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A coherent optical processor for displaying a and L2, and the spatial frequency v is related to the
signal ’s ambiguity function Is described . The re— horizontal displacement , x2, on plane P2 by

9
~ quired time delay is simulated by 45 degree rota-

tions of two identical input transparencies, and the
~~~ doppler shift by a subsequent one-dimensional Fourier v • x 2Af (3)

transformation. The entire ambiguity function is dis-
played in the output (doppler shift—time delay) plane. By an appropriate choice of an input, this coherent

~~~ Examples of the optically computed ambiguity function processor will be shown to have the capability of ajubi—
for single and double pulse signals are shown to be in guity function display.

s~~~~ excellent agreement with theory. Advantages of this Consider, then, the one dimensional temporal
approach over other schemes, and possible extension to signal f(t) in Fig. 2a and its representation on the

terclockwise about the origin an angle of S (Fig.2c],
real time processing, are also discussed. (t,s) plane (Flg.2b]. By rotating this function coun-

Introduction we generate the function

The ambiguity function, first introduced by Wood- f(tcose + tsine]
I~~~~ ~~~j

1 has been applied in radar In predicting the Ca- Thus, for a rotation of 45 degrees, we obta inpability of a given signal to simul taneously determine f((t + T)/1!), and for a rotation of -45 degrees, we
~~~ the range and veloc ity of a target. The range Is de- obtain f((t - t) ~v~}. If we cascade transparencies oftermined by the time delay, t, and the velocity by the these two functions, in the input plane of the proces-

~~ doppler shift, v. The ambiguity function for a given sor of Flg.l so as to form the productsignal. f(t). is f(t + T)/.’7] f(t — ~)/i2], then, from Eq.2, the resul—
- 

V 
ting Output is

— f” f(t)f(t — t)exp(—j2i.vt) dt (1)
U(v ,y)  • exp(—J2irkfv2)In optics, Papoulis has employed the ambiguity function

~ In this paper, we describe a rather easily imple- -— L ~ ~ ~ 
,~~~ 

]exP(.i2wvt dt• in analyzing diffraction phenomena2. • P fI~4—i f
minted coherent processor capable of generating the 

= 
~~~ exp(-j2wv(r + Afv)] (4)

~~~~~~~ aiblgulty function in magnitude. A similar , yet some-
~ >‘~~ whit mere elaborate, scheme for generating x(v,~) In 1: f(t’)f(t’ - ~~~exp(—j2t(d!v)t’] dt’O~ both magnitude and phase is also presented.

~~~ Such a scheme, TöF example, would need to be utilized

~~ 
when further coherent processing of the ambiguity func- where we have made the change of variabletion Is required.

Cutrona •t.al .3 4  and Preston5 have proposed a 
=

coherent astigutty function processor6 which utilizes
multiple channeTs to display the ambiguity function The intensity distribution associated with Eq.4 Is I.-for discrete values of ~~. The scheme of Casasent et. mediately recognized as a scaled version of the

~ _3 i1~~ generates one—dimensional ‘slices’ of the ambigu- squared modulus of the amblaulty function:10it7 function in the (v,t) pl ane. Similar one-dimen-
—

~~~~~~~~~ slonal displays have also been electronically

~~~~ producd. Our method, as described in the following I(v,t) • (U(v,T)~
2

sections, Cl ) display s Ix (v.~)I2 in a continuous • 2~~(d!v ,,’!t )~
2 

(5)(rather thin quantized) form over the entire (v,~~) — —plane, (2) has the capacity for extension to real time
processing, and (3) Is easily implemented. Experimental Results

Implementation Scheme To evaluate the performa nce of the proposed pro-
The coherent processor capable of displaying the cessor , the ambiguity functions for a si ngle and doub-

le pulse s ignal are eval uated analytically and corn-

t 

.~~iguIty function (in magnitude) ii pictured In Fig L pared to the corresponding optical system outputs. InThe fold amplitude, U(v ,t ), In plane P2 is related practice , the processor output Is magnified by conven-to the coherently Illuminated transparency , S(t ,,) In t ional means for observation and photographic purposes.plane P1 by a one-dimensional Fourier tr ansfor m:
For a Single Pulse

• exp(—JZiiAfv2) ~ S(t,
.
~)emp(-j2iivt) dt (2) For a single pulse, (Flq.3i), we may write

where A is the wevelength of the spatially coherent
Illumination, f is the focal length of both lenses L1 f(t) • rect (t/2T) (6)

79 ~ ~~~ ~i. 
~~r prnblto

— die ~~1urn unl i.tts4.
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where 2T is the pulse duration and The corresponding output intensity is

rect (t)~~~J 1d t I~~
1I2 2 2 21 Iz(v.t)I •. 4(21 - ~t~~) sinc v(21 - itt )

~ ~ cos2 (4iurTv) ; a 21

The geometric interpretation of t(t), f(~_t.L), •,14 (2T - I t i )  sinc v(2T — itt )
L 4 ; ?T a a 4T

are shown In Figs.3b, 3C and 
~ (61 •lri )

2
sinc

2
v(6T — Itt ) (12)

respectively. ; 4T a it t a 6T
Substituting Eq.6 Into Eq.l followed by .va:uation 0 ; ~ 61

$‘lelds the ambiguity function

— r The equations describino the zero-value loci are easily
x(v.i) •i~(2T — ItI)sinc v(2T — itI)exp(—jtvt);I,la2T shown to be

(o ;ltI22T v (2m + 1 )/8T ; It i a 2T
(7) 

v • n/ (ltI — 21) ; i t t  a 4T (13)
where sinc v ~ (sin iv)/vv. The corresponding output v • n/(6T - it!) ; 41 a It ! a 61Intensity is

2 f 2 2 where m i s any integer and, as before, n Is any non-
Ix(v.t)I .j(2T — iii) sinc v(2T — l i t)  ; i~I a 2T zero integer. An illustration of these zero—va lue loc i

L (8) Is presented in Fig.7.
; h I  ~ 2T By appropriately placing two identical double

slits in planes P1 and P2 of the coherent processor,
the ambiguity function for the double pulse Is gener—

For purpose of identification, It is Instructive ated. The result, shown in Fig.8, again compares quiteto examine the locus of points where the ambiguity favorably with the theory.function is identically zero. From Fq.8,this zero val—
ue locus may easily be shown to be An Alternate Scheme

The coherent processor just discussed, is capable
v • 

— 1~ 1 h i  a 2T (9) of displayinq the ambiguity function only in magnitude.
That is, quadratic and linear phase factors are present

where n Is any non-zero integer. The piecewise hyper- on the output plane (see tq.4).
bolic nature of these curves Is shown In Fig.4. A processor capable of generating the ambiguity

The ambiguity function for a single pulse Is gen- function both In magnitude and phase is presented in
crated by appropriately rotating two identical thin FIg.9. In plane P , we pla~~ the transparency
slits In plane P1 of the coherent optical processor of 

I

FIg.2. The result is shown in Fig.5. As can be seen ) which Is formed by the previously discussed
the coherent processor output compares quite nicely 4
with the theoretical result in FIg.4. A three-dimen— 45 degree rotation of f(t), followed by coordinate re-
sional computer graph of the corresponding ambiguity (t -

function modulus may be found in Fig. 6.6 of Rihac— versal (rotating f( ) 180 degrees about the t and
zek. t axes). The scaling lenses 11 and 12 have respective
For a Double Pulse focal lengths related by

For a double pulse, (Fig.6a), we write - 4 f2 (14)

f(t ) • rect((t + 21)/2T} + rect((t-2T)/2T) (10) The field amplitude incident on the left of plane P2 is
the desired f(t — ~~). This will multiply the transmit—

where, for convenience, the pul se separation, 21, has tance f(t) in plane P2 to give imeediately to the right
been chosen to be equal to each of the pulse widths, of p the field amplitude f ( t ) f ( t  - t). The geometrical
The geometrical Interpretation of 2

interpretation of this product In the (t,r) plans, for
~1(t t))f((t+  s)j is shown in Tlg.Cb. The ambiguity the 

With referen~e t
U
FqI It rema ins te

9perform a
function associated with the double pulse Is 

~~~~~~~~~~~~~~~~~~~~~ 1
PSC 

1b’ and L
~ 
which

• 2(2T — ttJ~inc v(2T — lit) have respective focal lengths of
cos(4iTv)exp~-3wrv) $ lv i a 21

—(21 - htUsinc v(2T — tt~~xp(— Jstv) 2f — f • 2f (15)
21 a lv i a 47 11 a c

(67 I,i)sinc v(6T — Iti!e~c(;htv)1 CT 
~ One sees that, fro. plans P2 to P3. imaging Is psrfor —

0 t ~ 67 ad in the vertical di -ectien by L1 and L
~ 

while Fourier

7,
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L transformat ion Is independently performed In the hori-
zontal direction by 1b Thus, the field amplitude, IU(v ,i), In plane P3 Is a scaled version of the ambigu-

U(v.:)s~~~f(t)f(t - t )ex p(-j 2ivt) dt (16) 

~~~~~~~~~ 
~~~~~~~~~~~~~~~~~

where v Is related to the horizontal displacement, x3 Fiq.l. A coherent processor for ambiguity functionIn P3 by display. Both the lenses have focal length f.
Fourier transformation is performed in the

V a x i~t (17) horizonta l direction and Imaging In the verti-
cal direction.

This ambiguity function processor, which Is more
elaborate than tha t shown in Fig.2, need be used only
when the amb igu i ty function’s magnitude and phase are
required.

As a f inal note, we observe that the scheme we 1

propose asswi es that f (t ) is real valued. If, in — -— —-— .

fact, f(t) Is complex, then we need to generate
• f’(t — t)In the Integrand of Eq.l in order to prop erly

generate z(v,t). Some additional work appears needed
for the case of a general complex-valued f (t) . /
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-~~~~~~~~Fig.4. Zero locus plot of the ambiguity function of a
single pulse. 

F$g.7. Zero locus plot of the amb iguity function of a- .  - 
double pulse.

Flg.5. The ambiguity function (modulus squared) dli- — ) ~play for a si ngle pulse , as generated by  the
coherent processor of Fig.2.

Fig.8. The amo iguity function (modulus squared) d ii—
play for a double pulse as generated by the cm—herent processor of Fig.2.
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~~~~~~~~ Fig.9. Coherent processor for generating the ambigu-
-

• Ity function in phase and amplitude. Scaling

~~~~ (�; 
lenses and L2 have a focal length relati on
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FIg.6. (i) A double pulse. (b) The corresponding func- -
~~

ti on f(( 
,T)~)f( it,~~ d) } on the (t,i) plans. • •rr

Fig.lO. The product f(t)f(t — t ) on the (t,t ) plans
for the single pulse of Flg.3a.
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