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A b st r a ct

A p r e v i o u s l y des igned  ex tended  K a l m a n  f i l t e r , ba::cd upon the

p r o p o r t i o n a l  g u i d a n c e  law , aerod ynamic  drag e q u a t i o n , and a f i r s t  order

lag model of the m i s s i l e  t inc  r c ’ s p ( n s c ;  is modi  f i e d  for th ree  d i r n e n s i  onal

use. I ts  purpose is to e s t i m a t e  va r ious  s ta tes  of an o f f e n s i v e  n i s s i l e

by process ing  the l i n e  of si gh t  measurements  made by t h e  t ar Cet  a i r c r a f t .

A s i x — d e g r e e — o f — f~’eedom , s tochas t i c  m i s s i l e  model is developed and

presented in Fortran code. Monte C a r l o  anal yses of the f i l t e r ’ s p er~~

fommance arc generated fcr ‘four different trajectories. These

trajectories test for diffe rent oritnt a ti on s nf the line of si~~.it ,

different acceleration profiles of the missile , and differen t ~~ounts

of roll induced upon the missile by a three dimensi onal , conic torn.

The extended Kaima n filter is desi gned in the lir e of si ght f r anc

and is composed of eleven states. They are : two line of si ght orien-

tation angles , two inertial angular velocities of the line of sipht ,

range , closing velocity , two lateral acc elerations of th e missile, and

three constant parameters. The constant paramet ers are the  propor-

t ional  navigation constant (which exp loits an assumed mis sile guidance

scheme), a ti me constant (for ti r e firs t order lag model of mis sile

time response) , and the missile ’s ma ss over surface ratio (for computing

aerodynam ic drag of’ the missile). The filter assumes that t he  m i s s i l e

is m o n — r o l l i n g  wi th respect  to the l i n e  of si ght  frame , and tha t  the

l i n e  of si gh t  frame i s  n o n — r o l l  i np  wi th r e s n e et  to the  ne r t i  al f ran c .

It also assumes that flu’ missile is non— thrusting

.x
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P r e l i m i n a r y  r e s u l t s  are p r o m i s i n g . The fi l ter is onl y tuned for

one traject ory due to time l imitations, yet its estimation of the

p o i n t i n g_ t r a c l : i r l g  s t a t e s  p rov ide  good a i d i n g  for all trajectories.

Parameter estimate s and missile acceleration estimates for the other

trajectories are degraded due to improper tuning of the two parameters .

However , it is fel t that additional tuning of those parameters will

increase the f i l t e r ’ s accuracy for the other trajectories. Plots of

the Monte Carlo resul ts are provided , as %lell as the Fortran computer

program used in the simulation .
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A PRACTICAL Th RE E DIM E NSIO N AL , 11

STATE EXT ENDED KAL MAN FILTER FOR

USE IN A FIRE CONTROL SYSTEM

AGAINST NON—THRUSTING N I  SSILES

I.  Purpose of Thes i s

Introduction

In tomorrow ’s wartime environment , offensive missiles will play a

leading role. Future aircraft must either neutralize the missile

threat or avoid it altogether. Current research is focused primari ly

on neutralization methods involving , among other things , laser

weapons . However, certain information must he available before a

laser can be used to neutralize a missile.

The most obvious requirement is information about the missile ’s

velocity and positi on. Accuracies required by a laser weapon are

generally beyond the reach of most pointing—tracking systems. Aided

pointing and tracking systems — those systems which use a stochastic

kinematics model of the object being track ed to predict future position

and velocity — have met  wi th  vary ing degrees  of success (Rcfs 1 ,4,5,9).

Generally, research has shown that the more accurate the stochastic

mo del , the more accurate the p o i n t i n g  and t r i c k i ng . Yet , the model

must be simp le enoug h to he practical. By limiti ng the variety of

tracked objects to an attacking missile — particularly a non—thrusting

mi ssile guided by proport i onal navi ga t ion  — Cusu rnano and DePontc



demonstrated the f e a s i b i l i ty  of a p lanat ( two d i m c l r ; i o n n l )  ei ght  s tate

extended Kalnian f i l t e r  based upon a f i r s t  order lag model of the

mis sile ’s lateral acceleration response. This filter model , when

compared to filters incorporating less structural acceleration models

(such as first order Gauss—Nrtrkov models), increases the accuracy of

two dimensional pointing and tracking against a wide variety of pro-

portional navigation missiles. But other requirements must be

fulfilled as well.

A not—so—obvious requirement is threat evaluation. Obviously, if

a m issile is not , or will not , be a threat , no action against it is

required . In a multi ple missil e environment , knowledge of each

missile ’s threat may mean the difference between life and death . Not

only is it necess ary to neutralize the most threaten ing missile; it

is also necessary to quit neutralizing as soon as the missile loses

track and to move on to the next threat. In this way , the aircraft ’s

defensive capabili ty  is greatly increased .

It appears , however , that laser weapons will requi re a rather

large airframe. Therefore , fighter aircraft will still need to

practice avoidance techniques. Current avoidance techniques rely on

intelli gence reports to hel.p plan a low threat route . When something

goes awry and the aircraft is attacked , it attempts to “lose ” the

mis sile through the use of special maneuvers. In fact , “wild weasels”

purposely engaged surface—to—air nissilcs during the Vietnam war to

discover launch sites. These special mission ai craft successfully

outmaneuvered the mi ssile and destroyed the launch site .

h owever , these techni ques rely on humans to maneuver the aircraft .

Studies  show hu m ans are l i m i t e d  in the number  of tasks tha t  can be
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handled itt one time as w el l  as the speed of accomp l i shment  ( l lc f  1 5 : 1 7 — 3 9 ) .

In future wars , l ow  threa t  routes may not be available. In addition , a

multi ple missile threat will probably be too fast—paced and com plex for

humans to handle. Therefore , some machine must be used to extend the

human capabilities.

One such machine could be a computerized autop ilot that emp icy s a

stochastic missile model . This type of autopilot could obtain estimates

of missile lateral accelerations and dynamic response characteristics.

With this knowledge , special algorithms would choose the best maneuver

that would cause the missile to attempt to exceed its performance

limitations. Thus , the missile is avoided . Missile threats could he

handled one at a time or, ultimately , all at once. But this method is

definitely beyond the scope of this thesis. Rather , the objective of

this thesis is to take one more step towards a stochastic model capable

of being used in a system for threat neutralization and threat avoi-

dance.

Statement of the Problem

The research of Cusumano and DePonte demonstrates that a reduced

order model for the missile ’s lateral acceleration response (specific-

ally, a first order lag), can be used in an extend ed Kalman filter as

an effective aid to pointing and t racking (Re f  1). However , the

extended Kalinan filter, and the model upon wh i c h  it is based , is

planar (two dimer,siorral)* . In additi on , the filter ’s performance is

proven for only two , missil e—target trajectories. Therefore , this

Note : Ti r ro ig liout t h i s  thesis , the term “dimen sional” will refer to the
physica l system , i . e .  t w o  d i mn c n : ;  i onal  is ~1an:i~’, three dim en-sional is the physical world . The sise of a filter will be
referred to as “states ”, such as “eight ~ t i t  es ’ and “11 states”.
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thes i s  w i l l  b u i l d  two t x t e r t d e d  K a l mu n  f i l t e r s  appropr ia te  to a r ea l i s t i c

three  d i m e n s i o n a l  env i ronmen t  and test them under a variety of trajec-

t o r i e s .

Two ways to build a filter are proposed . The first way projects

V three dimensional line of sight (the vector that points from the

mis sile to the target) notion into two , orthogonal , vertical planes.

A two dimensional , eight state extend ed Kalman filter is used in each

plane to obtain state estimates of the two projections. These two sets

of state estimates are then used to obtain three dimensional estimates

of the line of sight motion , thus aiding the three dimensional pointing

and tracking problem . But this filter is limited to the performanc e

demonstrated by Cusumarro and DePonite. Approximations necessary for

three dimensional app lication will most probably reduce the filter ’s

accuracy unacceptably. The second way builds art extended Kalman filter

based upon a three dimensional missile model and is potentially more

accurate .

The three dimensional missile model will “sp lit” the missile into

two orthogonal planes. A first order lag model of missile response

will be used for each missile plane . The two missile response models

will be coupled to the three dimensional measurements available from a

pointing—tracking system . It is conceivable that a different choice of

state space and/or the processing of additional information available

from sensors w i t h i n  the target a i rcraf t  could imprcve f i l t e r  performance

beyond the c a p a b i l i ty demonstrated by Cusumano and DePonte .  Therefore ,

these fac tors  w i l l  he invest igated .

Since the second approach shows greater promise than the first ,

the following objectives arc established :

4
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1. The three di m ensional app lic ation of 2 , eight—state fi l-

ters will be investigated , primarily as a learning tool

for gaini ng the physical insi ghts into a m i s s i l e — t a r g e t

encounter which are required to accomp l i s h  the second

ob jec t ive . No a t tempt  wi l l  be made to produce a proven ,

workable filter since this approach is not f r u i t f u l  in

genera t ing  a f i l t er  wi th  accep table performance.

2. A three dimensional  m i s s i l e  model wi l l  be desi gned and

incorporated i nto an extended Kalman f i l t e r .  This  model

will be an extension of the work accoirp lished by

Cusumano and DePonte . The filter will be tested against

a representat ive va r ie ty of t r a jec tor ies .  Recorninenda—

t ions wi l l  be made to d i r e c t  f u t u r e  research.

In both the above objectives , the results obtained by Cus urnano and

DePonte (Ref 1 .2) will be used as a baseline for comparison . Time

constraints imposed upon this thesi s will have a major impact upon the

accomplishment of these objectives.

Monte Carlo Analys is

Both objectives require tes ts  to be performed on extended K a lman

filters. The evaluation of an extended Kalman filter requires the use

of a Monte Carlo analysis. A comp lete descri ption of a Monte Carlo

analysis is contained in Reference 7.

In a Monte Carl o anal y s i s , the f i l t e r ’ s e s t ima te s  of the states

arc compared to u s  true values of those states (which are computed

by a “truth model”) during one missile—target engagement . To produce

one test , the engagement is repeated several times with different

5 
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samp 1e~; of simulated noises. The Comparison s from each engagement  are

statistically averaged to demonstrate the f i l t e r ’ s performance. T h e

more c n g a p e m : i e m t t s  t ha t  are averaged , the closer the test resul ts

d e m o n s tr a t e ’  the true s t a t i s t i c a l  performance of the f i l t e r .  However ,

each engagement , or ruit , adds to the cost of a Monte Carlo anal y ’3is.

There fore , an appropr ia te  number of runs , p ,  must be chosen.

To demonstra te  the v a l i d i t y  of the choice foi~ p ,  a variance con-

version chart  is const ructed (see  Fi gure 1). The variance observed

for one particul ar data point as the number of runs , p, is increased

is plotted . As p increases , the computed sampl.e variance converges

to the true variance value . However , not all data points converge at

the same rate. Since it is possible that this data point will converge

quickly, thus falsely indicating convergence for al l  data points after

only a f e w  runs , four data points arc analyze 1 . The variance of the

slowest converg ing data point is used to determine  an appropriate  p.

The tests performed in this  thesis show excellent variance conversion

for p equal to twenty . The Monte Carlo results , which are contained

in the appendices , have variance conversion charts for each test.

6
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II . System Truth Models

T n t  m o d ~~c t i n

The truth nmodt ~ wh ich is req uired in a Monte Ca r lo analysis is an

accu rate ’ maHien a’ ica~ repre sentation of the real w o r l d .  It is used to

t e s t  and f i n e  t u n e  t h e  per formance  of’ the extended Kalman filter by

prov i d i ng tr ue values of the st ale s wh i ch the filter is estimating .

Thus, errors in the filter ’s state estimates can be evaluated statis-

tical ly. Any e r ro r s  or invalid assumptions in the truth model will

corrup t the “1 rue  value s” and degrade the effectiveness of filter

von fi eat i on . Th erefore , it is c sscnt ial for the t r u t h  model to

por t ray the 1e ;i  s e m i  ci phenmomena as accurat ely as poss ib l e .

The t r u t h  mo del  a . c d  i n  t h i s  M onte  C a r l o  anal y s i s  i s  compo sed of

two c( mnp ’ n e n t  n v s t  em m o d e l s  — one for  t h e  m i s s i l e  and one for  the

t a r p e t  . P r e v i o u s  heses  are used extensivel y for t he  numerical

detail s of each svsten mode l (r e f  i , F ) .  However , t h e  m o d e l i n g

approach for th e missil e is signifi cantl y al t ered t o insure an

accu rat e , three—dimensional r( p m V ( V s c n t a ~ i on .  The t a r g e t  t r u t h  model

requi res only minor modification .

Missi l e Mod el

Model s for guided nm i ssi ice can he p a r t i t i o n e d  in t o  three  b locks :

the seeker b l o c k , t i m e  g u i d a n ce b lock , and the  a u t o p i l o t / d ynamics  b lock .

The seeker hi ock measures  t he  t a r g e t  ‘ s r e l a t i v e  p o s i t  i o n  and/or

dy n am i c s .  T h e  g u i d a n c e  hi  aclc uses t h e se  meas urements to d e t e r m i n e

8
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m i s s i l e  aece lera t  i on c m ij a r i d s  ( o r  act ua t  o r ’  C V O V
~~~

V
~~~~cI5  ) that will cause

ta rge t  intercept .  The a u t o p i l o t/ dy n a m i c s  b lock  t r - a n s f ’or m n s  t h e  acceler-

a t ion  commands i n t o  l i f t i n g  forces , w h i c h  produce  l a t e r a l  a c ce le r a t i o nF .

Time  lags , errors in desi gn assump t i o n s , and env i ronmc l Vm t a l  d i s t u r b a n c e s

can cause error’s in ta rge t  in te rcep t .

This missil e truth model uses a vector approach , representing

necessary i n fo rma t ion  as in e r t i al l y c o o r d i n a t i z cd  v e ct o r s , uncoo rd ina—

t i zed  vec tors , and scalars . An i n e r tia l l y c oor d i n a ti ze d  vector , w h i c h

is a set of three component values , is represented as a cap ital letter

with  an under l ine  ( R ) .  Under l ined  smal l le t ters  ( r )  represent

c o o r d i n a t i z e d  un i t  vectors .  The uncoo rd ina tiz ed  vector , which  is a

sing le va lue , is represented as a cap i t a l  l e t t e r  wi thout  under l ine  ( R ) .

An uncoordina t ized  vector  is simp ly a magni tude  ( l e ng t h )  of a vector

wi th  si gn ( d i r e c t i o n)  i n fo r m a t i o n .  Thus , R= 5 points  in  the oppos i te

d i r ec t ion  of R = —5 .  However . R is not def ined in r e l a t ion  to i n e r t i a l

space. A scalar is represented as a sm a l l  l e t t e r  w i t h o u t  an under—

l in e ( k ) .

Three reference frames are used in the m i s s i l e  m o d e l :  the i ne r t i a l

frame (i), the missile body frame (b) ,  and the m i s s i l e  seeker  frame

(s). The origin of the inertial frame is located at the target’s

position at the start of the engagement and remains inertially fixed

(see Figure 2). The m i s s i l e ’ s in i t i a l  p o s i t i o n  i s  i n  t h e  ( i 1,  i 2 )

plane (the plane formed by the two axes !i and i 2 ) .  The axes and 1,

are horizontal , and i2 is vertical (up). The axis i~ points away from

the missile , as in the fi gure. The inertial angular velocity of the

ear th  is assumed t o  be neg l i g ible  d u r i n g  th e  shor t  per iod of engagement.

9
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Therefore , t h e  ( i 1 ~~5 
) plane is a l w a y s  hon z on t a l  . G r a y  i t  v i s  assumed

to he in  the 
~
!2 d i r e c t  ion w i t h  constan t m a g n i t u d e .

The o r i g in of t h e  missil e body (b) frame is the  m i s s i l e ’ s c e n t e r

of mass (see Figure 3). The missile centerline is the b 1 axis. However ,

u n l i k e  c o n v e n t i o n a l  bod y frame s , the b 2 axis points out of the top of

the missile (negativ e c o n v e n t i o n a l  yaw ax is )  and the b , axis points out

of the m issile ’ s right side (positive conventional p itch axis). Thi s

unconven t ional body frame allows easier modification of previously

developed comp uter  sof twa re ( R e f  1) .

To simp lify the mi ssile model , the seeker ’s inertial angular velo-

city is assumed to be independent of the missile ’s inertial angu lar

veloci ty (ine rtially stablized seeker). Moreover , the distance betw een

the missile ’s center of mas s and the seeke r is assumed to be negli gible

relative to other distanc es in the problem , such as range. Therefore ,

the orig in of time seeker (s) fram e is assumed to be the missile ’s

center  of mass .  Located at t h i s  o r ig in  is the seeker p ivot  poin t

(see Figure 4). The seeker ’s centerline is the s 1 axis. The s~ axi s

is constrained to the (b1, b 3 ) plan e. The s2 axi s fini shes the right—

hand or thogonal  s frame . Thus , the  t h r e e  coord ina te  f rames are

de f ined .

Seeker Block

The m i s s i l e  seeker  con ta ins  a sensor (much l i k e  the human  eye

looking throug h a r i f l e scope) t h a t  develops  an output if time target is

not centered in its field of view . This out pul is fed back into a

drivi ng mechanism (in driver (the arms holding time rifle), which moves

the sensor to center the target. When the target is centered , the

sensor output is zero .

11
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The sen sor ’ s f i e l d  of v i e w  can ~~ represented as a c i r c ul  sm di so

p a r a l l e l  to time (5 7 ,  s~~) p lane. Its center’ is located an arbi~ r u m - v

di stance from t h e  se ek er  p i v o t  po in t (see  F i gur’c 5) . The crosshmai r’s

of the sensor  are in t h e  s 2 and s 3 di rections , respec t i v e l y. The

drivers are located at  the seeker’ p i v ot point and produce inertial

angular’ motion of the seeker. One d r i v e r  produces inertial rotation in

the s 2 direction only;  the  o the r  driver produces i n er t i a l  r o t a t i o n  onl y i r

the S 3 d i r e c t i o n .  The p ivo t  po in t  is phy s i c a l ly c on st r u c t e d  such t h a t

s , r e m a i n s  in t i m e (b 1, b 9 ) p l a n e .  In t h i s  way , t h e  p i t c h  and yaw axes

of the  seeker remain  proper l y o r i en ted  to the p i t ch  and yaw axes of

the mis si le , allowing seeker out puts to be directl y coup led to this 
V

g u i d a n c e  b l o c k .

Mo st two dimensional ~e c h u r ~ can be mode led  as t ,,,VO independent

f i r s t  order  lag ne kcorks — one for each - d i r e c t i o n  ( R e f  11 :32) .  The

inertial angular  rate of the  sensed l ine  of si ght  vec to r  is the

network ’ s input; the ang le 0, between t ime sensed line of si ght  vect or ,

~sLoS ’ and the se eker centerline , s~~, is the network ’s output . Seeker

block ou t pu t s , h ow ev er , are o f t e n  the inertial angular rates of the

seeker — the feedback p o r t i o n  of t h e  f i r s t  order  lags.  (Th e  sensed

l ine  of si ght  vec tor  p o i n t s  f rom the a i s s i l e  to  the apparent p os it ro n

of the target.) Since 0 must he sma l l  for  mos t  sensors  to lock on to

the target , it can be t r e a t e d  as a vector and b r c h r ~ i n t o  componen t s

c o r r e s p o n d i ng  t o  each l a c k  c i r c u i t  ( S e c  Fi gure  6 ) .  ( i f  l a rge  ang les

are a d m i s s a b l e , order  of r o t a t i o n  becomes important , making thi s iype

of sensor n o n l i n e a r . )  A l i ne a r  sensor w i l l  produc e tw o voltage

outp m mt e , each pr port i an a l  t a the respect ive error ang le comp onent.

These volt .ac’,cs are amp l i li ed into currents and led into the drivers .

14
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A constant c u r r e n t  coup led to  a l i n e a r  d r i v e r  on a f r i c t i o nl e s s  p ivo t

produces  a c o ns t a n t  a n g u l a r  r a t e  of the seeker’ (Ref  3 ) .  I t  is assumed

that  t h i s  i d e a l  seeker’  model adequa te l y m ’ e p r e s e r m t s  seeker  p e r for m a n c e .

To m e c h a n i z e  the seeker mode l s , the error ang l e  compone n t vec tors ,

~~ 
and 03 (which arc time component vectors of 0) m ust be modeled. These

angular  components  can be d e f i n e d  in terms of 0;  and the unit vect or

that  points  from the  i n t e r s e c t i o n  of the  seeker c e n t e r li n e  and the

sensor field of view , to the intersection of the  sensed l i n e  of si ght

and the sensor field of view (s ee Fi gures 5 and 6). The

equations that describe t h i s  r e l a ti o n s h i p are:

02 = O (s  
~~~ 

(1)

o. = o ( S 2 
~~~ 

(2)

where 
~ a 

= the unit vec tor  that po ints  in the d i r e c t i o n  of the sensor

error. The unit vector 
~a 

can be approximated as:

r510~ 
— S 1

k 
— ‘ (3)

—a 
~~ SLOS 

—

N ote r Equa t ions  (1), (2), and ( 3 )  require e to be small  enoug h to he

treated as a vector.

The error angle , 0, is defined th roug h tim e dot  p roduct  f o r m u l a

to be:

0 = cos~~’ ~~ ~ SL0S~ 
( 4 )

where t ime valid r e g i o n  of 0 is 0 < 0 < ~r

Note  t h a t  t i m e  ( ] e l i f l j t  i ons  of 0 and k d e t e i ’m i n e  t h e  d i r e ct  i o n s  of 0 2

17
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and 0~ in equations (1) arm d (2). Positiv e- 02 is a rotation about time

~~~ 
axis , and pus i t ive 0 , is a rotation a b o u t  time s 3 ax i s .  This

convent i on al laws equat i  OflS fran both missile planes (equal ions (1

and (2)) to be identical — a practice tha t  w i l l  a l so  be used in t i e

dynamics  b l o c k .  When these components are used in the first order lag

seeker model , the  set of equations beconme o :

-l (5)
~~ 

- 
12 s + —

1 3

( 6 )

where W 2 ,  W 3 ~~~ 
s , components of the inertial angu lar velocity of

~ SL OS 
( rad/sec)

02~ 0 3 = 
~~~~~~ 

s 3 components of the error ang le , 0 ( rad )

s Lap lace transform s

= seeker tine constant (see)

Different seeker tinre constants could be specified to model a seeker

wi th  d i f f e r e n t  dynamic c h a r a c t e r i s t i c s  about its two piv ot axes.

The ou tpu ts  of the seeker b l o c k , W and W , are the feedback
— S 2  — S 3

por t ions  of the two f i r s t  order  l ag  models  (see Fi gure 7 ) .  Th ey are

also two of the three seeker frame components of the seeker frame

i n e r t i a l  angula r  v e l o c i t y. The t h i r d  seeker frame component , 
— S I ’

in the s1 direction . The vec tor addition of IV and W must  be in
— S I

the b 2 d i r e c t i o n  to m a i n t a i n  the c o n s t r a i n t s  imposed by the seeker

frame ’ s d e f i n i t i o n , i . e .  the c o n s t r a i n t  on 5 3 t o lie in t he  (b 3 ,  b 3 )

plane. From p e o n e t  rv ( see  F i gure  8)

18 
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W = W co +0 (7)
5 1  Sr  5

where O~ = t ime ang le betwe en s~ and b 2 ( rad )

W = inertial angular velocity of seeker along s 1 ax i s  ( rad/sec )

S2  
= inertial angu la r  velocity of seeker along 

~~2 axis ( rad/’. ; e c )

The seeker frame i n e r t i a l  a n g u l a r  v e l o c i t y ( in  i n e r t i a l  coord i n a t e s)  is

W = W  + W  + W  ( 8)
— S — S r  — S 2  — S 3

and
sx

= ( 9 )
—s sy

sz

where = seeker frame inertial angular velocity in i~ direction

(rad/sec)

= seeker frame i n e r t i a l  angu la r  v e l o c i t y  in d i r ec t i on

(rad/sec)

= seeker frame inertial anpular veloci ty in i 3 direction
$2 —

(rad/sec)

W w i l l  he used to de te rmine  the orientation of the seeker frame.
—s

The o r i e n t a t i o n  of the seeker frame in terms of the i n e r t i a l  frame

is defined to be:

s1 = c~~ [1 o 01
T 

(10)

= c~ f o  ~ 
~~T (11)

= c7 ~o 0 11
T 

(12)

where = direction cosine matrix from i to s frame.
I
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T i m e  dy n a m i c s  of the dir -e el ion cosine cimmt r i x a ( ( V  5 p (V  c - i f i c - d  by (Uc - f 16:23)

pC~
’ = C (13)

where  p = first den - i v ;m  i \ e mci th respect  to t i m e

o —w UI
sz sy

i k
= UI C) —UI

I S  55  sx

—UI (.3 0
sv sx

By i n t e g r a t in g  e q u a t i o n  (13) , t h e  on en tat  arm of he seei’:er f r ame  is

specified. Thus, the dynamics of the s ee k e r -  b lock , from the sensed

line of si ght  to thme seekor b l o c k  o u t p u t s , b and 1 , ar c  specified.

To comp l e t e  the descri p t ion  of the seeker  b l o c k , the sensed  l i n e  of

si ght , r 51 05 , mus t  he s p e c i f i e d .

The sensed line of sight , ~~~~~~ is derived in  t ime  s i m u l a t i o n

from the true line of sight , LLOS ’ wh i ch i s Ihe unit vector 11cm ’ pointS

from the missi ’e position to the t rue  t a rge t  p o s i t  ion . The t rue line

of si ght  is bent ; and d i s t o r t e d , much like the im age of  a fisi. in

water is disp laced and di st or t ed by wat er n ipp les and ang le of si g h t .

The missile ’s nose cone produces ab e rr a t i o n  error , s i m i l a r  to e rr :-s

caused by the r e f r a c t i o n  of l i gh t .  G l i n t , the rmal , and scintil lat i n

noises (Ref 5:27—30) further corrup t the in o g e  posit i mm , l ike ripp~ eS

in the water. To accc,unt for these effects , the t r ue  line of sight ,

~LOs
’ is rotated by arm ab e r r a t i o n  error ang le and tw o flo~ se angles.

One simp le model for tim e abi - r’eal ion em- r ’or angle (w h i c h  assumes

a symmetrical none cone) m s (Ref 5:11— 13 )

22 
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!A k
r~~ 

(14)

where k
r 

= p r o p o r t i o n al i t y  cons tant

= the angle from mis si le centerl ine t o the t r u c  line of si ght .

The angle ~ i s found from the (lot product formula t o  he:

= cos 1 (b , 
~ j o s~ 

( 15 )

The direction of rotation of ~ is the directi on of b 1 x 
~L0S 

Thus ,

the coor’dinatized vector , ~ is defined. The true l i n e  of si gh t , LLOS ’

is rotated through the ang le ~~~ t o  produce ’ the  i n t e r m e d i a t e  l irr e of

si ght v e c t or , 
~ TL OS ’ win cii mus t  be f u r t h e r  ro ta ted  by t w o  n o i s e  ang les

to produce r~~~~5 . (See Append ix  A for  p l a n a r  r o t a t i o n s  of v e c t o r s . )

Lu t t e r  found t imat  no i s e  whi ch corrupts the line of sigh m t ’ s

directi on can be modeled as a combinati on at ’ e x p o n e n t i a l l y carrel a1 ed

Gaussian noise added t o  a Gaussian white noise (hef 5:30). From the

assumption of symmetry , two orthogonal noise ang hs w i t h  i d e n t i c a l

stati stics can be used to account for th ree  dimensi onal line of si ght

noises. The statistics used for time two noise a n m ’ l c - s , ~~~and 
~ 

,

are ob t a med f rom p r e v i o u s  research and are poe sen ted in Table I

(Ref 5:30—31) . Although no i se  ang les  arc s m a l l  , t h e  conput c m -  s o f tw ar e

developed in Appendix A is e as i e r  to app ly if order of ro ation is

mod eled. Therefore , time direct i orms of and ~ arc model ed
—n i f l2

o r i b mogona l  to I he vector each corrup t and I a each o t h e r .  The dire ction

of ~ is chosen to be the di recti on of b 1 x r • . l i m e  i n t e r m e d i a ~ e
— n I  — — I L O S

line of’ sig imt , LILOS ’ i s rota ted thm rounhm t h e  ang le !n I  
Th i s new
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TABI,E 1

Si ~ flU ( S and ‘I’ i I ’ me  ~~ i I i  i mem i~~
for’ Line of Si g h t  N o i s e

NO T SE A N C L E  SI(2•IA TI sn-: ( ‘ ( ‘NT H imi,

.003 rad

.000894 m a d  0.1 sec

.003 rad

.0008 9.1 r ’aJ 0. 1 sec

direction of 
~~~~~~~~~~~~~~~ 

(r~~~~~), is crossed irm to 
~ 

to define the directi on

of ~ . The vector’ r . is rotated throug h t ime  a mp l e  to  produce
—ILOS - - f l2

the sensed line- of si ght , r~~~~~.

The seeke r block of t i m e  m i s s i l e  ic ,n  been f u l l y m o d e l e d , from tl,c-

corrup t i o n  of t h e  true line of si ght to the seeker output s , 
~~~~ 

and (V

The oriental i n m i  of t i m e  seeker frame is speei fied for all t i m e . The

seek er outputs are passed  di rec t l y to the guidance block , wh i c h

produces commanded accelerat ions.

Guidance Bl ock

Ideally, i f  the seeker has no i n e r t i a l  angul ar v e l o c it y

(w = w = 0) for all time , the nissile will hit Ume tar get . Another
—S 2 — S 3

way of s tat i rg thi s is lh ~~t the inertial angular orier m tation of the

true line of si Ll 
~ LOS ’ remains unchanged. i f , however , r LOS has an

i n e r t i a l  a n g u l a r  v e l o c i t y ,  t b -me m i s s i l e  is not on a c o l l i s i o n  course

w i t h  the target . The gu idance  b lock ’ s purpose  is t o  generate a s e t

of control  commands t h a t  will drive the missile to the  t a rge t .

\T a r i  0 m m ~~ comp l e x i  t i e s  of gui  dance l aw s  cx e n t  , but  t h e  m o s t  Cnti m rnofl

and e a s i est  to  use i s  p r o p o r t i o n a l  nav i  p a t  i on .  Al t imou ~ I m t im i s  gu i d a n c e

7-1
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law s not op t m a u l  for  nod . m r s  d i ’  ire-n t s , o ’i m e - n ’  d eve loped  gui d imr ~ce

schemes ar - c ’ t o o  comp l cx fo r  on— I n e  i r isi  e- r m e - m m t a t  i (in , r - a p p r o x i m a t e

propo rtional nl;i\ ‘ u t  i n  in  some form ( J t e ’ f 11 , 12 ) .  In an idea l  model ,

the p r o p o r t i o n a l  n m u m v  i got ion rule c ’ , r m r ;u t n d : -  a m i  ssi i e acce l e r a t i  ofl~’ pro-

portional to t ime ’ closing ve loci l y t im e s  the inertial angular ve l ocit y

of time t rue  l i n e  cmf si ght  . ‘(‘he three dimensional seal or equat ions

expressed in vector notat ion ar-c: (Ref 11:13)

= n( 1V 1 x ~~~~) ( 1 6 )

where t~i = inertial angular velocit y of ( m d / s ee)

= c l o s i n g  v e l o c i ty  of the  m i s s i l e  ( f t/ s e e )

n = propoi’t i ona l  nav i g - t  i o n  constan t

mi ssi l e acec lc r a t i co  requ~ red to null a n g u l u I V  m o t i o n  of

the l i n e  of si g i m t  vec tor ’  ( f t / s e e 2 )

The p r o p o r t i o n a l i t y cons tan t , ii , is ch a sm - n  by t i c  m i s s i l e  des i gne r  and

typ ica l l y ranges b etween  th r ee  and five (Ref 11:18). The closin g

veloci ty, v~ , is the line of sight velocit y of th e  m i s s i l e  r e l a t i v e

to the target. In practice , time clo sing veloc i ty  i s-  eit her derived

from the seeker or its magnitude is estimated bei’on’e l aunch and set

as a constant. The missile in this st udy uses a noise corrup ted

measurement of the closing v e l o c i ty .

The gu idance  block does not  have the  angular v e l o c i t y of the

true line of si ght at i t s  d i  o p o m - u l  . Inst ead , a n o i s e  cor rup ted

m e a s u r e m e n t , of i s  a v a i l a b l e .  There fore , a f i rs t  order ’  I a~

* Later al accc’lerat ion i s  equal  to the l i f t  ge nm em- a ted by the missile

f l i g h t  ~on~ rol surfaces div i de’d by the missile russ .
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p r e — f i  l l t i -  i s  used to s m o o t h  out  t i m e  m m ’ e ’ m s u r c - r m m c - n m m s .  i n  additi on , I hi

accelcrat ion m- ei j mn i m e d  by t h i s  r u le  m u s t  be pc ’r ’pend i e - u l u m m -  1~~ t h e  I i m m e

of si gh t  . Vet tine m i s s i l e  produces mmccc len ui i o ns  t i m r - o u g h 1 i f t  i m p

forces pcr-pendi cul or t o  the  m i s s i l e  c e n t e r l i n e .  Since the li mi ssi  le

cemmte’,’i inc does not  u s u al l y coinc ide- with the line of si ght  , iNn

m i s s i l e  produced a c e c l e r u m i  ion  i n  no t  c o l i n c a r  with the required

acceleration . A c o r r e c ti  m n  f a c t o r ’  m u st  be used to m o d i f y t ime p roduced

acceleration . In this way , t i me component of mi ssile lateral accelera-

tion that is perpendicular to t} mc li ne of sight w i l t  equal the

aceelerat  ion r equ i red  by time proper-i  iona ’1 nav i g a t i o n  las . ( R e f  11: 13—1-fl .

Time co r r ec t ion  f a c t o r , a l t h o u g h d i f f er ’n t  for ’ d i ff e r e n t  tra ,jcctor i  es ,

is r ’elat  i rel y cons tan t  throug hou t  one t r ’a jc - e tm r’y . There fc ’r ’ , mar m y

m i s s i l e  de signs i n c o r p o r a t e  t ime  co r rec t  ion i n t o  n by i n c m c a s  j~~p

vale m e . P r o p o r t i o n a l  navi ga t ion  laws u s ins i l ls  type- of correct  i o n

have n ranging from 5 to 10 (Ref 13 :7) .  If a ‘arger range for n is

used as compensation , then the ti~’o guidance equations that describe

the guidance block out puts (whi ch assume a symmet r i ca l  g u i d a n c e  b l o c k )

are :

nW V
A = 

~~~~ (17 )
C2  ST 2 I I

—n W V
A = 

S2 C ( Is)
e3 ST 2 + I

where A = command ed acce l e r a t i on a l o n g  b 2 a x i s  ( f t i ’sec 2)

A = commanded accele ra tion al ong b , axis (ft/see2)

n = p r - o p c r t  i onal nav i gmi t ion constan t

s = ap lace t m a n s- form ‘ s

26 
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2 = prefi Ite m -  t i n e  c o n : -  I ~ m u t  ( s e - c )

E q u a t  i ons ( 1 7 )  and ( 1 8)  m m m c  u sed  m n the  m i  ssi Ii ’ t r u t h  r m u s h - 1  to dc -sc n - i b e

the m i s s i l e  gem i d m m m m c c -  b l o c k .

A u t op i l ot/I)ynamics H I o c l u

Commanded m m c c c l  c - r a t  i ons , A and A , are p ru c . -sse ’ 0 by the auto—
C2 —(- 3

p i l o t  and a i r ’f r a m n e dynamics  to deve lop  c o r r e sp o n m d i n g  a c t u a l  l a t  es-al

acc elerat ions A
1 ~ 

and A
L3

. In mm c tual n;i osi I es , these  p r - ’ d m ’ c - e d  ac’ce l e n ’ —

a t ion s  are not equal to  the c ommanded  a c c el e r a t i o n s  due to time laps ,

design er r o r - n , and environmental disturbances. The a u t op i l o t ’ s- pu rpose

is to manipulate tin e mi ss ile ’s flight contro l surfaces such that the

produced accelerations equcml the cumsri andcd acceler ations as quichl y and

as accurat e ly as possible. The missile in this stud y uses an adaptiv ’

aut opilot (one tha t produces uniform r e s pm m -m s e  eve r V a l y i f l~ fl i gi mt

conditi ons) to accomp lish this goal .

To develop time equal ions of mo t ion  for ’  a missile , certain a n s u n m p —

tions must he made about the  m i s s i l e ’ s a i r f r a m e .  F i rs t  of a ll , the

m i s s i l e  is assunned to  have no inerHal angular velocity along i t s

roll axis. T h i s  ass -e r— t i o n  s imp l i f i e s  the set of dynamics equations

for missile motion . Sec ’nd , (h e airframe is assumed to be shaped l i k s

a cruciform (see Fi gure 9), w i m i c h  decoup l e s  airf’rasme dyn am cs i n t o  ~w°

i d e n t i c a l  sets  of equa t i ons  — , m m m e  s e t  fo r  t tm m e missile ’s p i tch ax is

and ofle set fo r  the missile ’s yaw a x i s .  S ince  most  m i s s i l e  b o o s t e rs

4: hav e ’ a power fu l , h u t  sh o r t  , burn tim e , a constant mass , non—thrustin g

m i s s i l e  i s  the  t h i r d  as sumpt i  on. F i r m a l l y ,  smal l  ang le  a p p r o x i m a t i o n s

arc’ as mum nes] to he viii i d for m m ni ~’ I e of a t  I m eL
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Un de r’  t h e s e  a:-; u n m p t i o n s , l i me f o u r ’  e - o i m : m t  i ons  w t m  i d ,  d em:r m i h u the

dy n a m i cs of t i m e ’  m i s s i l e ’  r i t c i  p l a m m e -  d mm’c  ( R e f  1 :3~~; 5:1e1 ; ~:7O—s1; 10:

chap . 8 , p.3):

A12 (t) = —V {A 3 (t) — Q3 (t)) (19)

Q3 (t ) = m
q Qm ( l ) + m~ A 3 (t) + m~~n~~(t )  (20)

1\ n ( t )  = Q3 (t )  — l~ A ,(t) — l~ A 3 (t ) (21)

~ 3 (t) = —A t 3 (t) + x u 3 (t) ( 2 2 )

where A 19 = missile produced acceleration in time’ b 2 dir ecti on

(ft/s-cc 2)

V = missile velocit y assumed to be in the b 1 direction
m ‘ —

(ft/see)

A 3 (t) = missile angle of attack , rot at i on in the b 3 direction,

(rad)

Q3 (t) = missile pm tc h rate in the b 3 di recti on (rad/sec )

= control  su r face  d e f l e c t i o n , r o t at i o n  in the b 3 d i r e c t i o n

( rad )

U,(t )  = cor m trol con mmand , rotat i on in the b 3 directi on (rad )

—A = actuator response po]e (sec
_ n)’

m ,m ,m
q a  ~

1 ,l~ = missile stability d e r i v a t i v es  (sec ’)

If Q2 ( t ) , A 2 (t ) ,  A 2 (t ) , and t 2 ( t )  are defined alonmg the —b 2 axis , vector

re lrt t io n m :li i ps for the yaw plane are identi cal to the p itch pl ane . The

four equa t i cns  for th e missi le yaw pl a n e are

= _ V V
m

(A 2 ( t )  — Q 2 ( t ) )  ( 23 )

29
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Q2 (t ) m
q 

Q 2 (i ) ~
- m

0 ~
‘n 2 (t) + m 6 

A 2 (t) ( 2 4 )

A 2 (t) = Q2 (t ) — I A 2 ( t )  — l~ A 2 (t) ( 2 5 )

~2 ( t )  = — A  ~2 (t) + A u 2 ( t )  (26)

where A 1 ~ 
= m i s s i l e  produced a c e e l c r ’ a t i m n  i n  the b 3 d i r e c t i o n

(ft/see

Q2 (t) = mi ’-silc yaw rate in the —1t 3 direction (rad/sc’e)

A 2 (t) = missile armg i c  of a t t a ck , rotation in the —b 2 direction

( rad)

1n 2 (t) = control surface deflection , rotat i on in the --b 2 directi on

( rad )

U2 (t) = control scmr face command , rotation in the —b 2 dire ction

( rad )

V The control commands , u2 ( t )  and U 3 ( t ) , arc modeled as a function of

commanded a cce l e r a t i ons , p itch rate , and produced accelerations :

u 3 (t )  K
6 

A (t) — 11 2 AL2
(t )  h 1 Q 3 (t )  ( 27)

u2 (t) K
6 

A ct ) — 
~~~ 

A L3
( t )  h 1 Q2 (t) (28)

where K
6 

= autop i lo t  gain  in h 1 d i r e c t i o n , ,,V et to be defined (sec 2/ft)

112 = autop ilot gain in b 1 direct i on, yet to be defined (sc ’ c 2 / f t )

h 1 = scalar adaptive autopil ot gain , yet to be defined (s ee)

By taking l ime derivati ve of equatior m (23), subs t i tuting in equati ons

( 2 4 )  and ( 2 5 ) ,  and pe r fo rming  some al pcht- m m i c mani pulat ion , equati ons

(19), (20), (21), (22), and ( 2 7 )  can be formed i n t o :

30
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A 19 (t. )  _ ( l

cr
V l! I 2 XV mn l 6

) 
m x

_h i ?~
\m

m l
o

) _ ( A V
m I

&
) ~12

( t )

Q 3 ( t )  = (r:m /t’ 1 )  °q 
(m

q
_ ( m

0 1 6 / l a
) )  Q 3 ( t )  +

A 3 ( t )  
~~i 1 2 A — h 1 A —A ~~~, 

( t )

K XV 1 A
6 m 6

0 (29)

AK
6

Sim i la r l y ,  equations (23), (24), (25), (26), and (28) cam be formed

into:

A
L3

(t) 1—(l +II 2 A V 1
6
) ‘

m
_i \7

m
l
6
) — (XV 1

6
) AL3

(
t)1

ô2 ( t )  = (m
a
/Vm

l
m

) mq (m
q
_ (m

a
l
o
/ l a)) Q2 ( t )

1 
+

~ 2 ( t )  —H 2 ~ h 1 X A j A 2 ( t ) j

K A V 1 A
6 m 6

0 (30)

AK
6

In an adap t i v e au t op i l o t , t he  autop i l o t  gains are v a r i e d  to

maintain a specifi c missile response. If actuator dynamics  are much

quick er than a i r f r a m e  dynamics , actuator dyn am ic s can be neg l c’ctc’d.

The adap t i v e  c o nt r o l l e r  is desi gned so t imat  t ime  m i s s i l e  response is

‘ssent ial ly second order  of the  form :

A A1,2 
- 

T~3— 7 31)
A A s + 2~ w S 4 w

C 2  ~~ 3 fl mm

~

—

~
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wl me r ’ = nat urn I fm ’ : ’ qm ne r me y ( m d/ sec

= damnp i r m s  r a t  io

To o b t a i n  t h e  second om ’de ’i -  response , 1m 1 , i{2 , and K
6 
must equal

(Re f  5 : 2 m 3 — 2 1 )

ma m
— 1 m — 1 + + (2~ w + m ) ~a + rn

= 

0 cm dZ fl fl q 1
6 

q (32) V

m
ma m — ~~~~~ I + + (in + 2 d m  )(l m — m I
6 a i

6
dZ n q m m 6 c m  mt - cm

1 m (1 — 2~~. — ma ) + ma I (2~ w ’
~~— I ) — w 2 — m

6 c m  cm n cm cm mm ci a cm
2 = 

~m
1
6 

in 6(t:i ci 
— i

~~~
+ w~~

)+  
(m
q 

+ m
m 6 ~~a 

m ó I cm
)

flm +.l m
1 cm ci 6

= 

~ 
h 1 — 1 m — rn f~

” + 11 2 (34 )
m c m 6  a ö

Time s t a b i l i ty d e r i v a t i v e s  are d e t - e r n i r m e d  by a cubic f i t  to ac tua l

m i s s i l e  da t a  p rov ided  by the Ai r  Force Avionics l abor at ory . A s p e c i f i c

second order response is obtained when °n and ~ ai’e specified . For

this study,  m
m 

= 7.07 radians per second , and ~ = .707: realistic

values that resul t in mini m um settling time (Ref 10:3).

The inertial angular velocity of the  m i s s i l e , 
~b 

is equal to the

sum of the p i t ch  and yaw inertial angular velocities , since roll i s

assumed to he zero :

= Q.2 + Q 3 (35)

(V imbx

= wh y 
( 3 6 )

w bz

32
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when-c - m i s s - i  l e  m c m l  i a l  a m m m ’ m l m ~m - \ e l ( e i  t y  i n the  i 1 di r- eel ionIm X —

w -
~ mi a n i l e  mmc m l i al ~mrm~ ul mm’ vol ccii v in time j 2 di r - c - c t i  0 mmby ‘ —

mh = mn i a a ile- ner ’t i al zmngu lam ’ veloc  i ly in time i di r e e l  ion

Time or i e n t a t i o n  of time m i s s i l e ’ body f rame in 1 c-r-m - of the ine rt ial

frame i s  d e f i n ed to be:

= C~~[1 0 OI
’
~ ( 3 7 )

= C~~[o 1 01T 
(38 )

= c~ [o 0 1] T (~~9)

where C~ is tin e d i r e c t i o n  cos ine  m a t r i x  f rom i to b frame.1

Similar’ to e q u a t i o n  (13), the dynamics of time d i r e c t i o n  cOsine ’ m a t r i x

are :

pC~ = -C~ L~~ (40)

where p = fir s t  d e r i v a t i v e  w i t h  respect  to t im e

0 —w bz by
ik

W i b  = tmb 0

—w w 0by bx

I n t e g r a t i o n  of equa t ion  (40) specifi es the orientation of time b franc.

The l inear  a c c e l e r a t i o n  of the missile is made up of three co mponents:

~~~• 

~L2 
— the pr odu ced accele ra t i on in ti m e b 2 d i r e c t i o n  ( f t/ se c 2 )

2. 
~L3 

— the produc ed a c c e l e r a t i o n  in time b 3 d i r e c t io n  ( f t/ se c 2 )

3. A~ — the a c c e l e r a t i o n  due to drag o p p o s it e  the ve l o c i t y ’ s

di r ec t i o n  (ft/aec2)

33
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The f i  m ’ ; i  two a c c c - ( e m - : m t  ion- ; i m m \ e  h e n r m  s p e c i f i e d .  Time t h i r d  m a t  t i l l

be d e f i n e d .

T ime zmc cel  e ra t  ion due to dr ’ag i s  dependent  upon the m m i mgni  l i n d e  of

m i s s i l e  v e l o c i t y as w e l l  as the  m a g n i t u d e  of p n’o d mi cc ~ l a te r a l  accelera-

t i o n s  ( R e f  1:38_ 3 (m )

1
= 

~~ 
p e \12 ( 4 1 )

D ( m n ~ D in

~. s I

wI m c ’i ’c ’  p = a i r  dens- i  t v  ( s - I  u p / f t

( m / s )  = m i s s i l e  mass to re fe rence  area ra t io  ( s l u g/ f t 2 )

CD = c o e f fi c i e n t  of d r a g .

‘rhe e o e f f i c i e n m t of drag is’ approx imated  by

C
D 

= 2(~ j $1!) + ( m/ s )  ( 4 2 )

where MA C fl = speed of sound ( f l/ s c e~

c = s t a b i l i ty  deriva tivena

A 1 = total  produced a c c e l e r a ti on  ( f t/ s ee 2 )

T h i s  total ly s p e c if i e s  ti e- l i n e a r  acce le ra t  ion  of tine m i s s i l e .

The l inear  a c c e l e r a t i o n  of t ine  m i s s i l e  is integrated to provide

l i n e a r  ve loc i ty  and p o s i t i o n  i n f o r m a t i o n .  A l o n g  w i t h  the o r i e n t a t i o n

of’ the m i s s i l e ’ s bod y I ’ r amne ’ and seek er  f rame , t h e  m i s s i l e  is t o t a l ly

m o d e l l e d .

Target Mode l

Time t a m  c t. model  i s  composed of t w o  p a r t s  — the t r acke r  and t h e

t a rge t ’ s h i  n em a l  i e n .  The t r ac k e r ’  p r o v i d e s  l i n e  of s-i p,) mt  mca sur ’enm c-n t s

every 0 .02 seconds , as r’m ’ cju  i red by each extended K a l m a n  f i l t e r .  Tine

34
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target’s hirnenmal i c - s  p m - o d c ; c e n ;  v a n - i  ( m u ; ;  m m ~m fl (_-e m Ve ’ m - :  wi-m i  ch j i m  t on  a c ’ - I c -  a

range ’ of m i  as ilc r e - , m m :  c - a  , wi ;  i c’Im It - s t a  time ’ filt e r-’ a ;b i I ity to pl o\ i de-

accurate  s ta te ’  e st  i m n a t e - s  emn d cm ’ d i f f e r e n t  s - e e r m a r i o s .

The t n’ ; mc ’ I -;e’r p a r t  of t ime t a r g e t  nmmodel  r e sembles  a t vp ica l  radar

u s e d  by f i gh t e r ’  a i r c ra f t ,  i t  has t h e  capabi i i  m 
~
‘ of m e a a ;m r i n g  1 in c  of

sight on -i e ’n n t at i o m m  as a f u n c t i o n  of’ t~-.’o ang les .  T h e  f o u r  ( ( t h e m  a v a i l  —

able  me’~m su m’emc n t  a are:  line’ of si gh t  i n e r t i a l  a ngu l a r  v e l o c i t y  in

two eo n mpo n ment ~-; , n m i s s i l e  range , and range r a t e .  E a c i m  m c n t ; - ; m n - c m e r m t is

s imula ted  by corrupt ing  t-he t r u th  model ’ s t rue  v a l u e  of these  quan tities

with  an a p p r o p r i a t e  se reng th  random n o i s e .  I t  is assumed that  m e a s u r e -

ment  no ises  can be adequa te l y modeled by a f i r s t  order  G a u s s— M a n ’I ; o ~:

process combined w i t h  a c o n s t a n t  s t r e n g t h  w h i t e  G a u s s i a n  n o i s e

(Ref 5:27—31) . i t  i s  a lso  assumed t h a t  the t r a c k er -  part is sv~rmmuet n eal ,

rescnitimmg in identical noi se sta t ist i c s for both angle measurements ,

and i d e n t i c a l  noise statistics for both angular velocity measurericr~ts .

The noise statistics an-c obtained from Lutter , the Air For-ce Avionics

Laboratory , and Northrop; and arc presented  in Table II (Ref 5:3).

The t arget’ s kinenmaties part of the tar’get model is a simp le set

of equations for linear’ acceleration. Since  each extended K a lm an

filter will consider ’ only the i n e r t i a l  n o t i o n  of the missi l e, n’e-al ist ii ’

modeli ng of target kinematics- is not crucial. What is necessary is

a set of reali stic missile responses timat w i l l  test each extended

Kalman f i l t e r  over a wide  range of scenarios.

The l i n e a r  a c c e l e r a t i o n  e q u a t i o n s  an-c :

~ T1 = H~~2 m4 con w ,~t .  ( 4 3 1

A
T2 ~~ t~~ V s~in w

T
t. (44)
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TABI.i-. II

~—ij t ’ r m m ; m ; ~ mi mmd T i m m e ’  t ( m m m ; ; t c m n m t s  I ( ( 1 ’  ~- i’;m ur’c nne ’; t. ~~~ ne

~- :~-~m m m m c -  ~i gn n nim T i n e  C o m m ; - t i m t

l~A~~~ - . -

1 m m c ’ o r ’ r ’ e i ; i t e d  11 .7 ft — — —
Cor r e l a t e d  10.0 f t  0 .5  sec

R A \  ( -
~ I1A 1’I - :

tJrmeorrcl at ed 7 .0 f t / s e c  — — —
C o r r e l a t e d  4 . ’~42 f t/ sec  1.0 sec

LINI-: OF SIGIIT
Angular Vel ocity
(Both components)

Uneorrelated 0 .0 0 17-iS  m d/ sec — — —

Corre lated  0.0008726 mad/ sec  10.0 sec

LINt  OF SIG h T
Angul ar Ori c-ntntiori
(Both ang l e s )

Uncorrel.;mted 0.00126 rad — — —

Correlated 0.00168 mad 0 .5  see

~ T3 = K 6 o4 sin( w
T
t. — .7~~ (45)

where K 2 , ~~~~~~ ~~ 6 = li near constant s in t Ie i~~, !2 ’  and i3 direction s

resp e c t i v e l y (ft)

un ,1, = seal or c o n s t a n t  fo r  a n g em l a r  r a t e  (r a d / s ec )

~ T1 ’ ~ T2 ’ ~ T3 
= l a r p t - - l  l i n e a r  a c c e ler a t i on s  i n  the  !~ , i 2 , and m 3

d i r e c t i o n s  re sp e c t i v e l y ( f t / s - c c 2 )

t. = time (see)
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T i m e  p } t : m s e  I e m - r n , ( . 75 ) , of equal i um i (45) in; mmr - c-s t hi~ 1 lie t ; m n ’ g e  t ‘ 5 nmot i ( n

is  no t  p l a n ; m  m - . A ppr’ -pe ia i e i l P i ~ m - : m t i o m  of equ ~m m i u m o -  ( 1 3 )  t~: n o ; p Im ( 4 5 )

product -s am- ‘c t  v e l o c i t y ~ n m c l p c ;  i i on. Ir mit ial i - m ci tv e onm d it i o r m  am-

~-T1 
~~ ‘ 

( 4 6 )

~-T2 
K , + K~~ °

T 
(47 ’)

~T3 
= K 5 + 

~
‘-
~~ 

w ,~, s i rm  ( . 7 6 )  ( 4 8 )

where K , ,  K 3 ,  K
5 

= l i n e a r  v e l o c i t  c o nst a n t s  a l o n g  t i e  
~~ , and i 3

d i r e c t  i erns r e spe c t i\ - e l y (ft/nec)

V
T1 , 

V
T2 , V,1,3 = tan’qei linear ve loci l its along t i m e  !r !2 armd

direc t  i dr m s respect vely ( ft /see

Time i n i t i a l  t a rge t  p o s i t i o n  is  t h e  ori g in  of t i m e  i f r a m e .  A set of

cons tan t s , K 1 t }mr ’o;mp?; K 6 ,  as w e l l  as arm de t e r m i n e  a s p e c i f i c t a rget

trajectory and are referr ed to as a K set. Four’ tr’ajectcri ’s an— c’

a v a i l a b l e  to t e s t  each extended Kalman filter. The K set pararmmete r-s

are list ed in Table’ III. Trajectories are simown in two dime- n ;-ions in

Fi gures 10—A tbm roug ln 1O—D .

Before time trajectories are nune-nical l y compared a hey concep t

must- he presented . The missile model developc’d in th i s cicap i en is- a

full six dea’rce of fn e ed o n -  model . I t  a ccu ra t e l y p o r t r a y s  tine roll that

is  in dtrced by conservat i on of momentu m when  a m i s s i l e  p cr’f mrms a t urn .

To dcmonst  r a t e  t h i  s effect , S ur p o s i ’  t i m a t  a mi  ssi I (V t u r n s  mci t in  1Ve ~~V p c c t

to the i n e r t i a l  f rame as shown in  F i gu r e  11. S ince  t h e  m i s s i l e  is

f l y ing i n  fr ee  space , t he  h fT ~~~i ’FVC ( m i s s i l e )  i s  no t  c o n s t r a i n e d  t o  any

o r i e n t al  ion wi th respect  t o  t he  i f ranc ’ , i . e . ,  t h e  v e r t i c a l  t a i l  f i n

iS a c t  c o n s t r a i n e d  ~o r ’ ’n c m in v e r t i c a l  as t i m e  m i s s i l e  t u rn s .  I f  t he
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‘1’At I .~ i l l

K Set I 
V n V f f l  e m

K Set i K Set 2 ~~te ’ 3

K , 100 0 850 500

K 2 —2 (sm () 0 200 : 554 .51

K 3 200 700 100 800

K ,, 1000 500 200 0

K 5 0 750 250 0

K 6 0 —900 —5 90 0

0.4 0.4 O.~ 0.4

angul am ve- l o c i  ty  vec t o n ’  of ; l i e  t u r n , I , i s h n - c d ~~- n ; into i t s  h f i - c m : ; m ’

c o m p o n e n t  a , i’ am i d  T5 , Ibm-i ; Ir is ” m l one, the  b~ ax is , and T 5 is in  the

(h , , 1~~ ) p lan ’ (see F i t a m m - e  12)  . cms :es  tIme b fm -a n t’ to ro ta te  w i t  I

m c ~spm et to  i n c - m i  i al space , i . c- . I sni as  i i  e r o l l s .  Thus , T5 appears

to r’u t  a t e  a round  t i m e  m i s s i l e  to  an obse  n v e r  on the  m i s s i l e  ( t h e o r e m  (-1 ’

C o r i o l i s)  , ye t  a l w a y s  l i - , ;  in t i me (b1 , i , ) plane. ‘this vector , 
~~~~~

is g e r m c - m - ; m i  ed by t i n e ,  m i s s i l e  when t h e  p i t  elm and yaw iner ’l  ia l  a n g u l a r -

v e l o c i t i e s  of the  mi  s~ il  e arc ;m p p r - n p n -  a t  e l y p e r - i  odi c and out  of p h a s e - .

T imus , what  dynami  ly a pp e ;m r s  t o be a i’otat ins a n g u l a r  y e- i  oc i ty  v e ct  or

to t ime m i s s i l e  is-  an i n e r t i a l  tu rn as d e p i c t e d  i n c  F i ge:r ’e 11. Because

of t h e  c ;nna cr va t i o ’~ of m o m e n t u m , the’ m i s s i l e  r o l l s  as: i t  tu rns

( R e f  1’ 1 : 1 13 — 1 1 8) .  These e f f e c t  a ar -c maci l led i n n  I l i e  t r u th  model t o

insu re  t h a t .  t i m  i s  ro l l  , wh i ch is i m i c t  rn od e - l e’d by t h e  f i  l te ’r ’i  , does not

produ ce  ; m f l - ~ m e -  m: s - I  a t e  e a t  i m a t  - i orn e r - n - n - . ;

.
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‘time amount  of i n r d m n c e : d  m i s - s i  I c  r o l l  is one of s e v e r  i i  (‘ m m c m o n - ; - - th at

d i s t i n g u i s h  each K set. O t h e r  fac tor ’s  i m n c ~~udc m i s s i l e  l a t e - r ’H  cmc - c ’e l er ’ —

at i o n , m i s s i l . c l a t e r a l  a c c e l e ’n - ; ti on t ’at e - , and I i n m e ’  c,f n i ght  rcm i , e nm n c I

The l ine  of s ip ,1’ t move n rment  i s  d e f i r m c - d  to  he t i m a t  a n m n t l e v i i i  ch t ime  ii  T c -

of si gimt vecter , mctl -:cs w i t i m  the (i ,, i ,) p l ane . (This definition

is chosen since’ time lime- of s-i~’ Im t is contained by t i e  ( i 1 ~~ 2 ) p l a m m c :

at th e-  start of eacim traject a m y .  ) Thi s ang le , a long  vi tim time mi ssile

rol l  , g ives  some measur e as to how close time scercar’i a m -e -s emnb l es a

s c e n a m - i o  co rm Finc d  to a s im ng le  p l a n e .  l i m e  f o ur  t r a jec tor ies  mi r e c o m p a r e d

in Table I V .

No o ther  t r a j e c t o r i e s  a r c  used for - - t e s t i n g .  I t  is unders tood  t h a t

t imes - c ’  fo cmr i m ’aj e c t o r i e s  do n e t  tes t  for  all  p o s s i b l e  f a c to r s  t ha t  may

affect time extended  Salman filter’s-, such as- a vertical line of si gh t .

K se t  four  app m - oa c }m e s  a v e r t i c a l  line ’ of si gh t  to w i t h i n  .04 r ’a :l ians.

In Cusemmano and Deponte ’s f i l t er ( Chap ter I I I ) ,  a vertical line of

si g h t  produces an u n d e f i n e d  e q u a t i o n  if a change of s t a tes  (V to V )

and s t a t e  e q u a t i o n s  i s  not accomp l is i m c -d .  l I e  f i l t e r ’  accomp l i s ine s  t ln i s

change a ut o m a t i c ;m l l y .  In the 11 s t at ;  f i l t e r  ( C h a p t e r  IV)  , t ime

r e s t r i c t i o n  p laced on t } c ~ 12 axi s (1 2 n m m e t  l i e  in t h e  ( i , j 3 ) p lanc )

does not uni que l y d e f i n e - t ime  1 I m - a r s -  vI c e- n t 1 i ~ l i n e  of si ght  is  vc ’r t  ic a i

However , i t  i s  Cc l t ti -m a t  t l i e - v  c - av e ’r -  enoug h fac t om ’ s to p r o v i d e  i n s - i  n } c t s

to fil ter ’ p c ’i ’Com ’m a nn c e .  The c m n i ~~n~ c- c p ro g r am t h a t  imp i emne nt s  both

t r u t h  mode l  mc i s  Sr I h r ’ o r r t  I n c  Tr aj  i n  A p p e n d i x  0.

-1 5
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M i s s i l e -  R ( ’sp on se  t ( n i c l : c I  1 5 0 m m ;  of T r - ; c ~~e e t m r ie- s

K Set 1 K Set 2 K Se-t 3 K Set 4

M a x i m u m  ‘- T ; m n ’ m m i t  ude
I’ i tch A ce’e’l cn;m~ on d O  270 720 770

(ft /see 2)

Maxi mum M~m r n m i I

Yaw A c c e l e r a t i o n  110 384 420 100
( ft / s e e 2)

Maximu m Pitch
A c c e l e r a t i o n ;  Rat .e 450 310 840 580

( f t/s ec 2/sec)

M axi m um Yaw
Ac c e l e m - a t i o n  R a t e  40 180 420 110

( ft / s - e c 2/ se e)  
V

~1axinmu r r  M i s s i l e
0.8 30 2 1.5

Roll (degrees)

Maximum l ine of
Sight ~4ovemcn%. 1.0 13 21 0.9

(degrees)

A p p r o x i m a t e s  Hi gh Cusunano U-
D o m i n a n t  Q emal it v Two ‘ Accc,l er at  i on D cP onteV A c c e l e r a t n o n  -D im e n s i o n a l  R a t e  Traj ec tory
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III. l’xt cn~;; i i n ; of ‘lvi D i mcmi ; -  i onal F’ i item

I mi t  rod mc t (in

‘l’he r e sea rch  p e r f o m V : ; m c d  b’s Cusunrano and D e l c n t r  shows tima t an

extermde’d Ka l m ann fi It e m - , based upon a r e f i n e d  a i s - n i  le  a c c e l e r a t i o n  model

is an effective- aid to a fim -e control system under tm-co di rm ;cns i crm a l

conditions (Ref 1). Their two dimensi onal fil t er uses ei ght states to

provide real time eat m ates of range’, c a n e r  rate , a z i m u t h  angle , and

missile acceleration . From tim ese estimate s, two dim ensional poi n t i ng

and t r a c k i n g  become more p r e c i s e .  h owev e r , the q u e s t i o n  r e m a i n s -  as to

the validit y of the two dimensional , i . e’. p lana r’ case , filter ’ in a

three dimensional world.

At f i r st gl ance , it. earn his argued that -  a two dinensional filter

should be valid under thn’ec dimens iorma l con diti cmn s- . Time proportional

navi gati on law enmp l o e cl by the m i  s- s- i Ic at I eri t s to null any in ei’tia~

angular motion of t i m e  line of si ght vector’. Thus , the  s c e n a r i o  should

reduce to perturbations - about. a n o m i n a l  plane , perhaps a l l o wi ng  t i - me

n on i nal p lane t o ma I  cml e a p p r - m p r  I at e l y .  To t eat this imypothesi s , timree

thrce—d i rnens I am ;al app i icati otis of time Cusumano and DePonte ei ght s t a t e ,

two dimensi cmnal , ext enmd s ci Salman f i l t e r  ( h er e a f t e r , t h e  21) f i l t e r )  arc

prcrposed . ‘ th e se  t h ree  1mr op o ~~m 1  s arc : a m o v i n g  r e fe rence  p lane 2D

filter ; t wo fixed , 21) fill 0cm ;  w i  th  four’ measu n-ements; and two f i x e d , 21)

filters w i l ii Iwo measurements. It is r’eeogn I zed tima t o t h e m ’  , pe rhaps

bette r - , proposals e’xi ;c t tha i a m - c  not ‘ o r n a i d ’ r e d .

-~~~ V. -- V -~~~~~~~ V V. V ~~~~~~V. - - -- -- V. 
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Before liii- t l ;~- - ’  p m’c po;-rm ls mire ’ pi e - mo -  ns - t ed , l i me ; m n n m m r ; : p I i - i n ; - ; mi nd

‘limit cmi ionic - of lIce 21) fi ll en -  must be mmmdc- p c - i  m o d .  ‘l ime i c-bi t i i  am c-a of

time 2D fi I te n - , in m i n t  t Se  no itzml i on dc’vel ap ed  b y C u ;  mc m. :m r o am i d 1) e b nc t e ’

are (Ref 1:13—72)

— l i n e  of ~ I g i m t a n m e l  e , as s-c c n n  by the t a r - b e t  , in time XY p l an e

R — l i n e  of s i c - l i t  n - a n n e  in time XV p1 i n m e -

B — l i n e  of s - i  g u t  ra rmg e ra I  e in  t in ; X Y p lamme

I , - -
V — X v e l o c~~t y -f I lie nnm ,ss m 1 e

mx

— l a t e r a l  a c e o - L - n - ; n t  ion of time liii ssile in the XV p lane

(These first five n l a t e ’a  are dep icted for’ ann arbitn -ary time inst ;mn m l in

Fi g ure 13.)

Ti — nniss i Ic ’ s proi~or’t i r ; m l  n ;r~’ i gat ion en n m s t  an t

— t ine  lag of f i l k c m”s f i r st ord er lag m issi le model

(m/s) — ratio of mi ss-i lie mass to effective- nun- face area (for’ dr’uct

c o m p u t a t i o n s )

(These th ree  p a r a m e t er n - ; an ’c h e r e a f t e r  re fe r r ed t o  as sta l c - s . )

The 2D f i l t e r  uses m e a s u r e m e n t s  of (~~~, B , arid 2. In the dcvclop mennt

of these ei ght  s t a te s , Cusumano arid tI c Pont e assume that the  f i l t e r ’ s

XY p lan e is i ne r ti a l l y f ixed  and h o r i z o n t a l .  A l l  p ’oposed tinrec

d imens iona l  app i I c a t i o r n s of the 21) f i l t e r’  v i o l a t e  t h i s -  as-suapt lOti to

some degree , m a k i n g  them i n l i e - n - e n m t l v  less a c c en r a t e  t h a n  t h e  two d imen-

s i o n a l  app ’li~~at i a rm .

F i r s t  Propo sa l

In I h i -  Ci rat piopo sal , t h e  71) filter ’s NY p lane is defined by t i e -

grav i I ‘I y e - c l  or arid time I inc of si g h t  v e c t o r .  Timi S relat ~~ °T 
t o  t lmt ’

ci evat - i on ang l e .  ho wever- , the XV p lan e’ i mc no longe r an inertial p l ane ,
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s i n s - c  t i me m i ’  of n i ght ve ’e’t or  ci c n m ; ’ - ; - m m m l i c m i  m i e n t ; n t i n , i m  t } n - a a ; I .oUt

II - r - n i e - I m m c m  t e n ’  (s-er F i geni e 14 . I im add I t ion , l i e  fi I t e n -  qua t i or im ;

nln~~n l ci l-c ; ; m n s - I  i i’i c- el I 0 nec ’ m i n t  f o r  p m c c v i  t y  , s-i nec en ’av i ty e f f e c t  a ma

SC’ S i g n ;  i i c an t  . Un fo r ’t un a  I el y ,  n i l  C:~ t i mate’  of az in m m t i m  ang le is avail-

able , so tin i~~; app i  I C  c i t  (in 15 n t  i nv em ; t i g a t e d .

Se e em rmd P n o p i  o ; ’ ,  I

The second t Un a -c- dim c :m;c ional app i tion , ~i m cii is similar’ to the

t h i r d , is cml l cd t i e ’ doubi e fi lt cn V . Two 21) fil i c- n - s arc; used — ( T i c ;

who se NY p la ne is ti me i n e r t i al (j r ,  L2 ) pla ne (N 21) filter); time oth er

whore’ NY p l a ne is t h e  i n e r t i a l  ( i 2 J
~~ 

) p lan e  (Z 2D f i l t e r )  ( s ee

Fi gure 15) . E a c b m  f i l t e r  p e r i o n ’ i ; m ;:  e s t i m a t e s  on the p l a n a r  pns jeei jar s

of the 3—1) s e e n ;m m - i  o . Thu s- , the  i n ; ’rt i~m l or’i cnt;mti on of the’ double

f i l t e r ’ s states remains fixed tbm m - o em- b ;n u t t ine s c e n a r i o .  To a’eoid

modification cf established c o r n p c c t er  software , grcmvi t\ ’ effec ts- are

ignored. Since rc;o; t K set trajec- t a l - i c  a indemee missile accelerat lens

greater than 10 g ’ s, it is ass-umed that gi-;m vi ty errors will be s-n;al I

enough suci m t hat  othe r error sour ces can be d i s c e r n e d .  Had t h i s

method sccaed more fruitfu] , a more proper a c c o u n t i n g  for  g r a v i ty

effects would have been made in the filter. The m en--i jab n’ie’ntat ion

of th e l i n e  of si g irt vector can be expressed as a f u n c t i o n  of t h e  ang le

state from each 2D Ci 1 ten’, 0 ,~ and e ,~ , . There fore , li e d o u b l e  1’ I t  ( -m -

is capabl e of providin g e stimates of the line of siphl as imem ’ ! i  ans i

e l e v a t i on ang l e s .

Ther e i s one dra n ch ;mel ;  , h o w e v e r .  The tan- get radar’’ s n ’c m s - mn r c ’mcn t  s

of ’  r ange  and n -n a p e  n-ate are- not di meet, me n: nr’ennent s of’ c c  t i m e - n -  2D V

filter ’s B aTmd P s-ta f c-a , since time li n e of si ght is genne-r a l l y r o t
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c’emp l c c c  c c c  t o  t h y  2D I i  I t  - n p l an 1 ;  ( - i m  F l V ; m i  - - ) . (‘t he i- . - a m mg . ii mci  at  ma

can be Un I qmre’I v eli’ ¶~j n o d  I n - c .. - r -aeh~~m - as i m ; nc m l  hi  clinch I t V . ;  - n  : m m c ~’ I , - n-; , l i e

racla’- c’cnn m h o -  so e’- ‘ m c ;  I n - m c i - I  i - cl m i - h  l i ; 1  I lie r - c nWm n - ang le n~rce n - i n ; s- - n t  a

ce - n -i-c s-pond d in - ret lv o I is’ filte r - ’ s c m i  1 ~ I at c -  . ) ‘j1 f i n  e , 1 1 ’  ; e

nn n ’ c i ; u n c - ; ; e - n t s  rcncnc ;t be’ premji -ctcd irm t o I !c ~ f i b  I i ’r p l an e s  li v an p - p m - r 1 1 - ate

tmansfoi’rmat ion. One- t r;c: ; ; f e n cc n l i i - m n  m u st  he em ; - -d r a f ir me l lie n - ; n n d’ s - - and

l a n c e i - cm t e  pr ’oje cr  i n n ;  into time N 21) fill ( - I- alcm n s- ; n I l  t i e r ’  t r - a n m n f , r - n ; c ; i t i e , n

r ; m m m ; ; t  h e -  mis - ed  to f i n d  I I i ~ n - d i n ’;- and O n c e ral c p n - - i e c t i o n  i n t o  l i c e -  Z 2D

f i l t e r  p l a n e .

Ti m e s - c  n an c a f o r m a t  I an ;; - n ’equi  re i ; n no n - ci e- d rcm ’ of the- ir - - n - I ial or i entati on

of t in ’ l i n e  an ’ S i g l ; t  vector’ , wh ic im r e q m m i r - e c - ; t ime-  c t rg .’le s- I  a t e  fn ’ t r ; b o l l  ~i ;

f i l t e r s - .  ‘l’hi s requi  r em em i t coup les  t i i -  X ar id Z 2D f i l  t e n - n .  Th i ~~~n - ,r a T c ’ l v

coerp l ed nys t  c-cc ; m c mv y i e ld  adequ a te  I C - r i b  I s , hc ’m t (c i ; n ( - m - y c , i ;  I I  j t y p m - h I m ; ; : -;

and/or cross e’oup l i nn ’  of i rr’ oi-; ;  I hr. mc :’Ii tIcc - ang l -  s - c  c cl  I s  c i T e  a co n i c - c m - : . .

To avo d t i m e s - C  poten t i al pr - o I~I n - r ; ; - - , n ;mrm sfc mi ’m a I on are not  has -ed  on t I ce

doublc filter ’ a est ~ caat e ’ of u rn - of a i g l c t  o n ’i e n t a t  c l i i i .  In s t e a d , tn ’ca - - —

for ’c’s - ct ions mmm c m c i i  h i l ly  d -fined fr-am r ;ec i sur e m e n ts  and held c -s-st s - n t

on — can be p e r i o d i c a l l y r e d c ’ f i n c e - d  ) . Anol her alt e n -:n c n t i e’e , wic i  ch i a I I v -

t h i r d  app l I c a t  j arm , i s  to a v o i d  R and P m e a su n -  s-C n t  a em; ’ i n - i l ‘‘

In t he  s i m u l a t i o n , the -  t r u e  va lues  i t ’ 

~TN 
a n d  ~V an  e- used t e n

detenm in a the- three dimensional em -ie ’n l at i o n  of ’ l I c e  l in n n’ ot m c i ç l . t y e - c l  - n - ,

~ 
( I n  pr act i  cc , se’veral measurement s of t ir e s - c St cm tm c’s e a r i

averaged to determ i ne the on enn t ati on 0f 1 ~~-x ’ , n i ; - ‘ o j e ’ c~ ‘ - m l

i n t o  each 21) f i l t er  p l ane  I i i  detnr-n ne I tm ce p m - i n n ’  I n -ar c f n - n r c ;’. ’ i . - T ;  ~~~- 
- —

sI an t, for each 21) fi l l  e n V . T i me c - c-n - a -  and n-nap e- r - ,i ’ n - r ; i - ; i  m m - ~-m’~ r m s .

rnui ti p] i c d  by t i m e  I n - c n n ; c l o r r n a l  ‘I n  con i ;tan ml . icid t i m e ’  I’ ; n ~ I -

The doubl e f i l t e r  i m :  l i n e n  i n i t i a l i c ’ i - d  ‘ s - j i b  the ’  t n . c - - - I .  n . - 1 c i -0 (-c ’ . ’ - ‘ -

and al lo w i c -el t o m a t  i m imi c li r e- nd at c-c; .
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t he  d c i ; i b m i e  i i  Itt- i’ n - i ti m i n s - n  n m m e m m ; ; c m n - e n c c m - n i  mc i s - I i  eat t e a m  c d  cci  t I c

t ic m h e l  a n y  K m e t  os-c- , n-hi ci; - i mc 11 c m ’  el en ; - -s t t i - - m n j e c -  t i n - , ’ o ~~ d i  n : s - - n m m c  I

- V m o t  i r i m .  F i _ i t  en’ :c 1mm rim are i n  it i a I i ‘s-ed c i  I ;~ se n - ’ e l m - i i n’ , md ;;1 tun nt’

en- ,; ~ii c- i lied 1;’.’ t :m m; rmc : iccm; a arid b e- Po l it e for a t w o  d i m e n c ; ; i ’ m c c m l

n-ci t four ’ t r ’a j i - ct  or ’y m m c m ’  m i s - cd (Be-f 2:328—329). Then;e tunnin s - pc - c n ;cs - e tm e r;-

a r e ’  eimosc’n me; l i i i -  h r s - t  m e a l  l ab l i e .  P x t c  r i s i v e  2D f ’ i l t c ’ r ’  t m - s t  i n g  is  n t

acem nci p l islccd to drten’ :c in ;m’ tI c ; - i i-  . ‘ l u n c i n c o  p m r m - m i n : e I  e n s  for ’  c c c l i i  t m a ,h e—

to n-v due t o  inci e ’ limi t cc i o n ; ; ; .

Tine  l i n s -  of s-i c - b i t ,  v e c t o r -  i s  i n i t i a l  lv c o r m t a i m ; c d  in t I~e X 2D f i l  ter

p l a n e .  Ti m i a a imn p l ~i ~‘i c m :  analysis to os-c’ 21) Lilt ci’ , s-i nice tI m e’ t m an i c-  f a n - —

m a t i on  e c n ; V . t a n t f a n -  t i m - c -  N 21) f i l  i c r  is one- ; t i c r  t r c c s - - i a r m a i. i c - s- c am ;;  ‘ m ’,nt

fun’ tine Z 2D fi I t c-i ’ i s  s c m - n ;  anal t i m e  t n - c m n ; s f o r n n a c  i c - n ; -  a re  h e l d  c o n s - I  a rc

t hr o ug hoc mt lice’ I est. ( N o n - r n - i l i m p l c - n c m e n t a t  ion wou ld  m n ; i ti ni l y ( i n _ c  m t  the

i n e r t i a l  eoon’d i n ; m m t  c f m - c ; c ’cc -  such t l n a t  both  dr ;ub ; l c f i l t - ~. w o ;m i d  c i s c

identica l t r a r m s f c i r c c a t  io n  c o r i s - t c c n ; t . s - .  ) In a d d i t i o n , the  N 22 f i l t er ’ s

t r -ar s-for ’nat  i on  coni c - c t  an t  is at i t ; ;  an al  Ic - s t .  c l - n ; n i  I ivi ty  t o  t m - m i s - c - v e r s e

l ine  of si g}nt a m c i v c n - c n ; t  . The re fo re , if t i n e  X P D  lilt c-n -- e c i c m m s - c - t  p c n T o c - c ;

adequa te l y m i n c i e r  I Iie ;; c- in i t in] condi tal ons , I hen t i m e -  doub le  fj l  ter is

not feac ;  i h i c .  The cc,niv -n’;n- i s  no t  t n - i c e , s ince  t i n e  doub l e’ f i l t e r  is

b e i n g  t e a l  md ; n n ; d e m ’  i de a  c o n i d i t i  ‘ i s - c - .

The rcsul t a  of t h i  a I ‘_a ; l  (wIn id; m m n - e  cc-n ; s - c  ned ~~c th  all r tb ;cs - ’

result s of tim i s -  c hap  m - i n  -
. pp~~nd ix  C )  arc c - om ; . rmn ‘ - e - ~i t o  the  i’s - s-ui  1 s

obtained by (‘m n s - m n m : c n n- i and Dc m c I  e as-cl ; ; I n m r w  u n a C C u p C  ci hI c lilt en’ ge - n -Li --n - —

I 

mance (Itef 2:308—3-17). Hal f of i i ,  s - t i i n m - s - , i n c r l u d i n i ;  I~~~m c  of t h c -  m o u n -

sI a i m - -~ m is - cd for  p o i n t  i n n’ m i n I I r - ac k in m ~ (II mi n i - i V ) , i n a ’ ~’e s e - v i n e ’ b i m c c i - s -
mx

V 
- (se-c- l i p s - n -c- . ~7, 18 , mind 12) . Yet ., tl ~ - st and s-rot dc-vi; m i i e m n ; s  of t h y

(‘I 1 1c r  s - I  mm tm r - ; t i n s - I  i - c a ! , -  g e ’ r i m ’ i ’ m m l  l y I C - ;  - I c o n ;  I Sc fil l e n ’s es-4 cc- c i t
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of l I c e  s t m m n m j m m r d  dc -v m i t  j o~c . mis-cl e ’ a m ; c I ) m c m - c -  f m i ’ - ;c n - m c i i l e  m-; I I -  (‘ m i a c n r n c n n o m m c i

Di’PouI ‘‘ a i- i s-ui t~ ( i t e f ’  7 : 3 0 8 — 3 - 1 7 )  (ace ’  i - i gu m - e - ; ;  ~O , ci  , and 2 2 ) .  ‘ihi’;

i n m c l i c m n t e ’ m ;  t h a t  p r - : n v i  i v  i - i i m c - I s  ( w i m i c h  can bc’ m - : m ; - - i ] v  n cn- j c - l enJ ) c m n c - i / o n

me - as -  cm i’e ’n c mcn I. I i-as-s In m’ma ti ns - e’ rn - (  - n - ; ; m m n ’  C s-i gni Li cmmnt . l i o n - c - e m - n - , i t  i s

con ci c e’ I vab l c- t Scn I ur c - Ic r -  t i m e  P s-el one i l l  rgc’t t r aje ’e tm m m - v , e r -r o n --a c-re

caeimcc d by inn ip i - op en ’ f i l l  c r  Is -n ;  i n i p .  C u - : ; n m n c a n o  and De Pnmn t c’ no te -  t h at

because -  l i m e -  21) f i l  t e r  i s  ‘‘ opt i nnr a l J y t ;uned for’ a g I y en ;  t r a j e -e t  a n y ,  t 1 c c

robcmstne m cc-. ob;-ccrvc-d over tlnat oncie trajector y inlay n i o t  be ob scs - -ve- d for

ot;hcr s-cen a i ’i o s  wi tinoc it rctuni ng t he  fi 11Cr ’’ (bc-f 1: 118— 11-3) . The n - c- f l - c

to i n su re  th mm t the  b iases  arc not  caused by th e d i  f f e r en : -c a  i n  ‘i r a j e -e—

to r ies- , t ime double  f i l t e r  is  t e s t ed  aga ins t  t } c e  t a r g e t  trajcet.ar-;,’ mrs-cd

by Cusunmamno and De -Ponte  — K set I c - m n - .

W h e n  the  douh i  c’ f i l t e r ’  pm - cLa m - mis - s t a t e’  es-t i  mates -  on; a three di mm mc —

si onal inn ;;a i _ i c ’  a t  I mis - i - c i ng I _ ice ’  K s - e n  f ou r  t a n - p e t  I c - a .~ec t  o n - , pon d

st ate c-c - 1 I m a t e d - c  occur  a Ft  c- i’ an i s - i l  i al I n ’ar ; c c i  ent (see Fi pu n- nc 23 , 7 — b

and 2 5 )  . Time c c m n i p c m n V i s o n  of Lii t m.  r a t  s- i e’ s t and s - i - c l  d c v i  at ions  to the

f i l t er ’ s e s t i m a t e  of t h oms -’  s - t m c n d c i n - d  d eviati ons shows pood f i l t e r

t u n i n g  ( n ; e - c ’  Fi gmnr c ’ s 26 , 27 , and 2 8 ) .  T h e r e f o r e - , n.I m i s t e s t  indic ate s-

t h a t  t im e double fil~ e n -  is capable of ai di mi t t mm thn- ce- d i c; c-nc ;i m mci i tn -a c -b -c i s -p

and p o i n t ing s - v s - - t e r n , b u t  i t s -  t u n i s - p  is  s e n s i t i v e  to I i . ; -  t n ’cp jm - e t i c n - v .

Adap tive I u n i i n m : n  may ( y e n - c i a ; ; ’  l i i i  S p -ohl c c i .

To e l i m i n a t e  l i c e  e f f e c t  s of errors-  in ;  t i n e  t r ’an sfor ’mnl  i on c- i n n s  n ; t

the l i n e  of s i g h t  y e - c l  or ’ i c c  r m - n c t .ri  d cci to I he ’ ( 1 1 , ) p lane \
tm c e - f l

t a r g e t  f l i e s  t r aj e c to ry  ~ die t f o m i r .  Timi s - ic ;  acc is- ’cp l i s -b ed  by r e - s - t n - i c - I l i m p

m i s s i l e  motion to I l - c  ( i ~~ ~~2 ) p l a n e .  Thus , t ime ;  i i  n;e of si gh t  is

a lw a y s -  i n  t ime  21) f i l t e r  p l a n e .  ‘b ’ime resul  I s  From t h i s  t i - s t  are a l r a c ;t

id e - n I ic- m n 1 to  l i m e -  pr ’s-- . m o l n ; ;  t e ’ s I  , i n d i c a t i n g  t h a t  - - n n -  i n - s  i n  t i m e
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t n - ; m n n - f o n : ’ , c ; l  -i n - n c  c- a c m s - I m m n m i ( s - i c c - n i  i i m e c  I no  i f ’  s - i s - I l i n ;  w i l i m i n  c - n c  d c p i e - m  of ’

t i e  f l i t  n p l a s- c)  i c c m - c e I I l i e  m [f c c’ t omi fil l c c - pc’ I ’Ii 1 c m u c me - T i m e

i s - i t  i a I I ! ‘ ; i ? l ’ ;  i - l . i s -  c n n - c ’ s - s - p c i ! - - : ; t m  l v  c h i ne ’  t o  I ’ m  mm ’- . I I ’ - (c- ce- c F i im mn -m; c 29—34) -

Dos-e ven’ , t }c c’se I c s - I s -  an -c ’  i n c i c e n - c - ’ n c t  l v  l w ’  2 s - c s - - n I ;- i c m i ; ;  i , c -m i t h tr ’c mn ic- ’ ci-c - m

1 i n m e ’  of s i t ’ h t  m c c i  i o n n  I m s ~; t i m m m n  a d c - m n c m .  ‘ 1 b c ’c dcmm nhle filter m c c c  I n - t i l l

be t e ’ s - I e - d  ~- ;Im en; the I i n c n - n i l  s - i s - l i t  \ e ; c t o r  e y i c c b ~ I s  : i - c - n t  i n  C i c c - c~~p eS  in

o e i y n n l m ntio n m , smnch m n s -  n-m i 4h the’ P set (inn - cc- t n - m h i c e l c n - v .

The K s-c- - I th m ’ e t : - m m j m d ’ t c i n - : -  prodcmcc :s ]m cn Ic e- n , quic -1-;c -m- cbs-s-pm :;; to tIne

l i n e ’  of s i ght  On’ I c - ’ !c t a t~~Ofl than  do t i m e  ol2 cr K s e - t n ; . T h i s  t e s t s-  the

validit y of th e I n -a nc. - ;foi-c; mmt i arm c - - o s - s - I  ants - 1’ s - d e n -  t h i s- tes t , l i m e -  dos-h

2 fil l er - n ; c - e m n r m t m r .~ c a;c n cm t e- r caused numci- i cmii di 171 cul ties - emit h t i c -  ~~~~~

van  ar c-c con s - m n  t s-ti i-n ;; ;. ~i” ce spec i fi c vs-I ucs cnf time 1 11 c c- c s t a t e s  , c-cs

to time ti nni c 01’ n ;c cci er  I ccm il f m c i  I c n n - e d , are m , n c m i i v v c - d  - Tines -c’ vs-I ues s-h ow

t i c s - I wi en; the  l i n e  of s3p i i t  v e c t o r ’  i o t a t e s  I n ’ m : n c c - ; v e n ’ c - d c’ t o  t h e  72 f i l i~~s

pl ane , arm er ro r  in  t h e  H and H s - c s - I  n - s - i s  i n d uc e d .  T i m i s  e f f e c t  is

si m ;ii l ar to time ch m m n y c c-;; I cci occur to mm Pi; n c m n r  project i on; of a n~ - l mnt i n p

unit \-c c~ (r (s-es-’ Fip -m n ’c- 35) - ~s - c l  i -  t h a t  1-d ie -n; l ice tm n ;it v e c t o r  n’o~ a t c s - ,

de n’ i vati ve- infoi- c.cs-t ion of it s - pn ’cc , jc’cl i on , i . e. v e l o c i t y  and aced era—

t ion , i s -  s- i  s-en a f f e ci  n ;d . Ta i n s - d e n - c ; t and w hy  n um c ’n ’i  cal d i ffi c- c-i l tie-a s - n e

e r c c ’ n n m m r m i n n i - d , t i m e ’  21) filt er is - m c n aly:’ed.

In a Is-i) din cic n ; s - i ona l c-s-el r-i in;rcce- nt , s-es -s-ru (n1c --n; t er’ri ns- in C 1. , R , ari d

H (nctate :s a l  t h e  21) l i _ i t e m’)  m mm c m m p p r i i p r i m i t ci y cin cie-led. In a I i n r c - c

d i m e n s i o n s - i  e n m y i nn n - i ma -n ; I , t r- ;cn ; c-cv cs -c n- iin ;e- of sng i t  n~i cv ‘cent e s - s - d d e ; -

meascn’emc ’ n n l  e n - r i m  n- c,- t h a t  a re n u t  : c c , c d c - i c - c l  i - i  t h e  lii I c - n ’  ( s - c c -  F i p m m r e ’ S c - ) .

Tine r n e a c - c m m i - i -mc - - n  I s mer e us-ed i;v I he 21) I i i  t en  to cn nr c ip ’  m l  e tlm ’ Ii n ; c - m c  n-

and an ’-u lm m ; rm c- ee ln- n - mnt i n - i n s of - l i e  I Inc of si gim I v ‘ 1 i n n’ . l ’ mn r ;n c ielc d

m i - a s - m m n - n - : . c m c t c - n m - - c - -  n r c  I r e - s - t e d  m m c c a pan’t of l i e ’  f i l t e r ’ s n - c - p c i  ~d l i n e
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of’ s i m ’ i c t  m i c e c i c - r - c i t i u n i s - . I n  I ! m n s -  c m n c c e , I r - m : n - . - c - i c e I is-c , n f  s - i p i m t  ci tm i - - n c

i n d u c e s- t ime ; ; c i ; ; t  m ’ m n c u r ’  on t I m e  l u i m m ’  oC s-i t ’ ! ct  ‘ I ; I n n - c n n ’  m m c e s - ’ l e r - : m i i n ;  ma

coc c m p d i t e c l  is - ’ Li ce filter). ‘I’o c - e _ - I i ’ - i - 1 ’ I - - t  of’ I l u i c ;  i r m e l m c i - e - d  c - I - I -on ’  ,n

the’  21) f i l t e r , a [‘n - e m ’ l o i e i ~ d i m r t ! r - c c n . of t h e  m i c - s c i l -  i s  e’ m c n s - c I . r c i c t ed .  I t

r e v e a l s  t ! i m i t  t i n e  f i l t e c ’ s e;-’ t i n c m ; c l c ’  of n - H a s - i _ i c  d n - c tm ’ and ic - i l e r - a l  ; n e c ’ l n  rm c -

ti os-s mis - I di reel iv ac c i s nn t  f ; u n -  any en -n- n-;. in time line of’ I

a e c l e r a t l o n i s -  as- c o m p u t e d  [ ‘ n - i c c .  t l c c ’ inec - n - ; m n - ’ - ; i e  n i  c- ( c C - c -  1- i s - u .  c- 3 7 ) .  F i l t e r

t u n in p  , as- m c c l i  as- acceler’at ion ve’cl or’ oi -i - n ; ( m c t  i o n s - , d et e r m i n e s- t s-t c-

s e n s i t i v i  t i e s -  to ci ’r ornc in t i me c a l c u i m n I ccl linne of’ s-is-hI. acc el ecm ml i nun s - .

Ii; t h i s  cs-s-c (ne/s- ‘I i s  n m no ; c t  ce ;r ; c - - it i~ e (ci induced lin e cnf si cIc t linear

a c c e l e r a t i o n  errors s inc e (rn / a ) i c- c s- c- ed to co n c c p c n t e  cl n - a r , . Ti n en ’e fo n’e

the  f i l t e r ’s- (m/s) var’i anree encount cn c - c ni~cc;e- n -i ca l di fficulties w i . c -  n

ti -re (m/s) state nnust change cons derab l y to b a l a n c e  t i m e  f i l t e r ’ n’

acceler ’a t i  on mode l  . t ,’ i u c n m  a s- i  m i _ i  ar i- c - s - I i a rein ; c-i i-b l i m e  f i l t e r - ’ s I n c -/ s

s-tate corms-tn’airied t o it ;; t n-c n m ’ V c - m l s-c , t i m e  ‘

~~ 

v s - n - i s - n e c  ens -os-muter.;

f lum e - r i  es-I  d i f f i  cs-i t i c s , c - on ;f i  i- c- i I ncr Liii s - s - :  :mlvs- i c-~ - Th c rc - f ’u n ’ c - , a co n s- t a in t

t r ans fo r rnc’itior cci u nu c tm m m n m  iS f l a t  feasible. Ti r - c e -  di’;;- ccc I u . s - dc1  c - e m m a

maneuvers by t i m e  t an ’ °  I resul t in ind nnec ’ d accelen -m m l ion  i fli’s- is - , ‘mdii ch

are us-mod e-lcd by time f.i I ter s- mud arc sips - i Li es - n it - N c  test in;g of

per i o d i c a l l y up dnm ted n ’s - m ; c t n c T - m c d m l  ion can mcIc - c n c l s- i cc  p u - n - L o i s - r u e d .

T h i r d  Proposal

The f i  r ia l  t h r e e  d i m e s - s - i  os-al proposal  — lice doub l e -  f i  I t en  w i c i  ci;

pr oces s-e s-  c - m s - p l c  m e a s u r e m e n t s  onl y — is I u s - I  cd a gm i na t 1< s-ct four This

I . n c - n  j c c  I er -v is a g a i n ;  c l a u s - e n  t o  m m~’ai d p u s - s i  h i  e 1 m m c m ee tory— c au se’d t U s - i  57

proh i  cc-n a - In I h i s  I c c c l  , t he  n - 1 ’n ’o r s  in li ce . H s - mi d i-t st m nte c ’s-ti nm nte s-

e x c e i - d  10 0 1’ I m i n i ] 100 IL/sec — s - nm unmmcce’p I s-b Ii’ 1 cc c-i i t  e ’r-r- or
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IV. Three Dim ensional Filter and Model

Introduction

The hardest and most important task in designing a model is

choosing a state space. A good choice of states can produce an excel—

lent filter; a bad choice can cause problems or even fail comp letely.

Generall y, the problems that need to be avoided are redundant states

and a vide eigenvalue range on the state transition matrix (Ref 7,8).

Previous pointing and tracking research has found favorable results

with a polar coordinate frame state space (Ref 4,9).

Many pointing—tracki ng systems measure more than line of si ght

orientation , range , and range rate. Line of sight inertial angular

velocities can also be measured if the system is dedicated to one

missile. Cusumano and DePontc , as well as Lutter , assume that one

pointing—tracking system will both scan for oncoming missiles (scanner)

and provide position—ve l ocity information to a fire control system

(Ref 1:1 ,5:1— 2,27). Therefore , their filters only process range ,

range rate , and line of sight orientation information , wi th no angular

velocity measurements.

If , however , a remote scanner is used for threat eval uation , each

weapon system can have a colocated pointing—tracking system dedicated

to tracking one missile. This avoids transfer alignment errors and

provides more measurements to the extended Kalman filter , which

increases pointing—tracking accuracies. Therefore , the designed model

should  he capable of pTo ce~ sing r ange , ranr’,e rate , and l i n e  of ~i glit

86
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o r i e n t a t i o n , to  take advantage  of ~riy and a l l  a v a i l a b l e  i n f o r m a t i o n .

F i l t e r  S t a t e  Space

Based upon the p r e v i o u s  ideas , the  f i l t e r  s ta te  space is chosen

in polar coordinate s. Eleven st a t e s  comp le te l y descr ibe the system.

These states are :

— first Euler rotation from inertial frame to line of sight

frame (rad )

— second Euler rotation from inertial frame to line of sight

frame (rad)

— inertial angular velocity of line of sight frame, along

first line of sight frame axis  ( rad/ sec)

0) 2 — inertial angul ar velocity of line of sight frame , along

second line of sight frame axis (rad/sec)

Rtm — missile position relative to target position in line of

si ght frame (k i l o f t  = iO~ f t)

R — rate of change of R as observed in the line of sighttm tm

frame (kiloft/sec)

A
L1 

— lateral acceleration of missile along first missile velocity

frame axis (kiloft/sec 2)

AL2 
— lateral acceleration of missile along second missile vel ocity

frame axis (kiloft/sec 2)

fl
f 

— prop or t iona l  navi g a t i o n  constant , as est imated by the f i l t e r

— first order lag time constant for filter model of missile

response (see)

(m/s)
f 

— mass to effective surface ratio of missile , as modeled by

the filter (slug/kiloft )
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1

The un i t . s  of l eng th  are chosen to avoid  compute r  n u m e r i c s  p i o h i ern s in

c o m p u t i n g  the Kal inar i  fi l ter  g a i n s .  The three  coordi nate f rames i nhe ren t

w i t h  thi s state space ar e~ in er t i a l  ( i ) , t rue l i n e of sight ( 1 ) ,  and

missile velocit y (v). These frames and the states associated with

them , arc dep icted in Fi gure 44. Euler rotations relate one frame to

the other. These relationshi ps are dv~p icted in Figure s 45 and 46. A

comp lete derivation of state equations. as we]l as the derivation of a~

and a2 (the Eule r rotations from th e v frame to the 1 frame), is

contained in Appendix B.

In t h e  dcrivation , th e state spa ce equat ions for 
~~~ 

W 2~ and

arc developed from the theorem of Coriolis. Missile velocity, as

measured by the target ’ s p o i n t i n g — t r a c k i n g  system , i s  r e l a t ed  to the

m i s s i l e  ve loc i ty as expressed in the v frame , to obtain expressions for

the Euler rotation ang les a~ and a2. The mi ssile ’s drag and l a t e r a l

accelerations , which are mod eled in the v frame , ar e trans formed to

the 1 frame via a~ and a2. Mis sile acceleration due to gravi ty is

transformed from the i frame to the 1 frame via O
~~ 

and ® 2 — two of the

eleven filter states. Gravity , drag , and lateral accelerati ons &re

combined in the 1 franc to produce state equations for w
~
, ~~2 ’  and

through the theorem of Coriolis. The state equations for 0
~~
, ~~2 ’  and

Rtm 
are developed directl y from sta~ c definitions. A first order lag ,

proportional navigation miss ile model is used for the A
11 

and A
12 

state

equations. Finally,  white Gaussian noise of’ appr op r i a t e st r ength  is

employed to model the parameters fl f l  T ç1 and (m/s~f.

This three dimensi onal filter model contains four assumptions:

1. The actual missile ’s guid ance scheme approximates proror—

tional navi gati on.
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N o t e :

in = mi ssi l e cente r of mass

t = center of target’s
tracking radar

V = velocity of mi ssilem

i i
3

Inertial (i) Frame

l~

Li i

B tm tm

~~2 /

Line of Si ght (1) Frame
12

V

A
L1

Vm

,
/‘m

A
12/

/ M i s ~~j ] e  Velocit y Frame (v)
V 2

Fi g. ‘14. The Three Filte r Frames
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2. The ac tua l  m i  ss i Ic is n oti—t1mw ~t i ng .

3. Act uil p i tch and yam’ in i s  s i l  e r - ~:p~ n aes arc adequatel y

modeled by two independent , symrnet i i  cal ( i d e n t i c a l  ) , fi  m~ .t

order lag m e t w o r k s .

4. The actual missi ]e ’s p i tch  axi s i s  const ra i n ed to th e

~~ !3~ 
plane; while simultaneousl y, the !2 axis  is

con st ra ined  to the ( i 1,  ~ 3 )  p lane .

The f i r s t  two as sump tions li m i t  the scope of the proh]em. The third

assum pti on is shown to be adequat.e in the literature (Ref 1). The

fourthi assumption must still be dem onstrated.

In reality,  the fourth assumption is an approximation that is made

to reduce th e complex i ty  of’ the f i l t e r  e q u a t i o n s .  Anal y s i s  show s that

i f  the ac tua l  n i s s i l e ’ s response is symmetrical (assump t ion  3 ) , then

the angl e between the ac tual  m i s s i l e ’ s response p lanes and the  corres--

ponding response planes in the filter ’s model does not introduce emm’ c r

to the model provided roll axes of 2 m i s s i l e  models remain co]inear .

This is not true for asymmetrical missiles , nor is it true if the ann e

is  not cons tan t .  Under  the assump t ions  of t h i s  t h e s i s , there  are two

ways the ang le can change — th r ough inertial missile roll and/or

throug h inert ial  model roll ( see Fi gure 47).

Inert i a l  m i s s i l e  ro l l  is a phys ica l  phenomena ir~sociated with

m i s s i l e s  and is composed of two q u a n t i t i e s  — ro ll  s ta b l i z a t io n  and

induced mis sile roll. Roil stabilization is a consiant , or near  con—

slant , inertial angular vel ocity along the m issile ’s roll axis that is

p resent  when the mni si-i i l c i~; fl y i n g  a st ra i ght line. It is assumed to

be zero f o r  the purposes of t h i s  t h e s i s .  Induced  m i s s i l e  ro 1, which i s

ml so an i m i e r t i  al q u a n t i t y ,  i s  zero except. when the m i s s i l e  per forms  a
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t u r n (see  C hap t  e r  11 , Targ et  ~i del ) . The effects of’ i ri d im e ed in i ss i I e

ro l l  arc assumed t o  be ncgl i g i h l e a i - e d u c e  t i e  coup ( X i  t~ at the

f i l t e r-  ectu a t  i o n s .  The t r - u ~ hi m od e l , l o w e v e r - , m uch- is i n d u c e d  s o i l e

roll to  i n s u r e  I l i n t  I h i  aseuiip i on i s valid.

I n e rt i a l  model r o l l  is a mod 1. ims ~ e r ro r  induced  m i e n  t i e  n t i s ]  e

be tween  the m i S S i l e  cen t  cr1 in c  a i d  t h e  I inc  of si .t h i t  c i l an n e s .  it is

caused by t h e  c o n s t r a i n t  on the  m i s s i l e ’ s p i t ch  ax i s , i.e. assucpt i on  4

of the  f i l t e r  mode l .  I t  can be e l i m i n a t e d  i f  a~ ~~~ a 2 are d e f in e d  to

he E u l e r  rot a t i o n  aro~1es i~rom the v f r ame  to the  i r~ -~t~: c - , r a ther  t han

from the v to 1 f r am e s .  However , the  mat  i i  m a t  i cal r e l a t i o n s hi ps for

the s t a t e  model become much c o r e  comp lex under  t h i s  tics d e f i n i t io n .

In a d d i t i o n , preliminary analysi s indicates minima l adverse e ff ec c s

from model  ro l l  ( see  A p p e n d i x  B ) .  There fo re  m~ anc a~ ~~- e defined to

be Eule r  ro t  at i  on angles  fm - on  the v to  1 fr emn e to  si ~n l  if y the f i  1 cc i ’

equa t ions .

F i l t e r  Tests

The three  d i m e n s i o n a l  f i l t e r  i s  tes ted a~’a in s t  each K set trui e c’ —

tory. The comp lete comput er program (except a mat rix i nve r s ion  routine

cal led  M IN V )  that  is used for  t h e  t e s t s  i s  con ta ined  in Append ix  0.

A comp lete set of st al ist i ca l  p lots , as well as tuning specificat ions ,

i s  con ta ined  in  A p p e n d i x  E .

j  For each t e s t , the  f i l t e r  stat es arc initialized to the true

v a l u e s .  The i n i t i a l  t rue va lue s  for G~~, 0 )~ w 1,  ~~~~ 
R
1 , and ;re

calculated from the mis sile ’ s and target’ s initial. pos i t ion  and

velocity. Missile lateral accelerations arc set equal to zero . The

p ar am c t  ers fl f and ( m / s ) f are set to the values used hV the t r u t h  m o d e l .

Oil
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h o wev e r , i s  set to the  ~al no t i -mt hope full:’ be~ I ap p m - oX ~~~~ ~- 5

m i s s i l e ’ s r e sponse  ch ai-aLler - is ti cs . In this thesis , tie t r u e  value i s

se t  a t  0. 7 seconds , c au s i n g  m i t  i m ]  m u m n s i e n t i ;  in  t h e  f i l t e r ’ s es t i c1~: t I.

of t
f~ These t r a n s i e n t s  are c - h i a r a c t  e l i  s t ir  of an i n i t i a l  s t a t e  e r ror .

In Cusumano and P c -P o n t  m ’ s t } i m i s
’ 
the true value is ci -t im n a t c d  at O.8~

seconds (Ref 1~ 8~~). Since the mi ssile t r u t h  model t h a t  is  used i n  t h i s

t h i ~- sj  i s  an c- i t  e i i . ~ ion of Cusuni ano and DePonte  ‘ s m i s s i l e  t r ut  Ii model

the t r ue  v a l u e  of ‘t
f 

should  be 0. 85 seconds .  Time c o n s t r a i n t s  on t h i s

thesis  prevent c o r r e c t i o n  of t h i s  e r m - o r .

The tuning parameters for  a l l  tes ts  are identical and arc: obtained

by t u n i n g  the  11—sta te  f i l t e r  for the K se t  eric- t r aj e c t  a m y .  Due t o

t ime l imitations , the filter is not f i n e  tuned fo r  max i mum p e r f o r c o i m i r e

on K set one ( bu t  reasonabl y good t u n i ng  is achieved ) , nor is any

t u r i n g  at t e m p ted  w i t h  t ime o the r -  t r a j e c t o ri  es. Thcrcfore , the  f i l t e r

is not  f u ll y dc-si gned for  use in a three d i m e n s i o n a l  e n v i r o n men t .  I t

is  f e l t  tha t  these test s w i l l  provide insi ghts and indications of

p o t e n t i a l  f i l t e r  accuracies  and pr oblem areas , as well as insi ghts fer

final tuning.

The tun ing phil osophy used to tune the li—state filter is identical

to the phi losophiy used by Cusurnano and DePonte (Ref 1:74—76) . Basicall y,

the v a l u e s  chosen f o r  the f i l t e r ’ s measur ement  noise model are de r ived

from the t racker  radar ’ s p e r f o r m a n c e  sp ee i f i c at  i ans. Time pseudo—noi t;e

strengt h , Q
f~ 

and t h e  i n i t i a l  f i l t e r  covar iancc-  P0, are v a r i e d  u n t i l

the varianc e of the filter ’s state estimate is less than the filter ’s

estima t e of’ the varianc e for t hat s t at  c- . This insurc- s that the

f ’ i l t c - r ’ s co n f i d e n c e  in i t s  sla te c u t  irnates reflect the estimate ’s t rue

51 a t i s t  I cal nut m ire. ,‘i f ’ l em ’ t h i s  v a r i a n c e  m u l  d u n g  is acco lp I i she d ,

9
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noise streuig I}i s are f u r t h e r  i nc r ea sed  to remove any r e s i d u al  b i a se s

in the state estimal m’s.

6



V. R e s u l ts  and Recomm cndirti cns

Resul Is

The 11—state fil ter provid s good state estinuat ion for the  three

d i m e n s i onal K set one t rajectory. Its r e su l t s  are compared to the

co r re spond ing  r e s u l t s  o bt a i n e d  by Cusumano and DePon i e for a two

dim ensional system (Ref 2). Better accuracies in the p o i n t i n g — t r a c k i n g

st a t e s  (o k ,  0 2~ Li i ,  W 2~ R tm~ ~~~ R~~ ) are achieved probabl y due to

the a d d i t i o n a l  angu l a r  v e l o c i ty  m e a s u r e m en t s .  A c c u r a c i e s  s i m i l a r ’  to

Cusumano and DePon t  c ’ s are achu  leveci Cut- the l a t e r a l  a c c e l er a t i o n  and

parameter  s t a t e s .  It i s  at t h i s  level of per formance  t h a t  f i l ter

t u n i ng  i s  ~l upped , s i n c e  t i n e  l i m i t a t i o n s  prevented f u r t h e r  in v e st i  g a—

t ion . Ti c u - e f o i c - , t h i s  pe r fo rmance  i s  not n e c ess a r i l y t h e  bes t  t ha t

the f i l t e r  can do , a l t } au h enoug h t u n i n g  was acc’omp l ished to show that

it is cI i’~~r

To I est  the  robus tness  of t h e  K set one f i l t e r  t u n i n g , the K set

one tuned f i l te r  i~ t e e i .cd against the K sets two , th ree , and four

trajectories. In each of t h e s e  t e s t s , t h e  f i l t e r ’ s e s tin iat  ion of t hic -

p o i n t i n g — t r a c k n o p  states is degraded , yc- t still wi thin the accurac i es

demons t ra t ed  l~y Cusumano and DeP on te (Ref 2 ) , making thc’se s t a t e s

usable  in arm aided pointing—trac king system . The est i m a t e s  of t h e

l a t e r a l  accele rat  inn i - I  a t  c-s and t h e i r  c o r r e s p o n d i ng  paramc’ i cr5 (n
f

and ~t f
) arc more s e r iousl y degraded mah im’ th e -rn  u n u s a b l e  for  t h r ea t

e v a l u a t i on or t h r e a t  avo idance  in  some t ra je c t  ar i e s .  C l  use inspect i on

of (h ue  i ’ m - i - t m ]  ts  re’’ea I s that the n1. a r ch i
~~ 

pa r oe c- I c-r e are a l l  owed 1 o
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V i I t \  1 ( 0  m m - h  I oo qui  c-kl y due I a ii t~ u t t~~ t’ l am n e  value f o r -  t h u r  c - t m  p

d m t ~ p cu d n n o i  or str ength . ‘ I h i att , t } i e  iii t lo i s  l e t  coruli denc ’ c i i  i t s

est i nut t -  ( (F t h e s e  ~~i u l ~ a ( i ( •  I c - t i t  I b~ W tir e Si c~
4 i st ics show it’ ~ arr-ammu’d , i . e.

the filter- is I i  c o n ser v a t i ve  (~~c-c ~ppend ix K) . 1’oi’ K set  an t -  (tu rd

Ctis um anc and DeP ont  c ’ s f i l t e r  ve rsu s  1 Is ’ i t -  t raje c 1 o r ’v )  , liii s l ar ge

pseudonoi -c strength is appropri atm: ii in ce  good ( - s t i m i l i on i s  a c -h u i e v  ml

Bu t  for  o t h e r  t r a j ec  I ( P i  em; , t hu I s eoflser’~’;u I ye  t un i r ig  dn - gm’ad eu  I f t c -

f i l t e r ’ s p c r f m rmanace .

The pa r ame te r s  n~ and -r 1, are bo th  tr u ed to  c o m p ut e  the  I a t  e r - a l

a cce le ra t ions  of the  m i s s i l e .  If an er ror  it ; present  in one of the

parameter  e st i m a t e s  ( such  as t
f
)~ the other  i s  a f f e c ted .  S ince  each

t r a j e c t o r y  a f f e c t s  the l a t e r a l  a c c e l e r a t i o n s  of the  m i s s i l e  d i f f e r e n t ly ,

the paramete r  i n t e r a c t i o n  is d i f f e r e n t  for each t r a j c et o r y . For K m e t

two , for i n s t a n c e , the  e f f e c t s  of the n f and t f param meter c-rrors on

the la teral  a c c e l e r a t i o n  e s t i m a t e s  tend to add , c a u s i n g  a s e r i o u s

d e g r a d a t i o n  in the  f i l t c - m - ’ s e s t i m a t e  of l a t e ral  a c c e l e r a t i o n s .  At  th c -

end of the t r a j e ct o r y , t h i s  degr a d a t i o n  becomes i m p o r t a n t  enoug h to

“p ul l ”  some of the p o i n t i n g — t r a c P i n g  s t a t e s  away fron t h e i r  true value .

For K set three , the  e f f e c t s  of these  parameter  error -s  tend to cancel

Thus, lateral a c c e l e r a t i o n  e s t i m a t e s  are be t t e r ’  than  in K set two .

Different tuning speci fi  c a t i o n s  are necessary t o  stah l i ze the per for - —

mance of t i r e  fl f and ~t~f 
f i l t e r  s ta tes .  U n f o r t u n a t e l y ,  t in e  l i m i t a t i o n s

pr’event the accomp li s}rno-n t of any additional tuning tests.

These tests demonstrate the fi I tea ’s robustness for tire point i i - —

t r a c k i n g  s t a t e s .  P o i n t i n g  and t r a c k i n g  a ccu rac i e s  equa l  t o  or h e l t e r

t i t an  t h o s e  ach ieved  by Cu sumano  and 1kPon l  c arc ’ d e m o n s t r a t e d  over

I ruj em- I an c i .  The p e r f o r m a n c e  of lire p ;rr ;mmct en mi t atm m’ i n d i e ; m l e that
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1

di f f c r c r r t  p a r ’am e ter  p:s - ’ m d - m o i m u -  v a l t u e c t  a r e  r- ec lu i r e d  to i n c - I - t i - c I he

accuracies of time 
~~~ ~~~ 

, t i ed A
1 ~ 

st a l e  m - r ;tim at (-S ;g’, aitio t K me t s

two , t h r e e , and fou r  trajce t us cs. F u i ’ t h e t -  tu m ni l r m ! nd t m - I  ir i g of thi s

f i  I t e m ’  is rc -qmi i red to  d i i  e r - m i r c  if one app ra p r - ia t ( -  ‘~c-t of t u n i n g

spec i f i  ca t i  on ;:  w i l l  pro\ ’ i de  ad e qu at  e p er fo rmance  of these s t a t  c t :  for

al l  t r ajc- c I or ice .

Reeonumerrda l i ens

The fell owing i’m- c i : :nen d a I i on ;; m i r e  made to guide fut urc research :

1. Optimal tu’mi eg sh o u l d  he muc c-omp l i sl i d for cac- h remaining

traject ory . The robustness of each set  of t u n i n g  sp e c i f i —

eat ions sh i ou l  ci he invc - s I i gmr~ d to f i n d  wt ;  i eli yet , or if a

compr’onise ret , i f  tuning speci h eat i i im s can provid e

adequa I c- per ’ Cu t  ‘:011 cc uvm - r all trajc-c tar’ i c-s

2. The performance of an adap t ive g a i n  v c r m - . i  on of this f i ll et’

should  be inv emi ti gm ;c ’d to see if the a d d i t i o n a l  p e r f o rmance

achieved is worth the a d d i t i o n a l  f i l l e r  comp lcxi ~~v .

3. Fi r st order Markov m odels for mu ssi le  lat e r a l  accch r a t i o n

shou ld  be invcs  t i g :u t e d .  Tb i s mod el should pray i dc b — I t  er

performance  a g a i n s t  I } i o - ; e  mi mis i 1 c’s m c i io ; ’ e g u i  dance doe-s nut

approximate I lie p r o p o r t i o n a l  Fury gmm t.i mu rule. In addition ,

it should dc er m ’ae c-  I i c  fi 11 cm ’ ecump l & - x i t y . h owever , t i m i m i

model will not bc~ ru m - tr emo r ri t e as tire 11—state fil ten if it

engag c-s a pm -opom -t i neal nav i grit ion missile.

4.  The l i — s t a t e  f i l t e r -  s hou l d  be t e s t e d  w i t h  the g r a v it y v e c t o r

d e f i n e d  a l a m ~~ tire 
~~L2 ax is .  I f  f e a s i b l e , th i s  step w i l l

s i m p i I f y l i r e  f i l l  em- e q u a t i o n s .
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5. A m i s s i l e  a c m -c- lei ’;itior i mode] basc-d ruparu a pm ’ lar- coordi nat e

oy; : tem sh o u l d  be i live :: t i t o t t e d .  I t  m g h t  be p - ‘ em ihi e to

niodel hot  Ii time ru m i so l I e ’ s m c c c l  c -ra t  i on  m ; ; m r m i i  tu de and t i r e

a c c e l e r a t i o n  v e c t o r ’ r ; p osh  i on  a’rg lc  rms the o u t p u t s  of fir - :- ; t

order -  I a g -  . ~1i ssi I e i-o l 1 can he modeled c-as i Iy t hu way as

tire derivat iv~; of the position ang l e. In addi ii cm , t i ire

lags that cause m u sp i i-al m o o m iss i Ic I r ’m r j e c ’t o r - y  , such m u : -

in th e sid-wind -r mi ssile , would be e - u m i ly h a n d l e d  by t h i s

sys t em. h owever , asyrr r :me tr i  cal  nr i mis i ] cmi may cause problems .

6. Tire t i m e  between measurement upd a t e s  : ; l i u u l d  Uc- l engthened

to di sc-over its c-1’fect on fill en performance.

7. A thr c i s  t in g  m i s s i l e  should  bc mode t ed to  incr ease  t h e

e f f e c t i v e  use of t h i s  f i l t e r .  An adap t ivc ’  f i l t e r  cou ld

change t i r e  ( m/ s )
f ot a t e  to an a c c e l e rm l  ion  due to t h r u s t

s t a t e , t h u s  m o d e l  i ng t h r u s t  as a random walk vi t i m o u t  an

increase  i n  state-s. T h i s  may be p o s s i b l e  i f  nilomm i le -

t h r u s t s  are ~‘ -n mm’rll y much g r e a t cu -  (I ran  dr ag , m a k i n g  t he

drag induced by h u e  m issile ’s late r-al acceleration

ncej i g l i r l  c. Other-wise , drag may reqt m i re nodc ’l ing as w e l l

as tu r n’-
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App en d i x  A

J O ’ IaI i n  of  a V t - c - t a r

‘l’h m - ugbuout I hc- mi sc-i I e model , numerous r-c tati crns of a Un it ~‘ e c t  or

must he- muc -c ’ r: p l I shrc- d , r-uch mrs in the app lica ti on of noise to t he lin e

of mi i ghi t . This appendix d c - s c r i b e s  t he  met h od used in this I C c - s i  s to

determine the result i rig dir c- n - I ion of a unit vecto r- after one planar

rotation. 
-

Three cond i t i one are 1-c- d o i mc d by thm i s method :

1) Two mini I vt - c - I t i l t , a and b , must define the nlane of ro~ ml  ion:

p is tie - m in t ’ ] crf r’a t ti t ion , 0 is time ang le bct n - ; -c- n a and h .

2) Cur it ‘sect a t -  h is time ‘sector to he rotal. ed , resu lt ing in

unit ‘see - t in t- r.

3) Positive 0 is f rom a to b; positive p is from b to c.

These three conditions ar-c dep ict ed in Fi gure A— i . Tire angle 0 can be

found through tl ;c’ do t  product fcrrmul a to be:

0 = cos~~’(a b) (49)

W i t h t he  g iv en conditions and time defined ang le 0, t h r e e  eCual i n s

can be generated to dc-scribe vector a:

(a x b) . c = O  (50)

a • C = cos (04-p ) (51)

b • a = cos (ci ) (I2)

1 03
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a

Fig. A— i. Rotation of a U n i t  V e c t o r
(All vector’s arc in the

plane of thi s paper.)
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a 2 b 1 C 1

Let  a = a 2 b = b 2 a = c 2

a 3 b 3 C 3

When equations (50) , (ti ) , and ( 5 2 )  are put in the  ria trix form TC = C ,

fa2b 3 — a3b 2 a3b 1 — a 1b 3 a 1 h 2 — a2b 1 c 1 0

a1 a 7 a3 c, cos (e-i c - )  ( 5 3 )

b 1 b 2 b 3 C r j  
c ’ o S ( p )

P remul t i pl y ing by T 1 y i e l ds  a = T 1 D. T 1 is

X 1 b 2X 3 — b 3X 2 X.a 3 — X~ a2

(X
i

2
+ N 2

2 + ~~~~
2) 

x 2 b 3 X 1 — b 1 X 3 \ a 1 \ a  (54)

X 3 b 1 X 2 — b 2X 1 X~ a~ 
—

where N 1 = a2h 3 — a3b 2

— a3b 1 — a3 h 3

= a1b 2— a2h 1

Solving for the component s of C yield :

— 
(h 7X3 — 

b~ X 2 )cos(5-m-p t + (X~ a, _ \~~~~l rtc - ;(p )
C l — 

N 1
2 + ~

(b3X 1 — b 1 X 3 )coo (0+p) + ( X , a i _ N t fm 1 ) r m s ( p )
C 2 — x 1

2 -m- X 2
2 + N 3

2 —

(b 1 X~ -. h 2 N 1 ) c o s ( O + c ’ )  +
C 3  = 4 A 2 + X 3~

The c-o; :; p c u t  cr- program that c-ap i oys t h i s  t echn i que i t ;  subr onr t  inc  T T \  in

Appendix D.
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Append i x  B

Appendix B c o n t a i n s  the mather mu atical derivation of the filter

state eqrrations . N luc- c-I c- y e - tm states used in tir e fi Itor arc- :

— first h-u i er - r-a tati crn Crc-tm i n c - i - t i  al f r ame  to  l i n e  of si ght

frame (rod )

02 — scccmrid E u l e r  rot at ion front in c r t i  al f ranc -  to line of

si ght Fr t i - c -  (mad )

— inc-i-I al angular vcio cit of l i n e  of si ght frame al ong

f i r ’ m : t  l i n e  of si ght  f rame mi x 1 s (s--ad/see)

— inertial angu lar v e l o c i t y of l i n e  of si ght  fram e along

second ii rre of si ght Fm -moo - axi s (m a d / s - c - c )

Rtm — missile pcm sitic m n r-c’lativ c- to tr-acl-;cr position in line of

si ght  fratt ic ( k i l o f t  = i°~ ft)

R
t 

— rate of c h a nge  of R~ al ong tire line of sight (kil oft /sec)

A
11 

— lateral acceleration of nris silc al ong fi rst missile

v e l o C i t y  fram e m u x i s  ( k i l o f t / s c - c 2 )

A L2 
— l a t e r a l  a c c e l e r at i o n  of r n i s s i l c -  al ong second m i s s i l e

v e l o c i t y frame axis ( k i l o f t/ s c c 2 )

n
f 

— proport .i anal navi gat i  on constan t

T
f 

— first ordc-r’ lag tia c - constant for filter model of

m i s s i l e  ( see)

(m/ s)~ — mass to effecii\’c- surface ratio of mis sile (m; l trg/iciioft 2 )
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Tire st ate mu m i i s a r - - m m c c hr m m ; c -u r  I i  I mo ; ii ~
- I Im a t r-t~c-I c-I c - r u n t  of t i c -  ha ] o m i t ;

fil ie~’ g u i l t  rm ;m t r ’i x is of t lmr- s tu m p -.- mm r’dc-r of m; m r~
r :iiuc ]e , ti -mum mmvoidir , t

ecutiputci’ n u n c r  ic- m i ] di f f i  cal I c-s .

Threc - r e f e r e n c e  f rames  ar e r equ i i-c - -i f o r ’  t lie d c - u- ivat  i on: ic-

missile \-eloei ty franc- , v; thc- line of ei g h t  Ft’a~u’ , 1; mmm cl t i r e i t i c - r t i m r l

fr-ante , i . The ri-I at i onsi ;  i n  bm ’ I 1, - c-; 1 c-ac-h f t - t u r n :  i s past cml ’ the dc-ri - at ion

and will be described at the appropu i atm’ L i m e . l I m e  first part of tie

den v a t  ic-n devel imn s the relati on sim ip be - I. n c -en  t i m e  missile ‘sc-lcme i ty f r-ar c- .

v , and the l i n e  of m i gu t  Fr ’ m;m- i ’~ , I , in ter m s of I I t s  s t a t e s .

Let j he the or i gin of th e ine rtial frame ; m be the origin of the

li ne of si gl ut fr-atne , and t be tim e center’ of the t a u g - et  ai rcraft ’s

radar. Time missile is assumed to he a point mass  b c- at c-d at rim . Tire

target , t, is Tcmcatc-d on tire 1 3 (Ii rue of si ght frame thi rd compon ent

axi s a distance himt from time m issile (see Fi gure r~—~). The vector

relationshi p between the points j, m , and t is:

H .  = H .  — B ( 5 5 )
—jm —jt —m t

Taking the fir-si. derivative of c-qru at icm n ( 5 5 )  to d e t e rm i n e  rn i s si  1 -

ye I oc i t~y ,

p. B . p . R. — p . B (56 )
1 —jnr 1 —-j L 1 —ju t

where p~ = r ;it c- of change as sc- n - n  f rom time i frame

Tire theorc-m of Cc -ri cr1 is is

B = p l H - r 
~ i l  x H (57)

wimere J] = any ve c- tor
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I = arrgul at- \ e l m  c i  ty a; I f’r-mmm c- n- -i I_ lu re spec t  t o  i fr-arime

= rate of c - I m m u r e mrs  s t - e n  fran ; tire 1 frarrmc

Sub stmtu t in g (57) into (5m ~) \- ic - ld s

p - B. = p . H . — p It — S t .  x it (58)
1 —j ni i —jt 1 —ml. —ii —tnt

Equation (58~ (‘mum he coordi rmat i zed in the 1 Fr aoc and expressed in

vector form as:

~~i ~ ,j m~~
’ 

~~
j 

R ) 1 
— 

~~i ~rmit~

1 
— 

~ il x !!mt~~ 
(59)

or

[
~m1 1’Tt i I 0 or 1 0

I m2 
= 

t2 
— 0 — 

~~2 ~ 0 (60)

L V j  ~~t 3] 
R 53

Performing the operation os-i equat.i On (CO) y i c-lds tire fol lowin~t - 1- rc e

scalar equations for inertial m i s s i l e  v c l m t c i t v  c u a r - i m n a t i z e d  i n  t i i c-

line of sight frame:

V = V — m~r Ft (61)
m r t i  ‘ ru t.

V -= \‘ + 0,~~ it ( 6 2 )
Tt r 2  t2 rut

V = V — H (r-3)
m3 U ml

V , V , and V arc the inert i al ‘,‘e-l (I C I is; of m i s  t at- ~ eI , m i m i  c-b ar-c-
t i  t 2  t 3  -

obtain ed Fr-ut.; the I m m t- ~ c- I ‘ S l i m t - : i t n I  ion sym I_ eru . 11 ; t - sc- valuer ; mum- c-

ccium si dere d determin istic s ac-c I-hue r i e m : - : m r ’ e m c - n t  ;~r e s  isi t of’ t h e  I a r- ; ’( I.
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v- l ocit y i s tmr ;uci i gr - em -t e u - t h an the ;;e mme mm i- -ru- r i b. pu s c : i s i on  of ti m e

st mutes.

The v 3 mmx i of the ri girt hand or - t hu g on a l  mi osi le \‘c-l c - c i t y fr-mime ,

v , is defined to be al ong ti me mi s- si Ii- velocit y ~- c ’ s t c - r - . ‘i n- -cm Euler-

ang l Cs , o~ and 02 , ar-c defined in  Fi g u m n ’  13—2 1- a dcscri be the r’oimt i c -n : ;

fr-am thc- v fr ame tu the 1 Fm’sme  . ‘11; - t rans-formation mat mix from tl ;c

v to 1 f r - m m m c  is:

co m a 2 s - m a 1 sin a2 — coma 1 sino 2

C
1 

= 0 comm 1 sina 1 (€i)

s im m 2 — t u n a 1 Cosm 2 com m 1 cOm a2

Tire relati onship l’,c -twecn ti-ic mn iss i l  e ve loc i t y  in the v and 1. frames is:

V 
‘ . 1

0 coma 2 0 s1nc~ V

0 = simm 1 sincz 2 coma 1 — simm 1 coc-c12 1
m 2  

( 6 5 )

—cOS~~1 Sifla2 Sl f l c r 3 cO ma 1 C05 cr 2

Solv ing c- qcm ation (65) for tire fi rst componen t of the tnis silc : velocit y

in the v Frm rmr c - , and s u b st .i  I _ u t  ing  in equati ons (62) arud (63) ~‘i c’lds :

—V + or 2 Ii -

02 = tan~~ 
~~‘ 

• 
at 

(us)
V — B

t 3  iii t

Sol\-ing eq r t m t  I i cmn ( U s )  fo r  the second cotr ip onent  and u s ing  e q u a t i  Oflm ( 6 1

(62), and (63) y i elds:

V -u- u Bt 2  rut -
it 1 = tan

(V
1 

ii 
t

) C 0 m m 2 (V
1 1 

— 
~~2 R

t
)sifla 2

l it )
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if equation ( 6 6 )  is su , l v c - d  f i r  — (V — or . it ) and p,; ilm: :t i tu ted  i n t o
n ut

equation (57) , c-qua I I on (67) red u cer; Ii>:

(V + m~t~ H ) cosm 2
a 1 = tari~~ 

t 2  tnt (68)
V - Bt3 rut

Since Ft = —it and it = —itru t  tm ml, t rim

—V — u 2 il
— i  I _ i  tm -

(12 = tan  . 
- (o 9)

V -u- it
t 3  tm

(\T — B )cosm 2— i  t2 tin
= tan — ( 70 )

- V -u- R
t 3  tm

Thus , the relati onshi p between the v and 1 fr-usc- s is established in

terms of the states. Note : m~ and a2 arc the Euler angles from tire

missil e velcmcity to the line of si ght. If the two limit s, —r/2 ~~~ ~

a 2 < ~m/ 2 ar-c exceeded , it can be assumed that the missil e is i n

an i nvalid reg ime for i nt e r c e p t .

The propcr t r onai nav i gat i on law is used to develop s t a t e  equa t ions

for A
1 1 

and A
1 . Thi s law in  equation for-rn is (Ref 11:13)

A =n (C. X I I  ) (71)
—p —ii tm

wire-re = a c c e l e u m i t  ion  required perpendic ular to the line of si ght

and 0 -
—1 1

= l i t r e  of si oht in c - r i  cmi angular’ vc-locitv

n propcrrt i onali t y con s t e n t

h o wever , s - l i  s- s i  i c - s  p r o d u c e  ac’ -e I e r ~u I i ( m s  per-pendi crular to ihc missile

11:1 
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V ( b v t ’ i t \ ’ , t - t  tire 1 ira.- of si ght ( s t - c - Ch;~up tei- IT , Gu jd:ttte ’ ib i c’Im , I’m -i -

mo re dc mm i I ) . The p r c -p t - I i atm m ti nov u ( ‘muI ion c’qriat i l l : -  m ost  lO i  sr : ii tm

imp i - e u ; - nt mi t - c- :

A = n (2 ~ (72)tm

A =— n 5 1 Ft (7:~)C 2 tm

where A and A are commanded aced er-a t.i ons perpend i cci i or to theci C2

m i s s i l e  ve l oc il y.

To obtain A 1 I and AL~~
, tire produced accelerat ic -i s , the tim e I c  p a in e

of tire mis sile must be taken I n t ;  account.. Cusutm ano mis-md bc-Pan I c- fou nd

that the t i r i me  respou r c- of a mi ssile can be adcquau el y na-W I 3 i-v a fir ’;- I

order lag , s i n c e  t h e  b a n d w i d t h  c - IFec -t  ;- : of ti c - - pc - i dane- c p u e f i  I I ~- r  mer

dominan t  (Ref  1 :117) .  U s i n g  t i m i s  tunic -i , c-c lout i c - n ; -. ( 7 2 )  mm! 3 ~7 3 )

become

n o r  R
f ~ t in  —A = ( / 4 )

1~i A T  + 1

—n H
f tm

A = —  ( 7 5 )1,2 41 + 1

where A = 1ap l ac-c t r a n s - f at -n  “ s ’

Mani pul at ion of equm ut . i o n s  (7-1 ) and ( 7 5 )  y ield s

• fl
f 

mm 2 1t
~ 

— A
1 1 -A = —  ( m )

- _r
f

• ~
T1
f ~~ i 

~ Im — 
A 1

A -, = (77)
I f

which mit e t i m e c - t am - equation: — of and 1 2  i n  I - u - r i , : t i ~ bi t t - h it-i-

11 3
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s-t ot er ; . To all ow pu;:; 11)1 c’ i : . - c- I i-i emi t mum sc-i 1~ m I - : 1 0 t ; -  c - , t Ic- ’ li F arid/or

(~( ) U l d  he di f m - i  c - n t in- I n c-e r r n-c 1 i mm d i c - r i : -  (7:) l I d  ( 7 7 ) ,  m m d c i i i ; ’  (lie m r

t wa ad d itionm u l filter- s1 01c- ;: . Ti mi r, c- - mis - c - p b is I c - m t  i m ;~ c ; ;t i ga Im- d .

To dc-c-el op s - I t t  I c- equn t i c - t i ; - for m m I tiI c-u or , , and R
t , t h e  a c t - c - i c r - a —

ti on of the mi ssilc i t1 the lI i c  of si ght fr- m it ;;- is deriv ed . T i c -  second

der i v a t i  c- c of’ e q u a t i o n  ( 5 5 )  i s

1~~
2 !!j rn = 

~ i
2 
!~-jt ~

“i
2 
!~;:ut 

(78)

or p- 2 B. = p .2 II. + II (79)
i —j ilt 1 —j t  i —trn

App l y ing the theorem of C or i o l i s  (e qua t  ic -n (57)) twice to c- cc -mo tion (72)

yields:

p . ’ R .  = p. 2R . + p 2 1 1  + 2t; , x p ii + ; C - x II +
1 —jm i jt - I — (a — m I I—tm i—il —t in

~ i1 x x (80 )

Coordinatizing equation (80) into the 1 fram e ,

A ‘
t i }  

0 2u~ 0 cm 1 0

A =  
t 2  

0 + 2(2 X 0 + X 0 +

A
m3 

A
t3 

13 2 c 3 j  
R tm s r j t m

S i 0

X cm 2 X 0 (81)

0) 3 W t j t ’n

where  A , A , A = i n e r t i a l  a c c e l e r a t i o n  (mf n t i s - t i l t -  a long 1 , 1~~, Im m m2 1113 - _ i — ‘

axes , m c -  : -p e C  ti cel y

11 -1



A
1 , ~~~~ A

~ 
= i r i t n ’ t  i t t 1  a c c - e i c - r - a t i o n  of t i - c - c l - c ;-  mm l i i ; ’ 1 1 ,  1~~, i~

axes , i c c - pee t i c - el y

The acce I er -st  ic m n of the  t a rget  i s  ac- ::urned to  be dcl m - r m i n i s t  i c and

known to tire cst m a t  ion al g o r - i t  i rm resid i rim ’. u 1  t I - c- I m m n ’ g e t  . T i me i n e r t  j u l

a c c e l e r a t i o n  of’ t l ic  mn i sm i l e , rr~ 
2!! j rn ’ i s -  c ’om ; i ; cmr :c - d  of ~‘n - a v i  l~~~ i r iduc -ed

a c c c - l c -r at i on s  (A ~~ and A L2
) , and drag 

~
‘1)~~ 

- ; o t e  t h a t  t h e  m i m m e i l e  I I ;

modeled as n on — t h r u s t  ng.  In addi  I ion , t h e -  I a t er o l  m n - c c - I  n - r a t  i ons , -‘u i ~
and A 12 ,  are assunm(- ( l t o  be al ong  thc- v 1 and v 2 ay es , i- c - u - p t - c t  i vi.- ly ; this

assump t i o n  r e q u i t e :;  the mI ss -u t- ang le of at tack t o  he smal l , w h i c h  i s

qui tc  appropr i  m i t e .  Morec mve r , the  m i  sc - i  icr mu st  not 1 ( 1 1  wi 11 r e - c - p e e l

to the v frame. The zero roll assumption is not ap p r o p r i a l t -  when

missiles are roll stablized , nor mm m v i t  he appr opriate when the line of

sight fr-min e rotates with respect to the inertial fr- mum - c - . Two effec ts

degrade the validit y of tire zero roil assuttmp li  on wIn-i; tl;e line of’ s

r o t a t e s  — model  induced roll and iurduced missile roll. Model iu rducc- d

roll is pre sen t when t i r e  ang it - bet wec- n the line of si ght vector at m1

the  m i s s i l e  velocity vector changes. It is c-ai r-- ed by i } c - de fin i I i c - mm

of a~ and 
~~2 i n  the model , I .c . c o n s t r a i n i n g  t i r e  v fr-attic - to the tot al i s -mg

1 frame ratiuc- r than to tire non—rotating in ertial fm - tic - i - . Ind ;mccd

mi ss ile roil is a physical phenomena caused by t ime  ri s s i l e ’ m i c - i - i - I  ic - I

turn (s-ce Chap h cr  II , Tar get  M o d e l ) .

Model induced i-al I is d c - i n c -n m t r a t  ed by ana lvz  I rig the ti c - -c-c- coot-u —

nate frames ( i , v , and I ) and t h e  i r r e - I  a t i  ( m r l m : h ;  I p t i .m ca cir  c - t i m e r .  i ’i m ,-

axis is - constrai i mcd to th e (! 2 
~~~~ 

p imu c- , and ti re !2 axis is

con st r a inc -d  to tire ( i 1 i 3 ) p l : m n ’  by t i c - -  m a c i t - I  ‘ :; d c - f i m ; i I  i m m t m : - . Iii

Fi gure 13—3 , bl u e v 2 axis is iii l ire 
~~ 

,i - )  p l m ! m - . P ut i i i  t i n s sain t-

115
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sc - c-ntmm-ic ’ mit a iatcr t i n c  i ; ; t m i n i  m m ;:  dep ic- t c-d in  F i g t i m - e -  i~~’1 , the- I n c  c- f

si ght  vec to r  ha :: moved . Al I l a c - g in u c lii i s-5~ Ii.- d;~ -s in ‘~ pI \’: I c mu] y r ’  11

the v , axis nn;c - ,I be in  m m di  f i t - u -c i t i  p l c - n e  to u - em:; rn in t ic - ’ (1 2 ,  !3~

p lane.  To ac -hi  eve t h i s  c - f fc et  , I Is. u- c  m u s t . he a i m  i Sen ial mi ri lt u lar-

v e l o c i t ’, - a l c ’ r ; - ’  t h -  v 3 m- : -: i s , i . e .  t h c -  model  mus t  u - c m t i  . l i m e  amoun t  of

ro l l  in d u c e d  by t i n e  mode ]  i s  I rm i ,je ct or- , dep - t : c l e ; m t

Ti m e model i r u du e cn l  roll can he ci j ru j trm m l cmi if c- i and c- 2 are dc - l i  ru e d

as Euh - r I - c  t m  l i o n  m m m l ; ’  I c - s  Fr - i ’; ; t he c- I n  i f i - a n c - -  t~m m t  l ic e I l a m  f r om I i -  v

to I f rame . But  t i e  m a t h  - t r m m  I i cm becm ml ,e more c- i m p ] e .< . Irr i c -ni my

e n c o u n t e r - s  , t h e -  m i s s i l e ye]  c - cit y is m t u c h  g i -ca t  Cr t h a n  t.he ai rcr ’aft

vel oc i ty . T h i s  r -csul Ic ; in  mu ana l  1 rir i m s - i l  e c - mid  ari t ~i c .  ~1c-c le 1 i nduc c - d

roll  e f f e c t s  b c-c-ann - l e ss  si gn  i F i c - t ; m I  as t i m c -  : -mnl at~ - l  e b c -c ;  c - t i - u :  smal I

and v a n i s h  eornr p le tc - I y for s c - i - m m  lead a~ r l c - . T h c- t - t  fore , an a s - sc - mg i. i c - r n

is made th at t i re  mac t el in du t ed  i - a l !  e ~fec- t s n- i i  bc - i i r s i g r u i  f i  c - m m n t  . 1 1 , 1  s

assumr t ion  mus t  be vc-r i f l ed  by t i r e  M c m n t c -  C mm ric ; nntm, ~1\-;:es.

The induced  m i s s  l i e  r o l l  , how ever , is  a phy s i c a l  p imc’r;mc - c - iimm as -sc - —

c ia tcd  wi th  t h e  ac tua l  m i s s i l e .  A ; : a m i s s i l e  per - forms a l w -n , a i-oi l

is induced upon i t  . A f u l l  -xp l an a t i  on of tin a c - f f e c t  is pi~c s c i n i  :0  ic-i

Chap ter II , Target  ~‘~cmd -l . Two m e t i m o d s  can be used to account  for  t h i s

roll — direct  m o d e l i n g  and i t m d i r c c t  m o d e l i n p .  In tire d i r e ct  method ,

the three  d i m c ns i  anal m i s s - i l  - model  is r o t a t e d  t i re  appropr ~ ate am mun i

as calculated by an accura te  mod e]  of induc c-d  mii i sc - i  Ic ’ rol 1. In t h e -

m d i  reel method , t ime  t h ree  d i  n c - n c - i  ana l m i s s i l e  model  is dcvc-Ioped for  a

m i s s i l e  t h a t  r o l l s .  The m i s s - i  icr i -m i I i s  mu dd ed as a c o iu ~— t  c-n t p c - I,: ;,c- Ic r

p lu s -  a win Ic- Gau ss - i  art n m - i  sc of a p p r o p r i a t e  s t u - en g l h n  . 11c c - i-me - v ar’, I li t ;:e

t ec i rn i qcnc ’ m -: are not cmp lc-yc-d since it is  assumed t i m m u t  i n d u c - c - d  liii s - s - il c-

ro l l  e f i t - c - I  s , pr - c - sen t  m i m i  y c-I im -t i t i re  I i  ncr of  si ght i-at~ u I c- , a s--; ncg, I i  p i h l t ’

1 1 7
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t\’ i t iu t h e - s - c -  : m c m s c u r m n p t i m m n : : , th e- n , t i c - i r u e m -b i al m; c-c- cle - m - : ut join m l ’  tim e

m i s s i l e , in t h e  v fr ’mm l ; ic - , i s :

A
11

= A 1 c -  + C~ (~
‘ ( 8 2 )

where = t i re  ti - a lit: im r c - imi t i on from the i f rame t o  the  v f rame
1

C 1 
= g r a v i ty y e-c Ic - c  in the I fr ani e

M u l t i p l y ing each term of e q u a t i o n  ( 8 2 )  by C ’ from e q u a t i o n  (P- I ) t r ans—

fo r m r — the m i s s i l e  ace-el e rat  i c;n to  tire 1 fm- am ine :

A
11 

eosc-2 + s - m a 2 (A
12  s - m u 1 + A D coma 1

(p i
2
!~jm

) l 
= A 19 cosa — A

D s - m a 1 + C~ ~~
‘ (83)

A L1 
s in mn 2 — c-m ’scc 2 (A12 sina 1 + A D 

coma 1 )

To define gravity in the 1 fram e , t I re t r a n s f or m a t i o n  fr --on the i n e r t ia ]

frame to the 1 frame, C~~, mustbe ’specific-d. With 01 , °2 ,  and ti me

coordin ate frame relatio nslr i p m m as dep:icted in Fi pu u r c- B—5 , tire trans-for-

mat ion  from the  i to 1 frame is :

—cos - ;C 1 s i f lB 2 Cc - S O 2 m inD 1 s - m O 2
= sin 0~ 0 coso~ (84 )

eos0 1 cc- s-P 7 s i r ’ - 2  — c ; i nO 1 c-o s -P 2

At t h i s  p c - i  a t , air i n t e l - e s t  i ng ( ii  i c - n u n ; ;  dc ;ve lc ;p s .  I f  gravi t y  is

d e f i n e d  to bc in t u e  — !~~ 
d i r c - c l .i on , C~ C 1 has no component  t i r a t  is

dependent upon O~~. Th e refore , sane of ’ t i r e  c - I  a t -s a r - c  a f u n c t io n  of 0~~.

It  i s  f e - I t  I l i m i t  t h i s  s . c t i ] -  co imp i m g of O~ mi g i m t  h ave  an adverse  e f f e c t

upon fi lt er pc m - i ’ c - i -;;l;m;c - -e . T i l t ;  hmy p o titt- ; tis is f l at  t - st e J  due to t im e

I I t )

- -- - -~~~~~~~~~~~- -—-—~~~~~~.- - - -- - - - _ _ _ _ _
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i i  m u  1 m m t  i cii:: . Tc m t e c-  t i t  , I he - I u - u  t h  i ; imsiel  t ’ m - i m ’c- i t v  v et  m ~l ;i I bc d’f ~~i , - 3

i n t imt -  ~~1 2 d i i c c ’  I i on  ai:3 mu 1 t e r - c - i s  i i m v -  I v  im :- g 0~ i’;;i: ;l bc c-I i r .~ m m m m c l  ad i n

th e fil l et- t -quat icm rrs (cee - Appendix i ’m ). Timm - r -c - fo m-e - , t i c- I ; Her ’s ira r t i c - l

cooed irnmm r e Fr-ame is p i r y s i c t c u l  l v  s - m t  cit ed -1P
0 about  t i - me i~ ax i s , sue-hi

that

= 

{
~~i~~

] 

(85)

g //

where g = acceleration due t o  g r - av i t y (k.iloft/secfl

This  d e f i n i t i o n  of t h e  i n c m 1 ial f rame coup ic ’s b o t h  0~ and 0 2 i n t o  the

f i l t e r- - e qua l  ic -n c ; , a v o i d in g -a weakl y coup ] cd s t a t e .  In thc -  c ac - t pu t -r

sim u l a t i o n , til e r - n i s s i  I c ’  truth mode ]  i s  also physieall.y r t m i a t c d  45
0

about time i 1 a x i s  of t i ; e  t r u t h  model ‘ s i mc - -m -t i ml fm-m m n e . Thus , t i _ic

f i l t e r ’ s i fra nc and t i ne  t r u t b i  model  ‘ s i f rame in av c - i d c n t i  c-al o r ien ta-

t i on .  T h i s -  a l l  ow: - t i re  t r u t h  model  n-c-i m i t e s  to be di m e e t l y  n u t I iz c- d

after uni  t conversion , for’ f i l t e r  rr easur c-mn cnts  arrd anal ysis. P u t t i n g

equation (84) and (85) into (83), antI tir e resulIing equ m mtion into (Si)

yields tire three sc-alar equations-i for missile acceleration:

- . g(coso 2 + m i n D 1 sin O 2 )A
11 

cc-S m 2 + Slnc-7 (A 1 c -  sr nc-n 1 + A
J) 

COi- ;m i ) — —— =

A t + 2w 2 
~ tm + 1

~tm p + mu m 1 W 3 R tm 
( 86 )

- f~ cc -sO 1A COSCI 1 — A n — ’ 11m 1 — -- - = A — 2 w~ B — ~~ Ii +1.2 D ~~~~~ t~ tm Ira

~~ (8 f l

1 7, 1

~

- -

~

a _ , 
‘— —- —~~ ‘ - -  .-..--- ——~~—--~~ -—— ~~~—--. - .----- -
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~~~~~

A
1 1  

s in e ; 2 — c m m s i 2 (A 1 s - i n c -1 + A~ c c - i t o 1 ) — --~-- ( s~ i u ; .. — ;; ilm .
~ 

ecm m ; O , )

A t + — (~ 
2 + cm ’ 2 2 )

- ‘ N c nw an cxpn -cs s i  - ri for 
~ 
m e t  1 c genicra ’ ed . Fran equat  ic-n ( ~ -I ) c - i d

Fi gure 53 , t i c .- s t  c - I c  - c-qcuat i n m  f o r  0~ 
: nd 0~ arc- ch evel c-pc-cl mis

= ( 8 9 )

= (90 )

where w . = tire inertial angular rate of t h e  lint- of si gli~ franc a l o n g
3 2

ti m e i 2 a x i s  -

N o t i c e  t ha t  e q u a t i o n  ( t ’ m~i ) n -- c - q u i t - c - s  l i c e l i n t -  c-f s ig ht fi - c -r ; .c-  1 m m - i -I i c - I

a n g u l a r  c a m e -  to be a vector .  in  t h e  ( i ~ !2~~ 
p 1 mis - c a .  Ti n s c-an m m l v

happen i f  the  v e c t o r  sum of’ thc- I i m m u - u m f  s i g h t  m : i r g u : ] a r  \ ‘ e l c r cj  t i e s  n- . I c ~~c i i

l i e  ml ong the- 1~ 
and 12 mmxe s nc iii t a I In I I ;- j

~ dir e c t r on , i . e

tu) 1 1~ ~ w~~ l 3 = w i 1 (91)

wh i ch i s dep icted hr Fi p ;n m ’c- K— -3. T:,Ici :,s t i c ’  d o t  pt  m~~i ’ m c t  of emi c i r  t e rm - f

equat ion  ( 9 1)  w i t h  2 y i c - l d s

w 1 c-asP 2 4 - W~ s- Il1 ~~ cc , ( 9 2 )

From t l i c  P y t h r u g cr r - t - a n  t i c  ( ( c - i ’ s - i

is = n c m 1 I m iii- 2 ( 93 )

_ _ _  -
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Subati Hu t i ic - -, c-c
~c n : n t  m m i i  ( 9~~1 i n t o  ( P t : )  m m r :d t im e c - c - s c - I t  m u t e  (~~9 l  y i e l d : :

0 1 = w 1 s e e P 2 (94)

Sub s-ti tnt i n i g  c - q I i m m I ion ( 9 3 )  i n to  ( 8 7 )  , ( 8(t ) , and ( 8 8 )  ; and tire-n solv~ np

for  cm 1 cc 2 , and ~ y i e l d s  the s t a t e  cqccat c c l i ; :  fo r  w~ , , and

~~~ 
s-: irn o 1 — A

12 c-os-a 1 ~~cos-P,1 + A
t 

— 2~~, 1
~tm

+ w 1 ui 2 R t t an S
2] 

( 9 5 1

= cosc;~ + s i n a 2 (A 19  5 m m 1 + A D cc-s-c -1 ) —~~~~~~~

(co m e 2 + sinS 1 c - i r iS 2 ) — A t — 2 w 2 f l
1~~~~ w 1

2 R t tanC- 2~ ( O P )

R = A 1 1  s - i n c -2 — (A
12 

5 m m 1 + A D cc- sc- 1 ) cos-c cz , —
- 

/2

( s i ne 2 — m i n D 1 cc-so 2 ) — A t + (~~ 1
2 + w 2~~

R
t

where g = the ac- -e lcra c ion  of g r a v i t y  (k i l o f t/ s e c 2 )

A D = a c c e l er a t i o n  due to drag (k i l o f t/ s e c 2 )

The n i e c e - ]  c - ra t  i (in ‘ml  d r ag  can be mn ppr o x in l m ; i cd c . :  ( R e f  1 :58)

o / a V 3 2( m / s ) 1. (A 2 ÷ A 2 )
A = ——-————--

~~ -- + 
I _ I  

( 9 8 )I) 
(mf e)

f r a V (57.3)

where p = a i r  d e n s i t y  ( s - i u n c t c - , / i -: i l o f t 3 )

a = speed cmf : ; a t n i d (kn loft /st-c)

1 2-1
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‘m e - l  cic j t V itim-S i c I t t id e ~~ t i e  ms-n i :;si Ic (I; i 1 c- I I /,:ea I

57.3 = i c - i  i m c i i  t o  m l .  ‘m e i,’i l vu - n-m:lorr

Nut a I l i m i t  ii ’~ i m i  I i i ’  I c l  , %- , l - c  d m - c ’ t - I  cp c -d I m i  :; ;i
~ j u - c m x i i ; m t  i c c - I , I n c - a

C u s - m u r i r a i n a  mu m - : 1 I J e t n~ e , i :r c - l  c~ cli- h i t  c’ !c v c ’i - ; ; i O n  H~c - t ( u r  hr t ! i ’ I ext of

their Iim c ’ : ’ -s. P - n ~ - cc. ’ i ’, beth cisc i t  in t i ce c- ;,- p m d  c i -  r ’e-- - t i c c ( P a l 5:209).

The i-c Lois- it i s m m c l mdc ml icc - I c 1 ci 
~
i
~~

’i cv d c -  m p g  mc pm ’ : cut m- s -ca l im c~ • ‘i’} m is

a p p r o x i l m u n i  j a n  is w i l l -  m s - i  3~ t cf  I l :e  I ~- cnt } c c - c  I an] Ut- C c c l ’  d ’ - : : - a .

Tire missile v c-lcc c - j i y c - m a c  be - I c - c - m ci i i i  t m - I  t i c -  c-f I Pm’ s t - u t - - c : fr-a’s

equal i c c-n: ( 6 1 )  l ! r ( c ; i l c } l  ( 6 3 ) :

V = / + v ~ ~ \ m2 ( 9 9 )
m m u  nn 2  nn 3

Tirus , t ime  s t a t s -  e q u m m t i o n s  for- the- f i n --s t  ei gh t  a t  ales !m m i\’c -  be c-ni cc ’spie - t c - l y

s p e c i f i e d .

Tire f i r r m m l  :;ta tes , ni f , 
-r and (rn/s ) ar- c c- a i r ;  t au t  p c-n m: c- . I c r - -t m

S ine-c t i r e  mmi i ssi] e m s- c -del  inc -ed isv tine- i it er is r id  c Sc-c- i , it  i s  p e a t - I h ie

for the  f i l t e r  to acqiri re c-mn i n c c mm - r - e t  i n c -  tial  parameter c-st ir ate.

If I lie - f ’ c mcrm smc -tt - r i- m ar--c i i m c d c . -~ l e d  as s-i ramrdcmi u h i  mum , I_ lie g a i n  icc time

cx tc- mid c - c l ~ia lnn amr filt er appr-oaches zero , in li~ bi t in g cc-crc-cl ive  changes .

Thrum , ti n m f l i t  a ? -  tc - d c - l  i inappropri ate- . To prevent . ti n s p l c c m c c m l n - i m :

p s e u m t h c m c o  I SC (‘nfl i-c added t a each l i l t m n r : c - t  er m s - o d e - i  ( Bc f 7 : 204 ) , c-hang i i r g

tin e - rtS c: )el f rom a form s- c - n c - h  as b = 0 to b = it. Tinm -ougim ajrprapri mi t c

ch c m i c - c -  of t i m e  p m t ; c m c h - n a i  t-: e v a r i a n c e , H i t ’  f i l t e r  gai nr t i l l  he- large

enrou f’ . iu  to c ’c -rnp t -i i:- c -itc for  error ’s , vet  s-ma] 1 e n c m u g ir t t m  na i m r  lii in tim e

c :- :eu r I i all y cc-irs-- I mint rant cr1-c of ti - nc - pm iuiaP e I ci’s. Thi  s I - chni  quc S i c  c v c  c.1

smmec -t -tssl ul h r  l i e  t r - , c c  dti ; c m- n : , icnmml case (Ref 1: 1 18) .  ‘l ire s t a t e

~-~ u c  c mi  l , i  ( i n S  I m - I l  e p c - n  -
‘ c-nc I t- n - :t am-c- , tic - re’ I’ccr c-

125

- - -  - - - -~~~-- —~~~-~~~~~ ---~-- -~~-- - 



- -  _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~ ~~
- ‘ - ‘  

_ _ _ _

rr~ ~- i’: 1 ( t )  ( 100 )

w 2 ( t )  (lot)

( r n / s )
1 

im 3 ( l )  ( 102 )

wl m c - re  im T
3 ( t )  , is’2 ( t) , and W 3 (I) c - i ’ m-  i ndep ende n r t w h i t e  G a u s s - i a n  mroi  scm

with mean of zero and varicnnce kernels Q1 6(t), Q2 6(t), and Q3 o(l)

respectivel y.

The f i n a l  s t a l e -  eq um m i  i c - n m , m i m -  u t ’c-d by tire - f i ] t e r , are : NO’I[: II-

gravity i s define-cl in the  ~~1 2 d i r e c t i o n , .-\1.L I e rrs -i- ; w i t h  0~ in t i e-

f c m l i o w i n g  equal i orrs are ze ro .

= is 1 s m ~- C O 2 (94 )

- ~~2 = (90)

• r .
= fl.— — 1A 1) s i r r a 1 — A

L2 cosc - 1 + cosO 1 ~~ A — 2~~ 1 1
~~ s-~tin - / 2

+ ~~1 ~~2 1
~t~~ 

t ano
2] 

( 9 5 )

= ~~~~ [A 11 
c05 m 2 + si n m 2 (AL2 s-in c-1 + A~ cosm 1 ) —

(coso 2 + s i n G 1 s-hi D 2 ) — A
t — 2 w 2 B 1 — c c 1 2 R t tamr o

2] 
( 9 6 )

~~tm~ 
= 1

~tm ( 1 0 3 )

1 26
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= A 1~ si rs - ct 2 — (A 19  s i mn- ~ 1 + A0 
c- m s - : c - 1 ) e o s - ; - u 2 — ~~~~

— ( s - m i ir o 2 —

sine 1 em ms Cc 2 ) — A t 
-4- (uc~

2 - w 2 )B
1

n mi 2 B — A
= 

f I n  ( 7 6 )
Li

• ~~~~ is 2 — A ,
A =—  

~~~~ (77)l~2

- f l f  = it 1 ( t )  (~~oo)

w 2 ( t )  ( 1 0 1 )

(r n / s) 1 = c 3 ( t )  (1 02)

where

p / a  V 3 2 ( n i / s) 1 
(,\~ ÷ A~~9 )

A D = + 
p a V ( 5 7 . 3 )  (98)

—V + is2 B
a 2 tan 1 1 - 1  

• 
mii i ( 6 6 )

V - - B
t 3  nit

( ‘~ ‘ + ti c 1 B ) c c c t - cy- ,.ml
= tan ’ —— . ( 6 8 )

V - B
1 3  n t
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v = —./~i’~ + ~- 2 
\

2 (99)
lii m: m n 1)2 fli~

v = V — ~ m ii ( 6 1)
mi  t i  2 s-n t

v = \-‘ — tin B (62)
t 2  I s-mt

v = v  — i ~ ( 6 3 )
i n 3  t 3  tnt

The -  p a r t  i a l  c i r r i v ; c t i v c - s  of ti m- ; - s t c - t e  (- ( ic - a l  ions , yh i ch a n - u

requi r ed by ar m cx t emi dc’d Ku] m u l l  Li I ten - , are eon I a i ned i s-i A 1 c 1 - m c d  x D

Subrou t ine  i’ IcVi .
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C h a r l e s  ~t .  i l l m m v m u l v  r m n :  bu r n  P ( t c ’ l ( m i m e  m ’ , 12-1 9 in  f l ;r \ c m r p m c r - c  , i c c - - a .

lie  c ’radua l  cd f ’ i ’ c c ; r c  l I t - I t c i r d o r f  U i 1!1 tI- : l c - co ]  i n  1941 7 m e d  c u d  c-red 1_ Im e’ el - c t  c i —

cal eng i n c - e m ’  i irg Cli 7’!’ en]  u r n  a t  I i  c m-i~ P l m i  te I s - i  I ~~~ - u - m t  i t  ‘~ i r, An ne - s  , I c wm n . A f t e r -

rec c- i v ing  hi s Bach c i icc ’i - ( c ’ Sc- i c - n v - c -  ci - s r - ~- m ’ i nn  CI c -c - I r i  cal Cm :g~ neei i nrg

in 1971 , Ire en t e r - e d  tire A i m ’  l u t e - c ’ 1 c m  b ecc m r: c- a nrav j ( c ; ~ l u - n- . lie f l e w  C—i- l I ‘

from Travis AFB , Cal i for -u s- i mn a n d  I ic -’ —i 30  ‘ s f t c - c ; :  N m i d c  r i m s -  A l l , Ok i n a w a .  i s2 : i l e -

at K adena , he cb  L a i r s - e d  a ~- tmm s t (-I- of Sc - ic-n c- c-  d~’~~re-c i n  Ps’:; 1 c~ t ;: ; ~- i c - r l m d m ’ c ’ t 1 c c - r i 1

f rom the U n i v e r s i  t y of S o u t I r e - m - r ;  C c m l  i fcurrr i a.  A f t u ~~’ concrp l et i o n  of i r i s -

over -seas t m : c n r  of d u ty  i n  1977 , ire Cs-n 4 c - i- c d t im e ’  Sch ool of l - :ng in eeu ’s f lp ,  at

the Ai r  Force i n s t i  t i n t  c Cml Tc-cirno lmc1’,y I a pu r -m :m;c - a ~1m r a l  c - i - i - :  d egree in

E l e c t r i cal Eng i n e e r i n g .
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