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t I. INTRODUCTION

I In a prev ious paper 11] the authors , presented a moment method

solution for wires, plates, and wire/plate attachments. The purpose of

I 
this report is to present some details of the formulation and of the

computer code, and especially to show how the choice of integral equation
and expansion and testing functions impact on the versatility, accuracy,

I computational efficiency, and ease of use of thi s and other s imi lar
formulations.

Briefly, the solution [1] Is based on the reaction integral equation
and employs speed-of-light piecewise-sinusoidal (PWS) wire, surface,

I- and attachment dipole expansion modes which are placed on the composite

I wire/surface geometry in an overlapping array such that continuity of
current is enforced. The weighting or test modes are chosen identical

- 
to the expansion modes, and thus the solution is a Galerkin method,

I yielding a synmietric impedance matrix. The electric field integral
equation is used, so open as wel l as closed surfaces can be treated.

This paper will demonstrate the advantages of the PWS modes used

I from two standpoints. First, it will be shown that they are a good
interpolating function requiring relatively few unknowns to describe

I 
the current. Second, it will be shown that these modes facilitate the
rapid and accurate evaluation of the elements in the impedance matrix.

I It must be emphasized that the solution presented in 11] and the
techniques presented below are not necessarily the best choices. Further,

I some of the techniques presented could equally well be applied to solutions
employing other types of modes.

‘ I
I
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II. MODE LAYOUT
t. 

. .

~

This section will describe the layout of expansion modes on a

wire/surface geometry. The details of the modes have been given previously
[1]. The mode layout will be described with the aid of an example,
a monopole on a bent plate as shown in Figure 1. Since this problem

/ ~~~~
PL.ATE 2

WIRE

/C~~~~~
T 

/

PLAT E I~~~
”
~

Figure 1. Geometry for the monopole on a bent plate.

invo lves wire, plate, and attachment modes, the impedance matrix, {Z],
can be synbol ically shown as in Figure 2a.

W ire Modes

The wire modes are specified using the same method as Richmond [2].
Figure 3a shows the wire broken into three seg~ients, or two PWS dipole
modes. Note that while the wire current generally does not vanish at
the attachment point, the wire mode current does. Thus the need for
an attachment mode, described below. 
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PWS W I R E
DIPOLE -~~~ -~~~

PLATE I -~~ 104 .!!t__

~~~ •~~~~~~~
—__ ~ 

“
~T :;:~_.

DIPOLE — .
~~~~ 

—

ATTACHMENT~~ 
2

P O I N T

(a) (b) -

~~~~~W IRE /~~~PLATE 2

ATTACHMENT V,.PLAT E I

MONOPOLE ~..
_ PLAT E I

OVERLAP

(c ) Cd )

Figure 3. Layout of the (a) wire, (b) surface dipole,
(c) attachment, and (d) overlap modes for a
monopole on a bent plate.

Surface Modes

In the computer code a rectangular plate is defined by specifying

the coordinates of three consecutive corners, and the plate segmentation

in the two orthogonal directions. At present the plate must be rec-

tangular since the surface dipoles are rectangular. Figure 3b shows U
plate 1 of the bent plate geometry divided into three segments in the

l.4o-2 direction and three segments In the 2-to-3 direction. Six over-

lapping PWS surface dipoles are shown as arrows In the 1-to-2 direction,
and six in the 2-to—3 direction. Not shown are the modes on plate 2.
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Attachment Modes

L )
I 

The purpose of the attachment mode Is to establish continuity
of current at the wire/plate junction and also to insure the proper
i/p singu larity of the plate surface current density in the vicinity

I of the attachment point. Figure 3c shows the PWS attachment dipole
consisting of a circular disk monopole with i/p surface current density,

I and a wire monopole with non-zero current at the attachment point.
The attachment point must be at least O.iA from the edge of a plate,

I but it need not be at the center, at a corner , or have any spec ial location
with respect to the surface dipole modes. A more detailed treatment

I 
is required to treat wire attachments at or near an edge. The disk
radius does not substantially affect the current or impedance provided
that it is chosen between about 0.1 and O.25X.

E 
Overlap Modes

When two plates intersect additional surface-patch dipole modes

I are required to allow a nonzero continuous current at the plate-to-plate
junction. These modes are termed overlap modes. They are identical 

—

I
to the surface dipoles on plates 1 or 2, except that the dipole ang le
may differ from 1800. Figure 3d shows two overlap modes at the junction
of the bent plate. The edges of the overlap surface dipoles need not
coincide with the edges of the surface dipole modes on plate 1 or 2,
thus allowing the intersection of plates of different size. The code

I automatically checks to see which plates Intersect and inserts the over-

V lap modes.

Toeplitz-Like Properties

This section will discuss some toeplitz—like properties in computing
the mutual impedances between surface dipole modes on the same plate.
Figure 2b shows the plate—to-plate block of the impedance matrix of

_ _ _ _ _V_ _ _
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Figure 2a. The various partitions show plate 1-to—plate 1 surface dipole
mutual impedances, plate 1—to—plate 2 mutuals , overlap-to-plate 1 mutuals ,
etc. Due to the regular nature of the placement of surface dipole modes

on a plate, considerable savings in computation time is available In

computing the plate 1-to-plate 1 block and the plate 2—to—plate 2 block .
For example , consider the plate 1—to—plate 1 block , for which the modal
l ayout is shown in Figure 3b. Note that Z1 2 = Z3 ~ 4 = Z3 6’

- Z4 8  etc. On an arbitrary plate it is only n~cessary to
compute the mutual impedances between the first mode in the 1-to—2 direction
and all the modes on the plate, and the mutuals between the first mode
in the 2—to — 3 direction and all 2- to—3 modes on the plate. Figure 2c
shows the plate 1-to-plate 1 block in detail. The x represents e lements
which must be computed, and the 0 represents elements which can be obtained
from the toeplitz-like properties. If on a given plate there are N12
modes in the 1—to—2 direction and N~3 modes in the 2-3 directIon, then
only N 12 + 2 N23 of the (N 12 + N23) modes need to be computed.

III. MODE CHOICE

The coice of expansion and test modes is based upon three criteria.
First , they should be applicable to a wide class of geometries. Second,
they should have good convergence properties, requiring as few modes
as possible per unit area of surface. Finally, they should facilitate
the rapid and accurate evaluation of the impedance matrix. The advantages
of the mode choice in [1] with respect to these criteria is discussed
below.

Convergence

A rapidly convergent set of modes will minimiLe the size and thus
the time required to compute the impedance matrix and the required storage.
In practice, convergence will be the l imiting factor in determining j

6 
1
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~ I 
the maximum electrical size of the geometries which can be treated .
Figure 4 show s a comparison of the input admittance of a monopole on

I a small plate computed using 15 PWS modes to that using 136 pulse modes [3].
Noting that 15 PWS show better agreement with measurements than 136
pulse modes, it is clear that the PWS basis converges relatively fast.

I IV. COMPUTATION OF IN’CDANCE ELEMENTS

[ This section will discuss the accurate and efficient evaluation
of various elements in the impedance matrix. Two algebraically equivalent ,
but numerically different, techniques for evaluating the elements will
be presented, and their relative advantages in computing various elements
described. Since there are three types of expansion and test monopoles

I (i.e., w ire, surface patch, and disk) there are 9 different
types of monopole-to-monopole impedances. Five of these involve wire

I monopoles, require comparatively little computation time, and thus will
not be considered. Disk-to-disk impedances occur relatively infrequently

I and thus also will not be considered. Since we compute only the lower
triangular portion of the syninetric Impedance matrix surface dipole—

I to-disk impedances are not computed, and are not considered here. Thus,
the discussion below will concentrate on surface-to—surface dipole and
disk-to-surface dipole impedances.

A general impedance matrix element Zmn Is defined as [1]

= - .1 f tm 1 , e2 n 1 , e2)d1e1 2 ,  (1)
e1 e2

I where e1,e2 are independent coordinates on the surface of the n-th ex-
pansion mode. 1n is the current density of the n-th expansion mode,
and ‘rm is the free-space electric field of the m-th test mode, which
can be wr itten as

) 7
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Figure 4. A comparison of measured input Impedance of a
monopole on a small plate with that computed
using PWS modes and pulse modes.
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I

I ~m l , e2) = 
~ 

~o
(e i,e2;t1,t2).~

Jm(ti,t2)dtidt 2, (2)

I where is the current density of the m-th test mode, t1 and t2 are
Independent coordinates on the surface of the m—th test mode, and

I is the free—space Green ’s function. Equations (1) and (2) show that
an impedance element in general requires a 4-fold integration, i.e.,

I two to find tm and two to ‘Integrate over the surface of the n-th expansion
mode. A useful property of the PWS modes is that Em is known in closed

E form for a w ire [4] or a surface [5] monopole, and requires only one
simple numerical integration for a disk monopole. Each dipole—to—dipole

- 1mn is the sum of four monopole-to-monopole impedances.

- The second way of computing the impedance elements is to consider

I the surface-dipole mode current and disk monopole current as being made
up of PWS filaments. The order of integration in Equations (1) and (2)
can be interchanged to give

V 
[ Zmn = f f zmn(e2,t2)de2dt2, 

V 

(3)
e2 t2

I where z,n,,(e2,t2) represents the mutual impedance between two filaments

I 
lying in e1 and t1 directions. That is,.

zmn(e2,t2)=_f ‘T~(e 1,e2).f ~o
(e 1,e2;t1,t2).Jm(t i,t2)dt1de1 . (4)

I e1 t1

An advantage of the PWS modes is that the zmn(e2,t2) of Equation (4)
are known In closed form 161.

I Thus, two methods are available for computing zmn; the use of
EquatIon (1) or Equation (3). Efficient computation makes use of both

- I of these methods, as each has particular advantages in different situations.
Some of these advantages will now be described.
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General ly, the second method, Equation (3), results in a simpler V

computer code since only one routine to compute z~ Is needed for any

combination of test and expansion modes, while the use of the first
method, Equation (1), requires three separate routines for !m~ 

the field

of each type of test mode.

Another advantage of the second method occurs when computing the 
V

impedances between two surface patch monopoles If either the surface
current di rections are parallel, or the vector transverse to the surface 1

monopoles are parallel . If the expansion and test surface monopoles
are each represented by M filaments, then Equation (5) requires M2 evalu-
ations of zmn(e2,t2). However, no more than 211 of the Zmn are -

different. By storing the 211 values prior to computing the mutual im-
pedance, the computation time will be proportional to 2M rather than
M2. If two parallel patch monopoles are of the same size and in the - ‘
same pl ane, then Popovic and Popovic Li) have expressed the mutual impedance ‘V

in terms of a single numerical integration. The technique described
above realizes the time saving advantages of reducing the mutual Impedance -

to a single integral, while applying to a more general class of geometries. -

Another time-saving technique deals with the slow convergence
of the numerical integration of Equation (3) when computing the mutual
impedance of two touching surface monopoles. This slow convergence

V is a result of the fact that the ‘Imaginary part of the mutual impedance
of two PWS filaments has a logarithmic singularity as the distance between
the two filaments gets small (8]. Thus, the real part of the impedance - V

between two touching surface modes -can converge quickly, while the imaginary
part converges slowly. For small separation x, the reactance between
two filaments can be written as (8]

•X(x) • C1 + C2 ln(x). (5) III
11
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The constants C 1 and C2 can be eas i ly evaluated and the logarithmic
s ingularity integrated analyt ical ly.

This was found to be a very fast and accurate technique, as can
be seen from Figure 5, which shows the self-reactance of a surface monopole

I computed using Equation (1), EquatIon (3) directly, and Equation (3)
with the above two techniques (i.e., only 11 evaluations of Zmn and extracting
logarithmic singularity). Also shown is the computation time for each
of the three methods; all times shown in this paper are for the Datacraft

[ 6024 which is about an order of magnitude slower than an 1BM370-l65.
In using Equations (1) and (3) directly the surface monopoles are separated

r by lO 4x to avoid the singularity. No separation is required if the
I logarithmic singularity is removed. From Figure 5 it can be seen that

- 

r not only is the use of Equation (3) with the above discussed two techniques

I. faster than the other methods, but it Is also more accurate. Seldom -

does this good fortune of increased accuracy in less time occur.

I
So it is seen that the use of Equation (3) can lead to substantial

- I advantages when computing impedance elements. However, one case where
- Equation (1) has an advantage occurs when computing the mutual impedance

I between a disk monopole (of an attachment mode) and the set of surface
dipoles on a plate which is parallel to the plane of the disk. Here,

I 
advantage can be taken of the fact that only the E field of the disk 

V

inonopole is needed (since E sO and E
~ ~~~~~~ 

and also E~ is independent
of •. Thus , much time can be saved by filling a table of values of

I E~ versus p. • hls table can then be interpolated to find Em on every
surface dipole mode on the plate, making the evaluation of Equation

1 ( 1) very fast.

I To illustrate the typical savings in time consider the problem
of a monopole In the center of a square plate. Figure 6 shows the time
to compute the Impedance between the attachment mode and all of the
surf ace dipole modes on the plate by the method of Equation (3) and

1 11
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FIgure 6. Computation time for mutual impedances between an
I attachment mode on a square plate and all the- I surface dip ples on the plate , versus the number

of surface dipo les .

I by the method of Equat ion (1) au~nented with the above table of E~ versus p.
Note that Equation (1) can be substantially faster, especially when

I the number of surface dipoles on the plate gets large. In both cases
an 18 by 18 Simpson rule integration was used. F
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V. CONCLUSION
‘V -

This paper has demonstrated that in a moment method surface/wire
formulation, the piecewise sinusoidal modes have significant advantages
from the standpoints of convergence and the fast and accurate computation
of the impedance matrix. Also, techniques for reducing the run time
of surface/wire codes were presented. TO show how the speed of a typical
so lution can be improved by these methods, the problem of a A/4 monopole
mounted on a .54X square plate was run without using any of the techniques
mentioned in this paper, and again using all of the mentioned techniques. -
Using the techniques resulted in a factor of twenty decrease in run
time, and an increase in accuracy (both runs used the s~minetry of the
impedance matrix).

ACKNOWLEDGMENT

The authors would like to thank Professor J. H. Richmond for supplying 
‘V

invaluable suggestions, advice and computer subroutines. Helpful discussions V

with Dr. W. D. Burnslde and Dr. N. N. Wang are also appreciated.

II -

- V
14 

1
V-I 

H I
_~1__ ~~~~ ~

, 

____ i 
-~ ~~~~~~~~~~~~



IV

r h
I .I REFERENCES

1. E. H. Newman and D. M. Pozar, “Electromagnetic Modeling of Composite

I W ire and Surface Geometries,” IEEE AP-26 , pp. 784-789, November
1978.

I 2. Y. 1. Lin and J. H. Richmond , “EM Modeling of Aircraft at Low Fre-
- quenc ies,” IEEE AP-23, pp. 53—56 , January 1975.

E 

3. A. W. Glisson , “On The Development of Numerical Techniques for
Treating Arbitrarily-shaped Surfaces,” Dissertation, University
of Mississippi , June 1978.

Ii 
_ _ _ _ _ _

4. S. A. Schelkunoff and H. 1. Friis , Antennas: Theory and Practice, V

II Wiley , 1952.

5. J. H. Richmond, D. M. Pozar and E. H. Newman, “Rigorous Near-zone
I Field Expressions for Rectangular Sinusoidal Monopole,” IEEE AP—

26, p; 509, May 1978. -

6. J. H. Richmond and N. H. Geary, “Mutual Impedance of Non-planar-

I skew Sinuso idal Dipoles ,” IEEE AP—23, May 1975. - 
-

1 7. Z. D. Popovic and B. 0. Popovic, “Transformation of Double Integrals
Appearing in Variational Formulation of Cylindrical Antenna Problems,”

I publications De la Faculte Dielectrotechnique de L’Universite
A., Belgrade, Serie: Electronique, Teleconinunications Automatique,

i 
No. 64, 1971.

8. W. A. Imbriale and P. G. Ingerson, “On Numerical Convergence of

I Moment Solutions of Moderately Thick Wire Antennas Using Sinusoidal
Basis Functions ,” IEEE AP-2l, pp. 363-366, May 1973.

I I  
V 

V

- 

V 

V~ 
~~~~~~~~~~ V V~~~~~~~~~ V~~~ 

~~~~~~~~~~~~~~~ 
~V~ V V V --~~ 

I


