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DIFFUSION LIMIT FOR THE TRANSPORT OF

QUASIFREE ELECTRONS IN LIQUIDS

P. J. Paes Leme*

Department of Chemistry, New York University

4 Washi ngton Pl ace, New York, NY 10003

Abstract

A model of photoe l ectron emission by liquids is treated in terms of a

transport problem. Its asymptotic behavior is studied in the limit when

the mean free path becomes small and the gemi netric recombi nati on is

neglected . This solution is then shown to be in agreement with that

previously assumed in the Nemec theory.

1. INTRODUCTION

The model of photoel ectron emission by liquids studied ”2 i nvolves three

steps: generation of quasifree electrons in the bulk of the liquid , their

transport towards the liquid -vacuum interface , and the overcomi ng of the

barrier at the liquid—vacuum interface. The probability distribution of

fi nd ing a quasifree el ectron generated at a certai n poi nt 
~~ 

with kinetic

energy E
9
, in a volume element dit about ~ with kinetic energy dE about E,

plays a central role in the study of the energy distribution curves (EDC) of

photoelectrons emitted by solutions. Such probability distributions can be

obtained from the solution of a steady linear transport equation. We study

*present address: Departmento de Matematica, Pontificla Universidade Catolica
de R. J., R. Marques de S. Vlcente 225, 22453 - Rio de Janeiro - R. J., Brasil



2

the asymptotic behavior of such solution in the limit when the mean free path

between collisions of the electron with the liquid molecules is small

(diffusion theory limit) and the Coulombic i nteraction between the electron

and its parent is not considered. Here we make use of known results from the

neutron theory of slowing down problems (Fermi-age theory).3 The solution

we then obtain agrees in form with the solution assumed by Nemec.2 In our

case the law of energy loss i n the process can be deri ved once we know the

form of the electronic collision cross-section . The problem treated here, but

with the added complication of geminate recombination , is presentl y being

investigated by adapting different techniques. 46

2. FORMULATION

We assume:

(al) the electrons are cl assi cal poi nt parti cles of mass m, mov i ng abou t a

medium consisting of host particles of mass M, with m <<

(a2) the density of the elec trons is sufficiently small so that the effect

and frequency of electron-electron collisions are neg ligible;

(a3) the solute molecules are sufficiently dilute in such a way that

electron—ion interactions are neg li gible;

(a4) the liquid is isotropic and homogeneous;

(a5) there Is no absorption (of electrons);

(a6) the coulombic i nteraction between the electron and its parent is not

consi dered;

(a7) the scattering between electrons and the~.,,~,~ guid molecules is

Isotropic.
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where N ’~ ,~)dizd~ denotes the nu~’r,ber of electrons in the element of volume d~d’~

about (~~,~
‘ ) ;  v~ (v )  denotes the probability per unit time of co l l is ion of an

electron whose speed is v; f(v -. v)dv the probability that an electron with

speed v ’ before collision achieves a speed in the element dv about v; and S is

a source term. Note because of (a5) f(v ’-. v)dv = 1.

We are interested in the solution of (2.1) when an isotropic source is

positioned at a point i~1 , wh i ch we can take to be the origin. Here we

assume electrons disappear once their kinetic energy is below a certain

specified value . This value can be its thermal energy or any other related to

the interface barr i er (liquid-vacuum ) which is assumed to be constant.

Let V = v~. The transport equation (2.1) can be rewritten as an integral

equation for the electron density

n(~,v) = fN(~ ,v~)d~ (2.2)

To do this , first integrate (2.1) along its characteristic curve in the

following way. Denote the right-hand side of (2.1) by Q(~,v), si nce 
~

is simply the derivative taken along the direction of l’s., if we replace r by

- Ri~ in (2.1) we can write it In the following form

L- d/dR + a(v)]N (~-R~,v~) = v Q (~-R~,v) (2.3)

after dividing both sides by v. If Q(~-R~,v) is supposed known , integration

of (2.3) l eads to

N(r,v~) N(~
’-R ~,v~)exp (-a(v)R 

} +
0 R 0

v lf ~
) Q(~-R~,v)exp 

{-a (v)R’)dR’ (2.4)0
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after setting R 0. Because there are no electrons comi ng directly from

infin ity we have

u r n  N(i~-R0~z,~2)exp -a (v)R0} = 0.

Therefore we can write (2.4) as

N(r,vc~) v~
1 f Q(~—Ri~,v)exp -s(v)R ’dR (2.5)

0 , 
* 2If we integrate (2.5) over all ~~ , put r-RI~ r ’ and notice that dRdo = dR/R

• d~’ / - ~ ’~
2, we find for (2.2)

n (,v) v 1 
Jd~’ ‘ - ‘ j -2Q (’,v)exp -a(v)~~-~~!)

or in terms of the flux (, v) = vn (~,v)

• (4~Y1 d~’~~-~’~~
2exp ’. v) [~ -~’~ }

f dv ’a(v ’)f(v”. v)~(~ ’,v ’) + 4i~S( ’
~’ ,v)} (2.6)

0
Equation (2.6) can be written in terms of energy dependent qualities by

changing var i ables , E mv2/2. We get

(4..)’1 fd~’[~
_
~ ’ J 2exp { -~(E)!

’
~-

’
~’’~
)

dE’a (E’)f(E’- E) (~ ‘,E’) + 4~S(
’
~’,E)} (2.7)

0 2where f(v ’-e v) = (2rnE’) f(E’-’~ E).

3. DIFFUSION WITH MODERATION APPROXIMATION

Assume the energy after each collision Is , with equal probability,

anywhere between (l-a)E’ and E’, for some fixed value of ~ 0, i .e.,

f(E’-” E) f i/ ~~~~~~
1 for (1-ci)E’ $ E -~ E’

0 otherwIse

Then we can wr i te (2.7) as

• (4~)-1 Jd~’ ~
‘-r ’ 2exp { - (E) ~~

-
~~~~

‘ I~
(E /( 1-i) ,,

+ 4 i5(r ’ ,E) }  (3.1) E
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In terms of the lethargy u ‘In(E0/E), where E0 is so chosen that the

lethargy would be positive for practicall y all the electrons which play a role

-In the theory, for examp le , E0 = 100 eV , and the col lision density F(~,u)

eq. (3.1) becomes

F(~ ,u) = (4ii)”1 a’u)fd~” ~-i~” ~~exp { -a(u) ~

f du ’eu ’ UF(~ ’,u ’) + 41lSu(~ ’,u)} (3.2)

where ; = -ln(1- a) and Su(r,u) ES(r,E) is the number of electrons

liberated per unit volume and unit time and per unit lethargy.

Equation (3.2) can be transformed by Taylor ’s expansion , into a

differential equation if we assume S and F do not vary much within a mean free

path 1/a. Expand F in powers of (u’-u), then

= F(i~” ,u) - (u—u ’)(~/~u)F(~ ’,u) + hi gher order terms (3.3)

Because

c~
’
~ f  du l e

U _ U  
= 1

and
rucs J du~(u_u I)eU -u = a”’ {- ce C_ e~~+ 1)u—c 1

= 1 + a (1_a)ln(1_a) =

(
~ 

= average Inc rease i n u), from (3.3) we obtain

a” f du I eu~~ F(~ 1 ,u 1) F(~” ,u) - (3/3u)~F(~ ’u) (3.4)

If we neglect the hi gher order terms. The variation of F with respect to u is

caused by its variation with and it will be small if the latter is also

small. This Is a condition for the validity of this development.

Expand F(~” ,u) in powers of (
~

-
~~‘) ,

F(~ ’,u) F(~,u) + ~ (~
‘-~“ )j(~/3r )F(~,u)I =1

+ 2 ’ ~ 
( ‘) l (~~~~) j (3 2/a r la rj )F(~ ,u)

1~1 ,1•1

+ higher order terms (3.5)
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where the subscript i stands for the i-th component. Because of the factor

exp {— ~(u )~~-
’
~’l } in (3.2), onl y the contribution for small values of ‘

~-~~‘i

up to the order of a few mean free paths 1/ c(u), will be significant.

Therefore we replace F(~’,u) in the first term of (3.4) by the first three

terms of the series (3.5), S
~
(
~

’,u) and (3/~u)~F(~ ’,u) by their values at r ’

= i~. Si nce

(4~)’~ Jdi~’ ~-i~’ 
2exp 

~- N ~-~’ J } = 1,

(4~)~~7Jd~’ i~—~ I
2(~—~’)1exP ~-~ [~—i~’ J }  = 0 (1 1,2,3)

and

(4_ )”’~~5d~’ 
~~~

—
~~~~

‘ 

~~~~~~~~~~~~~~ { -
~~-~‘ I }  = (2/3~

2)rS~~

we get from (3.2)

(3/3u)~F(~,u) = (1/3a2(u)) 
~~~~~~ 

+ S
~
(i
~
,u) (3.6)

4. COMPARISON WITH NEMEC ’S APPROXIMATION

Introduce a new var i able -r, referred to as the age of the electron ,

= 
1

U 
du/3~o

2(u) = j
Eo dE/3~Ea

2(E) (4.1)
E

The diffusion equation (3.6) then becomes

= 

~~~~ 
+ S1(~,r) (4.2)

where S1(,r) = 3
~
o2(u)S

~
(
~
,u) is the number of electrons produced by the

source per unit time and unit t interval.

For a poi nt source of monoenergetic electrons and unit strength , equation

(4.2) gives the distribution

q = ~F = [4iv (~
_ r
g) i

”3’2exp ~ —r
2/4(r— -r

9
)} (4.3)

where rg Is the age of the electrons emitted by the source. If the source

is not monochromatic , the solution of (4.2) is obtained by integrating (4.3)
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against the distribution function of the energies or ages of the generated

electrons.

The solution (4.3) here obtained agrees with Nemec ’s2 if we i d e n t i f y the

quantity he calls R = (ZA/6) 1”2 , where .. is the total length of the random

walk and A is its mean free path , with the square root of T_T
g
~ i.e., if

R2 = - j
Eg dE/3~Ea

2(E) (4.4)g E
If we assume a(E) = 

o~ 
where 

~~~~ 
s a constant , then from (4.4) we get

R =

If a(E) ~0E
_n/2

, n ~ 0, then

R = (3~o ~~
2(E - E~’)~~

2

The l aws of energy loss considered by Nemec can be recovered from the above

fo rn=3/2 , 2 and i
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