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I. INTRODUCTION

The integration of initial valued simultaneous differential

equations commonly occurring in models of large, complex mechanical

V 
systems (for example, human body/crash victim models, f inite—segment

structural system models, and large vibrating syst em models) has been

shown to be costly in both. CPU time and “turn—around” t ime. Indeed ,

developers of such models have found the efficiency of the dif f erential

equation integrators to be the most critical aspect of a model’s overall

efficiency (1,2 ,3]. Hence the search for efficient integrating

subroutines or “solvers” has been long standing and is continuing.

Shampine , Watts, and Davenport (4] have made an extensive

evaluation of computer codes for “nonstifV’ differential equations.

They suggest, however, that there are special problems whicFL arise in

the solution of “stiff” differential equations.1 It has been observed

by Huston and Hessel [5] that the dif f erential equations of large

mechanical system models are frequently stiff. Hence, there is both

academic as well as utilitarian interest in a critical, comparative

evaluation of the commonly used and commonly available solvers as

applied to stiff equations.

Solution time and accuracy are the primary concerns when solving

the differential equations of large mechanical system models. Hence,

1The following section of the ;report contains a definition of “stiffness”
as associated with differential equations.
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it was decided to test the available solvers on equation’s where

exact analytical solutions were available. However, the derivative

functions (that is, “the right—hand side”) of the equation for system

models are generally signif icantly more complex than the corr esponding

functions for test equations for which exact solut ions are known.

Consequently, the subroutine which evaluates the derivative functions

for system models consumes considerably more CPU t ime. Therefore, a

measure of the ef f iciency of a differential equation solver is the

number of function calls it needs to make to the derivative evaluating

subroutine to integrate the equations while holding a given accuracy.

Indeed , this is probably a better measure of the potential efficiency

of a solver than the actual CPU time used to solve test equations. Thus,

in the test cases considered herein, both CPU time and number of

function .calls are used for comparison of the solvers.1

The balance of this report is divided into six sections with the

next section providing definitions of “stiffness”. This is followed

in the next three sections by a description of the subroutines tested,

the test systems, and the test procedures. The final two sections

contain the results and conclusions of the tests. Recommendations for

further study are presented in the final section. Finally, an outline

of the analytical solution of one of the test systems, together with a V

listing of the subroutines of the solvers tested are given in the Appendices.

one occasion, a program was run twice without modification and even
though all, other results were exactly the same, the CPU times differed
by 6%. Apparently the time measurement is not as reproducible as
other computer operations. Therefore when comparing these values, it

V is suggested that one. should not expect them to be more than 5% accurate.

2
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II. DEFINITION OF STIFFNESS

Two definitions of “stiffness” appear in literature. One defines -

;

a “stiff” linear system of differential equations as one which has

widely separated eigenvalues or time constants (6 ,7 ,8,9,10] . The other

associates “stiffness” with the presence of diverging exponential terms

which exist in the general solution but happen to have zero coefficients

in the actual solution due to the particular choice of initial conditions

(11,12,13]. It is not clear that these definitions are equivalent;

hence, systems which are best described by the first definition will

be said to have “Type 1 stiffness” and systems which are best described

by the second will be said to have “Type 2 stiffness”. : ~Systems with. Type 1 stiffness are expensive to integrate since

a transient portion of the solution , which has long since decayed,

prevents an increase in stepsize even though the solution at that point

may be quite smooth (10,9].

Systems with. Type 2 stiffness are difficult to integrate because

algorithm approximation, roundoff and truncation error introduce non—zero

coefficient values to the divergent exponential terms. Although these

coefficients may be small, the exponential term can still grow to be

large in the interval of integration (11,13]. This can , in turn,

greatly reduce the accuracy of the solution.

3
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III. SOLVER SUBROUTINE DESCRIPTIONS

Table 1. summarizes the subroutines tested and the numerical

methods of each. The only subroutines tested were those that were

believed to be generally available.

All of the subroutines are written in F0RTRM~ and are compatible

with the ANDAHL 470 in use at the University of Cincinnati. DRKGS

and DHPCG are interval oriented, while DVOGER, DREBS, and RK45 are

step oriented. RK45 uses a constant stepsize, but all of the others

use automatic stepsize adjustment. All of the routines were coded

in double precision.1

Subroutine Name Source Method

DRXGS (141 Fourth Order Runga—~utta

DKPCG (14] W~ imw(ng Predictor—Corrector
DVOGER(ADANS ) (15 ] Adams Predictor—Corrector
DVOGER(GEAR) (15] Gear Predictor—Corrector
DREBS (15] Modification of Bulirsch—Stoer

ALGOL Routine DESUB

RX4S (16] Sixth Order Runga—Kutta

Table 1. Solver Subroutine Summary

DRXCS uses a fourth order Runga—Kutta method (as modified by

Gill) (14]. Some pertinent characteristics of DRKGS are as follows:

1RX45 was obtained in single precision , but was modified to use
double precision for the test runs.

4
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(1) Local error estimation is accomplished by comparing the

solution computed in two steps of stepsize h to the solution

obtained in one step of stepsize 2h;

(2) Separate error tolerances are required for each function in

the system; 4
(3) The maximum stepsize is also used for the initial stepsize

and the minimum stepsize is 2 10 of this value1;

and (4) An output subroutine which is- called after every step is

required and is expected to perform all output duties.

DEPCG and DRXGS have been written to be easily interchanged . (The

parameter lists are all identical.) To change f torn one subroutine

to the other requires only a change in the dimension of a work array.

However, DHPCG uses a completely different algorithm, that is, a

Ramming predictor—corrector method [141, with a fourth order Runga—Kutta

technique is used to generate the starting values. Once again, local

error estimation is accomplished by comparing the solution obtained in

one step of stepsize h to that obtained in two steps of stepsize h12 and

the same limitations on minimum, initial, and maximum stepsize which

exist for DRKGS, exist for DRPCG.

DVOGER (153 is a modification of the subroutine DIPSUB written by

C.W. Gear (17]. This routine contains two methods:

one of the teats, it was necessary to modify this in. order to
obtain a solution.
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(1) An Adam’s predictor—corrector method of variable order and

stepsize which is intended for use with nonstiff systems;

and (2) Gear’s modification of the Adam’s method which is intended

for use with stiff systems (18].

The pertinent characteristics of DVOGER are:

(1) Gear’s method seeks t~ have not only the usual derivatives,

but also the gradient of these functions. However , if it

is not convenient to supply coding to evaluate this gradient,

an option is provided that numerically approximates the

gradient when given only the standard derivatives;

(2) Only a single error tolerance is permitted which, is applied

to all, functions;

(3) Separate specifications of minimum, initial, and maximum

stepsize are permitted ;

and (4) Since DVOGER computes only a single step at each. call, the

user baa the flexibility of utilizing either absolute or

relative error control.

DREBS (15] is a modification of the Bulirsch—Stoer ALGOL routine

DESUB. Like DVOGER, DREBS permits only one error tolerance which

is applied to all functions and both. absolute and relative error

specifications are possible. However, although minimum and initial

stepaizes may be specified, a maximum stepsize cannot be specified.

RX45 (16] computes both a fourth. and a f i f th  order Runga-Kutta

approximation to the solution at every step and then uses Richardson ’s

6
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method to achieve six th order accuracy)’ RX45 does not estimate the

local error or adjust stepsize. Furthermore, the derivative

evaluating subroutine must be named XKOTEQ (although this would be

simple to modify if it were inconvenient). RK4 5 is step oriented;

however, without error control, this is no more flexible than interval

orientation would be.

1’The coefficients of the Rimga—Kutta formulae, have been optimized
for maximum numerical stability.
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IV. TEST SYSTEMS

Five systems of stiff differential equations were chosen to

evaluate the solvers. As much as possible, systems were chosc i in

which the stiffness could be varied and the trend in solver efficiency

observed. Systems 1, 2, and 3 contain Type 1 stiffness and systems

4 and 5 contain Type 2.

Systemj~ is presented in 
Reference [6] and represents a very

simple system of differential equations that contain Type 1 stiffness.

The system is:

(1)

where

r-a bi
(2)

L b - a l

and

ro~— Lzj (3)

An analytical solution is:

r —a1t —u
I e ~~~ — e 2

L —u1t —u2t (4)
e + e

8
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where ci1,(~” a~b ) ,Ct
2

(1m a+b) are the eigenvalues of A. If and a2 are

nearly equal, then the system is nonstif f , but if ct~, and a2 have

widely separated values, the system is stiff.1 The test was conducted

with the parameters shown in Table 2 and Figure 1 illustrates the

solution with a1 — 1 and a2 — 5.

Per iod of
a1 cL2 a b Integration

1 2 1.5 0.5 5
1 5 3.0 2.0 V 5

1 10 5.5 4.5 5
1 20 10.5 9.5 5
1 50 25.5 24.5 5
1 100 ‘50.5 49.5 5
1 200 100.5 99.5 5

1 500 200.5 249.5 5
1 1000 500.5 449.5 5

Table 2. System 1 Test Parameters.

1’Interestingly, in this simple system, one can perform the transformation:

which couples the equations. That is, in terms of w, the system
. • V .

becomes: ~~~~~ 1
LO -a2~J

With the equations decoupled, they can be solved separately and the
stiffness is removed from the system,

9
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2 - System 1 at (a2/cz1) — 5

0 —  I I ’ ~ I I

0 1 2 3 4 .5

Figure 1. System 1 Exact Solution.

System 2 consists of the double mass—damper—spring system shown

in Figure 2. Its governing equations are:

0 
~~~ + rd1~~2 2T~~ + [k1+~~ -k

21

L 
2 

CzJ 
L (5).

Let the initial conditions be:

1z(~
) —r 1 (6)

j(0) — (7)

10 
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When the system is underdamped, the analytical solution
1 has the form.

— a t  ‘ — a t
y1(t) — A1 a 

1 cos(U~1t + $~) + A2e 
2 cos(~2

t +

(8a)

and

-a1t - a t
y2

(t) — A3 e cos(w1t + $3
) + A4e 

2 cos(~2t + $4)

(8b)

L m 2 1 _ _ _ _

V 
H _ _

k~~~~~ 1~~1 C ~

Figure 2. System 2. Model.

This solution contains damped exponential terms with time constants

and a2 . Hence, the problem is nonstiff if a1 and are nearly

equal, but has Type 1 stiffness if they have widely separated values.

The system parameters m1, m2, c1, c~, k1, and k2 were chosen to obtain

the desired values of ct1, ~2~ ~~~~~~ and w2. The test was conducted with

‘The analytical solution to this system is derived in Appendix A.

11.
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the parameters shown in Table 3 and Figure 3 illustrates the solution

with a1 1 and — 5.

a a Period of
1 2 1 Integration

1 2 2w 6w 5
1 5 211’ 611’ 5

1 10 2w 6w 5
1 20 2w 6IT 5
1 50 2w 6w 5
1 100 211 6w 5
1 200 2w 6w 5
1 500 211 6w 5
1 1000 2w 6w 5

TABLE 3. System 2 Test Parameters.

System 2 at (a2/a1) — 5

1•

c.1

_ _  t

0...

Figure 3. System 2 Exact Solution.
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System 3 was obtained from References [6,171 and is attributed to

F. T. I(rogh. The equation

— —
~~ y + y2 with. y(O) — 1 (.9)

has the analytical solution:

y(t) ~ 8 (10)
1_(l+e)e~

t

If one takes the system of four uncoupled equations:

2
- 

~~~~~ Y1 + Y~ , 0.1)

— ‘-1, i — 1,2 ,3,4 (.1.2)

and performs the transf ormation:

E (U] 
.~~~ 

(13)

where (U] — ‘~~~ —1 1 1 1 (14)

1 —1 1 1

1 , 1 — 1 1

_ l 1 1 — 1 .

13 
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then the system becomes

— — [U] (3] (Uj w + (u] Z (15)

with w1(0) — —1 i — 1,2,3,4 (16)

where (B] — 8.~, 0 0 01 (17)

0 82 0 0

0 0 8 3 0

0 0 0  ~

and (18)

In this form, the equations are coupled and have Type 1 stiffness.

Krogh suggests letting the values for the Si
’s be 0.1, 0.2, 0.3, and

0.4 for a nonstiff problem and 1000, 800, —10, and 0.001 for a stiff

problem. The test was conducted with both sets of these values and

Figure 4 illustrates the nonstiff solution. The period of integration

was 20 for the nonstiff problem and was 1000 for the stiff problem.

System 4 is presented in Reference [11] and consists of the single

equation:

• 2y — 5(y — t ) tc(0,5) . (19)

The general analytical solution is:

14



-

System 3 — nonstiff

29

y(t) — C e~~ + t
2 + 0.4e + 0.08 . (20)

In the special cases where y(O) — 0.08 , the value of C is exactly zero.

However , algorithm approximation , roundoff and truncation errors cause

the numerical solution to contain a ke5t term. k must be very small

indeed for keSt to be small in comparison to the exact solution, which

is shown in Figure 5.

System 5 was a clear example of Type 2 stiffness but it lacked a

means of varying that stiffness. System 5 does not obviously have

Type 2 stiffness, but it behaves in sufficiently similar manner to

suggest that it does.

System 5 models a central force orbit (two body problem with

the mass of one body much larger than the other). Elliptical orbits

- - ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ !-~~~ ~~~~ VVV.  V V V~~~~~~~
- V ~~~~
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System 4

20

1 0 -

0 —  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

£

0 1 2 3 4 5

Figure 5. System 4 Exact Solution.

were chosen so that they would be periodic. The eccentricity of 
V 
the

ellipse was varied from moderately elliptical to highly “cigar—shaped”

in order to change the amount of stiffness. The governing equations

for this system are:

(jla)

O — — 2 ~~~Ir CUb)

where C and N are constants.

The initial conditions (which. correspond to the apogee) are :

r(0) — a(1+e) (22a)

0(0) — — u (22b)

16
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System 5
Actual error — vs Stiffness
Requested error

100 ’
DVOGER(Gear )

DRF~GS

10’

0 -

I.,

~ 1. DVOGER (Mains)

0.1. 
I I I

2 5 10 20 50 100

Stiffness (a/b)
Graph 5. Accuracy vs. Stiffness — System 5.
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Syst em 1
Effort vs stiffness

100000 (at em — iO’~~)

S
0
0

10000 -

• E DREBS

DHPCG
-

1000 
-

41 - RX45 DRKGS

z 
-

DVOGER(Gear)

100 — I I

2 5 10 20 50 100 200 500 1000
Stiffness (a2/ct1

)

Graph 8. Effort vs. Stiffness — System 1.
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System 2
Effort vs Stiffness

—5
100000 (at S — 10 )

41
0
0
“4

10000

• DREBS - DRXGS

HPCG DVOGER (Adams)
o 1000
hi
41 -

I 
- 

DVOGER(Gear)

—

100 __________________________________________________________
— g

2 5 10 20 50 100 200 500 1000
Stiffness (a2 I a1)

Graph 9. Effort  vs. Stiffness — System 2.
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System 5

Effort vs Stiffness

(at en — 10”
~)

S
0o
— 10000 

- DRKCS
-

DVOGER(Gear)
41

DVOGER (Adams)
01
‘0 

-
I..’

° 1000
hi -
03
.0
U
Sz -

100 
______________________________________— I I

2 5 10 20 50 100

Stif fness (a/b)

Graph 10. Effort vs. Stiffness — System 5.
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System 1

10 : Effort vs Stiffness
(at e  —1 0”~) H

1 /
- DREBS

L

0.1 DVOGER(Gear )

I
- DRXGS

0.01 — I I I I I I I

2 5 10 20 50 100 200 500 1000

Stiffness (a 21a1)

Graph 11. CPU Time vs. Stiffness — System 1.



VII. CONCLUSIONS AND RECOMMENDATIONS

Two significant and important conclusions can be drawn from this

research effort. First, the solvers may not yield the requested

accuracy when integrating a system with Type 2 stiffness. This suggests

that the integration of such systems is not automatic at all. Rather , one

must integrate every such system at least twice with different requested

error tolerances (c) and compare solutions. While such stiff systems

are not as co=on as non—stiff systems, the user should be cautioned

that they do exist.

Secondly, if a system has Type 1 stiffness and if the derivative

evaluations are expensive, a routine using Gear’s method (such as DVOGER)

should be used. Gear ’s method was designed especially for stiff systems

and it can be strikingly more efficient than the other solver routines.

Beyond this, experience with these subroutines prompts a few

other remarks and opinions: First, even in system that were not stiff, the

actual maximum error (e
m
) frequently differed from that requested (c)

by factors of 20 or more. The subroutines would be more satisfying if

their global error estimation could be improved .

Secondly, RX45 does not have automatic stepsize capability and was

difficult to use. This emphasized the convenience of the automatic step—

size adjustment of the other subroutines. Even if one must solve every

problem twice with them it is much better than making four or f ive runs

to find the correct stepsize for RK45•1’

1’When the stepsize is too large for RK45, numerical instability occurs, V

leading to exponential overflow.
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Third, the interval oriented format of DRKGS and DHPCG was

convenient. Also , placing all of the output duties into a subroutine

gives a modular property to the coding and further simplifies their use.

However, the inability to separately specify the initial and maximum

value of stepsize in these routines is disasterous to eff iciency when

• looking for long time solutions in systems with decaying transients.

Also , it is sometimes necessary to extend the permitted number of stepsize
V 

bisections to obtain solutions. Ten bisections may be a reasonable

limit for single precision work, but for ty or even f if ty can be required

for double precision integrations.

Finally, DVOGER and DREBS have no provision for the specification of

separate error tolerances for the different functions in the system.

V 
While this presented no serious difficulty for this work, it could

conceivably be important for a system with functions of greatly different

magnitudes. The step oriented format of DVOGER and DREBS does however

possess the potential for greater flexibility, particularly in error control.

For example, if one suspected Type 2 stiffness, an exponential distribution

of error per step would probably be better than a linear distribution.

I
I
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— 0 (22c)

Ô(O) — 2irab/(r 2 (O)T) (22d)

where a and b are respectively the major and minor semi—axes of the

ellipse, e is the eccentricity ( /1—(b/a) 2), and T is the period of the

orbit. To achieve a period T, it is necessary to set GM — a3(211/T) 2.

The exact solution is simple only at t T: V

r(T) — r(O) (23a)

e (r) — iT (241,)

The test was conducted with the parameters given in Table 4 and

Figure 6 illustrates the solution for a/b — 2.

a a/b T

5 2 1
5 5 1
5 10 1
5 20 1
5 50 1
5 100 1

TABLE 4. System 5 Test Parameters. 
• 

V
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Figure 6. System 5 Exact Solution .
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V. TEST PROCEDURE

In all of the tests, the number of derivative evaluating subroutine

calls (N) , the CPU time of integration, and the maximum occurring error

(error~~~) were measured. (The solver DVOGER was used with both
V j~~~1~ ?~~ and Gear ’s methods and when it was used with Gear’s method,

the option was utilized in which the gradient of the derivative

functions was evaluated numerically.)

AU of the solvers, except RX45 , require that an error tolerance

(EPS) be given. For systems 1, 2, and 3, each integration was

performed with BPS — 10’
~~, 10~~ , 10~~ , 10 6. For system 4 , this was

extended to l0~~~ and for system 5 to 1O~~. RK45 was executed with a

range of stepsizes which produced similar accuracy.

For the solvers which require a minimum stepsize, lO~~~ of the

interval value was used. This corresponds to about 140 units of round—

off.

All tests ware executed in double precision.
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VI. RESULTS AND DISCUSSION

As mentioned previously, the primary interests are solver

efficiency and accuracy. To discuss efficiency, it is desirable to

consider the efficiency at a specified accuracy. Hence accuracy is

discussed first.

The documentation of DRXGS and DHPCG state that the maximum

global error , is uanally of about the same magnitude as the

specified error tolerance, - £ , but the documentations of the other solvers

do not state that. To access the accuracy of the solvers em vs. c was

plotted for several cases. Graphs 1 and 2 are typical of these results

and deal with systems 1 and 5 respectively. Error estimation is clearly

not exact and it is somewhat disappointing that em differed by a factor

of 20 or 50 from c so frequently. From graph 1 alone, one might

think that DHPCG is much superior to the other solvers in error

estimation, but this is merely coincidence. There are other graphs

where it appears to be poor and another appears to be good.

These graphs show only one value of stiffness and do not show

if stiffness influences solver accuracy. Systems 1, 2 and 5 were

specifically chosen because their stiffness could be varied in a desired

manner. Graphs 3, 4 and 5 show explicitly how stiffness influences

solver accuracy. These are graphs of (em/c) vs. stiffness. Graphs

3 and 4 deal with systems 1 and 2 respectively and hence Type 1 stif f—

ness. Graph 5 deals with System 5 and Type 2 stiffness. In Graph 3,

it appears that DREBS and DRKGS lose accuracy with increasing stiffness,

20
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but that behavior is not confirmed by Graph 4. The other routines

are not clearly affected by Type 1 stiffness and DVOGER appears to

be the least influenced. However, a look at Graph 5 clearly shows

that Type 2 stiffness is different. As the stiffness of the problem

increases, em grows much larger than c.

Systems 3 and 4 contain Type 1 and Type 2 stiffness, respectively,

and are even stiffer than the most stiff cases of systems 1, 2, and 5.

Table 5 contains data pertinent to solver accuracy for systems 3 and

4. Note that em can be many orders of magnitude greater than c.

(e
m
/C) for very stiff systems

SYSTDI 3 SYST~ 4 4

(Type 1) (Type 2)

DRKGS — 1.2 VX io12

DVOGER(GEAR) 4.6 3.1 x 1010

DVOGER(ADANS) — 1.8 x 1010

DREBS — 1.3 x 108

D~~ CG — 2.3 x io8

Table 5. Errcr Ratio Data.

V - - 
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In every test integration, different solvers generated different 
V

accuracies, even when C was constant and hence , it is probably misleading 
-

to compare solver effort at equal c, Rather, it is probably more appro-

priate to compare solver effort ~t equal values of em. Graphs of N (the

number of calls to the derivative evaluating subroutine) vs. e were

prepared and estimates of N at a specific e were obtained. Usually 
V

these graphs were smooth and appeared to be hyperbolic (straight lines

on log—log plots). Typical of these results is Graph 6 which pertains

to System 5 and DRKGS. However, in some cases, these graphs were not

smooth and Graph 7, concerning System 5 and DHPCG, shows such a result.

In these cases, no attempt was made to estimate N.

In most of the tests, the solvers achieved lO~~ accuracy and this

value of em was chosen to compare solver efficiencies. Graphs 8, 9,

and 10 pertain to Systems 1, 2, and 5, respectively. They show how V

stiffness influences integration effort. The effect is quite striking.

The systems in Graphs 8 and 9 both contain Type 1 stiffness. Almost

every routine requires more effort for the integration as stiffness

increases. However, DVOGER (Gear) was specifically designed for

systems with this type of stiffness and it is relatively unaffected by

Type 1 stiffness. System 5 in Graph 10 contains Type 2 stiffness and it

is clear that this stiffness increases integration effort. No routine

was much mote efficient than another in this problem. Rather, the true

test was whether they could integrate all of the cases. Only DRKGS and

DVOCER (Gear) achieved solutions accurate to lO’~ for all stiffnesses.

System 3, which had very much Type 1 stiffness could be solved to

10~~ accuracy only by DVOGER (Gear). The other routines took so many

22
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function evdluations that apparently roundoff error limited their

accuracy. System 4, which had very much type 2 stiffness , was solved

by DRKGS , DRK45, DREBS and DHPCG to 10~~ relative error or better

(10 2 was considered to be the minimum acceptable relative error).
While DVOGER did not achieve this accuracy with absolute error control ,

it might perform better with relative error control. DNPCG achieved

the best accuracy, about io 6.

S 
The CPU times of integration, T, were measured but they primarily V

represent overhead (time spent in the solver subroutine rather than

the derivative evaluating subroutine). The overhead per derivative

evaluation was computed and these values are shown in Table 6. For

systems where the derivative evaluations are simple, these values of

(TIN) may be used to convert results from N to T

Graph 11 for the data from Graph 8 (System 1).

ROUTINE CPU TflIE PER DERIVATIVEV

SUBROUTINE CALL (ji_SEC)

DREBS 80

DRK45 103
DREGS 106
DHPCG 220
DVOGER(ADANS) 400
DVOGER(GEAR) 500

TABLE 6. CPU fo r Derivative Evaluation .
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System 1.

—2 Actual error vs Requested error
10

- DRESS

S .
S -

o —
—

V S - DRPCG
S

U 
5

5.< 10 • DREGS

io 6

a
a

DVOGER (Gear)

10—i
.

io 6 io~~ 1o~~ 1o~~
Requested error , C

V Graph 1. Actual Error vs. Requested Error — System 1,
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System 5

Actual error vs Requested error

io 2 _
a
a
a
a

a

10
~~~~~~~

d.

a

a

a DHPCC

10~~S —
• a

* 
a

$4 a
o
$4

5 - DVOGER(Gear)
S

U ~~~~
~~~ SW

a
a
a
a
a

• DREGS

io 6

a

a

a

a

I
10~~ 10~~ 10~~

Requested error, c

Graph 2. Actual Error vs. Requested Error — System 5.
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Graph 3. Accuracy vs. Stiffness — System 1.
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Actual error vs Stiffness
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Graph 4. Accuracy vs. Stiffness — System 2.
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V APPDTDIX A

EXACT SOLUTION TO THE DOUBLE—MASS—SPRING

DASHPOT SYSTEM (SYSTEM 2)

The governing differential equations of motion for the system are:

+ (c
1 + c

2
)~ 1 

— c2~2 
+ (k..~ + k2)y1 — k

2
y
2 
- 0 

- 
(~j )

and

— c2y1 + c2~2 —k~y1 + k2y2 - 0 -

Taking the Laplace transform of these equations and solving for y1(s)

and y2(s) leads to: V

a s  +~~~~2 + s + a

4 3 2
V 

d4(s + d3s + d2s + d1s + d0) 
V

b ~3 + b + b s + b
y2

(s) — 3 2 
2 

1 0 (A4)
d4

(s + d3s + d2s + d1s + d~
)
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where:

V 

- 

a0 c1
k2 y1

(O) + m1k2 
y1c0) + m52k2 72(0) (AS)

+ c1c2)y1(0) + m2k~ y2 (0) + m1e2 ~~~~~~~~~~~~~ 

+ m2c2~’2(0
~

(A6)

a2 fin.~c2 + m2 (c1 + c2)]y1(0) + m
1
m
2 ~i

(0) (A7)

a3 m~~2 y
~

(0) 
- 

(A8)

— (c
1
k
2 

— c2k1)y1
(0) + c2k2 72(0) + m.~k2 ~~~0) + m2(k,~ + k2) 2 (0)

(A9)

— m~k2 yi
(0) + (in2 (k1 + 1c2) + c1c2)y2(O) + 1c2 ~~

(0) +

+ m2(c..~ + c2~~2(0~ 
(Al())

+ —,n1c2 ~~~~ 
+ tm,~c1 + m2(c1 + c2) ]y

~
(0) + ~~~~ j 2 (O) (All)

— m1m2 72
(0) (Al2)

d0 
— k1k2/d4 

(A13)

— (c
1k.2 

+ c2k1)/d 4 
(A14)
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d2 — (m1k2 + m2 (k1 + 1c2) + c
1
c
2
j/c1
4

— (m
1
c
2 
+ m2

(c
1 + c2

) j / d
4 (A16)

(Al7)

To “invert” the Laplace transform, it is convenient to break the 
V

expressions for and y2 (s) into partial fractions. If the 
V

mass—damper—spring system is underdamped, then solutions of the 
V

—atform e cos w t and e sin w t will exist. The inverse Laplace

transforms of these functions are :

• CO S W t 
~~~ 

- 

2 2 (A18)
(,l.~) +c,~

V s
~~~~~~ 5ifl ~~ t 

2 2~ 
(~~ 9)

W (s+~) +(~) -

R*ncs, it is necessary to factor the fourth order denominator into

two quadratic terms. This was performed numerically with. a computer

routine for every case. Since all cases are underdamped the roots

consist of two complex conjugate pairs:

-~~~ + a31i~~~ (s + a1 
— w1) Cs 

+ + w1) - (s + a~)
2 + (~~ Ø)
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and

~~2 ± ‘
~2 

(=) (s + a - 

~~ 
~ + a2 + - ~ + a2) +

(All)

Hence:

V (s+a ) + a
d ~ — 

1. 
- ~ + 3 2

~~~~~~~~~~~~~~~ 

+ 1~31 ~~~~~ 
+ C ~2

4~~2~~ 2 2 2 2(s4o~)  +w 1 (s+a2)  + w~

where 
~~~~~~

, s
~ ~~ ~~ 

f3., f2
, f3, f4 are determined by letting s

approach —ct~ ± W1i and —c&2 + w2i . This is equivalent to defining

Z1, Z2, Z~ and Z4 as:

. a
3

3
3

+ z3
2

+ V a ,s + a
— 

2 
2 2 

0 with s — -a
1 
+ ~ i (A24)

(s4u2) + 2 
1

V . a s~ + *25 + a a + a
— 2 

1 0 With ~ — a
2 ± w2t (A25)

~~~~~ +

- b + b ~2 + b a + b
— 

2 
2 

1
2 

0 with ~ a1 ± ~1i (A26)

~~~~ 
+W 2

I
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b3s
3 + b ~2 +.b s +

Z — V 
2 1 With S — 

~~~ ± W i (A27)

and then:

a imag Z3 1w1 e2 
— real V 

(A28)

— imag Z2/u32 e4 — real 
‘(A29) 

V

— imag Z3/u~1 
— real. (A30)

— imag Z41w2 f 4 — real Z4 
(An )

Finally, 
~~~~ 

and y2 (s) can be “inverted” , leading to the expressions:

y1
(t) — •

1 
COS (~1

t + 
1 

~~ (&31t] 
+

a4 1
+ e ‘ .~! cos 

~~~ 
+ 

d 
sin (L)

2
t I (A32)

L4 4 1  J .
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and

72(t) 
a e lt 

[~~~~~~ 

cos w
1
t + sin wit]

~rf f 1
+ ~ 2 

C05 ‘~2~ 
+ d4w2 

sin w2tj (A33)

These expressions can be written in the more convenient form:

-alt 
V

y1
(t) — A.~ e cos(w1t + + A2 e Cos(w

2
t +

(A34)

— a t
y2(t) 

— A3 e cos(w1t + $3
) + A4 e 

2 cos(w2t + *4) -

(A35)

where :

— ~~ 2 + (.2/~1)
2f

~Id4 (A36) 
V

Li 
— (.3

2 + (.4
’I~2)2]½/d4 

(A37)

— (f 3.
2 + (f 21~~) 2 ] ½1d4 ( k38)

V 

£4 — (f 3
2 + (f 3/~ 2)2 ]½/d4 (A39) 
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— —tan~~ (e
2/e1w2) (A40)

— —tan 1 (e4/e3w2) 
(A41)

$3 —tan ’ (f /f w )  (A42~ 

V

$4 — —tan ’ (f 41f 3w2 ) (A43)

It is possible to choose n1, c1, k1, m2, c2 and k2 to obtain 
V

various desired values of c~.1, a2, &~ and • The required relation—

ships are simplified if the product m.~m2 is arbitrarily set to 1.

Then the following four simultaneous nonlinear equations are obtained :

+ 2c2 
a 2C~~ + ) 

V (A44)

+ 2k2 + — a1
2 + w 2 + 4a1~2 + 

~~2 + ~2
2 (A45)

• c,k2 + c2k1 — 2(a1(1x2
2 

-
~~ w

2

2
) + a2 (ct1

2 + w1
2)1 (A46)

— + w
1
2) (~z

2 + w
2

2
) (A47)

It is possible to solve these numerically for c1, c2, k1 and

(see Reference (19]. That is, let ~~~~
(t) be functions such that:

45
-
. - 

i_~~~_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 7V T  ~~V . V ._V~~~~V~~~~



V.~~V VVS~~~~_-SVVV~V- - -VVV.V.V -V_ -S V- -V.V.~~~~~V...-V~ V.V.~~~~~~~
_V-V_V 

V 

V~•V VV - 

~~~ iJP:~

y1
(t)

z(r) — (A48)
y3
(T)

y4(-r)

and let V

20i

2 2• ct1 +w1 -

z(°) — (A49)
202

2 202 ~~~~

Further, let
— 

y1 + 2y3 

— 

~~(0) + y3(O) 
—

+ 2y4 + y1y3 y2(O) + y1(O) y
3(.O) + y4(O)

— — (A50)
+ y1(O) y4(O) + y3(O)y2(O)

— 

)‘2y4 
— 

y2(O) y4(O) 
—

Thus

73(0)

74(0)
P(O) — (ASl)

0

0
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and

1 0 2 0

1 y1 2

(A52)

~1.

0 74 0

Finally, let 
-

0

— (1 — -r) (O) (A.53)

Then

PCi) — a (AS4)

and

j (r) — VTj — — !(~
)

Hence,

— — r~-P(o) (A56)

Equations (A56) form a system of four first order differential

equations whose solution y(t) evaluated at t — 1, provide the desired

values of c1, k1, c~, and k2. 
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The solver subroutines tested on such systems are as follows:
1) DRXGS (a fourth—order Runge—Kutta routine); 2) DHPCG (a Hamming

• predictor—corrector routine; 3) DVOGER—ADANS (an Adams predictor-
corrector routine); 4) DVOGER—GEAR (a Gear predictor—corrector
routine) 5) DREBS (a Bulirach—Stoer routine); and 6) RK45
(a sixth—order Runge—Kutea routine).

These solver subroutines are tested and compared for a number
of stiff systems of both types described above where the exact analy-
tical. solution is known. The subroutines are compared in terms of
run time, accuracy, and function calls. It is found that the sub-
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individual effectiveness is highly dependent upon the specific system
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Gear’s method (DVOGER—GEAR) and DRKGS appear to be the preferred
routines. Finally, the automatic stepsize capability of DRKGS and• DHPCG is a definite advantage over the other routines. However, the
step oriented format o’f DVOGER and DREBS provides a potential for
similar flexibility in error control, through coding modifications.
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