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1. Introduction

The purpose of this report is to document a set of computer programs for
plasma effects on one-dimensional slot antennas. This set of programs covers the
cases in which the slot is located in an infinite conducting plane, an infinite
cylinder, and a sphere. In all three the plasma is stratified parallel to the
given surface. Such canonical problems are approximate but useful representations
of the true problem of plasma effects on antennas in reentry vehicles and interceptors,
and they have the advantage of solvability. In applications the planar and cylindrical
models can be used in terms of the tangent to the vehicle at the antenna station
and the spherical model is useful when the antenna is located on a spherical aft
dome of the vehicle.

The types of plasma effects covered by these models include the antenna radiation
pattern, the input impedance and the antenna noise temperature. The models are a
set of four computer programs. SLOP is the model of a slot in a ground plane, SLOC
is the model of a slot in a cylinder, SLOS is the model of a slot in a sphere, and
ABCD is the model of a two=port network which is used to derive input impedances from
the results of the former programs. All are written in FORTRAN and stored on the
author's user file in the GE, Space Division, Information Systems and Computer
Center's L66 computer.

Section 2 gives a general description of the models in terms of the theoretical
assumptions and techniques. Section 3 gives the information for the user beginning
with input and output. This section also presents a discussion of the detailed
theory integrated closely with the FORTRAN algorithms. Generalizations of the models
which are possible are discussed in section 4. Such a generalization, covering
the important area of two-dimensional aperture antennas, already exists in a
GE=RESD computer program which has never been formally documented. The latter program
is quite old and has many features which make it undesirable for future revisions.

The present models are thus planned for such future revisions.

2. General Description of the Models

These models assume that the antenna can be represented physically as a one=
dimensional slot in a perfectly conducting surface which is either a plane, a
cylinder, or a sphere. The plasma is represented physically as a medium external
to the antenna surface having its properties dependent on the normal distance only.
The internal representation of the antenna uses the assumption of a two- port linear
network where one port is at the input terminals and the other is the slot.

The assumed physical representation of the problem makes for a convenient
mathematical solution. The dominant mode of excitation of a one-dimensional slot
in a conducting surface is that having a uniform electric vector across the
slot. This uniform field mode is assumed to exist under all conditions. In the
regions external to the antenna surface the electromagnetic fields are the super=-
position of separated solutions of Maxwell's equations. For the planar and the
cylindrical geometries, the separation constant can take on any real value, so the
external fields are represented by a Fourier integral. For the spherical geometry
the separation constant can have only the discrete values associated with the Legendre
functions, or spherical harmonics. The physical meanings of these separation
constants are such that for a given value the em fields are thcse for a plane wave
in the plkanar case, a cylindrical wave in the cylindrical case, and a spherical wave
the spherical case. The effect of the plasma on each kind of wave is calculated
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by breaking the plasma profile into a series of uniform parallel layers and
matching boundary conditions at each layer interface. The boundary condition at
the outer surface of the plasma is such that the wave is outgoing, or radiating,
At the antenna surface the superposition of all separated waves must match the
assumed field distribution in the slot.

The antenna radiation pattern, including the plasma effect, is calculated
by carrying the em field representations described above into the asymptotic
far field. For the planar and cylindrical cases, the Fourier integral is evalu-
ated by the method of stationary phase, which gives the result in terms of only
the wave which propagates along the line of sight. For the spherical case the
far field involves the sum of spherical waves of all orders.

The near-field effect can be represented in terms of the aperture admittance,
which is defined as the ratio of the tangential magnetic field to the tangential
electric field in the slot. This parameter is calculated by invoking conservation
of energy between the field representations in the aperture and in the medium
outside the antenna surface. For the planar and cylindrical cases the aperture
admittance is the integral of the admittances of the separated waves weighted by
the square of the Fourier transform of the aperture electric field. For the
spherical case it is the sum of the admittances of the separated waves weighted
by the square of the spherical harmonics expansion coefficients for the aperture
electric field.

Noise pawer generated by the plasma and received by the antenna is calculated
by invoking Kirchoff's law. This law is used in terms of the statement that the
noise power at the antenna input contributed by an element of volume of the plasma
is equal to the power absorbed by that element of volume when the power input to the
antenna is equal to the power radiated by a black body at the temperature of the
given element of volume. The total noise power is the sum over all elements of
plasma volume of such noise power contributions. Since the plasma is in the antenna
near field, this theory gives a result which is similar in form to that for the
aperture admittance. Thus the noise temperature at the aperture is a weighted
integral or sum of the noise temperatures for the separated wave solutions, each
of which is 'a sum of the noise temperature contributions of all plasma layers.

The transformation from the aperture surface to the antenna input terminals
is done by the program ABCD, which utilizes the two-port black box assumption. It
gives the relative value of the aperture electric field, to which the radiation
pattern calculation is normalized in the other programs, both with and without
plasma over the antenna. It also gives the input impedance and the noise temper-
ature at the input terminals.

3. Detailed Information for the User

Section 3.1 contains all information needed to operate the computer programs.
The derivations of the equations are integrated with explanations of the FORTRAN
listings in section 3.2.
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Figure 1 Example of a Block Data Subroutine

3.1 Input and Output

Pfograms SLOP, SLOC and SLOS have similar input and output requirements. Tfhree
means of providing input are used: a block data subroutine, NAMELIST and READ
statements. The block data subroutine, which must be added to each program before
it will run, has the same requirements for all three. An example is given in fig. 1.
This subroutine provides the data on the plasma profile. COLL is the collision
frequency in units of 10°/sec, EMO is the electron density in em™3, TO is the
temperature in %k and YO is the distance normal to the wall. NPTS is the number of
points in the profile and UNCM is the unit of distance in cm used in the profile
variable YO. For example if the data YO were in terms of Y/Ry and Ry were 0.05
inch, UNCM would be equal to 0.127. In the example shown the profile is one cm
thick. The collision frequency, electron density, and temperature have maximum values
of unity for convenience in this example since, as we will see, NAMELIST input permits
scale factors to be used.

The NAMELIST name is INPUT for all four programs. SLOP, SLOC and SLOS take
basically the same list of variables. CAYA is k times the aperture width, which
is measured along the surface of the sphere for SLOS, where k is 27 divided by the
wavelength., CYL is k times the body radius. Tn the planar case CYL serves the
purpose of defining a finite length for the aperture so the output noise temper-
ature will be finite. In this case the aperture length is 27T times CYL, as though
the aperture were wrapped around a cylinder of radius CYL. Of course CYL represents
the cylinder radius in SLOC and the sphere radius in SLOS. FACC, FACE, FACT and
FACY are scale factors for the profile variables collision frequency, electron
density, temperature and normal distance, respectively. All corresponding values
from the block data subroutine are multiplied by the input values of these scale
factors. FMHZ is the frequency in MHz. GA is the normalized aperture conductance,
which is used in SLOP and SLOC primarily as a control on whether to calculate the
aperture admittance. In SLOS only, MODES is the number of spherical wave modes
to be used and THETO is the angular position of the center of the slot. In SLOP
and SLOC, only CAYA, CYL and FMHZ are mandatory inputs, all of which must be
greater than zero. In SLOS, THETO is also mandatory and greater than zero. The
programs assume that the scale factors are unity unless input otherwise. Input
nonzero GA in SLOP and SLOC only if the aperture admittance calculation is not
desired. 1In SLOS, a value of MODES (currently 20) which is consistent with certain
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dimension statements is assumed unless input smaller. Do not input MODES larger
than this value.

Fig. 2 Shows a sample run of SLOP. This run incorporates the block data in
Fig. 1. which represent a parabolic electron density profile which goes to zero
at points one cm apart and has uniform collision frequency and temperature. The
first input during execution is via NAMELIST, which sets values for the aperture
width, the body radius, the profile scale factors and the frequency. The first
line of output gives the result of the first iteration in the calculation of
aperture admittance and plasma noise temperature. Reading across, the first
number is the number of iterations, the next two are the real and imaginary parts
of the aperture admittance in free space, the next pair is the aperture admittance
in plasma, and the last is the plasma noise temperature in Og ojihout accounting

for aperture area or conductance. (As noted below the conventions for our theo-
retical derivations are such that both complex parts of the aperture admittance
are normalized by the characteristic admittance of free space and the standard
electrical engineering convention is the complex conjugate of ours. Thus, for
example, the susceptance in mho is the negative of the second number of the pair
divided by 376.7.) Immediately after each line of this kind of output there
appears another "=", where the program reads an integer. This integer must have
the value unity if further iterations of the admittance and noise temperature
calculations are to be done. After the third iteration in this example, this
integer is input equal to negative unity, which stops the iterations. (Zero is
another option, which will continue the iterations but only with respect to the
aperture admittance in free space.) Then the final values of aperture admittance
and noise temperature are printed on a line which does not contain the iteration
number. The aperture susceptance in free space is corrected for truncation of
the iterations and the noise temperature is made to include the effects of the
aperture area and conductance on this line of output. This line marks a change to
a second mode of operation.

In the second mode of operation the program reads a floating point number at
the equal sign. This input denotes the far field line of sight, or incidence,
angle to the normal in degrees. Thus in the example the first input is for normal
incidence. The next line of output gives the far field gains and losses for a
constant value of aperture output power. The first number is the attenuation in
dB, where a positive number indicates a loss of signal in the given direction.

The second number is the gain in free space in dB and the last number is the gain
in plasma in dB. (These gains and losses are defined in greater detail below.)
The example illustrates the method of generating the plasma effect on the radiation
pattern. If the input incidence angle is 90, or greater, the program reverts to
the first mode of input, NAMELIST. In this example the same_case is rerun except
that the peak electron density is 1012 instead of 1.24 x 1012, Also, input of GA
not zero causes the program to skip the aperture admittance and noise temperature
calculation. The next time, GA must again be input since the program sets it

equal to zero just before reading NAMELIST. Finally, inputting the incidence angle
less than zero causes the program to stop executing.

The sample run shown in Fig. 2 illustrates an interesting phenomenon in non-
uniform, relatively collisionless plasma. That is, the attenuation at large
incidence angles for the electric vector in the plane of incidence is maximum
when the peak electron density is near crigicgl density., (Critical density in
cm -3 is approximately equal to 1.24 x 107° f2, yhere f 1s the frequency in HZ,)
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Fig. 3 shows a sample run of SLOC. All input and output formats are identical
with those for SLOP. Even the numerical results are qualitatively, although of
course not quantitatively, similar.

Fig. 4 shows a sample run of SLOS for the same case, but where the slot is
centered at 45° from the pole of the sphere. In the iterated output of aperture
admittance and noise temperature the integer denotes the number of modes used.
The iteration is continued, up to a maximum of 20 times by inputting unity. It

is stopped by inputting zero. There are no other alternatives since it is logically

difficult to divorce the calculations with and without plasma in the spherical
case. The ouput of the final results ghows the total number of modes used because
there is an internal criterion on truncation of the number of modes. The operator
must watch to see that the number of modes continues to increase when he inputs
unity. If the output number should be the same as on the previous output line

or if the number 20 is reached, the program has switched from this mode of input/
output. Then the input consists of the polar angle of incidence in degrees for
output of the far field attenuation and gains without or with plasma. For this
sample case the normal incidence direction is 450, the grazing incidence direction
is 1359 and 1790 is deep within the optical shadow. Input of 180°, which is a
singular point for the assumed antenna, switches the program back to the original
input/output mode. Input MODES less than 20 to skip the iteration of the output
of admittances and noise temperature. Then the program goes immediately to the
far field pattern mode of input/output. As shown by this example, MODES does

not have to be input again to repeat this modus operandi. To stop execution

input O. when the program reads the incidence angle. Note that there is no option
to skip the part of the program which calculates admittances and noise temperature,
because this is a logical impossibility in the spherical geometry.

Fig. 5 illustrates a run of the program ABCD. The NAMELIST inputs are the
variables P, R, Y, YAO, YO and YY. P and R are arrays of phase (in degrees)
and amplitude, respectively, of the (experimentally measured) complex voltage
reflection coefficient at the antenna input terminals. For each of these the
first element is for the antenna in the free space environment, the second is for
a good conductor tightly covering the antenna aperature, and the third is for
a thin resistance sheet covering the aperture. The complex array Y is the input
admittance corresponding to each of these same three conditions in the same order.
Of course Y is redundant with P and R, and it represents an alternative method of
input. If the phase and amplitude of the reflection coefficient at the antenna
input are input to the calculation then Y need not be input. If it is desired to
input Y rather than P and R, P(3) must be input equal to a negative number, or
set P=3*-~1, for example.
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YAO is the complex aperture admittance in free space. YO is the characteristic
admittance of the input line and YY is the conductance of the thin resistance

sheet which corresponds to the third set of data for the complex reflection
coefficient or admittance at the input port. The unitsof Y, YAO, YO and YY

must be consistent and the phase convention for P must be consistent with the complex
variable convention for YAO. Since a lossless input line and an ideal wesistance
sheet are assumed, the variables YO and YY are real. By default, as in the example
shown, YO corresponds to a 50 ohm line, YY corresponds to a 100 ohm resistance
sheet, and the characteristic admittance of free space is the unit of admittance.
Except for the values of P and R, which have been assumed arbritrarily, the data
for this run have come from the results of the runs from figs 2 through 4 in order.
The first eight numbers output are the complex values of the A, B, C and D
parameters, which are defined in section 3.2.4. The next output, on a line by
itself, is the reflection loss, 1-|R|2, in dB for the antenna in free space.

Then the program reads input values of the complex aperture admittance in plasma
and’ the plasma noise temperature at the aperture, Qf course the units for the
aperture admittance must be consistent with those for YAO. The first two numbers
in the next line of output are the amplitude and phase of the voltage reflection
coefficient at the input when plasma covers the antenna. Next is the correspond-
ing reflection loss in dB. The fourth output is the angle-independent part of the
total radiated signal loss in dB. This latter number must be added to the attenuation
numbers output by the other programs as a function of angle in order to give the
total signal attenuation relative to the signal in free space, which includes
reflection, absorption and antenna pattern distortion effects. The last output is
the noise temperature at the antenna input. As shown, one normally iterates input
values of admittance and noise temperature at the aperture, which allows the
operator to repeat the calculations conveniently for a number of different plasma
conditions. Inputting zero noise temperature causes the program to go back to new
NAMELIST input and inputting negative noise temperature makes it stop executing.
The third set of NAMELIST input illustrates input of Y instead of P and R.

3.2 Computational Techniques

This section of the report gives the theoretical derivations as well as the
explanation of the FORTRAN. These derivations use a peculiar system of units,
which is designed for maximum convenience. The unit of length is the free-space
wavelength divided by 2. The units of the electric field E and the magnetic
field H are the same; i.e., the characteristic impedance of free space is unity and
all admittances in our equations are numericallyequal to their values in mho ;
times 376.7. All fields have the time variation exp (-iwt), which is suppressed
in all equations. Thus a wave traveling in the positive x direction has the vari-
ation exp (ix.). Another consequence of this convention for complex quantities
is that the standard electrical engineering results are equal to the complex
conjugate of these results.

The programming techniques are straightforward. Most of the built-in functions
and library routines which are called are of the every day variety. The only
exception is FXOPT, which is used only to suppress the error message for exponent
underflow. (The L66 computer word does not allow numbers smaller than about 10'38;
and when such a number is generated during execution, the computer sets it to
zero and normally prints an error message, which FXOPT is used here to suppress.)
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- THIS PAGE IS BEST QUAL1TY PRACTICABLE
‘ 4 FROM 0OPY FURKISHED 70 DDC __—— :
"i'; LIST lu=oUu
31 13
}.lx lv COmmON/RABZCOLLCZ 1) gEmQ(2]1) 4P 15,0021 ) 4 UidCii, YO(21)
: 2U COMON/ZKACZT(OU) 4 1A(4)
f 3u CUmPLEA CA,Cb,CC,DIEL(OU),Q(4),YA,YAQ
40 DIaeNSION LuIT(c).:M(ZI).x(ou) XA(o) Y(21)
; Yy WANELIST/IwPUT/CAYA, LYL FACC,FACE, rALT FACY o FMiiZ GA
‘ 6u LATA FACC,FACEFACT, PAC\/4*|./
K 76 UALA PI.NAD/S.1415927,.u174b329/
by CALL FXUPTCOT 4141 4uv)
| 9\./ l \jl\=Uo 3
y luu wkAD IwpPdl . :
é‘ 1o EimC=1240Un . | 8% FhiZxFialiZ/FACE ¢
B . leu CULA=, I1HY915494» FACC/F il i
i 150 CAY=2,095844 1E-4x UNChx iisrd L :
E 140 CkllTC1)=1. g
> Ibu culT(2)=1. 5
§ 160 dA=1 :
b"r 170 DO v I=1 4nNPTS *l
% lou Y (I)=FACY*YO(I) !
F : 150 lv Em(I)=£q00(1)/7EMmC 3
> 200 CALL CHITS(Eim oY ¢tdPTOyChll g AfLgivA)
E 2lu A=AA(NA)=AACL)
24vu =0
I Zov nli“=2
‘ 24U pul 60 I=2,NA
[ 2Hu J=l-1
? 20U U=aA(Jd)
| 21U S=AAC])=D
2ov a=bU,#xp/A
2%y [F(heLlo1)K=1
Suu C=u/n
3lu c=CAY*C
34vu VO 90 L=14K
35U NESTE |
| 54U A(N)=E
'8 U Fel+(L=.5)%C
| & 30vu DU 3u m=mP NPTS
gi KYEV) IFCY(m) CT.F)GL TO 35
4 360 30 CUNITNUE
g %0 35 aP=m
. 400 Mm=iP =1 ?
i 410 AA=(F=Y (lam ) ) Z (Y (mP) =Y (mm) )
& 4evu bb=1.=-AA
i 4y CUL=CULA* (COLLCidia)*Bb+COLL(MP)*AA)
% 44y F GO =EACT* (TO Cieia ) % BB+ AAXTO (1P ) )
& 450 IF(AA.LE. ] )OO 1O 40
40\) [l‘(EM(fﬂF’\) QU".. Ve aANUoEI"(MP)GUTQUQ)UU l‘() Jd
41 o U=Em(min) *bB+EM (AP ) *AA
4c 0 Ul 10 4o
44 3b U=l iim ) xBbx ki (P ) %% AA
20U ol 10 45
*

Figure 6 Listing of Program SLOP
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FROM COPY FURNLSHED 10D0Q =12~

LIST H10=1u0u

Diu 4y o=Li(mP)
beu 4y o=6/(1 . +COL*COL)
H50 i1=0*CUL
" H40 Sv UlEL(W)=CmPLL(1 .=G,H)
55v 60 CUNTINUE

Figure 6 (continued)

You IF(GA.GT.0.)00 TO 80

HY10 J=su,.

oY1V lvi=l

H90 [TER=y

60U CALL PHOP(WN,DIEL,X,M,U,Q)

olu If(U.LT.u.)uu 10 8u

63u YAQ=CiiPLX (AA,u. )

64y CC=(GC1)=-u(3))/7(0(4)=a(2))

6bu YA=AA*CC

00y A=nEAL(CC)

610 B=AIMAG(CC)

obu LH—AA*(IA(l)+A*1A(2)+D*1A(u)*(A*A+b*ﬁ)*TA(4))

o9V DU=2.*%P I/CAYA

Tuu J=1.5%DU

Tiu 3h=1eD

120 L=i

130 61 CALL PHOP (N DIELyXyiiyUyaW)

74\1 Il‘(UQLl.UO)L.‘-U

Hu Ve vL=1e/(PI*x(bA=.UD/1BA) )*%x2

Tou 130=1o=UxU

110 IF(BC)6bD,09,03

Teu 03 w=5Guk1T(EC)

19u YAU=Y AQ+B/W

600 [r(Leties1)6G0U 1G 09

610 CC=(QC1)=n*xG(2))/70a%x0(4)=0(2))

62U oU TO 68 i

83u 65 A=5QHT(=-BC) !

840 YAO=YAQ=CPLX(ue o B3/It) |

850 IF(L.WE. 1)G0O TC 69 :

860 CA=CMPLX(use oit) !

810 CC=(Q(1)=CA*Q(5))/(CA*GL(4)=Q(2))

BEu ot (a=YA+buxCC i

890 A=REAL(CC) i

90U u=AIMAG(CC)

9lv Th—Lh*bB*(lA(II*A*LA(Z)+0A1A(3)+(A*A+j*b)*lA(4)).

920 69 UBA=CbA+1.

93v u=sU+LU :

94y ITek=lTEx+1

950 PRINT lwwu o ITERYAO, YA, TH

900 sEADSL

970 IF(L)70,62,61

9tu 10 A=.25%CAYA/PI/Z(PI*(LA=eD) ) x%2

99y YAO=YAQ+CMPLA(C.y=A) ;

ol GA=xEAL(YA) |
| |
| * ,

e ! = : 3 3 L TR S o
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b -13- FROM COPY FURNISHED T0DDG ___—
-‘? LIST 10lu=15u0
|
| lulc IN=LN*CAYA*CYL/GA
|u£b PRI“[ JUUO'YA(.'YA. r“
1CoUL su kEADSTHET
ludu IF(inEr1.L1T.0.3060 1TO 100
1GD0U IF(THET.GE.9u.)GO TO |
J lvuou L=o1n(KAD*1HE" )
luiv CALL PROP(nN,DIEL,X,L,U4Q)
lGuu IF(ULTeue )OO TO Bu
1uQu W=0QrT (l.=-UxU)
110u C=.94CAYA/ZGA :
: 1l L=9*CAYA®U j
' lleu IF(DeUGleue)C=Ck(0I(D) /D) %2 ]
: 1130 U=4,343xALOG(C) :
114y CA=Q(4)=-0(2) /¥
115U CB=Q(1)*Q(4)=-((2)*C(3)
i liou CC=CA/CB
5 1170 A=4, 34 5%* ALOG (KEAL(CC*CONJG(CC)))
: sy C=D-A
gy 119y rrINT 20u0,A,L,C
3 1< uu oG 10 Bu :
lzlu 1oV STOP i
1220 1ULO FORIGAL(To 43Ky IPZ2EI2e4498,4 1P2EI12.4,1PEID.4) :
le3u 2000 FOKIWAL(3F9.2) : 3
ledyu 300U FORMAL(ORGIPZE 12445k, 1P2E12.4,1PEID.4) i
lebu el
lzou SUEHUUL L PrOUP g UIEL g K gfig Veld)
P CORmONZRAC/T(EU) o LA(4)
l¢ U COMPLEX CACL,CCyCL4ClyCr LIEL(00) 2(4)
1290y DIMENSTION 1T8(e) 1C(4) A(0OU)
130u \S=Vx\ : L
lslu IF(meLTeuwdO) 10 lu i
1320 5 I=l.4
1350 TACI) =0,
1 34u b 1b(I)=ue.
1350 Te(2)=1,.
l.:‘()(.l lU ‘A( |)=(|.'Uo)
|3—/U (J(Z)=(Uo 'Uo)
: 1 56u @(3)=0(2)
15290 GCa4)=G(1)
l 1400 DO QU I=1,i
1< 1u CA=CSGRT(DIEL(I)=CiaPLA(VS que))
5 1420 v=X([)*AIMAG(CA) ;
14 50 [FCABS (1) Ul e4e94)00) T Twu
1440 A=ACL)*EALCCE)
4y C=ebxCUS(A)
g 14 6u U=ob*0IN(A)
g 1470 E=EAP (b)
s 1490 U=E+r
: 150U h=F=E
Figure 6 (continued)
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TFOOM OOk FURNISHED 70 DD0 s ke

oy

q
Livs 1Y lu=euuu 1(
(RSN RV’ CL=ChpPLa (Cwl oL wii) 1
P2V ce=Latrba (Cxrri LwG) | |
I ou i =ATLL
L4 cus=Le/UA |
1 ou Co=cu/ulkeL(l) B
1o ou Cirm=CewpleLl () , -
1970 ea=erwd( ) +Cky w( o) ]
12 ou C2)=Curxu(3)+ChxU( 1) A
Y GO =Ca a8
lcuu A= riu( e )+ChEYQ(4)
¢ v LCaq)=Comu(a) +CrxU(.2) .
luevu w(2)=CA 2 |
16 ol irtmellevdul 18 50 i
leay Ci=cUhidu(uw(s))
loot Ce=Cundo (L)) ;
1cou Tl =hkEAL(uCi)*Cu) |
11 L1C(2)=uizAL (L (1) nCCHG(z) eCLl) l
FoEL AC(S)=ATmAo(UC ) ®CC-u( ) #«C) !
levu ed)=pkill(u(z)*Cl) !
(RS LU <u J=i,.4 : J
1riG DA =TACI) L) = (T (e)=iC(d)) ‘
1120 u in(d)=1Cc(Jd)
Viau STV I IV !
1740 L su J=1,4
i190 U A=A REAL(CUNRIC((D) ) «L(J) )
1770w IFCACT. LeEVZ)G0 T fub
1110 9u Gl Livuiz ‘
1160 b T UM ’
1790 Tuu \==y=l.n=50
l\‘U\_' 1'.._"1.[ bad
1o v Cisks
i 2y SuBrOULTHE CrlTo(FLeAl giigAsiaigiid)
iesu LInbnSiol AC2) oFLOI) yCI00) gAACO) gAI( 1)
ledo DAtk wrS/1len=C/
le vy Tl=1A
leou WA= | 8
latC LU 1 L1=1,4
1t ou I an(l)=ue
leYu == %
1¢ou v luU I=1,4171 ¥
¢ ju U Yy J=1 ein
i eu REVE S
v ou Fu=rI(J)/ACL)=1.
Y40 rr=il(a) /AT =1
1990 L=rusi P
|‘.Ok, I".(bob].oU' )\)U 'LU Y
lg-l\l ‘-"(‘ .Lr.u. )\J\) ’i‘) .)
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LIST 2Ulu=~c 3560

2Ulu
lvédv
2uoU
2L40
ZuDvu
2060
U1y
2ubu
ZuYu
2100
211U
2120
2130
2140
2150
21 ou
217u
Z1lou
2190
Zeuu
2¢ U
e lu
223v
Zedu
22250
Ze Ou
2270
226U
249y
230U
Z3\u
252vu
dbbg
234U
2350
250u

C

10
40

Su
10U

11D
leU

Figure 6

NA=NAT |

OO 1O 9u
Am=X1(J)
XP=XI(K)

IH(F‘AQLEQ-l oo(:l“oFP-LEc-l n)‘)\) 1‘0

THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED T0 DD0 e

b=Ri+ (AP=Am) *f LOGCACT) ZFI(J) ) ZALOGCFI(K) ZFTI(J))

VU TU 4u

E=Xit ( XP=Xiu) *F i/ (Fia=FP)
AA (1WA ) =b i

1 (HALEQ.4)60 10 120U
A=A+

CUNT IInUE

CONIINUE

LO 110 I=2,i :

IECELCI=~1) LT FICI) JALDGFICI ) GELFICI+1))060 10 115

CONWTINUE
IWA=iiA=-1

CO TO 12u
AA(NA)=LTIC])
A=A+ |
AACHA)=XTC(1)
WA=INA+ |
AACHA)=KT (i)
D(I 1Oy I= | .NA
b=1.15U

LU 14y J=1,lA
1F(XA(D) sUE. BIGO TU 14y
l\=J

L=aAC(J)
COKTLLvUE
Cl(I)=b

A (K)=S2.E50
LO 160 I=1,0A
AACD)=CIC(])
hETUKK

kD

(continued)
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3.2.1 SLOP

Fig. 6 is a listing of this program, which consists of a main program and
two subroutines. Of course the block data subroutine must be added, as discussed
above.

3.2.1.1 Main Program

After reading the NAMELIST type of input, the program generates, in lines 110
through 550, a representation of the plasma profile by a series of uniform layers
in terms of an array, DIEL, of the complex dielectric constant and an array, X,
of the layer thickness. The equation for the complex dielectric constant K is

K=1= (NJ/No)/(1+ 1V/w)

(1)
where N, is the electron density and N, is the critical electron density. Except
for the electron density scale factor, FACE, line 110 gives the equation
for the critical density. The array EM represents No/N. at input plasma profile
points and the array Y represents the input profile distances in cm. After calling
CRITS (see below), there are NA points in this profile, located at the distances
XA, between which interpolated uniform layers are desirable. The algorithm from
line 210 through 550 performs the interpolation accordingly, with the additional
constraints that the total mumber of layers be approximately fifty and that all
their thicknesses be as nearly uniform as possible. The collision frequency is
linearly interpolated, as is the temperature array T. The electron density is
logarithmically interpolated where possible.

The aperture admittance and plasma noise temperature are calculated in lines
570 through 1010. To derive the equations for these quantities, let the plane
2 =0 be the ground plane and let the slot be between the lines x = - 5 a/2, where
a is the width of the slot. Then in this plane let E¥ =0, let E, =0 1if |x|>a/2,
u

and let = Eo 1f [x|<a/2. Of course Eo is the aperture field strength, the
determination of which can be left for later. This assumed distribution of electric

field gives rise to a magnetic field vector which is everywhere parallel to the y

axis, so H = and we need not denote a vector component as with E. Also, both
E and H are inlependent of y. Maxwell's equations in thi: situation are:

JdEx = QJEz (2)

2z 2 x o

QPH _ _

Dz b 3)

2H =<-iKE; (4)

2x :

Accounting for the fact that the gradient of K is parallel to z, these equations
combine to give :

2'H 2%n % i DK H %
2 x % 2 22 K Pz 9z i e )

The variables separate if the first term is equal to a constant times H. In
order to give solutions which are finite for all values of x, let

’azu = - uzu

2 x2 (6)

W o e ey Byt i et ”:"W‘*‘Kib&"‘";t,'::ﬂ:h%w SR
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where u is any real number. Since the medium above the groud plane is infinite
and since there is not an infinite number of periodically located slots in
the ground plane, the allowed values of u are continuous. Therefore the principle
of superposition requires that the total solution be an integral over all
solutions of (6); i.e.,

oo
H(x,z) = Jh (u2) exp (1 uX) du (7
~o0
where h(u, z) is the part of the separated solution which depends on Z, and of
course also on u. This equation is a Fourier transform and its inverse is

h (u,2) = 2%? J{H(x, z) exp (= i u x) dx (8)
-00

A precisely similar pair of equations can be written for each component of E,
so the vector E(x, z) has a transform in terms of the vector e (u, z).

The aperture admittance Y, is the ratio of the magnetic field to the
tangential electric field in the slot. The fact that this quantity is treated
as a constant implies that the magnetic field in the slot is a constant, as
is the electyic field. This is impossible, so let us use the conservation of
energy to estimate Y,. Thus, using * to denote complex conjugate,

0
*
fol?va = JE o) 8 x, 0) &x )
where both sides are the integral of E* XH over the ground plane, the left-
hand side using H = Y, E, in the slot. Substitution of (7) in (9) and the

assumption that the order of integration can be reversed gives, after carrying
out the integral on x as the transform of E;,

[
algo |2vy =27 -.f, h (u, 0) e} (u,0) du (10)

Now ey (u,0) is the transform of the assumed tangential electric field dis=-
tribution in the ground plane.

a‘/z
ex (u,0) = 123% fexp(-iux) dx
-a/z—
= Eo 8in (u a/2) / (1 u)
(11)
Therefore 2 r ( sin(ua/2)/u| du
. Ya =3 _;[ G [ 12 (12)

where Y( u) is the admittance in the planez = 0 for a wave having tie separation
constant =u”, or having exp (1 u x) variation with x.

A wave havingexp (i ux) variation has exp (1 w2 ) variation in free space,
where K = 1, such that, using (5),

W +w2 =1 (13)

For the slot as a radiator, the wave in free space must be outgoing, or moving
in the positive z direction, which requires that w be the positive root of (13).
Using (3), we also have in free space

ex (u,2z)= wh (u,2) )

=T
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Therefore, since y (u) is defined as h(u,0)/ey(u,0),

yw =1 /1.4

(15)

Since we rquite the positive root, we have i times the root of the absolute
value when u“ is greater than unity, which implies that y(u) then lies on
the negative imaginary axis. Thus the imaginary part of the free=space

aper ture admittance, Yao, is negative.

In the presence of the plasma, (14) applies only in the space above the
plasma. It will be seen, however, that the plasma can be represented in terms
of a square matrix Q such that

e
[E; R X
h

L ovter tnner

(16)

where e, implies ey (u, z) and similarly for h and where "outer" and "inner"
refer to either boundary of the plasma, the inner boundary being at the ground
plane wherez = o. In view of (14) applying outside the plasma and of the
continuity of e, and h, the left-hand side vector is an arbitrary constant
times the vector Df 4 The admittance y(u) is the ratio of the components of
the right-hand side vector, so solving (16) we have

’(u) = (Q” -wa,, )/(WQIZ - Q)
(17)
It should be obvious by now that y (u) is an even function of u, so the
integral in (12) can be written as twice the integral for only positive values

of u. Also, it is convenient to change variables in the integral by letting
x = ua/2.

{i/ = % f y(ax/a) (sin !/x)zclx
5 (18)

If a is not too small, a further simplification ﬁan be made by ignoring the
variation of y within each lobe of the (sin x/x)“ function.

r
X = ?r&[)r(o) ;/(sinx/x)ldx

$ Z y((zhﬂ)w/a)f [:;r"_’xx] dx]

h=1|
(19)

We have numerically evaluated the integrals in this sum and found them to fit
the following:
)'((1h+l,77’/~1 )

Y, ~ 0.9028 y (o) -t-é X n+1a =0.05/Cneva)]?

b e e

ahe
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Turning to the program listing, (20)is found in lines 630, 650, 790, 840, and
880. The series is truncated by the operator according to the discussion in
section 3.1. However, the effect of the omitted terms can be estimated ana-
lytically for Y 1if n is sufficiently large at the point of truncation,

and this correctfon factor is given at line 980 of the program. Eq. (17)

is found at lines 640, 810, and 870. (Note that the Q matrix is represented
in the program by the linear array Q.)

The noise power generated by the plasma and crossing the aperture 1is
the sum of the contributions of all plasma layers. Assuming Kirchoff's law
applies, the contribution of a given plasma layer is the total power absorbed
by that layer when the power flowing out from the aperture is equal to that
which a black body would emit if it had the temperature of that plasma layer
and the area of the aperture. The power emitted by a black body at temperature
T in the frequency band df is, according to Planck's law,

A kT, df

ik 2T (eT/T=1) (21

where A is the area in our system of nondimensionalized units, k is Boltzmann's
constant and T, is proportional to the frequency. At 10 GHz, To is 0.48 9g; but
we are interested in thousands of °K temperatures in the plasma. Therefore

the exponential function is quite accurately expressed by its linear approximation
and

P=AkTdf/(2m)

(22)

For reasons similar to that which led to this linear function of temperature,
the noise power in an electronic circuit is equal to k Ty df, where T, 1is the
noise temperature. Using this fact to remove k df from the equations, we
now have the noise temperature at the aperture equal to the sum over all
plasma layers of the noise temperature of the layer as seen at the aperture.
Also, this layer noise temperature is the power absorbed by the layer when
the aperture output power is A/(27)times the plasma temperaiure. But the
linearity of the plasma absorption implies that the aperture output power
may be set equal to a constant if the power absorbed by the layer.is scaled
by AT/(2 ™ ) divided by that constant. In our Qpproximation of the aperture
field distribution the aperture power is kAlEol G; where G, is the aperture
conductance. Thus the aperture noise temperature is ;

A B A s i BNy

; RS AP T
" £ [rle.l‘]
a layerg 23)

where AP is the power absorbed in the layer when the aperture radiates and
has electric field E, -

The power absorbed in a plasma layer is equal to the drop from the inner
to the outer boundary in the power flow P, Using the Fourier transform
representations for E and H,

P=+5 Re{fff e (u,2) I,*fvlz) exp[{/u- ‘/)X]Ju dvdx}
(24)
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where b is the length of the slot. (even though the model is stated in terms of

a semi-infinite slot having a uniform field, the noise temperature is proportional
to its length.) Assuming that the x integration may be performed first, its
result vanishes unless u = v. Basic mathematics requires that the resulting
function weights the integral over all v as follows:

_.[o 'F(V)_‘); exr[i(u-V)x]clxdv =am f(u) i

Therefore

p= 1rb_£ Re [ex(u,2) R Cu,2))du b

Now use (16) to give e, and h, except that Q represents propagation from the inner
plasma boundary to the one of current interest rather than the outermost one.
Also,at the inner boundary use h (u, o) = e, y, where e, represents e (u,0), which
is given by (11), and y represents y (u), which is given by (17).

R.Lela, 2274, 2] = e, 12 [ Re (@, QzF ) + Re (Qu Q2%

+* 2 (27)
£Q,,85% ) Ke(y) + Im(Qu@2e-2.Q5) Im(y) +FRe(a.: @320 1717 ]
The result of this equation is the following form:

b
Ta » :TP‘G —f(Slnx/x) [T + T5 Re (¥)

+ T3 Im(y) + Ty |yl* ]dx} (28)

where y 18 y (2 x/a). The part of this expression enclosed by { } is similar
to (18), so it is actually a by=product of the aperture admittance calculation.
We use (20) to accumulate the integral numerically. In the program the array TA
represents T _,..., and the integral is accumulated at lines 680 and 910.

The factor o&tside the brackets is included at line 1010 after the iterations are
concluded. Of course a is CAYA. However the aperture length b i3 taken as 27
times the body radius, CYL.

Far field effects are calculated between lines 1030 and 1200. The theory
for this calculation is based on the Fourier integral. The form of the fields
outside the plasma in terms of their transforms e and h may be gotten by letting
K=1 and substituting the Fourier integrals in (3) and (4). Also, in (3) we
recall that the transforms of the fields vary as exp (iwz). Thus in free space,
o .. uex/w and we have

E,‘(x,z)r.:[’ Qx(uld)expfi(ux+w(2-d))]du 29)

[
E,(x,2z) = —f (u/w)cx(‘!,d)e)rp[é(ux -Hv(z-d))]du

where z = d 18 the boundary of the outer edge of the plasma and where w is the
positive root of (13). We require the limits of the expressions when the distance
z approaches infinity. In these limits the integrals have the form

_ff(u) e (adu s where the phase § tends to infinity.

Not only does the phase tend to infinity but also its rate of variation with u
tends to infinity for most values of u. The contributions to the integral vanish
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in all regimes of u where the phase variations are infinite, and the only contri-
bution is from the neighborhood Wwhere @ does not vary. Thus integrals of
this type are evaluated by the method of stationary phase'. Now

@ =ux + Ji-u* (z-d) (31)
_3_5 = x = u(z-dXAT-u? (32)

Therefore the phase is stationary when u = u,, where

U = x/r = suh @ (33)

o

where r is the radial distance from (0,d) to (x, z) and #is the incidence angle,
or the angle between the line of sight to (x, z) and the normal. The Taylor
series expansion of @about u, is

@=r-(u-u)dr/(2c05%6) + + (34)

Use only these terms in the integral and replace f (u) by £ (uo), giving
L . . d :
h ‘F(u)elwrlu = 2 Flu)e [exp [-Luzr/(2cosze>]du
<50 )

= flu,)e éhcoSG VT ACr)

(35)
Therefore* L
E (x,2) ~ €, (sin8,d) e cose 2T /liry
(36)
Esln,z)~ ~£& (n,2)Can P
37)

Thus the far field is transverse and is given by
E(r,a)~ex(gina)d)e"Jur/u (38)

Now (16) gives e, at 2z = d in terms of the Q matrix and the values of ey and h
at z = o; then (’f?) gives h in terms of the Q matrix and ey since y (u) is h/ex
at z = o; and finally ey (sin®, o) is given by (11). Therefore
JZ h "r auaZ.l 'Q,zau Ec S‘-"(fd:‘"o>
E(I'/a) ~Vimr € Qaa =~ Vascose » Sche

(39)

where the Q matrix is evaluated for u = sin&. This is the final equation for the
far field of the slot in the presence of the layered plasma and in terms of the

assumed field Ey in the slot.

s
Throughout this report the symbol ~  means "asymptotically equals", usually
in the far field limit.

2
=
&
-
o

-.- : o, g ” . — : i "f" A"‘_\.-:,; ey A ”y:_\.:n_‘-?*,_ﬂ_,¢.;".": e

1

2 "
A e X

ol g




-22-

Of principal interest in the problem of plasma effects is the far field at a
given angle @ relative to what its value would be in the absence of the plasma,
Thus the total signal attenuation is determined by the ratio of the results of
(39) with/without plasma. It will be seen that E depends on whether or not
plasma is present and that the Q matrix is the identity in the absence of plasma,
Therefore

E ’f)°> p Q,,a-_;; i Q/;*Q;, ] £,

E°(r,8) Qn, - Q7 co58 | &2 (40)

where superscript zero denotes values in the absence of plasma. 1In this equation
only the factor involving the Q matrix is a function of the angle &, so this

factor represents the far field pattern distortion function, which is calculated

in terms of dB loss in lines 1140 through 1170 of the program. Of possible additional
interest is the absolute power density in the far field. But since the power

at the aperture relative to the primary input power is a function of the circuit
behavior of the antenna, which is determined elsewhere, consider the power gain
relative to the aperture power, This "aperture gain" function is the ratio of

wr & Cr, 9)l2/[“;¢ le,1%a].

: 2
Q,, @z ~ Q. Az

azz —0,'2/60\':9

a sin(tasined)’
G_ =
e

+asmne i

The quantity is calculated in dB at lines 1100 through 1180 of the program. The
part of it which does not depend on the Q matrix is also output at line 1190.

Note that this latter quantity only approximately represents the "aperture gain'
in free space, it being necessary to correct it by the ratio of the aperture
conductance with/without plasma in dB. However, it is convenient to output it
in this form and a simple calculation based on the printout of aperture admittance
gives the correction factor.

3.2.1.2 Subroutine PROP

; The purpose of this subroutine is to accumulate the values of the propagation
matrix Q and the four temperature factors appearing in (28). 1In the calling
sequence, N jis the number of plasma layers, DIEL is the array of their complex
dielectric constants, X is the array of their thicknesses, M is an input index
which bypasses the temperature factors if M is negative, V corresponds to the
input value of u or sin® , and Q is a linear complex array constituting Q,,,
Q25 Qs and Q,, in that order. Error indication is made by returning V equal
to the negative of the value which was input,

The equations from which the propagation matrix is derived are given above.
In particular, substitution of the Fourier integrals in (3) gives
dh

=i Kex

(42)
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Also, consider a given plasma layer in which the complex dielectric constant K
is constant. Then the Fourier integrals substituted in (5) give

d*h 2
T h =0
i (43)
where
2
72= k -« ‘
(44) :
Of course the solution of (43) is }
( Tz -7z 4
h=2a, e +a,¢€ i
where a and a, are arbitrary constants. Now (42) gives :
(rz -t V2
e = (Y/k)(a, e -4, e
= (ks Sl >

i it e

Of course the origin of Z is arbitrary in all of these equations so let us place
it at the inner boundary of the layer in question. Then, letting z = o in (45)
and (46), solving for a; and a;, and substituting back in (45) and (46), we

get the matrix equation

%

e, e, :
h e bl )
sote, chhebk
where .
cos (rz) ; L (v/K)sin(rz)
P =
< (K A)sin(rz) cos(rz) e

Of course z in-this equation is the thickness of the layer. The meaning of "outer"
and "inner" in (47) refers to the individual plasma layer while (16), which defines
Q, refers to the entire plasma. Now both e_ and h are required to be continuous

at all boundaries between layers, so the Q matrix for the first two layers would

be the product P, Py where P, denotes the P matrix for the 3 ™ layer from the
innermost plalma boundary. 1n general the Q matrix is the cumulative product

of the P matrices for all layers, where the addition of a layer in outward order
gives Q as P times the old value of Q.

In terms of the program listing, the value of Q is initialized as the identity
in 1ines 1360 = 1390. The effect of all plasma layers is accumulated in the loop

v
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- from:line ‘1400 :to.'line 1770.” CA is ¥ at line 1410. The distinct elements

of P are calcdlated ag"CB;:.CB and CF in lines 1420 - 1560. The cumulative matrix
multiplication PQ is done at lines 1570 - 1620. Note that the error guards

at lines 1430 and 1730 - 1760 are required by the limited exponent (lOf 38y of the
L66 computer word.

Comparison of (26), (27) and (28) shows that T; through T, are each equal to
the layer temperature times the drop across the layer in the value of the correspond-
ing combination of the elements of the cumulative Q matrix as given in (27). The
arrays TB and TC denote these four combinations of elements of Q, TB being for
the inner edge of the layer and TC for the outer. As 1340 and 1350 indicate all
combinations are initially zero except for the second, which is initially unity.
Current values of TC are calculated at lines 1640 - 1690. As noted above, the
array TA is the four T's in (28), and their values are accumulated at line 1710.

3.2.1.3 Subroutine CRITS

In long experience with calculations of em wave propagation in plasma, we
have found that spurious effects can be induced by approximating a smooth plasma
distribution in terms of a series of uniform layers. Such spurious effects are
greatest when one or more of the layers is at critical electron density. They
tend to be minimum and of no effect on the results when the critical density
is midway between the densities of adjacent layers. In other words if the
critical density point of the smooth profile lies at a boundary point between
adjacent layers of the layered approximation, the latter tends to be a good
approximation. This subroutine is designed to produce this effect, together
with the main program.

In the calling sequence the array FI is the input profile of relative
electron density, XI is the input profile distances, N is the number of points
in the input profile, and the array A represents NA (up to two) values of
relative electron density which are to be considered critical. (Although not
done, for convenience, in this application, it is possible to consider -the point
where 7" vanighes in addition to where K does as a critical point.) During
execution NA is changed to indicate the number of locations used in the array
XA. The meaning of the array XA is a set of points in the coordinates of the
input profile at which layer boundaries must be placed. Layers of constant
thickness may be used between all values of XA.

The subroutine is designed to work under the assumption that the input
plasma profile has only one relative maximum., If it has more than one, sub=-
seaquent crossings of the critical points will be ignored. The logic of the
routine can be seen by studying the listing.

3.2.2 SLOC

Fig. 7 is a listing of this program, which consists of a main program and
five subroutines. Subroutine CRITS is identical to the same subroutine in
SLOP, so it is not described in this section.
3.2,2.1 Main Program

The first 58 lines of this program are similar to the first 55 lines of
SLOP, where the arrays of complex dielectric constants and thicknesses of the
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-25- THIS PAGE IS BEST QUALITY PRACTICABLE
FROM COPY FURNISHED TODDC __

LIStL 1U=ouu

1u

20

22U

1Y)

0t

oL

v

oL

Yu

I\J\l
U
[PV}
| Suv
140
(19XV)
|oU
11u
oy
1Sv
duv
ANV
devu
lou
PRV
2 U
PALV]
PRV
200U
Zy v
3uu
Jl w
Seawv
Jou
D4 v
5151V
UV
S1U
SISV
Yo
400
V)
4¢U
400
440
4L U
40 v
4/ v
4o U
4y U
191V}

COMOUNZKABZCOLL(21) yEmO(21) NPT 10C21) 4 uUinCingYOCLZI1)
COwunOL/AC/T(Ous yTA(4)
DInenSION CRIT(L) yEn(21) 3A(0u) 4 XA(0) Y (1) ,YIP(0O0U)
WARELIST/ZLILPUL/ZCAYA CYL  FACC FACE FACL 4 FACY o FiiZ yGA
UALTA FACU FACE (FACTFACY/Z4%| ./
UALA PI HAD/ 34161592740l 45329/
CALL FXOPT(O74141,4u)
1 VA=V,
«eAL LapPUl
cilC=12409 . lB*FnidlZ*rmhs/FACE
CLLA=. 10919549 4% FACC/Find
ChY=Sz.u9D8441E=4% UNCMXFimils
enliCi)=1,
\;hi l ( /. ) =I .
WA=
G 10U I=1 4P LS
YCL)=ralYxYU(I)
U Bl )=bnQOC]) ZEMC
CrLll CHITOS(EAY jWPL1O,ChlT XA, 1HA)
A=AA(INA)=AACH)
RELY)
mr=2
CrYh=CYL
vl oU I=2,1A
J=1l=|
J=AA(J)
B=AACI) =D
A\..DU.*&/A
Il'(t\ol‘..'l ol )l;:'l
‘v'=|"/n\
(=CAY*C
wu by L=| o N
=t
alu)=e
Y1 () =E/CAYK
CAYR=CAYR*L
FELE(L=,9) %
UG v im=ml i T
LrCYGn) o0ler) U TO 35
U cludtlawuk
IS5 s, :
mh.gmp-‘ K
AA= (=Y (Min) )/ (Y GaP) =Y (lum) )
ob=1].=AA
COUL=CULA* (CULL( M) *bL+COLL P )*AA)
TGO=EACT*(TO (mm) % 3B+ AAX 10 AP ) )
IF(AAGE. 1)UV 10 4U
Ir( o ( m) Llevs oAN'U.l:.-l(mr’) Ol el )U0 i) su
I=temCme ) ® BB+ (P ) *AA

Figure 7 Listing of Program SLOC
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AR gy, o ot JH1S PAGE LS BRST QUALITY PRACTICABLE
e FROM OOPY FURNISHED TODDC ____— 4
: LIVT 210=10u0
’ 510 GG U 4%
{ Heu 50 U=k mia ) xx ikt Gai? ) %% AA
Hou ol 10 4o
He 0 du o=t luk)
5151V) a5 o=0/( 1 +COLXCOL)
p DCw =0xCuUL
By U DI1cLG)=CiPLAC] =0, 1)
20U cu COnInUE
5 RV) [F(CAUilsue)Ul) TU Bu
Ouv UTuUe
olu [Men=u
OcuU CALL 6l (i o UIEL KoY I LYL Uyu)
ooV [r(UsLT0e)00 U0 ©U .
04U CrLL nAuR (CYL oA 4LoCyl)
Ol v An=.%ult
06U CA=CuPLA(A,D)
0lvu Cr=CurLa(=D,C)
ot v Y hU=AAXCB/CA
0% U CALL 0AIRN(CAIR¢AgLoLol)J
Tuu CA=CiiPLACA L)
[y CbL=CmPLA(=LU,4C)
1z0 Cl=(QC1)RCB+R(S)*xCA)/(L(4)4CA+Q(2)%Cus)
1oU Y A=AAXCC
140 CA=EHEAL(CC)
15u CB=AlmAG(CC)
160 O Th=AAR(TACH) +B* LAC2)=A* TA(S)+ (AxA+bwn) ki A(4))
11y vl=2.xP1/CAYA :
Teu U=1 ¢o*xDL
Buu L=1
Gilu Gl CALL WEFP(iiqUIEL X YIFCYLGL,3)
Bew [F(ULT.V.) L=U
Gov 0z b=l o /(PIR(BA=.UD/BA) )AR2
o4 U BC=1.=Lxy
cbu I CEC)ovL, 09,05
vty co nz2olRT(BC)
YY) oC=un=CYL
oty . CALL HAna(BCaAyiigColi) - ) .
nYu : CA=CurLACnAA 1% 1) -
L Bis CLaCiaPLAC =5 ,L) ;
ylU (nU=YAU+BurCU/CA
Geu . LitCLeivre DGO 10 0Y : x
You BL=nCAYH
Y4 CALL NnARK(EC,A,b,CyD)
You CA=CinPLACKHxA ii» [3)
740 CE=CuPLA(=DL,C)
| YU Cl=(L1)aCbH+A(Z)*CA)/(L(4)xCA+A(2)=CD)
Gty vl 10U 0o
| 990  0Y wEslKI(=isC)
‘ luwu LC=n=CYL
*
Figure 7 (continued)
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-27- ROM
LIST 1ulu=15u0
1Clu CALL HAAKI(BC4A,DB)
1w YAU=YAQO=CMPLA(U. ¢ BBXB/ZAZ M)
10 ou IF(LolvEe 1)GO 10 09
lvdu LC=n«CAYH
1LHL CALL HANRI(BC,A,L)
1Uou CA=CmPLA(U. o )
| {010 CC=(Uegue) .
luou Co=n*xG(4)*A=0(2)*CA
1CYU IF(CAES(CL) e Ul sU)CC=(ricu(3) #A=Q( 1) *CA)/CE
1 luu 038 YA=YA+pB*CC
111U A=HEAL(CC)
N P2AV) L=A1MAG(CC)
110 TH=T+B* (LA (D) +B5TA(Z) =A% TA(S )+ (A%A+LxE)*TA(4))
i 1140 09 LA=LA+*1.
& 1150 L=U+DU
i I lou 11Ek=1TEu+ |
& 7o PrInG luOU T 1Rty YAU, YA, LI
8 I | oy keALSL
119y IF(L) 7002401
leuwu TV A= 20w CAIA/P L7 (PIx(LA=eD) ) xk e 3
le lu YAUS (AOQ+CPLA(U. 4 =A) ;
leeu | UA=rLAL(YA) '
1< 3u In=TuxCATA*CYL/VA J
(P Prlivi ouuue (AC 4 YA, LN ; 1
levu oU nEAUS Lkl
1oL IFCLnETe LTeve s00) TU 1Tuu 1
27 1FCLitEL o OE W90 JUU 10 |
l2cu U=STd (AL 11271 )
1290 CALL arP (g lbLyng YIrP,ClLyU,yl))
i 13wu IF(UeLlevue) sy TU gu
15 neSET (] o= Uk U) i
: 1340 hr=xCAY K :
;‘! ; 1350 CALL “Ahf\(i\l\.l..b.CpL’)
$ 1540 CA=CuPLA(A,,B)
13by Ct=Cut/LX (=U/Zw,C/)
1560 AA=kCYL
157u CALL HANNCAA g1 454Cou)
lstu Lb=A%xA+t3*,
1590 ub—meLK(A.u)’(U(l)*u(4)-h(&)*u(u))/(J(4)KLA+u(Z)kLu)
14wy A==4 . 543%ALOUG(EAL(CCrCUnJL(CC)))
lalu C=2.%CAYA/Z (CiL*OA®(p [hw) *%2%150)
142y L=ooxCATA®U
"’JU ll"(l).b'l.u. )U;LK(:’IH(II)/U)**Z
1440 U=4,343x ALOG(C)
1450 C=L=A
14 ou Frlivi 20U0U4A 4L ,C
147y 0L 10 LU

lablC  luw SLOP
149C fouuw k'U“MAl(lé.dl\"i"i'_ldo“.ut\.‘r’éu‘/o“' ‘l""‘).")
1Y0u 2uUU FUKKAL(3FY . 2)

Figure 7 (continued)
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FBOM COPY FURNLSHED T0DDG' . ...

LISl

1510
1520
1550
1540

LHu
Lou
Lo Wi
1Lou
Lo
l1ouL
el e
Ity
1630
lo4u
| Xo3s1V]
l(/O\J
lo1u
1ol
oYy
17100
1710
172
1750
1140
1750
17160
17710
116U
1190
(Fe IV V)
lelu
120
le3u
lody
lebu
e 6u
1670
l& o
le¢U
1Y00
Ivic
16 2u
1950
194y
14950
1Y 0u
1970
1Ybu
196y
2uul

*

soa g ey TR

19 1lU=2u0U

Suuu FORMAT (OR, IP2E12e4 438, IP2EI2.4,1PE19.4)
el
SUbRIUTINE dibF (LAYERO JDIEL DRy YIP,CA K, L 4G)
CUmdONZRACZ1(CQ)  TA(4)
CLIPLEAR CAGCByCCyUIELILAYERO) yEllgUlE P ou(4) 4GQ it g0 4 LERU
DIimEaSIOn DN (LAYERD) ¢ 10(4) 4 1C(4) s YIP (LAY 2KS)
DATA EYE QUL y2ERO/ (Ve gy 1e) ¢ (1 6400)3(ue,0e)/
LATA EFS0OLIP TEOT/lebE=12,88., leE 12/
Lo=U%u
L'.&":"Uc
L) 5 1=1,4
TAC(L) =0,
2 Ib(l)=u. -
Tu(3)=1.
O ) =0UIE
W(2)=LERV
L (3)=LERO
(o ( 4) =UHE
tikia=CAYK
J=1
lv CA=CoUKT(LIEL(J) =UD)
HAP=rKM+ DR (J)
IF (knP*CABS(CA) GT.STPIGU TV su
UelL=YIP(J)
A=KnieixitEAL(CAJ
L=iiinkA LitAGCCE)
CALL PROP (ki o f oD gLUEL o F 9QG gy D)
CB==LYE*CA*Qu/DIEL(J)
CC=EYE*DIEL(J) %k /CA
CA=CC*U( 1 )+ox((3)
CCN=PxA(1)+CL=xU(3)
W(3)=CA
CA=CC*i(2) +5%L (4)
W2)=P#Q(2)+CL*0(4)
L(4)=CA
Cob=CUNJG(Q(3))
CC=CUNJI(CA)
TCC)=REAL(QC(1)*CB)
1C(2)=AlMAG(LI2) xCu=d( 1) ACC)
1C(S)=kEAL(G(2)*CB+G (1) *CC)
1C(4)=rEAL(G(2)*CC)
A=RKP/CAY K
DG 1Y I=1,4
TCI)=A%TC(])
A TACD)=TACI)+ T () *(TC(LI) =1 k(I))
IF(JeEwe LAYERS JREL UK
u=J+|
Kxhi=nHKP
Al=u.

LO 2v I=1,4

Figure 7 (continued)
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-29- FROM OOPY FURKLSHED T0DDC _____

_lel ¢ulu=cbuu

Zulu 1E6CI)=1C(I) .
: 2L 20 ~A=kEALCQCL))
! v ol L CALGL . TESIICO TO SV
o 20y Al=A1+A%A 1
¥ PAVIS V] r=AlmAG(QCT) )
N duu 1IF(ALOLLIESTICO 1O 3u
* “uiy Ai=n]+A%A !
: 2L ou «u Cuily Lk
by 2ubu Lol e=e UO25%EPSOK A .
v ARV IF(A.GTl.0.)00 10 10U :
i 2llvu su L==L=l.E=-3u =4
2120 KETUL :
21 =€ kil * i
2140 SULAROUTINE anbinCAgfdUaF{O rd gt Y) 3
Zibu LETA 1P/ e0O0GIY T/ &
Zlou Y 1
Zlic I (AGLal )60 30 HU {
21 ou A=o |l ®A®A
2190 L=TP*ALOOG(s0%, )
B 24 uu FOUS (21 Uern=394, 44 ) kAvdiadea V) xA=510e53860) %A+120.56208) %A ;
: 22lu A =22 49999()xi+] . :
: de 2l rYO=LxrJOT e 307 400y 1= (245,40 A=427 . 910)*A+4£o.14!4)~r
i leou A =006 w1 1) k%146 3HUEBE) AA=UeuDDY 300) : J
Zdedu PIZAR(oDF( (T eubwa=0l 101 )nAt44, J319)&A-39 54286 )
i Zé v G 21 eu93L7T0) k=24 0249C05D ) %h)
e 2éou P1=uer+((((((zVoV.Jﬁf—4bu~.iu)\n-JIZJ le)*A-IJlo 48547 ) A
2z 16 a F210e02TUY IR, v o 1 2US 1) ap=e USOO19B) /A
de v e T Ui i y
oYU U r=el/ /R
23Ut L=Swii't (X)
25 v FECCCCCC144, 1Cra=Tda BUD) wAF | 36 (25 1) 0 A= UID12) %A= 55274 ) %A
i l3dv x =lelv=0)%A+, 1Y (63400) /7.
£ 2% T=R+ (OIS0 el i n=290 LO0) NA=0 e 41 20) KA+ 2, 02571 3) *A= o 0L 394 ) %A
i 254U A =ed 1603 P )RA= UL IO
il 235vu JO=E*Co(1)
o0y FYU=r«ola (1)
2oL = 1Y T8B04H0=( ( (((2UUe 33w u—|l~n)Jd)‘\*d4 YOl )*kA=, 1710UD)*A
2oLy & =1e0OLYOOT )k A= e D0U=D)RA) /1)
2390 '—A-d.oJol944h-(((((z‘l.oo'A-lw.oz4)wh-/ 4J4d)*A+O.JIu19)*A
24 UL G = dUUBOD ) %A= 1,24990] L)%k A
24 lu Fu=r«COS(7T)
242y FY=Fa0IH(T)
24 o KETurN
2440 Eul
245U SUBKHOUTINE hALRI(Aglnl gitn)
2400 A=.5H4X
24710 Ir(AGiale)oU 40 11U
24 bU L=naLUG(A) ’
Z“‘ (7'\.1 A‘. ‘*A*A
20Ut 1=2A/3.9519040

* Figure 7 (continued)
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nml(ﬁ?!lﬂﬂlﬂ*ﬁﬂﬁODDﬂ e
LIST 2510-50L0u
2 lu C=(((((4LbleonrT+3007,08)*T1+2659, 7132) *T+| 200, 1492) *T
b2 G +500994L24) %1459, |DOL2L9) %1+,
& ou FAO=(((((7ad4%A+10. ID)XA+206,2698) xA+34 ., 0699 )xA+23,069750) xA
294y S +4,227842) kA= 57121 266=-b%(C
2H5u C=((( (32441 1% 1+301.952)%T+205.87133)%T+1D0.,84934)%|
25 0u G tH1.,498009) xi+o, 1690594) %1+, 5
51U PAFASBACH (o= ( ((((4E.EOFAT | 1404 XA+ 191 .9402) *A+ 1B .D060%7)*A
otu G TOT1e218D19) xE=1 e9443144)%A) /14
2590 heTUr
20 uu U A=.2/%
2610 b=rAP (=A)/ouk1 (X)
2020 FROZLH (D02, UBXA=2D1.94) *A+D04 (68 12)%A=10. 02440) %A
2¢ ot a t2,18Y0C8)xA=, 1832508 )en+],29351414)
2040 PR=DA(] 4293314 14=(((((0BZedDkA=52D.014)5xA+(0,0U3D5) %A
pASIY) S =15.ud208)aA13.060502)kA~2,3458619)xA)
ZCOU Wizl Uit
ALY Enb
2650 SUBKOUTINE PHOUP(EN Ak g ALL Y CylyClyDP)
269U COMPLEA CoCl 4L 4ub
210U LIS IO AJ(2e2¢2) ¢P(242) qd(242) JU(242) 41i(242)
21 lu A= ALk KLk
212U b=XZ1*AL1
27 3u E=A+ts
ATV F=00r'1 (E)
212U O=t+,01 ;
27100 Lln=0e+, Inb+ e *bn/0U1(U) + (4] o+ dnlb+ V04K E+ (40— [XALUG(O) )wri) =Y
21106 fiS=zixk
27 6y ASA=A-E
2190 . AOE=2 X ALKR*,KL]
2Euu Yo=yxY
2e 10 A=ExY
2620 AJd (141 43)=KLKs A
2e 50 AJ (1 42,3)==LZ1/A
2640 AJCZ ¥ 4020,
2650 A (L2y244)=u.
28 Ou Lo 5 K=1,2
267U Lo 2 J=l,2
266y AJ(JKe1)=0C.
2eYv l\J(J,l‘\,Z)'—-U.
290U U(K,J)=0.
29 lu 2 wiKy,J)=u.
293U 3 AJ(l4Ke4)=0,
294y L=9
2%Hu LA=4
29 ou Lb=5
ALY LC=¢
£ 29Bu Lb=|
! 259y A=,
| Suuu LO lu J=1,LIm

* Figure 7 (continued)
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)
1
Livi suilu=Sbhuy
Su lu v=Y5/A
Ll P=A+],
30 ouv u=u'/,\
3udy E= (oo /A=24) kY ) ]
oL ou rE2(Eino=(A=2 )2 %2) %0
JuOv Ry D l=|.2
RIowiv M) 4 K=l ¢ 4
S IVIAY) l'(h.l)"—"Lﬁ*nJ(K.l.LA)+t;’\AJ(A'\,I,LU)
3uu @ Whel)=(Ad(N gl JLD)+2erYcAJ (gl 4Ll)FYOXAT (N ] LD) )0
I luu 2 Uil LiddEe
41 1 O 71 =l
3ldv Ad (g D gL) =P e 1) =X0A®C(K 1)+ AOLEXL(N, 2) i
Y BTV Bl (h gz fL)=P (R4 2)=A0A®C(Ky2)=a0uku(n,l)
3} 4 vu 0 I=l,z !
2lou Pligl)=U(K 1) 1
slou Glngl)=nlin,l) ”
al o Ulne 1)=U(R L) vAd(n,l L) {
3ol O Wlngl)=(RK )V AxAI (gl L)
Sy { Lol LUk ]
300 E=ue
321U L) o K=],4<
3¢ S0 E=b+ (UK I)=P(nyI))nmer(n(n, [)=Q(inyl))*%y
D240 o COnwT [WlE
J;’.')U ]E(to[—EoUo )G() ’1.\) | ‘
320U Lu=LC
2710 LC=Lc |
320l Lu=LA
SeYvu Lh=L
douv L=1+40U(LA D)
351G v Conliivie
332vu 11 A=YxaldK
3330 L=Y»Al]
3540 C=CrPLa( la+axL(],4,1)~- uru(l,z),A*b(l. Y+pxU(l, 1))
JuJU A L"l *U(Z.l)
3200 L=Ci P LACA*E=b2 U( 24 2) s AxU( 2 2) Tiyxls)
KXWV CP=CuPLAGn (] 4 0)W(142))
35bu LP=CiaPLXCle+(2,1) 41 (242))
3290 betuniy
34Uy Bl : |
34 lu OSUERUUTINE CitiTO(FL ¢ Al gidgAgahgliA) i
34 2V LInkEnSION AC2: ¢FI (1) UIC0) JAA(0) AI(iH)
34 50 LALA EPS/1 .E=C/
Jb4y 1T=hA
3450 WA=
340U bo ) I=1,4
34 1Tu 1 XA(I)=u.
340U m=je=|
2490 LO oo I=1,IT
3Huu LO 90 J=1m
x

Figure 7 (continued)
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Z50M OQRY JARMISHED 20 DDQ oo

LIST 3510-395u

3510
KLYV
3bH3u
3540
355u
3560
35710
3560
359u
3600
30 lu
30 2u
3€ SV
304v
305U
30 Ou
3670
308u
3090
YRV Y
3710
312v
313uv
3740
315u
370U
3110
378y
3719y
38uu
3651u
384u
3bou
340
3t 50
3060
3870
3680
3690V
39w
3910
392v
3y S0
3940
3550

lu

40

YU

lUU

4y

150

louv

h=J+1

Fm=FI(J)/ZACL) -1,
FP=FI(K)/ZA(L)-1.
b=FmxFP

1F(b.GT.U.)G0 10 9U
IF(bL.LT.0.)60 TO 5
1F(ABS(Fim) «U1.0.)00 TO 9u
AA(NA)=XT(J)
IF(NA.EQ.4)G0 10 120
NA=NA+]

G0 TO 9u

Am=X1(J)

AP=XI(K)
IF(FMeLEe=1eeUKeFPoLEe=1.)00 1TO 10
b=Xki+ (AP=XM)*x£LOG(ACI)/F1(J))/ALOGCELI(K) ZFI(J))
GO TV 4u

b=XM+ (XP=XM)*tFMm/(FM=FF)
A (NA) =B

1F (1A .EQ.4)G0O TO 12u
INA=INA+ |

CONWTINUE

CONTIWUE

DO 1lv I=2,mM
IF(FICI=1)eLT.FICI)eADFICI), bt.kl(l+|))b0 TO 115
CONTINUE

NA=NA=-]

G0 TO 12u

XA(NA)=XIC(I)

WA=NA+ |

XAC(iWA)=A1(1)

NA=[NA+ |

XA(NA)=XI (i)

PO 15u I=1,1HA

b=1.E50

DO 140 J=1,HA

IF(XA(J) OE.B)GO TO 4o
K=J _

b=XA(J)

CONTIIUE

CI(I)=b

XA(K)=2,E30

LO 16u I=1,NA
XA(I)=CI(I)

KRETUKN

END

Figure 7 (continued)
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plasma layers are defined. The only exceptions are the lines 240, 360 and 370.
The array YIP is the ratio of the thickness of the layer to the cylindrical
radius at its inner edge and CAYR becomes the cylindrical radius of the outer
edge of the plasma.

The aperture admittance and plasma nmoise temperature are calculated in
lines 600 through 1230. The derivations are based on the assumption of a
cylinder of radius R having a gap of width a about its circumference. The
plasma is composed of a series of co-axial layers, each of uniform but differ=-
ing density. In cylindrical coordinates let %ﬂ' 0, E,= 0 if |z|>a/2, and
E =E 1if ’zﬁ<a/2, on the cylinder of radius R. Thus throughout all space
the magnetic field H = Hy , Eg = 0 and all fields are independent of @. In
the cylindrical coordinate system (/, ¢D Z ) Maxwell's equations are

26e - 2%z _ (H

53 o (49)
2H .

2z = S (50)
o S R

FaLrhimee f o 1)

Where K is a function of @ only. These equations have the same solutions by
separation of variables and superposition as in the planar case except that
exp (1 u z ) separates instead of the same function of x. Typical Fourier
transforms are

o9
Ez(/’/2>=_~£ e (/"/u) exp(cuz)du (52)
- “? — 7 ' Y L Y
QEM) *ox ] E (g 2) exp(<ituidr (53)
and similary for %,and H.

Let us preserve the convention implied by the derivation used in the
planar case, that the aperture admittance is positive for power flowing outward
through the aperture. Then Y 1is defined as the negative of H/Eo in the
aperture and the analog of (9? is

s1aly = = [ £lCcn nirds

Substituting the transform for H, reversing the order of integration, and using
the inverse transform of E, we get

2[E 1* ¥ = -27T’£ h(r «) e;(/e/ wdu 583

Now e, (R,u) is identical to e, (u, o) as given by (11). Therefore (12) and,

as a result, (18), (19) and finally (20) apply for the cylindrical as well as

the planar case. Of course, however, the admittance function y(u) is the neg-
ative of the magnetic field divided by the tangential electric field at radius
R for a cylindrical wave which varies as exp (1 u z). /

I £
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Substitution of the Fourier transforms gives Maxwell's equation as
follows, on elimination of the f component,

2 e d =
Th—tka% (56)

Leh) = -ixp <

(57)
where ¥ is given by (44). Elimination of h gives
d /Ke de o
dp( ¥z Wz‘> B e
(58)

In free space, where K = 1 and ¥ = w, this is Bessel's equation of zero order
in the variable pw. The solution corresponding to outgoing radiation in our
convention is H, (wp), which is the Hankel function of the first kind. Also,
(56) states that h is i/w times the derivative of this function. Therefore
for free space,

i H; (wR)
& 1
y (u) VE, R
(59)
where we recall that w = Jl - u2 . Even when plasma is present the external
variations of e, and h are the same, so let R, represent the cylindrical radius

of the outer edge of the plasma and use the mgtrix Q to represent the plasma
effect on the tangential fields. Therefore let

cw Hg(WR,) ez

A = Q A5
Hy (w Ry ) h
r=R (60)

where A is an arbitrary scalar. Now,since y (u ) = - h/e, at f= R,

¢ Ry H(wk,) + w Ry Hy(whk,)
W Raa HolwR) + i @, H,(WwRp) (61)

yla) =

Turning to the interpretation of the computer program listing, note that
in calls of subroutine HANK the variables A, B, C and D are the real and
imaginary parts first for Ho and second for H,. Therefore (59) shows up in
lines 680 and 910, where CA and CB are w H a&d i H;, respectively. Similarly
(61) is seen in lines 720 and 970. The logic also includes a branch covering
imaginary values of w, which uses the identities

¢ Hy(ix) =@/m) Kk, (x) (62)
Hilix) = - ¢za/m) K, (x) (63)
P oo R T R A e

“
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where K and K , are the modified Bessel functions. Noting that w equals

i times a real quantity, called W in this branch of the program, and that calls
of HANKI give K as A and K, as B, (59) shows up in line 1020. Also, (61)

is represented gy line 1090.

The derivation of the plasma noise temperature is the same as before up
through (23). The power flowing out across a given layer boundary at radius

e is
P=-me RefILS ea(mu) e, v) explilu-v)z] dudvdzf

o 2 e b
= - 2T ,o’J; Rel[ €z(pulh (r)u):]alu (64)

Now the fact that e, and h are transformed by the matrix Q from their values
at p= R, where h = = y e, and e, = e, gives

Reles(pa) b(pu)] = le,)" [ Re(Ry &SY)

=y RQ(Q“_Q‘J‘;+ Q, Q.‘f ) RQ(Y)
+ Im(Q,,3% - Q,a.% D Im(y) + Ke’\'.Qu@af>}ylzj

(65)
Therefore
. &K 2 r ; 2
i &, ?[(me/x) [T + To Tmlw)
o
(66)

- Ty Re(r) + Tu lyl*Jdx §

As before the array TA represents T;, ..., T, in the program. The 1ntegrél
is accumulated at lines 760 and 1130; and the multiplying factor is included at
line 1230, where a is CAYA and R is CYL.

The far field effects are calculated between lines 1250 and 1470. 1In the

far field e, is the solution of Bessel's equation for n = o and for argument
we, 80

E,(p2) = é_fw A Hy(wp) expl(iuz)du

~_£ /31‘_§w A ex/pfo' (wf-ntz)_)da s

where A is a function of u determined by the boundary conditions and where the
asymptotic form of the Hankel function has been used. Now the phase is
stationary inthis integral when

Uu=u =2/r =scn 6 (68)

e | i
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where, as before, @ is the angle between the line of sight and the normal.

(The fact that now r is taken from the cylinder axis instead of from the edge
of the plasma makes negligible difference in the limit of infinite r.) The
phase expands as in (34) about this point of stationary value and therefore (35)
still applies. The result is

E,(r,8) ~ RA cos @ c"/r , (69)

where A is evaluated for u = sin 8. Now (49) and (50) give, at this point of
stationary phase

EF(r/0)~ - tan 6 E‘z(r/a) (70)

Therefore the far field is transverse and is given by

E(re) ~ 2A ™7
(71)

The coefficient A is determined by (60) from elimination of h at P = R. Thus

E(re) ~ 2 &, C'“‘St.n(ua/z) (auaaz—@:zQal)
M Seeni il
Tar Ciw @y Hy = Q)

(72)

where, of course, u = sine, w = cos ® , and H and Hy are the Hankel
functions of argument wR . In the absence of plasma Q is the identity matrix and
Rp = R, so P

E(rza) = [Ho(WP)CQuQZz;Q/aa.u)J E,
E°(r,e) Rz Hy + ca, H, v E,°‘

(73)

b T i S B NSRRI W e R e

The part of this equation within [ ] is at line 1390 in ths program anc. line
1400 gives its value in dB down. The "aperture gain" is 47 r° times the square
of the far field divided by the aperture power.

2

QII QZJ -'-a/g Q,{'
Qo Hey +( A, H, /W

. sin(uasay]”
RG‘ (ﬂ'w)" PR-p£3

(74)

The value of this quantity in dB is the FORTRAN variable C at line 1450. Except
for the lack of normalization by the free-space conductance, as noted in SLOP, the
FORTRAN variable D is the free-space value.

3.2.2.2 Subroutine WFP
The purpose of this subroutine is to accumulate the values of the prop-

agation matrix Q and the four temperature factors appearing in (66). In the
calling sequence, LAYERS is the number of plasma layers, DIEL is the array of

ol




i

=37

their complex dielectric constants, DK is the array of their thicknesses,

YIP is the array of their relative thicknesses in terms of the thickness

divided by the inner radius, CAYR is the radius of the innermost boundary, U

is the input value of u or sin & , and Q is the linear ccmplex array represent-
ing Q11, Q12. Q27 and Qz2. Error indication is made by returning U equal to the
negative o} lts input value.

In a given plasma layer, having a constant value of K, (58) becomes
Bessel's equation of zero order,

€ + 2 (o) + €, = 0 (75)

Where ! denotes differentiation with respect to W? Also (56) may be written as

h=(ik/7)e, (76)

Hopefully not confusing the reader, let us denote a pair of linearly independ-
ent solutions of (75) by u and v. Then in the given layer

ez=a,u+alv 7)
A = (L K/Y) (;,“' + a'z V’) (78)

Now let subscript o denote the value of a guantity at the inner boundary of

the layer. Then the undeterminéd coefficients a, and a; can be solved for in
terms of e,,, hg, uo, vo, uj and v/ . Now,in or%er to simplify the calcvlations
and since we use nonstandar3 functgons (see subroutine PROP) for u and v,

let vgo = ué = 0, Then the vector (ez, h) is the propagation matrix P times

(ezq» ho), where
U u, e v/ (k)
P=

ik u'/(ru,) v a9

Subroutine PROP outputs u/ug, v/vé 5 u'/uo, and v’/ vgas P,QQ, R, and S
at line 1770. CA represents 7 at line 1710.- Lines 1800 through 1850 are the
accumulation of the Q matrix from multiplication by P.

Lines 1860 through 1950 and line 2010 involve the accumulation of
the four temperature factors in (66). Inspection of (65) in comparison with that
equation reveals the reason for the form of each term in lines 1880 - 1910.
These factors are corrected by the ratio @/R in lines 1920 and 1940 because
(64) contains e while (66) has R. Finally, the difference is taken in terms
of "outer" minus "inner" (TC = TB in line 1950) to give the power lost in the
layer, because of the negative sign in (64).
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3.2.2.3 Subroutine HANK

This routine calculates the real and imaginary parts of the Hankel
functions of order zero and unity and for real argument. In the calling

sequence, X is the argument, FJO is the real part of H , FYO is the imaginary

part of H , FJ is the real part of H,, and FY is the 1gaginary part of Hl’

The method uses the polynomial approximations on pages 369-370 of Abramowitz

and Stegun (Ref. 1). These polynomial equations are written in the form
of continued products in order to obviate the calculation of powers.

3.2.2.4 Subroutine HANKI

This routine calculates the modified Bessel function of the second
kind of orders zero and unity. In the calling sequence, X is the argument,
FKO is K , and FK is K,. The method is the polynomial approximations on
pages 378-379 of Ref. }. Again the continued products form is used for

economical computation of power series.
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3.2,2.5 Subroutine PROP
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The purpose of this routine is to calculate the elements of the matrix

P as in (79).

variables XZR and XZI are the
for the inner boundary of the
The outputs are C, D, CP, and
v!// vy respectively.

It is more general than needed by subroutine WFP since the vari=-
able EN in the calling sequence refers to the order of Bessel's equation.

The
real and imaginary parts of the value of ¥p
layer, and Y is the relative layer thiokness.
DP, which represents u/u,, v/vJ', u’/u,, and

F

expansions in the relative layer thickness Y, where
the radius at the inner boundary. The fact that
u/ugy and v’/vo /, being on the diagonal of P, must approach unity as Y approaches
zero implies that the leading term in series expansions must be unity. Similarly
the lowest order term of the other two quantities is at leaat first order.
Therefore let

The method uses series
Y is the thickness divided by

wuyu, = | + xr% cj (80)
o0
v/ = xy(I+ Zd;) (81)
dfu, = Z (1)e, A
' = (i+1)d
Gl +1 -
vZv, /+J=/ J & 83)

In these equations X is the value of yp at the inner boundary of the layer.
and the c; and d; are each equal to a complex constant, which depends on j,
times the jth power of Y. The ¢y and d4 in (82): and (83) are identical with
those in (80) and (81]) since the second éwo quantities are the derivatives of
the first two with respect to XY. Now u/ug and v/v; must satisfy

11
z « du 2R_ =2 =0
T4+ = g4+ (2%-nPu

(84)

; where z=¥p in the layer. 1In particular
z=X(1+VY) (85)
where, of course, X is constant and Y is considered variable. Substitution

of (80) and (81) in (84) and separation of terms of like powers of Y, keeping
in mind the implicit proportionality between cy or dy and Y', gives recurrance

relations for the cj and dj The same relation holds for both, so let aj
denote either ¢y or dj

iG+Ngy +(2i-10diYa,., +[Ci=n*-n*]r*a; ,

+Xy%(a;  + 2Va;_ , + ¥, D=0

J=2a

i J"s'#rf “‘-M‘ ;’E"u’ o

Lt S e L
) o i




This equation appliés 1iberally for either term as long as

e S a

(87)
ag = o , < -1
ey ™ d.; =o (88)
c.1 = 1/ (XY) (89)
do = 1

(90)

It is not difficult to see these equations in the listing of the computer
program. However, see ref. 2 for a more detailed account of the theory,
programming, and checkout of this routine, which is identical in that report
with the present routine. Reference 2 also contains additional details
concerning subroutine WFP.

3.2.3 SLOS

Fig. 8 is a listing of this program, which consists of a main program
and five subroutines. Subroutine CRITS is identical to the same subroutine
in SLOP, so it is not described in this section.

3.2.3.1 Main Program

With two exceptions the first 60 lines of this program are similar
to the first 58 lines of SLOC. One exception is that the aperture con-
ductance GA is not initially set to zero since the logic is not a function
of this quantity as an input. The other exception is that the array
DIEL, which is defined at line 590, is the square root of the complex
dielectric constant of the. layer.

The aperture admittance and plasma noise temperature are calculated
in lines 610 through 1120. The derivations are based on the assumption
of a sphere of radius R having a gap of width a at a given latitude. The
plasma is composed of a series of concentric spherical layers, each of
uniform but differing density. In spherical coordinates (r, o, ) let
E 0. E‘- 0 if ,9'00, >B/ (ZR), and E‘- Eo if [9-9°l< a/(ZR) on
the sphere of radius R, where &, is the location of the center of the
aperture. Thus throughout all space H = Hp , Ey = 0 and all fields are
independent of @. Maxwell's equations are

- ' |
5r(res) -3t =(rH (91)

25(Hsine) =~ikrE, sine o

%(,H) =£k"£, (93)
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ElSE

10
ZL
JLJ
40
Hu
60
At
ou
9L
1GU
110
leu
150
140
Hu
loU
(V)
lou
G0
ZUu
2lu
2lu
Zou
240
250
ARV
210
2t
2% v
Suu
3lu
320
oV
40U
350
300
3/ 0
I v
&0
400
410
4e0
450
440
510}
400
410
40
44y
500

*

lu

lu
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THIS PAGE IS BEST QUALITY PRACTICARLR 7
FROM COPY FURNISHED 0DDG ____- '

COMMONZHABLZCOLLC21) 4 EMOC21) PTo,TGCZ1) 4UiCh,YO(21)

COMON/KAC/T(Ou ) 4 TA(4)

COMPLEA CACByCC,DIEL(OU) 1ili(21) ,HiNO(21) 4,Q(4),YA,YAQ
LIneho[ON CHIT(2) 4EM(21),200(20) yPNM(21) ,A(60) JXA(0),Y(21),YIP(6uL)
HAMELIST/INPUT/CAYA,CYLFACC,FACE, FACT  FACY o FMHZ ymODES 4 THETO

DATA KMUDEL/ 20/
VALTA FACCoFACE FACLFFACY/Z4% |,/
UATA Pl kAL/Z3. 14109927, .0174%329/
CALL FAOPT(GT,41¢1,0)

wKrAL Inpul

mOP=n0DEo+ |
EmC=1240D . 1 XirhRlxFinbl/FACE
COLA=« 199 19494x FACC/ bl
CAT=2.0Y50644 /E=4% UClhkFiuis
Ul‘(]l( ')=| .

chli(2)=1,

WA= |

DG o 1= NFIS
Y(1)=FACY*YOC(I)

Ewm( )=k (1) /ENMC

CALL CHlTOS(EA Y JWPTS,ChILlgAAHA)
A=XA(NA)=XAC(])

W=0

k=2

CAYn=CYL

JU ou I=2,IA

J=[-1

v=xrA(Jd)

s=AACI)=D

K=Hu.*b/A

[F(N.L7. )K=

CEL/N

E=CAY*(C

DO HC L=1,K

=t |

X)) =k

(1P () =e/CAYK

CAYH=CAYH+E

r=ut(L=,5)%C

U U =P JHPTS
Ir(YGh)soler)ol TO 39
CUNWTLWUE

n‘-“'l:ld

Mm=pP =1

AA= (=Y Cin ) )/ (Y CiaP) =Y (i) )
sb=le=AA

CUL=COLA* (COLL (hia) %3+ COLL (iiP ) #AA)

TG )=rACI*CLO(MM) % B+ AAX O (P ) )

IF(':M(MM).UI.U. .ANU.I‘u\(Mr’).‘uf.U.)UU f() Jb

Figure 8 Listing of Program SLOS
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THIS PAGE IS BEST QUALITY mﬂmJ
|, FROM OQPY JNRMLSHED 10000 05

LIST 510=1ulu

510 v=kmn(MM)* BB+Em (MP ) * AA
beu o) TO 45

550 38 u=EM(MM)*%x BB* EN (MP ) %% AA
24y GO TGO 45

HYHu 40 o=kEmCAP)
560 45 u=0/(1.+COL*COL)
510 H=u»CuL
b U CA= CmPLA(I.—u k)
%0 Hu VIELCI)=CoWkI(CA)
6Ly o0 CuisTInNUE

ol0 A=t AL*THETOQ

0cu 8=« Oo*CAYA/CYL

(e X1V] ce=COL(A+B)

04vu \n“CUj(A-B)-Bb
Ob\/ 1\ . |*XA

ocu A=.5%xUX+BE

610 Ul 61 m=14,n0DES
66U ol eGiim)=0,

6%y DO tv L=1,410
100 B=5GKT(1.=A%A)
TV0 CALL LEG(A,B,MOP,PNM)
120 DO 65 m=1,MODES

130 65 EOH Ga)=EON (i) +F ki Cai+ 1)
T4y 70 A=A+DX

Hu DXx=.5%DX
160 A=1l.
710 DO 71 M=1 4 MODES
Teu B3=A+1,
790 EON (L) =RA*(A+3) *EDN(M) /A/B
HBuu 11 A=p
olu CALL nANK (mOP,CYL 4HNO)
20 CALL HANK(MOP ¢ CAYH 4 1liv)
U::u Y/\=(Uo .U.)
640 {AO=Y A
ochu Ih=U.
86UV Ju 18 K=1 4wOLES
810 m=K : i
8&0 CALL WFPCu ULEL X4 YIP,CYL,iA,00),
89y IF(MIBu,l 470
| Y00 16 mP=iutl i
1 910 A= Xk MPXEOIN( L. ) %% 2/ Cmtial)
! 920 B=A/XA
Y50 CC=twOCia) /0O (AP ) =A/ZCYL
I 94y Y 10=YAQ+CiiPLA(ue 4 8)/CC
1 950 Cb=ClPLACAIMAG(HIN(A)) g=k=ALCHNCia) ) ) ZdN CiP ) +CAPLX Cue ¢ /CAYH )
] 96u CA=(Q(4)*CAYR=C(2)*CB)/(Q(1)*CB=W(3)*CAYR)
97u YA=YA+bxCA/CYL
§ 980 thTh+A*(1A(|)*1A(2)*HEAL(LA)+IA(3)*AIMAO(LA)+TA(4)*
j ) & KEAL(CA*CONJG(CA)))
; 1000 CA=EON(M) /HH(NP)
* Figure 8 (continued)

P BT —

” o £ o Hy > P SN » ]

8 - 5 . E a ﬁ B L R T oa s w1 T o -

& i BRI (TN, -' 'ﬁn SRS i it w
T L& ; N

FOE R NS A

b R e 2 B




B ——

(i

e kG
lué(/
l\.,Ju
(NORS1E
lvbHu
lCou
LETHU
lutsu
LYy
11 uu
[ V)
11 et
I\Ju
I 140
1 ou
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U
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1516
(REPAV)
AT
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15390
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la 20
1d 2y
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lulU=Ib0u

Hn(m)=(QO1)»xG(4)=Q(2)*%Q(3))I*CA/Z(CurQ( 1)=CAY4Q(3))
FaNO () =EON Gia ) 2 CCZHNG Cin )
1 GuIDES o HE. 2L )60 106 To
PHINL 1UUU VAU, YA, Tl
ir(meEWemOLED)OU TO YU
pEALSL
IF(LetGeu)olr 10 9u

6 CONTLvdiz
OU 10U YU

LU ==

G UGA=nizAL(CYA)
Lil=11s/0A
PHIGT luuuginy YAU YA, Th

9o kEADUSALPI
Ir(ALPli.LE.V) VOO TO Zuu
1F (ALPH.GE. oL )G TO |
A=COS (KAL*ALPL:)
E=5UK1 (1 e =AxA)
CALL LEGCA b oivid)
CA=(U. V)

Le=CA i
LU lTuu H=1 g y
A=Pioni (v# 1) _ : i

CA=CuPLA(=AIn#G(CA) ¢ HEALCCA) ) +Ax1n0Cil)

CE=CiPLA(=AInAOG(CB)  HEALC(CLE ) )+ Axtini(iv)
U Cunt Iivur

ce=CA/Ct ‘ g

£=4,54 35k ALOG (REAL(CC*CONJIG(CC))) !

L=4,343xALOG (2 o xkEAL(CA*COINJG(CA) ) /CYL/CYL/ZGAZ XX)

C=b-A |

PRINT 200usAlE,C
ol TG Y5
Zuu OTOF
10U FURMAT (1 043K, iPLEL2.4,344 IP2Elzed 1PEID.4)
2000 FOHMAL(31F9,.2)
L
SUBKOULILE wirF (LAYERS JLIEL Un,{IR CAYK giv o Q) |
COMMOL/ZRAC/ZT(CLU) JLACE) ;
COmMPLEX CA,Cls, Lu.JIQL(LA(fHJ).:YE,Udc.P 0(4) yQGyityO4 LEKO
LIMEASION Un LAYEKS) y1B(4) ,TC(4) ,YIP(LAYzuS)
LA’[A tY"'()l“" qu-l{()/(bo 0 I .) ( le Ve ) '(Un Ve )/
UATA EPSU.STP.lESI/I.t-lc.bo..I.EIZ/
civ=ly
LO b 1=1,4
1A(I)=Uo
5 1pCl)=0,
1b(2)=CAYk
CC)=0NE
Ww(2)=LEr()
C(3)=LERV

.

s a s
v

Figure 8 (continued)
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s e
2 TSR S o

LIST 1Hh1u=-2ulU

1510 w(4)=0NntE
1H2u KKid=CA YK
LY Cod=1
140 lv CA=DIEL(J)
150 nkP=ErK+DK (J)
1560 IF (KEPA,CABS(CAH) «GT0TPIGO TO Su
1570 LeL=YIP(J)
16 A=HhmM*KEAL(CA)
L SR% ] B=HRAMXATMAG(CE) ;
louu CALL PHOP(EN of ¢BolUEL 4P 4QU H$S) i
ey Cb=EYE*QQ*CA*xkKM 8
162U CC==iYrkn/CA/kKP
1650 O=OXHKM/KKP !
lo4u CA=CCxU(1)+ox(C(3) %
lobu W) =P*xQ(1)+CL*xQ(3) i
166U G(3)=CA ' ;
o7y CA=CCx () +5%( (4) 2
lebu C(2)=P=U(2)+CE*Q(4) 2
lc9u w(4)=Ca
1710l Co=CUIJo (1))
1710 CC=Cuidu(Q(2) )
7 eu A=knP
17130 1C(1)=AxkEAL (L (4)%*CC)
1740 TC(2)=AxKEAL(GC(3)%CC+GL(4)*Cy3)
1790 TC(3)=A*AINMAG(Q(4)4%CB=U( 3)*C()
170u T1C(4)=AxREAL (Cp*U(3))
17170 LO 1o I=1,4
1780 19 TA(D)=TA(D+T(J)*(TEC1)=TC(I))
1790 IF(J.EWe LAYERS )RETURN
levu J=J+1
lolu HaM=HKP
ltdu Al=uve.
1o 50 L0 2u 1=1,4
ledo TeCI)=1C(I)
looU - A=KHEAL(Q(I))
50U IF(AGT.TESTIOO 10 30U
|ESWV) Al=A1+A%A
168U A=AImAGCQ(]))
1590 IF(A.GLIESTIGO TO 30
150U Al=Al+A%A
19 1v <V CONTINUE
1920 A=l.=.0625%EPSO*A |
1950 IF(A.GT.ue )00 TO 10
164y SU h=1=i
1950 neTURN
1900 . EnD
197¢C SUBROUTINE HALK (Mg XqHIv)
19bu COMPLEA HIN(21)
1990 A=SIN(X) /X
2uuwv b=COS(X) /X

v Figure 8 (continued)
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LIST z2ulu=¢Huv

2C 10
2L20
20 ou
20au
2L Hy
2L 0u
U0
2u 3y
2LyU
21 uu
211y
2120
21 50
2140
2190
2lou
2ilu
21 bu
2190
ZZUQ
e v
2220
22 3L
2240
el
de ol
lelu
e Gu
el
250U
2510
232U
2900
Zobv
PV
20U
PNV
| § douv
£ovv
PRV Y]
el o
ch e
24 oL
2lhy
2400
24 Ov
247y
24 vy
244y
2ol

N

hav (1) =CAPLACA,, =b)
Hiv(2)=CAPLX(A/ A=B,~B/X=A)
lrGineLTe S)RETURN

A= (400K T(Zek XA (X+8.) )+, 2%ALOG(X)
J=imAAu (N g M)

A=co/ A

L=(J+1.5)%A

L=lelz=20

V=bxU

=J

LU tu I=14J

1=y

L=V

V= U=
IF(AED (V) Gl .1 .E35)060 10 21
IFE(R el etia ANl e Ko UT e 2 HiN( R ) =CHMPLX(Vyue)
NN "l

IF(ALS(U) dUT A LS (V) )GU lU Il
FErEALGINCL) ) /Y

ou 19 12

r=sbEAL(AK(2)) /U

p=0./4

L=almAc(rlC 1))
V=aluAo(nin(e) )

LJ() pAY] J.:J.m

T=iwv=u

L=V

V=7

T=ragiEAL CrinC L))

nbv (D) =CmPLACL ¢ V)

L=b+A

nriaun

J=l=|

U Tu |

tivl)

subiul i L.I’LJ(X (.ln.l )
pluwbaolUn P21)

¥ ( l)“\.‘o

F(2)=Y

LrCmelloo)nb2lURN

s .

LO lu I=.\.m

tavElat |,

AEBEnToom

D) =(hAxpP(l=1) =P (l=gc)) /5,
E.M—f ol

h'.lb“h

(ALY

UUJH\)U.L‘I“E PN(‘P( EN.XLh .AL]. . 1 'UQUQC}" U‘"’)

Figure 8 (continued)
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, i o TGN OQPY JAURMLISHED TODDC e
i -
. 1
4 LIST «9lu=2000
2 o COMPLEX Co.CP,L,DP
PASPAY) DIMENSLION AJ(Z24249)4P(242),2(2,2),U(2,2),0n(2,2)
255U A=XLi* KLl
2540 VAR VAL
285U E=A+D
2960 F=5CHT(E)
257y U=h+.ul ]
ol Liw=0.+ l*r+ exEN/SUHT(G)+ (4] o+ 4%+ ,04%E+(4,0=. TXALOG(G) )xElv) Y :
2090 tua=nn*th+Lu
20UU T T T ADA=A-b ) A
2016 ASL=2 ek KLK®KL] 4
2620 Yo=Y *Y y &
20 5u A=ExY 3 i
204y AJ (141 43)=ALK/A
265y AJ(1l 42,3)==K2]i/A 3 1
26 6y AJ(2,1,4)=1. 3
2670 AJ(2,244)=u. g
20 60 - LU 5 K=1,2 2
209y LG ¢ J=1,2 i
2140 BI(J 4Ky 1) =0, K
27 lu AJ(J K 42) =0, 3
21lvu Lik,Jd)=ue.
AT 2 WlkyaJ)=0.
24y A (248 y3)=0.
2150 3 AJClsKed)=vw,
21 0u L=hH
2l LA=4 b
216U Lib=s 1
ALY LC=¢ ;
280U Lb=1
e lu A=1.
2t v LO 10 J=l4Lli
205U L=YL/ZA
edu h=A+]1,
2t Hy u=0/A
20y E=(4,/A=2.)%Y
261 u F=(kno=(A=2.)»(A=3.))*0
ekl LO 9 L=1l,2 z : i
2e90L LO 4 K=1,2 o : ; ' = 1
2% Flhel) E‘*AJ({\,[ LA)“'I"*AJ(I\ I L)
251U 4 W(hel)=(AJ(K,] Lb)+2.xY*AJ(A.I Lh)+(a*AJ(n,I LD) ) %G
2420 5 CUIWLINUE
29 5U LU 71 K=1,42
2%4y AJ(Ky 1 yL)=P(n, 1) =ASA*U(K, 1 )+XObxG(K,2)
| 295U AJ (h o2 yL)=P(K42) =ASA®C (K4 2)=XSB*Q (K, |)
; 256U bo 6 1=1,2
2560 WKy I)=w(K,I)
2590 UChoI)=U(K I )+AJ(K,I,L)

Juuv (o] '\(l\lgl)'l‘(K'I)"A*AJ(k"].L)

* Figure 8 (continued)
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a1 20
a3
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3l Ju
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319U
3euu
221U

Sy AV

DL IV

Jedl
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JeOv
3L 10
2 bU
349y
320U
3olU
332U
353u
3340
339vu
3Z0u
J: iU
3ol
JoYu
34 QU
3410
342U
34 3u
3640
3450
3400
341y
2460
349y
LU
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R FROM COPY FURRISHED 170 DD0 e

I oUlu=2buu

1 COWTINUE
E=ue.
L) & n=1,42
LU 6 I=1,2
F=pt (U(a g [)=P(he 1) )nier(n(n, [)=Q(Ky 1)) %x%x2
5 COWT [ivbe
IF(EeLEeU)GO TU
LL=LC
LC=Lt
Lo=LA
LA=L
L=1+uaCGU(LA,D)
lu CuwlInblE
Ll A=Yx. Lt
b=Y= ALl :
C=CPLACT o +AXL (1 4 1) =bs U | 42) gAXUC] 42)+B%U(1,1))
E=1.+U(2,1)
U=CliPLX(ARE=LrU(2,2) fA%kU(2,2)+BxE)
CPECMPLA GOl 1) gn(142))
LP=CilPLXCle+in( 24 1) W (242))
ke TURN
el g
SUEROULLE CRITOCFL g X1 yid gy AgAA4NA)
LliklzaaS10 ACz) oFLCH) ¢GIC0) g KACO) ¢ XI(W)
LALA EPS/1l ez=C/
11=0LA
A=
vy 1 I=1,4
==
LO 100 I=1,11
DO Qu J=1 444
n=J+ |
=1 (J)ZACT) =1,
rP=rFl1(K)/ACL)= 1.
p=tialp
lr(B.GTeU IGO0 10 YU
IF(bBeLleve)UGO) TO o
IF(ABO(Fi) U1 .U )V L0 90
AMA)=X1(0J)
IF(RALEG.4)60 10 12U
WA= A+ ]
Gl Tu 9u
D A=A I (J)
AP=A1(R)
1“("1“.1—5.". .(.ﬂ.l'PoLho-l.)U\) '1.0 |U
L=Xint (XP=Am) A LOGCACL) ZF [C3) ) /ZALGO G T(R) ZFL(J))
GO 10 4u
1O t=Xut (AP=Xi) *ta/ (Fu=FP)
4u AA(IVA) =0

Figure 8 (continued)
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351u
352u
350U
KoY v
35Hu
35 0u
3570
350U
3HYy
IOy
1y
304vu
30 ou
304y
305u
3600
3Ty
X LU
309U
3iwU
3110
372u
37130
3740
215U
370U
371U

D lu=2710

Yu

luu
Iy

115
leu

14y
150

lou

Ir(nvAcbERe4)00 10 120
NA=INAT |

CUnTlivbE

CONT InUE

LU Tlu [=24.14
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FBOM COPY FURNLSHED 20 D0 e

IF(FICI=1) LT FICI)o ALDGFIC(I) eUELFICI+1))00 10 115

CONL InLE
wA=A= |

ol TO 12u

A (NA)=L1 (1)
A=iiA+ |
AnCA) =K1 (1)
WASIVA+
AanCvA) =1 ()
Ul 150 I=1,4iiA
L=1.E5U

DO 140 J=1,4ilA
1F(AACD) GE.BIGO) TO l4u
n=J

c=XA(J)
CUNTINUE
CI(I)=b

M ((KN)=2.E50
v lou [=1],41A
AA(T)=CIC(])
HE1URN

EnD

Figure 8 (continued)
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where K is a function of r only. Elimination of the components of E from
these equations gives

2%( — 2 (H sins))+Kr527—(t?,‘(rH))+/<raH=o

sine 28 (94)

Separation of variables can be accomplished by letting

’? -~
9“9(5‘{“8 %(HS[”O)) =—h(h+//H (9)
5

which is Legendre's equation of order unity and degree n. Thus let

Hire) = Z h(r,n) B, (cos®) (96)

Now (93) implies that Eg has this same dependence on &.

E (r,8) = 2 e, (rn) P (cos8) (97)

h=/

Also, (92) implies that E, depends on P, (cos &).

(-]
Enlre) =§ € (r,n) Flcos®) (98)

To calculate the aperture admittance start with

T
A ,E.,Z ya = 2T Rzof Ea*(R)8> H(Rja) Scn 8 da ( )
99

where A is the area of the slot,

% L Gt
A = amR scneo de

6 ~fc

= 2mR*[cos (6, ) —cos (8 + )]

= IR (%3 - X,) (100)
Substitute (96) and (97) in (99) and evaluate the integral using the
orthogonality of the Legendre functions with respect to the degree n.
Then, using y (n) = h (R, n)/ e, (R,n),

od
) = 2 Z ﬁ%%'z/%:/z’(”)
-x

Where e, = e/ (R, n). Orthogonality gives.

(101)

Gn+1)E, [,
e, Zninet) !F"(x)dx (102)
X (

ey

BeR Ny WY

.




-50-

where x; and X, are implied by (100).

. Substitution of the series solutions in (93) and (94) gives

d
1Xre=g— (rh) (103)
Kr 3%_[—]1(‘ %_ (r h)]+ [-Kr2 -n (n+1)Jh = o
& (104)
If K is constant this last is the equation of the spherical Bessel functions
of order n and argument Kr. 1In free space the solution corresponding(fg
outgoing waves is the ityerical Bessel function of the third kind, h, (r)
(From here on we drop from the notation since our time convention makes
it clear that we need only those functions which tend to e ir/r at large r.)
Thus y (n) in free space is given by
( : (105) -
n = 3
Homd o A T ETF) - R ‘
d
In the presence of plasma let :
rh rh ;
= a 3 |
e (2 R
y e AR (106) |
Replacing R by Rp, the radius of the outer edge of the plasma, (105) gives :%
the ratio h/g,at that radius. Then (106) gives ¥
&
Ray RP 1 zall f
i (107) rg
R(Q”Z -QZIKP> / “;'
3
where : g
Z =in/R, =ih (R)/h, (Rp) : i
(108)
i ) Now in terms of the FORTRAN, XX at line 640 is (xp = x; ) and EON(M) becomes :

eo /Eq for M = n after line 800. At line 920, B is the coefficient of y (n)
in the sum of (101). CC at line 930 is the denominator of (105) and line
940 completes the accumulative value of Y, . CB at line 950 is Z as given
by (108), and CA at line 960 is Ry (n) as given by (107). Y, is accumulated
at line 970.

T L T

Nl The power flowing through a sphere of radius r is
p=mr? fﬁ i [es(r,m h*Cr,n)] B, (x) B! (x)dx

| - M=/ A=y

=amr > Pt g [rte (r,n) h*(r,n)] (109)

hes (Rn+1)

ST T e e R




BT
Now use (106) to get
Re [ r*ey(r,n) h*(r,n)] = r e )3 [ Re (@22 Q1
+ Re (@2, Q% +Qo,Q,%) Re(Ry)
+ Im (Qza Ql:‘ -QZIQI:) Im (R)’)

+ Re (8, Q%) IRy[*] (110)
where Ry is Ry (n) as given by (107). Now, therefore, (23) gives

g hin+1) e, 2
g Z, (2n +1) )?f [T, + T Re(Ry)
T, Im(Ry) + Ty Ryl ]
+ T; Im(Ry + [ Ry (111)

This equation appears in lines 980 and 990, except that G, 1s included at line
1120.

The asymptotic form of h, (r) is = ie j'r/(i ™ r). Therefore in the far
field, H varies.as e 1T/r, Now (93) implies that Eg= H in the far field

and (92) implies that r lEr)z tends to zero as r approaches infinity. Thus
the far field is transverse and can be related directly to either Eg or H.

, Ch oo h (R n)
E (ro)~ =—> )
[ V] cr G n hh(ﬁl’)

[
% Pn (C 8 0) ‘
(112)
The quantity Z, which is given by (108), is the free-space impedance (ratio

of &(R,, n) to h (R, n))at radius R_, so e, = Zh at the outer edge of
P (.4
the plasma. Using (f06) we then get

<, (Qn Qzz ~ C?/a@;,)
4 qu' ¥ RI’ a(l

lv(ﬁ,,,nQ -

(113)
The "aperture gain" is 2 ™ el times 'E‘ (r,o) ] 2 divided by the total
2
aperture power, %A |E, | %Gq.
F
2|rEelr,e)/E,|

G =
R*(x,-%,)¢, (114)

In the program the quantity [h( X n),{to h, (Rz) )J is stored versus n in the
array HN at line 1010. The valué of this quantity in free space, which is
gotten by replacing Rp by R, by letting Q be the identity matrix, and by re-
placing Z by the reciprocal of y (n) as given by (105), is stored in HNO at
line 1020. The sum in (112) for each case is accumulated by neglecting to

keep account of the net phase, as at lines 1240, and 1250; i.e., the effect

" -
: « 5 s Hikes Ty o, * e
7 o0 :.;“i i?ﬁ'!’m}'-‘&"’ Ny "”

— p— PEI LA
G 3 z'ﬁ(!l?»,v-e » TS Q\ﬁﬁm&“‘?"”
e L W B 17 57 SRR s el i

e
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of 1 " is gotten by adding the new term without it to i times the previously
accumulated sum., This is simply a FORTRAN short cut.

3.2.3.2 Subroutine WFP

The purpose of this subroutine is to accumulate the values of the propa-
gation matrix Q and the four temperature factors appearing in (111). 1In the
calling sequence, LAYERS is the number of plasma layers, DIEL is the array of
the square root margin of their complex dielectric constants, DK is the
array of their thickness, YIP is the array of their relative thicknesses,
CAYR is the radius of the innermost boundary, N is the value of the order n
of spherical wave, and Q is the linear complex array representing Qll’ Q 1
and Q,,. Error indication is made by returning N = 1 - n. In other words
N < 1"Indicates error since n > 0.

Let prime denote differentiation with respect to a variable z = /YK r .
Then in a uniform medium (103) can be written as

€ = 1%— (r‘h)'
(115)

Also (104) is
22 (rh)" + [22 = 0 (@ +1)] (eh) = 0 (116)

Let u and v denote two linearly independent solutions of (116). Then in
the layer in question °

rh = ag u+tayv (117)

e = q% (al u' +a; v") (118) '

 BRhesr

As in section 3.2.2.2 let v, = up' = O. Then the vector (rh,eq ) equals P times

the vector (rg h,, €5, ), where §

T W

“u/u, Lz, v,
P =
(/z) (' u,) (2,72)(v/V')
(119)
This matrix is generated in lines 1540 = 1630 and the accumulation of Q by
multiplication by P is done in lines 1640 - 1690. The four temperature

factors in (111) are accumulated in lines 1700 through 1780 and 1840. Each
term in Q , including r, which is called A at line 1720, can be seen at lines

!

r

1730 - 1760,
|

|

i

|

e

¥ # v G .
P o e sy B oapid 1 3 P R e Sl [ e N e SR
M .‘:"‘m’f'@kb'*'un, O ST el
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3.2.3.3 Subroutine HANK

This routine calculates the spherical Hankel functions of various orders.
In the calling sequence, M is the number of orders to be calculated, X is the
argument, and HN is the complex array of Hankel functions. The function of
order n is stored in the (n +].)t:h location of HN. The method uses downward
recurrence starting with arbitrary values at a sufficiently large order to
get the real parts. Then the imaginary parts are generated by upward recurrence
starting with the closed-form values for orders zero and unity. The real parts
are normalized so as to agree with their two lowest order closed=-form values.
This routine is similar in theory and development to subroutine HANK in ref. 2,
except that that routine is for ordinary Hankel functions.

3.2.3.4 Subroutine LEG

This routine calculates the associated Legendre polynomials of order unity
and various degrees in the calling sequence, X is the argument,cos ;Y is sin 6; M is
the number of degrees to be calculated; and the array P is the output Legendre
functions. As in HANK, the function of degree n is stored in the (n + 1)th
location of the array P.

The me thod uses upward recurrence starting with pé (X) = o (line 2390)
and Pl(x) = gine® (line 2400). The recurrence relation is

nPL (%) = (Rn+)x Fa(x) - (ne 0B (%) o

which is line 2460.

3.2.3.5 Subroutine PROP

This routine is identical in function and calling sequence to the routine
of the same name in SLOC, which is described in 3.2.2.5., The listing differs
from the former one only at lines 2590, 286C and 2870. These differerces occur
when (80) and (81) are substituted in (116) instead of in (84). Then, instead
of (86), the recurrence relation is

Jti+n)a; +2i(i-yya; , + [i=105=2) = ninsn)] yie.,
+X2)’z(a¢'-z +2Yaj.; *y&a“./'-s‘) =0 (121)

2

Therefore n” is replaced by (n2 +n ), as in line 2590. The variable E at

line 2860 represents the negative of the coefficient of 84-1 divided by the

coefficient of ay. The variable F at line 2870 is the same kind of ratio
with respect to ay.2-

S afa
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3.2.4 ABCD

Fig. 9 18 a listing of this program, the objective of which is to transform
the results of calculations for conditions at the aperture to conditions at
the antenna input. The method assumes that the antenna can be represented as
a linear two-port network and that sufficient experimental data exist to define
the network parameters which relate voltages and currents at the input to
electric and magnetic fields at the aperture.

See, for example, chapter 1 of reference 3 for a more detailed discussion
of two-port networks. Such networks are describable in terms of the following:

A+ BJYs (122)

- BC =1
ap (123)

Where Y is the admittance at the input; Y, is the aperture admittance; and

A, B, C and D are complex constants which do not change when external effects
change the values of Y and Y,. Rather than attempt to calculate A, B, C and

D from some physical model of the antenna, let us rely on experimental data

to infer their values, assuming that our previous calculations of Y_  are

carect. First we have the calculated aperture admittance in free space,

Y, s for which let the measured input admittance be Y,. This gives us one
eqﬁation in the four unknowns using (122). A second equation is already

given by (123). A third is obtained if Y, is the input admittance which is
measured when the aperture is covered tigﬁtly by a sheet of metal foil. Such
shorting of the aperture implies Y, =c0since the electric field must vanish.
Then (122) gives Yg = D/B. One more equation is needed since there are four
unknowns. To get this last equation, consider the effect of placing a thin
resistance sheet over the aperture. Regardless of the assumed geometry of

the aperture, its admittance is always calculated from a linear combination of
wave admittances. The boundary conditions for a thin resistance shect are

that the tangential electric field is the same on either side and the tangential
magnetic field has a discontinuity equal to the current in the sheet. This
boundary condition implies that the wave admittance is equal to its value in
the absence of the thin sheet plus the conductance of the sheet. In other words
the sheet is in parallel with the aperture. Then, to a good approximation, the
aperture admittance in the presence of the sheet is Y‘o + Yg, where Yg represents
the conductance of the sheet.

Now the three simultaneous equations, which supplement (123), are

124
SA 4% Ye, B -C= VD=0 i
28-D =op £145)
BA+ V(W +%)B-c=(%, +%)b=o (126)
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Substitute D from (125) in (124) and (126) and divide each equation by B,
giving two simultaneous equations in A/B and C/B, the solution of which is

A/8 = /)’3-)’1))&/(}7-}’3) ~#%, (127)
= Y E ¥
c/6 (A/3) ; * (yl y-z) , (128)
Now divide both sides of (123) by B%, using Y, for D/B, to give
B =1//(A/8) Y - /8 (129)

This value of B then gives A and C from their ratios to B, which are already
known, and D = Y,B. In the program the names A and C are temporarily used

for A/B and C/B at lines 150 and 160, which represent (127) and (128). Line
170 is (129) and the final values of A, C and D are derived at lines 180 =~ 200.

If a calibrated signal is input on a transmission line of characteristic
admittance Y, and the complex voltage reflection coefficient R is measured,
the total voltage at the input is (1 + R) times the input voltage. Also, the
total current at the input is Y, (1 - R) times the input voltage and therefore
the admittance Y at the input is

Y-Yo<1-R) :
1+R (130)

This forms an alternative way of prescribing input conditions for the above
calculations of A, B, C and D parameters. Thus the complex voltage reflection
coefficients for each of the three conditions can be used to specify Y, sz and
Y3, given Y,. This is done using (130) in lines 70 = 120 of the program.

Of course inversion of (130) gives

Y, - ¥

R =
AR T 4 (131)

which is done at line 140 if the Y values were input. The dB loss by re-
flection in free space is calculated at 1ine 220.

Now if, owing to the presence of plasma, the aperture admittance takes

on some new value Y,, then (122) gives the new value of input admittance Y
and (131) gives the reflection coefficient at the input. This gives

X (A+8Yg) —c-D)N
Y,(A+E8Y,)+te +D )

R=

(132)
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This equation is found at lines 260-270, and lines 280=300 calculate the
amplitude, phase and dB loss corresponding to R.

Plasma effects on radiation patterns were calculated in SLOP, SLOC and SLOS
with respect to the total electric field at the antenna aperture, E,, which is
itself affected by plasma. The matrix equation corresponding to (122) is

v A B E, (133)

where V and I are the total voltage and current at the input port, Eo, and Hp
are the electric and magnetic fields at the aperture, and F is a scaler constant which
converts the aperture fields to equivalent voltages and currents, Invert this
equation, keeping (123) in mind, let V = Vo(1+R) and I = YoVo(1-R), and use |
(132) for R. Then o ; {

2V Ve /F
E, = (134)
Yo (A+B)) +Cc+ DXy

where Vo is the input signal voltage. Using this equation with/without plasma, 4

£ Yo (A+E8) ) +c+ D) l
— = < 1
E, Yo (A+Bh)+c+ Pl (135) i

. 3

This quantity is calculated at line 310 and in terms of dB loss at line 320. ' i

Finally the noise power at the aperture needs to be transformed to the input. We *
calculate this effect by continuing the physical model of equating the emission
to the absorption. That is, if the power input to the antenna were set equal to
the noise temperature which is seen at the aperture, as calculated above, then

the power at the aperture would equal the noise temperature which is seen at the
antenna input port. In symbols, let the aperture noise temperature Ta=% Yo [Vo (2

while letting the noise temperature at the input port T, = f(;‘ IFEol 2

i

¥ G, Ya Ta

(136) |
|¥,(A+8Y%) +c + Pi|? ‘ |

This equation is applied at lines 330-340, where TN dehptes T and T denotes Tp,

ST ——

3
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4, Conclusion

The models presented in this report are the lowest-order examples of more
general theory for plasma-covered aperature antennas in canonical geometries.
The possible generalizations are of various types. Let us discuss some of
these here.

The infinite integrals for the aperture admittance and noise temperature induced
by the plasma in the planar and cylindrical geometries are a subject for gener-
alization in terms of numerical techniques. The techniques used here are best
adapted to the situation in which the aperture is large. In particular the inte-
gral in (18) was evaluated by neglecting the variation of y (2x/a) within each
lobe of the sin x/x function; i.e., Y (u) is assumed to vary little when u
varies by 2 m/a, which can be true only when a is large. Obviously, this numer-

‘ical technique is easily improved upon by evaluating the integral over each lobe

of the transform of the aperture field distribution by the trapezoidal rule,

for example. With little revision of the logic, one could even let the operator
truncate these integrations as is now done with the sum over the lobes of

sin x/x. Thus, in a given iteration of the trapezoidal approximation, we would
add the effect of including all points midway between those already included,
via a do-loop.

The assumed uniform field in the aperture-could be changed to some other, fairly
arbitrary, distribution. The only restriction which suggests itself is that the
electric field parallel to the edge of the aperture must vanish at the edge.

The general techniques used in this report would still apply. The near field
effects (aperture admittance and plasma noise temperature) are gotten by invoking
conservation of energy at the aperture between the assumed field distribution and
the separation-of-variables=solutions of Maxwell's equations just outside the
aperture. And the far field is gotten in relation to the assumed aperture
electric field, ignoring matching to the magnetic field. An interesting example

of an aperture field distribution is the case in which Eg varies as cos ¢
in the slot on a sphere. Then the field does not vanish at ® = 0 or 7,

as it does when the aperture field is uniform; but in general, the field depends
on both @ and ¢.

The present models are for one-dimensional apertures (infinitely long for planar
geometry and circumferential for cylindrical and spherical geometries). It is
possible to revise them to treat two-dimensional apertures. The simplest
example would be a rectangular aperture in which the electric field is parallel
to the short dimension and has a cosine distribution of amplitude along the long
dimension. 1In the calculations of aperture admittance and noise temperature,
the single integral or sum would be replaced by a double integral or sum. Far
field effects would be calculated in only slightly different ways from the
present models, For example in the planar case, the present model gives the
relative effect of the plasma on the far field for directions which are in the
plane of the short dimension of the aperture. All that needs to be added is

the effect of plasma on the far field in directions for which the magnetic field
lies in the plane of propagation. Circular apertures in a ground plane can be
analyzed also, The relative far field is the same as for a rectangular aperture
in terms of the polarization of the antenna relative to the plane of the line
of sight. The near field effects for a circular aperture require reformulation
in terms of the transforms of the aperture field distributions.

It is possible to generalize these models to include more than one antenna
aperture. The theory is quite similar to the above, except that the field distri-
bution at the body surface is that for the array instead of for a single aperture.
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The transform of this field distribution is slightly more complicated, and the
admittance is a symmetric matrix rather than a scalar., If the same plasma
profile covers all elements of the array, the admittance matrix comes from a
straightforward calculation and far field effects for each aperture are no
different than they would be for a single aperture. Additional pattern distortion
may be induced by the plasma effect on the admittance matrix, and such effects
could be calculated using the concept of an n-port network, for example.

An array has the capability to produce a narrow beam, which will be distorted
by the plasma even if the plasma is uniform over all elements of the array.
This effect comes about because the far field loss induced by the plasma is a
strong function of angle of incidence. Thus the parts of the beam nearer the
normal are less attenuated by plasma than are those farther from the normal,
which tends to pull the beam toward the normal. This effect can be calculated
either by modeling the beam shape and applying the attenuation by plasma at

a number of closely spaced angles in the beam or by analytically relating the
beam pointing error to the rate of change of attenuation with incidence angle.

The case in which the plasma varies from one aperture to another can not be
calculated 'directly by these canonical models since their essential feature

is the assumption that the plasma varies only in the normal direction. However,
one can estimate the effects of such transverse gradients by treating each
aperture as a separate canonical problem. The far field effects can be derived
by considering the effect of differing plasmas on the coherent addition of

all elements in forming the beam. Such a calculation can be done by analytical
approximation in terms of the rate of variation of the effects of plasma on
amplitude and phase versus distance across the array. The near field effects
can be approximated by letting the mutual admittance between two given elements
be equal to the average value obtained when both are covered by either plasma.
All of these effects can be calculated for the case when the plasma has random
fluctuations among array elements as well as when the variations are smooth.

Some of these model improvements already exist in another, much older, computer
program which has never been documented formally. However, the logic and
numerical techniques in that program are cumbersome, so we intend to incorporate
such improvements, when needed, in the present programs.
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