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ABSTRACT

Two similarity laws for a thick, axisymmetric, turbulent boundary

layer on a long circular cylinder have been established. The validity

of the assumption of constant—stress moment in the law—of—the—wall

region is analyzed under the assumption of similarity. A new loga-

rithmic mixing length, which takes into consideration the effect of

transverse curvature on turbulence , is proposed for the law—of—the—

wall region. With this logarithmic mixing—length model, the mean—flow

momentum equation yields a law—of—t he—wall relation in terms of the

exponential integral in the logarithmic portion of the inner layer.

Compar isons with available data and other proposed relations reveal

that this logarithmic law gives a definite improvement. Also a mathe-

matical explanation is given as to why the cylinder data do not

deviate appreciably from the classical two—d imensional law of the wall,

even though it is observed that the turbulent characteristics, such as

the size of large eddies and the turbulent intensities are much smaller

than for a flat plate.

When the boundary layer is very thick relative to the radius of

the cylinder, the flow in the outer region of the boulldary layer is

similar to an axisyminetric wake. With this assumption, a velocity—

defect law is derived , analogous to that for an axisyminetric , turbu—

lent wake. It is assumed that tile velocity defect has a separable form .
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Depending on the modeling of the turbulent shear stress, the mean—flow

momentum equation in conjunction with the similarity assumption , gives

different differential equations. An eddy—viscosity model leads to a

second—order linear differential equation, solutions of which are

known as Kummer functions. On the other hand, the mixing—length model

gives a nonlinear differential equation for which the solution is

obtained in terms of semi—convergent infinite series. The comparisons

of the results with the available data indicate that the eddy—viscosity

model is preferable to that of the mixing length. The former is

applied to compute the boundary—layer characteristics, and the results

are shown to be in good agreement with the available data.
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Ii of the t u r b u le nt  b o u n d ar y  I L ) ,: on :i 1 r i u i i ; i r  cy li iiln r

o [ O L ’ u i S L L L  n t  CuLld i u i s  is a spec [iii. case of t he  1)1:01) 1 ii of I r:i u11 ;v ’rs c—

(- l I l v a t l ir e  o f f -i: , : 1 1 1 0 t I l e  p u 1 11: ; I u u : c  gr a d i  ilL i i i  a1 :o~-~t zero  e V e r y —

r e  : nh t ;i iere is  no st r u n g  i n terac t  [on ho 1. - e n  the b o u n d a r y  1 ay er

- - - - I  t he - ; : I - i . n:il f lo w .  Th i s  probi i f un ; b n  stud ted I i the past  Sni hi

by -o p  r f : - u i  I:ui - - id I l u cor e l :  (01 t : 1  l i o l s , 1, - - n i n e  of u - l a y  eng ineer ing

;tp p t i - a l :  Il ls i n  hi y d r - ul y i m r n i r s , u ’ - o iy i -i cs , in s t r um e nt a t i o n  ~ind

l o;-: t i . l .C eng u u u i u - c  lu g ,  and o f  01) , b O l l i O c  of t h e  simple g e o m e t r y  which

1 1 : 1 ) 1 1 1  t es the f f 5 -I : t of t i : i  i u 1 ; v e r l ; e  - I u - v a  Lu i:e f r o m  thu-i t of the long it u —

I 1 :i L r o l l - - ;  of  I l i v i l t I l l e  iif ot l ic i  u - 1 515:ili:d ixt sy ui i : : ic l  ic bodies.

\ f  t huouu :;ii I :h ie  of l O t  of  tr a u s v - r s e  c l l LV d t i L C u C  In 1 : u - t n l r , 11:11—

I I  r I - I l - i :  L y  I ~~~ - - S hi -u i  veil  - : ;t : : i b  1 I : :hrd by 5 :5- on and Bond

________________ -- ________ — -- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i~ J~
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[ I I ,  Ke l h y [ 2 ]  l I d  by Cl : i i to~~t -iu i h 1 ightlui I I. [ 3 ] ,  iiiii ’hi le ns :-. i o l y L l o t  L

)rk I I I : ;  10- -Il u-lone for the t u r b u l en t  011:10. Tn 1)’LO , 1 :1 5 . - l l C [4]

Iii I L L  i5;it~~I [lie t r an l ;v - r se - -( l l r v L l t u r e  o f  l u - - c t  by I t S  15 t h e  1/7—Ui 1- I n . - - - r —

l i v  v i o c  I ty 1 11 :01 l i e  and t h e  13 1 : u - ;  [us sk in  -fr let [on l a w .  lie do - s - h  th at ,

0 t ~I 5 [von v ii  l u l l  of 1110 :11 l i L t u n — t h i  ckness Reyno 1 (IS u u u u i i u b e r  , the u-sb in  i r  1c —

I ton on the L -y l I ui ler 1 : 1 ( 3  ~~~:c- : it er  than t ha t  of a f l it  plate , and t ha t

t h e  b o u n d a r y — l a y e r  Lii i okness -::is co r r e spond ing ly 1-0 :1  1 1 cr

~ost  of the 111 V S  t I 5 1 1  0 1 5  in I:Iu is :irl a i-ore coil u- ’ 1:1 0! lill y w i t h

iSle LIILICC layer , flI rt l i i~ l , i i i  y v i  Ui I be io~ ar  ithIlflic portion of the

Lu -iw of the wal l .  They al l  assume d t h a t  t h e  c l a s s ic al  t o  -d iL01i:1l~~ m i

l aw of the wal l  lou d to  be I :od if i u- - d .  S e : i e  of them t r - 1 to  u - ui~ l [f y f lu e

1 015 l a :  ts of the t w o— d im e n s i o n a l  11)5 111 i. t : iumi . c  110-1 , - I L  lu - I s I  1 i S  - of i i  i i i

I T ie  ; i rgI ; : L -  at of the  f un c ti o n , but  not  the f u n c t i on  i t s el f .  o r  s ’ o  p I ,

in 195] , K f - I  - ;u i id  [5] oh ta I l I d  a l i n  of the  wall f o r  t he ax]  sy l i l o l  r Ic  —

bo u n d a r y  l aye r  b y us i lu g (~~ T e l ; ’ sl: ro- : . I i  I In c  h iy p o t h i e s i s  in  the C u 5  iou I)0 11 C

the 1 - /L u L L ~ ii e n c  he u - i : l l 1 I L : & o h  t i i~~t u-e:~a f l ew is  l o i u i i i i u - t t e d  b y t i e  ~!uil.

R I  : l;nort d pr opo scul  i_ill e x p r c u- l n in  f o r  the uio n i l  I - i !n : ; i o i : a l  v e l o c i t y

ii - u / :i~ as a Fu uic  t [on of ih e  :i r 1 ; u l : ; - n t  y * (1 + y/  2 :i) . ITo , then ,

i S ta  lime d the l o g a r it h m i c  lu - iw s u i ; p i y b y rep ine i i i g  the  Ll ry d - u - n i l t  ( ( I . the

Li - - ; —d I ; ion : ;  I un ;i l  l o g a r i t h m i c  law b y th is  new a i : g u - ;  - it  - in [967 , Ru -t o

[ 6]  :1 ;  ‘ -lt d t h a t  the v i s c o u i s— s u h t a y e r  r e l a t i o n  is not  i i l e ar  f o r  ix 1—

r *
,i : O i e t r l C  I l OWS , but  i~; ; [V I il by it  :i Q i t  . W i t h  ~ i~~~~l i lC l Ll by
‘1 1 Ii

-

~ a 2 f l  in i t - 2 n  y -I— B , h o  prop ) - - 1 u d i f i - i - - i i t  10 1111  or i he

t
S I - ;  r u  I - f l  - 1  111 t lie “ l i s t  of .sy l:bo 1: ; ” 110 1 i i i  1:1w : u d :; - i 1 i u  n t

• -h n ~~u - - i - s - - d o - r e they  f i r s t  occur .

_ 
~~~~~~ :o....~~~~ ... .-~ -- - -.-~~ --- 
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law of I Its i-~a i t  , in wli l ob 111 ‘ -pt t h e 01 1151: u s  o f  t he  two - i l  Lunen sional

law . l a t e r , lw .-i~ ver , the  I l - I f O  1:1 ine n t s  of  Rao and K o l  i a v o n  [ 7 ]  showed

tha t t i le Oil i~ 010011. C o n st o  i l L s  of a f i n  t — p i a  l:e bo l ind: i  ry 1 ny  - r are

‘ ‘ fu in :L  t o l lS i[ Re i - i l a for ax Il -;yliiuiu e t r i .c  11.01- IS. On t he o t h i : c  hand ,

Yu [3] -o id  ldiiii It oh .. [9 ]  5. pt  the  f o r m  of t he  tl-/ o — - i l i IL .: L : L [ o f l n l  lo~ a—

r ith inic  law b u t  t i  - 1 t o  1 i c y  the c o n s t a n t s .

C) ther - io ik  ulone in thi.s li lt :u - Ip l 0)-cd cI osiire i:~o d&~l~ of tw o—d I i I l C f l ~~

H ;:il f l o w s  and the :u s: ur ip t  ion of con a  t an t  stress So l u o l i t  in t h e  law—

ol - i S - ’ i i i .  105  o n .  [ 1  1961 , ~~j - C u r l y , l-S - ’l :r t  and Mlukowycn [101

:111:1 1 ) o i l  L I u u I 1 ! I ii l o u it  v c l o c  I ty  an d :1w r u - u - i l  h o u t u d a r y  lay er s  on a

:y L I i f u - r : of  co l lSL; I Lt  ~- o I t t t s  by illS Hg Do i1 ;s l I : - r ’5 o l l y - - - v l s c o s iL y  1 1)4101 .

In 1972 , l’at c i  [ 1 1 ]  oT O t I  - h :i ~~i l t i t i - i i  fo;: the f i l l - - I l I ;~~-oi: by usfo g

:1 l~ .-:O -d I - l o l l ;  i o i o u i , I I i l l g - l  - ~5 Lh :111 11 L g iven by Laudweber and Pooch

[ I  ~ I

I - h I  (1 T - 1. ;i u - - o i u l :  i zes the v t i i o c i  ty  d i s t r ib u t i o n s  i n  t h e  logar I thunl c

f O C I  ii of I f l ~ ~~ sJ (If lie - - : 1  [1 . proposed  b y v a r i o u s  I i l I t i l ) O S .

.‘h i f : i I l 5 ii t h e  1;o r i f ~~i y  1 ~y - i :  on a lo I g 01 Il n Ier  1 (311 , i -h on  ~/a >>

hi a l m o s t  LIII a ~-i; b : - l  15: f l - 1 - i , v er y  L I L I  l o  L u t t e n t i oll  11 - 113 1: ii paid to

I l l )  i-s 1 po r t  h - ~ of  I —
~ - ‘ i - T o r y  l l y u - - C .  Son and  K e: ;l i avan  [ 7 ]  t r I ed

to I -d :i S I i~ i i  a,: I ty  v;ti : 1 01) b u ~ f o r  t h e v o l  oo i L~ -do f ec t  reg ion  by t r ia l
U - u

: 1  : r r or .  I’hey b u s h  i - l u s t  [ 1 : 1 v ’ l ~~ I Ly d i - l o c t  
~~

- - - - -

~~~

- y i e l d s  siun i—
(a 4- y ) u  T

I l i l y ill terms of lie v i i  b h 1u  r ~~~~~~~~ 
- 

, 1 - - : - !  on hei r
V

- u : 
. - : u u t ; i l u - 5 i  n .  On t l t e  c i  h i - i  l i . i aI , Tn  [8]  11111! ( 5  I i i  et  :1 1 . [91

s - I l l - I  I f i r  rn - s o i l - - - i l l : ;  l u  - l - i s ; i - - i [  L O l l  -P I i : 1 : I I O I I l : i [  d c f c c t — l a w

I l l ) ) l b  i l l - I L  - -s ;i h I I - ~l I )  ;u ~~l I I I  t I 1 - - 1 1 - 1 1  - l i t : : ;

$

- 

~~

-

~~

— -

~~ ~~

- -

~~~~~~~ 

- - 

~~~~~~~
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I 1 9 /2 , W it  it o  [ 1 3 ]  ap p r o a ch e d  I 1w pos h I - -I l l  w I t  Ii ii Ii p i e  I n t i - 5 r a  1~

- u~~- iI i; is in -: I i I oh hue :1551 I - P  t h a t  the 1 - i-i o f  1110 1- I l l  I 1. 1 ; I l % 5 l ’ 1 S  L u  -d by - 
-

5 io [6] 1 ;  ‘ a l i t  liroii 5 hi iut the boundary 10)-or. 1 bus , t h e  i-;: 5e f - O C u I  i o n

of tIle b oitn I try 1 -~~ -r Wa:; ilo t considered .

In 1) 1 0 , ( . i c  I [ h i ]  : 0 ) l \ u 0 l  t h e  L L 5 i b O t t t  h o i u l i b ; I c y — l ; I y e r  ‘ q I S I  1 ,01 1;

by u - i l l  I op I I I t h o  I t c - - -d I i i u - - i - - u - o  ne L l - s b , - - p 1 i &-d  a I N c  the  m o ’ : e u i t t l l n

e q u at Io ns  i l u-t 5 - -  a 1 1 -siC i sod .  In i l l s  t o i L  -i 1 , C - l - - :  1, u i : o - i I an

edd y -v [5 -os  [ ty  011 1. 0 1 Ii i i i , t o o - - f  I : :  - - l o i n  I i - - i - - - - I :ti: y I : Iy o r n  -:11 1111

i5n or c s  the e f f e c t  of ti- :u nsve ooe  - l u r v a t i l l ) c i i  I urhit I c i u c e .  l1oi~’ovor ,

C - I - c  i ’s I l l  t u t  io n  is t :he onl y comp lete OflC avu -i i 1ah , l e  .

Tn 1.976 , \ I T / ; u l . and N ar as  j ahia [15] stud led the pr obi  -a a t  1 It~~e

o f lie I r f t i , - rs : ul  Reyno lds  n i - -lbor h~i I ~;ed on the r a d i u s  of

cy l. f a d e r  :u , a ’ 
-‘ 

V 
~ w i t h  t h e  b o i t s l a r y — l a y e r  th ickness  ~ of order  a.

They used i -l ie u L 1 1 1 1 3  of the an flow and the  0~~ I l o u d  of matched

a sy l ip  to t i .c oxpa ii. ; i ons  to ;-;hiow l:luu - i t the f b i  - l u l l  he l o ser  i.1;od b y time

inner— and o u t e r — l a y e r  ct -i imcepts  t ha t  are u s d  I I I  Li -j o II I 111 111 3 1 u - , n -~il 
- 

-

L u l l  b u l en t  hu- i u a d a r y  l ayers .

- ~0 o f  I lie i t  : - l’5 l 1i-. ( C u S , hou-’i ver , ~1 1 onl y - - - I 1 1  i i i  La I i-:ork ;

u — - : l e ly :  Y ; i - : l i h I : i  st [[6] , W I  l . lon: i r th  and  Young  [1 . 1 ]  :und  W i  1 1  m ar t h , W i  ~k i l

Cu ; ioh  Slot  r u - i - i  [18]. But  the only r ica su i :e - - :u - - i i t  of t u r b u l  - i t t  q u an t i —

t h i s  ( l i t  t ile : ‘ - u l 1- -p ressure  f lu c t u a t i o n s  ~e : i : ;u i ro i1  by W I .] i inarth

i t  -t i .  [ I  7 , 1 S j )  - g i v - n  b y A iz a l  and S i n g li [ 19 ] .

SI l l  a I ; l rg I i  i i .  5c r  ~tf /1 015 11 l u - S L I t S  f l O  I l l  ni ye 1  os i ty

pt u l i l~~s I re  u-l ’i :i I 1 - 5 1 - , 1 : 1  :; i i n h i u i r i t y  h : i - - .-: ; f o r  t .h te  ~t d : s y : I t r i c  t u r —

S i  1 i t  f t - I - -i n i  cmg ii Cu I C u i : u i l  i C  -~ - I  I i h o r  h a v e  not 1:;  y - L  1- 0 -u ‘-oi l I

I

- - - - - . - - • - - - - -~~~~~~~~~~ 
~~~~~~~
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H, S

( ‘SI : i h I  Hu h .  5 i ice , t h i s ol  nd y I : ;  nun l u h y  - s i s -t- rned wi I - li the il et ’i i iit n—

:iI f u n  of I lie I u i i [ h : i r i t y  1. - u - : ;  by u s I n g  Lhe ‘ - I ! L i  - l i l l y  L i O l u e l i t i l l i  l - u h u l : i t l o l i S

and 1 1 : 1 01’ i - - h i t  ions 10L I l i e  1 ) - n o huh : ; - 5  Ii ( h i s t c i b u t i .ouis , and t l u t - Lr

app  I . i - s t  I ’ii to I - r o v e  i ‘ I l  en 1 - i i  1 . i  I i n s  of 1 ho b ound i ry— 1 :iy r c - l ia r—

i - : t  cs .

I t  i :  .o l  I - ‘1 i t t -~il .~~l t h u _ i t , l ot : :i~~ I :-i ) u : u I i u - L i i s l  f b i ’s , the t o t a l  shear

s t ’  n N; - . t  s O f l : ; L : u t i t , b i u l :  h u t  t l i o  - : I  :5  l i : o : - u t t , r i , may be Al
:1 1 0’ P to be - u - i s  i: ,  t i t  i n  t u e  1~ -o- - i f -Lbe  -~~u i t  Cog i on .  The vs I Id icy

of t h i s  i - ; - t p l  I~~~i i s  : L u 1 1 .y . o -d i i  c o n j i u i u t i o i  o l t i t  s i m i l a r i t y  of t h e

I l  ‘‘~ ‘ , i n  iS ~u I  or  1..

i l l ’  .- c a : i u r - . - i t s  n t  -H i . 1 - u - i : L h et :u l .  [1 / , L 8 ] ,  A C -ial and Si n gh  [ 1 9 ]

and DoLt-l i , y.k :tu- u - I a  -. 1 f l’ i iui  i - ~~ [20 ] u- - - a l . t h a t  t h e  t I : : i l l sv o u :o e - -- r i i c v : i —  —

l i t re affects t u r h u l  coo - c  P i r e - i  ly .  I i : !  ~su l  Ls H f  i c : i ( :o  t h a t  t i t , h u t i ~~’ic ~

[~~t s n ~ lt ies , and the s i z e  of  L i ’  l ar g e  - P h  be ~ :1511 c o w~ - ~ - ot l .y the

i u i i x [ i m g  1co~; th  :irc re du ced ~ if I L - l i  to v i i i : ’:; f o r  u-i :1st p l : i I i ’. A

m i x i n g  - b u - i i g t h  model u - f i l c h  lw:;  th teos :  r l i i : 1 C u I  t r i n t i c : - ; i n to  :ic - ul !u i :  I s

pc -posed in Ch ap te r  1., and app  1 I i i  to ‘ 1 ice a 1 ow nIT I 110 Wa 11 f s u n

the  uuc ;n i— i ’i o w  ‘ t t - : t i t uu i i  I - f O Il ~~~~~ lie is ;~~itlts are t- -~ - - -p :u  - i  w i  t i~ i i;e

data of W i l I u :i i i ol: ;u 1. . [IS], a - P  i - il l - l i uuI ;hier PIoPOsecI f ins of t h e

- ‘-i of t h e  - ‘ u - u i i

l f l i ii a/~ ; 1 C o 1 C 1 l s :3 , o i i j , I l ie 0) 1 u l s T e r  Lay be COIlS i t - I - I d  as a

small. v o o t  t o  i t y — - s id t u l l u - I l  i C  - -~~~~~I O  ~ng ii I s t u u i - i 0 0 0 .  lh -n t - :e  I l ie  f l o w

uni ty  he : o i u : ; i i I . : r ’ d  0 f~~ :.; i u u u i h i t :  0 ii  ; u x i : ; ) i l u - l o t r i e  u~~~~e f l o w . ‘t he

I I s i lt  ( IL  lie s i - i u :e 1; I b - u t  t h e  d r u g  gi i t -  - i a  L i  ig chic sal -u - c is  not  con—

st an i - , b u t t  ii l i L t lii i ot  lie t ou ug i tu id  l o i t - - i i s u r d  i n u it e. f-H th  these

-4
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coiu ~u u b - - r t b u s , I n  ( h l u : i p l e r  2 , a s i u ; i l I r i  Ly l a w  h i s  b - u i  d e rI v e d  for

t h i e  v - h o c  I Ly  - I l - I s - c t  l’ -g l o i i , ana logous  to lie a x i  - y  II ’ ~ - i  t I C  1u u r b t i l e n t

‘ - - u k ~~, b i t - Il b y us h ig i - - l d y - V f I c o s [ t y  and i i x i n g — l r - u u g t h i  t - i i s - p t S .  The

, c s u i I I : ;  :l c o  f l u ’ s ’ 1  : 1  I - li chic da ta  of W i . l l u u t a L t l l  et  u i .  [ 18 ] .

i i i  ( 5 -  ‘p I - -r 3 , us I l~-~ the results of the law--of--the - ‘- ‘:iii - - id lie

v s 1 l s a  I Ly - - d o l o s : t 1 - w , an : fp r o x  l u u - i t~ isu- t hio d h a s  5- it p u - c ’ ; s : i i l : P f or

: - I f I u t I I i : ~ the  h - s l s i - l i :y - - l : L ) - t- - L - c - h i : s i , u s - t e r i , s t is i s .

I
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I f  I _ \1 5 ’i - _ E~ t

I t i E  [A l l  O& i h l E  b -~A l L

I .  I C m u -s t u-

f or  a l i i  I r k  b o u n d a r y  l ; L y s : r  p u - i s - u - h i p  o i l  t l o n g ,  si -odor  cy i i L h e r  of

cons  t u - I n t  red i.i us , due  to the s iiu tp le  geo uu ie t  ry  , ~1 c i s  p - u i c  u - i  1~ ly i O u - i  u. :ue d

t h a t :

L) ‘t h e  c,~~i - I l :-u- : ; l : r 5 - -- - n t l i n e s  r euuu a tn il: .:i: ;L jl:ir:iitet to chic sur— - -

0 rs~g - u  rI  1 s :ou - of the ru -l et lye bounda i’y -1 iy o r  I hi i s -b u i e s s .  ‘ITh i Is

a : : u - u l i f t  l u - u i  1 -:p l i e s  t h a t  the  n o r m a l  componen t  of t h e  use Ii ~‘i ’loc I t  y

is , ‘ u u u c h o u n a h 1 eu t :hu :u n  I lie b u g  i tusl i ui ;il. s:i ’ p s , : s ’ii t , t ha t  i s  v <<  i i ,

:uid hence t h e  I s s h i s ’ s i i  p r s s - u u r e  g u : : l i l  u l t  I S  i iep l i g ib l e .

i i )  The i iua gu it  Ie~; of Roy n ol ds  s ti :e : ; : ; -s : t s s - l i i i l i r  to tb ~~ :;o o f :1

I T t ;i  c—p late i - u -  ed: u ry l u -u -ye C.

tin der  these  iw i i : ip t i o ios, the b o u n d a r y  1:1)-er s f s : v s l h I i l i O  i n  a & -o n sL ~u t

p r u : s : ; u r 1  f i e l d .  In t erms  of t h e  su -yl  i u i d r  1 - - u  I , i ;e i i f  i n - u - t t --s (x ,~ ) P s

i n  f - 1 g . 1, i Si s - r e  x n o t  y t i - c the c o o r u i  i n a t e s  ‘I i  u i  i t o  I and pe i po t i d  l i i i  I r

to t h e  a :< 1 of 5)’ - 
~

- I: u. y of t h e  cy l I nder  , r u - pee t ively , the boo c h a r y —

1 u y u --r  1 u i .  l u - u i ; for  the  i - u - - u - u i f l o w  ;ire

su ~ 1. ~)11 - 
- — v - — - - ( r e )  0 (1.)

Ix Dy r Dy

) (or) ~~~ -- ‘cv)  0 , or r ru t  F F v 0 ( 2 )
~x - ‘y \ ) x  - ‘y /

____________ — -cc’--- ~~~~~~~~~~~~~~~ — -. ~~~~~~~~ — -cc--—--- ~~u_;;:~~ -i
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_ _ _  
-

I I )

- l u - c o  u - u i ( x , y )  is  l ie - - u n  v s ’ l s i r  i t y  u ’ i u j u - u i s - u ) L  i i i  t h u  X - ( l i I O u t  I s i f l .

v -o v ( x , y )  
- ; t h u  - - i i i  v s ’ l o c tt y  r s : u p s u u e n t  i n  I T~~ y—d ( c i t  I s u f l .

r .i F - y ,  s i t S  a c hic u : c U u~ otT t h e  cy l h - h 5 r .

u u ( x , y )  I: ;  h u e  t u t u  s h i 5 -:ir t i - s o-u s , ‘ l i l s i l  i s  g I v s ’ u i  by

- i i  --c = ~.t 
- - - ( 3 )

Dy

‘is Uc p :uu id  p are the  i f s - u i ; i Ly sod the  h~~ u - i u i c  u - l u s  I - l i L y  of t h e  f l u i d ,

- ‘ 1  l u  v ’ I n the 110 c~~ u t I - 1 5’ -y no  h th ~ : 1 i 5 - : i  u - L I  I ’ - -. -;  T i e  0 i - hue  f l o e  tu ;i  t l u g

i ’ s ’ .~’ ’  l ou t s  u ’ l ull V 1 s i l  I T i c  i u i o t a t u t : u u i L ’ s - : u : ;  v o l  o u - l  t\ ’ .

Cue  h c u ’ . l - b u L ’y c o f  ~ I P l O  s O C

u t ( x , 0) I) , - - (x ,0) 0 , u (:-: ,0) r (x)  ( ‘i)

l i t  u i (x ,y )  U , l i eu  v ( -< ,y)  0 ( )
y - - - o y :- 0

iS u ’ ~~iu U I I ‘~~ V~ 1Oi I ty u - i t  I - s~ l ge of the b s i u u s P i r y  b . y r .

; u i s o i t  1:; a - : - - , - ii t h u - i t  hue  r i u r v i ti t r e s  j f  the  I - a u - - I  l - f  s t r o l l : : ;—

h i - : ;  u - i r s - u - p I py bi l ’ , i ’ - ’ I u ( i - u : i u t I ui  i
~~~~- I u - s ’ 0 i i  50 b u - i - - - i i r y  1 1 ) 5 1 0  ‘ i l

t he e i - : t e i i u I .  l i -i - To -  i l l - i l l  - - 1  to lie i s - p t i g i h l s u  ; u l - - l . ‘t h er e f o r e ,

L b - u  s - ’ o r u o t  1, 1 h s uw l i p - i - i 1 hi-s i , Eq. ( I.) . u u a h  511 . (2) can be s o l v i ’sl

b y i u i i u o g  u - i 1 s o p e r  h i u : u u u r e  i - c l  i t  i - h i p f o r  I h i S )  5 5 )-c o l d s  st resses .

‘l’ ltc 1 up l - i- it:  a i d  ih i e  ,uuo - ;t c u u u ’ - u u i o u i l y  u sed c l  1 i r e  050 1011 t o n s  arc  von

b y I u- s I  - - u s s li - - i  I p h i - - u - , - - ~~ b s u p  i c - i  I t h u - - or  I -:u - , 1:11 1 ch i r u  f - i t  e R e y n o l d s

: 1 , 05 - i : ; s o n to t h e  i ’ s - o i l  f l u u u - - u -  I hi r i u u i : ; f i  t h e  we l  h — k n o t - n Co n c e p t s  of n u i .x lug

i s - spil t a ‘ -1 s - ‘ - h y u - - i s-u-si l ty. I i i ; i n g  F , b ie i - u I : - : i u ç ‘ l e n g t h  s - i u u u s l i ’ p t , Patel . [ l.1 1

:; i . .:l ; I h -  ‘ u - i S - s o i l  v u 1 t ~~t r i b u u t j o i t  i n  h u e  i s w - - s u f — t h i e - - ’,- : : u i l  r eg ion  as

— 

- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~ 

- - - _______ - - - ---————.- -----. -—

—- —— —- ~~~~~~~-~~~~ — - —~~~~~—

-

~~~~~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~ — .‘  
- 

- —~~~~ —~~~ —~~~~~ —-- ~~~~~~~ -~ —- ~~~~~~~~~~~~ S ~~~~ ‘• — — -



*
- 

- F
I li = ~~~~~~~ sl y 

‘2  ~ (6)

0 
1 1- fl. ‘F

-1- -r * ii 
U ) ’  

* 
u t Q

- -- h - re  -c —- , u -= - , y = - - -- , = -  -

-r U V V
W U

= (7 )

T -° cl ue shear st c 5 ’ss at  y 0 ,

tut ix lug  1 i p l :h .

For t h in  b o u t - f - i c y  f - -~~u i - s , t h u re I i i l u )  n i u s c r u l s u : ;  f o -  u t l : u t i ,ons for the

u u i i x in g— i s_ ip t :h  d i s t r i h i u t  ft-ui . As d i s c u s se d  by P : u t o t [  I t ] ,  t h e  L o st  (s u i t

and - p p i : o p r  l at e  0 c - s , g i v - -u i  b s y  I - u l ’ , - , - h i ~~u: : i I ’ il P o s e h i [  1 
~ 1 , i,s

K y /:suh~ u-
2
y

iS) (8)

al isure  K = 0.~ u 1,8 is I b u s s  Vcui :P i - u Pa l 1 s u t i s  t in t

A = 13/ 6 3  iS a e u - l u :  t au t  g iVeti  by I’st  s~ ! [1  1]

I - ’or a f i s t — p l a t e  bo u n d a r y  h u y ~~r , I - ;  a . si 10 he u n i ty  and

~~~~ (6) S l it  (8) g i v e  clue l u-it-i of I : h u s )  ‘ - - 1 1.  u u - i - u  : u x h .  ‘I u -ic , tur—

h i i i , - 5 i t  b o u u i I b s r y  i a y u ’r , b ’u s i ’ .- , - v er , It  i_ s  u - u - i t  ‘ -~ s ’ - : - l  I ‘r u t  t lie t o t a il st r es s ,

-c , sT ~~ s~~ u iint  r u - m a l i  e o u u : L t a n t  ho t  the h o w  u - i  - I  h i s ’, - i - a !  I r s 5  l o t , a l_ though ,

r ider  s : - r t:i In (S l u s h  i .t Su i t ; , th i c  St  (i ns - l u - u i - l i t  (~~~~ i )  s - a i  b - u  a s sui uic d to be

a nd i - u 1 u , u l . I n  (s i t ) .

2 ‘- , u ~i 1 i - ’ :  :; i i  I h h u ’ : u r  -SI :  u l : u O  1 1 : 1  r f l u ’  i l  I u i - f l

I t  I ; u i _ s u n  1. 1 y ; t s : u - u u : : u u  -d t h u - i  I - , in a t u r b u i l  i - u i  L I i i ’- .’ a l - u i ,; 1 100th

$ ‘~ia I  1 , ~he v e l o c i t y  d i s t r i b u t i o n , in the  p ar t  of t h e  h u ~~~b : i r y  l ay er

______  -.——.-.-- - - -_______________________________________ 
—
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u s - s t  I bus - u - i l  1 ~ - j i - -uu ’ b; u~~-oui t u t u  l y I h u e  d~~i io  i t y ,  -i i : ~~~ s - :  1 I.y i f  I l u t i  fluid

and tite ‘- - i l l  : u h u i l r  I I  i : O . P i l l S  u e u s - c u - t l .  a s s . u h y : : i s , u p p l I i  to ( h u e  v u - un —

:u l s T - - ;  ~~~~~ y ,  u - i , n , p ,  ‘_ ) ,  ~l u i  ~~ l ’ ~’ s ’5  t h e  h u s h  t on a l. i l - i l  I - f l

*
u -o f (y  , u - t  ) (9)

Ps: ;~~; u u - u i , uig t h u - i t  t h e  l i t u i e t l u - i - u i  u - h a l  l u - u i  g u i - s - u  by i - q .  (9) holds f or a

thick : :-: i~~> u i u i e t u i C  b i u u a ’ s h ar y  l u - y r oil 0 c i  rs u u l - i c  c - :1 I ‘i s - I l  of c o n s t a n t

r - u d iuis ~ Eqs. ( L ) , (2) and (9) g Ive u-ill s - p sS : i : i i s u i  f s i ~~ u - i~~ f o t l ,oii_s

= 
D [~ f ( y , a ) l  ~ f + U ~~ ~% ~ f 3a

Dx Dx -r 
j  

dx ‘~ 
[~y~ 

u-

= 
ulu •~ 

u [If y 
u-hU t O f  a~~T1 T [D ( e

*
I )  

F~~~~~~
1

’
dx -U I V dx ‘~ d x I l x  I -.

t u y  Da .i L D y  Do

The data of \~i1’tmar th  et u - i l .  [18 ~ show t :ii i t t h e  I ( ‘ L i t  1 f / T a  is u-il u o st

-zero , as as been VCI  [ f l e d  u - i o u - u  t y t  I c i ll y i, t i  L b s  - u i - u  t I  - ~ii - u S  t a  I sou l f o r

chic 1.aw of the wail., w h ic h  is  p re : ;c t u -t ed  i i i  a s i t b : u ,  - ‘ h u t s  1 s ec t  i o n .

U f u e r e f o r e  the above u - - x p i : u - s ; n  ion f o r  D u / D x  can be u - p p  ul ox l u - u -  L cd by

dit -

- 
D ( y  t )  (10)

Dx (IX

2
D 

tt
:c~ u IT 

(I 1)
V Dy

Fro m Eq S .  (2)  u - osd ( 1  0) , sacs  nbt a  i n s

,, çy
” d i i  ( * ) *

- 
- t  r —  -

- 
- d y

~ u t  i dxu ’O D y

____________ - - - — - ‘ • ‘~~ - -cc. . .- - .  —. 
~~~~~~~~~~~~~~~
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I ‘3

or , I t i I u - - p . u  t 101  h ) y p o u t s ,

c l i i  . ry ~.. .-~1

sb ~ 
- ‘

~~ J ~ ~ d y ( 1 2 )
-r - u - i + y 0

[ h i L ’ i i  h i ; .  ( 9 ) ,  ( I I ) ) , ( I I )  , u u i l  (1, 2) p ly e

u -F v u 
‘

~~~~~ [r ( f  ‘F y
ll

f
I

) -- f f y~
’ + -

~~~~ ~~
- - -

~: J y f d y~~

-
~ ~ 

t I n  

1 2  I~ ~~ -: { I s f Y ’]  (13)
C s l .~ 

- a l- y -o

- h i s - r e  U - ‘ ~~

Dy

u -i l u- -n , w i t h  ~ i c
F 

‘- u - n c ’ , i S o  r i gh t - - b -  - u u l s i d e  s u I T  Eq .  (1) b e c s - - u ~~s

3
I 3 3 -i ~~ I--

- 
-

- - ( t -) - ‘ ~~~~~~~~~~ . [ ( u - i  i- y ) - c  1 ( 14)
p pr ~~ ‘ u - i -F y Dy

S t i b u - - ;t  i t u t  l u - u i  of l - q .  ( 1 3)  i i i  ( 1 4 )  111110 th e  T - - : u - ! u c y - - h 5 1 i u r  E q .  (1) -ow

p [‘u-es

* + ‘ I 2 ‘~~~~~
‘ ~1— --,: [(a  + Y ) ’ r l s c c -us [(u-i + y ) f  - I - f )  y i d~~~

j  
(15)

0

U U x
- 

(i cy ewhere  e —- a - - - , R — - —

dI( 1.1 X Vx -c

r n t e gr ; i t i on  of  l-h
~. (15)  b y pu - u u: l :; w i l  hi u T s j ) s ’O t  t s)  y 5 i V S

cc-

‘P
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1— * * * ~1

* u-1~ -F~~
’ * u-I 2 ;I fY ‘~~~~~

‘ 
* il ~1

(a + y )-c ~ o J (u-i I- y ) f  dy -F y U dy dy
L o  ~‘o ~o J

u- -s * *I * ~ 2 1y b~’ * *— a J a I dy + I y l: s ly  I- I 
~
‘ idy

L J o 0

*
(Y * 2

— y f d y ~
.10

S h i s l u - , u - i t y 0 , u -o [ u - si I(0,u - i )  0, this - u lu - s ’ v e e q u a tI o n  y i e l d s

= 

~~~~~~~ 
{t - a 

J 
I ( f )  [I(~~) I- ~~~~~~~- 

~~] 
~~~~ (16)

u - - - : u h i  v u - i l ’ I s~5 of y - i d  a , sr - h i  c l ou t 1- hue b i I : u - g r a h s  in E q. ( 1 6 )

-F
u - i re u _ ’p l b g I b l u - , -r can be a p p i u - x u i - u t e d  b y

T u-~ -
~~ (17)

a -F y

(lii t f i e  u - I f s - c  5 ,  oh , Li t h e  i u i , - i : t i : i ~~s r 5 ;  i i  E q .  ( I )  t i r e  L 1 .’p b s -cted  and

li e Cs ’ ui u - i in i p s s j !  1 ion is it s ’ ,gr u - il sal u - - i l  ii i -  p o e t  toy, the same expres—

o lu -il for T , g ivcii in  Pq .  (1.7) , I:; u-bt:.u i u - s I .  Thus the  in t e g r al  term

hu -t Eq .  ( 16 ) ,

c (y ” , n ” , J )  a 
J 

f ( ~~) ~ f ( ~~) I -  

~~~~~~ 
d~ (18)

r s : j s u T c _ s i - n L :; ( h u e  i f i ~’c t of I u ’ , i : i T l _ iu-l - - u  I l i e d i u u - L i  I h u u I l u i  of t u e  oh io an  s t re s s

$ T~~~ acrosu-; c lue  l ) u - u i f l < h u i r y  l u - i y s - r  a t  u - i p h v - ui u- ’-et i u - u i . l’he sh e a r — s t r e s s

1

L ~~~~~~~~~

— 

-

-~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —.-~~~~~~- .-—-~~~~— ---- -- ----~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I
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I S

d L s t r  ib ail ~~~ veil by Eq. ( 1 7 )  has been t t : : s - d  w i de l y i i i  lu - lie 1 1 t u - r u - i t u r e .

i t  a u ; s u : u - u; l h uu - it chic in e r t  l u - i  I u -i -ms in th ue  h u u i t i d i u : y — - i  u - u y u - r  u - q u i i t f . o n  u - i r e

ui c - p l [g Lbi e , u - m d  IleulcO tha t  the St c e o_ s  1 -  a u  c , r u  , is coi ls  ( an t  in t h e

l _ u - i w — o f -- t f u c ’ ,  a- :u -u h .h . op ion , u - i t  a g iven  u - s c  I h s f l .  i h o -  u ’ s - b u t  [VO i u - u g u i [ L u i d e  of

the ‘ i n e r L  i i ’ L o u  i i  i o t  f - q .  (16) cu - it i  he u - l u l l - ,: i i  is lu - i  l i - _ s .  in th e
u-I *b lend ing zone , IT( y  ) 1:; I - -oS than y , b i t t  of u-~ - b ~~r 0(y  ) .  Thi n

J 2  dy~ 0 
(

~;~~
) f *  I 1d y~

1 
o (

~~~3~
)

There  Core , from Eq.  ( 1 6 ) ,

T = 
u-~ - (a

’ 7 *3) (19 )
a

This r e su lt  can be o b t a i ne d  d i r e c t ly ,  u-u- i t h u - u t is b u m p  s i u : u  I h , ar i cy  [

assutiipt  L oots , f r o m  the  Tay l o r— s e r i e s  exp ans ion  of LI - ~ u- s tr ess  au - u - : :  u t  , r u

a b o u t  y = 0 ,

rT -° u- iT E ~~~~— ~~~~~~~~~~~~~~~~ -‘F ~~~~~ ÷ . . .  (20)

Dy 0 Dy

. 3 (n ) .S i tice —
~~~ ~~~~~~~~ = 0 , as i s  seen f r o m  the lion: ; 1 m p  su - e ’d It IOU :u uicl Eq. (1.)
y

I ) t f f e r e n t i . a t t o i t  ol l-bq . (1) w i t h  u :e ;pi ” s:t to y g i ves

21 D 1~ 3 ( n )
I.! i i  4- u tu  - v u I- vu = ‘ - —_  (ri) — 

- 
- — - - -  ( 2 1)y x xy y y yy p r 

Dy pr

_ - — -—-  -

~~~

—cc

~~

--- - - --~~~~~~ 
- .5 - ~~~~~~~~~~~~~~~~~~~
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u - - h i t - r e  o u c h ~ u m h u s u ’ h i m t i n  I !uu ~ above  u ’ s h uu i I I si s - s i t  r s - : u j s s u i s l S  to e i,th ier  51 f i r :

s i u s h or  or  s- ~u - u i s 1 s ) i ’s h e r  j ’s u - m r t u -  l u - i l  c l i f f s - r u - n I  l i t  i - u i  u - i i t h  u ’ c r j u ( s l t tO the sub—

S e L L pt  1 - I  L0L i t u u - s s l .  Front t he  t u o u s l i p c s - u i l L I i u ~ u - i t  y = 0 , u = v = ii = 0 ,

fcou - i  Eq. ( 2 )  at  y 0 , We I Li VC V = 0. l h u c r s i s u m : u - ,

3
2

( rT )  
( 2 2 )

Dy y O

D i  i be t . - e nt i u - i t i o n  of E q .  ( 2 1 ) ,  -p pm I i i , u--i l cli r e sp ec t  to y ,  w i t h  the n o tt s l i p

cc~~d i t  l u - u i  u - u t  y 0 , u- so d Eq. (20), g [vu - s

- 3
it 4- i-i ~ ~~~~~ 

3 (  m u )  
(23)y x y  y y y  au - i

y 
~~

-0

) i I l u - r u - i-u t I u - c  [ u-t i  of  E q .  ( 2 )  w i  th~ r s a j u ~ u s : t  to y 00(1 : ; s - t .  I l i p  y = 0 g i ve s

(~ F v  ‘\ 0 ( 2 4 )
~Y 

~~
‘J

~ -0

A I_so

T ( I t
= - -  , i L _ - - - - — v (2,5)

~ -0 ~ c l x  ‘
~~
‘ 

~~

I - - O s  - P u r e , I r u - m ut iTqs  . ( 2 3 )  , ( 2 4)  u - i t o !  (25)

3
-3 ( r e - )  

- 
pu - i i-i- (26)2 w dxDy p

y - o

Sm . m b o t  i t - u t  I iig :;ju ; . (22) and (26) i n t o  ( 2 0 )  now 
~; i ’ s - _ s  ( h i s S  Tay lo r—se r i e s

i - : 15-jris ion of  t I m e  st r e s s  as

~~~~~~~~~~~~~~~~~ 
- - — 

— 

_ _ _ - _ _
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I ’ ?  

J
-r ~~~~~~ 

r ( i ± ~~~~~~~
1

~1~~y 3
. f . . . )  (2/)

or , In  nond Linen s i u -t in  1 Pu m u m ,

T ~~~~
-
~~

—-
~~~~~ 

(~ 

- 
~~~ o y

3 
+ . . .)  ( 2 8 )

u - i + y

~-jhi [cli is in u -u -p 0cc -si lent w i t h  Eq .  (19)

A t~ p [cu -i l. v a l u e  f o r  a f o r  u - i f l a t — p  Lice  boundary 1 u - uy o r , f - in

R u - f .  [121 i s ;  a 6 x ~~ -6
• lhci- e f o s o , a t  y = 30 , ~~~~

- y
553 

= 0 .054 , id

het u -c e , t h e  e r r o r  in u s i n g  Eq.  ( 17 )  for chic ;h i e i r  s t r ess  d i s t r i b u t ion

u-:o ii l ,d be o rder  of 5 . 4 % .  As y i i -  eu -uses , the c o n t r i b u t i o n  f r o m  the

* u-I - -

l n u s r  t i i  ccciii c (y , a , a ) s u m  Id i i  u- . Coui sequen t l y ,  the  e r ro r  would

he l a rg e r  in u s i n g  Eq .  (1 .7 )  f o r  l iucu - - h i - u r - - -. ; I r i - : :; d b s t r f l s i u t i o n  rather

t h u - i n  Eq .  (16) .

1 . 3  Ncinus u l c u - u  l. P u - l  - u i  i o n  of cl ue  F u - u - ,~ u - I  I l i u S  ‘ ‘ ‘ i I  I

U u is-ler  the a s s u u u - - u p t i o n  of s iuu i i i . a r i t y ,  Eq .  (6) , I s p; v l ie r  w i t h  Eqs .  (8)

: 1 1  ( 16) , di i l u - ’ : ; the i , -~; of hue ‘u - i l l  f o r  I:lmu - u - u - I - y - - I r i o  L u r h m t l i - u i t

I u ~ i u - u u i b u - i r y  1u - i y e r .  F m - u - u n E q s .  (6)  u - iu d (8) ,

+31
2 ~2 2 u-’; 7 t (29)

D y I F [1 -F -‘u r  y t - u u m h i ( X  y ) r  1

+ ,
- ( I f ! i  1 ‘

I
~~~~- a  J l(~~) I~~

(
~
)
~~ 

- ‘~~‘-~~ J d ~~ (16)
5 1 + )’ !~ ~o L a J )

— ~~~~~~ -,O-- 
~~~~~~~~~~~ 
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I I I

-‘ i t — v , i  m o t t _ s  v u - t i l t s - u ;  u - f  u - I u - - u s 1  a , t I t  i s  pu - I I r of u - i 1 u u u - t I  l u - n u ;  b - m u ;  h i s s- ui

S O l V i c I  i u u u u l  t u - u u i e u i t s l y  by cm: ;  l u g  [ b u - , ’ u -ed i i i -  si A i l u -~uu i : ; - f ’ , . i ’ u - b u f o L  L I t  L u a u - I  I t u t c l  u - i n t ’l

S i o p ;u u i ’ _s 1 /3  iu l o , rc’: ;p c - s l i v e l y .  ‘ l I me d i u - ; i . m u s i u m t  [oil of the u - ; h u ~- : u r  u - I  O s S t

p i ’i - u  b y l ’h j _ s .  (16) u - e m i l  ( I l )  [s sh i - s - ’u i i i i  F i g. 2 .  i h~ I u - uu - 0~~)f l . l iC - - ‘ m l  1

r ange  inc r c u - : u - s ’u3 u - ms u-i I n s - i -  u : ; . For  t h e  l u - trg s -s t vu - il t s t ~ of y , - S - c S

chic lu -mw of ( l ie  u- u - ill . I : ;  v u - i l  I d , - , ; t i u u . i t aI  f r o u : m  q t l h i , u e t i t ’ s s l u - i t n , i h u ~~

co t l t r i b u t f u - u u s  o f  ch ic i u u ~~r I  1.1 I u- m u m ’ - I s )  l i m e - u - h i - u - m r  - u - u - t m-e s_ s  d i st r i b u t i o n  f u r

— 5 . ~l -

o 10 and fo r  the v u - i n  l s ) u - l u -  ‘u - il m u -- ; m) C u- i m a  u- - - - 1  i i i  fa ble 1 .1 .

TABLE 1.1 - - 1 2 0 2  !) UE It) N I - 2 u - I . h A  I i - ’ : l - b S

* u-I + sI u-I + + . ÷
a y -r = u - i /(a + y ) r = -c (1 - c )  c ’ o L u  u - u - I  c i i i  I s )  ‘U

0 0 (~/ )

50 169 0. >122 3 0 .2 2 6 5  0. 1 9 4

iOO 244  0 .2007 0 .2 8 ) 2  1. 203

500 444 0. 5 2 9 7  1. 5106  l~. 893

1000 544 0 .6 4 7 7  (1 . 6 33 3  2 .2 17

A h . u :~~, ksm~-i I ui g t h u - - i t  c( y ’ 
, u - i , ii ) I u - i s bI 1. - u I l ion I , an d vrit tog

-F + -
E q.  ( 16 )  i i i  clu e fo rm -t -

~~ i ( l~ - - c ) , 12 i I m~u -tul Eq. (6)  , one obta i n s

* - F u-I

* 1y 2-r (l (‘/ 2 )dy  - F

J O 1 -F - :i~ +

+
[‘h i  s - u - b : - -’ :’ ; I i - u i ’  , t h i - - u ‘ s - i l  - - s  s: r or  h u t  i i  u -P i u s - i - I  by u :;  I mug i , i — u i t _ her

I f : u - ; u i r ’ ( I — c) , I ; u s ’ ’ - s u l  by u - i f a ct o r  of I -,-:o i m ~ the  flOO d 1 s - u i 5 l s 0 i 1 l

L 
cc .
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I ty d i u ; t u i b m t t  l u - t i , U .  I b i s - os - fore LIme i ’l f e ct  of the  i u i - u : t i ; m  t c ’ n m mi _ s

‘u - n  lu - lie u ; l m ’ar s t r ess  u - u - n d , c o t i u u - s - u -q m u - t i d l . y ,  u- mi L ime v e l o c i t y  cl i  s t n i b u t ’  ions

Ii he n ’ p 1 cs I ( - m l  i f  ~ < 10 ~ , wli i s -u -li i -; s o i i s  I u - I  s - l i t w i t h  t he  u - m u - u - u -  : u i : u - l  -d

* u-I *f u i m u c l  is - u ou l. ic u m i , U f ( y  , a ) .  lbu - u - -.’ - v ’ r , i f  ( l i e  i u i - m I :  l u - i  t i - r i c o  u - m u S S  tiot

m~p ; l . ig[b h e , t h e  f t i : i c u - t u -  j s a : m 1 .  l u - m i m i  f o r  u P u u u u t d  0 f (y
*

, u-l
*

,o ) ,

u - - ; ius re a a (R ,a ) . I i i ,  os ’ lu - i - c , t h u  r u -u g h m u - u t  the  os-m u - i  I r ider of t im i_ s

us t m u d y ,  Lime  i uu - , - m t  Lu - i I:c - n imis u-u - i. 11. iSO isp ; 1.ccted in the lu - mw— -u- f — t h e - - u - .’ m  I 1

reg i o n .  h ence t Im e d i s t  r i h m i t  lo in of  t h e  sh ear s t ress  tula y be app i - ox i-—

: u u - i  l u - e d b y Eq. ( 1 7 ) .

1 . 4  
- 

A r u a l y s i  _s u - i  D i s t r i b u t i o n  of the  M L I  rig T ,eog th

Ib - i u -~-r s - i 1l.y ,  the  f l ow  in t h e  so--called [umier l aye r  is  s m t h d i.v i - l e d

h i t o  l h i r s u - e  ‘ - -p iou s , u ’ u e l y :  a) v L u : s u - o m t s  su b la yer , h)  b h r u u u l  h u m p  ‘m uie ,

u - u u u d  c) f i t  I l y t m t  m b u l . e n t  -u- erie. in clu e v-i u - c u - i t S  s im b i  dyer , th ou - R i - y o u -  Ps

s t m - s ’ ;_scss u - i r e  p r u i s r u - i t l y u - m u s i : u u u u u - c d  to he neg h i g ible co u m ip u i r e d  to v i : : c s o t s

st resses ;  hence t h e  u - m i x i n g  I ei ’ip i l i  is 2. 0. W i t h  9. 0 amid

= —

~~~~~~~

- -

~~~~~~ 
, Eq. (6 )  g Ives clue s u m b l u - m y e r  r e l a t i o n  as

u-i + y

m m = a P u i ( I  -i- y /n ) (30)

lu- or u-i f l u - u t - p  l u - i c e  b o u n d a r y  layer , the viscous su ib l s iy e r r e l ;u t i on  is:

u = y~ , y~ 
< (31)

Th s - r e f o ru- , E q .  (30)  r u - p r s - u - u s ’ u i t s  a g c , n e r ; m l . u z u - m t c o n  of the  l i n t - s i r  r e l a t i on

f - s r  ;i I - y ci r I c b o i i n d u - u  m y  1 - - yr ru - s . For t 1 m c ~ f i t  I l .y t u r b u l e n t  reg ion , the

v i u - - i o u : ;  : ; I : r e— s u- ire p s : u m s ’ r s m l l y neg lec t ed  In c u - c u - p u - m r  l u - u - o n  w i t h  the

R c u - y t i o l m l s  u; t r s - s : s s ’s , and t h e  m ixing l eng th  is taken  u - ms 9. = ~ y .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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l u - sir t it In hiout isdu -iry I :iys’ ruu , (his -r u - mr s - s vu -m r I rim s  mmmlxi m u g-- I s-’ngthi - u s lu - 1 s.

* u - I /  2 2  
—

Thou u - u - u i u-u-i sip  - I ~- u u p I  Ii - is)ds ’l , 9. icy s’I . u u i h i  (A y° 
~
) , p I v - mu by Lu- uuu - sh’ ,-u - &- h is t u- m d

Pu-rs -Im [ 12 ]  , su m s - h d I:u s um : :: : i- i I b y l’u - m t s.- l [ l , l J  , g ives the  s O  r i , -su - t a s ym p t o t i c

b c -h ay [or and I: ; cu -on : h i i u i u - u i s  th rou g ho u t the l a w— o f - - I b u - s. u - i l  h. r .u uipc’ . Ihow— - -

c.u - V O O , i n  hue u - u - u s e  of u - i t h u  i rk  a x l u s y c u - e t r l c  tu r b u . i . emit  b o u n d ar y  b u y s ’  r

d e v e l o p  i m u g  u -m u u - i cy  I. h u ms - hu n of s u - s ’ u - S  t u i t i t  ru -us - l i us , i t  is u s - i c e  I I l-u - c’ l.y t h u - i t

th ere is a d i r ec t  i m u f h u j o i s u e  u-f I P u -  I r u - u n sv e r s c  cu r v a t u r e  on t h u - e  t u u m b i ’  —

lence , and hence on time ni l  a i imp 1 - u u p l  h i , :u - s )  t h a t  it nuay not  be Os u - i l  l o t  Ic

to u - i- ’isp t mum i x in g— i cn g t h  ~~
- i ‘ I s ’  b u - ;  s - u-u  - h u h  i u : bme d  f o r  Lb Iii b o u n d a r y  layers , as

h a s b - eo i~ do ne i n  t h e  l i t s - c : u - i u r e .  b ’- 1 eed , tIme c-~: p ’ i :  l u - a  m t a l  r e su l t s

p n s - u - u e u m t s -~s I b y P u - i t o ]., % u - ibc u- ; m : u u - i  s u m m i t  f l u - e u l u m m i  [ 2 0] ,  f o r  L ’ S thick h ’ i:u m usd u - u r y

l a yer  nea r  t h u - i ’  t u - s i I . of u - u 5 - P y of m : c - v o u m u l : i o m i  u ; l’m cri-: P l in t  - m i u -~ l ug  l rngth

is d i n s - ’ c t l y  l i i i ! u u ~’n o , ’d by I.u’ u-in ,v s ’u su - s - s c u m r v u - i t u t r e , u -u - i d  l b - a t  t h e  t u u i a  - u p

l e n g t h  decrc ’ u - mu - -ri - u - ; i u - : u - s - rk -s I I . y u - m u - s  I - l ie  b u u - u u u i s b a r y — l ; m y e r  clu i s - kuus -ou ; i u u c u -  u - u - i - s

ro lat  [ye to t he  1 ‘cal . i - u- I l ie ; of s- - m u ’ ’’ , m t t t m - s ’.

The t u u i x i n g  i c ’t i p thi is  ~, i - m o L l y u- il l s ’ u j ’ u s - t u - c u l  a :;  t h i s - s  u-~~~-u:.ipe d i u ; L u - u m u c e

- - vs  - us wh [cii u: - dil ics transport u-u -u i -u i (m m iii so th u - it t l o u - ;  l u g  I h e i r  is - lent  I ty

- u - u ) , it Is k u - u i - u - u i  t h a t  chic l u - u  r L ; s - m  s -P ut I sos s - s i m m  L r [h- i I - -  i - s  to - i s ;  - a I muun

L i  u u m u - ; i o i r  ban u - u - u im , iL l  - - u b i h I e s .  lb u s I b i s ’  i m i x i n g  l - ~~g I ii , Q , u - m y be l a S s - f l

L u)  be p r op o r t i  onal to the u - u - b  ze of lu - hue  1 u r g e  cdsli -s , p u n t  [c u lu - i n l y to t h e

ii L u - m i s  i on  p e r p e n d i c u l a r  to the d i r e c t  ion of t h e  m m m i i i  f l ow.  Due to the

ps u - i i id i  t r y ,  the c i r c u m iu f e r e u s c e  ah out  the  u s I r c u m t a r  cy I. l u - he r  I L o u -  m s -u - i -u - s-s

Li  nea r ly  w I cli t im e P h ;  tance  fro mum t I m e  u - - u - u 1 1 . Tlums , i mu ch ic  I u i m i o r  l .u-iyer ,

cdd i C 5  u - i  a C i r c u t l a r  cy l 1 :- he r  u - u - u n u i t i s ! t  - l i  000  t u s u u u : u - c s - i - u ; u - l . y ,  u- inc1 h ence

sire - i s o - t o u r  l u - u  c lue  d i u - - s u - s m u - ; m o n  p s - ’ r p -u id  Ii - ‘ l u - m r  to I b i s ’ P m oot ion of he main

— - -~~~~ - — -~~~~~~~~~~ — - — - - --- —-- ‘ - — -— - - - - — - — - - —  - . -
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f low ci s ; i p a t s - - d  to t he u - c H ic-u - ; u - i s - p u  I v u - u l m o t i t  vol. u i -ue  om u a I l  a t  p l s i te .

Cu-si u - u -s- l uu Ii t l y ,  i t  I u- ; m - s - u - i u --u - u - i m u -u l )  hs u - (‘ 1) - - s f - c t  t:he m m m l a l u m p  1 s um pl Ii to be

i _ s l ur -s - I fo t — u i i b u u  t i - n t  b u - s u u u u s l u - u r y  l u - m y e r s  p u ’ u-’. -J i l m g  i ) u l  C i c c i u l u - i r c’y l i i ’ id s - mrs .

F m  u - I  h i s - c  i-; s m r s h u s , u - u i m i ce  t i m e  m g  i on  i m u f b i m s - u u s uu- d b y t h e  sh eu -m r f o rc e  out

c i c - cui s i r c y l i u m d s - - t - u- ; i u l c m:s ’ u - m u - S c -u;  u - m s L i m e  s-I l u - u - I  u - m f l c i S  f r o m  t h e  ‘ - u - i l l , (u -he

I i i L s -’mms icy of  - P i e - u t - f r s u - oi  ‘ - u - i l l . b~ s s l s ’s r u - u - m u - - u - c o i l  c s snu - p : i u c-d to t h e  f l u - i t wal l ,

u - u - O s !  h i  i ce  t i m e  s’ s-l il y u ; i~~e s u - s s l  s s u - r i u - u -_ u - - q u m r u t l y the  L u u i a l u i g  l - - i i p t h  - -j i l l  be u- -

l 5 - - b i t s s ’s -l . ‘f l u e  s u - X 1 i s : O b - - i e - i I : , m l  u u - o m i t s  of S i u i g bi u -u - id , \ f ~~u - i l .[ I 9J , a lso  c o n f i r m

I ha t - -hd y u - u t , u -i a u- ’m h o m m t  a c i  m - c u - u u l . : m r  cy l in d e r  sur e u - - - u , i l  1 s - u :  L h m u - m u i  i l m o u - ; e  of

u - i f l : m t  p l u - i l u - e .  

* 0.
For a t b u i  mu b s e u t u d z m s-’ y ~1 uy cu -r , t h e  s mi bl ay er  r o lat  ion is u y

u - m u s t  t h e  i i  i :~ l u m p I s- - r m g t lu  l i i  I l ie  lii I ly t c m r h u l cm i t  reg ion is: 2. = K~~

lu-or u - mn  , i s c i : s ’ , i  - a u - I  r i o  I u u i ’b i m b  - - m t  h ’ - u u i u s l u - m r y  l ayer , the Sub lLIy er  i -c u - l u - i l :  i

* u-I u-I u-i
i s :  u a 2 n ( l  + y lu - i ) . lb u ’ncs -’, t h i s  u - u u m p g e s t s , h y d i r e c t  a na l o g y ,

t h a t  in L I m e  f i t  il y t u tu - b i t  1 , -m m t s: ’p i on , tu -h e m mm l a i isp eiu-yi i should be re—

I) l, u-iccs-1 h )y

Os * .1 *2. Ka 2 .n ( l  + y /n ) ( 3 2 )

‘ t h i s  a m u u - m l . ogy l u - ;  rs ’ u - s u - -, s o m u - m h l  o , Im -c u u u : ; c s :

I) u- u-~— u-i t1 l u -k i i i  - - i cy 1 u - m y r  , Eq. (32) y ields on u -u l b  er values

of i : i m e u - m i x i n g  le um p l It b t , m n  f or  u- i thin b o t . s i - I u - i r y  iu - m y s - - r , as

m c m l i i  I red .

I i )  i t  has t h e  c u - u -  I - m i-ct  u - i u - ; y  ~up t u )  t i.c be h un v lot , u - s i  rice

m m m i  1 2 n ( l  F y~ /u ~ =

~ 

m m i 
( )

2 ~

- u - u - s i bc -tu e u - I u , i  - -i ~u u - ( L  I - y /n ) ~ y
um

____ - —  
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2 3

I i  L) ~ u (I 
~ 
) , t m ~ ~~ 

~~ ~ ) = ~~ 
~~~~~~ 

o

‘ I t  I : ;  i s  c u - u - l l : ; l u - u - I u - s i t  ‘i I Ii t b s c ’ r s - - l a umm i i u u - m i ’ i~ s u t  lu s ri p u s u - s’ u - ;S o bs e rv e d  in  ax i~~

s y s i - m~st r  I s u -  t u r b u l  s-’tit l u - i o u - - l u - i c y  l u - u - y s ’r s .  C u - u m u - s s - q u u - u m l  ly ,  f o r  t I m e  ax i ,~ - i s - t r i c

t u t u - b i t  I - u i  t - - - u i , !  - soy 1 . i y s -r , E q .  (8) w I t  I h is u-s s : ; u u , , :  -P to he g iven by

9. a u - t
j ’ 

c u i ( l  - F y ” /a ’) ~Jtu -uml hu (A
2
y

5 2
) (33)

1• 5 .‘un u - i I \ t  I 5 ’ m l  ~- i t t t  ion  in  I - h u e  P u b  l y  T i - I - m i t  r~~~’j o uu

Oci s -u - e time di u - u - t n  i b u t i o t u  of clue 51 m : , m r  str , :os u - u - s;d the mixing leagth

u - ice  u-s t a b  i I shied , t ime  ycs lee  i . t y  ml l : u  I r i h u m  t I s in  s-- u- a be ob ta i - m e d  f r o n u  E q .  (6)

by s - i s i s : ;  u - u p m ’ s i p s s r  u s - ‘ u - u :  i - u - a t  [mu tu- s-’pu:s m L [s-si u u - e l m s u u - u e .  E~ibu -u -t I t cm t ion  of [.15.

( 1 7 )  u - uu - i I  ( 3 3 )  u - i t O  E q .  ( 6) p [v u -u - ;  Lh ;e  ve .l oc Icy s - l i  s ; t r i ,but  ion as

Y u-I *
Os 2 u - m sly

U ~~~-~~~~~~~~~~~~~ - - ~~~~~ - - 

1[/2T

( m  I y ) [ +  ~14 4K
2 

1
’ 2

2.uu
2

( l+y  / m ) I ihi (A ~~y 
2
) 

1

[ a + y ]  
)

(3/ i)
F u u c h i c  fully t u r b u l e n t  reg ion , f r o m  s) r i b  c s t _ _ o [ u - u -, :, m it :u ide  cons m ic ra—

t i s - m i s , I-b J . (34) c - u - u i he u-i h mu - i p l if i e d  u- u- ms - i  i n t u o p r  s d  u - m n u i ’Lyt [r a l l y. In t h e

- ‘ 2 * 2
l u - n h  ly I u u i _ h i  

~1 ct-it rep [on , L .  o m it  (A y ) u - i p p  s : o u - u s b u s o u ; t in  I ty and the term

2 Os2 2 Os *
a c u  (1. + y / u - i  ) ~~

- - - --— -
~~~

- is much gmu - cs i  or t h u -in one . ihence
a +y

Eq. (34 )  r e c t u m s - to

(Y /~~ *
= 

- 
- - 

/ a d y - + R (a
1
) (3~~)

. fn ( 1 + y / a ) r

----
-

- c c  “: ~~~~~~~~ 

— ~~ 



-
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* Os -
‘

u - b u s - iu - e  bl (J ) is l ime i m i t s - g r u - u l . s i t  Eq .  (34 )  f r s u ’ u m  a u - m o  to y , t h e  v u - i l m m e

Os

of y u - m t  ‘ ,‘ hm i s - u - l u  I 1 ow ties ‘ u - ;  m m I h .y l i i  u h a u l  cu - m i t .  I h i s - u -  s t i m  u s ge  of vu - i  r cu - ih l s - s ,

1 -F y / u - i  , I l u - u l i u - ; f s - ) l u - m i -5 Eq.  ( 3 5 )  to t h e  u- ,’e l  h . ~ - -- - i ’- ’u i l u - p u - s r  I I  b i s - m i c

I u m l u - p t ’ u - m i  [21. ]

mm = 
~ J ~~~ 

-I - B
r
(;1 ) (36)

SInce  z = /1 + y”/a > 1, Eq.  ( 3 6 )  ‘ S y  ! s u -  - - - p r - uu -  si as the wel l—

‘i u u i ) W ui E x p o n e n t i a l  i n teg r a l  [ 2 1 ]  , - -

U
u-1 

‘
~~ ~ ( 1~~. [~~u i/  ~ ~~~~~~~~ 

- E .[.fn/1 -1 - ~~/:m~~] )  I- B ( a )

or , u - i l  t : s u - m i l u - i t  i v - l ,y ,  u - is

E . [  ~um/ i  y ’ /a ’ ] -F B ’ (u - u ” ) (37)

whe re  B ’( a  
~ 

= L l-~.[fu-A 
--F y

’ /u - m~ ] + Br~~~~ 
‘

A l s o  E .( x) is - ; i v s - u u  i i i  t iu-sr ins of t i me I t i f i m i i i’ ms u - -m m .’r l u - s

E . ( x )  = -( + : u u x  + ~ —~~~~ - c c  (33)
n 1

s i m s - r e  y = 0 . 5 7 7 2  h 56 . . . s i :hmo [ m u  h . mor cu -m i s I - - u t  . i l u u - r s u - f o r e, in t e rms  of

l im e i .nf  [m u Hoe s c u m  i m s u - ; , I b i s - u v u ’ h s i c i t y  s - h [~~[ m : i b m i t  I - m i  i n  tIme full y turbulent

p i on  i s ;  g ~
‘ & - m m  by

— -cc - 
. —~—~~~~—— - ~~~~~~~~ -cc - - - _________________ --—

cc 

-



- - - 

:~~ Liiv4 I- 
* u - I  

0 
[ Q u ( t I - ~~/ u- C) l~ + ~~ (a

g
) + y

t m 4  2 n m u !
(19)

Wh s - smu a , u ~ ~m m y 4- B ( u -sO)

( ‘ ‘ p u - m m :  I . u - s ’ t i  s - s i t u  the as~~- m p t o t  Ic [u - ui - i of Eq.  (39) thou -n y i s - s l s l s

u-I Os Os
B ’ ( u - m  ) ~ y = 

K ~ u- 2a + J3( a ) (41)

u - uu id l i -u - i ce  Eq.  ( 38) h s - s - su - u s - u -s

= In 
[a
* In 

(~ + + 1 V m i (t  ~
- y~~/n~~) ]~ + B( a ) ( ‘i2 )

a n 1  2 i~ 
.

it  i s  i n t e re s tu -  ing to note thu -i t , in 1967 , f m ’ s - mu - i pm ; rs-’ i.y l u - s u n  u - u - t i c

e s u u m u - ;  i s - b e r s m t i o m i s , Rao [ 6 1 pr oposed t luat  the 1 og a r i I :h u sm i c  law f o r  t ime

u - i a  s , u - 1i5 L r  Ic bo ummi du - i ry l u - my su - mu - s u - ; I mo muls - i he p lyon b y

= ~~~
- 
~in [a

” in 
(~ + F (43) - -

u - -u - lucre B is t h e  u m u - ; u a L cons cu -n ut  f o r  ( h i s s  l i t  
~

s l u - u  tc ; h u - m m m i d a r y  l a y e r .  Ru-io

o b i t a i m m e d  L h m [ u - u -  i u x p r s - ’u - ; s  [u -n s i m p l y by m: c u - p l . u - i c lu g  y in Eq.  (40) by the

.sublayer r e l a t i o n  a in (i +

The j mu f b ,n it e  s e r i e s  i,n E q .  (42)  converges  v e r y  r u - p i - I l y .  For

u-I u-I u-I Os
y In < 2 , f ive  t e n - m s  and fo r y In  < 5 , u- u - s -v u -n  tc ’ s ’ -ms u-ire u - u - mm f f I c  [emit  to

cu - m l c u l : ’ u - ’ e  u co f ive  u s i puu l f b - u - m t  f i gu res .  For y
Os

/ u - m * 5 , u -iui d a* = 100 ,
1 u-I * Os

I l ue f i r u - ; t  u - c - r i m S  o f  tIme u - i r i s - u -u-u - [s 20% u - f  i P m [ u - m  ‘ n ( l  + y La ) J ,  bu t  u - is a

_ _ _ _ _ _  
- - cc-~~~~~~~~ c c - ~~~ _____________________ — - cc 5’~~ - ,~~~ cc , 

~~~~

L . , c c _ _~~~~~~ , cc — ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~
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i ns - u - r~~~ -u - s - ’ s mmiii  y / a  s-le e r s - - u - u - u - u - e s, t h e  c u - u m t r  i b t m t i on  m u -un the i i i f i n . I L e  u - ; c ’ r  i s - u - S

mh - c u - r s u - u - m u - ; s u - s .  ‘[hue f o l l o w i m m g t a ble  u- l u a u - u; t h e  s c s m i t r i b u t t  ion of the i i uf ln l -t e

sos - l u - s  fu r  u - u - u - mi s I ; y 1 ) h s - u - I t  v u - u l u u e s  u - f  y I u -~-u- - m m  f r - s i - u  i- ,’ i l l ’ i u - m r t h i ’ s da ta  [181.

[ \ mE- :  1.2 CO~-1Pu-\R[SON OF u - -  l \ l t V I - ~ - I - u - I - - c l l t D t - ; S
OF TERM S [N EQ. (42)

Os u-i Os Os -l- 1: -h- f §
u- i y y / a  l 2 3 4

1 9 8 .2  2 2 7 . 4  1.147 5 .020  0 . 3 E ~ O O . ’s 2 t 9  0 . 7 3 %

198.2  323 .5  1.632 5 .2565  0. -’uP~c9 0 .5493 1.1,3%

271 .4  3 2 6 . 3  1.2023 5 . 3 6 72  0 .394 8  0 .4 3 7 4  0 . 7 3 %

[376 l081 1 .4 3 9 3  7 . 1123  0 .4 4 5 9  0.5009 0 . 7 2 %

u-I u-I u-I
f u i [ a  2 - (l  - -F y / u - i  ) ]

-
~~ 9.uu (i + y /a  ) ( f i  m: u - ; t  t o r u mu m ) f  u - u - - d es)

-j--j- 5 Os u-I U

u~~l 

[ ‘ u m ( l  y /a]

Z - c r - - m u -  s h s s s ~ i s - i  u s s p l s ’s t i u m s ;  lu-he I uif ~~U I t  5 u - u - s  c l - s  u - m i t e r  t ime f i r s t  t e rm.

V 1 i t  i - m i  ( l u -i)  has h s - u - s u - u i  i s m t c ’p c u - m t u ’ d  fo r  var  h o c u s  vu - d im e s  of A u - m d  coin —

~i a m s t t  w i t h  W i h I - ’ u - m r t h ’ s d a t a  [18].  [he e c u - s u i t s  show t hat  A is c o n s t a n t

- - s i t  - p o s t t  to /i/63. W i t h  th u s v u - m i t m e  of A , E q .  ( l ’s) g ive s  t ime c o m p l e t e

s - u - i -  ‘ u - i  L y ml i u - L r i t i u t t  i o u  imi  L Iue  l u - s - -i -o f — c h i c  - u - u - i l l  m u - s - ’g ioui . I l cm i ce , using t ime

i -  u - - m i  Ls [ m c c i l~q . ( ‘l ’s-) , t he  v a l u e  u - f  h ic (a  ) i - a m u be c-al cu lat ed  d i r ec t l y

fr s :’i E ’t .  ( ‘ 2 ) .  ‘t he v u - u s - l a t  [u -ui of 8(a ) s-;ith r c u - - p s u - c t  to i/ a  is 1 i ne ar ,

u- ; u - , l u - s r -~~i i n  F I - ; .  3 , - m m i i  u :u - ou he s- ,’t I t t et i  as

t 
_ _ _  _ _ _ _ _ _ _ _ _- - 

- 

~~~~~~~- ~~~~~c c — -  cc- cc- - 
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8(a ) - -~-~~-~~-F 5.45 (/m 4 )

Al so , u- ms u - u - u s ‘ j u t  l i t  ‘I’ m l h ) l e  1. 2 , t h u e  l u - s  r u - p  st mu- ‘ u - i t t - I bu s t  I u-si u-f t im e

i m i f  iiu i cc sen ies ~: ou - u u - u - u -  [r u -m i t  the f i . r u ; c  Lc - r u m m. N ’ p l u- - c t  l~~p the rest  of time

luf [nice series , Eq. (42)  cu -un  be -, -:m: I t t s u -n  u - Is

r fl~~~~* / *~~
_i

u~ = -
~~~ pu 

[a
* 

~
J i

cc + ~~~ ~~ + Y~~
cc)j 

— ~~ ~~~~-
‘
~~~~ - F 5 .45  ( ‘5)

a a a

For y ’/a < 1, the arpu mu -m emit of lu -lie I s m u - u - u - m r  i l l  u - u - u t  cciii lie  - a p u - m m i s - i c d  as

a
u-’~
J l +

Yf Qn (~ + .
~~;)~~~~

u--
~[l 

+ - ~-(~::-~ -F

2
- 

~
- (
~

) +

~~~~~~~~~) 

- ...1

= y
” 
[1 

-~~(~:-~ F 
~~~

(

~~~

)

3 

÷ 

( ‘u 6 )

[lucre f o r e  clue u - m r g i u i u - u s m m t  of the 1 o p i  -
- I i b m - u - , Y , b i s u - b  u - m v  es vms m u - y nu - an l.y I Ike

y , even iii time i ie i -p hb orhm ood of y /a = 1. Also

* * *
= ~I(y~~,!uj -~~ 4 1 .75 8

Os Os *2
~)a ~ a a

These m u - r u - ; u m l t u - s  v e r i f y I b is  - - u - ; u - - e r t  i o n  [mu Sec.  1. 2 that 3 f / 2 a  I - ;  m u c u - ; b i

m s .

~~~~~~~~~ —- ~~~
-- - 

cc -— — — --~~~~~~~~~~~~~-~~~~ —
-
- -

- -
- ’ ~~~~~~- cc - — c c. -
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‘[ he ‘ l m L u - m  of W i l l  ~uu I r t u - h  et u - m i  [ 18 ]  u - s i - s-u-s s -  - . .  h i n d WI  I l u i~q. ( ‘34)  u - mu d

l I l t  10  u - u - e l  m i t  l u - t i  c i i  P u - s  I u - I  [ I i .]  i m i  El  g . 4 1- - i g. 8. A s - s  -u - p u - i  r iou-on of

[q. (‘34) - s u ms - I I - : s - i .  (45) is u - il u- g i ‘‘ c i i  h R  F I g. 4 .  \u; c - s i tu  be u - u - u - s - m i  f r o m

l h m i s  1 1 p m ’ , l b s-u - u m u - m b y t i c ml  u- u - ; s m ’ s s ’ - . u i l  i o u  of Eq. (3 !m~~ , i .e. Eq .  (45) ,

I u - ; in  - s c ’ I I - ut  u p  u - c - -~ i s  - mit I mu I hue  s , i u  u - g e  of  t ime I u - p u - u  m i t  h m umu ho port i u-t i u -f

l h m u- ~~sw of tim e - - i l l , u - vu - mu f o r  tIme u ‘ u - u l b , -st  v u - m i s - m e  of ;u~~ Also , Fi g. 9

- s o - ;  t i m e  s b - t u - i  u -u - f  h-fl I l m ’ s u - m r l : i i  s - ’t  u-il [181 m i  t i m E q .  (/ 15) f o r  va r ious

v u - i l m u m u -s of u- i - ‘ u - s i  -~/--m . It  l u-u- i - u p o r t u - m o t  to s- - u - u - s p l m u - u - u - u -i -u-o t ’ h t m i t  the u - u r u ; u i u - u - u - u - ’ m u t

y p l u - s  t i by Eq. (‘u- 6) b i u - b u u - m u - ’s ’~~ v u - - m y  m i s - u - m r  ly l i ke y i mu t l ie m u - s -  I g l uborh ood

- 
01 y”/a 1. This  s -u - xp h u - i  i n s  wh y Lime P c e u I s u u i  - m ‘u-ti e I - m l i i i  i - p  u - u -  ‘ u-’ i t i m  t i c

u s u a l  u-a [ t h u -n t -  h s - i u u  curve  gives good m u - is ’u - im4uItu - - - u - u - ’c i t S c ’s f  t Im e  wa ll u - u - h e i r

u- u - t n - u - - u - , u - m u - sI  ‘ - : i m y u - 5~Uu - u - u -  of the  previous  r . ’ - u - -~ , L 5 -t -r s , I i t s - u -  Vu (8 1 u - s - m u d

C h i n  cot i i .  [ 9 ) ,  - -;‘u - i - u - u - u -  - u - u- i l - i  m m e u -  l. i uu - - ft uu -d to ct/a < 2 , - -u- u- mu- c l , h s u -  to  u- . 

the  fo r u m  of L i m e  s l u - m , u - u - ;  I s - . m  I. ; s P — - u - u - u -  I u - u - u - ( .  h i S - u - s d  I t i-iou -i c imiw .

L ~~~~~~~~~~ - c c  ~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Cil ,\P I I  R 2 -
‘

- m I t - ;  \‘t-1 .i n  I m V i H -  m [  LAW - -

) . [ C- i s c ’ i u - s i , -~ - h ’ ’ ’ ° _ 1’

l’ s i s s u --; l i I c ’ l c u - s - i  is - iLu- it i ona l  f l - v s  w h i t -li c r 0  of f l u t e  late_ - u - u - m i  s, ’ ; - u - l , s- ’t it

I - u - s i  ~‘u - m r r i s -’ ii u l s u - m g  b y t ime -- m e,m n veloc i ty  of  t h e  c - x i s - - r u - u - mi 1rs- ’e s t re a m  ai u - e

- s-Ic I i t m e d  m s s - -u - i k e i l s s u - - u - s .  ‘l ime mu - s --t a r s - led  f l o w  s-’Iownu -; t r en nm 5)  f u -i - s t  u - c l  bos -ly

p h u - i c s c l i n  u- i f r e e  u - m t  mu - m s - u - mull  of on i fornm vei,oc Ity  i mc p u - v u -  u - u -  - u - i  by u- i e O f l S  t u t u - i t

t o t  u- il f or c e  u -ipp iiuu-’d to the ~m u- s-mid by I_he solid bod y .  It is t h i  u -s co n—

- I - m i t  1 u - u -m g force lu -ha t  P u - - t o  u - u - u - i l nO S the  ummot  u-ion in the wake , wh cmi sd f—

s - - u- - - v i  s-mg f l ow has been a t t a i n e d .  Excep t  for  t ime inner  boundary

c u - mi s - i l I .  [on , t ime e q u a t i o n s  of thie meat u f low u and the bu - o tu nc la ry  cot -id i t  ions

f or situ u - i u - -u -  i u - u - y m u - u - : u - u -  t u - u - ic s - - u - i ke u -i re  e x a c t ly  lu - li e u - u - u - u - m i m e  as I l u , u -  uim c ’ u-i~~- -- f 1_ow e q u a L  l u - m s

- of u- i ti - s mi m _ ss - h ; i ry lcmyer pro m - . ng nui u - u c u - y l j u i c i e r  u - f  u - i s-~~i n c u -  t o  st  r u - md [us , g iven

- by Eqs .  (I)  , (2) , (3) and (/ ~) i.n t ime  p r e v i o u s  c l m u - m p t e r .  A t h ick , u - mx i—

.mc~ u- umiueLr ic b o u n d a r y  lu --s -y er  i s  u - m t  t mu - I ‘med m om an in f i n i t e ly long cy l hider

u - - u - h i s - t i  time m d  ius of ti-i c s - u -y I I u - s I t u - C  i s  ve ry  snmali  r e l a t i v e  to t ime  d i  S L u - i n m O c

x f r o m  time f lu - u - me ,  if  time b s mu- - l u - u  r y— l ay e r  t h i c k n e s s  r s ’ l u - i  t i v e  to ti -m e

t r ansve r se  rad ius of c u r v a t u r e  is large , lu-he cy l i n d e r  u -may be r o n - s  ic lc ’ mu -c ’d

as u-i  small vorticity— and tur bm ilen ce--p mu -m mlmm c in g d i  uu - t u r b a n c e .  Con se—

h’ - a l l y ,  t i m e  11 ow u- u -m i gh t  be coui m -; [derod u - m l u - u t l u - mr  to a wake f l o w  w i t h  the

mod i f  i u’d l i i  m i s - -  tu - boundary cond I t i o n .  T u e  J i - i p o r t u - m u  t s-I i f f e r c s n ce  is that

I l u - s u -  s - I r ; m ; ;s m s - n i l  in g  the u - u - u - mu- eu- l u - i  u-i f u nd  i - u - _ s of I-he 1 ssui :; its -tdi nal _ s oou ’ mi i—

n u - m t o  i~n i b m - -  , s r s -  u - u - n t  h m r m h h  i - i .  b / i t h  t i m - u - c  , c u - m u - u - h i s  m u - s t  l u - t i s , t ime
$

L ~L~~~~~~~~~~icc
cc cc 
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s l s u - s -  i t  y - s I ,  fc i cu - t  l u - m w  I m s i ~ jo ’ s - mi s - l s ’ u  iv ed  i t  a m m m l nn er  s t u m u i l i u - m r  to that wh ich

has bee mm m u - u - c d  Is-) r t h i s - u -  u - u x  I u - ; y u u - u u - u - ie t i~ Ic I urbul s-nt s- -i u -mke u t - is - i cr  ti -ic f u-  I l o w In g

ci sss-m iu-ipL I ()iis

I) ~\s mc t a t c u - d  i i i  L ime  p r s - v  f o i l s  m - i m a p t e r , t ime c u r v a t u r e s  of t ime

u - u - - u - u i  - f l o w  mcI  n s - u - u - s u - u - ih i n s - u - u - ;  ar e  s m s ’ p i, i p i h u l c : ’; h ence v << u .

i i )  ‘I’he v u - i s i s - i  t y  g r c m d i s - u u - t , ~~i i / 3  r , is  u - m s m u - i l I in the reg ion of time

vs’ioc  I t y -  u - I c - i l  - ‘c u - t lu - iw.

i i i )  Os s - - em i ’s u - m p p r o x i  m u - m u - i t  [u -li 15 Vi i  li d .

Under  th u - -se - t s u - u - u u m i p t  i ons , time ummcsmrm — I low u- - i j i m m t u -n  t u - - u --- s l u -  time foil -~-‘,s--—

tug for m :

3U d
U — - -

~~ = — - - - cc - (ru) ( 41)
c p m  ~r

‘ - ‘ h i s -’ rs -u - u :t — s-i s u i t  l u - u - F l  s - u - ;  t i m e  h u - i m m i d a r y  m u - e n d  i t i on
d e

l i m  u~~ (x , r )  ‘ 0 ( 4 8 )

The ;u - lu t  Lou f o r  t ime 1 , u m u - m i mu - u - m r b s - o u u u d m m r y  l ayer  f o r  t ime Li i i  cu - k u-ix i—

u - u -~, m ’ u - u - c’t r lc  f low u- ’ l ong u -i ( u - I  u - c - mu l u - m r  c ’y i tii s i c u - r of s u - c i t - i s t u - m u i t  C u - i s - I j U S , p i u - - s -n  by

~~ I -mimer t - m m u - s i  L i g i m i h i  i i  l [ 3 j , smmp ~~s -u - i  ; t h u - i  t L im e p rope r  u -mxi a l  l e n g t h  scale

for s - - u m ’ r u - -I siting a th ick iim o l m i ry  l a y e r  i s  ~2 
= -~~~~~~~--_ , wi’mer e Re is time

P - j s s u i i  ‘ l u - u- n i u ms ibe r  b u - m u - ; e d  u - I - i  cy l i n d e r  s-- ; im i  [us a , amid the f r e c — s t m u - c m m m

I ty  U .  On t ime  u - f l o u r  hand , ti m e so lu t ions  f o r  l a u m m i m m a r  u - mnd  t u r b u l e n t

- - 1- ’ u - u -  p ivc  ti -ic saute  m a t h e m a ti c s  I F or tum f o r  t ime v e l o c i t y  p r o f i l e  if the

em h d y — v i s c o s  [ty concept is used . Therefore , f o r  ti m e pI u - s --u - u - s - ’ m - it p r s_ sh1~s --rn , the

u - Se of lu - l ie f o l l ow i n g  non d [u-u-u -u -flu-i [u-ci a l~ p m m u - m u - i t :  i es su - ec un s to he u - u p p r o p r  l a t e :

- ‘ - : c -~ ~~~~~~~~~~~~~~~~~~~

~

cccc
cc

~ 
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u /Re2 x s-I a
, U u - -  , 1k -’ -- cc

suRe d U - Ia e

(49)

1- -r — r
2 ‘ r

u- s-i -

With I h u - e u - ; , s u is ’’’ sh  i - m u - u - ;  I s m u - a l  q i m u - u m i t I L i e u - ; , l - q .  ( 4 7 )  h s u - m u - oi u - u - su - s

= - ~ -
~~~~~ (F r ~~) ( 5 0 )

s- . cc

6
2 : ~~~~ , = (5 1)

2 ke -r
a

If  the vei s--ic [Ly  v u - u r i a t  ion  across the 1u- os-mnmla ry l aye r  in the

veloc tiu-y—ds-u-fect zone I_s u- - u - u - i l l  s-u - - ’ p \ u - m iu-ed ‘m ; i I _ h ’ m Lime fm - s’e—u-u-Lream velocity ,

this-u-n t ime f l o w  imm u - ly 1 - s,u- mce i . f - p s s _ - seuv [u mg.  ‘f lu i s  u- s - m : - ,:, s- - ;  L u; I hat  the lions-i lac~~—

m i i u - u , m i  v u - h  u - C l  t y  s-IC I s - u - s - u t  U
d 

I ly  t hs -~ i be of t ime so~- , u - r  u b l e  fo rm

u - ( r )  f ( s -~) (52)

u- h i s  -

n = -
~~

-
~~

-
~~ 

(5 3)

l ime h s i m m m u l m m r y  c o n d i ti o n  at  r~ 1 [s

~ 
~~~~~0 , T~~~~~~~~~~~~ 0 (54)

lit en one Oi) t u- I l u-is

4

- iii :i i 
-

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~
- 

~~~~~~~~~~~ 
‘-~~~~—— ~~~~~~~~~~~~~ u-~~~~~~~cc



-39

-
~~~~~~~ : f ( n )  + x ~ f ( q )  - u~f’ (55)

where

k = E l  = 

-

, 

(56)

am i d u - u - m m h m u - ; t  i t u t i m ) u i  s-) f E qs .  ( 5 2 )  and ( 5 5 )  in t o  E q .  (50) p [\ s-’s

R 
(

~~~~f - ~~~ ne’) = - ~ -
~~~~~ 

( r ~r~~) (57)

T m m L ~’p r u - i t i t i g  E q .  ( 5 7 )  with respect to ri f rom 
~ 

to 1, and using

h o m m u m s h u - m r y  c - s s u - u - . i  i t  ions g iven by Eq.  (54)  y ields , after u- - u - c u - me u - m u - m i - i  i p ul a t i or i ,

6~~~X 5 2 f + (2 + 

~
) J dn~~ (58)

RX r~ )

E q uu c t  ion  (58) is  the basic equa t ion  fo r  t ime ve loc  Lty - -- d ef ec t  l u - m w .

in o rde r  to solve i t , the v a r i a t i o n  of the  sh ear s t ress  needs to be

u- - - s i - i s - i d .  1) - p u - u - u - u - d i n g  on time m o d e l i n g  of time u-u-hear s t r e s s , Eq.  (58) g ives

i l l  I f - u - c s -- u t  d i. f f c - r e n t t a l  equa t ions  fo r  x (~ ) and f ( u i ) , as will be shown

l u - i l  c ’ r .

2 . 2  Ed~ y— V i s c o s  ity  A p p r o a c h

‘l ime s ’ m u u - u s -’r i c al  so lu tion  of Cebc- I [14 ] showed that  t ransverse

s m I r V i t m u r m u -  - b s ) u u-.S not ; i f f cc t  edd y v i s c o s i t y  d i r e c t ly.  Cebeci used the

l i - - s I  - : [  ream v u - b c I t y  ami d time tw o— d i u - u s - m u u - ;  i smu ’ ma l di sp lacement thickness as

t i m e  c P u - m  r u - - c t  or [c i t  i 5 :  ye I sc it y  and the  I s - ’ m m g t i i  scale , respectively, i n  it i s

- - - 

- . ---- ___________________ 
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I m u - s -’s i t uu - i cu - n t .  i t t  genera l , for ft-ce t m t r h t i i m u - m m t f l - s - u --u - ; u - u - i t c h u - i s  jets and s - -u - u -mk c ’~~,

- ‘ s - !s - i y V l u - c O u - u -  i~ ty  , as a f i u n ct  ion of time 1 s u m ’ I Lii i I m u - u  I cu -c) rd I t e m te , g ives

V c u r y  ps--nd tu - s u - i m l i L S .  S [m ice i t  isis b u s - u - u - i t  s t a t ed  I I I t  L i m O  I I ow iii t h e

v,’l 5 ) c ’ i t y  - s - l u - ’ is -s - u t rs-’pion mum i ght be cons idered  as u- i - ,- u k o  f l o w , thu-u - eddy

viscosity mu - may he m , msu ; mtu m m e d to be u- i I m i m m e t i o n  of the long i tud i u - m u - m i  coors - l i—

uu-mt e , ~~, on l y.  h ence , the d is tr  ibiut ion of time u - u - lu - ear stress in t c u - n u u - m s

of eddy viscos ity, ~~~(F,),  is given b y

T = pe = — pc  -
~~~~~~~~ (59)

Subst  I t u t i o n  of the nondimen sionai  q n t a m u t i t  l u - s  g iven  by Eq. (49)  u - s -nd

the v e lo c ity  s-Ie lect  g iven by Eqs.  (52) u-u -nd (5 1)  i n t o  Eq.  (59) g ives

U U2 +  e d ~~ e \ - t
~~~~~~~~~~ = — -

~~~~~~~~~~~~~~~~

--—--  
~~~~~~

= —
~~~~ -~~~ 

-
-
‘ (60)

m /Re ofl Qr /Re di’.

a a

or

~~~~ f ’  = _ ~~~~~~6
2
~~~~ f ,  (6 1)

Substituting Eq. (61) in to Eq.  (58) an d r u - u - i r r ; l n g i m ’m g  g ives

- 
1 ~~~2

f + (2 + ~~ I ~~ dq ~~~~ = 2 “~~~-~ ‘- 
~~~~~~ ( 62 )

q \ i~X / ~~~~n ) “i RR

The u-; i ,n mi , i ; i r  [Ly as s imuu - mpt ion  r eq u i r e s  t h a t

2 + R,,u-~ = 2b , u -I co imst at i t (63)

‘ 

- 

- - -
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a m d

2 
- - - ~~~- = a

2 
, u - i c s - m n u - ; t ’, u u m t  (64)

RR

The so i_ u t  [c mi of E q. (63)  , o b t u m i n e s - i  by Lime mu - m s -’ t h m o d  of  u - uu - - p u - m s - m i t  ion of

Vu - s - mu - i i P t s - ss ,

x (~ ) -
~ CR 2

~~~~~~ (65)

s- - , h ms re  C i s  a c on s t a m it  of i u - u I u - epm - u - m t i s u m -m.

lui o r der  to u - u - u - h v e  Eq .  (64)  , i t  is n cc v u - - ;u - ;u - . m ry  to know t h e  f un c t i o n

c (F t )  . For u- in u -t x i syu ium et r i .c t u r b u l e n t  wu -ike , s/v  is p r op o r t  T o n a l  to t ime

l u - s i p  tt mm d i ,nal coord ina te  x s--u- ith  a power law u - ms ~
_ 1/3

. S i n c e , It has

iu - es- mi u -~~s - . u -  :osl tha t  ti m e 11 ow in the veloc i ty -— de E~ ct reg ion is a m u u - m l  s- pous

to u - mu - -: L y - m u - u - mu - L r [cu- wake f l o w , c /v  may be a u -~s s - mu - u - u - ed to be

(66)

whc m : c mum ~ m m d A u - i r e  c o m i s t ;m r m t s .  l l c m m c e , a l L - u - c  u - ;u b s t i t u t i n g  Eq .  (66)

Eq .  (64)  p [ve m ; t ime d i f  l e r cu it  Lu - i l. s- ’ - ; u m - u l  i ou - i  For the b o u n d a r y — l a y e r t h i c k —

It s-u-Os R u - ms

RR -
~ 

m (67)

I m m t c u - u - ; m ; m  I [cm of Eq.  (67 )  g ives

-
‘ 

R
2 -h - K~~~~~~ 

~ ~2~~~u - i l ~~~~~2~~~~~~ X (68)
2 m u - m + i  s-i t n + l

-~ c._ - -~~~~~~ ——----—- — --cc—-. -‘ - - — - - - - -~~~ — -

~~~~~~~~~~~~~~ 

u--
~~~~

• 
-~ . .‘ I
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s - -h i ’’ cs - u - K is a cons L u - mi - it of I t t t s - p r u - m  t l u - n . F ro umm Eq.  (68) , we c u h  [ u - l i f l

uu-m {-l

R = A ~~~~~ 
(69)

u - \ f t s u -c ss-ub st  its -m t lug  ~ 2 x/~ E q .  (69) takes th e form
u -I

mit -I- i 
-

4 -1/2
R -\ (

~
) [~ 

F 
R2] 

(70)

E q m  i t  Ion (65) th en i u - e s ’ - u - u - u - s

- 2 (b — l )

x (~ ) C 
[A (:~ -

~~~

--) 
4 

(t 
+ K ) l / 2 1  (7 1)

or

i , i I - i ,

X = B (~
:-) 

2 

- 

(I  
K )

U
~~~~ (72)

2(h ) - I,)
‘ lu - s - - m e  Ii CA

“ c ’ su uul E q .  ( 62)  , time e q u s -m t i o n  for f ( ~~~~) is

2 2
11 £ 4- 2b J q f dr 1 + a i i i ’ 0 (73)

u-I

I )  ifI m rc ’mm t ia t ion of Eq. (73) vi tim tu-espect to r
~ 
gives

u-~
2 

~I~
” + ( 2 

+ u )  f ’  + 2 ( 1  — b )  £ = 0 ( 7 4 )

- cc

-
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The change of V u - s - m u - I - 1 1) 1  OS f i  sIt ~ u - I  l u - u - m i s - m u - i t  us cm
2 in  Eq .  ( 7 4 )  , - -hich then

r e u - h u - i c u - u - ;  to

f
t t  

+ (1 I- 
2)[lt + 2( 1 - b ) ç f  = 0 ( 7 5 )

t h u  is sui t l u - ;  lies  Lime b m u - t i t u - d u - m r y  comms - l  i t  lu - t i

l imit f ( c ) = 0 (76)
t

2.3 S o l u t i o n  c -i f  t ime  f l i f l u - r e t t i u - m l, E q u t u - i t  ion fc ,r  f ( ~~)

The a s s u m m m p t  [e c u - ;  of s i m u - m i l u - m r  I t y  u - i u - m d  t h e  - l i l y — ‘u- - l o c u s  i Ly u - u - u - s - s s - lci l have led

to the secon d—order  l i n e a r  d i f f c ’ m u  mit  iu - i l ,  u- ” s j m i u - I l i o m i

E ” ( r )  + (
~ 

+ f ’ ( ~~~) + 2 ( 1  - b ) f (~~~) = 0 ( 7 / )

s -u - l uc re ~ = f l / a , a m d  a and b are paramete r s  to be e v a l u t a t s - u - d  u t u - ommi  t he

b u m  u - i m 1 u - u - ry u - ad i,t l u - mi  and the s-”xpm u - r . i  mu - m enta l  d a t a .  This  d [ f l u -  - r cu n tu - l i i i  e q u ta —

t i o n  l u - u - m u - ;  Iwo si  n g i t l  m m r  p o l l - i t s , u - mt  q = 0 m s - u - id t~ = ~~ . Since , t ( ~ + -
~~ 

)
= ~ 2 

+ 1 i.s a n aly t i c  au md i -  g ul ar  - ‘ery s- -iimere , ~ 0 is a regular  sin—

gular p o i n t .  ‘ t’hmu - u - m: - - l o r o , Eq.  ( 7 7 )  has - t l eas t  otie n o n t riv i a l  so lu t ion

of time fo ru m

- - 

k=0 
a
k 

k (78)

ru i  o r der  to m l c ’ m s - i s m m l uic t ime  b e h a vio r  of Eq.  ( ‘17) at infinity, put

= I / r  ; i t s - u - t i  t h ou -  b c ’mm u - mv t nr  of Eq.  ( 7 7 )  a t  i n f i n i t y  r u - i t t  be o b l u - u i n e d  — is t

; - i s - - - ;  L i) j- u - c - C u - .  t : i m L i m o  t i u - - m m m s l o r i u - u - a t  lu -n  L = I / i , Eq .  ( 7 7)  t h u - n  bs reu-nes

_ 
- - ‘ ~u --~

4 -~ ~r’~ ~,u-u-, -
~u-~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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-F 
(~ 

- 

~
‘
~
) :~ 

+ 2 ( 1  - b) f 0

-P m I s -li - ci i ms - ) t r u - - p u - l u - m r  u - i t  t - ‘ 0. S ince  t (-
~ 

— - - i . ‘ i i m e r s ~~~u - r t u -,

0 u - u -  1 im u t i ce  1 -~. I s ;  u - i l l  I r u u p i i l u - i r  u - u -  l i i u , s - L l d C  po i i m t .  Ucu - t i c e , a t ’iu-~~

L i , I v l u - i l  s ’ s~~’,um I - s r u - s - u - i  u u - t  [u -mi  u - m y  or ‘ m y  u -e L c ‘ u - .  l u - u - t  i n  [ b u s s  t ic ’ 1 - ; h m b e  rhio c ’cl of

On t i m e  oL h e r  h u - i n d , the s-n-u - u - m e t  ~o l m m i  l o u i s  of  i-~q . ( / ‘)  can easily be

su - b t a  I m m c d f o r  t ime va lv es  of b 0 , 1/2 , 1.

Case 1: b = 0

~
II + (

~ 
+ 

1
.)  ~~~ + 2 1 0 (80)

‘,- - ii ich can be put  in t o  the f o r m

[~~j r ?  ccF i
2

f ]  -= 0 (81)

i m t L s - p i c i i L  i s s u m  of E q.  (b31) sumim e g ives

ç f ’ -I- = C
1 

(82)

Time u - u - u - I s - iL ion of t i m i s  F irst—orcler linear d i f f c u - r c-u - i L l u - m i  e qua t ion  is

1 ( r )  /2  

(c1 J S_ _~~ (1~ + (83)

i h m  I ;  ‘ u - u - I  ‘ u - I .  i o n  - u - i t h  C1 0 u- - u - m u - r u - -  o m -u m i s  to the u- ;;m~-ciu--— f low s o l u t i o n .

_L :~~
_

~~~~~± ~~~~~~~~~~~~~~~~~~~
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Ca se 2: b 1/2

~~
“ + (

~ 
+ f ’  (84)

t hu -u - u - u - lu -L i o n  of Eq. (84) is

l (~~) e~~
2/4 

(

~~~
1 

I (
~

_) + C
2 

K (v)) (85)

2 2
where  l

~~~(~~~~
—

~ 
and K (  ~— ) are ti-ic Beu-;sel f u u u u c t i o u i  of tb-ic first kind and

time u - c m m h  I f  led Bessel f u n c t i on  of the second k ind , of ord er zero , respec—

t -L vol y.

Case 3: b l

~~ + (
~ 

+ I) ~~~ 0 (86)

Separa t ton of va r i ab les  g ives r i te  solu t  i s - u i  -is

—r
2/2

f ( ~~) = C
1 

~ 

e ’ 
d~ + C2 

(87)

sir , I m i u - u - e r  L u - s  f o r m ,

~~~~ 

- 

~:‘~~~~~ T - _

3~~~~~~~~~~~~~
+ ...} + C2 

(88)

Ti m is cu-moe l.s imposs ible , according to Eq.  (65) , si nce the veloci ty

- - u - m e e t  ti
d 

d ecreas es and R( ~~) i n m u - r c ’ u - m u - c ’ s  s - - -L t i i  increasing values of ~~;

i.e. b mmmu st be less ti-ian 1.

_ _ _ _  - .- .-- . -
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him u - u- u- -u -act solut [otis of ti_i c d i ffer tu - tiLlu - m i eqs-tat is-nm lot b 0, 1/2 , 1

u - ; impgs - u - u - ;t I bme lu -r u n of f ( ~~) to be

f ( )  = 
Z F (z) , z 

2
/2  (89)

S u bst i t u t i o n  of the t r c m n s f s m u  u - u - s t  ion g [ v u - mm by Eq.  (89)  1 u -to  Eq.  ( 7 7 )

reduces  t ime lu - t t  t er  eqs -mat  ion to

zF ” ( z )  + (1 — z) F ’( z )  — bF(z )  = 0 (90)

Es - i it  i on  (90) is a c o n f l u ent  hyp e r g e om e t r i c  d i f f e ren t i a l  equa t ion ,

p a r t i c u l a r l y  known as the K i m  m u - u - er  d i l i s - u tu -e n t i a l  e q u a t i o n .  i t  has a

regular s ingu la r i ty  at  z = 0 , and u-in ir r egs- i la r  s i n g u l a r i t y  at z

The nmethod of Fröbenius g ives ouily  ouie 1~ is - m u - u - u - n y lm s - l ep s - u - m md emi t  s o l m u t  ion.

in order to give a general solution of the di f fc re im t ia ’L ccjs -u ;mtu -ion, i t  is

necessary to find another l i nea r ly  i n d e p e u m d e n t  su i lu t i on .  The two lin-

ea rl y in dependen t  s o l u t i o n s  u-- ire g iven b y Ab i u- , u m u u m w  [t:z u-s-nd S tog s-tn  [21] as

F1
(z )  

1
F
1

(b , l , z) = M(b , i., z)

( ~ (b) u-~~
= U ( b , l , z) - ‘j -

~
-
j
- ~1

F
1

(b ,i,z) inz + ~ 
cc

~~~~~~~~

_

2

cccc [m

~ ( b + n )
n-=0 (i i !)

— 2-~ (1 + n ) J (91)
where )

(b) = b ( b  + l) (b + 2)  • . .  (b + n — 1) , (b) = 1 (92)

-~(b + n) is the logarithmic dcrivcu t ive of Lhe g atmi nma Function , which is

kno s--;n u - ms  the Di gamma (psi) fuu -mc t i,on , and g iven as

I

I 
______ ___________ 

_______________________________
cc’~~~~~~ —— 

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~
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(it -- I) ~~~~~+ ( 2)~~~~b 
. + + + + ~~~(b)

u - here m (b) - -
~~~~~ [ c ~n 1( b )]  l.s t - P u s - m i  - i t e s - l  I n  Abiu-amumowitz and St egun [21]

(I,, 1 , z) is ti-ic cu-nfl m u c nt  l i v  p ,  r u - e u - u - u - c’ tu-ric tuuction , p u -tn t icul,u-ir i.y

!-av us - -u -u i as this -u - K u - u - u s -’  r fu n c t  ion. ‘tI me u - )t ’ h i s - u - L u i s - ) t u - i  t ions  for K s - m m - m im e r futic L i  otis

u - i r e  M (h ,l ,z) and ~u ( b , 1, z ) .  in scrleu-; l u - u - in , 1
F
1

(b ,l,z) is given by

°~ 
(b

= -
~~

-
~~~~~ Z

n 
= ~1 i ’(b ‘LnX 

~
n (94)

ui~ 0 ( n ! )  u--u-0 ( t m ! )

in time uu - e ig i ibori i ood of z = ‘= , the solutions F
1

(z) = l-i(b , i , z) and

F2 
(z)  = I J ( l i , 1, z) have s immmple  asymu ’up t ot  i,c exp ans ions  g Iven by

~~ ( 1 — b )  ( 1  —- b )

F1
(z) = M(b , l , ’z~)~~~ 7

b-l 
e
Z 

~ a ! 
- 

~~~ (95)
n 0

= (h )  (b )
F

2
( z)  = U(b,l ,z) 

-b u~ ( . u -~)~~~ (96)
um= 0

Iu or -ì >-

i-’
1

(z )  M (b , 1 , z) 
r ( b )  

e Z [1 + 0 ( I z L 1) ]  (97 )

F 2 (z )  = U ( b , l , z) z~~ [l + O (Iz~~~
) )  (98)

T h e r e l u - r u -, t im e pu - m i - m u - u - il . soluti . cu n f o r  f ( u - t ) is

1(n) 1 (z)  e~~~[C1 
M ( h ,I,z) + C2 U(b,l ,z)] (99 )

and , as z 
~~~
“ , (t)  ~~

o)

~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~

I- - - _ _ ,_ _ _ _  
_

~~~~~~~~~~~~~~~~~~~~~ cc ~~~~ 1 _ _ _ _ -~~~~
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/i8

f ( r 1 ) ~ c~ + e
’
~~ 

-b 
+ 0 ( t z L 1) (100)

Tui t b -ic o u m t e r  reg ion of t ime homu ui c l a r y  layer , it is  u - m s : u - u - m m u - u - e d  l u - i m u - i t  tie

m u - u - eu - t i m i) W h ) s -uh l a V CS I ike an u - i x i s y n m u m m e t r i c  s- -u -u - ike. The s o l u tio n  of an ax i—

u u - y i u - m - m e t n i.c w u - uke  w i t h  th ie cu -d cl y v [u -u - coo L ty a s s u m p t i o n  gives the defect—

ye h o c  i Ly prof 1 los in to ruim s of u-u -m u s - - x p u - u i s - ’ m m t  lu - i l. function. Hence , if the

bounda ry  l a y e r  behaves as u- in uixl u - ;ym u - m u - ss - u - I i :  i ’~: u- -u - ik e  in the v e l o c i ty— d e f e c t

reg i.omi , the co u i s tu mu i t C
1 

mus t  be zero. Timemu-elore , ti-ic solution for

f ( i -i) is

2
1(q) e Z IJ (b , 1 , z) , z ~~~~ (101)

Front Eq.  ( 5 2 ) ,  (65) am -md (1.01), time vethcity de fec t  is

= c 1~
2 ( b — L )  

e 
z U ( b , l, , z) ( 102)

u - h i . cc h , C umu mc l cm a r e  t ime ccii:; t u t u - i  ru - u -  to bc .m d e t e rm ined  f rom tui e exper i—

m umi - m i t u - i L  d a t _ u - i .  Os-i t ime o t . lme r  imaumd , the fo l l owing  at -malys i s  ind i s -  u - L e s  the

i b i s - u -  r u - m u m g e  o f  t ime  vu - ui  u -u - s  of b .

l i m e  tiond I u -mu - usns Louma l  s-h t sp  1 u - i c m - u - u - u e m l t  t h i ckness  fo r  an a x i s y m u - u u - i u - m.u- t r  ic f low

is cieflu -ed as

ii R r R U

~~

‘ J (. 
— 

~~
-) 

1
~~s-i(’u- 1) = J ~~ 

dr + 
J 

dr (103)

u- -Pu - c r c  r I ’; t i -ic p u m l u - i t  of hut s - u - mu - u - u - u - c t 15 ) 0  of  t i m e  [au - i)  laws , time law of the
C

u ;u l i  u - m m m d  t i m e  v e l o c i ty — d e f e c t  la s - i . S i u c e  t ime f l o w  area increases wi th

_ _ _
~~~~

-- _ _ _  ~~ 
~~~~

u-

— —  —
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m d  lu - mi di stu -mnc e , the unajor comit r ih m i t im)fl to (ii s-up l u - i c c - u - u - u - u -n t  t i~ i ck n e s s  Co nies

fro mmm the vei.oci ty— s-bef ect reg ion for a tu-hick axisyummnm etrlc turbulent flow.

Tim ers-u- lore , ti_ ic n o n d im umcu -n s i o u i a i  d i sp i u - u - u - u - s- m u - u s - u - - m m t t b m i c k m s-u -s s can ro s-u ghly  be

a p pr o xi n u . m t e d  by

uS 1
R u 

— —
I - -

~~~ r dr (104)
a j  Ur e

C

—2
Ss-mb stitut ing Eq. (102) and z = ~~~~~~~~~~~ [ii to E q. (104) g ives

2R a

2 — 2
mc ½cm r

cc ~~~~ ~ a
2 cR 2b c~~ U ( b , l , z) dZ , Z = 

~~~~~~~~~~~~ 

(105)

Since the d i sp lacement  t h m i m - k u - m e~~s i.ncrcases w i t h  the b o u - u t m s - l a r y  layer

thickness uS , b mu-u-u-st be a posit Lye uuu-mmu -b er . Thus we hmu mve  0 < b < 1.

[u- runt Eqs. (s) I.) u -m u-id (94) , t ime Kumu - m m u m c r I s - mu c t ion U (b, 1 , z) cu -mn be

‘- - i  lLt su-u i u-is

( (h )  z T-i

u ( h , l , -,.) = 

~~~~~~~ I 
~~~~~~~~ 

~~
i

t
~~ 2 

- [~~nz + ~~~~b + i i )  - 2~~~1 + ii) ] } (106)
Li mis series is convergent for al.l values of z. Let N >> 1 ; Limc~

n
N — l  (b) z

U(b ,l,z) = — -j-
~~

-
~
- 

~ 
— - - - i—-- [~~nz + u - p (b + mi) — 2 , i ( i  + n ) ]  + R

N
n—0 ( i i . )  (107)

where

0
= (b) z

- J ~~~~~~~~~~~~~~ [~~nz + ~(b f n) - 2-~~(1 + nfl (108)
n’N (n!)

I ___________ _______________________________

— - - ‘

~~~~~~~~~~~~~~
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s i m m c e  0 < b < 1, (b )  = h ( b  + l ) (b  + 2) ... (h + n — 1) <

n = I , 2 , 3 , • •~ au -md when ui cc ~~

1 1

~ i-i) Qu - (b + t i )  -- )(b + ’ 5‘ 12(b - +- n ) 12 0 (b  1- n)

~~~~b + ii) < ~~(l + n) ~ ~ m i( m i  + 1)

lime cc Is-) re

I R N I < 1(b) 
n~N 

~~~~[~~u iz  - 
~~( i  -1- m m) ) 

r (h )  0L1~ 

[ ?u -~~~ n + i ) ] ( 1- 09)

Q i t [ z ( N  - F l ) J  2~n [ z (n _± I ) J  N
N n

lleimce

I R N I < . cc ~- c c~- 11 
[1 

÷ -f 
N ( N + 1)  +

N 
~n [ z ( N  + 1)] [1 + Z + + 1

F ( b ) ( N  — 1)! [ N ~
4

2 
N

3

2
1u-)r z < N , 1 cc ~~ + ‘~~~~~ + ~~~~N N

2 
l

N

Therefore

R 
1. ~_ _ ‘1L~~(N,,±.Ju--)J~_ (11.0)

N I I ) )  
(N - 1) !  ( 1-  ~

)

Eor z = 5 , N = 25 , I R N I <

—. 

- - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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l u - s  - u - u - u - f o r e , l i m e  u - l u - - r i u-s i l - i  Eq.  ( 1 06 )  u - u - - s u m  be L r u u m c ; m t e d  at  a 25 f u - r  Z < 5.

lu- u - i- l a u u - ; u - ’ r  v u - t l i m - -~ of  z , t i m e  u m u - ; y m u - m p t o t i c  u - ’ x p u - l s u u - miOn g iven b y Eq.  (96)

- u - , u - u  l u - I  be m u : ;  s - s - I. \ lu - u - u -, u- ms  z - (I) , one u-b ( - ‘u i mis

IJ(b ,i ,z) = — 

1(b) ~~~~~~ I -  ; (h )  I - 0 ( I - ~ m m z I )  ( l i i )

l . s [ l u u - t t  i s m u i s  (70)  amid (1.0 1) contain six undcLei :imi i ncu-d constants;

m u - u - s - u - u - u -  i y A , mu - i , K , b , C a u-id a . These c o t i st a n t s  h m m m v e  lu - e s - mi s -bete-nmu -m ine d f r o m

time d a t u m  of W i L l - - m u t I m  mu -t al [181, and K esl iu -mvan [ 7 ] .  In Eq. ( 6 9 ) ,  mis

~ ;s u-S to zero , R pu-es  iu - u -y m f l I ) t o t  [cu -i l l y to ou- ie .  11cm-ice t ime cons tan t  K

u - u - i t u - ; t  be of o rder  uu u i i ty . C u - n s c q u u - e u i t ly ,  for  large values of R , t ime

l u - m s - u t or 
(~ + K )  

2 

i.n Eq .  (70)  is uieg l i p ihie . The p l o t  of ~~2 
=

R a

versus  R = ~~~~~~~~~~~~~ on l o g — l o g  paper , f o r  l a r g e  va l s - tu - u - s  of R , then gave

the v a l u e  of m as 7/13, from the slope of ti-ic best st_ na i giit line cl tu - u - u - -.ui

-
- th ro u gh ti-ic da ta , as s im u - iwu m [ml  l u - i g . .1.0. Ot ic cu- t .iic v a l u e  of u um lu - i d been

ob tL m l u - s - - i l , t i-ic vu - i l  s-mes of K u - mu m cl  A were  s - u - v a l lu iu - u -  - m l u - m c co c c l  ing to Eq. (68)

by u - u - u - i mig  al l  the a v a i l a b l e  d a t a .  The values lout -id were A = 18.5 and

K = - 2 .

The vu-i ls-mes c,f b , a u - m d  C (or  13) s-- mu- u - u - c dets u - r iu i lu - ed  solely f r u -m  ti - ic

da t a  of W illma rth cut u -m i 118] . T o t

S = S(z) Ce
2 U ( h ,l,z)

Y = u
d (l -

~~~~)/~
e 

-

th u - u - i , us s i)Iu- (I log to Eq.  (102) ,

V = S ( z)  ( 112)

— -cc 

-

_ _ _ _ _  
- 

~~~~~~~~~~~~~~~~~ 
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l ’hi u - ’ru - ’fore , for u’u-ich u - i ssi gmm u - u - c i v alm ue of Z = u-’ . ,  t ime  g u u - u - u plm c u t  V v u - r o l l s  R on

I op - - I  u -p p u m p s - s r slm o s - u l.d g ive a s t r u - m iglit  h i m - i c  u - u - f  slope 2 (b — 1) u-it-id

I cml  u- i s u - u -j)t S (z .) , ac c o r d i n g  to Eq. (112 ) . W i l l . s m m u - m r t h m ’ u- u - s-l u - m m - u - u were
pl ot . t es- l  ,m c , - s u mu- s-I l rig to Eq.  (112)  fo r  v u - m u u - i o u s  c o n s t a n t  v a l u e s  of z ( or  n)

u -ms shm owtm [ui 1- 1 g .  1.1. ‘Ih e vu-i l m uc  of b , s - lu - lu - u - m u - u - u - u -I nod I ru -un the  s io pe , ‘ u - u - m s

b -
~~ 0. 35. T h i c u e f o r e , frotn Eq. ( 12 ) ,  X ( F )  br ’cu-iuics

-- 0.65x = B %J~~ ~~~~~~~ç (1 — -
~~

-) (113)

Its-u-tine , from Eqs. (52) and (101), ti-me velocity defect bec :omumcs

e
U 

B ~~~~~~~~ 
(1 

- 
~~~

cc)

0
~~~~~~

5 e~ U(h , l , z) , z = -
~~~~~~

- ( 1 1.4)

Let

= 

~~ \--
~ (~ 

- ~~~~~~~ ( 1 15)

amid

2
T’= e

2
11(h,l,z) , b = 0 .3 5 , z = — ~~-~- (116)

2a

A f t e r  app ly ing Eqs .  ( 1 .15 )  r m u m d  (11.6), E q. (114) becomes

Z = BT (117)

The v a l u e s  of Z u ’ s - u - re  o b t u m  [tied f r o m  W i i l . m a r t h m ’ u-u - d a t a .  ‘l ime v a lues  of T ,

u : s .i u u - r e s p u m n d  lu g  to the sonic v a l u e s  of n, were c u - m l c u l . u - m t e d  f r o m  Eq. (1.16)

_ _  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ _
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for a ru-umge of vu-m i u-es o1 a. Time v m l  im e of cm wh ich gave ti-me 1)cst

ot m u - u - i  I phi l i n e  passing  t i m r o m u p h the or i g in ‘- ‘u - us u - i m u - ) u - u - ’ l i . C o t i s c q mle f l t l y ,  t ime

O l s ) p & u -  of t ime best s t r a i g h t  l i t e  gave the vu - i ls -t e  of B. The results u-ire

u - is f o l l o w s :

- - 5/13
R ~Ji — 

~~
- = 18.5 

(
~~~) 

(1 18)

~~~~~~ 4~J ~ (i 
- 2 )

0. 65 
c Z U(h ,l ,z) , z (119)

a 1/2  , b 0.35

Comumpar is on s  w i th  time data  of W i i . lmn a r t h  et a l.  [ 18 1 , u- m od Kmu -shu-avan [ 7

us-re shown in Figs. 12 and 13.

2 . 4  The M i x i n g  — Lenp th A p p r o u m m u - b

‘the in i~ u - i . m - m g length for the outs-sr p art  of m . h i e  h eu sa d a t y  laye r am-i d ti-ic

wake is getmeral.ly assutu -med to be coum s tu - m nt  u - i l l  p r o p o r t i o n a l  to a chu - .mrac—

t e r i st  tc h . u - - m u - p i h m  at a g ivet m sec tio n .  fo r t i - i t s  problem , the mu mixing

I u - m u - p E l t  9 , in ti - me v e l o c i t y — d e f e c t  reg ion wi l l  i)e assumed to be g iven by

, ~~~~~~~~~~~~~~~~ (1~~0~

u- ;imu ’ mu - c X is a constant  to be determined from the ava i lab le  d a t a .  Then

time shear—stress distribution is given by

= 
2 

(

~~~~~~ 2 

= ,2 
(
~
“
d)

2 
(121)

“ -
~~~~

“
~~~~~

‘
~~~~~~
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F

9.0  . - ~~~~~ is/ a

\~~ . ~~ 16
\ ~ 0 17~~7 10 .4 2

8 . 0  . \ ‘
~~~

-
~~ A 1 / j 7  9 . 4 5

~~~ 17 5 7  9 . 3 2
0 878.4  5 .52

878.4 4.71
7 .0  - \0 A 878.4 4.64

4 39 . 2  4 .12
2 1 9 .6 1 . 7 6

\~~ 
0 219.6 1.88

6 . 0  . P r e ; ; e u m t  ‘l ’im eory

t W i l l  “ u - s - r i b  u t  u - m t  1.8]

ci
5 . 0  - ~ .u - D -

t~~~~) (
-i..,1

4 .0 -

3 . 0

2 . 0

I .0

I 0 - . -I — - ~ j , I -- cc
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iii t i r m m u - s  of time no nm h  l u m m u - n s i o n u - m l  q u i a m m t  I t l u - u -  g tv c’n i n  E qs.  ( 4 9) u-m ad

( 5 3 ) ,  Eq .  ( 12 1)  becomes

2 — 2
+ 

= ~
2 

~~~~~~~~~~~~; (
~

) ( 122)

or , by E qs.  (51.) u - m d  ( 5 2 ) ,

+ 2A 2 

~~~~ 
~2 

~
2 

f
2 

(123)

E q u a ti o n s  (58) and (123)  d e f i n e  time vu -lu -city - d e fe c t  l a w .  Sub—

s ti t u t  tug  Eq. (123) i n t o  Eq.  (58) u-mi d r eu - mrr u -m u ip i m g ,  u-nc obta ins

~ + ( 2  + ~~ X~
’
\ J m3 f d 0] = f

2 (124)
2A 2 /~~~ 

cx L \ [ lx ! r~ J9~ a

The s i to t la r i t y  assunip t ion r e q u i r e s  tha t

1 I~cc.-— = y , a comm -stout (125)
2)u-
2 

~~ ~X

~ a

and

2 + ~~
-
~~- = n , a constant (126)

RX

Suibstituting the solution of Eq.  (126) ,  s--j hich was g iven p r evious l y by

Eq .  (65) , wit h  n = 2b , in to  Eq.  ( 125)  and sep u -mruit ing  the var iab les ,

one ob ta ins

I
I I  
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2A 2
C

= 
_ _ __ L 

~~~~~ ~ (1.27)

T u t u - u - p u - u - c t  u -u i u - f  Eq .  ( 127)  , l u - l u - u -mi p I ‘u - s -

X
2

C ( 3  — n) 2
R 

-n -I - = ~~~~~~ s/Re c (128)

where Q is a cons tan t  of i n t e g r a t i o n .  C o m m m b i n i n g  the group of time

c o n s t a n t s  t u t u -  s ingle cons tan t  and s u b s t i t u t  t u g  t ime  d imu -u - c mi s ion al q u u - m n t i —

t i es , Eq.  ( 128) y ields time b o u n d a r y — l a y e r  t imickness in the form

1 1
/ \3—a [ 13-n

R ( 1 + cc
3

2 c c )  A I —
~

--
~
-
~-I (1.29)

\ R~~~ / L\/~cj

From u m Eq. (65)

2-n 2—n
3— n 3—n

(i÷~
c
~) 

( 1 30 )

Also , f r o m  Eq. (124) , one obtains L I -u- e qua t ion  fo r  f ( q ) ,

f
2 

= y~~f + 
~~~ J fl f dq (131) -

The t r r m n s f o r u u m a t i o n , f (0 )  = -1-F( 9)  reduces Eq. (131) to mu - i -m e with a sing le

j m ; i r u - s m  u s ’  ter

F
2 

= ruF + -~~ J flF d~~ (132)

4

= • ‘~ ~~-~- 
~~~~~~~ 

-

~~~~~~~~~~~~~~~~~~~~~
-cc

~~~~--- ---- — — - -~~~~- -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ c c _ c c _ _ __ cc__ __~~~_ __ _ _ _ ,cci__ — —~~---- -cc---.- ~~~~~~~~~ - cc~~ _ _ -~~~~~~~~~~ - -~~~~~
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Time bounda ry  c o n d i t i o n s  are

at  r~ = I , F( l )  = F (1) = 0 (133)

Exact  so l u t i o n s  of Eq. (132) can m u - u - m u - u - f ly be obta ined for  time values

ii 0 u -u -m id n = 2.

(‘-~~‘u- u-m l: n = 0

Fo r n 0 , Eq. ( 132) reduces to

~~ - =  /~ (134)

lmm tcg ru-mt ioii of Eq. ( 134) w i t h  the  bo m um i s - iu - mry  c ond i t i on  of Eq.  (133)  g ives

the so is - it ton

F ( ~~~) = (1 - n3’2 )
2 (13 5 )

T i l l s  solut l u - u - n  w i t h  Eqs - (129) u - m d  ( 13 0 )  c o r r u - - u ; p o m u - d s  to L i m a t  for

an a x i s y m u m m u - m e t r i c  c i  r s - u - s -mi.u - i r u - u - i ke.

Case 2:  mm 2

For a = 2 , Eq.  ( 132) be cu -t um es

‘2 2
flF = r~ F + 2 J flF d r  (136)

11

rt mtegr u -m t -I u-ig by parts u - mmmd u s i n g  the b u s - mu d s -t ry  condi t ion , Eq.  (136) y ields

‘2 2m~k’ 
~~

— J  ~ F dr ì (137)
0

I

I 

-

- - -~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~

cc — - .~~~cc ~~~~~~~~ c c —  __~~~~~~~~~ —— cc — - — —
~~~~~

—
~~~~~~~

-‘- - —
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D i f l c r s -- u m t f u - i t l o n  of Eq. (1.37) g ives

F (~~u - 1 F + F
’ 

— 
2

) = 0 (138)

“ ‘ 2For F ~ 0, 20F 4- F — r~ = 0 is u - i  1 i - i ~’. u r  u - u - -, u - , m m u - I - - u - m r s i e r  c i i i  f e r en t i a l

C p m m u - i t  [u - mm , of wi-i 1dm t ime  gene u - i  1. so ic i t t u-li u-S

+ 1/2 
+ 

- 

(1 3 9)

For F
’ 

0 , F’2
(~~) = C

3 
= 0 , m s - u - c m ) r d  iu mg to t ime bou ndary condition (133),

atm [cpu-so ibi .e ool.ut  l u - mi . W i t h  time bo itmis - imu ry conditions (133) , the solu—

tion (139) becomes

F 2
(~~) = -

~~~~~ (5 - 6q
l’~~ f fl

3
) (140)

2
J,et r~ 

= (1 — z) , thien (141)

F (z)  z
2 
(1 — 2z + ~ - 4 z

3 
+ ~ z~) 

(142)

F
2

(z) = ~ 2 
(i - -

~ + - -
~~~ 

~~~3 
+ ~~~~~~ (143)

h ere , t i-ic factor z
2 assures tha t  ti-ic end c on d i t l o i m s  F(0)  = F (0) = 0

are satisfied.

The resul ts  for n = 0 , 2 suggest a solution for arbitrary values

of a of the form

F(z) = a z~ (144)
p

________ _________________

-~~ 

. - -  u- :.-.~~~~~~~~~ --~~~ _
cc

_ _ 
~~
.:— - _ _ _ _ _ _ _ _ _ _ _ _ _ _

- —.--~~~~~~~ — cc cc ~~~~~ _ ~~~~~~ . cc .~~~~~ 
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Subst [ h it  ion of Eq. (141) into Eq. (1.32) gives

F
2 (z)  = 4( 1  - z)4F - 8n (1 - z)3F dz (145)

D i f f e r e n ti a t i n g  Eq. (145),  one o b t u m  in s

~~~~ (F 2 ) - 4( 1 - z) 4 
F + 8 ( 2  — ui) (1 - z)3 F = 0 - ( 1- 4 6 )

Put

-~~- (F ’2
) = A (147)

p -~ 1

(1 - z)
4 

F
’ 

= B (148)
p

(1 - z) 3 
F = C (149)

p

Then Eq.  (146) y i e l d s

A
1

= 4 B
1 

- 

(150)

A = 4 B — 8(2 — n) C , p = 2 , 3 , 4 , . . .  (151)

w h ere , by Eqs. (147) , (148) an d (149)

p+l
= 

m~ 2 
(p + 1) m (p  — m + 3) a

m 
a
p m÷3 

(152)

- c c -  — 

- c c  ~~~~~-~~~_ - c c --

-- cc -- -~~~~~~~ ---cc-~~~~~~~~ - - 
-

cc -cc ~~~~~~~1. -~~~~ ~~~~~~~~~~~~~~~~~~ c c - -
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B ‘ (p +[)a
1 

— 1m p u -i 1 6(p _l)a~~ 1 
— Li (p —2)a

2 
+ (p _ 3)a~~3

(153)

C a — 3a + 3a — a (1.54)
p p p—i p—2 p—3

Then, from Eq. (150)

8a~ = Sn
2 

(155)

and h -uence a
2 

= 0 or 1. From Eq. (151)

P+1~
~ (p -Fl )nm (p _m+3)a

m 
a
1) +3 4 ( p + lcc )a ÷i 

— 8 (2 p -I-2 — n)a
nm= 2

+ 24 (p +1 —n) a
1 

— 8(2 p + 2  -. 3n)a 2 + 4(p +1 _ 2n)a~~ 3 
(156)

p = 2 , 3 , 4 , . . .

-
~ 0 , t h u - u  Croum u Eq. ( 1 5 6 ) ,  a

3 
= a

4 
= • .  . = 0 a lso , a t riv i a l

s o l u t i o n .  Hence , a
2 

= 1. Front . Eq .  ( 1 5 6 ) ,  for

p 2 a
3 

= -~~~ (6 - n) (1.57)

p 3 a
4 

= (60 - lOn - n
2
) (158)

p = 4 a
5 

- -
~~~~~~ (60 - l6n + 4n2 - n

3) (159)

For p = 6 , 7 , 8 , 9 , . . . ,  t Ime a ’s can be succe s sivu- l y obtained from

-u-

cc - - -  ~: ~~: ..ij , 
~~~~~~~~~~~ cc ~~~~ 

__
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a +l = — 

~~ uu - u~ 3 
- u m ( p  - uu - l + 3)a a - u -  -3 ~~~(~~~~ + 1) 

(2 p + 2 -- ui)a

+ ~~~~~~ (j ) +1 - um )a [ ) 1  - 

p ( p + 1) (2 p + 2 - 3u) a~~~2

F (p +1 - 2n)a
3 

(160)

‘th e r e f o r e , ti -me so lu t io n  of Eq. (132) is time series g iven by

Eq. (144) w it h  tt m e coc.’ f f iu - u - i ents given by Eqs. (15/), (158), (159) and

(160). For u-i = 0 u-it-md n = 2, this series solution gives exac tly a

sixth—degree polynomial. For other values of n in the range 0 < a < 2

time see tes behaves as a semi—convergent one , wh ich , if also truncated

at time sixth degree in z , g ives rm u - ss-u i t s  in excellent  agreement wi th

step--by—step nuuaer~ caL sois-it ions of time differential equation .

Fi gs-ire 14 c o l u m p u m r v s  t ime mi umu -m er ic a l  s o l u t i o n  of Eq.  (132) at-id the series

s olu t i on  w i t h  six termu - us  f o r  vu - mi :  l o s - u s  values  of a. Then , f r o m  Eq.  (160) ,

f or p = 5 ,

a
6 

= 81~~0 
(900 + 168n — 596n2 + 299n 3 - 44n 4 ) (161)

Thus time so lu tion  i s  given , wi th s u f f i c i e n t  accuracy,  by

F(z)  ~~~ 
[i

cc 

- -~~ (6 -n ) z  + -~~~ (60 - iOn -n2)z 2 - -
~~~~~ (60 -16n +4n2 -n3)z 3

+ ~~~~~~~~~~~ (900 +l68n -596n
2 
+299n

3 _44n4)z4] (162)

- __ -—  
~~~wu-
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ _ _ _ _ _



0

C 
- r—I

o -d
~ I 4-i S —u-
4-i u~ a
i ~~ ‘ -~~~

.—I a 4-’
o ‘1)
11) It)

rd • i-u-

(‘3 ,-l (4.4
o 4-’ u-it Ii ‘4-4
‘H u-u- t3 II -H
1-4 It) I-u-
C) ~ It)
u-~ It) 4-i 4—’o ‘s--u- .U 0
c u-u-.u- -~~

11’ 0
c -cu - 

0o Lu- -.-1
1~ t4.u- r~ II 4-i
--u- ~ JJ

i-I
s-u- a

_ _  
o (I)

/7 l~ccu - i
0 /7!  - mu-i

Q C ~O —1 C r H  f / I  0
u-u- Iii(~—1 s—u- 0 0 c rim /%~‘ i-u-

I(~ - It)
_ i A~7 C

0
/ A I

o o ~~~ o o
fly/ C

/ 
- s--u-

-J

—~~ — ~~~~~~~~~~~~~~~ I ~ i - I - _ I _ _ L ~~~~~~~~~~~~~~~__ L~~~~~~~~~~~~~~~

—1’ 0 (~‘1 —u-u-
(“I C’1 -cc’ cccc

~ C C
0 C C C c C C C

1,~~~

— - -- _.cc_cc_~ - _____________________

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~



_____ —cc -- cc - - cc 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘

66

From F qu - - . (49) , (52)  mind (130) , wu- o b t u - m i n

-- 
2 — u -i

u - u - [ 1 3 — u i  / \3  -aB f i  -f —f’- --- ) l- ’( z)  , n (l—z)
2

U e /Re L~~
] R

(163)

E mj m i u u t i o n S  (129)  u - m d  ( 163)  cu- u - t a  i.n 4 s- ins - ic te m u - u - i i u - - d  co n s t a n t s ,

namely n , A , B and Q. ‘himc� vu -u -i s-to of  n = 2b = 0 .7 , u- is -ms d e t e r m in ed p re—

viousiy in Sec. 2 .3 .  Also , time value of Q r a n  be u - -u - ; h iu - u - , u - t ed by using

t ime r e su l t s  of the p r e v i o u s  u ; s - - c t i o n .  F rom u m Eq.  (68) , fo r  ~sn u -u - i 1.l va l ues

of E~, R goes u - i s yt m u -p t o t i c a l ly to /2 , a value of R u - - :1u - ic h m i gh t  be con-

sidered to give the v [e tc us - i l ori g in. T l m o re fom: e , f Lu - a  Eq. (128) , as ~

goes to z e ro , time va lue  of ~ is g iu ’et by ~ = _ R 3 h  
— (/2 )

2 .3 = 2 . 2 .

I

Ti me value of A w u -ms d e t c r u m m i m - i c d  b y p l o t t  [u - ig 
[~

J~ versus

R 
(i 

— 
~~~~~~~~~~~~~~~ 

- i h e  s l o pe  gave = 3 .  r u- o rder  to f ind  time vilue

of B , let

2—n 2—n

= 
U

e
_ U  

~~
x/ai

3_n 

(1 
cc- , n = 0 . 7  (164)

Z = F (z )  , = (1 - z) 2 (165)

T ie -u i  Eq.  (163) cu -mn be w r i t t e n  as

Y = lIZ ( 1 66 )

-

-- 

-
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I h u e  ~‘ , m h u e s  of Y ob ta ined  f r s - u n  W i l i t n a r t i m ’s u - l u - i t s - i  u- - u - - i - u -  p l o t t ed

u - m~~u - m fu~~t t im e  v a i i t u - ’s of F ( z )  o b t a i n e d  f roun  Eq.  (162) w i t h  ii = 0 .7 ,

s- u - r i s -  pm~ u - m - u - l  im i g to t h e  u - u - u - s - u - ne  value of z . lime r e s u u l .~~s p lo t t ed  u u l o n g  a

s h r u  j~~i i t  1 i m e , h m u t  t i m e  I t i m e  d id  n ot  p u - m o s  t i u - L U m p ~i m time ot’ i g in. This

s - ti u-c u - s -- s-~ m rm cy is due to u - it - i i i  [-—dci [mmcd hound s-u r y — l  u - y e r  t l~ I ckm ess . Th - ieo re t—

- y -l- s-m lJe umm ’ i il y, u - u -~~~u -i ~~~~~~~ 
- -  ~ 1 (u - ms  y -~~ ~~) ,  

-

~~~ 

gut , for practical

A)s-u-m tec u-eu -, ~ is d e fin e d  as time value  of y where - - —- u -1j -—-— = 0.01. llerc—

fore , Eq. (166) needs to be corrected to

Y = B Z  -i- C ,

where C constant .

From t l e  slope amid i n t e r c ep t  of the plo t of Eq. (166), the

values of B amid C are

~~~~-~~~~6l8

Ta su m n m m m a r y ,  the r e s u l t s  are

1 1
/ \3-n / \3-n

R ( i  ~~~~~~~~~~~~~~~~~ = ‘ ( 1 6 7 )\ R a n)  \/~—)

2-n 2-n
u - u  1 3-n I

±: ( 1  — -
~~~~~

-
~~~

-
~~ [618F(z) + 4 . 5 ]  (168)

/R C RCaj \ ~~- /



- s-

~~~

cc

-

u-~ (1 — z)2 , i-i 0 . 7

F(z)~~~~z
2 5

~~~~ +
35
~~

2 _
~~~z

3
+
i
l
~
c c z4] (1.69)

Equatioui (169) has b een obtu-i [tied from Eq. (162) by substituting n 0.7.

Ti m e c’ O i s - p u - m r i S O n  w i t Im W i l l nu - u - i rt hi’ s da ta  is shown in Figs. 15 and 16.

The cums -pu -u ris on of Fig. 1.3 and Fig . 15 reveals that eddy—vis cosity

model yields a better correlation of the data titan the mixing—length

model. Consequently, time ccis-ly -v i scos i ty  model was selected in the

smI i) sequen t  amma l ys i s .

H
I

~ r1:I:ITI 1II : ±1 ____
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CIIAP1 ’ER 3

R E S U L t S  AND l)ISCUS S {ON

3. 1 .  I l u - i u n d u - m r y — T u - m y e r C h : i r : u - r t u - ’ r i s t  ics

3.1.1 V e l o c i t y  P r o f i l e s

Two s i m i l a r i t y  laws f o r  a th ick , a x i s y u - u - u - u - s - c t n l c, t s -mrbu i ent  boundary

l a y e r  growing on a long, c i rcu la r  cy l inde r  of m - o u - m : ; t a n t  radius have been

established . As fo r  the bounda ry  layer on a f l u - i t  r ;m t e , these are the

law of the wail  and the ve loc i ty—defec t  law .

In Chapter  1, it has been sh own tha t  the logari thmic mixing

length , raLl ier  than time l inear  one , g ives a be t t e r  modeling of the

Reyno lds -u-t r e s ses  f o r  ax i symummet r i c  tu rbu len t  f lows w i t h  zero pressure

gr a d i e n t .  Al so , it has beet -i simown t imat  time l o g a r i t h m i c  nu ix ing  l ength

g ives Lime usual  log reg ion in te nm u - i s  of the  Exponen t  lu - i l  In tegra l  of

,Qu/F+ y/a. ‘th is has a series expansion in t rim-is of the argumnent ,

* * /~~~~~~~~~~ k ~~~ u-i * *Y = a /1 -I-- y /a 9n (1  + y Ia ) ,  which beh aves like y for y/a < 1.

This ress-ilt exp la ins  wh y the cy l inder  data , wi -men p lo t ted  in terms of

t w o— d im e n s i o n a l  coord ina tes , as was done by Wi l lmar th  et al. [181, do

not devia te  appreciably f rom f l a t — p l a t e  resul ts .  It also ve r i f i e s  the

use of a Pres ton  tube to measure the wall  shear s tress for  axisymmetr ic

boundary  l a y e r s .

As cu - an be seen f r o m  Fi g. 9 , the Logarithmic reg ion-i extends far—

*
titer to larger values of y as a increases. It also verifies tha t

a = au /v , wh ich is a measure of the e f f e c t  of t ransverse  cu rva tu re ,

L - - -
cc - -~~~~~~~~~~~~ cc~~~~~~~~ cc ~~~~~~~~~~ - c c  ~~~~~~~ --cc~~~~~~ cc ~~~~~~~~~~~~~~~~~~~~~~~ ---- -—.- — -- - ~~~~~~~~~- 
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is an i n m p o r t u - m i m t  p ar s - m u - u - m et s - u -n fo r  u - u - u - i 1 ing the vo l -c - I ty d i  s i r  I b m i t l o n  in t h e

l a w — o f - - t i m e  - - ; m  1.1 r e g i o n .

In Chapter 2 , a s i  - i l u - u - t it y  s olu t i o n  has i - - u - - u -  o b t u - m i m m e d  an a l o g o u s

to u - i n s- i~- I Sy u - u u - u  t r Ic u-,-u - kc i n  t i m e  vu-u-io u-’ i t y — s - l e f e e  t rm ’g ion. ‘ti me results

s i ms - m w Us - u -m t L ime vs -’ l u - u - i  t y — s - ! e f u - ’ c -t prof ties can be u-cs-tied by u s i n g  two

p a r a u u m et e r s , x/ a  u - t i -m ci R -= ~~ + a. In order to u- Npe s- :t  time bounda u- y lay er

to act l ike a wake , ~/a has to be l u - m r g e  cou - ’u -p u - m red to u n i t y ,  which , in

turn , is a res ult of time t r ; m n ,s v u - u - r s c — u - u -s - i r v u - i t u r e  e fl e c t .  W ii lm ar t h ’ s

data verif y ti-mat time portion of time hu - u u md m ir y  l u - u - y e r  which acts  like a

w s -mke beco mu - m e s la rger  as ó/ a  Increases. Time I i m m m i t i n g  case , ti-mat of a

flat—p late boundary i u-u-yer, (a ± =) is thus e x c l u d u -~ l f rom cons idera t ion .

In ti-me case of the flat—p la te boundary layer , ti-ic logs-mri thim Lc

parts of time law of the wall and tie velocity—defect law cs-m n be ob—

ta m e d  by assuming that ti-mere is s-u-n overia~ 4 rmg region in which both

laws are !aiid . For time cy l. Lud er , lm ow evc m r , t ime u - 1-u - suu -u -m p t ions ummad e to

obtain the solutions fail at the litu-mits of time lu-mw of time wall u-mod

the velocity—defect law. In the law—of-time—wall reg ion , it is

assumed thu-m t the stress moment is constant. h ence the shear stress

is given by = /(a+y), wimich ignores the iner tia terms in the
*

mean—flow momentum equation. For large values of y , however , the

ine rtia terms are no longer neg li g ible.  Fmtrther mmmore , in the deriva-

tion of the veloci ty—defect  law , it is au - - -5 u mn ed that Oscen ’ s approxi—

nation is valid , and that the velocity gradient ~u/ 3y  and the rad ia l

v e l o c i t y  v are smal l .  On the con t ra ry ,  as n h e m -ones small , bot h - i  o f

t hese a ssu m ptions f a i l ,  h ence , t he over lapp ing  of the inner and the

I

_______

~~~~~~~~~~~~~ ‘ u-u - u-

j
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o u t e r  1 mi w S , wit lu -li r e q u i r e s  c u -n t  m mii  it y  of t ime v u - ’ 1  u - c i t y  ~ ru-id l u-lit au/Dy,

u -m i- id co i m scu - qs - m eum t ly t ime cs - ) lmt  it -ms - i i t y  of the shear s t ress  - - - l i  l u - l u -  d epends on

the voice LLy gras-I l u - i t t  ~ m s - /~) y th rough phenouneno1o~ teal  rc ’ l u - m t  i o u - u - - u -  , does

not occur . h owever , the velocity prof i le s  u-al  cu - i  u - i ted f ru -n it time l aw of

ti -me u - u - u - m i  1. u -m u d the veloc I t y — d s -~fe ct  law s-to i r s - t s -’ s -’su - u- s - u - t  es -mci - i u - t i m e r  a t  s-- in

u-mmm gi e wim ich deems-eases s- ms Re Inc reases .  Fi gs. 11-4 9 s--cu-lu-pu-s-re t i -me

‘ 
v e l u - c i t y  p r o f i l e s  c a l c u l a t e d  f rom theory  w i t h  1 - hue  \u -’ i h h m m u s - m r t h  d a t a .  As

cant be scot-i fr oumm thu -u - sc  p l o t s , time agr e eumm em mt is q i t  i t e  good except  near

ti -me in te l-sect ion p o t i m t .  W i l l u - m u - u --c r t i m ’ s d s -m t a  r evea l  L 1 u - u - m t  t ime in m t e r s ec t i o n

occurs a t  mu - bou t  y / (~ + a) = 0.125. For s-ill p r a c t i c a l  purposes , the

ve loc i ty  p r o f i l e s  cu -m n be pred Lu - t ed  u s i n g  the lu - mw of t ime w s -ml l  and the

ve loc i t y- -de f ec t  l u -mw , and si-mould be smoothed by a F ru -r ic h curve near ti -ic

I u i t e r sec t  ion po is- it .

~3.  1.2 E s t i u u - m a t f o n  of time Wall Shear Stress

For the f l a t — p late  boundary layer , time over lapp ing concept  p lays

u--in impor tan t  role in der iving a s k i n — f r i c t ion law. Sinc e t lm ere  is n -mo

over lapp ing reg ion for  time p r e sen t  problem , a s imi lar  p ro cedu re  fo r

o b t a i n i n g  a s k i n — f r i c t i o n  f o r m u l a  is not poss ib le .  For a ll  p r a c t Lc a l

ps -mrpo se s , however , the ‘u - . i l l—shear  s tress can be de t e rmined  f rom time

In t e r s e c t i o n  of the two laws , by an i t e r a t i ve  procedure .

The ve loc i ty—defec t  law g ives the ve loc i ty  p r o f i l e , up to the

intersect ion point , by Eq.  (119) . A f t e r  d iv id ing  mmccl n m u i t i p l y ing by

a = Ue /U at the i n t e r s e c tio n  p o i n t , Eq.  (119) bec om im e s

a - u~~(~~~) = 4a~~~- 
(i 

- 2 )
0.65 

e
_ Z

c l l(h~~ 1c c , Z )  (170)
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2

w imere z = 2~~
2 

= 2 -a-- i.s time point s-it which time two laws
C C 

(~~ +a)
2

I n t e r s e c t, ind icated by time subscript  c. From Eqs.  ( 37 ) ,  (41) and (44) ,

* 
Re

with a = - -
~~
- , u-u--c imave

1 i,— 
~ 

Re 41 76 v

u (r  ) = — E [.Z mm/ r I + — in 2 + 5 .45 — 
- a — — ( i / i )

C K 1. C K 0 Rea

S u b st i t u t i im g  Eq.  (171) into Eq.  ( 1/0) and r e a r ran g ing g ives

u-H + ~
‘— 

~~~~~~~ 
= P (172)

wimcre

H = l + 
41.76 

- 4~~~~~~ (
~ 

- 2)

0.65 
e

_Z
c U (b ,l,z )  (173)

P = 5.45 + ~ {E . [L i ~~~~~1 + in 2Re — (114)

Given the vu-s-limes of x/a and Re , R (~~~ 
+ a) /a can be computed f rom

Eq. (118) and consequently,  z , H and P. Therefore  a can be com-

puted by the iteration formula

a
~ 

-
~~~ (~ — in ~~ (175)

Table 3.1 compares the results computed by using time above pro-

cedure  with Wi i1u -u -ma rt h’s measured  values , and the values of a obtained

- m 
f r o m  a Ci am i s e r  p lo t .

- ~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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3. i.3 Shear  -S t r e s s  1) 1st r i b u t  on

Time ci i s t F  [but  ion of time sli cu -ar s t ress , u - is  d iscussed in Sect ion 1.2 ,

cs -s -i l be app r o x i m m a  t ed  b y = u-u (a + y) in t ime  l u - m w - - o f - - t h e  ~-, :m i 1 reg Ion .

In the veloc [ty - - -de l ect  reg ion , t u e  ; i m , - , i r —: ~t r eu - ; s  c l i  ot  ribution in ternm s

of the eddy viscosity is g ives-i by Eq. (61),

2
+ - - -- — X 

~ ( 17 6 )  u-— 
V Re 312 R -

where

I = -
~~~~~ 

-
~~~~~ [e~~ U (b ,1,-z)} = - e~~ U(b ,2 ,z) ~~~~~~~~ (177)

Substituting EcIs. (113) , (118) and (177) ammd time values of the con-

stants determined previou sly is-ito Eq. (176), oic ob ta in s

~2.
2 / \ 2 6  / \1.15

= cc ~1ccQ qcc
,
.. ( 2 ~L~~ ( 1  — —

~~
-
~~~ v’z e z U (b ,2,z) (178)

13/2 Re “ \
Re

/ R /a

Figures 20 and 21 show the shea r—s tr eu - ;s  d i s t r i b s - m t i o n  computed

from Eqs. (17) and (178) for two sets of Wi1 1nu -arth’s data. Around the

point of intersection of two laws , t imere  is a d i s c o n t i n u i t y  irs- the

shear—stress distribution. As discussed in Section 3 . 1 . 1 , this is

due to the invalidity of the assumptions made in obtaining the solu-

t ions  fo r  the law of the  wall  am-id the v e l o c i t y - - d e f e c t  law in the

ne ighh or imood of y/ (s - S + a )  ~ 0.125. For an u - c i u - ;ymme t r i c , thick turbu-

lent  boundary l ayer , the velocity p ro f i l e s  are  much f u l l e r  compared

•

cc_ -cc-cc-—cc- - - -.•--—---- - -— - c c  cc

~~~~~~~ -- — - —  -~~~~~ — - -~~~ — —  - ~~~~~~~~ - -
~~ -~~~~— — ~~~~~~~~~~-
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to those of thin boundary layers.  The axisymmetr ic , thick , turbulent

boundary layer prof i les  make an almost 90 degree turn  at about

y/ (5 ÷ a) 0.125. Thus , the classical, phenomenolog ical. theories which

rela te  the shear—stress d i s t r i bu t i on  to the velocity gradient  au / ay ,

th rough  e i the r  a m i x i n g— l en gt h  or edd y— v i s c o s i t y  concept , fa i l  to g ive

a complete descript io n of the shear—stress  d is t r i bu t ion  if the usual

i nne r— and out er— layer  co ncepts  are used . Apparen t l y ,  the re is a thi rd

reg ion between these layers which would have to be determined if more

accurate and continuous shear—stress dis tt  [but lon s  are required .

3.1.4 Displacement and Momentum Thicknesses

The usua l def in i tions  of the displacement and momentum thickness

fo r an a~ isymmet r ic boundary layer flow are

a+ &
= .1a (i — 

~~
-)  

-
~~ dr (179)

and

a-l-6
= 

J ~~- 
(i . — -

~~~ dr (180)

Kelly [2  1, in 1954 , showed that  if the boundary layer is thick ,

the disp lacement and the mom ent um thicknesses require new defini t ions

for cylindrical  flow , a nd th e p hysical ly coherent de f in i t i ons  are

+ a) 2 
- a2 

~~~~ (~ 

- dr 2 (181)

_________ •
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and

(0 + ) 2 
— a

2 
= 

1a 
- (

~ 
— dr 2 

(182)

*The displacement thickness & and the momentum thickness 0 are

related to the disp lacement length 
~~ 

and the momentum length 81 by

*
= ~~ 

(
1 + (183)

= 0 (1 +~~ Q) (184)

If r is the intersection point where the law of the wall and
C

the ve loc i ty—defect  law intersect , then Eqs. (179) and (180) can be

split into two integrals to be evaluated accordingly ,

or 

J C (
~~~~~~~~~

) 

~~d~~+ J

R 

(l~~~~~
)
~~~d~ (185)

= 
~~~ 

(
~ 

- i) - 
~l 

÷ 
~2 

(186)

where

r
1 r c  ~ —

~ J u r dr (187)
1

1
2 J~ (1 

— r dr (188)

_ 
_ _  

_  
_

_ _ _ _ _

~ 
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Also , Eq. (180) gives

0

a~ = I
i 

- + 
1

R (~ - ~ d~ (189)

whe re

r

13 
1 J C  u~

2 — 

dr (190)

2
/ U

d \
Since , the term ( ;j—

) 
is very small in the velocity—defect region, it

can be neglected in the integral in Eq. (189). h ence

• 

( + 1
2 

- 1
3 

(191)

• Integrating Eq. (187) by parts and using the nonslip condition ,

*u (l) 0, gives

I~ fr u~ (~~ ) - J C  
au~ -~2 d~~

} 

(192)

Since ,

* :  
= a * (193)

Also , in the log—region , Eq. (35) gives

*a 1 1
= — —— (194)

K 
,/~~~~~~~~

...

4

r.
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Substituting Eqs. (193) and (194 ) into Eq. ( 192),  we obtain

11 
= -

~~~~ 
u~(~~) — (1 3u* —2 d~ - ~ 

j

~~C 

~~~ (195)
1 ar thr

where r
1 

1 + -
~~

-
~~ , is the point where the fu l ly  tu rbu len t  reg ion

—5 / 2
begins. The change of variables t r yields

‘1 - u (r) - ~~~ 

(
~~~~n~~/2j - E.knr~~

2
J) 

- 

r l au * 
~2 

dr}

(196)

In Eq. (196), U
*
(~~~) is given by Eq. (42) in Chapter 1, and the

integral can be computed by a suitable numerical scheme with au /ar

obtained from Eq. (34).

The .intcgrand of Eq. (188) is given by Eq. (119). Hence sub—

2 — 2 2
s t i t u t i ng  z = = 2 ~~~~ , or ~ d~~= d z reduces Eq. (188) to

—2

12 
= 

~ (1 2 )
0.65 

R2 
J e

2 U(b , l ,z)dz , z = (197)

The integral in Eq. (197) is given by Magnus , Oberhettinger and Son~

[221. Therefore,

12 
= 

~~~~~~~~ (1 
- -4) R2 

[e

_Z
c z U ( b+ l ,2,z) -2e

2 U(b+l~2~2)]

(198)

The integral t
3~ 

given by Eq. (190) mu st  be evaluated by a numeri—

cal method with u~ obtained from Eq. (34).

L. ~~~~~~~~~~~~~~~~~~ •~~~~~~~~~~ • . •~~JT~~~ I ~~~~~~~~~~ 
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Table 3.2 compares the displacement and the momentum th icknesses,

computed by using the above relations, with Willmarth’s data. In the

computat ions , Simpso n ’s 1/3 rule was used for the numerical integra-

tions. The agreement is seen to be good except for the last three

conditions. A possible exp lanation for the discrepancy for these

conditions is that  t he flow was not axisymmetric for  these cases , as

was ind icated by W i l l m ar t h  et al1l8 1.

I

_ _ _  - 
_ _ _ _

~~~~- ~~---- ~~ _:~_~~
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CHAPTER 4

C ONCLUS lI ONS

(1) For a thick , ax isymuct ric , turbulent boiccida ry ‘ayer on a

ci rcular cy linder forms  of two s imi la r i ty  laws , one a law of

• the wall , the other a velocity—defect law have been derived .

(2) In the reg ion of the law—of--the—wall , the logarithmic mixing

length is a better approximation than the linear one for the

Reynolds stresses for thick, axisycitmetric turbulent flows. With

this logarithmic mixing  l ength , the mean—velocity distribution ,

expressed as an integral , Eq. (34), or by an approximation to it

which y ields a logarit hmic law in terms of the exponential

integra l , Eqs. ( 42) and (45) shows excellent agreement wi th  the

data.  Eq. (45) is recommended as a simple , analyt ical  rep re—

sen t at i rt of the law of the wall for the thick , axisymmet ric ,

turbulent boundary layers.

*( 3) Th e f r ic t ional  Reynolds numbe r based on cy linder radius , a

Is an important  parameter  in the law—of—the—wall  reg io n. For

large values of a*, the law—of--the—wall approaches the classical

two—dimensional form.

*

(4) Even for the in termedia te  values of a , in the region where

y*/a
* 

< 1, the argument of the logarithmic law

__________________— • 
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* * * * *• Y = a 11 + y Ia 9,n(l ÷ y I a  ) behaves like y . Therefore, the

Pres t on— tube  t echni que can be used to measure the wall—shear

st ress in a thick boundary layer , wi th  the usual calib ra t ion

curve , as was assumed by W i l lmarth  et al [18].

• ( 5) The axial length scale , ~2 
= , of the thick axisymmetric ,

laminar bounda ry layer is also a proper scale for correlating a

• t hick , t u r b u l e n t  boundary layer.  Wi th  th is  scale , the bounda ry—

laye r th ickness  is wel l—corre la ted  as power law cir a wide range

of values of s/a , x/a and Rea .

( 6) A ve loci ty—defect  law , in separable form i = x~~~) f ( r t ) ,  has

bee n obtained . This s imilari ty assumption y ields the nondime n—

sional veloci ty de f ect , Ud 
= CR 2

~~~~~ f ( ~ ).  This result  shows

that the ve loc i ty—defec t  profi les  depend strongly on s/a, as

indicated by Wi llm arth et al [18].

(7) The eddy—viscosity concept for the velocity—defect region

appea rs to be preferable  to tha t  of mixing length , bu t  the fo rm

of the edd y viscosity needs ve r i f i ca t ion  by turbulen t—stress

measurem ents .  The eddy—viscosity model , in conjunction wi th

simila r i t y ,  gives the velocity defect in terms of pa r t icular

confluent hypergeometriè functions known as Kummer functions .

The mixing-length model, on the other hand , leads to a nonlinear

differential equation , the solution of which is a semi—conver—

gent infinite series.

— —- — —--••- -— — — ‘-— ,_
A_L____ - 
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(8) ‘I’he wake port Ion of the boundary layer increases as

becomes larger and the wall region decreases correspondingly.

A pp rox i mate ly  1/ 8- tb  of the boundary layer obe ys the l aw  of the

wal l .

(9) The two similarity laws do not overlap . However, they

in t e r s e c t  at  about -
~~

--
~~~

-— = 0.125. Boundary—layer characteristics

i~~~ pu t ed  b y using this in tersect ion p oint  agree wi th  the data

with in an acceptable range of error.

( 10) Th ere Is i n s i .  ificient data a t large values of s/a , fo r a

var ie ty  of situations , to ver if y the accuracy of the velocit y—

defect law obtained in Chapter 2. As stated by Willmarth et al

[18],

“in the future we may gain enough knowledge of the
effects of transverse curvature to consider the
p o s s i b i li t y  of creating an emp irical formula t ion
fo r the mean flow in an axisymmetric boundary layer.
This was on ly possible in t he two—dimensional  case
af te r suf f icien t data and understanding had accumu—
lated , . . .“

• I In the present work, such a formulation has been proposed , but ,

in -‘iew of the paucity of the available data, it may be necessary

in the future to modify the values of the constants when addi--

t iona l. data become ava~ lable.

_____ 
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APPENDIX

SOME PROPERTIES OF KUMMER FUNCTION U(b ,c , z) t

The m l  low lii; proper ties of the Kummer fuact ion , iJ (b ,c , z) , were

- applied in the text and were required in numerical evaluations.

(1) ~~ [e
_Z 

U (b ,c,z)] = (_ 1)
fl 

e~~ U ( b ,c+n , z )

(2) J e~~ ~
c_l 

U(b ,c,z)dz = _e
_Z 

z
C 

U(b-l-l ,c+l,z)

(3) (b +z) U(b,c,z) 4- b(c —b -.1) U(b +l ,c,z) —~~U (b ,c +l ,z) = 0

t
Magnus et al. [22]

4

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ T~
• .

—- --— - . - • -i-- ..-~~ -.. 
- -~----.---- .• —_- - ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ - ----- —- •---~ —.


