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FOREWORD

This report describes an investigation of the effect of the

~ I 
high load on the fatigue behavior of unnotched graphite/epoxy

composite laminates for structural applications performed by the

Purdue University under Air Force Contract F33615-77—C-5123.

Pertinent experimental tests were carried out at the Purdue Uni-

versity, and the theoretical development and analysis of data

were conducted at the George Washington University. The Air

Force Project Engineer directing the program was Dr. Steve Tsai

of the Mechanics and Surface Interaction Branch, Air Force Ma-

terials Laboratory at Wright-Patterson AFB, Ohio. Dr. C. T. Sun

of Purdue University was the principal investigator and Dr.

J. N. Yang of The George Washington University was the co-prin-

cipal investigator.

~~~~~

r~ -~~- - I

I. 
‘ -~—~—\ç•— \

iii

‘-~-w- 
~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~



_ _

TABLE OF CONTENTS

SECTION PAGE
I

I. INTRODUCTION 1

II. THEORETICAL MODEL 14

1. Fatigue and Residual Strength Degradation Model 14

2. Statistical Distribution of Fatigue Life and
Residual Strength 5

3. Effect of High Load 9

14. Determination of Model Parameters 12

5. PeriodIc High Loads 15

III. EXPERIMENTAL VERIFICATION 18

1. Specimen Description and Test Procedure 18

2. Test Results 18

3. Theoretical and Experimental Correlations 20

IV. CONCLUSION AND DISCUSSION 27

REFERENCES 31

• 1

I_ —
~~~
‘ ,;- - -~~~~~~~ -~~~~~~~ - ‘~~ , ~~~~~~~~~~~~~~~~~~~~~~ - - 

- - 
~~~~~~~ 1JiV~-~”— ~~~~~~~~~~~~~~~~~~~~~~~~~~ — - — — — ~~~~~~~ii~ J_L_~ ~~~~~~~~~~~ ~- — —



I

LIST OF ILLUSTRATIONS

FIGURE PAGE

1. Loading History with (a) initial high load (b)
periodic high loads. 39

2. Distribution of the static ultimate strength as a
function of B and the associated two-parameter
Weibull distribution. 40

3. Distribution of the converted ultimate strength
from the fatigue scan data presented in Table 2. 41

4. Comparison between the theoretically predicted
distribution of fatigue life and the test data. 42

5. Comparison between the theoretically predicted
distribution of the residual strength and the
test data. 43

6. Comparison between the theoretically predicted
distribution of the fatigue l ife and the test
data including the effect of high load. 44

7. Comparison between the theoretically predicted
distribution of the residual strength and the test
data including the effect of high load. 45

_ 

vi 

_ _
- ___



-i

LIST OF TABlES

ThBIE PAGE

1 Static Tensile Strength 33

2 Fatigue 34

3 Fatigue Life Test Result 36

4 Residual Strength Test Result 37

5 Fatigue Life ar~ Residual Strength Test Result; 38
High Load r0 = 82.64 ksi

v i i

r—~ ~~~~~~~~~~~~~~~~~ ~‘~~— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



SECTION I

INTRODUCTION

A limited amount of test data indicates that when a compos-

ite specimen survives a static high load , it will survive at

least a certain number of fatigue cycles [Refs. 1-3]. This

characteristic possesses an important practical application , in

the sense that a finite service (fatigue) life can be guarran-

teed for those composites that survive a high load prior to

service [Refs. 1-3]. Moreover, the service life can further be

extended by applying a prescribed level of high loads to the

composites at periodic intervals in service [Refs. 3—4].

The theoretical models for predicting the effect of the

high load on the fatigue behavior of composites have been dis-

cussed in Refs. 1-4. A two-parameter model has been proposed in

Ref s. 1-2, while a three-parameter model has been derived in

Ref. 3 along with the effect of periodic high loads.

It is the purpose of this research investigation to experi—

mentally verify the theoretical model for the effect of the high

load on the fatigue behavior of composite laminates proposed in

Ref. 3. The test program includes only unnotched coupons in

room temperature, laboratory air environment.

The theoretical approach to predict the effect of the high

load on the fatigue behavior of composites is based on the fa-

tigue and residual strength degradation model [Refs . 1-13], on

the premise that the unnotched specimen which is stronger in
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static strength will be stronger in fatigue. The three-param—

eter fatigue and residual strength degradation model derived in

Ref. 3 was extended in Ref. 5 to account for the effect of corn-

pressive loads. Such a theoretical model was verified in Ref. 3

by a limited amount of test data and it was further verified in

Ref. 5 by use of extensive test results generated in Ref. 6.

Since the research effort presented in Ref. 5 is supported by

the subject contract, it is presented in the Appendix. The

three-parameter fatigue and residual strength degradation model

[Ref. 5] is further verified by the test results obtained in the

present experimental program.

The main advantage of the three-parameter fatigue and resi-

dual strength degradation model is that the three parameters c,b

and K appearing in the model can be determined from a limited

amount of test data. Only one set of the ultimate strength data

and one set of the fatigue scan data are sufficient to determine

the values of c,b and K. Once the parameter values c,b and K

have been determined, the theoretical model is capable of pre-

dicting the stati~tic~l distributions of both the fatigue life

(under any cyclic stress level) and the residual strength (for

any number of load cycles). Furthermore, without any additional

test data , the theoretical model can predict the eff ect of the

high load on the fa tigue behavior of composite laminates , inclu-

ding the minimum number of load cycles a specimen can survive

after it has survived a high load, and the statistical distribu—

tions of the fatigue life and the residual strength for a

_ _ _ _ _ _ _ __ _  _ _  
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specimen subjected to both the initial high load (or periodic

high loads) and the fatigue loading.

One set of 15 ultimate strength data and one set of 39 fa-

tigue scan data have been generated to determine the three

parameter values appearing in the theoretical model. Then, four

sets of test data on the fatigue life and the residual strength,

two with an initial high load and another two without it, have

been generated to verify the validity of the three-parameter

fatigue and residual strength degradation model as well as the

validity of the theoretical predictions for the effect of the

high load on the fatigue behavior of unnotched composites .

It is shown that the correlation between the theoretical

predictions and the test results on the statistical distribution

of the fatigue life is excellent. The correlation between the

theoretical predictions and test results on the statistical dis-

tribution of the residua l strength is reasonable although a

small discrepency does exist. It is confirmed by our test pro-

gram that when a specimen survives an initial high load, it can

survive a certain number of load cycles as predicted from the

theoretical model.

In light of the complexity of the fatigue process involved,

the three-parameter fatigue and residual strength degradation

model appears to be useful in predicting the gross fatigue be-

havior of unnotched composite laminates as evidenced by the

extensive amount of test data.

-3-
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SECTION II

THEORETICAL MODEL

I
1. FATIGUE AND RESIDUAL STRENGT H DEGRADATION MODEL

A three—parameter fatigue and residual strength degradation

model for unnotched composite laminates under the cyclic loading

has been derived in Refs. 5 (Eqs. 14 and 15) and 3 (Eqs. 13 and

14) as follows

Rc(n1) = Rc(n0
)_B cKSb (n1

_n
0) (1)

in which R(n1) and R(n0) are the residual strengths at n1 and n0
cycles (n1>n0), respectively, B is the scale parameter of the

ultimate strength , b,c and K are three parameters to be deter-

mined from the test data , and S is the stress range defined as

S = 0max~~min (2)

where amax and amin represent the maximum and the minimum cyclic

stresses , respectively.

For n0=O and n1=n, Eq. 1 reduces to the following;

RC(n) = Rc(O)_B cKSbfl (3)

in which R(O) is the ultimate strength.

Eqs. 1 and 3 indicate that the residual strength decays

monotonically with respect to the number of fatigue cycles. The
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ultimate strength R(0) Is a statistical variable assumed to

follow the two-parameter Weibull distribution,

FR(o) (x) = P[R(O)<x] = 1~exp[~~(x/8)
a] (4)

in which FR(o) Cx) is the probability that the ultimate strength

i~ smaller than a value x, a is the shape parameter, and 6 is

the scale parameter (or the characteristic strength). Both a

and B should be determined from the test results of the ultimate

strength.

2. STATISTICAL DISTRIBUTION OF FATIGUE LIFE AND RESIDUAL
STRENGTH

It is assumed that the fatigue failure occurs when the residual

strength R(n) has been decayed to the value equal to the maximum

cyclic stress ajnax. Let N be the fatigue life denoting the num-

ber of cycles to failure under the constant amplitude cyclic

loading. Then, the fatigue fracture takes place when

R(n) = amax N = n (5)

Substitution of Eq. 5 into the residual strength degrarJa-

tion model, Eq. 3, leads to an expression for the fatigue life

N in the form

N = [Rc(O)_am~x]/8
cKSb (6)

in which N is a statistical variable, since the ultimate

strength R(O) is a statistical variable.

—5—
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The statistical distribution of the fatigue life, N, can be

obtained from that of the ultimate strength, R(O), given by Eq.

4, through the transformation of Eq. 6 as follows;
I

FN (n) = P[N<n] = P[R(O)<(flBCKSb+G c )L~
C

(7)
b _ a/c

= i _ e x p [0 m~~~~~~~ )j }
1/KS

The distribution function of the fatigue life represented

by Eq. 7 is a three—parameter Weibull distribution with a lower

bound at ~~~~~~~~~~~ The negative lower bound comes from the

fact that the ultimate strength is assumed to follow the two—pa-

rameter Weibull distribution C lower bound at zero) so that there

is a finite probability of initial failure wh~n the ultimate

strength is smaller than the maximum applied stress.

The initial failure probability, i.e., the probability that

the ultimate strength R(O) is smaller than amax , can be obtained 4

from Eq. 7 by setting n=O,

FN(O) = 
1_exp[_ (amax/8)

a] (8)

It can be observed from Eqs. 4 and 8 that

~~~~ 
= FR(o) ~~max~ 

= P(R(OY(amax]

as expected.

Such an initial failure with a finite probability is a die—

crete event representing a sudden jump in the distribution

-6-
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function from zero to F
N

( O) , Eq. 8, at n=O . As a result, the

distribution function of the fatigue life follows from Eq. 7 as

FN (n) O ; n<O

b ct/c

= l_exp{_ [
~~~~m~~~8 )] ~k; ~~~~

1/KS

The statistical distribution of the residual strength ,

R(ñ), at n fatigue cycles can be obtained from that of the ulti-

mate strength , R(O), given by Eq. 4, through the transformation

of Eq. 3 as follows;

FR(fl)(x) = P[R(n)<x] = P[Rc (O) B
cKSbfl<Xc]

(10)

c b a/c
= l_exp~_[x

+8
c
K5 

n] ~ X>amax

The probability that the residual strength R(n) is smaller

than amax , i.e., the probabili ty that the specimen will fail be-

fore n cycles of load application , follows from Eq. 10 as

FR() ~~~~~ = P[R(fl) <am
(11)

~ ct/cC

= l_expj_ [ ma~ ] 
~B

Under n cycles of load application, the specimen may fail

with a probability given by Eq. 11. Once the specimen fails

-7-



r before n fatigue cycles , the residual strength at n cycles be-

comes null. As a result, the distribution function given by Eq.

10 is restricted to the region where x>amax as indicated.

Let R* (n) be the residual strength for those specimens

-‘ which have survived n cycles of load appli cation, i.e., R*(n) is

always greater than emax. Then , the distribution function of

R*(n) can be derived as follows;

FR*(fl) (x) = l_P(R*(n)>x] = l_P[R(n)>xIR(n)>amax]

(12)
= 1_{P[R(n)ix]/P[R(n)

~ .
amax]} ; ~~~~~~

Substitution of Eqs. 10 and 11 into Eq. 12 then yields

a/c

FR*(fl) Cx) 1 exp~[am 
S’
n] [x

c+8:KSbnf/
’c 1~ ~~~~ (13)

for the residual strength distribution of the surviving speci-

mens.

It will be shown later that if the quality of the composite

specimens is poor a sampling fluctuation will always occur.

Consequently, if the probability of the fatigue failure before n

cycles of load application is small, the test results may devi-

ate from the theoretical prediction, FR(fl) (Omax) given by Eq.

11, significantly,thus altering the shape of the distribution

function FR*(fl)(x) considerably . Under such a situation, Eq.

10, which accounts for the entire population of the test speci-

mens , should be used.

—8—
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3. EFFECT OF HIGH LOAD

When a high load is applied to the specimen prior to the

fatigue loading as shown in Fig. 1(a), the effect  of the high

load on the subsequent fatigue life and the residual strength of

the specimen has been discussed in Ref s. 1-4. Such an effect

will be derived herein based on the three-parameter fatigue and

residual strength degradation model given by Eq. 3.
3

Let r0 be the level of high load applied to the specimens

prior to the fatigue loading. Then, the probability that the

specimen will fail under r0, denoted by B0, follows from Eq . 4

as

B0 
= P[R(0)<r0] = l~exp[_ (r0/6)

ct] (14)

If R(0+) denotes the ultimate strength of the population for

those specimens that survive r0, then the statistical distribu-

tion of R(+0) can be obtained from that of R(0) as follows;

FR(o+) (x) = P[R(0+)<x] = l-P[R (0+)>x]

= l—P [R(0)>xJR(0)>r0] (15)

= l—IP[R(0)>x]/P[R(0)>r0]I ; x>r~

Substitution of Eqs. 4 and 14 into Eq. 15 leads to the dis—

tribution function of R(0+) as follows:

FR(o+)(x) = P[R(0+)<x] = l_exp {(r0/8)
ct_ (x/8)a} ; x>r0 (16)

I
-
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When a specimen survives the high load r0, its ultimate

strength is greater than or equal to r0 under the assumption

that no damage occurs due to the application of r0. Let N0 de-

note the minimum number of fatigue cycles that a specimen , after

having survived r0, can sustain. Then, N0 can be obtained by

substituting the condition of fatigue fracture (Eq . 5)

R(n) 
~ 

, n = N0 , R ( 0 )  = r0 (17)

into the fatigue and residual strength degradation model, Eq. 3,

to yield

c c c  b
= r0-B KS N0

or

N0 
= [(r O/B)

c_ (amax/8)
0]/KSb (18)

Eq. 18 indicates that the minimum number , N0, of load

cycles the specimen is guarranteed to survive, after having sur-

vived the initial high load r0, depends on r0, and that N0 in-

creases as the ini tial high load r0 increases.

The theoretical model given by Eq. 3 can be used for the

population which has survived the initial high load r0,

RC(n) = Rc(O÷)_B~KS
bfl (19)

in which R(n) is the residual strength after n cycles of load

application for the population which has survived r0.

—10—
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Since R (0+) has a lower bound at r0, the minimum residual

strength after n cycles of load application , denoted by Rmin l

follows from Eq. 19 as

b 
1/c

Rmin = (r~
_8°KS n) (20)

The fatigue life N is obtained from Eq. 19 by applying the

condition of fatigue fracture given by Eq. 5; with the result,

N = [R0(0+)_am~x]/B
cKSb (21)

The statistical distribution of the fatigue l ife N can be

obtained from that of R(0+) represented by Eq. 16 through the

transformation of Eq. 21 as follows;

1/c
FN (n) = P[N<n ] P [ R ( 0 + ) < (n B CK$ +a C )

(22)

= l_ exp 1(r O/8) a_[ max” 

~ 
(; fl>N01/KS

in which N0 is given by Eq. 18.

Furthermore, the statistical distribution of the residual

strength R(n) after n cycles of load application for the popula-

tion that aurvives r can be obtained from that of R(0+) through

the transformation of Eq. 19,

~R (n)  Cx ) = P[R(n)<x] = p (Rc(O+)_B cKSbfl~X
c

J

c b l~ C
— = P[R(0+)<(x +6c~5 fl~ 

]
.-~~~~~~
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Application of Eq. 16 into the above equation then yields

a/c

FR(fl)(x) = l_exp1 (rO/B)
a_{x

~~~c
I<S n] ~(23)

for the distribution function of the residual strength .

4. DETERMINATION OF MODEL PARAMETERS

The theoretical fatigue and residual strength degradation

model represented by Eq. 1 or 3 involves three parameters, i.e.,

c, b and k, which should be determined from the test data. Af-

ter these three parameter values have been determined , the

theoretical model is capable of predicting (i) the statistical

distribution of the fatigue life under any level of constant am-

plitude cyclic stress, amax and S, as given by Eq. 9, (ii) the

statistical distribution of the residual strength for any number

of cycles of load application, as shown by Eq. 10, (iii) the

minimum number N0 of fatigue cycles a specimen 
can survive after

having survived a high load r0 as derived in Eq. 18
, and (iv) the statis-

tical distributions of the fatigue life and the residual strength -, -

when a specimen is subjected to a high load r0 followed by the fa-

tigue loading as given by Eqs. 22 and 23, or when a specimen is

subjected to both periodic high loads and the fatigue loading [see

Eqs. 31,33 and Ref. 4].

As a result, only those test data which are needed for the

determination of c,d and K should be obtained experimentally. An

efficient analysis technique to minimize the number of test data

required for the determination of c,b and K has been proposed in

Refa. 3 and 5. It is plausible to mention that onlyI-- ~~
- -. 
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r
one set of the static ultimate strength data (usually 15—25 spe-

cimens) and one set of the fatigue scan data (usually 30-40

specimens) are sufficient for the determination of c, b and K.

In addition, the fatigue scan data also provide valuable information for

the gross fatigue behavior of composite laminates. The analysis

a-nd the test procedure are described in the following:

(i) A set of m specimens is tested statically to obtain

the ultimate strength, de:nted by (x1,x2,...xm) (see Table 1).

The first three central moments of the ultimate strengths can

easily be computed as

m 1 m 1 m
= = E x1 , in2 = — E (x._ 1.i)L , m3 = ~ E (x. —~) 3 (24)

i=l m i...1 i m~~~1 i.

Since the distribution of the ultimate strength is approximated

by the two-parameter Weibull dsitribution, Eq. 4, the shape pa-

rameter a and the scale parameter B can easily be estimated from

Eq. 24.

(ii) A set of J specimens is then subjected to the co’~-

stant amplitude cyclic loading, and the results are referred to

as the fatigue scan data [see Table 2]. Each specimen may be

subjected to a different stress amplitude, and the number of

different stress amplitudes used for testing the entire .1 speci-

mens is preferable to cover the entire fatigue range of

interest. Some specimens may be tested until fatigue fracture

and others may be tested for a certain number of load cycles

and then their residual strengths are measured . When the stress

ti 
-13-



amplitude is small , the specimen may not fail within io6 or l0~
cycles , in which case the residual strength should be measured

in order to save the testing time. Thus, the fatigue scan data

consists of the fatigue life data and the residual strength

data, both of which are equally useful.

Hence, the fatigue scan data can be denoted by (R1IS1,cmaxl l

n1),..., (R1, Si’ amaxi~ ~~~~ ~~~~~~~ So., a
Ifl ~~X~~

, n~) in which

the ith fatigue scan data , (R i, S1, amaxi , n~ ) 1  indicates that

the ith specimen is subjected to a maximum cyclic stress Gmaxi

with a stress range S~ for n~ cycles of load application and its

residual strength is R1. If the specimen fails in fatigue at n~

cycles, then Ri=amaxi , since the residual strength at the moment

of fatigue fracture is equal to the maximum cyclic stress. All

the information on (R1, S~ , amaxi, n1), for i=l,2,...,J, are ob-

tained after the experimental tests for the fatigue scan data

are finished.

The residual strength of each fatigue scan data R
~
(i=l ,2,

...,J) can be converted into the equivalent static ultimate

strength, denoted by R~ (0)(i l~2,...1J), using the theoretical

model given by Eq. 3,

R~~(0) = R~+B
0KS~n~ (25)

in which RjP S~ and n1 correspond to the ith fatigue scan data

(see Table 2]. The equivalent ultimate strength R~ (0) repre-

sents the ultimate strength of the ith specimen if it were tes-

ted statically until fracture.

- I
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The f i rst three central moments of the equivalent ul timate

strength obtained from the fatigue scan data are given by

= ~~Z R ~ (0)~ M 2 = ~~ Z [R~ (0)-~1]
2
~ ~3 

= 
~~~~

[R
~
(0)-P i]

3 (26)

Theoretically, if the number m of the ultimate strength

data and the number J of the fatigue scan data are very large ,

the statistical distribution of x1(il ,2,.. .m) should be identi-

cal to that of R~ (O) (i=1 2,...,J) and hence Eq. 24 should be

identical to Eq. 26, i.e., m1 u1, m2 p2, and m3=p 3. Since, how-

ever , in and J are finite it is not possible to match Eq. 24 to

Eq. 26 in order to determine c,b and K. As a result, c,b and K

are obtained by minimizing the mean square di fference ~ of the

three central moments, i.e.,

= (m1—ii1)
2+g1(/ç_/~~)

2+g3
(3’i~ .J9T )2 (27)

in which g1 and g2 are assigned weighting values to indicate the

importance of matching the mean (first term) , the standard devi-

ation (the second term) , and the skewness (the third term).

5. PERIODIC HIGH LOADS

When the specimen is subjected to both the cyclic loading

and a high load r0 that is applied at periodic intervals of T

fatigue cycles as shown in Fig. 1(b), the statistical distribu—

tion function of the residual strength , R ( J T ) ,  right after the

‘-I —15—
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-~~~ application of the j+lth high load, denoted by FR(jT) Cx), has

been derived in Ref. 4 [see Eq. 43] as

FR(jT) Cx) = P[R(jT)<x]

(28)

c a/c a/c

1 
~~~~~~~~~~~~ 

(x
c
+:iT) (

in which

= B~ KS
b (29)

The residual strength at jT+n cycles , denoted by R(jT+n),

can be expressed in terms of the residual strength R(jT) using

the theoretical model of Eq. 1 as follows:

RC (jT+n) = RC CjT)_~n (30)

in which n1 jT+n and n0=jT have been applied to Eq. 1.

The distribution function of the residual strength R(jT+n)

can be obtained from that of R(jT) through the relation of Eq.

3O a s

FR ( j T +fl) Cx) = P[R(jT+n)<x] = P[Rc (~ T ) _ ~ fl~ Xc ]

c 1/c
= P{R(jT)<(x +~n) ]

Substitution of Eq. 28 into the above equation yields
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ct/c a/c

FR(jT+fl) (x) = i_exp
~

(

~~+~~T) _ (x
c÷~~ iT+n

) 
~ (31)

for the distribution function of the residual strength R(3T+n).

The fatigue life after jT cycles , denoted by ~~~ can be ob-

tained from Eq. 30 by use of the fatigue failure condition,

i.e., n=N
3
, R(jT+n)=a~~~ , as follows;

- N~~~ = ERc(jT)_ama~ )/~ (32)

Therefore, the distribution function of the fatigue l i fe

after jT cycles can be obtained from that of R(jT), given by Eq.

28, through the transformation of Eq. 32, as follows;

FN (n) = P[N~<n] = p [Rc(jT)<n~+a~ ax 1

r 1/c
= P[R(jT)< (n

~
+a°

~~
)

c a/c a/c

1 exp~(r
O~~~T) (n

~+ a + 0~
T) ~

in which ~ is given by Eq. 29.

It can be observed that the distribution functions of the

fatigue life, Eq. 33 , and the residual strength , Eq. 28 , reduce

to Eqs. 22 and 23, respectively, when j=0, in which case the spe-

cimen is subjected to an initial high load r0 only.

I
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SECTION IV

EXPERIMENTAL VERIFICATION

I

1. SPECIME N DESCRIPTION AND TEST PROCEDURE

The graphite/epoxy composite material used in this study is

the Rigidite 5208-Thornel 300 system. Three 2’X2 ’ panels were

cured using an autoclave at the Air Force Materials Laboratory .

The panels were post—cured for four hours at 400°F and the lay—

up of the laminates is (9O/45/—45/O ]~~.

Test specimens were cut from the panels and numbered . Each

specimen is about 8 in. long and 1 in. wide. The variation in

width is 0.997”±0.007” and that in thickness is 0.046”±0.003” .

Nontapered glass/epoxy end tabs of 1.5 in. long were used.

Static tension tests were conducted on an MTS servo-hy-

draulic test machine and the loading rate was controlled

manually . The initial high load prior to the fatigue tests was

also performed manually .

Fatigue tests were conducted in room temperature with con-

stant ampli tude, tension-tension sinusoidal load cycles. In all

tests , the R—value (0mm /a x) was chosen to be 1/36 and the

load frequency was 10 Hz.

2. Test Results

A set of fifteen (15) specimens were tested statically

unti l fracture. The results of the ultimate strengths are pre-

sented in Table 1. The two-parameter Weibull distribution, Eq.

4, is used to fit the ultimate strength data. The shape

__________ 
_ _ _  

- 
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parameter a and the scale parameter B have been estimated as

a = 25.35, 8 = 88.78 ksi (6l2.1MN/m 2) (34)

The fitted Weibull distribution is plotted as a solid curve

in Fig. 1, along with the ultimate strength data plotted as cir-

cles.

~ set. of thirty nine (39) specimens were fatigue tested un-

der various cyclic stress amplitudes. These results, referred

to as the fatigue scan data,are given in Table 2. In Table 2,

twenty five (25) specimens failed in fatigue, and the residual

strengths of the remaining 14 specimens were measured.

The ultimate strength data (Table 1) and the fatigue scan

data (Table 2) are used to determine the parameter values c,b

and K using the analysis procedure described previously; with

the results,

c = 12.2, b = 14.98, K = 7.49X 10 32 (35)

where the unii~ of the strengths R ( n )  and R ( O )  as well as the ap-

plied stress range S is in ksi.

The fatigue scan data presented in Table 2 have been con—

verted into the equivalent ultimate strengths using Eq. 26,

along with the values of c,b and K determined in Eq. 35. The

equivalent ultimate strengths are then plotted in Fig. 3 as cir-

cles , along with a solid curve that represents the same Weibull

distribution presented in Fig. 2.

It is observed from Fig. 3 that the correlation between the

equivalent ult imate strengths converted from the fatigue scan

—19—
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data and the theoretical Weibull distribution is reasonable al-

though it is not outstanding. It should be mentioned that the

mean and the standard deviation of the Weibull distribution

(solid curve) have been matched extremely close to those of the

equivalent ultimate strengths in Eqs. 24 and 25. However, the

skewness is not well matched. Such a discrepency is due to the

poor quality of the specimens resulting from the manufacturing

process and it will be anticipated later in other test results .

3. Theoretical and Experimental Correlations

Af ter the parameter values c ,b and K have been determined

from the ultimate strength data (Table 1) and the fatigue scan

data (Table 2), the theoretical model can predict the statisti-

cal distributions of the fatigue life and the residual strength

as represented by Eqs. 9 and 10. Furthermore, the theoretical

model is capable of predicting the effect of the high load on

the fatigue behavior of composite laminates as given by Eqs. 18,

22 and 23.

To verify the validity of the theoretical model, a set of

twenty (20) specimens were tested at a maximum cyclic stress of

60.57 ksi (417.6 MN/rn2) until fatigue fracture. The results are

presented in Table 3 and plotted in Fig. 4 as circles. The the- —
oretical prediction for the statistical distribution of the

fatigue life represented by Eq. 9 is also plotted in Fig. 4 as a

solid curve for comparison . It is observed from Fig. 4 that the

correlation between the theoretical prediction (the solid curve)

and the test results (circles) is outstanding.

1
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-
~~~~~ A set of sixteen (16) specimens were subjected to a maximum

- -~~ 
- cyclic stress of 56.53 ksi (389 .76 MN/rn2 ) for 56,000 cycles, and

then the residual strengths were measured. The test results are

presented in Table 4. The p’-~bability that a specimen may fail

before 56 ,000 cycles of load application is computed from Eq. 9

as 0.204. Hence, the expected number of specimens that will

fail before 56,000 load cycles is 0.24x16 = 3.27. Test results

indicate no failure at all [see Table 4]. This may be caused by

the following two reasons ; Ci) The quality of the specimens are

poor due to the manufacturing process thus resulting in a seri—

ous sampling fluctuation as anticipated previously . Hence, the

reproduciability is poor. (ii) it is observed from Fig. 3 that,

in the lower tail region of the distribution, the theoretical

Weibull distribution (solid curve) , which is used as the basis

for the theoretical prediction, predicts more early failures

than the actual fatigue test results (circles). In other words,

the weak specimens in fatigue are stronger than the ones predic-

ted by the Weibull distribution.

The residual strength data (Table- 4) are plotted as circles

in Fig. 5 along with the solid curve that represents the theore-

- tical prediction of the residual strength distribution

constructed using Eq. 10. It is noticed from Fig. 5 that the

theoretical prediction is conservative in the lower tail portion

of the distribution function and it becomes slightly unconserva-

tive (over estimate the residual strength) after the 25% data

point .

—21—
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I
The fact that the theoretical model is conservative in the

- -~~ - lower tail portion of the distribution function is beneficial,

since the lower tail region of the distribution is more relevant

to the practical design. It is further observed from Fig. 5

that even in the region greater than the 25% point, the theore-

tical prediction is qualitatively reasonable as explained in the

following; (i) The maximum discrepency between the theoretical-

ly predicted distribution (solid curve) and the test results

(circles) is approximately 0.058 (which occurs near the 50%

point), which is only about 5.4% of the mean residual strength ,

(ii) ten (10) out of a total of sixteen (16) data points have a

residual strength between 0.88 and 1.08, which corresponds to the

reaion between 25% and 90% of the theoretical distribution (sol-

id curve). This indicates that l0/l6~62.5% of the test data

falls into the region (0.88 to 1.08) in which the theoretical

prediction is 90%—25%=65%. Consequently , 62.5% of the test re-

sults having a residual strength between 0.88 and 1.08 compares

favorably with the theoretical prediction that is 65%.

In view of these observations, the correlation between the

theoretically predicted distribution and the test results ap-

pears to be acceptable although a slight quantitative

discrepency does exist in the region greater than the 25% point

: of the distribution function.

In order to verify the validity of the theoretical predic-

tions for the effect of the high load on the fatigue behavior of

-22-
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composites as derived i~ Eqs. 18,22, and 23 , fourty six (46 )

‘I specimens were subjected to a high load r0 = 82.64 ksi (569.78

2MN/rn ) prior to the fatigue loading . Under the high load

eight (8) specimens failed as’ shown in Table 5(c). The proba-

bili ty of failure under a high load of 82.64 ksi (569.78 MN/m2)

is computed from Eq. 4 as 0.15. Hence,~ the expected number of

specimens that will fail under r0 is 0.15x46 ~ 7. Hence, the

theoretical prediction (7 failures)compares favorably with the

test results that 8 specimens fail. Thez~, the thirty eight (38)

specimens , which survived the high load , were separated into two

sets (19 specimens each) for fatigue tests.

The first set of 19 specimens was subjected to the cyclic

loading at a maximum stress of 64.9 ksi (447.47 MN/rn2) until

fracture. The results are given in Table 5(a). According to

the theoretical prediction represented by Eq. 18, a specimen

which survives the high load r0=82.46 ksi (569.78 MN/rn
2) is

guarranteed to sustain at least n0 5,730 cycles of load applica-

tion. Test results presented in Table 5(a) indicate that the

fatigue life of every specimen is greater than 5,730 cy~~es.

This is an indication that the survival of a high load indeed

will guarrantee a fatigue life N0 as predicted theoretically by

Eq. 18.

Test results on the fatigue life are plotted in Fig. 6(a)

as circles. Also plotted in Fig. 6(a) as a solid curve is the

theoretical prediction constructed by use of Eq. 22. It is ob—

served from Fig. 6(a) that the correlation between the
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theoretical distribution and the test results is very reasonable

in the lower tail portion of the distribution function , which is
- 
I of particular importance to the design of aircraft structures .

The theoretical distribution , however , slightly underestimates

the fatigue life of the test results in the region greater than

the 30% point, indicating that the theoretical model is slightly

conservative in predicting the fatigue life having the ef fect of

the high load.

An examination of the fatigue data presented in Table 5(a)

indicates that the highest four (4) data points lie between 35,

000 cycles to 39,000 cycles. These four data points do not seem

to belong to the same population as the rest of the data points,

because they correspond to the 55% point of the fatigue life for

specimens under a maximum cyclic stress of 60.57 ksi (417.6 MN/

m2) as indicated by Fig. 4 and Table 3. It is inconceivable

that the fatigue life under a maximum cyclic stress of 64.9 ksi

(447.47 MN/rn2) will fall into the central region (55%) of that
2 -under a maximum cyclic stress of 60.57 ksi. (417.62 MN/rn ) .  The

only explanation is that the specimens are not manufactured uni-

formly with good quality control. For the purpose of

comparison, the test results of the fatigue life are plotted in

Fig. 6(b) with the exclusion of these four data points. The

solid curve plotted in Fig. 6(b )  is the theoretical prediction

represented by Eq. 22 , which is identical to the solid curve

presented in Fig. 6(a). It can be observed from Fig. 6(b) that

the correlation between the theoretical prediction and the test

results is outstanding. -

-
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The second set of 19 specimens was subjected to a maximum

cyclic stress of 60.57 ksi (417.6 MN/rn2) for 20,000 cycles and
I.

then their residual strengths were measured. The results are

presented in Table 5(b). According to the theoretical model,

Eq. 18, the specimen which doesn ’t fail under the high load r0
82.46 ksi (569.78 MN/m2) will survive at least 16,730 cycles of

load application . Since no specimen fails before 20,000 load

cycles (see Table 5(b)) it further confirms the fact that the

survival of a high load will guarrantee a fatigue life that can

be predicted by the theoretical model represented by Eq. 18.

Test results are plotted in Fig. 7 as circles along with

the solid curve which represents the theoretical distribution

constructed using Eq. 23. The correlation between the theoreti-

cal prediction and the test results is similar to that of the

situation without the application of a high load as presented in

Fig. 5. In other words, the theoretical prediction is slightly

conservative in the lower tail portion of the distribution func-

tion while it cverestimates slightly the residual strength in

the region greater than the 15% point. It is observed from the

solid curve (theoretical model) of Fig. 7 that the probability

that the residual strength lies between 0.858 and 1.08 is 70%

(i.e., in the region between 20% and 90% of the distribution

function). It is further observed from Fig. 7 that the residual

strengths of 13 data points out of a total of 19 data points lie

between 0.858 and 1.08. As a result, the percentage of data
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points having a residual strength between 0.858 and 1.08 is 13/

l9%68.4% as compared to 70% predicted by the theoretical model.

Hence the correlation between the test results and the theoreti-

cal model in the central region of the distribution function

appears to be qualitatively reasonable , although there is a

slight quantitative discrepency. The fact that the theoretical

prediction is slightly conservative in the lower tail portion of

the distribution function , which is of practical importance , is

beneficial.

1 - i  
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SECTION V

CONCLUSION AND DISCUSSION

L.

A three-parameter fatigue and residual strength degradation

model [Refs. 3,5] has been used to predict the effect of the

high load on the fatigue behavior of unnotched composite lami-

nates . The number of load cycles a specimen can survive, af ter

it has survived a certain level of high load, and the statisti-

cal distributions of the fatigue life and the residual strength

under the subsequent load application have been derived.

An experimental test program has been carried out to verify

the theoretical model, as well as the theoretical prediction for

the effect of the high load on the fatigue behavior of unnotched

graphite/epoxy laminates.

Based on the results of the present test program several

observations are summarized in the following:

1) The three-parameter fatigue and residual strength de-

gradation model, referred to as the theoretical model, is

reasonable as compared to the test results.

2) The most important effect of the high load on the fa-

tigue behavior of composites is that a specimen can survive ~t

least a certain number of load cycles af ter it has survived a

ceratin level of high load prior to the fatigue loading [Ref s.

1— 31. This effect has been confirmed by the present test pro-

gram. In fact, our test results indicate that such an effect -

can be predicted from the theoretical model.

-27-
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3) The theoretical model for predicting the statistical

distributions of the fatigue life and the residual strength Un-

der the application of a high load followed by the cyclic

loading appears to be acceptable as compared to the test re-

sults.

4) The theoretical prediction for the statistical dis-

tributions of the fatigue life and the residual strength is

slightly conservative in the lower tail protion of the distribu- 6

tion function as compared to the test results. This is a

beneficial trend, since the lower tail portion of the distribu-

tion is of practical importance in the fatigue design of

aircraft structures. However , this trend is not conclusive. In

contrast to this trend , the test results generated in Ref. 6 and ‘

analyzed in Ref. 5 indicates that some outliers do

exist in the lower tail portion of the distribution function.

5) While the theoretical prediction for the statistical

distribution of the fatigue life has a good correlation with the

test results, the theoretical prediction for the residual

strength is slightly unconservative in the central portion of the

distribution function as compared to the test results. Again,

this observation is not conclusive, since the trend does not

exist for the test results generated in Ref. 6 and analyzed in

Ref. 5. -

We have experienced a considerable sampling fluctuation in

the present test program as discussed in the previous section.

This may be attributed to the poor quality control in

—28—

-i — ‘ 
~~-------~~~~~

, - : ~~Ei~ ~ ~ r ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~



-manufacturing the specimens , including curing, stacking of pre-

pegs, fabrication , and machining. Since an excessive sampling

fluctuation gives rise to the unpredictability of the fatigue

behavior of composites, it is important that the specimens with

good quality control should be used when the test program is intended

to verify a theoretical model.

One of the important advantages of the three-parameter the-

oretical model discussed herein is the proposed method of

analysis for the determination of the three model parameters us-

ing only a limited amount of test data (Refs. 3,5]. As

described previously, the tests one has to perform consist of

one set of the static ultimate strength data (approximately l5~’.

25 specimens) and one set of fatigue scan data (approximately

30~40 specimens) only. Once the parameter values c,b and K have

been determined from these two sets of data, the statistical

distributions of both the fatigue life (under any cyclic stress

level) and the residual strength (for any number of cycles of

load application) can be predicted theoretically [see Eqs. 9 and

10]. Moreover, withàut any additional test data, the theoret!-

cal model can predict the effect  of the high load on the fa tigue

behavior of composite laminates , including (i) the minimum nurn-

ber of load cycles a specimen can survive af ter it passes a high

load [see Eq. 18] and (ii) the statistical distributions of the

fatigue life and the residual strength for the specimens subjec-

ted to- a high load followed by the fatigue loading.

On the basis of the present research program, including the

theoretical investigation and data analyses of the test results
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presented in Ref. 5, as well as the past experiences

[Ref. 2], it is concluded that the three-parameter fatigue

and residual strength degradation model is reasonable in

predicting the gross fatigue behavior of unnotched composite

laminates. The fatigue behavior includes the statistical

distributions of the fatigue life and the residual strength,

as well as the effect due to the application of high loads.

This conclusion is based on the fact that no significant

discrepency has been observed in the correlation between the

theoretical model and the extensive amount of test results.

It should be mentioned that a theoretical model which can

predict accurately the fatigue life and the residual strength

of composites in the entire region of the statistical distribution

may be very difficult to establish, since the fatigue behavior

of composites is a complex process influenced by so many variables.

In view of the complexity of the fatigue process involved,

the three-parameter fatigue and residual strength degradation

model seems to offer a simple and reasonable approach for the

preliminary fatigue analysis.

Finally , the theoretical model discussed herein is also

applicable to the case when the fatigue failure is governed by

the matrix failure mode (Ref. 131.
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TABLE 1. STATIC TENSILE STRENGTH

SPECIMEN NO ULTIMATE STRENGTH
R(0), ksi

__________________________ _____________________________________

1—1—7 84.809

1—1—13 82.541

1—1—20 81.199

1—1—26 84.793

1—1—33 87.494

2—1—3 80.930

2—1—11 87.656
— 

2—1—27 92.957

2—2—1 86.546

2—2—14 87.054

3—1—9 90.565

3—2—23 83.676

3—1—28 95.978

3—1—14 90.589

3—2—10 86.523

Average - 86.887

a 25.353

8 88.777

_______________________________________________________________________________

_

~~~~~~~~~~~~~



TABLE 2. FATIGUE SCAN RESULT

~~min = amax/36)

MAXIMUM FATIGUE LIFE RESIDUAL
SPECIMEN - STRESS a 3 STRENGTH

t. No. (ksi) 
max (10 CYCLES) (ksi)**

1— 1—6 71.60u 1.0

3—2—1 “ 1.33

2—2—7 0 - 2.43

1—1—8 67.330 6.09

3—2—31 “ 5.23

3—1—33 “ 22.38

2—2—16 “ 25.30

1—1—23 63.100 24.53

3—1—19 ‘J 42 88

3—1—1 “ 8.52

2—1—5 “ 20.49

2—1—5 “ 21.42

1—1—2 58.920 27.69

- 1—1—15 “ 30.32

3—2—24 “ 126.59

2—1—14 “ 60.15

2—1—29 “ 103.58

2—2—2 “ 125.79

2—1—22 57.240 137.42

1—2—15 “ 56.13

1—1—28 54.700 589.19

- 

- 

3—1—15 “ 133.39

1—2—23 155.27

1—2—21 
________________  

154.6 
_________

(Continued) -34-
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TABLE 2. FATIGUE SCAN RESULT (CONTINUED)
= amax/36 )

- 
I ~t MAXIMUM RESIDUAL

SPECIMEN STRESS a FATIGUE LIFE STRENGTH
NO. (k •) (10 CYCLES )

Si

2—1—24 50.500 454.11

1—2—1 58.920 20 ,000* 78.696

2—2— 3 “ 20 ,000* 70.619

1—2—5 63.120 7,000* 80.185

2—2— 15 “ 7,000* 75. fl57

1—1—3 56.524 56 ,000* 64.39

2—1—1 56.524 56 ,000* 64.18

1—1—34 56.524 56,000* 68.40

3—2—9 56.524 56,000* 62.98

2—1—2 56.524 56 ,000* 69.11

2—2—36 56.524 56 ,000* 69.38

• 1—2—20 56.524 56 ,000* 70.29

3—1—32 56.524 56 ,000* 71.14

2-i—4 54.710 100,000* 71.414

3— 2—20 “ 100 ,000* 63.608

* = SPECIMEN DOES NOT FAIL IN FATIGUE

** — RESI DUAL STRENGTH AT FATIGUE FAILURE IS EQUAL TO

—35 —
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TABLE 3. FATIGUE LIFE TEST RESULT
0max = 60.567 ksi, amjn = amax/36

SPECIMEN NO. FATIGUE LIFE
(CYCLES)

1—1—4 - 15,080

2—2—10 17 ,960

3—2—18 22 ,000

2— 2—4 23 ,390

2—1—19 23,980

2—1—31 25,000

2—2—21 25,900

1—2—33 27 ,340

3— 2—22 32 , 870

3—2—2 37,860

1—1—32 39,540

1—2—25 40 ,680

3— 1—18 43 ,510

3—1—31 46 ,080

1—1—12 49,440

3—1—26 51,700

2—2—32 52 ,510

1—2—18 70 ,450

1—2—2 
- 

72 ,630

2—1—7 135 ,500

36
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TABLE 4. RESIDUAL STRENGTH TEST RESULT
amax = 56.53 ksi , n = 56,000 cycles

a~~~ /36 , ~ = 88.78 ksi
I

SPECIMEN NO. RESIDUAL STRENGTH
(ksi)

2—2 — 5 65.63

2—2—33 68.61

2—2—12 68.96

2—2—20 69.80

1—1—30 70 .71

2— 1— 8 71.89

1—1—18 73.53

1—2—27 74.08

3—2 — 3 75.92

3—2—17 79.25

3—1—24 81.11

3—1—27 81.27

1—2-12 81.37

3—1—16 84.98

3—2—6 85.22

_ 1—2— 16 89.77



TABLE 5. FATIGUE LIFE AND RESIDUAL STRENGTH TEST RESULT
HIGH LOAD r0 = 82.64 ksi

( a) 0max = 64.9 ksi (b) amax = 60.57 ksi, n = 20 ,000 cycles

SAMPLE FATIGUE LIFE SAMPLE RESIDUAL STRENGTH
NO. CYCLES NO. (ksi)

1—2—li 7,550 1 1—1—10 68.69

2—1—26 8,000 3—2—4 72.12

3—1—29 8,060 2—2— 6 73.71

2—1—25 8,390 1—2—24 73.76

2—2—19 10,250 3—1—7 74.55

3—1—23 10 ,500 2—2—23 74 .75
2—1—13 14,250 1—2—26 76.86

2—1—17 14 ,500 3—1—22 77.41
2—1—33 16,240 

- 

2—2—8 77 .47
2—2—9 17,450 1—2—17 77.66

1—1—27 19 ,330 3—2—8 78.42
1—1—11 22,040 1—2—14 78.80

1—2—22 22 , 890 3—1—6 79 .89
3—1—25 25,630 1—2— 7 80.11

2—2—29 26,730 1—2—13 82.08

1—2—6 35,000 3—1—11 82.87

3—1—30 37,080 1—1—16 85.29

1—2—8 37,750 2—1—18 85.95

2—2—17 39 , 240 3—1—13 88 .42

(c) STATIC FAILURE UNDER HIGH LOAD r0 
-

SAMPLE STRENGTH I SAMPLE STRENGTH
NO. (ksi) NO. (ksi)

2—2—18 75.24 2—2—28 81.02
1—2—26 76 . 86 1—1—30 81.73
1—1—25 78.80 3—2—25 82.04
2—1—6 80.47 2—2—31 82 .44
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(a)

NO. OF STRESS CYCLES n

(b)

• 

/ f

~~f / ~~~~
J fa

ma~~~ o

CYCLES CYCLES CYCLES

NO. OF STRESS CYCLES n

Fig. 1. Loading history with (a) initial high load

(b) periodic high loads.
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Fig. 2. Distribution of the static ultimate strength
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as a function of B and the associated two—

parameter Weibull distribution .

I.‘.0

— 

- 

~~ 

~~~~~~~~~~~~~~~~~~~~ T



1.0
WEIBULL
DISTRIBUTION

0 CONVERTED
08 . ULTIMATE 0

STRENGTH 0

z
0

U-

0 - -

I—

I-
U,
‘-I

0

az
B = 88.78 ksi

~ 0 
~

0.8 0.9 1.0
CONVERTED ULTIMATE STRENGTH IN B

Fig. 3. Distribution of the converted ultimate strength

from the fatigue scan data presented in Table 2.
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t Fig. 5. Comparison between the theoretically predicted
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Fig. 7. Comparison between the theoretically predicted distribution

of’ the residual ~~rength and the test data including the

• effect of’ high load.
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