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Pr ’ face

In harch , l~~78 , th~ A i r  Force Weapons  L a b o r a t o ry  proposed a t h e s i s

top ic which inv o lv ~ d c a l c u la t i n g  the  e le c t r i c  f i e l d  i n s i d e  a sp a c e c r a f t

which  had been exposed to a f i ~’1d of in c o i a i n g  current d e n s i t y .  This

problem i n t e r e s t e d  mc fo r  two r~’ason s .  F i r s t , i t  has a weapons  app li-

c a t i o n , and the  r e s u l t s  of th i~; p r o j e c t  would  be u s e f u l to the  sponsor-

ing o f f i c e  a t  AF’~JL. Seco nd ly ,  w ork ing  on th i s  type of problem would

s t r e n g t h e n  my background  in e l e c t r om a g n e t i s m .

I wou ld lik e to exp ress my s i n c e r e  g r a t i t u d e  to my advisor ,

Dr. Dorm G. Shankland . Without his guidance this project would not

have been possible. I would also like to thank Dr. David A. Lee for his

assistance with variationa l calculus , and for his exp lana t ion o f logarithmic

potentials. Special thanks are also due to 1LT Dave Hard in , who hel ped

clarify difficulties encountered with natura l boundary conditions , and to

Dr. John Jones , who reviewed and critiqued my analytical solution.

Richard A. Passow
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I f  a s p a ce c r a f t  is exposed to a s tead y s t r e a m  of c u r r e n t  dens i t y ,  the

cha rge  of wh i c h  is d e p o s i t e d  on the  s u r f a c e  of a cvi  in d r i c a l  , c o n d u c tin g

s pacec r a f t , i n te r n a l  e lec  t ron~agnet  ic f i e l d s  are generated. if the i n t e r n a l

f i e l d s  are of s u f f i c i e n t  s t r e n g t h , u n d e s i r a b l e  e l e c t r o n i c  n o i s e  or damage

:may r e s u l t .  Th i s  t h e s i s  p r e s en t s  t h ree  a p p r o a c h e s  fo r  c a l c u l a t i ng  the i nduced

E— Ficld: separation of variables , variationa l calculus , and the use of Green ’ s

func t ions .

The spacecraft is modeled as a hollow , infinite cy linder. The fields

are calculated for the case in which the incoming c u r r e n t  is i n c i d e n t  per—

p~ m u i c u 1 a r l y to the  long i t u d i n a l  ax i s  of the  cy l i n d e r .  Bas ic  e l e c t r o — s ta t i c

theory r evea l s  that t i m e  govern ing  e q u a t i o n  fo r  the  p o t e n t i a l  is Lap lace ’ s

I:quation , subject to Neumann boundary conditions . This equation is first

solv ed by separation of varLables. The E—Field predicted for representive

values of incoming current density are on the order of l0~~ volts/meter.

Sever al p itfall s encountered with the variational approach are exp lained.

These include the import ance of natu ral boundary co ndi t ions, ensuring continu-

ity of the firs t der iva t ive ac ross all mesh points , and difficulties encountered

in try ing to reduce the size of the matrix through “decoupli ng” . The results

of this section show that the variational method tends to approximate the

anal ytic solution as the mesh become s finer.

The Green ’s function approximations of the potential distri bution were

consistent with analytic results to at least two significant figures.

vii 
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I T o t  r o d u e t  i n c

This  thes  is c e n c er m i s  t ime c a l c u l a t i o n  of the e l e c t r i c  f i e l d  i n du c e d

i n s i d e  a s p a c e c ra f t  (mode led  as a cy l i n d e r) , w h i c h  has  been irradiated

b y a s tead y str ’ar~ of c u r ren t  d e n s i  t y .  Time source  of the i ncoming

cu r r e n t  is not  a f a c t o r  unde r  c o n s i d e r a t i o n .  T h i s  p r o b l e m  was proposed

by the  Ai r  Force  W~ ap ons  L a b o r at o r y ,  and t h i s  paper  p r o v i d e s  an examina-

t i o n  of severa l  app roaches  to t h e  p rob le m ’ s s o l u t i o n .

This  p ro j ec t  is limited to the  s tud y of a n o n — r o t a t i n g  cy l i n d e r

which is expo sed to a s tead y s t r eam of c u r r e n t , i n c i d e n t  p e r p e n d i c u l a r l y

to time cyli nder ’s long it udina l axis. Also , the cy linder is considered

to be infinite. This reduces the problem to two dimensions. Thus , the

answers calculated will not give the exac t fields inside an actual

spacecraft. However , the answers are useful as “first cut ” approxima-

tions to the electric field generated inside a spacecraft. (The fields

cal cu la ted for a st ead y stream of incoming current are also valid for

the case of an incoming pulse of current , provided it can be assumed

that the incoming charge distributes itself around the cy linder very

rap idly in comparison to the duration of the pulse.)

Through the use of .~~~aral simp lif ying parameters and assumptions ,

it is shown that the proble~a reduces to one having a fairl y straight—

forward solutioe . Thu:;, thu primary emphasis of this thesis will be a

compar i~ on of two numerical techniques used to solve the differential

equa t ion ,~o v c r n i n g  t im e  p roblem . These two t e c h n i ques  are the use of

varia tional calculus and tIme use of Green ’s functions . Initiall y, the

di f fere nt ial equa t ion (Laplac e ’s Equa tion) and the boundary conditions

1 



a re  mie r iv~ d . Tim is e q u a t i o n  is t u r n  s o lv e d  u s i n g  se pa c at  ion of v ar  iab l  es .

Ti m e r e s u l t s  of t i m is d u c t  ion a re  used as a has i s  o f  co ir ipa r  i son  w i t h  the

two oth er  t e ch u i qu a . This  is followed I a pr e ; e nt a t  ion of the

v a c i at i o n e l a p p r o a c h .  F i r s t , t l i i  ap p r o p r i a t e  m m  i i , m i ~~a t i on  f u n c t i on a l  is

derived. It  is then c o n v e r te d  to a c m a t r  i ;: p r o b l em  us i n g  S im p s o n ’ s R u l e

and a t h r ee  p o in t  q u a d r a t u r e  f o r m u l a .  The i:iatr i :c equat ion is then solved

u s i n g  a C i m o l u s h i  d compos it i o n .  Time f o l l ow i ng  sec t  i o n  cu a t a i n s  a d i s c u s —

s ion oil the Green ’ s f u m m c t  ion m e t h o d . The Green ’ s Cun c t ion is f i r s t  d e r i v e d

and t h en  e v a l ua t e d  n m m : m e r i c a l l y .  Ti m e f i na l  c h a p t e r  c o n t a i n s  a d i s c us s  ion

of the e l ec t r i c  f i e l d  ~‘ ne rited u s i n g  r e p r e s e n t a t i v e  v a l u e s  fo r  the  dim en—

s ions of t :e cy l i n de r  n n d  t i d e  13d ’i l  I t ude  of t ime  i n c o m i n g  c u r r e n t .

The i n d i v i d u a l  c h , m ’t ,r s  c o n t a i n  onl y t ime b a s i c  l og i c  b e h i n d  the  m a t i m —

e ma t i c a l  t c c im mi iques a m ~J t h e  re u l t s  of  app ly i n g  them . D e t a i l e d  dcr iv ~~t ion s

of  a l l  e q u a t i o n s  can he e n d  in t he  a p p e n d i c e s .  The a p p e n d i c e s  a l so  con-

ta in  a d i s c u s s i o n  of the compu t er  p rogram t h a t  was used w i t h  each of the

t h r e e  m a t h e m a t i c a l  app roaches .

2 
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I T  ~ IThL r~ ~~~~~~~~~ l i .

ihvs c~i 1 ~\n a l y ; ;i s

Time spac ecraft is nmod el ; i Od d  a n o m — r o t a t  a g ,  h o l . l o ’ , m et a l l i c

cy l i n d e r  w i th a f i n i t e  e o u d u e L i v i t i . I f  t h i s  cy l i n d e r  i s  i r r a d i a t e d

w i t h  a uni f o r m , st e a d y st r an of  c u r r e n t  d e n s i t y ,  c h ar g e s  w i l l  be

d d s t r i b u t .u d a r o un d  t u e  c V I i d l d r .  T h i s  d i s t r i b u t i o n  of c h a rg e  w i l l

a ci is L r r b u t  ion  o p o t en t  I t h r u m i g h o u t  t h e  cy l i n dr i c a l  s h e l l ,

eciud i ag  it s  i m m n e r  s u r f a c e .  I la s~ potenti als , and t i me  r e s u l t i n g  cur-

r e n t  f l o w , w i l l  in t u r n  i n d u c e  an e l e c t r i c  field w i t h i n  the  h o l l o w  por-

t i o n  of the  cy l i n de r .  I f  t h i s  e l e c t r i c  f i e l d  is  s t ron g  enou ;~h , un d e s i r a b l e

e l e c t r o n i c  no i se  or damag e  m n ”  r e - ; m l  t . K n o w l e d ge of t i m e  s t r e n g t :ii of t h i s

i n d ar e d  e l e c t r i c  f i e l d !  15 d e n i r a h l c  for  o b v i o u s  m i l i t a r y  r e a s o n s .  the

procedure  fo r  o b ta i n i n g  the  e le ct r i c  f i ~~ld is q u i t e  s t ra i gh t f o r w a r d .

Once the  p o t e n t i a l  d i c t r i b u t  ion en t h e  i nn r s u r f a c e  is known , the p O t e n —

t i a l  d i s t r i b u t i o n  induced  in the  h o l l o w  p o r t  ion of t he  cy l i ade r  can be

c a l c u l a t e d . The g r a d i en t  of th~ s d i s t r i b u t i o n  w i l l  t hen  g ive  the s t ren g t h

of the e l e c t r i c  f i e l d  w i t h i n  th e  cy l i n d e r .

Far  -a f i n i t e  cy l i n de i  w i t h  end caps  the  c u r r e n t  f i o w  th roeg hou t

t h e  cy l i n d r i c a l  d m 11 ~iculd have components  bo th  p a r a i L l  and perpen-

d i c u l a r  to i ts  1.ang itud  ina l  a x i s .  Also , c u r r e n t  f l o w  t i r o u g i m  the  end

caps  would have to be co n s i de c e d .  F u r t h e r m ~.r e , t h c  p rob l em vould

r e q u i r e  a s r ’iu t ion  in t h r e e  d im e n s i o n s .  However , b y c o n s id e r i n g  an

i n f i n i t e  cy l i n d e r , the  cud e f f e c t s  c a n  be neg lected , and a l l  c u r r e n t  f l o w

w i l l  he p cr p en d i cu l ar  to the long i t u d i n a l  a x i s  of the  cy l i n de r .  T h i s

imp i i i  ic.i t ion r ;luc ~ th e  p r o b l e m  to  a m a n a g e a b l e  two — cl i m  ; ene  b a a  L I er ; i

3
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The e l e c t r i c  11 ie l d  pr -d i c t e c l  by this infi m m i to cy l. i n i e r  mod e l  w i l l  a p p r o x —

iuma t e  t he  e l e c t r i c  L i E d n e ar  t i m e  p l a n e  s = a I g i m t / 2  of a f i m i t e  cy l i n d e r .

The two—U i m : i e i m s i o n a l  forni  of t i m e  p r o b l e m  is i l l u s t r a t e d  in Fi g 2 — i .

T i m e  i n c o m i n g  c u r r e n t  d e n s i t y  is inc i d e n t  p e r p e n d i c u l a r l y to t i m e  long i—

tud in a l  ax i s  of t i m e  cy l i n d e r  over  tim e i n t e r v a l  — i r/ 2 < V , ;/ 2 . As the  in—

coning current c o n t i n u e s , cha rge  w i l l  cen t  in u e  to b u i l d  up on t ime  o u t s i d e

of the cy linder. It is as~ u ; m d t h a t  t h is cha rge  has no e f f e c t  on the

incoming  bea m .  Ti me r a d i a l l y o u t w a r d  “ l eak a g e ” c u r r e n t  f u n c t i o n s  to make

t h e  b o u n d a r y  cond i t i on; ;  c o n s i s t e n t  w i t h  t ime  m a the m a t i c s .  I t  is d i ;c u s s e d

in the  s e c t i o n  exp l a i n i n g  t i m e  b o u n d a r y  c o n d i t i o n s .

: ie th d of  So lu t i on

The current t h r o u g h an a r b i t r a r y  s u r f a c e  is

J ~r . ci; (2-1)

$

For a c losed  s u r f a c e  t h i s  i n t e g r a l  mus t  equa l  t he  rate of decrease of

charge  w i t h i n  it. W i t h  t he  charge  des i gna t ed  as q ,  the r e s u l t  may be

wri tten

JT. ~J.s 
— (2-2)

Through app lica t ion of the dive rgence theorem , this surface integral

can be changed to a volume integral. Also , when the charge is repres ented

as a volume integral of cim arge density, p , Eqn (2—2) can be written

= —~~Jrdv —J
~~
j  

dv

4 
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I

I

= Incoming Current , I

= Leakage C u r r e n t , L ( O~~ O~~

a = Inner Radius

b = Outer Radius

r = Arbitrar y Radi al Dis tance

0 = Arbi trary Angular Disp lacement

I = Metallic Reg ion Through w h i c h  Current Flows

II Region in w h i c h  the  I n du c e d  F i e l d s  are  Des i red

Fig 2—1. Schematic Drawing of the  Theoretical Model.
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Since  t i m e  s u r f a c e  is c o n s t a n t , t ime p a r t i a l  d e r i v a t i v e  w i t h  respec t  to

t ime can be broug ht  i n s i d e  t ime i n t e g r a l .  E q u a t i n g  i n t e g r a n d s  y i e ld s

the c o n t i n u i t y  e a u a t i o n

(2-4 )

For the stead y state condition -

~~~~ 

= 0 . For an iso trop ic medium (both

reg ions I and II are considered to be isotrop ic), J = 
~~~~~ . Thus

= 0 (2-5)

Rep lacing E wi th —V~ y i e l d s  Lap lace ’s Eq ua t ion

(2-6)

This equation is valid for both reg ions of the cy linder. Timus , Lap lace ’s

Equation , subject to appropriate boundary conditions , must first he solved

for  Region I. This will yield the potential on the inner boundary . Then

Lap la ce ’s E quat ion is solved fo r Reg ion II , subject to the previousl y cal-

culated values of ~ at the inner boundary. This gives the values of ~
-4

throughout Reg ion I I .  The s t r e n g t h  of the  E f i e l d  in t h i s  reg ion can t imen

÷
be de termined from E = — V~~.

B o u n d a r y  C o n d i t i o n s

C u r r e n t  d e n s i t y ,  t he  e l e c t r i c  f i e ld , and potential are related by

(2-7)

or

(2-8)

On the  oute r bo un d a r y ,  onl y tide norma l component of the incoming

6
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c u r r e n t , i , is known . fime t ; m m m g m m t i a l  coa l ;on . ; m t  c a n n o t  b spec i f i e d

b cnune t i m e  c u t r u t  f l ~~w around t i m e  cy l i n d e r  i s  unknown .

On t h e  i nn e r  b o u n d a r y  the  norma l componen t  of cj~ (i.e. l ime cur—

r ut) is acro. This i s  because  t i m - ~ I i ms ide  w a l l  i s  not: b e i n g  i rrad iat c ’d ,

and all current £ low at time i n ner  b o u n d a r y  i s  t a n g e n t i a l  to t i m e  bound—

m rv . There is no current flow from;; Reg ion I of tim e cy ] inc er , ac ross

time inner bound ary, into Reg ion II. As b e f o c e , t ime  t a n g e n t i a l  com-

pon ent  of V >  c a n n o t  he spec i f  icd b e c a u se  t ime  c u r r e n t  f l o w  is unknown .

Titus , the  a p p a r en t  b o u n d ar y  c o n d i t i o n s  are , fo r  the o u t e r  boundary ,

“ _(-1~~os -O)

~± 1.�.’ = (2-9)

0 _ z

~nd for the inner boundary

0 (2-10)

h owever , the  d ivergence  theorem s t a t e s

fv~ dA = ~~~~ds 
(2-11)

Since V 2
~ = 0 , it is obvious that

ds 0 (2-12)

h1 )wever , i n t e g r a t i n g  around bo th  b o u n d a r i e s  w i t h  the  b oundary  c o n d i t i o n s

as specified in Eqns (2—9) and (2—10) y ields

7



+ 0 (2-13)

~ te r

o ÷ ~f T c o e ~9.~~~ z ~ (2-14)

~ 0 (2-15)

Thus , the bounda ry  c o n d i t i o n s  as s t a t e d  in E qos ( 2 — 9 )  and ( 2 — 1 0 )  m u s t

be m o d i f i e d  to s a t i s f y the  d ive rgence  t h e o r e m .  T i m i s  i m o d i f i c a t i o n  con-

s i s t s  of add ing  a r a d i a l l y ou tward  “ l e a kag e  c u r r e n t ” on to the  o u t e r

b o u n d a r y .  I t s  va lue  is t a k e n  to be c o n s t a n t  over the  o u t e r  b o u n d a r y ,

as shown in Fi g 2 — i .  W i t h  time addition of this term the  outer  boundary

condition becomes

c / Z

(2--16)

_ ..L
0~ 2 a

where L is a value such tha t

bJPD d~ = 0 2-ln

When the val ue s for -
~~

-
~~ are substituted over the appropriate angular

reg ions , Eqn (2—12) becomes

8
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.-—,. - . ~~~~~~~~~~~~~~~~ ~~ a —
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-

3iy-

+ = 0 2-18)

S imp l i f y ing and e v a l uat i n g  t h e  i n te g r a l s  y i e l d s

—1 s~r~&j — L
~I 0 (2 - 19)

Promo which

L ( 2 — 2 0 )

Thus , the  d.i f f e r c n  t i a I e q i m a t  ion and b o u n d a r y  c on d i t i o n s  are ,

o ( 2 — 2 1)

~ 0

~ (co s .e~~~~~)

r
-‘p a

9
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I ll So I;mt i ) !! by .S p: mr : m t l e d  of V a r i a b l e s

S o l u t i on  in R~~ ion l

T i t r a u g i m  app l icat ion of the method of separat ion of variables , time

general solut ion fo r  Lap lace ’ s E q u a t  ion , s ubj e c t  to t i e ;  b o u n d a r y

c on d i t i o n s  as l ist e d  in Eqn ( 2 — 2 1 ) , is

(r~ 4~) 
- ____—

~~~~ 

(r + +

~~~~~~
‘ 

Elfi I_~~
‘ ‘ co~~f 2 r ’L 

~~~~~~~~~~ 
“ (3-I)

L. r~ o~ r~ ~q .~2 
~~ 

(~~~

v

~ 

•~ r~) ~ —-

~~~~~fl z ’

T h i s  e q u a t i on  g ives the  p o t e n t i a l  d i s t r ib u t i o n  t h r o ug hout  Reg ion I .

A det a i le d  d e r i v a t io n  of E qn ( 3— 1)  can be found in Append ix  A. A ppen-

d ix  B c o n t a i n s  the Four ie r  e xp a n s i o n  of t ime  b o u n d ar y  c o n d i t i o n s .

S o l u t i o n  in Reg ion  II

Lap lace ’s Equation must also be solved fo r  the potentials through-

out Reg ion II , subject to Dirichlct boundary conditions because time po-

tentials on the inner boundary are now known . The boundary condition

for Reg ion II is

~ 4:(a ) .e) (3-2)

where f(a ,0) is given by time solution to Reg ion I at r=a .

The solution of Lap lac e ’s Equation , subject to the boundary cond i-

tion as given in Eqim (3—2), for Region It is

10



+

n-i 2n+I
~~~~~

‘ (..i) 2T~ 6 ~~ (2n~~ ) (3-3)

~ i (~~~~~~~ i ) ( ~~4~~_ c~
‘f i t i s  e q u a t i o n  is  d e r i v e d  in Ap p en d i x  A.

F - F i e l d  in Reg ion 11

Since E = — I ~~, and time gradient of ~ iii cy l i n d ri c a l  c o o r d in a t e s  is

~~~~~ ~~~— r ÷ —.~~~~~~ -0- (3-4)

the E—field given by the  p o t e n t i a l  d i s t r i b u t io n  in Eqn ( 3 — 3 )  is

r 2 ~~~~~~~~~~~~~~ 2n-I 1
I ~~~~~~~~~ 

vi (~) ~~~~~ ~L. ~ T~I r
L L~~ -~

) 
~~~~~~~~~~~ (

~~~ .ri ~?i-i
) J

,‘~ I

-I— ~~~~~~ . ~~~~~~~~~~~ 
V’t-~

”
~iI !“~~~ r

2 (-ein~~
)1 ‘S.. ~L ø~~~ ~

) L ~~~ ‘ -~)(b -~~1 i
A ppendix  C c on t a i n s  a computer  p rogr am based on Eqn (3—5) which

calculates tile magnitude of tile ~—fi eld for an arbitrary r and 0 , using

1E 1 ~~ 1J(QJ + 
(3-6)

Test Solution in Region I

The solutions g iven in the previous paragrap hs represent solutions

for tile problem as derived in Chapter II. However , to aid in the com-

parison of the results of the two other techni ques , a simp ler outer

boundary condition was used . This condition is

~~ COS~~~~~ ~~~~~~~~~~~~~~~~~ (3-7)

I.: ~,

11
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T im i s  com ;d ~t Cml has t im e a dv a m ;  tage  of ceder i ng t i m O  Four  i r cx p an s  ion  of

f ( 3 ) to  onl y one term .

‘lime colut ion to Lap lace ’s E q u a t i o n , sub ject to time above outer

boundary condition is

.J~
__ (r-~s~~\ CO~~~4 (3-8)

(t~~~)

For ease of calculetion , tim e inner and oute r  r a d i i  w i l l  be 2 and 4

r e s p e c t i v e l y .  S ub s t i t u t i o n  of t i m e s e  v a l u e s  y ie lds

~~~~~~~~~~~ 
(3-9)

wh id; w i l l  be used to ce r ya re the  accu rae y of t ime r e s u l ts  of the var ia—

t iona 1. and Green ’ s fu n c  t ion approaches .

12 



1V ~‘er l.a t i on~ l (‘a leul mis Approacim

Solut jOil Procedure

The princi ple bcimin d t ime v a r i a t i on a l  a pp r o a c h  is t h a t  of m i n i m i z i n g

a f u n c t i o n a l .  For t he  p r o b l e m  as ou ’:lined in Chapter 1 the f u n c t i o n a l ,

s , is

5 - 1f( .,2 d~ -
~ ~J_2 c~& r d ~ 

(4-1)

where tim e second integral is over time outer boundary, and f(O) is tile

outer  boundary  c o n d i t i o n .  There  is no i n t e g r a l  te rm for  t ime inner

b o u n d a r y  b ecause f (~~) = 0 on t ime i n n e r  b o u n d a ry . This  f u n c t i o n a l  is

d e r i v e d  in Appendix D.

Through the use of a 3—point quadrature form ula and Simpson ’s

Rule , Eqn (!+ — l )  can be w r i t t e n  in m a t r i x  fo r r -m as

(4-2)

wi m ere  A is the  c o e f f i c i e n t  m a t r i x  r e s u l t i n g  f rom app l i c a t i o n  of Simpso n ’s

Rule  and t ime q u a d r a t u r e  fo rmula , and B is a column vec tor  c o n t a i n i n g  the

Simpson ’s Rule  c o e f f i c i e n t s  fo r  the mesh p o i n t s  on the  outer boundary.

Tak ing  the  v a r i a n c e  of S w i t h  r e spec t  to ~ y ields

4’ 6-F (~
)
~ 

(4-3)

Si
Since S is to be minimized , the variance must be zero , so

- 
_ _ _ _ _  = 0 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



T il ima , tim e i m a  t r i x  eq u a t i on  is

~~~~~~~~~~~~~ 
(G) (4 -5)

Equation (4—5) can be wri t:ten in the form

(4-6)

where l~ is a lover t r i a n g u l a r  Ch o lesk i  de c o nm p o s i t i o n  of A.

Equation (4—6) can be easii y solved by letting

and solving for  x u s i n g  forward substitution. Once x is known , ~ can be

calculated using backward  substitution.

Since the ori ginal problem contains Neumann boundary conditions , it

is only po ssible to spec if y to within an additive constant. This is

manifested in tile fact that the coefficient matrix , A , will be singular.

kimcn A is decomposed via a Choleski decomposition , the lower right term

in the main diagonal of L will be zero. Thus , the last term in each of

the x , ~~~ , and ~ vec tors cannot be solved for directl y, because tilat would

entail dividing by zero. This diffi culty can be alleviated b: ar’ly solving

for the first N—i terms in each vector , and arbitraril y setting Lhe Nth

term equal to zero. The solution so calculated will be correct within an

a d d i t i v e  c o n s t a n t .  To a r r i v e  at the  min imum s o l u t i o n , (one which is ortho—

goimal to e = (1 ,1 ,1,.. .1), the ze ro eigenvalue—ei gcnvec tor of A ) , it will

be necessary to normma lize the solution. That is , total all time terms , find

th e av erage , and sub tract this average from each term in the solution vector.

A computer program for the variational approacim is listed and discussed in

A ppendix C.

14
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~
.a Fe cm ot t h e  Doubi e In t e; r al

Tile first integral in E q n .  ( 4 — 1 )  C e O  be cony u t ,~d I )  a dt t’~. le inte gral

over  r and 0 , u s i n g  the  re l a t  ion dA ‘~ rd rd ’3  . Ti m e i flt * gx :i I i s  t i - n  ex p r e s s e d

as a double sum.

= 4fJr(~~’~~~~d~
-d

~~
.

~~~~~ A. y~

where A. and A .  a re  S inmo son ’ s Rule  coefficients.
1 3

Since

(v~~ = )

Z 

- - 

(4- 10)

i t  w i l l  be necessary to have difference relations for both r amid 0.

Also , s ince  each d i f f e r e n c e  r e l a t i o n  w i l l  imave to be squared , i t  will

be advantageous to use ones which don ’ t have too many te rms , yet are

reasonabl y accurate. The following 3—point formula are accurate to

order i~
2 (Ref : 8 , 96) .

~ ...~L ( ‘.34’~ + — 4
~a,’) 

(4-h a)

_L 4’. , .  + 4 • +~ . (4-lib)

241’ 
.4

I (4 ’  — ‘14’ + 34, \ (4-lic)
— 

~ ‘~~i)

15
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Eqm i (4—1 h a )  i s  used Lor a l l  t i e  p0 i m i t  s on the inner b ound m ry  , am id

E qn ( ‘~~
— I Ic) I ;; u sed  fo r  all mne sim po i rm t s on t i m e  o u t e r  b o un d a r y .  I i o w c -v er

c ar e mu s t  b e used ‘,~h n  app rexirmat l u g  t u e  d~~r i v i ;t  ive a t  t i m e  i n t e r i o r  mesh

points.

I n i t i a l l y ,  E qn ( 4 — I l l )  was used to approximate the derivative at ali

m t - n or mesh p o i n t s .  1!omie ver , t h i s  p r o d u c e d  t i m e  s c a l l o p ir m g p ime n om n ena

shown in Fi g 4 — 1 .  Ne m ee t  t er  how L i n e  a i -m es h  was used , t i m e  sea l l op ing

was a l w a y s  p resen t , amid a lways  over 3 — p o i n t  s egmen t s .  Time reason the

s ca l l o p s  a re  p r e s en t  can be exp l a i n e d  b y t i m e  f o l l o w i n g  an a l y s i s :

If the  boundary  t e r n ;  is ignored , t i le f u n c t i o n a l  has  t he  form (in  one

Li imtmCflS ion)

5 (4- 12)

The variance of S with respect to ~~~
‘ is

~~~ 
(4-13)

If S is a minimum , 6S 0. Also , if  the  curve (a , b ) is a p p r o x i m a t e d  b y

two piecewise continuous functions in tile intervals , (a ,c ) and

Eqn (4— 13 ) can be wri tt en

c

+ d’cP’) 4”cfr = 0 (4-14)

16
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w ~~~ ~~~~~~~~~ 

-

~~

l C  b o t h  i n t e g m - :ils are immtc ,~ a t ed b y pa rt ; , t h i s  b l ;
~~

t i o u  b~ coni es

+ U . ~~~ — J~4~”~ o (4-15)

Evaluat itmg ti m e first two t e rm s  am i d comb i n i m i g  till’ intt’i ~re1s y ields

- 

~~~~~~~~
- 

~~~~~

- + f c~. 
-

b
‘
0 (4 - 16)

Due to tile boundary c o n d i ti o n s , t he  terms e v a lu a t ’~ d at “ a ” and “b” are

bo th  z er o .  Also , si nce the  f~u n c t . e n  in t h e  interval front a to c to b is

c o n t inu o u s , E qn ( 4 — 1 6 )  can be w r i t t e n

éc~~(~~+~~ c~) ~Jf~~” 
(4-17)

Thu s , since c o n t i n u i t y  of t i m e  f i r s t  d e r i v a t i v e  is not enforced across each

segment , the  functional has been given the freedom to abso rb  some of the

“cost ” of minimization by letting the slope be discontinuou s across each

p i e c e w i s e  c o n t i n u o u s  segmen t .  The reason the  s c a l l o p s  occur red  in groups

of three points is because both Simpson ’s Rule and a 3—point quadrature

fornmula were used in the numerical approxima t ion , imp lying a quadratic

function over a 3—point range.

To eliminate the scallop ing, Eqos (4—h a) and (4—lic) were used to

approximate both the left and right derivatives at the mesh poin ts which

are junc tions for each of time 3—point segments (e.g., mesh poin t in

Fig E—1). This procedure nmore accuratel y calcula tes the ac tual value of

17
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Numer ica l  Solu t i on

— 

‘ 
9 x 4 8  mesh —

7 — —

~ 
6 

E (3 9)

5 — .._....—.
~~~~ 

—

2 3 4
Radial  Distance 

. -

Fi g 4—1. Scallep ing Phenomena \hc a Continuity of the
1st: D~ Hvative ls Not Enforced Across All
Nc sii Points. 
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t i m e  der i v m t  ive  0mm e i t i m e r  s ide  of thu br t .-m~ —po jut , so t h a t  large slopes

( s c a l l o p in g )  w i L l .  he suppressed .

Eqn ( 4 — i l b )  can i)e uscd to a p p r o x i m m a t e  t i m e  d e r i v a t i v e  a t  t h e  m i d d l e

mes h po j u t  of  each 3 — p o i n t  segmen t .  In t h i s  c ar e  c o n t i n u i t y  is en fo rced

th roug h the tm sc of S impson ’ s R u l e .  Use of  t ime  ap p r o x  i ea t  ion f o r m u l a e

in t h i s  m anner  produced a smooth  curve fo r  time approxi ; at ion in t ime  r a d i a l

direction.

S i m i l a r l y ,  c a r e  mus t  be use d  wImen approxi m rmating the angular deriva-

tives of Eq n (4—10). Initiall y ,  angular derivatives at all mumesh points

were approximated with Eqn (4—lib). As can be seen in Fig 4—2 , the results

of t i m i s  a p p r o x i m a t i o n  b r a c k e t , but never approach , the  anal yti c answer.

The va lues  along til e even numbered  r a d ia l s  are a l w a y s  g r e a t e r , and tile

va lues  a long  the odd u u ; ;b c r e d  r ad i a l s  are a lway s  less t i t an  t he  anal y t i c

answer . Again , this r e s u l t s  f rom an i ap r ope r  a p p r o x i mat i o n  of the f i r s t

derivative in the angular direction . This was corrected by using Eqns (4—h a)

and (4—llh) to approximate the left and right angular derivatives at all mesh

points. Again , an addi tional factor of was included in both Eqas (4—lla)

and (4—hib) to account for the use of both left and right de rivatives. Use

of the approximation formulae in this manner produced a smooth curve for t he

approxi mation in the angular direction.

Matrix Form of the ~~~~~~~~~~~~~~~

The second integral in Eqn (4—1) can be converted into the following

summnat ion:

8. f~~). 
~, ~o 

(4-18)

L 
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0 45 90 135 180

0 (Deg ree s)

Fi g 4—2 . Plot of (
~/c os ~u vs theta along the outer boundary.

Continuit y of the first derivative in the angular
d i r e c t i o n  is not  e n f o r c e d .
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No Li i f  f e r u mice  f e n m u mu lim e ar~ ne ded b e cau ; s  t h u - r i ’  a r e  00 he r  i Vj t  i V 5  to

a r p r i x  i m i t e .  In f a c t  , th e o n l y mi ’ ;l— ~e’ro t e m n m ~; in t i ~ left l w m r m d  s i de

~ee b r  w i l l  be those  t e n ; ;  c o r r e s p o n d  i ;g to a v a l u e  of  ~ on t i me  o u t e r

boundary.

Stmmm ary

I n i t i a l ly ,  t i m e  b o u n d a r y  c o n d i t i on s  w e r e  enforced w i t h  L e g m ange

Mu it i p liers , wit imout considering t ime  ii t l m r a l  boundary  c o n d i t i o n s  of the

f u n c t i o n a l .  T imis  produced a s ca l l op e d  c u r v e  w i t h  end p o i n t s  at or near

zero . (Th i s  i n i t i a l  a t t e m p t  is d i sc u s sed  in A p p e n d i x  F . )  U l ie n  time

n a t u r a l  boundary c o n d i t i o n s  were in c lu d e d  in t e  fu n c t i o m i a l , the  curve

was “p u l l e d  up ” so t h a t  i t s  end p o i n t s  more  c l o s e l y a p p r o x i m a t e d  tile

anal ytic values. However , the scallops ecr e  s t i l l  pr e s e n t  no matter

how fine a mesh was used. These scallops we-re present because continuit y

of tu e first derivative was not ri gidl y enforced jim the nucie rical approx-

imation. When both left and ri ght radial derivatives of time mesh points

which were junctions of time 3—point se2 imcnt  were used , the numerical

solution did indeed become a smooth curve. However , it still did not

satisfactoril y approximate the analytic solution. Finall y, bo th lef t

and right derivatives in ti-me angular direction were approximated for all

mesh poin ts. A~s illustrated in Fi g . 4—3 , the numerical solution approaches

the anal ytic result as the mesh becomes finer. However , fo r a 9 x 32

m esh it was necessary to use 168 K of computer storage.
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Rad ius

Fi g 4— 3. Comparison of t ime Analytic Solution with t ime Variational
Solution Alon g the Line 0 = 0.
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S o i m m t  ; utmi h T s i w,, C r e m ’ m m ’ s Functions

In t i m i s  c i m a p t e r  t h  eq u at  ions  developec i  in C h a p t e r  1 are  solved

u s i n g  a Green ’s function. First , a solution for ~ is  d e r i v e d  in t e rm s

of a Green ’ s f u m i c t ion .  Second , au i t t - r a t  ive sc i m e ; ’o  fo r  o b t a i n i n g  t ime

values of ~ is presented .

Reduction to Integral__Eqmm .-m t ion

The basic equation is

o (5-1)

with bouimdar y conditions

e) ~c
r: 0.

~ ±1 ~:; f ( ~~)
i::) ~

The Green ’ s f u n c t i o n  express ion  for  E qn ( 5 — I )  is

(
~~ é (

~~~~~~
) 

(5-2 )

where x is the observer ’ s po int and x ’ is the  source  point , as ~neasur ed

f r om the  ori gin. Since the Green ’s function only d epends on th e d i f f e rence
4- -~b etwe en the two vec tors , x a nd x ’ , it can be writt en as G(x—x ’).

Multi plying Eqn (5—1) by C(~~— ~~‘) and Eqn (5—2) b~ ~
(
~ ) y ields

= o
and

é~~~~~ 5~’) 4 (i) (5- 14)
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S u b t r a c t i n g  E q u m  ( 5 — 3 )  i r e ; ; ;  E h im (5— ti) , and i m m t u - : u z i t i i g ’  ov~-r t i m e

vo hm re e of the  cv i  inder r~~-;u Its in

G~~~- ~~
‘) 

~~~~~~ ± ~
)
~~ ) ~‘c ~ ~ 

(
~~-5)

I f  one of the  “de l ”  t e rms  is f a c t o r e d  ou t  of t i m e  b r a c k e t s  , t he  volum e imibe ; ral

can be c o n v e r t e d  to a s u r fa c e  i n t egr a l  t i m r o i m g i m :mpp l L c a t  ion of the d i v e r g en c e

timeorem .

J
~~~~~~~~~ c4~~~~~~~

’
) — G(~ -~~) ~74 ( T ?) J. ~~~~~~~‘

S i n c e  t h e  Green ’s function is symr ;m et r i c , t ime  o b s e r ver ’ s p o i n t , x , and the

4-

source point , x ’ , can be ir-icerc iman ged. This change results in

~~~~~~~~~~ C-m~~~~~~~~~~~~~~ (3~’)]
. d~’

If a new function , ~ (:~ ),  is d e f i n e d  as

J ~r ’~) V ’4 ( ~ ’)~~c~a’ (5-8)

Eqn (5—7) can be written as

‘V~~~ ÷J ~~ v~~
(
~’- 

~~
) •

Equations (5—8) and (5—9) can be solved by iteration , viz.,

4 , c~
) (5-IDa)

‘t’(~~ ) ~~~~~~~ cia ’ (5-lob )
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where

______ (5-il)

a mid

V G~(3t’— 5Z) - _____ (5-12)

11~ I)e-~I
Equs (5—11) and (5—1 2 ) ar e  d e r i v e d  in Appendix H . Also , a more r i gorous

d n i v~m t i o n  of t ime i n t egr a l  eq u a t  iuo i , Eqn ( 5 — 7 )  can be f ou n d  in A p p e n d i x  I .

Ti-m e iteration scheme is exp lained in tim e following six steps.

1. Ti me cy l in d r i c a l  s h e l l  is d i v i d e d  i n t o  an even number  of e q u a l l y

spaced angular i n t e r v a L s .  Since E qns ( 5 — 8 )  and ( 5 — 9 )  onl y coa~ ain surface

i n t egr a l s , t h e r e  is imo need fo r  in t e r i o r  rnc s l m p o i n t s .  ( T h i s  is one advan-

tage  of u s i ng  Green ’ s f u n c t i o m i s — the  number  of mesh p a i n t s  can be d r a s —

c i ca l l y reduced , t hus  s a v in g  computer  s t o rage  s p a c e .)

2.  E q u a t i o n  ( 5— 8 )  is used to c a l c u l a t e  ti -me v a lue  of (~~ ) f or each

mesi m p o i n t  on the  inner  boundary  due to c o n t r i b u t i o n s  fran ;  every mesh

p o i n t  on time ou t e r  boundary.

3. E q u a t i o n  ( 5— 8 )  is used Co calculate the value cf 46~) for each

u m esh p o i n t  on the outer boundary due to contributions from every mesh

po in t  on ti-m e outer boundary .

Note : In both steps 2 and 3 there is no contribution from the inner

boundary because V~~ da 3~ /~ r 0 on time inner boundary.

4. Equation (5—9)is used to calculate the value of ~ fo r every mesh

point on the inner boundary due to c o n t r i b u t i o n s  f rom al l  mesh po in t s  on

both boundar ies . The corre sponding  va lue of ~ is then added to time sum of

timese contributions.

5. S tep  4 is r e p e a t e d  fo r  a l l  m esh poin ts on ti-m e outer boundary.
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6. S teps  4 and 5 are r ep e at e d  u n t i l  a l l  v a i n - s  O C  e O u ; V u ; F g O  t )  w i  t i m i n

5~T~;e tolerance I inm it

A ~t um ;; pu t er  p r e gr m m m  i mi mp lu m ; me n t  i ng  the  above it e r a t  ion  s c i m m mn o can be found

in A p p e u d i x  J.

The va lue s  of c a l cu l a t e d  by t h i s  method are  in lereenu nt to  th ree

si g u i f i c a m m t  f i ; ; u r u s w i t h  t i m e  v a l u e s  prod i c  L u - U  b y t i m e  L e s t  so im i t ion of Eqn

( 3 — 9 )  . In t i - m i s  c . m l m : u l m t  ion , 12$ mu sh points -r e  used around each boundary

and the  v a l u e s  of t h u  c o n d u c t i v i t y  and i n c o m i n g  c u r ren t  w o r m  Set to u n i ty .

The compute r  program wa s then nuJ ified to a c c u m . ; ; ;vd at e  t i m e  b ou n d a r y  c o n d i —

t ions as l i s t e d  in  E qo ( 2 — 2 1 ) .  Once ag a i n , the  v a l u e s  of ~ w e r e  i i i  agree-

m en t  to t h r e e  s i g r m i f i c a m m t f i g u r e s .  A c omp ar i s o n  of t ime r e s u l t s  was  not

plotted because the  cu rves  wou ld  be i n d i s t H u ;u i s h ab l e .

Solution in Reg io n II

The p rocedure  is ti -me same as t h a t  u sed  in the previous section up to

E qn ( 5 — 7 ) .  Oc the inner boundary v~(~’) = 0 , so Eqn (5—7) can be written

~~(~~
) ~Jv& (~’~ t) 4O~) ~~ 

(5-13)

whe re V’G (x ’ — mc) is given in Eqn (5—12) and time values of ~(~~ ‘ )  imave been

c a l c u l a t e d  b y the  me thod  presented in t i -me previous section.

Thus , it is not necessary to iterate a solution , just sum the contri-

butions from all points on ti-m e inner boundary. The sunmmni mtion expression

for Eqn (5—13) is

N

- ~~~~~~~~~ c.oci~~~ 4~ ø) p~ (5 14)
/ - 

L
h~ I

wh ere ~ is the ang le between x ’ —
~~~~ and the  outward ui-m it normal at x ’ .
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The p o i e m m t  j a b  obtaim u d ‘;i~ im ti - mis feri; u la see  in agr -mi-muL to two

s i~ nmi t i c a n t  f i gur e w i t i m  the  v a l u e ; prod ~ct ed by E qn (3—3).

Calculation of the 1~— Fie1d

It is not nece~;sary to calcu late the v a l u e s  of t i ; r o m m g h m o u t

reg ion 11. Eqn (5—13) can he used  to calculat e t i m e  e] ectric field

directl y. Since ~ -Vp , Itupi (5—13) cam -i be w r i t t e n  ( a f t e r  t ime  dot

product operation is performed)

—v~~~~) [~~ c ’-~~~~ (~ ’)ds  (5- 1 5 )

The gradient operation is with respect to a , no t x ’ , so Fqn ( 5 — 1 5 )  become s

~ —f ~>~’) [I ; (~ )c~ + ~- I —~ (~~~~)~~~] d s  
(5- 16)

Summary

The Green ’s function method a p p r o x i m a t e d  the  v a l u e s  of as p r e d i c t e d

by the anal ytical formulas of Chapter III to at leas~ two si gnificant

f i gures. Thus , ti-me Green ’s function method gave an independent verifica-

tion of Eqos (3—1) and (3—3). Time did not permit a computer imp lementa-

tion of Eqn (5—16).
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VI R~~ m 5 , - 5 i  :11 i ’ ’ 0 V ; l m m e s  of  t ime

k ; ~~m i i  t m m d e  of t i m e  ~ — Fie1d

In Lim i ;; cimap t or tim e electric field i n d u c e d  i n s i d e  the  h o l l o w  portion

of tim e cy linder is cal culat :d m i r i n g  E qns  (3—5) and ( 3 — 6 ) .  Ti m e f o l l o w in g

e~~~r~- su ntat ive values a re used  for  t u e  iump u t p a r a m e t e r s :

Outer radius: .5 meters

Cy limid e : t h i c k n e s s :  v ar i ed  f rom .254  to 2 . 5 4  m n i l i i i ; ; e t e r s  (10 to 100 m a i l s )

Cc ’mmductivit v (•\luminum:m): 3.C2 x lO~ ummhos/meter

l n c o n m t n g  c u r r e n t  d e n s i t y :  .01 a n mp s / m e t e r 2

F i g 6—i i l l us t r a t e s  how time T:lax i mnum stre n gt h of the electric field

v a r ie s  with ti -me t h i c kn e s s  of t i m e  cy lim der.

Fi g 6—2 i l l u s t r a t e s  time m a g n i t u d e  of the  e l e c t r i c  f i e l d  as it va r i e s

w i th  ang le. Each curve p l o t s  t he  f i e l d  a long  an e q u i —r a d i a l  arc . Since

the e l e c t r i c  f i e l d  is symree t r i c  w i t h  r e s p e c t  to t i m e  l i n e  C = 0 , onl y the

f i e l d s  in ti -m e upper half of time cy linder are plotted. As can be seen

4-

from the figure , the maximum value of ti -me E — F i e l d  o c c u r s  a t  ti -me i nner

boundary when 0 = 0.

Bo th f i gures indicate ti-mat for an incoming current density of .01

amps/meter 2, the strength of ti -me electric field inside ti-me cy linder is on

tim e order of ~~~~ volts/meter. Eçn (3—5) indicates that the magnitude of

ti-me electric field varies directl y as the incoming current. Thus , to start

getting appreciable fields inside the cy linder , time incoming current density

would have to be on ti-m e order of l05_ 1.06 amps/meter 2 .
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VII Comi c l i e  i o n ;  ~ m m d R- ue , ; i r i& ’ nda i  ions

Comic bm is i omis

Time c&--umi lt s of Cim apt ar 1V i n d i c a te  t h a t  i t  i s  n~ s — i m b l ’  t o  u se the

var Let ionel r;n- tim od to rmunm c t i c ;ill y ;;olve for time ~‘ot~-m; tia I distribu tion ,

provided a ~ inc enoug h i ; m u ’~~im is used.

The r e s u l t s  of the Green ’s function method indicate that it can

satisf actoril y approximate the pote ntial distribution throug imout both

reg ions of ti -me cy~ irmder. Ummfort uua tel y,  — i n exam:m inatio n of t i m e  e l e c t r i c

f i eld predicted by this method ~:as not accomp lished. h owever , since

time method was quite successful at predictin g t h e pot entials , it seems

reasonable to expect s in i  b r  succ~~as iii the prediction of the — F i e l d .

A comparison of time v a r i s t i o n a l computer program with the Green ’ s

f u n c t i o n  program shows that the v a r i a t i o n a l  program r~ qu i res less execu-

tion t ime , whereas  t ime Green ’ s function program requires less computer

storage. Thmus , for a problem w h i c i m  cannot be solved anal yticall y, the

best numerical approach e-emm ld depend on whether computer storage or execu—

t in-me is more critical to ti-me user .

L a s t l y ,  g iven t im e r e p r e s e n t a t i v e  v a l u e s  for  ti -me cy l i n d e r ’ s d imens ions

and the incoming current densit y as listed in Ch ap t er VI, the magnitude of

the induced ~—Fie lci is on t ime order  of ~~~~ volts/meter.

Recon mme nda t  ions

1. The c o m p u t e r  p rog rams  deve loped  in C h a p t e r s  IV a nd V onl y calc ulate

tim e potential distribution. It would he interesting to develop them one

s tep further to calculate the i~—F ju ’ld , and then compare the two numerical
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tee thmods.

2. fo improve tim e prediction of time el ectric fik ld im isi~ c a space—

r a L t , L l te  pro b l e m  simould be so lv~- ml fo r a f i n i t e  cy l in d e r  w i t h  endc ap s .

One poss [ble smod el is a timin elli psoid. This m ould alleviate tim e problem

of calculating ti-me current flow across the - d . ~ of the endcaps
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I X  A

i) ’ r i v ; i t i o m m  of r h -  Su t u t i~~n to

Psi ng S- ’p;tra~~L ;m n f Vn riabler

Time method of o e ; - m ,-i L- eL  ion of v a r  m a l e s  is used to ;olv~- ~~
2 -

~

Tue bou ndary cond it IOUS cr 0  t im - t m e - p e n - -h-d  in a Four icr ;;er i es to obtain

an infinit e simm expressHn for (r,Q).

I u t  ton in Rog on I

0 
(A- l )

Aes unmo -~ 
= R(r) h (-~). In cy lindrical coordinates

[~~~~~r 
(1~) ~ ~ 

(A -2 )

A f t e r  e x p a n d i n g  and m a m i t i p l y ing b y r 2 ,

~ fr th!~ ~ (A-3)
T~~dr~ cl-r / ~

) cI’o~
Solutio rm if A 2 0

So lv ing  for R:

~~ (r~~~ \ ~~ 0 (A-4)
d’r \ 

~~ - J

r-~!~!~~ ~ 
(A-5)

dr 0

R~~ A0 Irt r + B, (A-6)
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So l v i n g f or 0:

- ~~~ — o ( A- 7)

d~~

~ + (A-8)

Thus

~~ -:~ a~) (c0-o. -
~
. 

D)  
(A 9)

Since -~ is periodic , C0 au ; t he z e r o .  A b s o r b i m m g  8o in t ime  r em a i n i n g

constants yields

= A0 li~ ~ ÷ 
(A - lU )

S o l u t i o n  i f  \ 2 
~~ P o s i t i v e

Solv ing  f o r  R:

r c~ (A-li)

c~~~~
\ 

~~ ‘/ 
/

T i -m is  is E u l e r ’ s E q u a t i o n , w h i c h  can be so lved  b y letting

r = (A l2 )

and

(A-i 3)

The solution is 
- -

R~ A r ” + ~3r~ 
(A-l4)

Solving for 0:
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~~~ 1

..
~~~ t €  o (—\--1 5)

~tc ~o-~

C cot; ,~eC- + 0 S~r~ ~~~ (A 16)

For s o l u t i o n s  p e r i o d i c  in d m r , A n , H - r ’  mm = I , 2 , 1 • T ht m i s th e  solu—

t icn for a positiv e \ 7~ is

-~~ + ~~~~ ~~~~~~ a ... ( i c-u )

TI -me s a l u t  ion wi men A 2 is n e g a t i v e  can be i gnor ed  be cause  i t  c o n t a i ns

S ini m 6’ am-id cosh U t e r m s  , oh ich are not periodic.

Thus , time general solut ion is ,

4) ~ A 0 Inr + ~ +

~~ + r~~)cos ne ÷ ÷ Dhr
~~ ) 

~~~ 

(A l8)

The boundary conditions are

i~ (a~~~ ) 0

~4 (t~3 .e~) = $~~~= 
— - — —
‘lv 
~~~ 3~0’ 2 2

A pp ly ing ti - me f i r s t  boundary  c o n d i t i o n  y ie lds

A (A—19a)

A1~o.” ’ — ~~~~ o (A-19b)

C~a”~ _ c~~%”1 o (A l9c)
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A ppl y ing  t ime ‘cond b o u m i d : m r y  c and i I j o t y ield s

~~~~~~~~~~~~~~ ~~
“)co~ ~~ ~ (~c~~— n D~6 ) s~n ~ ~

Time F o u r i e r  e s p : m m l s i o n  for  f ( 0 )  is g i ven  in i- cpm ( B —9 ) , A p p e n d i x  B. Since

t i -mere  are no s inc  t ‘ r u i m o in  t i m e  ex p a n s i o n

— 
(A-21)

S o l v i n g  t i m i s  e au at  ion i m t m u 1 t a n ~’ousl y w i t h  Eqn  ( A — 19 c )  y i e l d s

I) a (A - 2 2 )

E q u a t i n g  c o e f f i c i e n t s  of t ime  cos ine  t e rm s  i n  E qns  (A -- 2O )  aim i (11— 9) f o r

n = 1 y ie lds

A .~~~~~.. (~\ -2 3)

Solving this equation sirmulta neous l y w i t h  Eq n ( “ .— 19 b )  f o r  n = I y i e l d s

a.

A 
I b (A-24a)

2 2a -~ lu .  b (A-24b)

Equating coefficients of time cosine terms in Eqns (A—2U) and (B—9) for

n = 2 ,4 , 6 , . . .  y ields

n.I •n-~
— 

(-Ij 21 ~~ (A-2 5)

o-7~

Solving this equation s i m u l t a n e ou s l y wi th E qn (A— 19b )  fo r  n> l  y i e lds
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~~~~‘ -i )(~~~_ 
c L)  

.‘

-
~- 2ri

- r t: 2 ~~ •. .  (A 2 6 h )
~~~ - -rr 

~~~~~~~~ ~~
‘time coefficients of cos(n t) ~~re  ze ro  for n = 3 ,5,7 . Ti tus  A n B i~ ’O

n = 3,5,7 

TI m e c q u aL i o n  for  y ( r  , ~ ) can now be found b y s u b s t i t u t in g  E qns ( - \ — 19 a )

(A—24 )  , and ( A — 2 6 )  i n t o  Lqn (A—1 8)

~~~~~ (r ÷ +

~~~~~~~~~~~~~~~~~~~ (~-~ + 
2 v~ - ‘t 2 ~~ 

(.1-27)
)

~~1i
’ (re-)) (b~ ~~~

“ .) \

Equation (2—27) can be rewritten w i t h  an i n f i n i t e  su ui m b y ; e m h s t i t u t i n g

2n fo r  n .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ 
(r + +

c~ ’ ~~~~~~~~ (r
2
~~~4 �~~~~\ (A-28 )

L ~ ~ ~~ s) ~~~~ ~
“) \ ~ /

Equation (A—28) gives the po t e n t i m i c  thm r ou gl mout Region I. The constant

B0 in Eqo (A—IS) has been sot,  to zero . Since ‘li is the term of interest ,

tiny constant term would vanish when t h e  g r a d i e n t  i s  c a l c u l a t e d .

P~~ 1 m i t i o n  in  R e g i o n  I I

Time equa t i ‘i ’  to he solved is
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- -

0 (-~-29) 
—

w i L l  heue d~~cy c m c m d i t  ion ~ (a , u )  ~ 
[(a  , U ) w i m u t ’e [( a , 0)  is g iven b y t h e

solution to Reg ion I.

U s i m m g  L i m e  e , m m m m e  p r o c e d u r e  as b - l o r e , t i m e  g -mi r , m l  s o l m i t  i o n  is

4) = A I ,~~- ÷ zJ,, +~~~
‘ 

[(,
t~~r~~÷ U~~~” )c~~ a

- - -> +(cAr”+o,.~r~~)s
;r
~ n+>J (~~~30)

Si  r i ce  -~ must be bound ed  a t  r 0 , A o :i t~~D im =O . Al so , t h e  a d d i t i v e  con—

ot e n t , B0, is set  to 0. S i n c e  t ime g r a d i e n t  of  ~ is denired , B0 would

d r o p  out a ny w a y .  ‘li m u s  , t i m e  g e n e r a l  s olu t  ion is reduced to

Co

4’ ~~ n-& + C r’
~s~n ~~~ 

(A 3 l )

A pp ly ing the b o u n d a r y  cond i t  ion a t  r = a y i e lds

-
~
-

ac.’: ~~~cos ~~~- 
‘

~~~~~

‘ (— i )  I ~~ 
~o$ (2n~) ) C2 c i .Z~%) (A-32 )

p 

~~~~~~~~~~~~~~~~ (c ’- ~~~n)

Since there are no sine terms in the right—h and side , C~ = 0.
Equating the coefficients of cos U for n = 1 ,

t
A I h Q- (A—33)

~ 2

which simplifi es to

a
A 16 

— 
(A-34)

Equating the coefficients of cos 0 for  n 2 ,4 , 6 , . . . ,

J



A2,~ c~
2
~ ~~~~~~~~~~~~~~~~~~ (A - :35 )

Solving for the constant A ,

2v~4 L

4 = 
~~~~~ (A - 3 6 )

~ (
~~~ i) ( j~~n 

Q
441

)

When n = 3 ,5 ,7 ,... t Im e constant co~-ff i cjents tire zero.

Substitutin g P - j n . c ( A — 3 4 )  and (A- -36) i n t o  E qn (A --3l) yields time

potential distrib u tion for Reg ion II ,

(~) (r~~~) +31. ‘

eQ n-I 2n + I
‘S~

’ E!L~?:1 _______ (A-37)
n ~rr ~~~~~ ‘)T~ - ~~1

n)
_

ri~ i
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A ppe m m d i x  B

Four h -  m . ;p ;mn s  ion of the Found:m~~ Cemeli t ion s

In A pp end ix  A •i • .~~ I o li on  for ~~ ~ = U was der ivec~ in t e r u m s  of an

i n f i n i t e  sum of s in  u ’ ” ’ t  cot ;  inc t e rms .  The boundary cond it ions , repre-

s e n t e d  as ~~0)  , we re P I . .  n expanded in a Fouri er series to d - t  ‘- rm ,-m i ne t ime

coefficients for ti e- - - I m I c  and c o s i n e  t e rm s  in  t he  s o l ut  ion. ‘FI m u ~ purpose

of th is appendix is I “ rasemi t tim e Fourier analys is used to determine

t hose  coefficients.

The solution at • b can be written in time form , ( R e f :  i-: cin ( A — 2 o ) ) ,

~~~~~~~~ {~~~&-“~ 
(r~~3 + 

~~~ 
(~~~)] (B-l)

n~ I
wh ere

~? (cc’s -
~~~~ 

- it

:‘.
Z

Since f ( e ) contains ,~~.iy even functions , its Fourier expansion will not

have any sine terms. mm cmm ce F~ = 0 in Eqn (B—I).

The expression f~~ 
Er., is

F. ~ ~~~ l, 2
,

3~,
” -  (B-2)

where 2L = Period . F” Limis problem the period is 2mi .

When time equations ~~
, , ,  t ( 0 )  are substituted in Eqn (13—2) and integrated

over time appropria t ’- ; mits , the following equation results ,
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IV

~~f~~~(co s ~ — 

~
) cos(rt~ )do~ +

Z.:~::. cos (ft ~) d-~
- n~~Q, ’ , 2, - • -  (8-3 )

When m = 0 the  above express  ion it ;  z e r o .  li ~’r mc e t h e r e  is no c o n s t a n t  t e r m

in time Fourier expansion. Eqn ( 13— 3 )  can be r e w r i t t e n  as

E c os 9- cc’ z (r% 0.) — ~~~~~ “
~

_
~~~[cc3cn ~~) cj~ (13-4 )

Integration of this equation y ields

IT.

r .
~~ 

.

~~~~~~~~~~~~ .~ Isrn -e-l ~~~~f l ’]  c’li.ZL J
2 a

E =
ft

!. [s~~(~~i)0. ~ — !- ~
(.nei i. 1~ 

(
~

)1 
~acn÷s) fl~•fl ~ J ~~ 

r~I a
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I
~~~~~ 21 I i i

o~~La~~~ i~~~~rhL~’2J

1: 1 %  I i— rt~~2) 6) / o ) ---

F - ‘
1

1’~ o 1?1r1.g ’ n4-tJ

I f z l
L - J  

&‘&2L
~~~~~~~I

~~~f - 2.1 I f -Z ’~mzri~L r t r rj  — n~

I
2ir

21

E (B—7)

-21
I2~

o

I

fl- I

E - ~~~~~~ 21 f l=  2, L1, t~) ” (B 8)

0
~ 

5, 7,-- .

43

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ___ ——— - -- —- - - ---- -



~~~_ -  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~r~~’ ’ ’- ’- - -- - - - — - _______

h’ I m~ im -~ j n t ;  ( B — I )  a i m c i  i — ~~) a m ’  c omn b i m m e ’ l  am - id  s i u p l i l i ’ i  , time Four ier

~‘t ~ i - i t n m t ;  ion fo r  t (  U )  ov er  t ime  i n t • -r v a l  0 to 2- i can be w r i t  L , ’n

‘—~~~
‘
~~~~~ ~~~~~~~~~~~~~~~ ~~~ ~~~~~~~~~~~~~~~~~~~~~~~ 

(~~-9)
cri~

- (r~ -i)

This  e x p a n s i o n  was used with E qn ( A — I S )  to e v a l u a t e  t h e  c o n s t a n t s  in the

general solution for m~(r,0).
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n 
1

.\ p 1c n d  ix C

C m i p t m  t & ‘ r Progr am im to ( ‘ . m lee l a t e  tim e

~iam ~n iLn 1e of the_ E - F i u l d

T i m i  s pro gr am m i c o t a p u t e s  t i m e  m a g n i t u d e  of the  c -Icc  t r i c  f i e l d  at

various points timroug lmo ut the  hol  low p o r t  i on  of t h e  ~‘! inde r. It i~

e s ; e n t i z m l l y a p rog ram of Eqn ( 3 — 5 ) .

Cards I — 23: Self exp lanat ory.

Card 29 :  Time v a l u e  of t ime i nne r  rad ius is calcul ated.

Cards 33 , 34: TI -iese cards  conv er t  the angu la r  and rod i - i l  inc rem rm ent s

into DO LOOP indices.

Card 35: A DO LOOP is initialized w h i c h  sp ans  a l l  tite angular increments.

Card 36: THETA is ti -m e a n g u l a r  d i sp l a c e m e r m t  of each radial line .

Card 37:  A DO LOOP is i n i ti a l iz ed  which spans a l l  the  p o i n t s  a long a

g iv en rad ia l  li ne .

Card 38: R is the ra d i a l  di sp lacement of the  p o i n t  h a i n g  c a l c u l a t e d .

Card 39: This card ensures ti -mat all points lie in time hollow portion

of the cy linder .

Card 40: Th ETA is converted into radians .

Cards 41 — 49: The radial component of the electric field is calculated

as g iven in E qn (3—5). The surrmnmation is continued until two successive

val ues d i f f e r by less than .0001.

Cards 50 — 58: The angular component of time electric field is calculated

as g iven in Eqn (3—5). Ti-ic s u m u m a t i o n  i ,c continued until two successive

values  d i f f e r  by less than .0001.
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C ar d  59: Tim e m a g n i t u d e  of t i m e F — F i e l d  i s  c a l c u la t e d .

Card 60: TH ETA i t ;  c o n v e r t e d  back  to d e g ree s .
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A p pem i d  ix I)

D e r i v a t i o n  of t i m ’ ~h i n i i m i z a t i n F u n c t i o n a l

Ti - m is  ap p e n d i x  c o n t a i n s  t !m e d ’r i v a t  i on  of t b -  f u n c t i o n a l , Eqn ( 4 — 1)

w i m i c h  was minimiz ed in t i m e  v ar i a t i on s  I. t -~i p ro a ch i  . The di  scuss ion  mte tho .1

used will be to f i r s t  p r e sen t  a general functional for t lo problem being

so lved .  This  w i l l  be f o l l ow e d  b y a p r e s e n t a t i o n  of a s p c c i f i c  functional

c o m p a t i b l e  w i t h  t ime  g iveim boundary conditions as l i s t ed  in C h a p t e r  I I .

I t  w i l l  t h en  he shown ti -i a t t h i s  f u n c t i o n a l , J [~] , is a mi a imums b y a d d i ng

an o t i m e r  im o n — z e r o  f u n c t i o n , v , to ~
-
, and showing  t h a t  J [t+v] > J [~]

The gener a l problem is l i s t e d  in E qn ( D — l ) .  Ti -me e q u a t i o n  is inho m o—

gencous am-id must satisf y mixed boundary conditions.

Vz 4 S (D - l )

On the  Inner  S u r f a c e ,

a

On ti-me Outer Surface ,

Jb
The app lic able functional is

3 C43 ÷

+ 
(D-2)

S~,~~1f
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For t i m e  pr~~b l s i  , m a  d e r i v e d  j i m C i m : m ’ ’ t e r  II , S = o~ ~~ = = 0 , and

= 1( e) .  So Hin. ( 0 — 2 )  h e c u m m e s

J E ~’3 + 
(D-3)

A 4

w i m e r e  t ime  second i n t eg r a l  has  been c o n v e r t e d  to an immt egra l over 0 by

ut;e of the relation ds rd P bjQ .

It will now be sim own tim- m t  i f  a non— zero [unc ti,t n , v , i s  , u l l I to

t b ’ n J[:+v] >~[-1 . (Both m~ and v b e l o ng  to the class ol fmm n c t ions m~imich

has a cont inuous  second d e r i v a t i v e .  ) If  t h i s  is t r u e , t h om F c in .  ( m — 3 )  is

the c o r r e c t  f u n c t i o n a l to be m in i rm i i c d .

= -
~
- 2v~’. vv + (~7vi}d A +

A

( D-4 )

JC th J  4- k j(vv)
zdA +J~7d~

. v’v dA —

JV F~ e~ b.4 o- (D-S)

The second term is positive for any non—zero v. thus , if it can be shown

that terms three and four are zero for any v , then J [~ 4-v] is greater th an

J
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,\ n id~~nt  ity f r o m m  ve ctor - e m  ly ~~i s  g i v e ’s t h e  relati on

—‘ —.~
= ~~~V•~~ + A ~~~ v 

(o- 6)

dy letting v = w and ‘
~
‘ -~ th e  above equat ion  becomes

V-’ ( Vv 4)~~ ~~~~~~~~~~~~~~
Timus

V~~~~VV  
(D-8)

Integrating Eqn (D-8) over the area of interest yields

J(~~~’v v )d -~ =f (v c’-~>) ’J ’~ _J(vv’c’~P)dA ( D-9)

Throug im app l i c a t i o n  of time divcrc’ence theorems , the  f i r s t  i n t e g r a l  on

ti -me ri ght side can be expressed as

f~7.(VV ~~)dA ~J v~~ Jz ÷fv~~~~ 
(0-10)

4 ~~inri e~r 
s044c,r

S u b s t i t u t i n g  back in to  Eqn ( D — 9 )  y i e l d s

J(v~~.v v) dA~ fv f ~~ +J(v~,.v~)dA (D l1)

A A

N o t e :  
3

-j~ 
= = 0 on the inner boundary.

As stated in the discussion after Eqn (D—5) , it must be shown that

J(~~
.vv)~ A _ Jv~c~~bde = o D-12

Si

I



Su b s t i t u t i n - ~ E qm i ( D — l l )  in t o  I i  r st  integr al y ield s

Jv~~~bd o- _fv~~.v c ~d4 —JV ft~) bde ~ o

,~-here the integral over S has been converted to an integral over 0 using

mis = r dO bdO .

Equation (0—13) can be r e w r i t t e n  as

fv ?~~~ +j v [ $ 
(
~1bd& ~ (o -14)

The first integral is zero from the initial equation ~~~ = 0. The second

terms is zero from the outer boundar y condition. Timu s J [~- +v1 J [- ;J for any

non—zero v. Hence Eqn (D—3) is the proper iminim ization functiona l for the

given equation with Neumann boundary conditions.
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A p p en d i x  E

R e d u c t i o n  o~ t i m e  Coef I i ’n t  g - m t r i x

T h i s  a p p e n d i x  contains an exp lanation of the use of mt ymimmetry in reducing

time si ,~o of time vari atIonal m a trix probl em . Also included , is a di scu ssioim

of an attempt to f u r th e r  reduce time matrix t b r o t m g h “decou p l ing ” .

Use of Symmetry

The c o e f f i c i e n t  m a a t r i x , A , g en e r a t e d  b y E qns ( 4 — 9 ) , (4— 10) , a imd ( 4 — i l )

become s very large as the me s h becomes finer and finer. However , i t is

pos sible to reduce the size of this matrix by taking ad”antago of the m;ymrsr -met ry

of time problem.

Fi gure li— I illustrates a 5 x S mesh over t he  s h e l l  p o r t i o n  of t i m e  cy l i n d e r .

A mesh this size was chosen for e~pIanat ion because it illustrates time salient

features of the matrix reduction without becoming too cumbersome . Time points

of discussion can be generalized to any size matrix which has an odd number

of radial mesh points , NR , and an even number of angular mesh points , NA . The

matrix generated by Eq ns (4—9) , (4—10), and ( 4 — 1 1)  has  til e form

d f g o o o g  f
f e f h o o o Fm
g f d  f g o o o
o im f e f h o o (E—1)
o o g  f d  f g o
o o o h f e f Im
g o o o g f d f
f Fm o o o h f e

The terms d , e , f , g,  and ii are block submatrices of size ~~ x NR.

Since the incoming current density is the same abov e and below the line

0 = 0 , tIme va lues  of t I me p o t e n t i a l  w i l l  be the  same for  those  mesh p o i n t s
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B 8 = Outer boundary value for a given radial line .

Fig B—i .  Sample Mesh for Calculating ~ in the Cylindrical Shell.
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which are s’, m I,; m s - t r i c  mheni h r  lin e 0 0, (i.e., -~ - . .  = ~~ . . ). ‘Ihus ,- i ,j+l m ,j — l
t h t ~ m m m m m r r b ~~r oh .  m e sh  po in ts ~cL i m z&ll y c:m lculated crm n be cut ap~)ro xim-m1 t el y in Im aif .

The m m a tri x forum of dme problem~m is

(E-2)

A new variable tY , is defined as

~i-~ 6’ c~ (E-3)

wimere

j  (‘~2;~ 
+ O I ~ Z~

3 I 1 Z~~~ ”

Thus = O i’ , aid E qn ( E — 2 )  becomes

A O 4 ~~= S  (E-4 )

Pre— mm iuitip l ying Eqn (E—4) b y 0 yield.s a new matrix problem

(E-5)

The form of 0 is such that

~ 
[
~ ] 

(E-6)

That is , all the terms of B lying below the ax i s  of symmetry  become zero .  As

can be seen from Fig E—l , the values of B which are eq ual are B2 B8, B .~ B7,

and 84 = B6. Since B6, B7, and B8 all lie below the axis of symmetry, they

must be set to zero. Thus , it is necessary to find an. ~ matrix which ,

when operating on B , se ts B6 B7 B
~ 

0.
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Am i 0 1 matrix wimic h sat aiLs t r h i a  c u r - i d  i t  ion is

1 0 0 0 0 0 0 0 B 1 0
~0 0 0 0 C) 1) 57

0 0 0 0 0 U 0 ~ 5 3
O 0 0 ~ 0 0 0 

~ = 3 4 (E 7)
0 0 0 0 1 0 0 0 d~
O 0 0 1 0 — i  0 0 i~ 0
o o 1 0 0 0 — 1  0 5; 0
0 1 0 0 0 0 0— 1  II 0

Of course the 0 matrix can be expanded to ncco mm modate am-my B vector gen-

erated by an even number of angular mesh points.

The effect of ti-me operations ~ A l ) and OB can be calculated once 0
1 is

known . The matrix generated is significant l y smaller than ti-ic ori ginal coef—

iici ent matrix.

d 2f 2 g 0 0 0 0 0
2f 2k 2f  2h 0 0 0 0
2g 2f 2d 2f 2g 0 0 0

O A ~~ 0 2h 21 2k 21 1) 0 0
0 0 2g 2f d 0 0 0
0 0 0 0 O x x x
O 0 0 0 O x x x
0 0 0 0 O x x x

wher e k = e+Im...

The lower right submatrices , indica ted wi th an x , are unim important because

the corresponding terms in B will be zero through t he  operation Q B.

0 B = m m ~5
0
0
0

Tl m us , ti-m e matrix problem reduces to
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The m n a t r i x  on the  left side is decomaposed via a Cimoleski decompori—

t inn , and t i m e  r e s u l t  ing equot ion is solved u s i n r - ~ t h e  procedure outlined

im Eqns (4—6) and (4—7). A l so , w i t h  t i m e  d e f i n i  t ion of ~ as i n d i c a t e d  in

F- a (E—3) , time values of calcul ated fronm Eqn (E—10)are actuall y the

v a l u e s  of t h e  p o t e n t i a l , ~~~ .

~~‘coup H~~~

An attemnpt was made to reduce the  large m atrix problem to two smaller

prob lemr ms by “decoup li ng” . If Eqn (4—llb) is used to approximnate ti-me angular

derivatives a t eac h mes h point , e v e ry  o t her  r a d i a l  l i n e  is l i n k e d  t o g e t h e r .

All time macsi-i points along the even—numbered radials ore l i n k e d  together ,

and all the mesh points i l on g  the  odd —n umbered  r a d i st s  are  l i n k e d  t o g e t h e r .

Thus , fo r  ti -me samp le n-m cslm in Fi g E — l , the  40 x 40 nma tri x could be reduced

to two 20 x 20 m at r i c e s .  (These  could be f u r t h e r  reduced  t h r o u g h the  use

of sy mm e t r y . )

Ti - mi s  t e c h n i que d id  not  work  because , as exp l a ined  in Chap te r  IV , use

of ‘ -
~n ( 4 — l i b )  is an improper way of a p p r o x i m a t i n g  ti -m e a n g u l a r  d e r i v a t i v e s .

B l e f t  and r i ght  d e r i v a t i v e s  m u s t  be approximated at each mes im point ,

anu t h i s  de s t roys  the  “decoup l i n g ” n a t u r e  of t ime  m at r i x .
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A p p e m m d  ix  F

In  po r t a m m e e  of a t u r a l  F o u n d a

C e m i m I  i t  ens ‘-‘hen ~- l a in ix jn~’ a F m m m m c t j o u a  I

The f i r s t  a t t e m p t  at  L i m e  van - mt  [onat  a p p r o a c h  m-: m.ms to m i n i m i z e  t he

f unc t i u rma l

= :~‘fC v~~ 
(F’-l)

and impose  t i m e  Nemr m aanr m boundary conditions throug im the use  of a L agr ange

N u l t i p l i e r , X .

In m a t r i x  fo rm , the  a t t e m p t  was to m m - m i n i m i z e

(4)A4) (F - 2)

subject to time constraint

~~~~~~~~~~~~~ 
(F-fl

where B and a were determined f rom t i m e  q u a d r a t u r e  f o r m u l a e  and ti -me boundary

conditions.

Imposing E qn ( F — 3 )  on Eqn ( F — 2 )  t h rough the  use o L ag range  N u l t i p l i e r s

led to a new func t ional , S*:

(F-4)

(Note: A is used to be consistent with the definition of matrix multi p lica-

tion.)
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iIn m m N~ \~ m: m var i - 1 v i  t h  r e a p e r  t t o  ~- 
~nd

,~~~~~
, + j~

’ ;
~ = o

3,4

-~~~ ~3 - b  — ci. (i—-6 )

~- L i t r i x  E qus ( F — 5 ~ jim d (F—6) wenc then s o t v ~-d to d e t r - i m m o  . F i ~~; m m r  F 1

i l l u s t ra t e s  the  r e su l t s  of  the c-mlcu l at ion .

The error in  t h e -mbove  p r o c e d u r e  i s  t h a t  t im e Lu. me t i o n a l  in E qe ( F — i )

ha.; inherent in it hiomo’~ermuous Neumann boundar y con’.! it ions . Tb is can be

sOrn by setting g~ equa l  to zero in Eqn ( D — 3 )  . Thus t i :e  f un c t  i ona l  was

t r~.- i n g  to t .m i mm i m : m i z e  an e q u a L  ion w i t h  i nh e r ~-n t  (naturail h a m 2 o g r n e o u s  N e u m a n n

b ou n da ry  c o n d i t i o n s  em - i b o t : im b o u n d a r i e s .  But , t i m r o u g h t i m e  use of Lagrange

No ‘ i p l i er s  , it wa s a lso b e i n g  t o ld  to  sa t  isf’: irThomec~ eneous Neumann

c o n d i t i o n s  on t h e  ou t e r  b o u n d ar y .  These  t m-: .) conflictin g conditions pro

du ced  the  u n s a t i s f a c t o r y  cu rve  in Fi g F — i .

An i n v e s t i g a t i o n  was a lso  made to d e t er m in e  ti -me e f f e c t  of imup os ing

~-~~u maan n b o u n d a r y  w i t h  L a g r a n g e  N u l t i p l ier s  on a f u n c t i o na l  in w i m i c h  ti -me

Neumann c o n d i t io n s  were a ireac;  imposed t h r o u g h t he  n a t u r a l  b o u n d a r y  condi-

t i o n s . Ti-ic f o l l o w i n g  ct -me d i m en s i o n a l  p rob le ms  was used  fo r  t h i s  p u r p o s e :

(r e) — A 0 (F-7)

R’(~~~ = O

R ’(b)~~ I
T 1e corr espondi ng functional is
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in ma Lr ix mm o t a t ion , t he  probie i:m is

/-~m i~ + B (F-Y a)

( I ~ — 0 (F-9b)

\vim ro .\ = coefficient muatrix f rom the -i n t e g r a l  term

C~ coefficient r m -it r ix generated from the boundary conditions

B vector generated by ti -me second term of the functional

= boundary condition vector

As illustr ated in Fi g F—2 , the additional enforcement of time boundary

conditions through tim e use of Lagrange Multi p liers magnifies the scallops.

For this reason the two—dimensional pr ob lem was solved by enforcing time

N a u m a n m - m conditions timrough the use of natural boundary conditions.
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Fig F — i .  Potent ia ls  along the Li ne 2 0 as Solved by
InpOsifl~ the Boundary C-eu- i  i Lions m-: i ti m Lacjr ange
Molt iplic-.rs and ImjnorBng the Na t u ra l  Boundary
Conditions. -

61

— -- ---~~~~ - - --—~~~~~~~~g-— - - -  -- — - — -~~~~~~~~~~ -—- - — -.-. -~~~~--- --  —



~
—1

- . 9A n a l v t m c  Eolution Ii 
~~

- (r i

— 

S-a -t N-’merical Nolution w/o Lagrange
f l m m l t m m j  ier~

- 
5—p t Fo: -anical Solut ion wI Lagrange
!-lult ip lie rs

4—  —

- ,

3 — . 
/ /~,/ 

—t,

2 —  -

• ___ I
1 2 3

Radial Distance
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Appemmd ix C

Y:m r [a t  j  emm a I Ce -mn m mt e r Program

The p u r p o s e  of t i m  is appendix is to oxp la is tim ~- c- ‘m:mpm mt t r program s used

to solve time mat rix e q u a L  ion gen e ra t -d b y t i m e  app roach  - m i s  i mm ,; v a r  iat  ionu l

calculus. Timo ma in p r o g r an m  and o tmc im s m m h r o u t  m e  w i l l  ~~~ ca :p la i nod in a

separate sub—s e c  t i o n .  The f o r m a t  In c  I m i d e m ;  ne cxp l an a t  inim of all variables ,

references to all equations , and , wi m -n n e c e s s a r y ,  a c a r d — b y— c a r d  exp lana-

t i o n  of the  program.

Main _ Program

TI-me purpose  of t i -me i - ma in progracm is to c a l l  v a r i o u s  s m i e r o u t  irme s w i mic i m

first set—up and then  solve the matrix equation .

Q = C o e f f i c i e n t  r r m a t r i x  ( s t o r e d  as a l i n e a r  a r r ay ) .

Y = Boundary  c o n d i t i o n  v e c t o r .

NR = Number  of radial mesh points ; must be an odd integer.

NA = Number of angular mesh points; must he an even integer.

RI Inner  r a d i u s  of the cy l i nde r .

RO O u t e r  r a d i u s  of the  cy li nder .

CI = Incoming c u r r e n t  d e n s i t y .

H = R a d i a l  mesh spacing .

W = Angula r  mesh spac ing .

NQDI AG = Length of the main diagonal of t i-m e c o e f f i c i e n t  m a t r i x .  I t  is the

minimum allowable dimension for the Y array .

NQL = Minimum allowable dimension for the Q array.
SIGMA Cond uc t ivi ty of t im e cy lind er.
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Car d s  4 , 5 :  LLL i s  any  m m o m m — z e r o  i n N - b r  - Its p m m r p o s c  ir  to  a [  low icr t im .;

in p u t  o f  more  t h an one  set  of d -mt;m . A c a r - I  c n t ; m  i mmimm ,; a v - m i n e  f o r  LLL

n m u s t  be p l a c e d  b~ fore ev er y  card c o m m t a  i m m i n g  i n p u t  data. Tim . ;  l a s t  card

in t i c  d a t a  deck m u s t  be t i m e  i n t e g r z e r o .  T i m i s  w i l l  s t op  t h e  p r og i  ama .

C:mrds 13 , 14: Time values of ttme p o t e n t  j u l  a re  p r i n t e d  o u t .

S m m h r o u t  m e  Data

Ti m is s u b r o u t i ne  reads  in t i m e  d a t a  a m-id c a l c u l a t e s  - i l l  t ime  i - iar :~~r t e rs

r~;qu m e d  f o r  the  s olu t  ion of time matrix problem.

Card 2 :  In p u t  da t a  is read i n .  Fr ee  fe rmi - ma t  is used .

Card 5: Ti -me l e n g t h  of t i m e  Y v e c t o r  is calculated. TI-m is number is tile minimum

allowable d i r sc m s ion for array Y.

Card 6: Q is a ~y m u m e t r  ic matrix. Ti-me lower t r i a n g ul a r  of Q is s t o re d  in a

linear array, time length of which is det er ;m i nod by the given formula. It

is t i m e  m i n i m u m  a t  lovable  di  ouns  ion fo r  a r r a y  Q.

~u b r o u t  ~ fle QSIiTUP

Timis  s u b r o u t i n e  s e t s  up the  c o e f f i c i e n t  matrix , Q.

Cards  3 , 4 :  Ti -me Q array is zeroed .

Card 5: A DO LOOP is initiated for time calculation of the coefficients of

the mesh p o i n t s .

Card 6: A s u b r o u t i n e  is c a l l e d  ~ h i~~h calculates t i m e  appropriate Simpson ’s

Rule  c o e f f i c i e n t  for  each mesh p o i n t .

Card 7: The r a d i a l  d i s t a n c e  to each mesh point is calculated .

Cards  8 , 9: The constant coefficients from Eqns (4—9) and (4—li) are calculated.

Cards 10 — 20 : The appr opria te subro ut ine f or is ca l led  for  the mesh poin t

under consideration , depending on whether it lies along the inner radius ,

the outer radius , or somewher e in be tween .
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t u r d  ? b :  S i n c e  t he  i m ; m t r x is s i m m c ; u l a r , t i m ; low m l e f t  c i  .-i- m - r t t  v i i i  be

~: 1- )  a f t e r  t i m e  CimoL-e ki d e e o i : y o s m t i o m i  i s  :;~ p li d. Ti-is card ma ts t h mt

e l e m en t to zero .

Subroutine SC

Tim is  s u b r o u t  i m m e c a l c u l a t e s  t h e  Si  m : m p e e m m  ‘ s R u l e  cci ; f i  ic ien t  f o r  each r m . sh

point.

Cards 2 — 10: M o d u l ar  y in  t l m m ; m e t i c  i s  u~ eci to  d ot  in c  t i m ~ r a d H i  position

of each m e v i m  po in t , am d a s s i gn a value according to tie foliov in~ pattern :

l ,4,2,4,...4,2,4,1.

Card i i :  S ince  a two—d i n m e n s i o n a l  mesh is b e i n g  used , S i m p s o n ’ s R u l e h a s  to

be app l i ed  in the  a n g u l a r  d i r e c t i o n  a l s o .  This card assi gns a value of

2 to mesh points along odd radials , and a value of 4 to th~ s~ l y ing  a l o n g

even radials.

Card 12: The angular and radial contributions to the Simpson ’s Rule coef-

ficient are multi p lied together.

Subroutine QINNER , QOUTER, Q M I D D L E ,  and QJUNC.

These subroutines calculate time contributions of cad -i mesh point to the

Q matrix. Eqns (4—10) and (4—il) are used to generate t h e  equations in time

s u b r o u t i n e s .  Ti-m e constant term was not included in these subroutines because

it was accounted for in time calculation of Cl and C2 in QSETL I P .  - 

- S ince  l i n e a r

symmetric storage is being used , it is necessary to convert from a two—dimen-

sion a l a r r a y  to a l i n e a r  a r r ay  u s ing Q (I ,J) = Q ( K )  = Q(I (1—1)/2 + J ) .

Subr outine LSETUI’

This subroutine performs a Cimoleski decomposition of the Q matrix. The

d i a g o na l  e l em en t s  are cal cu la ted us ing
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1 lix) j  > A

Cards  3 , : .\ DO LOOP i s  i n i t [ ; m l i u  d ‘.- . l m i e l’m s pan s  a l t  bu t  t h e  f i n a l e l c i - ; c n t

of t ime  lowe r t r i a n g ; m l a r  r u m t . r i x .  ‘rim i s  .1 - r e n t  has be en  set  to zero  in t i m e

p r ev i o u s  s u b r o u t i n e .

Card 6: Ui is used to span t i m e  el  - r -  - n t - s  Ia t I m e  f i r s t  column of the m at r i x .

Card 7: j~~ is used to s~ amm t i-m o row e lem im ents

Card 8: ID is u s e d  to  span the na in di a g o m i a l  e l e m e n t s .

Card 9: 11 is a parurm eter used by Vi’RO D to  i n d i c a t e  t i m e  number of pairs of

cle r.m onts being multip lied together. It is always one less than the column

ind ex of the elemen t be in g ca lc u la ted .

Card 10: Eqn (c—i) is used to c a l c u l a t e  t h e  ma a in  d i a g o n a l  elements.

Cards 11, 12: A DO LOOP is initialized wim ic im spans all e l e m e n t S  beneatim ti-me

main diagonal element just calculated.

Card s 13 — 15: Eqn (c—2) is used to calculate ti-m e elements below ti-me main

diagonal.

S u b r o u t i ne  YSE T

This subroutine calculates time inimomogeneous boundary condition vector.

It is the r i ght  side of Eqn ( 4 — 5 ) .  (I t s  i n f i n i t e  sum r e p r e s e n t a t i o n  is

sh own in Eqn (4—18).) Time onl y non— zero values of this vector will be those

corre sponding to a im e sh point ly ing on the outer radius.
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C- - m r d s  3 , 4: The Y ar r ay  i -; r . - s , L t  t o  s - i -n .

Card 5: A DO LOOP is l o i t i - m i L a d  ..-.-ii i c i m  spice- all uu ’’i points.

C— m r d (: I f  t h e  mes h  p o i n t  u nd er  e o m m s i d e r a t i o n  does mmot  l i e  a l ong  r b ’  o u t e r

bound ary, the 1)0 LOOP conti mmu es wit hout assi gning it a value.

Curds 7, 8: Tim e a p p r op r  in t o  S imp s o n ’ s Ru le c o e f f i c  j e St  ~S d e t e r m i n e d

d e p e n d i n g  on w i m ; t i m e u  t i m e  p o i n t  i i ’ s  a l o n g  an odd or even r a d i a l .

Card 9 , 10: E qs (-~— i a )  is used to ca l c u  L a t e  che b o u n d ar y  v a l u e .  In t i - m i s

case , f ( 0 )  cos 0.

Card 12: TI -me l a s t  v a l u e  of t i c  v e c t o r  is  a r b i t r a r i l y set  to zero , as

.mx p~ a i n e d  in  the  l a s t  p a r a g r a p h 01-i page 14.

Sub r ou tine SO LV E

Ti -m i s  s u br o u t i t i e  so lves  t i - me  m a t r i x  e q u a t i o n  L L ~ -
= ~ b y f i r s t  c a l c u l a t i n g

~ in L x=~~ using f o r w ar d  s u b s ti t u t i o n , and then  c a l c u l a t i n g  -
~ in L x u s i n g

backward substitution .

Ca rd 5: A DO LOOP is i n i t i a l i z e d  w h i c h  spans a l l  bu t  the  lower  l e f t  e lement

of the matrix.

Car d 6: ii is used w i t h  VPROD to i n d i c a t e  ti - me n u m b er  of p a i r s  of elements

being multi plied together.

Card 7: lB is an index which enables VPROD to calculate the row products of L.

Card 8: ID spans each element of ti’me ma in  d i a g o n a l .

Card 9: The vaiues of x are calculated and stored in the Y array.

Card 10: T - m e  las t el emen t of x i s se t to zero .

Card 11: This  card i n i t i a te s  the  back s u b s t i t u t i o n  scheme by calculating ti-me

second l a s t  element of ~ and s to r im ig  i t  in the Y array.

Cards  12 , 13: S ince  t i-m e l a s t  e l ement  of the  ~ v e c t o r  is zero , at -m ci the  second

last element ha s  j u s t  been calculated , the DO LOOP must be indexed to span

NQD I A G—2 e l em e n t s .
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Card 14: 1 iv mao’,i to in d e x  tim e cal cu l ,m t i o n  of t h y -  L t h  ‘I - m e - n t  of ~~~ .

Card 16 : L span s  eu. ’ l m  ci. -; e m i t  oc  t im .  m a i n  d i m g e m m a l .

Ca rd s 17 — I~~: T h i s ioop c a l c u l a t e s  t i m . ’ c u l u ; - ~n products of L w i t h  t h e  C0L ~~

r e s p o n d ing  t ’r n m s of t i m e  ~ v e c t o r .

Card 20: Time t e rms  of t h e  -~- v e c t a r  are  c o m .m p u t . d amid stored i n  the y array.

Card s 21 — 26:  T I me vector is normalized as exp lained i i i  the  l a s t  paragraph

on page 14.
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.\ i~p i ’n.~1 i x  11

- - - r i  t i ’ m  ot 1m . ’ t b . ’ , ’n ’ i”u u c t i o n

j m i , l  I - r u t  1 0 m m  Form u las

Tb is a a p e m i m l  i:: c on t a i n s  l i e n : -  d e c  ivat  i o n s .  F ic.1 t , t i ; .~ fo i - m m i of t i - me

( ;r - - ’ m i ’ s I’m m m m c L i cn , C (x - -x ’)  is d e r i v e d . Secemid ly, d u t n i l m ; d  it . - r u t i v e

l o r m  ,i L : ms  ar e  dee  iv .-~d f o r  (:~) and C x )  am ; us ed i n  2 10 ( ~ —6 ) au d  ( 5 — 9)

r e s pe c t i v e l y .

D e r i v a t i o n  of  t h e  Cm :- -n ’ s F u n c t i o n

- , ,—~ 4,~ .As s t a t ed  in C h ap t e r  V , it C t :-m—x ) s a s o l u t i o n  to I ’
~ 0 , t hen

—
~~~‘ç~y c~~—~’) ~

(
~~— ~c ) ( i l - i )

Si t - ice  the  p rob lem is b e i f l g  s~~tvc d  i n  c y l i n d r i c a l  c o o r d i na t e s , t i m e  d e l t a

fum i c t ion  t aL e s  the  f o r m

6(~~-- 3~’) c.Li:! (11-2)

where r =

Thi s equality can e a s i l y he seen from t ime  f o l l o w i n g :

f(o) (11-3)

where f ( x )  is a test funct ion , ( R o E :  11 , 29 ) .

In terrms of an integral over r and 0, ti-me left side of Eqn (11—3)

becomes
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1

f f  ~~f~~) ~~~ r c r d’~ = ‘f cc’)

2f {:(~) ~ç~~ ) dr I ‘f o) (11-5)

2 [~~ cco) ] ~ (1 1-6)

Time e jmt ality im ul dm ; , t h e r e fo r e  F ;qn ( 11— 2)  is va l id .

Snba~~i tc,mt ing Eqn (11—2) i n t m ,  Eqn (it—i) , and ~-;r i t  ing 72 in c v i i  uid r i c a ]

Co3d’dJna ’~C- s y i e lds

I ~ f- ~~~\ I ~~~~~-— I i —‘~
- — , — (:1 -‘7)r 

~~~ i~r

A s s u o n i o g  the  Green ’ s fm inc L ion  doe ; not d~ p cnd on a n g l e , the  p a r t i a l  d e r i v a—

liv -; with rLsp c ct to U vanishes. Thus Eqn (11—7) becomes

(11-8)

Integration of Eqn (11—8) yields

Ir ~~~~~~~~~~ ~~ . — (11—9)

Equation (11—9) is e a s i l y solved for  G:

~~ = h~~r 
+ F~ (11-10)

where

2
V fU x , x )  = 0
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a nut

r~~ (~~~
—

~~~~
‘)

;~~ f (3 , 92—102) couta ins  a ~~ cai led d iscu ’ss i ‘ -‘ m m o f  I u .;ar L l e i ,t  I C  p o t en t  ia l  ~~~,

in c  lut.i iu ~ dcc  i n n  i o r ~s t.~im ~J p 11Ev om t ime  f a c t o r  of / r

If i l ( ~~~,~~~’) is set  to zero , the  ,~r :mdicn’ of C is

VC; ’I  (~~— 5Z’) V -

~~~~~~~~~ (‘1-11)

/ ~~~~~~
~ . 1.—. --— ~ (0—12)

\ 1
_
~ 1~ /

m~~ .._! . (ii-13)
.n. I

S i n c e  the  Green ’ s f u n c t i o n  is ‘my ru no t r ic

•1..I

—~
V ~~~~~~~~~~~~~ ~~~~~,\r (11-16)

1~ j ;‘-~ —

E q u a t i o n s  ( 11—1 0) ~od ( 11— 14 )  a re  used in c o n j u n c t i o n  w i t h  E qus ( 5 — 8 )

and (5— ’)) to solve for ~~~ .

lt~ rative Fc’rr,;ula for ~‘(x)

The formula for m~ is g iven i :m Fqn (5—8) as

= —JG(J~~~
-

~~?) 
~~~~~~

‘)
~~~~~~

‘ 
(11-15)
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mI, s t i tim t i ng  Equ ( i i —  10) and ~~ r ~ ~‘m ,; i n g  the d - L p r ’~ b tic t op -c a t i o i i

y i e lds

__ ~ 01-16)

Si mice there is on l y  a cent :  r 11 m m 1 jot-i fret-i time out te r bound ary , Eqe (li—I ~ )

can be s im p l i f i e d  to

~~ d~ (F [- l 7 )

Or , a~ a s u m m a t i o n  over N m esh  points arm t im e  oute r  b o u n d a r y

4J(~~’ ) ~~ 
( H - I S )

¶- ,‘hen c a l c u l a t i n g  ‘I’ on the inner boundary due to ti -m e su i t -c e  p )  m t 5  on the

outer boundary, ti-me above formula presents no problem . Hovever , whe n

cal culating 1’ on the  o u t e r  bo u nda ry , t he  term ~‘ -x~ approaches zero as

x ’ appro ach es ~~~~. F o r t u n a t e l y t i m j s  “ s e l f — c on t r i b u t i o n ” te rm can be c a l c u —

l- ’t e d  ana l y t i c a l ly.

Fi gure ( 11—1) i l l u s t r a t e s  thu schen :atm~~s for ti’me calculation of the

“teif—con tribution ” term . The point 
~ 

canno t  be evaluated numericall y.

Poin ts ‘
~~÷ 

and ~ are nei ghboring mesh poin ts .

If the po int s  ar e  close to0’;t~-me r , 0 ’  is very smal l , ari d 3~u / ”ar is

a p p r o x i m a t e l y c o n s t a n t  over the interval. So for a small interval ,
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- -~~~~~~~~~~-~~~ ‘-- --~~~~~~~~~~~~~~~~~~~~~ -~~~~

0+d3 ‘

0-ti 0

Rac iHs  of the  arc  b

Fi g ( u — i ) .  Sc : e r i m t i c  f o r  C a l c u i  a t  i eg  t h e  S i n g u l a r  P o r t i on  of E qi m ( 1 1 — 1 7 ) .

E go ( 1 1— 17)  can be wr i t t e r ,

~~ n j b~~~ d6- (ii-19)

‘ - i t h  a c i m a m m g c  of v a r i a b l e , be ’ x , t h i s  e q uat i o n  becomes

L~J ~~~ — 
_ ._ J ~ ~ 

(11-20)

The fac tor of 2 is needed because the integration is over two segments  of

l eng th  b d o .  Eqn 0-1—20 ) evaluates  to

~ i~~~~(k b d.e_ I)  ( 11-21)

L _ _ _ _  

_ _ _ _



- ‘ ,; ecu:; - em ml - h - ad d e d  t u t h -  - : e m : i m m r a I ;~ m m - - u m m ~’u I a r ‘- ‘;::‘;-em t iou of

~iIm (1 1-— IS ).

I t  - C m t i V . ;  F- - . ~ mm ! :m i - m e  -~ -

The 2 ;  ~u tu  :. u t  - ( m m )  i s : , ; ‘,‘ -a iii Lpm ( - - ‘-) )  . I f  t h e  ‘- - - c  f a c . - i rm t 2i- - ’

over  S is i - m c h : ’ r , - Ll ~. , t m ’ in t- 2 -u ’a ’ s e v e  ti m e -ai r am id ; u l - r  bu -; n - 2 m r i s ,

t m ,: ( ; m m : i t :  to~m ca n b~ u;i ’ ii • - mm m m;

~~~~ 
-
~~~ ) 

.

~~~~~~ 
,i +

~~~ L’ L,~ ~1’ ( 11-22)

i
e lm - r e : q n ( i — 1 4 )  i - i n s  b c ,~r -~‘ ,1- -~t i l u t : - -u for 2~~.

F o r  L I ,  is d ’ir 1va :  i e : m  , t i m , .? v a l u ~~- s of  -
~ w i l l ,  h.: - ca~ u a r ’ - ’d or, ti: ,; icm iu ’tr

b-i u 1 ’ l m r v . ~‘i e, nr e  11—1 1 L I ’j c c m ’n t  s t i m e  - o h l , - I of :‘;u ~ u a t i n c ’  t i - -  In t ~~,~t’ m l s

in Equ ( 1 1— 2 2 ) .  Cons~~!e r f i r s t ,  tO; . ’ ,;o, t u ’ i b u m t i - . ’ m  I r - :  :~l l  m) ’) i u t s  on the  i n n e r

h o u o I ~ r y .  Once Inc  iC I ir  O L t U ’ ~ -i O
~~

- - - ma, m: io ;i i t , .  s m - : - n m  Or  fo rmed  , t h .~ fi rst into—

r~r a1  of E go ( 1 1 — 2 2 )  can  be 1CU ittea as

I. ~~~~~~~~~

I ~~~~~~~~~~~~~~~ ç~~ (11-23)
.
~,

-,. 
~~~~~, 

• ‘2;’
~ It — .,‘~ct

As can he seen in F~~ 11-2 , t h e  — m o d e  bet~”c’era x 0 ‘ “x and  ii is o .  A l s o  s i nce

the t r ian g le 0 — ‘ — x is isoscele s , 2a+ :?~~’r . T im u s

p t .’ (~~~~
‘-_. 3~

’) C03 t h-2 4)

~~ (11-25)

37: 
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Fi g 11—2 . Scl’msr :mtic  Diaca- nm for ~2n1ca1aLing -~ ( n )  on the Innei~
Boundary .
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~

“

~ 
— ~~rt ( - - )  (11—26 ’)

Fu m r t l ;-mr , utilinin g tim ,; h-a -s of c 0 - ; i m —mes

01-2 7)

A f t e r  f a c t o r i m m m: 2a 2 and  m e ’ l  i mi ~; a Ii ; m t f -- : i , i” l~ id o et  i ’:y f o r  t he  s ine ,

7 -~~~r~--~• .3fl Lj ~~~” :;~~(‘~) ( 11— 28 )

Wh~~n ~-~n s (11—26) aed ( 1 1—28)  arc ; m m l - ’;t i t i m t ed i n t o  i : j u  ( 1 1 — 2 3 )  t h u  ru su ~ t is

( l i - z e )
1

.
!’ ~~~~ - 

~~ 
J ”  ~ i .1

l {owev~ r , as a c on s c q u e ; : ce  of  t i m e  b o u e d : m -m ’y con d ~~t i ou i

J .~:~ d3 0 ( 11-30)

~ net

E qn ( 1 1—29 )  is al so ze r o .  1!ouce i t  is n-~~ n e c e s s a r y  to e v a U m i r e  t h i s  terra

m- J i :- , -fl calc ulating ‘~~~.

Ne x t , the  con t r  1)01 i-i n f r o m  a l l  po i  n t s  on t h e  o u te r  boundary is

d e t e r m i  ti e -I . The second in t e : tr a l  af E go ( 1 1 — 2 2 )  c n n  be w r i t t e n

1 2 ; i ± ~.~ c~S ( 11-3 1)
J

w h e r e  F: is time ang le  b e t w e e n  
~~~~~~ 

and the  ou tward  norma l at the  source

point. The above integral car. be w r i t t e n  as t h e  fo l l o w i ng  summat ion ,

~~ 
_ 

(11-32)

i~ L~ b
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~ .
O I L  : r ,  , m m m ! :-: ‘ —x c: m :m b~ d~~t - ‘ t C ’. u o e - I  I L - -u ‘ c L m L. ’ “ - t  m ; , u u m , s s .mm h

‘l i m o i t e r , m t i - n  i - ) L ’ , , m ; , i a  m a r  -~( x )  oim h i ’  i ; - , m - - r  - , - l : ’~ i C O  c m .  , : -  I ) ,

f m m n i  b y s u i ’ s t i t - ; t i t ;  E u ;  ( i i - -  12)  i n t o  L ,~, ’ ( 1 1 - 2 2 ) .

z 
(

i-;
) 

-; . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( i - i - ) )

A i m i  I ar  I L ’ i ’ , tI  in  f e u ’ e e l  o u l : m t jmm (~~) en t he  oat -c l . m : m ; ; r 1 : t  - v can  he

f u m m n d  h y fo 1 b eing a s i em i l  nr  p r o c e d ’m r e  . T i m e  f a m m ’ u : i l a  is

~ 
(11-3 ’)

- 
‘~~~

t- ;} m-e cc ( is tim e am’ be h, 1 : - o u t  ‘h ‘ 2 l ime cm ;  tm - u, ed uni ~ noe:;;.i I at t he  sou rce

p o i n t s .

.\ c omp u t e r  pro lra ; :m u i ~, in ~ o~ ía’, ( H — I S ) , ( 1 1—21)  , ( l i — U )  , and 0 1 — 3 4 )  to

i ter a t e  va l u es  of -
~ can be found  i n  A ppe u .d ix  J.
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A p p e n d  i :-m I

fly u ’i ’j n t ;um o 2  t i , .  ~~- 1:e~; r a i  - m m l i e n  f or  - 1 ( x )

Tim i s  app e ’- I~~x &-u ;m tai - m;; mu ta-ire r l o m - o u s  de ’ía v at  ott ef t l ; c  iui te ’rzm l

equation for tee p ’ t u r m t i . -~l . Eqi m (5—7) , ‘im- id its m s- :oe i :m t - -cl Green ’ s f -i m ’m c t j omm .

F i m t u r c  [— 1  i l l u n t L ’ a t e s  the  do m a i n  t or  t h i s  d e r i v a t i o n .

—
.—- -

~~~
-—,
‘

~II7~
A Doma in  of in t e r e st
S B o u n d a r y  of A
A : r, Circle oi ruiju, ; -~ ( c i l u c r e  u5 is a r b i t e a ri  l y s i l l )  ce n t er e d

on point x.
S$ = l I o ’m n d a r y  of A ,~
x ,y = Arbitrary vectors
r = y— x

f i g [—1 Domain f o r  the  Den y -an on of t im e I nt c g c a l  E g ua t i o n .

-rI me equat i cn  fo r th e proble m is

0 (i-I)

If -
~ = f ( r )  , in cy l Lmm dric ’l uoo rdi uua~:cs iic~n (I—i) is

0 (1-2)
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m . li i cl m o I, i - ;

~~~~~~~~~ C k ~~~ + ID

- ,~
- - - ‘ . ‘ C a n d 1~ i r e  - : . ‘ m : ; t a m l t s  e m  i m t ’ : ’ r - j t i o ; ; , Cu~~~ j d ; -~ f l i i  r ,  h:  - ‘ m m mo b —

I u~~t La in t o  :~~- - m  ( I — I ) ,

a ‘
~
• ‘

~~ 0 (1—4)

T i m e s  .,;2 1, b i ke f , ie  not  u J c t I r - -d a~ r 0. N w ,  r e c a l l  Cr e -a ’~~ ~ - ‘ - i u m c i

t i m - cm , , ;;  in the  fo r m

j [’~-’v~~ — ( ~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~ 

,~~~~~~~~ -‘  
~~~ ~~ ]ci s (1—5)

~ b yimi g E~ n ~ T, — 5 )  L O  r C - ; i cn  A -A . r.:~, i m l t ’ ~ in

f f - ) ~~~~~~~ ~~~~~~ ~~~1I, I ‘
: ‘ ~~ .~? ~~~~~~~~~~ C-i (~~~r~)

j ~~~~ 
‘ 

~~~~~~~ J I. c1’-~ -)i i ..

.s

Suppes  a

~~ ~7— ) d  ( [-7)

‘rhoui , in region S~

b-i ~( ( r- ’8)

and

(‘-9)

So -

J
r1 )~~ 

~~~fld~~ ~~~~~~~~~ (t”lo)

S7
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~P~ ’ ) L  ~~t c h ’~; 
~;vr o , lie i i~~~ L , ~t L  c i  ~1ie ri~~it: a pp r o a c he ; — 2  ~ (x )  , i

u p o n  c u ; ’ ;  L i to iou of  E~j iis ( L — 7  ) iri d ( 1 10) i l i tu  E qo ( 1— 6 )

~ i~ —x IJd~ ~~~~ ~ V4~t~() (t - l 1)

~ 
:

‘
~~~~ ~~~~~~~~~~~~~ 

V
2
~~c~A —

~~~~~~~~~~~~~~~ 
-

~~ ~~~~~~ In (1 12)

Since 72,~ =

~~~~~~ k ~~~~~~~ 
(1-13)

Consid er a point , n, on the boundary , S. As x approaches i

~i~~t In 1Y — ~\~c~s =
,t->~~ J

~~
c
~ C~

) In !v- ~~ ~s (i-14)

Thus , Eqn ( 1—1 3) becomes

~~~~~~~ + JnJ y -~~)d~i —

t Y—Y~I ~~ cLS ( i—15 )
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~~~~~~~~

N o t e :  Equ ( 1—14 )  is d~’rivec1 i i i  A ppei A n i  i~ ’i~~r uco 8.

~‘m ua11y,

4~ \) In I ~~~~~ ds —

~fir~ IY-~’\~~-~ 
ds (1-16)

Eqn ( 1—16)  is va l i d  at  the b ou n d a r y ,  and if

( 1-17)

X ~ V (I - 18)

_
~~~, 

_&

X I (1—19)

it is seen to be the sar.~e as Eqr i ( 5— 7 ) .

8~)



_________ -. ~~~~~~~~~~~~~~~ —. — -—-—
~~~~~~~~~~~~~~~~~~~~

A p p c n d i x  J

Cr ecn s ‘ t , o n  Con:put er  P r o gr a m

T h i s  prograo is  d iv i d e d  i n t o  scv cn  m a i n  parts by groups of three

comn iacnt cards. E:t ;i all y ,  the pr ogr~.m ~ol lo~~s the i tcr a t i o n  scheme out-

l ined  ~n Ch a p t a r  V .

P ar t  1: Inpu t  d a t a  is ra ad  in amu ~ a l l  r e q m i ~ r~ ’1 con s t a a ts  are calculated.

Par t 2 : The i c lue  of ~ on t b :  i nor at d b ound :ir i e s  is c al c i l a t ed  as g iven

in E.;ns (11—18) and (H--21).

Pa rt 3: Eqa (11—33) is used a ~a cuiate ~ at ~a-.:h n io  r boun t a r v  ~s ? ; l~ poin t.

P a r t  4: ~qn (P—34) is used ~:o calculate ~ at  each out r bo~.;c~ar v .;csb point.

Par t 5: Al l  va lues  of ~ are t e s t e d  fo r  conver ~;ence.

Part 6: Eqn (5—14) is used to calculate ~ in Rc~~ion 11.

Part 7: The boundary conditions are caLculated as g iv o n  i:~ E qn (2—21) .
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r~~oG m ..~ ~~~~ ( I ’ U ; J T ~ 3 IJTP U T)
D I M T  ~‘ I Y I  SA ( ‘ ) , ) ) , ‘~ 1 C ?~ f l )  ,~~A ( 2 ~~.) ) , ~)  ( 2 0 ) ,

1 rA ’ i~~V~: ( ? 1 D )  ,~~~~
_;
~~V r 2 Q a

SS~~~
4 A ~~ ~

~ T = ?  .4 A ’ ~0

S~~S = ? . ’ \ -~ t~
0

t~ S = A -’ A
~ t ’ 1 Y 2 ~~Y3~5 )

C , \ = 2  ~~~~~~~~~~~~~

C

C

C C A L C ~ ’L~\ T f  PSI ON I’J~~~R A~~
) OU” E )

~~J~~D L ~~~
~‘0 1 1 1,NA
S~ ( I )  0 ,

CC 3 J ’ t , N A

= ( 1 — J ) 4 D - ~S A  ( 1)  ~ C ~~- t ~~ 
‘ ‘) ‘I) C J , ~ A ,~~ I ,SI~, -4 ~) ~

I~~ ( i . E Q . J ) G O  TO ~

1 i~~~ S (‘~c)f l (  I,  ~~ — ‘
~~O’  J,~ IA ) )

2 . E ~~.~ 1- ~ - l )  S i ’ ~~1./ ~~.
‘( 1)  

~~;“ ( I )  # 5t  ‘ii) 1’!l C J , D~’~ ,~~I ,SI~~ t~~) ~
1 fi ’ . O i ( 3 ~~~i ~~~~ ~~~~~ C O S ( T H E T i ) J ) )

3 CO NTIW I r
~j  .. : - 

~~\ / O~~~~~~~ ( I)
~~~~~~~~~~~~~~~~~~~~~~~~

3 ( I ) = ~~i ( 1 ) — 2 .  3~J D ( I , rA ,C I ,3 IGM~
) ,P t~

t P~~ ). ’~~ ( A L 1 G ( ~~~ rL~) — 1 )

CONT INU E
DO ~

. I t ,N~
~~ SA ’/ ~~C L )  ~S A ( t )
o m S A V ~~ C T ~~~ SF 3 C f l
i’’, ( I )  ~~~ ( I )
P~3 ( I)~~Sf l ( I)
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2 r~ c
~1 !

~~‘ • — ‘~ )J  C J ~ 1, ‘?)  ) / 3 .
C t — i )  ~~ti~~
I’ ‘(~5 Ci;-4~~T~ )

Cfl~~ . =- (‘~ ~~~‘ —~~~~) / ( ~~ .‘2~~’fl~~1( < S) )
T ’ ~~’ = I ~~~~~ :.~~t~~~1 m fl ‘~- ‘ r t 3  (J) /~~~,‘i r (

‘~ C O hT  1~ J~-

P.~ ( T  ) -
~~~~~~ 

( I )  ~~~~~~~~~~~~~~~~~
5 (. / J N T I N I~~

C

C
C C ~L C ! L . ’ T E  ~ -II CU O”i~~R 3C U~’ I f lARY,

[‘C Ii I:1,~ 1.:~
I (I
t~J ~ 1 J : j~~~’~~
SU~° (‘. .—~~~~~‘3~~(J4 - I , ?~ ) / 3.  

V

TH f T t = ( r — J ) ~~0~\

Cos ~~~C C S ( ~~I-~~; c 3 ( y r ; 1) )

11 CC1~T INUE
P~ ( I ) = S 3 ( I )  ~-A ~~) \ / ° I ’T E~ PA

10 ~‘Ot4T INU E
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~‘ The spacecraft is modeled as a hollow , infini te cy linder. The fields
are calc ulated for the case in which the incoming current is incident per-
pendic ularl y to the long i tudinal axis of the cy linder . Basic electro—static
theory reveals that the governing equation for the potential is Lap lace ’s
Equa tion , subject to Neumann boundary conditions . This equation is first
solved by separa tion of variables . The p— Field predic ted ~pr representive
val ues of incoming current densit y are on the order of iQ 7 vol ts/meter.

Several pitfalls encountered with the variational approach are explained .
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i ty of the first derivative across all mesh poin ts , and diffic ulties encoun-
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