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Bayes Estimates of the Variance of a Norma]. Population for Prior
Conjugate Distributions of Independent Parameters with Application

to Estimation in Finite Populations

by

S. Zacks

1. Introduction

Let L1, . . .,X~ be i.i.d. random variables having a norma]. distribu-

tion N(i.t,a2), -~~~ < ~ < c 1 0 2 
< Co, where both p.x and a are un-

known. Consider the problem of estimating the distribution variance a2.

Let 
~~~
, S~ be the sample mean and the sample variance, respectively.

is an equivariant estimator, with respect to the group ~ of real affine

transformations. It is well known that S~ is inadmissible for the squared-

error loss function. Moreover, all equivariant estimators of a2 are

inadmissible (see Zacks (3; pp. 3614)), this is due to the fact that and

2 — . 2are independent and X~ has also some information on a ~ that can

be utilized to reduce the mean-squared-error (MSE) of the variance estima-

tor. Bayes estimators of a21 with respect to the squared-error loss, for

any prior distributions having positive p.d f. for all points in the para-

meter space, are admissible estimators (see Zacks [3; pp. 365)). The ques-

tion is whether such admissible Bayes estimators are substantially ~~re

efficient than the minimum-MSE equivariant estimator = ~~~~~~~~ S~. In the

normal. case the proper Bayes estimators of a2 have more complicated form

than and sometimes a computer is needed for their application. However,

today the need for using a computer is not an obstacle. The justification for

using a complicated estimator is only in substantial improvement of effi-

ciency. Box and Ti& (1] and Zellzier [ 5)  provide formulae of formal Bayes

estimators of ~
2
, using the improper Jeffery’s prior H(~i,a) = dê.Lda/c.

c~is
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The corresponding formal Baye s estimator is however equivariarit and. is not

better than &~ . DeGroot (2) presents a proper Bayes estimator which is

admissible. This Bayes estimator is derived for the prior conjugate dis-

tributions so that, given ~
2
, the conditional prior distribution of ~t is

normal NG,~
2
a
2) and the prior marginal distribution of ]./2a2 is the

gamma distribution Gamma(~
t,v), where is the scale parameter. The

Bayes estimator corresponding to this prior mode]. is

2 ~ 
+ (n-l)S2 + ri(3~ - )

2
/(l+n~t

2)
(1.1) °BD

_ n n
n + 2 v - 2

In the present paper we develop the Bayes estimator suggested by Zacks

(3; pp. 366], assuming conjugate distributions of independent prior para-

meters ~.i. and a
2. More specifically, we assume that p. — NG ,D

2) and

1/20
2 .~..Gamma($,v). Although the difference between DeGroot’s model and

the present one seems small, the two models are actually quite different,

since in the former the prior nor~nal distribution of p. depends on 
2

In the present model of priorly independent parameters we obtain a substan-

tially more complicated Bayes estimator, designated by . In Sec-

tion 3 we compare the relative efficiencies of the three estimators

°BD and The Bayesian framework developed here is applied in Sec-

tion 14 for the derivation of the Bayes estimator of the variance of a

finite population, which is discussed by Zacks and Solomon [14.].

2. Derivation of the Bayes Estimator

Let B = 1/20
2. The likelihood function of (p.,e) given the minima].

sufficient statistic ~~~~~ is

_
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(2.1) L(~,oJ x ,s2 ) = ~2 e~~(_ ne ( ~~
_
~ ) 2 

- (n-1)eS~),

for -~~ < ~ 
Co and 0 < e < Co • It follows that the posterior p. d. f of

(~,o) , given (~~,s
2), for the independent conjugate priors is

n
2 ~~+ v - l 2 2(2.2) k(it,O1X~,S~) e exp C_n9(X~

_
~ ) —

O < 9 < C o .

It is easy to verify that

(2.3) 
~:

-n9
~~
n -p .2 - p.••~~)

2)~~ =

=,/~~~D(l+ 2n9D
2)_I exp(_ fl~

1+ 2n B D

Hence, the posterior expectation of ~
2 

= 1/29, given ~~~~~ is

(2.14) E(a2IX ,S
2) =

Co—+v ...2 ¶ 1. -
‘

~ 
(l+2n9D2)~~ exp .~- 

fl~~ 
2~~n

’
~~ 

e((n-1)S~+$)~deL l+2neD )
Co~~+V -1 2 1  ex~

f 

ne 
2 n ~~ 

9((n_l)S2+$))dO
0 l+2nOD

This is the Bayes estimator &~]~ By making the transformation X = 2nOD2

we reduce (2.14) to

(n-]iS2+$ M (X,i~+v_ 1,~
2)

B1 n 2 ’n+2v -2 M L(X,~~~
+ v ,b )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



where

(2.6) x = ((n-1)S~ + $)/2nD
2
, ~

2 
=

.~~~ for each r = 1,2,... and X—Gatmna (X,’~)

(2.7) Mr(Xsv~8
2
) = E((l÷X) 2 exp( ..c .

The function Mr(X
~
v
~
52) is determined in the following manner. We make V

first the expansion

(2.8) Mr(X
~

\)1~
2) = E (_~~~)

2 

~~ 
E
X,v((l÷X~~+r/2)

Let p(j[x) denote the p.d.f. of the Poisson with mean X. Then,

• (2.9) M (?~,v,5
2) =

where

v ~~/2 Co

(2.10) R~( r X .~v15
2) (_ 1)i 

r(v) (1+x)3÷~
’/2 e~~

X 
~~

( 1)i ~~ e~
2/2 + Co 

________ e~~~r(v) ~ 1
J 1 ’

Suppose that v is an integer and r = 2m+l, then

(2.11) R~ (r,X1v,52) = (-l)~ 
~~
;
~~~2+~ i

E ( l ) i(i+\
~

]
~> 

(x)

where generally

(2.12) E~~~(X) = 
~~~~~ 

e~~~dy, £ O,±1,±2,...

These exponential integrals are determined by the recursive formula

ii
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(e~~’ + ( L _
~~)E L~~(X ))/ ~V ,  £~~~1

(2.13) E~~~(X) =

X E_~~~ (X ) ) , £ � -l

where

(2.114) E~~(X) = 2j~ (1-

and ~(z) is the standard norma]. integral. If v is not an integer other

expansions can be attempted or the value 0±’ the M-±’unction can be deter-

mined approximately by linear interpolation between the values of the M-func-

tion corresponding to the two integers adjacent to v. In the Appendix we

provide a FORTRAN subroutine function to compute Mr~~1
v
~
E) for integer

values of v.

• 3. Relative Efficiency Comparisons

In the present section we compare the three estimators ~~, ~ 1) and

with respect to their relative efficiency. For the purpose of com-

paring the Bayes estimators with the equivariant ones we define the rela-

tive efficiency of an estimator ~2 as the ratio of its MSE to that of

More specifically, the relative efficiency function of ~2 is defined

as

(3.1) RE(~
2
1w) = fl±~ /E2((& - 02)2),

where w = ~~~~ We derive first the relative efficiency of aBD. Notice

that n(~~_i)
2 a

2
~
2
[l; n(p.-~)

2 

~, where ~
2
(l; x] designates the non-

central chi-squared with 1 degree of freedom and parameter of non-cen-

V
) 

trality X .  Let n’ = n+2v-2 then
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22 n(~-p.122 
13 a~~~[l, 2

_________ 
2a(3.2) 

2 

~_4 + 
~ x1[n- 

+BD n n’ (1+nK2)

with x~[’3 and x~[’; ]  independent. Hence,

22 2 t~ 1 
(i + 

n(~ .- )  

) 
- (2v-1) ÷ 2 1(3.3) EI. OBD) = 

~ + 2
~ LL+n~t a a - ,

and

(3.14) var(&2 j = 
2a~ [ ________

J .22BD ~~~~ V ( 1+n~ )

1 + r~C (2v-l) + then the relative effi-Let C = (p.4i)/~ and ~ = 2 -1+nK 2 j 2 0ciency of °BD depends only on 
~, ~~ ~ , v and n and is given by:

a

(3.6) RE(& C~4,r,’~) = 
n+2v-2 I 2v-l
n+l L1 - n+2v-2

_ _ _ _ _ _ _ _ _ _  
~2 ~~-1

+
(n+2~~2)(l÷n~

2
) 

+ Z(n÷2~~2)J

The estimator is considerably more complicated and rio explicit

formula of its MSE can be derived.. We can compute its MSE, however, num.er-
— 2  22ically in the following manner. Since n(~~ - p~) .— a ~ [1; x] with

n 2 we can write

( 
+ 2W1

~.2 22 14 (a
~~~ E((OBI_ .a ) 3= a E L /n

~~
((j÷

~~~ 
2 n

/2n~t ,~~+v-1,  2W2(J)/ri~2) 2

.

+ 2W1) / 2n~t
2 , + v 2W2 (J)/n~2)

I n-l\where w1,w2(J) are independent, W1 ‘-Gamma ~~~~~~ 
, w2(j) — Gamma(1,~*J)

and J is a Poisson r.v. with mean )
~. Let G(x~v) be the c.d .f of

I

I
_ _ _ _  

& V
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Gamma(l,v) at x, let G~~(p1v) be the p-th fractile of Gamma (i,v). De-

fine = G~~(.99(.!~~), ~2(j) = G~~(.OO5I*+j) and ~2( j )  = G~~(.995j1+j).

The risk function (3.7) is determined by computing first the conditional

expectation given J numerically over the range (O,!1)x(~~ 2 (J),~ 2 (J)).

• The conditio nal expectations are then averaged with respect to the Poisson

distribution with mean ).. The range of integration for each J is par-

• titioned into MXM rectangles. Let ~1(i) = i~1/M for i = 0,1,. .  ., M

and let ~2(J , i) = 
~~2 (~ ) + i(~2(~ ) - 

~~2 
(J ))/M, i = O,...,M. Furthermore,

let ~2(J,i) = (~~2(J,i) + ~2(J,i-l) )/2, i= l ,..., M, and let J~= Integer part of

(X + ii. ~J) ) .  Then, a numerical approximation to the relative efficiency of is

given by 
*

(3.8) E(&~1;C,-~,M,v)~~~ p(j l x)
a

(—~ ÷2ç(i1)

M M r ~ \ M1~~ 2 1~~ + v _ 112~2 (~1i2)/n t2)z . ________________________________________

~~~ 
i2 1[~~~? 

1 ‘ 

_~~÷ 2 ~1(i1)) / 2n ~t
2,~~+ v ,2 (j, i2 )/n t2)

- 
] 

. (G(~1(i1) I~~~~
) - G(~1(i1-l) Iv))

(a(~2(j,
i2) I + i) - G(~2(j,i2-l) I I  ÷ i)) )

V The functions G(x~~+j), j = 0,1,... can be computed recursively accord-

ing to the formula

~ r(i*j ) ~~~~ e
X 

+ G (xfj -~ ), i � 3.

(3. 9)  G(x~~*j) =

2~W 2x)_ l , j = 0

_ _ _ _ _ _ _ _ _  V
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The function G(x( .~~2 ) is computed similarly if n is even. If n is

odd we apply a similar recursion with G(xll) = l-e~~. In Table 1 we pro-

vide values of the RE functions of &
BD and for n = 10,

4 = 2,6,10; ‘v = 2, = 2 and C = 0, .5 and 1. We see that for C = 0
o

is more efficient than Furthermore, for ~ =0 and 4 small con-

siderably more efficient than the best equivariant estimator &~ . However,

when C � .5 aBD is generally more efficient than &~~ , but both esti-

mators may be less efficient than &~ (recall that is minimax~).

V Table 1. Relative Efficiency Values of &
~D 

and
for samples of size n = 10.

1r/a 2 v RE(&
~D
) RE(&~1)

2.0 2 . 0  2. ci 0 .0  1.373 1 .34C
6 .3  2 . 0  2. 0 0 .0  0.96.3 3.3:37

1 ti. 0 2. 0 2. :i ci . ti 0. 3:3~ ci .
2.t’ 2.) 2.0 0.5 1.351 0.467

2. :) 2.0 :i .5 0.?33
10.0 2. 2. ti 0.5 :1.331 0.276

I ~~~~~i _ . c  _ ..  ~~~.. S .c  S . L . I V _I

2 . :  2 . )  1 .0  0. 353 0. 149
10.0 2. CI 2. Ci i .  0 .360 0. 04t

Ii.. Estimating the Variance of a Finite Population

Let be the values of N units in a finite population. We

consider the problem of estimating the variance ~
2 

= 1 •E (x. — p . ) 2,
N N N 11 1

= .~ ~~~~~ on the basis of a sample of n values X.~,...,X chosen from

that population. Zacks and Solomon (11.] presented the form of Bayes estima-

tors of a~. We derive here the Bayes estimator for the squared-error loss
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when the model is that X~, . . . , XN are conditionally i.i.d. N(p .,a2 )

and that p. ~~N G , D2), 1/202 
~~Gaxnma (~ ,v) .  This model actually implies

that the variates in the population are exchangeable random variables having

a distribution which is a mixtrue of norma]. distributions. Without loss

of generality one can assume that the sample consists of the first n

variates x1,.. .,x~. Let be the sample mean and = ~

the sample (classical) estimate of Let be the mean of the
2 1 N 

•-* 2population variates which are not in the sample and 1N = ~ (x
1
-x~ ~)

i=n+l
it is shown in [14] that

, ., 2 n .2 / n~ 2 n, n~i— —~~

~14..l) 0N N ~ + I
~
l N )1•

N +
~~~

l_ j
~
)I

~
X
fl

_ X
N n )

We derive here the Bayes estimator = E(a~ (~~~) according to the above

model. One should determ.ine the posterior expectations of .4 and

of G~~
-xN f l) , given the sample values = (x1,...,x~). Notice first

that since are conditionally i.i.d, given

2 2 N-n-i 2E (r  ix a )=  aN-n ..n N-n
( 14.2)

V —* 2 2 2 — 2BC xfl~
.x
N f l  ~~~ ,p.) = i— + (p.-x

Hence,

2(14 . 3) ~ = E(a. ( x  3 =B v~

n~~2 n 1 2 n n — 2
j~ 
a~ + (l-~~)(i-~j)E(c 1~

) + ~ ( l_ i ~)E[p ._x~) ~~~

LV ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



We have seen in Section 2 that

( 14.14) E(a
2 I~~~

) E(a 2 I~ n~&~

+ ~ M
1

( X,.~ + v- 1,~
2)

— 

n+2v-1 M
1

(X ,~~ + v ,b2 ) ‘

where 
~ = (n&

2 + 4t)/2nD2 and ~2 = - ~ ) 2/D2. To derive the posterior

expectation of (p. - ~~)2 we write first (see Zeflner [5; pp. 223)

= w + Cx~-~)
2
(i-w)2,

where W = D2/(D
2 

+ a2/rì). Finally, since 2-~ W = D2(l + 2neD2)~~ and

= (1 + 2neD2Y
2 

we obtain

(14.6) E((p.-x )2(~~,&
2) = D2E((l÷2nOD2)

_u
I~~,&~3

+ (
~~

_ i i) 2E (1÷2neD2Y
2
F~~,&~3

and the Bayes estimator of a~ is

n 2
A2 fl ~.2 1 ~~~~~ M.~(X,~~+v- 1,~ )

(14.7) °B N 0n + ( l _ V ~ )( l_ .~ ) n-i-2v-2 / n 2
÷ V ,3

n n 2 ________________________

~~~~~~~~ )

Prior risk comparisons of the estimator with the classical estimator

are given in [14].
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Appendix: FORTRAN Program for the Computation of M~~~~v,~
2)

The subroutine function is called BM(IR,AL,V,DS) where IR 4- r,

AL 4- X, v 4- V, DS 4~
. ~~ The subroutine function consists of three main

parts (lines 10-170; 180-1430 and 1440-680). This is then supported by

FUNCTION c(1,K) (lines 690-850 ) which computed the combinatorial function

(
~

). FUNCTION POS(J,AL) (lines 860-1070) computes the Poisson c.d.f. with

mean AL i- X at J 4- j. Finally, FUNCTION DNDX(X) (lines 1080-1270) com-

putes the standard normal integral ~(x) . In addition, the gamma function V

GAMF(W) 4- r(w) is utilized in line 300. This function was computed with

the computer library subroutine. If such a routine is not available one

should supplement a subroutine FUNCTION GAMF (W).
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