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structure, and (3) shock-associated noise. The generation, radiation and
prediction of each of these noise components Is described In this report.
In additic n, the mean and turbulent flow characteristics of heated and
unheated, subsonic and supersonic Jets, measured by a laser velocimeter
system, are also presented. Finally, a computer program for the prediction
of Jet noise, based on fundamental principles as far as possible at the
present time, Is presented and described In the form of a user's guide. A
complete listing of this computer program Is given In the Appendix volume
(Volume II) of this report.
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1. INTRODUCTION

In late 1970, In recognition of the need to better understand the
generation mechanisms of supersonic Jet noise, the U. S. Air Force and the
U. S. Department of Transportation Jointly Initiated a series of research
contracts directed toward this need. During the first phase, three contrac-
tors examined three different models proposed for explaining the generation
and radiation of supersonic Jet noise. The results were presented periodically
to an Invited audience of about 100 persons from university, government, and
Industry. At these meetings, a panel of experts also critically reviewed and
assessed the contract findings. At the end of the Phase I study contracts,
Phase II contract awards were made for continued research and development on
the two most promising models. This Phase II work continued for three years
during which semi-annual progress reviews were given to an audience of similar
size and composition to that abovn. Following that Phase II work, a Phase III
contract of three years duration was awarded to Lockheed-Georgia to complete
work Initiated during the first two phases. This report details the work
accomplished In that Phase III contract.

The primary objective of this program (and the prior studies) was to
develop the technology to significantly reduce supersonic Jet noise with
minimum penalties. The specific objectives were to refine and experimentally
verify the jet noise theory developed In ths- two earlier programs; to provide
the necessary turbulence and mean flow data required by this refined jet
noise theory; and, to develop a unified jet noise prediction model based on
the fundamental theory developed.

As a result of these objectives and the objectives of the previous
studies by Lockheed, the Lockheed team adopted a philosophy early In the work.
This philosophy was to keep the program centered upon fundamental understand-
ing. This philosophy guided the planning and Implementation of both the
theoretical and experimental tasks to be described In the following.

As a result of the objectives and philosophy stated above, there were
several significant accomplishments during the span of these programs. Some
of the more noteworthy ones are given below.

A new jet noise theory - the Lilley theory - was developed during this
study. The Lilley theory properly Identifies and separates generation and
flow/acoustic Interaction propagation effects. Thus, the theory provides the
Insight needed to understand jet noise generation and the mechanisms that
potentially lead to jet noise reduction.

Another new theory, based on the unstable solutions of Lilley's equation,
was used to explain supersonic Jet noise generation Inside the "cone of
silence." (The cone of silence terminology is a misnomer since the peak noise
angle lies within this region for many supersonic operationg conditions.) This
theory on large-scale structure noise was verified by the measured jet noise
data, both In the near and far field In the regime of the spectral peak.



A third development was the improvement of an existing theory and
prediction method for shock-associated noise. The method developed has been
adopted by the SAE A-21 Jet Noise Subcommittee as the standard shock-associated
noise prediction method.

In another phase of the program a new laser velocimeter was developed for
measuring the Important flow parameters for input to the noise theories. This
instrument accurately measures mean and turbulence velocity at two independent
points in the flow simultaneously, with two orthogonal components measured at
each point. The quantities that are measured are mean velocity, turbulence
intensity, turbulence spectra, cross-spectra, convection speed and scale. With
this instrument, the first accurate measurements of turbulence (and mean flow)
velocity were made in a supersonic heated jet flow and relevant scaling
relationships were derived to show the effects of velocity and temperature.

Finally, a unified jet noise prediction program has been developed, based
on the theoretical and experimental program to be described in the following.
This prediction is based on fundamental concepts and scaling parameters and is
not simply an exercise in curve fitting. As an example, temperature effects
are described by a second source (identified during this program) rather than
a variable (empirical) density exponent. While this prediction method m/ not
be as accurate in some areas as some others available (as a result of lack of
resort to gross empiricism), it is valid over a broad range of parameters
since it rodels the physical laws derived from the theory.

Thus, in what follows, we describe the final results of a fundamental
theoretical and experimental program on jet noise that (I) separates and
identifies the three major sources of noise, (ii) describes the generation
and then the radiation of each of those sources separately, and (ill) assesses
the validity of the result. The results presented do not complete the work on
supersonic jet noise, however. Much remains tr be done in properly defining
the fluid dynamics of the source region bIetA ! experimental and theoretical
means. This work is required if the acoustic sources are to be adequately
defined. Then with this more accurate definition of the sources, the acoustic
theory presented in the following will provide an accurate method of deter-
mining optimum ways of reducing jet noise. Future expansion of the work could
be used to determine optimium conditions for designing Inverted profile
coannular flow jets or mixer nozzle suppressors.
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2. TURBULENT MIXING NOISE

The Lilley equation jet noise model has been substantially developed
during this contract phase with attention focussed on the prediction of jet

mixing noise. The major outcome is a very efficient prediction method for jet
mixing noise which although partly empirical, retains a sufficient degree of
physical modeling to allow a simple Interpretation of results and a future
straightforward extension to more complex flows Including coannular jets.
Temperature effects are modeled by an additional (dipole) noise source which
can be justified on theoretical grounds, rather than a purely empirical
approach like that adopted in the SAE method of a "density exponent."

The efficiency of the prediction method is largely due to the utilization
of the high-frequency approximate solutions to the Lilley equation [2.1, 2.21
and a high-frequency approximate model of transverse noncompactness effects;
hence numerical solutions to Lilley's equation have been generated mainly to
establish the accuracy and range of validity of these high-frequency approxi-
mations. A prediction method based directly on numerical solutions to Lilley's
equation has been derived, but this does require a relatively large amount of
computation time and, it is suggested, would be useful only from a research
viewpoint (with variable turbulence data Inputs, for example).

In Section 2.1.1 the present Lilley equation model is described up to the
point where the source function statistics are required to proceed further.
Here, the definition of the source function is now effectively the original
version given by Lilley - modified by the additional dipole source If the jet
flow is non-isothermal - and not the displacement source type proposed in our
earlier work [2.2], which has now been discarded. As a result, a significant
shear noise term arises, which is similar to the source term utilized by
Ribner [2.3], for example, In jet noise analysis and prediction, and conse-
quently the high-frequency solutions are somewhat less accurate, compared to
the cases when the displacement source was used.

In Section 2.1.2, the model is essentially completed by specifying the
"standard" Gaussian correlation function for the source strength and an
alternative form (Exponential-Gaussian), which is preferable in certain
respects in the context of absolute noise spectrum level calculations (as
described in Section 2.14).

The high-frequency approximate solutions to the Lilley equation are
described and compared with numerical solutions in Sections 2.1.3 and 2.1.4.

With the standard correlation function, noncompactness effects (radial-
azimuthal coherence, radial source distribution) are Investigated in Section
2.1.5, and the results expressed relative to that obtained with the high-
frequency (noncompact) approximation. It is found that this approximation Is
quite accurate for radiation outside the cone of silence but needs to be
modified Inside the cone of silence.

Section 2.1.6 shows some direct comparisons between the measured data, the
high-frequency and the numerical LIlley equation solutions, and reveals the
Influence of the shear noise terms. Ideally, our high-frequency analysis of

:413



the turbulent mixing noise data should be repeated as soon as possible with
(a) a corrected noncompactness model for radiation Inside the cone of silence
and (b) a modification to the high-frequency solution to allow for the con-
tribution of the shear noise terms. This would certainly yield more physically
realistic inferred values of the various turbulence source parameters in the
mid-to-low Strouhal number range.

Azimuthal mode spectrum measurements are described In Section 2.2 and
compared with the calculated azimuthal spectrum of the Lilley equation
solutions. The general lack of agreement could be the result of some defi-
ciency in the theoretical model but bearing in mind the limited (unpublished)
results obtained elsewhere the measured results are suspect. The Investiga-
tion should be repeated, it is recommended, since the validity of the now
widely used Lilley equation solutions should be confirmed (or otherwise)
experimentally in this respect at the earliest opportunity.

Section 2.3 presents results of an experimental program to determine
axial source distributions based on two-point far-field measurements and a
transformation or data processing procedure known as the Polar Correlation
Technique. Results from this and other programs have been used to judge the
physical validity of the shear layer thickness (or "shielding") parameter
values inferred from the measured acoustic data and to guide our modeling of
the source correlation function for the purposes of calculating the absolute
noise spectrum at 900 to the jet axis. The latter exercise, based on LV
turbulence data, is described In Section 2.4, where it is shown that the
standard Gaussian correlation function model (with measured turbulence data)
can be used to give accurate predictions, but the so-called Exponential-
Gaussian model can provide a better representation of the correlation data
and, in same cases, of the axial source distributions. The sensitivity of
each model to the turbulence parameters (length and time scales, convection
velocity) is significantly different and it is vital that the correct model
be determined. One feature of the Exponential-Gaussian model is that it has,
in effect, a different convective amplification law from the standard form,
which offers the prospect that the residual under-prediction at high speed,
small angles and medium-to-high Strouhal numbers might be corrected with a
new convective amplification factor. This aspect was revealed only towards
the end of the present program and has not been Investigated in any detail.

Finally, the prediction methods are described in Section 2.5. A
description of the actual prediction program and a user's guide is given in
Sect ion 6.

2.1 FURTHER DEVELOPMENTS OF THE JET NOISE MODEL
BASED UPON THE LILLEY EQUATION

2.1.1 Lilley Equation Solution Formulation

The unsteady pressure field of a turbulent shear layer is regarded in
the present model as a set of small-amplitude waves, with real values of
frequency w and axial wavenumber kx, superimposed on a steady axisymmetric
parallel shear flow with velocity [V(r),OO], sound speed 1(r) and density
6(r) as sketched in Figure 2.1 (a list of symbols Is given in Appendix 2B).
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The governing equation for the pressure p (relative to the uniform
pressure in the assumed basic flow) Is the Lilley equation [2.2], written as

L(p) - 5Q, (2-1)

with the linear operator L defined by

1D D 2 *d D a dV 32

L 3 V2 -- + 2 (2-2a)
L Dt dr Dt 3r dr 3x3r

and

d - t V - (2-2b)

The fluid is represented as inviscid and nonconducting but is not limited to
a perfect gas.

The source term Q is a complicated function of the turbulent velocity
fluctuations vi [relative to the local basic flow V(r)], density (p) and
pressure (p) fluctuations. The source function is equivalent to the form
derived by Lilley [2.1] for Isothermal flows, viz. (reverting to cartesian
coordinates)

32vv, ~ 32 ~v ~ dV3 2 v3v1
Q M '' - V 2 - 2 -- (2-3)xf - vxj, dX2  

3xI3xk dX3  8x IU1

but for non-isothermal flows an additional, independent source term arises,
Qe, given by

+--L -(2-4)
d x1  P Dx3

The "isothermal source term," Q, given above is also used by Nanit [2.4] as
the basis for the G.E. Jet noise prediction method [2.6] but It Is not clear
what source term is used (if any) to model the excess noise that occurs when

I 1Mzni allo give a enoise summway of the approximatione uaed by LiZej [2.1]
to obtain this eour fnotion and tus detais of the variou approximations
are not given here. Hlower, in one respect, those aPproimtione are incor-
rect and thie concer'n* the ees noise sou roe te idetified by Morfey [2.5]
in the Light hit t analogy, involving interactions between denuity and preuwre
fluctuations. The uouroe strength is of the ame order, i.e. 0(v 2 ) as the
isothermalZ source and muset be retained when the Jet mean flow is
non-isothennaL.

6



the Jet Is non-isothermal (jet static exit temperature different from ambient
temperature). In earlier work at Lockheed [2.2], different expressions were
used for Q~ and 0., In the form of displacement source functions, but these
have now been discarded since (a) an error was found In the basic analysis,
and (b) It has been established that when the so-called shear noise source
terms are Included (the second and third terms In Q above) the correct VjS
scaling law is obtained at low Mach numbers for Isothermal jets. Without
these terms (the above-mentioned error had caused these to be neglected), the
self-noise source term alone gives rise to an unacceptable Vj6 dependence at
low Mach numbers and this was the original reason which led to the utilization
of an alternative source - the displacement source - which (also) has the
correct asymptotic dep end ence on jet exit velocity.

The source distribution Q of Equation (2-3) in cylindrical coordinates
is given by

5 ( 2vxl(quadruipole type)

f(- a2) axcial-axciaZ

D 13 2rvv a2vr
+ 2rvvr 2 V xv axial-radialDtr x3r r 3x2

- 32(v xvo/r) 
xa-xutl

Dt a-aiwt3a

92(rv2) d a2(r42)
D P) d __1 _r

+Dt rar d r r axar aiZrdal

/1 2 (rvrv)\ dV I____ a ri,.,
+ 2 - _ _ - 2 asimthaZ1-2adiaZOt r2  ara , dr r axa*

(i32(v 2/r2) 1 a2 Va(2 (

+ t a#2  -F 2 r~.~ ~- aximthaZ-axiiusthaZ (-5)

and the source distribution Qe of Equation (2-4.) by

+.~ f 2 dra fr) 2 fr -f (2-6a)

where f .-I~ !~ - L - (2-6b)
PO N'p0  ax' - 0 1 r (7 p r 3*
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The Fourier transform of Equation (2-1) with respect to x, # and t is

,0
2 )2 kX2  2 ++ a 2(2-7)

where D(r) - 1 kxV(r) (2-8a)
0)

ko - (2-8b)

73 3 6 r(teJ (kxx +n* -u(t)

and p(kx,r,n,u) - dx fd f- dt p(x,r*,t)e (2-9)
". -wr -w

and similarly for j, &e.

The solution of Equation (2-7) Is

j(kx,r,n,w) - f r'dr' G(rjr') (JD(r'))3 ((r') +%(r')) (2-10)

0

where G(rJr') is the solution of

d- r dQ J.l'1 + rG(rlr'.2 1kj2 -1 - 6(r-r') (2-11)
;0~212 dr I . 542Dr2

satisfying the finiteness condition at r-O and the radiation condition. In
Equations (2-10) and (2-11) the dependence of , 4e and C on kx,n and w has
been suppressed and here

a (ao2D2/i2 - (kx/ko)2) (2-12)

After the usual mnipulation In which the spatial derivatives are transferred
from the source function, 4, to the Green function (see ref. [2.2J for
details), Equation (2-10) can be written as

f ro dr' i(rlr') (I0r) + le(r')} (2-13)_ (jUD)2

0

Vad

V



( Ik.2,,2 r2 4 ( ~ 1 G ~v 2k (1 d
r/rdrII dr X~

22n as( dG Io~k I - + (.L !G 1_
~' I~I -- I rrvr _2I . (2-134)rGdr 72 2l r C dr

and i*(r) - Jkx?x '(.Ld) Ir J)~ 2 b

The Green function solution to Equation (2-11) Is written as

G~rr')- 2  jpo(r) pj(r') I 25(r')D2(r') 1 rr) (2-14.)
Ljwr'W(pi(r'), po(r)}

- 2 J.po(r) C(r')

where C(r)ampi(r)( ?e(I2r (2-15)

&W dp, po are the two Independent solutions to the hamogeneous Equation
(2-11), satisfying, respectively, the finiteness condition as r-o-O, and the
radiation condition as r --. Outside the jet In the ambient medium, the latter
solution Is simply

pr) - Poi H,2~) (kjcor) (2-16)

and'here the complete so'jution Is given by

-m.,Jj po*H, ; (oo)J r'dr' (CVO+ Caim) (2-17)

where

CXgjinkXj2 C/f2  (2-18a)

CxcriJ k r- 0 C (2-18b)

9
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Kr"I~cI2 22) C+( L) I D2 (2-le8c)

Cr c -Wkxn rI 2 (2-led)

Cx# kjno0 (2-1 ed)

J.-d C) _LC) /2 (2-1lBe)

and CX - jkXC/D2  (2-19s)

Cr - (dCldr)/D2  (2-19Sb)

C# - Jn(C/r)/D2  (2-19c)

After Fourier Inversion with respect to kx and n, the far-field (koRr-Pu-)
acoustic pressure Is obtained as

P(Rr9OoP*oVW) P -_ _a* n/ j~ (2-20)

whee a - r'dr' (CBVV +Ci (2-20a)

0

with kx/ko cos60'. (2-21)

In what follows, all quantities are evaluated with this particular value of
the axial wevenumber; Rr Is the distance along a line joining the far-field
observer and the axial center of the source region, and 00 Is the angle
between the line and the (downstream) jet axis.

The power spectral density of the far-field pressure, P, follows
Immediately from Equation (2-20)

(4WiRr )2  P(ro*ofa)- P,* ")#o (-2

10
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where Pnmuj dx dx Jr drjfrdr'Jdo Id#1

_4D- 0 0 _i W

*exp[-Jkx(x -x91 exp [-Jn* +jm#1 (2-23)

and

*~86(w~~r,; xr',') J 08a(-rlx.r,.; xlrs,,m)eJfaT dr (2-24.)

where R0yIs the cross-correlation function of the velocity fluctuation
product vvo defined as

RG8GY ('rx,r,#; x',rl,#')

- Iim 1 f vo(xr,#,t) * vvy(x',rl,#'.t4-r)dt (2-25)
T-,. T f

-T

Equations (2-23) through (2-25) follow from the definition

-eo dt fdx f do vevo(x,r,*t)eJ ft (2-26)

and similar expressions apply to the dipole source - which Is assumed to be
statistically independent of the quadrupole source - except vavo Is replaced
by fG.

2.1.2 Turbulence Source Function Models

In the followi-ng description of the two source function models that have
been mployed In the present work, only the quadmspote turbulence source
function Is considered; however, in the prediction method the dipole turbu-
lence source function Is assumed to have the same statistical properties (i.e.
length and time scales, convection velocity, etc.).

11 1 iii
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2.1.2.1 Statistical axisytunetry

The correlation function of the source strength is assumed to be
dependent only upon the azimuthal separation and not the absolute azimuthal
positions of the two measurement points, viz.;

R~gO 6y(Tjx~r9#; xl,rl,,*) -0- RjB6y(T,A#[x,r; x',r') (2-27)

and the same must hoid for its spectrum,

0,06y(wlx~r,#; xl,r',#') -P, #,O6Y(wA,A4Ix,r; xl,r') (2-28)

It follows from Equation (2-23) that Pnm Is zero unless n-rn and hence
Equation (2-22) reduces to

(lhlRr )2

PO -P(ftr,e,w) - n (2-29)

where

-n f dx J dx' J 21rrdr J r'dr' ;* (-r) C6Y(r') exp[-Jkx(x-x')]
-- -- 0 0

I J *GB6Y(W,A*Ix,r; xl,rI)eJnA# d(&*). (2-30)

-Ir

2.1.2.2 Normal joint probability

The assumption of normal joint probability

R 06(r) - R.8(T) Poy(-r) + kcy(r) R06(r) + RGB(0) Rky(0) (2-31)

Is extended so that

Roy-)- Rm6(T) RBT(T) *6 6 0y + Ray(T) R0 6(T) 6cMY608

+9 %0(0) ftay(O) (2-32)

(where 6. Is the Kronecker delta) and Equation (2-30) reduces to

12



-n dx f dx' J 2urdr f r'dr C,* (r) CaB(rl) exp[-Jkx(x -x.)]

-m -- 0 0

+W f 2#0(2 (uhAjx,r; xlr)e JnA d(A.*) (2-33)

where

%0 (cnjx,r,#; x',r',#') f d-re- (v xr.#,t) voCx.r,#,t+r)>t) (2-34)

-ft

Is the spectrum of the square. of the velocity fluctuation cross-correlation
function.

2.1.2.3 Axial coherence length scale smaller than
power spectral density length scale

This assumption precludes the modeling of fluctuations that are coherent
for axial distances over which the power spectral density of the fluctuations
and/or the jet mean profiles vary significantly. The coherent large-scale
component is dealt with separately in Section 3. The small-scale assumption
allows us to utilize the concept of "noise generated per unit slice of
turbulence" since the source spectrum can be written as

*(w,,A~lxr; x',r') -+. (W,A*Jx,r; Ax,r') (2-35)

and Equation (2-33) reduces again to

- J dx J21rdr Jr'dri C.* (r) C.0(r')
-m 0 0

*f d()e' f d(Ax)*kx~ 2.0 Cw,h*Ix,r;Ax~r') (2-36)

or

-Jdx J2wrdr Jr'dr' do Cr) C6O(r1)2#cO (wgnlxgr;kx,r') (2-37)
-e 0 0

13



where

0*01()(rnlxrr; kx,rrr)

d(a-)ejl f d(x) (2) (2-37a)

2.1.2.4 Correlation function models

Two models have been utilized to collapse the measured LV turbulence
correlation data and to provide the necessary Fourier transformed expressions
for noise spectrum calculations. The first Is the "standard" model referred
to as the Gaussian model and has been utilized by Ribner [2.3] and
Ffowcs Williams [2.7], among others, while the second was first used by
Harper-Bourne* and is referred to as the Exponential-Gaussian model. The
latter bears some resemblance to models Introduced by Ribner [2.3] and
Naestrello [2.8].

The Gaussian model is utilized for all the numerical and analytical work
performed with Lilley equation solutions, although it does not appear to
provide a very satisfactory model for the turbulence data and hence the
introduction of an alternative model. The changes that may occur in our
directivity predictions with the Lilley equation solutions using the
Exponential-Gaussian model have not been considered as yet, but it Is possible
that improvements could be obtained, particularly for high-speed jets at small
angles.

Gauaien Correlation F&ntion Model

This is defined as

R- (,A4Ixr; Axr1) -v,, (x,r) vo(xr)}&

* exp [-('r/o) 2 ]

* exp[-w(Ax-Vc?)2/Lx2 -w(r2 +r' 2 -2rr'cos*)/Lt2 ] (2-38)

where the time scale To and length scales, Lx, Lt are functions of x but are
Independent of the other spatial coordinates. (The convection velocity Vc
may also vary with x.)

The corresponding spectrum is given by

*PezonaZ oonwmiation.



*~(w, n x r kx r) v.2 (x. r) vo(x. r) /F '2 exp-Xr/82 p

L.exp(-2w(r 2 +ro2)ILt2] 2win(1.irr'ILt 2) (2-39)

where

-m W2( -MckxIk 0)2 + (LX/Toao)2 (1/w) (kx/k0)2) (2-4.0)

and In Is the modified Bessel function.

Ecponential-Gauesaian Correltation Modell

This is defined as

R,,8(T,A&ojx,r; Ax,r') - {v 2 (x,r) v 2 (x,rl)})

. exp 1-((x/VCTO)2 + 7r2(r +r'2-2rr' coSA,)2/Ltl~

. exp [-W(Ax - VcrT) 2/Lx 2 1. (2-4.1)

The spectrum, integrated over the radius Is obtained as

Jrldr'9aa (w,hoIx,r; kx~r') -vO
2 (x,r) ve (~r

0

Lx (j).xp wx/wc 1(2-4.2)

where w' Is the frequency in the moving frame

&1 - w - kx Vc

This Is the form used In the absolute noise spectrum calculations of Section
2.1. In which transverse noncompactness effects are neglected.

2.1.2.5 Application to the no-flow problem

To demonstrate how these correlation functions are used to obtain the
radiated noise spectrum, consider the simple case of radiation from the
axial-axial quadrupole in the zero (mean) flow or Lighthill problem, with the
Gaussian correlation function model. In this case Equation (2.18a) becomes

Cx - kX2 Poi Jn(k?.r) (2-413)

15



where

k2 - o- kx2 }  (2-44)

and from Equations (2-37) and (2-39)

p k, 4 p dx 2 ( ~LXT eXp(-[_~ 8

-2wr 2 /Lt2  -2
* 2w f rdr Jn(k 2 r) e t vx (x,r)

0

-2wr'2/L2J r'dr' Jn(k 2r') • 2win(4wrr'/Lt2 ) (2-45)

0

where it has been assumed, as in the axial direction, that the radial
coherence length scale is much smaller than the radial psd length scale.
Using a standard Integral [2.9]

f rdrOJn(k 2 r)e 2 wr2/Lt2v In(4wrr'/Lt2 )

0

Lt2 /wL2 Ip [-k2 Lt2/8W] Jn(k2r) (2-46)

so that

, k..,po f dx 2 exp [ 2  I2/

LtZ~ 2 -2
• 2 - rdr j. (k 2 r) v x

2 (x,r) (2-47)

0

16
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and
P+ = (4~r)2 P(Rreoiw)/p0

-(pwcx r*ow)

n
SV122 42

-kx 4po dx ( LxTo)(L-)exp (o 'r/8] J 2wrdr X  (xr) (2-18)

-- 0

where

• M W2 ((1 .- Mccose(o) 2 + (Lx/Toao)2 (11,) (kx/ko)2

+ (Lt/Toao)2 (11w) (k2/ko)
2}  (2-49)

Hence, in this case, the power spectral density of the noise radiated per unit
volume ignoring noncompactness effects (i.e. neglecting the exponential
factor) is given by

4 t-'2  -2
k (lrLxTO _)Po2  VX2  (2-50)

omitting the constant (4wRr)2. (Incidentally Ribner's [2.3] result Is a
factor of two smaller than this, and this arises because of the special form
the correlation function should take if an Incompressible, Isotropic turbu-
lence model is assumed. However, this factor of two appears to be the net
difference and is Incorporated in the noise spectrum calculations of
Section 2.4.)

2.1.3 High-Frequency Lilley Equation Solutions Outside the Cone of Silence

Outside the cone of silencet a high-frequency (Green function) solution
can be obtained to the Lilley equation by simply defining the radiated
Intensity or pressure amplitude to depend only upon mean flow conditions at
the effective source radius and to be otherwise completely Independent of
the flow field ( profile shapes, etc.). Under these conditions the oildZue
of the factor in square brackets in Equation (2-15) is unity. The high-
frequency or geometric acoustics solution is

pi(r) - (psDs2)* Jn(koKsr) (2-51)

and thus from Equation (2-15)

C(r) - (psDs2)i Jn(koKsr) ej* (2-52)

2Defined ae K Z 0.
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where the phase * is independent of r and n. Here subscript "s" denotes
mean flow conditions at the source radius V-V s , 5 Ps, ias, Ds I -kxVs/w,

4 0ass / -(kx/ko)
2 ; the high-frequency approximation outside the cone of

silence is to use mean flow conditions at this radius to define Vs, Ps, as and
to assume those flow conditions hold throughout the source volume - for a
particular frequency or a band of frequencies. This approach cannot be
extended to radiation inside the cone of filence without some modification, as
discussed below.

We can now illustrate how a simple description emerges - from the Lilley
equation in the high-frequency limit - of acoustic-mean flow interactions for
both compact and noncompact source distributions. This is demonstrated with
the so-called Gaussian model of the source strength correlation function and
the axial-axial quadrupole source, viz. from Equations (2-18a) and (2-52).

Cxx- kx2 (psDs2) Jn(koJsr) ei/Ds2 (2-53)

and with Equation (2-39), Equation (2-37) becomes

Pnxx j dx f 2wrdr k 2 (p s ss)
m oOS 2  Jn(koKsr)e' J'

-- o 0

O2 (PsDs2) 1

r6 dr' kx Di Jn(koKsr')e j

0 o~xr

2 vx2(x,r) vx2(x,r') 2 exp [-%x To2/8 ]

exp[-2w(r2 + r2)/Lt2 ] 2w In(4wrrr'/Lt 2 ) (2-54)

The Integration with respect to r' can be carried out provided it is assumed
(as in the zero flow case given In the previous section) that (v- x,r) varles
slowly over the coherence length scale, Lt, and can be therefore omitted from
the integration. Making this assumption (and noting that ps,Ds are indepen-
dent of r over the source region as discussed above) gives the same
intermediate result as in the zero flow case except k2 is replaced by koKs
and p o by ps/Ds2 .

18



Pnxx kx4 !- dx 2 (Ay LXT 0 ) exp [-u4X T02/8]

-2wr 2 /L 2?
2w Jrdr Jn(koacsr)e t  V2xr]

f r'drl Jn(koKsrl)e 2r'/Lt2 2w in(4uwrr'/Lt2) (2-55)

0

As before, the second Integral Is standard (from ref. [2.9], p. 718, 6.633,
14), viz.

Jrdr' Jn(kosr')e_2r2/t 2w ln(4wrr$/Lt2)

Lt2  exp[2wr2/Lt2] Jn(kocKsr) exp [-k K 2Lt2/81r] (2-56)
2s

so that

pnx x 'wd 2( Lx~o) exp [-&4~ T.2/8] eXp[-lko2Is2Lt2/8w]2.!:

2w Jrdr j, 2 (koicsr) [vx2 (x,t)]2  (2-57)
0

The axial and transverse (i.e. radial-azimuthal) factors can be combined Into
a single factor

*xp [- 2 0
2/8] (2-58)

hee 2 1 w(1 -kXC/k0) 2 + (Lx) 2  1 kx (4 + L 2j (2-59)

Jj



Finally, the summation over all azimuthal mode numbers gives, substituting
for kx from Equation (2-21)

(4iR)2i k6 Cos 0 - dx 2 (L' Lxro)(-)exp, -4r 28: -m

2wrdr [vx2 (x,r)] 2  (2-60)

0

where um is understood to be evaluated with kx/ko-coseo also, i.e. w,-w0m
where

D -( MCCOSeo)2  + I L x 2 co~ o + Lt 2 2( -1

and

D s I - s cos0o (2-62)

Ks - {ao2Ds2/aS2 - cos2eo i (2-63)

This result together with the corresponding expressions for the other
quadrupole components is, In effect, the basis for the high-frequency predic-
tion methods (outside the cone of silence) described in Section 2.5, although
the integration over the source volume is not carried out per se.

Provided the dependence on radiation angle (eo), jet exit velocity (Vj)
and Jet exit temperature (Tj) can be extracted from the integrand, the volume
Integration is not required, that is, as long as the derived scaling laws are
used only to predict radiation. direotivity or the var-iation of spectrum
levels with velocity nd temperature, as in the prediction methods of Section
2.5. If absouts noise level predictions are to be attempied, as in Section
2.4, then In principle the volume Integral has to be evaluated.

In the case of the Gaussian model the variation of the integrand with 0
can be suppressed if w, the modified radian frequency which appears in the
exponential argument, is held constant (or wmd/Vj- 2Sm since To-d/Vj at a

* given value of x/d). The directivity of the radiated noise in proportional
bandwidths, J(w), Is then governed by (1) the Inherent zero-flow directivity
of each quadrupole component (in the example given above, cos480 ), (2) the
effect of the acoustic-mean flow Interactions (ps/D5

2) and (3) the convective
amplification - modified by noncompactness effects - represented by a factor
Dj5' for all quadrupole components; this factor appears via the frequency
dependence JW() -w(w/ao) , the relation w -mm/Im and the requirement
win-constant. With regard to the latter, a more general approach has been
utilized in the past (2.10] which does not rely on a specific form for the
correlation function, or its Fourier transform, but simply assume the
scaling law

20
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(2),0 (w +nx r; kxr')- ,#(2)(,,Ox,r;O,r) (2-64)

with wm as defined above. The transform of the Gazasima correlation function
is a special case of this scaling law. When the directivity of the radiated
sound is analyzed In the general case, the functional dependence of wm is
unknown and hence mm mu at be held constant as the angle is varied. More
precisely the directivity of the radiated sound intensity is given by
(for the above example)

,P( )- 5CS4s0 L- 1 (2-65)

[t "constant

or
, cosO o PS (2-66)

Dm5  Os2

The time (TO) and length scales (Lx, Lt) are roughly proportional to the
distance from the nozzle exit plane and the integrand in Equation (2-60)
reaches a pronounced maximum at an axial location largely determined by
Sm -fmd/Vj. Thus, the value of Sm also determines the axial location and
hence the local shear layer thickness 6s of an "effective" axial source
position. This concept Is used to 4etermine the "true" polar radiation
distance and angle when analyzing mixing noise data and more significantly to
analyze data inside the cone of silence in that 8. is assumed to be only a
function of Sm.

The &bove result for P, given by Equation (2-60), can now be generalized
to Include all the other quadrupole components, viz.

Lt2

-Jdx 2 (ALxro) LLexp (..M2 T 2/8]
--0

2wrrdr h ICI12 v 2 (xr) 02 (x,r). (2-67)

0

Substitution of Equation (2-52) for C into Equation (2-18) allows the
azimuthal sums to be expressed in closed form as follows:

ko4cos40 PS 42 1 2 . j 2 €ir) -ko cos'o (2-68a)
n nD

1 ~r2 -p,3D 2  k 2cos2e60  2___04PsCS2n ICxr , 4  k6oS s Jn' 2 (kosr) . y Dis oso +2

(2-68b)
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I -~rl psD2 -- - I j' 2 (kogcsr) -k PS 2 I )2. (2-68c)

I~x12  5D5 k02 cos2e 2

r2 ~x nJn2(ocr L52j--co ~ - (2-68d)

I~r#1 -S 2 Jos n (kolcsr) .J,n(koicsr) 2 k4P S
n ID*I 2- n I r - r2  - S 5 5 (2-68e)

1 C,1 1!2- Jr,'(koier) 2 2D 5

Hence, we obtain

f - dx 2 (!LxTo) !:-t-exp [-WM.r 0
2/8] k04 2wr dr j2 co.1O

-w 0

vr 2 KS2 cos2eo X 2 KS ICcOS~

*r .KS vr 2 v*4 + V#Ks4j (2-69)

and vr V2u - vt 2 
,then this simp ifijes to

P-Jdx 2 (2Lxro) 11. *Xp[-ga 2r 2/8]

ko f 2EIrd [22 .. ,9 + ;X- ;t 2 2 C*8260 CS2  + 7t 22 KS4 1 (2-70)

If It Is assumed also that the turbulence J4 statistically Isotropic (Si)
iLe.

v 2 Vt 2 -- 2
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then Equation (2-70) reduces to

P s9s 2  Lt
4  - dx 2( LxTo )-" exp [-Um2 To2 /8]
as4 -2

J 2wrdr [v2(x,r)]2  (2-71)

0

but this is not supported by turbulence measurements and for this and other
reasons the high-frequency prediction model is written in a form allowing for
an arbitrary axial-axial quadrupole "weighting":

4 I ) + Cq a ' cos2 e
as- ao4Ds2

f 2 2
" 0

and similarly for the dipole source. The Isotropic case corresponds to
CqO (or Cd -O for the dipole source).

The accuracy of the high-frequency, approximate description of acoustic-
mean flow Interactions represented by the factor

Ps s2

as
4

in Equation (2-71) for the ieotropic quadrupole ring-source model is
Illustrated In Figure 2.2 which shows the ratio (in dB) of the corresponding
numerical solution to Lilley's equation and the expression given above, as a
function of velocity ratio Vj/ao. The angle parameter es is the emission
angle at the effective source position which is related to the radiation
angle, 00, by

(as/a°) cOsO° (2-73)
coses (1 - Vscoseo/ao )

Real values of e s automatically exclude radiation from sources inside the cpne
of silence. For these calculations and those to follow the mean flow and
source parameter values assumed are given In Table 2.1. The flow profiles
used for the numerical solutions are described in Appendix.2A; the value of
Vs/Vmax given in Table 2.1 determines the ring source radius for these
solutions at each Strouhal number.
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Figure 2.2 Ratio of Numeric and High-Frequency Lilley Equation Solutions
at Constant Values of Source Emission Angle O, for isotropic
Quadrupole Ring-Source Model. Flow/Source Parameters Given
in Table 2.1; Sm -0.1.
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Figure 2.2/2.3 2.4/2.5 2.6 2.7

Sm 0.1 0.316 1.0 3.16

6s/rj 2.818 1.818 1.024 0.460
1.432 1.612

Vmax/Vj 0.5 0.9 1.0 1.0
1.0 1.0

Vs/Vmax 0.99 0.663 0.6 o.6
0.5 0.6

Vc/Vmax  2.0 0.8111 0.6 0.6
1.0 0.7300

Table 2.1 Shear layer thickness of velocity profiles
and centerline, source region and convec-
tion velocities (Ts/To -l,y-l.4) for
Lilley equation numeric tersue high-
frequency solution comparisons.

The values of 6s/rj, Vs/Vmax and Vmax/Vj are based upon source location data
(e.g. Polar Correlation Technique, see Section 2.3) and measured turbulence
data. The alternative value of 6s/rj shown for Sm-0.1 corresponds to the
value inferred from a high-frequency analysis of the Lockheed data (see
Section 2.5) and the comparison In this case, referred to as "inferrPd &s/rj"
is shown in Figure 2.3. These large deviations are due to the shear noise
source terms as discussed in Section 2.1.6 below and indicate that the
unrealistic 6s/rj value obtained in the high-frequency analysis, which
neglects all shear noise source terms, is due to the exclusion of this
effect from the high-frequency, approximate solutions. Similar
results are presented for Sm - 0.316 in Figures 2.4 and 2.5; although
the shear noise effect is weaker at this higher frequency, the deviation is
quite appreciable for the standard axial source location (6s/rj - 1 .818). At
the highest Strouhal numbers the Inferred values of 6s/rj from the high-
frequency analysis agree very well with source location data and here the
deviations are much smaller as shown in Figures 2.6 and 2.7, although there
are still some significant variations with Vj/a0 at small angles over the
velocity range.

As might be expected, the largest deviations (of the high-frequency from
the numeric Lilley equation solutions) occur at low Strouhal numbers and here
a high-frequency analysis of Jet mixing noise data can lead to erroneous
conclusions. On the other hand provided that the deviations do not vary
appreciably over a useful range of Jet velocities (or Jet temperatures but
temperature effects are not considered here), then the mean deviation can be
Incorporated In a "source directivity" parameter [I.e. Cq as defined by
Equation (2-72)] and this has been the approach adopted by Szewczyk [2.11]
and in our high-frequency analysis. These aspects are discussed further In
Section 2.5.
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Figure 2.4 Ratio of Numbric and 11igh-Frequency Lilley Equation Solutions
at Constant Values of Source Emission "IsleIs for Isotropic
Qwadrupole Ring-Source Nodal. FloSource Parameters BIven
In Table 2.1; N=0.316.
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Figure 2.5 Ratio of Numeric and High-Frequency Lilley Equation Solutions
at Constant Values of Source Emission Angle es for Isotropic
Quadrupole Ring-Source Model. Flow/Source Parameters Given
In Table 2.1; S, -0.316 (inferred 6,/rj)
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Figure 2.6 Ratio of Numeric and High-Frequency Lilley Equation Solutions
at Constant Values of Source Emission Angie es for Isotropic
Quadrupole Ring-Source Model. Flow/Source Parameters Given
in Table 2.1; Sm -. 0.
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Quadrupole Ring-Source Model. Flow/Source Parameters Given
In Table 2.1; Sm -3.16 .
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2.1.4 High-Frequency Lilley Equation Solutions Inside the
Cone of Silence

The high-frequency or WKB Green function solution to Lilley's equation
inide the cone of silence was derived at Lockheed under the previous contract
[2.2] and in the present notation (source position r-rs), its modulus squared
is determined by

IC(rs)12 -Pops D-s2 1 [ -2k Tq jjr(-42[rsex 2 ko rqqs (2-74)

rS

where

q2 (r) - K 2 W )(kor)2 (q2 < 0) (2-75)

and rTq , the transition point radius, is defined by

q2(rTq) - 0 (a simple zero is assumed). (2-76)

This solution was obtained using an effective wavenumber substitution
suggested by Lilley [2.1] - given by Equation (2-75) - and is one of the
highlights of the work covered in this and the previous contract. It also
provided the foundation for Szewczyk 's [2.11] original high-frequency
analysis of the Lockheed mixing noise data (inside the cone of silence) and
gives a simple but quantitatively realistic estimate of the so-called
shielding effect, as indicated bythe comparisons with numerical solutions
in Table 2.2. For this comparison the isotropic quadrupole ring-source model
has been used with Sm-l, 6s/rj -1.05, Vs/Vj-0.6 and y=l.4.

Vj/ao Tj/T o  eo 200 300 400

0.5 1.0 Numerical -9.8 -6.9 --

WKB -10.7 -8.0 --

0.9 2.2 Numerical -31.5 -25.2 -19.2
WKB -32.3 -26.2 -20.6

Table 2.2 Numerical and WKB Lilley Equation Solutions
at Sm-I.0

The dipole and quadrupole solutions are easily obtained from the basic
Green function solution of Equation (2-74), Ignoring all mean flow gradient
terms as before.

Although Equation (2-74) is straightforward to evaluate by numerical
integration and the azimuthal summations can be performed numerically also,
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it is desirable for analysis and prediction purposes to have an even simpler
expression for the required solutions. (Analysis of measured data often
Involves highly repetitive evaluation of the acoustic solutions with differ-
ent parameter values at each test condition.) Thus, Ideally, the Integral
should be replaced by a reasonably accurate, closed-form expression and
similarly for the azimuthal mode summation although this is not so crucial
since onlya relatively small number of modes are Involved inside the cone
of silence. Both these steps were accomplished under the previous contract
(ref. [2.2], Appendix 3D). There the integrand was replaced by a rectangular
distribution of effective width V and height KS, following the work of
Fisher et al. [2.12]. However, some detailed evaluations of Iqj in the
vicinity of the transition point, r-rTq, suggested a parabolic behavior and
this encouraged Szewczyk [2.11] to improve the integral evaluation accord-
ingly. The azimuthal summation approximation was also modified to allow for
the revised integral expression. Both these approximations were performed
on the monopole solution; the dipole and quadrupole solutions are obtained
by analogy with the corresponding expressions outside the cone of silence
(i.e. without rigorous proof) and the final expressious for the quadrupole
radiation is

f dx 2 ( -v!rLXTo) exp [ -m2o2/8]

ko 3' 21frr d r, 2 coseo + 2 v vt coS28o 1c2(r)l
D
2 (r)

0

+ -2 K2(r)12] N.(r) (2-77)

where
. 0.392 [ 22(r)1 3/2 (2IK /2

N.(r) 13/2) exp 2AIK], ( 2(r)l > 0.6)

-I if K2  0 (2-77a)

and in the intermediate region:

X -2A11c21 3/2 0.0 0.1 0.2 0.3 0.4 0.5 0.6
(2-77b)

N. 1.0 0.59 0.4 0.28 0.2 0.158 0.128

32



The quantity A is defined by

A = (-2/3)ko [d(-K2)/dr]l (2-77c)rmrT

and is a function of the mean velocity and temperature and their gradients
at the transition radius, rT, defined by K2 (rT) -0.

Notice that when r >rT, N. is equal to unity, K2 is positive and the
expression for P Equation (2-77) reduces to that derived outside the cone
of silence [Equation (2-70)]. In deriving Equation (2-77) the same assump-
tions have been employed as before concerning the slow variation of _7 on
the coherence length scale and the noncompactness effect based on the
Gaussian correlation model. Notice though here the flow parameters vary over
the source region whereas in the previous case constant values (Vsps,as)
were assigned. That approach cannot be used here, as such, since that would
lead to the classical geometric acoustics result of zero radiation inside the
cone of silence.

The intermediate reqion for which N. is defined numerically arises
because the original WKB solution (itself an approximation) has a
singularity at the transition point, r-rT, and consequently cannot be used
at and near this point. This applies to any approximate evaluation of the
solution as well and hence the need for the table of numerical values in this
region to link (empirically) the geometric acoustic and WKB solutions.

The accuracy of this approximate method of evaluating the WKB solution
is illustrated in Table 2.3 at four subsonic jet flow conditions; clearly its
accuracy is reasonable at radiation angles greater than or equal to 300 but
at smaller angles the errors become unacceptable. However, this allows a
wide, useful range of angles and the approximation has been extensively
utilized.

Vj/ao  Tj/To eo -200 300 400 500

0.5 1.0 -4.4 -1.5 .. ..
0.9 1.0 -19.7 -2.8 -0.8 --

0.5 2.2 -6.8 -1.1 -1.4 -1.0
0.9 2.2 -19.4 -0.9 +1.3 -1.1

Table 2.3 Errors (in dB) due to approximate evalua-
tion of the WKB isotropic quadrupole ring
source solution at Sm-3.O (as/r -0.2625,
Vs/Vj - 0.6, Y .4 ).

The basic solution given by Equation (2-74) and the above approximation,
given by Equation (2-77), show quite clearly that the magnitude of the
exponential decay or noiae rwdwtion Inside the cone of silence is directly
proportional to the shear layer thickness on the wavelength scale. It Is
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therefore natural to raise the question whether the single profile Lilley
equation approach is sufficiently accurate In this context. The axially
distributed source could radiate without significant exponential decay from the
thinner shear layer region between the nozzle exit plane and the axial peak
location, thereby short-circuiting a larger exponential decay at the peak.
However, a preliminary investigation of this effect with the aid of polar
correlation measurements of the axial source distribution (see Section 2.3)
and the approximate form of the WKS solution given above was conducted, and
it was found that this was quite a small effect, although that investigation
was based upon the displacement source model (now discarded in favor of the
original Lilley equation source function). A further investigation into this
effect would therefore be desirable.

The High-Frequency SoZution at the Azch Angle

The WKB solution is also singular at the Mach angle, i.e. when radiation
at an angle eo Is received from a source located radially in the flow where

D - 1 - V(rc) coso/% - 0 (2-78)

but this singularity arises from the governing differential equation and is
not a feature of the approximate solution alone. When solving the Lilley
equation numerically the integration contour is taken into the complex r
plane where the mean velocity is obrained via a Taylor expansion [2.131, viz.

V(r) - V(rc) + (r-rc) V'(rc) + 0((r-rc)2 ) (2-79)

and the radius ir-rcl has been found (empirically) to be

Ir - rcl - Oc6s, 0.06 s Oc s 0.12 (2-80)

so that on this contour the Doppler factor is approximately

D - Oc6s V'(rc) cosOo/ao

- c Vj(rc) cosOo/ao (2-81)

(since V - Vj/6 s If rc is at or near the radius of maximum shear). Thus,
0 the singularity caused by Doppler factor D Inside the cone of silence has

been removed by replacing D in the denominator of Equations (2-74) and
(2-77) by

52 - D2 + Oc2 (Vj cOSOo/a0 )
2  (2-82)

with sc€ - 0.0
6 (the lowest value has been found to give the most acceptable

behavior of the high-frequency solutions at and near the Mach angle).
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2.1.5 Noncompactness Effects

2.1.5.1 Comparison of high-frequency and numerical solutions

to Lilley's equation outside the cone of silence

For the purposes of comparing numerical and high-frequency solutions to
Lilley's equation, it ia assumed for simplicity that the turbulence source is
isotropic but it should be emphasized that this was not assumed in our high-
frequency analysis of the mixing noise data nor in the prediction programs
(see Section 2.5).

in this comparison we are mainly concerned with identifying non-geometric
acoustics effects In the numerical solutions in order to guide the application
of high-frequency data analysis and to establish its accuracy over a wide
range of flow parameters. In principle, we wish to compare, for the Gaussian
correlation model, the numerical value of the quantity

f(x) -I fn(x)
n

where

fn(x) " 21rJ rdr C* (kxrsnpw)

0

f r'dr'CGO(kx r',n.,w) 20. ) (w n lx,r;k,,rl) (2-83)

0

which appears in Equatio. (2-37) as

Pn dx fn(x) (2-84.)
-a

with the high-frequency result given by Equation (2-71), Via.

f(x)D 2 . Lo L2  2

f.(2 *2(11- LXTo) =--exp E-w.1o2/8] 2wrdr [v 2 (xr)] 2

o (2-85)

Substituting Equation (2-39) for 0(2) - the Sauss4an model - into
Equation (2-83) gives
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f~x W 4W (.r.r) exp -(TO~c28 rdr C*O(kxsr~n~to) vc, (x,r)

0

- exp, [-2w(r2 + re2)/Lt2] 2w In(4irr/Lt 2) (2-86)

or, with the statistically Isotropic assumption and In terms of %,1 In place
ofMM

f (x) - 1 1 (2LTo exp (-uJ T0
2 /8] I eXp[ko2iKS2Lt2/8w]

2 n

Jrdr C*O (kx~r,n~w) v2 (x,r) Jr'dr' CGO(kxrinow) v(gl
0 0

C xp [-2ir(r2 + ro2)/Lt2] 2w In (Jwrr'/Lt2) (2-87)

The model adopted for v2 is of the usual Gaussian form (see Section 5)

{v2(x,r))* - {2(X))* ex (..0.8326 (n -TS)]2) (2-88)max

where

n (r - rj)Ix (2-88a)

and

Wv(x,r)1i -V(X) at n - (2-88b)

maax

The radial center of the source distribution ": Is defined here by the value
adopted for Vs In the high-frequency analysis asa function of axial position
(i.e. of Strouhel number). The half width has been taken to be nhw 0 .1
(corresponding to c -72 from turbulence data at the subsonic condition
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Vj/ao-0.5, see Section 2.4). The Integral of this distribution over its
radial extent In Equation (2-85) for the high-frequency solution is obtained
from the standard Integral

( rdr a)2/b b{ a 2/ b2  a r./[I + erf (a/b)]} (2-89)rdre 2ba+1

Thus, we are essentially concerned with the ratio

.fiPsD , exp _ 2Ks2Lt 2/8W] L r
f ; \a, K- rdr [v2(x,r)]2j

0

n d (kx,r,n,C) v2(x,r) f r'dr' -P OV - (k~'n,w) 7(x,r')
0 0

.exp [-2i(r 2+ r'2 )/Lt2] 2w In(4wrr'/Lt2 ) (2-90)

and its deviation from unity at a fixed modified Strouhal number, Sm, as a
function of radiation angle, eo, and velocity ratio, Vj/ao (for the isothermal
case - the only one that will be considered here). The ratio Is evaluated at
x-x s , the axial position where f (and f ) reaches a maximum for the chosen
value of Sm. The deviations are associated with

(a).' non-geometric acoustics or finite wavelength effects causing a
deviation from the high-frequency factor

- (2-91)_170 (as/

(b) similarly for the radial-azimuthal noncompactness factor

exp[-ko2Ks2Lt2/8W]; (2-92)

(c) the assumption that the v(xr) varies sufficiently slowly over the
coherence length scale to be omitted from the Integral with respect to r, and

(d) the high frequency assumption that the flow conditions are radially
uniform throughout the source region.

At the radiation angle of oe-90 ° and for Isothermal conditions, there
is no effect of flow on the radiated sound field (according to the present

parallel flow model)so (a) and (d) can be Ignored and the evaluation of the

ratio f(xs)1f(x s ) can be used to determine whether noncompactness effects
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(b) and (c) are Important. For this exercise the following parameter values
are chosen:

eo a 900

S m-I

6s/rJ - 1.050 (i.e. xs - 4d with o-13.5)

Vj/ao - 0.25 (0.25) 2.0

Tj/T o calculated from Ts/T o 1 at n-ns and y-1.4 (uniform)

nhw " -.1, ns corresponding to Vs/Vj -0.6

Lt - 0.38 rj

and it is assumed that

(ao/as )2 - ps/po - To/T s  (2-93)

so that PSDs 2 (ao 4 To I
;-D- -\T -1 (2-94)

and the results are given in Table 2.4

V/a o 0f/fa (dB)

0.25 -. 62
0.5 -.56
0.75 -. 46
1.0 -. 32
1.25 -. 16
1.5 .03
1.75 .23
2.0 .44

Table 2.4 Noncompactness effects: Velocity
dependence of high frequency
solution deviations from numerical
solutions to Lilley's equations at
O-90, SM-'.

The variation is -1 dB over the range covered by the high-frequency
analysis and this is expected to be typical of results at all other Strouhal
numbers of Interest. Thus, the high-frequency noncompactness effect at 900
and at constant Sm for proportional bandwidth data, given by D,5 where
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Dm I L ' (Lt .KLj (2-95)

is reasonably accurate. However, values of It/To inferred from our high-
frequency analysis of the mixing noise data may be subject to significant error
because of the deviations Indicated above. (it Is only the relatively small
departure from the Vj8 scaling law that Is used to infer values of It/To.)

In order to uncover the significance of the non-geometric acoustic and
nonuniform flow effects (a) and (d) mentioned above - without the complexity
of effects (b) and (c) - the results In Table (2.4.) are used to justify
the next step in which It Is assumed that the noncompactness effects (b) and
(c) In the numerical solutions can be modeled analytically with the high-
frequency result, viz, we adopt the assumption (c):

J rdr Coj (kx~r~n~w) v(xvr)
0

r'dr' C*O(kxvr',n~w) v2(xvr') exp[-2w(r
2 +r'2)/Lt2 ']2w In(4wrri/Lt

2)

0

0

.r'dr' C.O(kx,r',n,w) exp [-2ff(r 2 +re2)/Lt2] 2w In(I4w rr'/Lt2) (2-96)

0

and the high-frequency radial-azimuthal noncompactness factor (b) derived In
Equation (2-56):

L 2
eXp[(kIsL28] 0 K S rdr IC.O(kx,r,n.(o)I2 [v(x,r)]2 (2-97)

0

This means that we now need only consider the simpler ratio

MffI Ps 4 rdr [2(x,r)21

* a0

(d k~rno C*B (x .nw -- ~,r

n0 PO*Iho2  ok2 (2-98)
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This ratio is calculated for the-same conditions as before except now
results are given for other angles outside the cone of silence in the rear
arc. The radiation angle actually varies with velocity here since it is the
emission angle, Os, defined as

coses - (as/ao) coseo/Ds (2-99)

which is held constant. This minimizes the deviation of the high-frequency
solution from its numerical counterpart over the velocity range as demon-
strated in previous work [2.2]; the high-frequency analysis of the mixing
nblse data has been conducted on this basis outside the cone of silence.
The results are given in Table 2.5 where the value of the ratio f/f Is also
given for the case when nhw- 0 (i.e. a ring source). The results for Os -O -
on the cone of silence boundary - are also plotted in Figure 2.8 to show that
the results are similar over the whole velocity range.

It is concluded that outaide the cone of silence the most significant
error incurred by using the high-frequency or geometric acoustic solutions is
that due to non-geometric acoustic or finite wavelength effects in the basic
Green function solution to Lilley's equation. The high-frequency modeling of
noncompactness effects and the uniform flow assumption do not appear to be
serious sources of error.

Thus, the detailed evaluation of the ratio of numeric and high-frequency
solutions, f/f , described earlier in Section 2.1.3 and shown in Figures 2.2
through 2.7 was carried out with the ring source model (the model used in
previous work [2.2]).

es-O o  Os- 300  es-60O

Vj/a o  Dist. Ring Dist. Ring Dist. Ring

0.25 2.27 2.66 1.87 2.17 0.80 0.89
0.5 2.68 3.11 2.32 2.67 0.98 1.060.75 2.8! 3.31 2.57 2.92 1.08 1.09
1.0 3.00 3.34 2.74 3.07 1.17 1.09
1.25 3.16 3.45 2.89 3.20 1.25 1.07
1.50 3.36 3.58 3.04 3.31 1.33 1.04
1.75 3.58 3.73 3.20 3.43 1.41 1.00
2.00 3.82 3.92 3.42 3.59 1.52 0.99

Table 2.5 Ratio of numerical and high-frequency Lilley equation
solutions (d) for radially distributed and ring
sources.
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Figure 2.8 Ratio of Numeric and High-Frequency Lilley Equation Solutions
on the Cone of Silence Boundary (Os -O) for Isotropic Quadru-
pole Source Model. Flow/Source Parameters as for Table 2.4;
Sm-l.0. Code: - Radially Distributed; Ring Source.

41



2.1.5.2 Comparison of high-frequency and numerical solutions
to Lilley's equation inside the cone of silence

It has been possible to evaluate only a limited number of comparisons
between numerical and high-frequency Lilley equation solutions inside the
cone of silence, partly because computation time becomes rather excessive,
especially if a critical layer (i.e. Mach angle) exists. Some of these com-
parisons are presented in Section 2.5.3. However, two striking features of
the results are that (1) unlike those obtained earlier with the displacement
source, the effects of radially distributed versus ring source solutions
are somewhat less significant with the present source model and (2) the radial
noncompactness factor assumed in the high-frequency analysist, viz.
exp[-ko2Ks2Lt2/81], does not appear to be uite correct, in that inside the
cone of silence (Ks2 <0) the modulus of ics should be utilized. Some numeri-
cal results with and without the modulus sign have demonstrated this quite
clearly for subsonic Mach number jets. Thus, it would be desirable to
repeat our high-frequency analysis with this change Incorporated in the Dm
factor, i.e.

Dm I' - MccoSo)2 + 'X , cos(eo + " I' IK } (
\.oao co\ 0 -ao !  i (2-100)

as well as with the shear noise components mentioned in Sections 2.1.3 and
2.1.6.

2.1.6 Comparison of Numerical and High-Frequency
Lilley Equation Solutions with Measured Data

The detailed comparison described in Section 2.1.3 between numerical and
high-frequency solutions is extended here to the general case of angles both
outside and inside the cone of silence and to comparisons with measured data.
The high-frequency solutions presented here correspond to the prediction
method defined in Section 2.5.1 while the numerical solutions correspond to
the method defined in Section 2.5.3.1 with Cq-=0 (isotropic ring-source
model). The first set of comparisons in Figure 2.9 refer to a modified
Strouhal number of unity and cover the Isothermal velocity range In the
Lockheed mixing noise test data [2.14]. Flow parameter details are given in
Table 2.6.

tOz mther indireotly assumed via the vwavenwbe, sealing law assumption and
modified Dopp ler factor.
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Figure 2.9 Comparison of Numeric (- )and High-Frequency Solutions
-)With Lockheed Isothermal Mixing Noise Data (0) for

Sm al (Jet Exit Conditions are given in Table 2.6.)
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Figure TP Vj/a o  Tj/To

2.9a 8 0.501 0.978
2.9b 12 0.900 0.976
2.9c 51 1.334 0.941
2.9d 58 1.650 0.977
2.9e 63 1.950 0.988

Table 2.6 Jet exit conditions utilized for
comparisons shown in Figure 2.9
(Sm -1 , 6s/rj - 1.05)

The high-frequency solutions are reasonably accurate, being generally smaller
in magnitude than the numerical solutions. The agreement between measurementa
and high-frequency solutions is better here, of course, because the source
parameters, including the axial source location defined by 6 s/rj, have been
adjusted to match the data.

Underprediction by both types of solutions always occurs at small angles
when Vj/a_ >1 although for angles less than 300 the high-frequency approxima-
tion breags down at 311 velocities.

The same kind of comparisons at a lower modified Strouhal number (Sm-0.1)
in Figure 2.10 for the two subsonic test points reveals quite a large discrep-
ancy between the two solutions, as might be expected from the comparisons
presented In Section 2.1.3. In Figure 2.10, the same 6 /rj value Is used for
each solution (6s/rj -1.43), whereas in Figure 2.11 a different value is used
for the numerical solution (6s/rj 2.81) which corresponds to a value implied
by far-field source location data. Here the agreement between the solutions
is excellent suggesting, indirectly, that the acoustic data does imply a
realistic 6 s/rj value but the high-frequency approximation without the shear-
noise source terms leads to incorrect inferred values.

2.2 FAR-FIELD AZIMUTHAL MODE DETECTION RESULTS

The theoretical jet noise model described in previous sections is based
upon solutions to the Lilley equation which must be obtained for each
azimuthal (circumferential) mode number n-O, ±1, ±2, ... Nmax. The result-
ing solution for the far-field radiation is expressed in terms of an
Incoherent sum of contributions from each mode; the incoherency follows from
the fact that the turbulence and hence the far-field radiation is (statis-
tically) axisymmetric.t One way to check the validity of the theoretical
model is to transform far-field cross-correlation measurements and obtain the
azimuthal spectrum for comparison with the corresponding calculated spectrum.
in this case the far-field acoustic pressure cross-correlation is required

t"lhju ute cheoked out ewperimentaZZL in the teets desovbed beZ7o.
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as a function of temporal (T) and azimuthal (A#) separation but with zero
radial and polar angle separation. The Fourier transforms are with respect
to the time delay T and azimuthal separation Al, yielding an azimuthal
spectrum at any desired frequency. In practice, the time delay transform
yields a coherence spectrum, y2 (f), for each pair of azimuthally separated
measurement points and the variation of Vy (f), at a given frequency, with
azimuthal separation, A#, when transformed with respect to A4, yields the
discrete azimuthal spectrum.

Measurements were conducted at seven different jet exit conditions
corresponding to selected test points in the Lockheed mixing noise test point
matrix [2.14], as defined in Table 2.7 below.

TP I Vj/a o  Tj/To

36 0.9 2.27 CONVERGENT NOZZLE
39 1.47 2.27

51 1.37 1.0
52 1.47 1.15 CON-DIV
53 1.62 1.40 CN-DIV

54 1.84 1.80 MACH 1.1 NOZZLE
55 2.06 2.27

Table 2.7 Jet exit conditions for azimuthal mode
detection experiments.

Eleven microphones were used in three separate configurations corres-
ponding to a semi-circular azimuthal array at the polar angles± em-22J",
450, and 900 (Rm-72, 32, and 21 Jet diameters, respectively). The micro-

phones were equally spaced at an azimuthal angular interval of 2210 (that is,
one reference microphone and 8 microphones equally spaced out), plus two
extra microphones located at 11 0 and 33-0 from the reference microphone
(a "shaded microphone array"). Calculated azimuthal spectrum shapes had
already Indicated that the amplitude of the azimuthal mode of order eight
ahould be insignificant relative to that of the plane mode at most conditions
of interest and hence, eight equally spaced microphones-were Judged sufficient
to avoid aliasing problems. However, the equal microphone spacing angle was
effectively reduced to 11* (so Nmgx - 16) by using data from the two micro-
phones and by eatimatinag data at the remaining points (56*0[221°] 168*0)
through linear interpolation of the measured data at adjacent points.

The measured data were analyzed in detail at only one test condition
'TP 151) and for two polar angles em-450 and 900. The Zack of agreement
,ascribed below between the measured and calculated spectrum shapes does not
warrant analysis of data at other test conditions, since that also Involves

'tOrigin oentered at the noaaZe exit pZane.
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the complication of the additional source (which is significant at non-
Isothermal exit conditions). The smallest polar angle was excluded since the
Lilley equation solutions for the small-scale mixing noise source do not agree
with measured data at small angles for supersonic (Vj/ao >1) conditions.

Some typical coherence spectra are shown in Figures 2.12 and 2.13. Three
frequencies were selected for transformation corresponding to the Strouhal
numbers S-0.113, 0.339 and 1.13 (where S-fd/Vj). The azimuthal spectra (in
dB referenced to the plane mode level) at each frequency for em 

900 are shown
in Figures 2.14 through 2.16 and In Figures 2.17 through 2.19 for Om -45. The
calculated spectra shown in each figure were obtained with the parameter
values given In Table 2.8. The lack of agreement between measured and calcu-
lated spectrum shapes cannot be explained at this time. It is recommended
that this be the subject of further investigation since the Lilley equation
solutions are now widely used in aeroacoustic calculations (either in
approximate or numerical form) and the validity of these solutions should be
confirmed experimentally in this fundamental respect.

S Vmax/ao Ti/T o  Y aCp/Cv 6s/rj nhw Vs/Vmax

0.113 0.667 1.015 1.4 2.818 0.1 0.500
0.339 1.201 1.000 1.14 1.970 0.1 0.663
1.13 1.334 0.941 1.4 1.050 0.1 0.663

Table 2.8 Parameters for Lilley equation solutions (zero radial-
azimuthal coherence, radially distributed source, nhw -0.1)
corresponding to TP 051.

2.3 AXIAL SOURCE DISTRIBUTION MEASUREMENTS
BY THE POLAR CORRELATION TECHNIQUE

The basic philosophy of our Jet noise research programs has been to
obtain detailed measurements of (a) the mean and turbulent structure of the
Jet flow with the laser velocimeter and (b) the amplitude and directivity of
the radiated far-field noise spectra and to link these theoretically with
solutions to the Lilley equation. In the present program the acoustic far-
field experiments have been extended from single-point to two-point
measurements. The objective was to provide more detailed evidence that the
link between the cause and effect (turbulence-+noise) is understood, that
the Lilley equation (or the Lighthlll analogy in the special case of
radiation normal to the jet axis from a true Isothermal jet) doe describe
the relation between the turbulence structure and radiated noise with a
reasonable degree of accuracy.

In the previous section, two-point, far-field measurements with azimuthal
separation were used to Infer the azimuthal spectrum for comparison with that
calculated from the Lilley equation. Here, we consider far-field measure-
ments at xero azimuthal separation (and zero separation in polar radius) but
variable polar angle separation and processing of these measured data by the
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Figure 2.14 Comparison of Measured (0) and Calculated -)Spectra,
TP 151; em, eo hh90*, S-0113. (Calculation Parameters
are given In Table 2.8.)1
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Figure 2.15 Comparison of Measured (0) and Calculated (-) Spectra,
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Figure 2.16 Comparison of Measured (0) and Calculated -)Spectra.
TP #51; em, eo -9O0, S-1.13. (Calculated Parameters
are given In Table 2.8.)
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Figure 2.17 Comparison of Measured (0) and Calculated -)Spectra,
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are given In Table 2.8.)
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"Polar Correlation Technique." This technique has been fully described by
Fisher et a). [2.15] who have shown that the measured correlation or cross-
power spectral density can be transformed to yield a "diffraction limited
Image" of the "source strength per unit axial slice" of the jet, or in other
words, of the integrand that appears in expressions for the far-field radiated
noise, for example, in Equation (2-48) (after Integration with respect to r).
The technique cannot, as yet, yield a radial source strength distribution nor,
of course, can it separate out the quadrupole and dipole source contributions
for hot jets, although a separation can be attempted (after processing) on the
final results by comparing, for example, isothermal and hot jet axial source
distributions of the same exit velocity.

This kind of experimental evidence (taken from earlier work by Laufer
[2.16] and Grosche [2.17]) has already been used in the Lilley equation calcu-
lations: at a given frequency or Strouhal number, the axial location of the
source distribution peak is used to define the mean velocity and temperature
profiles for the Lilley equation, which strictly can only describe the effect
of an infinite, parallel constant-profile shear layer on the radiation from
multipole sources within that shear layer. This approach is Judged to be
adequate from the point of view of calculating acoustic-mean flow Interaction
effects; on the other hand, calculation of the (absolute) noise spectrum, as
described in the following section, probably requires a more realistic
distributed source model. In either case, the polar correlation technique
offers a means of testing jet noise calculations at an Intermediate stage
between the cause - the turbulent flow, as measured by the laser velocimeter-
and the effect, the measured far-field (single-point) acoustic data.

Four jet operating conditions were selected for the polar correlation
test program as Indicated in Table 2.9. Polar microphone arrays were arranged
in two configurations, one with the reference microphone at the polar anglej,

em-90* and one with Om -22P0 . At the chosen frequencies (Table 2.9) the
measured"t coherence function, y2(f), and phase of the cross-power spectral
density, 4(f), for each microphone pair are plotted as a function of micro-
phone separation, m. After processing according to the theory given by
Fisher et al. [2.15] (a discrete Fourier transform of {/y'Mf), *(f)} with
respect to kosina), the axial source distributions are obtained at each
frequency and can be displayed in the form shown in Figure 2.20a. (The dis-
tribution at a Strouhal number S&3 has been omitted here and in the other
cases to follow since the results are unsatisfactory at this frequency). rhe
axial peak locations, xpeak/d, are reasonably consistent with those obtained
from previously published results as indicated in Table 2.10, the exception
being the result for S-l.0. The results for the 22J° reference angle are
shown in Figure 2.20b and the peak locations are also given in Table 2.10.
At the highest Strouhal number, S-0.3 (Si1.0 Is omitted) there is a clear
shift of peak location towards the nozzle, but at the lower Strouhal numbers
there is little change. These results, however, substantially agree with the

tOrfgin o.ntered at the noxxa ext pZane.

"tConstant bandiidth, 60 Hx.
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Test I _FREQUENCIES IN Hz
Points Vj/a° Tj/T° S1 - .0

3  S2- .1 S3 .3 S4-1.0 S5 -3

36 0.9 2.27 240 600 1860 6240 18840
39 1.47 2.27 300 1020 3060 10200 24000
51 1.37 1.00 300 960 2820 9360 24000
55 2.06 2.27 420 1440 4260 14280 24000

Table 2.9 Test conditions and selected frequencies
for Polar Correlation analysis.

Ref. Angle 900 Ref. Angle 2210
S Laufer et al. [2.16] Present Results Present Results

0.03 214 15 13
0.1 13 10 11
0.3 71 7 41
1.0 31 81 -"

Table 2.10 Comparison of axial peak locations, xpeak/d,
for TP051 with previous results

Laufer [2.16] data which has been used in the prediction methodst in the form
of an empirical curve fit

Xpeak/d = xs/d - {.021 S2 + 0.057 S1-  (2-101)

as illustrated in Figure 2.21. This has been used in two ways: (1) to allow
for source location effects directly (to define the true polar radius and
radiation angle) and (2) to define the profiles for the Lilley equation
solutions, assuming a relation between the profiles and the distance fron the
nozzle exit plane (see Appendix 2A).

The remaining polar correlation results given In this section refer
largely to the hot-Jet tests (TP nos. 36, 39 and 55) and have not been
analyzed or related to the prediction model, mainly because there Is the
complication of separating out the quadrupole and dipole source contributions
at each frequency. These figures are simply listed in Table 2.11.

tO ItmjvL iamaber S hae been vplaced I the mdified StouhaZ
fw. 4, for Ore meona d4wwuesed in Seotion 2.1.3.
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Figure TP# Ref. Angle Parameters

2.22 36 900 S - .03, .1, .3, 1.0

2.24 55 12.25 36 20 S- 03, .1, 0.3

2.26 39
2.27 55 1
2.28 36,39,55 - .03, Vj/% - 0.9, 1.47, 2.06

249 S -.1
2.30 S a .3
2.31 S - 1.0
2.32 22*0 S a .03
2.33 S - .1
2.34 S = .3
2.35 S " 1.0
2.36 39,51 )0 S - .03: Tj/To - 1.0, 2.27
2.37 L s- .1
2.38 S - .3
2.39 S - 1.0
2.40 39,51 22 S - .03
2.41 i S-.,
2.42 S - .3
2.43 S - I.0

Table 2.11 Summary of axial source distribution results
from Polar Correlation analysis

2.4 CALCULATION OF ABSOLUTE JET NOISE SPECTRUM LEVELS FROM
LV MEAN FLOW AND TURBULENCE DATA (ISOTHERMAL JETS)

The calculation of the shape and level of the Jet noise spectrum
radiated in the direction normal to the Jet axis (0o-900 ) has been the
subject of an Investigation based upon the LhthiLZ anazmogi rather than upon
the Lilley equation. The reason is that acoustic-mean flow interactions
vanish at Od790 if the mean flow is t z ty isothermal (provided, of course,
that it is a parallel sheared flow). Although, In practice, there are quite
significant temperature variations thin the a reua' Layer of high-speed
Isothermal jets (i.e. when the static exit temperature equals the ambient
temperature) these give rise to fairly small changest from the Lighthill
prediction and were judged to be unimportant at the present stage. To our
knowledge, a successful prediction of absolute spectrum levels had not been
achieved In the past and therefore acoustic-mean flow Interactions effects
could be Included later as a fine tuning exercise Y the Lighthill analogy
proved to be approximately valid. The same argument was applied to transverse

tAppvxi -Latay 2 dO redatin when V/% , (2OW .3).
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(i.e. radial-azimuthal) noncompactness effects. Thus, the investigation has
concentrated on the raeiation from a compact source distribution defined by
measured turbulence data, at 900 to the axis of a "true" isothermal jet.

The starting point is Equation (2-29)

P(Rr*eow) ( )2 p Pn (2-102)

and Equation (2-37)

Pn J dx J 2irrdr C:18 (kx, r, n, u)

-- oPn r' wdr C * 13(xxr', , nw

r'd '' (k 'n ) 2 (3 (w'nlx'r;kx' r') (2-103)

0

and since flow effects are being neglected, the appropriate solutions are:

n2 ' k2  1n(kr
ko2,2 - n2 + k2 Jn'(k2r ) !poI Jn(k r )  (2-104a)

r2 rn iknrk

Cro jn k2 Jn(k 2 r) - F I Po Jn(k2r) (2-104b)

k 2"Jnk r)'(k2r ) n2

C-. ( k = jpoi Jn(k2 r) (2-104c)

where k2  (o2 - kx2 (2-104d)

By neglecting the noncompactness effects, Equation (2-103) simplifies -

for the "Gaussian" model defined by Equation (2-39), neglecting psd variations

over the coherence volume - to

+6S

-n J dx 2 ( 2 L.XT 0  -j- xpE o/8]

j2r dr Ic=vI= v x,r) v8 (x,r) (2-105a)

0
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and for the "Exponentilal -Gaussian" model -def ined by Equation (2-4.2) -to

-~~~ Jd ±LL~) 2 eXp[-w 2LX2/8wV 2]
-8 2 {1 +WI2T0 2 /4)3/2

4'2wrdr C1 2V.2 'x,r) V~s(x,r) (2-1 05b)
0

With noncomupactness effects neglected so that the summnation of n can be
performed using the standard sums given In Section 2.1.3, we obtain from
Equations (2-102) and (2-105a) the result

P(Rrteo,w) -dx 2 (:LXTO) LtL exp[ WMT02/81
(4irRr) 2  22

J27rrdrI r2+ r2 2 +(3126)
0

and similarly for the Exponential-Gaussian model. It is assumed here,
following the experimental results of Bradshaw et al. [2.18], for example,
that

so that

Po2 2

P(Rr~eo.2) LXT P0 t k0  x2(:xo exp [, 2 T 2/8]P(reo) (47rR fd)2 222  0

r

f2irrdr vt22(x,r) (2-1 07a)

0

for the Gaussian model, or
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P(RrOo') P2kot4 dx 2 A (21 Lxr) L t )2 exp[-W2Lx2/8,rVc2

(IelRr )2 1 2 22)l+,2r24 /

f 27rrdr t2 2 (x, r) (2-107b)

0

for the Exponential-Gaussian model. The radial integral

r - 2w f rdr vt 22(x,r).

0

has been calculated with the following expression based on LV measured data
(see Section 5).

... 2 -. 0016 (x/rj)2  ATIr - 2w Vtpeak exxceff (2-108a)
(see Figure 5.26)

27 2w 2 ak (x-ff .0016 (xc,eff/rj). X2  X )xc,ef f (2-108b)

where

(va (2/3) (.179) Vj Mj " 1028 (Figure 5.26) (2-109a)
peak

Xc,eff • 2 xc (Figure 5.26) (2-109b)

xc - 2 rj (4.3 + 1.1 1j2) (Figure 5.15) (2-109c)

ri & rj (Figure 5.25) (2-109d)

where Mj -Vj/aj and c, representing the radial width of the source distri-

bution, is specified with sample calculations given below. The axial

Integrals have been calculated numerically t as a function of frequency with

the following expressions for the time and length scales and convection

velocity, obtained from LV data (see Section 5).

tWith a computer program (INTEG) which ie described in Section 6.
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Sx - 0.042 x + 0.48 (-2L;) (Figure 5.52) (2-110a)

or
Lx - 0.12 xt (2-110b)

Lt - 0.028 x + 0.28 (-2L r) (Figure 5.53) (2-110c)

or
Lt - 0.06 x t  (2-110d)

To - {(0.63)(2) Vj(1.1 + 0.9 Mj)1'lx (Figure 5.42) (2-110e)

Vc - 0.63 Vj (Figure 5.45) (2-110f)

The results are expressed in the form of 1/3-octave SPL's defined as

SPL - 10 log10 .2316 (n!) P(Rro ,)(2-111)

with the power spectral density, P, calculated in MKS units, and Rr the polar
radius set equal to 72 Jet diameters, the measurement distance of the Lockheed
mixing noise data [2.14].

Three isothermal jet operating conditions were chosen for detailed
comparisons of measured noise spectrum levels and values calculated according
to the two source function models described above. These are referred to as
test point numbers 8, 12 and 51 in the Lockheed mixing noise test data [2.14];
the jet exit and ambient conditions are given in Table 2.12, together with
values of the parameter c calculated from the turbulence data (see Section 5).

tBest fit to masured data passing through origin in Figure 5.51 from -0
to x-4d.

t Beat fit to measured data passing through origin in Figure 5.53 from
x-0 to x-4d.
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TP Mj Vj/ao  Tj/To  To ( F) Po (psia) c

8 0.506 0.501 0.980 70.0 14.20 72.0
12 0.911 0.900 0.976 72.0 14.20 110.0
51 1.370 1.334 0.941 81.0 14.26 285.0

Table 2.12 Jet exit conditions for 900 spectrum level comparisons

The first set of results presented in Figure 2.44 were calculated with
the expression for the axial length scale Lx given by Equation (2-110a) and
the transverse length scale by Equation (2-110c), which have non-zero values
at the exit plane. The calculated spectrum (solid curve) bears little
resemblance to the measured spectrum (symbols) in any of these cases although
the Gaussian model spectrum Is close to the measured spectrum below Its peak
frequency and the "peak frequency" Is predicted quite well by the Exponential-
Gaussian model, about I octave below the measured value, the peak level being
about 2 dB. too high at all three test points. The Gaussian model spectrum
does not exhibit a maximum within the frequency range considered. The spectra
labelled DBU and DBD in these figures correspond to the "upstream" and "down-
stream" integrals, that is the axial integration of Equation (2-107) is
calculated in two parts, from x -0 to x-xc,eff (upstream) and from xmxc,eff
to x -- (downstream).

It has been found that these poor predictions, particularly at high
frequencies can be rectified to a large extent by using, in the first
instance, the alternative expressions for Lx and Lt [Equations (2-11Ob),
(2-110d)] which yield a zero value for the length scales at the exit plane.
The results are shown In Figure 2.45. Clearly, the spectrum calculated with
the Exponential-Gaussian model and the alternative Lx, Lt expressions has
many features in common with the measured spectrum. The low and high-
frequency slopes agree fairly well although the calculated rise at low fre-
quencies is somewhat steeper than that of the measured spectrum.

Nevertheless, the general qualitative agreement Is quite encouraging,
when the Exponential-Gaussian model Is utilized. One of the reasons for this
can be seen by plotting the integrand in Equation (2-107b) (after the inte-
gration with respect to r) as a function of distance from the exit plane as
in Figure 2.47. Here, the results are shown for four frequencies correspond-
ing (approximately) to the Strouhal numbers S-0.1, 0.3, 1, and 3 at TP 18
(Vj/ao-.501, Tj/T0 -0.980). This "source strength per unit slice of Jet" Is
the quantity that can be obtained with the polar correlation technique or
more precisely a diffraction limited Image of that quantity. Results of the
polar correlation measurement program are given in the previous section. A
detailed comparison of the calculated and measured axial "source strength"
distribution has not been possible but the calculated results in Figure 2.46
clearly exhibit one of the required features, i.e. approximately the correct
axial peak locations as a function of frequency (high frequencies close to
the nozzle, low frequencies far downstream xteak/d &2, 4, 7, and 13 for
S-3, 1, 0.3, and 0.1, respectively). Also, here Is a slight but noticeable
asymmetry of the distribution about the axial peak, as found in the polar
correlation results. In distinct contrast, the corresponding Gaussian model
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axial distributions, also shown in Figure 2.47, do not give the correct peak
locations except at the lowest Strouhal number.

Yet another approach at representing Lx and Lt is to assume that these
length scales azv zero at the exit plane and rise linearly with x until they
intersect the corresponding lines given by Equations (2-110a) and (2-110c),
respectively at x/d-l.25. This is the approximate position where the
initially laminar shear layer of the jet apparently undergoes transition (Lau,
to be published). The results are shown in Figure 2.47. There is a noticeable
improvement in the spectra at the high frequencies (compare Figure 2.44) and
this is especially marked in the results for the Gaussian model. The predicted
values from this model follow the experimental results very closely, and it
is believed that with fine "tuning" of some of the variables used in the
model, the prediction would be further improved.

Figure 2.48 shows the corresponding source distributions for both models
at Strouhal numbers of 0.1, 0.3, 1.0, and 3.0, and exhibit the essential
characteristics mentioned earlier (i.e. the higher frequencies lie close up to
the nozzle and the distributions have a somewhat skewed appearance). However,
the respective peaks lie further upstream than where source location tech-
niques would seem to indicate. The reasons for this apparent discrepancy
would need to be explored.

To summarize, the standard, Gaussian correlation function model can
yield a good noise spectrum prediction (at 900), but the corresponding axial
source distributions do not tie in very well with (far-field) source
location data nor - as often pointed out in the past (e.g. Ribner [2.3]) -
does the Gaussian model fit the measured turbulence correlation data
particularly well with regard to the moving frame decay envelope. The so-
called Exponential-Gaussian model with the same length scale assumptions
offers an improvement with regard to the latter deficiency and possibly a
slight improvement in the axial source distribution (see Figure 2.48), but
the penalty is a degraded noise spectrum prediction (see Figure 2.47). On
the other hand, with the simplest length scale assumptions [Equations
(2-110b), (2-110d)], the axial distributions agree almost perfectly with far-
field source location data (Figure 2.46) and the noise spectrum predictions
improve also (Figure 2.45), but still do not reach the same standard as those
of the best Gaussian model predictions. Clearly, the choice of length scale
assumptions is Important and could be resolved by further LV turbulence
measurements near the nozzle exit plane. More detailed analysis of turbu-
lence and acoustic far-field correlation data may help to resolve the
correlation function Issue and possibly lead to further Improvements in the
modeling of those data as well as in noise spectrum predictions. Once
satisfactory agreement had been reached In aZ thy. arms, It would then be
reasonable to assume that the link between the fluctuating velocity field of
an isothermal jet and Its radiated noise field had been finally quantified.

A similar exercise is now required for the dipole source that arises
In hot Jets, together with further refinements to the quadrupole source
spectrum calculations (e.g. include.noncompactness and temperature effects
at 0o-900 ) which will probably lead to an Improvement in the prediction
accuracy. Once that is done, the calculation method could be Incorporated
Into the UNIJET prediction program, in place of the present empirically
determined master spectra.
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2.5 THE JET MIXING NOISE PREDICTION METHODS

Three "small-scale" mixing noise prediction methods have been obtained
from the Lilley equation solutions. The first and second are based on the
high-frequency closed-form solutions and the third upon numeric solutions.
Methods I and 2 are the result of a detailed, high-frequency analysis of our
mixing noise data conducted at Lockheed in which parameters such as: the
noise spectrum at 900 under isothermal conditions (or the quadrupole master
spectrum), the eddy convection velocity, Vc, and other turbulence source
parameters are infered from the measured data. This approach serves three
purposes: (1) it provides an efficient, accurate prediction method, unless
the model is clearly inapplicable (in the present case at high speeds, small
angles); (2) it allows meaauzenent8 of turbulence parameters to be compared
with values "implied" by the far-field noise data and (3) it links our
results with earlier work, e.g. Ribner [2.3] where that has been the
standard approach.

The third prediction method is ,eaeai'oh oriented, allowing specification
of some or all of the Important turbulence parameters and these are used with
numeric solutions to Lilley's equation to calculate the far-field noise
spectra. Although this third method has the advantage of being more
"realistic," particularly at low frequencies, the disadvantage is that con-
siderable computational time is required. (it is possible to specify
turbulence data for the first two methods although it is expected that these
are to be used for general prediction purposes where a minimum of information
is available.)

2.5.1 The High-Frequency Jet Mixing Noise Prediction Methods
(Methods I and 2)

These prediction methods are based upon the high-frequency solutions to
the Lilley equation described in Sections 2.1.3 and 2.1.4 and a ring-source
model for the quadrupole and dipole source distributions. For example,
Equation (2-77) - with Equation (2-82) - leads almost directly to Equation
(2-112) below for the quadrupole source component when the ring source
assumption is employed (flow conditions at the ring source being denoted by
subscript s). The other assumptions involved are discussed in Section 2.1.3;
as usual the jet flow and surrounding medium (at constant pressure) are
assuned to obey the laws for a perfect gas, that is ps/po -To/Ts and
2/ao" (ysTs)/yoTo).

The far-field noise spectrum in 1/3-octave bandwidths is given by the
"dB-addition" of the SPL due to the quadrupole source, SPLq, and that due to
the dipole source, SPL d . The calculation procedure for both methods is the
same (1 and 2); only one of the source parameters is different.

2.5.1.1 The quadrupole source component

The 1/3-octave SPL of center frequency f, at a measurement point
(Rm, em) due to the quadrupole source component of the noise radiated by a
jet, nozzle diameter d, exit velocity Vj and exit temperature Tj, exhaust-
ing into a stationary atmosphere at temperature To (speed of sound ao) and
a pressure of 14.7 psia, is given by
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SPLq 10 IoglOIq (lMter spect. m at Rzv/d=72)

1 72 2 (Inverse square Zaw based on+ 10 og o- effective source Zocation)

+ 10 log1 0 o (Lighthill acaZling Zz)

+ 10 loglo (Ribner [2.3] - Ffowcs WiZZiams
[2. 7] convective ampZification)

+ 10 logio I NW [cos4eCi +Cq) + 21KS21COS2e0 + IcS2 1211
6(Ts/T0)q

(High frequency LiZley (2-112)
equation solutions)

where Iq is the quadrupole master spectrum referred to a true measurement
distance of 72 diameters (Rr-72d) and Cq is the axial-axial quadrupole
weighting or anisotropy coefficient such that Cq -O for the statistically
isotropic (SI) quadrupole source model. In Methods 1 and 2, both Iq and Cq
have values determined empirically for the Lockheed mixing noise data, as a
function of the modified Strouhal number Sm-Dmfd/Vj (see Section 2.5.1.3).

The radiation distance and polar angle (Rr,eo) are related to the
measurement point coordinates (Rm,em) by (see Figure 2.49)

Rr/d - {(Rm/d)2 + (xs/d)2 - 2(xs/d) (Rm/d) cosem} (2-113)

coS( 0 -em) - {(Rm/d)2 + (Rr/d)2 - (xs/d)21/{2(Rm/d) (Rr/d)} (2-1114)

where

xs/d - {0.057 Sm + 0.021 Sm2}
" 

. (2-115)

The modified Doppler factor, Dm , is given by

Dm - {Dc 2 + 02 (Vj/a0 )
2 cos2 0o + a

2 (Vj/ao)2Ks2 ) (2-116)

and the square of the transsrse (nondimensional) wavenumber by

D5
2

S(/o) (Ts/To) -cos2o
.  (2-117)
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The Doppler factors based on the eddy convection velocity Vc and the flow

velocity in the source region Vs are defined as

DC - I - Vc cosedao - I - CcVj coseo/a o  (2-118)

(cc = Vc/Vj)

and

Ds - I - Vs coseOIao - I -. csVJ coseo/a o . (2-119)

( s = Vs/Vj )

The transverse and axial noncompactness parameters are assumed to vary with
the source region temperature, Ts, in the form

a - ao (Ts/To)P (2-120)

- 0 (Ts/To)q • (2-121)

In Methods 1 and 2, ec, cs, mot pt 0o and q have values determined
empirically from the Lockheed mixing noise data (see Section 2.5.1.3).

The temperature ratio Ts/T o is calculated with the empirical formulae

Ts/To -1 + f(Ts/To)max - 11/(0.98 + 0.073/SM2) 0"25  (2-122)

where the maximum value is given by

(Ts/To)max M I + 0.6 (Tj/To -1) + (Vj/ao)
2 0.2 (0.6 - 0.62). (2-123)

The ratio of specific heats is calculated from the expression

y - 1.421 - (T/11800) +exp {-IT-4501/2001/80 (2-124)

where T -Ts is used to obtain y-ys and T -To to obtain y -yo.

The "non-zero Doppler factor" bs is given by

7 - D 2 + 0c2 (Vj cose0 /ao)2  (2-125)

with 1c- 0 .06 , as explained in Section 2.1.4.
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Finally, the decay factor is defined as

N- 1 if Ks 2  0 (Outside one (2-126)
of sizewe)

N- 0.392 exp [-2AIK s2l/2] (2-126b)
{3(2AIs 13/2) +1 )j

if 2AIKS213/2 >0.6, and in the intermediate region 0<2AJKs213/2 <0.6 is
given by

X-2AIKs2 3/2  0.0 0.1 0.2 0.3 0.4 0.5 0.6,, (2-127c)

N 1.0 0.59 0.4 0.28 0.2 0.158 0.128

Outside the cone of silencet the last factor in Equation (2-112) can be
simplified to (Ds/(ysTs/yoTo)2 + C cos4eo}/(Ds 2Ts/To) since K 5

2 >0; this is
the form actually used in the predction program (see Section 6) for angles
outside the cone of silence.

The parameter A is defined as

A (2/3)ko6s[d(-K2)/d(r/6s)]r- (2-128)

where

ld(-,l2 )  . 2 vA.cos. 0 (!T1T ].
r , rT r rT ( \a0

+ -)+ o (I 2#T (2-129)

and subscript T denotes evaluation at r-rT; In deriving Equation (2-129) the
temperature profile equation (2A-13) has been used with Vmax - J , that is, only
"Initial mixing region" profiles are assumed.

The value of #T-VT/VJ is obtained by solving a quadratic equation for
VT/Vs:

VT VT

1" Vs V7 - (2-130)

tThia terminology is bor'rowed fran geoutro aoou at ie and is used only to
desribe the aonditiO, K8

2 > 0; it &,e. not imp~y that there. is a real oone
of si Zene when K2.
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where

VT/Vs " [a1 - {a1
2 - 4 a2a3}]/2a2  (2-131)

a1 -2es(Vj/ao)/cosoo + (Ts/To -1) + e2(Vj/ao)2 (y - 1)/2 (2-132)

a2 ,-c
2 (Vj/ao)

2 (y + 1)/2 (2-133)

a3 - tan2 o •  (2-134)

In Equations (2-129), (2-132), and (2-133), a constant value is used for
y - 1.4.

Given #T, XT is found (by Iteration) from
t

+ - 0.5 {1 - erf (rwx)) (2-135)

and the gradient required in Equation (2-129) follows Immediately from

d6 d- 1 = " exp (-iX 2) (2-136)

The frequency parameter ko6s in Equation (2-128) can be written either as

/mtess I Vji (2-137)

\-Vj) /\ aol ,

or as

kos- wSm (L~) (!-J 1 (2-138)

The former was used in the high-frequency analysis of the Lockheed mixing
noise data, wmds/Vj being the "empirical parameter" for which values were
inferred from the measured data at each modified Strouhal number. The latter
form allows a more direct physical Interpretation since 6 s/rj is the normal-
ized vorticity thickness of the shear layer of maximum sound emission at a
given modified Strouhel number (see Section 2.5.1.3).

The transition radius temperature ratio TT/To in Equation (2-129) is
evaluated from Equation (2A-13) with *-#T, Vmax -VJ, Tj -Tj and y -yo.

~Th ezwr fAgntioi (eri) is oa"Z4ated with thea rat ionasi ap'proxiwvtion
7. 1. 27 of r eeene [2. 19].
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2.5.1.2 The dipole source component

The 1/3-octave sound pressure level at a measurement point (Rmom) due
to the dipole source component Is given by

SP'd- 10 lOg10 lid ( R2d) (VJ) 6 (1) (Ts'To)2]

. 10 ,ogiof 1 N0  [cOs2 0 (l +Cd)IKs21]1 (2-139)

where Id is the dipole master spectrum referred to a true measurement
distance of 72 diameters and Cd is the axial dipole weighting or anisotropy
cobfficient such that Cd-O for the statistically isotropic (Si) dipole source
model. In Methods 1 and 2, both Id and Cd have values determined empirically
from the Lockheed mixing noise data, as a function of the modified Strouhal
number, Sm. All the other parameters In Equation (2-139) are defined above
under the quadrupole source heading. Outside the cone of silence, the last
factor in Equation (2-139) reduces to {Ds 2 /(ysTs/yoTo) +CdcOs 2 eo1/(Ds2 Ts/To)
since Ks2 O; this is the form actually used in the prediction program
(see Section 6) for angles outside the cone of silence.

2.5.1.3 Determination of empirical parameters

The empirical parameters in the equations given above have been
determined from the Lockheed mixing noise data, along the lines followed by
Szewczyk [2.11]. These inferred parameters describe in effect the statistical
properties of the turbulence source function; on the other hand, the mean flow
properties in the source region (Vs, Ts) and the location of the source region
(xs ) are assumed known at the outset. That is, xs is calculated from Equation
(2-115) which is based on the Laufer data (see Figure 2.21), while Vs is
determined from LV data and data published elsewhere (e.g. Bradshaw et al.
[2.18], Witze [2.22]); the assumed values of xs and Vs are given in Table 2.13.
The source region temperature is calculated from Equations (2-122) and (2-123)
as discussed in Appendix 2A.

Data Anayeai8 utide the Cone of SiZenoe. The (isothermal) transverse
noncompactness parameter cxo is determined from the isothermal data (Tj/To &1,
see Figure 2.50). At 00-90 the modified Doppler factor reduces to (with
Ys/¥o set equal to unity)

in- Ti + (a Vj/ao)2 (To/Ts)J (2-140)

so the predicted quadrupole mean velocity dependence is

1900 (To)3 (Vj ) 1 )5/2 (2-141)
Ts ao {1 +(GVj/a 0 )

2 (To/Ts)
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Depending on the choice of a, the velocity variation at 900 for each Strouhal
number will be more or less closely matched by the predicted scaling law; a
value of a-0.2 was found to be a reasonable, optimum value or, more precisely,
the value ao,,0 .2 was adopted for prediction methods I and 2. It must be noted
at this stage that an alternative explanation of deviations from the Vj8 law
exhibited by the measurement acoustic data Is the Mach number dependence of
the turbulence intensity and other parameters [see Section 2.4, Equations
(2-109) and (2-110)] uncovered by the LV turbulence measurements. This is
largely confirmed in Section 2.4 where transverse noncompactness effects are
neglected but the Mach number deDendence of the turbulence parameters which
control the quadrupole radiation is sufficient to produce, approximately, the
correct dependence on Vj up to Vj/a o , 1.4. (When the absolute dipole spectrum
levels can be calculated with the same accuracy, prediction methods I and 2
could be revised to incorporate the turbulence intensity variation etc., and
the value of ao would be either revised or a value could be calculated from the
measured turbulence data.) However, at present no turbulence variations with
Mach number are included in the predicton methods; e.g. the classical Vj2

scaling law is assumed for the quadrupole source strength.

At angles other than 0o-90, the modified Doppler factor Dm depends
additionally on the parameter B (which allows for axial noncompactness of the
sources) and the convection velocity ratio c. Optimum values have been
determined from the rear-arc Isothermal data outside the cone of silence:
Bo-O. 55 for all Strouhal numbers, while cc(-Vc/VJ) varies as shown in Figure
2.51a and in Table 2.14. It is encouraging that cc as determined from far-
field noise measurements lies In the commonly accepted range based on
turbulence measurements, except perhaps at the lowest Strouhal numbers. Here,
the optimum values of cc exceeded unity but the maximum value adopted for
prediction purposes was c- 1 .

The isothermal rear-arc data analysis also yields the quadrupole
anisotropy coefficient Cq and master spectrum q (as a function of Sm) as
shown in Figures 2.51b and 2.51c and in Table 214.

In a similar fashion the tempe ure dependence on the noncompactness
parameters a and B, represented by p and q in Equations (2-120), (2-121), was
determined from the non-isothermal Lockheed mixing noise data, respectively,
at 6o-90° and at rear-arc angles outside the cone of silence. The optimum
values were found to be p-1.2, q-0.2. Again, any variation of quadrupole
or dipole source strength scaling with temperature (i.e. apart from that
already specified for the dipole source) is not Incorporated in the prediction
methods. In this case, trends in the measured LV data, e.g. turbulence
Intensity variation with temperature, are not so pronounced and furthermore
the dipole source strength is a function of the turbulent density and pressure
fluctuations, quantities not Included In the flow measurement program.

It should be emphasized that the dipole and quadrupole source components
are both assumed to have the same noncompactness parameters, that is, cc, a
and 0.

The non-isothermal rear-arc data analysis also yields the dipole
anisotropy coefficient Cd and master spectrum Id as shown In Figures 2.51b and
2.51c and in Table 2.14.
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To summarize, the transverse and (moving-frame) axial noncompactness

parameters have been empirically determined as

a - 0.20 (Ts/To) "2  (2-142)

0 - 0.55 (Ts/To) 0"2  (2-143)

and £c, Cq, 1q, Cd and Id are given in Table 2.14.

Data Analy is Inside the Cone of Silence. Outside the cone of silence
(Ks

2 >O) the factor N,. (the "shielding factor") in Equation (2-112) is unity
and the shear layer thickness (6s) - in the high-frequency limit - cannot
influence the far-field sound pressure. The shear layer thickness parameter
is determined from measured data inside the cone of silence by assuming
(1) that all of the other parameters remain unchanged in this angular region
and (2) 6 s is only a function of Sm (as with all the other parameters but the
assumption is possibly more critical in this case as will be illustrated
below). Inferred values of 6s are given in Table 2.15, normalized by the
nozzle radius rj although in the prediction program (Section 6) it is
w6s/VJ - wSm(6s/rj) which is stored as empirical data.

It is these empirically determined Ss values which distinguish Method I
from Method 2, as indicated in Table 2.15. The first set (Method 1) were
obtained from the measured data at subsonic conditions ( Vj/ao <1), since
these data collapse in a convincing manner inside the cone of silence
(at radiation angles greater than or equal to 300) against these scaling laws
based on approximate high-frequency solutions to Lilley's equation. The
second set (Method 2) were obtained from all the test points, supersonic as
well as subsonic and even though the data do not collapse as well as with the
subsonic data alone, the resulting Method 2 does yield more acceptable predic-
tions than Method 1 over the whole velocity range. On the other hand, the
inferred 6 s/rj values for Method 2 do not line up as well with far-field
source location data as do those of Method 1, especially in the case of iso-
thermal jets. Values of 6s/rj implied by source location data are shown for
comparison in Table 2.15; these have been calculated from Equation (2-115) and
Equations (2A-8) or (2A-11) with the assumptiont that 6sa(Tj/To) . All three
sets of 6s/rj values are compared for the isothermal case in Figure 2.52a
(Tj/To kl) and for the medium temperature case Tj/To " 2.2 in Figure 2.52b.
The actual temperature dependence of Method I - 6s values is shown in Figure
2.53.

The first of these methods is therefore physically justified - at least
with regard to 6 s values at medium to high Strouhal numbers - whereas the
second method, or average yields better predictions, as illustrated below.
A physical interpretation of the smaller 6s values used in Method 2 Is
suggested at the end of Section 2.5.3.4.

tSeAcxyk [2.111 suggested that this tewvmtuve dependene could be uaed to
collapee the inferred values of 6; hee it is adopted as an (unverified)
acaling lZa for 6s ae implied by far-fieUd souroe location data.
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(a) Isothermal Jet
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100000
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5 (b) Heated Jet
5 ~Tj/T 0'2. 2

SME LOATION DATA
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000 000
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Figure 2.52 Shear Layer Thickness' s at Source Position as a
Function of Modified Strouhal Number Sm; - as
Implied by Far-Field Soza'e Location Data;
0 Inferred from Subsonic Mixing Noise Data;
a Inferred from All Mixing Noise Data.
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It should be emphasized that N,, the exponential decay or shielding
factor, Is evaluated with Equations (2-126b) through (2-137) assuming an
"initial mixing region" (error function) velocity profile [Equation (2-135)].
In fact, Szewczyk [2.11] was able to modify these equations to include the
effect of centerline velocity decay (Vmax Vj) although the velocity profile
shape was not changed. Bearing In mind that this exercise was performed with
the earlier displacement-source model, the effect of centerline velocity decay
on values of as inferred from the Lockheed mixing noise data is shown in
Table 2.16, with 6s given in the two forms, normalized by Vj/wm and rj.

No Decay Decay No Decay Decay
Sm Vmax/Vj W,6s/Vj Wm6s/VJ 6s/rj 6s/rj

0.1 0.58 0.67 0.45 2.13 1.43
0.125 0.65 0.80 0.50 2.04 1.27
0.16 0.74 0.95 0.70 1.89 1.39
0.2 0.82 1.18 0.90 1.88 1.43
0.25 0.90 1.43 1.20 1.82 1.53
0.316 0.95 1.70 1.55 1.71 1.56
0.4 0.99 2.00 1.90 1.59 1.51

Table 2.16 Comparison of shear layer thickness parameter
values inferred with (1) Vmax=Vj (no decay)
and (2) Vmax/Vj as given in second column (decay).

It is clear from Table 2.16 that the inferred 6s/rj values are even more
unrealistic when the centerline velocity decay is Included.t The question
remains whether the velocity profile sape would have any significant
influence on Inferred values of 6s at low Strouhal numbers. A comparison of
the values of [d#/d(r/6s)].r -r obtained from each profile shape at one
typical value of rT indicates that this may not be a significant effect.
That is, when rT-rk - the half-velocity point where V/Vmax-0.5 - the
gradient of the error function profile Equation [(2A-1]

- - exp (-Wx 2 )  (2-144)

yields a value of -1 since X = (r-rj)/6s -0, and the gradient of the Gaussian
profile [Equation (2A-4)]

d4 - ( exp {-(r/6s)2 (e/2)} (2-145)

yields a value -/(e/2)tn2 & -0.97 since

tIn fact, Szezyk [2.11 uses the oiqinaZ no-decay vaZuee in the figuree
of his theeis.
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1,* 2 (2-146)6 s  •

which differs by only 3% from the error function profile gradient.

2.5.1.4 Comparison of Inferred noncompactness parameter
values with measured turbulence data

Length and Time Scales. According to the results of Section 2.1.3, which
are based on the assumption that each coherence length scale is much smaller
than the corresponding power spectral density length scale, the noncompactness
parameters mo and 80 are related to the coherence length and time scales -
under isothermal conditions- through Equations (2-61) and (2-116), by

a 1 Lt (2-147)z 7 W ToVJ

L LX

1 /W" ToVj (2-148)

Two alternative expressions for Lt and Lx are derived from the measured
(LV) turbulence data and one for To which is Mach number dependent; in the
zero Mach number limit Equation (2-110e) yields

To - x/1.386 Vj (2-149)

and in the first alternative (the simplest case) the length scales are given
by [Equations (2-110d), (2-110b)]

Lt - 0.06 x (2-150)

and

Lx - 0.12 x (2-151)

from which we obtain

Go - (0.06) (1.386) & 0.05 (0.20) (2-152)
I

00 a, (0.12) (1.386) a 0.09 (0.55) (2-153)

The figures in brackets are those Inferred from the far-field noise data with
our high-frequency analysis, as described above.
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The alternative expressions for the length scales

Lt - 0.028x + 0.28 (1- 0.25d) (2-154)

Lx - 0.042x + 0.48 (& 0.40d) (2-155)

evaluated at x-4d, for example, are almost identical to those given above and
hence the above comparison is essentially unchanged.

If the Mach number dependence of To is evaluated at the highest possible
value (Mj -1.7 in the Lockheed mixing noise data), the measured and inferred
values still differ by a factor of two.

Ffowcs Williams [2.7] recommended the values oto&0.04, 1o' 0-13 based on
turbulence data available at the time which correspond closely to values ob-
tained above from LV data. Ribner [2.23], on the other hand, assumed that
ao=o and obtained a value of 0.28 from his analysis of the far-field
acoustic data. This falls between our inferred values of ao-0.2, so-0.55.

The significant difference between turbulence-based noncompactness
parameter values and those inferred from the mixing noise data lends weight to
the idea that noncompactness effects are only partly responsible for the
observed deviation from the Vj8 law. Possibly, a more important effect is the
Mach number dependence of the turbulence intensity and, as shown in Section
2.4, when this is taken Into account, together with the Mach number dependenc3
of other parameters such as the time scale, the velocity dependence of
radiated spectrum levels at 900 can be predicted fairly accurately without
transverse noncompactness effects. Thus, if the high-frequency analysis were
to be repeated and the above factors incorporated, it is likely that mo and 0o
would be somewhat smaller and probably much closer to their turbulence-based
values.

2.5.2 Comparison of Jet Mixing Noise Prediction
Methods 1 and 2 with Lockheed Measured Data

Since Methods I and 2 rely quite extensively on parameters determined
from the Lockheed mixing noise data, the comparison that follows, it could be
argued, only serves as a check on the original analysis. While it is true
that comparisons serve the non-trivial purpose of checking the extensive data
processing involved (e.g. there are 3711 data points outside the cone of
silence over the range 0.1 <SmS3.16) three points must be emphasized. First,
the mean velocity and mean temperature scaling laws assigned to the noise
source strengths in these prediction methods are not arbitrary but follow more
or less directly from a dimensional analysis of the (extended) Lighthill aero-
dynamic noise analogy [2.51. Second, the convective amplification factors
(Dm-5,D,.3) although arising from an apparently arbitrary, I.e. convenient
choice of source correlation function (or of axial-wavenumber frequency
spectrum) only contain parameters that can be directly related to the
statistical properties of the turbulence. Finally, the most recent develop-
ment (and therefore possibly over-emphasized to some degree), the prediction
of acoustic-mean flow interaction effects is described by either numerical or
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approximate closed-form solutions to an inhomogeneous differential equation
based on a parallel flow description of the jet mean flow field.

Thus, the prediction methods described in this report have not been
Fderived from a blind curve-fitting exercise, involving arbitrary functions and

adjustable constants (e.g. the density exponent of the SAE method (2.201)
which, to our knowledge, has not been assigned any physical meaning. As a
consequence, the quaZity of our prediction accuracy implies a certain degree
of physical understanding and it also follows that the methods described here
can be used in a logical fashion as building blocks for the prediction of
noise from more complex flows such as coannular jets, provided, of course, the
prediction is successful for the single round jet.

A comprehensive set of comparisons between (Lockheed) measured and
predicted mixing noise spectra is presented in Figures 2.54 through 2.85.
Table 2.17 specifies the test conditions covered in these results, which fall
into three parts: isothermal (Tj/T0 Al) Figures 2.54 through 2.63, medium
temperature (Tj/To&2.2) Figures 2.64 through 2.75, and high temperature
(Tj/To &3.3) Figures 2.76 through 2.85. Within each part the velocity ratio
is varied between Vj/ao&0.5 and the supersonic values, 1.95, 2.01 and 1.42,
respectively. Each figure consists of measured and predicted spectra at the
observer or measurement angles Om-300, 450, 600, 750 and 900 (observer
distance Rm-72d). Three calculated spectra are shown in each case, that is,
the quadrupole component, the dipole component and the (incoherent) sum of
these two components - the predicted spectrum. For each test point the
comparison Is shown with both Method 1 and 2 predictions; results are given
at all angles although the methods only differ inside the cone of silence.

The prediction quality of Method I is excellent at all subsonic
velocities (V /a <1) and, with the exception of angles Om-300 and 450 at
supersonic velocties also. At those angles, once the velocity ratio exceeds
unity, the prediction accuracy of Method I begins to deteriorate, although It
does not degrade uniformly with Vj/ao . For example, consider the Isothermal
conditions at the smallest angle em ,300: the errors are largest when
Vj/ao-1.65 (Figure 2.60) and reduce somewhat at the highest velocity
(Vj/ao -1.95, Figure 2.62). Of course, it is at these supersonic conditions
(emi 450 ), it can be argued, that the direct radiation from the large-scale
structure Is expected to be significant (see Sections 3 and 6), but for a
number of reasons, it is desirable to press the small-scale prediction
methodology to its limits.

The prediction accuracy can be improved inside the cone of silence at
high speeds by using Method 2 (compare, for example, Figures 2.60 and 2.61,
Gm - 300, 450) but the penalty is a degradation of prediction accuracy at the
subsonic conditions (compare Figures 2.56 and 2.57). Thus, to use the awne
6s/rj versus Sm law for both subsonic and supersonic jet exit conditions
appears to compromise prediction accuracy. Bearing in mind the large varia-
tion of Jet spread rate with Mach number (see Figure 5.6), it is not
inconceivable that a different law does apply to each velocity regime. On the
other hand, available source location results (as viewed from Om-90*) do not
indicate such a trend (see, for example, Figure 2.31).
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Figure TP Method Vj/a o  Tj/To

2.54 8 1 0.501 0.978
2.55 8 2
2.56 12 1 0.900 0.975
2.57 12 2
2.58 51 1 1.334 0.941
2.59 51 2
2.60 58 1 1.650 0.977
2.61 58 2
2.62 63 1 1.950 o.988
2.63 63 2
2.64 32 1 O.481 2.166
2.65 32 2
2.66 36 1 0.888 2.276
2.67 36 2
2.68 37 1 1.147 2.285
2.69 37 2
2.70 38 1 1.315 2.284
2.71 38 2
2.72 39 1 1.463 2.283
2.73 39 2
2.74 55 1 2.012 2.217
2.75 55 2
2.76 68 1 0.484 3.339
2.77 68 2
2.78 72 1 0.872 3.341
2.79 72 2
2.80 73 1 1.134 3.353
2.81 73 2
2.82 74 1 1.276 3.274
2.83 74 2
2.84 75 1 1.423 3.300
2.85 75 2

Table 2.17 List of figures showing comparisons between
measured spectra and high-frequency predic-
tions, giving Jet exit conditions at each
test point (TP).
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The alternative approach Is to rely on an extra source mechanism like
the large-scale turbulence structure Investigated in Section 3.

The double-hump feature of some spectra, at 8m-30°, for example, in
Figures 2.58 and 2.60, is associated with supersonic conditions and the
critical layer (where Ds - I -Vscoseo/ao-0): at low Strouhal numbers Ds -1
since the source-region velocity, Vs, is small due to the centerline velocity
decay, but as the frequency is increased Vs increases and (at small angles)
Ds -o0. The double hump is not a feature of the approximate, high-frequency
Lilley equation solutions above but also appears in the numerical solutions
as illustrated in Section 2.5.3.4.

Finally, it should be noted that these prediction methods apparently can
be used to estimate noise levels quite close to the jet nozzle, according to
recent work at Lockheed [2.21], as close as three diameters (Rm-3d) for an
observer angle of ninety degrees (Om-90°).

2.5.3 General Method of Jet Mixing Noise Prediction
Based on Numeric Lilley Equation Solutions

The general prediction method is identical to the high-frequency
prediction methods 1 and 2.described in Section 2.5.1 except that the factor

12 N [coseo ( +Cq) + 21Ks2 1Cos 2eo + lIs2 12] (2-156)

s 2  (T17T o s0

in Equation (2-112) for the quadrupole component is replaced by

Fq + Fm Cq coseo (2-157)

and the factor

1 N.(B~ (T/T0)[cos
2eo (1 +Cd) + Is2158)

in Equation (2-139) for the dipole component by

Fd + Fm Cd cos2eo (2-159)

The quantity Fm is referred to as the monopole ftow factor since It is unity
in the absence of flow (assuming the speed of sound, density and hence tem-
perature are uniform and equal to the ambient values, in the absence of flow)
and is defined as the ratio of the far-field Intensity with fZow to its value
without the Jet flow, the source strength being held constant. Similarly, Fd
and Fq are the atatieticaZty isotropic (SI) dipole and quadrupole flow
factors.

It should be noted that the monopole flow factor arises in the present
calculations because acoustic-mean flow Interaction effects for both the
axial-axial quadrupole and axial dipole are Identical to that of the monopole
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source; it does not imply that a monopole source term appears on the right-
hand side of the Lilley equation. The acoustic-mean flow interaction effects
are identical because the mean flow is axially uniform in the LII ey equation
model.

The flow factors are calculated from numerical solutions to the Lilley
equation with three different models of the radial (and azimuthal) source
distribution.

2.5.3.1 The ring source model

The first and simplest model corresponds closely to that adopted for the
high-frequency prediction method described in Section 2.5.1, in that the
source region is confined to a narrow annular region (radius rs ) of vanishing
radial extent such that the source region can be identified with particular
values of the mean velocity and temperature. Although this implies radial
compactness (and azimuthal compactness Is assumed also), the effects of
radial-azimuthal noncompactness in the real source distribution can and are
taken into account by continuing to use the high-frequency-based modified
Doppler factor. For this ring source model the flow factors are calculated
according to the following formulae.t

Nmax
Fm(eo,rs,u) . £nC(kx,rs,n,w)j

2/poD4 (rs) (2-160)
n-,O

(co-1; En-2, nOO)

(x) (r) ()

FdetrCio~ dC + n' 1 (2-161)Fd(eo,rs,o) n Nnax + " 2  ((r s))
n-0 Icosko* IC 2rs2 " 0

4 ko(rs)

Fq(eorspw) -

(xx) (rr)

NPax + n2  1 1 d-(r,) dC(rs) 12

n0 En IcOs e° +IK2(rs) k0
2 r 2  (kors -(r) d(kors) ) 1n 0 ors S) dCi;rsd (kors)I

+ I r dC(r ) n2 12

korsC(rs) dTqr) k 2rs

tIn these formulae C(kxre,fnw) is usually abbreviated by C(ra);

also kX-kocosao.
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(xr) (x#)

i dC (rs) coseo dM%(rs ) 2 n2o26
+ 2cos2o9 577 - TOFF J J +-2kosr 5

1 n dC(r5) -cose 0 dM0 (rs) i 2 1IC(rs)12 (21)2 22C~rsJ* d~k;Fr5) DTFr5)d~i;r 5) 1;r I poD)4(rs)(-62

In these series Nmax is determined by the criterion that the value of the
term n Na does not change the partial sum by more than a specified
relative-error tolerance. The monopole solution, C, Is given by

C(r) - pi(r)( 2(r) 2 (2 2r) (2-163)

where pi is the numeric solution of

T 5202 dr 522r

with the initial value

Pi Pi Jn(koir) (2-165)

as r -.0. Here

D - 1I V(r) coseo/ao (2-166)

K- {ao 2D2/i2 - cos2Oo}* (2-167)

and subscript I denotes conditions on the jet centerline. The outer solution
po(r) is given by

p0  Po H (,2) (ko~0 r) (2-168)

and the factor in square brackets in Equation (2-163), being Independent of r,
is evaluated outside the flow where pD2 -*p0.
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The velocity and temperature profiles V(r), T(r) are determined from the
specified shear layer thickness parameter, 6s. and the centerline values Vmax,
T i (see Appendix 2A). The density and speed of sound are rela-ted to the
temperature by

p(r)/p o - (T(r)/To)- (2-169)

and

i2(r)/ao 2 - y(r)T(r)/yoTo (2-170)

although in the numerical solutions y is assumed constant and equal to the
value in the source region, ys (as calculated by Equation (2A-17)] so that
52 (r)/ao 2 -T(r)/To.

The singularity in Equation (2-164) at the critical layer (D-O) is
avoided by taking the integration path into the complex plane where the mean
velocity and temperature are complex variables and are calculated by a Taylor
expansion about the critical point [2.13].

2.5.3.2 Radially distributed source model
high-frequency coherence noncompactness assumed

In this case the flow factors are calculated from an integra of the
modulus of numerical solutions; for example, the quadrupole flow factor is
given byt

Fq (eO0 ,u)

"max Cnf COO =rdr (kxpr nC) ' (kx,r,n,w) [v2 (xstr)]2

n c .0 .w) o
d(2-171)

f rdr [v2 (xsr)]
2

and similarly for the monopole and dipole flow factors. The numerical
solutions ICaO(kx,r,n,W)12/poko4 (a,13-x,r,o) are identical to the correspond-
ing terms in Equation (2-162) except that the fixed ring source radius, rs, is
replaced here by r which varies over the radial extent of the source distribu-
tion. The Gaussian model of the radially distributed source is

2(x - {'(Xs)}' exp[-{0.8326 (n -ns)/nhw) 2 ] (2-172)

max

(n " (r -rj)/x s)

tln these formulae k: :kooeeo .
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4 where

{v2(xsr)1k fv2(x)})max at n ns (2-173)

and

v-2(Xs,r)) - 0.5 {;2 (xs)} at n- ns ± (2-174)

The radial center of the source distribution, ns - (rs -rj)/x s is associated
with the parameter cs -Vs/Vj of the ring-source model and in fact the value
of cs (for example, a value inferred from the measured mixing noise data with
the high-frequency analysis) is used to specify ns with the appropriate
velocity profile model. That is, with either

cs - 0.5 1 - erf (r'xs)} (2-175)

where

rs - rj 1676 (2-176)
X-6S

and

6s - 0.1313 xs  (2-177)

for the "initial mixing region" or with

Cs  exp {-(rs/6s)2 (e/2)} (2-178)

where

6s - 0.08233 xs + 0.6782 rj (2-179)

for the "fully developed region." [Iteration is required to determine Xs
from cs with Equation (2-175).]

The half-width nhw is specified directly; typically rnhw-0.1 at subsonic
conditions. Note that nhw is related to the parameter c used in Section 2.4
by c -O0. 8326/nhw.

The value of {v2(xs)} x is not required since it is a common factor in
the numerator and denominator of Equation (2-171). In Equation (2-171) the
denominator is calculated with a standard integral (omitting the peak turbu-
lence intensity factor raised to the power four):
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f rdr [v2 (x5 ,r)]
2  f rdr exp [-40.8326 (n -s)/nhw} 2 ]

0 0

f J rdr exp[-4{.8326 (r-rs)/(xsnhw)}
2 ]

0

b2  -a2/b2 + a .'[ + erf (a/b)]} (2-180)

2 b

where

a E r2-1 8 1a)

b 0.5 xs nhw/0.
8326  (2-181b)

2.5.3.3 Radially distributed source model - no assumptions

In the high-frequency prediction methods and in the two forms of the
general prediction method described above, the coherence-noncompactnese of the
source distribution in the radial and azimuthal directions is taken into
account via the high-frequency modified Doppler factor described in Section
2.1.3. This assumption can be relaxed and coherence effects calculated with
the numerical Lilley equation solutions, but for simplicity the modified
Doppler factor is still retained for prediction purposes in its high-
frequency form [that is, given by Equation (2-116)] since the results of
Section 2.1.5 indicate that the high-frequency result is quite accurate.t
Instead the coherence effects - based on numeric solutions - are incorporated
into modified flow factors which are then used in conjunction with the same
(high-frequency) convective amplification factors and master spectra to yield
a noise level prediction at any specified frequency and angle. The radial
source distribution model described in the previous section is retained and
the Gaussian model described by Equation (2-39) is used to describe the source
coherence distribution. The modified flow factors are in the form of double
integrals; for example, the modified quadrupole flow factor is given by

tHowever, the traneveree nonoonactneee tem shouZd be modified inside the

cone of silence - see Section 2.1.5.
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Fq(eo,) -

Nm ax

I En f rdr 4 (kx,r,n,w) v2 (xspr) f r'dr Co2 (kx,r',n,w)v 2 (xs,r')n -0 0 P° O 0 p° ko

exp [-2r(r2 + r'2 )/Lt2 ] 2 7r In(4 rrr'/Lt 2 ) (2-185)

exp [-4 Ks2 Lt2/8w] • 2 f rdr[v2(xsor)]2

0

and similarly for the monopole and dipole (modified) flow factors. The
transverse coherence length is assumed to be given in the form

Lt X
= at - + bt (2-183)

where the coefficients at, bt are input parameters; an example of values used
in Section 2.4 is at-0.028, bt-0.28.

The numeric solutions Cao correspond to terms in Equation (2-162) except
that r,r' vary over the radial extent of the source distributions and the
modulus squared is replaced by the product of solutions at two diff'--it radii,
as the phase of the numeric solution is required as well as the ampilILde. The
solutions required for the quadrupole and dipole source models, C.0 and C.,
are defined by Equations (2-18) and (2-19) in terms of the basic monopole
solution that is obtained with Equations (2-163) - (2-168). As indicated by
Equation (2-160) the monopole flow factor is simply formed from the basic
monopole solution and the factor D-.

2.5.3.4 Comparison of general method predictions
with Lockheed measured data

When the general prediction method described above for the ring source
model is evaluated with the same parameter values (e.g. Vc/VJ, C ) as used In
the high-frequency prediction method, the results are grossly different, both
from the results of the latter method and from the measured data. This is
illustrated by presenting in Figure 2.86 Method 1 predictions (with measure-
ments) and in Figure 2.87 General Method predictions (also with measurements),
for an observer angle of 300 at five different jet velocities (isothermal test
points 8, 12, 51, 58 and 63 - see Table 2.17 for Jet exit conditions). The
parameter values are the same in both cases. Clearly, these parameter values
are completely Incompatible with the General Method In the low-to-medium
Strouhal number range. This result Is to be expected, however, when consider-
ing the unrealistically large convection velocities (Vc - Vj) and anisotropy
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coefficients (Cq > 4) at low Strouhal numbers, as well as the (probably)
unrealistic shear layer thickness values below Sm1& 0 .5 (see Table 2.15 and
Figure 2.52).

As a first step towards "improving" the parameter values, the General
Method is re-evaluated in Figure 2.88 with Vc =0.6 Vj at all modified Strouhal
numbers, the anisotropy coefficients, Cq, set to less than or equal to fourt
and with the 6s/rJ versus Sm dependence replaced by that obtained from far-
field source location data (given in Table 2.15 and plotted in Figure 2.52a).
The improvement exhibited in Figure 2.88a is quite dramatic at the lowest jet
velocity (TP #8) and in all cases the spectrum slope at low frequencies agrees
well with that in the measured data. The double-hump feature is now clearly
seen in these results but the second hump is more accentuated and this leads
to an overprediction at the highest jet exit velocity in Figure 2.88e.

Conversely, when these more realistic parameter values are used in the
high-frequency method, the predictions are modified substantially as shown in
Figure 2.89 (which is to be compared with Figure 2.86). Although these
changes are not so dramatic as those shown above for the General Method
(comparing Figures 2.87, 2.88), it can be clearly seen, particularly for
for TP #12, that the high-frequency prediction method is quite sensitive to
the empirical parameters, and these cannot be changed at will to more
realistic values without seriously degrading its accuracy. The General
Method, however, gives consistently better results if the empirical parameters
are modified in accordance with trends in measured turbulence and source
location data.

Results from the General Method at other angles - with the modified
parameter values - are shown in Figure 2.90; comparing these with the Method 1
predictions in Figures 2.56, it can be seen that the latter method is more
accurate but again it is emphasized the General Method is largely independent
of unrealistic "adjustable constants" and in certain applications (e.g.
extensions to more complex flows) this could be a very useful feature.

In all the above results, the ring source model is assumed in both the
high-frequency and general prediction methods. The effect of including a
(realistic) radially distributed source in the General Method (see Section
2.5.3.2) can be seen by comparing the predictions in Figure 2.88 with those
In Figure 2.91 in which a radial half-width nhw- 0 .1 has been used. In
general the low-frequency spectrum levels are reduced, although the asymptotic
slope remains roughly in agreement with the measured slope, while the high-
frequency levels are increased quite substantially, bringing the predicted
levels and slopes quite close to the measured values at the three supersonic
test conditions (Figure 2.91c, d, e). The penalty for this improvement is a
further degradation In the prediction quality at the high-subsonic test
condition (Figure 2.91b). From these and other results, there is little

tA maximum value suggested by LV turbuslence data.

156

"w 'A



(a) TP #8 100TP#1

5070, 7tb 113tl
60 B1LLL [Ltz 7

80 110

90 10' lL
10. 1.0 100 #.50210100 4.

110- DIPOLE

0.2 1.0 100N0.

1/3 CTAV CENER REQUNCY KZZ

dBigure+2.88

Comarso ofMasrdMiig0os

Spcr8n0rditosBsdo
Numeric~~~~9 IstemlJt mu3 0

0.2 1.0 Mod1fie Paaet.o . .00 4 .

1/3OCAV CNTR REUECY(Kz)1/ OTAE ENERFRQU157(~z

14 44eJ P#3-QARPL



80(a) TP #8 100 1 (b) TP #12

70 90_

120

dB 1 4

4,o l l i t ti _ ;J 60

820

(,o "TPI-IfHL #5 130 ! 1,,-, d-- TP #58ii.

dB 1 11 Q

10010

8090* --

0.2 1.0 10.0 40.0 0.2 1.0 10.0 40.0

1/3 OCTAVE CENTER FREQUENCY (KHz) 1/3 OCTAVE CENTER FREQUENCY (KHz)

130 -d _' - ME Je P #63. QUADRUPOLE

120'i _Z - :: -_ PREDICTION

dB 110 77

m_. 00  MoiidPaaees

105

0.2 1.0 10.0 40.0

0 /3 OCTAVE CENTER FREQUENCY (KHz)

~~Figure 2.89 ,

Comparison of Measured Mixing Noise
Spectra and Predictions Based on
High-Frequency Isothermal ,Jet,
em -300 . Modified Parameters.

158



100 (a) em " 300  em

90 90~~4

dB 808

70 7' TL i! i ! [L- - I I ! | f

60 I lil h I L__ __ 60
100 .C m=6° 90

90 H iz: :MnA u 80

dB 80 -701

70 - 60

6 0 5 --(d ) emn 7 9 0o
60 s
0.2 1.0 10.0 40.0 0.2 1.0 10.0 bc.O
1/3 OCTAVE CENTER FREQUENCY (KHz) 1/3 OCTAVE CENTER FREQUENCY (KHz)

-t -QUADRUPOLE
DIPOLE

80 1=f UZ PREDICTION

60 :

50 " -i(e ) em = 900
50-
0.2 1.0 10.0 40.0
1/3 OCTAVE CENTER FREQUENCY (KHz)

Figure 2.90
Comparison of Measured Mixing Noise
Spectra and Predictions Based on
Numeric Lilley Equation Solutions.
Isothermal Jet, TP #12. Modified
Parameters.

159

-.. ..



80H ti
4 TT f~a P #8 b TP #12

70- lij

dB 60 0 -

50 70-

120 Lm -TP. 5 1 10( ) T 5

802

110

0.2 1.0--

1/3 OCTAVE CENTER FREQUENCY (KHz)1/OCAEEN RFEQ NY Kz

Fiur 2.91f

Comparison of Measured Mixing Noise
Spectra and Predictions Based on
Numeric Lilley Equation Solutions
With Radially Distributed Source
Model'. Isothermal Jet, Om -3 00.
Modified Parameters.

160



doubt that the "radial source distribution effect" should be Included, but it
seems unlikely that this will completely resolve the underprediction problem
at high-frequencies and small angles. This conclusion is somewhat reinforced
by the fact that nhw apparently decreases with increasing Mach number, accord-
ing to LV turbulence data, a feature utilized in the absolute spectrum level
predictions of Section 2.4 (expressed there in terms of c =(O.8326/nhw)).

Finally, one pos8ibZe interpretation of the smaller 6s values used by
Method 2 (inferred from all the measured data) is that these actually reflect
the influence of radial source distribution effects. At small angles, Method
2 yields improved predictions when Vj/ao>l but overpredicts measured levels
when Vj/ao <1 (compare Method 1 versus Method 2 at 6m-30° in Figures 2.54a-
2.63a). Comparison of Figure 2.88 with Figure 2.91 for the same angle shows
that a radially distributed source has a similar effect, relative to the
ring-source model predictions (which is the model used to infer 6s values
from the measured data).

2.6 CONCLUSIONS

New prediction methods have been developed for the small-scale, turbulent
mixing noise emitted from an unexcited, round-nozzle air-jet. The methods are
based in part upon the scaling laws of Lighthill, Ribner [2.3] and
Ffowcs Williams [2.7] and upon empirical constants determined from the
Lockheed mixing noise data [2.14], as well as solutions to the Lilley equation,
which account for acoustic-mean flow interaction effects.

The main conclusions of the analytical and numerical work are summarized
below; conclusions from the experimental Investigations can be found in the
appropriate sect ions.

(1) The quadrupole and dipole displacement source terms derived earlier
[2.2] for the Lilley equation have been replaced by (1) quadrupole sources
which are essentially identical to those originally derived by Lilley [2.1]
and (2) the dipole sources that were considered briefly in previous work [2.2].
The quadrupole source terms collectively give the correct asymptotic result for
isothermal jets at low velocities (Vj8), although some individual source terms
alone do give rise to an incorrect Vj6 law (the original reason for rejecting
sources of this type).

(2) numerical solutions to the Lilley equation - with the revised source
terms - can now be generated as part of the calculation procedure developed
for predicting Jet mixing noise; these calculations are performed by the
UNIJET computer program described in Section 6. With this numeric solution
option, the user has to specify certain turbulence source parameters, such as
the convection velocity (as a function of a modified Strouhal number).

tmis effect has not as yet been incozpomted in the high-frequency prediction
method, only in the numeric or generaZ method.
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(3) Approximate high-frequency solutions to Lilley's equation have been
obtained in closed form and compared with the corresponding numeric solutions.
Except at low Strouhal numbers the differences are small and hence the high-
frequency approximations have been used to represent acoustic-mean flow
interactions in a general scaling law analysis of the Lockheed mixing noise
data.

(4) Similarly, transverse noncompactness effects due to radial-azimuthal
source coherence, which involve acoustic-mean flow interactions, have been
taken into account with the aid of high-frequency Lilley equation solutions
and the usual Gaussian model of the source correlation function. The result
is a modified Doppler factor, as in the Ribner[2.3]/Ffowcs Williams[2.7] work,
which determines the convective amplification for each source type. The
validity of this approach has been checked with numeric (in place of approxi-
mate high-frequency) solutions and found to be sufficiently accurate for
prediction purposes, and for the scaling law analysis of the mixing noise data
[see (6) below]. However, the modified Doppler factor should be altered in
future work for angles inside the cone of silence. There is an option in the
UNIJET program which utilizes numeric Lilley equation solutions to calculate
a correction to the high-frequency based predictions for these transverse
noncompactness effects.

(5) The effect on acoustic-mean flow interaction calculations of
replacing the basic ring source model with a more realistic radially and
axially distributed source model has been investigated. The radial effect
can be quite large at angles inside the cone of silence and this can be
calculated with a UNIJET program option (using numeric Lilley equatio~i
solutions only). However, it is tentatively concluded that it cannot
significantly improve prediction accuracy for supersonic jets at small angles
and high frequencies, without degrading the prediction accuracy at subsonic
conditions.

Axially distributed source models have been included in calculations
performed with the now discarded displacement source terms in the Lilley
equation, and this effect was found to be -f little importance. Ideally, the
exercise should be repeated with the present form of Lilley's equation to
check that this result still applies (i.e. with the revised source terms).
However, even if the axial effect is found to be significant, it is likely
that it would have little impact on overall prediction accuracy as in the
case of the radial effect discussed above.

(6) A general scaling-law analysis of the Lockheed mixing noise data has
been conducted, utilizing the high-frequency Lilley equation solutions. The
analysis has yielded "best fit" values of the turbulence source parameters
which only deviate from expected trends at low Strouhal numbers. With these
empirically-determined parameter values, the high-frequency solutions provide
a rapid, accurate prediction method for small-scale mixing noise which
deviates from experiment only in the rear arc of supersonic Jets at angles .1
less than 45° . The only disadvantage appears to be that unrealistic empirical
parameters must be utilized at low Strouhal numbers, which is not the case If
numeric Lilley equation solutions are used. However, the latter require a
two-orders-of-magnitude increase in computer time and are recommended only in
the context of an on-going research program. For prediction purposes, pure
and simple, the high-frequency solution option is recommended.
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(7) A limited exercise has been carried out to predict the apectrun
levels of noise radiated by an Isothermal jet in the direction normal to the
axis (eo-900 ), directy from turbulence measurements acquired with a laser
velocimeter system (developed at Lockheed). No acaling Zaw or empizrical
conetanta Inferred from acoustic data were used in this exercise, although it
was necessary to assume simple forms for the turbulence cross-correlation
function. Good agreement was obtained between measured and calculated far-
field noise spectra. However, the calculation scheme was not incorporated
Into the prediction program mainly because the same type of calculations have
yet to be demonstrated for the additional source that arises at non-isothermal
jet exit conditions. 'Thus, the 190° spectrum" or "master spectrum" of each
source has been determined from the acoustic data for prediction purposes.
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3. NOISE FROM LARGE-SCALE TURBULENCE STRUCTURE

3.1 INTRODUCTION

In this chapter the Importance of the large-scale structure of turbulence
will be discussed. Firstly, some background will be given for the philosophy
developed at the Lockheed-Georgia Company for the understanding of the
generation and radiation of jet noise. The remaining sections of the chapter
will describe the mechanism of noise generation by the large-scale structure
of turbulence. A detailed mathematical derivation is provided for the case
of a two-dimensional plane turbulent shear layer since the analysis is simpler
for this geometry. The analysis required for the case of an axisymmetric jet
is then described in less detail. Calculations of the far- and near-field
sound pressure levels in a supersonic axisymmetric jet will be presented and
these calculations will be compared with jet noise measurements.

3.1.i Background

The original motivation for the work that has developed at Lockheed-
Georgia in the past six years was the work by Lilley [3.1]. In this original,
and exceptional, work Lilley stated that it was insufficient to view a noise-
producing turbulent flow from the viewpoint of an acoustic analog theory, such
as that proposed by Lighthill [3.2], if a true and accurate understanding of
the noise generation and radiation process were to be fully obtained.
Firstly, Lilley extended the work of Phillips [3.3] and developed a convected
wave equation for the acoustic disturbances in a turbulent shear flow. In
doing this he isolated, for a plane parallel shear flow, the noise generation
and radiation processes. He argued that the true source of the noise was at
least quadratic in the fluctuating velocity components and that in the absence
of this source the behavior of pressure disturbances should be described by
the linearized, inviscid, compressible equations of motion for a turbulent,
sheared mean flow. The inhomogeneous equation developed by Lilley is now
known as "Lilley's equation." Solutions to this equation for sources which
are felt to model the random fluctuations in the turbulent jet are described
in Section 2. These nolutions have provided considerable insight into the
effect of the mean flow on the radiation of Jet noise. It should be noted at
this stage that, for many critics, there appeared to be a mathematical flaw in
the approach proposed by Lilley. They argued that the homogeneous form of
Lilley's equation contained an unstable solution whereas previous formulations,
such as that by Lighthill, did not. This unstable solution, which is part of
the complementary solution of Lilley's equation, would grow without limit in
the parallel shear flow model of Lilley. Lilley argued that the complementary
function is only non-zero if the multiplying constant, which is fixed by the
boundary conditions, is also non-zero. For this reason the "acoustic solution"
or particular integral associated with a given source could be studied in
Isolation. It will be shown below that the unstable solution doea exist,
however, its amplitude does not grow without limit, and it does contribute to
the noise radiation.

In Lilley [3.1] and Lilley et al. [3.4] a further proposition was made as
to the nature of the noise source. The turbulent mean velocity profile in a
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shear layer or Jet is known to be unstable, in the inviscid limit, to small
disturbances of a limited range of frequencies. Thus, it was argued that the
turbulent fluctuations, at any location, In the flow would be dominated by
disturbances of a relatively narrow range of frequencies which would be
rapidly growing. This "wave model" for free shear flows had been developed
by Morris [3.51 and for bounded flows by Landahl [3.6] and Reynolds [3.7].
It was originally proposed that this "deterministic" model of the turbulence
be used as the source term in Lilley's equation. However, the radiation of
noise by a subsonically travelling wave is very small even if the wave
amplitude and velocity are varying and is zero for a constant amplitude wave.
It was clear that the random characteristics of the turbulence would control
the properties of the noise radiation especially at low speeds. Models of
these characteristics have led to predictions of so-called "jet mixing noise"
given in Section 2.

The equation that describes the propagation of a linear pressure wave in
a turbulent shear flow is the compressible form of the inviscid, incompressible
stability or Rayleigh equation. The inviscid approximation is valid where the
mean flow is unstable in that limit. This homogeneous equation permits
unstable eigensolutions for various wave frequencies. The range of frequencies
varies as the mean flow profile varies. This homogeneous compressible stability
equation is, in fact, the homogeneous form of Lilley's equation. So the
naturally occurring instabilities in the turbulent free shear flows are part
of the complementary function associated with the solution of Lilley's equation.
However, there exists a fundamental difference between the mechanism of noise
generation by the random components of the turbulence and by the flow insta-
bilities, which justifies their separate treatment. The random fluctuations
in the flow lead to a noise source which is very localized. Thus, the
assumption of locally parallel flow made in the Lilley formulation is likely
to be valid. However, with such an assumption the unstable solution of
Lilley's equation grows without bound. Physically this flow instability, as
is argued below, corresponds to the observed large-scale structure of the
turbulernce which can extend coherently for many jet diameters. Clearly, the
assumption of parallel flow Is not valid for the instability since the mean
flow properties may change dramatically in a few jet diameters. Thus, a
physically correct treatment of the instability in Lilley's equation requires
that axial variations in the mean flow be taken into account. The method for
doing this will be described in subsequent sections. Thus, the Lockheed
philosophy has been to treat the noise radiation by the random fluctuations
In the turbulence and the flow Instabilities separately. This corresponds to
making those mathematical assumptions in the noise models which are the
simplest valid assumptions for each mechanism: locally parallel flow for the
mixing-noise and a diverging mean flow model for the flow Instabilities or
large-scale structure.

Once it was recognized that this separation of mixing and large-scale
noise was valid, a number of separate stages were pursued in determining the
large-scale structure noise alone. Morris [3.8] provided a model for the
large-scale structure of a subsonic round Jet. The analysis was based on an
Integral energy analysis where, at each axial location, the large-scale
structure was described in terms of the locally most unstable wave. This
work provided the basis of all the subsequent approaches to the problem and
highlighted the difficulties Involved. The stability calculations were made
for a viscous Instability and the Interesting properties of the viscous
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instabilities of axisymmetric jets were reported by Morris (3.9]. The
difficult problem of modeling the large-scale structure In a compressible
round jet was then tackled. The results were reported in Plumblee (3.10] and
Morris [3.111. In the former report an attempt was made to predict the far-
field noise radiation associated with the large-scale Instabilities. The
pressure and normal velocity fluctuations were calculated on a cylindrical
surface surrounding the jet. With the fluctuations known, the far-field
noise could then be readily calculated. However, although some corrections
were performed to take account of the assumption of locally parallel flow that
had been made, the location of the hypothetical cylinder remained somewhat
arbitrary and the effect of flow divergence was not explicitly identified.

The work presented in this report seeks to overcome these difficulties
and provides a uniformly valid solution, for the sound pressure associated
with the large-scale instabilities, from the flow field to the acoustic far
field. The method for calculating the noise radiation w;11 first be presented
in detail for the case of a two-dimensional shear layer since the analysis is
more straightforward for this geometry than it is for the axisymmetric
situation. The noise radiation from a supersonic round jet will then be
calculated using the same method.

3.2 THE RADIATION OF SOUND BY THE INSTABILITY WAVES
OF A COMPRESSIBLE PLANE TURBULENT SHEAR LAYER*

3.2.1 Introduction

This section concerns the radiation of sound associated with an artifi-
cally excited spatially growing wave of a fixed frequency, In a plane turbulent
shear layer. During the past few years a number of Investigators, e.g.
Sedel'nikov [3.13], Tam (3.14, 3.15, 3.16], Bishop, Ffowcs Williams and Smith
(3.17], Morris [3.8, 3.18] and Liu [3.19] have suggested that flow instabilities
could play a very important role in supersonic jet noise generation. This idea
was confirmed in a series of experiments by McLaughlin, Morrison and Troutt
[3.20, 3.21] using supersonic jets with low to moderately high Reynolds numbers.
To facilitate experimental measurements of the relative phase of the instability
waves at different locations in the jet, the jet was gently excited by the glow
discharge at the nozzle exit at certain selected frequencies. Hot-w're and
microphone measurements Indicated the presence of spatially growing flow
Instability waves together with strong noise radiation at the forced
frequencies. The experimental situation just described is quite similar to
the model problem being considered in this section. For cold subsonic Jets
no direct experimental evidence Is available at this time to show whether the
same mechanism is important in producing noise. For a heated subsonic jet
with exit Mach number 0.7 and exit temperature 9000K, Dahan and Elias [3.22]
showed that noise was radiated from large-scale motions of the jet which had
the local characteristics of wave-like Instabilities o" the jet. Chan (3.23,
3.24, 3.25] and Moore [3.26] have demonstrated that It is possible to excite

*I analysia and reeuits contained in Section 3.2 are also to be found in

Tam and Morvle [3.12].
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instability waves In the shear layer of a turbulent subsonic jet. Further,
when the amplitude of the excited waves was small, they found that most of
their characteristics agreed quite well with the predictions of classical,
linear, inviscid, hydrodynamic instability theory. In recent years, a number
of workers have examined the jet flow or free shear layer instability problem.
Some of the more recent works, such as those by Morris [3.8, 3.11, 3.18],
Liu [3.191, Tam [3.16], Chan [3.271, Merkine and Liu [3.28], and others
emphasized the slight nonlinear aspects of the problem. On the other hand,
a number of papers such as those by Bouthier [3.29, 3.301, Gaster [3.311,
Saric and Nayfeh [3.32] and Crighton and Gaster [3.331 discuss the modifi-
cation to classical instability theory due to slight flow divergence which is
inevitable in unbounded shear flows. In all these works, with the exception
of Tam [3.16] and Morris [3.18], no attempt was made to calculate the sound
waves generated by the flow instabilities. Tam [3.16] used physical reason-
ing to model the noise generation processes of supersonic jets and estimated
the noise emitted. Unlike most of the works cited above, the sound radiation
is the main problem to be addressed here. In this section the instability
wave solution, which is valid in the shear layer and a near-field region, is
constructed in terms of an asymptotic expansion using the method of multiple
scales. This solution accounts for the effects of the slightly divergent
mean flow. The instability wave amplitude is assumed to be small so that
nonlinear effects are ignored. In fact, even if its amplitude is not small,
the nonlinear effects are only important inside the shear layer. In this
case the present method still applies if the instability wave solution in the
shear layer is appropriately modified. Classical hydrodynamic instability
theory (see Lees and Lin [3.34], Lin [3.35], Gropengieser [3.36], Blumen
[3,37, 3.381) of a compressible plane mixing layer does not predict acoustic
radiation. A closer examination of this solution (see Section 3.2.2.3)
reveals that it is a local solution and is valid only up to a limited region
outside the shear layer. The soluticn developed in this report, however, has
uniform validity up to the acoustic far-field region.

In classical hydrodynamic instability theory of compressible flows such
as boundary layers or free-shear layers, the parallel flow approximation is
invariably used. Because of this, the instability wave solution so obtained
is valid only over a localized region. To determine the sound radiation
associated with an instability wave, a global solution of the total wave
propagation phenomenon is necessary. In a two-dimensional shear layer,
because of entrainment, the mean flow diverges in the downstream direction.
As a result the instability characteristics of the shear layer vary continu-
ously from point to point in the streamwise direction. When an instability
wave is Initiated at a certain location in the flow by a periodic external
excitation, it will first undergo a rapid spatial growth. As the shear layer
thickens, the growth rate decreases until finally the wave will reach a region
where the shear layer is too thick to support an unstable wave at the forced
frequency. Downstream of this region the wave will be damped. Its amplitude
decreases as It continues to propagate until it is vanishingly small. Except
In the case of very high-speed flow, the phase velocity of the Instability
wave is usually subsonl. relative to the stationary ambient gas. A subsonic
wave with constant amplitude generates no sound. However, if the wave
amplitude grows and decays spatially, then some wave components would actually
be moving with supersonic phase velocities which, as is well known, would lead
Immediately to acoustic radiation. Thus, for the problem under consideration,
the classical Instability theory must be modified to allow for the phenomenon
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of mean flow divergence and provide a description of the growth and decay of
the excited instability wave.

Following the above reasoning, a solution is first found for the
instability wave in the shear layer. This solution is constructed using the
method of multiple scales. The procedure adopted is very similar to the
method of Saric and Nayfeh [3.321. Here, necessary modifications to deal
with the singular behavior of the damped inviscid eigenfunctions by contour
deformation in the complex plane are made. (The damped inviscid eigen-
solutions are shown in Section 3.2.4.2 to be a valid approximation to the
damped viscous solutions at high Reynolds number.) A fast and slow spatial
variable are introduced in the analysis. The slow variable is used to take
into account the gradual divergence of the mean flow. The fast variable is
the same one as used in the hydrodynamic instability theory. The higher
order terms in the multiple scales expansion are obtained using the method
of variation of parameters. Examination of these terms reveals that the
multiple scales asymptotic expansion is not uniformly valid far from the
shear layer. It is thus argued that the present perturbation problem is
singular. An extended solution which is a uniformly valid asymptotic -xpan-
sion for large distances from the shear layer is constructed by showing that
a model boundary value problem, for which a uniformly valid expansion exists,
is the continuation of the instability wave solution. The solution of this
problem, which provides the pressure fluctuations associated with the
instability wave in the far-field, Is obtained by the method of Fourier
transforms. The noise radiation is then readily calculated.

In Section 3.2 of this report the method outlined above is applied to
the acoustic radiation problem associated with an instability wave in a plane
turbulent shear layer. Experimental measurements show that the mean velocity
profile of the flow can be approximated by a complementary error function.
Numerical results for the inviscid instability characteristics of the shear
layer including local growth rate and wavenumber with or without divergent
flow corrections are presented at several Mach numbers. Directivity patterns
of acoustic radiation at subsonic and supersonic flow Mach numbers are also
presented in this section. Because of flow similarity (there is a lack of
intrinsic length and time scales in this free shear layer problem), the
directivity pattern is rot sensitive to the frequency of the wave except in
the extremely high frequency range. For supersonic flows the noise radiation
peaks around 20 degrees to the axis of the shear layer in the ambient medium.
This is qualitatively consistent with the experimental observations of
DosanJh and Yu [3.39] for a turbulent supersonic jet. The analysis and
calculations for the axisymmetric jet are given In Section 3.3 of this report.

3.2.2 The Multiple Scales Instability Wave Solution

The behavior of small wave-like disturbances propagating in a pre-existing
plane turbulent shear layer will be considered. These disturbances are assumed
to be induced by a localized external periodic excitation of frequency w*.
The basic flow is sketched In Figure 3.1. The turbulent mixing layer has a
small initial thickness, 6 at x*-xo* which takes account of the boundary
layer on the splitter plate. The mixing layer has a constant rate of spread
which will be assumed to be a known function of the freestream Mach number, M.
The static pressure and temperature will be assumed constant throughout the
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the flow. This condition, which is physically realistic for an appropriately
heated uniform stream up to Mach numbers of close to two, my easily be
relaxed. The calculations for the axisymmetric Jet do not make this assump-
tion. Since the mean velocity profile has characteristics which lead to
dynamic instabilities of small perturbations, even in the absence of viscosity,
the wave-like disturbances will be assumed to satisfy the linearized, inviscid,
compressible equations of motion. To properly describe the behavior of the
excited periodic disturbances in the shear layer, it is important to take
account of the divergence of the mean fl6w. Since the spreading rate of the
mixing layer is small, especially at high freestream Mach numbers, the method
of multiple scales will be used to describe the disturbance behavior. The
governing equations are the linearized continuity, momentum and energy
equations together with the equation of state.

All the physical variables are nondimensionalized with respect to the
corresponding freestream quantities, such as the freestream velocity, 0*,
density, 5*, pressure, p*, and the Initial thickness of the mixing layer, 60*.
The appropriate time scale is 6o*/*. The governing linearized equations of
motion can readily be reduced to

aP Iu' . 0 (3.1)
at axj axj

and

YM2  3  u1 3' 1 . (3.2)at 'ui . + ui' ai = xi

where primes denote fluctuating quantities and y Is the ratio of specific
heats. The two-dimensional turbulent mean flow is a function of the transverse
coordinate, y, and a slowly varying function of axial distance, x. Measured
mean flow profiles will be used. From the measurements of Liepmann and
Laufer [3.40] the mean velocity vectormy be written as,

a - [U(y/s), CV(y/s), 0] (3.3a)

where U= 0 <yn

Ul 
Y L" Ym (3.3b)

V 0

In Equations (3.3), s-ex, where the small parameter r Is a measure of the
rate of spread of the shear layer. Typically a Is less than 0.1. The mean
velocity in the x-direction Is effectively zero below the mixing layer and
the flow is uniform for y ym as shown In Figure 3.1. A solution will be
sought to Equations (3.1) and (3.2) in the form of a slewly varying wave,

p'(x,yt) -I n n 0 ( -n(Y-S)j letx).i
n-O
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u'(x.y~t) -nnYS - *o(x) - 1t (3.4b)
n-0

and

v, (x. y.t 0 I,. 0 enny *i0(x) - 1t (3-4c)

where wn Is the forced frequency of the wave and the fast phase function, 0,
Is such that d ss 35

do

This form of multiple scales asymptotic expansion has been used previously by
Saric and Nayfeh (3.32] In their Investigation of the nonparallel stability
of boundary layers. Substitution of Equations (3.1.) Into Equations (3.1) and
(3.2) and ordering the equations In the powers of £ gives, to order unity,

I; flo + YOjGO + 2 g oo (3-6a)
Ty-

1;0~~!. a iay jU0 - C - i (3.6b)

and ply M2Wv ry0  (36-

where - au- f.

Thase equations readily reduce to a single equation for 00 of the form,

y2  Djy ayPO(7a

which will be written as

LY ~ 0 (3.7)I

To order c a set of Inhomogeneous equations for the fluctuations Al, U0, and
;are obtained where the right-hand sides are functions of the zero order

p fluctuations. These equations my be reduced to a single Inhomogeneous
equation for of the form,
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p s 42 Dy Dy~s

+1 ii~2~o- o 4*3 ay Dy s

4 111 2 U~ + 4 . S2  H2 U.Y4 A + u Vv *U 2.2 By DY Dy I y y I Dy

- ~ ~ ~ ~ I IV2~V -2 lav 2V 2U.12
jjHVW 2 3  Ryy IL )I D~- X1 (3.8)

Similarly, the higher order equations lead to inhomogeneous equations for An
of the form,

LyA)- Xn (y-s)- n - 1, 2, 3 . ... (3.9)

The inhomogeneous term Xn contains fluctuation quantities of lower order. For
y ym the mean flow Is uniform and Xn takes a simple form. In this region of
uniform flow the value of Xn will be denoted by Xn which is given by

in(Pn-i, Pn-2) --2 as2 4.i Ts (1P4)~ n-i

-(1 - M2) 2A- (3.10)

(Note that In Equation (3.10), 0-2 w^-ImO)'

3.2.2.1 The elgenvalue problem

The amplitude and phase functions of the multiple scales asymptotic
expansion, Equation (3.4) are given by the solution to Equations (3.7), (3.8).
and (3.9). The appropriate boundary conditions for An are,

Pn Is bounded as y.* . (3.11)

For convenience a new similarity coordinate Is Introduced given by n -y/s,
and the mean velocity field Is taken to be a function of q~ only. If a local
wavenumber and frequency are defined In the form, k0 was and 0 woos,~ then the
pressure fluctuation may be written In terms of n and 0 as,

pn,)- A0(O) ̂(n,o) (3.12)

and from Equation (3.7) ^(n,0) satisfies the equation,

Ln Q3] 0 (3.13a)
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32 +2k° dU an M k 2 "2)]
and Ln 1 Ia (j .Wn(3.13b)

and - koU . (3.13c)

The boundary conditions for Z from Equation (3.11) are

0 or bounded as n ±. (3.14)

Equation (3.13) and boundary condition (3.14) form an elgenvalue problem.
This is the Identical problem that would have been obtained if the locally
parallel flow approximation of classical hydrodynamic stability theory had
been made. The eigenvalue is ko . For y aym, Equation (3.13) reduces to

a2  - [k - 42 (B-ko) 2 ]e - 0. (3.15)

The solution of Equation (3.15) which satisfies the boundedness condition is

- exp [-/k 2 -M2 (B-ko)2 n] - exp[-Ay]

where A i a2-M2(w-a)2 and Re{X} > 0. (3.16)

A normalization convention will be adopted for the eigenfunctions Z by cF -s-
ing the arbitrary multiplication constant in front of the exponential furiction
of Equation (3.16) to be unity. Equations (3.4), (3.12), and (3.16) lead to

p'(xy,t) - Ao(s) exp [16(x) - Xy - iwt] + 0(c) (3.17)
Y -ym

Equation (3.8) may also be written in terms of the similarity coordinate. In
order that a solution exists for the resulting equation, it must satisfy the
solvability condition; that is the Integral of the scalar product of its right-
hand side and the solution to the adjoint homogeneous problem over all n
(with appropriate contour deformation In the n-plane for damped waves (see
Section 3.2.4)] must equal zero. That Is,

J X dn - 0, (3.18)

where *(n,i) Is the solution to the adjoint homogeneous equation. It is
readily verified that _Ae/6 2 so that Equation (3.18) becomes

J X a d il ex d -0 (3.19)

173

r .,0';! OPP,



This solvability condition leads to an ordinary differential equation for
Ao (O) in the form,

3 + (14 +1) Ao - 0 (3.20)

where

.13 fA j*dn (3.21a)

14 i ! + B2 
2 - (3.21b)

-m

15i m i 113 + 4  + BSe + B6  #d (3.21c)

where the coefficients S1 are given in Appendix 3A. Now with C(ns) to be
obtained from the eigenvalue problem of Equations (3.13) and (3.14) and Ao(s)
to be found by integrating Equation (3.20), the slowly varying wave solution
in the form,

p'(xy,t) - Ao(s) Z(n,s) exp [ie(x) - Iwt] + O(e), (3.22)

Is completely defined to order unity.

In evaluating the Integrals of Equation (3.21) the values of dko/dO and
a/aO may be obtained using a finite difference calculation based on the
values of ko and E at successive values of 0. However, they my also be
evaluated locally using the technique employed by Bouthler (3.29, 3.30] and
Saric and Nayfeh [3.32]. Differentiating Equation (3.13) with respect to 9
gives an Inhomogeneous equation for a/ao of the form,

Ln [a ,/a] - h, dko/dB + h2, (3.23) f
where h1 and h2 are given in Appendix 3A. Application of the solvability
condition to Equation (3.23) leads to an equation for dko/dB and the
inhomogeneous equation for a/a/s may then be solved directly.

3.2.2.2 Higher-order terms of the multiple scales asymptotic expansion

The higher-order terms of the multiple scales asymptotic expansion (3.4)
are given by the solution of the inhomogeneous Equations (3.9). Since the
corresponding homogeneous equation has an eigensolution, t, each solution for
An can be regarded as consisting of the sum of a particular solution and a
complementary solution of the form An(s) C(y/s,s) where An is an unknown
amplitude. This unknown amplitude may be determined in a similar manner to
Ao from the solvability condition applied to Xn+j In Equation (3.9)
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I E(y,s)xn+iI- CGx.2 dy 0, n-O, 1, 2 ... (3.24)

The above solvability condition leads to an ordinary differential equation for
An. This equation can be Integrated, at least numerically, so that the
complementary solution is determined completely. The appropriate particular
solutions may be obtained by the method of variation of parameters. For
Y>ym, the eigenfunction, t, is given by Equation (3.16). Another linearly
independent solution of Equation (3.15) is

- exp [A2 - " 2 (o-ko)2 n] - exp[Ay] (3.25)

Now let & be the solution of Equation (3.7) which takes the form given by
Equation (3.25) for y >ym" Then Z(y) and t(y) are two linearly independent
solutions of the corresponding homogeneous equation of (3.9). It may be
shown that the Wronsklan, W(Ct), is given by

WQj) - 2X) 2/(w-G) 2 • (3.26)

Applying the method of variation of parameters (see Boyce and DIPrima (3.41],
Chap. 3) to Equation (3.9) using end C as the fundamental set of solutions,
the complete solution is found to be

Y (,S)X(t,s) dt

An A(y,s) - e(yS)

Y (ts) Xn(t,s) dt (

+ i(y•s)

Using the explicit form of the Wronsklan given in Equation (3.26), Equation
(3.27) may be rewritten as

!( ( *')2 I  E (t~s) Xn(t,s)dt .

Pn ( A,(ys) + 1 , I - (y,s) r2

y
Z(t's) C(t,s) Xn(t,s)dt (* ~(t) J p(3.28)

f-0-

n(y,s) as given by Equation (3.28) clearly satisfies the boundedness condition
as y.-a. That the solution Is bounded as y-4- is guaranteed by the solva-
bility condition, Equation (3.24). The last term in Equation (3.28) may be
written a more useful form using this solvability condition, that is,
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^P An(YS "(2)2 ! . y~s M.(ts) Xn(t,s)dt

+ 4(t,s) J (ts) Xn(t,s)dt (3.29)2 I.
y

Equation (3.29) and the solvability condition (3.24) provide the complete
solution of the amplitude functions of the slowly varying wave solution (3.4)
to any order of the expansion parameter e. Unfortunately, as will be shown
below, this multiple scales asymptotic expansion has only a limited range of
validity.

3.2.2.3 The singular perturbation problem

In this section It will be shown that the multiple scales asymptotic
expansion (3.4) is not uniformly valid for large y. The region yzym., where
the mean flow is uniform (i.e. U-I, V-0), will be examined. In this region
the inhomogeneous terms of Equation (3.9) are given explicitly by Equation
(3.10). The functions E and C of Equation (3.29) take the following simple
form,

yy, Z" " , > A , (3.30)

so that the general expression for 6n becomes,

Pn(Y,S) Dne ' y - e J eAt n(ts)dt - .X- Je " t Xndt (3.31a)

Y>Ym y

where Ym

Dn - An - ( 4)2 2 t2 + J eXt Xn(ts)dt I (3.31b)

-mm

Equation (3.31) gives the dependence of On on y for y>ym. It holds for all
values of n provided Xo is taken to be zero.

With po -Ao-Ao exp[-Xyl for y>yM the Inhamogeneous term j, may be
computed from Equation (3.10). This gives

1 (Cl + C2y)e " y  (3.32)
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where "2 odAo ( H ) A d eC 1 - 21 [4 2(.-a)+ el - - I(-2) Aa]

and C2 - 21[N2 (w-0) + ]2  a

Substitution of Equation (3.32) Into Equation (3.31a) and evaluating the
various Integrals it is found for y>y,

pI - (01o + BlY + 012y2)e " y  (3.33)

where I 
Bo in DI - (C1 +

53a( 1  C2

C2
and B12 "-- *

Now that P and P are determined, it is possible to find A2 in the same
manner. After some computation it may be shown that,

P2 - 1820 + 821Y + 822y
2 + B23Y $ + B24Y4'1e-

Y  (3.34)

The expressions for the coefficients 821 are rather complicated and will not
be written out. Only the dependence of the solution on y is of interest. By
continuing this process or by mathematical Induction it may be shown that,

On - 2,2Y2n •-XY  (3.35)

Thus, for large y the multiple scales asymptotic expansion (3.4) behaves like

!: ~p' (x-y,t) ~  Knen y~neX ex (3.36)

n-o

where Kn are functions of x alone. Due to the appearance of cnyanexpXy]
in the higher order terms, the asymptotic expansion does not hold for y>>E-*.
In other words the multiple scales expansion is nonuniformly valid. As far as
Is known, no single asymptotic expansion which Is uniformly valid for all y
can be constructed for the present problem. Van Dyke [3.42] states on page 33
of his book that "a singie w pertubation probZUm is best defined as one in
uhioh no single aeoyqtotio apansion is unifornty valid throughout the field
of inteet." Thus, the present perturbation problem is unfortunately singular.
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3.2.3 Continuation of the Instability Wave Solution into the
Region y >ym

It is now necessary to construct an extension of the multiple scales
asymptotic expanl4on which is uniformly valid for y >Ym in the upper half
plane. To do this, it will be first determined what this extended solution
ought to satisfy. The disturbances associated with the instability wave
are governed by the linearized continuity, momentum and energy equations and
the equation of state, namely, Equations (3.1) and (3.2). These are, of
course, the same equations used to determine the multiple scales slowly
varying wave solution. However, in the region y>ym, U is unity and V is
zero so that these equations simplify to

Y > Ym ape + / + Lute + a-ve 0 (3.37a)

at ax a3x ay

42 (Lue + aUe! pe.P (3.37b)aM t a--e) ax-

and y52 \_ve_ + av- = pe (3.37c)

The subscript e indicates that the variables are the extended solution in the
region y >ym. Eliminating ue and ve from Equation (3.37),-the governing
equation for Pe Is found to be

2 2 2
M42 (L+ _L P (_t + )t .- 0 (3.38)

The appropriate boundary condition for Pe at large y is the radiation or
boundedness condition,

Y-*4, Pe is bounded or behaves like otrtgoing waves. (3.39)

~i
At this stage an Inner boundary condition is needed for Pe in the region y
slightly greater than ym. For the case e,0 the multiple scales asymptotic'
expansion (3.4) truncates (only one term is needed for a truly parallel mean
flow) so that the expansion converges for all values of y. It will be
assumed that the expansion also converges for some value of y slightly
greater than y ym even when e has a small but finite value. If this conver-
gence is realized then, by appealing to the concept of analytic continuation,
the natural inner boundary condition for the extended solution Pe is that it
must be identically equal to the convergent asymptotic expansion. Under these
circumstances p Is the analytic continuation of p'. This leads to the Inner
boundary condi t/on

OleI ,n nIOW - lt (3.40)

(for y eightZy n
greater than ym)
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where n(y,s); n-0, 1, 2 ... are given by Equation (3.31).

Summarizing, the extended solution Pe must satisfy Equation (3.38), the
radiation and Inner boundary conditions (3.39) and (3.40) and be uniformly
valid for all y>ym.

3.2.3.1 The extended problem

It will now be shown that the extended solution, Pe, as defined by
Equations (3.38), (3.39), and (3.40) is Identical to the solution # of the
following boundary value problem,

y-0 M2(+a 0 _(j_ + _ -0 (3.41)

y GO : * satisfies the radiation or boundedness (3.42)
cond i t ion

y 0: * Cn gn(CX) e le(x) " it (3.43)
n-o

where gn(s), s-ex, will be related to the multiple scales expansion (3.4)
below. Equations (3.41), (3.42), and (3.43) constitute a well-defined
boundary value problem whose solution is unique. Since Equations (3.41) and
(3.42) are identical to Equations (3.38) and (3.39), the hypothesis that
# "pe for y >ym could be proved if it could be shown that * possesses an
asymptotic expansion which is identical to the right-hand side of Equation
(3.40) for y slightly greater than ym. To show this the above boundary value
problem will be solved for 0 explicitly in the form of a multiple scales
asymptotic expansion. Let # be given by

*(x,y,t) - n *n(YS) le(x) - lut (3.44)

nmo

Substitution of Equation (3.44) into Eouation (3.41) and partitioning terms
by powers of e leads to the following set of equations,

-[@2. 142(-) 2]*n ,, Xn(*n-.,n.2) n -0, 1, 2 ... (3.45)
ay2  ] - " "

where *-2 -- 1 -0 and the functional form of in (#n-l,#n-2) Is given by
Equation (3.10). The boundary conditions on On are found in Equations (3.42)
and (3.43), mely

y . , *n is bounded (3.46)

y ,, 0, *n - gn(s) "  (3."7)
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Two linearly independent solutions of the corresponding homogeneous equation

of Equation (3.45) are exp[-Ay] and exp[Ayl where A is given by Equation

(3.16). For n-o Xn-0 in Equation (3.45) so that the solution *o which

satisfies boundary conditions (3.46) and (3.47) may easily be shown to be

-o , go(s)e"y (3.48)

For n >1, the solution of the inhomogeneous Equation (3.45) and boundary

conditions (3.46) and (3.47) may again be determined by the method of

variation of parameters. It is readily shown that

-gn(s) + L f e'At indt f ea*t xndt

o 0

eXy y  AXy
Sdt -- t ndt (3.49)

2). j Xn 2). JTgy

Now setting go(s) -Ao(s), (3.50a)

and for n > 1

gn(s) - An(s) - 2 (W -0')
2 i C(ts) Xn(t,s) dt

1
-m

f eAt indt + fe' t indtj (3.50b)

O 0

the two expressions on the right-hand sides of Equations (3.31) and (3.49) are

Identical. Thus, 6n-An in the region y slightly greater than ym. That is, *
satisfies the Inner boundary condition (3.40). Thus, the extended solution Pe

Is equal to the solution # (y ty ) of the boundary value problem defined by

Equations (3.41), (3.42), and (3.13).

3.2.3.2 Uniformly valid asymptotic expansion of the extended problem

Having shown that the extended solution, Pe, is given by the solution of

the boundary value problem defined by Equations (3.41), (3.42), and (3.43) a

uniformly valid expansion of the extended solution for y > ym will be

constructed. The solution of the boundary value problem (3.41) to (4.43) is

unique. However, different methods of solution would yield solutions of

different forms which may or may not be uniformly valid for y>Ym. At large

distances from the mixing layer the disturbances mainly consist of acoustic

waves. Unlike waves In the mixing layer whose amplitude change$ slowly in

the x direction as compared to its y variation, the acousti- waves have no

such distinction. Thus, to seek a solution valid for large y the slow
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variable s -ex must not be used, rather x and y must be treated on an equal
footing. Thus, a solution will be sought by the method of Fourier transforms.

The Fourier transform and Its Inverse are defined by

?(k) - y'. f f(x)e 1 kxdx; f(x) f ?(k)ebkdk. (3.51)
- -40

Applying the Fourier transform to Equations (3-41) to (3.43) and setting_
*u'*(x.y) exp[-Iwt], It Is easy to show that the Fourier transform of ,,
Is given by the solut ion of

(N4 (-0)2 - k2]j a 0 (3.52)

dy

and at y -0,

i c £n §(k) (3.53)
n-o

where

in k) - J gn( cx)eiO9W -ikXdx (3.54)

The solution of (3.52) and (3.53) which also satisfies the radiation condition
Is,

- n ()~ iu ( ) k-()2 YJ
nino

where

If Ikej (0,- k 2  i use the branch 1int 1 ~ - k) 91 0.

Performing the Inverse Fourier transform leads to
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*(x,yt -. 0 in J (k) expIlkMA (I -) y +~ yI kx -Iwtjd k. (3.56)
no

Clearly Equation (3.56) is uniformly valid for all y [see also Equation (3.58)
below]. Therefore, it provides the proper continuation of the mixing layer
slowly varying instability wave solution to the region y>ym in the upper
half plane.

3.2.3.3 Acoustic far-field solution

The sound radiation associated with the instability wave can be found by
evaluating the integrals of Equation (3.56). In evaluating the far-field
solution polar coordinates (re) will be used as shown in Figure 3.2, where
x-r cosO, y- r sine. Equation (3.56) may be rewritten as (noting that + is
the fluctuating pressure which will be written as p)

p(r,O,t) - f in(k) exp [i (/I2(W-k)2-k2sine-k cose)r
nmo O

- lit] dk . (3-57)

In the limit r--, the Integral can be evaluated by the method of stationary
phase. This gives,

_2w~w sinen
p(r,e,t) - r (1 -M sineI ! nn(ks)I(r -M2sln2e)3/4 'n o

r 4

exp (iW(M /I -M2sin 2e + M2cos28)r] • exp [-lut 1w/4] (3-53)

where

s IMW cose Mi
1 -M2) / - 2sin2e '

from which the directivity of acoustic radiation, D(e), can be calculated.

3'2 2
li ri Jp2 M

D(e) -1p1
2 " _ngnlk s)  sin 2e (3.59)

(1- M2sin2e)3/2

Since e Is small, for practical purposes only the first term of the sum in
Equation (3.59) matters. From Equations (3.50) and (3.51),
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9 - ro~xx 1W-(x) - Ikx
go(cx) " Ao(x) (k) " A(cx)e dx. (3.60)

This finally leads to

D(e) W 14g(ks)12 sin2e (3.61)
(I - 2sin2e) 3/

2 n

for Ose g, if M<I; Osessin'[M "1 ] if M>1. Similarly, it is
straightforward to show that the directivity pattern of acoustic radiation in
the lower half plane or stationary medium, to the zeroth order, is

O(e) . WNW 11o(,Mcose)1 2 sin2e, (3.62)

for -w<esO.

3.2.4 Numerical Results

In this section the results for the Instability wave characteristics and
the far-field noise radiation are presented. The mean velocity and the
numerical procedure for calculating the disturbance growth by the method of
multiple scales are described. The properties of damped inviscid waves are
also discussed. Calculations are presented for both subsonic and supersonic
freestream Mach numbers.

3.2.4.1 The Instability wave solution

2%e mean veZooit. The description of the mean velocity Is based on
experimental measurements in turbulent shear layers. The axial and transverse
mean velocities are given by

0 ;6.

- 0.5 1 + erf (n - %)1; -6.0 < (n-no) s6.0 (3.63)

1 1 (n -no) > 6.0

and V - 0.5 no (erf(q-no) -1] - exp(-(nR-no) 2 ]/2rV'; (n-%) s 6.0 (3.64)

0; (n-no) > 6.0

The complementary error function profile (3.63) was found to provide a good
fit to the axial velocity distribution tor a wide range of Mach numbers in the
Initial mixing region of a round Jet by Lau et al. [3.43]. The value of n ,
which gives the location of the dividing streamline, Is taken from Patel (1.44]
to be -0.3. The rate of spread of an Isothermal mixing layer is a function of"
the freestream Mach number. Since the perturbation parameter, e, in the
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present problem represents the rate of spread it will be a function of Mach
number. The variation of e with M is taken from Lau et al. [3.431 and is
given by

£ - (0.165 - 0.045 M2 )/VW" (3.65)

Numerical calculation procedre. With the mean velocity profiles defined
the amplitude of the pressure fluctuation associated with the instability wave
may be calculated above and below the layer. Firstly, the "parallel flow
approximation" given by Equation (3.13) is solved subject to the boundary
conditions (3.14). The form of solution in the uniform and stationary fluid
above and below the layer, respectively, are easily obtained:

-A+n as n -1 4 (3.66a)

and a -•- as n . "f

where A +./k 0
2 - M2(0 - ko)2, (3.66c)

X- '1k2 - 4202, (3.66d)

with Re(±) > 0.

The numerical integration is started above the layer and proceeds across the
layer to Re(n) -0. A second Integration is started below the shear layer and
continues to Re(n) -0, where the two solutions are matched. The matching of
the two solutions leads to a determinant which must be equal to zero to obtain
the elgensolution. In practice this Is done by minimizing the absolute value
of the determinant. The contour of Integration must always be below the
critical point, nc, where U-0/ko, for the mean velocity profile, Equation
(3.63), so that the damped inviscid solutions are correctly obtained. The

* Indentation of the Integration contour In the complex n-plane lies on three
straight lines Joining the points, (Re[n c ] -1.. 0.), (Re[n 1 -1.,

* Im[rnc]- .), (Re[nc]+1., Im[nc]-1.), and (Re[nc]+I., 0.5. The indentation
of the contour into the complex n-plane occurs whenever Im[nc]<+l. Further
discussion of the damped inviscid solutions is given in Section 3.2.4.2. An
inverse Lagranglan interpolation Is used to minimize the determinant in the
elgenvalue search. Once the eigenvalue is found the elgenfunction, t, and
hence, the adjoint solution, #, Is readily obtained since # -t/§ 2. The
elgenfunction is normalized such that Euexp[-)+nl] above the layer. The terms
h1 and h2 of Equation (3.23) are then calculated and dko/dB is given by

., ,. ' f /,rf ~

- - h2d hldn - 1211 . (.6)
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The solution of the inhomogeneous equation for tJ/DO, Equation (3.23), Is
then calculated using the same integration contour ed the Integrals In
Equation (3.J1) may also be found. Equation (3.20) my then be used to
calculate A- dA/d0.

Above the layer the solution for the fluctuating pressure my be written

A l(x) - let (3.68a)p'(n.8) -ABe '

and below the layer the solution is

p'(n,B) - C(O) A(B)e' n eI o (x) - lot (3.68b)

Thus the corresponding equivalent rates of change of the pressure are given
by

SM[a 2 (w')] dk°. i W_ !X[a . M2( ) WU0 6 (3.69a)

ax above A do - A+ I
and

I 2LI - IQI dC dko a(36b

T ax 1 . A& +k +_O
I X below IA do C do X A do 36b

The growth rates of the pressure fluctuations are clearly functions of
distance from the layer, y. This functional dependence is due to the changing
shape of the eigenfunctions with downstream distance. However, the effect of
the last term in Equation (3.69) is negligible if regions close to the edge of
the layer are considered. The growth rate and wavenumber of the slightly
divergent flow are then given respectively by the real and imaginary parts of
the remaining terms of the right-hand side of Equation (3.69), that is

A dA

and
ia mdC
I- is • o

Nume2oaZ aoorcy. As a first check on the numerical accuracy of the
calculation method the numerical results were compared with a known exact
solution. For a mean velocity profile of the form

U - 0.5 [1 + tanh (n -o)]. (3.71)

the eigensolution, using the normalization mployed above, is
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k - 1.0, 0 - 0.5, M - 0.0

- 0.5 sech (n-n o )

- 2 sech (n-no)/tanh
2  (n-no)

The integrals in Equation (3.67) may then be evaluated analytically. The

comparison of the numerical and analytical solutions are shown In Table 3-i.

Exact Solution Numerical Solution

ko  1.0 (1.0000 + 1.5377 x 10-51)

I -(4 +2wi) -(0.0003 + 6.28321)

12 4Wi (0.54219 x 10"3 + 12.5661)

dko/do 2(w +21) (1.4232 + 0.90600i)
(4 +w2)

Table 3-I Comparison of Exact and Numerical Solutions, 8-0.5.

Numerical calculations of the Instability wave solution have been
performed for the Incompressible case, M-0, and for M -0.75, 1.25, and 1.75.
The "parallel flow approximation" to the local growth rate, given by -Imiko]
is shown in Figure 3.3 as a function of the freestream Mach number. it should
be noted that In the parallel flow approximation the growth rate is inde-
pendent of the transverse location in the shear layer. As the freestream Mach
number Increases, the local growth rate decreases. This was also noted by
Gropengleser (3.36] and Hichalke [3.45]. The variation of the parallel flow
approximation wevenumber Is shown In Figure 3.4. At lower frequencies,
increasing the Mach number Increases the local wavenumber which results in a
decrease in the phase velocity. The reverse occurs at higher local fre-
quencles though in this region the waves are decaying. The local growth rates
determined from Equation (3.10) are shown in Figure 3.5. The divergence of
the flow is seen, by comparison with Figure 3.3, to increase the growth rate.
The maximum growth rate for the pressure below the layer for M -0, is 50
percent higher than the maximum growth rate obtained using the locally parallel
flow approximation. The growth rates above and below the layer are shown for
the M -0 case only. The pressure wave above the layer is seen to grow for a
broader range of local frequencies (thicknesses) though the maximum growth
rate Is greatest below the shear layer. The "diverging flow' wavenumbers are
shown as a function of local frequency in Figure 3.6. At high frequencies
the flow divergence increases the wavenumber and hence reduces the phase
velocity. At low frequencies there is a reduction in the local wvenumber
which results in the occurrence of very high phase velocities. There is an
indication that at sufficiently low local frequencies and ath numbers upstream
wave propagation may occur.
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3.2.4.2 Inviscid damped wave solution

It has been suggested that in a slowly varying inviscid flow only the
growth of waves can be followed and that for decaying modes there may not
exist any continuous solution to the inviscid equations of parallel flow
(Betchov and Criminale [3.46], p. 80). In order to demonstrate that the
damped inviscid solutions obtained by analytic continuation in the complex
plane as described above is valid for this problem, the corresponding viscous
flow analysis will be performed for the Incompressible, M4-0, case. It will
be shown that the viscous solutions tend to the inviscid solution as the
Reynolds number increases for damped viscous and inviscid waves.

The linearized viscous equations corresponding to the inviscid Equations
(3.6) for the zero order fluctuations (or the parallel flow approximations)
for incompressible flow are,

ikojo + o - 0 (3.72a)

" i uo0+ !L o ikoo 1[o,, - ko2no] (3.72b)

and " + P " [;O"i" ko2o ]  (3.72c)

where the local Reynolds number, R -*s/v and primes denote differentiation
with respect to n. This set of simultaneous equations may be solved directly
for the elgenvalue ko and the functions a0, 00, and Po. In the present
analysis a single fourth order equation for Vo, the Orr-Sommerfeld equation,
was obtained in the form,

d2 U 1 IV
k0Z 0) + ko 0 {O U2 'I2ko2 + k 4 1  (3.73)

Equation (3.73) may be Integrated numerically subject to the boundary
conditions,

;o " ;o' "" 0 as n 4 • (3.74)

The elgenfunction for the pressure can be obtained In terms of vo and its
derivatfves from Equation (3.72). The linear Independence of the solutions
is preserved using an orthonormalization procedure at a number of steps
within the range of Integration. The numerical procedure is the same as
that used by Morris (3.9]. The calculated growth rate, -Im(ko), is shown in
Figure (3.7) for several values of Reynolds number. The corresponding varia-
tions in the real part of the wavenumber, Re(ko), are shown in Figure 3.8. As
the Reynolds number Increases so the elgenvalues approach the Inviscid
solution. This is the case for both growing and damped waves. However, in
the present analysis, it is the elgenfunction that must be calculated in
order to evaluate the Integrals required In the multiple scales asymptotic
solution. In order to compare the inviscid and viscous solutions for damped
waves over the entire range of integration, the viscous solution was obtained
by Integrating on the same contour in the complex n-plane as used in the
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inviscid solution. The viscous elgenfunction obtained on the complex contour
was found to be identical to that obtained by integration along the real n
axis where the two contours were coincident. The eigenfunction obtained for
a Reynolds number, R/O -500, and a local frequency, 0 -0.6, (which corresponds
to a damped wave), is compared with the corresponding inviscid solution in
Figure 3.9). Parts (a) and (e) of the figure are on the real n axis and
parts (b), (c), and (d) are in the complex n-plane. The elgenfunctions are
both normalized such that Z -exp[-kon] at n - 6.0 which is the upper limit of
the numerical integration. The two solutions, viscous and inviscid, are
almost Identical, the difference being almost impossible to show graphically.
Typical values for the two solutions are given in Table 3-11 at various
locations on the complex contour. Thus, we have shown that the inviscid
analysis provides a valid approximation to the viscous analysis, for even
moderate local Reynolds numbers, and that the validity of this approximation
includes damped inviscid waves.

Inviscid Viscous

-0.9506 (0.2904 + 0.01151) (0.2910 - 0.8 x10- i)

(-0.9506 - 1.06251) (0.1712 - 0.36731) (0.1737 - 0.36921)

-1.06251 (0.9865 - 0.00081) (0.9763 - 0.00711)

(1.0494 - 1.06251) (o.1480 + 0.29771) (0.1516 + 0.29261)

1.0494 (0.2867 - 0.02211) (0.2889 - 0.02591)

Table 3-2 Comparison of Viscous and Inviscid Damped Eigenfunctions

Now that it has been shown that the Inviscid wave model is valid during
both the growth and decay of the wave in the present analysis, the far-field
noise radiation, which is intimately connected with this growth and decay
process, will be calculated in the next section.

3.2.4.3 Far-field noise radiation

in Section 3.2.3 it was shown how the multiple scales'expansion for the
pressure fluctuations in the shear layer may be extended Into the acoustic
far field. The wavenumber component spectrum of these fluctuations in the
near field will now be examined and the far-field directivity patterns for
both subsonic and supersonic freestream velocities will be calculated.

The far-field noise radiation, given in Equations (3.61) and (3.62), Is
seen to depend on the amplitude of § (k) evaluated at the stationary point
of the integral of Equation (3.57) (?or radiation into the uniform stream).
90 (k) is the Fourier transform of the quantity Ao(x) exp[ie(x)] and may be
regarded as the wavenumber component spectrum associated with the axial
variation, in amplitude and phase, of the pressure fluctuations. Denoting
this pressure fluctuation by G+(x) and G.(x) above and below the shear layer
respectively, it can be seen from Equation (3.70) that
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1 dG+ I dG
G+dx ki+ and G.-dx - ia. (3.75)

These equations may be integrated numerically. The initial conditions for the
integration are:

xo - I/e G+ - 1.0 G_ - CO, (3.76)

where 6o* is taken to be 6w/Vw, where 6w is the vorticity thickness, and the
value of CO is obtained from the local elgensolution for the initial local
frequency. The axial variation of G_(x) as a function of freestream Mach
number for a fixed real frequency, wo - 0.05 , is shown In Figure 3.10. As the
Mach number increases so the location of the peak amplitude moves further
downstream. The location of the peak corresponds to the neutrally stable
condition. Although the local frequency for a neutral solution decreases with
Mach number, see Figure 3.5, the spread rate of the shear layer decreases with
Mach number, the net effect moving the neutrally stable point further down-
stream. The rate of growth of the fluctuation is more rapid than Its decay
rate. The initial growth rate is higher for the lower Mach numbers which can
also be seen in Figure 3.5. The axial variation in G.(x) as a function of
frequency for a fixed Mach number of 1.75 is shown in Figure 3.11. As the
frequency decreases so the location of the amplitude peak moves downstream.
The peak amplitude also increases as the frequency decreases. These effects
are a result of the similarity of the basic flow profile. The cycle of
growth and decay of the pressure fluctuations plays a crucial role in the
noise radiation mechanism. The amount of energy that radiates noise depends
on the amplitude of the wavenumber component spectrum associated with the
pressure fluctuations. In this paper far-field noise calculations will only
be presented for radiation into the stationary medium, namely, below the
layer. The wavenumber component spectrum for G.(x), given by,

(k)~ G, (x)e 1 ~ dx , (3.77)

was calculated numerically using the FFT algorithm described by Bingham and
Morrow [3.47]. The amplitude and phase of j (k), for w0 -O.05 and M-1.75,
are shown in Figure 3.12. The spectrum was found to be Insensitive to the
number of points used in the transform and the method of truncating the value
of G.(x) for x <x o and large values of x. This spectrum exhibits features
which are characteristic of all the calculated spectra. The dominant peak
In the spectrum occurs at a wavenumber which gives a corresponding phase
velocity of approximately one half the freestream velocity.

The directivity patterns of radiated noise are readily obtained using
Equation (3.26). The directivity patterns for several frequencies are shown
in Figure 3.13 for M -1.75. The levels are arbitrarily normalized with
respect to the peak level at wo-0.O05. The noise radiation peaks at 20
degrees to the axis of the shear layer in the ambient medium. The radiation
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patterns for all frequencies are similar. This reflects the basic similarity
of the shear layer Itself where, except at the highest frequencies which will
be strongly influenced by the Initial shear layer thickness, the development
of each frequency wave Is similar. As the frequency decreases so the relative
sound pressure level In the far field Increases. Since the shear layer is
Infinite in the downstream direction, the lower the frequency of the wave, the
greater will be Its peak amplitude in the near and far fields. For an
experimentally generated shear layer or the mixing region of an axisymmetric
jet, there will be some non-extreme frequency which will give the greatest
amount of radiated noise.

The radiated noise as a function of Mach number is shown in Figure 3.14*
for a frequency of w -0.005. The normalization is the same as in Figure
3.13. For the M-1.25 case the noise radiation peaks at 12 degrees to the
shear layer axis, while there is no discernable peak for the M-O.75 case.
The ripples that occur for the two lowest Mach numbers reflect the limitations
of the accuracy of the description of G.(x) and its Fourier transform and are
discussed below. The noise radiation from the large-scale structure is seen
to become Increasingly efficient as the Mach number increases. As can be
seen from Equation (3.62), the directivity pattern in the far field is
governed by the wavenumber component spectrum amplitude as a function of
wavenumber and a sin 2e weighting factor. For Mach numbers such that the peak
energy wavenumbers do not radiate noise, that is for M <2, the location of
the peak radiation angle is dominated by the sin 2 e weighting factor. For
higher Mach numbers, the peak angle will depend more on the peak amplitude
wavenumber of the wavenumber component spectrum, i.e., Opeak -cos " 1(2/M): M >2,
though sin2 e will prevent the peak angle from occurring at less than 20
degrees.

Returning to the ripples on the directivity patterns for M -1.25 and 0.75
in Figure 3.14, it should be recalled that only those wavenumber components of
the pressure fluctuations at the edge of the flow which have a sonic phase
velocity to some location in the far field can radiate noise. The lower the
freestream Mach number, the smaller is the wavenumber bandwidth that can
radiate noise and the further these wavenumbers will be from the peak
amplitude wavenumber. The amplitudes of the wavenumber component spectra for
w -0.05 and various Mach numbers is shown in Figure 3.15. The arrows indicate
the range of wavenumber components that contribute to the noise radiation. For
the highest Mach number a significant portion of the near-field energy is
radiated. However, the region that radiates noise In the subsonic case is
far from the peak amplitude wavenumber. The amplitude of components that do
radiate at 14-0.75 are a factor of 103 below the peak level at that frequency
and are thus very sensitive to the exact description of the pressure
fluctuations in the near field. Thus, though the mechanism by which the
large-scale fluctuations in the subsonic shear layer radiate noise has been
demonstrated, the calculated radiated noise level should be regarded with
caution. The calculated directivity patterns for the supersonic shear
layers, however, do have quantitative significance.

Having Introduced the analysis in the preceding sections to enable the
noise radiation by supersonic shear layers to be calculated the radiation of
noise by axisymmetric Jets will be considered in the following sections.
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3.3 THE RADIATION OF SOUND BY THE INSTABILITY WAVES OF AXISYMMETRIC JETS

3.3.1 Introduction

In this section the noise radiation by the large-scale structure of
supersonic axisymmetric jets will be described. This work forms the founda-
tion for the prediction method for large-scale structure noise described in
Section 3.4. The analysis will be presented In a simpler form than that for
the plane shear layer, Section 3.2, since the cylindrical geometry increases
the complexity of the algebra though it does not effect the basic approach.
The experimental data which has been obtained to substantiate the existence
of noise radiation by the large-scale structure; for example, McLaughlin,
Morrison and Troutt [3.20, 3.21] and Dahan and Elias [3.22], has dealt
exclusively with axisymmetric jets. Since these experiments, and their
relationship to the present noise generation model were discussed In some
detail In Section 3.2.1, they will not be discussed further here. The added
feature for the numerical results, which was not presented for the plane
shear layer, is a prediction of the near-field pressure fluctuation's of the
turbulent flow.

In keeping with the order of analysis performed in Section 3.2, the
instability wave solution for the axisymmetric Jet will be obtained using the
method of multiple scales. This solution will be shown to be Invalid for
large distances from the jet. A uniformly valid solution will be obtained by
showing that a model boundary value problem, which has a uniformly valid
expansion far from the jet, is the extension of the multiple scales solution
for the instability wave.

3.3.2 The Multiple Scales Instability Wave Solution

The behavior of small wave-like disturbances propagating in a turbulent
axisymmetric flow will be considered. These disturbances are assumed to be
excited by some external disturbance of frequency w*. The radius of the jet
exit, Rj, the jet exit velocity, uj, and the ratio Rj/uj will be the length,
velocity and time scales for the problem. In dimensionless form the
linearized continuity, momentum, and energy equations and equations of state
are,

at uxj, 3x . o (3-78)

rM2 j + aj 4uj I U 3(3-79)

pg - pT' + p'T, (3-80)

where primes denote fluctuating quantities and bars denote mean flow
quantities. M is the ratio of the Jet exit velocity to the ambient speed of
sound. y is the ratio of specific heats of the gas. The thermodynamic
variables p, p, and T, the density, pressure and temperature, respectively,
are nondimensionalized with respect to their ambient values. In deriving the
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above equations the mean pressure has been assumed to be constant throughout
the jet. With respect to a cylindrical coordinate system (rf,x), the x-axis
of which coincides with the axis of the jet and which Is centered at the
nozzle exit, the mean flow, on the basis of experimental observations, is a
function of the radial coordinate r and a slowly varying function of the axial
distance x. The mean velocity vector will be written as,

- [U(r,s), cV(r,s), 0] (3-81)

where U j rZrm (3-82)

V=-V 1

In Equations (3-81) and (3-82), s cx, where the small parameter c is a
measure of the rate of spread of the Jet. Typically, c is numerically less
than 0.1. A solution will be sought to Equations (3-78) to (3-80) in the
form of a slowly-varying wave,

u'v"w'I(rfxt) "I I nInQVn, n(rs)Je 1(8(x) + m# - wt) (3-83a)

pT(r,#,x,t)- n An(r,s)Ie (0(x) + M - W (3-83b)

nnO

T'(r,,,x,t) - enfn(rs)Ie I(8(x) + M- ,t (3-83c)

nO 0

where m-0, 1, 2, ... Is the azimuthal mode number and w is the forced
frequency of the wave. The fast phase function O(x) is such that,

d a(s) . (3-84)
dx

Substituting Equations (3-83) into Equations (3-78) to (3-80) and
ordering equations In powers of c gives, to order unity,

- iy 2o+ - .0 (3-856)

I yM2go + - 0 (3-85b)
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y112  + ;. aU I+ I J -L Po -0 (3-85c)

and - i o +.I-.( 0 r) + ic.Go (3-85d)

where 0 -w -UcL and p-R0 (r,s) the mean density. These equations readily
reduce to a single equation for 00 of the form,

a2. I 1~ 0 _2iU a 0  Ii
2 I

32l r RFO-gr Q 3rI ar r M 0 - 2  (3-86a)

which will be written as,

L [ O] - 0 .(3-86b)

To order c a set of inhomogeneous equations for the fluctuations pl, pl
etc. are obtained where the right-hand sides are functions of the zero order
fluctuations. These equations may also be reduced to a single inhomogeneous
equation of the form,

[ ~ po -g F -~ 2  (3-87)

The boundary conditions to be imposed on p p,.. are that these functions
be bounded as r-w-0 and r-+-. Equation (3-99) an~d the above boundary condi-
tions form an elgenvalue problem. The eigenvalIue is a. The corresponding
eigenfunction 60 has an arbitrary amplitude. We will exhlit this by writing

0o(r,s) - A0 (s) Z(r,s) .(3-88)

The function Z(r,s) satisfies the equation

L[E] - 0 (3-89)

and the boundary conditions,

e(r,s) Is bounded as r.0 or m.(-90)

For r a rm Equation (3-89) reduces to

+ + M2W2 - S2 Z -0. (3-91)ar2  r 3r Ir 2

The solution of Equation (3.91) which satisfies the boundedness tondition Is
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4- H X1)  
(3-92a)

and X - /2'M2 -..2, Re WX. 4 0, (3-92b)

and H(1){ ) is the mth order Hankel function of the first kind. A normali-
zation convention will be adopted such that the arbitrary multiplicative
constant in front of the Hankel function in Equation (3-92) is unity.
Equations (3-83), (3-91), and (3-92) lead to

p'(r, ,x,t) = Ao(s) H 1 ) {Ar} exp [ie(x) + imf - iwt] + 0(e) (3-93)

r rm

In order that a solution exists to Equation (3-87), it must satisfy the
solvability condition: that is the integral of the scalar product of its
right-hand side and the solution to the adjoint homogeneous problem over all
r must equal zero. It is readily shown that the solution to the adjoint
homogeneous problem, *(r,s), is given by -,r/RoQ 2 , so that the solvability
condition may be written

- rdr =0. -94)
fog

The solvability condition leads to an ordinary differential equation for
Ao(s) of the form,

dAo11 _ + 12Ao = 0 , (3-95)

where the integrals 11 and 12 are given in Appendix 3B. Now with Z(r,s) to
be obtained from the eigenvalue problem of Equations (3-89) and (3-90) and
Ao(s) to be found by integrating Equation (3-95), the slowly varying wave
solution in the form,

p'(r, ,x,t) " Ao(s) a(r,s) exp [le(x) + im4 - aiwt] + 0(c) (3-96)

is completely determined to order unity.

3.3.2.1 Higher-order terms of the multiple scales asymptotic
expansion

In Section 3.2.2.2 above we considered all the higher-order terms for
the multiple scales asymptotic expansion for the plane shear layer case. In
this section only the first-order term will be considered. This is in light
of the unnecessary algebra introduced by considering all the higher-order
terms and to avoid any confusion generated by having to consider higher-order
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terms in the mean flow description. These factors will not effect the
conclusions drawn about the validity of the multiple scales expansion or the
noise radiation since the latter will only be determined to zeroth order.

The first order term in the multiple scales asymptotic expansion is
given by the solution to the inhomogeneous Equation (3-87). Since the corre-
sponding homogeneous equation has an eigensolution, Z, the solution for P1
can be regarded as consisting of the sum of a particular solution and a
complementary solution of the form Al(s) E(r,s) where AI(s) is an unknown
amplitude. This unknown amplitude may be determined in a similar manner to
Ao(s) from the solvability condition,

( r dr - 0, (3-97)

og

where X2 are the inhomogeneous terms of the equation for P2" Equation (3-97)
leads to an ordinary differential equation for Al(s) which may be integrated
and hence the complementary solution is completely determined. The appropriate
particular solutions may be obtained by the method of variation of parameters.
For r >rm the eigenfunction Z is given by Equation (3-92). Another linearly
independent solution of Equation (3-91) is

t(r,s) - H,42) {Arl. (3-98)

Now let j(r,s) be the solution of Equation (3-9) which takes the form (3-98)
for r>rm. Then E(r,s) and j(r,s) are two linearly independent solutions of
the corresponding homogeneous equation of (3-87). It may be readily shown
that the Wronskian W(1, ) is given by

- - ( -OQ)TRw2 '(3-99)

where the relationship,

(M (2)' () (2) -- (4/r,(30)
0o(z) (z) (z) i (z))

has been used in determining the free constant in the Wronskian. Using the
method of variation of parameters, it can be shown that

1  - An (r) - Z(r,s) r (t.s)x (t, s)1 W(( ,)) dt

0

r Z(t,S)Xl(t,S)

+ C(r,s) (, () dt (3-101)

0
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Using the explicit form for the Wronsklan given by Equation (3-5), we
obta in,

r

A AIEos) + .(ros) rf) t dt
ooa

0

+(r,s) r (tlshx(t's) tdtJ (3-102)

0

01(r,s) as given by Equation (3.102) clearly satisfies the boundedness
condition at r -O. The solvability condition (3-94) guarantees that the
solution be bounded as r--. The last term in Equation (3-102) may be written
in a more useful form using this solvability condition, that is,

i*Wr f t(tS)ll (t's)

- AZrs) -r,s) 0 R2 t dt

+ &(rs) J (t,s)Xl(t,s) t dt! (3-103)pog 2

r

Equation (3-103) and the solvability condition (3-97) provide the complete
solution of the amplitude functions for the slowly varying wave solution to
order unity. Higher-order terms may be obtained in a similar fashion.
However, it will now be shown that this asymptotic expansion has only a
limited range of applicability.

3.3.2.2 The singular perturbation problem

In the region r>rm, to fi st order, the mean flow Is given by U-0,
V-V I . In this region the Inhomogeneous terms of Equation (3-87) may be
written out in a simple form,

3 o do vl aPo
- -21a - i o *ai- I - 2M2VluI

- r2 + yM2 V1 o" (3-104)

The functions and I of Equation (3-103) take the form,

r > rm - )(Ar) A- ) (Xr) (3-105)
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so that the general expression for ! becomes,
r

- (1) - lv 1) ( (2)
Pl(r,s) D1ii

) (Ar) - (Ar) f (At) 1 (ts) t dt

r >rm

S (Xr) f )(t) X(t,s) t dt (3-106a)

r

where

rM~N (At)s~x1 (ts~t)
A -T IW0 2 rm N (2)X (tS) t dt. (3-106b)

r.

Equation (3-106) gives the dependence of A, or r for r >rm.

SWith Ao-A4 -Ao(s) Hi(l)(Ar) for r >rm, the inhamogeneous term'il may be
computed from Equation (3-104). This gives

+i L2 +~ L3 (X r) +C 4ar + C 5 + .~ N )(A r) (3.107)

where d1-O de21

C2 - IyM2 VwA0 ,

C3 - -21 Vjm 2Ao/a,

a 2 de
C4 - 21 Z- Ao,

C5 - - 2IH 2VIMM6,

and C6 - iVAob/.

The form of j, for r >r m may be found by substituting Equation (3-107)
into Equation (3-106a) and evaluating the Integrals. Unfortunately, the
Integrals may not be evaluated in a simple form since the integrands Involve
products of Bessel functions and powers of r for which no Integrals exist.
However, the purpose In evaluating the higher-order terms is to demonstrate
that the multiple scales asymptotic expansion Is not valid forall values of
r. Thus, the Integrals have been evaluated assuming that the Hankel functions
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and their derivatives may be replaced by their asymptotic form for large
arguments. The tedious Integration is performed In Appendix 3C. It is found
that

AI(r,s) - Kjr 2 ( 1)(Ar) (3-108)

Thus, for large r the multiple scales asymptotic expansion behaves like

p'(r,#,x,t) - [Ko + Klcr
2 ] H%() (Xr)eie (x ) + im # - it + 0(e2) (3-109)

where the K i are functions of x alone. Due to the appearance of er2H1)(),r)
in the higher order term the asymptotic expansion does not hold for r >>ci.
Thus, in the same sense 'as the plane turbulent shear layer problem the
present perturbation problem Is also singular.

3.3.3 Continuation of the Instability Wave Solution into the Region r>rm

An extension of the multiple scales asymptotic expansion will now be
constructed which is uniformly valid for r>rm. The analysis follows closely
that of Section 3.2.3. In the region r>rm, U is zero and V is a constant
so the governing equations reduce to

a)pe Pe e !awe )Uel P
. +V a!P-e+y -L-L. + I + !-ie +YV. -e 0 (3-110a)

at 3 r ar r3 -r- ax r

M2  Ve Ve aPe (3-110b)

2 1at +v-+-I- 3rT ( c
m2iwe +Vawe + !we Lls

yM2 ue + V.~ au . -a ape (3-110d)

The appropriate boundary condition for large r is the radiation or boundedness
condition,

r Ue v, We, Pe are bounded or behave like outgoing waves. (3-111)

At this stage an inner boundary condition is needed for Pe in the region r
slightly greater than rm . Following the arguments of Section 3.2.3, we set
the inner boundary condition as, for example,

nu- nn, On, n An)(r,s)ei l xl +i nI ' iwt (3-112).

(for r aigihtZy
greate. tihan rm)
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where j is given by Equation (3-106a) and the higher order A are given by
the solution to the corresponding inhomogeneous equations to Equation (3-87)
of the form

L(Pn] - Xn- (3-113)

Thus, the extended problem must satisfy equations (3-110), the radiation and
inner conditions (3-111) and (3-112) and be uniformly valid for r>r m .

3.3.3.1 The extended problem

It will now be shown that the extended solutions, u v and P., as
defined in Equations (3-110), (3-111), and (3-112) are identicale to the
solutions #u, , #w, #p of the following boundary value problem,

*+ 1 a'vr 1 aw -OWu+ + 12k 0 (3-114.a)at 3r r r a ax I r

y142 I 4i v + v L I .- (3-11v -b)
at arVi ar

,M2 ~w+ v #w + 1 .- (3-114c)
at2  3r V +.r r 3#' 311c

and YM2  aou+ V I - - , (3-114d)aitV 3r I ax'

r - p satisfies the radiation or boundedness condition, (3-115)

and, as r O, *p has the following singular behavior

n 2 An3L, (r) gno(EX) CXP~iO(X) - 'wt], m -0
n-0

Op"

en 1) 2 ]w r gnm(Cx) exp (ielx) + In- Iwt],

m - 1, 2 .... (3-116)

where gnm(cx), s,,cx, will be related to the multiple scales expansion below.
The solution to equations (3-114), (3-115) and (3-116) constitute a well-
defined boundary value problem. Since Equations (3-114) and (3-115) are
identical to Equations (3-110) and (3-111), the hypothesis that #p Pe, etc.
for r),r could be proved if it could be shown that #p, etc. possesses
asymptotTc expansions which are identical to the right-hand sides of equation
(3-112) for r slightly greater than rm. To show this the above boundary value
problem will be solved for fp etc. in the form of a multiple scales asymptotic
expansion. Let the # be given by
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-Pr#,t _n#, ,1  (r,s)eIX+ii-it (3-117)
n-0

Substitution of Equation (3-117) Into Equation (3-114.), partitioning the
equations In powers Of E and writing the equations In terms of *n,p leads to
to order of unity,

j'+ j.-L - 1m2 2 2  M2 I 4, l~o 9(-1a
3 r2  r 3r rc2-12  2 j i*,]-,(-1a

and to order E,

Lj[ ,, - 21a 2- I !L-+ I~ 2142V
- a ds r7F

I- - +y -2Lu. 1 0 , p (3-118b)
w r3

The boundary conditions on #pare found in Equations (3-115) and (3-116),
namely

r + - p is bounded (3-119)

and at r -0

(21
- tn (r) gno (ex), m - 0

*n,p -(3-120)

Two linearly iadjpendent solut ions of the homogeneous equation, Ll[* 1-0
are the form H m 1 (Ar) and H t2j(Ar) where A Is given by Equation (3-92LI. Th
solution to Equiation (3-11d) which satisfies the boundary conditions (3-119)
and (3-120) may readily be shown to be

*o'P - go1 (ex) %i (A r) . (3-121)

To order e the solution to the Inhomogeneous problem (3-1.18b) and boundary
conditions (3-119) and (3-120) may again be determined by the method of
variation of parameters. It can be shown that
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0

*1Op Iim(s) + (Xt) (t s)tdt -fr)

0

r
- ' H" Xr) ( (X)It~~d - _T Hn') A*) JH()(Xt)ij(t,s)tdt

r (3-122)

Now setting gor - Ao(s) (3-123a)
rm t t sX ~ ~~ d

and glmn Al(s) - IW 2 Igim 0Rorjj 2

rm CO

-mH(2)(Xt)xl(t,s)tdt + [H(1)(At)jl(t,s)tdt I,(3-123b)

0 0

the two expressions on the right-hand sides of Equations (3-106) and (3-122)
are Identical. Thus, *o,p iPo and jDp in the region slightly greater
than rm. Thus, the extended solution'Pe is equal to, to at least order E,
the solution * (for ralr ), of the boundary value problem defined by
Equations (3-IN'), (3-115), and (3-116).

3.3.3.2 Uniformly valid asymptotic expansion of the extended problem

Now that it has been shown that the extended solutil, P., is given by
the solution to the boundary value problem defined by Equations (3-114),
(3-115), and (3-116), a uniformly valid expansion of the extended problem
for r>rm will be constructed. As in the case of the plane shear layer,
Section 3.2.3.2, the method of Fourier transforms will be used.

The Fourier transform and its Inverse are defined by

?(k) - f- r f(x)e'ikXdx; f(x) -J f(k)eikdk. (3-124)

Since only the zero order solution will utlimately be used, the Fourier
transform will be applied to this order. (That is, radiation is considered
Into a medium where U-0 and V-0). So that by setting #p-pexpj-iwt +im#]
and denoting the Fourier transform of ;p by #, the equation for # is readily
shown to be
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d2* 4_ 4I2W2 k2 + I 0n (3-1 25)
dr2  r dr r

LIt Is then straightforward to show that the solution for *,satisfying the
transformed boundary conditions, is

*-B,(k) Hm1 /1!42w2 
-k

2r) (3-126a)

where 80(k) -L~ goo(Exe IOU) -ikx dx (3-126b)
2w

and Bm(k) - (M2W2 -k2 )M2f me) O(x) iexd. 3-2c
2:W -m2)

Performing the inverse transform leads to an expression for *f, of the form

#p J Bm(k)H m (4 2w2 k2r) exp [i(kx -wt + mf)] dk (3-127)

Equation (3-127) represents the proper continuation of the zeroth order
slowly varying wave solution In the region r >rm.

3.3.3.3 The acoustic far-field solution

The sound radiation associated with the Instability wave can be found by
evaluating the Integrals of Equation (3-127). In this evaluation of the far-
field polar coordinate's (R,8) will be used where r -Rsin6 atid x -RcosB.
Equation (3-127) may be rewritten as (noting that #p, Is the fluctuating
pressure which will be written asp)

2 r s(k)
p(R6,,t) irsine ~(42 k) exptiG442w -kl sinO +kcose)RI

exp ( m# - wot) + ~ )dk + 0(e) (3-128)

In deriving Equation (3-128), the following asymptotic for.m of the Heankel
funct Ion has been used,
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) p (3-129)

For large R the Integral of Equation (3-128) may be evaluated by the method of
stationary phase. This gives

p(R2,*,t) .iBm(Mwcose) exp[ I (MwR +m# - wt) - L (m + 1)] . (3-130)
R -iow R

The far-field directivity pattern of acoustic radiation D(O), due to the
instability wave can easily be found as

D~)-Lim 1p12 R2
Lim - 2 - 21Bm(Mwcose)1 2 

. (3-131)

It should also be noted that the solution for the pressure for r rm given by
Equation (3-127) represents the pressure associated with the Instability wave
in both the near and far fields of the Jet. This equation will be used below
in evaluating near-field pressure contours.

3.3.4 Numerical Results

3.3.4.1 The Instability wave solution

Mean Veocity and Density ProfiZea. Before numerical calculations can be
performed, it is necessary to describe the mean velocity and density profiles
in the Jet. The mean velocity profiles are taken from experimental measure-
ments. A shape function is used to describe the mean velocity. In the
annular mixing region of the Jet, the mean velocity is given by

U,(r,s) - 5 0(n) r > h
(3-132)

1. r< h

where - (r - h)/b. (3-133)

h is the potential core radius and b Is the velocity half-width of the annular
mixing region, that is, the radial distance from the edge of the potential
core to the half-velocity point. Downstream of the end of the potential core,
the mean velocity Is given by

U(r,s) - uc 0( ) , (3-134)

where C - r/b. (3-135)
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UC is the Jet centerline velocity. The coordinate systems used to describe
the mean velocity are shown in Figure 3.16. The shape functions U(n) and U(F)
are approximated by Gaussian profiles and have the same form in both the
annular mixing region and downstream of the end of the potential core. Thus,
we have, for example,

U(n) - exp [-0.693147n2] . (3-136)

The radial mean velocity is found by Integrating the mean continuity
equation. The density is related to the mean axial velocity using a Crocco
relationship, such that

Ro(r,s) -{1 + (Tj -)U +1 - 142U(1 -U))" . (3-137)

The axial development of the mean flow is computed using the Integrated mean
momentum and mechanical energy equations. The momentum Integral equation can
be approximated by (ignoring second order products of fluctuating quantities),

I 02 rdr - constant - 1/2 Tj (3-138)

0

assuming constant Jet exit conditions. Tj is the static jet exit temperature.
On substituting for a and 0 from Equations (3-134), (3-136), and (3-137) into
Equation (3-138), an algebraic relationship can be found between h and b in
the annular mixing region and uc and b downstream of the end of the potential
core. Thus, the Jet development can be determined entirely by the axial
variation of the Jet half width, b.

In the annular mixing region the Jet width is assumed to vary linearly
with axial distance in accordance with experimental observations. Downstream
of the potential core the variation of the half-width is found from the
Integral mean mechanical energy equation. To the same approximation as the
momentum Integral equation (3-138), the mean mechanical energy equation may
be written,

-i
d 063 rdr -2Jr rr rdr . (3-139)

o 0

The turbulent shear stress, T, Is related to the mean velocity gradient by

S-- -(3-140)

where E is an eddy viscosity coefficient. Theeddy viscosity coefficient is
defined in terms of a dimensionaless quantity K where R is such that
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-b . ub C (3.141)

where P5 is the mean density at the half-velocity point (see Eggers, [3-48]).
Substitution of Equations (3-140) and (1-141) into Equation (3-139) and the
Introduction of the coordinate system and shape function downstream of the end
of the potential core leads to an equation relating duc/dx to db/dx. Differen-
tiating the momentum integral equation with respect to x leads to a second
relationship between duc/dx and db/dx. Elimination of duc/dx between the two
expressions provides the value of db/dx. The equations for duc/dx and db/dx
are given in Appendix 3D.

Since db/dx, due to the mean velocity and coordinate definitions, is not
continuous through the end of the potential core, the value of K is allowed to
vary through the transition region into the fully developed jet. This varia-
tion minimizes the discontinuity in dr 5/dx where r 5 is the radial distance
to the half velocity point. In the annular mixing region, r.5 -h+b. The
form for the variation of K with x is taken to be

" °'°4j1 - (3-142)

where the value of A varies with Jet exit conditions. For the test case of
M-1.2457 and Tj-. 6 8 97, to be examined below, A-0.7464.

The perturbation parameter, e, which is a measure of the rate of spread
of the mean flow is taken to be the value of db/dx In the annular mixing
region. Since the rate of spread of the mixing layer is a function of the jet
operating conditions, the value of c for each specific test condition will
vary. One measure of the rate of spread of the mixing layer is the parameter
a which defines a similarity variable for two-dimensional mixing layers. The
variation of a as a function of Mj, where Mj is the jet exit Mach number,
uj/aj, has been tabulated by Birch and Eggers [3.491. This data Is shown in
Figure 3.17. The data may be fitted by two empirical functions also shown in
the figure. These correlations are given by

a - 10.7/(1.0 - 0.1163 MJ2 ); Nj < 2.0 (3-143a)

a - 19.4 /ij - 0.9418; Nj > 2.0 (3-143b)

it can be readily shown that the vorticity thickness, 6., may be related to a
by ddwdx- r/o. The vorticity thickness is defined as the ratio of the
velocity difference across the mixing layer to the maximum mean shear. For
the Gaussian mean velocity profile

-6 M 1.4003b, (3-144)

so that in the annular mixing region,

db C 1.2658 (3.145)
0a
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Figure 3.17 Variation~ of Spreading Parameter, a~, With'
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The axial development of the Jet is now completely defined since db/dx
is calculated from Equation (3-145) In the annular mixing region and from the
mean mechanical energy Integral equation downstream of the end of the poten-
tial core. The operating conditions for which calculations of the flow and
noise fields in this section are those used in the experiments of Yu and
Dosanjh (3.501, i.e. a cold ideally expanded supersonic Jet with Mj-1.5.
These experiments were chosen since they document the mean flow development
as well as the near and far-field noise fields. The prediction for the Jet
centerline velocity in this case, calculated in the manner described above, is
compared with the measured data in Figure 3.18. The corresponding calculated
variation ofJet half-width, b, and r.5 with axial distance is shown in
Figure 3.19. The mean flow prediction method clearly provides an adequate
prediction of the jet flow development.

MnWertoaZ Prooe&re. The numerical calculation procedure is the same as
that described in Section 3.2.4 and will only be summarized here.

Firstly, the "parallel flow approximation" given by Equation (3-89) is
solved subject to boundary conditions (3-90). The solution for Z(r,s) which
satisfies the boundary condition as r-tm is given by Equation (3-92). Inside
the potential core, Equation (3-89) reduces to

2  1 + M2((g 2  - _ - 0 (3-146)
ar2  r ar Tj r21  0

The solution of this equation which satisfies the boundary condition as r-0
is

e(r,s) - C(s) Im (VO- 2 -M2 (W-a) 2/Tj r). (3-147)

Im( ) is the modified Bessel function of order m. The solution for small r,
downstream of the end of the potential core, is obtained from a series solu-
tion to the complete equation (3-89) in the form,

e(r,s) - C(s) rn [1 +A 2r
2 + A4r

4 + ... ] . (3-148)

The coefficients A2,A4, etc. in Equation (3-148) are readily obtained and will
not be given here.

The numerical integration of Equation (3-89) is started at n or & -41.0,
with Z given by Equation (3-92), and proceeds towards the Jet axis. A second
Integration starts at a small value of radius, rs, with Z given by Equation
(3-147) or (3-148), without the multiplicative constant, and proceeds outward.
An Indentation is made by the integration contour In the complex r-plane to
take proper account of the singularity at the critical point where U-/a.
The integration contour Is shown In Figure 3.20. The two solutions are
matched at Re(r -rc) -0, where r, is the Ipcation of the critical point.
Matching of the two solutions glves rise to a determinant which Is zero If
the proper elgensolution is obtained. In practice the absolute value of the
determinant is minimized. The matching also allows the constant C(s) to be
calculated.
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The quantity da/ds, which is required in the calculation of 3/as, is
obtained by firstly differentiating Equation (3-89) with respect to s.
Applying the solvability condition to the resulting equation, we obtain

ds/ds- 14/13. (3-149)

13 and 14 are Integrals from r -O to r-- involving the solution 4 and mean
flow gradients and are given In Appendix 3B. The solution for the inhomo-
geneous equation for 3C/3s is then calculated using the same integration
contour as in the Integration of Equation (3-89).

The integrals in Equation (3-95) may now be evaluated giving an equation
for Ao'dAo/ds. On Integrating the resulting equation, the zero order
multiple scales solution given by Equation (3-93) is completely defined.

As a check on the numerical calculation procedure, the values da/ds and
i/a)s were compared with the values obtained by calculating a and Z at three

axial locations and determining m/As and A&/As using central differences.
The results from the two methods agreed at all points on the integration
contour.

In the next section the effect of flow divergence on the propagation of
a fixed real frequency pressure wave in the jet flow will be examined.

Numerial Resulta for Instabitity Wave Solution. Calculations have been
performed for a cold ideally expanded supersonic jet with Mij-1.5. A dis-
turbance of Strouhal number 0.25 will be considered. This corresponds to a
frequency of 10 kHz for the 0.4 inch model jet used by Yu and Dosanjh [3-50].
The m-i azimuthal mode will be considered since it is the least stable mode
for these operating conditions.

The "parallel flow approximation" to the growth rate, given by -Im(), is
shown in Figure 3.21 as a function of the Jet half-width. The disturbance
grows very rapidly in the thin shear layer close to the Jet exit. Its growth
rate decreases until it reaches its maximum amplitude, according to the
parallel flow approximation. at b-O.82. The wave then decays with the decay
rate eventually decreasing as the Jet width Increases. The end of the
potential core occurs at a value of b-1.2957. The real part of the wave-
number, Re(a), which is used to calculate the phase velocity of the wave, is
shown in Figure 3.22 as a function of Jet width. In the potential core region
there is little change in the wavenumber giving an average phase velocity of
0.71 uj (Re(a) a1.1). Downstream of the end of the potential core the wave-
number Increases. Comparison with the line, Re(a) -w/uc, shows that for large
values of jet width the phase velocity of the wave is equal to the Jet
centerline velocity.

From Equation (3-93) it can be seen that the axial variation of the
pressure, corrected for flow divergence, to order upity is given by

s+ (3-150)
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Since Z is a function of the radial coordinate r, Ao' Po/ax is also a
function of radial distance. Contours of equal axial growth rate, given by
Re(po'lpo/aX), are shown In Figure 3.23 • Note that the contours are at
unequal spacings of growth rate. The region within the solid lines represents
that portion of the real radial axis not Included on the Integration contour
due to the contour Indentation above the critical point. However, some
calculations, shown by the dotted lines, have been obtained with a smaller
Indentation. (This leads to a decrease in the numerical accuracy at locations
near to the parallel flow neutral solution, x,-8.9). The line of minimum
growth rate lies close to the lipline in the region of maximum pressure fluc-
tuations. The most severe radial variations in the growth rate occur for
small values of growth rate and for decaying waves. The axial variation in
the phase velocity, given by w/Im(Po- 1ao/ax), is shown in Figure 3.24 at
various radial locations. Though there is some radial variation in the phase
velocity, it is small and confined to the Initial mixing region. The parallel
flow approximation for the phase velocity, w/Re(a), is shown for comparison
and it represents a reasonable average of the phase velocities at the several
radial locations.

From these calculations it is clear that the gross features of the
instability wave solution are given by the locally parallel flow approximation.
Moore (3.26] notes, in his extensive comparisons of measured phase velocities
and amplification rates with the linear theory of Michalke [3.45], that
"Although the basic behavior of the Instability wave is predicted by the
linear theory in the linear amplitude range, the details are not represented
by the present available theory." In light of this, and since the noise
radiation is likely to depend on the gross features of the Instability wave
rather than its details, 'the near- and far-field noise calculations In the
sections below will make use of the parallel flow approximation to the growth
and phase velocity of the wave. This simplifying assumption also provides
considerable savings In computer run time. With this assumption gom(ex), in
Equations (3-126b) and (3-126c) for the weighted wavenumber component spectra
for the pressure fluctuation, is set equal to unity.

The far-field noise radiation will now be described.

3.3.4.2 Far-field solution

Making use of the calculations described in the previous section, the
integrands in Equations (3-126) may be evaluated. It is the amplitude of the
wavenumber component spectrum associated with the axial variation of the
quantity eie(x)/(m2w2 - 02)m/2, which is the controlling factor in the far-
field directivity pattern. The amplitude of this quantity as a function of
axial distance Is shown In Figure 3.25 for three Strouhal numbers, 0.125,
0.25, and 0.5. (These Strouhal numbers correspond to frequencies of 5 kHz,
10 kHz, and 20 kHz, respectively, in the cold Mj--1.5 experiments of Yu and
Dosanjh (3.50]. Calculations are presented for the axisymmetric, m-0, mode
since, as will be seen below, this mode appears to dominate in the near- and
far-fields at these conditions. In all cases the rate of growth of the
function is much faster than its rate of decay as could be Inferred from the
growth rate of the mn1 mode shown in Figure 3.21. The location of the peak
amplitude lies closer to the jet exit as the frequency Increases. The
location of the peak itself is not an Indication of a "source location." As
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can be seen from Equation (3-131) the far-field noise radiation depends on
the wavenumber component spectrum for the given frequency. This spectrum
depends on the entire axial variation in amplitude and phase of the wave, not
simply the conditions at the location of peak amplitude.

The amplitudes of the wavenumber component spectra Bo(k) for the same
three frequencies are shown in Figure 3.26. The Fourier transform was
performed numerically using the FFT algorithm described by Brigham and Morrow
[3.47]. The peaks in the spectra correspond to phase velocities of 0.82 uj,
0.87 uj, and 0.91 uj for the Strouhal numbers 0.125, 0.25, and 0.5,
respectively.

The weighting of the Fourier transform of the axial pressure distribution
for asymmetric modes is given by the term (M2W2 -k2)m/2 in Equation (3-49c).
For k <Mw the term is real and modifies the amplitude of Bm(k). For k>MW the
term is purely imaginary and does not effect the amplitude of Bm(k). The
effect of this weighting on the amplitude of the wavenumber component spectrum
for m-1 and St -0.25 is shown in Figure 3.27. Only those wavenumber compo-
nents in the range -Mw <k<Mw radiate noise to the far field. The stationary
point in the Inversion of the integral for the pressure in the far-field given
by equation (3-128) is ko-Mwcose. Thus, In evaluating the far-field noise
the weighting factor In the wavenumber component spectrum Bm(k) is (Mwsin8) m .

Clearly, only the m-0, axisymmetric mode can radiate noise along the axis
of the Jet, 8 -o or w.

With the function Bm(k) calculated, the far-field directivity pattern,
D(e), is readily obtained using Equation (3-131). The calculated directivity
for the axisymmetric mode and Strouhal numbers of 0.125, 0.25, and 0.5 are
shown in Figures 3.28, 3.29, and 3.30, respectively. The measured far-field
data are one-third octave sound pressure levels with center frequencies of
5 kHz, 10 kHz, and 20 kHz (St-0.12, 0.24, and 0.48). The directivity
patterns have been adjusted in revel to coincide with the data at the peak
noise angle. This vertical adjustment of the pattern corresponds to specify-
Ing the Initial amplitude of the disturbance at the Jet exit. This is the
only empirical constant that enters the noise cilculation. In all cases the
initial pressure amplitude is approximately 10 times the dynamic head at
the Jet exit. The agreement between the predicted directivity and the
measurements is good, with the exception of the lowest frequency case, for
angles less than 450 to the Jet axis. It Is in this region that the large-
scale structure radiates noise. The correlation experiments of Dahan and
Elias (3.22] showed that the noise radiated by coherent structures in the
flow falls abruptly for angles greater than 45 degrees to the Jet axis.

For a given initial amplitude the axisymmetric, m-0, mode was found
to radiate more noise (approximately 8 dB) than the helical, m -1, mode,
for each case with the exception of the highest frequency, St-0.5, condition
where both modes radiated equally efficiently. The calculated far-field
directivity pattern for the m-i mode and a Strouhal number of 0.5 Is shown
in Figure 3.30 where It is compared with the m -0 calculation at the same
frequency. The amplitude of the m-0 mode falls more rapidly than that of
the m-I mode for larger angles. The relative weightings of the azimuthal
modes is particularly Important In the definition of the near field of the
jet which is discussed In the next section.
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3.3.4.3 The near-field solution

in Section 3.3.3.2 above It was shown how the Instability wave solution
could be continued into the ambient medium surrounding the Jet. This con-
tinued solution is given by Equation (3-127) and will be evaluated below.

Examining Equation (3-127) for the pressure outside the flow, it can be
seen how, for increasing distance from the Jet, the pressure changes from
being dominated by the non-radiating components to an acoustic pressure field.
The asymptotic form of the integrand In Equation (3-127) is given in Equation
(3-128). For wavenumbers, k, with magnitudes greater than MW the argument of
the exponential term contains a negative real part indicating that the
integrand decays exponentially for Increasing radius, as well as a I/r
dependence. For wavenumbers with magnitudes less then Mu, the argument of
the exponential term is purely Imaginary and the Hankel function decays as
1/r for large radius. Thus, as the radius increases, the pressure fluctua-
tions are dominated by those components of the integrand whose wavenumbers
have a magnitude less than Mw. These are the components with sonic phase
velocities to all directions in the far field. Thus, as the distance from
the jet increases, so the far field characteristics of the pressure field
become dominant. The pressure outside the Jet flow, given by Equation (3-127),
demonstrates this transition from the hydrodynamic to the acoustic pressure
field.

Figure 3.31a shows the calculated near-field pressure contours for
Mj-1.5 and St-0.25. The measurements of Yu and Dosanjh (3.50] are shown in
Figure 3.31b for comparison. The abaolute level of the calculations have
been adjusted at one point only. The agreement between the calculations and
the experiments is extremely good. Close to the jet exit, for example, the
134 dB contour, the pressure fluctuations are dominated by their non-radiating
components and exhibit no preferred directivity. However, at larger distances
the characteristic pattern of the acoustic field begins to emerge with a
preferred noise radiation at approximately 30 degrees to the Jet axis.

This lobed appearance of the contours is not found at the lowest
frequency, St-0.125. The calculated near-field pressure contours for the
axisymmetric mode and the measured data are shown in Figures 3.32a and 3.32b,
respectively. In both cases, there is no lobed contour. Calculations for
the m-1, helical, mode do exhibit a lobed characteristic shape. However,
the far-field pressure levels associated with the mi-I mode are much lower
than those of the m-0 mode at these conditions for equal excitation at the
jet exit. The comparison of near-field pressure contours for this frequency
show the dominance of the axisymmetric mode.

At the highest frequency considered, both modes are of almost equal
levels in the near and far-fields for equal amplitude at the Jet exit. The
calculated near-field pressure contours for the m -O and mi-1 modes for
St-0.5 are shown in Figures 3.33a and 3.33b, respectively. The correspond-
ing measured data is shown in Figure 3.33c. The amplitudes of the calculated
contours have been separately matched with the measured data. The ini.ial
amplitude In each case is approximately equal. In practice the pressure field
associated with each mode could be summed. The qualitative agreement between
three sets of contours Is good. It should be noticed that only the noise
field at small angles (less than 45 degrees) to the Jet axis is associated
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with the large-scale structure. The lobes In the measured near-field contours
normal to the Jet axis are associated with another noise mechanism.

3.3.5 Concluding Remarks

In Section 3.3, the method of calculating the noise radiation from

instability waves in a turbulent shear flow, developed for the plane shear
layer, In Section 3.2, has been extended to examine the axisymmetric
turbulent Jet.

The Instability waves were described In terms of an asymptotic expansion
using the method of multiple scales to account for the slight divergence of
the mean flow. It was found that the gross features of the wave were ade-
quately described by the first-order term in the multiple scales asymptotic
expansion, usually referred to as the "parallel flow approximation." The
multiple scales asymptotic expansion was shown to be nonuniformly valid for
large distances from the jet. A uniformly valid expansion was then con-
structed by showing that a model boundary value problem represented the
correct continuation of the instability wave solution to large distances from
the jet. This extended solution described both the near and far-field
pressure characteristics associated with the Instability wave. Calculations
of near and far-field pressure fluctuations associated with the Instability
wave were made. These calculations were compared with measured data. The
agreement between the calculations and the measured data was exceptionally
good. The calculations predicted changes in the character of the near-field
which were seen in the measurements. The ability to predict the entire
field up to source region provides convincing evidence of the validity of the
noise generation model proposed in this part of this report. It is clear that
the noise radiation from supersonic Jets Is Intimately related, in a direct
manner, to the large scale instabilities of the Jet flow.

In section 3.4 below, use of the analysis developed in Sections 3.2 and
3.3 will be made to develop a prediction model for the noise from supersonic
jets.

3.4 PREDICTION OF NOISE RADIATION BY THE INSTABILITY WAVES
OF SUPERSONIC AXISYNMETRIC JETS

In this section a method will be presented for determining the absolute
level of noise radiation by the instability waves, or large-scale structure of
supersonic axisymmetric Jets. Before proceeding, however, it is useful to
examine the extent to which the noise generation and radiation mechanism
proposed above has managed to avoid resorting to empiricism. The description
of the mean velocity and temperature profiles contained some approximations to
facilitate simple calculations of the Jet stability characteristics. The mean
velocity was described in terms of a shape function which took the same form
in both the annular mixing region and downstream of the end of the potential
core. The development of the Jet flow downstream of the end of the potential
core was calculated using an eddy viscosity hypothesis. However, the mean
flow Itself Is simply the framework within which the Instability wave develops
and radiates noise. Once this framework is established, the noise generation
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process is free of empiricism. A disturbance of arbitrary, but small,
amplitude of a given frequency is Introduced at the jet exit. The develop-
ment of the wave within the turbulent mean flow field and the resulting noise
radiation associated with the wave are then calculated exactly. It has only
to be assumed that the development of the wave is described by the linearized,
compressible equations of motion. However, it would be unrealistic to assume
that such a physically simple, though analytically complicated, model would
describe the details of the noise generation process associated with the
instability waves. In the next paragraphs, the likely limitations of this
model will be discussed and these will provide a clearer perspective for the
constraints and assumptions that will be made in the prediction model
described below.

Firstly, let us consider the assumption that the wave satisfies an
inviscid set of equations. Since the Reynolds number of the flow, based on
local Jet width, is high and since the mean velocity profile leads to dynamic
instabilities, the role of the fluid viscosity may be reasonably Ignored.
However, the wave Is propagating in a turbulent fluid which may be considered
to Increase the effective viscosity of the fluid. Some of the measurements
of McLaughlin et al. (3.21] suggest that the wave breaks down more rapidly,
downstream of its point of maximum amplitude, than would be expected by its
behavior as a damped inviscid wave. Thus, in regions away from the peak the
details of the wave behavior may not be predicted by this simple physical
model of an inviscid wave. Since the directivity In the far field is con-
trolled by the shape of the wavenumber component spectrum, describing the
axial development of the wave in the flow, it is likely that only the sound
pressure levels in the region of the peak noise angle will be accurately
predicted. Practically, this means that predictions will be confined to
angles of less than 45 degrees to the Jet axis.

Secondly, let us consider the likely frequency limitations determined
by physical and analytical considerations. At high frequencies of excitation,
the wavelength of the instability wave is very small and its development will
be especially sensitive to the Initial Jet conditions and mean flow descrip-
tion. In the low frequency limit, the wavelength of the disturbance is many
jet diameters. Thus, in a single wavelength the mean flow profiles experience
radical changes. This violates the basic assumption needed for the multiple
scales asymptotic analysis which requires slow changes in the mean flow.
Thus, the predictions will be limited to Strouhal numbers in the range 0.1
to 0.5.

Clearly a wave with any azimuthal mode number is potentially excitable
and capable of radiating noise. In the calculations of Section 3.3.4,
calc.ulations were performed for the axisymmetric, mn-O, mode and the helical,
mi-I, mode. For equal excitation at the jet exit, the axisymmetric mode was
shown to be a more efficient noise radiator at lower frequencies. So far as
the prediction of absolute far-field noise is concerned, two questions must
be answered. Firstly, what Is the level of the excited wave at the jet exit
and secondly, which of the azimuthal modes will be excited. The experiments
of McLaughlin et al. (3.20, 3.21] Indicate that a supersonic jet exit
velocities the helical, mn-1, mode is preferentially excited. The process
of the mode selection for arbitrary excitation at the jet exit remains an
unanswered problem and for the purposes of noise prediction only the helical
mode will be considered. These considerations lead to the following
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constraints on the prediction of the noise associated with the jet large-
scale structure,

Vj/a o > 1.15

0.1 s fd/Vj ! 0.5 (3-151)

0 < e < 450

m- 1.

The only remaining information required is to determine the level of excita-
tion of the helical mode which occurs in the jet experiments. To this end,
far-field noise calculations were performed for a fixed excitation level at
the jet exit. These directivities were compared with the experimental data
for the range of parameters given in Equation (3-151) and the decibel level
change needed to match the predicted levels with the measured data were
recorded. A typical comparison is shown in Figures 3.34 and 3.35 for
Vj/ao -l.48, T*-2.857, St-0.5, and Vj/ao - 1.83, T* -1.78, St-0.3,
respectively. The levels of each prediction has been adjusted to give the
best fit with the data in the region of peak radiation. This level adjustment
corresponds to altering the Initial excitation of the disturbance. The calcu-
lation provides the far-field levels assuming the initial amplitude equals
unity. From Equation (3-31), It can be seen that

D(O) - 10 loglo {21BnI2} dB (re an arbitrary reference) (3-152)

The absolute level prediction is given by

SPL - 10 log10 {2A*
2 1Bn 2/pref} dB rel Pref (3-153)

where Pref-2 x lO'SN/m2 and A* is the dimens4onal initial amplitude. Clearly
the level adjustment Is given by

{SPL - D(e)) - 20 log10 {A/Pref) • (3-154)

Typically, as will be seen-below, {SPL-D(O)} - 100 dB, so that
AO* -pr fx1O5 -2 N/m2. Since the dynamic head of the supersonic jets is
typicaly 1 to 2x!05 N/m2 , the Initial amplitude of the excitation is of the
order of 10-5 times the dynamic head of the jet. This lies well below the
limit of the linear excitation range measured by Moore [3.26].

The initial amplitude was found to be a function of velocity ratio and
Strouhal number but essentially Independent of Jet exit temperature ratio.
The variation of excitation amplitude as a function of velocity ratio Vj/a0
is shown in Figures 3.36 through 3.40 for Strouhal numbers 0.1, 0.2, 0.3,
0.4, 0.5, respectively, and various jet exit temperature ratios, Tj/To. At the
.ver Strouhal numbers the Initial amplitude is essentially Independent of

jet velocity ratio. As the Strouhal number increases so the excitation level
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increases with increasing velocity ratio. However, all the changes are

linear with Vj/a o and may be written,

CL = 10 1og1 0 (Vj/ao)m + c, (3-155)

where CL is a correction level which accounts for the initial excitation
amplitude. Note that CL =20 logio(Ao */2x10- 5 ) . The coefficients m and c
are functions of the Strouhal number and their variation is shown in Figures
3.41 and 3.42, respectively. The best fit to the data is given by

m = 17.2 log10 (10 St), (3-156)

and c = 74.13 (St) -0"136  (3-157)

Making use of Equations (3-155), (3-156), and (3-157), which describe the
initial excitation amplitude, the absolute levels of the noise radiated by
the large-scale structure may be calculated.

The prediction methods described in this section have been incorporated
into a prediction program which is described in some detail in Section 6.
Also contained in the program are predictions for the noise contributions
from the small-scale mixing noise and the shock-associated noise. An example
is given here which shows how the contributions from these component
mechanisms may be combined to provide a total radiated noise prediction. Since
the large-scale structure only makes a significant contribution for supersonic
velocity ratios, Vj/a o > 1 .15 and small angles, 0 58450, we will consider the
noise prediction in the rear arc for the following jet operating conditions

Vj/a o = 2.012

Tj/To = 2.217,

which corresponds to test point 55 in the experimental plan. Figure 3.43
shows the noise prediction at 0 =600, which is right at the edge of the
geometric acoustics cone of silence. Since 8 is greater than 450, there is
only a contribution at this location from the small-scale mixing noise which
provides a good fit to the data. Figure 3.44 shows the noise prediction at
0=450. The predicted noise radiation from the mixing noise falls well below
the measured levels at all frequencies. However, at this frequency the large-
scale structure contributes to noise radiation. This contribution is shown in
the figure and it can be seen that the range of Strouhal numbers covered by
the large-scale noise includes the peak sound pressure levels. The absolute
levels predicted by the large-scale calculations could have been made to fit
the measured data eactly at all frequencies since the excitation levels were
calculated on the basis of the measurements. However, it was felt to be more
valid to derive simple expressions for the absolute excitation levels, see
Equation 3.155, so that trends could be easily discerned. At such time as
information becomes available, either from analysis or experiment, as to the
amount that the various azimuthal modes are naturally excited, such
.-formation can be readily incorporated into the prediction program.
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As an aid to the user in understanding the program, the relevant equations
for calculating the noise from the jet instabilities are summarized below.

The far-field directivity pattern Is given by

o(e) - 21B.(Mwcose)12 , (3-158)

where Bo(k) " 2-L J goo(cx)el1(x) -"ikx dx (3-159)

(t2W2 -k2)m/2 r gom(ex) e6(x) - ikx
and Bm(k) 2 (M2i2 _ (2).12 dx, (3-160)

m - 1, 2, etc.

The Fourier transforms in Equation (3-159) and (3-160) are performed
numerically using an FFT algorithm. In the prediction program the quantities
goe(ex), mu0,1,2, etc., are set equal to unity. The function to be trans-
formed in Equations (3-159) and (3-160) is given by

e / (M2.2 - (3-161)

where a . ±- (3-162)dx

The value of a as a function of x is obtained as the eigenvalue to the
boundary value problem,

32 + 1 1 31o 2a U +21J M2 R W -CU) 2  .2l -0 (3-163)
r 7 o 3r (T-aU) 3 3r r2  -

subject to the boundary conditions

t(r,s) is bounded as r * 0 or m.

The eigenfunction, which is obtained numerically, is related to the
fluctuating pressure by the equation,

p'(r,#,x,t) - Z(r,s) exp[ie(x) + im4 - iwt]. (3-165)

Thus, the function e(x) in Equation (3-161) Is obtained by integrating Equation
(3-162) having first determined a(x) by solving the boundary value problem,
given by Equation (3-163) and (3-164) at stepped values of x. The mean
velocity In the jet in the annular mixing region is.given by
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Ur)-{ ) r > h (3-166)
U (r, s)

r < h (3-167)

where - (r -h)/b. (3-168)

h is the potential core radius and b is the velocity half width of the mixing
region. Downstream of the end of the potential core, the mean velocity is
given by

U(r,s) - uc(x) a(w), (3-169)

where C - r/b, (3-170)

and u (x) is the jet centerline velocity. The shape function U(rn) and 0(g)
take the same form, for example,

U(n) - exp [-0.693147 n2 ] (3-171)

The variation of b(x), h(x) and uc(x) is determined from the equations,

f 502 rdr - 1/2 Tj (3-172)

0

and d J 3 rdr--2 T (: rdr (3-173)
0 0

where it is assumed that 0

T 5 2 r3-174)

and Pc" b. uc (3-175)

The use of the shape function given in Equation (3-171) in Equations (3-172)
through (3-175) gives equations for uc(b), db/dx and duc/dx which are given
in Appendix 3D.

The density is related to the mean velocity and the Mach number using a
Crocco relationship, such that

Ro(r,s) { + (Tj-I)U + ( 1 2U(I-U)}"1 .  (3-176)

The details of the numerical procedures are contained in the analysis of
Section 3.3 and are given in flow chart form in Section 6.
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4. SHOCK-ASSOCIATED NOISE

4.1 INTRODUCTION

The total sound field from a supersonic jet consists of contributions
from three noise sources or noise components. These are (I) noise generated
by small-scale turbulence structure (turbulent mixing noise), (ii) noise
generated by large-scale jet flow structure (large-scale noise, for short),
and (iii) noise generated by the interaction between jet turbulence and
shock struct4re (shock-associated noise). ii the present work, these three
noise sources are considered independently, so that the total noise is simply
the sum of the contributions from the three noise components. The contribu-
tion of any one noise source relative to the contributions from the other two
noise sources depends upon the jet operating conditions, the observer angle,
and the frequency. The turbulent mixing noise component and the large-scale
noise component were discussed in Sections 2 and 3, respectively.. The present
section deals with the shock-associated noise component.

The turbulent mixing noise component is present at all jet operating
conditions (subsonic and supersonic), observer angles and frequencies. On the
other hand, the large-scale noise is important only at supersonic jet veloci-
ties and the shock noise is present only at supercritical pressure ratios.
Furthermore, while the contribution from large-scale noise is significant at
low frequencies (or low Strouhal numbers) and small angles to the jet exhaust,
the shock noise contribution is significant at high frequencies and large
angles to the jet exhaust (as will be discussed later). Thus, in the present
section dealing with shock noise, the contribution from.large-scale noise to
the total noise is not considered further in order to simplify the discussion.

The broadband shock-associated noise is defined in Figure 4.1, where the
spectrum from an under-expanded jet is compared with the corresponding
spectrum from a fully-expanded jet at identical jet operating conditions. When
a convergent nozzle is operated at subcritical pressure ratio, or when a
convergent-divergent nozzle is operated at design pressure ratio, the acoustic
spectrum is broad and smooth, and consists of pure turbulent mixing noise.. On
the other hand, when a convergent nozzle is operated at supercritical pressure
ratio (under-expanded), or when a convergent-divergent nozzle is operated at
off-design Mach number (under-expanded or over-expanded), the resulting
acoustic spectrum contains an extra noise contribution, due to the presence of
shock structure in the jet flow, in addition to the basic turbulent mixing
noise. The shock-related noise can be divided into two distirct types, each
having its own characteristic properties. The first component is discrete in
nature, usually with several harmonics, and is often referred to as the
"screech" component. The second component is broadband in nature with a well-
defined peak frequency. It is this broadband component that is of real
significance for full-scale aircraft engines. In the present work, where the
broadband shock-associated noise is studied using model-scale jets, the con-
tribution from the screech component to the total sound field is suppressed,
as described in the final report for the previous contract [4.1].

In considering the total noise from a supersonic jet, it is worthwhile
to summarize the roles played by shock-associated noise and turbulent mixing
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noise. If the sound field from a jet exhaust is characterized by three basicparameters, namely the pressure ratio PR/Po, the temperature ratio TR/To, and

the observer angle e relative to jet exhaust, then the variations of these
two noise contributions with the three parameters can be illustrated in a
qualitative manner as shown in Figure 4.2. Also shown in this figure are the
regimes of PR/Po, TR/To, and e over which the shock-associated noise dominates
the turbulent mixing noise. For fixed TR/To and 6 (top part of Figure 4.2),
the turbulent mixing noise increases as PR/Po increases; the shock-associated
noise is generated at supercritical pressure ratios only, and its magnitude
also increases as PR/Po increases; at supercritical pressure ratios, the
shock noise contribution normally dominates over the mixing noise contribu-
tion. For fixed supercritical PR/Po and e (middle part of Figure 4.2), the
magnitude of shock-associated noise remains nominally independent of TR/To;
in contrast, as TR/To is increased, the turbulent mixing noise increases due
to the increase in jet velocity with heating; the net result is that at low
temperatures, the shock noise dominates over the mixing noise, and as the jet
temperature in increased, the increa8in contribution from mixing noise
eventually becomes larger than the shock noise contribution. Finally, for
fixed supercritical PR/Po and TR/To, the bottom part of Figure 4.2 indicates
the variations of noise levels with observer angle 0. For emission angles
beyond the peak radiation angTe , the shock-associated noise contribution
is essentially uniform, whereas the turbulent mixing noise level decreases as
the observer moves from the peak angle into the forward arc; hence, in this
region, shock noise becomes Increasingly significant, especially at large
values of 8 (relative to jet exhaust) In the forward arc.

In summary, therefore, if one combines the trends discussed above, it
becomes evident that the contribution of shock-associated noise to the total
noise is significant (i) at supercritical pressure ratios, (ii) at low tem-
peratures, and (iii) at large angles to the downstream jet axis.

A summary of the shock-associated noise experimental program and the
main results obtained in the previous contract [4.1] is given in Section 4.2.
Following this, the work conducted during the present contract is described
in Sections 4.3 through 4.8. Finally, the prediction of shock-associated
noise and comparisons with measured data are presented in Section 4.9.

4.2 SUMMARY OF PREVIOUS WORK

The characteristics of the sound field of shock-containing under-expanded
jets were studied in the previous contract by measuring the noise from a two-
inch diameter convergent nozzle operated at supercrltical pressure ratios (upto 7.4) over the range of stagnation temperature ratios from unity to 3.7.
The measurements were conducted in the Lockheed anechoic facility. The jet
operating conditions were chosen carefully to be compatible with the turbulent
mixing noise experiments so that, whenever possible, the results from under-
expanded (shock-containing). Jets can be compared directly with the correspond-
Ing results from fully-expanded (shock-free) jets.

The results, both overall and spectral, were analyzed in detail. It was
confirmed that the OASPL trends for shock-associated noise, obtained previously

2
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by Harper-Bourne, and Fisher [4.2] from a limited amount of measurements
mainly from unheated jets), are valid over an extensive envelope of super-
critical jet operating conditions. The overall intensity of shock-associated
noise is essentially independent of both the jet efflux temperature and
observer angle; it is primarily a function of jet pressure ratio only, and
scales according to

I 8 04 where au-(Mj2 -

for 1851.0.

The spectral results were examined first by studying the variation of
peak frequency of shock-associated noise, fp, with observer angle 0, pressure
ratio parameter 8, and jet static temperature ratio Tj/T o . At all jet
operating conditions (i.e., combinations of 8 and Tj/To), the peak frequency
decreases as the observer angle (relative to jet exhaust) increases, thus ex-
hibiting a Doppler shift phenomenon. The variation of fp with 8 and Tj/T o at
a fixed value of 0 is also worth noting. For constant jet exit temperature,
the peak frequency decreases with increasing pressure ratio parameter 0; on
the other hand, at a fixed pressure ratio, the peak frequency increases as
the jet efflux temperature is raised. These observations are found to be in
good qualitative agreement with the scaling formulae for f. obtained by
Harper-Bourne and Fisher [4.2] in their semi-empirical model for shock-
associated noise. In this model, the end of each shock cell is taken as a
compact source of sound and the relative phasing between the sources is
determined by the convection of turbulent eddies between them. The model
therefore consists of an array of shock-turbulence interaction sources in
line with the nozzle lip and almost equally spaced with separation L. It is
assumed that the convection of a turbulent eddy along this line of sources
causes each to emit sound at the time of arrival of the eddy.

Finally, a computer program for the prediction of shock-associated noise,
based on the same semi-empirical model, was developed, and a preliminary
comparison between measured and predicted spectra was found to be quite
encouraging.

4.3 OBJECTIVES OF PRESENT WORK

The specific items of work that are conducted during the present contract
are listed below in the form of objectives:

(1) To modify the shock-associated noise prediction scheme and computer
program to obtain one-third octave band spectral predictions instead of
spectral density predictions.

(2) To highlight the effects of various constants used in the prediction
scheme (e.g., shock spacing constant, eddy convection velocity constant, etc.)
by conducting a parametric computational study.

(3) To measure the variations in shock spacing and eddy convection
velocity with je, pressure ratio and temperature ratio using a Schlieren
system and the laser velocimeter.
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(4) To conduct extensive comparisons between predicted and measured
spectra in order to examine (i) the validity of the prediction model, and
(i) the importance of flow-acoustic Interactions for shock-associated noise.

(5) To obtain Improved scaling laws for shock noise if found to be
necessary in the above comparisons, and to incorporate these modifications
in the prediction scheme.

(6) To integrate the shock-associated noise prediction routine into
the unified jet noise prediction program, and to conduct a detailed com-
parison between measured (i.e. total noise) and predicted (i.e. sum of
turbulent mixing noise and shock noise) spectra.

4.4 MODIFICATION OF PREDICTION SCHEME FOR 1/3-OCTAVE PREDICTION

As mentioned earlier, during the preceding contract, a computer program
for the prediction of broadband shock-associated noise,. based on the theo-
retical model proposed by Harper-Bourne and Fisher, was developed, and a
preliminary comparison with measured spectra was conducted. This program
predicted shock-associated noise in the form of 8pectmLZ deneity, i.e.
intensity per unit bandwidth. From the standpoint of practical application,
it was necessary to modify the computer program to give predictions in one-
third octave bands, rather than in narrow frequency bands. This modification
was successfully completed and its operation was verified in the earlier
period of the present contract. In order to avoid duplication, the prediction
scheme will be presented and described in the last subsection. The program
has been written to be rather flexible, such that the effects of various jet
flow parameters on the predicted spectra can be examined Independently. The
program can be used to predict the shock-associated noise spectra at any
desired observer angle, and for any set of jet operating conditions (pressure
ratio and temperature ratio).

4.5 PARAMETRIC COMPUTATIONAL STUDY

A considerable effort was subsequently spent in examining the effects
and optimizing the values of several parameters relevant to the prediction
scheme. The most Important parameters are listed below:

(I) Strouhal number scaling (i.e a-wL/ao or o-L/Vc).

(2) Correlation coefficient spectrum C1 (o).

(3) Number of shocks N.

(4) Eddy convection velocity constant C (where Vc -CVj).

(5) Shock spacing constant K (where L-KD).

In the parametric optimization procedure, each parameter was varied
independently In a systematic manner, and the predicted spectra were compared
with the measured spectra. The findings can be summarized as follows:
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4.5.1 Strouhal Number Scaling

In the shock-associated noise study reported by Harper-Bourne and Fisher,
it was found that the measured spectra collapsed with Strouhal number based
on the ambient speed of sound (a -wL/ao) rather than the Strouhal number based
on the eddy convection velocity (a -w/Vc). Hence, they elected to retain the
Strouhal number scaling given by a-wL/ao in the theoretical model. In the
present investigation, we have examined this effect, and the result is in
agreement with their finding.

This feature Is clarified by the two typical comparisons between measured
and predicted spectra shown in Figures 4.3 and 4.4. In the first case (Figure
4.3), the value of Vc is approximately equal to ao. Therefore, as expected,
the spectrum predicted by a-wL/a o is nearly identical to the spectrum pre-
dicted by a -wL/Vc. On the other hand, when the values of Vc and aO are
significantly different (as is the case in Figure 4.4, where Vc/ao-1.45), the
spectral predictions are quite different for a-wL/a o and a-wL/Vc. In
general, the prediction with a-wL/Vc tended to overpredict the levels at high
frequencies. Hence, the Strouhal number scaling based on the ambient speed of
sound is considered to be more appropriate.

4.5.2 Correlation Coefficient Spectrum

The influence of the correlation coefficient spectrum between fluctua-
tions at adjacent shock locations was examined for two values of C1 (a). In
the first case, the C1 (a) spectrum was taken from the work of Harper-Bourne
and Fisher. In the second case, the predictions were computed using the
extreme value of unity for C1 (a) (i.e., the shock-turbulence Interactions
occurring at various shock locations were assumed to be perfectly correlated).
It was found that the predicted spectra were not significantly affected by the
shape of the C1(a) spectrum, at least in the frequency range where shock noise
was dominant. (A typical example is shown Figure 4.5.) At frequencies beyond
the peak frequency, f , the predicted spectrum levels were nearly Identical.
However, for f <fp, the spectrum levels predicted by using C1 (a)-1 dropped
off more rapidly. On further examination, it was found that at these lower
frequencies, as expected, the Interference phenomenon was stronger with
C1 (a) - I.

The Insensitivity of shock-associated noise prediction to the detailed
shape of the C1 (a) spectrum, at least in the region of the peak frequency,
Implies that this parameter is not critical for prediction purposes. However,
with C1() -1, the possibility exists for the lower frequencies to be under-
predicted. In order to avoid this possible underprediction, all subsequent
predictions of shock-associated noise were conducted with the C1 (o) spectrum
given originally by Harper-Bourne and Fisher, and which is presented here in
the last subsection.

4.5.3 Number of Shocks

The effect of the number of shock cells In the Jet flow on the predicted
spectra was examined by testing four cases with N-8, 6, 4, and 1, respec-
tively. Again, a typical comparison between measured and predicted (N -8, 4)
spectra is shown in Figure 4.6. It was found that the value of N has no
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significant effect at the higher frequencies. At low and mid-frequencies,
reducing the value of N enhances the interference phenomenon. Of course, the
measured spectra do not display this clear Interference pattern. It was also
found that as N decreases, the predicted peak frequency fp decreases slightly
and drifts away from the measured fp. Hence, based on a large number of
comparisons, it appears that the largest value of N (-8) is more appropriate.

4.5.4 Eddy Convection Velocity Constant and Shock Spacing Constant

After examining the effects of the first three parameters discussed
above, several comparisons between predicted and measured spectra were con-
ducted. For the prediction, the values of the remaining two Jet flow
parameters, namely the eddy convection velocity constant C and the average
shock cell spacing constant Ko, were taken to be 0.7 and 1.1, respectively,
as suggested by Harper-Bourne and Fisher [4.2) from their measurements in
unheated shock-containing flows. It was found that the agreement between
predicted and measured spectra was good although the predicted peak fre-
quencies were in general slightly lower (of the order of one one-third octave
band) than the measured peak frequencies. In order to resolve this problem,
the effects of these two parameters, C and K, were examined in detail. Since
the peak frequency is essentially controlled by these two parameters, it was
felt that this discrepancy may have resulted from an Incorrect choice of the
values of these two constants.

This parametric study was conducted in two parts. In the first part,
the values of Ko (average shock-cell spacing constant) and K1 (first shock-
cell spacing constant) were kept fixed at 1.10 and 1.31, respectively, and the
eddy convection velocity, C, was increased from 0.70 to 0.87. In the second
part, the values of Ko and C were kept unaltered (i.e., Ko-1.1O and C-.70),
and the first shock-cell spacing constant, K1, was reduced from 1.31 to 1.05.
It was found that in both cases, while there was some Improvement In the
prediction over certain areas (especially in the forward arc angles and at
high frequencies), this improvement was in general accompanied by a deteriora-
tion in the prediction over other areas (especially at angles less than 900
and at lower frequencies). At that stage, it became apparent that rather than
improving the prediction by introducing hypothetical values of such constants,
which may not be physically realistic, it would be desirable to obtain these
constants experimentally. This is discussed in the next subsection.

4.6 SHOCK-CONTAINING JET FLOW MEASUREMENTS

The aerodynamic measurements for shock-containing Jets were conducted by
using a two-inch diameter convergent nozzle operated over a range of tempera-
tures for several supercritical pressure ratios. Both a Schlleren system and
the laser velocimeter were used for this purpose. The measurements were
mainly concentrated on obtaining the values of shock spacings and eddy con-
vection velocities for Input to the shock-associated noise prediction model.
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4.6.1 Shock Positions

A typical Schlieren picture showing the shock structure in an under-
expanded isothermal Jet operated at a Mach number of 1.37 is given in Figure
4.7. The shock cells are clearly seen and their positions relative to the
nozzle exit plane or the spacings between successive shocks may be readily
determined. Shock spacings have been studied by other investigators In the
past, and the results have inficated that the spacing is linearly proportional
to B, which is defined as (H -I)i. The locations (xl, x2 , x3 , etc.) of
successive shocks measured in the present work are plotted against the
pressure ratio parameter 0 In Figure 4.8. For unheated and isothermal Jet
operating conditions, the shock positions. do follow a linear variation with
0. For unheated Jets, Harper-Bourne and Fisher [4.2] suggested a
relationship for the shock spacings, which is given by

Ln - L1 (1- (n-i) AL

where L m1.31 Do and AL/L 1 -0.06. Lines representing this equation are also
shown superimposed on the measurement points In Figure 4.2. Within the
accuracy with which the shock positions can be determined experimentally, this
relationship agrees with the present measurements reasonably well.

The variation of shock spacings with jet temperature ratio Tj/To is shown
in Figure 4.9. Heating apparently has a small effect on the shock spacings
initially, but further heating reduces the shock spacings noticeably.

4.6.2 Mean Velocities and Turbulence Intensities

The mean velocities and the turbulence Intensities in the axial and
radial directions were measured with the laser velocimeter. For an Isothermal
jet operated at Mj-1.37 (i.e. 18-0.94), the distribution of the axial mean
velocity along the Jet centerline is shown in Figure 4.10. From the nozzle
exit plane to about x/D-6.5 (which Is the potential core length of an equiva-
lent shook-free Jet), the magnitude of the mean velocity oscillates. The
oscillations seem to center around a mean value which is very close to the
exit velocity of an equivalent shock-free Jet (1530 ft/s). The positions and
the extent of the shock cells observed in the corresponding Schlieren pictures
are also sketched in Figure 4.10. It appears that the apex and the end of
each shock cell lie close to the trough and the peak, respectively, of each
cycle of the mean velocity oscillation.

The above features for measurements along the Jet centerline are also
observed for measurements at other radial locations. Figure 4.11 shows the
oistribution of the axial man velocity along the Jet lipline (i.e. r/D-0.5).
The oscillations and the correspondence between these oscillations and the
shock cells are evident in this case also. It Is observed, however, that the
oscillations here extend to a greater distance downstream of the nozzle exit
plane.
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Figure 4.7 Schlieren Picture of a Shock-Containing Jet:
Ij -1 37, Tj/To -1.0.
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The lipline distribution of the radial mean velocity is shown in
Figure 4.12. It also displays the oscillatory behavior associated with the
positions of the shock cells, as discussed above for the axial mean
velocity.

The lipline distributions of the axial and radial turbulence levels for
the Mach 1.37 Isothermal Jet are shown in Figure 4.13. In both cases, the
levels rise with axial distance, but while the u' results are characterized
by peaks and troughs, the v' results appear to rise in reasonably well
defined steps. The peaks in the ul component and the steps in the v'
component appear to coincide with the locations of the apex of the conical
shock elements observed In the Schlieren pictures. A similar behavior was
found to exist for turbulence data acquired on the jet centerline.

4.6.3 Eddy Convection Velocities

Some two-point LV measurements were conducted to determine.the eddy
convection velocities in shock-containing jets. Figure 4.14 shows the
cross-correlation of ul signals detected at two points located along the
lipline of a Mach 1.12 isothermal jet. The two points are separated by a
fixed distance of 0.75D, and their average distance from the nozzle exit
plane is about 1.6D. This is the closest upstream position at which
meaningful results could be obtained in the present experiments. A very
low peak is visible and based on the time delay of this peak, a convection
velocity of 0.75 Vj is obtained, where Vj is the jet exit velocity of an
equivalent shock-free Jet.

The values of convection velocity measured at other downstream stations
are shown in Figure 4.15. Over the limited range of x/D considered here,
there is a tendency for Vc/VJ to fall with x/D. However, the fall is very
gradual, and the convection velocity may be reasonably assumed to have an
average value of 0.7 Vj.

At Mach 1.37, meaningful results were not obtainable at small values
of x/D. In fact, the correlograms obtained as far downstream as x/D -3.4
showed no significant peak which might allow the convection velocity to be
determined. The reascns for the poor correlation in the Mach 1.37 case is
not clear, but it is suspected that it may be associated with the Jittering
of the shock cells with time and the accompanying large fluctuations in
velocity tending to swamp the velocity fluctuations due to turbulence. In
the upstream region where the shock is stronger, the effect is more adverse.
This seems to be borne out by the good cross-correlation results obtained at
x/D -4.8 D on the Jet axis, as shown in Figure 4.16. A pronounced peak is
obtained by cross-correlating the v'-signals, and the corresponding value of
convection velocity is 0.69 Vj.

4.6.4 SummaryA

To summarize, the measurements of shock spacings and eddy convection
velocities obtained by using a Schlieren system and a laser velocimeter are
essentially in agreement with the values obtained previously by Harper-
Bourne and Fisher [4.21, and which are used in the shock-associated noise
prediction scheme.
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4.7 FURTHER ASSESSMENT OF SHOCK-ASSOCIATED NOISE MODEL

In the course of the parametric evaluation study summarized In Section
4.5, although the comparisons between measured and predicted spectra evalu-
ated the validity of the model as functions of (i) pressure ratio parameter
0, (ii) jet exit temperature ratio Tj/To, and (iII)observer angle 0, these
comparisons were rather limited, and on?; a few selected Jet operating
conditions were considered in this initial evaluation of the prediction
model. It was decided, therefore, to extend the comparisons between
measured and predicted spectra to cover the entire envelope of jet operating
conditions for which shock-associated noise data were acquired in the
previous contract [4.1]. These comparisons were conducted for the following
twelve jet exhaust conditions (i.e. combinations of 1 and Tj/To):

TP B (Nominal) Tj/To (Nominal)

4 0.50 0.80
8 0.94 0. 73 TR/To -1

10 1.34 0.64

15 0.50 1.00
19 0.94 1.00
21 1.34 1.00

26 0.50 1.82
30 0.94 1.82
32 1.34 1.82

37 0.50 2.27
41 0.94 2.27
43 1.34 2.27

Angles: Rear Arc: 0"15 ° , 300, 450, 600 , 750, 900

Forward Arc: 0 -900, 1050, 1200, 1350

Thus, the measured and predicted spectra were compared for twelve TP's
and ten values of 0., giving a total of 120 spectral comparisons.

The purpose of these extensive comparisons was two-fold: (1) to
examine the validity of the prediction model over the entire envelope of
supercritical jet operating conditions of practical interest and, hence, to
detect any consistent discrepancies that may be present, and (2) to assess
the influence of flow-acoustic interaction phenomena, which can be expected
to yield significant overestimations in the spectral levels at small angles
to the jet axis. The major Inferences related to these two aspects are
summarized below.

(1) The prediction model overestimates the spectrum levels over two
regimes: (i) for unheated jets and (ii) for values of B greater than
approximately 1.1 (corresponding to pressure ratios above approximately
3.6). The latter was perhaps to be expected since it was observed previously
[4.1] in the overall SPL results, that, while the intensity was proportional
to B4 for low values of B, It tended to level off for values of B beyond
approximately 1.1. Although no physical explanation of this effect is
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apparent at the present time, for prediction purposes, it is felt that this
behavior can be accounted for by a simple adjustment of the 5 dependence
for shock-associated noise at values of B beyond 1.1. This will be examined
further in Section 4.8, where the experimental data will also be used to
correct the overpredictions for unheated jet conditions. At this point,
however, it should be remembered that for application to aircraft engines,
the current overestimation of shock-associated noise from unheated Jets is
of no practical significance.

(2) From our existing knowledge of flow-acoustic interaction effects
in the case of turbulent mixing noise, it can be crudely concluded that in
the case of shock-associated noise, these effects may play a dominant role
for radiation at small angles to the jet exhaust (inside the so-called cone
of silence).

The extensive comparisons discussed above show that although these
effects are indeed present in the case of shock-related noise, they can be
neglected when we consider the prediction aspects of the model. *The reasons
are quite simple. The spectral comparisons show that the overprediction due
to these flow-acoustic interaction effects occurs only over a limited
angular range, usually for angles less than approximately 300 to the down-
stream jet axis. Furthermore, at these angles, the total sound field in
almost all cases is dominated either by the turbulent mixing noise contri-
bution, or by noise from large-scale turbulence structure. Thus, it appears
that even if one wanted to incorporate the flow-acoustic interaction effects,
based on fundamental principles, in the shock noise prediction model, a
quantitative assessment based on measured levels is practically Impossible
when the shock noise contribution at small angles is masked by other noise
sources.

4.8 IMPROVEMENTS USING EXPERIMENTAL RESULTS

In the assessment of the validity of the shock noise model discussed in
the preceding subsection, the predicted levels were compared with the total
measured levels. That is, the measured levels contained the turbulent
mixing noise contribution in addition to the shock noise contribution, and
it was assumed that in areas where the total noise appeared to be dominated
(or controlled) by shock noise, the comparison would be valid. It was
subsequently felt that in order to improve the prediction scheme in the two
specific areas mentioned above [i.e. to verify the overprediction (i) at
values of B greater than approximately 1.1, and (ii) for unheated Jets], it
would be necessary to extract true shock-associated noise levels from the
total noise levels. This can be achieved by subtracting "the noise levels
from fully-expanded jets" from "the noise levels from under-expanded jets"
at ident.ical jet operating conditions (pressure ratio and temperature ratio).

, q
Using the experimental results, the true OASPL's due to shock-associated

noise were therefore obtained, and the scaling of OASPL with the pressure
ratio parameter 0 was re-examined separately for the heated and the unheated
conditions.
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The variation of OASPL of shock-associated noise (i.e. total noise
minus turbulent mixing noise) with B for all heated jet conditions is
plotted in Figure 4.17. At each value of B, there are nine points -
Lorresponding to three angles e -90, 1200, 1350 for each of the three
temperature ratios Tj/To l.00, 1.82, and 2.27. For 813 , the OASPL Is
proportional to 04, whereas for 8 >1, the OASPL is proportional to 32, as
shown by the two straight lines drawn through the experimental points. At
low values of 1, the experimental points tend to depart from the 04 depen-
dence for higher values of Tj/T o and lower values of observer angle 6. The
reason for this is that at these conditions (i.e. high Tj/To , low e), the
turbulent mixing noise contribution to the total noise is comparable to
the shock noise contribution. Hence, when mixing noise is subtracted from
total noise to obtain shock noise levels, the answer is quite sensitive to
the decibel levels used in the subtraction, and it cannot be relied upon.
Of course, this limitation disappears at higher values of B where the shock
noise component is much stronger than the mixing noise component. For the
sake of completeness, however, all data points are included in the figure.

A similar plot for the variation of OASPL with 1 for the unheated jet
conditions is given in Figure 4.18. In this case, the OASPL is propor-
tional to 14 for 13<1, and for values of 3 beyond unity, the OASPL appears
to scale on B rather then on B2 for the heated conditions shown in Figure
4.17. For small values of 0 (<0.4), the points depart from the B4
dependence, and the comments made earlier apply here as well.

For prediction purposes, the results shown in Figures 4.17 and 4.18
provide the following relationships for the OASPL of shock-associated noise:

(1) Heated Jets:

(a) 011: OASPL - 157.5 - 20 log (R/D) + 40 log 1 (dB)

(b) 1: OASPL - 157.5 - 20 log (R/D) + 20 log 0 (d)

(2) Unheated Jets:

(a) 0 1: OASPL - 155.5 - 20 log (RID) + 40 log 0 (dB)

(b) 13>1: OASPL - 155.5 - 20 log (R/D) + 10 log 1 (di)

Prior to this stage, the prediction model utilized the following
relationship for OASPL,

OASPL - 159 - 20 log (R/D) + 40 log B (dB)

which was derived in the previous contract by using total noise levels and
assuming that these total noise levels were representative of the shock
noise levels. Furthermore, this relationship or scaling formula was taken
to apply to all values of 1 and Jet temperatures.

Using the more accurate (or more realistic) relationships, obtained
above by re-examining the experimental results, the prediction scheme was
modified. The Improved scaling laws were Incorporated to correct the
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overpredictlon at unheated conditions and for I >1. The final version of

the prediction scheme Is documented formally in the next subsection.

4.9 FINAL PREDICTION SCHEME AND COMPARISON WITH EXPERIMENT

4.9.1 Prediction Scheme

A method for the prediction of broadband shock-associated noise from a
(static) single convergent nozzle operated at supercritical pressure ratios
is presented below. Taken together with the turbulent mixing noise predic-
tion method discussed in Section 2, it enables the prediction of total
noise from a shock-containing under-expanded Jet. The total noise spectrum
can be obtained by adding the individual predicted spectra for the mixing
noise and the shock noise components.

The 1/3-octave SPL spectrum of shock-associated noise is given by

SPL(ROgfc) -10 logiO[ I +'i Nil [C'(0)]

e-(i+l)

1 -1 [cos(qisa ) sin(bqlsa/2)]

s-O q I s 1c

+ 10 log1 O + 10 logo -t- + Ho(o) (4.1)

where

(K1/KoC) i - a cose) (4.2)
qi" V-j/ao) s + L.+ -I Cao

Ho (o) - group source strength spectrum Jj master spectra
C1 (o) - correlation coefficient spectrum

S-, WcL/ao (4.3)

L - KOD (4.4)

0 - (Mj2 - 1)& (4.5)

Wc =' c (4.6)

R - observer distance from nozzle exit plane

D - nozzle diameter
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6 - observer angle relative to Jet exhaust

fc a one-third octave band center frequency

N - number of shocks (-8)

b - proportional bandwidth constant (=0.2316 for
one-third octave band spectrum)

KO - average shock spacing constant (-1.10)

K1 = first shock spacing constant (-1.31)

C = eddy convection velocity constant (-0.70)

ao - ambient speed of sound

Vj - fully-expanded Jet exit velocity (function of
nozzle pressure ratio and total temperature ratio)

Mj - fully-expanded Jet Mach number

4.9.1.1 Master spectra

Equation (4.1) requires two "master" spectra as primary input for the
prediction. The first spectrum is called the "group source strength
spectrum," and it represents the total "equivalent source strength" of the
shock-turbulence interaction process occurring at all shock locations. The
second spectrum is called the "correlation coefficient spectrum," and it
defines the degree to which the fluctuations at adjacent shock locations
are correlated. These two spectra are given in Figure 4.19.

The C1 (o) spectrum can be used for he; ,-j as well as unheated jet
conditions. The Ho(a) spectrum shown here should be used for heated jets
only. A heated jet is defined here as a jet having static temperature ratio
Tj/To greater than 0.9. For prediction at unheated conditions (Tj/T o <0.9),
the HO() spectrum presented here should be reduced in level by 2 dB at all
values of a.

4.9.1.2 Pressure ratio dependence

The exponent n of the pressure ratio parameter B in Equation (4.1)
takes the following values:

8 1.0, heated and unheated jets: n-4

8 >1.0, heated jet (Tj/TO  0.9): n -2

3 >1.0, unheated jet (Tj/To <0.9): n-1

I
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4.9.1.3 Overall SPL prediction

It is recommended that the OASPL's for shock-associated noise should
strictly be predicted by adding the individual 1/3-octave SPL's. However,
an approximate prediction of OASPL can also be obtained by using the
empirical relationships (which are Independent of angle 8) given in
Section 4.8.

4.9.1.4 Angular range of application

For heated jets (static temperature ratios Tj/To greater than
approximately 0.9 or total temperature ratios TR/To greater than approxi-
mately 1.1), the prediction method is applicable for e >3O0. For unheated
Jets, it Is applicable for e >50. For smaller angles, the measured total
spectrum is normally dominated by turbulent mixing noise and/or large-scale
noise, and the shock noise contribution should be neglected for prediction
purposes.

4.9.2 Comparison With Experiment

The shock-associated noise prediction scheme has been incorporated in
the unified Jet noise prediction program, and the purpose of this subsection
is to show some typical comparisons between measured and predicted spectra
from supersonic Jets. Each comparison plot shown In Figures 4.20 through
4.30 contains four spectra as follows:

0 Measured - total noise

Predicted - total noise

Predicted - turbulent mixing noise

Predicted - shock-associated noise

Variation with I: The comparison between measured and predicted
spectra as a function of the pressure ratio parameter a Is shown in Figures
4.20 through 4.22. The observer angle and the Jet temoerature ratio are
kept fixed at e1135° and Tj/To (nominal)-1.82, respectively.

Variation with Tj/To: Likewise, the comparison between measured and
predicted spectra as a function of temperature ratio Tj/T o is shown in
Figures 4.23 through 4.26. In this case, the observer angle and the
pressure ratio parameter are kept fixed at ei1350 and 1 (nominal) .1.34,
respectively.

Variation with e: Finally, the comparison between measured and
predicted spectra as a function of the observer angle 8 (relative to the Jet
exhaust) is shown in Figures 4.27 through 4.30 for the Jet operated at
' -0.94 and Tj/T o -2.26.

It can be seen that although there are some small differences between
measured and predicted results, the agreement between the two In general Is
very good. The shock-associated noise prediction scheme, when combined with
the turbulent mixing noise prediction, is capable of predicting the majority
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of noise characteristics of shock-containing under-expanded jets. in view
of the fact that the measured spectrum shapes of shock-associated noise are
somewhat sensitive (especially If the screech component is present) to the
environment around the nozzle exit plane (for example, the nozzle lip

L thickness, and other reflecting surfaces in the vicinity of the nozzle
exit), the small differences between measured and predicted spectra may
not be serious in any practical application of the prediction model. Hence,
it is felt that the prediction scheme is adequate for shock-associated
noise considerations in selecting engine cycles for aircraft engines of
the next generation.
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5. AERODYNAMIC MEASUREMENTS

5.1 INTRODUCTION

The experimental work described in this section is carried out in
support of the theoretical effort presented in other chapters of this report.
It consists mainly of laser velocimeter measurements of the mean flow and the
various turbiilence characteristics and is supplemented by corresponding
temperature and Mach number measurements obtained with total head and total
temperature tubes.

Many attempts have been made over the years to study the jet, and a
considerable amount of data has been accumulated on the mean flow and fluc-
tuating velocities distributed over the flow field of the round jet (e.g.
Laurence [5.1]; Corrsin and Uberol [5.2]; Davies, Fisher and Barratt [5.3];
and Wygnanski and Fiedler [5.41). Unfortunately, they have tended to be
concentrated in specific regions of the jet (e.g., most of the work is
performed either in the initial mixing region or the "fully developed" region
far downstream of the nozzle). Moreover, they have been confined to a
limited set of varying jet conditions. Therefore, the data available to date
present an inadequate view of the overall effects of jet flow conditions in
the noise source region which is believed to extend from the nozzle to about
eight to ten diameters downstream. Furthermore, because of the limitations
of the experimental equipment at the time of those measurements, certain
kinds of data could not be obtained under some flow conditions. For instance,
no data on turbulence have been obtained for supersonic and heated air jets
under atmospheric conditions until more recently when the laser velocimeter
became available.

In the present effort an attempt is made to study the jet flow conditions
within the region of the major noise sources over a wide range of jet Mach
number and temperature conditions. Figure 5.1 shows the plan of the test
conditions undertaken. The ordinate of the chart gives the ratio of the
static Jet temperature (Tj) to the ambient temperature (TO ) and the abscissa
the ratio of the jet velocity (Uj) to the ambient speed of sound (ao),

In planning this program, three aspects about the Jet, discovered during
the previous work [5.5] are taken into account. Firstly, the general struc-
ture of the jet changes continuously in the transition from subsonic to
supersonic flow. This suggests that substantial knowledge about supersonic
flows may be Inferred from data on subsonic Jets by observing the trends
indicated as the Mach number is Increased. Secondly, the spreading rate of
the mixing region appears to be affected Independently by the Mach number and
temperature. Thus, the two effects should be studied separately. Thirdly,
experience with heated and Isothermal Jets indicates that the spreading rate
of the shear layer does not scale linearly with Jet efflux velocity.

The program is therefore designed so that the changing pattern of the
Jet may be studied under the following constraints: (a) at constant Jet Mach
number, (b) at constant Jet temperature, and (c) at constant jet velocity.
This is Indicated by the various grid lines shown in the chart of Figure 5.1.
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5.1.1 Scope of Measurements

The measurement program consists of two parts. In the first part,
measurements are made at individual points in the flow. Mean velocity,
turbulence intensity, covariances of orthogonal velocity fluctuations and
spectra of the signals are obtained. These measurements are made for all the
test conditions shown in Figure 5.1. In the second part, two-point cross-
correlation measurements are obtained. Due to the limitation of time, these
measurements are conducted only at four test points. Space-time cross-
correlations of (ui')A and (u-')B, and (uiuj)A and (ukui)B are measured.
From these data, various turbulence characteristics such as integral length
scales and time scales in both the fixed and moving frame, and convection
velocities are derived, from which the acoustic soufce term and source
spectrum are determined.

5.2 MEAN FLOW

5.2.1 Radial Distributions

5.2.1.1 Mean velocity

Figure 5.2 shows radial distributions of the axial mean velocity for a
Mach 0.5 cold jet. The velocity is normalized by the jet etflux velocity
(Uj) and the radial position Is denoted by the parameter n*i (r -ro. 5 )/x
where r0 .5 :s the radial position where the mean velocity Is 0.5 Uj and x the
axial distance from the nozzle exit plane. It was found during the previous
phase of the study [5.51 that this method of reducing the results provided
the best way of collapsing the data for Isothermal Jets (Tj/To-1.O), and
data as far as two potential core lengths downstream of the nozzle exit plane-
could be reduced to one curve. Moreover, this curve followed the results of
two-dimensional free shear layers very faithfully. These features are demon-
strated by the collapsed data in the figure. The advantage of plotting the
results in this manner is that this allows the real effects resulting from
changes to the jet conditions to be studied systematically and in isolation
from other effects connected with the natural spreading of the Jet.

Figure 5.3 shows the distributions for a Jet heated to 2.32 times the
ambient temperature. There is also good collapse of the data up to 8
diameters downstream. It is clear therefore that the method of plotting the
results may also be used to advantage for heated Jets even when the results
extend beyond the potential core. Heating does not alter the distributions
markedly, except that the maximum slope of the distribution for the heated
jet Is higher than for the unheated jet. Since the spreading rate is
Inversely proportional to this slope, this corresponds to a lower spreading
rate for the heated Jet.

Figures 5.4 and 5.5 show the distributions for a Mach 1.37 Jet heated to
the ambient and 2.32 times the ambient temperature, respectively. The simi-
larity of the two sets of curves is also evident. As for the subsonic case,
the results from the heated Jet show a different maximum slope from thost of
a jet set at the ambient temperature. However, in the supersonic case, the
maximum slope is Zcuev for the high temperature Jet than for the isothermal

307
-I-



CC

CiC

308



00

C:P 13N

0 c0
i-
>-

00

00

C4

30

o47. .



0 N

00

0 0

310

- - -----



0 0

C-4 U.

-o c ow TC 1C

311



Jet. It thus appears that subsonic and supersonic jets react differently
when they are raised to a high temperature. It would be instructive therefore
to study the changes in the spreading rate as Mach number and temperature are
varied.

5.2.1.2 The spreading rate (6.)

Figure 5.6 shows the variation of the spreading rate as a function of the
temperature ratio (Tj/To) for various jet exit Mach numbers (Mj). The spread-
ing rate (6n) is defined by 6n MUJ/X (dU/dn*)max, and Is determined from
collapsed data similar to those shown in Figures 5.2 to 5.5.

The differences in subsonic and supersonic Jets may clearly be seen. For
subsonic jets, initial heating appears not to affect the spreading rate signi-
ficantly, and from Tj/To -. 0 to 1.5, Sn remains essentially unchanged. From
Tj/To -1.5 to 2.32, nrI faZZ8 and the results for different Mach numbers appear
to converge close to Tj/T -2 . For supersonic Jets, 6n behaves the same as
for subsonic Jets with Initial heating but increases as the temperature is
raised further. The curve also tends to converge close to Tj/To-2.4. It
would appear that for a Jet at the sonic speed, heating would have practically
no effect on its spreading rate at all.

For temperature ratios of about 0.5 to 2.4, the general tendency is for
6n to fall with increasing Mach number. This trend is illustrated more
clearly by Figure 5.7 which shows the variation of 6n with Mj. The present
experimental results are shown by solid symbols.

It may be seen that for cold Jets and jets at Tj/To-1.0 and 1.5, 6n
decreases monotonically with Increasing Mj between Mach 0.5 and 1.4 and there
is little distinction between the results for the two temperature ratios.
The results of other investigators show a similar trend (5.61. Except for
Carey's, which are measured with an interferometer, they are obtained with
pitot-static tubes and are carried out in cold jets. These pitot-tube
results tend to be systematically higher than Carey's or the present data.
In order to ascertain if the discrepancy is due to differences in the jets
or the method of measurement, pitot-static measurements are also carried out
in a cold jet at Mach 0.9 and 1.37 and in an Isothermal jet at 1.37. The
data are shown by the flagged solid symbols and lie above the LV results. In
particular, those for the cold Jet lie on the curve drawn through the earlier
pitot measurements. It is clear therefore that the difference observed
between the present results obtained with the LV, and those obtained with
pitot-static tubes, results from a difference in the measuring technique
used. It is Interesting that Carey's data which are obtained by an optical
method follow the LV results very closely. This would seem to Indicate that
there is a restructuring of the Jet when an external probe is inserted into
the flow region.

For the Isothermal Jet, using the present LV results, the following
relationship was established between 6rand Mj (5.5],

n - 0.165 - .045 Mj2  (5-1)
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Figure 5.6 6n~ vs Tj/T0
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and it would appear that the same equation may be'used for jets heated to at
least 1.5 times the ambient temperature.

From about Mach 1.4, the LV results rise. This is true for jets at
Tj/T o - 1.0 and 1.5 and the upturn corresponds approximately with the eddy
convection velocity being supersonic. The trend however is not present In
the pitot-static results. It is not certain if this trend will continue at
higher Mj. However, Brown and Roshko have predicted a I/Mj type of variation
for very high Mach numbers, and it is speculated that 8 would probably fall
again as the Mach number is Increased, possibly following the pitot-static
results. Unfortunately, time did not permit this to be fully explored.

The results for jets heated to 2.32 times the ambient temperature are
also shown but they exhibit quite a different behavior. The values of 6n
remains essentially constant with Mach number although there appears to be a
shallow trough at Mj-1.0. The line through the data points intersects the
previous curve for the Jet at Tj/To-1.0 at about Mj -1.0. It is interesting
that a similar situation exists with results of the overall far-field noise
Intensity at 900 to the jet axis (Reference 5.5, P. 34). Lines showing the
variation of noise intensity with velocity for jets at Tj/To -1.0 and 2.3,
respectively, Intersect at a Mach number close to one. This might suggest
the possibility of a strong connection between the noise generation mechanisms
and the spreading rate (or appropriately, the maximum slope in the mean shear),
which would be worth exploring more fully.

Based on the available results, an empirical equation is derived to
describe the variation of 6S with Tj/To and Mach number in the Mach number
range 0 to 1.4. This is given by:

6n  (.1765 -.052 Mj2 ) [I +0.50 (Mj2 - 1) (Tj/To -1.4) 2 ]  (5-2)

and the curves for the Mach 0.5, 0.7, 0.9, and 1.37 jets are shown in
Figure 5.6.

5 - 3 Universal curve for the radial distributions

-ha spreading rate 6. defined here Is equal to the axial gradient of the
vorticity thickness used by other Investigators (5.7, 5.8, 5.9J and Korst
and Chow [5.10] have shown that if the radial profile of the axial mean
velocity were represented by an error function, Sn is related to the Gbrtler
spreading parameter (a) by a6 n, - 1 .

It was found earlier (Reference 5.5, p. 62) that the radial distributions
of the axial mean velocity collapsed, for all isothermal jets between Mach 0.3
and 1.4, if the radial distance was expressed in terms of on*. This is
attempted for the heated jets also and is shown in Figure 5.8. The data do
collapse and their variation is reasonably well represented by the Gartler
error function profile.

U/Uj - 0.5 [1 - erf(an*)] (5-3)
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5.2.1.4 Total and static temperature

Figure 5.9 shows the radial distributions of the static temperature at
Mach 0.5 and 0.7. The temperature is expressed in terms of the temperature-
difference ratio AT/ATj-(T-To)/(Tj-T O) and the radial distance in terms of
n*. The curves are obtained at two axial stations in the jet, and show strong
similarity. However, they are displaced a little laterally relative to each
other, and the half-temperature ratio points do not coincide with n* being
zero. This suggests that the half-temperature ratio point is outside the
half-velocity point and the distance between them varies with axial distance.
The same behavior is observed at other Mach numbers.

Figure 5.10 shows the temperature distribution plotted in terms of
nt* =(r-rO.5 t)/x, r 5t being the half-temperature radius. The results at
Mach 0.5 and 0.7 fa?1 close together but closer scrutiny suggests that the
maximum gradient for the Mach 0.7 Jet is a little higher, similar to what was
observed in the velocity distributions. Yakovlevskiy's results (reported in
reference 5.11) are also shown. They were obtained in Jets at Mach numbers
of 0.1 to 0.4. These results compare well with the present results.

When the maximum slopes of these curves are compared with those of the
velocity distributions, they are found to be significantly lower than the
latter. If a spreading rate is defined for the temperature distribution (6t)
as for the velocity distribution (60, it is larger than S., and the
relationship between the two is given by:

6nt - 1.94 6n (5-4)

based on LV measurements of the mean velocity distributions. The coefficient
is about 1.45 based on pitot measurements which agrees with Batt's [5.12]
result of 1.41. The distributions of the total temperature-difference ratio

(ATt/ATtj) Tt -ToTtj -To

are shown in Figure 5.11. For comparison, the static temperature-difference
ratio is also shown. There is a small deviation between the two distributions,
the total temperature distribution being a little steeper at its maximum slope
than the static temperature distribution. The difference, however, is within
the range of experimental error. This is also true of axial distributions.
It would seem therefore that the two kinds of temperature distributions may be
represented by the same equation as Abramovich [5.11] has suggested.

5.2.2 Axial Distributions

5.2.2.1 Mean velocity

Figure 5.12 shows the axial distributions of the mean velocity for the
cold Jet and Jets at Tj/To-1.0, 1.5, 2.06, and 2.32. The Jet Mach number is
0.9 but the same trends prevail at other Mach numbers (subsonic and supersonic).
From a cold Jet (Tj/To-0.86) to a Jet at Tj/To-1.0 and 1.5, the dittributions
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move progressively upstream in almost equal increments suggesting a gradual
reduction of the potential core length (xc). However, from Tj/To -1.5 to

2.32 there is hardly any shift in the curves. This contrasts the trends
observed in the zdiaZl distributions where initial heating brings about minor
changes to 6. and it is only as the temperature ratio is raised above
Tj/To-1.5 that heating begins to have noticeable effect. It appears there-
fore that the parameters 6. and xc react independently of each other when the
Jet is heated to higher temperatures.

5.2.2.2 Universal curve for the axial distributions.

Witze [5.131 has obtained, on the basis of Klejnstein's [5.14]
analytic work on turbulent axisymmetric compressible flows, an expression for

the centerline decay of the mean velocity (Ua). It is given for x >xc by:

Ua/UJ- 1 - exp (- - 1 - exp {a/(1 -x/xc)) (5-5)

where a-D/(axc ) and "a" and "xc" are parameters determined from experimental
results of Ua/UJ vs. x/D. Equation (5-5) may be rewritten as

X -1/{1(1 -Ua/UJ)} axc/D-a x/D. Thus, by plotting X against x/D, the
values of "a" and xc/D may be determined explicitly. The potential core
length is thus defined by the x-intercept of the straight line passing through
the data points (i.e. xc).

it was found previously (Reference 5.5, p. 60) that when the mean velocity
distributions along the Jet centerline were plotted in terms of x/xc, the
results for different Mach numbers of isothermal jets collapsed. Apparently,
this is true of cold and heated jets also, as shown in Figure 5.13, and a
curve representing Equation (5-5) may be drawn to pass through the middle of

the data points. In this case, a has the same value of 1.35 as found
previously for isothermal jets.

Traditionally, it has been maintained that far downstream of the potential
core, vhere the Jets have had the opportunity to become "fully developed," the
velocity on the centerlirie would vary as 1/x. Indeed, for very large values of
x, Equation (5-5) reduces to the asymptotic form of exc/x. In order to
determine how soon downstream the asymptotic form of the equation may begin to
be used, a series of curves are drawn for varying values of a. It Is found
that good agreement is achieved as early as about x-2.5 x provided a value
of 1.11 is used for a in the asymptotic form. Wygnanski and Fiedler's results
[5.1] also indicate a coefficient of 1.4 for a and good agreement is found to
extend to about x/xc - 13.0.

The good collapse of the data at varying Mj and Tj/To implies a value of
a which is unaffected by Jet conditions. This assumption is also implicit in
the results of both Kleinstein [5.11] and Wlitze (5.13] who took the value of
a -1.43. However, this appears not to be true. Figure 5.11 shows the

variation of l/a(Tj/To) 0"2 with Mj and suggests that I/a Increases almost
linearly with Mj and (Tj/To)0.2 . However, the effect Is small enough (for
Mach numbers ranging from 0 to 1.7 and temperature ratios of up to 2.1) so
that the dependency may to a good approximation be overlooked.
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5.2.2.3 The potential core length (xc)

It was found during the study of Isothermal Jets [5.5] that the potential
core length varied with Mach number. Apparently other parts of the flow field
also stretch as Mach number is Increased. The potential core length Is
however a more visible indication of this stretching of the flow field and
gives a measure of the extent that the flow field Is stretched. Figure 5.15
shows the variation of xc/D with Mj for cold Jets and Jets heated to various
temperatures. It may be seen that at any given temperature ratio Tj/To, xc/D
Increases monotonically with Mach number. The equation obtained previously
for isothermal Jets is given by:

xc/D - 4.2 + 1.1 Mj2  (5-6)

and is shown also in the figure. The curve appears to follow the data points
fairly closely until about Mjll.4 where they begin to deviate. it would seem
therefore that the equation should apply to Jets up to a Mach number of about
1.4 for the present. The results for Jets heated to Tj/Tom 1.5 and 2.32 run
almost parallel to the results for the isothermal Jets, and it would appear
that a parallel equation may be derived for these heated Jets.

Witze (5.131 made a study of the results of thirteen experimental
Investigations (eight subsonic hot and cold Jets and five supersonic cold Jets)
and derived expressions for the variation of xc/D with Mj and po/pj (the
density ratio) in both the subsonic and supersonic ranges. The expressions are
represented by the full lines in Figure 5.15 for an Isothermal Jet. The curves
exhibit the same Mach number trend as observed here, and in the subsonic range
there is very good agreement between Witze's formula and the present results.
In the supersonic range, the predicted results tend to be lower. On studying
some of the original data used by Witze, it appears that the experimental
results are lower also*. These results are shown In Figure 5.15. It appears
therefore that a significant difference exists between results of xc/D obtained
with the LV and those of the pitot-static probes. To confirm this, pitot-static
readings are made in the Mach 0.9 cold jet and they indicate a value of xc/D
of 4.7 compared with the value of 5.8 from LV measurements.

The reason for this discrepancy Is still not clear. As in the case of the
discrepancy in the values of 6 , it is believed to be associated with the pitot
probe being inserted Into the Nlow region and consequently altering the flow
pattern. This aspect of the result would need to be investigated further.

The effect of higher Jet temperature ratio is to decrease the potential
core length. Witze has suggested a linear variation of xc/D with (po/pj) "0"28

(or (Tj/To)- 0"2 8 ] for subsonic flows, and (Tj/To)- 0"s for supersonic flows.
The present results however Indicate that the same relationship may hold for

*It should be pointed out that this waa not observed previouly in Reference 5.5.

The reaon is that the values of xo/D referenced in Reference 5.5 were obtained
from an intermediary souroe and contained inherent errors e to inaccuracies
in extracting data fron graphs. There is perhaps also a contribution die to
a different interpretation of x0 .
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both subsonic and supersonic flows and a power of -0.2 would be more
appropriate. This applies to heated Jets. For the cold jet a power of -0.5
seems to give a better collapse.

5.2.2.4 Total and static temperature

Figure 5.16 shows the centerline distribution of the temperature-
difference ratio for a Mach 0.5 Jet. Both the static and total temperatures
are shown and there Is very little difference between the two. This agrees
with the observation made in respect of radial distributions of static and
total temperature. Data reconstructed from Wilson and Danckwert's [5.15]
results for a Mach 0.29 Jet are also shown and the distribution lies upstream
of the present results. This is consistent with the stretching of the flow
field and the centerline distributions moving downstream with increasing Mach
number.

The potential core length of the thermal flow field (xct) is determined
from the temperature distributions, and is found to be smaller than the
corresponding value from the velocity flow field. At Mach 0.5, xct is about
0.77 xc.

5.3 TURBULENCE INTENSITIES

5.3.1 Radial Distributions

Figures 5.17, 5.18, and 5.19 show typically the radi3l distributions of
the axial (/Uj) and radial (;/Uj) turbulence intensities and the covariance
U-r/Uj 2 , respectively. As noted before /Uj is about 2/3 to 3/4 of the

corresponding values of a/Uj.

The variations due to the spreading of the jet are taken care of by
plotting the distributions In terms of r*. In spite of this precaution,
however, the curves do not fully collapse. It is clear, therefore, that the
turbulence Intensity is not preserved as has been assumed. Instead, it falls
with axial distance. It was suggested [5.5] that a better collapse would be
achieved if the turbulence intensity at each axial station were normalized by
the peak value measured at that station. This is carried out in Figures 5.20,

5.21, and 5.22, respectively, and a definite improvement is seen.

For the purpose of the noise source calculations in Section 2.4, it is
necessary for the radial distributions of the turbulence to be given as
explicit expressions. Now, some of the distributions have a Gaussian
appearance and may reasonably be fitted v~ith curves of the form e'c*

2 (e.g.
Liu and Maestrello [5.16]). For the other distributions, it would seem that
a more complex expression would be required (e.g. Figure 5.23, which shows a
fairly sharp peak and exhibits pronounced skewness). However, as was seen
earlier, the calculations for the noise source strength only involves the
area under the distribution. As such, the equation does not need to follow
the distribution exactly, provided that the trends are generally reproduced
and the area under the curve is reasonably correct. A Gaussian-type profile
would therefore be adequate in most cases.
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Figure 5.24 shows a composite diagram of the normalized axial turbulence
levels plotted in terms of an* for various Mach number and temperature ratio
conditions. Although the data may not be as compact as for the mean velocity
distribution, they do tend to fall in one band. The collapsed data,
interestingly, has a Gaussian appearance and may be represented by a curve of
the form e-.56(on*)2. The parameter a is given by the Korst-Chow relationship
o6n- VT and Equation (5-2) which expresses 6n in terms of the Jet Mach
number and temperature ratio. It would seem appropriate therefore t? describe
the radial distributions of normalized turbulence intensity by e-cn* , where
c -0.56o2.

In the foregoing figures, the peaks of the turbulence intensity lie at
or very close to n*-O. This suggests that the vicinity of r0.5 is also the
position for maximum turbulence intensity. Figure 5.25 shows the variation
of r0.5 with x/D for various Mach number and temperature ratios. The magni-
tude of r0.5 rises initially with x, reaches a peak and subsequently falls.
The curvature of the curves increases slightly with temperature ratio. It is
expected therefore that the position of the peak turbulence intensity would
vary in the same manner.

The variation of the peak axial turbulence intensity (ap/Uj) with x/D is
shown in Figure 5.26 for isothermal Jets of different Mach numbers. As noted
above, the values of ap/Uj fall with increasing x/D and Mj.

At any given Mach number, the fall is very gradual at first, and for the
Mach 0.3 or 0.5 Jets, this may be represented by the equation

p/Uj - 0.193 exp [-.0016 (x/D)2] (5-7)

From about two potential core lengths downstream, the ratio up/Uj decreases more
rapidly. This is better illustrated by Figure 5.27 which shows the reciprocal
of ; /Uj for the Mach 0.3 or 0.5 Jets. Data reconstructed from Wygnanskl and
Fiedler [5.4] for a Mach 0.15 Jet are also shown. From the Jet exit to about
x/D-lO, the change in Uj/ap is very little but between x/D-l0 and 35, Uj/ap
rises linearly. From x/D-4S, the rise is still linear but the slope is
greater. Wygnanski and Fiedler's data in the region x/D-10 to 18 are also
plotted in Figure 5.26, and may be represented by a curve given by up/U.j-1.6
D/x. The curve intersects the present data for the Mach 0.3 and 0.5 Jets at
about x-lOD or 2.4 xc.

These trends are confirmed in the Mach 0.9 results which extend to
greater values of x/D. It my be seen that from the Jet exit to about x-13D
or 2.5 x., the fall is very gradual, but downstream of that, the 1/x fall is
evident and the curve of 1.88 D/x passes through the data point at x/D -16.
The Mach 1.37 data show similar tendencies and on the basis of the above the
large change in slope is expected to occur at about x/D -16. The Mach 1.67
data deviate from these trends. Instead, It rises with x/D. This apparently
Is not an erroneous trend and seems to be supported by data obtained at other
temperature ratios. It Is clear therefore that for Jets at M <1 . say, there
are two zones having different rates of decay in 4p/Uj. In tIe first zone
extending to about x/xc-2.1, the decay Is very gradual but from x/xc - 2.4,
it varies as 1/x.
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The peak turbulence Intensity (for Mj £1.4) at a given point in the jet
falls with increasing Mach number. On Incorporating Mach number effects into
equations for a/Uj, we obtain the following expressions:

up/Uj - 0.179 Mj"0.102 8 -.016 (x/D)2  (5-8)

for x <2.4 xc and

-0.128 Xc -.0092 (xclD)2
up/Uj - 0.43 Nj -x-e (5-9)

for x>2.4 x.-

A Mach number change is accompanied by the stretching of the flow field.
Therefore, the changes observed at a fixed point reflect to some extent also
changes due to shifts in the flow field. Figure 5.28 shows the variation of
the peak turbulence intensity at the station x-x c . Since this station moves
with the stretching of the flow field, the results would represent the real

effects of Mach number more correctly. The peak turbulence intensity falls
initially with Increasing Mach number and there is little distinction between
jets of different temperatures. As the Mach number is increased further, the

peak turbulence reaches a trough and subsequently rises. This change in the
trend of p/Uj is similar to that observed In the variation of 6n. The
troughs also occur at about the same Mach number. It suggests that the rise
in peak turbulence intensity at the higher Mach numbers may also be associated
with the eddies convecting supersonically.

5.3.2 Centerline Distributions

Centerline distributions of the turbulence intensities tend to move with

the stretching of the flow field. It has been found (5.51 that for isothermal
jets, increasing the Mach number causes the distributions to move downstream.
In particular, the peaks which appear in these distributions move to greater
distances.

Figure 5.29 shows the centerline distributions of the axial turbulence
intensity for a Mach 0.5 jet and varying temperature ratios. As the tempera-

ture ratio is increased, the distributions move upstream. This is in agreement
with the decreasing potential core length and the upstream movement of the

centerline distributions of the mean velocity. The peaks may also be seen to
move upstream, and in line with previous work [5.5], they lie close to x-2 xc.
The magnitude of the peaks rises with temperature ratio. This is opposite to

the trends observed In Mach number effects and is different from the trend

suggested by the peak values of the radial distributions (Figure 5.28). it
would seem therefore that unlike Mach number effects, there is no consistency
in the trends observed in the peaks of radial and axial distributions.

Figures 5.30 and 5.31 show axial distributions of the axial and radial
turbulence intensities plotted against x/xc. The turbulence Intensities are
normalized by the respective peak values. The results fall in one band with
the peaks located close to x/xc 2.0.
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Figures 5.32 and 5.33 show respectively the variation of the peak values
of the axial and radial turbulence intensities. The values generally fall
with increasing Mach number. The gradient Is higher for the heated jets and
the results for Tj/To-2.32 cut across those for Tj/To= 1.0 at around Mj -1.O.

5.4 OTHER TURBULENCE CHARACTERISTICS

5.4.1 Autocorrelations and Spectra

Figure 5.34 shows the autocorrelation curve for axial velocity fluctua-
tions on the jet centerline of a Mach 0.5 cold jet. This is obtained in the
potential core of the jet at x/D-2.O. The ordinate is expressed in terms of
the space-time correlation coefficient which is defined in a more general
form by:

R (T) - UiA(;t) jB (5-10)
aiA • ajB

where the bar denotes a time-averaged value, and tilde the rms value. The
subscripts i and j refer to the direction of the velocity component, and A
and B the locations of the two measurement points. In the present case of
autocorrelations, the points A and B are coincident and the separation and
-0. The abscissa gives the time delay T.

The curve has a tendency to oscillate about the zero axis, which is
typical of autocorrelation curves obtained in the region of the potential
core, and has a period of about 700 Us. The period transforms to a frequency
of over 1400 Hz which scales with the jet speed (Uj) and diameter (D) to give
a Strouhal number (S) of about 0.5. This also agrees with data obtained
previously with hot-wires (e.g. Davies (5.171).

There is, however, one important detail of the curve which does not
appear to be correct and deserves some mention. The autocorrelation of
velocity signals detected in the potential core invariably traces a slowly
dwnped cosine curve (5.17]. This is understandable because the velocity
signals in the potential core are generated by the passage of a fairly
regularly spaced array of vortices (Lau, Fisher and Fuchs [5.181)
and have a sinusoidal appearance. On the basis of this criterion, the
present curve would be incorrect because of a very sharp spike appearing close
to T-0. It suggests that the value of the correlation coefficient measured
at r -0 is in error. The more appropriate value would be obtained by extrapo-
lating the results at T >20 Us back to T-0. The correct value of correlation
coefficient at other time delays should therefore be determined by normalizing
with this quantity rather than the measured value.

The reasons for the spike at T-0 are still not clear. At present the
electronic switches in the LV processor require an interval of about 10 US
to reset. There is also a tolerance window built into the system to allow
for possible coincidence of signals in the different channels of the LV.
Together, they add up to a period of between a few microseconds to 20 US
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during which the time Information is not precisely defined. As such,

correlation results are not reliable within this first 20 vS period. This
could contri 6ute to the error at T -0. Moreover, there is the possibility
thal electronic noise may erroneously be confirmed by the validation circuits,
in Ohich case, uncorrelated and random velocity points would appear. This
would augment the correlation results at T -O, but not at larger T. The
jitter in the zero-crossing detection is another possible contributor. Work
is in progress to try to understand these phenomena, and some of the findings
are reported in Reference 5.19.

Figure 5.35 shows the autocorrelation diagram for velocity signals at
x/D=-2.0 and r/D =0.5 in the same jet. A spike is also visible at T-0, but
the magnitude of the spike is significantly smaller than that on the jet
centerline. In general, it is found that the size of the spike decreases with
the local turbulence intensity and is negligible from about r/D>0.6.

The Fourier transform of the autocorrelation gives the power spectral
density of the velocity fluctuations. Figure 5.36 shows typical spectral
results of the axial velocity fluctuations in the potential core, on the
lipline (r/D -0.5) and In the outer part of the mixing region. In the
potential core, the spectrum shows a narrowband peak (at frequency fp). As
the mixing region is traversed, the peak becomes progressively shallower until
r/D-0.5, when the peak disappears (5.5]. At this point, the spectrum Is flat
for the low frequencies, and begins to fall only when the frequenc reaches fp.
At r/D-O.7, the spectrum has a similar appearance except that the spectrum
begins to peel off at a lower frequency. Proceeding further outward
(r/D-0.9) the process reverses and the spectrum returns to the shape at
r/D -0.5.

The peak frequencies are extracted from these spectra and plotted in
Figure 5.37 in terms of a Strouhal number (S-fpD/Uj). Where a spectrum does
not display a well-defined peak, the frequency at which the spectrum begins to
peel off is taken as the peak frequency.* At the radial positions shown, the
Strouhal number falls with increasing x/D at first and then asymptotes to a
fixed value. The magnitude of the asymptote depends on the radial position.
Lau's [5.20] data obtained with hot wires are also shown [Figure 5.37(a)],
and agree with the present results.

Results at other Mach numbers and temperature ratios exhibit the same

general behavior and are summarized in Figures 5.38 to 5.40. Figure 5.38
shows the axial distribution of the Strouhal number on the Jet centerline for
isothermal Jets at Mach 0.5, 0.9, and 1.37. From Mach 0.5 to 0.9, the distri-
butions of Strouhal numbers are indistinguishable from each other. At Mach
1.37, however, the Strouhal numbers are generally lower. This trend is
evident also in the distributions of Strouhal number on the lipline shown in
Figure 5.39. It would seem therefore that Strouhal number scaling extends
continuously to Mach 0.9 at least. In the supersonic range a small
modification apparently takes place.

*In a third-ootave apeotrum a peak would ahow at about this frequenoy.
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Figure 5.40 shows the plot comparing the results of Mach 0.9 Isothermal
and hot (Tj/To =2.32) jets. Close to the nozzle the Isothermal and hot jets
give the same Strouhal number, but as x/D is increased the values of S for
the heated jet deviate from those of the Isothermal jet. Therefore, in the
region where the potential core exists, the heated jet scales with Strouhal
number also.

5.4.2 Two-Point Space-Time Cross-Correlations

The above measurements deal with flow characteristic$ detected at
individual points in the jet flow field; They give results in the Eulerlan
space frame and embody changes resulting from actual modifications to the
flow structure as it convects downstream and apparent changes brought about
by the passage of the flow structure past the observation point. In order to
study the temporal changes of the flow structure, apart from the convective
effect, it is necessary to carry out two-point correlation measurements.

Figure 5.41 shows a family of correlation curves obtained in a Mach 0.5
cold jet. The individual curves represent results obtained at different axiaZ
s2parations (Ax) of the two measurement points. As the separation distance
(Q Ax) of the two measurement points is increased, the curves and their peaks
move to higher time delays (T). At the same time, the magnitudes of the peak
correlation fall and the curves increase in their spread. The curves have a
Gaussian appearance [compare Equation (2-38) and (2-41)1 and may be fitted
with curves of the form A e'O(T "AX/Uc) as shown in the figure. These
characteristics are typical and may be observed in the results at other jet
conditions also.

An envelope curve may be drawn to touch the peaks of the correlation
curves. This is interpreted as the autocorrelation in the moving frame. The
fall in this correlation envelope with time delay is interpreted as represent-
ing the "decay" of the average eddy during its passage downstream, and the
area under the envelope gives a measure of the average time scale involved in
this decaying process.

An equation of the form e-T/To is fitted to the envelope curve and
integrated to obtain the integral time scale To . Figure 5.42 shows the varia-
tion of ToUc/D with x/D for different isothermal jets. In the region from
x/D-0 to 4, ToUc/D rises linearly with x/D for all Mach numbers, and it
appears on the basis of the data at Mach 0.5 and 1.37 that the slope becomes
progressively smaller as the Mach number Is Increased. Larson, McColgan and
Packman (5.21] conducted a similar set of measurements for a Mach 0.35 jet
issuing Into a co-flowing stream of varying speed, and their results for a
stationary outside stream are also shown. These results suggest the same
trends.

From x/D -4 both Larson et al.'s and the present results for the Mach 0.5
Jet are still In agreement. They deviate from the initial straight line trend
and flatten out. The Mach 1.37 results on the other hand continue In the same
straight line to 8D. Intuitively, this latter behavior seems more reasonable
especially since To is supposed to be proportional to 1/(aU/ar)max everywhere
In the flow field (Davies, Fisher and Barrat [5.31), and it was seen earlier
that 1/(aU/ar)max varies linearly with x for at least two potential core
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lengths. It would seem therefore that a more intensive set of measurements
covering the region from x/D -4 to 10 needs to be carried out to verify this
difference in trends. For the purpose of the noise prediction program,
however, it is assumed that for any given Mach number, ToUc/D varies
linearly up to x/Di-4 and flattens out downstream of that point. It is also
assumed that the slopes of the straight lines fall with increasing Mach
number. From the results of the Mach 0.5 and 1.37 Jets, the following rela-
tionship is obtained for the Integral time scale:

toUc/D - x/D (2.2 + 1.8 Mj) (5-11)

With equation (5-1), this leads to

To (a - [(2.2 + 1.8 Mj) (0.165 - 0.045 Mj2) Uc/Uj]"  (5-12)

This relationship Is plotted in Figure 5.43 for M4 from 0 to 1.4. It
sLggests a mean value of about 3.8 which would agree with Larson et al.'s
val, e of 3.7 [5.21] for a jet issuing Into still air. Davies et al.'s (5.3]
results on the other hand give the value of 4.5, which is higher. The reason
is that they defined the time scale as the time for the moving frame auto-
correlation to fall to l/e instead of an integral scale as is adopted here
and by Larson et al.

5.4.2.1 Convection velocities

The two-point cross-correlation results permit the eddy convection
velocity to be determined. Figure 5.44 shows the variation of the peak time
delay with the axial separation of the two measurement points. By taking the
gradient of the straight line drawn through the data, an average convection
velocity of the predominating fluctuations may be determined.

The convection velocity is obtained over the flow field of a Mach 0.5 Jet
and is plotted as Uc/UJ in terms of x/D and r/D in Figure 5.45. Similar
results obtained on another subsonic jet (Mach 0.17) using hot-wires (5.20] are
also shown, and there is very good agreement between the two sets of results.
They indicate that at any axial station, there is a substantial variation of
the convection velocity with radial position. This is quite different from
convection velocities measured with microphones which stay essentially
constant across the Jet [5.22]. As was pointed out, the pressure fluctuations
tend to have a more global character while velocity fluctuations tend to be
more localized. It is clear therefore that the LV, like the hot-wire, is
deteoting these highly localized fluctuations.

On the jet centerline, the convection velocity rises with axial distance
and cuts across the results at r/D-0.4 and 0.5. The results along r/D -0.4
and 0.5, however, fall with x/O at first, but from about x/Din4, it is
essentially constant. At r/D-0.7 it rises initially but reaches a constant
at about x/D -4 also.
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The convection velocity of the radial velocity fluctuations is also

shown and at corresponding positions Its values do not differ significantly
from those of the axial fluctuations.

The results along the Jet centerline are plotted for varying Mach number
and temperature ratio in Figure 5.46. They show no definite trend with
changing Mach number. For all Mach numbers Uc/Uj rises rapidly with x/D up
to x/D-5 and subsequently falls slowly. Heating apparently affects condi-
tions in the upstream region; and at x/D-2.O, Uc/UJ is significantly lower
than the corresponding value for an isothermal Jet. Since the convection
velocity along the Jet ails is a measure of the velocity of the "large-scale"
structure, this suggests that relative to the Jet efflux velocity the
structure is moving more slowly for a heated jet, and reflects the rather
uneven heating of the Jet whereby the potential core is heated more than the
outer side. From x/Din4, the difference between heated and isothermal Jets
gradually disappears.

The variation of Uc/Uj along r/D-0.5 is shown for different'Hatch number
jets in Figure 5.47. For the subsonic cases, Uc/UJ remains essentially
constant at 0.63. For the supersonic case, however, the convection velocity
rises and reaches a value of about 0.8 Uj. Heating apparently does not alter
the trend significantly at this radial position.

5.4.2.2 Length scales

Figure 5.48 shows a distribution of the cross-correlation coefficient as
a function of the axial separation (Ax) of the two measurement points at T -0.
Such distributions provide Information on the axial extent of the coherence in
a given flow structure. The curve Is typical of results obtained within the
potential core of the jet. It has a damped sinusoidal appearance and is
reminiscent of the autocorrelation curves obtained in this region. It
suggests the recurrence of a high correlation at a distance from the fixed
point and reaffirms the existence of an array of fairly regularly spaced
"large-scale" disturbances in the mixing region of the jet [5.181. The
average spacing (A) of the disturbance is given by the distance between the
peaks in the correlogram.

Figure 5.49 shows the variation of X/D with x/D determined in this
manner for the Mach 0.5 Jet. The spacing may also be obtained by the formula
fpA "Uc where fp is the peak frequency of the spectrum and Uc the convection
velocity on the jet centerline. These results are shown in the figure and
there is good agreement between the two sets of results as might be expected.
Data obtained with hot-wires in a Mach 0.17 Jet (5.20] are also provided
and coincide with the present results for subsonic jets.

Figure 5.49 also shows the variation of A/D with x/O for different Mach
numbers. For the subsonic cases, changes in Mach number or heating do not
affect A/D. However, raising the Mach number to 1.37 raises AID.

Figure 5.50 shows typically the distribution of the cross-correlation at
,rG-0 obtained in the mixing region of the Jet (r/D -0.5). There is a continu-
ous fall in the correlation coefficient with axial separation and at large
separations it asymptotes to zero. For this case, an Integral length scale
is defined. This is given for axial separations by:
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Lx - R11 (Ax; T -O) dcx. (5-13)

0

The variaton of Lx and x is shown in Figure 5.51. Bradshaw et al.'s
[5.23], Davies et al.'s [5.3] data and those quoted by the latter are also
shown. From their quoted data, Davies et al. obtained a variation of Lk=.13x.
Jones [5.24] on the other hand proposed, on the basis of his measurement in a
shear layer, a relationship which Is half as steep (Lx-.O68x). The present
results together with Bradshaw et al.'s and Davies et al.'s own results seem
to indicate an even lower slope, with a possible intercept along the ordinate.
This is consistent with the results of Larson et al. [5.21], which suggested a
variation of the form L -0.20+.038x. The data from v-fluctuations are
shown by the flagged symbols in the figure and exhibit the same trends.

The results of the axial length scale for different Mach numbers and jet
temperature ratios are summarized In Figure 5.52 and tend to form a band. No
consistent trend can be detected with regards to the effects of changing Mach
number or the temperature ratio, and it is felt that since the measurements are
rather sparce, it may be better for the present to overlook any such effects
and draw an average line through the results. This line is given by:

Lx - 0.24 + .021x . (5-14)

A radial (transverse) length scale (L) may similarly be defined as per
Equation (5-13) from cross-correlation measurements obtained with radial
separations (Ar). The results are shown in Figure 5.53 and also form a band.
The band of data points appears to have a constant slope throughout the whole
jet and the average line through the data points may be represented by:

i
Lt - 0.14 + .O14x . (5-15)

The ratio between Lt and Lx is of the order of values proposed by Davies
et al. [5.3] and Jones [5.24].

5.4.3 Spectral Distribution from Measured Convection
Velocity and Length Scale

On the basis of the expressions for the cross-correlation given by
Equations (2-38) ("Gaussian Model") and (2-41) ("Exponential-Gaussian" model),
the power spectral distribution of the turbulence may be shown to be given by:

* - 10 log1 o [exp (-w
2Lx2/8wUc2)] (5-16)

where Lx is the axial length scale -2L, and Uc is the convection velocity.
Since the length scales and the convection velocity are now available, it
would be interesting to compare the spectral distributions determined from
Equation (5-16) with those obtained experimentally. Based on the measured
values of Lx and Uc, spectral distributions are computed for Jets at Mach 0.5,
0.9 and 1.37, respectively, at various points in the jets. These are shown
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typically in Figures 5.54(a), (b), and (c). The corresponding measured
spectral distributions are also shown, and it may be seen that the measured
and computed spectra compare very well. In particular, the frequency at which
the distribution begins to fall off and the initial fall is reproduced faith-

fully by the computed results at the various Mach numbers.

5.4.4 Fourth-Order Correlations

In the original Lighthill formulation of the sound intensity equation, a
fourth-order correlation of the source fluctuations is cal-led for. This is
essentially a correlation of the fluctuating stresses and is defined in general
by:

(Uiuj)A (ukuL)0 -Rljkl (&,') - (5-17)

where A and B refer to the two poiiits in the flow separated by a distance &";
and the bar and tilde denote mean and rms values, respectively.

The integral length scale of the fluctuating stresses may thus be
determined In a similar manner as before. For example, an axial length scale

would be given by:

1* (
Lx -f Rijkl (Ax,T) d(Ax) (5-18)

0

In principle, It is an extension of the second order correlation technique to
the processing of signals which are products of two fluctuating velocities.
Jones [5.24] conducted an extensive series of measurements of the axial and

traverse length scales in the free shear layer of a Jet using hot wires and
showed in the region of high shear that the assumption of a Joint normal
probability distribution of the velocity fluctuations is fairly well borne
out by the measurereits: e.g. Lx* - 0.55 Lx, L*-=0.63 Lt.

Fourth-order correlations are also carried out under this program using
the laser velocimeter since the four-channel LV permits measurement of velocity
fluctuations In two orthogonal directions at any two given points. The cross-
correlations are performed with u2', v2 s and (uv)I signals, respectively.

Figure 5.55 shows a cross-correlation distribution obtained in a Mach 0.9
hot Jet. It is carried out with (uv)'-signals. It shows a well-defined peak,
and the shape of the correlogram is very similar to those of second-order
correlograms. However, such correlograms are rare and constitutes only about
3% of the total of over 150 correlations performed with different signals In
different parts of Jets having varying conditions. Host of the others have

qualities which are poorer than those shown in Figure 5.56. SOme of the
measurements were repeated with more stringent controls of the flow conditions,
but this resulted in no Improvement. Therefore, only scant and sporadic data
are available on the convection velocities and the situation Is even worse for
length scales.
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Figure 5.54 Spectral Distribution
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/D 2 4 8

Lx  L'* L'*/Lx Lx LI* Lx*/L'x Lx Le Lx*/L'x

0.0 .49 .27 .55

0.5 .44 .37 .83 .51 .32 .63

0.7 .31 .25 .8o

Table 5-1 Length scales of (u') and (u2') Fluctuations

Table 5-1 shows some of the results of L * which could be determined
from the available data. They have been obtained with very crude extrapola-
tions of the available data points and must therefore be considered to be
very inaccurate. The corresponding values of L are also shown for
compa r i son.

The results of the convection velocity (Uc) of u2' and (uv)' signals are
shown in Figure 5.57 for the different jet flow conditions. (It is not
possible to determine U* from the results of v2' signals.) Corresponding
results from u'-signals are also shown, and they indicate that both the fluc-
tuating velocities and the stresses are convected with essentially the same
velocity.

The generally poor results from the fourth-order correlations is still
not clear. Various attempts were made during the course of the experimenta-
tion to identify the cause of the trouble. For example, it was thought that
the erroneous results might have been caused by a slowly varying mean
velocity which would not normally be taken into account in the data analysis
procedure. A subroutine was therefore incorporated into the program to
determine a running mean velocity, and the new fluctuating velocities based
on this running mean. However, this resulted In only a marginal change in
the appearance of the correlograms. Effort is continuing to try to resolve
this problem.

5.5 CONCLUSIONS

The measurement program undertaken in this phase of the study provides
better insight into the Jet structure. It confirms the basic suggestions
derived In the earlier phase of the work regarding Mach number effects and
affords new results on the effects of heating the Jet.

The salient results are summarized below:

(1) Radial distributions of the mean velocity collapse when plotted In
terms of U/Uj and rn*-(r-ro.5)/x. This applies to Jets at varying Mach
numbers and temperature ratios, and extends to about two potential core
lengths from the nozzle, Irrespective of the Jet flow conditions. These
distributions for varying Jet conditions collapse on one curve when plotted
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in terms of U/Uj and on*, a being the GBrtler spreading parameter which is

derived from the spreading rate based on the maximum slope (Figure 5.8).

(2) The spreading rate of the mean velocity (On) generally falls with
Increasing Mach number for jet temperature ratios of up to and probably a
little above 1.5. At a Mach number which appears to be associated with the
eddy convection velocity being supersonic, the spreading rate undergoes a
change and rises with increasing Mach number (Figure 5.7). The spreading
rate of the jet heated to a temperature ratio of 2.32 does not change sub-
stantially with Mach number and its distribution Intersects those of the
lower temperature jets at about Mach 1.0.

(3) The radial distributions of the temperature (Figure 5.9) also tend
to collapse when plotted In terms of &T/ATj-(T-To)/(Tj -To) and
nt* -(r-ro. 5t)/x, ro.st being the position where AT/ATj-0.5. Apparently,
r0.5 and ro.5t are not a constant distance apart for all values of x. The
spreading rate of the temperature distribution is higher than that of the
mean velocity distribution.

(4) The Kleinstein-Witze formulation [Equation (5-5)] for the centerline
distribution of the mean velocity appears valid for isothermal and heated jets
at Mach numbers of up to 1.7 at least, a good approximation for the value of a
is 1.35 (Figure 5.13). The actual variation of a with Mj and Tj/T o is
represented in Figure 5.14.

(5) The potential core length increases with Mach number., nd increased
heating reduces it (Figure 5.15).

(6) The peak turbulence Intensity in radial distribution falls with
Increasing axial distance (Figure 5.26). InitiaJly, the fall is very gradual,
but at about twice the potential core length It falls as 1/x. This applies
to jets at all Mach numbers and temperatures investigated. At the end of the
potential core, the peak value of turbulence intensity falls with Increasing
Mach number at first, but rises subsequently (Figure 5.28). There is
apparently no significant effect dutz to temperature.

(7) The peak turbulence"intensity in centerline distributions also
falls with increasing Mack'number. Heating in this case seems to accelerate
the fall (Figure 5.32),A-

(8) The Strouhal number falls with axial distance for all Jets (Figure
5.38). Initially, the fall is significant, but downstream of about x/D -6,
it begins to level off to a constant value. For subsonic Mach numbers,
increasing the Mach number of Isothermal Jets produces no change in the
Strouhal number. However, when the Mach number becomes supersonic, the
Strouhal number falls. This behavior is observed at both the Jet centerline
and along the lipl ine (Figures 5.38 and 5.39). Increased heating does not
affect the Strouhal number in the upstream region but downstream of x/D-4,
the value falls.

(9) The autocorrelation of velocity fluctuations in the moving frame
changes with Jet position and flow conditions. The time scale in the decay
of the correlation coefficient Increases linearly with x, but there are
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indications which might suggest that in the subsonic range, the increase may
not be linear beyond x/D-5 (Figure 5.42). This change in the slope is not
evident in the supersonic case.

(10) Along the Jet centerline, the ratio of the convection velocity
to the jet efflux velocity (Uc/Uj) rises with axial distance until about the
end of the potential core. Then, it falls very gradually (Figure 5.46). In
the middle of the mixing region, it changes little for subsonic jets (Figure
5.47). It rises for the supersonic jet. There is very little distinction
between u' and v1 signals for isothermal jets, and the effect of Mach number
and temperature is not apparent.

(11) The convection velocity for u2'-fluctuations follows the same
trends as for the u'-fluctuations (Figure 5.57).

(12) The rate of increase of the axial (Lx) and transverse (Lj) integral
length scales with axial distance is lower than the respective values given by
either Davies et a] (Figure 5.51). Furthermore, the present results indicate
that the appropriate equation for the length scale would have an intercept on
the ordinate axis.. There is no conisistent variation in the values of Lx' and
Li with Mach number and temperature (Figure 5.52). Consequently, average
values for the respective rates of change of L' and L with x are used.
They are given by L,'-.24 + .021x and Lt -. 14 + .o14x.
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6. UNIFIED JET NOISE PREDICTION PROGRAM

6.1 INTRODUCTION

The purpose of this section Is to present an overall description, in the
form of a user's guide, of the unified supersonic jet noise prediction program
(UNIJET) that has been developed by using the results and individual predic-
tion routines generated under the previous tasks, in conjunction with the
knowledge gained from the research conducted in the previous contract. In
addition to the UNIJET prediction program, a separate program for isothermal
jets is provided for the prediction of turbulent mixing noise at 900 to the
jet axis using jet flow measurements (Section 6.6).

The UNIJET program enables the prediction of total noise from a single
jet under static conditions for any desired set of jet operating conditions
(i.e. velocity/temperature combination or pressure ratio/temperature
ratio combination) and at angles and frequencies specified by the user. The
program is designed for use on the CDC 6600 or 7600 computing systems. A
complete listing of the program and a detailed flow chart are given in the
Appendix volume of this report.

6.2 GENERAL FEATURES

The total noise from a supersonic jet is taken to consist of contributions
from three individual or independent noise sources. These three noise sources
are (i) the noise generated by large-scale jet structure, (ii) the noise
generated by small-scale turbulence structure, and (iii) the noise generated by
interaction between turbulence and shock structure. In the prediction program,
the sound pressure levels due to these three noise components are labelled
SPLA, SPLB, and SPLC, respectively, and the sources are referred to as follows:

SPLA: Large scale noise
SPLB: Turbulent mixing noise
SPLC: Shock-associated noise

6.2.1 Program Options

In order to provide maximum computational flexibility to the user, the
prediction program has been carefully structured such that it can be executed
in any of the following seven options:

(OPNO -Option Number)

OPNO -1: SPLA
OPNO-2: SPLB
OPNO -3: SPLC
OPNO-4: SPLA, SPLB, and SPLT-SPLA + SPLB
OPNO-5: SPLB, SPLC, and SPLT-SPLB + SPLC
OPNO-6: SPLA, SPLC, and SPLT-SPLA + SPLC
OPNO-7: SPLA, SPLB, SPLC, and SPLT-SPLA + SPLB + SPLC
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In addition to the seven main options listed above, SPLB can be computed
using either one of the following two options:

BOPNO-1: High-frequency analytic solution to Lilley equation
BOPNO-2: Numerical solution to Lilley equation.

6.2.2 Limitations

(1) The prediction of large-scale noise (SPLA) Is restricted to the
following ranges:

Jet velocity Vj/ao  1.15
Observer angle 00s 0 s 450
Strouhal number 0.1 : S 5 0.5

Outside these ranges, SPLA is neglected.

(2) When turbulent mixing noise (SPLB) is predicted in conjunction with
large-scale noise (SPLA) (i.e. when OPNO-4 or 7), the SPLB contribution
within the parameter ranges given in (1) above is neglected.

(3) The shock-associated noise contribution (SPLC) is neglected when

8 <300 for Tj/ToaO.9 (i.e. heated jets),

and e <500 for Tj/To gO.9 (i.e. unheated jets).

6.2.3 Failure Codes

In addition to the major limits given above, several failure codes have
been incorporated in the program. The purpose of these failure codes is to
prevent a premature termination of the program execution (a) whenever a
parameter falls outside its allowable range or (b) when a numerical diffi-
culty is encountered in the computation. In other words, when the program Is
not able to provide a valid prediction at some angle/frequency combination,
it prints out an appropriate failure code, and proceeds to the next angle/
frequency combination. For each program execution, the explanations for
these failure codes will be listed on the first page of the output listing.

6.2.4 Option for Comparison With Measured Data

In the event that the user wishes to compare the predicted spectra with
the corresponding measured spectra, an option has been provided to facilitate
this. When this option is exercised, the program lists the difference between
predicted and measured SPL at each frequency and angle, and also computes the
standard deviation for the difference in spectra at each angle.
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6.2.5 Computing Time and Cost
The execution of the program on the CDC 7600 computing system requires

the following (nominal) computing time and cost:

, (1) Large-scale noise - SPLA:

10 seconds and $12 per frequency (all e)

(2) Turbulent mixing noise - SPLB:

(a) BOPNO-1: 1 second and $1 per test point
(i.e. spectra at all angles)

(b) BOPNO-2: 10 seconds and $12 per spectrum at each angle.

(3) Shock-associated noise - SPLC:

I second and $1 per test point (i.e. spectra at all angles).

6.3 INPUT REQUIREMENTS

The input parameters and their format, required to run the unifled jet
noise prediction program, are described below.

DIA R(1) 1 IO IoF01.O
DIA - Nozzle diameter (D) in Inches.
R - Observer distance (R) from nozzle exit plane in feet.

NANG NFREQ ISTART ISTOP

(2) 15 Is I1 is

ANG. - Number of observer angles at which prediction is required
(NA s 20).

NFREQ - Number of frequencies for which prediction is required
(NFREQ s30). Put NFREQ -0 if standard 1/3-octave band
prediction Is desired.

ISTART- Last 1/3-octave band number (as defined In Table 6.1) for which
prediction is desired. This parameter Is not required if
.NFREQ I O.

ISTOP -Last 1/3-octave band number (as defined In Table 6.1) for which
prediction Is desired. This parameter Is not required if
NFREQ 0 0.
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FREQ(I), - 1. NFREQ

(3) I 0 I P,0.0 I .0 0 F ° 0

FREQ - Frequencies (f) In Hz for which prediction is desired.
These are not required if NFREQ-O (as explained above).

TM(J). J-1, MANG

(4) FI0.0 !1F0.0 0 1 I 0 I °' ° I

TM - Observer angles (0m) in degrees relative to jet exhaust
at which prediction is desired.

* The following two cards, (5) and (6), are relevant to the shock-associated
noise prediction:

NS

(5) [
NS - Number of shocks (-8).

C KO Kl BC
(6) 1 ,o.o I P1o.0 I 1O.o Pi10.o

C - Eddy convection velocity constant (C) (-0.70).
KO - Average shock spacing constant (Ko) (-1.10).
KI - First shock spacing constant (K1) (.31).
BC - Bandwidth constant (b) (-0.2316 for standard

1/3-octave band prediction).

OPNO OPPER ICODE IFLG BOPNO ISS IOPT ILWR

(7) 15 15 15 15

OPNO - Main option number as defined in Section 6.2.1 (i.e.
OPNO-1 to 7 as desired by the user).

OPPER - Option number for Jet operating conditions. If the jet operating
conditions are specified in terms of Po, To, Vj/ao, and Tj/To,
then OPPER-O. If the Jet operating conditions are specified in
terms of Po, To, PR and TR, then OPPER-1.

ICODE - Option number to facilitate comparison with measured data.
ICODE -0 if comparison is not desired;
1CODE - for comparison with Lockheed measured data

stored on Tape 2;
ICODE -2 for comparison with user's measured data,

to be provided as Input.
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IFLG - Option number to control the printout from large-scale noise
calculations.
IFLG-O if Intermediate printing is to be suppressed;
IFLG-1 If detailed stability, transform, and wavenumber

information is to be printed.

BOPNO - Option number for turbulent mixing noise prediction.
BOPNO-1 uses high-frequency analytic solution to Lilley

equation;
BOPNO -2 uses numerical solution to Lilley equation.

ISS - Option for axial source distribution data In turbulent
mixing noise prediction.
ISS-0 - inferred from Lockheed eubeonic mixing noise data;
ISS - 1 - inferred from Lockheed aubaonic and aupereonic mixing

noise data (this provides the best overall prediction);
ISS-2 - if user desires to Input some or all of source data

In subroutine SELECT.

IOPT - Source model indicator (used with BOPNO-2 only).
IOPT-I - ring source, high frequency noncompactness assumed;
IOPT-2 - radial source distribution, high frequency coherence

noncompactness assumed;
IOPT-3 - general noncompactness (no assumptions).

ILWR - Print option for Lilley equation solutions.
ILWR-0 if all intermediate printing is to be suppressed;
i4WR-1 if intermediate values interspersed in the turbulent

mixing noise output (using BOPNO-2) Is to be pr!nted.

" If ISS-2 in the previous card, one or more of cards (8) through (16) are
required by subroutine SELECT; these special Input cards are described
at the end of this list.

" The following input (17) through (23) saioul be provided for every test
point:

TP

(17) 1

TP - Any test point (or identification) number desired by the
user to appear on output.

PO TOF VJAO TJTO

(18) iFO.O I FO.OI FO.I F iO.

PO - Ambient pressure (Po) In psla.
TOF - Ambient temperature (TO ) in *F.
VJAO - Jet exit velocity ratio (Vj
TJTO - Jet static temperature ratio (vTo).

This card is required only if OPPER-O.
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PO TOF PRG TRF

(19) 1F1° .0 IF1 ° .0 IF1.0 1Fl ° I.0

PO - Ambient pressure (Po) in psla.
TOF - Ambient temperature (TO) In OF.
PRG - Reservoir or total pressure (PR) in psig.
TRF - Reservoir or total temperature (TR) in OF.

This card Is required only if OPPER,-1.

RSW
(20) P--.

RSW - Turbulence intensity radial half width (nhw). This card is
required only if IOPT-2.

RSW ALTB BLTB

(2) 10.0 I F,0.0 I10.0

RSW - Turbulence Intensity radial half-width (nhw)._
ALTB, BLTB - Coefficients (a, bt) which determine Lt, the

radial-azimuthal coherence length.
This card is required only if IOPT-3.

IVEL lANG INCANG

(22) 15 15 15

IVEL - Number (according to Table 6.2) which specifies the test point
number at a particular value of Tj/To for Lockheed measured data.

IANG - Angle number (from Table 6.3) which specifies the first observer
angle at which comparison with measured data is to be conducted.

INCANG- Increment for advancing through measured data.
INCANG -1 for 7.50 increments,
INCANG-2 for 15.00 increments,
INCANG-3 for 22.50 increments, etc.

This card Is required only If ICODE-1.

(SPLM(IJ), I-7, 30), J-I, HANG(23) !6.1 I,6., I,6., I 6I. [1,
/

SPLM - User's measured SPL data for comparison with predictions.
This information Is required only if ICODE-2.

0 At the end of the Input data for the Zast test point, put a blank card.
This will end the program execution.

/
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Special Input Cards (Subroutine SELECT)

e The following Input (8) through (16) Is required only If ISS -2 In card

number 7:

(8) 15 15 15 IROII-,81115--

IRD - Option number which specifies whether or not the user Is going to
input a particular turbulent mixing noise source parameter (as
defined below).
IRDO if the user does not desire to input a parameter;
IRD -1 if the user does desire to input a parameter.

SPLNQ(N) , N - I1, 28
(9) F1O.O IF1O0 FO.O O.0

SPLNQ - 10 log10 (Iq)
This information is not required if IRD(1) -0.

CQ(N), N-1. 28
(10) . 1J. FlO.O 1O1.0 TF1O.0

CQ - Cq
This information is not required if IRD(2) -0.

SPLND(N), N -1, 28
(11) 1O 10.0 P.O_ 10.0 n.

SPLND - 10 logln 0ed)
This information is not required if IRD(3 -0.

CD(N), N -1, 28

(12) 1FlO.O I 10.0 IF1O.0 O.

CD -Cd

This Information Is not required If IRD(4) -.
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ETA(N), N-I, 28

(13) 1o.o 1 F IC. -o F1I 0

ETA - cs (hVs/Vj)t
This information Is not required if IRD(5) -0.

XE(N), N-1. 28

(14) 1F1.0 1O°.° !1 0 .0 F!I .

XE - cc (-Vc/Vj)
This information is not required if IRD(6) -0.

UCLUJ(N), N -1, 28

(15) 1 F1o.0 IFo.0 I F1o.0 FIO.

UCLUJ - Vmax/Vj
This information is not required if IRD(7) =0.

(DELRAD(NJJ), N,'-1 28), JJ-1.4

(16) 1 F10.0 I10.0 1 F10.0 F10.0

DELRAD -s/rj
This information is not required if IRD(8) -0.

tIf BOPNO-2 (Lilley numeric solutions), values of Vs exceeding 0.95 Vmax in
the jet transition region (1.0 S 6S/r j S 1. 819) 4aZ cause a program error. The
standard parameter vaZues in BLOCK DATA (used if ISS - 0 or 1) do not, but when
Vs is specified by the user it is recommended that values should be less than
or equal to 0.95 Vma,.
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Center Center
1/3 Octave Band Frequency 1/3 Octave Band Frequency

Number (Hz) Number (Hz)

1 50 18 2500

2 63 19 3150

3 80 20 4000

4 100 21 5000

5 125 22 6300

6 160 23 8000

7 200 24 10000

8 250 25 12500

9 315 26 16000

10 400 27 20000

11 500 28 25000

12 630 29 31500

13 800 30 40000

14 1000 31 50000

15 1250 32 63000

16 1600 33 80000

17 2000

Table 6.1 One-Third Octave Band Number and
Corresponding Center Frequencies
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File TIO T14 T18 T22 T28 T34

, Tj/T o  1 I.0 1.4 1.8 2.2 2. 34

IVEL Number

1 8 13 21 30 41 67
2 9 14 22 31 42 68
3 10 15 23 32 43 70
4 11 16 24 33 44 71
5 12 17 25 34 45 72

Vj/a o  6 51 18 26 35 46 73
7 58 19 27 36 47 74
8 63 20 28 37 48 75
9 53 29 38 49
10 59 54 39
I 64 60 55

Table 6.2 IVEL Numbers Corresponding to the Test Points at Each
Value of Tj/T o for Lockheed Jet Nixing Noise Data

Stored on File (Rear Arc Only)

Angle Angle
Number (Degrees)

1 15.0
2 22.5
3 30.0
4 37.5
5 45.0
6 52.5
7 60.0
8 67.5
9 75.0

10 82.5
11 90.0
12 97.5

Table 6.3 Angle Number and Corresponding
Angle for Lockheed Jet Mixing
Noise Data Stored on File
(Rear Arc Only)
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6.4 FLOW CHARTS AND SUBROUTINES

The unified jet noise prediction program (UNIJET) consists of the main
program, called UNIMAIN, and sixty-one subroutines. The flow chart for
UNIMAIN Is given in Figure 6.1. In addition, flow charts for the following
four na'iin aubroutinea are given in Figures 6.2 through 6.4:

LSNOISE/DIRECT (Figure 6.2) - Computation of large-scale noise
MXNOISE (Figure 6.3) - Computation of turbulent mixing noise
SANOISE (Figure 6.4) - Computation of shock-associated noise

The remaining fifty-seven subroutines are defined briefly below:

(I) CALPER Computes all parameters that describe the Jet operating
conditions (e.g. total pressure ratio PR/Po, total tempera-
ture ratio TR/To, static temperature ratio Tj/To, velocity
ratio Vj/ao, Mach number Mj, gamma ratio YJ/Yo, etc.) using
the input parameters.

(2) LSMAIN Intermediate routine between UNIMAIN and LSNOISE to handle
initialization, error messages and to determine the
absolute noise radiation levels.

(3) PJHRUN - Fourth-order Runge-Kutta integrator with round-off error
minimization for complex step size.

(4) DERY - Evaluates the local value of the function derivatives in
stability calculation.

(5) UEVAL - Calculates the mean velocity and density and their radial
and axial derivatives.

(6) LAGRAN - Minimization routine using an mth order Inverse Lagrangian
interpolation scheme.

(7) NCBRTS 1
(8) CBRTS - Calculates either the Bessel functions of the first and
(9) BSSLS second kinds or Hankel functions of first and second kinds
(11) BELZ for complex arguments and arbitrary integer order.

(12) HAN I

(13) INTEG - Three point Integration routine.

(14) RUNREL - Fourth-order Runge-Kutta Integrator with round-off error
minimization for real step size.

(15) DERY1 - Evaluates the local value of the function derivatives for
the axial wave amplitude calculation.

(16) COEFF - Calculates local wavenumber from tabulated values of a(s)
stored during stability calculation.
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(17) FFT 1
(18) I SOL
(19) IMOVE - Fast Fourier transform routines.
(20) IDASH
(21) IREV

(22) ASTART - Interpolation routine for starting elgenvalue guess from
(23) ISEQ tabulated values as function of Strouhal number, jet exit

static temperature ratio, mode number and Mach number.

(24) SIMQ - Solution of simultaneous algebraic equations.

(25) BLKLSN - Tables of initial elgenvalue guesses.

(26) SELECT - Sets up data arrays either from BLOCK DATA TMN and/or
from optional inputs and calculations.

(27) DOPPLE - Calculates flow parameters In source region and Strouhal
number for a given modified Strouhal number.

(28) GPT - Calculates the profile gradient at a specified position
(by iteration) for the error function velocity profile.

(29) LILLEY - Intermediate routine between MXNOISE and SUB2 where
numeric solution procedure is controlledi Calls DSETUP
and SUB2.

(30) DSETUP - Sets up parameters in the form required by SUB2, checks
that input parameters do not exceed certain limits.

(31) SUB2 - Controls numerical solution procedure. Calls AXIAL, SLOC,
VELT, CRIT, RABC, IDERY, HPCL, TRANS, WRCAL, RADCSD, TCON,
TS I GN.

(32) AXIAL - Computes profile parameters for either initial mixing or
fully developed region.

(33) SLOC - Computes radii of standard ring sources (specified in
terms of flow velocity/center line velocity).

(34) VELT - Computes velocity and temperature at a given radius:
also velocity and temperature (transverse) gradients if
required. Uses function routine ERF.

(35) ERF - Computes error function.

(36) CRIT - Computes (by Iteration) radius of critical layer.
Calls VELT.

(37) RABC - Computes Initial values of Independent solutions.
Calls CBESLI, CBESL2.
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(38) CBESL1 - Computes Bessel function of the first kind, of complex
argument and integer order.

(39) CBESL2 - Computes Bessel function of the second kind, of complex
argument and integer order.

(40) IDERY - Sets up relative error weighting vector for HPCL and
profile derivative indicator for VELT.

(41) HPCL - Computes approximate solution of a linear system of first-
order differential equations with given initial values by
Hamming's modified predictor-corrector method.*
Calls AFCT, FCT, OUTP.

(42) AFCT - Sets up coefficients of the two first-order differential
equations. CallI COEF.

(43) FCT - Sets arbitrary functions in set of linear differential
equation to zero.

(44) OUTP - Divides solution by Doppler factor raised to required
power, including critical layer case where Doppler factor
is complex. (Original purpose: to output intermediate
numerical solution information generated by HPCL).

(45) COEF - Computes coefficients of the two first-order differential
equations. Calls VELT.

(46) TRANS - Transfers data stored from one array to another.

(47) WRCAL - Computes Wronskian of the two independent solutions.

(48) TCON - Determines convergence of complete solution with
Increasing azimuthal mode order for each standard ring
source radius.

(49) TSIGN - Checks that solution Is greater than zero, otherwise
writes error message.

(50) RADCSD - Controls processing of basic numerical solutions to yield a
solutions for radially distributed source models. Calls
INTRAP, VELT and uses ERF.

(51) INTRAP - Controls computation of single or double integrals. Calls
QTFG, BESI and uses function routine SRPSO.

tBnW Sjietem/360 Scientific Subroutine, modified to incorporate ?eZative
errozr tet.
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(52) SRPSD - Computes radial Gaussian distribution of source strength.

(53) BESI - Computes the Bessel function ln(x)* multiplied by •~x.

(54) QTFG - Computes integration of monotonically tabulated function
by trapezoidal rule.t

(55) BLKTMN - Block data for mixing noise (B) calculations.

(56) LAGRNG - Interpolates the Ho(a) and C1 (a) master spectra for
argument 0.

(57) BLKSAN - Block data segment containing the two master spectra,
Ho (a) and C1 (a), for shock noise (C) calculations.

6.5 SAMPLE CASE

6.5.1 Input

The input data for a sample case with OPNO-7 and BOPNO-1 are shown in
Figure 6.5, and a listing of the corresponding output is presented in Figure
6.6 (seven pages).

The input data can be interpreted in conjunction with the description
given in Section 6.3, as follows:

DIA R2.l 0 12.0

HANG NFREQ ISTART ISTOP

(2) 1 0 7 30

(3) Not required.

J, J-1, NANG(4) [ 9 .

tIBM Syatem/380 Scientific Subroutine.
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NS

(5) l 8l

C KO K1 BC

(6) 0.70 1.10 1.31 0.2316I

OPNO OPPER ICODE IFLG BOPNO ISS IOPT ILWR
(7) 7 1 2 0 1 0 1 0

(8) - (16) Not required.

TP

(17) 11

(18) Not required.

PO TOF PRG TRF

(19) 14.20 70.0 28.20 1130.0

(20) - (22) Not required.

(SPLH(I,J), I-7, 30), J-I, NANG

(23) 86.7 88.41 88.71 90.21 92.5 94.5 96.9 99.8 IOO.2.102.1 103.3 105.2I

105.9 107.5 107.7 108.4 109.4 111.2 112.1 111.0 109.8 108.8 108.0 107.5

Finally, a blank card to end the program execution.

6.5.2. Output

The first page of the output lists the various failure codes (for each
noise source) and the corresponding explanations. These failure codes form
a very Important part of the prediction scheme, and they have been provided
specifically to prevent premature termination of the program execution. In
the absence of these failure codes, the program execution would terminate
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whenever a parameter (for example, frequency, angle, etc.) falls outside its
allowed range or whenever a numerical difficulty is encountered. With this
failure codes provision, however, the program Indicates the nature of the
problem (whenever it occurs), and proceeds to the next frequency or angle
until a valid computation of SPLA or SPLB or SPLC is obtained. In this
manner, the program scans through all frequencies and all angles and provides
the noise predictions, with correct answers where possible and failure codes
where a problem is encountered.

The second page of the output lists the standard values of the turbulent
mixing noise source and mean flow constants used in the program.

Following these two pages, the output consists of several pages for each
test point, as follows:

The first page shows the title, the test point number, and the option
number (OPNO) selected by the user. Following this, the output consists of
a list of various input parameters and several computed parameters that
describe the jet operating conditions. If OPNO-3, 5,6, or 7 is selected,
the remaining output on this page consists of a list of parameters relevant
to the shock-associated noise prediction.

For each value of the observer angle, the predicted spectra for each
noise source are first listed on a separate page, and this is followed by a
page that gives the total noise spectrum at that angle.

6.5.3 Typical Comparisons With Experiment

Typical comparisons between measured and predicted spectra using OPNO -7
(i.e., all three noise sources) for a supersonic, high-temperature jet are
shown in Figures 6.7 through 6.11, corresponding to observer angles of 300,
600, 900, 1200, and 1350, respectively.

6.6 PREDICTION OF ISOTHERMAL JET MIXING NOISE AT 900 TO THE
JET AXIS, BASED ON LV TURBULENCE MEASUREMENTS

This section is a user's guide to INTEG, a aepazmate computer program
from UNIJET which was written to evaluate a model described in Section 2.4
that predicts isothermal jet mixing noise spectrum levels at 900 -to the jet
axis. The model utilizes measured LV turbulence data but does not require
any "adjustable constants"; that is, It is an absolute noise level prediction
method.

The Input requirements, a description of the subroutines, and the flow
chart for the INTEG program are given in the following three subsections.
A complete listing of the program is given in the appendix volume of this
report.
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6.6.1 Input Requirements

The input parameters and their format, required to run the absolute jet
%noise level prediction program INTEG, are described below.

I.,

RUNNO

RUNNO - Run number.

FREQ(I), I -1, 24

(2 lOl FlOA FIO.

FREQ - One-third octave center frequencies, 7-30 (see Table 6.1).

TP

(3) F1.

TP - Test point number (TP <1 terminates execution).

SPLM(I), 1-1, 24

(4) F6.1 F6.1 _ F6. I

SPLM - User's measured 1/3-octave SPL data for comparison with predic-
tions at center frequencies 7-30 (see Table 6.1). These data are
not actually utilized in the program described in this report and
are only required in an alternative in-house program written
especially to generate comparison plots.

I OUT

lOUT - Print option for integrand output.
IOUT-0 no tabulated integrand output

#0 tabulated integrand output.

INTFLG

(6) I" ]
INTFLG - Indicator for source correlation function model.

INTFLG 01 Gaussian model
-1 Exponential-Gaussian model.

t
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(7) 5.

L NJ -Jet exit Mach number (Vj/aj).

VJ F

(8) P5.

VJF - Jet exit velocity (VJ) in ft/sec.

XC
(9) P5.

XC - Effective potential core length factor (xc,eff/xc).
(XC-2 In calculations of Section 2.14).

TOF
(10)[ ]I

TOF - Ambient temperature (TO) In OF.

K
(11)[ ]

K - Time constant factor.
(K w1.0 In calculations of Section 2.4..)

Al
(12)4

Al - Axial length scale coefficient (a,) - L.MaIx +bj.

(XI imi t 4 x XC ef f)

(13) P1.

BI -Axial length scale constant (b1) In Inches.
(xI ,iMt ( X 9 ccef f)

Cl

C1 Radial Integral constant (c) for upstream Integral
Co SX gxc,eff).
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A2

(15) 1°'

A2 - Axial length scale coefficient (a2) -L x - (a2x b2) d2

(Xc eff Cx g).C

82

(16) e,0.4

82 - Axial length scale constant (b2) in Inches (xc,effs x s-).

C2
(17) [15.1

C2 - Radial Integral constant (c) for downstream integral (xc,eff :x :s).

D2

(18) El04

D2 - Axial length scale parameter (d2). (02-1.0 in calculations of
Section 2.4.) (xc,eff :Sx :S)

(19)

A3 - Transverse length scale coefficient - Lt -a3x +b 3 (xlimit<x <).

83
(20) E1O°4

B3 - Transverse length scale constant in Inches (xiimit <xs-).

A4

(21) E1o.4

A4 - Axial length scale coefficient (a4) - Lx-a4x ("Initial Region,"

0 sx x I 1mit)

(22)

A5 - Transverse length scale coefficient (as ) - Ltma5 x ("Initial
Region," 0 sx Xlimit).
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XLIMIT

(23) 1 E0.4 

XLIMIT - Axial position (xlimit) in Inches at which Lx-a 4x, Lt-a 5x

changes to Lx-naIx+b, Lt- a3x+b 3.

RJ

(24) ,=,.,

RJ - Nozzle radius (rj) in inches.

R

(25)

R - Observer distance from nozzle exit plane in inches (assumed equal
to radiation distance, Rr).

PAMB

(26) E0.

PAB - Ambient pressure (Po) in psia.

6.6.2 INTEG Routines

FCT - Calculates upstream integrand for either the Gaussian or the
Exponential-Gaussian model.

FCD - Calculates downstream integrand for either the Gaussian or the

Exponential-Gaussian model (integration var!able is inverse of
axial coordinate).

FQA6 - Calculates modified upstream integrand for the Gaussian model
(integration variable Is scaled axial coordinate).

QA6 - Six-point generalized Gaussian-Laguerre Integration routine.t

DQG32 - Thirty-two point Gauss quadrature integration routine.t

IBM Sytem/360 Scientific Subroutine.

4.42
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6.6.3 INTEG Flow Chart
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APPENDIX 2A

MEAN FLOW PROFILES USED IN THE LILLEY EQUATION
(NUMERIC AND HIGH-FREQUENCY SOLUTIONS)

Two mean velocity profile shapes are used, one for the "Initial mixing"
region, extending to approximately seven diameters or nearly two potential
core lengths from the jet exit plane, and the other for the downstream
"fully developed" region. The mean, static temperature profile is obtained
directly from the velocity profile by assuming similarly between the
stagnation temperature and velocity profiles.

These profiles are not meant to be precise descriptions of the jet mean
flow field but are believed to be sufficiently realistic for the purposes of
calculating acoustic-mean flow interaction effects on jet mixing noise (with
Lilley equation solutions).

First, the two mean velocity profiles are given as a function of the
shear layer vorticity thickness, 6, and this parameter is then related to the
distance downstream from the jet exit plane, x. The static temperature
profile is then given and finally assumptions concerning values assigned to
the ratio of specific heats, y, are noted and the method of calculating y is
specified.

2A.1 MEAN VELOCITY PROFILES

InitiaZ mixing region (typically Osx/d s7)

V(r) 0(r) - 0.5 {1 - erf (AX)}t (2A-i)
VJ

where

x - (r-rj)/6 - .1676 (2A-2)

and 6 lies in the range

0 s 6/rj s 1.819 (2A-3)

FuZly deveZoped region

V(r) = #(r) - exp {-(r/6) 2 (e/2)} (2A-4)

Vmax

tThe error function is oaZouZated with the rationaZ approximation

7.1.27 of reference .
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Relations Between Shear Layer Thickness
and Distance from Noszle

In the initial mixing region the spreading rate d6/dx is assumed constant
and equal to 0.1313t, corresponding to a spreading parameter a -13.5
(d6/dx-A/o). Hence, where required in this section, the following relation
is used between x and 6:

x . 5 - 3.808 -- (2A-7)
d 2/, rj rj

or

- 0.2626 x (2A-8)rj

It follows from Equation (2A-7) and (2A-3) that the cross-over occurs at the
axial position

x- 6.926 (2A-9)d

with the spreading rate value adopted above. This cross-over point corre-
sponds closely to the point at which the spreading rate changes abruptly in
Figure 4 of a recent paper by Morris [2.23].

In the fully developed region the spreading rate is assinged a smaller
value deduced from Test Case 118 of reference 24 (d6/dx-0.08233) which is
also consistent with the results of Figure 4, reference [2.23]. The relation
between shear layer thickness and axial position is therefore

6.073 -L - 4.119 (2A-10)

rj

or

0.1647 + 0.6782. (2A-i1)

trhis value faZa roughly in the middle of the band of measured values shown
in Pigue 5. 8 and oorresponds closely to the Jet oondition VJ/a o  0.9,
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where Vmax , the centerline velocity, is given in Table 2A.1 and 6 lies in the

range

1.819 < 8/rj I - (2A-5)

Disousaion

The constant in Equation (2A-2) fixes the value of # on the lipline
(r-rj) and from previous work [2.13] this had been determined from measured
data to be *(rj) -0.6630, thus requiring the constant to take the value
-.1676. The "cross-over" from the Initial mixing to fully developed profile
was chosen by requiring the profiles to match at the lipline (since this is
generally associated with the noise source region, or close ot it). The
radius r0.6630 at which the fully developed profile takes the value #-0.6630
is related to the vorticity thickness by

r0.6630 - 6/1.819 (2A-6)

It follows that the Initial mixing profile applies if 6 sl.819 rj, but the
fully developed applies if 6 >1.819 rj as specified above by (2A-3) and (2A-5).

Sm xs/d Vmax/VJ Sm xs/d Vmax/VJ

0.0316 23.4 0.32 0.8 4.1 1.0
0.04 20.8 0.36 1.0 3.6
0.05 18.6 0.40 1.25 3.1
0.063 16.5 0.46 1.6 2.6
0.08 14.6 0.52 2.0 2.2
0.1 13.0 0.58 2.5 1.9
0.125 11.6 0.65 3.16 1.6
0.16 10.2 0.74 4.0 1.3
0.2 9.0 0.82 5.0 1.1
0.25 8.0 0.90 6.3 1.0
0.316 7.1 0.96 8.0 0.7
0.4 6.2 1.00 10.0 0.6
0.5 5.4 1.0 12.5 0.5
0.63 4.8 1.0 16.0 0.4

Table 2A.1 Centerline velocity Vmax variation with axial
position xs, as assumed for acoustic-mean
flow Interaction calculations (obtained from
Witze (2.221 with pj/poi1 and Mj -0.7)
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Profie Gradient

In practice it is not necessary to use the velocity profiles given above
when calculating the high-frequency solutions to Lilley's equation, the one
exception being the profile gradient dO/dx (at the transition radius r-rT)
which follows directly from Equation (2A-I) as

- - [-X 2 ] (2A-12)

This radial derivative (or the corresponding derivative of the fully
developed profile) is also required in the evaluation of numezical dipole and
quadrupole solutions. In addition, higher-order derivatives are required to
evaluate the mean velocity in the complex plane via a Taylor expansion and
these are expressed as Hermite polynomials - for both types of profile - as
discussed in reference [2.13] and evaluated by a simple recurrence formula.

2A.2 TEMPERATURE PROFILE (BOTH REGIONS)

The static temperature profile is calculated from

T(r) 1 + (i (r) (+ (*(r) 2 (r)) (2A-13)To " T+O

where T i is the centerline (static) temperature, To is the ambient temperature,
#(r) is the velocity profile given by Equation (2A-1) or (2A-4), y is the ratio
of specific heats and Vx is the centerline velocity, so that Vmax-Vj if
Equation (2A-1) applies--(initial mixing region). Equation (2A-13) is based
upon the assumption that the stagnation temperature and velocity profiles
across the shear layer are similar.

For prediction purposes Ti is obtained Indirectly from the empirical
relation derived by Szewczyk [2.111 (based on measured data taken from Corrsin
et al. [2.251) which gives the "source-region" temperature T s , associated with
a particular modified Strouhal number, Sm, in terms of the maximm source
region temperature Ts:

x- !
TS (Sm) a I + { o.8O0 (2A-14.)T0_ {O 98 +0 073 Sn21 0 25

where, from Equation (2A-13) with *(r) -Vs/Vj - 0 .6, Vmax-Vj and TI - TJ, the

maximum value is given by

Ts I + (L ) 0.T6+ L ! 2 ( 0) .6-0.62). (2A-15)

4.50
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*

The source region temperature is all that is required by the high-frequency
solutions to Lilley's equation, but In order to compute the temperature at any
radius in the shear layer for the numezical solutions, the centerline tempera-
ture is calculated from Ts/T o with the inverse of Equation (2A-13), viz.,

-- 1 _vlI ix\2  ITs y-l ___ 2 _s__2

i Y Va + s +Y 1 ( 21 max 2 (, V Sa/ T 2 (1s I \Va) (2A-16)

and then Equation (2A-13) Is used for all temperature calculations at that
(modified) Strouhal number.

In Equation (2A-15), y=-1.4 is used but once T s is obtained from Equation
(2A-14) and when acoustic-mean flow interactions are calculated either in the
high-frequency limit or numerically, the source region value, Ys, is used,
which is calculated from Ts with the empirical formula [2.111

Ys W 1.421 - (Ts/11800.0) + exp {-IT S - 4501/200.0)/80.0

(Ts > 2900 K)

- 1.402 (Ts :s 290
0 K) (2A-17)

W
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APPENDIX 2B

LIST OF SYMBOLS

i sound speed

aj, ai  sound speed in potential core, on centerline downstream

as, ao  sound speed in source region, ambient medium

aq, bg coefficients defining Lt/rj

C Green function coefficient

Cq, Cd quadrupole, dipole anisotropy coefficients

c radial integral constant (0.8326/nhW)2

D Doppler factor I -Vcoseo/a o

Dc, Ds  Doppler factor value for V'Vc, Vs

Dm modified Doppler factor

d jet nozzle diameter

F flow factor

f frequency

fa components of equivalent force per unit mass

Iq, Id quadrupole, dipole master spectra

ko  acoustic wavenumber in ambient medium, w/ao

kx  axial wavenumber (kx ikocoseo in calculations)

I Lilley equation differential operator

Lx, Lt axial, transverse coherence length scales

No  velocity ratio, V(r)/a o

Mj Jet Mach number, Vj/aj

Pc Vc/ao

N decay or shielding factor Inside cone of silence
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n azimuthal mode number

P power spectral density of acoustic pressure

p pressure; transverse noncompactness temperature exponent

PoO Pi independent solutions of homogeneous Lilley equation

Q, Qe source distributions

q axial noncompactness temperature exponent

Rr radiation distance

Rm  observer (or measurement) distance from nozzle center

r (cylindrical) radial coordinate

rj jet nozzle radius

r radius of half-velocity point

Sm modified Strouhal number, SDm

S Strouhal number, fd/Vj

T static temperature (absolute); averaging time

Tj, Ti  jet exit temperature, centerline temperature

Ts , To  temperature in source region, ambient medium

t time

V axial velocity of mean flow

Vj, Vmex jet exit velocity, centerline velocity

Vc convection velocity

Vs  source region flow velocity

vi, vOL components of velocity fluctuation

x i  Cartesian coordinates

x axial coordinate

xc potential core length

Xc,eff effective potential core length

xs  source location distance downstream from nozzle exit plane

J453



a, 8 transverse, axial noncompactness parameters

ao, 00 values of a,8 under Isothermal conditions (Ts/To 1)

y specific heat ratio

Ys, Yo specific heat ratio in source region, ambient medium

6 shear layer vorticity thickness, (Vj or Vmax)/IdV/drlmax

cc convection velocity ratio, Vc/Vj

Cs source-region flow velocity ratio, Vs/Vj

similarity coordinate for r.m.s. turbulence radial distribution
model, (r -rj)/x s

ns  position of r.m.s. turbulence radial peak

n hw half-width of r.m.s. turbulence radial distribution

eo, es  polar angle of radiation (wavenormal direction) in source
region, ambient medium

em  observer (or measurement) polar angle

K dimensionless radial wavenumber

Kj, K i  centerline value of K

Ks, Ko  value of K in source region, ambient medium

p density of fluid

mean density of fluid

PJ9 Pi mean density of fluid on centerline

Ps, Po mean density of fluid in source region, ambient medium

o shear layer spreading parameter

T time delay

T o time scale

0(2) power spectrum of square of turbulent velocity cross-correlation
function

c, 00 (cylindrical) azimuthal coordinate in source region, far-field;
mean flow profile, V/Vma x

X similarity coordinate for flow profile in initial mixing region
(r - r )/As
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A u radian frequency

-mconvected frame frequency

uM modified frequency, wDm

Subscripts

denote Cartesian coordinate directions (i -1, 2, 3)

i centerline value, downstream of potential core

J jet exit value

m, d, q monopole, dipole, quadrupole

s source region

T value at transition radius, r-rT

ly .... denote cylindrical coordinate directions (a =x, r,O)

o ambient region

Functions

erf error function

Hn Hankel function of the second kind

In  modified Bessel function

in Bessel function

W(Z1,Z2) Wronskian ZIZ -. ZjZ2

6 Dirac delta function
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APPENDIX 3A

The coefficients, Bi, in Equations (3.21) are given by:

B1 - - 2i8[M 2 U A + k (3A.1)

B2 = 2iB 2 dU (3A.2)

B3 = i (M2 U2 - 1)a (3A.3)

B4= 2iU 82 dU (3A.4)B = 3 drn

I :I dV dU + 2kV dU _,2k(U- ) dVI  <.,
85 = ilk(1 -___k U - * 2a 2 a

5 udr dii 62 din A dii (3A.5)

and

B6 2k2U dU dV + 2n[k + M2U] 22 2k3V IdU 2 .2 U
6 A3 dn dn A3 \dn 3 dn

The functions of h, and h2 in Equation (3.23) are given by

h, 2{kZ + M2Uj, d } (3A.7)62dn 7- 
A7

and

h2 -2 { L- d 2142 (3A.8)
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APPENDIX 3B

The Integrals 11 and 12 in Equation (3-95) my be written,

11 a, Bl + B2 Or 2RO dr (35-1)
0

and 12 - III a + B2 3ris + + B4 i (3B-2)

0

where

B1 - - 21 (M2URoQ - a) (38-3)

B2- 21w U (31-4)

83- I[M2U2Ro -I d+ I. H2cp(u V ) 21)2-, Iv

+2cV aU m2  2a2 U 2Q3  aU 2a2 OV 2V m2

+ 2 _r r2  0 -5 +---V-7+r - r

A r r2 Ro -M2!QRj (38-5)

B4 -21wU MaU +I 2a(2w- W) aU & 2M2RoVn03 Or ds g i 3 r as

+ a2u 2Gv aV 1 202v (a3U2  2w RO aU
+ ars n2  r r =g (Tr - I T

,I ,2 Iv Vl (31-6)+ r2  r r +r 2 -

-w- aU, (31-7)

and L "'A + rVr. (38-8)
as rOr
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The Integrals 13 and i in Equation (3-149) may be written,

13 2 T (, +(M20RoU) IM 7j.4- 1dr (311-9)
02 ara r r ,

0

and 14 - Ro aras Ro2 3r as 3r3s 12 3r as 3r
0

-2M202 - 2M21lRO ! dr. (31-10)

t
j
4

458

.... •-. . . .. .. . .. ._.,+! - -'-"w., - : -•='J " -'-m l n -



APPENDIX 3C

NEquation (3-107) is of the form

i ~~C 4- L 2 + C 3 I c H; '(r) + lcr + CS +c'  H; )r,(C

where the Ci are all Independent of r. The expression for l(r,s) in the
region r >rm is given by Equation (3-106a).

W () r (~2)(A~lts
Pl(r,s) - DI1

, (Xr) (A ri 1 r) fr )t,(t,S) tdt

r > rm

-iv (2) Jtt(C2
Nj-H (Ar)f ,)(Xt)x(ts) dOC2

r

it Is necessary to evaluate the two integral terms In Equation (3C-2) In
order to determine 01 (rs). Substitution of Equation (3C-I) for R, into
Equation (3C-2) leads to twelve separate Integrals. These Integrals have no
exact solution so it will be assumed that rm is sufficiently large that the
asymptotic forms of the Hankel functions and their derivatives may be used,
i.e.

Hi) (z) [_. -F

7_ 1 1 , (3c-5)
')'<z2 N +'W , .x 3)- -I

an i(2)'(z) ./:, i" " az. "i , 3C-6)

where X Z

and I 4 /m12. (See Abramowitz [3.51 ], Handbook of M2themaztioaZ 1Jnot .)
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The following Integrals have been evaluated:

r

(2) 2ri d (C

f (2)( t) H1) (t) tdt -- Oi, (3C-7)

(2) (At) H W (A t) dt 2 i -ntr), (3C-8)

r

(2) W 21

( t) t dt " 1 (3C-9)
f (t 2T U - xr2

r

(2 ) r( t ) " ( t) t2dt r ir  +)(3C-10)

rh(2)(00t) (l),(t) tdt 2 Xr- ( + 3) n(r) m (C-I)

m H U -) j'L+ 2 1 + - E ( i r e( C 5

r
(2) W , t 1 +(p+) Cr2

(At) 00 2  4WA2 - 11

[H ( ,Xt) (2 tdt - -=1 ,  (3C-13)

r
[H(l) ()t) ]2 dt EI--7"-Ie-' " +T l l r e . ('-5

r

I )(At) ]2 L tt 2 dt -L + 21' + - I+ + i" e + ' (m + ) , (C- 6

r

r
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r 2ixri")" +ji "  (m4.*)

3 2r2 Ur 1121x ) 3 EI(2ire -T(3C-18)

where Ei{az) is the exponential integral given by

z

Ei(az) - J - dz . (3C-19)
.-4

Note as Re(az)-+--, Ei{az) -, 0.

Making use of the Integrals given by Equations (3C-17) through (3C-18)
and noting that as r-o-

2X
Ei(2iLr~e-i -m I . 2. _, (3C-20)

the Equation (3C-2) for 1 (r,s) finally becomes

ICtr _it2 CS; r 2 + I(tt+3)r
,(r,s) D,1 - - (IC r) + I + +

+ 5 +I( +3) i(r 16A2

+CI12iX Ln~) 162C 6 I2Xr 2A2r2I
C l c:3 ic( t + 3

S4X2 rI 2 2,X Ir
Xr w Lr+a232A3~

C5 _1_ 2 r2 + 21Wr
W 2r 2Xr 3W__3~r r 3I

!C2LI C3A 21 ~CS A C6(3 )f
! F2s ax c ;

eix .I (C-21)

Ix

. -. ,. ---. P..



vs As r-im the equation behaves like
01(r,s) - Kjr 2H~i)(AXr), (3C-22)

r

where K, VT Ir2 TS

which Is a function of s alone.
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APPENDIX 3D

The mean flow Integral equations lead to the following expressions for
the variation of jet half-width, b, and centerline velocity, Uc, downstream
of the potential core

(a) H - 0, Tj-1 (incompressible, Isothermal)
b "/"i/u c, (3D-I)

d!- 3aK/b, (3D-2)
dx

duc uc db (303)

(b) M -0, Tj I (incompressible, non-isothermal)

b2 a(1Tj -Tj)uc + ,nJl - (I -Tj)ucl', (3D-4)

db aKuc 3 .(5 0 -Tj) IUC2  (I uc)
x 21 (iT-u)

I'x 2- ' u c (I Tj)
1-u € (i-Tj) "Tj)u ll

+ In 1I - I (3D-5)(1 -T+)2

duc 2a(I - (I -Tj)u) db (D-6)
dx'- -" " b3u€ Tj dx'

(c) M 0 0 (compressible)

b2 1!_AALnJAC 2 +BU -11 - B in (2Auc + B -) Q (30 O-7)
2.A 1(2AUc+B+k) (B "Sk

db aKuc3P.s Uc (B+Auc)
Tx 2 AT 2A2  £n~c 2 Sc I

-(B2 + 2A +ASuc) I (2Auc+B-k) (Bek)l -1-8

+" X ,,,I Tr I

2A2k 'n (2Auc+ "+ k " , (308)
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duc (AUc 2 Bu€ - 1) db (30-)
ucb3 Tj dx

where a - 0.693147, (3D-10)

A - ('y-I) M2/2, (3D-Il)

B- (1-Tj-A), (30-12)

and k - (B2 + 4A)*. (30-13)
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APPENDIX 3E

NEAR-FIELD AZIMUTHAL CROSS-CORRELATION EXPERIMENTS

In this Appendix a brief description is provided of a series of azimuthal
cross-correlation experiments in the near field of an axisymmetric jet. The
aim of the experiments was to determine which azimuthal modes dominated the
near field. It was argued that the near-field fluctuations in pressure would
be dominated by the large-scale turbulent motions. The arguments justifying
this hypothesis are given by Liu (3.19] and Morris [3.11]. The original
purpose of the experiment was to determine the absolute initial amplitudes of
the pressure fluctuations associated with jet Instabilities of different
mode numbers. However, because of the good agreement between the entire near-
field predictions and experiments, described in Section 3.3.4.3, the
calibration of the absolute levels associated with the jet instabilities was
based on the comparison of far-field measured and predicted sound pressure
levels. This calibration process was described in Section 3.4. However, the
experiments demonstrated how the near-field pressures were dominated by low
azimuthal mode numbers and also indicated that the noise radiation at small
angles to the jet axis differs in character to that at high angles.

The tests were conducted In the Lockheed-Georgia anechoic facility using
a 2.1 inch diameter convergent nozzle. Since the time needed to perform the
correlations was fairly lengthy, it was decided to operate the nozzle sub-
sonically at a high exit temperature. This way the jet velocity ratio,
Vj/ao, was greater than unity and the jet exit velocity was subsonic. These
conditions were easier to keep stable. The tests were conducted at test point
39 on the Lockheed experimental program chart: Vj/a -1.48, Tj/T0 -2.27,
Mj-0.982, PR/Po -1.83. A ring of nine microphones B&K 1/4-inch) were
clamped on a circular mounting mechanism at equal radial distances. The
entire ring could be moved to different axial locations and the micro-
phones could be positioned at any radius. The microphones were spaced
azimuthally at equal separations of 45 degrees. The microphone outputs were
fed to a switching unit which fed in turn the signal from each microphone and
the output of a reference microphone in the ring to a Hewlett-Packard 3721A
correlator. The cross-correlations between each microphone and the reference
were obtained and recorded on paper tape. The data were then processed on a
Univac 1108 digital computer.

The cross-power spectral densities for each microphone pair were obtained
by calculating the Fourier transform of the cross-correlation functions
recorded on paper tape. The amplitude of the cross-power spectra were stored
at three frequencies corresponding to Strouhal numbers of 0.1, 0.3, and 1.0.
A Fourier series decomposition was then performed for each Strouhal number to
determine the azimuthal mode number content of the pressure fluctuations.

Cross-correlations were performed at the radial and axial locations
shown in Figure 3E.1. Sixty-seven test locations were used. Mode number
distributions and levels were obtained for three typical Strouhal numbers -
0.1, 0.3, 1.0, corresponding to frequencies of approximately 1000 Hz, 3000 Hz,
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and 10 kHz for the jet exit velocity of 1800 ft/sec. At each location the
power spectral density of the pressure at earh Strouhal number were obtained
for azimuthal power mode numbers up to m-8. The power spectral density
levels at several locations in the near field are shown in Figures 3E.2
through 3E.6. Several features are noticeable. The further downstream the
location the lower the frequency, or Strouhal number, of the highest power
spectral density levels (compare Figures 3E.2 and 3E.4). Also, as the angle
to the jet axis increased (based on an origin at the jet exit) so the power
spectral density levels for the higher order modes became of the same order
as the lower order modes. However, at small angles to the jet axis the only
appreciable energy content was in the lower order modes. This change was
also noticeable in the pressure spectrum shapes at small and large angles to
the jet axis. At the smaller angles there was a peak in the spectrum and
the autocorrelation function showed a distinct periodicity. At the higher
angles, 6 >45*, the autocorrelation function decayed very rapidly and the
pressure spectrum showed no peak. Thus, many of the measured features of
the near field showed the anticipated characteristic features of the jet far
field, with noise radiation at small angles being dominated by wave-like
disturbances with low azimuthal mode numbers.

The reduced data at each measurement point enabled contour plots of
equal pressure power spectral density by frequency and azimuthal mode number
to be drawn. These are shown in Figure 3E.7 through 3E.12. The contours are
obtained by fitting a curve of the form

power spectral density - A + Bx + Cx2 + Dxy + Ey + Fy2,

using a least squares multiple regression scheme. The contour plots are very
similar for the m-0 and the m-1 modes though, for these jet operating
conditions, the m-0 mode has a generally higher level. The maximum levels
for the highest frequency occur close to the Jet exit and those for the
lowest frequency occur further downstream. The contours cover only a
relatively small area where hydrodynamic pressure fluctuations dominate.
This explains the qualitative correspondence between these measurements and
the calculations of the near field by Morris [3.11].

In summary the experiments showed that the near field of an axisymmetric
Jet may be conveniently divided into two regions. For angles to the jet axis
greater than 45 degrees, there is no preferred azimuthal mode structure to
the near field as it is probably related to random turbulent motions. For
angles to the Jet axis less than 45 degrees, most of the fluctuating energy
is concentrated at the lowest mode numbers and the pressure has a strong
periodic component. The frequency of this preferred period decreases with
distance from the Jet exit. The pressure fluctuations in this region of the
near field may be readily associated with the large-scale instabilities of
the axisymmetric Jet.
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