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i. Introduction

— The purpose of this repor t is to document a set of computer programs for
plasma effects  on one-dimensional slot antennas . This set of programs covers the
cases in which the slot is located in an infinite conducting plane , an infinite
cyl inder , and a sphere. In all three the plasma is stratified parallel to the
given surface. Such canonical problems are approximate but useful representations
of the true problem of plasma effects on antennas in reentry vehicles and interceptors,
and they have the advantage of solvability. In applications the plana r and cylindrical
models can be used in terms of the tangent to the vehicle at the antenna station
and the spherical model is useful when the antenna is located on a spherical aft
dome of the vehicle.

The types of plasma effects covered by these models include the antenna radiation
pattern, the input impedance and the antenna noise temperature. The models are a
set of four computer programs. SLOP is the model of a slot in a ground plane, SLOC
is the model of a slot in a cylinder, SLOS is the model of a slot in a sphere , and
ABCD is the model of a two—port network which is used to derive input impedances from
the results of the former programs. All are written in FORTRAN and stored on the
author’s user file in the GE, Space Division, Information Systems and Computer
Center’s L66 computer.

Section 2 gives a general description of the models in terms of the theoretical
assumptions and techniques. Section 3 gives the information for the user beginning
with input and output. This section also presents a discussion of the detailed
theory integrated closely with the FORTRAN algorithms. Generalizations of the models
which are possible are discussed in section 4. Such a generalization, covering
the important area of two—dimensional aperture antennas, already exists in a
GE—RESD computer program which has never been formally documented. The latter program
is quite old and has many features which make it undesirable for future revisions.
The present models are thus planned for such future revisions.

2. General Description of the Models

These models assume that the antenna can be represented physically as a one—
dimensional slot in a perfectly conducting surface which is either a plane, a
cylinder , or a sphere. The plasma is represented physically as a medium external
to the antenna surface having its properties dependent on the normal distance only.
The interna l representation of the antenna uses the assumption of a two— port linear - -

network where one port is at the input terminals and the other is the slot.

The assumed physical representation of the problem makes for a convenient
mathematical solution. The dominant mode of excitation of a one—dimensional slot
in a conducting surface is that having a uniform electric vector across the
slot. This uniform field mode is assumed to exist under all conditions. In the
regions ex ternal to the antenna surface the electromagnetic fields are the super—
position of separated solutions of Maxwell’s equations. For the planar and the
cylindrical geome tries , the separation cons tant can take on any real value , so the
externa l fields are represented by a Fourier integral. For the spherical geometry - 

-

the separa tion cons tant can have only the discrete values associated with the Legendre
functions, or spherical harmonics. The physical meanings of these separation

— constants are such tha t for a given value the em fields are those for a plane wave
in the p’anar case, a cylindrical wave in the cylindrical case , and a spherical wave
the spherical case. The effect of the plasma on each kind of wave is calculated
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by breaking the plasma profile into a series of uniform parallel layers and
matching boundary conditions at each layer interface . The boundary cond ition at
the outer surface of the plasma is such that the wave is outgoing , or radiating,
At the antenna surface the superposition of all separated waves must match the
assumed field distribution in the slot.

The antenna radiation pattern, including the plasma effect , is calculated
by carrying the em field representations described above into the asymptotic
far field. For the planar and cylindrical cases , the Fourier integral is evalu-
ated by the method of stationary phase , which gives the result in terms of only
the wave which propagates along the line of sight. For the spherical case the
far field involves the sum of spherical waves of all orders .

The near—field effect can be represented in terms of the aperture admittance,
which is defined as the ratio of the tangential magnetic field to the tangential
electric field in the slot. This parameter is calculated by invoking conservation
of energy between the field representations in the aperture and in the medium
outside the antenna surface. For the planar and cylindrical cases the aperture
admittance is the integral of the admittances of the separated waves weighted by
the square of the Fourier transform of the aperture electric field. For the
spherical case it is the sum of the admittances of the separated waves weighted
by the square of the spherical harmonics expansion coefficients for the aperture
electric field .

Noise power generated by the plasma and received by the antenna is calculated
by invoking Kirchoff ’s law. This law is used in terms of the statement that the
noise power at the antenna input contributed by an element of volume of the plasma
i8 equal to the power absorbed by that element of volume when the power input to the
antenna is equal to the power radiated by a black body at the temperature of the
given element of volume. The total noise power is the sum over all elements of
plasma volume of such noise power contributions. Since the plasma is in the antenna
near f ield , this theory gives a result which is similar in form to that for the
aperture admittance. Thus the noise temperature at the aperture is a weighted
integral or sum of the noise temperatures for the separated wave solutions, each
of which is a sum of the noise temperature contributions of all plasma layers.

The transformation from the aperture surface to the antenna input terminals
is done by the program ABCD, which utilizes the two—port black box assumption. It
gives the relative value of the aperture electric field, to which the radiation —

pattern calculation is normalized in the other programs, both with and without
plasma over the antenna. It also gives the input impedance and the noise temper-
ature at the input terminals.

3. Detailed Information for the User

Section 3.1 contains all information needed to operate the computer programs.
The derivations of the equations are integrated with explanations of the FORTRAN
listings in section 3.2.
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Figure 1 Example of a Block Data Subroutine

3.1 Input and Output

Programs SLOP, SLOC and SLOS have similar input and output requirements. £hree
means of providing input are used: a block data subroutine, NANELIST and READ
s tements • The block data subroutine , which most be added to each program before
it will run, has the same requirements for all three. An example is given in fig. 1.
This subroutine provides the data on the plasma profile. COLL is the collision
frequency in units of 106/sec , EMO is the electron density in cm 3, TO is the
temperature in °k and YO is the distance normal to the wall. NPTS is the number of
points in the profile and UNCM is the unit of distance in cm used in the profile
variable YO. For example if the data YO were in terms of Y/RN and RN were 0.05
inch, UNGM would be equal to 0.127. In the example shown the profile is one cm
thick. The collision frequency, electron density, and temperature have maxinum values
of unity for convenience in this example since, as we will see, NANELIST input permits
scale factors to be used.

The NAI4ELIST name is INPUT for all four programs. SLOP, SLOC and SLOS take
basically the same list of variables. CAYA is k times the aperture width, which
is measured along the surface of the sphere for SLOS, where k is 27~ divided by the
wavelength. CYL is k times the body radius. Tn the planar case CYL serves the
purpose of defining a finite length for the aperture so the output noise temper-
ature will be finite. In this case the aperture length is 27T times CYL, as though
the aperture were wrapped around a cylinder of radius CYL. Of course CYL represents
the cylinder radius in SLOC and the sphere radius in SLOS. FACC, FACE , FACT and
FACY are scale factors for the profile variables collision frequency, electron

• density, temperature and normal distance, respectively. All corresponding values
from the block data subroutine are multiplied by the input values of these scale
factors. FMRZ is the frequency in MHz. GA is the normalized aperture conductance,
which is used in SLOP and SLOC primarily as a control on whether to calculate the
aperture admittance . In SLOS only, NODES is the number of spherical wave modes
to be used and THETO is the angular position of the center of the slot. In SLOP
and SLOC , only CAYA, CYL and FMHZ are mandatory inputs, all of which must be
greater than zero. In SLOS, THETO is also mandatory and greater than zero. The
programs assume that the scale factors are unity unless input otherwise. Input

- -
. nonzero GA in SLOP and SLOC only if the aperture admittance calculation is not

— desired. In SLOS, a value of NODES (currently 20) which is consistent with certain
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dimension statements is assumed unless input smaller. Do not input MODES larger
tha n this value .

Fig. 2 Shows a sample run of SLOP . This run incorporates the block data in
Fig . 1.. which represent a parabolic electron density profile which goes to zero
at points one cm apart and has uniform collision frequency and temperature. The
f i r s t  input during execution is via NAMELIST , which sets values for the aperture
width , the body radius, the profile scale factors and the frequency. The first
line of output gives the result of the first iteration in the calculation of
aperture admittance and plasma noise temperature. Reading across, the first
number is the number of iterations, the next two are the real and imaginary parts
of the aperture admittance in f r ee space , the next pair is the aperture admittance
In plasma, and the last is the plasma noise temperature in °K without accounting
for aperture area or conductance . (As noted below the conventions for our theo-
retical derivations are such that both complex parts of the aperture admittance
are normalized by the characteristic admittance of free space and the standard
elect rical engineering convention is the complex conjugate of ours. Thus, for
example, the susceptance in mho is the negative of the second number of the pair
divided by 376.7.)  Immediately after  each line of this kind of output there
appears another “—“, where the program reads an integer. This integer must have
the value unity if further iterations of the admittance and noise temperature
calculations are to be done. After the third iteration in this example, this
integer is input equal to negative unity, which stops the iterations. (Zero is
another option, which will continue the iterations but only with respect to the
aperture admittance in free space.) Then the final values of aperture admittance
and noise temperature are printed on a line which does not contain the iteration
number. The aperture susceptance in free space is corrected for truncation of
the iterations and the noise temperature is made to include the effects of the
aperture area and conductance on this line of output. This line marks a change to
a second mode of operation. -

In the second mode of operation the program reads a floating point number at
the equal sign . This input denotes the far field line of sight, or incidence, • -
angle to the normal in degrees. Thus in the example the first input is for normal
incidence. The next line of output gives the far field gains and losses for a
constant value of aperture output power. The first number is the attenuation in
dB , where a positive number indicates a loss of signal in the given direction.
The second number Is the gain in free space in dB and the last number Is the gain
in plasma in dB. (These gains and losses are defined in greater detail below.)
The example illustrates the method of generating the plasma effect on the radiation
pattern. If the input incidence angle is 90, or greater, the program reverts to
the first mode of input, NANELIST. In this example the same case is rerun except —

that the peak electron density is 1012 instead of 1.24 x 1012. Also, input of GA
not zero causes the program to skip the aperture admittance and noise temperature
calculation. The next time, GA Zust again be Input since the program sets it
equal to zero just before reading NAMELIST. Finally, inputting the incidence angle
less than zero causes the program to stop executing.

The sample run shown in Fig. 2 illustrates an interesting phenomenon in non-
uniform, relatively collisionless plasma. That is, the attenuation at large
Incidence angles for the electric vector in the plane of incidence is maximum
when the peak electron density is near cri~ic~l density. (Critical density in
cm ~3 is approximately equal to 1.24 x 10 fZ, where f is the frequency in He.)
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Fig. 3 shows a sample run of SLOC. All input and output formats are identical
with those for SLOP. Even the numerical results are qualitatively, a lthough of
course not quantitatively, similar .

Fig. 4 shows a sample run of SLOS for the same case , but where the slot is
centered at 45° f rom the po le of the sphere. In the iterated output of aperture
ad mi t tance and noise temperatu re the integer denotes the number of modes used.
The iteration is continued , up to a maximum of 20 times by inputting unity . It
is stopped by inputting zero. There are no other alternatives since it is logically
di f f i cu l t  to divorce the calculations with and without plasma in the spherical
case. The ouput of the final results s1~ ws the total number of modes used because
there is an internal criterion on truncation of the number of modes. The operator
must watch to see that the number of modes continues to increase when he inputs
unity . If the output number should be the same as on the previous output line
or if the number 20 is reached , the program has switched from this mode of input!
output .  Then the input consists of the polar angle of incidence in degrees for
output of the far  field attenuation and gains without or with p lasma . For this
sample case the normal incidence direction is 450, the grazing incidence direction
is 135° and 1790 is deep within the optical shadow . Input of 1800, which is a
singular point for the assumt~d antenna, switches the program back to the original
input/output mode. Input MODES less than 20 to skip the iteration of the output
of admittances and noise temperature. Then the program goes immediately to the
far  field pattern mode of input/output. As shown by this example, MODES does
not have to be input again to repeat this modus operandi. To stop execution
input 0. when the program reads the incidence angle . Note that there is no option
to skip the part of the program which calculates admittances and noise temperature ,
because this is a logical impossibility in the spherical geometry .

Fig. 5 illustrates a run of the program ABCD . The NAt4ELIST inputs are the
variables I’, R, Y, YAO, YO and YY. P and R are arrays of phase (in degrees)
and amplitude , respectively , of the (experimentally measured) complex voltage
reflection coefficient at the antenna input terminals. For each of these the
first element is for the antenna in the free space environment , the second is for
a good conductor tightly covering the antenna aperature, and the third is for
a thin resistance sheet covering the aperture. The complex array Y is the input
admittance corresponding to each of these same three conditions in the same order.
Of course Y is redundant with P and R, and it represents an alternative method of
input. If the phase and amplitude of the reflection coefficient at the antenna
input are input to the calculation then Y need not be input.  If it is desired to
input Y rather than P and R , P(3) must be input equal to a negative number, or
set P~3*_l. for example .
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TAO is the complex aperture admittance in free space. YO is the characteristic
admittance of the input line and YY is the conductance of the thin resistance
sheet which corresponds to the third set of data for the complex reflection
coefficient or admittance at the input port. The units of Y, YAO, YO and YY
must be consistent and the phase convention for P must be consistent with the complex
variable convention f or YAO. Since a lossless input line and an ideal zesistance
sheet are assumed , the variables TO and TI are real . By default , as in the example
shown , YO corresponds to a 50 ohm line , TY corresponds to a 100 ohm resistance
sheet, and the characteristic admittance of free space is the unit of admittance.
Except for the values of P and R, which have been assumed arbr itrar ily, the data
for this run have come from the result. of the runs from figs 2 through 4 in order.
The first eight numbers output are the complex values of the A , B, C and D
parameters, which are defined in section 3.2.4. The next output , on a line by
itself , is the reflection loss , l —j R l 2 , in dB for the antenna in free space .
Then -the program reads input values of the complex aperture admittance in plasma
and the plasma noise temperature at the aperture. Of course the units for the
aperture admittance must be consistent with those for YAO. The first two numbers
in the next line of output are the amplitude and phase of the voltage reflection
coefficient at the input when plasma covers the antenna. Next is the correspond—
ing reflection loss in dB. The fourth output is the angle—independent part of the
total radiated signal loss in dB. This latter number must be added to the attenuation
numbers output by the other programs as a function of angle in order to give the
total signal attenuation relative to the signal in free space, which includes
reflection, absorption and antenna pattern distortion effects. The last output is
the noise temperature at the antenna input. As shown, one normally iterates input
values of admittance and noise temperature at the aperture , which allows the
operator to repeat the calculations conveniently for a number of different plasma
conditions. Inputting zero noise tamperatuxe causes the program to go back to new
NAMELIST input and inputting negative noise temperature makes it stop executing .
The third set of NANELIST input illustrates input of Y inStead of P and R•

3.2 Computational Techniques -

This section of the report gives the theoretical derivations as well as the
explanation of the FORTR AN . These derivations use a peculiar system of units ,
which is designed for maximum convenience. The unit of length is the free—space
wavelength divided by 2fl. The units of the electric field E and the magnetic
field H are the same; i.e., the characteristic impedance of free space is unity and
all admittances in our equations are numerica1~requa1 to their values in mho
times 376.7. All fields have the time variation exp (—icot) , which is suppressed
in all equations. Thus a wave traveling in the positive x direction has the vari-
ation exp (ix.). Another consequence of this convention for complex quantities
is that the standard electrical engineering results are equal to the complex
conjugate of these results.

The programming techniques are straightforward. Most of the built—in functions
and library routines which are called are of the every day variety. The only
exception is FXOPT, which is used only to suppress the error message for exponent
underf low. (The L66 computer word does not allow numbers smaller than about lO”38;
and when such a number is generated during execution, the computer sets it to
zero and normally prints an error message, which FXOPT is used here to suppress.)
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LIST Io~~ Uo

— 

I0 ~ )~mOH/i~Ak~/COLL ( 21 ) , EMO ( 21) ,~4i-~.L 5, A’O( 2 1)  , ~~~~~ 1O( 2 1)
20 CO/ij .~th~/HAC/ ’i ( 0 u )  , TI AC 4)
30 CUI..~ LtA CA ,Cb ,CC ,L ) I E L ( 0 0 ) , 0(4 ) ,YA , Y A()
40 OIi ~.&~~~IOi~ C H I T ( 2 ) , tM ( 21 ) , X ( ou ) ,XA (O) , 1 ( 2 I )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
UAi a~ ~ ACC,f ACI ,I-ACT ,FAC~ /4*1./

IL u~~iA PI ,~~Afi/3 .1’.1b927 , .0 I 74 5 , Q 9/
CALL t’AOVI’( 01 , 1, I , ~ )

I L)A=•U.

tk ’ A L/ 1i~e~ui
Ii u ~~ L l  24L~ • 1 &~* Fi~.1’~Z*FM1 IL/FACE

CIIILA • 159 1 5494~ FACC/F14l1Z
I 5)0 L/1% ’

~ =2. 095b441E—4* UiICM~ 1-i•~i-IL
I’~U CkI ’l C  I )= 1
ISo C i ( J T ( 2 ) I .
100

tiLt lu 1 I  ,t~IPT~Y (  I )=FAC~’*YO( I)
19~ lo ~l•I ( I) hS%()(1)/ bkL
200 CALL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2 I ~ it=i~A ( i ’ 1A ) — A A ( 1 )

24u tiLt O0 1 2 ,i1A
25u J 1 — I  .4
2ou isJ -i~A ( J )  

- ‘

2W J -AA (I)— 0

2~~u L 1 2 ( i~. .L 1 . 1) r .~~I

L LAY~CC
32~ j iLt 50 L=I ,K
i,jU • 4 t ~i+I

~~ 5)4 ’-) ,~~ i )=b
5)t~0
3o~ tiLt 3~ M~~U~,HPTS1 1 ( Y ( 1 4 ) .01 .F)u(, TO 35
L*~~ 30 Ct J5 ’Ii ’~UE
390 5 ~t~’=ivi
400 l.ll. MP 1
410 AA C}1—Y (MM ))/C\CMP)—Y (ht1~s ) )
4~~ bb 1. -AA

-
~~ 4.,u COL=COLAK C COLL( i4j4)*~ b+(.()LL( ~~) )*A ,~)

44u f ( 1 ’o )=l~ACI*CTOCi~l~i )*br3+AA*TOC M P ) )
450 IF (AA .~~t .l.)u() A’() 40
4o~) L I— ( h ; I ( t ~ .t) .01.u. .AUi.E~.i(tvti~) .01 .U .)u~) I t )  ib
4 / u  u E,,t ( I .ll ,t ) *~ b+EgII ( t.~P ) *A A - 5

4120 Ut, TIC) 4~
)

490 ,.sb ~~ t M (  I,II~I )**bb* E~
,.(j .~P)** A~500 uL. ‘It )  45

* Figure 6 Listing of Prog ram SLOP
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LIST blO lvlA.

5~~ j  4~ U~~~ . (.4P )
520 45 J U/ (  I .+COL*COL)
55)0 ~~.U*COL
540 So JutL (~i )C ~..PLA (I.0 ,H)55~ 60 CUt~TIt~Ub
500 It- (OA.0’I.U.)LC) TO 80
5~i0580
590
000 CALL ~kOP(i~,D 1 EL,X ,M,U,O)
Olu 1t(U.LT.u.)U() •‘A () &,
o2~ AA= .9~ 2d
63u YAO Ci.IPLX ( AA ,u . )  -

ó4~~ CC= ( o (  I ) ~~. i ( 3 ) ) / ( 0 ( 45 )— 3 ( 2 ) )
Obu
OOt, A h E A L ( C C)
o’,u i3=A I~ AUCCC )
Oho Tts=AA*(TA (I )+A~TA(2)+b*1A(3)+(A*A+b*i3)*TA (4))
090 i)tj=2.*pI/CAYA

.J=I .5~rL)IJ
-iA I .D

‘11
21 0
73u 01 CALL ~kt)P(14 ,1)1EL ,~~,M,U,0)
‘/4,.... Ik~(U.L1 .~~.)L=0
750 o~ ~o=I . / ( P I *( b A — .0b/ 13A ) )**2

C=I.—LJxu
TiU
‘Ibu 03 .~ -SC.t~i( bC)YM)~~ A + db/~I
8(10 1 i- (L.~ E. 1 )U0 10 0
bl O CC= (0(I)—~4*0(3))/(,~*U (4)—oC2 ))

00 ‘10 ób
8j o 65 a=~Qt~T(—~C)
840 YAO=YAO—CMPLX (~~. ,850- It- C L. dE • I ) 00 TO 69
860 CA= CMPLX (0. •~~)

CC=(0(1)—CA*0(3))/CCA*LC4)—Q(2))
~Sbu 08 il~~YA+L)L$*CC
890 A HEAL (CC)
9(10 U~~ IMA0(CC)
9Iv rL~~iI.+Bb*CiAC I~ +A*AA (2)+s~1A(3)+(A*A+u*b)*iAC4))
920 69 t3A~~ A + I .
940
940 ITIL ~W I1k ~~+ l
950 Pklt(I I .~~~~., IThh ,Y A() ,YA ,T~
900 d2ADIL
9~u IF(L)70,62 ,OI
98.., 70 AR. 25*CA’i’A/PI/( PI *( L$A .D) )**2
990 YAO YM)+CsiPLA (C.,—A )
b o O  (iA~~ hAL (YA)

d * Figur e 6 (cont inued)
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L I~~1’ 10 Iu 15o0

l u l L  1t.. 1~4*CAYA*CYL/UA
PHI I’41 J000,Y A ( .,YA ,fi.

1 05)0 bu ~.thAI)
;ThE’I

I~~4~ JFCli- ihi.L1.0.)t.X) 1’U IOU
1F(rI-iE’r.GE.9u.)ti ) TO I

b O o  ~ 1t ~( ,~AD*it’1E’, )
Iu ,u CALL PkOP(~~,UILiL,X ,L,U,U)

1I-(U.LT.u.)UO TO &L

Iu9v b=50t1 (I.—U*U)
lIUu 0 .5%CAYA/UA
I l b u  o= .b*CAYA*LJ

I Ii~ D=4.343*ALOL (C)
II4 ~ CA=0(4.)—Ci (2)/It-.
IIbo Cb UCI)*Q(4)—L (2)*U (3)
l I o ~ CL CA/Cb
117 0 M4.j43*ALOL (hEALCCC*CO!4J0 (CC)))
bI b... (L)—A
I IVu tt ~1t~T 2u.jO,A ,L,C
12...... ot) i() &iu
12 lo  IOU sTOP
i�.~~ b o O  FUI’~1. 1 (Ij ,..~X ,I b ~2LI2.4 ,..~~,IP2EI2.4 ,.1PEIb.4)I~~i~ 2o00 FO k i • A f tj k - ’,? .2 )  -

l.-4~ 300o FL ) h g ~. AL ( o A , I E b 2 . 4 , 3X , I ~~�L I 2 . 4 , I I ~E 1~~. 4)
ti~L)I~~ou s1,butj L~iIi.L PuCi~(.~,ol EL,X ,i - i , V ,0)

CUj.,,..t,)i~/t~AC/I
’ ((-0) , I A  ( 4)

COø.t~L LA CA , , 00,CD ,Ch ,Cr ,LUL (oO),i(4)
I49u U1~ Ei’ibIt)~ 10(1 ),IC(4) , A ( O u )
I3~~ ~~~~~
l5 )Iu IF(i”i.LT.u)L~.) TI C) bu

IA) 5 1=1 ,4

I34~ 5 ‘I h ( I ) u. 
- 

-

liD..., lh(2 )= l .
I~~.(1 Iu (.~( I) (I.,u.)
I3i~ (1 (2)=Cu.,0.)
l ibu

( 1C4 )~~~C 1 )
1400 Lit) - 9u I=I ,i~k b  CA CS(1t-~T (0IEL (1)—C ..iPLX (~~~,u.))
I’i .�0 o X ( 1)*A I i ,- A U(CA)
145)0 1t CA t~3(U).0f.~ 4.54)0~) 1) I v..,.

A X ( I ) *~thAL(C/- )
I45o L. .bCCU~~(A )
l4Ôv v=.5*slri (A )
I47u E EAPC b)
1480 l-=1./E
I49~ 0E +i~1500

* Figur e 6 (cont inued)
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r -

Li5~ I~,- lv �..4iu

IL Il.i
I ~~~~~~ , — L - . tL ~ C ~~~~~ , ~ ~ctj )
I:- ~~L ~~~~~~~~~~~~~

ft ~~u o~ —C~ / t i i t L ( 1)
L L c ~~iiIt-L(1)

I~~1L

I ~; ~~~ 1~ ( I )  — L , ~

bc ~ I v  t ,~ (.1 ~~~~~~~~~~~~~ +L r x( j ( ,~
)

Iu.u
i r( ~— . L T I . u ) u~ .L~~ ,’ .)U

lc-4u
LL L..)iiJ’.i(C~( 4 ) )

1 < os,. •
I ¼ ,.~~ I ;tE~-L (~~( i )*~~~)

I~ i u  TI~._ (� ~:h -l ,\L(~,t ( I ) ‘  ,‘C-i-~,( ) ~~~~
I L - ~. iL (_’)~- J...A~

_,( ~)t  I )~~,2C— ..,t (~~) ~~~~~~
I~~

,u iC (~ )~~~~~L(~~(~ )-~.~~C)I ’, vu LA �v J ~ 1 , ‘I
I
., I~-’ ~A (~j )= 1~~ (J ) t j(  j ) * ( i j , ( .j  )— ‘IL:(J ))

Ii ~~ ~~....
~.iu J . -u.

I ~ L~O ~iu J I , 4
I7D... 0.,) 1 , I ~ i~~~ E A i . ( L (~~~.J L ( J ( J ) i . cL ( J )

1 t - ( t~.u i . I . t I � ; u ~i Lu IL..,,
I I l L .  ~,u ~~~~L . L  1~~. ,,;:

[IY~, ~~o-~ — v — I . i~.— ..~ j
I~~LJ~

_ . . . J  c , . . .
Iv

I i  ~,,uri1LtLiILL ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~
L1...k-~iS1L)I. A (.~ - ,L—l (h ) ,LI ((),J.A (O) ,XIL4 )

k~~4v  L) , t i F  ~‘r’~~/ l  .~:—C , /
I~ ~)ol (00 i~A I

IA) I 1 1 ,4
b~~~ v I )~i~ ( i ) ~-v. . 

- -

I c ¼ ,,... I
I~-u~ L-L l *~iL, - 1 , 11

1st.) 9~., J—I ,.t

I’~-’~u r 1(.~)/A (I)— I.ic~~u I:~~r s- -~ i’ I”
00 1~ ~~~~~~~~~~ .0. )._‘u ~ .) vu

I l - C t  .A... .. t . 0 .  ) , j i )  AL? ,J

Ic~sv 1i ’( i- . ,. .(-,.)..i’.i.U. )oo i~ - )~~
J I ~ 
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XCAB~I

4 1114 OOPY 11.E ~USIfED TO ~~,Q

U S !  �~~lv �3ó0

20 I i t h I~A+ IUt) ‘IC) 9~
5

2040 XP=X1 (ic~)1F (t.4.LE.—’I ..t~t’~.FP.LE.— I.)Ut) 10 10
2060 b=Aø,+ (Xt~—XM)*/LO0 (A (1)/FI(J))/ALOU (FI(K)/FI(J))
20 ~/ o UI.) TI t )  4~2~~liv I U L=Xi.~+ ( XP Xt.it) *EM/( F~t—FP )
2u9v 40 ~A (iiA )=b
2100 1t’ (i~tA .EQ.4)UU to 120
211o I.oA iIA+ l
212v 90 Ct,LaTIi~UE
2130 l O U  C(ikl1l i t . J~2140 00) 11 0 I=2 ,;~2I~ o I r ( i ~i ( l — I ) . L T . k — 1 ( I ) . A I . D . F I ( I ) . U E . F I ( I + I ) ) , , , O iO 115
21 Ov I l L )  Cu~ TIi~UE
217t..

(,.C) ‘Is,) I2~2 19L. I l ~~~~ A ( i . i A ) = X I ( I )
~~�vo I 2 U  ith~~.A+ l
1210 ~A ( 1 l A ) X I ( 1 )  - - 

- 

S

I~,.. l~ A+ I
A A ( L ? A ) X I ( 1~)
tiLt L)v 1 I , li’.

I.
tiLt I4u J I ,1~A
1I’ (Xi~(J).UE.Li)U() ‘it) 1 4....

2LYu L-=AA (J).
2i00 I-4 v 00i1iI i . tJE
45)1u L1 (I)=b
232v Iso AA (K ) 2.E3L)
25)30 IA) 160 I = I ,I s A
2340 lOu XA (I) 01 (I)
235u

* Figure 6 (cont inued)
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3.2.1 SLOP

Fig. 6 is a listing of this program, which consists of a main program and
two subroutines. Of course the block data subroutine niist be added , as discussed

— above.

3.2.1.1 Main Program

After reading the NANELIST type of input, the program generates, in lines 110
through 550, a representation of the plasma profile by a series of uniform layers
in terma of an array, MEL, of the complex dielec tric constan t and an array, X,
of the layer thickness. The equation for the complex dielectric constant K is

K — I (Ne/Nc)/(1+ iV/G~)) (I)
where Ne is the elec tron density and N~ is the critical electron density. Exceptfor the electron density scale factor, FACE , line 110 gives the equation
for the critical density. The array EM represents Ne/Nc at input plasma profile
points and the array Y represen ts ~he input profile distances in cm. After calling
CRITS (see below), there are NA points in this profile , located at the distances
XA, between which interpolated uniform layers are desirable. The algorithm from
line 210 through 550 performs the interpolation accordingly, with the additional
constraints that the total number of layers be approximately fifty and that all
their thicknesses be as nearly uniform as possible. The collision frequency is
linearly interpola ted , as is the temperature array T. The electron density is
logarithmically interpolated where possible.

The aperture admittance and plasma noise temperature are calculated in lines
570 through 1010. To derive the equations for these quantities, let the plane
Z — 0 be the ground plane and let the slot be between the lines x 

~ a/2 , where
a is the width of the slot. Then in this plane let E~ = 0, le t E

~ 
0 if IxI>a/2,

and let ET Eo if lxt<’a/2. Of course E0 is the aperture field strength, the
determin&fion of which can be left for later. This assumed distribution of electric
field gives rise to a magnetic field vector which is everywhere parallel to the y
axis, so H — IL~, and we need not denote a vector component as with E. Also, both
E and H are independent of y. Maxwell’s equations in th~~ situation are:

- 

~~~- u iH (2)

_____ = iKE,~ (3)

‘
~~H ‘ iKE~ (4)

Accounting for the fac t tha t the gradien t of K is parallel to z , these equa tions
combine to give -

+ _ _ _  - ~ ~ L ‘~JL + ~~ -0ala’ ‘?zZ IC a l z alz- (5)

The variables separate if the first term is equal to a constant times H. In
order to give solutions which are finite for all values of a, Let

_ _  

2I’

ala2 (6)

- f - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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where u is any real number. Since the medium above the groud plane is infinite
and since there is not an infinite number of periodically located slots in
the ground plane , the allowed values of u are continuous. Therefore the principle
of superposition requires that the total solution be an integral over all
solutions of (6); i.e., S

H (x , a) = fh (u, z) exp Ci u X) du (7)

where h(u, z) is the part of the separated solution which depends on Z , and of
course also on u .  This equation is a Fourier transform and its inverse is

h (u ,z) — 7w fH(X , a) exp (— i u x) dx (8)

A precisely similar pair of equations can be written for each component of E,
so the vector E(x, z)  has a transform in terms of the vector e (u, a).

The aperture admittance y is the ratio of the magnetic field to the
tangential electric field in t~e slot. The fact that this quantity is treated
as a cons tant ia~~Lies that the magnetic field in the slot is a constant, as
is the elec tric field. This is impossible, so let us use the conservation of
energy to estimate Y~. Thus, using * to denote complex conjugate,

a ~E0~ 
2Ya — J E (x , o) H (x , o) dx (9)

where both sides are the integral of E* XH over the ground plane , the left-
hand side using H = ‘ta E0 in the slot. Substitution of’ (7) in (9) and the
assumption that the order of integration can be reversed gives, after carrying
out the integral on x as the transform of E~,

a l E o 12 ~ a = 21r f ~ (u , o) 4 (u,o) du (10)

Now e
~ 

(u ,o) is the transforn of the assumed tangential electric field dis-
tribution in the ground plane .

e
~ (u,o) — ._

~~~~~~~ 

f  exp ( - I u x) dx

-8/2.

= E0 sin (u a/2) / (i f  u)
(11)

Therefore 2 1 y(u) du
Ya~~YT ..~~~~ - (12)

where ~( u) ~s ~he admittance in the plane z 0 for a wave having tOte separation
constant -u , or !‘.aving exp (1. u x) variation with x.

A wave havingexp (I ux) variation has exp (i w a ) variation in free space,
where K = I, such that, using (5) ,

u2 + w 2 i u l (13)

For the slot as a radiator , the wave in free space oust be ou tgoing , or moving
in the positive z direction , which requires that w be the positive root of (13) .
Using (3) , we also have in free space

x (u , a) — w h (u , a)
(14) 

- --.5- - 
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Therefore , since y (u) is defined as h(u ,o)/e~ (u ,o),

y(u) . 1 / / i _ u 2

(15)

Since we require the positive root, we have i times the root of the absolute
value when u is greater than unity, which implies that y(u) then lies on
the negative imaginary axis. Thus the imaginary part of the free—space
aper ture admittance , ‘

~a0’ 
is negative.

In the presence of the plasma , (14) app lies only in the space above the
plasma. It will be seen, however , that the plasma can be represented in terms
of a square matrix Q such that

~ 
[
~
]

(16)

where Cx implies ex (u, z) and similarly for h and where “outer” and “inner”
refer to either boundary of the plasma , the inner boundary being at the ground
plane where z — o. In view of (14) applying outside the plasma and of the
continuity of e

~ 
an4 h, the left—hand side vector is an arbitrary constant

times the vector [7j. The admittance y(u) Is the ratio of the components of
the right—hand side vector, so solving (16) we have

~~~~ (17)

It should be obvious by now that y (u) is an even function of i , so the
integral in (12) can be wri t ten as twice the integral for only positive values
of u . Also , It is convenient to change var iables In the integral by letting
x ua/2. -

.
~~~~
. f , (zx/ .~) c~~~*/x f ’d x

- (18)

If a is not too small, a further simplification ~an be made by ignoring the
variation of y within each lobe of the (sin x/x) function.

~~~~~~~~~~ ~~ { r (o J c s i n x / ~f-dx

+ Z
p~ =I  

-

(19)

We have numerically evaluated the integrals in this sum and found them to fit
the following :

~ y (C ÷s~~~4)
y
~~ 

O.?02f >‘~~‘~ ~~~ ,‘.=. 7r~~rri+’4-O.o3/(~~.y~)J~~ -

5

(20)

- 
— - ‘.~
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Turning to the program listing, (20)is found in lines 630, 650, 790, 840, and
880. The ser ies is truncated by the operator according to the discussion in
section 3.1. However, the effect of the omitted terms can be estimated ana—
lytically for 

~a 
if n is sufficiently large at the point of truncation, S

and this correct~on factor is given at line 980 of the program. Eq. (17)
is found at lines 640 , 810 , and 870. (Note that the Q matrix is represented
in the program by the linear array Q.)

The noise power generated by the plasma and crossing the aperture is
the sum of the contributions of all plasma layers. Assuming Kirchoff’s law
appl ies , the contribution of a given plasma layer is the total power absorbed
by that layer when the power flowing out from the aperture is equal to that
which a black body would emi t if it had the temperature of that plasma layer
and the area of the aperture. The power emitted by a black body at temperature
T in the frequency band df is , according to Planck ’s law ,

~~~~~

_ A k T df
(21)

where A is the area in our system of nondimensionalized units , k is Boltzmann ’s
constant and T0 is proportional to the frequency. At 10 GHz, To is 0.48 0K; but
we are interested in thousands of 0K temperatures in the plasma . Therefore
the exponential function is quite accurately expressed by its linear approximation
and

P—A kTdf / (21r)

- 
(22)

For reasons similar to that which led to this linear function of temperature,
the noise power in an electronic circuit is equal to k TN df , where TN is thenoise tempera ture . Using this fac t to remove k df from the equat ions , we
now have the noise temperature at the aperture equal to the sum over all
plasma layers of the noise temperature of the layer as seen at the aperture.
Also , this layer noise temperature is the power absorbed by the layer when
the aperture output power is A/(21r)tiiues the plasma temperauire. But the
linearity of the plasma absorption implies that the aperture output power
may be set equal to a constant if the power absorbed by the layer is scaled
by AT/ (2 Tr )  divided by that cons tant.  In our ~pproximation of the aperture
field distribution the aperture power is ½A 1E 01 Ga where is the aperture
conductance. Thus the aperture noise temperature is -

..L. L
a 

(23)

where 4P is the power absorbed in the layer when the aperture radiates and 
—

has electric field E0 .

The power absorbed in a plasma layer is equal to the drop from the inner
to the outer boundary in the power flow P. Using the Fourier transform
representations for E and H ,

____________________________________ - 

(24) 
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where b is the leng th of the slot. (even though the model is stated in terms of
a semi—infinite slot having a uniform field , the noise temperature is proportiona l
to its length.) Assuming that the x integration may be performed firs t, its
result vanishes unless u = v. Basic mathematics requiree that the resulting
function weights the integral over all v as follows:

1

f ~~~( v J e x p [~~( u_ v )x J ~~x d V  = 

(25)

Therefore

p= i r b f  Rt [ex( z)h(
~~
,Z)]c~~-so (26)

Now use (16) to give e
~ 

and h, except that Q represents propagation from the inner
plasma boundary to the one of current interest rather than the outermost one .
Also,at  the inner boundary use h (u, o) = e0 y, where e0 represents e (u,o), which
is given by (II) , and y represents y (u) ,  which is given by (17).

~~~~ C ~~ ~~c’c~’ c~~’~

~ ~~ia~~~~) k~
( >’) ÷Xn1 (Q,,Q~ :~Q?, ) rh, (> ’) + ~~~Q c ~~~) IyI~ ~ (27)

The result of this equation is the following form:

= iv J (~
j  ~ X/,( )~

‘ [ ‘r , .~. r~ Re (~‘)

+T3 Ini (y)  + T~ I Y1 Z] 4 x J  (28)

where y is y (2 x Is) . The part of this expression enclosed by f is similar
to (18) , so it is actually a by—product of the aperture admittance calculqtion.
We use (20) to accumulate the integral numerically. In the program the array TA
represents T ,. .  • ,  T4 and the integral is accumulated at lines 680 and 910.
The factor oi~Itside the brackets is included at line 1010 after the iterations are
concluded. Of course a is CAYA. However the aperture length b is taken as 21T S

times the body radius , CYL .

Far field effects are calculated between lines 1030 and 1200. The theory
for this calculation is based on the Fourier integral. The form of the fields
outside the plasma in terms of their transforms e and h may be gotten by letting
K—I and substituting the Fourier integrals in (3) and (4) . Also , in (3) we
recall that the transforms of the fields vary as exp (ivz). Thus in free spacç,— - uex/w and we have

E *(x ,z)~~ f ç (u 1d ) e Rp [ t t v (Z d) ) , J d c . .  (29)

E 2, (~1z) — f ~~~~~~~~~~~~~~~~~~~~~~~~~ +iv (i . - 4)) J dc4
-.5 (30)

where z — d is the boundary of the outer edge of the plasma and where w is the
positive roo t of (13) . We require the l imi ts of the expressions when the distance

j z approaches infinity.  In these limits the integrals have the form

, where the phase 0 tends to inf inity.

Not only does the phase tend to infinity but also its rate of variation with u
tend s to infini ty for most values of u . The contributions to the integral vanish

- 

— T~~ , . — 

- 

‘

-~~ _ _  ~i:m
’::’~::~: 
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in all regimes of u where the phase variations are infinite , and the only contri-
bution is from the neighborhood where 0 does not vary. Thus integrals of
this type are evaluated by the method of”etationary phase”. Now

~~~ + ~~~~~~~~~~~~~~~~~ (z-cj ) (31)

— ~4(z—d)//i~TZ~~ (32)

Therefore the phase is stat ionary when u u0, where

(33)

where r is the radial dis tance from (o ,d) to (x , z) and9is  the incidence angle ,
or the angle between the line of sight to (x, a) and the normal. The Taylor
series expansion of çabou t u0 is

z
ø — ~~~ — (~~ — ‘~~ ) r/(~~~~a.~ e) ÷ (34)

Use only these terms in the integral and replace f (u) by f (u0), giving

f  f ( ~) 0d
~ .~ ~~

(
~~~) e f e x p [ -~~~~~r/(2cos~~ )j ci~

= f(u3)~~~~~~~se~~~~~/(~~)
(35)

There fore*

E,~(x1 z) ~’.- e
~~

(
~~~~e~ d )  

c r 1—

(36)

E2 6c~ z ) — ’ — i ~~(~c1z)~~~
h 9

(37)

Thus the far field is transverse and is given by

E(~1 .) ~-.- e~,( ~~ n8,d)  
~~~~~~~~~~~ / ~~~~~

‘ 
(38)

Now (16) gives e at a — d in terms of the Q ma trix and the values of e~ and h
at  a — o; then (~ 7) gives h in terms of the Q matrix and e~ since y (u) is h/e sat z — o; and f inal ly  CX (sin 9, o) is given by (11) . Therefore

f ~ 
‘ , r  - Q,2

~~u 1 E, s c - ~t s ~., 9)
Ei’r,e) 

~“~zw~ 
c

(39)

where the Q matrix is evaluated for u = sin 9. This is the final equation for the
far  field of the slot in the presence of the layered plasma and in terms of the
assumed field in the slot.

* S

Throughout this report the symbol .—..~ means “asymptotically equals ” , usually
in the far field l imit .

S 
_ _ _ _ _ _ _ _ _ _

••
~ ~~~~~~
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Of principa l interest in the prob 1en~ of plasma effec ts is the far field at a
given angle 9 relative to what its value would be in the absence of the plasma .
Thus the total signal attenuation is determined by the ra tio of the results of
(39) wi~h/wtthout plasma . It will be seen that E depends on whether or not
plasma is present and that  the Q ma trix is the id~ n t i ty  in the absence of p lasma .
Therefore

E ‘~~~~~~‘~~~ Q,, ~~~ ~~~~~~~~~~~~ ] ~~

~~~ ~~~~~~~~~~~~~~ j ~~o (40)

where superscript zero denotes values in the absence of plasma. In this equation
only the factor involving the Q matrix is a function of the angle ~~~ , so this
factor represents the far field pattern distortion func tion , which is calculated
in terms of dB loss in line~ 1140 through 1170 of the program. Of possible additional
interest  is the absolute power denn ity in the far field . But since the power
at the aperture relative to the primary input power is a function of the circuit
behavior of the ante nna , which is determined elsewhere, consider the power gain
relative to the aper ture power . This “aperture gain ” function is the ra tio of

S -

G — ~-- 1 hl(
~~~~

L
~
19) l _ _ _ _ _ _ _ _ _ _ _— 

~~~~ L ~
- 

g ~~~~~~ 

~ J ~~~~~~ 

— 
~~~~~ (41)

The quantity is calculated in dB at lines 1100 through 1180. of the program. The
par t of it which does not depe nd on the Q ma trix is also outpu t at line 1190.
Note that this latter auant i ty  only approxima tely represents the “aperture gain ”
in free space , it being necessary to correct it by the ratio of the aperture
conduc tance with/withou t plasma in dB. However , it is convenient to outpu t it
in this form and a simp le calculation based on the printou t of aperture admittance
gives the correction factor.

3.2.1.2 Subroutine PROP

The purpose of this subroutine is to accumulate the values of the propagation
matrix Q and the four temperature factors appearing in (28). In the calling
‘3ecjuence , N is the number of plasma layers , DIEL is the array of their complex
dielectric constants , X is the array -of their thicknesses, H is an input index
which bypasses the temperature factors if H is negative, V corresponds to the
input value of u or sin 6 , and Q is a linear complex array cons tituting Q, , ,
~~~~ 

Q~1,  and Q~~ in that order. Error indication is made by returning V equal
to the negative of the value which was input.

The equ3tions from which the propagation matrix is derived are given above.
In particular , substitution of the Fourier integrals in (3) gives

dh i K e x
(42)

LL -_ _-  __  
_ _ _ _ _ _ _ _ _ _ _ _ _

lI~% 
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Also , consider a given plasma layer in which the complex dielectric constant K
- 

- is constant. Then the Fourier integrals substituted in (5) give

d A  -...~~~L
~ rj — O  (43az

where 
2r

(44)

Of course the solution of (43) is 
S

h -
~~~ e ..

~
- e (45)

where a1 and a2 are arbitrary constants. Now (42) gives

-~~rz= e — 

(46)

Of course the origin of z is arbitrary in all of these equa tions so let us pl ace
it at the inner boundary of the layer in question. Then, letting z — 0 in (45) 4
and (46) , solving for •l and a2, and subs tituting back in (45) and (46) , we
get the ma trix equation

1’4 fe%7

I ~i l h i -  - 

(47) -4
eo~te~ ~~n e~

where 
-

~ 
c o S( ~d5’ L) 

S

P I 48
~0s ( r 2)

Of course a in-th i s  equation is the thickness of the layer. The meaning of “ou ter ”
and “inner” in (47) refers to the individua l plasma layer while (16) , which define s
Q, re fers to the entire plasma . Now both e and h are required to be continuous
at all bou ndaries be tween layers , so the Q Ltr ix for the firs t two layers would
be the product P2 P1 where P 4 denotes the P ma trix for the ~ 

-th layer from the
innermos t plasma boundary. In general the Q matrix is the cumulative product
of the p matrices for all layers , where the addi tion of a layer in outward order
gives Q as P times the old value of Q.

In terms of the program listing, the value of Q is initialized as the identity
in lines 1360 — 1390. The effect of all plasma layers is accumulated in the loop

4 -~ 
.-‘ ..~
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- from line 1400 - to- lin L-?7O. ’ CA is T at line 1410. The distinct elements
of P are- calcd~I~tad aS’ CB~~CR and CF in lines 1420 - 1560. The cumulative matrix
multiplication PQ is done at lines 1570 — 1620. Note that the error guards
at lines 1430 and 1730 — 1760 are required by the limited exponent (lot 38) of the
L66 computer word .

Comparison of (26), (27) and (28) shows that T1 through T4 are each equal to
the layer temperature times the drop across the layer in the value of the correspond-
ing combination of the elements of the cumulative Q matrix as given in (27). The
arrays TB and TC denote these four combinations of elements of Q, TB being for
the inner edge of the layer and TC for the outer. As 1340 and 1350 indicate all
combinations are initially zero except for the second , which is initially unity.
Current values of TC are calculated at lines 1640 - 1690. As noted above, the
array TA is the four T’s in (28), and their values are accumulated at line 1710.

3.2. 1.3 Subroutine CRITS

In long experience with calculations of em wave propagation in plasma , we
have found tha t spurious effects  can be induced by approxima ting a smooth p lasma
distribution in terms of a series of uniform layers . Such spurious effects are
greatest  when one or more of the layers is at critical electron density. They
tend to be minimum and of no effect on the results when the critical density
is midway between the densities of adjacent layers. In other words if the
critical density point of the smooth profile lies at a boundary point between
adjacent layers of the layered approximation, the latter tends to be a good
approximation. This subroutine is designed to produce this effect, together
with the main program.

In the calling sequence the array Fl is the input profile of relative
electron density, XI is the input profile distances, N is the number of points
in the inpu t profile , and the array A represents NA (up to two) values of
relat ive electron density which are to be considered critical. (Al though not
done, for convenience, in this application, it is possible to consider - the point
where rvanislies in addition to where K does as a critical point.) During
execution NA is changed to indicate the number of locations used in the array
XA. The meaning of the array XA is a set of points in the coordinates of the
input profile at which layer boundaries must be placed. Layeru of con stant
thickness may be used between all values of XA.

The subroutine is designed to work under the assumption that the input - -
plasma profile has only one relative maximum. If it has more than one, sub—
seouent crossings of the critical points will be ignored . The logic of the
routine can be seen by studying the listing.

3.2.2 SLOC 
- 

-

Fig. 7 is a listing of this program, which consists of a main program and
five subroutines. Subroutine CRITS is identical to the same subroutine in
SLOP, so it is not describe d in this section.

3.2.2.1 Main Program

The first 58 line s of this program are similar to the first 55 lines of
SLOP, where the arrays of co~~l.x disl.ctric constants and thicknesses of the 

- 

- — 
-
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plasma layers are defined . The only exceptions are the lines 240, 360 and 370.
The array YIP is the ratio of the thickness of the layer to the cyl indr ical
radius at its inner edge and CAYR becomes the cylindrical radius of the outer
edge of the plasma.

The aperture admittance and plasma noise temperature are calculated in
lines 600 through 1230. The derivations are based on the assumption of a
-cylinder of radius R having a gap of wid th a about its circumference. The
plasma is composed of a series of co—axial layers, each of uniform but differ-
ing density. In cylindrical coordinates let Fe” 0, E~— 0 

if ~r~>a/2 , and
E — E if ~z~.ca/2 , on the cylinder of radius R. Thus throughout all space
t~e magnetic field H = H0,  E0 — 0 and all fields are independent of 

~~~~
. In

the cylindrical coordina te sys tem (~~
“., 0,, z ) Maxwell’s equations are

• 
‘
~~~~~~~~ 

_ 2_EZ~~~~~~H 49( )

fr ’E- (50)

2— (P/-1 ’ = - - “ ~f - - -(- ‘ ‘ (51)

Where K is a function of 
~ 
only. These equations have the same solutions by

separation of variables and superposition as in the planar case except that
exp (i u z ) separates ins tead of the same function of x. Typical Fourier
transforms are

E
~ (p 1z) 5 ~~~~~~ ex p ( ~~~z ) d ~ (52)

e2 (’p~ ~
) ~~~~~~~~~ 

~~~~~ 
z) - v ~ [ -~ ~

-
~~~~~ t1z (53)

and similary for E~and H.

Let us preserve the convention implied by the derivation used in the
planar case, that the aperture admittance is positive for power flowing outward
through the aperture. Then Y is defined as the negative of H/E0 in the
aperture and the analog of (9~ is

z) i-I (iç,z)dz (54)

Substituting the transform for H, reversing the order of integration, and using
the inverse transform of we get

~ ft~ j~ 
= —277~ f  

~~ 
(‘Ii’, ~~~~~ e2~~, ~) dc~ (55)

Now e~ (R ,u) is identical to e~ (u, 
o) as given by (11). Therefore (12) and ,

as a result , (18), (19) and finally (20) apply for the cylindrical as well as
the planar case. Of course, however , the admittance function y(u) is the neg-
ative of the magne tic field divided by the tangential elec tric field a t radius
R for a cylindrical wave which varies as exp (i u

(1 
.5 _ _ _ _ _ _ _- - - - — —  

_ _  _ _ _ _ _ _
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Substitution of the Fourier transforms gives Maxwell ’s equation as
follows, on elimination of the r component ,

— 
- Ic

~~ 
(56)

( eh )  — 
~~

where ris given by (44). Elimination of h gives

~~~

_ ( ~ L ~~~~~~z) ÷ ‘~ r e2 — 0
(58)

In free space , where K = I and Y= w , this is ~~~~~~~~~~~~~~~~ equation of zero order
in the variable pw.  The solution corresponding to outgoing radiation in our
convention is H0 (we), which is the Hankel function of the first kind. Also ,
(56) states that h is i/w times the derivative of this function. Therefore
for free space ,

i H1 (w R)
y (u) = ___________

w H0 (wR)

(59)

where we recall tha t w — Jl - u2 . Even when plasma is present the external
variations of e

~ 
and It are the same, so let R represent the cylindrical radius

of the outer edge of the plasma and use the m~trix Q to represent the plasma
effect on the tangential fields. Therefore let

f~
. w H0 (w 

~, I -

A l
~

_ 
H1 (wR’ ~) J L h

(60)

where A is an arbitrary scaler. Nov,since y ( u ) — — h/ez at .— R,

c 
~~~~ ~~ iv ~~~~~, H,(i” R,)

W 
~~~ /10 (wRp )  + ~ ~~~~~ H , (ev Rp) (61)

Turning to the interpre tation of the compu ter program listing, note that
in calls of subroutine HANK the variables A , B, C and D are the real and
imaginary parts first for H0 and second for H . Therefor e (59) shows up in
lines 680 and 910, where CA and CE are w H aAd i H1, reepec tively. Similarly
(61) is seen in lines 720 and 970. The logic also includes a branch covering
imaginary values of w, which uses the iden tities

L k0 (L ) ( ) ~r(2/7r)fr (x ) (62)

— C .~,’77 ) 
~~~~ 

(63)

— — — i,..t% -
~~ .4

- -  - - _
~~~~

_ . 5 S 5 _
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where K and K are the modified Bessel functions. Noting that w equals
i times~a real quantity, 

called W in this branch of the program, and that calls
of HANKI give K as A and K1 as B , (59) shows up in line 1020. Also , (61)
is represented ~y line 1090.

The derivation of the plasma noise temperature is the same as before up
through (23). The power flowing out across a given layer boundary at radius
p is

p~~ -7y ,Q gj SSJ ez (pi c
~
) ej v) p(~ (~~~v)zJch dvd zj ?

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (64)

Now the fac t  tha t e~ and h are transformed by the matrix Q from their values
at f =  R , where h — - y e

~ 
and e

~ 
— e , gives

—

— Re (~ ,~ 4 + Q 1 Q~i )  Re (>‘)
+ - Q,,Q.:; ) 1h-t ’y) +

(65)

There fore

= 

+ y~ i~~ (y)

7 f
~’e(~)  + T~ 

(66)

As before the array TA represents T1, . . . ,  T4 in the program. The integral
is accumulated at lines 760 and 1130; and the multiplying factor is included at
line 1230 , where a is CAM and R is CYL.

The far field effects are calculated between lines 1250 and 1470. In the
far field e5 is the solution of Bessel ’s equation for n — o and for argument
w~~ , - 8o

E2(p) z) = ~~j ’w At f i0 (wp)  ~~ip (s  ~

0 
_ _ _-—.-‘ I j
~

-
~

--
~ 

A 
~~~~~~~~~ 

(w,#.4- t z)Jcl~4 
- 

(67)

where A is a function of u determined by the boundary conditions and where the
asymptotic form of the Hankel function has been used. Now the phase is
stationary in this integral when

(4 = z/ a~ = - s ~~ :k1 9
(68)

_______________________________________________________________— ~~
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where, as before , ~ is the angle between the line of sight and the normal.
(The fac t  tha t now r is taken from the cylinder axis ins tead of from the edge
of the plasma makes negligible difference in the limit of infinite r.) The
phase expand s as in (34) about this point of stationary value and therefore (35)
s t i l l  applies . The result  is

~~~~~~~~~~~~~~ 
.z~~ ~oS~~ - 

(6 9)

where A is evalua ted for u — sin 
~~~ . Now (49) and (50) give, at this point of

stationary phase

— td n 9 E~~(P ,9) -(70)

Therefore the far field is transverse and is given by

E(r,e) -’- 2A ~~~~~~~

(71)

The coeff icient  A is determined by (60) from elimination of h at o-— R. Thus

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
7T i~ ~ ~‘ ~~~ H0 — 4 ~ H, )  

(72)

where , of course , u — sine , w cos 9 , and H0 and Hj are the Hankelfunctions of argument wR • In the absence of plasma Q is the identity matrix and
R R, so
p

E (r,e) I’~~ 
(wR)~~~ ,, c~~~ ~~~~~~i~~~~~ .u ) ]  E~0

- L ~Z~ n6 * ~~ ~, ~~‘i-V j  £~~

The part of this equation wi thin [ ] is at line 1390 in th~ program anc line
1400 gives its value in dB down. The “aperture gain ” is 417 r times the square
of the far field divided by the aperture power.

G _ _ _ _ _ _ _ _ _ _  
‘~~“~~~~~ -~ 

~~~~~~~~~~~~~ Z •

a~G4 (i r w) ~- [ ~~~~~~~ J c~2~~H0 + .a ,~//,/,,
(74)

The value of this quanti ty  in dB is the FORTRAN variable C at line 1450. Except
for the lack of normalization by the free—space conductance, as noted in SLOP , the
FORTRAN variable D is the free—space value .

3.2.2.2 Subroutine WPP

The purpose of this subroutine is to accumulate the values of the prop-
agation matrix Q and the four temperature factors appearing in (66). In the
calling sequence, LAYERS is the number of plasma layers , DIEL is the array of

____________________________________— 
. — .5; 

~

. — 
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4 their complex dielectric constants, DK is the array of their thicknesses ,
YIP is the array of their rela tive thicknesses in terms of the thickness

- 1, divided by the inner radius, CAYR is the radius of the innermost boundary, U
is the input value of u or sin ~ , and Q is the linear cemplex array represent-
ing Qll, Ql2 Q21 and Q22• Error indication is made by returning U equal to the
negative of its input value.

In a given plasma layer , having a constant value of K, (58) becomes
Bessel’s equation of zero order,

e~~
’
+ e /(yp) 4- (75)

Where ‘ denotes dif ferent ia t ion with respect to Also (56) may be written as

C’ k/v) ~ (76)

Hopefully not confusing the reader, let us denote a pair of linearly independ-
ent solutions of (75) by u and v. Then in the given layer

a, ~ ÷ a~ v (77)

1~ = 4 &/r)Ca,~~~~~~ V )  (78)

Now let subscript o denote the value of a quantity at the inner boundary of
the layer. Then the undetermined coefficients a and d2 can be solved for in
terms of e

~0, h0, u0, v0, u~ 
and v~,( . Now,in or~er to simplify the calculations

and since we use nonstandara functions (see subroutine PROP) for u and ~~,
le t v0 — — o. Then the vector (e5, h) is the propagation matrix P times
(e~0, ho), where

~ k /(yu0) V /v0 (79)

Subroutine PROP outputs u/u0, v/v~ , u ’/u , and v ’/ ~kfas. P,QQ , R, and S
at line 1770. CA represents Tat line 17?0. Lines 1800 through 1850 are the
accumulation of the Q matrix from multiplication by P.

Lines 1860 through 1950 and line 2010 involve - the accumulation of
the four temperature factors in (66). Inspection of (65) in comparison with that
equa tion reveals the reason for the form of each term in lines 1880 — 1910.
These factors are corrected by the ratio e/R in lines 1920 and 1940 because
(64) contains while (66) has R. Finally, the difference is taken in terms
of “outer” minus “inner” (TC - TB in line 1950) to give the power lost in the
layer , because of the negative sign in (64).

.5 .5
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t 3.2.2.3 Subroutine HANK

This routine calculates the real and imaginary parts of the Hanke].
functions of order zero and unity and for real argument. In the calling
sequence, X is the argument, FJO is the real part of H0, FYO is the imaginary
part of H , FJ is the real part of H1, and F? is the imaginary part of H~.
The metho~ uses the polynomial approximations on pages 369—370 of Abramowitz
and Stegun (Ref. 1). These polynomial equations are written in the form
of continued products in order to obviate the calculation of powers.

3.2.2.4 Subroutine HANKI

This routine calculates the modified Bessel function of the second
kind of orders zero and unity. In the calling sequence, X is the argument,
PRO is K , and FR is K.,. The method is the polynomial approximations on
pages 37g.~379 of Ref. t. Again the continued products form is used for
economical computation of power series.

I

- 
-~~ -~~~~

- ‘ .~~ -H ~~~~~~~~~~~~~~ T~ - ~~~~~ - -
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3.2.2.5 Subroutine PROP

The purpose of this routine is to calculate the elements of the matrix
P a~ in (79). It is more general than needed by subroutine WFP since the vari-
able EN in the calling sequence refers to the order of Bessel’s equation. The
variables XZR and XZI are the real and imaginary parts of the value of Ip
for the inner boundary of the layer , and ‘1 is the relative layer thickness.
The outputs are C, D, CP , and DP, which represen ts u/u0, v/v~- , u’/u0, and
v1/ v01 respectively. 

. 

-

The method uses series expansions in the relative layer thickness Y, where
• Y is the thickness divided by the radius at the inner boundary. The fact that

u/u0 and v 1/v0
1, being on the diagonal of P, must approach unity as Y approaches

zero implies that the leading term in series expansions must be unity. Similarly
the lowest order term of the other two quantities is at least firs t order.
Therefore let -

I + XY~~~ 
C
1 (80)

v/v0’ xy (s ~-~Z (81)

= ~~~~~(~~~~ ;)c~~ (82)
- 

-

÷ .Z (j~~,)d1
j = I  . (83)

In these equations X is the value of at the inner boundary of the layer -

and the and dj  are each eaual to a complex cons tant , which depends o~ j ,
times the jth power of Y. The cj and d j in (82)- and (83) are identical with
those in (80) and (81) since the second ~wo quan tities are the deriva tives of
the first two wi th respec t to XL Now u/u 0 and v/va must satisfy

4- z ~~~ +(Z~~
_
~ 1~ )M~~~O (84)

where z=rrin the layer. In particular

z~~ 
(85)

where , of course , x is cons tant and Y is considered variable. Substitution
of (80) and (81) in (84) and separation of terms of like powçrs of Y, keeping
in mind the implicit proportionality between cj or d1 and Y-~, gives recur rancerela tions for the cj and d~ . The same relation holds for both, so let
denote either cj or dj

j ÷ , )~~ . i~ (a~j - i ) J  >‘~,j ,  + ~~~~~~~~~
-~- x  ~

- 2 + ~~~~~~~~ (86 )

j  

. 
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-
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This equa tion app1i~8 liberally for either term as long as

(87)
aj — o , j<— 1

L c0 — d_1 — o  (88)

c..j — l/ (XY ) (89)

— 1
(90)

It is not difficult to see these equations in the listing of the computer
program. However, see ref. 2 for a more detailed account of the theory,
programing, and checkout of this routine , which is identical in that report
with the present routine. Reference 2 also contains additional details
concerning subroutine WFP.

3.2.3 SLOS

Fig. 8 is a listing of this program, which consists of a main program
and five subroutines. Subroutine CRITS is identical to the same subroutine
in SLOP , so it is not described in this section.

3.2.3.1 Main Program

With two exceptions the firs t 60 lines of this program are similar
to the f i rst  58 lines of SLOC. One exception is that the aperture con-
ductance GA is not initially set to zero since the logic is not a function
of this quantity as an input. The other exception is that the array
DIEL , which is defined at line 590, is the square root of the ~~mplex
dielectric constant of th layer. -

The aperture admittance and plasma noise temperature are calculated
in lines 610 through 1120. The derivations are based on the assumption
of a sphere of radius R having a gap of width a at a given latitude. The
plasma is composed of a series of concentric spherical layers , each of
uniform but differing density. In spherical coordinates (r, e , ~

) let
E~
. 0, E,— 0 if l9-G.J >- a/ (2R), and E~ E0 if Ie-eoI<a/(2R) on

tTie sphere of radius R, where 9o is the location of the center of the
aperture. Thus throughout all space H H~~, E0 — 0 and all  f ields are
independent of 0. Maxwell’s equations are

~~-( ~‘E ~ )  
~~~~~~~~~~~~~~~~ ~ i~’H  (91)

~~~~~~~~~~~ ~~~~~~~ (92)

- 

- 

~; (‘ii)  = ‘• ‘~ (93)

-.5. 
- - - 
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‘
~ ,1~F’ f5 , Ch II’ ,A A, i~A )

A~ X A ( 1 4 A ) — X A ( l

,~4U
CAYi t =CY L
31.) Ou J 2 , 19A
J~-I— 1
tJ A i~~ J)

2~~u r~~AA (I)—L )

~~5u.*1j/A - -

i i u  lt- ( 1 \ . L 1 . I ) K = I

iJo 50 L = I ,K
~~..f ,,f I

i / O  Y1t- ’ (i~)=~ /CAYk

• i- U -

4uU Jo ..M•i ~ =.~iP •
‘~i u - I t — ( V (~4) .~ii  .r)uU ii) 3t
4iu -~~~~ C0~ i1~ UE
‘4 ...(i .i~
4-4 0 l-~ l =j .~ P—  I
450 AA ( k - —V ( t#I j~i 

) )/C~ (~~‘) —Y ( b i.i )
4~ j t j

‘4’ U CUL CULA* ( COLL( ~.,.1 )*iftj+C~~ L(,~p )*~~~)
4~~~ i 1.~~ ) A C i*( )U-M)*bU+AA*fO(M,~ ) )
4cu If’ ( AA .Uh.I,)4i() iC) 40

L 1 - ( bI - 1 ( M M ) .U -j . u .  .A~’EU.H4 ( a .~~~) .ui .0. ) L,U £1.) ib

* Figure 8 Listing of Program SLOS
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L151 SIU— IuUu

510
uU TO 45

5.~U 38 u=EM (MM ) **13b* E A ( M p ) * *A A
U() TO 4 5

bbu 40 ~i= EML ~P )  •
t b U  45 ~~ u / ( j . +t.~0LxCOL )
510 Ft -U*Ct)L -

b&~o Ci=C~~LX ( 1.—u,h)
5u JILLL1) C~Lki (CA )

OUt.5, ô0 CUL~A Ii ’ S U ~
OIU A AD*ThE 1()

i~~.b~rCAYA/CYL
o30 c i = CU i ( A + d )

Obu = . I *A ~
ÔCu A .51~U X+hb
ó,0 30 61 h I  ,i~UDEb -‘

obu 01 ~ ( - ~ (14)=U.
09u 31’ 1u L 1 , I 0
70u ~3~~Qkf( 1 .—A *A )
ito CALL LEO(A ,b,MUP,Pi~~)
120 00 05 M I ,MODI S
73o 65 E0i4 (~ t ) hOt~ ( M) +I-~ M C ~

- i+ I)
74v 70 A~ h+D X

0 X • ~D*D X
7c~0 A 1 .
Tb Uu 71 M=1 .MOLbS
78u i~ A+ I .
790 EUti (j.~)=UX*( A+r) *Ea.4 (M)/A/b
~iuu -/ l  A t ~
~SIu CALL iiA~1K(M0P,CYL ,tThO)
o20 CALL UAiiK (t.OI-~ ,CAY H , iil ~)
b~~u Yi~~(u.,u.)
b40 ti~~~Y~
~5o
800 i)O 78 K=I ,i~obh~

CALL r~F P ( 1 4 ,u 1 E L , X , Y I P ,CYL , a.i , u )
~iVv IF (M )du ,I ,iO
900 iC. ~~~~~ 

-

91 0 A=I.*,.l*MP~ E(fldi )*k2/(w,4,#~)920 L~~A/XX
930 CC=h~ O ( ~

) /tii~U (~~P) —4/CYL94u YM) Y A O + C M P L X ( u . , d)/ CC
95u Cb=Ci~t’LX( ~~ IMAu( I~i~ ~~ 

) ) ,—t ~EAL ( t~ ( ~t) ) )/1I~t(1. P ) +C~tPL (( u. ,M/CAY ~96u 0A ( O ( 4 ) *C A Y L ( 2 ) *C b ) / ( ~~( I ) * C u ( .~)*CAYk ~)
97u Y,~~YA+b*CA/CYL
980 f t,—TL i+A* ( iA (  I ) + TA (2 ) * ~~EAL ( CA)+TA (3 ) *A IMA U(CA )+1A (4 ) *
990 ~ hEAL (CA*C (h-4JU (CA)))
1000 CA=EOU (~4)/Hi.i(l~P)

* FIgure 8 (cont inued)
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- 7u LC=CA/uu

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1=4.j 43 *AL j( ~~..~kEAL ( CA k C ( ) i , Ju ( C A ) ) / C i L / 0Y L / 0A / X X )
C=b—A

I. - i u  i-’i-~i1’~f 2uuu,A ,E ,C -

01) TI. ~~~~

L~ u 
‘ O~) ~TUP
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I~~ ou Li40
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I L -iMU0/~lAC/i ( Lu) , i A(  4 )

CUMI-’LEX ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I~ i uu LIMh11S1O1 ~ L) t ( LAY El~S) ,‘lb(4 )  ,TC(4) , Y i k ~(LAY i: ,~S)
I’~ lu LATA E Y E ,OAH’ ,~~Et- ()/ (0 .  , I • ) , (I • ,v. ) , Cu. ,v. )/

LJ~~1A bP SO,~~iP , / I . L — 1~~,b~i • , I . h i ~~/
I’~~~t, tii= I~
144 0 LA) 5 1= 1 ,4

‘I A ( l ) ’ v.
1400 ~ i b ( 1 ) 0 .
l’~iu ~ib (2)=CAYk
l4 l~iu L(  I) 014h
1490 (2 ) = L E r ()

f I5~~~ (.(-3) LEi~u

* Figure 8 (continued)
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1540 lu CA L)IhLCJ)
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l b / u  Li~L=iI~~(~~) -

A E A L C CA )
IS 90 b i-CKM*AI4 .~A~i( C A )
I Luti CALL s)P(bi ,/ ,b,tJEL ,P,Q~ ,i-~,S)
I C~ 1 Cb~ bY’E*0Q*CA*kKM
I 020
1 o.,0
lo 40 LA=CC*u(I)+ikL (3)

I) =i *Q ( 1 )  +CL*C) ( 3)
b o o  ((-.s)=CA
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1c90 0 C 4 ) = C A
Iiuu LL~~CI)i~J3(0(I))
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- 
[/ eO A h - ~~I-’
1,JO AC (1)= Awh-tEAL (L (4)*CC)
[1 4v ‘

~1C (2)=AwHEAL (L (.i)*CC+L (4)*Cj)
~C( 3) =A *A 1~~i~u ( O ( 4 ) *C L3 0( i) *CC )

I/ Ou  1C (4)=A*WEAL (Lb*U (3)) —

l i / C LI) l~ 1 1 ,4 - .5

i~ ‘IA( 1) = I A ( 1 ) + T ( J ) * ( i L j ( 1 ) — T C ( l - ) )
1790 iF (J .ELi.LAYE~L )~~~iUk~4
Ibs)0 J J+ l
l b Iu
lt~ u i~i u .
It~i~ LA) .~u 1 I , 4
ft4u l b (I) IC(I)
Ib~ u 

- A kEAL (0(I))
IboO 1k-(A.UT.TE~~i)0() 1() iO
l u AI A 1+A *A
I hbu /.=AIMAU(Q(I))
ft9u ] r (A . U 1• i E~ T)U() TO 30
$900 A I A I+A *A

.~0 COuTII4 UE
A=I. — •uo25*~ PbO*A I
It (A .GT .v. )L ,()  IC) 10

lc4v 3t) t”= 1— ~i
I9~ v ht iLflil4

b~L)
1970 ~UbwOU ifl~E rIAL4r% (M,1~,kIi~)
J9bu CO,~IPLE X k i M 2 l )
1 990 A 5 1 i i ( X ) / X

b COS(A)/X

Figure 8 (cont inued)
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AJ (� , l ,4) l.
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2u9u UI. ~ J I ,2
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~ k~(k .,J)=0.

2 / 5 0  .i AJ (l ,i~,4) u.

2 1 / u  LA=4 -

L u i
LL=2
LU=i

.‘L 10 i~~~I .
IA)  IL) J I ,LIi-

2oiu U=’~U/A
•
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LU 5 1 I ,�
LU 4 t~= l , 2
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4 u ,l)=(hJ (L~,1 ,Lb)+2.~ YkAJ (~(,I,LC)+I~ *AJ (L\ ,J ,LD))kU
5

LA) 7
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

uu 0 1 1 ,2
2 V1u 1 - Ct ’~,1)~’sJCi,.,1)

L ( p ~, l ) = u ( K , I ) 4 A J ( I c , J ,L)
0 , I ( t ~. l ) ~~~(1( , 1) 4 A *AJ ( K ,1, L)
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where K is a function of r only. Elimination of the components of E from
these equations gives

~~ 

(~~~~~~e ~~~ (H S~~aI e)) * ~ r~~~(*?~(i/1)) 
+

Separation of variables can be accomplished by letting

_ _ _  -

(95)
which is Legendre ’s equation of order unity and degree n. Thus let

0~
= Z. / t ( r,,h) P~’(cos0 ) (96)

Now (93) implies that Ee has this sa me dependence on 9.

0

-= 2.. ~~~~~~~ F~~i(cos&)  (97)
I,

Also , (92) implies that Er depends on P~ (cos 9 ) .

06

~~~~~~~ = a  er (r n) !~~(~~ s 9)  (98)

To calcelate the aperture admittance start with

ir

= 

~~~~~~~
. g.~J ç*(i~,e) H (~18)~~~n 9d $

(99)

where A is the area of the slot .
~~ 

.,~ L

A 217 R~ J~ s&~~ ~~ d,
B• .t,~

÷fc os(~.-~~~). co~~(&. 2R /J
z~7-R”- ( x~~ - x ,) (100)

Substitute (96) and (97) in (99) and evaluate the integral using the
orthogonality of the Legendre functions with respect to the degree n.
Then, using y (n) — h (R, n)/ e~~ (R ,n),

.
~~ 

~~~~~

/ = i’ ., (2 f l +i)

x t ~~ (101)

Wbere e0 e. (R, n). Or thogonality gives .

e =~~~~~ ?I . f- l) t ~ ~a

~ 
.~~Pt (Pi - + g )  5 P~, (~)dX (102)

- x,

-

~~~ .5 

- . ‘-- - .-

~~~~~~ 

.5 

-

.5

.5 

• 1•- - -I- 
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where x1 and x2 are implied by (100).

Substitution of the series solutions in (93) and (94) gives

d
i K r e =  ~~~~~

— (r h) (103)

K r 

~— f~4. ~~~
_. (r h)] + [~~2 - n (n+l)3 h — 

(104)

If K is cons tant this last is the equation of the spherical Bessel functions
of order n and argument Kr. In free space the solution corresponding(~~
outgoing waves is the 

~?~
erical Bessel function of the third kind, hn ‘ (r).

(From here on we drop from the notation since our time convention makes
it clear that we need only those functions which tend to e ir/r at large r.)
Thus y (n) in free space is given by

(i, ) — 
c 

(105)
- 

-

In the presence of plasma let

rr~1.5 I I = aLe J — (106)

Replacing R by ~~ the radius of the outer edge of the plasma , (105) gives
the ra tio h/e9at that radius. Then (106) gives

( )  ~~~~ -Z ~~~
z — 

~~~, g~ ) (107)

where 
-

z = — 

~~~ ..,(~~ )/h~ (Kr)
(108)

Now in terms of the FORTRAN, XX at line 640 is (x2 - x 1 ) and EON(M) becomes
e~ /E0 for M — n after line 800 . At line 920 , B is the coefficient of y (n)
in the sum of (101) . CC at  line 930 is the denomina tor of (105) and line
940 completes the accumulative value of • CB at line 950 is Z as given
by (108), and CA at line 960 is Ry (n) as given by (107). Ya is accumulated

k at line 970.

The power flowing through a sphere of radius r is

p J ~1~~~ f * (~ fl)7 p s (x)pe (~)~~

~~~~~~~~~~~~ ~~~~~ ~~~~~~~~~~~~~~~~~ 
(109)

-a ~~~ - -
~r~ 

-
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. 
Now use (106) to get

R~~r e .( r,n )~~~~~~n)7~~ P/e0I~~(R~(~~22~~,)

÷ ge ( I’~~~~
’ * Q~~~~,~~) Pe(/ ~~ )

+ r~ (~~ ~~ 
r,,. (R y)

+. 1~~~(~~~,q,1*) /I~~~/~~J 
(110)

where Ry is Ry (n) as given by (107). Now, therefore ,. (23) gives

2 ° b7 (h41) e ~

~~~ 
-
~
-) -

~ I [ - r + 7 ~~~e (R y)

÷ r~ r~,, (R ~ )  
~- r~ 1~ y V J  (I l l )

This equation appears in lines 980 and 990, except that Ga is included at line
1120.

The asymp totic form of h~ (r) is — ie ir,(i ~ r). Therefore in the far• f ield , H varies-as e ir~r. Now (93) implies that E~~— H in the far fieldand (92) implies that r I E~~
2 tends to zero as r -approaches infin i ty . Thus

the far field is transverse and can be related directly to either E9 or H.

E~
(,
~e) ~~~~,. z: 

~ Pp~(’c~ ~
)

- - 
- (112)

The ouantity Z , which is given by (108) , is the free—space impedance (ratio
of ejR~,, n) to h (R , n))at radius ~~ so e9 — Zh at the Outer edge of
the plah~a. Using (?06) we then get

• , / - ç ~~~~~~~~ 
— cZa Q~~, )

h i  = _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

I Z 
~~~‘, (113)

The “ape r tu re gain ” is 2 Trr 2 
times IE , (r , ~~ 2 divided by the total

ape r tu re power , ½A 1E 0 ) 2 G..

.z

(114)

In the progra. th. quantity [h(R , n)4t0 h~ (K5) )~ is stored versus n in the
array ~~ at line 1010. The valul of this ouanl ity in free space , which is
gotten by replacing Rp by K , by letting Q be the identity matrix , and by re-
placing I by th. reciprocal of y (n) as given by (105), is stored in HNO at
l ine 1020. The su• in (112) for each case is accu~ a1ated by neglecting to
keep account of the net phase , as at lines 1240, and 1250; i.e., the effect

~. 

-
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of ~ 
-n is gotten by adding the new term withou t it to i times the prev iously

accumula ted sum . This is simply a FORTRAN short cut.

3.2.3.2 Subroutine WFP

The purpose of this subroutine is to accumulate the values of the propa-
gat ion matrix Q and the four temperature factors appearing in (111). In the
calling sequence, LAYERS is the number of plasma layers, DIEL is the array of
the square root margin of their complex dielectric constants , DX is the
array of their thickness, YIP is the array of their rela tive thicknesses,
CAYR is the radius of the innermost boundary, N is the value of the order n
of spherical wave, and Q is the linear complex array representing Q11, Q~1and Q2,. Error indication is made by returning N — 1 — n. In other woras
N < 1 !ndicates error since n > 0.

Let prime denote differentiation with respect to a variable z = /K r
Then in a uniform medium (103) can be written as

=

(115)

Also (104) ii

z2 (rh) ” + (z2 — n (n +1)3 (rh) 0 (116)

Let u and v denote two linearly independent solutions of (116). Then in
the layer in question

rh — a
~ 

u + a2 v (117)

— —.1 (a~ u ’ + a2 v’) (118)

As in section 3.2.2.2 let ‘i~~ — u0’ — 0. Then the vector (rh ,e8) equals P times
the vector (r0 h0, e , , )  where -

Z6 Y/y~1
1

- -4/z)(~c ’/R.) (z,,~~)(v /V~’)

(119)

This matrix is generated in line s 1540 — 1630 and the accumulation of Q by
multipl ication by P is done in lines 1640 - 1690 . Th. four tempera ture
factors in (ill) are accu mulated in lines 1700 th rough 1780 and 1840 . Each
term in Q , including r , which is called A at line 1720 , ca n be seen at lines
1730 — 1760.

.5 - .5— -- ________ -.5— - - _______________________________________________________
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3.2.3.3 Subroutine HANK

• This routine calculates the spherical Hankel functions of various orders.
In the calling sequence, M is the number of orders to be calculated, X is the
argument, and HN is the complex array of Hankel functions. The function of
order n is stored in the (n +l)th location of HN. The method uses downward
recurrence starting with arbitrary values at a sufficiently large order to
get the real parts. Then the imaginary parts are generated by upward recurrence
s tarting wi th the closed—form v,lues for orders zero and unity. The real parts
are normalized so as to agree with their two lowest order closed—form values.
This routine is similar in theory anä development to subroutine HANK in ref. 2,
except that that routine is for ordinary Hankel functions.

3.2.3.4 Subroutine LEG

This routine calculates the associated Legendre polynomials of order unity
and various degrees in the calling sequence, X is the argument, cos 9;Y is sin 9; M Is
the number of -degrees to be calculated ; and the array P is the output Legendre
functions. As in HANK, the function of degree n is stored in the (n + l)th
location of the array P.

The method uses upward recurrence starting with P~ (X)  — o (l ine 2390)
and P1(x) — sin O - (line 2400). The recurrence relation is

,~
p ’ (~e) = (~ t i + a ) x P ~’c’~) — ( , ,÷ :) P,_ , (it )

- (120)

which is line 2460.

3.2.3.5 Subroutine PROP -

This routine is identical in function and calling sequence to the routine
of the same name in SLOC, which is described in 3.2.2.5. The listing differs
from the former one only at lines 2590, 286C and 2870. These differer~ces occur
when (80) and (81) are substituted in (116) instead of in (84). Then, ins tead
of (86) , the recurrence relation is

•( )  +~~j (i ,)y& ~~ 1(J )(J _ .2) —

-
~~ X~~y Z (a.,-z ÷ .z Y a~..3 + y~ a.~_ 1~) ~~~ (121)

Therefore n2 is replaced by (n2 + n ) ,  as in line 2590. The var iab le E at
l ine 2860 represents the nega tive of the coefficient of *j ..1 divided by the
coefficient of aj. The variable F at line 2870 is the same kind of ratio
with respect to

I 
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3.2.4 ABCD

Fig. 9 is a listing of this program, the objective of which is to transform
the results of calculations for conditions at the aperture to conditions at

.5 the antenna input. The method assumes that the antenna can be represented as
a linear two—port network and that sufficient experimental data exist to define
the network parameters which relate voltages and currents at the input to
electric and magnetic fields at the aperture.

See , for example , chapter 1 of reference 3 for a more de tailed discussion
of two—port networks. Such networks are describable in terms of the following:

(122)

A p - $C  
(123)

Where Y is the admittance at the input; ‘
~a 

is the aperture admittance ; and
A , B, C and D are complex constants which do not change when external effects
change the values o f Y  and 

~a• 
Rather than attempt to calculate A , B, C and

D from some physical model of the antenna, let us rely on experimental da ta
to infer their values, assuming tha t our previous calcula tions of are
c~~rec~ First we have the calculated aperture admittance in free space,

for which let the measured inpu t admittance be Y1. This gives us one
eqBation in the four unknowns using (122). A second equa tion is already
given by (123) . A third is obtained if ~~ is the input admittance which is
measured when the aperture is covered tigEtly by a sheet of metal foil. Such
shorting of the aperture implies Ya — cosince the electric field must vanish.
Then (122) gives Y2 — D/B. One more equation is needed since there are four
unknowns. To get this last equation, consider the effect of placing a thin
resis tance sheet over the aper ture . Regardless of the assumed geometry of
the ape r ture , its admi ttanc e is always calculated from a linear combination of
wave adinittances . The boundary conditions for a thin resis tance sheet are
that the tangential electric field is the same on either side and the tangential
magnetic field has a discontinuity equa l to the current in the sheet. This
boundary condition implies that the wave admittance is equal to its value in
the absence of the thin shee t plus the conductance of the sheet. In other words
the sheet is in parallel with the aperture. Then, to a good approxima U. on , the
aperture admittance in the presenc e of the sheet is Y~0 + Ys, where Ys represents
the conductance of the sheet. -

.5 .

Now the three simultaneous equations , whic h supplement (123), ar e

(124)
) ‘A  + - c —) ~~p = o

(125)

H 
(126)

- - 

-

— 

-
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- - Subs titu te D from (125) in (124) and (126) and divide each equation by B,
giving two simultaneous equations in A/B and C/B, the solution of which is

(127)

= (A,’~ ))’~ + (~~ - 
~~~~~~~~~~~ (128)

Nov divide both sides of (123) by B2, using Y2 for D/B , to give

I / / &~/ ~
) 
~� — (129)

This value of B then gives A and C from their ratios to B, which are already
known, and D — Y2B. In the program the names A and C are temporarily used
for A/B and C/B at lines 150 and 160, which represent (127) and (128). Line
170 is (129) and the final values of A , C and D are derived at lines 180 - 200.

If a calibrated signal is input on a transmission line of characteristic
admi ttance Y0 and the complex voltage reflection coefficient R is measured ,
the total voltage at the input is (1 + R) times the input voltage. Also , the
total current at the input is Y0 (1 — a) times the inpu t voltage and therefore
the admittance Y at the input is

Y - Y  f l - R ~~ -

° 
~~l + R  ) (130)

‘ This forms an alternative way of prescribing input conditions for the above
calculations of A , B, C and D parameters. Thus the complex voltage reflection
coeff icients for each of the three conditions can be used to specify Y1 Y2 and
Y3, given Y0. This is done using (130) in lines 70 - 120 of the prograd~.
Of course inversion of (130) gives

>~H’- Y (131)

which ii done at line 140 if the Y values were input. The dB loss by re-
flection in free space is calculated at line 220.

Now if , owing to the presence of plasma , the aper ture admittance takes
on some new value Y5, then (122) gives the new value of input admittance Y
and (131) gives the reflection coefficient at the input. This gives

c~..i ÷9)~~~ — c - P Yt

(132)

— . 5  -— - - -  -- - -- - - - - - - -~~ — -- - — - -~ ——__________
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This equation is found at lines 260—270, and lines 280—300 calculate the
amplitude, phase and dB loss corresponding to R.

Plasma effec ts on radiation pa tterns were calcula ted in SLOP, SLOC and SLOS
with respect to the total electric field at the antenna aperture, E0, which is
itself affected by plasma. The matrix equation corresponding to (122) is

V 
= 

(133)

1•

where V and I are the total vol tage and current at the input por t, E0 and H~are the electric and magnetic fields at the aperture, and F is a scaLer constant which
converts the aperture fields to equivalent voltages and currents. Invert this
equation, keeping (123) in mind, let V — V0(l+R) and I — y0V0(1.’R), and use
(132) for R. Then - -

- ___________ (134)

where V0 is the input signal voltage. Using this equation with/without plasma,

- E~° - 
/ .(A + 3 .~~) .,- +

— 

Y~ (4 + ~~
‘ ,

~
) + c ~~

- 
~ ~~~~ 

(135)

This quantity is calculated at line 310 and in terms of dB loss at line 320

Finally the noise power at the aperture needs to be transformed to the input. We
calcula te this effec t by continuing the physical model of equating the emission
to the absorption. That is, if the power input to the antenna were set equal t~
the noise temperature which is seen at the aperture, as calc;~la ted above , then
the power at the aper ture would equal the noise temperature which is seen at the
antenna input port. In syithols , let the aperture noise temperature ‘r~—½ \0~V0 (2
while letting the noise temperature at the input port 1, ~~~

-
( ~~6:~~y -T-5. (136)

This equation ii applied at lines 330-340 , where TN denotes Ta and T denotes ~~

.5 
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4. Conclusion

The models presented in this report are the lowest—order examples of more
general theory for plasma—covered aperature antennas in canonical geometries.
The possible generalizations are of various types. Let us discuss some of
these here.

The infinite integrals for the aperture admittance and noise temperature induced
by the plasma in the planar and cylindrical geometries are a subject for gener-
alization in terms of numerical techniques. The techniques used here are best
adapted to the situation in which the aperture is large. In particular the inte-
gral in (18) was evaluated by neglecting the variation of y (2x/a) within each
lobe of the sin x/x function; i.e., Y (u) is assumed to vary little when u .5

varies by 21r/a, which can be true only when a is large. Obviously , this numer-
ical technique is easily improved upon by evaluating the integral over each lobe
of the transform of the aperture field distribution by the trapezoidal rule ,
for example. With little revision of the logic, one could even let the operator
truncate these integrations as is now done with the sum over the lobes of
sin x/x. Thus, in a given iteration of the trapezoidal approximation, we would
add the effect of including all points midway between those already included,
via a do—loop. -

The assumed uniform field in the aperture - could be changed to some other, fairly
arbitrary, distribution. The only restriction which suggests itself is that the
electric field parallel to the edge of the aperture must vanish at the edge.
The general techniques used in this report would still apply. The near field
effects (aperture admittance and plasma noise temperature) are gotten by invoking
conservation of energy at the aperture between the assumed field distribution and
the separation—of—variables—solutions of Maxwell ’s equations just outside the
aperture. And the far field is gotten in relation to the assumed aperture
electric field, ignoring matching to the magnetic field. An interesting example
of an aperture field distribution is the case in which E~ 

varies as cos $
in the slot on a sphere. Then the field does not vanish at 9 = 0 or ir, 

-

as it does when the aperture field is uniform; but in general, the field depends
on both 9 and $. —

The present models are for one—dimensional apertures (infinitely long for planar
geometry and circumferential for cylindrical and spherical geometries). It is
possible to revise them to treat two—dimensionil apertures. The simplest
example would be a rec tangular aperture in which the electric f ield is parallel
to the short dimension and has a cosine distribution of amplitude along the long
dimension. In the calculations of aperture admittance and noise temperature,
the single integral or sum would be replaced by a double integral or sum. Far
field effects would be calculated in only slightly different ways from the
present models. For example in the planar case, the present model gives the
relative effect of the plasma on the far field for direàttons which are in the
plane of the short dimension of the aperture. All that needs to be added is
the effect of plasma on the far field in directions for which the magnetic field
lies in the plane of propagation . Circular apertures in a ground plane can be
analyzed also. The relative far field is the same as for a rectangular aperture
in terma of the polarization of the antenna relative to the plane of the line
of sight. The near field effects for a circular aperture require reformulation

.5 in terms of the transforms of the aperture field distributions.

It is possible to generalize these models to include more tha n one antenna
aperture. The theory is quite similar to the above , except that the field distri—
bution at the body surface is tha t for the array instead of for a single aperture .

- -
- 
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The transform of this field distribu tion is slightly more complicated , and the
admittance is a symsetric ma trix rather than a scalar. If the same plasma
profile covers all elements of the array, the admittance matrix comes from a .5
straightforward calculation and far field effects for each aperture are no
different than they would be for a single aperture. Additional pattern distortion .5
may be induced by the plasma effect on the admittance matrix, and such effec ts
could be calculated using the concept of an n—port network, for example.
An array has the capability to vroduce a narrow beam, which will be distor ted
by the plasma even if the plasma is uniform over all elements of the array.
This effect comes about because the far field loss induced by the plasma is a
strong function of angle of incidence. Thus the parts of the beam nearer the
normal are less attenuated by plasma than are thole far ther from the normal ,

• which tends to pull the beam toward the normal. This effect can be calculated
either by modeling the beam shape and applying the attenuation by plasma at
a number of closely spaced angles in the beam or by analytically relating the
beam pointing error to the rate of change of attenuation with incidence angle.

The case in which the plasma varies from one aperture to another can not be
calculated ’directly by these canonical models since their essential feature
is the assumption that the plasma varies only in the normal direction. However,
one can estimate the effects of such transverse gradients by treating each
aperture as a separate canonical problem. The far field effects can be derived
by considering the effect of differing plasmas on the coherent addition of
all elements in forming the beam. Such a calculation can be done by analytical
approximation in terms of the ra te of varia tion of the effec ts of plasma on
amplitude and phase versus distance across the a1~ray. The near field effects
can be approximated by letting the mutual admittance between two given elements
be equal to the - average value obtained when both are covered by either plasma.
All of these effects can be calculated for the case when the plasma has random
fluctuations among array elements as well as when the variations are smooth.

Some of these model improvements already exist in another, much older, computer
program which has never been documented formally. However, the logic and
numerical techniques in tha t program are cumbersome , so we intend to incorporate
such improvements, when needed , in the present programs.
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