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Preface

A means of passively tracking a target in range has been sought

since the beginning of tracking systems . Recent developments in solid

state electro—optic detectors have made very accurate angle tracking

possible. At the same tim e , solid state technology has also made it

possible to process video data very rapidly using small devices. The

result is a small , light-weight , high resolution sensor capable of

following a target at high rates. The impact of aircraft vibrations

on these sensors is not well known . The purpose of this investigation

is to determine the effects that the vibration environment will have

on the functioning of these devices.

I wish to acknowledge the help of Mr. W. Frost for his help in

obta i n i ng f l i g h t  test data vi tal  to this  thesis. Capt Paul Whaley

of the Department of Aeronautics and Astronautics , AFIT , gave generously

of his time in interpreting the data. Dr. 0. Shankland of the Department

of Physics , AFIT , was very helpful throughout this investigation , providing

guidance and insight. I wish to thank Dr. Harold Rose of the Air Force

Avionics Laboratory for proposing this thesis topic and for his

valuable aid in completing it. And finally, my thanks to my wife ,

Beverly, for moral support and understanding throughout my stay at

AF IT.

Kurt F. Schroeder

(This thesis was typed by Sharon Gabriel)

i i



~T. ~~~~~~~~~~~~~~ 

— .~~.-,, ~~~—., -.-~~~~~ --. —~~~--~~ 

_ _ _  

-‘U,

Contents

1’! &~t ~ice  
~ 1

;t ‘ 1  1 i~ t u x  ~~

I~ ~~ ~~ 1 Tabi  v

A1~~t ract   v i i i

I .  In t r o d u c tio n  I

Background 1
PUrpoSe 3
1~}~ } ’t ~~~ tL ’h 3

I I . Ste reome t r  i e R.u iqt ’ Method 5

I n t r o d u c t i on  5
I• :rroi Anal y s i s  8
Summary 

1 1 1 . ‘r~~~~k~~r Regul r ements 1

I \‘ . ~y~; t em Anqu ~ ir Reso lu t ion  18

I n tr o d u c t i o n  I~ 
. .

Sensor Reso lu t ion  1’)
CA l I’ roposal 

CCD 1)etei -t ors  
Cor re lat ion  A lg o r i t h m  

Summary 

V. Ha ’;e I inc  ~~ j~a rat  ion of Sensors 1

l nt r .x lu c t ion  31
Summary 

V I .  E f f e c t  of Flexure and Vibration of O p t ic a l  Sensorc 37

In t roduc t ion  37
L i n e ar  Vibrat ions  E f t e c t  3”

Sensor—Target Normal 3’)
LOS Perpendicular  48
LOS 

Angular  V ib ra t ion s E f f e c t  
Angula r  V i b r a t i o n  Abou t Sensor—Target Normal (‘4
Angular Vibration About LOS Perpendicular 
Angular Vibration About LOS 

Flexurer 
Summary 

i i i

1. .- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — — ..~~— .. -~~~~~~~ - -. -— - .



. ,. -- - —
~~~~~~~~~~ ~~~~

I-,. — --~-.----~~
-- 

~~~~~~~~~~~~~~~~

Page

V II . Analysis App lie.t to F—is Data . 72

Introduction 72

Tail Vibrations 83

Win g  Vibrations 85

S~uumary 91

VIII . conclusions and Recommendations 93

Summary 93

Conclus ions 94

Recommendations 95

l t ib l iogra~ hy 

Appendix A:  In t e gr a t io n  of Power Spectra l Density 98

Appendix B: First Mode of Vi bration for a Cantilevered Beam 101

Vi ta 103

iv 



• —.~~
.-- -- .‘.-.~ - - -~~~ --.--.~~~~~. .

~~
-

~~~~
. ,-

~~~~~~~~~

-‘,
,—,------- - .

~- . -  ______

1.i ~;t ot I t’J ui • t ’s

I t~~Ut C

Rang~ Me.t ~;u i  emt-l i t  by TI i .~ns;u tat ton — Tin.’ S t e  I ~~. ‘tne I t
Method .

?~.In.u- Mt’.I~~1lt  t ’Iflt ’I i t  by Ste cometr lc  Net hod • 5)

~ I .‘~~‘‘ Co ne • 14

4 Top V t o w  o t St  ci  ~•o S yst em  18

‘ Angulat Ei ’~ c l t t t  t en  —~~~

~ rop Vi ew  P t  . t i  t am ot  ~~s~st d  I i  .u’~~t ’r 

P ia~ t am c t ~~ t eh i Id ~ i i  CCI ’ 4

S Cci el i t  ion SIt i t  t .‘

‘) Pe lay  ~ lt  i t  t — Ccv.u t alice P o t  uts on a Con e 1 at ion CUrV e .  H

1’~ F— t~ 

I i  A — t o  33

I .~ M a x i m u m  Ran~~c V~ 

Ii ~; I l ~~ ~t i i .)  1 e~~
- 38

14 I~ i flea t etoa’  n — P i t  t o t  No ima l Vi brat i on 40

1 .ht S and S 
1’

141’ 1) t o n  l evel ikttub Run 4”

1 •lc 1’ V:; . Range I ci  8omI~ Ruit ~ /

15 I i  neu L O S  Perpend i en I at  V ib i  •t t  ~on 4’)

1 ~a Asl ’ec t :‘t f lq  le “‘.
5

I ‘s i t  R . t i t ~~~’ i U N 5iut  t c it  i i i ]  c: 

i i  P i5iq ram of  St t i s o t ::  ott  A i t  era I t W i  i t s i  

I t ’a ‘r Vs . Raii~~• I ‘i Const an t  Az imu th  

1’ linear WS V t b r .,t t on  i ’

18 An’i u l  a t  Vi tir.i t ion Abou I. t he S~ ’t i  ~;e i  — ‘I’a r g t ’ t Norm5i 1 

V

~

.- .-  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



.5-’. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_______
- ~.- - .~ -

~~~~~~~~~~
-

I

lis t of F i s f l t F t 5 ((‘out d)

t’ tgitr e

I l  I m.ige R t ’t . t t  l O f i  .  (8

.‘t i  ‘t e  tr a 1 Peii~ i ty for  LU 10 74

Powet :g o ct  rat Scic.tty tot lU 33 75

.!. ~ I’~ wor  ~ l e s t R a 1  I ) o t i :  i t y  tot  P a i l  76

1 F — I ’ ’ W i n g  Top I’ I an t o rn  View 78

.1 L t  c i t  I t ’ ci F’ — I ~t T a i l  79

A i t  c i  i t t  ‘s t s ’i s i t  I t . t t t ’  S ‘s’: t t m  84

.~t ’ 14e5tm 102

- 
_ _ _ _ _ _ _



L i s t  01’ Tables

t a b l e

I 1 1st  ot CAt  Ci it CI 1.1 13

11 M i s s i l e  R a i t s i e :  15

l i t ReV i ‘;~~d Pt  • i ck e  I I~cs 1tI 11 t iUs l i t  : 17

IV s ’cmpsit t s s s i i  of  A i n s -i i t t  31

V a l l a  l ys  t ci PSI) S.’

V i i

-. 
~~~~~~~

.- r~~~~~
_
~~~ ~

... 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.;
~~~~~ .__ _ _ _  . ..——-.



_ ‘ ~~-‘-~~~~~~~~~~~~~~~~~~~~~~ r ’5 ~~~~~~~~~~~~~~~~~~~ 
— .

~.., . ‘.“
~L: ~~~~~~~~~~~~ ~~~~

—--“-
~~~~~~

—— 
~~~~~~~~~~~~~~~~~~

---
~~~

-

M I - I’  ~:i i- t - t i  Sb-  11

t act

~~t i t  ~‘5 -~u~- t t i 5  1 .111)  e 1 tid tu g  I t ’chti tguc 1: ;  USed as t ho ha :; t

01 au .i ii I ’~’t t i e  I : ~~~~~ I t  • i c k s t . An a u i a i y : ; t  o t  tIn.’ method i t -ve al:;

t h a t  . t t i . t i t i . i i  . teCti I . tC’~ i , ;  I l it ’ tU ’:;t ~~i I t  1C,t  1 e lem en t  i n  thi n t t ’e l i t t i g t i e.

b.i t l s i t ’ .1 s i l t  l~ V C . t t \  ho I II1~ ‘ I  s ’Vt ’ st by i 11 10.15 t i l t ha .;e i i  I to SCI ‘at at ion .

t i o w e v o t  , t I i i -  V 1 [~ t . t  I t o n t -n\ ,  i n olunen t  et t he  a i i - i a  ft he5 omt’:; wet ni ’ a:;

t b e  t ’a: ;el  i nc  t~~ I f l s t c t: ;e~i .  l i t e  r e s u l t : ;  s ’t t h t : ;  i tWi t - I  t i a t  i o n  t t1dic~t t ’

t h at t hese \ ‘ i t ’ t  at i ~‘ii:; can  c5 ’t t t t t  et most ci the  sl.I i l l  i It  t O t i s ~ I U t  t o r i .

) I I V , ’St i j a t  t oll 15 h i  r i I ~~t c i  by ,i t a ck  ci v i l ’i  • t t  tonal data , ospt’s’tal ly

5t tn. i t t  1 5t t  \ i i i  at. ton  d t  I S ) . ik ’~:s ’vt i , the i t i v e s t  is ,  at  ion et ; t .it ’ i i  ;-! e~i what .

5 1 t t .i i s  ute~~led , and how : t i Ii ~1at .i ~‘.tn bt ’ app l t s ’sl , 011Cc 5Tht .i t nod , I s ’

I t f l l~% t C ~‘t ’ 1 1 01 111 1115 ( ’ t o t  t ’ l i t  .iI s t I  t hi ’ ~ I e t e o u n -  t i  i c t anq t nq met hod

~

“.! ‘ 
~~~~~~~~~~~~~~~~ ~ -. - . ....,. ...~ -. —.. .~~ 

. 

ill



-‘----- -‘- —~~~~~~~ 
—.

~~—--v -
~ ~‘— -‘--—-‘.-‘.~ 

— .
~

— . —. ~~~~~~~~~~
:-‘

~~
‘ -.~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,~~~~ —‘..--—-

I . ~t.t-oduct ion

P i c k  ion

F’ i : I t t  ci a i t s I  a t  t s i t  s 5li U f lUtf lj ) er  ( )I d i f f e r e n t  m i s si o n : ; . Th ese

f l I t S n i O t l S  c ar t  t s t - s t i v i d s  d j r ; t s s  a i r — t o — a i r  S~1IRI a i t — t ~ ) — ~)rOU il d m i s s i o n s .

III  s l i t t s t — ,l i t  U t  s i n - ; , t i n -  t a t  1 5 t  I : ;  51n ~1I  t horne ob ject  such as a n o t h e r

air~ r~it On m it - st to . i z i t s i s i l t s , ~~~co r t , m d  ( ‘ 1 . 0 5 0 — 1 1 1  ae r i a l  comba t

ale e.x wg les  ot  a l t  — t  ~—~l 1 1  Ui s s i O f lS  . In  ai  i —t o — gr o u n d  mis s ions , the

S t - I  1 S t  I 15 ‘I i  t h t ’ ~t o~~tid . Such targets include enemy t anks ,

l’i id i t e s  , a i t  I i t  l I I : ;  .i n i  log 1 s t  i s - :; areas . Ai r — t o — qi  ound missions include

close—air :;ti} pert , i t i t e i d i c t  iou and a i r f i e l d  at t a ck .

W h i t t i e r  t h e  t in se l  i s  on the  ground or in the a i r , the aircrew ’ s

m i s s  ion is; t s. ’ f i n d  i t  and put  ordnance  on i t  when r equi red . i i i  order

o su c c c s ct u l  ly ~~s:t~~I et c  t h e  mi  ssioii w i thou t  ut i l i es - t - s sary  r i n k s  to

a i n -r a t  t and s l O W S  , sophis t  ic-ated t r a c k i n g  , I i r e  control  and weapons

re lease  SysI  i n ; ;  a l t ’ i nst a l led  on USA!-’ t i gh ter s .

T r a c k i n g  sy stem;;  a re  used to  t o t l o w  the motion ot the target

r e l a t i ve  to the I igh t e r .  I t i f o t m at i o t i  f rom t h e  t r ack ing  systoms is

t rocensed t o  ~let  e r mi ne  t ar s l t ’t  r a i l si e  , range r a te , 1 in e — o t — s i q h t  ( L O S )

a:i i le and an qu la  r i t t  c. F ire i~ s s t l t  i d  systems present t h i s  in fo rmat ion

to the crew in a suitable forma t.. Weapo n re lease  systems use tr ack inq

i n t o r n i atj on  alonq w i t h  t iqht ei-  s tate data to compute weapon t o  icasc

01 tO launch s iq na is .

Tracking systems can be classified as passive or active . ~~ tiVe

t r a c k i ng  system s arc those which direct energy at the tat-qet and track

r ef  los t sd enerqy. Radars and laser designators are  examples o such
2
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systems . Passive tracking ~ystcm s are those which tri.~ k energy

emitted by t he  tarqt -t . Heat seeking devices and electro—optic

trackers are examp les of passive trackers.

At r e s e t i t , I ig l it e r s  mus t  use active trackers t o  measure target

range and r an q e  rate in r o i l  time . However , active trackers alert

the target to the resell e of the fighter . This gives the enem y forces

time to take evasive maneuvers , use electronic countermeasures , f i r e

homing missiles back at the fighter or take cover . The element of

surpri;;~’ is lost . Not only does this decrease the chances of destroy ing

the target , it also increases the hazards to the attacking force.

For example, according to Reference 1 , the McDonnell Douglas

F--i Phantom has only limited capability to attack a MIG 25 Foxbat at

80,000 feet and Mach 2 . ) s - . This would surely be negated if the F-4

were to u;;e it:; radar , an active system , and alert the Foxbat that it

was under attack . But the F-4 must use its radar to detect and track

the Foxba t .  For th is  example , a passive t r ack ing  system which has a

range t rack i ns ; caj i a b i l i t y  would increase the success of the mission .

It would be possible to use the tracking in fo rmat ion  to intercept  the

tarqt~t at optimum missile launch parameters before turning on the radar

for m issile guidance. The first indication of the attack would be

the  miss i l e  launch.

Another example of the advantage of a passive tracker is the case of

a single f i g hter attacking a ground target deep in enemy territory . For

mission success and fighter survival , such missions rely on one surprise

pass at the target. This means that the fighter should not emit any

energy as it navigates to the target. Accuracy of the bomb run is

~~~~~~~~~ ~~~~~ ~~~~~~~~~~~~~~~~~~~
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important since tile aircrew can afford to make only one pass. On the

bomb run , the crew would like to go in as fast is possible , fly an

u n p r e d i c t a b le  flight path and keep look-out for enemy surface—to—air

missiles (SAM ) . This means that the actua l bomb release would best

be done by an automatic weapons release system . But such systems

often rely on target range information from an active tracking system .

Such a system is vulnerable to countermeasures. A passive tracking

system is lens vulnerable arid almost impossible to detect.

Present passive tracking systems in fighters are LOS trackers

only. What is needed is a passive system which is also capable of range

tracking . An extension of the LOS tracker would be a stereometric

system composed of two such trac)~ers separated by a baseline , It will

be shown later that this system requires very accurate LOS performance

from the trackers.

Purpose

rt ~~ the nurrosc of this report to perform a parametric trade—off

analysis of a passive stereometric range find ing system . Sensor angular

resolution , aircraft vibration and flexures , and sensor baseline will

be analyzed to determine their effect on the range finding accuracy of

this system .

This analysis will be applied to a specific fighter aircraft to

determine sensor specifications required to achieve practical range

accuracies for various air—to-air and air—to—ground missions.

Approach

This analysis will start with a discussion of the theory of

stereometric ranqiPti . An error analysis will be performed to disclose

3
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Since

—‘
~~~~

— =  R
P

AR = ~~~
-
~~~~+ ~~~~~~~~+ ~~~~~~~~~~p p

AR EiF tiP
— = — + — + —

R F B P

In words then , the sum of the parameters expressed as ratios is equal

to the range error expressed as a ratio.

This analysis is concerned with angular resolution , a , and

baseline separation on ra nging accuracy. Therefore , the effects of

and ~~~~ ‘ on range accuracy will be ignored . As a word of caution ,

however, the error in F and B cannot be ignored when specifying

the tolerances for sensor optics and baseline separation. It will

always be at least + �

It appears that range accuracy is not affected by the error in

parallax any more than it is affected by error in baseline. However ,

if baseline and parallax are expressed in terms of range, then

AR AB
R B

• R = R j- (5 )

____________________________________________________
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AR AP AP - 1. R
= —j.-- = K j~

— stnce =

= K’ —
FR (~~)

The i 1U 5 t l i t  i ty  ‘P increases linearly with U , once AR and B are

Sot . I I s ~wt ver , AR increases with the square of U if AP , F and

B • u l t ’ c o nst an t .

If the ratio is made a constant for all ranges , AR is also

a constant . However , kt’o~s inq constant for all ranges does not

make A l’ a constant . Tt still varies linearly with range and it will

be the most critical parameter at long ranges . If a particular system

is capable of measuring parallax to AP and the system is required to

measure ransi c to a given accuracy , expressed as AR/U , then the maximum

range of the system is set by Equation (6)

U (AR\ (FB \
max — 

~~R ) \A P) . (6a)

Summary

This  section examined the stereometric range theory . Several

assumptions were necessary to maintain a simplified form of the rang ing

equation .

An error anal ysis WaS performed on the ranging equation . In

order to extend the range capability of system , it app ears  that  tiP

w i l l  prove to be the l i m i t i n g  term .

12
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I I I . Tracker Requirements

This section will list performance criteria for the tracker.

‘l’ t i t -t ; t ’ cr it e ti 5i ~t r e  based on a statement of work for Contract F336l5—

7t ’~~~— l ~ss , 1 ( R e t  . 1) . The critoria stated in that  document are for close—

in .t r i a l  quuif i r e .  This environuiit’nt makes the greatest demand on the

t r a ck i r iu i term s of angle rates.  Maximum range of cur ren t  a i r — t o — a i r

h it c h  s - I t m i s s i l e s  are used to estimate desired maximum range capab i l i ty

of the t racker  (R e f s . 2 , 3 , 4 ) .  The desired f i e l d  of regard is a

combinat ion  of the field 01 regard required in the contract and the f i e l d

of reg ard for  the Pave Tack system quote in Reference 5, page 57.

Table I shows the Itarameter requirements from Reference 1.

Table I .  List of CAl Cr i t e r i a  (Ref . l : A 6 — 7 )

Parameter Magnitude Accuracy

Field of Regard 1200 Cone ~ 1 milliradian

Angle Rate Maximum of 60°/sec ~ 4 milliradians/sec

Maximum Range 4000 ft ~ ± 50 ft

Range Rate +500 to —1600 ft/sec ~ ± 50 ft/sec

The field of regard parameter of a 120° cone is referenced to the

aircraft fuselage longitudinal axis (see Figure 3) . The article on

Pave Tack states that that system has a full hemispherical field of

13
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rt~~ ird below this; a i ici5i tt. Thic field of regard requirement , then , w i ll

expand to iu;cluds; the  lower hemisphere also. The maximum range require-

ment has little use outside of an air—to—air gun tracking mission .

Tab l e  T I  q i v s ’ : ;  maximum r anges  of SOm e curren t air—to—air guided missiles

rem ‘5ifls’ l. a 55 it  i ed sources.

‘l’a h l i  11. M i s s i l e  Ranges

Name Designat ion Maximum Range

Falcon AIM-4A 5+NM (Ref 4:82)

sidc-winder  A I M — 9 C  IONM (Ref 4:114)

S!’,mriTow AIM—7F 24+NM (Ref 3:82)

Phoen ix  A I M — 5 4  89NM (Ref  2:56 )

To he coni’ ,it ible  w i t h  these m i s s i l e s  and f u t u r e  miss i les , the tracker

should have a maximum range of 89 NM. It is often desirable to launch

a m iss i l e at a range which will give it the greatest probability for

a k i l l .  I f  t h i s  optimum range is assumed to be half  the maximum range ,

then tr ,tckin-; beyond that range might be considered unnecessary .

However , a f ig ht e r  o f ten  wishes to improve its position with respect

to the target prior to missile launch . To do so requires time and

d ist a nc e . If the fighter and its target  are closing at 1000 knots ,

they close 16-2/3 miles every minute . Therefore , if optimum rang e for

the JUN— 54 i s  t!9NM/2 and if  the f i g h t e r  requires about two minu tes  prior

to launch for  maneuver i ng , maximum range capabi l i ty  of the t r ack ing

15
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system is 2 ( l o  2 / 3 ) N M  + 44 l/2NM = 77 NM . The A I M — 5 4  is a long

r~ in~ie m i s s i l e . Max imum t r a c k i n g  for  the other mis s i l e s  varies  from

4 5 N~ to 35 N M .  For the purposes of th is  thesis , the maximum t racking

range of t h e  system w i l l  be set at 89 N M .  This  range could eas i ly  be

twice  w1~~i t  is  a c t u a l l y  r o s iu ir e d  i f  the f i g h t e r  is not compat ible  wi th

the A I N — 5 4 , or if m i s s i l e  launch range  is res t r ic ted to even shorter

ranges due to other f a c t o r s .  Maximum t racking capabi l i ty  has been

a :;s’s~~cd u s in g  a i r - t o — a i r  miss i l e s  because a i r—to—ground  ordnance

typi~~~lly has shor te r  r an g e .  I f  the range accuracy of 50 f t  at

•k’00 f t ,  as stated in the contract , is extended to 89 NM , range

accuracy would be 1.1 NM.

The —1600 f t/ sec  range rate is not s u f f i c i e n t  for  two supersonic

f i g h t e r s  closing head-on (Refe rence  6) . In the reference cited , two

f i g h t e r s  were closing at Mach 4 .0.  This converts to a closing rate of

up to -4350 f t/ sec , depending Ofl Precise atmospheric conditions .

N a i n t a i n i n g  the range rate accuracy ratio , the accuracy requirement

is 136 f t/ s e c .

Both the  range  and range ra ts  accuracy requirements  in Table I

were to predict  the path of a bul let  f i red  from a f ig h t e r .  The

predicted bullet trajectory is used to generate an aiming reference

for the pilot . This requirment may be more restrictive than required

for  a guided missile. Table III lists revised parameters for the

stereometric tracker.

16
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Table III . Revised Tracker Requirements

Parameter Magnitude Accuracy

Field of Regard 120° Cone forward ~ 1 milliradian
I)1US Hemisphere

Angle Rate below aircraft

Angle Rate 60°/sec (Max) ~~4 milliradians/sec

Maximum Range B9NM ~~±l.1 NM

Range Rate 500 to —4350 ft/sec ~-±l36 ft/sec
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I V .  sy s tem A n gu l ar  Reso lu t ion

I m ; t m  t t o r i

M a x i m u m  r tmigs .  ca~ ‘a h ’ i i t t  y aml(I range ~n -chmr m~ y d s 1 ’t - i i d  o ti  how w e l l

l i t ’ a mi ~i h e  si  cam s l ’s ’ t u e a s i m m  t ’tt. Angle ~i i i i  the 1.05 d i t I  s’lc m n-e between

t h i s ’ t w ’  s e l i S s’I ; ;  ( I’itj um e 4)

‘LA R~ t: ’t ’ -

SPNSOIt I

I’ 5 -l u m i . ’ 4. ‘t’ tl I s View of Stet- t’o Systeni

18
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a = O
i 

— 0
2 

(6.1)

whis ’ i t ’ 0 1 
= 105 ang le measured by sensor 1 rel at. I Vt ’  t o  a Vector

normal to the base

0, LOS angle measured by sensor 2 relative to the same
ref s’remiue

I f  U
i 

and ii , ero measured to an accuracy of A1J
1 

and A0 -~

t •espectiveiy, then

= JA0~~’ 4- AO
2

” ( 7 )

wh ere s ’ s accuracy to which  (2 15 known .

Ideal ly ,  sensors 1 and 2 are manufac tured  such that  AU 1 
= AU

2 
= AU

and As AU

Sensor R e s o l u t i o n

The an g u lar  reso lu t ion  of the sensor is determined by the detector ’s

smallest resolution element (Ref. 7:1) . For a sensor composed of a lens

which focuses an image on an array of photosensi t ive elements , the l imit

of rcsolut ion is the area of one photosensitive element divided by the

foc ,ml  length squared. The uni ts  are steradians . If the image of the

ta rge t  ils smnal lc L - than One resc’J .ut- ion element , ~~ e response of that

element is the same as if  the entire element were i l luminated  by the

image. For a stereo range f i n d e r , the angular  resolution in the direction

parallel  to the base is of interest. In this case, it is meaningful to

describe angular  resolution as the dimension of a photosensitive element

para l le l  t o  the base (see Figure 5)

19
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‘l’ hts ’ti

- — 1 P 1’
At) = s i n  -

~

Wh e I L’

is  tm ms ’asured its tim i lii rad iamms

I’ W id t is of I ‘ L i t s t  ; ‘( ( s ’li c it  iVe C lclTtent

I- t o es 1 ien~i t hi of ot ti cal sy ste ’m

L A !

‘I’hie manmie I ~ t l wh i5 - hi  a is  mnea curs- si can it t ’ improved us i nsj a

t rot ‘or,i I by CAL , lii v is le t s ci Uourns , I t i e .  ( R e t c i s -m i c e  8) . In  this

the i m m i a g s ’  i i i  one s t - l i sOl  is compared d i r e c t l y  w i t h  the imaqe

in the other censem by t t i s ’ S t i ( ;  of a correla t ion a lgor i thm . The r e s u l t i ng

~i c L u r . c’y in  a is a 1r~ict ion  of AU . ‘Phie fo l l owing  is a JL’cer ipt ion

ct th at I’L ~ i ‘si~ ,t1

The passive tracker consists ci three cemisom systems in one

hisstt ~ I ~q (see 1-’ 1 gu is - i t)  . The stereo base is four  i ise h it ’s . Thie middle

h-n c  focuses  the t a rg e t  s i t  detector numbe r 2 .  A l l  three detectors are

ehiars ie coup led devices (CCD) . ‘I’iss -se detector;; are in  the focal plane

~ t t h i t- hisses . ‘rho detectors record the t a rge t  image over one

I mi t s ’q rat i ems I’ t-r iod ( R e t  . 9: 51~) and produce a v ide;o si g n a l .  ‘t he video

s i ’ i m i , m L  f rom the center detector is stored . The next s igna l  is compared

to the stored igna) by means of a correlation a lgor i thm . The

mis rt ’sl is tration in  successive image signals compute~1 using this

correlation algorithm is Used to produce correction signals to servo—

ti mt ’chiati i cut ~-ommt r oll ills ! the 
~s’ I mit i nq direc t ion of the entire housing

(Ret t~ : 2 . 6 )
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I a l t - i s ’ -s t i ; - s ’ l  S - I t s ’ . s ’ f l t l ’ t ’St .t ci t ,I im ’m e 1 (1555 ;; . t t S s i  CCI) s t t ’ t t ’ s t s) t

_ U i  5~~ s 5  ‘ t h i s ’ v ~deo s-u t a h - - ‘ i s - I t e m  at s - ,h by s t t ’ t  s ’. t  s ’l 1 .ttsl .~ S I t  t sst ’st t s i

s t I ! i , I , J t ’ t i l l s t  e ’m  1 5 1  I , t t  l O l l  bet Wt ’c ’i t  I i m m , l ’ l t S I I s tilt two : - s ’ t t s t’l  at thtt ’

5 51515 1 Sl i t s ’ t a t  .‘ . I t  I l l s ’ .’ t hey S i t  5 5 1 0  at  t’tI by a ls ,ts ,’I h i s ’ , t . m I ’ k - (

I a l i . l e  5.111 l ’s ’ . ‘ i m m I ’ u t  s’ st l ’\

t j t m s m t ’ I’ m m n , , ’ i s ’ l i l t - i  ‘ ‘ i  I St l St  c i i  l’s~! Wt’eli Scil S’l I 515(1 I

( L ! ~ I ’~~~ t s , t  .‘m :; . ‘t ’ I
~~~ ’ ,lt -t .- , t .‘i t i - ~s ’ .1 i , ’i t h i s ’ i , I t t ’ I s ’ 5( ’i tSs t m  5 S m  t ’

l i i i ,  l i t  Id  ~~~ _ ‘1 I ~m i t -~ t .11 1 SV’ - . t ’h i1 ’~- , l l  5 ’ u h i , t 5 l l — t ’ X t s l e — ~ ;elil1-.’s ’ m i s I t l c t ’ ’t

1 - i  I 1 st  l i i  , - - ta-i . -I . ‘ t’I m s ’ Si ’iil t , ~ t ’t t ,1 t ~s ’t  ~~i t s , t5 ’1’s ’d s i  Ii cots :5s ’

t h a t  I h i , ’ .l, ’t , - ct  ‘i :- m l  i con i s ’ 51’ s ’J l S i V  s t y  IR’t . i~~:.
’ . 14) . ‘I ’i i s - , t I t , , my
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c o i t m i m s i s  I : .  , i  \‘s’ t  I s 5 a i  . t t m . t  to.; I s ’S m s t  . 1  us- , -,I t o ( t  * m m i s h ’ s~ m 1 c h a t  ‘ I t ’

s,~~~- , - I’ m - t o m  ~ 
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e tm t i r e  hor izonta l  l ine  of ehs ,t r qe  packages is transported through a

p r e a m p l i f i e r  which sends the v ideo  signal  to an amp l i f i e r  o f f  the CCD

chi p . Then the ve r t i ca l regis te rs  nmove a l l  the charge packages up one

more increment  so that t ime next  l i n t -  of charge p~is -k~i’tes is i n  the

hor izon ta l  regis ter . The process cont inues  u n t i l  a l l  the charge

packages have been read . In e f f e c t , the image is broken down into

elements , then these e lements  are read l ine  by l i n e  in  the horizontal

register (Ref . 9 : 5 8 ) . The t ime it takes to read all the charge

packages  is r e f  s’rred to as the read—ou t period . I t  does not exceed the

in tegra t ion  period .

The v ideo s igna l  from the CCD chip is f u r t h er  a mp l i f i e d  and then

sent  to an a n a l o g —t o — d i q i t ,-il converter .  T h c  digitized video signal

is then sent to the correlation processor. Here , the signal is compared

w i t h  ,i !reviously stored image s ignal  by a correlat ion a lgor i thm and

the image s h i f t  is found .

Cor re la t ion  A lg o r i t h m .  Tise correlation function for comparing

two scen2s is

~

- f J  P (x ,y )  t,) ( x  + Ax , y + A y) dxdy

where

P (x,y) = a function representing the target
image over the detector surface

C) (x + Ax , y + Ay ) =  a function representinq the target
image shifted slightly due to an
intervening time interval or baseline
separation

25
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A = active area of the detector

x ,i mtd = the list ~ s ;tit ,ml and v er t i ca l  sI i rect ions

l’Ii e Ss ’ L o t  5511 c i  t h i s ;  s l i t  ‘- i  m ,iI for each t °~~ 
b le s h i l l  I (Ax , Ay )  -~~~i vs ’;;

sUe I t )  m i s t  e l  the c o r z s - l , t t  isis function . ‘rise p a r t i c u l a r  values  of

• ‘) s - l i t  cli g I V t ’  a um ax imum value for the r-errelat ion f u n c t i o n

. 0 1 5 ,S;t ’s’iisl to t h e  I l ihISs’ t m s i sr s ” i i s t r . t t  ions ( Ref . 8: 1 1  .4)

Recall thi. mt the dii; it . I s~es1 t a rge t  imag e h a s been stored l ine  by

1 i n s ’ in .s ms- i ns t  un i  t . Two such memories are read out w i t h  a delay in

O h s ’ or t h e  s ’ t h i s ’r memory . The corresponding elements .ire multiplied and

summed . ‘rise r e s u l t i n g  number is called the covariance function. The

maximum v,i Los’ of t h i t ’ covas- iance  function represents the highest degree

St . 0 1 S t ’ I , st  ion  between the  im a ge  scenes (set ’  F igu r e  8) . The shi  f t

wit ich .-or i es 1  -ends to  I lie maximum va Lue otT the covar I ,uice func t ion  is

the ima ge in isr es j  istr,it ion . ‘I’he mim ax int u in va lue  is found i n one direc tion,

s,s~ ’ the x d ir e ct  ion , t h e n  t he  image misreg i s t r a t  ion is found in the

ot her  direct ion by shift in 1 p erp endicu la r  to that point.

~ ever .-i1 t~o i n ts  ar e  cent ‘t it s ’Lt in each d i rec t  isis. These points can

be u; ;s ’.t to ahi}’rox irna te a .-ot s~~1 at ion curve (set ’ F i g u r s’ 9) . The 1’O~~ Fi ts

arc r u n  t hirough a s-erie I , it  lOt)  S l,isiF i thm Wit I .~h detenn i l l s ’S this’ exact

di ;;piacs’t;it ’t i t  between the two video images (Ref . 8: 2. 27 )

!~ t , ?  anqu I ar t t - ack i  flt ;, the two images compared ar t ’ successive

images of the target separated l~v a time interval. Difference in the

two imnaqes is  assumed t a  he due to target  motion ( R e f .  8 :2 . 2 7 )  * For

I,il)s; I nq , the images from 5s’iiSOi.  I and 2 are compared s intu l tancou sly .

The d i i  t ert ’iscs ’ in the two illl ,ss;e ; ; is assumed to hi’ due to basel ine

;;t ’ 1 ’ , i i , i t  io n.  Thus , r ,tns;e can be computed by s~’tt ins;  the image

.~~~‘
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iii i ;;re-iistration equal to the parallax and using Equation (4) to compute

t ~;s - r an ge .

Since the target is inovincj , the time interval between successive

1 ’s; s~~ . - s ,  i s ;  si;q s t t , i i i t.  The smallest  t ime  i n t e rva l  possible I s  the imago

t f l t s - i r a t j o f l  period . t ’or t h e  Fai rch i ld  CCD 211, this  is 2 . 2 5  ins , Signal

ri - id- -out t i i: ; .- is less than  in tegra t ion  time so that there is no delay

i i i  P i c k  t t i - i  u~i the next  in tegrated image s ignal .  The addi t ions  and

;s ;u lt i p l i cat i on s  needed to compute the covariance values plus the

correlation .il ;orithm also take time to perform . In order for the

digital processor to keep UI) with the image signal generated 450 times

ev ery  second , the number of ph otosensitive elements is restricted .

It was found that ,; sub—area of the array of 8 to 10 elements

squared centered on the t a rge t  was sufficient to perform adequate

correlation (Ref . 8:2.34). The maximum number of picture elements

al lowed w i l l be determi ned by integration time requirements and

necessary update  rat5’s for the data . Since the covariance is the sum

of the cross multi plication of the I)icture data , an n x in array

would take (n x in) multiplications and (n x in) sums. If the array

is i ncreased by one element in either direction , say (m + 1) , then

there are (n x in) + n multip lications and sums to be computed for each

relative shift. This means that the processor time will exceed

maximum detector integration interval if the sub—array exceeds some

threshold dimensions (Ref . 0:30).

The data rate required to maintain track on a target or update

data to director and weapons release systems are less than 450 Hz.

If these rates are 20 lIz (40 samples/sec) , then the data being produced

29
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at 450 Hz can be averaged to increase accuracy . A laboratory

demonstrator built by CAl has shown resolutions of 1/400 of a photo-

sensitive element at 20 Hz low pass filter break frequency (Ref . 10:1.3—

1.4)

Summary

In conclusion for section IV , range accuracy , AR , is related

to angular resolution of the system . The angular resolution of the

system depends on how the video signal is produced and processed .

tjsinq a CCD focal plane array and image correlation , CAl Corpora tion

- photosensitive element/400of Bourns Incorporated claims a Act = 
F

This degree of accuracy is due to the high data rate of the system and

assumes ; low data rate requi rement for tracker servomechan ism , aircraf t

dir ector system and weapons relea se system .

3t )
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V . Baseline Separation of Sensors

In t roduct ion

By Equat ion (6)  of Section II , AR , the range measurement

accuracy , can be improved by increasing the base between the sensors.

I f  the system is to he put on f ighter a i rc raf t, the leading edge of the

wings provides the widest possible base plus a re la t ively unobstructed

field of view i i i  f ron t  of arid below the aircraft. A possible exception

would be the twin tail booms of the McDonnell Douglas F—l5 (Figure 10)

and Fa i rch i ld—Republ i c  A-b (Figure  11) . Note that the downward view

of the sensors wi l l  be blocked by the wings in both of these cases. As

the pr imary mission of the A-b is ground attack , this  could seriously

l imi t  f i e ld  of view (FOV ) . Since the primary mission of the F— l 5  is

a i r - t o — a i r , the downward FOV is not as important . Table IV shows a

compar ison of wing span s and tail separation .

Table IV . Comparison of Aircraft

Aircraf t Wi ngspan Ver tical Tail Separation

A-b 57 ft. — 6 in. 18 ft. — 10 in.

F— l5 42 f t .  — 9.7 in. 11 ft. — 9 in.

F—16/A/B 31 ft. ——-—

31
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Figure  12 is a gra ph of maximum rang e as a f unction of angular

accur acy of the stereo system . The equati on used to generate this

graph is

(AR / R  ) B
H = 

max 
(8)

max

AR/ P = the range accuracy desired at maximum range

From Sectiori III , this was .011 *

The target must. cover a window of about seven by seven picture

elements, pixels, so that an adequate correlation can be performed

(Re f . 8 :2 . 34) . This  is  required so that the covariance func t ion  can

be computed for a s h i f t  of ~3 un i t s  ei ther  side of zero s h i f t .  If

t i i s~ t a i g et  is a small f i g h t e r , it w i l l  d i sp lay  a cross section as

sinaI 1 as one square mete r when viewed head-on . The target subtends

r ’ x b0~~
> 

radians at 89NM in one dimension . In the CCD array , the

pixels ars- sl 5l;-ed every 18 micrometers vertically and 30 micrometers

horizontally. Iii order that the target cover seven of the pixels

wit h 30 mic rome te r s  spacing , the optical system must have a focal length

of 32.33 meters. One element would have a resolution 4,33 x 10~~ nirad

in the horizontal. This is marked on the graph in Figure 12. By

insur i ng tha t the sensors are spaced by 30 f t, the angular accuracy

required of the t racking  system is larger than one pixel. In this case ,

no s ign a l  f i l t e r i n g  would be required to improve on the image misregis—

t rat ion  found by corre la t ion.  Using a signal processing to lower

As to b0~~ mrad would allow a baseline separation of 5 ft to range

accurately out to 89NM.

34
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h5a ~~t - [ l i lt ’ s e l a i S t  I oil ; ;  c i t  a I oot oi itsore W.i 11 l egU S i t s  that the

s . s m s g  i sig s t - i t - - - i s ,  h~ - housed iii ; ; - ~ as . tt  is d e v ic e s . In the Unit proposed

by CAl , thit ’ i aits;L- sel lS’  ~ S s - p t  ic -al axes Ws~ ~ - m t  i rita i ned parallel by

flts ’.liiS o i  a ;ol j s _I mount: . h i t  ;41 i t  ; ; c - i l S o i  s , sonie c_ t _ h i e t  method must l)e

i o u i i d  t o  k e t -p I l i t - i s  opt is -a l I cs-; • at i g i i s ’cI . The al ignineist  must  be known

to w i  th in the as -c ci iai - y I c- lu i i e d  t or  ranging , \ s l  . U n f o r t u n a t e l y ,

S t  at  e o i t hi s .- a lt  .11 ~sWm elit I em i - t nlot. e ly Icica tt-d sq -t ical system s on an

i i i~~- t a l  t . is ~n I y accur.it e t o  . 1 inrad (Ref 11:8) . Determination of

a ~~~ht ~lns - t o ma j u t  _~ i n  oi -t  i 5 ~a L a I iqnmcnt  beyond * 1 iiii .&d accuracy  is

[iey oitd t lit - os-ol e ot th i t lies 1;; . From Table 111 , longest ban e  ava i l ab l e

i~; t lie ~\— lO ‘ cc 50 ft. w i l i i i  h a il . I t is al-parent from Figure  12 that

— uirad a ~
- e~~U I iisd I os ~s lnmn ~- of 50 t i -et . ant i r an - J e  of t-S9NM *

u n i i n a r y

Max.iuuun l a u i - j e  ~- a l - - s E  ii ity us; i is5i stereometl-ic rang ing is related to

hi t -  bane I inc in .u a i n i 1 - t  e way ( l - s Iu at  ion ( I~) ) . Us i sig a focal plane

a m s a y  a i l s1  cot i e t .ut iou I c -~ - h l mi i p it-  SIL-ocribed in the CAl proposal requires

an c~pt ;  i~-aI ;cyot em with a feta l length of 32—1/3 meters . Separating the -

ran - ic  ~a - l ; , ; o s  S t o  g a i n  a w i th e r  Itasi ’ br jugs out t lie problem of opt ic~ 1

.11 i-uiun t ’nt

c i t i t e t In-  r a ng  sig si n n e r s  hl.s~’e been mounted on the wing s , they

w i l l  li t - su b j e c t  to V H  F s t  lout ;  which  w i ll af f e c t  the i r  performance .

f l i t - next SsCt iou consider;; the t’fft ’ct of structural vibrations on

the SI I I O c I L  5 .

lii 
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VI . Effect of Plexure arid Vibration on Optical Sensors

Introduction

Aircraft structures , especia l ly the wings and tail , are subject

to a nuunl)er of loads and forcing functions . As a result , they f l ex

.ind vibrato . Anything attached to these structures are also subject

to the effects of flexure and vibration.

Flexure and vibration are terms used to describe two types of

elastic motion . Flex ure is the elastic bending of a struc ture due

to changes in flight condition (Ref. 11:4) . They are low frequency

bending . For our purposes , flexures will have a frequency of 5 Hz or

less. Vibrations are higher frequency elastic deformations caused by

such things as wind gusts , engine v ibra tions , and f l ight con trol motion

(Ref. 11:4) . For the purpose of this thesis , elastic bendin g at

f requencies  higher than 5 lIz is considered to be vibration .

Flexures and v ibra tions may be classified as linear or angular.

When they are l inear , they tran sport the sensor from one posi tion

to another in a straight line. When they are angular , they rotate

the sensor about an axis .

In the analysis of s tructural  elastic motion act inq on the sensors ,

a coordinate system relative to the sensors and target will be used.

The plane coritaininq the two sensors and the target is the sensor-target

plane . The direct ion normal to this  plane is the sensor-target normal .

The direction from sensor to target is called LOS for line of sight.

The last direction is perpendicular to the other two directions and

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ these three
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directions will be called , V
2 

, (see Figure 13) . The right

hand rule applies.

Whe n analyzing thiens’ e l a s t i c  motions , the ci heis t s~~i t h e i r  a m p l i t u 5 h -

aiid i- ate eu t I i~ sensor w i l l  be considered . V i isa t ional ~ts -Ct ’ l i t a t  i i i

5if~ eets t h e  sensor m a i n l y th rough  moments and torques on th i- I i i

m echi ani  sms . Analys i s  of th is servomechanisms is  i ; s - t  w i t  ~c i mi I Ia  O s h s

of t h i n  t h e s i s .  The sensors are assumed t o  l i -  g i r n h~i 1 - c ; i . t  - i i i

e levat ion and a z i m u t h  on the a i r c r a f t .

The hur l-on e of t h i s  sta tion i s  to d e t e r m i r i t -  t s i  t V  - 01 f l t - x u z e

and v i b r a t i on  on focal  plane senno l  . Tb is s - f t  t s t  will h - i  t - x i  t en~n -d  as

an equat ion whenever possible .

Linear Vibrations Ett ec t

Linear vibrational o f f  ects ar s  c e i t s c i s h i e s t  I s ;t  . Their amplitude

and rate in  each of the three di rec-t loll; ; i ~~~~ t i i i  i i i  i iiteraction with

the system which is un i que for  each ~l i t  es -t  i c t u t .

Sensor—Tarq et  N oi -ma l .  In t h i s -  sense! — t  a u g s -t noum a 1 d i i  s- ct  ion ,

v ib ra t iona l  ampl i tude  is ins - i nured ~i s ; charities i i i  t l i - i t t eli-vat ion . Both

sensors , when they are t r a L -k i  ng , } 1O i li t  d i i  i’c t  ly at t I s -  t a i  - i s - t  * A f t e r

every in t e gr a t i o n  period , the sensor is  corrected v i~ i the  set vomcch ian i  sin s

for  any image misa l iqnxnent found through 0 - 1 1 1 4 1  ~ u iS - s -n ; ;  1 nq . The

v i b r a t i ng  sensor indicates  that  i t  is thi s ’  t a rge t  which is vib rating u~

and down abou t an e q u i l i b r i u m  p o s i t i o n  ( see F i - i u t e  14) . S iits -~ the sensor

measures angles , a d i sp lacement  in the sensor-t arget  norma l is; measured

as

= 
R 

( 9 )

39
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wi i crc

ansile measured about the LOS perpendicular

A
N 

= Ss fl ;;c)i  displacement along the sensor—target normal

R = range to the target from the sensor of interest.

This motion has no effect on ranging . The actual elevation anqle

is found by averaging the elevation signal from the sensor over an

i n t e rva l  of t ime . The averaging can be done in the following manner.

Let 
—

I) = elevation angle of the target using the baseline as an
axis (Fig . 14a)

r = elevation measured by the sensor

1) = I’ + i$t
p p

= —

I -  P

1 1
t
0

-fT

E l M  -
~

- J (0  — 4 i )  dt~ 
(9a)

1 1
t
0
+T

= j- J c) dt ’ - 
~~

- J s~ dt

to to

but

1 
t+T
0 

~~ d t  0

to

4 1
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if ~ (t) is a periodic function with a frequency w >
P V T

ft +T
= t~~~( t

0
) [1

) 
0 

d t ]  
— 0 = 0~~(t

0
)

to

a n~ -~ 0 
- 

( t
0

) - -
~ sc s ;  t -in t OV S ’ i t h e  I s s r i  od 1’

where

T an interval of time such that ~~
— T < —

~
-—-

w V
V 0

p

V = rate at which 0 changes
p

P

f requency  of the v ibra t ion

By averaging the signal , vibrat ions which  go through seve ral

oscillations in time T have an average value close to zero. For

the purpose of th i s  thesis , v ibra t ions  wi th  a frequency of w =

are assumed to be averaged to zero. Vibrations below frequency u

wi l l  be averaged togethe r to determine the mean amplitude and rate

for the v i b r a t i n q  s t ruc tu re .

The v ib ra t ion  can be thought of as a composite of v ib ra t ions

with a continuous d i s t r i b u t i o n  of f requenc ies .  In  theory,  this

distribution of frequencies goes from 0 to ~ * In reality ,

however , the data collected on these vibrations only cover the range

5 to 1000 lIz. The lower limit is due to the inability of the sensors

to measure vibrations accurately below that frequency. The upper

limit is observed empirically from the data.

The maxim um value for T is important, since it determines u
V
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The maximum value for T in  l imi ted  by the assumpt ion  that 0 is

a cons tan t  d u r i n g  T . In Table I I I , the LOS angular accuracy ,

is specified to be a maximum of 1 mrad 0
LOS 

, the LOS

i nq ie  to t h e  target , is -* combination of the t a rge t ’ s elevat ion and

azimuth angles. I f  the a z i m u t h  ang le  is suppressed for  this analysis ,

(3 = 0 . Likewise , A 0 A0 and (~ = 0 * I f  0 is
LOS p p LOS p LOS

is the ra te  at which the t a r g e t ’ s elevat ion angle changes , then

T = 5\0 /u . This rate at  wh ich  B changes depends on several factors ,

such an this type of t a rge t , i t s  velocity , and its range. Of the two

b~isic types of missions , air-to—air and a i r—to—ground , the a i r—to—ground

mission u s u a l l y  involves the highest rates for 0

For example , if a fighter makes a level bomb run on a ground target

( F i g .  14b )

= V sin O
p f p

Assume s in 0 
- -

V A
then 0 —f-—

p R

where

V
f 

v e l o c i t y  of  the fighter

A f i ghter ’s altitude above the target

R slant range to the target
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ItO R’
T -= ~~~~~~ ~~~~~~ (‘) b)

(1 V A
P

figure 14c i a graph of F:quation (9b) . lh~.- two curves  p lotted

i n  F igure  l’l c r s - ( i i - n e f l t  two d i f f e r e n t  f i g hi t e t  v e l o c i t i e s .  The

s -1-roxitnatu re It-ISS r~tiigi- ;; based on bomb time of fall and t~ iqhter

a l t i t ud e 4ir s- marked  by vertical lines . The value ot -r correspond i ng

to t h u - n o  1 ans J & -0 arc marked with hor i zon t a l  l i n e s .  Si use w

iii = 71 lIz for R 7000 ft and e = 95 Hz for R 50(10 ft. A is
V V n

found  by averaging the ampl i tudes  of the v ib ra t ions  from 5 hlz to

• Therefore , it in n s-consary  to locate the sensors at a posi t ion

wh i i - r  e A is no gr e at e r  than
n

1~
__i~_ = AU (10)

P P

where

R = minimum range  caitabil i ty of the t racker.

Minimum r~iliqs- is used to calculate A because it puts t hi t ’ g re a te;;t
n

r e st r i c t i o n  on A I-i

Vibrational rate has another e f f e c t  ott sensor accuracy . l)urinq

the ititegratioli period , the target  is smeared over the detector ar ray .

The amount ot ;;ms ar in equal to the vibration r a te  t i i n c - s  the int egr a t i o n

period t imes the focal l t ’u i g t }i , a l l  d iv ided  by the l ange . Image smear

affects n- -iisor point ing  accuracy by d ist o r t i ng  the video signal. The

rcla t iormslii p 1-sstweeui image smear and p o i n t  inq i -curacy could be

determ i ned by e xp e r i m e n tat i o n . The experiment  WoU ld  conS i ;;t . o f i licl e in I i l - I  

- ~~~~~~~~~~~ 
-
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t h u -  rate of v i  lirat. ion w h i l e  obse rving  p o in t in q  a c c u r a c y .  G iV i s n  a

required l’oint m u  ac - - u i . i c y ,  the threshold for image smear would be set.

i t  t h i s  t h i i e a l i o  1- I in represented by s~ 
~~
, , then

C) Ft
LT n

N t .F
1

wti e  c

A = m a x i m um a l l owab l e  l inear  v ib ra t i on  ra te  along the
it  

O t S I S O ! —  targs.-t nonnal

= i Ut e~j rat ion I ~r i s~ I for detector

lci~ Perpendicular. lin e -ar vibrations in this direction affect

s -~t ch  se imsor  ‘ S m e i ; ;u r e m n e i it  of the target’ s azimuth . 1\Th()litUde c ) t  the ’

v i l.-r .it ic-n in mi- a s t i t s - c I an  an anjie , just as it is for the se n s o r — t a r get

ii oriii~i1 5hiie ~ t. ion. m u  tar to [- quatioli (9)

A (12)
a R ( l ~cf . I - i i l  . 1!,)

whi rs-

ci - tu g Is- measured about the sensor — target noini i l

A = ampl i tude  of vibra t ion  in  the l c ~~ Perpendicular direction

S i m i l a r  to L-~qua tion  ( - ) a )  , Li true azimuth angle could I-se found by

av c - r a c j  l iii; thu s igii i 1 over a per jod of time , P . i iu-e m =

the vibrations h ove w wil l not affect t lie me.tsurenueuit ~ f 0
V .1

the a.’ iunuthi aug Ic of the tat~u i t • t me.tsu red I 1-om the t u - i h t t  em ‘ l o u i - j  t tud i nal

axis .
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When measuring ~I , the maximum value of T is limited by the

assumption that 0 is a constant during T . If it is desired to

measure 0 to 1 muirad (Table III) and 0 is known , then
a a

ItO
1’ = -——i (12a )

U
a

j u s t  like 0 , depends on many factors such as type of target

and mission. cf  the two basic missions , air— to—air and air—to—ground ,

a i r — t o — a i r  miss ions  u s u a l l y  produce the greatest  values for 0

For examp le , if a fighter performs an intercept on another aircraf t,

the U can reach values wh ich significantly limit T . An intercept

can be broken into three phases, based on range. The initial phase

of the intercept extends from initial range to about 10 NM . This phase

of the intercept is characterized by very low 
~
1
a • This is because

the fighter maintains the target at the 0 which would cause them to

eventually collide . This U 
a 

does not change at all as the two aircraft

approach each) other. The conversion phase of the intercept occurs in

the ten to two nautical mile range. During this phase of the intercept ,

the fighter maneuvers from a head—on attack to a stern attack . -rhis

phase of the intercept is characterized by relatively high values for

0 . The final phase of the intercept occurs from two nautical miles
a

down to minimum range. The fighter chases the target down during this

phase . The angu la r  LOS rate is very low here also, and h i s  l i t t le

e f f e ct on ‘F

During the conversion phase of the intercept , the figh ter usually

executes a pure pursu it cu rve . If this is the case, 

~~~~~~. . . 
- ------ ~~~~~~~~~~~~~~~~ ~~~~~~~~ ~-~- 

___ i ___ 
- -- ---—---.
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V
0 —

a R

is ’ Us ’

V = vs’~ o5 ity  of t h e  target  perpendicular  to the LOS

Ft raui -uc to t h e  t ar ge t

V t c ) U  a pure pursuit curve is given by

V = V s i n O
tgt  asp

_.~5 ii - t- C

= target ’s velocity

= target’s aspect angle.
asp

i b i s  m i - o c t  a n u i l e  in an angle determined by the target ’s longitudinal

ax i s  au ~ h t h e  l,O~ f rom the fighter to the target (Ref . Fig. 15a) . The

a - i l - e e L  a n q i s  i u ic i s-~m s e n  from 00 to 180° as the fighter converts

t e the  t a r g e t ’ s s tern.  A g a i n , assuming the fighter executes a pure

pursu i t  ~-ath as i t  converts to the stern , asp 
may be approx imated by

°ash) = (~~
) ( R - 2 NM) 2 NM R ~ - 10 NM

.\ U
- a
iuice ‘F ~

- -
~~

- —

1 mrad Ft
then T T800 (12b)

V
tgt 

sin [—~-— (R—2) 1

A plot ot this function shows that T .04 seconds from 3 to &i

nautical miles (see Fig . lSb) . Therefore , vibrations of frequencies

51 
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5 to 50 lIz will contribute to the mean value for A . Similar to
I,

t (~U~ltiOfl (10)

/t
— A U  ~. (l2c)

N a a
It

1’his amisl i Luds.’ c if  V i br at  i OtiS ii) t h e  LL)~~ l t ~ 1 s mm~l i cit  J a r  d i r e c t i on

a]. Ss ) a f t  s’C t ii the St  ci c ’OUls ’ t i  iC t i- ackt r ‘ s range immeasureme nt . The

t r ac k e t  unc~m n u 4  si; t ~~i - j e t  i a u i ~uc by computing the di fference in t ar sle t

a z imu th  uneas u m c l  b y t i)e t W o  sc - lin er s  (F i g . 4) is measured by each)

Os ’ii50i as ~sau t o t lie a .~ imuth •in g le to the tar~je t . F’ i gu r e  iii represents

we sensors rnounte l oil w I hg wit i cli i s  sub ) t c  t to vibrations . Sensor 2

I ; ;  ~iliewc-i t, - ’  ~Io all tue v u - m a t  l u g  w h i l e  se nsor 1 is steady. in effect,

i ;; t he  sum of the  cingu lat- deflect ion dUe to both sensors. -~ is

the di f er c i u t ’ be tW t ’t’!1 O~ amid 0 (see F’ iq . -1) . From Fig . 16

it  can be seeim t ha t

= ( a — 4 )
a

R R(4~) = R ( n  — 4 ’ )

R 1
= ctn~~~~~~

The last CgU~t liLy Uns’5 the smal l  ang le  ap p r o x i mat i o n .

It 13
Ft = = ( ) 

(13)
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If the angular deflections due to vibration are assumed to be

small compared to n

B ~a ~
tia~~

Ft — ( 1 + — + (—) + •..  )

— (1 + —a-) (14)
U Ct

I f

Ft actual range to the target = ~~-

then

R = R (1+— .~) 
(15)

a cx

where

represents a percentage of the range error .

cx

Since the sensors are mounted on an aircraft moving through the

air , a is a function of time. It is a slowly varying function of

time compared to . An average or expected value of Ft , E{R}

is g iven by

~ 1t0-FT ’
E{R) = j— J R(t ) dt (16)

to

where a period T is such that

-~- > T ~~~ >~-
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= frequency at which the sensor is vibrating

V = rate at which ~ is changi ng

‘1 lie ii

1 ~EIRI = —v Ft (t~ ) (1 + - ) dt
T a t ( t

to

1 1 ~~ 1 I
t
O
+T
~Ra

(t
~
•)

R ( t ) dt + ci ( t ’) ~a
(t
~~ 

dt

From the assumpt ion  on ‘F , Ft (t) and a(t) can be considered to be

constants over the integration.

rhus

R (t ) 
t
0
+T

E{R} R ( t ) + 

~ ~~~~~~~ I ~~~~~ 
dt

to

But

t
0

+T

f ~~~~~~ 
dt 0 (l6a)

to
Since 4 is a periodic func t ion wi th  freqi.iency 

~~~~ 

> .

Thus

E~ R} = R (Ref . 12)
a
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The upper limi t on the period of time , T , over which E{R}

is averaged is set by the assumption that R
a
(t) and u (t) are

constants. In actuality, u ( t )  has a rate which can be expressed in

t erms  of range , R , as

B
= — V

-~ C
Ft

where

dci
a = —

dt

V
~ 

= rate at which the target and fighter are closing

The accuracj to which ci is known , Act , can also be expressed in

terms of range:

A R B B
Act = ( — ) —  = C —

Ft R Ft

where

Ft = des ired range accuracy

(~~~~~
) = a constant for all ranges

The upper l imit  for T is f ound from

P = ~~~~
- = ~~~~

— Ft (l6b)

If the target is another aircraft with a velocity of 500 kts and the

fighter , also at 500 kts , is attacking head—on , V is 1000 kts.

If LtR/R = 1 1  NM/89 NM = .0125 made a constant for all ranges ,

Equa t ion  ( 16b) becomes
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T = (4.5 l0~~ 
see

) Ft (16c)

Figure 15a is a graph of this relationship . For a ground target

V = tl-tci f igh te r ’s velocity 7 Equation (16c) becomes T ( .09 !!E ~ R

The l inear re la t ionship  between P and R assumes the f igh ter

ma in ta ins  the same aspect to the target during the attack . If the

f igh te r  is a t t ack ing  another a i r c ra f t , the crew may want to convert

from a f ron ta l  attack to a stern attack . For the example of a f igh te r

at tacking a target  head-on wi th  a V of 1000 kts , the crew should

start a conversion to the target’s stern around ten nautical miles.

The crew will try to maintain V (100 ~~~~-) R as they conver t to the

target ’ s stern by 2 NM and then continue to close to minimum range .

Using the relat ionship in Equation (l6b)

T 
C 

= .45 seconds (l6d)

For the case in which the f i ghter performs a f rontal  attack to a missile

launch , the crew may want the ability to track accurately down to

minimum launch range of t h e  missi le.  If the minimum range is approxi-

mated by 10% of the maximum range , then Equation (l6c) gives

‘F .09 seconds

for a 20 NM missile.
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Vibration rate in the  LOS perpendicular direction also causes

ifliclC J C SIflt ’SF . A n a l y s i s  in  the preceding section is valid here ab s.

The equivalent of I-~quat ion  (11) is

i_i Ft
- 1_P n

t .F (18)

wlie r 0

A = maximum allowable l inear  vibration rate along the
I 105 perpendicular
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LOS . The ampl i tude  of l inea r  motion in the LOS direct ion has a

slight magnification effect on the target (see Fig . 17) . The area

which the target ’s image covers in the focal plane is expanded according

to time ratio

Ft 
~ 

A
L 

5.1 ) a
1 ±

— —~~- = (19)
a a

where

= area of image t t  time T
0

a
1 

i~~ a
1

a2 = area of m acic a t  time T
1

a = alflI)litUdc of the v ibrat ion ( — )  sign means that A
L

is towards the targe t / (+ )  sign means that A
L

is away from the target

EquatiOn (18) can be written

= —i- , Aa
1 

= a
1 

(20)

Since Aa causes no chancje in the LOS, vibrations in the direction of

LOS do not affect 0
LOS 

or range measurement .

T h e  image is smeared over an area according to

(mA
= —

~~~~

- a
1 

(21)
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u~-l ;, ’ i , ’

AA = A t .
L L i

A
1 

rate of LOS vibration

I. = in t e gr at i o n  t -er io d

When ;\m in larg,- s-sough , i t  a f f e c t s  correla t ion in the same manner

a;; image smear s_ lid i n  t h e  othe r direct ions. Since the image is

expanding in both directions at  once, the threshold value is expressed

an ~i ui  ~)rs ’a . The equation for maximum vibrat ion rate  takes the form

A
1 ~~

- 
~~~

— (22 )

wits ’ t o

5.1 = threshold area referenced to a

a = area of the image a equ i l i b r ium

Angular Vibration i-: I fec t

An gu l a r  v i b r a t i o n s  a x e  haiidled iii the same format an the linear

v i b rat i o n s .  Thi s _ - j r  am p l i t u d e  anJ rates about eat -h CI the three axes

.mr e st i i~ily.~s_~s_ i w i t - h rcnps ’ct to sensor performance .

i\ii cj u l a i  V i b r a t i o n  About St ’n sor— Tarqe ’t Norma l. Anqnlaz vibrations

abou t the Ss ’nCOr— t ar get  normal  art . ’  v
1 

Time ampl .i tUds? of these

V t h t rat tou ts direct l y a t f e c tt  the measurement of azimuth ,mns_i r an ge

(:;e~’ Fig . 18) . This; angle im ; in the sans’ plane 5;; ‘
~
‘a 

o f EqU ~i t iof l  (11)

j

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
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I

‘1’his’ s_l it i 0 t t S t i C s  t a - i t ’ i i ’  t h a t  t l iet- e is  no dependence on range to the

t~trq e t.  A n a l y s is  of the not i on ’s ef f e c t  on the stereometric system

is exactly the ;;ains_’ as for  ~- at f r e quencies above w . Signal
- a V

averaq i n t j  as i n  Eq u a t i o n  ( H )  s_lees; not average out at f requencies

b~ 1ow . Lrrc-r in measuring a is equal to the sum of the squares

of the atm-i~-1itude of vibu ’atioim for both sensors. Putting this in the

form of an equa tiorm (see F’ kg. 14)

An = ( 2 3 )

where was assumed to be the same for each sensor. v
1 

calculated

from Equation (21) is maximum allowable amplitude for angular vibrations .

Ti-ic i~ite of these angular vibrations m ultiplied by the integration

period and focal length g ives the length of image smear in the LOS

perpend icula r d ir e ct i e i i .  Th is can be compared to the threshold value

[or acceptable pointing accuracy. Solving the equation for angular

rate gives the  fo l lowing  equat ion .

= (24 )

where

= maximum allowable vibration rate .

Angular Vibration About LOS Perpendicular.  Angula r  v ibra t ions

about the LOS perpendicular are v
2 

. Amplitude of these vibrations

hi s an effect on the elevation measurements by the sensors . When these

vibrations have a frequency greater tItan um , the vibration ampli tude

i~s Is
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can be avs’raqed out . At w and below, this vibrational amplitude will

be measured as pitch variation . The desired Pitch angle accuracy ,

is sot equal to v
2 

. In  the form of an equ a t ion , the last

;;s ’ u t  eItCs - is ;

= v (25)
2

Equa t ion  ( 12 a)  can be used to calculate the maximum allowable

to produce acceptable p i t ch  in format ion .

Rate of the an quml ar  v ib ra t ion  timQs the integrat ion period

times the focal  length gives  image smear in the sensor-target normal

d i r ec t i on .  As iii the previous case , the threshold value for acceptable

image smear , G
LT 

wi l l  give maxim um allowable angular vibration rate

U
by

0
LT

= 
t F  (26)
1

where

v
2 

= max imum allowable vibration rate.

Angular  Vibration Isbout LOS. Angular  v ibrat ions about the LOS

si-c V
3 

. Ampli tude of these vibrations have no direct  e f fec t  on the

pointing accuracy of the sensor . Angular  rate can cause image smear if

the amplitude of the vibration is large enough-i .

When the tracking sensor is working properl y ,  the ta rget’ s image

is ce ntered on the optical axis of the sensor. LOS and optical axis
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ar e superimp osed.  Angular  v ibra t ions  about this axis will make the

target ’ s image appear to rotate (see Fig . 19).

1
i~~.~~~~~IMAGE AT TIME T

-i
-

‘ 
~~~~~V 3 ~~~

- V /
5-’—- /

/ IMAG E AT TIME T
/ 1  0

Figure  19. Image Rotat ion

Analysis of the e ff ec t  of this kind of rotational smear on targets

of various shape s can be done experimentally.  The experiment should

determine the amount of image rotation allowable before correlation

processing is seriously degraded . If this value is designated as

0
LOS 

then

5,
LOS

V
3 

= —i---— (27)
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where

= threshold angle at which correlation processing is
degraded

= maximum al lowable angular  rate of vibration about LOS
ax in

‘l’his concludes the analysis of vibrations. Flexures are analyzed

in the next sect ion.

F’ 1 cx ure S

Flexures are the sam e movements as vibration , only at a lower

frs_~quency. For this system , vibrations were considered low freqtxency

at w or less. Flexures fall into this category ; therefore , they

have already been analyzed in the vibration section .

Summary

This  section analyzed the e f fec t s  of vibrat ions and f lexures  on

sensor performance. The goal of this analysis was to find parametric

expressions for  the e f f e c t  of theso vibrations and flexures .  A

coordinate system was established . Linear and angular vibrations

were distinguished from each-i other.

Vibrations were analyzed first. Linear vibrations along the

sensor—tarqet normal affected elevation tracking performance. Averaging

the sensor data will eliminate vibrations at frequencies greater than

Limiting amplitude for vibrations below w and flexures is
V v

given by Equation (10) .

A R [tiO ] (10)
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I’ T~ e limit jug r a t e  is calculated from Equation (11)

o R
LI’ n (11)

mm t . 1’
I

L i E s _ - a u -  v i b r a t ion s ;  ales-; t i m e  LO~ perpendicular  a f f e c t  c-m z i mu th  and

ransic m e as ur e m e n t s  - Avera-iins_j sensor data will elim inate vibrations

~h~vc . For vibrations below and flexures ,
V V

A R :\O , for azimuth (l2a)
p n a

A 
- 

= —a 
~~~~~~~ , for range (17)

V i br a t i o n  r a t e  is set  by E quat ion  (18)

A = ( 18)

Linear vibrations along the LOS have a slight magnifying effect.

The rate ot~ v i b rat i o n  i s  l i m i t e d  by Equation (21)

o F
A —a- ~~ (22 )

L a t.
1

Angula r  v i b ra t i o n s  about the sensor-target normal a f fe c t  ranging .

A v e r agi ng  sensor data will eliminate vibrations above . Vibra t ions

below are flexures are l i m i t e d  in ampli tude by

V
1 

= ~~E’- ( 2 3 )
• 2
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M aximum a n g u l a r  t a t s _’ is g i v en by

= (24)

Angular vibrati ons ah ut  the L;~S perpendicu la r  a f f e c t  e leva t ion .

f~mp l i tude for v i  b u a t  ions li c~ low ~~
- and for f lexures is given by

Equat ion (2 .l t . Maximuc- angle rate is q i V s E  by Equa t ion  (2 5 )

.~ 

= 
(25 )

= (2 6 )

A ngu l a r  v i b r a t i o n s  about the  LOS di rect ion do not a f f e c t  range

or e l e vat i o n  t r a c k i n g  directl y. They caut cause image smear . Equation

(26) gi v e s  the maxiunum a ngu l a r  r a t e  fo r  v ib ra t ions  or I lexures .

0
LOS

(27)

S i u ’ mc e the main d ist i n c t i o n  between f lex u r e s  and vibra tions is

frequency, the equations derived for vibrations are valid for

flexure .

In the next section , these equations will be used to aid in the

placement of sensors on a tactical aircraft.
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V i i .  Amma1 ~~~j~j~~j 4 ied t o  l-~- I  - - P m  Ia

In t roduct  ion

‘Fl-mis ;;t’ct ion lakes tue analytical cx i’ ue ~ - ; ion ; ;  of Sect i 0 m m  V i  ari d

uses them to determ i lie op t imum ;;t ’ui sou - p lacem ent. The equations i mi

Sect iou VI determ inc maximum a I is)wah te v i b m i t ion amid i t  t i s h : ;  a u m d  u~~ t c s ;

Expressions j i m  th i s  Sec l ion t i e t e r m ~ lie vibrat ion  ami 1 tude  am id rat c oh

the senSOi .in a f u u i u t  iou, 0 p051 t ion  wh i t - n  I’e;~~ i hi e . ‘I’1i~~m s  f o r e , i t  i

ron;; i h i l t -  t o  t~ m u sh a ~~~ i t  ion ol t h e  S( ’l m Sem such that . i i f l i ’ i  i t  ; m c i s _ - ; ;  aimd

i- at ts;  arc los;; lu au the maximum al lowable .

The leading  t’~i-E’~
; 01 1 Ii•’ v i  u m c ; s  m i e  1 l ie  pr i u m m a r y  c i r ic l  i c h a t  t ’;; I or

locat ion c d l  the sem i s - s i s ;  . Time twin ta i 1 ;; t ruc t urs ’ of t h e  i- — I S  u s  m l  ;;o

(‘eli;; idt ’red — A m- i ex ,n -  t rela ti oiinhi 
~ l’c ’ I wc c u m v i i s i ~ m t i oil;; amid c ;; i t _ i om~

a b u g  t ime leading c ’c lgs’ o t  L i me w I n g  Woul d  re ciu i u s ’  m u i m i  y : ;  i s ;  by me an: ;

of ~in i to e le men t s .  Aria iy;; i ;; of I l i i : :  t y~s- h a d  not het;ui Ic ’c - t s m m m l ’  I i  shied

on a l i g h t e r  a i i c m m i t  pr ev i o usl y ,  amid ; ;r ic - ii a im i u i a i y ; ; i ; ;  1 ;  u i c ’ t  vi t hi i u,

t h e  ; n-Op e  t ) t  L i i i; ;  I l ie ;;  i s .

Somuc I l i c u h i l  t t ’ ~~ t_ data j ; ;  a v . m i l a b l ( ’ t ot- i’ 15 v i i i - ;  a u m c i  L i i  I

st u-ric h tile ;; . This ’ I I i qhm t t o ; ;  I ;; wc u- o cons_lin t esi ( s c  s _ I s _ h s ’ l m s s  i i i t ’ I l ie nm -mx i m u m u

v i l c i . a t  i o u i . i I  s ’n v i r e n m u e u m (  s ; m t  - e i t . i i n  po;; it iou ;; elm t im e W m f l s _ m . ‘1’hic s l i t  S

ess 1 I t ’;- t 1 - 5 i on these I H g imI I c ’;; t ;; i ;; in this’ t o t m u u  of ~‘~ wt ’ m - ; ;j - - t al s_ 1oui~ i t

l’: (, u i ’  ; ; ; . $ m ) , .~~i , 2.~ ) . h u m  s _ S I  c i ’ i  I s )  I i  iid h i t ’  iflt ’dii V i  h i s ’ I - s  m u i m i ’ 1  i

s - I  s . s t • - ~‘l I - m s - vi Is, - i i  l s m l ; ;  , m I i s ;  um ;n . m  u ’ ~’ I — ‘  U s ’  I im e m s l i t  m c ’ u l :  - I s  u - :

s S - - I I I I  A~ . iid i x  A :
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F

— r =‘ p ( w) -f
V (t )  = If  d0 a 

[ G I  (27a)
Lo

x (t )  u [ f  d0 
51 (GI (27b)

0

where

V (t) = average velocity of the vibrating sensor

x (t) = average displacement of the vibrating sensor

power spectral density

C earth’ s gravitational acceleration constant at
sea level

The f a c t o r  of C is required because the data was originally recorded

in G ’ s squared .

All  the data available is from linear accelerometers. Angular

vibration data is not available because adequate angular accelerometers

are not avai lable (Ref. 17) .

Data collected for the F—l 5 wing and tail represent severe

vibrational environments. Data representing normal flight conditions

is better suited to ti-mis analysis. However , such data is not available

at this time . The rates and amplitudes computed from the available data

should be considered as maximum values and not the normal values . Two

types of maneuvers were performed to generate the vibrations. They

were a windup turn and a symmetric pullup . Of these maneuvers , the

windup turn induces the greatest vibrations. When possible then , the

data for the symmetrical pullup maneuver will be used in preference to

the windup turn data .
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T ime l i m i t  of i n teg rat i on  for  Equat ions  (2 7 a)  and (27b)  represent

t im e  e n t i re spect rum of f requenc ies . The data , however , is limited to

a m inimum of 5 lIz  because the accelerometers used to measure vibrational

acce le ra t ions i-tad a minimum frequency range of 5 lIz . However , it is

l ike ly  t hat  there are i-mo v i b r a t i o n a l  modes of the wing or t a i l  below

5 hi:: .

I f  the  wing  is modeled as a tapered cantilevered beam , the

f r equency  of tiie f i r st mode of v ib ra t ion  is given by (Ref . 16:456—470 )

- — 
5.315 ) ~ E

— ~ 2iu 1

where

b wid th  of the beam at the support

1 = length of ti-ic beam

E = modulus of e las t ic i ty  of aluminum

p = dens i ty  of ti -me beanm density of aluminum

D e n s i t y  of the beam is assumed to be approximately one—tenth of the

d e n s i t y  of solid a luminum . W i d th  of the wing  at the wing root is

approximately 8 inches wi-m en v iewing the wing head—on . W i d t h  of the

winc; at the root is 225 inches when viewing the wing in planform as

in Figur e 23.

Width of the t a i l  a t  the fuselage is 6.5 inches when viewed head—on .

The wing is 256 inches long from fuselage to wing tip. The tail  is

124 inches h ig h from the fuse lage .  Using these f igu r e s , the frequencies

of ti-m e f i r s t  mode of v i b r a t i on  are
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f . 5 H z
wing z U

f - 150 Hz
wing x

f - 18 Hz
tail y

wi-mere

f - = frequency of wing vibrations in the z directionwing z

f - = f requency of wing vibrations in the x directionwing x

= frequency of tail vibrations in the y direction

The frequency computed for  the f i r st mode of wing vibra tion in the

x direction is obviously too high . This is due to the inaccuracy of

the model used for wing vibrations in this direction . f . alsotail y

seems high. h owever , f - and f - are cer tainly greater
wing x tail y U

than f - . The cantilevered beam model for the wing vibra ting
wing z

in the z direction is probab ly a good approximation because b is

so much smaller than 1 . TI-me estimations on p and E will  not

change f - more than an order of magnitude . For the purpose ofwing z

ti -mis ana lys i s , then , the m inimum frequency f or wing or tail vibra tions

in any of the directions considered is 5 Hz.

The upper limi t on frequency of vibration is w . In Section VI , U

W
v 

is shown to have a range of values , depending on T . T , in

turn , depended on the type of target and attack . From Figures l4c ,

15b , and lGa , ~T is arm interval of time between 4 seconds and .021

seconds. In cc~oput inq X and V from the data , w = 95 Hz gives the

largest values , wi-tile w = .25 lIz yields the least. Since the frequency

of the fi’-ct vibration mode of any of the structures is 5 Hz, an

80
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below that  frequency yields X and V of 0 . The two extremes

for make analysis of the data somewhat uncertain. A more reasonable

cut-off for 
v 

is 10 Hz. This frequency represents a period , T

of .2 seconds which is possible for most parts of the missions discussed

in Sect ion V I .

Table V is a l ist  of the values for X and V calculated at

pos it ions LU 10 , LU 11 , LU 33 and the ta i l . See Fiqur~~~23 and

24 fo r  these locations on ti-m e aircraft. The accelerometers at positions

LU 10 and LU 11 measured acceleration in the z direction (Fig . 23)

Time accelerometer at position LU 33 measured accelerations in the x

direction and the tail accelerometer measured accelerations in the y

direct ion. X and V were computed using symmetric pullup data at

Positions LU 10 and LU 11 ,while windup turn data were used at the

other two locations

If the values for X and V at w = .25 lIz are designated
V

as a , and at  u~ 10 lIz as m , and at 95 H z as b , then the
V

mean value f or these quanti ties , U , is estimated by

— a + 4 m + b
u = 

6

w ith a variation , 0’ , estima ted by

= ( b _ a )  2

The values l is ted under u wil l  be used to determine the placement

of the sensors.
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In ana lyz ing  the e f f ects of vibra tions on the sensors , it is

convenient to clearly describe 8 and 0 . These angles arep a

depicted in F igure  25.  Azimuth , 0
a , is measured in the x—y p lant

us ing  a l u - ic in the x—y plane perpendicular to the az imuth  l ine and

through the origin.

The following subsections use the flight test data and equations

from Section VI to determine suitable placement of ti-me electro—optic

sensors. Analysis will start with the tw in tails.

Tail Vibrations

Sensors located at the position of accelerometer in Figure 24

undergo linear vibrat ions of 15 inches in ti -me y direction.  Assuming

both tail structures behave the same , each sensor w ill undergo

displacemen ts of (15 inches) cos =

Equa tion (17) gives the rela tionship

A
= AU U

R a
n

wi-mere AP = AU is given as 1 mrad in Table III . If A 15 inches ,
a LOS p

then R = 1250 ft . This, then , is the minimum range of the stcreometric

tracker mounted on the tail.

Ti-m e direction of the ampli tudes of these vibrations is along y

which is also the direct ion of the base line . Therefore , A = AB .
p

If the errors in range due to a and F are ignored , then

= I:;? = (28)
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From Table I I I , R = 1.1 NM when R = 89 NM • Solving Equation (28)

for A qives A = 6 inches if B = 40 ft.
p - p

If 
~ LT 

is equal to the horizontal dimension of one pixel , the

maximum allowable rate  of v i b r a t i o n  is

= 

O
LT

R 
.41 ft/sec (18)

Image smear , then , will cause the greatest problem . In view of the

27 ft/sec ra te f rom the da ta for the tail pods , they seem to be an

unsuitable place for the sensors.

Wing Vibra t ions

A search of F-15, F-l6 and A-l0 flight test data produced limited

data for linear vibrations of the F—l5 wing . RMS amplitudes and ra tes

of vibration are given i.n Table V . Linear vibration data is recorded

in t i-me x and z direction .

In order to have a relationship between vibrational amplitude and

U position along the lead ing edge of the wing , it was necessary to model

the wing as a cantilevered beam of variable cross section (Ref 16:465—470)

The details of ti-me analysis can be found in Appendix B. By means of

this analysis , ti-me first mode of vibration is approximated by

d 2
= a

1 
( 1 — -i-) (29)

where

d = distance from s~ing tip to position of interes t

1 = length of the wing
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a
1 

= amplitude coefficient

= perpendicular amplitude of the beam

The results of this analysis must be used with caution . The

model falls short of the wing in a number of ways. First, the wing

vibra tes in three dimension s , not just two independent planes. The

wing was modeled as a symmetric wedge . In real it y ,  it is a complex

form with little symmetry in the x - y plane . As can be seen from

the PSD charts , there are man y vibrational frequencies. RMS vibration

amplitude is computed from the data and taken as the amplitude of only

the first mode of the bending beam . This will give too large an

anplitude for the first mode . The model is justified because it is

the best available to determine a relationship between d and y
1

given the lack of available data for the wings. With these things in

mind , linear and angular vibrations will be analyzed.

The wing will be analyzed at position LU 10 first. Linear

v ibra tions below ~ in the z direction cause errors in measuring
V

the elevation angle. From Table III, the accuracy desired is .1 mrad .

= 3.2 inches from Table V. Using Equation (10),

A
R = 2.66 f t

n (Ao l
p

A can be increased 6 inches if an R = 500 ft is desired.
U n

Using Equation (29) where it is understood that y
1 

is in the

z direction , a
1 

can be found by let ting y
1 

= A
N 

and d = the

position of LU 10 Z
a 

is the amplitude of the vibration.
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y l
a1 

= (1 — d/242 4.6 inches (29a)

I f  Equat ion (29) i~; solvcd for d and if y
1 

is set equal to the

desired amplitude of vibration , d wi l l  represen t the minimum distance

from the wing t i p .  Thus , Equation (29)  becomes

d = 

~(‘-k I~ 
) (30)

If  y
1 

= A , then d = 29 inches , which is 147 inches from the fuselage.

Since the fuselage is 160 i nches wide , B 38 f t

I f  IT is equal to the vertical dimension of one pixel , the

maximum v ibration rate wi l l  be

0LT
A
N 

= = .67 ft/sec (11)

where

A = ~~cos O
N

Z = mean of the vibrations in the z direction

Again , this is a severe restriction since Z was 3.5 ft/sec.

Unfortunately, no equations like (2 9) or ( 30) t?Xist for vibrat ional

rates. I f  they did , it would be possible to determine d such that

the vibration rate in the z direction is acceptable.

Vibrations in the z direction will give rise to as the

~a n ~;or follows a target in elevation .
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A A (si i i  0 ) (eo~ (J ) (31)
1, a a

Whcn t hc ~~~~~~~~~ I~~; 1~fl ’ L Lnq d~~i t ’ut ~~y up ~ x down , 0 90” , O
~ 

0

~~~tl A . V i b r a t  wit i n  t h i s  ~ i r e ’~’t ion ha~; no t’f fee t  on t t a c k t~i

~t ’ t I

‘Pht ’ thc r ~j i i t ’~’tjo~ ot ~ i u t ’a t  winq v i b r a t i o t i  is in  t ht ’ x direction.

V it )t .lt t ~n iii t ttt x d i i  t~~ t t o i i  i m~’asured by t l i t  ac’cclerometer at

LU 33 . t?~ inq  t l it UM~: val tu’  ut x , cunpl i tude  ot  the v i b r a t i o n  in
a

I fl’ X e t i t t ’ i . 1  i~~ it . y
1 , a

1 
3.3 inclio~ by E q u at i o n  (~~ ) )

‘l’h~’ ant I i t udefi ~Ilhl i at ~~~~. of wing vibrations art related to sensor

V 1 hi ~t t  i ‘ti~; h y

A X ~. i i i  it , A — X sin  0 (32)
N .t p N a p

A X I i i  0 , A X i i i  It (33)
p a a p a a

A X cot ; 0 ~~~~‘~~; 0 , A X co~ t) cos 0 (34 )
1. a a I. a p a

w h , r t ~

X i at ~ ot v ~brat  ~oii in  the x d i i  e ’ct.tofl

The requ i r t ’u t t ’n t f l  on t In ’  ~imp 1 i tudes of sensor v ibra t ion remain the

i t  i~. o n ly  (h e ’  d i i  e~~~ t ion 01 v i h i a t  ion which has changed . Thus ,

the re~qui  i n t e n t  A t~ i i te . I tc t ;  , A .67 tt/t~t’c: , and A .41 ft/ sec
U n p

r em ain  uncl ian ’  ed . For .i ha ~n ’ l i n e  of .10 f t  , A 5. 9 i iicIie~;p

V i o m  ‘Pal e 1 t ’  V , X i i  i n c t i e ’~; . The location of th e ’  accelerometer

H8
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which  produced t l i i  dat  a was 115 inch en front the a i r c r a f t  center l ine.

I t  a basc U nt’ of 40 t t in den ired , the moan ampi I tude of the vibration

.it thc new [C OS i t ior i  can l ees  ct~nputed un ~fl’l Equa t ion  C 2’)a) . Firs t ,

n& ’ Iv  in t l  I ‘er  a a t  LU 33 (d = 141 i iie . l i t ’n  , y X1 1 a

x
a

1 ~
- —- — 3 . !  1 inc l i e n

( 1 — d/IY

I t  t h e  two t’ I e ct  t o — o ~~t ~~~~ne I f l ae r s  a ic p laced 40 t t apart , the mean

v a lu e  ot x w i l l  te~ i n. ’r t ’ant ’d  to

X a~~(1 — d/1) = 2.6 inches

~; t ructura1  v ib r a t ~ ons of t h i n  ampl i tude  are w i t h i n  the l imi t  set by

A and A .

P fl

There are no angu la r  vibration data for the wing . Equation (29)

can be w~ed to transform the  linear data to angular data in the

t o l l owinct  m a n n e r :

= f ( d )

where y 1 
anti d are orthogonal

d d -0 = 

~~~~ 
y
1 

= t ( d)

— 2  a
1 ( 1 ~ -) ( 3 5 )

II’ ~

~

‘ ‘w’

~ 
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w h e r e

0 a i i ’i lc  of t h e’  t a ngent  a t  the point  ci measured in radians

l’ or eX .imp Ic , t lit’ an~j u 1 at dot lect ion at  d = LU 10 , in the y — z

I t l a n c , I : ; 0~ = .13 rad = 7• 50

Anq ’l i. tu~lt ’n .tncl l a t o n  of w i n e ;  angular  v i b rat io ns  . i i e ’  re lated to

~;c!t~;or anqu la t  v i  b i a t  i ons by

V 0 i n 0 con 0 , 0 i n  0 cos 0 ( 36)
1 z p a I z p a

V . = U s in  IC con U , v = U s in 0 cos ft (37)
2 z a p 2 z a p

V I! ~~~e~ ; t) Con U , V = U cos 0 cos U ( 38)
3 .

~ 
p a 3 p a

~~i L I C C  ~;ection VI , angular  v ibra t ions  w i t h  f requencies  below

have a m a x i m um a ml e l i t u d e  e e l V
1 

= 
~~~~

- (Eq . ( 2 3 ) ) , = 5.6 x l0~~ rad
b 2

and 101 v , = A~t (E q. ( 2 5 ) ) v~ = . 1 mrad . The anqul  - rates of

these v i l e i at  ions  arc 
~~ 

~~
-
~~~ - (Eq . (24 ) ) , = 2. 47 x l0~~ rad/sec

= (Eq . (2t ~) )  , 4. 12 x l0~~ rad/ nec , V
3 

= (Eq . ( 2 7 ) )

~ .07 rad/nec

I I t lie oleL ’t ro — optJ  i i ’  SenSOrs have a basel ine  of 40 ft ,

0 4 .7 x 10 cad . By Equa t ion  (36) , tt
~~ 

s i n  0 v
1 

when the

tar ’;et  is d i re c t l y  in  f r o n t  of the f igh t e r .  S ince 0 4 . 7  x 10 2

and V
1 

5.t~ x 10 rad , an et ev at i on  angle of U a t e  s i n  v 1/0 =

1. .~ x IO~~ rad in  the max imum allowable b e fo i c  0 begins to inf luence

the canoe’ a ‘curacy of the t r a c k e r .  I f  were an h igh as 30° , the

~‘os i t  ion of the  sensors would have to be’ adjusted so that  U

‘to

- —

~Ei -
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I ’roni Equat ion  ( 35) and (3 = 1

~
‘ (2v 1)

ci —
~~

- - — 2. = —176 inches (39)
~~

11

The minus  sign ha :; no s i g n i f i c a n c e  here . In order to meet the requi re—

me rit o t  V
1 

, the ne ’nsor m u s t  be placed next to the fuselage.

Si  UL ’O th e ’ c . int  i lever ed beam model does not t r ans fo rm angular  rates ,

there .1 i c  ItO coint ‘at !  sor t s  to make

Icr Wifle] vibrat ions  in the X — y plane , = 7.6 x IO~~ = .43°

using E su a t i on  (35)  and d LU 33 . 0 is related to the sensor
x

amp l i t ud e ’:; by

V U cos O (40)
1 x

= 0 s in e (41)
3 x p

A:; in the cast: for  0 can be equa l to or v 3 
given the

!‘rot’t’r i;~imuth or elevation angle. Even though 0 < , it still

is not :;m.ill enough to meet the res t r ic t ion  of V
1 

. Using Equation

( 3 9 )  , d 176 inches , which is next to the fuselage. However , 0

is more restrictive , so that the value of d it predicts must be

honored .

Summary

Tills section used the equations in Section VI and data from flight

tests to determine optimum positions for the optical trackers. The data

available was in the form of linear PSD. A simplified program calculated
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RMS ~t in t’ I. i t  ttele ’s atid i ~i t I ’:. 1 11)111 t he et~t t a .  I t Was ites’eSS.ti  y to mode l t lie

w i n~; as a can t  t 1 eve’ t Ot1 beam i i i  ot c i c i  to dot t ’ i i l i  t ilt ’ n e i t n o t  placement

Ana LVS i: cit lit ’ t . t  ~i tLilei inclie’ated t hat  the amp l i t ude’ cit ( l i t ’ I i l l e C . l l

V t t e i  a t  C e  ‘I t S  I S  ( c e O  t . t  ts)  ‘ ‘ by a I ~t c ’  tor e e l 15: cc . Th e’ IIie ~ ifl 1 . 1 to Of

V i t’ia t i ~‘i i  at I l i e ’ t a i l  was a t  st e 1 a i s le ’  t than tli.i t .t i i  ~wt’d 1 01 .111 ima g e

:; t n e ’ a I  c i t  e ’ i t e ’  I t  xc ’ 1 . ‘l’h( 1 . 1 1  1 1:; IK)t  ~1 su i tab le  I oca I IOu t c e i  the t ’I c:t ’t1 0—

OPt I., ‘ St  I i ncr ; I e * ’L ’ . t i t S t ’ cit t i l e  v i b *~ t t  i o n .

W t i t c i  ~~‘ i to at i cot wet c ari a ly  ~‘e ’J w t t h t lie at  ci of Ke lua t ion ( 30)

/ 1 y \
= 

~
• 

~ 
— 

_ ! ) (30)

~V~~
i
1 J

‘the flie ’~I % i  5uni’ 1 ~ t ude s ’t i i  neat  v i  brat to rt in ci t i ter  I lit’ X — or y —

~‘l . t i i e  i S ~.m.i I I  e ’rious;li t ha t  i t  sle et ’:; not a t  t e ’ c ’t the’ t i a c ’ket t’erforniatice

tnc ’~ in  . tn q u Li r i-at c ( I  ,t~ 101 i : ;  an o t e l e ’ r tel Iil~ t s1 i i i  tude tile ~ lit ’ i than

A
i t

I~~ p . i a t  ion  ( °) wa:; used t o  t m c i  ati .ie’cept.ililt ’ posi t ion  in terms of

.t’;~m t t  L i t  v i b i a t  i c n t  am i d i t isle.

ci ~~~~~~ 
—

— ‘ I I

was the’ most ren t r i L  t i ye angular amplitude . I t ~‘ause’d t lie sensors

o Ice ’ p l5 ic ’o~l next to the .i i i e i . t  I t  t t iSt ’ lci clt ’

I t must  lee re ’mt ’mbe ’re ’cI t h at  t h e ’ I I iqht  condit ions under wh I tit t h i s

c1.i I .i W t t t ’ t ak e ’n a re  worst  — c a s e  v i b r at i o na l env i ronments . Normal f i  i5;ht

c ’&eticl  i t t  oil s  would  cause ’ much te ~sn vibration . Also , the niodel used to

d~ t ct -mi tic’ p1 .tcement e’ t the  Se’ I1SOFS t il l  the wing is St ’ V e ’ I e ’ ly  l i m i t e d  iii
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VI 11 . (‘O t I s  lu’; ions and RcconuuencLi t lo l l : ;

: ‘,i mtti~t r v

‘1’lit’ seh  ct t i ye ’ e ( l i t ; ;  th en is Is a ‘;t’zlera ii ;‘ e ’s l  I a I .ui ;e’ t I c trade—off

aii.tlv:; is o .i p a s s i v e ’ ste ’xt ’ometric t x 5 i c k e r  . The s t e r c umet t i e  t r ackex-

U’ ;e ’s two t Oca I p lane  a r r a y  ;.e ’I tS0t ’ ;i to tra ck  t bit ’ t ar ’;et  IA~S . A z i m u t h

and ~ l e v , t  t ion are tue ,t : ;u red  d i  ie’ct ly t rot the se’rtsor ‘s 1.115 . R an’j e is

t Oflit ‘Ut e d  I ron Eciua t ion ( . 1 )  
• B/a , where a 0

1 
0 .,

Ana1~’:; L:; 01 tracker ieeriormance cen t ’r e d  on the sys tern ’s angu lar

~ e ’~~t e l u t  i a n , ha:;el inc sep a ra t i on  and the e f f e c t s  ot a i r c r a f t  v i b r a t i o n s

~ le ’x u t c n  cmi r anqe t~ i tid i no accuracy . Performance t’r i te ri  a were

spec i t  i t~d i n  Sect ion It I and wor e  t rans formed  in to  Se’iiSOr cr i te ’x ’ i a i n

Se ’ct t o l ;  \‘I . T u e  et t’ectn of  a i r c r aft  v i b r a t i o n s  and t Tlexurcs  on t r ack ing

c u t  Oil1C ,iiict ’ ~ eu~’ analyzed i i i  Sect ion VI I and put into ana ly t ic  expressions.

F l igh t  t e st  ~l.tt~i was used to t ind optimum placement of o p t i ca l  sensors

on an F — i s .

I n  S e ’ct  j s~~i lv , cor r elat ion between the sensors was found to he the

11105 t a ccii l a t e  moan;;  of de t e rmin ing  a . Once the ;;emisorn are s p l i t

bte ~~~e’~ ’e’r , .t niesiti: ; c i t  ma in t a i  n i r i ~j optical a lignment  to 1 mrad is

ti e ’ce ’ n s a ry .  Th e ’ mean s ot ~ measu r ing  alignment to 1 rnrad between two

o leetro-opt  ic sensors were not investigated.

Assuminq that  some means is found ei ther  to measure or ma in ta in

optical a l iqnm e ’nt between sensors, range t racking can be improved by

increasing  ba;;e~linei separation (Ref . Equation (6)). A i r c r a f t  structures

best suited are the wings and the twin tail design of  some fighters .

These s t ructures  art ’  t ; u t e I e c t  to severe v ibra t ional  and I lexure environments.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~i::~~~~~~~~~~~~~~~~~- 
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Very l i ttle da ta are  Lvs !  l . s l lc: on these structures to characterize their

response to fligh t conditions. Info~~ ation which is available is in the

form of l inear  PSD. Angular  v ib ra t ion  informat ion  is cr i t ical  in

evaluating the perform .-incc of an optical system. Some evaluation can

be tn5ide us ing  t e ’c!iI ;icIUes described in References 17 , 18, 19 and 20.

However, as stressed in  those references , these are not subst i tutes

fo r  d ir c et  measurement of angular vibration data .

By modelir; ; the aircraft wing as a tapered , cantilevered beam ,

a t r a d e - o f f  b ct w ceefl basel ine separa tion and angular  v ib ra t ion  can be

made . Optimum position of the sensor using these two factors requires

that the sensors be placed next to the fuselage . This is where Aa

is as small as required for the desired range accuracy. However , this

losition is unsuitable due to the interference of the fuselage with

the tracker ’s field of regard .

Conclusions

1. The means of maintaining or measuring alignment between remotely

placed optical sensors is a major problem to be overcome .

2
• A more accurate relationship between position and vibration

at that position is required .

3. Angular vibration data is required to adequately analyze the

system . Angular vibrations were much more detrimental to the tracker ’s

performance than the linear vibrations.

4. Vibrations and flexures below u drive the design of the
V

system to a single unit with the optical sensors rigidly mounted .

5. The passive stereometric has the potential to give an aircraft

the element of surprise when attacking a target. The element of surprise

is pa r t i cu l a r ly  useful  for  tactical a i r c r a f t .

94

— - ‘——- -. - -___s .—. - - -,. -_-—— -_- - —‘- - . — — - - —
- - - p .-- 

-

_ _ _ _ _ _  _ _ _ _



- a-- - - 
‘ 1~~L__-~-~.~-— - ‘ -‘ 

~~~~~~~~~~~~~~~~~~~~~~~

—‘ -‘

Recornmefld~it  ions

The fo llowing i t ems  should be considered before evaluting remotely

laced sensors i o u  s ter eornetr ic  t r a ck i n g

1. A ;;;e.ens of m ea s u r i n g  or m a i n t a i n i n g  optical a l ignment  to

I muad : I ;t ’u ld  1 c i nves t  te~.itcd .

2~~ \ finite e l e m e nt ~mn a l y s i : ;  should be made on the wing  and t a i l

;;tructutc: ; to compute a ngu la r  as wel l  as linear vibration data .

3. A means of coilcetino angular  v ib ra t ions  of a i r cr a f t  s t ructures

in f l i g h t  should Pc found to va l i da t e  recommendation 2 .

4. I ’Ii~’ i n v e s t ig at i o n  into  extending the range of a passive

stereometr ic  t r ack er  should be continued because of i ts tactical  advantages.
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Append ix A

Intcqration of Power Spectral Density (Ref. 12)

Fl ight test data is collected in the form of acceleration

history on tape . The accelera tion da ta is transformed in to power

spectral density by

i: (a(t) a(t)} ~ (t  - t ) = J du e
t t

p
a
u

where

E ( } expectation value of the term in brackets

~ ( ) = autocorrelation of the function in time

= frequency

t + t~ = time

2vIa (u)2 1  = energy density spectrum of a
1
(t)

or power spec tral density

and

1
a
1
(t) = 

~~~~
— j dij e a (w)

To compute the velocity from acceleration data

V
(t) 

= L
t 

dt a (t )

where

V
(t) 

velocity

- —p ~~~~~~~~~~ 
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V ( t )  J dt l I ( t  - t~~) a ( t ~ )

wite r t ’

1 t ’ t
H ( t  — F ’)

o t . .. t

E (v( t v(t ~ I j ~~~ 
i~~~( t -t ’) 

~~~~~ ‘a ~~

Wilt

h (a )  = f cit e 
iLi t 

1 1 ( t )

t -
‘ i t sit + Ut

= liin f e dt
u-~0

a.

= ~~ 
- 

~~~~ f —

u-~0 — i s ’ I  it

I’ 1. — l u i t —

= — e !i(w)
LI

U ‘~t t  it)
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[V(t) i :’ 
~ ! V ( t )  V ( t )  I - ~ (0)

,
~~

,‘ , , n~ ( t — t )  
~l i (o )

UI

-‘ f sls. I

a. ( f lj ) 
l ,

I~MS \‘ t )  d5~ 
—

~~

---

~~

— ]
I i kt ’W i t : ,

(L i)

L x ( t  ) ~
‘ = i-: I t x ( t )  I = I dLi $1

x ( t )  
(_ :~

‘ 
dw ~i ( u i )

)

~~~~

i t  ‘ (1
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14’i ‘e ’ t i ~l i U

I i  i t t  tOs ’sls ~ t V Ora l l O t i  l . ~r a Cant i lovt ’res l  Beam

(l’~t - t  . to : 1’.’&~— 470)

‘I lit - t a ’ ?  low i ng ‘it ’z i v , i t  ton of the  f ir s t  m xle : ;h , t i - t -  i i i  a c a n t  t levered

I earn ‘an i’ - 1 ’ ~ftd I It F Ito i t ’ ! ,  I , ’ t i c s  cited .

‘l’iit ’ slit for ’tI t ia 1 cgit.i t ion for a v ibrit ing beam in  the silal  ‘e of

. t  wt ’d ’j s h i t ; t l i t ’ C I t  Hi ( Set ’ F t  ‘ t i t L e  _‘ i ’)

+ p A ~~~
--

~
- = 0

‘( x )  
1,’ t 2 ( ~~~ -)~~ = f i r s t  moment of inert ia

A = ~~~~~~~~ ar~ a of the cross section
(x~

1 = l e ngt h  ot t h e  l ’t ’ it n

21; = d, ’~ ‘th at  the f i x e d  end

= I locural  r io i  di  Fy of the beam

p = tnas: :/Ut ii F area

‘rhe boundary condi t ions  are

lEt -~-\  = 0 -
~~~~

- (El ~ \ = 0

I dx ’ l  
dx j dx ’ )/ x- - () x=O

( v ) X Q  
= 0 

(~~~~)x ~~ 

0

II

- -  - ~~~~~~~~~ 

-

- -  .: 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



_______ -- .—-
~~

- 
~~~~~~~~~~~~~~~~~~~~~~~~~ 

— — 
~~~~~

—-.—- — —--h

1—’ 
—--- 

-

~~~

_ _ _  

I
______________ - 

1’ H
x

_____ 
V:

Figure 2i’. Beam (Ref. 16:466)

The f o l l o w i ng  : 0 1  i~~-s s a t i s f i e s  these boundary condit ions u s i ng  the

R i t z  Method ( !‘ict l o : 4 , - ’ I )

9 - ,

(1— ~) + a , ~~ ( 1 — 
~T) 

+ a 3 ~-r  (1 — ~) + ...

At ;  a f i r s t  ~t~’prox im at i on

(1 —

2

1 2  
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