i  ( ci — ) ’ )  Ij W C O S  ( c i — ) ’ ) ]  (w)  dw (~ )

— 

~~ ~~~~~~~ 

= f e~~
’ 1 (W ’ — n ’ )  ~ si fi(\ )’)—jWu’u~ u~ (i ~~~ ) 1 q ( w )  [—  (w ” — n ” )

-
‘ 

— ~w s i n  (~ ) tIw i
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1

I J ‘.~~I [ (w ’ — t i ’ )  
~s 1 n ( i — : ’ ) wcu ’u ; ( i — ~ ’)  ‘ i ( w )  I (w ’ — t i ~~ ) c0:; (~~~—~; ‘ )

— t w a  i t t  la— )’ ) I s IW ( 7 )

hI ’ .’ i ’~’ l i t  
~

l l ~~~~~~~~ ‘.1 c iVe  t w o  u ; i ’ o c t  ra 1 f u nc t  j o l t s , wI t  i cIt we i u i , i v  exp t ’ct

o be a t ni l ’ 1 v t ’e I at  ‘.‘d t o ea~-hi  o t  her  i n  v i ow o I t h e  f a ct  t h .i  I t Ii’.’ t we

j u t  ‘.‘~~i t ’ .i i t t  m’ t ’pI’ t ’u ; t ’t i t  o ’ .h u ,t  1 ‘. l ’. ’w iiw , i  t ~! , t m i u l  u~iw.t t ’d  wav es l ’ ’. ’u ; p ’ . ’ ’.’t i V u ’ ly

wi t h u t i  t h e  wt ’’.lq e.  ‘l’ h i ’  ‘.‘t ’sl’ i t  u ’t i l ’  t o t  ° 1 ~~ I ii’.’ i’e ,il— ,m x i s , b u t  t h a t

I or  0 i t ;  not , a in ’.”.’ i I i i I nt O S 1  i ’ , t i t u l ‘.Io’.’:; no t  ~‘ottv ’.’ l u t e  ( 1  or  0 ~ ‘-

at  w = “ ot t  a x i s .  i n  f a c t  we i teod w ‘ Re li t and —Re I~t 
as

R ‘‘ l i t  u ’i’ ’.lei’ to ~1 
i Vt ’ an i u t  eq t ’ , i t t t l  whi t ci t  h c i u ;  , let’ t l ie  r , in q e

.‘. ‘) ‘ ‘— ci , ci t l O l t ’ — } ’ u ’O i t  ive  t e a l  paI’ t I 0 t ii ’.” i ’X I ’ t ’ t t o t t t  , We u ;h i , i 1 )

I , i t  et ’  c!i ’. u ’u ;e (lii a ‘.‘u ’ t t t  o t i t ’  t o  ‘.‘u ’t ’i’ e s j ’o t i t l  t o  .1 ~~ U F O ly  i l l icit )  l l l c i l’~~

ex }’ot ief l t .  c i t  )‘ = ci , b u t  i t  i t ;  su t I ’ i ci  ou t  ci t (h i i t ; a t ~iq t ’ t o  not  e t h a t

i i i  t t c i i i  I t ’ ~‘oti t out ’s  ox I a t  , au i ’ .j  I h a t  t lie 1 e F t  — h a n d  l i i ’ at i ’.’li cu t  t i tus

lit ’ I I 1 1 etl  U~ W.1 i’d a ( a t  i i i  I j ii it V ) lay c i i i  ~inq I e a I 0 ,it ’cOtt tt t it ” u I , i C t ’ t it i t ;

feat t i t s ’ .

~~, “ 1’ ! 1 h , l i  ‘ IA ’l” .’I l  I N P  ON A X I P A l ’  -) ‘  ii

A;; Ult ’ i tt  i t t n ~~u1 o , i u ’  1 j ot ’ , t }i t~ F i e l d  i i i  I ‘ I ; ;  ~
,l ’t  , i i  i i t ’~~i I i ’ouu I

by i~~~i ’  i , t ’ .’ int l (n—) ’ ) by I ii — I . A t  
~)‘ 

= I t (lit ; ; ul0 ’ t t  h o t  i ii ,iny

w ay . i f t  oct  l’ , wI t I cli i s  I Ito t o t  u ’FO u ’u i i t t  ihit iOuu ~t t C lit ’ b e u nt l d l -\ ’  ; b u t

. 1 / i ) ’  u ’h i , i t i ’ t i ’u ;  u ; i g n  when  o}i t t i ’ c i t  i nq  ott  ii — J c i : ;  ~)‘ ‘l u ’ ; ;

C hi ’euqht  t . P (lice 4 C / .) )‘ j u t  p l ’ .’pot’t  t o n a  1 t o II , , w I t  i o u  i i i  t lie

_ _ _ _ _ _ _ _  _
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symmetr ical case vanishes at ~)‘ = ui anyway , it is clear that

ma tching on the axis requires 4 E
~
/
~
la
~ 

= 0 at ;)‘ = ut . From ( 5 )

wi th )‘ = ‘it we thus get

-

~~ o e”~~~f (w) [ (w 2—n
2
) ½ cosct~ jwsina]dw 0 < p < ~~ (8)

where

2 2 ½ ,U = (w -no) s inct+jwcosct  ( 9 )

2 2 -~l 2 2 ½Now DU /~w = j ( w  -n
0
) 2 [(w -n

o
) cosa-jwsinci], and if we def ine  a

new funct ion F by

f(w) (w2—n 2 )~ = F(U) (10)

then (8) can be wri t ten

w=+”)

J e
’
~~~F (U ) dU 0 0 “. p “ ( 1 1)

i t is clear , there fore , that  (11) can be sa t i s f ied  by choosing

F(U) , ~~~ function of U , to be free of s ingular i t i es  in the

region Re U > 0. Moreover , convergence of (11) as p 0 requires

F(U) = 0 ( I U I  1) as U approaches infinity along the contour C
1

in the U-plane corresponding to the real axis of w. This contour

is shown in figure 2.3;it starts at u = ooe~~ 
( ‘ui/2-~~)

, comes in close

to the imaginary U—axis , rises to a maximum at U = n
0 and then

drops to the r igh t  before  r i s ing  asymp to t i ca l ly  to

u = ~e
1 ( 2 t ~ . The closeness of approach to the ima ’.iinary axis

is propor tional to 5 . Also shown on the contour is the line



_ _ _ _ _ _ _ _ _ _ _ _  
— ‘-. -‘ - —-- -‘----- -

2 — 9

C I
6 - a  U - P L A N E

6 0 , 2 a — --

U j n0 C OS(9-a )

2

_ _ _  

2 
_ _ _ _ _

/

Fit ;. 1 3 Coti  t our  in  the  U — p l a n e

U j i t  cot ; ( 4 — ~~) ‘.‘or r o s po n d in ~i t:o w =n  cot ; ;~ . T h i s  i n t e r s e c tci ‘.)

t h i t  C ’.~ t t L oUi ’ C 1, a t  = -~ .in ’ .i  ( a lm o st )  a t  P ci ; and between C- lies’.’

pots it ions the lint’ w = U C Ots  i) coi’ t” .’spon’.la to va I ucu ; of U to0
t he r’ jqht of the coit t out’ . Since we s ha l l  lat e t ’ be eonco t ’t i o ’ .h

wit ii pole;; at variou s posit ions  along w =n cos P it it ; cleci i ’0
t hat  poles  for  0 o i t/ 2  cann o t ,  be p ermi t ted . I t  is al so  cl e a r

tha I F ( 1 ’ )  1 ro e of a i n q u la r i  l i t ’ :; lo t ’  Re U ‘~ 0 is u n n o c o asar i  I v

u ” .’:; t ri ot’ i Vt ’ it  i : ;  on Iv n000;; ;sary fo r  i t t o  be an a l  y t i ’ .’ h o t  wOt ’t t

t h e  ‘.‘ont o u r  C 1 ~it t ’ .h i n  I j ~~ i t v .
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I t  should  be no ted t h a t  F (U ) a n a l y t i c  ~~~ U is not the

same as f (w ) an a l y t ic ~j~~~i w .  In f a c t  such a func t ion  as

F(U) = U is c lcar 1~’ analytic in U but because of (9) it has

branch cuts  at w = +n— o
Arou nd the p o i n t  w = n 0co s( cu +~~) we havt~ U = jn

0
cos:~ which

is therefore s y m m e t r i c  about  tp = 0. Accord ing ly ,  if the l e f t

hand part of the r e a l — a x i s  contour in the w-plane is swung around

the point w = n
0
cos ci , in f a c t  to be asymptot ic to the l ine

w = “e ~~~‘ ‘  , the corre spondinq contour in the U—plane can be made

to collapse to a curve doubling back on itself. Fiouros 2. 4a & 2. 4b

OR I G I N A L
w - P L A N J E  CONTO UR C~

a n~~CQ S a 
/

i r — 2 a

(~~ ) ( b )  
U- PLA N E

[‘ig. 2 .4 Contour s i n  the w and U — p i a n o s



2-il

outl ine the corr espondi n~i contours and show tha t  t he r e  is a

r eqion  in Im w 0 w h i c h  is outside the  re’.;ion which gives the

con tour C 1. Since the contour of Figure 2 .4b lies within the

contour C
1 

i t  is app a r ent  that ( 8 )  is sat is f i e d  for  F (U )

analy tic , ~~~ U , between C 1 an d in f i n i t y .

2 .t ’  F I E L D  M A T CU I X ~ ON ’ A X I S  AT )‘ = 0

In the same way as described in sec t ion .2 .5 we require

~E / 44i to be zero at ~)‘ = 0. If we wr ite

2 “ ½W , W~ = + (w —n ”) sinci—jwcosct ( 1 2 )

then (7 ) gives

w= ÷“

0 = J g1 
(w) (w2— n 2 ) 2 e~~~~dW - g~ (w)  (w 2 —n 2 ) ½ e_ P W *

dW*
w=—” w=C 

(13)

0 < p < ~~~

The contour w real gives the contour C 2 for W , as shown in f i gu re

2.5. The contour C for w in the g2 
in tegra l  is somewhat a t

choice . The larger Tm w is on this contour the larger is the

real part of W* . There is a lowest contour , shown in

figure 2.6 for which Re W~ = 0 and C cannot be taken be low th i s

if the second in tegra l  in (1 3) is to be convergent.  A l i tt l e

la ter it will be seen that we wish to make the two contours in the

W and W * plane as close as possible , so we choose w = C to g ive

w~ imaginary on it. If we further choose a new function C such that*

*
This  C~iu ’ ice i a not m.in d . t  t o ry  , bu t  C he met. hod o F th is  a o ’.’t ion
is tl ’.”pt ” n’.l’.”uit on it .

_ -

~~~~~~~~

- . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - —- - . ‘~~~~~~~~~~~~~~~~ ----~~ 
. - -, ‘-“ .‘~~ ~~~
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.2 — 1 2

C 2
- 

W - P L A N E

7r

Fig. 2.5 Contour C 2 in the W— t.’lan’.’

q
1

(w ) (w _ n 2 ) ½ 
= G(W) , g

2~~~ 
(w2_ n

2
) ½ = G ( W * )  ( 1 4 )

then (13) becomes

(W) C PW dW (W*) e
_
~~~

*dW* = 0 0 p “ ( 1 5 )

Now in ( 1 5 )  both W and W~ are functioninq m e r e ly  as dummy

variab le s , so in the second in teg r a l  we can rep lace W * by W.

— ---~~~~~~~~~~-‘~~~~~~-“~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .
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F i o . .1’. t~ Con t our  C i t t  C lie w — p  I c u e

M ci ‘ov’.’ t ’ • h ’.’ C0I’i our  C , can be o i nod t ci t he  i ~~.io m a ry  ax is lay a rcs

at  in t in i t  y (wit  i cli q ye  t ’ 0 10  OFt 1 n I eq r at  i o u t )  , t ci p i ’ .”d u ’.’o t l ie

o l  o: ; t ’ con t ou r  C • ol I u ,; u r&’ .2 . cons is t no of (1) t he i u uu , to  i n ar y

.ix is , .‘ a r c:; a t  j - ’ , C 3) thi ~’ ‘.“.iu l t our  C 01’ t i qu r e  .2 .  a .

i - q u ~i t i t a t t  ( 1  51  caut now be wi’ i t ten a i nip I y

0 ‘.j l~ 0 0 “ U I

j t ’i ’.l  i t  W , l 5  l i i  i ’ t  t O t  t o  t’ .’hi t~ ’V~’ t h i : ;  l o t  :~: t h a t  tu  a nd  q ,  we t ~ ’

‘.‘ho ;; ‘. ‘ t t  o o I a t  eti ta in (1 4 1 Equal i on I 
~‘ 
) i t ;  s at  is  f I t ’’.I i I

0 ~W ‘~ t i . t  W i t ;  . t t t . ~ ly t  i c  in  C . A l  so shown i n  t i qu re  .71 a t he l i ne



- - 11
-

I

--- 

“1

/ 

C 3

W P L A N E
6 r

~
7 r _ 2 a _ _

_ I/~ /

F i q • 2.7 Con t on t ’ C i n  t he lx’— p 1 ~ino

W = — J nco s  ( , i + . ) ‘.‘ c ir re a p on d i  no t o  w = nec iaP  . i t  1105 inS  1 do the

con t our  when  /2 — a ‘~ P ~ 1 .7 , .1 V~t f l O O  f u ”i’ wh j ob C L W ’) is  net

pet ’m i  t ted t o  possess  aj  n ’.’iu i ar i  t io s  . Si n ’.’e we sha .l  1 Li t  or ho

concerned ~ t th  p o l es  a le t i q the  l i n e  w = utco ;; P , C t ho t . inqe
- 

.2 — ci ‘~ :~ .7 must  be ex’.’iu ’.le’.I i f  i t ’  ‘I is C o be s a t  t a t  i ed . 

-~~~—-.-- - - --~~~~~~~
‘
~~~~~ ~~~-- - - - - -—---- - - -~~~ —~~-—
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2 . 7 F I L ~LD ~lA ’~’Clh i~~~ Al’ ~ =

From ( 4 )  the  i nc ident  f ie ld a t ~ = ci var ies as e~~~foPC0~~

and  b e f o re  we C c i i i  f i e l d  m a t c h  i t  is necessary  to put t h i s  in the

forn of an i n t ec tr a l  compa tibl e with the o t h e r s .  Th i s  is achieved

t h r o u ~;h writing

- 
j a w— j n  ~~‘cosa 1 I e

e ~
- = —‘—-

~
- —

~~~ 
— dw (17)2~ j ) W +fl  COSC

0

a result that is readily verified b\’ deforming the contour into

‘iii w 0, whence the pole at w = -n cosa provides the necessary

residue . This is only va lid when ci ‘-~ ur /2 , but since we are la ter

r e s t r i c t i n g  a to be not greater than ;~/4 the constra int is of

no consequence . Accordingl y , with ~ = a , equa ting (4 ) to ( 6)

gives

Co Co

Jct w .
e dw + I f (w )e 3

~~ dw = g (w)e~~~ dw
2~r j j  w+n

0
cos ci j j 1

+ f dw (18)

Before proceeding further it is necess ary to deform C to the

real w—axis. This could not be done before because with the

more general exponent for 0 < ~ ci the in tegrand  was not

convergen t; but with e3
~~
’ in the inte grand it can be done ,

together with non-con tributing arcs at +“ . Now if g1 (w) has

any singular ities between the real w—axis and the contour C

they will oiv e ri se t’.~ a cci ntr ib ul i o u  OU collapsing C to t h e  r ea l
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axis. To prevent this , wr ite q.
~ 

o , +- q w h e r e  q is t h a t
- - S S

pa at  of 
~~~ 2 e ar r ing  s i nqu l a r i  ~as (po les  or branch cuts) b e t w e en

C and w rca I , and is fa c e  F roa ; s ~nL ;u l a  r i  t i e s  above C. Then  by

- - . I’ j~~wiet o r ni in o  ~ t. o ~ ‘ we see t h a t  q ~~~ e ow = C and ( ib ) can

be w r i t t e n

l w ) + J / ’ 2~1 j )  (w + n  c c i s a) ’]dw = C

0 N N 1 ~)

i f  we do f  ~ne a p lu s  f u n c t i o n  h + (w )  to he fr e e  of s i ngu l a r it i e s

for  a; w C then ( l~~) con be written in the  for m

f (w)  + 
~~~~ ~~~~~~~~~~~ 

- h~~(wH = g 1 ( w)  + ~~2 ( w )  ( 2 0 )

Since w —n is above the  C— c o n t o u r  the p r e sence  of b r a n c h  cu t s

at thi s acis .~ L .i on ~iocsn ‘ t of  f e et  ~ ( w )  . Cut p u t t  i n~; F and o in

t a  ant s o t F an d C t_ h ;-ouc h ( 1 ~) ) in ( 1. 4 1 , osu.;  t Loui  ( 20  ) hocota c a

— 
F ( U )  

+ _L [__ 1~~~~~ - 1 — 
G ( W )  f~~~ (~~~ *)  -~~

2 2 ~ 2 i~j  w+n cosci ~ + ( w )  — 

2 2 \(w - n )  0 (w -n

her o , G ( W * )  conies fron t  G ( W * )  by d r o p p i n g  those  singularities ,

i f  any , t h a t  occur  in the  w — p l a n e  be tween  C and the real a x i s .

I f  a s i m i l a r  process is used to ut t atch II , a t  ~ a t h e  f ou i ow i t i

r e l a t i o n s h i p  is obtained

n sinci
—F(1,l) + _,

~2___ ,_  

~~~~~~~ 
— k~~(w)] — ~~~~~ * )  ( 2 2 )

0 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~ -- .-~~-~~~~~~~ - -~~~~~~~~~~~~~ .--- ‘.., ~~~~~~.
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w he r e k4 is a sintilar function to h+ . Equa tions (21 ) and (2 2 )

are t h e  basic relations from w h ic h  C and F can , in p r i n c i ple ,

lao feund , and wh ich t h e n  d e t e r m in e  the  f i e l d s  v ia  ( 4 )  and ( 6 )

.2 . ~ ~~~~~~~~~~ C .‘‘~ R i O~ T I C~~$ 70 T h L  f O l a C T i O N

Pouaticns (21) and (22) b o t h  e x h i b i t  a p ole  at w = —n
0cos a .

This is at a position w h e r e , if o2 (w) (or G (~~*)) possessed a

p o l e  it would ha ve to be subtracted out to form g
2 

(w)  . Hence

Jd c* )  in (21) and (22) cannca contribute such a pole , and only

F ( U ) and G ( W )  can do so. That  both must  do so fo l lows  at once

fr o a - u the different ways in which F , C and the pole enter into

tOo t ’:o e.’uJ t  loui s.

Let U and W be the values of U and W at w = -n cosct .0 0 o
I t is easi ly  foun d th at

U0 = -jn cos2a (23)

= j n c o s ( 0
0 

— c i ) , where ncos0
0 

= n
0
cosci (24)

sin ce , from (24), ~ < 0 < ¶ /2  it can be seen from f igures 2 . 3 and

2.7 tha t U
0 and a re in regions where F and G may possess

poles , and so we p u t , in the neighbourhood of these poles

F (U) 
~~~ 

, G (W ) 
~~~~~~~~~~~ 

(25) 

~~~~~~~~~~ - - -~~~~~~~~~~~~~ - — --
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w hor e  A and B are c o n st an t s  to be de t e rmined .  The res idues at

w =-n  cosci are  r e a d i ly  found  f r o m  ( 2 5 )  and the d e f i n i t i o n s  of

e and ~ in terms of w , and  give

A A / 2j c a s . ;  ( 2 6 )U U  W+n ccsao 0

2ns irt -3
JL. - ~~~2~~ecs~ 0 ( 2 7P-C w+n cos -

~ n s i na— n s in P
o o 0 0

Hence , to match the poles at w = -n cosci in (21 )  and ( 2 2 )

since they  canno t be prov ided in that  pos ition by h + and k~~,

we f i n d , a f t e r  a l i t t l e  simplification , th a t  ~ and B mus t

s a t i s f y  the two equations

A 
— 

2cosa  
— 

2B
n sinci 2t~j 

— 

n sina—nsin~0 0 0

2n sinacosa —2BnsinO
= - 

0 

~292
~~J n sin t — n s i n 2

0 0

with solution

n cosasinci nsin 0 —n sina
_ _ _ _ _ _  o o ‘30lii nsinu3 +n sin~0 0

U n f o r t u n a t e ly , w i th  G ( W )  qiven  by ( 2 5 ) ,  i t  is impl ied  t h a t

G(W *) B. ’ (~’* — W )  and t h is  introduces an additional pole into

(21) and (22) at the value of w for w h i c h  ~~~~ = 
~~~~~~~ 

i . e .  a t

w = — n c o s (~ — 2~~) . Th is pole requ ires f u r ther add it ional pol es

in F and G to sa t i s f y ( 2 1 )  and (22), w i t h  s t i l l  f u r the r a d d it i o ~~ci l
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sets of pole s a r i s i n g  in t h e  same way . Ap p a ren t ly  t h i s  s e r i e s

does not , as had at f i r s t  been supposed , terminate in anyway,

an d so b o t h  t h i s  niotho .J of s o lu t i on, an d also , a p p a r e n t l y,

e q uat i o n s(2 l )  and (22), mus t be considered f a u l t y . The reason

for  this  is not known , but  may be tied up in the choice impl ic i t

in ( 14)  . However , w i t h o u t  th i s choice there seems to be no

obviou s way to proceed beyond the se t t ing  up of the i n i t i a l

eouat ions , and the method f a i l s .

2 . 9  co::cLt~s~ DNs

The spectral  ana lys i s  has led to the two relat ions (21)

and ( 22 ) ,  which  bear a superf icial resemblance to the more

familiar Wiener—Hop f equations. However , an examination of

the i r  pole behavior suggests that these relations are f aul ty

and ra ther reluctan t ly  the me thod has had to be abandoned.

____________ _
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5 . 1  1\ I 11031k ’ l I O N

i ’It e p r o b l e m  01’ t~, i V C  L I I  f t ’ t’ : ic t i o u i  1w a n e r t t ’t ’t lv  co u i duc t  i I i ~~ m e t a l  I Ic

tcedt ~e has hectt sot ~‘eLI 1 1  . 2 j . ftc t i n a  lotIOUS proF 1 em o t’ d i  t t i ’ : i c  t j o l t  1w a

% edLl e ic 1 th  imp e d a n c e  t :uce ’-t has  t i  I so heett  so t  \‘CLI 3— 10 1 . A t lenet ’a 1 i ‘ a t  i - au

of  t h i s  so lu t  ion t o t h e  case  o t  a d t e l c c t  i’ic wec ,ii~e , e t t i t e r I r e t ,’ 01’ i’est i n ’ :

Oti  a sem i — j u t  I t t e  m e t a l  p l a t e , e t i t a i  i s  serious n i m i t h e m a t i c : i l  d i  t ’ t ’ i c t t l t j c s .

A p:i r t  t ’u’ oi: t  he l u g a c i  : m s s  i c t i  1 boundary v:i inc prohi cm t he LII  f t ’r ac t iott

ot  elect r o i l l a gn et  ic  wa ves  1w :i ~ i e l e c t r i c  wed ;~e i 5 of  p , i  i’t i c i i i  :11’ t t t  t, ’u ’~’~ t

it) the theory ot  d i e l e c t  n i .’ w a v e  c,i, i i le m a t c h i u t t ~ [Ii , 12 1 .  l’ t i L I  10 l~ l ’~~m~ : l - : : i t  ( 01 )

o ve r  the earth j13 . I l l ,  an tI  i i i  r a d a r , t o t ’  t h e  e f f c L ’t o f  Sc , i t t  an tI : 1w

d i elect i’ ic  t’ a do uu ies [ 1 5  1 . An au ia  1 01 10115 pr oF 1 eun to t h a t  o t’ t h e  d i e  I (‘C I I ’  i C

l%’eLi gc is  e nC O t lu l t  e red  i n  t h e  t ’ i ci 0 0 1 a c ou i s t  ft s [I  (~ and in  s e i s m o l 05 1 ca I

s i t n at  ion s  i n v o l v In g  t h e  I ’ehav ior  ol  Ray  I c  i g h waves  a t  t h e  h o i i u i d , i r v  h e t w e e u t

t h e  ocean an d t he  ezi i’th 1 . ,  1 ~ . I ~ is  u to t  Sn l’I ’ I I  S i  t i 2  , tli cu t • t h a t  t Ol l —

s I derab  Ic i’ t ’ S (‘a i’c Ii i’ I’ t o r t  has  heeui dj  nec tei.l t Ot’. a nO s t ite  p roh  1 etti o t ’ d i t ’—

fr a c t  l o u t  1w :1 di e lectric icetI~~c [1 9—3 0 1 .

An u n d e r S t a n d  t u g  of t i t i ,’ di t f u ’ a c t  iot i  by a t l i  ci L’C t  t ’i  I.’ W0113e l’ t ’’t t lu g

on a sen i — i n f l  u i i  t e une t a 1 p l a t e  i S ot  i n iport  a u t c e  in  t i s  SL ’ss I 115 t lie ci t ’t ’t ’ t 5

of d i e l e c t r i c  suppot’t s t’o 1’ :1 wa v , ’ i.~ui idi.’ teed i i i  u u ui I t t a  t i ug a r e f  i cc  t or

ant  enn :i . .\ uiutnbc r  o t ’ yea u’ s ago Thv id ski i I 3 i~ prop osed :1 luiet  hod , w It I cli ,

he c l a i m e d , w o u l d  i ve  e x a ct  a n a h t i t ,’ s o l u t i o n  t o  a c l a s s  a t ’ t ’l S o — L I I I U C n s i ( ’ I I . i l

w~~l gt .’ d i f f r a c t  ion  p r o b l e m s .  l l ouc e t - et ’  t I i t ’ S L ) I i I t  io n  t ” h t , i j t i ~ t l 1’” l t i ’ ~ t i  It od

c o n t a i ns  branch cut int egrals w h i c h  he does nOt eva l i i : i t t , ’ . ( I polt (‘\ . i l t I l u i i u i

t h e se  b r a n c h  i’ut i u i t  e 11r ii  Is we t o l i n d  t heun to ‘‘ cxi ’ I ode ’’ I i  i t O’ j u t  i t ’  l i t  

- - ~~~~~~~~~~ ~~~~~~~~
-‘ --- —

~~~~
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cou ’ q’ I a .  ‘ \‘ I L ’ ! .i  t i ( ‘t i  o f  t lie r:id ~i I t o u t  co t t d  i t  i o n .

S i .  cr a  1 a I (‘mIl l ’  I s iL t ’I ’C 1 I I , I C ; ’ 10 tuiot ,I i f~ h i  s i r ’ ) ’ n ~’ I C I I  ‘.0 .15  1 ’

thi s L I n . t \ S h h L ’k hut  d i d  not  mee t  ic i  t ii S i l L  C L a S S .  In t l i i 5 i ’ e I l o I ’ t  . 1 i ’t ; ‘ l ’  5 i L  i i i; 1

,i b n i e t  ‘ ; Ilm ’mm:m.i t ’ v 01
’ I i  , i I s h i  I ‘ s N ’ u ’n h I P h t  i o u i  i~e proceed t o  J i s c m i z s  V . m r i o t t s

i t ’ c a t  a m u  ~ t ha w er e  t t ’ i  ed I 0 c i r c i i m m m v  en t t lie I ’, i  I I iit’ e ot ’ It 1 s ,i ‘p re , i  c l i .
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lie h mi ’e l’i ei’c lt iadt ,’ u se  o t ’ t lie r t ’ I m t  j on r (~~) = s iii & ,‘ is m c
u sing the e x I ’ n L ’ S s I t inS ( S m ) ,  ( Sb ) , (9) mu t d (10) for Ii , E 1. mn

resp ect i v e l y  lsC ob t a i i i  t h e  t’o ll t l l c i t l g  Set of funct u o tial

e t 1tu , i t  j ou t s  ton s and S~ Si.’ is to  slit i s fv (a )  — (2 0 )

~~ 
; * : )  = s (  t+ ,

0
) ( l l t m )

s
1
( .i)- -~~1

) ~~~~~~~~~~~~~~~~~~~~ (i ll s )

= r (a t ) 
i 1 ’ i)]

~~
s i ~~~~~ 1} ( l i e )

= 5
~~ 
[~ L~

) J+ s 1 [-~~~~~~
) I ( l i d )

3 . . 3  Genei ’a1 i:ed Two—s idcd Lap lac e  I ’ t ’; i n s f or m

In order to so lve  ( I  I a — l i d )  T h v a t h s k i  i m t  rodiuces the 101 l o w i n g  trou t—

form rela tionship.

= J t ( a ,~~)e~~
t ’~d~ ~e(~~) t ( a .~~)) (12)

which repre sen ts a fut’m ct ~t t 1  of one arguilment in terilis of a function of

two a r g u m e n t s .  I f  t a~. O )  i s  h o t a f u n c t i o n  of ~3 then t he  above trans-

form goes over  to or t l i n arv  t i co - s ided  L ap l a c e  t r a l t s fol ’ m [ S s ]  . I t sho u ld

he noted t h a t  g i v e n  O ( - t) the function t (i , 3) i s  not u ti i qnc S i n c e  to

J tt V  g ivc m - m t (~~,~3) s a t i s f y i n g  ( 1 2)  otie cou ld  add an o t h e r  f u n ct i o n

t . 3’) Is 1 th  t he  pi ’opel ’ty

L t 0 (a ,~~) e °°t,l~ = 1) (15)

In the case  when the f i i u i c t  ion  0(a)  has a 1) 0C c.  a t  the  p o i u i t  a = i5~~. with

U n i t  pr ’utc i p l e  par t , in t he  s t r i p Re ’~~I~c~ 1<R e  (0 , 1s t,’ t h c i t  have 

—- -~~~~--~~~~ - —-- -- — ‘-  . 
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3 - i l

— i 0
a (a ~-a 0

) = It t i  . -~~o) + C ]e ci , - . ( i - I )

I’he st, ’com itl t t ,’u ’m iii t h e  ‘i ’ i c L t ,’t - Ct)ni’tsSliOtltIs to I h i . ’ iok’ of tiit,’

f t i m i c t  lo ut (It the p o i n t  cu = y0. 
‘!‘lie C L i l I v a h l i  t ’ h l C C  o l  the i’ai)resent l t i o i i  ( 1 2 )

h a s  in  t h e  fac t t h a t  in c e r t a i n  1i l ’olil ellis t h e  f t u i c t  ~otI  t (o , S ) iim ;iv be

t ’egi  rdcd , ic i t l i o i m t  cont  I’OtI j e t  tu g  t he  c~~tt t I i t  i ot t i t  I i t iposed on t he  pi ’ois I c l ,

as p e t ’ t o t l i t ,’ in the ii’gimm i. ’tit - i , IdIi.’l ’cms t h e  t
’
imi i c t It i u l  0 ( c )  i s  h o t  p t , ’ r i o t , I I C

An CX OtIi l )  I c  is  t he c isc whe t i  0 (
~
) s i t  u si ’ ies the  I ’u i u c  t t o n a l  ~‘q iiat loll

0 (t i ) = q(~ )o ( f l ÷ ; >
) ) + f ( t  ( 1 5 ( i )

is h i a i ’c q ( i . )  = t l ( ; c L - : i  I au it i fUt) is i ’ep i ’e se i t t a h l c  in  t h i t ’ fo m’ln

f~ a)  = f I (~ ) ~~~~~~~ = cott s tail 1 ( 1  S l i )

l a k  I rig t h e  t r a n s  fo l ’ Il l  of ( I  So) we oht ( t i l l

t ( i t  .0) = 
~I ( 1 )  e t ( l+- .~~ ,0) + F ( 0 )  ( i i i )

whose 5 0 1  t i t  i O I l  I t iOV he WI ’ i t t  eli  i n  the  t’orui

t ( n , O )  = F~ 0 ) L ~ 1t i (~~) e  0 
(17)

(I

w h e r e
-j “ k

1’ ( p ( ~~b )  = I + ~ I)(f\T ) (1S t )
- t  C) L i

I ) )  ~) = t ( ( t ~~ ) C ( I s h )

Sitic e q l t ’t) = t ,iU~~~l1) , i t  t t ) I i O I c s t h a t  L~~l i o - t ) I i s  i u i s o  p t ,’ i ’ t t t l i c  ~5 I t h

11t ’ I ’ I O t I  IT . I i i  sji~’ci.il c l m 5 t ’’ , z i s s u u n m i i ~ t h u t  C ite 5&’i’ii’s ( I S a  I L ’ t i l u i . e I ’ I I ’S .

_ _  _ _  . - - - -
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I t C ii.t ’i.’e

I ~ ‘ t  u )  j - I / I l  1u ( I  ~I ( I  ‘ I )

~‘ hlI \
I t  Ii P ( °  F I i

- — i i  i 1( I  - - 

~~ 
-

- l I I \
I p(~~~f i )

V 0

i ”  1 , 2 , . . .

= 1 , 2 . . . .  ( ‘ I I )

I L L ’ t Ii t ’ li 10 l Il t,’ t i i l I t t 1 0 1 1 1 1  i.’s h l I l t i t ’ l l ’ . I I I . i  ) — ( I  I L l ) . 1 1 1 ( 1  I I i l s i k t ,’ I lie

l ’ l l o i s i i i 1  u’ t s h i l ’ ; , t ,~t t t , t t  I t ’ l l - (
‘s i r 5 (i )  .in i  ‘~~~ ( i l l  ~~~~~ I

“ I ( i~~ : C I 
( s i , -~~~~ • ii. i h i t  C h i t ,’ t ’ t,’s I i ’  i t ’ I I t ’ l l  ( l i i I I I S  , i l i  I I l l  t,’~ I ’ m 1 111111 1 i j ’ l  e

~ i i ’ il / 2.  t~t ’I i  I i iun I l i l t  t h i t ,’ i’ t, ’
~~

i t’ t,’st ,’ii t .11 i L O l  ‘; ( i t  1 ~ i , 3 ’ )  h t ,’~~oi td  1 l i i . ’ p0 I t ,’

i t  t , we t ’hs i i i  It

(dl  * ; ~~~ f I t  t i t ; ~~ ) 
a3’ m l ~~~~. 

(2 I)

5 1 1 1 c c  1 (~~u )  [ ( L I - I ) , t lit ’ t’ti u it ’t t t ’ i t i t  I a .3’). t~~( i . 3 ’t  l i i i  c , i p c t ’ i o t l  II

It i t  I t nt, ’ ;  ‘cc I I 0 dl . W I  I II l i t  i ‘; t o e  t j u t  un i nt l l t d  oh I . 1 1 1 1  C lit , ’ i t ’ i i  01’ I I l t ~ - ‘ I ‘. 1  ~ I I l

t ’i i l i h l O I i l L O L ’ t i t ’s ’i I ,  t u i i t c t  u o i i .i  I t ’ s j l I i t  I O i l ’ . t t ’ i ’  t (O , 3 ’)  (llI ~I C 
~~~~~~

— o;, - -4 ’ 3’ ~ 4’ 3’
[t (t u~~~1

, 3’) t,~ 
(1 

t,
~ m~ 

~~~ ( -  - t ’  

~~~~~~ 
-3’) ~ e t,, 

( I  
( ‘ . i )

= t 
i~~~~~~

3’
~~

’ 
I

I (a . o )  - 11  1 , - 3’) ( 0 )  1 ~~~ 
- 

~~~~~~ -O i l  ) .~ .
‘ c )

- ) F h ( — ~t . 3’) I~ .01 
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(2 II

( i t ’ i ; i , t ~ now t ’l~ j a i n  ( d l )  h ’ c  i l l  I t ’5 i’ .i I i i t u ~ (2 I)

‘. ( ‘ ; )  f t  ( t ~~. 3 ’ ) t,’ ~ 3’sl ~

I t ’ f i n d  t i l t ’ t
’
l n l c t  ion s.

~~
(: (i .) ) . i s l i i c h i  i l l  t i l I ’ I i  d e f i u i t ,’s. s

1
( i )  i u n b i l  i C i t  Iv ,

Icc m; tV C I I ht ’i’ I i I t t l  t ( d l  a) C h i i ’ t ’ i i u h (2 ‘‘c ) . ( 2 _ i d )  h u L l  ( - ‘ I )  au i d  I It  I C5 i’a I t’

t ’r  S m i i ’ s .  C i t  l i t  C (t, i t~ S i- i) i n  I i  c h I lt! ( 1 1 ( 1 )  miii Ci I flU 110 1 L ’ S~ ( —c ( L i

I n  pr ’ i i t c i p l c  Ou t , ’ c t i t i ll I I I v L ’l ’ t (2 -1 ) t o t ’  ; 1 1 1 \  . i n I - i t  na i-~ “ 0 ~~~~~~~

.t i t i t i l t  i~ i I t ,’ ~,t  1l~
’ 2 .  I h t i w t,’vt ’i ’ t~h cii  4’I~ 

I s  no t  , m i n u i l t i p l t ’ t O ’ 7 1 / , ’ , i t

h l t , I \ 1101 lie 
~

L I
~~

; ’; i i ’  I c  I L i ( ‘ l i t  t i l t  , i  c lo s ’d t ’o i’ili cx~’ne - ~~ I t ’ l l  ( L i i’ c ( ‘ I ) C l t I ’ t ’t i c h

(2.’).

5 , _ i . I .~ 1101 C ( ‘ I i  t iW ’ ~‘t ’ l i l t  l O l l  (Li t i i u t c  I i t i l l , l  I c ’( I i i . I t  i o n ’ ;

I ve i t  I I l s i t l u ’ i i  s j - ~) I L I t L I  s 
I 

(a) • . i S  ol’ h a  i ute d l iv  I i l L ’ , I i ’ t ’t L ’ ~il ’0t ,’ C t I t i l ’ L ’

w i l l  ‘ I t t  j s . t y  ( I  l , t ) - ( l  l~ I )  I l t e l ’ L ’ t l l . i ~ I” t ’h lit ’~’ - ;s ’ I t i t i s i l t ”  I t ’ t h i s ’ ; i s t e i i i

0 t eL i tIhi I I ,‘li’. , l ’ltci’ c’ u re C i s , i i’ t ’ ,t  “ t i l l ’ ;  t ’oi’ l i i i . l l t t ’  (‘ i t ” . I i ‘; t h a t  t ~ - t  ,O ì

IS  5 1 1 ( 5 1  ‘ I  (2-I ) l l l , i V  nL ’t  ‘it , ’ l ilt ,’ s i u t l i  ‘ . o l m i (  t oil t t i  (_ i ’ , Ii — (2’~I). il i e ‘; et t ’ h i 5 I

. 1101  C lie IUt ’h ’ t ’ t l l i i i o u ’ t  t i l t  t ’ L’ , i ’ . i ’ l i  I S  C l i , i t  1’ -’ I t t ’ lllt, ’l i t  i t , t l 1t, ’~ ( .‘ ; t r l  i c u - , ~~ i v t ,’n 5( 1 )



- ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

S I I

I u’ , i j t s  t L i l ’ I l i  I ( L ~~ ~.“ )  I S Il t i t  1111 I ( j i l t ’ . I h t ’l i t I,’ I l i t ,’ t’ s i i i ’ -~ ( ~~‘ i ) — ( _ i 2 L I  1 LI t )

1( 11 1’ t,~~i 1 ’ t~~. t d l i t  , t  i i l t i t ~i i t ,’ t l i i i - . l t ’ i ’ll i i . ’ t  t i l t , ’ I h i l l t ’ t  I t ’ I l , t  I t, ’L~ l i . i t  I i~~’~ 1 i , i  1 — ~l I I i

I h t ’ i i ~~t,’ t h i s , ’ ‘.t ’ l i i t  b i t  I s ’ 5 ( t \ )  , i u i l “

~~ 

( - ‘ ( i )  ) i S  t i i i t . l I I i t ’ s i  , t j i t ’l , t ,’ ~10t 5 i I , ~~t

1 ( 1 1 1  t,’ .1 I t i t  i s i l I t ’ ‘ ; t ’ i i i t  l ohi 10  t I l t ’ j ’ t ’ t ihi I t,’lll ‘mi t i t  i - ‘ OutII . i ‘ t n t  i t,’ i i  I . i t’

iou t o  t h l t ’ l i n t e l  I s ’ I l , i I  u ’ t j i i . l l  i t ’ l iS  ( 1  L i ) -  ( l I d ) .  I , ’ t ’ l i t ,’ek t i l t ’ c t ’r r t ’c t  Is ’S

. in i  t h ~’ l , u l i ( I t t v  s ’ t t I l t ’ ‘ s ’ l i i t  i s ’I l  ‘ Il e  I l i ~ .t  t ’i ,t l t i , i t t ’ ~~~~~~ l i i i  F
1~~

, .-~ l

and i.’ t ’ i t ’
~ I t  t h e  f i e l d - _ so ~‘l ’t;U ttt,’tI 5.11 t - ’ l \  l h L ’ t’ .ltl ’t . l I  I t il t  t t ~ i l s ’I i t  l O l l  ,iiis,1

C l i t ,’ t,’t,l~ c ~‘otid it I t ’l l .  l’s t i t  l ’ s l i t ’ sIt u I I S I t s ’’; . I b i t ’ o u u - hl ‘ I ’ L ’C I I I ~ t,’\, 1 i 1 1 i 1  ~~~~ I . i  I t ’ t ’

t h e  f i t ’! 0- ; oI’C ;i i ht t ’tI I h i i ’ ~’tt  - i t  i i  t i sh  I I ‘ ;. b I t t  hod L I I  vt ’t ’ :t ’ i t  i l l  I i  l i l t  I .tnd

i t t ,’itc e t , i  I I t s i i l l i . ’t,’C t h ’  i’ , i s , I i t t  1011 C O h i t l i C I t i l l . W I i t ,’lt 
~~~~ 

I S  1 b I I t (  C i 1 i 1 ’ ‘t

~i _ i  i t  i s  ~ t ’ : ; ’ . i h I t ,’ I t ’  s ’ h ’ t . u i ht I l i c  l I t L i S t  ~i.’ii ’~’ , m I  st ’ I n l i , ’n t o  ( l 1 , m ) - ( 1 I 1 1  w i t h

L i i I t  t a k i u i ~ rt ,’t,’o t i n s t ,’ I L l  C — h  i’, u i i - ;  Io l ’lI t . I1 L ’Ic t,’i t,’u ’ i ll ” ’;, ‘ m t  i s ’l l  t O  C i i i  —. 1  S I  t ’ lbl

t ’ l e t h i u l u l  I O i lS  I s .  fon i t ! I t ’ i’ t ’ s . m i l  t i n  t ’ i t  i t t ’  i l l  l i l i t i t , ’5 I ne~i I l t s ,’ , ’ I I l I 1;  p1

Ic. u v c ’ or  .1 i ’ t ’ h l l l t , ’i l  cU t j i l t  t~ b ’ l ’ , l  I it i t  Ii (‘ .\ I ’ t ’ u i t , ’ hl  1 i i  I 1 i’ L ”; I it i t  i n  I’ i lii 1 V . R o t  Ii

t i n  cit I t t , ’l’ of C l t t ,’st ,’ CO l l i  I t  1 0 1 1 5  t,’L i h l S t  i t  n I  t,’ ( I 1 i , ’ I , i t  I L iu i L 1 f t h t , ’ l’ ; l I  I .11 I t i l l

t,’ L , u i L h l (  i O h i . S I I i t , ’ t ’ t Il t ,’ s’s ’-.t  t, ’l iu o t  (‘(~~t S j l  i . i ) ” ~~ I I d i  ; u l t~ I C ite l’t,’1i i’L’ S C l i t a t  ioui

t i t ’ t he  (‘i t ,’ I d s  . is .  a SL ’ m il l t ,’l’ t ’ t,’ I L !  l i l t  t ’5 I ’ .I I o v e r  C h i t , ’ N t  I t  ) ;i t ’ t,’ t h e  kt ,’v

Step ’; i n  T , i i , o I ’~k i  i ’ s iitethi od ~se  t’ L i l i t ’ I l i d e t l  t h a t  h i s  IIlc ’ t l l t ’ tl ( i i  I s  It ’ g i l t ’

ht ,’ eon  ret ,’ I so I l i t  i t ’l l  t o  t I t t ,’ 1 I ( ‘ ( ‘r ae  I I t ’ ll  p t’oh i i t,’m . iVe dt,’mo tl ’; I i’ .i t e I h i s

I l t l ’ s i i i 5li . 1  ( Cli ‘‘I’es _ ’ i t i c  C X ; i I l l I ’  I ~‘i ;  

-- - - -- --- — _ __ __  _
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t i N

I N F l  N I i l  ~‘lF
i’ . \ l ,  l ’ I , \ I i

— 3. 5 . 1  : 0 V , l i k ’, i i~~~~ S~’I t i [ ’fl

a t  i m . ~ e o i i s i d e u ’ l i i i .’ C I S C  L t I l d l I  -~~~~ 
= 

~~ 
= I T / _ i . t o t ’  I s h l i c l l  t i i t ’ t ’ \ . I d I

so h i t  1011 i S  itt ,’ 11 k i iotc ii  t h i l ’ s ) l I ’ ~ i I 5t ’ t i l h t i .’t i ’ i  C opt i Cs.

l i t  t l t  i s .  s,’ , i S t ,’ (2-1) s imp  I i  (‘It ’s to

- 
2 s h t 3 ’  

~~~~ ~ 
{ chl ~ O - t L i )  sli 

( 1  H ( C l ) )  S h i b a  ( _ i t i )

w h i c h  upon i h l t t ’gI’(i t iu t g l’.’su l ts i tt the t ’ ’ h Io tc i t t g  e x p l ’ a S - ; i t i l l  (‘o r  S I - ’ )

Ct )  SY cos~1) 1 — - ( -
‘ 1 Il —=  - - - - -~~- - - 

~ 
(ii

5 1 lidl 5 1 1 1 1  ))  
+ I ( i l  5 i l l - u  ‘I 

0

The f l n l c t  i t ’l l  s
~ 
V~(~

) I l i l l y  l i e  o h t . t  lui e t l hy siul i st itnt l u g  t t ’l ’ s ( i )

i l l  (1  l c )  ( 111th ( l i i i  ( t I l t , 1  I S  g i v t ’tt  I i \

2 c u i s _ , _

~ 1 L ( ‘~~~ = T1+T~i 3’fts i i t i ~ s i  ~~~~~ (2  1 1

It tl i i s I’’ j i l t  , ; u ’ , . t t , I sk i i  St  O~ ’5 w i t  it Ii S Ohl l i . ’ i t h l h i t  h I lilI t i S I,, t u ’Ot ’l l t  wI t It ’ll

it t ,’ qu o t t ,’ ht , ’ t’t,’ . “ I’Iit’ ‘ L ’ I t,’5 L i t  the t ’n u t C t  i 011 5 ( o  1 5 i t  t i l l  i t ’~l i l l  t h e  sI t’ i p

—1I ’. c . bl f i r  t = 
~~~ 

t t c i t i t  j i i ’ i l I t i 1 i I t ,’ 1i( i l ’ t S  t,’L u ti ; i l t o  I ( t U t I  I l — I  ( I ~~~~~~ 1/

I i  + i (~~‘~~ ) I , b ’ t ’ h ’ t ’.’t  i vCi )’l h I n d  ( 0 1 ’  -i I l T — t
0 
) {ic i t l i  p r i n c  p I t ’ I’ - u’1 s —

(h Id — I  l — r ( ; l - 1 ) I / I  ! 4 - i I - ~-~~) }  l l i h i k t ,’ i t  p o s s i h i ~’ t o  t,’o l u i j i i u t t ,~ ( l i t ,’ S lm u ll t ,’t ’ t ’t , ’ I L I

j I l t  e c n i  1 ( : S ; I  ) ~~~
‘
~t,i C~~~ o h i t ; i  i l l  Ch i t,’ t’I c  I i  i n  t h t ,’ ic t ,’d~~e (0 , ii 2 1  i t t  (itt, ’ 1s , ’ i ’ lbl  t i t

Il S h i l l  t ’ t  t t , ) i i t ’  ~iIautt ,’ I s , i l s, ’ ’ ; . i t t  l i i i ’ ;  t ,i ’ ;t,’ th ici’ c is l i t )  i.’~~l l l i t I l ’ i t ,’; i i  \ t , t \ t ’

rod l i t  ci l iv t l ie c ’tI ~~e t ’  t
’ 

C ite  ist ’~Ic t , ’

I R ’I5 t I  L ’ r Th v o l  s. i i 0% t, ’ r I L ) ( I k S  1 15’ I I  I I I I h ’ t ’ 1 .1 l i t  t i c  1 t~1’ . lo  ev ;u 11111 I t ’ I I t t ,’

l i l t  L’;’r,l 1 (Si) t i l t s ,’ hill s t o  t,’ L’—~.’ I i ~~ t,’ s ’ I ’ l  ‘ I l l ’  \ I I I  0 I ’ t , Ier  t , ’ p i c k  I l l ’  t i l t ,’

po Ic- c  I ‘ - i  l i C  011  I !i~~- I ’ c ’ , l  I , m x l  ~ . t y ’  ‘;~‘u Id  h i L ) i ’ b b l , l  I I v  do t h i  c hi s - i d ii  ut g I I ~~ ’

-—- - - - --~~~ —-- —_~~~~~~~- --—~~~~~~~~
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pa t i i  s o t’ st. ~‘pes t t ,It ,’sc t,’nt 1) . I) wh i c l i  a i’ t,’ t ic fo i’tii t~i.I a i’t,iutitl t h e  h r an t ’lt

cut s , t,lue to ‘t ( t X )  , us shown i~ F i g . 3 .3 . In  t h i s  p a i ’ t i c t i l i’ c a se  I~

a i’e s ‘ac t,’~l ( L p . m l ’t  by C \ ;t  C t  l v  211 (intl s (- ‘ii bt ,’ i n  lie r i  od i c ‘; i t  h i p t  r i ’i  2

t i l t ’ j l it t ’di’a I s  on I) in I) c ( i I i c e I  each o t h i t ,’i’ . I ’ I i t ,’it i t t ,’ I 1 F C  l ef t  tt ~~ t li+

tlic ‘I ’ ; m h l c h i  c I ( t  111 1 ~‘3 ’r . I  Is a 1oii ~ t i c  . i t b i s  B 1) . B
IT 

I S  S l I O l s u t  in I- i g. I)

i n  at, !t, l t t i o u t  t o  t h e  nt ’s i d u e s  f non i  t i l t , ’ p o l e s  ( i t  1 = ‘ ,
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In th is ippcnd i x we oht~i iii an e xp r e s s i on  l~ fo r  thi& ’ i m m t c g r ; i l s

oycr t i l l ’  b r a n c h  c u t s  B (= 11 f R  ) ami d It ( - It  ~It ) a m i d  show that these9 9 • 0 —  -~ + ~~
_

m t  e~ r,m Is grow e xp o n en t  i a I l v  is ~ “‘ .

E l s ( i ) e .l 0
~~~~~~ do + ~~~~~~~~~~~~~~~~~~~~~~~~~ 
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~° do

a —

~ \ I . 1 )
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I m a
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By a suitable change of variable we may writ e t
b 

as

E
l 

= 
B’ 

S ( 0 ) 0  .1 l c 0 5 ~~~ 
~~do - J ~~~~~~~~~~~~~~~~

9+

+ 

B 
s ( o ÷~ )e J ~~~~~~~~~~~~~~~ do - 

B 

s(~ o+a Ic CO O+~~) do (A1 .2)

0+

N o t i n g  tha t  s ( — o )  = s (a+1T ) we IImaV w r i t e  1
b 

as

1b s (o) [~~i9c o 5 b 0
~ n 

- 
iP c o s ( o + ~~)] do

(1 +

[
~_JP cos1o÷~) — ~~~~~~ ~o_ ~~ )] do

= _ 2 i
J 

s lo) e_ J l ) smo 
s in  (acosa)dct + 2 j  f sl_o)e J~~~

hi0 
simi lacoso)dO

0+ 0+
- 

(A1.~ a )

where

a = Pcos~ (Al .3b)

b = psin~ (A1 .3c)
CO 5i~) ,~, ..

s(o)  = . — ~~‘~~‘~° —,-_—— (Al .3d)S m O —  S I f l I~0 
M+s 1110 S iI iO+S

M (n —cos ct) (Al

and the  s i gmi of M must  be chosen as S iown in  F i g .  A l  . 1 . N ot ing t h a t

- —~~~~- - 
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on ly  tile second terni  in (A l .311) wil l  c o n t r i b u t e  to the  branch cut

i n t e g r a l  and c h o o s i n g  the proper s i gu for  M we may write I i as

the f o l l o w i n g  sum of two  l i n e  i n t e g r a l s .

j 
~ 

(1

- /‘ Mj s i n a  1 — l b s i n iI = — S l c o s y  I - . e - s in ( a c o s o) dab - 1) j n — I  
Si I l 0~ S

J ~‘ 9
- I M~ sin o  1 j b s in c t

+ ~-~~co-~y - . -
~
-—--— e SL f l ( a c O s O ) d a

- U S m n C t — 5

(1

Sj c os~ I 1M l s ~~3 1 
- e~~~~ sin ( ac i i l i ) d ~3(~ n — i  is li +s i n , 1

3
0

- 8jcos m ~0 ~~~~~~ ISh~3 s In~ 11 
c 5u1

~ s i n ~ a cIm ~~~1~ (A 1.4zi )

where ch~ 11 = n (Al .41’m)

Since a and b are p o s i t i v e  when 0 < ‘- 11/ 2 , it is i m m e d i a t e l y

clear  t ha t  t he  f i r s t  in tegra l (Al .4a)  grows e xp o n e n t i a l ly  as p_4~ w h i l e

the  second in tegra l  converges  for o i l  p.  We note  that the d i v e r g ing  i n t eg ra l

corresponds to the unshaded branch cuts  B 0+ and
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AI’ I ’ I  Ni l l \ II

I n  t h i s  append i x we obt . i  i n  S (~\ )  as  g i v e n  1’~ S a l  by i n v e r t  i IIg

t . •~ 1 mdi mcli is i Vemi 10 (521

cli (
~ 

1- t (0) sh ( 1
= 2 s h ( ~~~- S1 /21~~. TT4Tt~ I s  2 T I - r t~ I sIi~~

5 ( 0)  J t (0 , , e ”1 d~ (A2 .21

s~~ l may also be w r i t t e n  as the sum of the f o l l o w i n g  m i i t e ~~ra l s .

5 ( 0 ) = f ~~~~~~~~~~~~~~~~~~~~ 
- j It( \ .~~)-t (\ ,-~ 1 1sIi ~~ dA (~ 2.5)

‘m i t e r  subst i t m i t  ing b r  t (o4~1 amid t ( . $) we oI~ m m

sIl l i
~~

-S ’ ~) I c h i  , l c I m o S # m
s ~l = 2 

~~~~~~~~) ] [c h ; ..\ 1sh l~ 
- :- . (A2 .-I a)

wiic re

1 L ~a)  
- cost 0 ~ t ~ L\: . IN

14- tV t l

Not lug hat

2 ~~~~~~~~~~~~~~~~~~~ 1 14t(0) 1cII I~ •~1)~~ ’ 1 1 i  (0~~ cIi (~ -o1,~
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- m l  3 I I ( L 1~
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l i i  t h i s  m 1 s p e n d i \  we t m- m a s m o m -~n ~ t l 1  J5 m m c i i  Isv t~~~ .i )  u i l t o  t h e
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wh e r e  m~e h av e  ; ; i d e  u se  o . I c )  m m m d  .-Iel oli ipoSed t h e  c o s i n e  ; ‘ r o . - I m m c  r s  -

I po;i fmmi-t l ie  r dec om ;n ’os i n  ( \ 3  . I )  we oi’t .1 i n

= 
- 1 / 2  

s i n ( , 1 -C t / l T + S t )  - s i u ( 2 o - t ~~~~~~~

+ sin(2 , 
O

_
.d t I )  s i n ( 2 , ~ * , 1t ” ” l ~ ( c o s 2 .~ -c~~s . - 1 )

= _ .- — -
~~- ~5~~I 1 ( 2 L 1-c 11

t ~~~~~~~~~ C 0 S ( . t t T l - S t  ‘I

L I — A )

+ cos (2o-ot ÷ S t / 2 )  s i  I m ( ~~0t i i - 3 t 2 ) ~ ( c o s 2 \ - c o 5 2 . -  
il~

= ~~I s i i i 2 ~~11cos~~~~1t ‘f~7~~T) - c os 1s i n ( L 11 t
, i - St . 2 ) ] c o s ( 1 t / T - S t 2~

+ [cos2ocos  ( o t / ; - S t / 2 )  + s in2osin (~\t/ n - 3t 2)  ]s i m i ( ; , 1t i - St  2~ / (cos2o-cos2L 
~~

— - - -~~~ -~~ ~- - - —— - i n 2 ~ ’ 0
cos (~ ’ 1 t - ) c o s ( O t / r - 3 t  2) +

(1 -  \ )  (c1 ’S2 . i -cos2~~1
) L

smn lsin ( ,)
1t r - 3 t  ; 2)s ~i i ( 0 t  i - Sr . 2 )~

- 

~~~~~~~~~~~ 

s i n ( 1t 
1- . ~~)c o s  ( o r / I l - S t  2 ( A S . 3 1

By a d d i n g  ( \ S .  5) and (.‘mS .3) we i m m e d i a t e l y  o b t a i n  (3 ( s) .
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in  I 1 1 5  I I ’  d i d  I X  w e  }mow V liii , i i I v  b r a n c h  c u t  f re e  so I mit  i o u  S ( 5 )
t . - s the t ;m:i c tmoii.il c q ; m . I t m o u i s  ( I l i - I l d )  wi t ); .

~~~~ 

= 5 /2 amid 
~ l ‘:12 .

‘c p c : ;  od ic i n  u~ i t  ) m ‘er od 2 .

he I ;uh - t I . -~l i . i  I e q i m ; i t  t s ’ l m S  .1 i c  as (ol  1.- sis s

5(0 1 = S ( - ~ & + 3 ) ( A l . I~~)

= ~~~ I~~(- - s ( ° ~~I + 1sL ~)~~ t - ~ ) I  ( A t . ) ) ’ )
—

s 1 ( , ( 0 ) )  = (~(-o - 1 )  i . l c  1

lshi L ’FL ’ ( ‘ m l . Li )  ,ni d \ i  . h e 1 .- I ; Io. - I i t ; e d  b i a s  ot (110) and (Il ls ) :nid

( ‘ m l . 11’ ) i s  o l s t  a t  mic ~I by c.-’ai ’ in  j u g  ( l i e )  and ( l i d )

I s~ ~. - m ) be any so I m i t  i o n  o I ( ‘ml - I a )  w i t Im no b r a n c h  po i l l s  . lh cn

= s~ ( i + . )  ( ‘ m l . 2 a )

t s~ (°) I1~~~~~~~~ 
+ ~ [ 5 ( + s (0~~. )] ( ‘ m l .  2 c )

_ I  ( t )

am id

= 

~~~ o) ~~~~~~~~ l ’ ; ) - ~~~( s f ) I  + 
~~~~~~~~~~~~~~~ I ( . \ - ) . d)

S i n ce  s~ ( . --~(~~) ) has t w o  t er m s  one i n v o l v i n g  r ~. o) and the ot he r

m ndepen d .-mi t o f  t (cm ) , we must equate these t eros seh’;h r a t  c i v  t o t h e

CO r r e s ) ’ o l l 5 l  i n g  t e l - as in 
~ l ( 2 (  -o-n ) so that (Al . I c )  i s  sa t  i~~fi  ed.  ‘ t h i s

r e su l t s  in  the tss l lo w i n g  two  fu m ie r iona 1 e q u u m i t  ion s  f o r  5 (1 ( 0)  

—-~~~~~~~~ - 
_ ., __ , ___ -

~i_~
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~_ .. ___ 
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+ t + .i~ T )  = 
~( 

t~ :) + so l L I )  (A4.Sa)

t iu ~l

- s0(~~
f5s) = - 5~~~ ( s +  + 5~~)

( ~ l )  (14.SIs)

I’ak ing t he d i  f i cr e nce  of t ;esc eq ; ; ; It  0105 ls’e ob ta  in

~~ ~~ = ‘
~~~

‘ ‘
~ (‘\3 ,3~ )

is Rich inipi ics t h a t  ( ‘ 1  I must havc .1 pc r ioU 2 a is (tIm respect to cm .
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l i i  t h i s  ruppe ti di x we oht ’;m l i i  t i l l ’ most  ~cii~- i- :i 1 s o l u i t  ion to the lol low-

i n g  s y st e m  of  f i m m i c t  m o n m l  equ ations w h i c h  i r e  e quu i v;ulcumt to (I 1;m) — ( l i d )

w i t h  =- 3;i/2 and 1)  = ‘1/2 .

5 ( j )  = S ( - ’u~~~~- I )  ( ‘ m S .  I i )

= 
~T~i 

1~~(~~)-s (-cm) I + s( )+s (~~~)]

~ ‘~~~~ = 
~l ( : , ( - l i - l i ) )  ( ‘ m S .  I c )

F rom ii ( ‘ m S . l a )  amid (‘mS . I b )  w e  o I ’t ;u i im t h e  fol  l o u s i n g  r e l a t  l o u t s .

= s l . m ~ -~~) (A5 . 2 ; I )

= S ( t 4 I i )  ( \ 5 . 2 h )

(“ ~~ = H ~ ~~~~ L f )  + [s (cm) +s (o+Sii )

= ~~-~- [ ( I + i  l5( j) - ( h - T ) s ( c m + S l r ) I (A5 .2c)

= I ( i + T ) s ( c m + h il ) - ( E - r ) s ( ; i f l : ) 1  ( \ 5 .2 d )

Simbs t  i t n t  j u g  (A S.  2c , d ) i n  (AS. Ic) we o b t a i n

(I f r ) s( ’u ) — ( i — ~~ ) s ( O + 3 h 1 )  ( 1+ i ) s ( C t + l’IT ) — (1—t )s (Ct-4- Tl) (A5.2e)

is l i i  cii i ps l i i  ~l i v i  d i n g  b y 2 (l÷ ’t ) re su m! t s i n

5 ( Z )  + l~~~ ( ; 5 ~~~~~; i )  = ~~~ s (O÷ - I I1 ) + O s ( i f  I I )  ( \ S . 2 1 )

sh i c  re

0 - -~- -~---~ - c s s w t  ( ‘ m S .  I
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~s sw w e Few u - i t  e ( ..‘, i ) and ( ‘m l ,. 2 1)  wh i cli ire eqiu I m i  I cut to I ‘m S - I a I —

\ . ‘ . Ic ); as Is i l l ow -;

5(311-i) ‘m S . La  I

15 1°) -S(u 4 - . llll j = 0 [ s ( s + l I ) ’- - ; (  ~,~~: ) j

l(e add and ;u f ’t  m ’ i c t  s(~s~ 2 ; i ) t o  t h e  i e t t 11;mim ~I - s i d e  o t  t h e  l : i s t

csj iu a  t i out  and  w r i t e

H ( . m ) - 5  ( 5 4 - 2 : 1 ) 1  -~ s ( s b  2~ I )- ;; l~~’ In ) ‘ 0 I s  ( s I f  1 ) - s ( i f A ; ; ) l  ( ‘ m S  - I)

let

5( ~~) - 5 l t # 2 i )  = ( m l

. - o  th at ( ‘m:’ .•I ) becomes

f ( s )  ‘g ( ~~~ ’~~~~i )  -‘s ’ t m ’ ; ; ) (AS .Sb )

l’.c ~Ii v i de  ( ‘mS . s I s  ) b 5  g ( + - ;  ) and obt  aiim

h i ( i i )  + I/h ( 1  • 1 )  = 2~~l ( ‘ m S  - i’a)

( ‘ m S . ’ hs )

Sm mmcc 0 1 l)1’ r i odi  c , w it hi pci . I o U  Il , hi (cm) illiS t Ill ’ P1’r i od i c isi t he

s,nue h s e m ’ i O ( l , sat i st ’
~ l u g

Ii ’ I /11 = 2~m ( ‘ m S  . . i  1

0 I’

Ii - ohi ’ I = LI (‘m: ’ .7hs)

W e may is i - i t  c t ho so h u t  ion to Ii a s

11 ’ ’ , ’ - - l = c o s t + m - s i m i t = ~~~ ( ‘m1~.S)  
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f ( s )  ~g + 1 )  , I t 
( ‘ m S  9)

he I ci

Ii 
( . \ ; ‘ . l t b : m i

‘-0 t h a t

I 1 s t  - ii -1 )  I I I ’ - + I t
— s ’ - j , ’ m _~ . I i l ’  II ’ i  i l lt ~~i + I I I ’ - -

. i u t , I  m t -m i ce

( 1 1  ft m H I ) h~ ( I l l  ( ‘ m S .  1 (l c )

Si iCt- ~~.‘ m . ’ . sb )  i s  I i  I lc:u r i n

f ( s )  = t~ (sle 
1S t/Il • ~ ( s s ) e

I I 5 t / h t  
= + ( A S .  I I )

S m u m c~’ ( A S . S ; i )  i s  l i n e a r , 5 ( s )  i s  t i i t ’ s~i Imi ~s f  t h e  p : m r t i c i i l ; u r  s o h i u t  I s ~lls

5 ( s )  - c (~~~2 ;  I , ( \S  - I 2. i , b )

amid t l ie ho i iu ssg cimeo u s so I U t  l O l l  0

- ~ ( m 4 - 2 n )  = U (‘ms . I c)

. m ’ . , I t  I . ni t t u lle t I O il  0 I p~ r i  o+l 2n

I ~le i-

s ( o )  - -; (s + SI ) = g 1 ( s l  ( .AS . I 2,i )

. iu i s l I ct

5 ( 5 )  s f s )  
~ h ( i~~ I ’ m : ’  - I S i )
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3-82ms’ h m i c h i  g i v e s

~~~~ 
- 1 5 ( 1 4 -2 )~~~~~~2~ = 1 

1 \S . l 3hs )

N o~ tst ’ i u : ik t ’ tIme -of’s I l i m i t  i o u

= 11(51), ’ i 1 - u 2 t  
( ‘ m S . I Imi )

wit I ci i  r e s u m  I t s  in

t I p ) - 11(11+271 ) c - 1 ~ 1 - t’~~~~~~ (\S. l i ii

l e t

t ip s ) i + k p s ) ( ‘mS . l~Sa )

g i v i n g

I + kpi ) - e . 1 2 t  [ 1 + k p s f 1 ; I ) j  = I ~ c~~~~~
t 

( \ S .  131 ’)

amid hiciu c c

h ( c m )  = k ( 1+211) c~~ 
2t 

(‘ms . I S C )

Now le t

k p m ) i i l p Z ) e J~~
t / l  

( \ S .  I t ’ . m )
w h i c h  g i v e s

il u ( Z ) e J 5 t ~~ 1= m (o+211 )c ) 5 t
~~ 1 

( \5 . l o b )

wh os e ss ’l Ut i o n  i s

f l l fj )  1 1 1 ( 1 + 3 : 1 ) = ‘ml , (cm) ( ‘m S . b c )

I l i e  I s  1 0  Ft

s (,,) I~ ( 5 ) 1 1 f  ( t ) e i 1 t ~~l
I 

~
,
- i t

’
:

+ 
l~~~~~~~~~~~~ u ) e ~~

1 5 t ’
T 

e- ’ ~~~~ # II ,~~( m )  ( ‘ m S . ! ’)



“ —

3 - 5  1

is li i ch nay be sr i t t  cii is

5 ) s t )  = J ,~~~u )  + C’ 1 s)t ’ • 1 ’~
t

= 
~3:r~~~ 

+ L1 i0 . ) 3 .1
(
~~

)
4 i~ 1 ( h 1 \~~;,

(~s )  
( \ ~~. l S ) ’ )

- i 2 ti-c -

(cm ) 1
11

(0 )  ( 1
1 2 t

) ( U .  I N c )

:111th

~~:i ~~s)  = 
~~Il

( h 1  ~~~~ , , I 2 t
) ( ‘ m c  - I ~d )

S m  m m c c  ‘
Ii 

t;~ a Fe a rb  i t  r at -  i ’utm c t (Otis  15 t Im per i~-+~l ~ a nti ‘ml N 
‘ ‘I

a re u - h  i t  i-a ry fui mic  t i o n s  o f  pe r i  oth 2:1 , 
~~ , ~1 Fe :i I so :m rh i t  r i  r s’

f i m n c t  i ons  w i t h  peri od 11 , and ~ ,,
~ 

is an arb i t u’ar~- t m u i i c t  t O l l  i i i  p er i~s1l

2:1 . ‘f l t i s  l o t  l o w s  li-on t he  f a c t  t h a t  t is p e r i o d i c  i n  sm w i t h  p e r i od

TI .

h t h t u a t  11)11 ( ‘ m S  . ISa) is tin ’ h o s t  m~emic r ;m I s o h u m t  ion  to (‘mS - 3b ) . But

5 ( 0 ) mu s t  i l s o  s i t  i s f ~ ( ‘ m S .  S ; i )  , w hich means

+ ( , s ) c ) l t / 1 1  4-

= J , (SI -cm ) + F
11 

s m ) e 1 t t / T I 3 i t  
+ ~~

11
( _ c m ) e

_ u 5 l t h hl ~~~~~~ (A S . 19 )

S i S  1s t ’ reu (Li  I I- c t h a t

( c m )  = 
~2 T I 

( 3 a - t m )  (‘mS. ‘ihi )

= t~~ (- -s )e ~ 
St  

(‘m S - 201’)
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I ( - ~~) c ” ’ t  
( U .  (I c )

L q h i a t  l o u i s  ( ‘ m S . 2 U h s )  a n t i ( \ S . 2 i l c )  m i t ’ se l  t — c o i i s i s t e i i t  - N , ’m ~ s u i ) ’ s t  i t m i t  i u i g

fr o i um 
‘I i n  t er m s  ~~i 

~
:

lT 
fr+’iii the l a - s t e qu a l  ion  ~u i i 1 l  l c t t  i l l ”

1 ~ = l ’ s  I c - tm 3t/ 2 
I U . 2 1 )

ist ’ ohit ;~iii

- ‘It
- ( ( o t  ~: I - s ~ ‘ i )  ( -

~~/ -
= .1 , ( , s )  + ‘ (ole - ‘ - ‘ 

+ h’~~ - + ) ~- ( \ S .2 2 )

is ii I clu l I i ; i ~ lie us r i t t  en as

= 
‘ ‘I ~~’~~ 

+ t ’
ell C O S ( O t / / 3t /2)+1 5 Sil t  ( - 5 l ’ I - S t / ) ( ‘ m S~~~~ I L i 1

~s l i c u e

.J , ( c m )  = .1 , ( S I  - , u )  ( U . 35 ) i )

i l l l t l  1’ i s  an a u - h i  t i - i r s  even fu u i c t  Lii i  of  ~l us I i i i  p e r i o d  it

and ~‘ 5 u s an a ni it u-a u ’y odd func t ion o1 Cl s i t  Ii pe l lOt h 11 .

- - - - --- - — -  - - -- - _ _  _ _ _ _ __ _ _ _ _ _ _ _ _  _ _  — . --‘---‘-- —-i ~4
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A PI TS I i i  \ VI

h it t h i s  a p p c i i . - I i  \ usc t-x:iunIu i~- the b r a m i c h  cu t  i l u t e g r a l s  (331s ) antI  shois

th at , for  th ic  comir  n i h u m t  i o n  t u - o mu m m m t s l i ; i , l ~’d m e g  ion t o  be : eI -~’ • t he lime t i

I’ anti  I’ I l iu s t  i t l ~ t i t  i c a l  Is  v a n i s h .  Fro m ( 5 ’ S )  w e h t avt -

— I ‘C ~S (  s — a )2’; j l 
h~~”~

’
~ 

= j ~ (~s) c  - - 
- Ii (Ac . Li)

B

where

I I 0 ‘- 
~
‘ s. II

B =
L It

:; 
+ 1) 1 1 ;,‘ 5:1 ; 2 (‘mu ’ . b bs)

:111th

B = 1 )  + [ ~1) 0+ (1—

IL = It i BII 11+ II—

= 1t 21~ + B 2~ _ (- ‘m o . I c )

‘ms we no te  from I T i g .  Ac - I , B
11 B 1 — ~~ i n  tins iia5k’tI rt ’g l o u t  1° i the

range  1) 
~ ii . hu t th i s ra utge of ~i we may Is’ r i t t’

2ii i l
1 (5 ’.,

~) = II I ( + ‘ . : )  + i l ~~~~~~~~~~ ( ‘mc.

wher e

i
~h 1  (p t )  f ~ ~~~~~~~~~~ ~~~~ d, 5 ( ‘ mu ’ . 25)

K0+ I I -

and

—- ~~~~~~ - ‘  -— - - --~~~~~- -- — _ _~~~~~~~~~~T - _ _ _  -~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~ -— - ~~- —



L SI ’

I ’ - ( C  - , 
- ‘ ~~~~~ 

- ~~~~~~~ ~ ‘~~~ Us - 2.-- 1

(i + 5

hm a

B0 
~~~~~~~

, ~~~

/‘/
_ _  

/ //  2ir 
_ _ _

/ O , 
- 

W 

/
/ 
/ R e a

B~~~

I i ,‘ l i i s  \u ’ . I lirmiichi ciii Ct ’ i l t s ’ i u l - f t  — ft ii - S . S mii ~I h’s
0’  C ,— 1 + -  T I —  2:1 + _~ ; 1 —  -

h Ii e lu us ’st i~ci ie r . i  I s o l m u t  1, ’ I u  i s ’ 5 (1 1 1 5 I I  cii I’’ IS)

cmi St cmi
5 (5 1  ~~~~. ! , ( \ )  P , . ( 1 )  s s 5 s (  

1 
- -

‘ 
• I , ( - s ) - ; u i i (  --  ~~l ( \ ( ‘ .sa 1

1 _ ( 5 1  i - _ _ l l i l  1’~— ni ~’~l m c  t i i u m c t  I OIl • 01 P c i  ‘~I ‘ 1 • ~ ,i I I ‘05 I l l ’ ’

re l i t  I OI l

_ _ _ _ _  

- -‘-~~~~~



- - - — -- -  - .

U , ,~~(O + :s -- 2 )  = ~I 
- -  L o L ’ -  “ 2 )  ( ‘ m l ’  . 3 ) ’ )

mu d 1’ ant I  P 1 arc art s m t i - u i— v c i c u l  . m m i t l  otld i’ t’l i .-‘.-i mc I : i : i . -’ I 10105

F c s ; ’c.-’ t t i - e l  , 01 cm 01 ~
it’rjOth - I is ~lt’tIIietI hi s

c~’s t = - -
~ I I  -t ( cm ) I / I l #t (cm ) (‘m u ’ . Sc)

~c may choose  J ,,js) to he free of I’r;mii ch points , so t h a t  i t  does

m iot ctsui t nibut c to F~, ( , ‘ ) . N ow let um s examine time l’r :mut ch cuut i n r e g u - a  i s

jut tunshatl ed r eg i o n  w hic h au - c  gi m c m i  ‘v (‘mu’ - 2 h i )  . and Isi i t t ’

F
b i 

~~~~~~ 
= 

B
0 L {~ 

- 
~~- I + l’ 11,, siut (~~ - 

St 
e~~

u
~

5 c05 (1m_
~~
)
1Icm

= 

B ~~ 

{
~~ . ct is 

~~~~~
- - 

~~~~~~ + P~ s i n  (~~~
— - ~~ 

~~~~~~~ ~~

0+

— 
f~~’ cos 

~~~~ 
+ ~~) + P 1, 1 (~~

- + ~)} e
+ .~~

’C0
~ 

( c m + ’ )

(Ais . -!)

wh i t - r e we have made u u s t ’ of the hsL’r i t id m C i t s ’  of I’ :mut ~I I’ t i l i t !  t FJ1i5 tonui uetl- e l fT

t i i t’ l m i t t’f FJ 1 ~‘ic r I” t O  :111 i n t e m ~ra I over It -- : ; —  - 0 +

lii ( ‘mt~ - - I )  u % e do not set’ any ~ 0SS IS  i h i t s ’ 0 t t hit ’ limit ua 1 c : luict ’ I l a t  ion

be tween  V he t 1st ’ lil t egm -a is lice ; lmi se o t~ t I l t ’ U i  t iereui t uta t mi re  ti t~ the expo l i eu l t  i a  I

teras i n  t h e  intcg rant l . ‘(hit’ o n l y  u~av in which I ( C  ,~ ) coul d vanish

tor a l l  ~a an~l ~‘ i s  t h a t  t u e  f l O l i — e x h i o l i e l i t  Li! ~‘. i r i  s of rI i ~’ int eg r .iitds

be c m i  l i t ’ t- m dent i c _ i l l  v z er o  or  be t r t -c o t~ S ranc ii h’o i n  I . S m  im c e t ~I~’-s have

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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) s r u u i c h t  po l i l t iSt’ C ,‘l ls ’ I ui dt - th at t lie I t e ”r a n d s ::Ii!st  Sc u sI t ’u i t  I c .u I I s  ci ’
~’

is tii ~ h t i l l : ’ !  I t ’s that I’ mI ld I’
l l  

I ’ l i i ’0  sep a l i t c i s  s _ m i l l  sh i .  lis ’ ar ri s t’

a: I I i  l i r  c~5lc 1:IS ions  lot -  t h e  r a n g e  1 5  

~~~~- -- - -
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AI ’i’l SPIN t I E

lii t hi j~~ a~’ 1’ cu i t h  i x  WI’ f iitth t h e  111(1St fC l ieF a  1 sol  sit ion to t i c  fo I low i t i g

m o n a  I equa t i 0 m m

- f(;1-,;) - ff (a .- ;) = (1 5 . l a  I

w lie r e

R = [s i u i - ~- ( n -cos~~ / Is i n~ + (n -cos )2
] 5A . 15)

Suu l ’st it t ut j u g  fot- 11 and ream -ranging we oht  :1(11

-) 5 I— -‘ 1-
f~~ ) I s i i i ~ + (n -cOS~~~) 2 

- f (a~ , )  [ s i n ;  + (n -cts~~ ) 
2

1

+ f(r * ~’)[sin (~ +;) + (n -cos ( n + c ) )  2
j = 0 (A .2)

Let

f (~~) = g(~ ) [(n -cos~~ )~ - siil ’ ]

then

— g ( 1 T_ s ~~) + g (~~~ ) = 0 (,r .$I~)

p u t t i n g  —-; for ‘ ‘ we o b t a i n

— g ( ’ T + ~’ ) + g(L14) 0 ( \ .Sc)

Add in g (‘7 .5111 and (‘7 .3c 1 we  o b t a i n  

~~~-~~~~~—



-— --
~~~~~~

—------

5

- f )~~~~’)  i i 
~~ ‘m .

I lc:ic c i s  mn ~‘~t~I lmiac I I 011 o I -; -

I t-

(~~) = 
-~ sun \~ I ( U5h \ -

5~~( ’ 5  t it i t  I h f i l l  ( — 
- ‘H s 11:

I I s i : i s :  - s I \ (’ -~ ) s 1TI ’ ( ’-~~; ’ s l d ’s ul

i~ ll m c h  ,z

= ii ( \
‘

. 
- -

t h e n c e  c os\ n  - ~, : \ = 2ut ’ 2

mili si

= ~ \ s  ~~ 2~~( m i  I ‘0  + \ I t s  i n  3,~ (Il-I ’ S) ‘m 
-

u~ii L’S - a t t  t’F Cs ’I l i l ’  i ~lg  tIme t em-si ’~ - : - I , u v  Is e yes - - r (li e u  as

g~~~) = cos ~~“ \~ f s i i u 2 ~ + si l t ‘ ‘m P Cs)5 1t2 ~ ‘ m . i s ’)
‘5 _

o
_ ,5 

~‘
- II

I l ie  ~.--r It ’S in — 
- 10) r ep r e s e u t i  ~‘.- I~I au th even ‘c r i t ’d ic  f i m u i c t  i s ’l i s  o f  “

I’ i tS  ~‘e I i  o+h it . So that , 1 iS  it ’ll l ’s
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~~~~

S_ ’i I

- I : 

~~~~~~~~~ 
~~~ 

~ h -
1 cos  : 

( \ ‘ .1 i i )

kit - s’ 0 5 ’ — s i l 1 1H ~~ - ‘ ii
i l _ l Cos

_ _ _  -~~~~~~- - - 

j
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\l’i’LNLu l N ‘ m i l l

In  ~~t 1 S  : 1 i ’ ; ’ c l i d i X  ~e 0 I ’ t : i i l i  a p a r t  i c t i l a i - s o l u t i on  to equatiol;s (c a l — (i ’ d

u s i n g the t -t i -a n sI , )  1~O -

lie l i n t  n f  t , ,~ ) - t~~ (~~ , 
,
~ 
) t o  h i ’ t ( I I ’  t 1~ i 1 i s I ,~~~ 0 0 1 S I  cm)  and 5~ ( - (Cs )

d I d  cs ) l i t  t i i u i i i g  tue FcI)rC’SdiO i t  L o l l  S (  ~) t ( ‘ 
~) 

)‘cvond t I m e  p o l e  a t

Cs , • w e ,‘:‘ta iii t i d  t~’i lOws i.’ 55 St CIII 5 5 t  f sm nct  lOf l i I es (u;it lou i s  in

:m i id

~~5 () , / 5  1
+ c j e ° ’  - 

= E t ( _ c t + s / 2 , _ ,~ ) + e j s ’ - ( , \S . l a )

= -t
1
(- i ,-3)e~~~ (~‘mS .1b)

t( s . 3)  - t ( -  ,-~~) =r (Cs I It 1 (~o-
-’) -t

1 
(-0 ,-s) 1 (AS - i c )

t (C i~~~ ) + t ( - c m , -S)  = t
1

(0 , + ~) + t 1 ( - s , -~~) (A S .l t l )

I
The lu - st o t~ these cqu:i t j o l t s  u m ia be t r a n s f o r m e d  to

t ( a , ;S) = t ( -  ~ , -S~ c 5°+ 2e~~~~ sh {S ( ‘ ‘2-~~~) J (,U.2:i)

h u m  iflLl t ifl f t t F O l i i  t h e  last t h y c s ’ eqsm lut IonS we obtai II the fo 1 loIs i u m g

r e i m t  ionshi p between t (cm ,~ ) autd t (-cm -
~~)

t(- - s ,-3) —~-—~ t (11 ,$) (.\S .2h)

~ \c 
I~5)
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wh ere

= cost , = ~~~~~~~~~~~~~ (‘mf .2c)
- 1 + 1 1 - i l

Couluhining (AS.2a) and (1’mS .2b) we o b t a i n  th e  fo i l ous ’ing s i n g l e  f u n c t i o n a l

eque t ion for  t ( cm ,~ ) -

= ~~t ( - ~ +~~,~~ ) + 2e~ sh {~~(~~) - i t/ 2 ) 1}  ~~~~~~~~~ ( \ 3 3)

w h i c h  has t h e  f o l l o w i n g  pe r iod ic  s o l u t i o n

t (c i ,~~) = 2e~~~~ shI ~~(~ 0 - - r / 2 ) ]  ~~~( h i ,C, (‘mS . Ia)

where  p (a~~) (e~~~-A) /k -e~~) (, \ S .4 h )

Upon s i m p l i f i c a t i o n  we obtain

t ( ~~~ ,~~~ ) = sh~~ (~0-~/2)J 
± I + X ) s h ( ~,n/ - ( 1- \ ) c h ( ,~n /2~~ ( - ‘ mS 5)

We ob ta in  s ( c m )  b y i nve r t i ng  (AS . 5)

s (a) = J  t (cm,3)e ’
~~d~

= f [ t ( s ,~~) + t ( C l , -~~) J c b m I s~~b~ - f i t  (Cl , f ) - t ( c m , -~ ) I s i m c m 3 d , ” I - ’ mS (i (

SumhSt I tu t  l u g  for t I - ~~) we oh t ; m  i n

- -—--

~

_-

~

-— -- - - - -  ~~- ‘ - -~~ - - - _ —-- A



.‘-,- ‘ ‘ - - ______

1 ’ )  
i I • \ ) - l u I ~’s f : , ‘ l , . ) I - l i ( o ; i ’.~ ) I i ’ t ~ - ° 1 l  \ ) ; I u L j : l ; , i ‘ , 2 ) I c I u 1m ~~, ’ .~~~~i ,

I I  f I 1 1  1 I I ‘ ‘ m  I I  ( I 1 l u I l j  1 
I- c h : t , -

h i I “ s ,~.‘ ~‘Im I~~ 1” il a - ~I c l i  I ~~~~~~ “I I ~~l i  I 3 , , +

c l i ; , - +1 , 
-~ cli ’ ’
1’ 

f ‘m S .

e iuu a k t ~ i t ’ 0 I I Ii, - I ’  I 1+ ’is i u u ,  l i l t - -  r .i I Fe I .u I i ~‘ i u di i
~’ I ‘s - I

- u ) ’ 1 , )
— s u i l l - 

- Ic h i i ’ t
‘mS . S )l m -  ~ t’ s~~~. i - i lii , - - i I i i

_ i im , l  ~‘I’u . 1 1 1 1

i j -; i i i 
~~‘ , , ‘ 1 3 ) 1 1  , ) 1 - - i Ii ( ‘5 I I )  ( I i  I 1 I

- - l i l t , 

~ 

‘ 0 I i ( ,, + , 1 1  - i l l ) , , i f  
-

t ’O ’ l - J : - u u i I ~~~’ \ ) ( : I  I ‘01 1  - - u u u l ( c 1 + . i  1 3 ( 1 1 - i  ,)~~I l I

‘011 1
, 1  : - u I ~~ ,, ’ m l  s i l i k ’ . , s i - -

I ‘ms . 1 u

( 5 )  1 i - m  + ‘I ’t i u - ,) I ) i r s ’ u u u ’ I t  t i c  i- c I , u l  i O I l

1 , 1 ) 1  {.(i) -~I~~m ) + ~. ( 0 ) • - ; (  sl ~ ( ‘ m S  f l
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\ f ’ ) ’ I  S i l l  \ I \

but t l i i  s up~’s- m id i s w e  sht ~F i S c  t l i t ’ t ’i n i c i  i l  5 ( 1 . 1  I s ’l ls  (1i , i  , - ~ u 1+1 )  -

t h e  I ’ m s i u t c l t  o i l  ‘ - I  i~I i c t i u C s  i n  i- ,umi d h ’ I ilIts -~~~~I l ’i, il i n  I i g , ~ I~~. ise

i l i t  r~’~h u i c e  i Sli iib I i U S ’ l l l l l  o f  I ’ - -; ‘ I s ’ I I ’  i l l  t h it ’ ~I i e i e c t  n c  .-‘ ‘ I i - ; t u l u t  ,‘f t lt t ’

:i s - l m t l i i u  so tha t t h e  l ’ i , i l l c i ;  p t u m l l t s  - i r t ’ s l m ’ 5 ~ I s ~i m - -~ ’ l u c ~~~) I ’ I . - ’ ; I I  t h e  r s : i I

i s  i i i  t lie - s  p l i l l s - - I c h ic um u Itt ’ I ’ i - ; u n c h i  C I I I  5 i F s ’ U t - f )  u t-U is  i l l  1: 1 ,‘s . b

‘. (sl m u d  i ( s )  ~~i t I S I \  I !io f ’ I I ’ m s i u t , r e h u t t o u t s .

( s i  - ( - s I  ( ‘ m U  - I i )

( ‘ 5  + i l l  = - .~ s ) + ‘: ( \ ~ 1 - I I ’ )

u ( s )  = - i ( - m l  ( ‘ m U  - I c )

V (  ~ 4- Ii ) - —~~ ( s )  ~,‘mf . I d )

Ils ’ ,lt’l l i l t ’ l i l t  fie ld s I’ u i5! 
1 ~ ~~ ( , .  I a mid ~~,‘I ’ l , imts l

Is h i t  e

2 : 1 1 )  ( ‘ .~~~ ) 

- 

s (a
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t h e n

= Q ( c m ~~; i )  Q ( cm ) (.‘m iu ) . is )

w heu ’e Q ( ‘ m l  i s  an ;u rS I t r ;m rv f u u n c t  I oum of Cs W i t  S per i 0&I i t .
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(lie t ’ 1 ’~’ i ’ 1 c T T I  - ‘ P  ‘ +ave tl i f ’,’r.i+~ i oui by 1 ‘i’i- PocI ly comm slmic t jump L I s t i i  l i e

~ -P - ’o has hi -cu s o l v e d  [ 1 , 2 1 . H i +~ i l l ; m l , ’ , o I i S  ‘l -O ~ ’b e TTl 0 1  d i  t P l ’ I IC  1 0 m m  Ps ’ a

scs i - - i’ w i t  ii j ::t 1’ s’ + l , s : ~c -+- f , ;c c s  h i s  a l s o  been ss ’i v c s h  [ 5 —  10 1.  -\ g c i l c m ’ : I I  i z a t  i o n

o 1 1 i i  S sol tn t  i t’ll 1 0 tlit ’ e a S t ’ 01 ’ O t t ’I ;‘ d t t j C  -., ,‘_ I ‘ C , C i t  T O T ’ T I ’ ;’~ ’ OF l’C’T i l l s ’

on a - - _‘Tn i - ni t ’ l u l l e :0,11 p 1 a t  c - out :1 i i s  scm - i O i lS  C 1 l t , I ;  ‘S i T  ic. i l s) ill : cal t I os -

I •t  t ro T :; P e t I t e  ,i  c I ;m s s  I t ’ll I homuu iU ,lr \ 5 : 1  l i t o  ‘ i O I ) i e T T I  t i l t ’ ~l i f : i - : ic t  i o i m

of c b e t  l s ’ C ,I f I T C  I i C S ay s ’S i ’y a tI ic  I~’Ct n c  I s O s i s ’ s’ ‘15 0 1 p a l l  I cmi i t 1 t  I mit crest

i l l  t l ie  t m o or s  o t~ tIle! oct t~iC i c ;mv c p ; i  isle s i t  c l i i  T T ~ ; [1) - 12] r,i~1 i s ’ i” F O p :l i ’, i ; I o n

os-er U m e e t  5 t h  [1 5. 14 - au t h  i n  I~: i + I a  1 , :o ‘t e e Pi ’+’s’ o f  s C , ;t  t c l - i u i p  ) ‘\

0 i e i cc  t i~l c u - a 5 I s ”it c [ 1 5j  - Aim ;iii: i 1 o ’ous p i-oh 1 ciii to  t L i t  o r Os ’ s l i o l  cc t i i c

is t’+ipo i S e u i c o u u t t  C rt’U iii th e i t ’ i t 1  s i t  S i t ’S st i s _ S  [i i’ ;ind i i i  501 S I T i 0 I s ’~’ I ~‘a I

s i t u m a t  I o ii s iu ivo  l v i  :m~; the  b eh ;mv ft i’ of Ra y Ic iph  is’ :i vc s i t t lit’ b o m u l l d l u r s  ‘ct i, con

the ocean antI t Ime t’arth [17 , 1_S] - It is not  s u m r p m m s i ~ i p ,  t l m e u t , t h a t  s’ O I l s l U —

t’l’ ,u I ’ l  S i- s’se;t m- cli cft ’ - ’~’t has  b ieen di rectesi ts ’is,m rUs the h ’ m - o i ’  I t ’Ilt of di t ’f I , m c l  l O l l

by .i thi e it ’et n c  iccd pe [ I t i - S il ] .

‘i li e pro S 10111 of  t’ leO F O S I , i , ’ l l ;’t I C  d i t  1 i , l s ’ I I s i l l  by S slit ’ loo t i - me \sedfs’ , ls’ l t  lm

or w ‘it  i~~~ t a sem i — i n m f i r m  i t 5 ’ s lot  t i  ‘ i i  I t’ O h m  O O t ’ t a c t ’ i s  Ii SSt ’C i a I ea St’ t’ I

s c ;m t  h I ’  h i 1 ’ b~’ ss’c t s ’ i : i  I mn t’tl i . m  - ‘b Ite spec i l i e  p i o I ’  i c m n  of  t O t ’ t l i  f I l l et  i on  o h  :111

L — p o b a u - i :ctl s I , n l c  l s : l V t ’ by a r i  p h t  .111 ; l c d  ~b I t ’ i  s ’ ;’t  n t - ict’tlpe , wh o s e  u’ t’ l l ~:I c t  is-c

i n d e c  iS  1 H t ed  t o  a co- I , i  m m  s i n c e  s’ 5 : 1  l u r e s , ha s  bet ’n s o l v t ’tl I boo-er it- al l ’

by .u n l i s lh 5 -r  ot’ ; u m m t h o m— s - Lud low [1 ‘i i  - Ktmo ~u u i U  I’ I s s I m m u S  [Itl j an~b k r a i m t  Su i t1

Lehnl ,ln [21] o P t c l -  s o l u n t m o l u s  t o  I I I ; ’ ~‘r ’o l’ ! t’m 1’\ It f c i l e r ; i l j : ; u t  ‘100 s’l t h e

fun c  1 ion  t Ils-or e t  m e  n o t  1+ 5 + ) ‘ I ’ I ic S~ i s’ I 1 s ~ I- — I  0;’ t’ t 001St i q um e 1 2 2 1  t F t ’lII s ’ l i s ’ 10

1’~ ,’ conmp I cx s- u t- u ml ’  It ’S . h b o w t ’vet -  t hoc Jo li0~ S l l n i ’ ! i l ’  I i ,  t ’ i n t l i’ o T s l l l t  s tu tU 
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, i - ~ t o ” ; , ;  ‘ lU-tI l’s La , ’ , m : m + I  i ’ I , ’ : I i i .  ( 1 0 ]  ‘‘ . . - l i 5 ’ s, ’ i m n t  1 s ’l l ’ t  1 S t ’ I ,‘,‘ cs ’I:p’ l i c , m t  t’d

S 5c S’.s ’+! p l ’ i c T  : + ‘ , iU s ’’ — L I - l I l t  _ i l i , I  I ch i l l h ln  I i ]  c i i  ~h lI t li st ‘ s m _ I ) 5 ’w ‘ ii so 1 s t  i o n

1 1 P I 1 ’  ill 5 01’ l’ +’ s’ I — i+ I I  n — u  I U’ ] 2 5 , I ‘ - ‘ t _ i m i t s  ,~ ‘to! um I , ‘- i j u t  I l l s ’ 1 0 1 ’ ’ ’’ . oP  :i

u~ i t  lie r ,‘ ,“:“ I~ +- ;mt ed s’ s t  s’ 55 1  F l’ s’ d l I , ’ I C  I I l l  Of  n_ lu I s’+lli ,l I is ’lIS 1,11 1 s’S l , I v  s’ 1 + ’ l’ t’

~ s’ ls s ’,I “ i 5 , , ’ l ’ i  s I  I .‘s’ O i h  I j i l t ’s  - I..~ t — ‘ s 115-I”  P ;a ,m l r;’siiII e m m d s ~~ i ’, ’ i s  Ill

lIt h I l l s ’ i~S i T  s ’ s 01 : l ’ s’ I T  S i Sf 1 1  l a s  in ; e p ‘
~~ I s  1, 11 : 0 1 1  lie ‘t t  I t  c-~ .. i’c sun I ut i le

t + ~ I : l i l ” .s ’ I ~ I C t 1 ~
‘, s’: ’ ’ l l t, it I , ‘ II  - I l t’ls’ t’’,’ s’F ht~ ,hos’s n ot  at ’ 111 ,1  b l s ’  O : ’t  ,t I i l i nT ’ _‘ \I ’  1 i5 ’i t

i s ’ i - i t  1 : s  o f  5 1 5 1 + 1  :~~ i l  l u s t ’.

sn’ ’ 1 1.1 Ss’I  I s ~ ” [ 1  1 h a v e  m u s 5 ’5I an , i 1 ’ 1 ’ F ,’\ ~~” T.i I 0 1 , 0 1 1 1 1  l O S s ’ k l t s ’Is hm :15 1 lie

5 , 1 I c m p ~i - P _ i i l , ~ — P ’ I ’ T l  i_ I ’ s — P —It) S’’’’’,’+ ’\ 1 S T _ I l  I s ’S I 1’ I , 1 + ’ s+ ’ i s o  t I c  ‘l ’ +f ’  1s~Si o f

U j et 5 ’5 I I ’ I c  T s t ’,l~~~’ - 1s’liO St’ r~’ t I l l s ’ I l v i ’ i i l + i t ~ \ I S 110:10 1 1 1 1 1 1  5 , p1 ,iec’I Ofl .1 
~~~~~~~~~ 

Is

co I l _ l I m O  i 1 I 1 ~ m u  I T T  ~ t 5’ I’ l a n ,’.

‘s , i l s ! ins [291 f~’ 01:111 i; m I cU I he l ’ O t r l i t l : i  l~V v :m hue r+ ’!’ 1 s’si • s ’I ’ t Ime U j 1’f i ’ , i o t  1 Oh

of  511 I , - o n- h I -  ~s’ I ,u 1 i :c~I c! 001 5+51,1 710 t I c  I i  Te s o m i  Fcs’ I’s’ tin , i  l ”  i t i ’ l i  u v  1 I f  l e d

dl t ’h t ’5’:n ic is ed’,’ t’ - l i l t h  s’i,t .1 i l ls ’S :1 SO l u t  j o l t  l i i  1 Is ’ t s ’ l ” T  of  ,u I r t ’,lho i T s  t I l t  c~ ; i’s!

051m m _ it 1 011 — u s  i lt f _ t  S i  Sl it h_ i rU ) ‘ s’ I t  5 1 0 . 1 1  I O Tt I e c l i l l  I + j Iis ’ lie ,,I ,I . s I n t’sI :m \s ’ m u h l l a t l l m

St ’l’  I s’i- Ss~1 lIt ion , t , ’ t hi’ h i t  t’~’ l ’ ,i I s’s h T : . m t  t o l l  - is h i  elm Cs S i t S ’cn p t ’s Ts I + ”. T I ii , I

she  rt’ n i S t  hi’ u-c t s , u s ’ t t V t’ I I l + . t ’ \ 0 1’ I l l s ’ J t s ’l  s’s’I. : 1 0  wt ’+ls ;e

I h l i s i i ’e  i of s’ ,l u 5  t , ’ s’ I.mv ,idsk i ‘1 [50 1 ‘ l’ ,”, ’’ ed .m ‘:10 1 I T s ’,! - I sP  jo lt , l’ s’ ~
‘ L m i ‘5’,)  -

ls s ’il l~I f u  Vt ’ t’) is ’t SiLl ! yt Ic so I l I t  l O l l  t o  a c l a s s  +‘f t 1~ + ’ - sI j L I s ’ l l i s  i 011 :1 1 ss’eshfs’

s l i I I S S u e  I ‘ i t’ll I’ i- +’)’ I s ’ S -  l i l t ’ I mid I np t I l t ~ r ls’hs I en s’f ~l i t ’ ( s i c  t i 011 1’” ,i t t ’C I ~i I t ~ 7t  1 :1 n’

U i e I + ’ t’ t r m c  is sal 5’ Ut’S t i l l ’ ;  115011 ,l SCull — ill t
’i II i t  e 5’ 5’ r t ’t ’s’t I s ’  c o n d m u c t  i t t, ; p Lit c -

hl t ’us es’t’i th e -a’ lot m +‘u oPt  a m et! (iv h i  ‘, Is ’s! coni t ,i hu i s l ’ l ’ , I l l c i I  emit i hit et ; ra I s

is I~ t O l l  ~~1 v s ’ 1~ l S~~ t o  is i V s ’5 “+ 1 1  5 s I ”  i n - ’ ” a t  i m f u m  i t  5 I ll coslp  l O t  0 y b  1 :11 I Oh 01’

t h i t ’ ra+ht ,~t l s ’i i  e oI l , l  i t l o l l , h u t  an e,i i-lien- w o r k  15 1 1  Is’ s’ ‘11 1+10 ~
S t ’S i’ l l !  . 1 1 1  St  S

o mno~I i t~y ~~ m Us k i i , s Ins ’ t hod ss ’ ;is t o  i’ sSlis ’\ s’ t I i s ’Ss ’ +1 r u ,  I’ i ~’ Ls l ’ St  i l l  +1 h i , ’t

~l s ’ c t  l~ i t  I i S m m s c t ’ ’~

L _  ~~~~~~~~~~~~~~ - - -~~~~~~~~~~~~ — 
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1 - 3

R ecen t I v  \b s’PSlI Iisi I’OVS a u t U i ’P i i s i i miv a k  [ 5 2 1 ,  l i em - ca lU ci ’  r e h e m ’r e~I to  as

,- \ l+ — I - c ! ; l  l I T h s ’si to ii;i~ ’ s’ O i l  lii l it ’sl It S I  ~ 0 l’ s~ll: ’i SO 1 it t  i on  for ’  the p r u b  10111 of

p l an s ’ - l+ :ive Scat  t s’l ’ l  t m .  liv a lOs’t, III hill ar ~b ( e l e c t r i c  we t IL t e an sI i f l  11 111 t o

paso- [ 53 ] ,  lt~’i’ ,’ It or  m -et ’c rrcd to  as AK — I , to  s c a t t e i - i n p  iv a ‘. ‘. s ’s i c  of

a r b i  t 5 , i S \ ’ an p b e .  ‘(lid i~ IS s ’ t t l s ) s l  S s’OTS S t 5 l ~ “ (Ill i te I l ’I ’ s’: l l i I l f .  ‘1 1mev st ;mm ’ t

s i t i m  t Ime i n t e g r a l  Po rn of ~laxseell’ s cq u u a t  ions  and ro + I , : c s l  I I : , , ‘ l ’ ” l ’l s ’TlT 10 :1

siI i,;ulaI - i:T t~’ps , l1 esjulm t ioh i w h m i c i m  l e~ ,!S i t s e l f  t ’ ’ -,‘sac t s o l s t t  i o n . I l o I s s ’ ’ ,’ i_’m- ,

in  t h ~~i m -  f m r s t  I :u 1 ’ o  t~, on s c : m t t e r i n p  bY a r e c t a h m - : I I i a u -  d i e l e c t r i c  w e d f e  [ A K - i l ,

t h e  ;m s m t l m o t s  01:1 1 t nuu ime r omu s  det,i (is , sTI :)I’osctl l v jot- the  s a ke  ot ’ hm ’cvi  t i  amid

in their l:it s’m- paper  [ 1 k — I ] ,  on S c : t t t s ’r i n p  l~s a d j c l o c t  s i c  i- cslpo of atm

l m l l l l  I I’ :i I l ’ :iII~’s 1 e , - bo o p i ye onl y I ho P 1 t i l l  1 d\ji St’S SI s”ll :5 10 t  t h o I + ‘t :11 o l c o t  O s ’ -

ma p n c  t i c f i e l d  w I t  ii a st _ it 051-CI t  t t i i , o , t h e  ~e 1 I : s ~s1 u sed is  I Si’ 5, 1515’ ItS III

I L —  1] . l i e u m c e  I t  I s a S  f e l t  th i it , i l l  order  to l I lS i s O l iS t’ 0 t~ t he in u’csui t ~ - a

t l io  r + l I i p it I l l S !  et’st a n5i 11m g of t h e ir  woi - k O i l  t i m e  rec t iu ip u I a n  d i e  leo  ‘ wed

is l’s S o T i t  jab . While tIC (rig so we fouittl t 1m: mt - (it’s i de s  a n lIa l ’cr  of t y p o —

p r : m : ’h i c a  1 lurid e sp o s i to  m’y e rr o r s , t h e  a u t h o r s ’ oxp ro ss  ion  for  t h e  in to  it l em mt

w a v e  hlm s t he W i ’ O l i l t  S i p i m  in t h e  e x p o l i c l i t  to  St ,m il t w i t h .  h T t u i -t l i c r  , m m oPt :m i i i —

i ng t he  s I n gu l  ;mr i n t e p r : T  1 eq iu :mt  ion the  a it :oi~s lgtiorctl sonme t s’rnt s wl m i cli ,

if  p rot’ t’m’ l v a c c ou u mt e d  fo r , is’os m l t l  make  it  i s Ip oss  d’s i t’ t o  oi’t a i n  a s olu t  I t ’ l l .

In t h i s  r e p o r t  we p i ye a d e t a i l ed eXI ’ osu r e  of t he Se  d i s cr e p : m h i c l c s  - li_ c

looked at  sever: l1 p o s s i b i  l i t  ies of m od i  fy i n g  t h e i r  ap proac lm w i  tI m a v i c~5’

to oPt  a m  n .i s i ngu i : i  r i n t e g r a l  eqtmat ion t h a t  can  be sol sea as ing st;mndai- tl

I 00511  l~ i u l e S  [3~1 ,35] - Among t h e s e  I l ie t l i o sIs  :1 s e e l l I l t I g  I~ ~~~~~ sing lpp r Ol tC hi .

as U~-som ’ib ’ed in t h ih s repot-t , w a s  t o  seek t h e  d i  f f m - l i ct cd  f i e l d s  iii t to

wt ’ d s ’ in t hi’ form øf a ice I pO t c~l ph  sue ‘cave i r l t e g r l u  1 on t lit ’ m ’ea 1 axis of

the cosi ;’iex t -p l a n e .  I l o m c e v c i ’  this ‘sot mo th a l s o  f:u i led to  g i ve  t h e  des i i’esl

s in g t u l i n  I l i t  e pr a  I t ’qmI ; i t  ion for t I T O  u se  i gh t  jug f un i c t  ion .
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In st - ct  ion 1 - 2 o f  t h i s  m’epo i’t Tsc givo :1 brief a c c o u n t  of th ~ i r ‘sot hod

and po i nit o u t  the A i so re ’:lnc  it ’S  imm the i n s’S’ :u I n I t  I on of t i l t ’  l i t  ‘ h  I ’ I

t Ime  l h I t s ’ l ’S r t ’ t , i t  i o u  01 the  ~ c S h s l t i e s .  I l l  s e c t i on  . 1,3  we s t a r t  w i t h  t i l e

c o r re c t  exp i-ess  ion “ s r t i e  I t ic I ds ’nt  was ’ s’ and Si ’St  015 , 1 t i ca l Iv  u - e dsr ’cc t h e

i b m t e f l ’ ll is i l i v O  l \ ’ s’sI to the  slt’~~i h ’o s I  lo t-Ill t umid ~~~~ t h e  ml S S i  I I I  t O r I l T S  i l l  t !t~- i r

l I l t  sf  isil l,-sj uat  (oil. 1~c cone l usle th at if t h e s e  t s- i n s ;  am - c n i-opc u - l i rio 1 + i d ’ ’~ i

t h e  I’s’s tu l t  i r n g  equat  ior m is  not  :m m e h i : m h l e  t o  s o l u t i o n  ;is I t c c h h i  ( ( h ues  known

to us .  ‘the f i u i c r  slctai Is i nyu I S CsI ( I I  p~ 0per c v a l s m a i  I sill of the sp:u  t i , m l

jut egos 1S , icl m j c h m  ar c not  : I m e l l t  I oned ill  [ - 1K — 1] ai -c g i \ ‘ s’I i  i n  ah ipcn tb  ices -

In  s ec t ion  -1 .4 use g i ve a b r i e f  : l c c o t i h t  of ou r  motb i fit ’s1 ap p r o : mc hm i s ’  t h i s

h s i’ s T i l o ’ : I , C o n c lu s i o n s  are  g i v e n  in s o c t i o h m  - h . P  In  ou m a n a l y s i s  ice us’ i b  1

nm ake  f rc s 1tt ent  no b r onco  to their ‘:150 S 0mm rect:i ImpIl 1 11 1 ’ d i e !  ec tr  ic lc cd- ,;s ’

[ A K —  1] , arid equat  ion imum b er - s sh u O t Ct b  f rom i t  is i l l  lie : I I l l l s s t  m t  eth si  t i  t 1 le

- 

- 

l e t t e r s  ‘ \ k ’

ilL - - -- --- -~~--— “
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LI h ’ ’R~ I 1Il \ I ’ l i ’\ ~~ I ’ l l  I l ’ c ’ l ’ Rtu ’ ti _ t h ulL t ’ l l u ’td I ’ !  f i \ s ~ 1111 ’ t \ t l  ~~\l

l-i ’R~t il l - ~i\\ ;u i ; )  ‘1

— 
2. I t i m ,  - l i m i t ’ ‘ ‘ I ’ , I , ‘ i ’ I T I  t ’ I I l _ I  \us ,’I I ’  - — t’sj Il _ m t  l ’ ’ll ~

~~, u \ u s s ’ I I ’ -; m ’s h l m . i t  l s ’ i i s  - n i l  m I t  sn ; l ’ :i 1 s ’l ’Sl . f is ’ i t i e  e L e t  r i o  I i s ’ I~ I I

t i l t , S l , i , h I l s ’i  I c  t , + ’ 1+1 II s’S  , ‘l ’ s l s l i , ’ r t ’ m a  i l l s ’ s S l i m m I I

i_ t i  I~ , i, r l ( - ; r . mU + h h v  K2 ) - 1 ) 1 1  1 i ’
~ I ’ m~~ s i n ’ ’

C I I I ’ I J p - 1 ) 1 1  I ’ ’ I f I I r ’[ 1 , 1  i’ (-I . I i i

l l j r l  I I ,
j n - l 

~ ~~~~ d l i  ~ k )  J p I ) I I ( m u ’ ) f j ~~ n n- ’ I L l i ’

c mu u 1 (i ’ - l i t  ~~‘ 1 fj I -  m ”~ 1 , ! ) ’ ’ i - ’ . 1( i )

,i k l u
I I I  S I ”! 1 - - I . ’ . i s ’ )

I r - t-

u s I m t - r - s ’ k ,o ,‘ , ,mn ,I 1 , 1 1 ’ s ’ i lls ’ n - , l i t  j s~ ’ ~I i ~ - I s - e n  ‘ I t ’ , n m m , I  l l I , I s ’ i l s ’ t  I s ’ i t ’ l l ’ - 1  m I l l

,‘ I t ) 1  IIIt ’sl 1111:1;  I . m m m d  I I  , m ni — I Im ~’ 5 ’ ! s — 5’ t i ’ n C m i l d  i h i s ’ Ili,i . ’lls ’l m c  I ’ n t — h  , h —s 1 m m  1 l i t ’0 0 -

I l l s ’ i ,l eiit l s , u \ ’ V I S  I lIt’ 5 , ’ l u l l ’ s , ’ 01  I l i t ’ ‘- , ‘ , i I  I s ’l ’ i I l , ’ I’ ,’,ls .i ui,l ,m I i l ’ s , ’ sIo l ’O Im~ls ’II ~~’

-‘ 1 - ; u u m t m t - , l .
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‘( lie f i r s t  fe1m t m i t’ t’ sit ’ t hit ’ w s ’ l I m I  i o n  ‘ ‘ I ’ i _ I .  I) i s  tl m , u I l Ime I I IIs ’r ’I,iI ‘jolt1

n u t  t i l t ’ mnesl I l~lIl r € I i s  ~I I roe t I v  sl s ’ t s ’ I ’: :: I il t ’tl I Ii r , ’ : I - ‘ I l  t l i t ’ mill - - h u n  n - l i t - si I s’Id

of tIme m nmc Itlel l I 5 ’SVt ’ . A lit ’ ‘~ 0 : 1 t t  s u s ~s I f i s ’l  ~h I ’s’ s r ‘
~ I ) j is dcl t rIl l i l l s , )  I I I  l o l l ”  Ii

t h e  k u m o i c m m  i i i t c n m m t t  1 fit’!d (iv t h e  S , l t I s ’ u-c’ 1 , i t  b u m S  ( _
~~

. I

(li e secs ’n id f e : r t u m e  m s  I h i t  1 1 , 1 1 : 1 1 , 1 1  
~‘N ’r ~~ ’- S i s ’ u n  I o n ’  T I l t ’ s l e s i  r~’~h I ’:~ - I ~l

t n t  t l’it’ IIlt’sI l u m n u  I S  t li t ’  S l i T ’ s  of  t h i s ’ l ’ i t ’ l d s  of t i l t ’ u u n l i t ’ r t m u r l ’ c s l  l i m o  i~ lt ’nt I s : i S s ’

lmn ish of tht~ us .i~ e~
; bon m iled by t I lt ’ In teu’ l- , II I 0 1 1 1 1:1 ,Sl ’ l - I n  es’s l i m i t  I I m s ~ 1 1 1 1

I l I t  s ’ ’ r : i I  I s ’ l l s  t I m  j s t -n n  shom u  I t i  
~ 

i d  ~I .1 S c rj  ~‘s s’ t s ’ u ’ iIlS 1 1 101 m ud i n ip .m S , l V 5 ’ Is i t  Ii

a p r o~’ i . m  t I oii c o n s t l m l i t  co i m i c  m U  i l l f  Is i t  Ii I h:m t o P  I l ie  i i l l ) ’ s ’ r t  I i r l ’e s l  I r i o i , l s ’n t

Is I S  t ’ . I n  : i c c s s n ’tl: u l i i ,’ t - w i t  it I lie t i S t ’d li  - h i l c ,t I t I  “ t’x t  I n o t  I on ‘ n ~i i m e l  ‘ I s ” I ~~
-‘ 

- .;~~ I

t Iii S Is’ I i V t ’ 110 5 1  t’’t i t ’t  I v  c ; mn c t ’ 1 t h e  u n i h i t ’ l ’ t m m n ’ I ’ e d  l i l t ’ I tht ’ii t l s : i ’ , ’ d - bs- I IT i l ’ , l S  1 1 1 5

l i i  s con5l i t  i on o n e  o h s t a  I u S  t lit’ l i l l i h i  i i  t m i s l t ’s ;n l l , I  t I s ’ ~l I l a s t  i s ’Ii S si I )‘  I S 5 ] ’ l  ‘ ‘ i t  i O I l

01’ t h i t ’ pt ’hit’ t n s i t  n m ’ ’, 1i I , m i t ’ m c.l  \ 0~ -

- I  - , .  I I’ 1 su i t ’  w a v e  sc :u t t  e~- i up  l iv  a reel  l m n s t l t  I mn - t hii ’l t’c I n 1  c is , ’,I pe

hi_c now coils ide  r t ime OI’t’c i l ie p i-isIs I t’mil I i’ t’ l I  t etl (iv \ l t’k ’ - u i , )  l’ s ’\ a anmt l

Khi I c h i n v ~uk I .e. ( l i t’ S C , I  It t’r I n T t  551 , i  p h  lint ’ t’ I s’s’t r o l I l : m g n t ’t b C  wa i ’c

I jk ,11”~ k ,~~~)
I , (1’ ) = F e 2 “ (I.’a l0

l i _ k , v #k :)
— _ U  , , u l

h i (n ’ ) = II t’ (‘ .11’)
0 0

l iv ii n’ t ’c t l i i m ; T I  i - i n -  sIIt ’1 ect r Ic lss ’slfc (F l p.1 .!)  u~ i t Ii . t  St ’ ! , i I I Vt ’ ~ 
, ‘ l” I ’, i  i t l v i  1

I ,  ( ,~~~ 2 
) , tmn r ~l , m u ’  l i t  l y e  nIn ~t ; m m t ’t is ’ pe flll.,’lih) I l i t  o I ’ m in i t~ — h ’hi .s  in c  I don t 1, 1 S t ’

I S  I ’O ’i i l ’ .’ s’d i n n  t i i ~ \ ,l j i s ’ c t i o u i  is’ t h a t  1 = u l ,, . u i _ I i )  iris h Ii i s l _ 1l 1, J t _ ’ ) _

— - ‘ r-—
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