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Preface

What began as an evaluation of the angular integrals arising in

the finite element solution of the neutron transport equation, has

grown into the developmrient of a computational procedure for applying

phase-space finite elements to the same equation. The entire project

is an extension of the doctoral dissertation work being done by Capt

John Souders. As such , I hope that this research answers all, of the

questions he has posed.

I am grateful to my thesis advisor Lt David D. Hardin , PlID for

suggesting this topic arid for providing advice , support, constant

encouragement , and great patience throughout this endeavor.

I am most appreciative to my wife , Paula, and my daughters , Chris-

tine , Amy,  and Stacie for their patience and understanding in enduring

my many absences while this thesis was being prepared.

Ronald C. Wheaton
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Abstract

Phase—3pace finite elements are applied to the static mnonoenergetic

neutron transport equation in two-dimensional cylindrical geometry by

computer subroutines written by the author to collectively assemble

the global phase—space rril;rix for solution. The technique uses a van —

ational formulation based on the second—order self—adjoint form of the

transport equation within which the dependent variable approximated by

the finite elements is the even—parity component of the angular flux.
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- 1

APPLICATION OF PHASE-SPACE FINITE i~LEMENTS TO THE

NEUTRON TRANSPORT EX,~UATION IN CYLINDRICAL GEOMETRY

I Introduction

The label fin ite element method was f irst  introduced by Cloug h in

his t reatment of plane elasticity problems in 1960 , but the initial

effor ts  to use the method had appeared even earlier in the applied

mathematics literature with the work of Courant (Ref 1:9). Courant ’s

approach in 19~+3 used an assemblage of triangular domains with piecewise

continuous functions defined over each domain. However, his novel

approach did not mature until Greenstadt applied it and developed the

matheni~itical basis for the finite element method as it is used today

(Ref 1:10).

Unlike finite difference methods, which lead to a pointwise

approximation of the governing differential equations over a solution

region that is an array of grid points, the finite element method uses

a piecewise approximation to the governing equations for a solution

region made up of many small , interconnected sub—regions , or elemen ts.

Over each element , L~ic solution of the governing equations is assumed

to be both a function of the independent variables arid some undetermined

coefficients. These elemen t coefficients are then determined so that

the assemblage of’ element solutions is in some sense an optimal approxi—

1
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mation to the true solution. In addition , the coeffic ients are chosen

so that any required corit i~;u ity  cf the solution or u s  derivatives is

maint~nJ ed i i i  crossing eleowi ’: bour daries.

By the early 197C ’s ftc successful appl icat ion of t he f ini t e

elei t ent rnc~thod to prob.Lcm.tc iii solid mec!-ianics , heat conduct ion , and

other areas led t o t he application of the method to neutronies problems.

In i t ial ly, the ~uutrOxi diff ’us ion equations were treated most extensively,

followed by increased app] icat ionr ~ to the neutron transport equation in

one-d imensional slab , spherical , a i d  cylindrical geome tries as well as

two—dimensional car tenian geometry (Refs 2; 3; 4 ) .

Solutions of the transport equation based on f inite element tech-

niques of ten use discrete  ornir i ; i~ approximations for the angular

variables (Ref 3). Still other approaches include simultaneous approxi-

mations of both the angular and spatial variables by finite elements

(Ref 2).

The purpose of this paper is to examine several aspects of the

finite element m ethod as applied -to the static monoenergetic transport

equation with anisotropic scattering and sources in two—dimensional

cy] indrical geometry. The technique uses a variational formulation

based on the second—order seif—adjoint form of the transport equation

within which the dependent variable approximated by the finite elemnent8

is the even—parity component of the angular flux. This component is

quite attractive for finite element approximations because it requires

that only half of the angular domain be considered. In addition, the

even-parity component is always positive and easily integrated to find

the scalar flux distribution (Ref k:1~9).

2

- — — - - —. - ‘
~~~~~ 

- - —
- 

-
~ 

- ~~~4 . ~ ~~~~~~~~~~~~~~~~ - .4 - V



V - - -

i

V V

-

~~

V

Befo re discus. in~; the com puter  implementation aspects of the f in i te

element method as app lied to  the monoenergetic neutron transport equation ,

the t heore t ical ha~~is for the second—order even—parity f o r m  of the trar ic—

port eq uation wil l  be developed. Along w i t h  thi i .i development , a broad

over~ icw of t h e  f i n i t e  element, method will he presented and the vari-

a tional formulat ion for  the app lica tio~i of the method nill be stated.

Then the method of computer application will be discussed by describing

the comput er  subrout ines  w r i t t e n  by the author to assemble the system

equa tions for solut ion.  Finally , sortie conclusions will be presented

regarding needed conputer code improvements .

• 3
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Ii T}ico~ y

Au in other f i u f i n , I t u  ad vances in computer  technology havu- been

the driving force behind the sc ien t ist ’ s abilit :i to solve more and more

complex problems as well a ; the meat n by which ho cart increase the

accuracy of the problems he has already solved. but advances in computer

technology are not the un 1,~ means of increasing accuracy. Often the

application of another numerical method can brin~ about a significant

increase in accuracy. t he  resui t ;ing use of f in i t e  elements in solving

the neu tron transport equation is one of the mos t recent steps it1 the 
V

quest for increased accuracy.

Present discrete ordinate solut ion methods lead to anomalous

scalar flux distortions when applied to transport problems having strong

V absorbers and l3calized neutron sources (Ref 5 :2 55) .  Thus , as more and

more complex geometries are encountered , the f ini te  difference methods

can be augmen t ed by the f ini te  element method whose elements can accu-

rately represent complex shapes and eliminate the ray effects. Conse-

quently , computer codes based entirely on the finite element method

have been developed to solve the transport equation.

In this chapter the neutron streaming term , ~~~~~~ , of the trans— 
-
~~~

port equation will be developed for the problem domain being considered 4

in this thesis. The even—parity form of the transport equation will then 
V

be developed , followed by a discussion of the variational formulation

of the transport equation and an overview of the finite element method .

A brief development of the tensor product basis will conclude the chapter.

-
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Problem Do main — Cylindrical Coordinates

The inonoenergetic transport equation can be written as

~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ (i)

where ~~~ ~ is the streaming term. In cartesian geometry this

streaming term can be calculated quite simply. It has the form

j
~~ j ~ ~~~~~~~~~~~~~~~~~~~ 4 ,L~ (2 )  

V

in rectangular coordinates (Ref 6:59) where ~~~~~~~~~~~ and ~~ is the

angle between the planes formed by the .
~~ 

and z unit vectors and the z

and x unit vectors. However, in curvilinear coordinates the streaming

term takes on a somewha t more com plicated form. As an example , the

term in cylindrical coordinates is (Ref 6:59)  V 
-

~~~~~~ (3)

where ~P is the polar ~~~~~~~~~~~~ and 1( is the angle between the

planes formed by the 4. and z unit vectors and the z and r unit vectors.

Figure 1 shows the cylindrical coordinate system corresponding to Eq (3).

This paper deals with the application of the finite element method

in cylindrical geometry to the transport equation. The problem domain

in which cylindrical geometry is assumed is the air over ground burst

problem domain (Ref 7) of weapon physics. Since , in this domain the

air density varies only with altitude , azimuthal symmetry can be assumed

and the conservation form of Eq (2) becomes (Ref 6:58)

VL_)tz 
~~ ~~ ~~ r~~) — ~ 

( V’-i ”~ ‘‘~

è~C. 
(Lf)

Eq (
~

) is the streaming term which will be calculated in this thesis

by applying the finite element method. 
V
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Even—Parity Transport Equation

The finite element method will be applied to the even—parity form

of the transport equation since the even—parity component of the angular

flux requires that only half of the angular domain be considered , making

it quite attractive for finite element approximations. In addition, the

• even—parity component is always positive and easily integrated to find

the scalar flux distribution (Ref Li.:l49). The following derivation is

that of Kaplan and Davis (Ref 8). Consider the monoenergetic transport

equation ,

~ - v4 ’(r~rj ) #  c(~~~~r f~i (r ,.~.a ’) +S(~~~~n.) (1)

in the convex region D with total macroscopic cross section and

angular scattering cross section defined such that

ç(r)
where is the macroscopic scattering cross section. Assume the

• region is surrounded by a vacuum so that on the surface R of D the

vacuum boundary condition is

0 0 (5)

where n is the outward unit normal to R and is any r 
~ IL Eq ( 1)

is also valid for — 43. , thus,

_
~~~.v 4’(~,-sL)+ç(!) V(r,-~) = fc(r , _ 

~~~~~~~~~~ S(~,-ê) (6)

Adding Eqs (i )  and (6) and post—multiplying by 1/2 leads to

~~~~~~~~~~~ 
- G~~1-.&)]~~ # 

~~~~~~ 
[4~~,~) #

(7)

7
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or

+ ~~) ~~~ fa~~~~’)~ i ’.~S3~,i) (8)

with the terms ~~~~~ -k {4’~r~&~ 
- 

~~~~~~ ~~~~ ~ +

6~(I•&’)= k[as(t~.e~.&’) # ç(r , ~~p , and a

Let ‘%(~~~jr) be the odd-parity flux and be the even—parity flux.

By substracting Eq (6)  from Eq (i) and multiplying by 1/2 , we get the

similar result

~~-v{i~[ti~z~~ 4 4~~-~)} ~ ~ 
-

•
~ - ~~~~ .&)] ~~~~

(9)

or

~~~~~~~~~~~~~~~~~ fc a’)~~~~4’~~a’4 S~ t~~) (10)

• where the additional substitutions ~

and S~.(~a) k [S(Z~) - S(~ ,-.a)] have been made. Since 6~ is an even

function of ..flj~j’ , that is , g 
, the integral

in Eq (8) can be written as

Ja~;~L.~I’) 4~x~a’)4&’ ~fE~(c4 ’ r,~~4( #~J 4 x, -~a)*1-4’).t 4~
’

a I [ r ,~~~- ~ z, -.&‘
~~ ‘1-~&~

I J 9(r 1 4~.4’) ~/f~~ f) 4~~3~I

and Eq (8) becomes

~~ ‘z(~4 ~~~4L) ~ ,~i’)L~’ ~S~~,4)(11)

8
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Similarly, since ~~ is an odd function of 4•~~’ such that ç(r ,-~~&’)~
the integral in Eq (10) can be written as

JcA~r~a’) ~(~~~1~’ ~~~~~~~~~~~~ ~~~~~~~~~~~~~
a J~ (t~&4’) I[4~r ,4~)- G~~-~~’)] ~t~ ’f c(r,.~•.&) x~~,4.’)

and Eq (10) becomes

~ft~V’ 4~r,.&)4 c(r)Nr~~) fo ’)~~~,~~)Le’4~~~~~i2 )

By putting the boundary condition in terms of the even-parity and odd-

parity fluxes, we can write Eq ( 5)  as

V 

~ •~ 4%-4~))+~ [4~rs,-~L) —

5 

~ 
.~- ) (r,, a)

-0 -a .n (~.) .< o (i3a )

where !B is any r £ R and i-i is the outward unit normal to R. In a

similar fashion, we can write

4% ~—.&) ~‘(x, ,~&) — X(x~s, a) o -a- ~(r.) > o (1 3b)

Eqs ( i i ) ,  ( 12), (13a ) , and (13b) are the first—order form of the trans-

port equation and its corresponding boundary condition (Ref 8:167).

We now wish to determine the second-order even-parity transport

• equation in terms of P,  the even—parity flux. In order to do this , we

will assume Eq ( i i )  to be an integral equation for 4fr,I) and introduce

the linear operator 0 (r ) ,  which maps functions of 4 into other functione
• g —  V

of~~. such tha t for any integrable function , 4(r,4)

• 9 —
“
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V - r

• o~~~f(r~4Q 11Cr1 &‘)fC ~&’~L~’ (lka )

Likewise , introduce the G u
(r )  operator such that

G~~ ~~ r a~~~~ f~ ,z~)- (1kb)

W ith the above def ini t ions of the Gg and G~ operators , Eqs (i i ) and (12)

can be rewritten as

.g-~’X+~~~’ ~~S3

G,1!’ =~~5 ~~~~~~ (15a)

and

~~ v~/’+ G11 X a S1~

(15b)

For now we will assume tha t the Gg and G
~ 

operators are invertible and

form the new operators Kg = Gg~
1 and K

~ = GU
1. Operating on Eq (15b)

with the operator , we form

G [ G ~~Z.] G ’[SU. — 
~~~~~~~~

or 

~~~~~~~ ~ [s~)_ 
~~~~~~~~ (16)

Substituting Eq (16) for the odd-parity flux into Eq (i5a ) results in

or 

~~~~~~~~ (~~~)} + ~ = ; -~&.v [Ics~] (17)

which is the second-order even-parity form of the transport equation.

Its correspond ing boundary condition is the dual set

10
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: (

-
~‘ KLI[SU. - = ° ~~~~ (18a )

~~~~~~~~~~~~~~~~~~ 0 , ~~~~~ > 0  (18b)

Earlier we assumed that the 0~ operator was invertible; we will

now determine its form in order to make the K
~ 

operator physically

significant. The 0u operator defined by Eq (1kb) can be proven to be

seif—adjoint and positive definite (Ref 8:l7Li ,l75). In forming its

inverse, we will take advantage of the fact tha t ~~ depends only on

and expand 
~~~~~ij•itf) in Legendre polynomials as

=Z ~~~~~~~~)I~C4 .&’) ( 19)

where and are macroscopic cross sections as in the previous

derivations. Making use of the spherical harmonics addition theorem

(Ref 6:609), we can write

a ;~“~ ~:1~
’)

where * denotes the complex conjugate. Substituting this expression

into Eq (19) gives,

~ FL
ç”(~,4~•1a.’) “

~~~

and Eq (11i-b ) expanded in spherical harmonics assumes the form

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
Y~(~!’)]L,&’

Collecting terms, we have

ccx) +~~Y1,1(1L)

___________ 
_ _  

_ L .
1T 
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or 

—

o. +L • 
V

G~~~[¼&) a~~EJc 4i~~tJ~
) - ~ “v~j~Z ~~~~ cc. a~) (20)

where 
~~ 

6~ :~ t-e the Kroneckex- delta tha t arise from the fact
that the 

~~~ 
fo rm a complete orthogona l set (Ref 6:608). Eq (20) can ,

thus , be wr i t t en  as

G~~ [4~ ,4)] z ccx) 
~~~ Y~ 4)- Oj’~ Y1J4)~~ J9.50 *I~

.4or

oo +L

~ ~~~~~~~~~~ (21 )
t~~o ~~~~~~

The inverse of G
~
(r) is the integral operator

t (c(~) - t!tIdr)  ~i.1 ‘!tJ~
)

or

K 1Jf(~~j ]r c.J .L c(t)- c’tr) ~11Yth~J
In the above , the cross section term can be rewritten as

- V 

~~ft) - — ~~~~~~~~~~~~~~-

= 1 +

so tha t

V 

~‘• 12 
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K%L[f(t~~): 
~~~~ 

~~~~ ~ J4!)

~;1~
( 

~~~~f~~Y1~~~)

or

-_L_ [+~~ +fc ,i.JL’~.fc&~S43r’] (22)

where
- 6~ ()

~~~~~~~~ ~ 
-

~~~~~~~~~~~ 
(—

~~ 
z 

~~~~~~

-) 

~(.a•4’)

is defined ~ts the macroscopic K
u scattering cross section. It will have

a f i n i t e  number of terms whenever the scattering cross section ~~~~~ is

expanded in a f in i t e  number of terms. A similar expression for Kg can

also be derived usi~~ Eq (ik a) and the ~~3 scattering cross section.

Before moving to the section on the finite element method , we will

first  look at a variational formulation based on the even-parity trans-

port equation which was just derived.

Variational Formulation

As has beer shown , Lhe transport equation and boundary conditions

can be derived in various forms. However , a desirable form of the

problem is one in which the solution minimizes or makes stationary a

funct ional subject to the given boundary conditions.

It can be proven tha t the solution of Eq (17) minimizes the

func t ional (Ref 8:169)

F(u-) :j [<~ ,.Vu. , Kg (4 V~t)> +

— - r -
~~~~~~ 

- - - 
~~~~~~~~~

— —
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V 
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(2~)

where the following definition of the inner product holds on the

space of complex functions of 4

d’ V

and where the second integral is a surface integral over the boundary

R of the domain D. For all u satisfying the essential boundary con—

ditions , the variational functional results in the following equivalent

weak—form of the second—order even-parity flux equation as derived in

Appendix B

~~~~~~~~~~~~~~~~~~~~~~~ $

• + I 4 ~ I1~~~ ’tr
-

- 
+<1,S5 > J S~ (2k)

The finite element method will be implemented in the following

chapters using this equation for the even--parity flux.

Finite Element Method

The numerical technique of finite differences uses difference

operators to approximate the derivatives in a partial differential

equation. In contrast to this, the f inite element method does not
V 

approximate an operator; it assumes , for an assemblage of discrete

elements , a trial solution satisfying the boundary conditions of the

problem. The trial solution and its undetermined coefficients are

• required to satisfy the exact equation in an integral sense; this

• ik
2~ 

-

— 
-—  - - -V

- ~- ~~~~ - - • V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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dete r r n h I I ~ . h~ va I I1c~~

; )t the undetermined coefficients.

Addi tiortallj, Lhe accuracy of the problem solution and the degree V

of app roxirna t 1() r~ depend upon the size and number of elements used and

the appr ox imaLif ~.; fun c tions selected for each element. The following

concepts wil t be discussed in this section: the element , generalized

coordinates and shape func t ions, natural coordinates, global nodes, and

tent functions.

The Element. In the finite element method the problem domain is

divided into a finite number of subdomains , or cells, which are inter-

connected at nodal points and on the element boundaries, Of course,

this division can be quite physical in nature , with each cell being

thought of as separate from another like building blocks. Or, the 
V

division can be mathematical, with the problem domain (continuum ) being

zoned into regions by imaginary lines or planes. No matter  how the

division is done, the finite element method solves the problem collec-

tively for the whole domain by finding a solution for each of its parts,

the elements.

Determining the shape of the basic element to be used in the

finite element method depends upon such things as the problem geometry

and the number of independent variables needed to describe the problem.

Thus , one— , two— , and three—dimensional elements with straight or

curved sides are possible. Only straight sided elements such as those

• in Figure 2 will be considered in this thesis.

As stated earlier , the element 2nodes are points on the element

boundary where adjacent elements are considered to be connected. In

addition , they are the points where the field variables of the problem

• 15 
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(b)

:
~

(c)

Fig. 2 Triangular Elements
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I

are used to - I i rj ~ the appro x imat ing  functions , also kn ow n as interpola—

tics funct ions , for ~-hc e 1 r ~c , rx t . Therefore , nodes can be classified as

either exterior (boundary ) r i o ] e ~~ or ~~ in tcr inr  nodes (Figure 2c). The

element interpolation or shope func tions will be discussed in the next

section.

Generalized Coordinates and Shape hirictions. In t he f in i te

element method thoae fuiic Lions describing the behavior of the field

variables wi th in  an element are called approximating functions, inter—

polation functions , or shape functions (Ref 1:131). Polynomials, which

are easily differentiated and integrated as well as mathematically

easier to handle in formulating the element equations and in computer

calculations, are the most widely used shape functions, although many

other functions could be used. Ultimately , the function which is used

should obey certain inter—element continuity requirements for the field

variable and possibly its derivatives. The additional requirement tha t

the polynomial expansion remain unchanged during a linear transformation

from one cartesian coordinate system to another is also desirable. In

this paper only two—dimensional polynomials will be used to generate

the shape functions. The form of these complete two—dimensional poiy—

nomials of order N can be written as (Ref 1:132)

- •

P~f r ,y)zt  X*
X A y4 , ~L + J  V

III

where the number of terms in the expansion is N = (n+1 ) (n+2)/2.

As an example, the shape functions for a rectangular element with 4

nodes at each of its corners will now be derived. Consider the element

4 -

17

Ti~T ’  ~~~ _ _  

— 

V V~~::~~~~~~~~~~~~~~ -



y

3

~./ 4 
) (x 3 ,y3 )

(x 1,y 1 ) (x 2 , y 2 )

1 2

x

Fig. 3 Rectangular Element

in Figure 3 over which an expression of the following form is assumed:

~
t(x ,y) 

~~~~~
+ 4 

1O (~)i +

or 

(25)

where

= i~r ~4 °-
~~ °~~

}
and

[~~} = f t  ,

The superscript e indicates that the equations are only valid for the

18
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elemen t. The coefficients ~~j in this polynomial series representa—

tion of the field variable are called ~~~eraiized coordinates since they

have no physical meaning and merely fix the magnitude of the solution (~~ . -

An evaluation of the above expressions at each of the nodes of the reotan—

gle results in the simultaneous equations

~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~

‘4 + x
2

+ c C ~~y2
+ 0 ~~~ X2Y2

49~ O~, + o~ 2 X 
3
4 “

~3 )~ D(~~ x~Y3

or , in matrix notat ion ,

{ ~pa}T [G e] [~~e}
T 

(26) $

where

[ (pe] ~~e cp~~~~J
and

I Gel I X
~t 

)
~ ~Yz 4I• ~ I ~~I 

~~~ 
Y4 ~~~~

The generalized coordinates can be expressed as the solution of Eq (26),

tha t is,

{
~~~J [ ~~~

j  V 
(27)

Substitution of Eq (27) into Eq (25) leads to

~9 e 
(28a )

with

• 19
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— I 
—[Ne] [P] [G~J (28b)

The N . are the shape I W 1 C L L O I I : J  associated with the nodal values (or

nodal degrees of fi-cedofP). As a result , the undetermined coefficients

in Eq (2~a) now have ph~~ical meaning just as do the unknowns in a

f i n i t e  difference ocheir ie . Also , the shape funct ion N . referring to

node i is eq ual to one at aode i and zero at all of the other nodes

of the eLement.

One d i f f icult y encoui i tered in calculating shape functions in this

way is the computationa l e f fo r t  required to obtain [G] when and if

i t exists. Thus , researchers tried to obtain the shape functions by

inspection and, as we shall see, they succeeded with the aid of a

special coordinate system called natural coordinates.

Natural Coordinates. In contrast to a global coordinate system

which is defined for an entire body or struc ture , one can define a

local coordinate system, called a natural coordinate system, which

applies to a specific element (Refs 1:138, 139; 9:88). It is usually

set up so tha t some of the natural coordinates are equal to one at

primary external nodes. In this way, the natural coordinates, when

used to derive the shape functions , not only simplify the formulation

but also facilitate the evaluation of the integrals arising in the

element equations. An example of a natural coordinate system for a

quadrilateral element (forming a canonical element in the local system)

is shown in Figure ~, The rectangular element of Figure k is also a

member of the serendipity family of elements (Pefs 1:170; 9:31—k2)

which contain only exterior nodes. The shape functions for these

20
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_
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~ x (- 1 ,-i) 1 2 (1 ,-i)

(a) (b)

~ig. 4 Natural Coordinates for a General Quadrilateral

elements were found by inspection and have the form

+0 ‘E&)( ’~~77L~) - (29)

for a linear element (Ref 1:171). The element maintains the necessary

continuity of the field variable ‘~~ along its bounidaries.

In concluding this section, it should be noted that the ease with

which the shape functions can be found for the rectangular elements

makes them appealing for use in the finite element method. But, their

use is limited because they cannot represent curved boundaries as well

as triangles or elements with curved sides. -

- 
Global Nodes and Tent Functions. Once all of the element proper—

I ties have been found for a system modeled by the finite element method,

the overall system properties can be determined by an assembly process.

Tha t is, the element matrix equations, Eq (2~a), describing the element

properties are combined to form the matrix equations describing the

properties of the entire modeled system. The assembly process uses nodal

21
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compatibility as its basis; the value of the field variable at a node

where elements are connected is the manic for each element sharing the

node. Figure 5 illustrates this point for a node shared by five

triangles. In order to implement the assembly process on a digital

// \\\
/1 ~I \

J / — 4
1’ I — I
/ I—  I l ‘— ‘

VI —1 ‘ I  ~
—. \

b — ~~/ 5 / \ 4

• \ \ 3  /
~~~~1 — I 1’

2 \ I /
\ \ /
\

Fig. 5 Tent Function at a Global Node

computer , a global numbering system for the nodes must be formed. Figure

6 shows a mesh of four linear rectangles along with its global node - -

numbering system and each elements local node numbering system. A

global node number I is assigned to each node in the mesh. In each

element in which a given node appears the index I is used to identify

it. For computer use, the global nodes are usually stored in a matrix. 
V

Thus , a matrix IE (e ,i) may be defined such that IE (e,i) is the global

node number of the 1th local node in the eth element. The IE matrix

22
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0 
_ _ _ _ _ _

e = 3  e = 4

Lt~ _ _ _ _ _-m
e = 1 e = 2

local node 0 global node

Fig. 6 Finite Element Mesh

I

for the above rectangular mesh is shown in Figure 7. At each global

node in the mesh , a global shape function, or tent function (Fig. 5),

• is defined as the. element shape function of the local node correspond-

irig to the global node. If we denote these tent functions as T1
(x ,y)

_  

2 5 4

Fig. 7 IE Matrix for a Rectangular Element Mesh
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and the global node values of the field variable as , then the form

of the global problem solution for a mesh of N global nodes is

N
E ‘P~ T1-(y,y) (3~

)

Tensor Product Basis

In this section , the four—dimensional space—angle subspace, within

which the finite element method will be applied , is formulated.

In the work of Kaper , Leaf and Lindeman (Ref 2:20), the finite

element method is used to solve a six—group transport equation for the

tensor product of a finite dimensional subspace whose approximating

functions depend on the spatial variables (x,y) and another finite

dimensional subspace whose approximating functions depend on the angular

variab1es (,LL ,)l i~~) . In this thesis, a similar tensor product is used,

but the spatial and angular subspaces are generated in the cylindrical

geometry previously discussed. Thus, the resulting tensor product

subspace is four—dimensional with (r ,z) spatial variables and(,tL,X)

angular variables. Mathematically , the formulation can be written as

(Ref 10:135)

N M
E S~(~ ,i)A3(,~,,c)

where

SA(v ,t) = functions of the spatial subepace

= functions of the angular subspace

24
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III Comnputer Application

In this chapter the finite element method will be implemented in

the cylindrical coordinate system of chapter II using the weak form of

the even-parity flux equation

fD k~~c ’1,~~~~~~
1) >+< G3~i >1  ~

iR~~! I 1 a
~~ 

1J k.a.v l ,K~s~.>

- (2’+)

In addition , it will be assumed that the trial functions in the above

formulation, ‘P , are equal to 9,~ S~(;~)A1(,
h(,1~)a 1  3 t 1

and that the test functions, VJ , are equal to AL~Lcx)Sk(’r) e) where

S is the spatial shape funct ion for local nodes i and K and A is the

angular shape function for local nodes j  and L. These shape functions

are calculated by use of Eq (29) . By choosing the test funct ions to be

the same as the trial functions used to represent the even—parity flux ,

the Galerkin method for deriving the finite element equations is estab-

lished (Ref 1:108). -

The- implementation of the finite element method in Eq (24) is - 
- 

-

based on a modular programming approach which uses FORTRAN IV. In

this approach the program or code is written in units or modules, each

one performing a basic task independent of the other modules. In

FORTRAN , these modules are subroutine or function subprograms. In

addition , the finite elements used in the formulation of the element

equa t ions are the 4—dimensional space—angle phase—sp ace elements of 
4

chapter II gene rated over the tensor produc t subapace. Since it is

_ _ _ _ _ _ _ _ _  
— ~~~~~~~~~
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difficult to visuaLi-se a i— dim en siona l element , the subroutines used to

code the even—parity equ~m Iio:~ deal with separate rectangular (r,z)

spa t ial amid (,u,-,~) amim;u lar f i n i t e  elements arid their products. Thc-3e

rectangular space and .alL L ; lo  f i ni te  elements are mapped into the canonical

rectangle of Figure ~+.

The linear transformation

2[,~/ 
1*11 

-

L (.
~

•- ‘-
~) 

(;-
~

-
~) L~J L(~, t~a~/(~ .u ,)

takes a rectangle having an arbitrary set of coordinates (r1 1z1
),

(r 2, z2 ) ,  (r 3, z
3

) , (r 4, z4
) into the canonical rectangle. A similar

transformation is used for the (,u~ i~) angular element. The inverse

mapping is given by

[] +[~] ~ +[~J+ +~~
-
~‘ ~E~1 (31 )

for the spatial element and a similar form is used for the angular

element.

Eq (31) and a similar equation for the angular variables were

implemented on the computer in such a manner that the coordinate

positions in the global spatial and angular elements could be deter—

mined immediately after the positions in the corresponding canonical V

elements had been assigned. This logic was used so that all the

element computations could be done for the canonical element with V

changes to the global variables made as needed. As implemented on the

computer , this procedure also permits calculation of the spatial and

26
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angular shape funct ions  ~it local nodes, 1,K ,jI L i l l  the canonical

elemen t s s -)r - i - e sp o n d L I . ,~ to I Vh C global space—ang le elements being

considered. In addition , the m odular nature of the shape function *

routine alLow.~ either the use of higher order elements or the use

of ent i rely different eleoont~n without changing any of ~he o ther sub—

rou tines.

A~ ~tate i earlier , the coordinate H r n i t s  of the canonical

element (— 1 to + 1) make ~~~~~~~ numerical integration most attrac—

tive for evaluat ing the iprice—artgle integrals of Eq (7’-+). As a

result , Gauss-Legeridre quadrature was used in the subroutines. A~

imp leme nt ed , t he n u me rical integra t ion i~; carried out or! an element

by element basis over the four space-angle variables simultaneously.

The integrands calculated in the procedure are the inmer product and

boundary terms of Eq (2’~) evaluated for all possible tensor products

of the local shape functions. The resulting integrands are thus

four—dimensional. Since CDC FORiRAN allows the use of no more than V

three dim ensions in an array, the integrand arrays had to be compacted

into two—dimensional arrays in the integration subroutine.

Provisions have also been included in the subroutines for use of

any combination of up to five user stored Gaussian quadrature rules.

In addition to the space—angle integrations, a second integration

over the entire angular domain is required by Eqs (ika ) and (22 ) for

the Gg and K~ operators.

A closer look at Eqs (14a ) and (22) reveals that for every space—

angle element being integrated the operators each introduce an addition- ~ I
al integral which involves not only the current .& neutron direction

but also all other possible II’ directions. For this reason two : 
-
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separate in t e g r a t i o n  rout ines  were established , one to perform the

space—angle in t egr a t iorL ;  element by element arid another to perform

the anguLar inte-;i- ~iLions required by the 0 arid K operators appearing

in the  integrands of the space—angle phase—space integrals.

An addit ional complication also arises when the G and K oper—g u

ations are j~~rforrncd on a given function of the space—angle variables.

A l though t~ie same func l b-i appears on the right—hand side of Eqs (14a)

and (
~~ ), out~~ide of the integral as well as within it , the function

within the im tc~;r:~ l depends upon different angular variables. As a

resul t , ~ 1 L fu nc t i ons operated on by the G~ and K operators had to

be duplicated so that the equa t ions could be properly coded for com-

puter use.

In order to Lmp lemnen t t he Gg and K operations on the computer ,

it is also necessary to evaluate the scattering cross sections

appearing in their definitions. From chapter II we have

~~ ~-s~~~( ~~~~ ) F~(-a
.
~ ) (32a)

I’0

o° 21*i ( 
6j”(t) ~

(X~~~t’) ~ - ~~u(r) J P.t(•&•4) (32b)

where c~j~ is the expan sion coefficien t from Eq (19) .  In addition , we V

• = 4-[ç(x14 &) 
~~

- c(r 1-~.~’)J (33a )
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j(~~,~a - ~ ’)= -
~~~ [f(r ,asL 6)_ f(’c ) _Jt .4~’) 

} 

( 34a )

where

c(!r~il dl ’) :: ~~ 
çS(~)( ~~~~ )~~~~ (VL.~~~~’) (35a )

~ ~r(~
)( .z~~;i )

~~~~~
•
~~
‘ (35b )

Substitutix~g Eq (35 ) in t o Eqs (33a) and (3kzr) yields

00

6~(x 4g’) i~~~~~~I 
q~ )( ~:~;‘ )[I~(~~&)+ ~(-~a..a1)

?~ 
ç~ )(’~~ )[~~ &~.‘ -

or

a~ (~
, 4~.&-’) ~ S

(
~
)( ~~~~

_) 
~ (.a 4’) (33b)

ftiitvt~

) 
c S(~)(~~~i)pt(.& a/) (3J+b) -

•

Thus , by comparison of Eqs (32a) and (33b) as well as Eqs (19) and

(34b) ,  we see tha t ~~~~ ç
S for I even and Sj”- :Gj’ for 1 odd.

Therefore , all the -scattering cross ~o c h i ’ i i  can be coded in terms of

29
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the known cru.~s sections which nay be ei the r  isotropic or aniso—

tropic in na t l i r - L .

Alo ng w i t h  the ~ ~i r J  K opera~ or~ and t he i r  assoc iated scattc-r ing

cross sections , the .~~V t e r m  of Eq (~~) wac alee coded as developed

in chapter 1.1 for two—d ir~ereional cylindrical ~ eo:ne t- r~~. In contrast ,

the source terms S i i i  ~~~as well  a~. the boundary term were not i: VLLI —
U g

ua t ed ;  they were merely ~at equal to zer -  in their  respect ive function

subroutines .  Several utility subroutines , which were written in order

to further modularize th e  computer  codii~~ , broug ht  the to ta l  number

of subrout in es  to Lt5.

The final step in applying the f in i te element method to the weak

form of the second—order even—par i ty  equation is the assembly of the

global phase—space ma t r ix  from the element phase—space matrices. This

procedure is complicated somewhat by the fac t tha t the global space—

• angle nodes as well  as the local space—angle nodes are located in a

1+—dimensional phase—space. The assembly subroutine takes this into

account by relying on two IE(e , i)  matrices , one for the angular

domain and one for the spatial domain , to determine the global

space and global angle nodes. Once they are calculated , they can

be combined to identify the global phase—space node corresponding to

a given local spatial node paired wi th  a local angular node.

Once the procedure for labe l ing the global phase—space nodes

has been established , the assembly procedure can be implemented

as follows. First , form a null coefficient matrix GA whose dimen-

sions are (# space—angle nodes X # space—angle nodes), or NSAN X

NSAN. Then for each phase—space element e — 1 ,2...,E perform the

30
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f o l lowin~ .u~~;. r~ i i - r the e l e me n t  coe f f i c i ent  matrix fANs~
e

- L Jm rodnn ,

where S tj i C  n u r r Ler of .~~wl t ial ~i ~des in the element arid n the

number of angular  nodes in t i l e  e l ement , ~y evaluat ing i~q (
~~ ) for

all possible combinat . ~~~~~~ ui  t r i al  funct ions , ~~ , and tes t -  funct ions ,

• Find the - :L e L a  phase-epace n ode-s corresponding to the local i ,

k sp a t i a l — j ,  1 angular node pairs. Pe~semble the local c oe f f i c ient

matrix into i ts  spot in t h e -  ~lobal coei m ic i e n t  matrix . In abbre-

viated FORTRA N not a t ion  the procedure can be best summarized by the

fo l lowing :

C
C LOOP OVER ELEMEN PS
C

D 0 5  e = 1 ,E
C
C FOR M LOCAL ANZ-MA l FdX FOR ELEME NT e
C

CALL GAUSS Ce , .  . .,ANSF)
C
C LOOP OVER LOCAL NOF)ES : GE~I’ GLOBAL NODES
C

DO k i = 1,m
I = IE(e , i)
D O 3 j = 1 ,n
J = IE(e , J )
DO 2 k = 1 ,tn
K = IE( e,k)
DO 1 1 = 1 ,n
L = IE( e,l) V

C
C ASSEMBLE LOCAL INTo GLOBAL
C

GA (I ,J,K,L) = GA(I ,J,K ,L) + ANSF( i,j,k,l)
1 CONTINUE
2 CONTINUE
3 CONTINUE
J+ COI’~TINUE
5 CONTINUE

,
~ I
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r
I

Of couree , t h e  .V eurc c-  terms would  be t rea ted  similarly once they

wore d c - l i n e d  in t o e - i n -  appropr ia te  subroutines.  The accuracy of the

gloLi~l source v - - et o r  and r-- l o n a l  coeffic1ent , matrix will u l t ima tely

depend upon the ~er i - ec  of nuner ical  ~iuadrature  used in the f i n it e

e lenen t  integra~ ion.~. Shen the ~loba l c o e f f i c ien t  u a t r - i x  and global

sourc e vector have ic-~n formed for  the assemblage of e lements , the

assen Lly process hac thua been completed.

I.
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I
IV Uonclw;jons and hecommendationn~

Thu computer app Lication of the finite element, method to the

second order even—parity form of the transport equation was partially

accomplished in thie work by the formation of 145 subrout ines which

collectively assemble the global phase—space matrix for solution.

Because it fails short of actually solving the transport equation , it

cannot be considered to he a t ransport code. instead , the subroutines

genera - I d  in this  work shou ld be thought of as one of the many approaches

p o e u ih l e  hi applying the method of finite elements. Of course, this

approach differs significantly from other similar approaches in that

it applies the finite elements in two—dimensional cylindrical geometry

and allows the use of anisotropic scattering. Both the cylindrical

geometry and the anistropic scattering introduce added complexity to

the calculations performed in the subroutines. Yet , the approach is

somewhat inefficient. This is due , in part , to the large number of

subrou tines and to the number of subroutines which had to be dupli-

cated. Inefficiency is also caused by the repeated calculation of

all local shape functions for a given spatial or angular element

when only one shape function is needed. A revision of this procedure -; 
-

should be considered in fu ture  computational refinements and improve—

m e n t  ~

As discussed in the last chapter, the four—dimensional nature of

the space—anglo phase-space finite elements increased the complexity

of the digital computations. The doubly subscripted trial and test

funations S.A . and S
K
AL led to four—dimensional arrays in the local
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c o e f f i c i en t .  r r it r  ix e i  I cu]at ions. ‘I heae tou r—d imen s iona l  arrays had to V. -

be compac ted to two di r i ie i i :  j o in ;  in~ the oub r out in cu  because four—dime n— •
- -

sional ax-rays could riot n~ ‘ L V ; e d  - i n  CDC -O~T kAN .

Additionally , boe-~iu-Je of the large numuer  of computations required

by the extra angular I e~ r - t i o n s  in the (~~ arid K operations , the sub—
U

rout ines in which they are (aLtcula t ed may use an excessive amount of

t ime.  it is recommended tha t t he calcu la tions perform ed in t he ope rator 
-

subroutines as well as the lower level routines utilized by them be

sLreamlined in order to increase their ef f ic iency.

In conclu5ioo , although r e f inement s  and improvements in the ~+5

subrou t ines of th is  approach can be made , and development of the

source terms and the boundary conditions term accomplished , a method for

the application of phase—space finite elements to the anisotropic even—

parity neutron transport equation in cylindrical geometry has been

presented.

3k
I,

L-:T:--; ~~~~~ -
~~~

-
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- • -
-

~~~~~~~~~

-
. 

~~~~~~



Bibliography

1. Huebnier , Kenneth H. The Finite hlement Method for Engineers.
New York: John Wiley arid Sons, Inc., 1975.

2. Kapor , Hans U., et. a t . “A pplications of F in i te  Element Methods
in i~eac Lor 1-!at}i ou-- r t i e ~ . N um erical Solution of I;he Neutron
Transport Equn Lion ,” Al .1,—~ 1 ~ • October 1 971i.

3. Miller , W. F., et al. “ t h e  App licat ion of Phase—Space Finite
Elements to the Two—Dimensional Neutron Transport Equation in
X— Y Geometry , ” Nuclear Science and Engineering,  52: 12—22 (1973).

4. . “The Application of Phase—Space Finite Elements to the
On e—Di m ensional Neutron Tran sport Equat ion , ” Nuclear Science
arid Engineering, ~j :  148—156 (1973).

5. Lathrop , K. D. “Remedies for Ray E f f e c t s , ” Nuclear Science and
Engineering, ~~: 255-268 (1970).

6. Bell , G. I. and S. Glasstone. Nuclear Reactor Theory. New York:
Van Nostrand Reinhold Co.,  1970. 

-

7. Bridgman , C. J. and Richard M. Roberds. “Application of Space—
• Angle Synthesis to the Two-Dimensional Neutral-Particle Transport

Problems of Weapon Physics , ” Nuclear Science and Engineering, 64:
332-343 (1977).

8. Kaplan, S. arid James A . Davis. “Canonical and Involutory Transform-
ations of the Variational Problems of Transport Theory , ” Nuclear
Science and Engineering, 28: 166-176 (1967).

9. Desai, Chandrakant S. and John F. Abel. Introduction to the Finite
Element Method. New York: Van Nostrand Reinhold Co., 1972.

10. Prenter, P. M. Splines and Variational Methods. New York; John
Wiley and Sons, Inc., 1975.

• 35

— - V - --

~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Appendix A

Com puter Subroutines 
V

r — — 

- 

~~~~~ — -~~~~~ --



SU~ P(”)1INE r~ I A 9 ( < ~1A ’( )
r’

- 4 4 ~ + 4. 4 1. ~ 4 4- 4 4 4 4 4 4 I 4- 4 4. 4 4 4 4

r’ I’~~f lh J Tf l F t~t~5..) ST~RFS < l A y  f A U S S T V J  Qd4D RAU J~~F RtJL rS , 4-

(~ ‘ J ’ ~~R~ 1MI X tI1i~ ~J ’J1~~F (
~F 0Ut~fl’~A TIJRE ‘O ’ NT~ DER O UA D RA— 4-

(‘ T I F  ~~~~~~~~ • ~~~~~X CC ~ ”h)T r~~~ Ec() 4
4 4 4- -. 4- 4- ~ - ~‘ + ~. 4- 4- 4. 4- 4- 1 4- 4 4 4 4- 4- 4- £ 4- 4-

C

r . c A O 4 -, K MA X
lF ( ’OA X . 1 ’T.’ ) G ~

) I D’
00 1 K~ 1, t <- - ’ ’~’<

‘( 1< )

T M t X  = I ( < )  V

c E A D ’  , ( ( ~~ V ,L)  ,3 ( ’~ ,L) ) ,L=1,IM.~X)
1 C O N T I N U E

r-c TO ~
‘ I N T 4 , ”~A X I M 1 J ~1 t~.. L r ) W A m LF ~J UMB Er~ OF OU Ar’~ AT IR E RULES

~~~ ~ .?

~ w 0

¶1J~~RC UTI”!’ QI)PS)~ 
r Z~ ’1L ~~, JRL )L E)

1 . 4 - 44 - 4 4 4  ~ ‘ ‘ ~t 4 - 4 4 4 4 - 1 4 .4 4- 4 + 8 4 - 4 4*

C ~“ r ~U i I~ E CD~ ULE 9:1 E~~iI~~~ S ~NICH fl~ THE A V~ I L A ~ LE ( ~ 
4-

r ‘
~~~ ~~I’-’i’~~ 

) ( I f r O .- T ’J~.~ S c T s  ‘S TO ~F ‘! ~~~ri FOR THE ~P~ T IA L 4- 
V

C ‘‘TE~
,
~ t T ~~OP•S CJr ’O I ,~T) ~~fl W H~~ II IS T Q ~ E USFU FOG’ THE 4-

0 t~ •~V U L A ~’ 3 N T ~~ TION’ (T ’ f l T NT) • • - 4- -

I 4 * 4- 4 4 4. 4 -‘ 4 ~ 3 4- 4 4 4- 4 ~
. 4 4- 4- N 4- 4- 4 4- 4- 4 4-

C

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~CO~~~
(- N /T E E / E ( c Q ) , ’ ( ! ~O ) / O t J A O P T’ , lP31NT ,JPfl INT - -

F E A D  , I~ Lt L~~, J~ ’J.t -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ T3 I
T POIP ’ T = I(1I~tJ L )
J PCp-: 1 I(J ~ UL~

) - 
- 

V

00 1 ,( 1 ,Ii~CI’IT
C (K )  = A ( I — - ” L ~~, ’<) -

11 (K) = B (Ir~IIL~~,’<
I C’)p~T~ N U F

00 ? L 1 ,JP O IP~T
= s(J’t~L~~ L.)

-
e 

F( L) =

? C ON TI N U E
• r •o Te L~

1 
~‘~~ iN’4-  ,“P’ t~X T M U t 1  HUM9C R OF 0U.~O~ AT U- ’~E RULES IS ~~ • -

• 
~~ f~STUr N

!NO

37 
. -

-V -V —-V ~~~~~~~ —
— -V — - - —

- 

-
~~

- - ~~~~~~ -~~~~~~ -- - - — -~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~



~ U b C T I 0 N  ‘) ( I )

4 1 4  . 4 4  4-~~~~ 4 i N  4 
~ 4 a - - f  4- 4 4 -  4 - 4  4 4 4 4 -

I’ IPtf’T] (~pi! C C$L~~t’L A i~~ ~~j r  CUAD ~ A T U ~~ P~~INT S FO~ THE 4

C ‘OlNT 1A .)i~ T I ~~E r~l J _ E 4-

(‘4 - 4- 4- 4- 4 4 4 4 4- 1. 4 4- 4. 4- 4- a 4- 4- 4- 4- 4- 4 4 4- 4 4- 4-

C

= r ( ~~)
C E 1 U R ~
~ P40 -

F’J t~
CTT I(h ~4 ( I)

C
C4- 4- + + 4 - 4 4 4  p 4 - 4 4 - 4 4 4  • ~ 4 p  4 - p  4- 4 4 4 4-

C ~~t ”JC ’IoN H C~ L~~’JL4TES T~4~ 0UA 0RATU c~ W~~IGHT~ FOR THE 4- -

C IP OPJT OII~~1JP.~i T - .J C~ET ‘~tJL E. 4-
0-4- 4 4- 4- 4 4- 4- 4- 4- 4- 4- 4- 4 4 4- 4- 4- 4- 4- 4- 4- * 4 4- 4- 4- 4- 4.

C
CO P ~ 1 C N / T w o / N ; o ) , r ) ( . ; o )  -

W =

P~ TUr• N
9

FU NC1 ION 1’)(t)
• C

C’ - 4- -4 4- 4 4- ‘ 4 4- 4- 4 4 4- 4 -~ V 4- 4- 4- 4- * 4- 4- 4 4- 4

C ~~~~~~~~~ C~ C ’ A L C U L A T r S  rt~~r ( ) U A 0 r A T U ’~ °OItl’S FO P THE 4-

C; JPOfl~T Ct ’~~~~.- T J ~~ F.~1JL E. 4-

C’ - 4- 4- 4 4 4 4- • 4- 4- 4 4- 4 4 4 4 4 ~ 4- 4 4- 4- 4. 4 4- 4 4 4.

C
C0 N/ T!-~P~~F/ E( ~iO )  ,e . ( c n )

= E(I) -

fr~~TU F~ ’ -

r u~-C~ I c p J W~4(I) -

C
C4 4- 4- a 4 1. 4 4- I 4. 4- 4 4 4 4 4- 4- 4- 4- 4- 4- 4- 4- 4- 4-

C C !I~JcflN .i W~ ~AL CU t 4TF S i~~r QU~ rI R A T U  ~E 4F IGHTS FO~ T H E  4-
C 1’f )IhT (1I ’ 1~ ~RtiI’R F r~’JL ~~.
C1. - 4- 4- • 4- £ ~ 4- 4- 4- 4- 4- • 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- * 4- 4- 4-

-
C C

Co~ M rN fT He ~~F/E(~~o) ,c (c o )
W W = F ( I )

~ETt I~ N
• END

38

~~~~~~~~~~~ 
_ _ _ _



V 
- -

cu m’~ (U1 I 14 n• ~~~~ (M ~~XP ,M A X~~, M A X H U , ‘l~~~CHI , P~, N S 4 p ,t1 ,M ,
‘f

C
C ~ ‘ 4 4 4  * I 4- V .‘ 

~ 4- S 4- 4- 4 . ,  4 . 4 - 4 4  4-

C ctP1~ f~j j I~ F A~~~~~~~~’V. T~~~I 4 I N r S  T~~E S T T r = N E S S ~ ‘t~~T P I X  AN O •

C “~~QA~~” ~J r c ~~o~ 
:- r) .\ ~

-
~~

-
~ i C~~t (’E—ANGLE °H~~~E— S PC~~E E1E~1FN T •

f A N D  ~~~~~~~~~~~~~~~~~ L
C c  

~uT’-4 1~ j r 0  r s.J r I< ‘~LO °A L  ~~~~~~~~~~~~~~~C ‘~ ‘1~ L 1~ CA1 L~~
() ‘4 1T -4 T 14 r IIA l( IM IJ M I1I!1l~~~~ OF ~~,7,ilIJ, ~N~) 4-

C C”1 ~ E~~H L i9F S  A~fl ‘~~II~ c .~~~t)O~
.
~~~W G ~ F PA ’,- c ,  T H ~ V c ~LUES4-

C ~~~ T’ff ( ‘ ~~~~~
-
~~ < (~~F P I~~J L- ’~ n O U E S ~N’) T~4~ ~‘U’ffi E~ O~ SPA C E —  •

C A NGL r  pHf S~~—~ ~ ~~~ Y)~~~S, ~~~~~ NJM1E~ D~ L O C A L ‘~~~~4P~-~~ FUN C
C Y~~ CN ~ - ,  t~ 

-, T k E  1~ ~ F L~~~~AL NO9F ~~ T~~t C E S .  4-

C L ( ~f l E L c f i  C~ ION IL ) f .~ HILIW IS USED ID T~~A N S f r r T  THE 4Nr ,IJ— 4-

C LA R  Mfl.~~ ~~~~~~~~~~~~~~~~ 1] ~~) I C~~T 0”  CA US92 .  4- 
4

C L~~°~ 1 ~~~~
- f C 4- ” I O N  “Li) C~( E V M C ~~ V T  s~~E’3 ~N~~U 1 A R  ELEMENI KL 104--

C F’ !t- ~C T I ( N  C’,~’i~ c ? .

NCMEP CL~~T ? J °~ F~~-~ ~~~~~~~~~~~~ .. 4- -

C ‘~~~X~
- , M A Y ! ,  iL-~~

’1J , ~‘f Y C W T  M4 -i~~T ‘IJM ‘~ O F MES ’-l LINES 4 -
C N~~N 4 - ’U M~~~ - D ~‘~‘DE S IN  T-~F PJ I1rIUL~~~ ‘~Q MA tU 4-

C N~ A~ = N1J I~~% 1-~~ OF r PA C E _ ~.CNCLE P H A S E — S P A C E  N O D E S  ‘

C = ~-‘U ~i~~~ P ~~ ~°~~T I A L  T E N T  F J ’ lC T I r n S R 11-4 FAP , 4-

C &I = 0U ~~~’Y~ L T I ( ~~, F ~~~C 1 ) I  4-

C ti i ”’ -
~~~ O~ ~~C ”LAP TENT F UI CT IO 4 - 4 3 4

C IF  = ‘ L o - ~A L SP~ T I P L  ~‘1ODF MVT RIX 4-

C JE — c.LO 1At. AN , ” I(R NODE ~ A TR !X
C SE ~P A T I~I~. ~L ’ - ~~NT N U P ~1~~F:) 4-
C A E A NG !JL~~ FLF P-” NT NU ”~~~ 4-

C ( 3M  cu~’i~~ 
,sT , r~ NFss ’ MA ’~~I X

C ( L O R A L  “L)A f l~ V E~ TO P 4

C 4- 4- -~ -~ ‘ 5 4  4 - C  I I - 4 I 4 - 4  4- I 4- p 4- + 4- 4 4- 4-

C -

CO~~~C N/ T L E M F N ’ / <L
• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

P!~ -F P’S1ON r~ ( l ~~ r ) ,~~~‘ (~~~X7) ,CAM ” (P4 ~~~~U ) ,~ CH I (M.~XCH I) ,$ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~c IN 1EC .EP 5E , A r

C
C T N T T T A L I 7 E  ~ L O ~~A L MAT RI~~F~~.
C

DO i, K1E ST = 1,1 V

V IE (Sr ,viFST) -

110 3 L~~E~~T j , ’~
I. J F (A F , L T E~31)
LV N LT EST  + (‘(1 S r _ 1 ) 4 - N
V I 1 + (~~_ 1) 4 ~lt ~~ -

( S ( K t ) 0 .
~O 2 IT R YAL ~~~- I ~F (~~~, I T ~’tA L )
00 1 JT~~I A t . 1, ’4

- 

- 
J = JE (A ’ ,JT S tAL ) —

JIN JT’-~IAL + (TT ’IAL— 1 )4- 4-J

• IJ = J 4 (1—1)~~~8~
GAC (L,I j I = 0.

• I CONT~~N UF
• 2 CO?1T Nt ’~

I COt’TTt!~IE 39

___________________________ ______________________ ~___V •~~~~•__ ~~~~~~~~~ -VV• V_V_ ~._ •_V_~__

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- 

V 
-

L~ CC’ t T ~ NUE
; ‘A X $~f r 1  = —

~f~X 7~~1 = M f ~X ’  —

= ‘~~X 1( 1 — 1
— 1

~A X S F  = t~~ X 7~~~~1L1~~-j l
M A X A I  P-lA y ~4 ( l - 1 1 4 Y i~~.4 M1

CA L L  ~ T L - J I. O , A ’ l ,~~’~J L e , C HT H I , M’~~ 1J, M A x r . 4 I , MAx ’ luM j ,
~ MI ) f ( ~~~~~~j  ,M A X  A~~, ~ 4i’i ,CCHI)

c
C LOO P O V~~ EACH EL~~-1EP r 14-4 P HAS E_ S PA C E .
C

00 12 I i , ~~A X 7M l
7LC C (I)
7H 1 (‘7 (1+1)
DO 11 J 1 ,~~A~~ .11

C R ( J )
PHj C < ( J . 1 )
PC Ii. V~~1, Y~~~l11

DO ~ L 1, M ’.X ~~J M 1
L + ( K _ 1 ) 4~ X M 1 J M I

C • 
-•

C CA LC (’IATE THE ft~~M r I T A L  PHA SE~SP~ CE STIFFP4ESS ’ MAT RIX.
C 4:

C A L L  f USS (~1,M ,1~~,~~~D ,rHI ,7L0 ,”lt ,A L O (K L ),4HI (1(L ),
R C~-’ I H I ( V L) , I L 3 ( < L ) , A NSF ,MN~~~)

C
C LCD1’ OV E- ~ LO C~~L ~~~~~~ GET GLO’~A L N3DES .
C

= J + (I—t )4Mt ~~~l1
• K’L. -‘

~ YTEST=1,M
KI( IE (SF,< T ~~ST)
00 7 L T F s T = l , 1
IL = JE (AE,LT Sfl
L K N  = L T~~ST + ( < T r S T ~~~ l ) 4 P . 4

‘(‘(LI = LI 4 ( ‘ ( V — 1 ) 4 - N ’ + N -1
r,~ (‘(‘(IL) = C~S( ‘(<LL) 4- A NSG (L ‘(N)
00 6 1TiUAL I ,M

IE SE,ITR I~ L
DO ~ JTQ !AL= 1,~
JJ J~~(A E ,J1UAJ
J1 14 JT’-~I~ L (1 10 t 6L_ 1 ) 44 -4
IIJJ = J-J • ( t I — i )  • l A P - I

C
C ASS E~~~LE LOC A L T~4TO ;Lr3AL.
C

GA (K Y LL, T IJJ ) = 1Y~(KKLt ,IIJJ ) + ANSF (L I<t4 ,J IN ) -‘

• c C.ON T ’ N IJ E
6 C’Th ]t~tI~
7 CON1 I N U E  4-

V 6 CONT INUE
9 COtITIP J I IE

V 10 C O N T T tI (J E . 2
11 CO NT ~~(~’~~
1’ N)N17N(IE

PFTIJ I~N 40

C- - - 
~

- 

- — 
___



SU’~kLU1 I’~E H I LO ( L L O ,  A H ~ ,rLo ,c I4~ I1y , l~~Y M t P ,”~~xC k I, ‘4f Y~~’JM 1,
~ U ( ~(H” 1 ,~iA X  ‘0 U , C’~I)C

C 4- £ 4- 4 4 ~? 4 4 4~~~~ 4~~~~4- • 4- 4 4- ~p 3 4 4- 4- V 4- 4- 4 4  4-

C S $P ° COt l T I t  F HIIC C~~L~~J T~~~’ TH A L O, ’~4r , ~~ O, A~4 D CH I— 4 1 V~~C — 4 -
C T O G S  Fe” - FI.C-i FL E l F- IT  ii “~-‘r ~~a(,’I~~P ~9~1( ~~ 

1.

C 4- 4- 4~~~~ V • 4 V •  • C C p V 3~~~~ •• • • 4- 4- -C 3 4- • 4- 4 - 4 -

C
DIM~ t~~IO 1  ~L D ( ~~~~) , A- ’ I ( ’ t A x ) , r L r ( . i e x ) , C w 1 H t ( M A X ) ,

~ Ct ‘~ ‘ I  ( - ‘A Y 4 h I ~~) , ‘-I T ~ 
1
~L “CH I)

C
C LOOP OV ~ E~~r H  ~~~~~~~~ ~ :LrP ENT A i ~D ~T D~~E T~-4 F -4 1 AN1 10
C V E C T C Q~’.C

09 2 I 1,MA ~(Ch 1M1. 
-

PD I J 1,~ IA X M l J It
1 E L E P NT  - i + (1 —1 )  3 9 A Y M ~IPl1
A L O c 1EL~E~~N T C~~4 i J~ I)
AH I  ( EL~~~~l 7 )  C~~M ’ 3 (  # 1)

C LO ( I F L F 4 - P I T )  C~~-l I(~~
)

- CH~~~ 1) ( I E L E ~~NT )  = CC II ( T 01)

I C0!~T ! t -~ ’~2 CO t~TiP -~’I~
i. r.1 ~jr N
‘ - Nf l

• SUBRC- UTINE GA U.3S( ~I,’1, P~’!, ~LO, P.kI, ’LO,7HI,LO, AH I, HIHI,
S C H ILC ,A tIS F , At ~SG )

C” 4 4 - 3 4 4 4 4 4 4- !  * 4 3 4 - 4 -  • ç f p  4 . 5 4 - 4 4 - 4 - 4 - 4 4

o I’1 FG~ A Tj 0N oF F(~~,7,9U,CHi).tR.O7 ,DMU.OCHI ~ Y G A U S S I A N  4-
C OJ A O P A IU,-E.  4-

C4- - • 4 -~~~~~~~~-~-~~~~~~~~~~~~ • 4 - 4 -  r * 4 - 4 - 4 - 4 - 4 -  $ 4 4 4 . 4 4  + 4 - 4 4 - 4 - 4 -

C - ~~ ‘ 
-

REAL 1NTGR)1 
- I

COMM0N /SPACE /X I’ (,~~TAL ITES1S/KT E~ 1,LTEST
C0HtlCN/0U4O PTS/I~~D I N T , JPQINT/T~~IA~~S / ITR IAL ,JT P.IAL
DI ME N SION I SF ( ’ 4 N ,~1N) ,‘N SG (MN )

C TIITIAL I’F AN SE M N D  ~~~~ Vf ~~~~~LE5 .
C

(10 1 ‘( TEST I , M
DO I LTEST :1,N
1Kt1 LTE3T + (K TE ST—1 ) 4 -N

• • - AN~’G (L’(N) = 0.
00 1 I T R I A L = 1 , 1
00 1. JTRI A L= 1 , 4-l

- J I N  = JT i< IA L 4 ( i T ~~I A L _ t ) 4 - , I  -

AN SF (L ’ (N ,JI’I) = 0.
I CONTI NUE

C
C SET UP COOROINA TF M~~PP ING OF ELEP qEN T IF, I = l,...,ME .
C

41

r _ - -  — — — — —
~~~ _ --.-——--------- - —- U—- ~~~~~~_- — 4-

— - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



C~\ L L  l t~~V ( ~~~L(~~, l1,~~~F~~~ ,zLO, ZH1, 7rA ~~,a LU , ANI, A FA O .~~)-lILo,

4- 
~~~AC • AFII C • CHIF,~C

C
r ~V t- L I A T E  ‘~r W  V u R T . 1 L r~I WH I H A R~ E~~’RESr:D IN T ERM S OF
C IHE I EGE MI ~~ ‘.0013 .
C

DO 3 I:1,I”OI~iT
X I I
00 3 J :1 ,IDO IPIT
FT~~J = 0 (J)
nrj I K: 1 ,WO INT
X I K  = ~M N)
DO ~ L 1, J 7 O I N T
F I L L  =

W EIG I-4 T = W ( I ) (J ) H W ( K ) 4 W W ( L )
C
C SET ~‘P TE~ IS T 3 ~E t ’ IT rG RATED A’ !fl C A R R Y  OU T I’ITESRATIO N
C PY C tLCUL ATING = SUM OF ~ 4-~~( X I , F T A )
C

CO 2 K T F S T I , M
00 7 LTE sT 1,N -

L T E S T + (‘(~ 
E S T_ 1 ) 4 -N

= A NS4:LK1 )  • WE I r,HT TN T~~~O2 (X IK , ETAL ,XII ,
‘ F~~PJ) FA C

00 2 I T R I -A L =1,M
DC 2 JT~ 1A L = I ,P1 - 

-

JIN = JT~~IA L 4- (TTF
~TAL — 1 )~~P4

ANSF LKN ,J iN A~4 S F t LKr I ,JItI + W EI HT ’1N IGRD 1 XI K ,
$ ETAL,XII,ETAJ )4-FA C
? CONTINUE
I CONTINUE

RET UP N
END 

- 
V

SUPROUTINE MAP (W LO ,WH X, W FA C , XLO ,X-4 1, X FAC ,Y LO ,YHI, YFA C ,
$ ZLO, 7 - 4 I , 7FAC )

C
C 4- + 4 4- • 4- 4- ~ 4- 4- 4- 4- 4- 4- 4- 4- ‘ 4- 4- 4 4- 4- 4- 4- 4- 4- 4- 4-
C THIS SURFOU TINE 0M°LJTF S T”E SCALING ?A C T O R S  W F A C , X F A C ,  4- 

-C Y~~AC, A N I  7FA C IJSEI) T O MAP C O O P O I W A T E S  IN THE w ,x ~ y ,7 4-

C DLAP I FS IP - T O THC i ’,X ’ c Y ,Z PLANE S.
- 

4 - 4 4 - 4 4  •~~~

C
COMM CN/MA P S PA C /A, 0,C ,0/MAPAN (,L /F,F ,G ,H
A = (WLO 0 W 1I)~~?.
A = (WI-I t - WLD )/? .
C (X-I-41 + XLO)/7.
D = (XHI — XLO )/2.
E = (YHI 0- YLO )/?.

• F = (YHI — YLO )/2.
G = (7HZ + 2LO)/? .
H = (711 1 — 7L0)~~2,

• 
42

I t  -

-~~~~ - — — - — -- V 

r
-~ V -, ~ •~V~ Vfl ~ •I~~~~~ ~4i —_____________________________



WFAC = A
)(FAC D
Y F A C = F
7FAC = H
I<FTLJF N
E ND

p

Et L  FtJt- L T j f l~ I T ~~RD IcY I~~,cTA L ,’(Ir,ETAJ)

— 4 - 4 I 4- . 1~ ~ 4- - • 4- 4 4  4- • 4 4 - 4

~ SU BR ’ ’ IT I l  — I ,T ’ ,I ~:t Cr ( ‘ J L~ ~~ 1-I~~ 1 IT F ~~-~A N O  r1E TH E ~ T ° EAM 4 -
- 

~~ 
I f  ~~ C C . . T ~ ~:.J ; ‘-I A~~-: ~~ -lCF P~~ A 1~~~~ T~~~ ‘ -I i’-~~ W E A V ~ F0 - ’ - t)~~

4-

~ ~~~~~~ 
C C ç ~~~~~ç (  •C _~~~~~I ~I I Y  c;~ :o~~ or iF? TR ~~!-4~ °O-~T EDt I~~T IQN . 4

C ~‘ 111 sCflJ T It F INT tY D1  U fl T H E FOILOW I f JNCT 1l~I SU~ /R S 4-
C - ODE LT ST ~N O C C S  4-
C OOVLTPL OPELTR2 4-

I~~I4 L TES T TF II A L 2  4-
~~~ -. 4 4  * 4 - 4  -~ 4 - 4 4  4~~~~~~~~~~ f 4 4 4  — 4 -  4 - 4 - 4 - 4- J~ 4. 4 1 - 4 - 4 4 -•

4-

( l E I N AL  31~~L1 - L , r)~~= L T P 2 , T r IA L ,T R 1 A L ?
Fl = r I ( ’ P ( O J EL T ~L,O~~E LT R ~?, X 1K ,E TA L ,X i i  , E T A J ) 4 - O I E L T S T

(Y ~~v , 1 ~~L, xI !,E T).J) 
- 

-
-

= r.C.(T ifl P~~,T~~~A L2, XI’< ,FTA L ,xT!, rAJ ) ’TEST (xIl (,ETAL ,

~ X 4I , E~~-4i )
F’  = 1~~I~~L ( X K ,E T A L , Y I ’ , E T P J ) 4 - T ’ T ( X I K , C T A L , X I I , ET A J )

4-

i~-~ir,i Di = Fl ~. I~~
) 

0

FNO H
~

FUNCTION K<U (FCT ,ECT~~,YIK,FT~~L,’(It,ETA J )
1’

* 4- 4- C
’ 4-- 4 4- 4- ~4- v ~ 4 + * 4- 4 .1- 4- 4- 4- 4- 4- 4 * 4-- 4- 4 4- - -

4- FUIICT ION ~~Vt . I TE~~
—1- PIES rHr VAL U E O~ T HE OP ERAT OP ‘(U. 4-

• 4 4- 4 -, 4- 4 — 4 V -‘ 4 4- 4 4- 4 4- • 4-- 4- 4 + 4. ~- 4- 4- 4-

‘C

fl~’T E Rt -~~L s~ r,1~~<u,Ecr 2 V

c v  c ( X I ’ ( )
7L 7 ( ~~t A L)

= 4-V LJ(X II )
CH I J  C91(F IAJ)

F~’j(’(1K,[~ AL ,Y!I,ETAJ)/X T(P< ,lL) +

-! Gi U- ?( ’-~I54 - ;A <” ,F C T ~’,RK ,7L, A’1’ ! !,CHIJ)
c r~~ N

4-

4
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1

~~~~ 
FH~. ’T I C ’ I I’I r 17( - ’t~~,~~rA L,~ T [,ETA J )

4-

C 4- 4 4- 4- - * 4- ‘ 4- 4- 4- 4- 4- - 4- 4- 4- 4- 4- 4- 4- 4- 4- 4-

4- ~~~~~~~~~~~~~~~~~~~ I i  ~ I: T ;~ 
-
~~~ ‘-:;(~~ C J L A  ES TN~ ~ . IT E  

~A N ’~ O~ T9~ 4-

C ~~~~ I l ~~~~ ~/ r ~~~1Oi - fl l I T (4 E \ ’ <  r ) D. p.I OF I ;- C C v r p J . C _~~~~~~~ ( 4 J T y  SECONI)
“ rI~~ J~~ L ~ 1r l ’~- r 1 r rnu~ T Iril. V

IT L1~~~1J  I II ¶
~ 11.1 ‘ - ‘~~~~~~ ~J E 5 1I-4~ F O L L I JW TV 1-1 J NCTI3 1-J SLfl’R’S 4-

C T E S T  - 4-
C R’<IJ OPEL TT 4-

C V : :I J 4-
E j C

~~~~~ T T O~~ i ‘ s i  . - i ~~~! lP~~’~~T~~’ oN ‘~~“ F’J?”TTIJ I I~ ’(U WILL  ‘- EQUIRE
4- ‘ 1 ~~~C~V IO~1 (~~~ E ~ I’ ~T !J~I~ O0 FLT ~~? API I TRILL?).
4-4. 4- • 4 4 4- 4- 4- 4- 4- 4- 4 4- 4 4- 4- 4- 4- 4 4- + 4- 4 4. *

r X~~~ P~~ L T i
~ T ( i  ~< ,r T 4 L, XII , 4J)~~ T Ec ~T ( g T< ,~~T A L , X I I , E T AJ )

F2 ~VU (cII ,X~~k,rT~~L,XII,ETAJ).r),F LTST (X I<, rTAL,XII,
F~~~J)

UJTGI C? = ~~ 4- ~~‘

~- E J ~ Jr . ~

C IJ C
~J c 1 ’ O t~ CC,(F~~T , rC T ? , X It( , E T M L , X I I , E T A J )

4 - 4 -  - 4 1 4 ~ 4- 4- * 4 4- 4 4 4- 4-- 4- 4- 4 4- 4- 4- 4- 4- 4- 4 4-

-~~ F I NCTION GG ~ET F- ~I•l~ S ~‘4~ ‘JA L ”E O~ T I E  OP~~~~ T O R  Gr,~ 4-

4- 4- •~ -4- 4 + p V. I -- 4- 4 4 4- 4 4- 4- 4- 4- 4- 4- 4 4. 4 4-

FXTF ~~N’~L Si~~MAG, EC T ?

71 7(E~ A L )
A 41’I = J1~- ’ I ~ ( X l i )
C I-l j J O’ -~T ( ’ T~~J )
CC = Xl (--K, ’L) F4:’T (YIW,EYA L, XII,E TA J) — G A U S ~ 2 ( 4 - IGMA G ,

FI T ?,~ ‘(,‘L , A H~J! ,IHI I)
P~ ILJ P ’I

FUI\ C 10t1 X T t - ~,~~
)

‘
4.

C 4- 4. 4- 4- 4- 4 4- 4- 4 4- 4 4- 4- 4 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4 4-
C r - I 4 -~~fl~~~ X T CA Lr U L4T ~~S !-I~ A rI ISOT~ uPIC T O T A L  C~~OS~ S ECT.  4-

C’ 4 4 4- 4- 4- 4- 4- 4- — 4 - 4  4- 4- 4- -, 4- * 4- 4- 4- • 4 a 4 4

C
XT = 1.
cN r ~

- ~~~~~~~~~~~~~~~~~~~~~~~~ - — — ~~~~~~
. 

~~~~~~~~~~
. 

~~~~~ - 

- -—

—~~~ - ~~~~ _•_i - - - 
‘ - ~~~~~~~~~~ - ~~~

4-
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I

F tJP , ’ T  
~

( -
~i ooE Lr~~L (~~I<, F A L  ,X t I , ET %  J)

C
C 4 - 4- 4- 4- ‘- 4 4- 4- 4- 4- 4- 4- -1- 4- 4- 4- ~ 4- ~ * 4- 4- 4- 4- 4- 4. . 4- 4--

C FtI ’-~CT IC- N OOT L I P L  ~ &L JL PIT~~ T HE OMF~~ 1)1 OF.. TRIAL  TERM 4-

C ( T H E  ‘~1 A ’-~lNG T ’~~’~) I ’I ~V !I~J0 ICAL ~O~
)
~ D!NtTES. 4-

4- 4- 4- 4 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- * 4- 4- 4- 4 4- 
4- 4- 4-

C
CO h 1 f N/ ~J 3 D~~c / 1 ,4J / T~~T~~L e/ I ,J

T~- I l L ( ~~~<, T A L , Y IT ,ET A J )
C A LL r11~!V (M,~~,I,J ,r)i ,fl2,p7)

~- (XlK )
A 1 - t J ( X I t )

CH 1 J = NIT (fl~~J)
I. —

¶NT( ’~- ) / ~<
C3~~~~L~~~~ PV L  ‘~~C3~~(>4 I 1 1 4 -  ( ( R ’ < 4 - D 1 )  #

~~~~
) — 0 4 - 0 2  + A ’I ’J I ’0 3

N
FP4 fl

FIJIIC IIOPI o n E L T P2 ( Y I< , r — A L , Y II,Er~~J)
C

4 • 4 4- 4 4 4 4 • 4- 4- * 4- 4 4 4- 4 • 4- I- 4- 4- 4- 4 4- - 4 4- 4-

C FuP~JC7 IC-N O r c T L T r 2  C~~L~~U L ~~T EI~ TH E UM C& 1)1 OFL T R I A L  TERM •
r (~~Hr S1~~~E .A ,ChI r4 r, T F- ~j~) IN CVI INO~ IC A L  O0~~DIN~ T E S  FO~ USE 4-
C’ T~ FUNCT IO~ GAU 5?.  *

C ‘ 4 - 4 -  4 4 4 4 - 4 4  4- 4- 4- 4 - 4 - 4 -  4- 4- 4- 4 4  # 4 - 4 -  4- ~

C
CO P4-fr~CN/NUDES/h4 ~~~~~~~~~~~~ , J / L P I IY’E/ J i
T~’2 T F ~I A L? ( ~’ L< , F T - ’~L ,V I I , E T A  J)
C A L L  f l C .~~ V 2 ( M , lI , 1 ,J i , f l I  , 0 2 ,0 3 )
F-K =

kP4111 = f4 M~ I (X I t )
CH IJ = CHI ( ETA ~J)
A = 1 .  —

~ C R T ( A )  / R’<
O O CL 1~~2 = ~4- f ’3 S ( ’ 4 I J ) 4 - ( ( R K 4 - D i )  + t~~?) — f34-’2 + ~, M U 1 4 - f l 3  1•
F!TUIW -

END

FI,PIC ION O D E LT S 7 (V I ’ (,FTA L ,~~II,FT~~J)
C - - - -

‘V

C4- -ç 4 4 4- 4- 4- 4 4- 4- * 4- 4- 4 4- 4- 4 .1 4- 4- 4 4- 4- . 4 C 4- 4- 4-

C Fl lP-4C T IUN 0PC LT ~ T C A L C U L~~T F ~ THE OMF~.~ ~~ T DEL T E S T  T E R M  4-
C ( T H E  SIt ~~ A M I P 1 C T~~~M) t ” ~ C V I  INfl~~IGAL  ~~~DIN~~T E ~~. 

4-

C ’ 4- 4- 4- 4- 4- 4- 4- 4- 4 4- 4- 4- 4- 4- 4- -- 4- 4- 4- 4- 4- 4- 4- 4- 4- *

C
45

4-

_______ V — ~~~ - — - - _________ - - — - — — — 
V - 

- -
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~~~~~H t

c - - -~ -~ / .; .H :~~~~/ 1 , J / ~~ ’~~~T ’ /K,L 
-

C ’ ~L L  ~~~~~~~~~~~~~~~~~~ ,i1 ~~~~~~~~~~~~
— 

~ (< 1< )

~\ ‘- I I I f~ ht I (I (lI )
CHIJ = (

~~ l ( F T -~J)
= 1. — A ’ -

~
I V ’ 4 -

~~

P ~ 4-~~T ( A )  / ! - <
C r ~~L T C T  - H I J ) 4 ( ( ~~’- !)1) 4- T s r ) — 

~~
4 - f l ?  

~ A HUI4-D3

‘ T ’ I~~N
NO

FUNC T ION T-~I~~L (XY ~~,rTA i,XII, ETA J )
C
__‘

_ 4 * 4 4 4 - 44~~~~~~~4 - 4~~~~ 4 4 - 4 - 4 - 4 . 8 4 4 - 4 4 4 - 4 - 4 - 4 - 4 - 4 4 - 4

C F !N C T I O N  T E I A L  C A L C L J ..41E5 THE VALUE ) T H F  T - U A L  S O L U T I O N 4 -
C ~(I)4A (J) .

4- 4 4 4- 4 4- 4 4- 4- * 4- 4- 4 4 4- 4. 4- * 4 4- 4- 4 4- 4- 4- 4 *

COM tlci N /T FIA LS/I ,J
COM P-1D N /T1N Tl/~~,OTD X Ii ,TTDF TA1 /T r~fl7,A ,DTQXl?,OTOETA2
CIM Ft - SIO ii S (l 6), r~(l€ ) ,nTDX I1 (j6hoToX I2( IS),

$ 0TJETA 1 (1r~) ,~~TOE TA 2 (1~ )
CA LL 1FN r FrJ C XI ’ ,E TAL ,~~,OTOXI1 , OT)FTAI ) -

C-A LL TEN rFNc (x I I , FT~~J ,~.,OTCX I2 ,’i1)FTA2)T R I A L  = S (I)4-A (i )

~ETUP N
E ND -

SU ~ PCUT INE SCALE C N , OT D X I ,DTOFT A ,A 4 - 1 J A C ,CH EFAC ,DTDCHI ,
$ DT 1’lIJ ,T ,CHI ,XST’I I

C
C4- - 4- 4- 4- 4- 4- 4- 4- 4- 4- * 4- 4- 4- 4- 4- 4- * 4- 4- 4- 4- 4- 4- 4- 4 4- 4- 4-

C ‘ -~IS SUBPOUTINE CA L CL i LA T ~~S, FOP A GI~/F N E LEME” IT E,T HF 4-

C ~)F° IV A T I V E  O~ THE TEST FUNCTIONS” , 1(I), WIT h RESPECT 104- V

C CHI A N D  P~U 8Y SC~ L T h C  T HE VALU ES OT~~~I ND O T O ET A ~Y 4-

C ( 1FTA/ O C HI )  = 1./CHIE4C A N~ (OXI/D MU) = 1 ./AMUFAC. AD— 4-

C ri:TI0NAU Y , X SIN = T-I E ‘A °T IAL  O E~~IV ~~T t ~~ OF 1 (1) 4- 4-

C SIN (CHI) WITH RESPEC T T O CHI IS C O M P J T E D .  4-

C A P’ U FAC = CC’~LINC ’~ ~~CT)P SUP~ L I~~) ~ f SIJBROJTINF MAP. 4-

C CHIFAC = SCALING FA C T O R  SUPPLIED IY SUBROU TINE MAP. 4- -

p C4- ‘ 4- 4- 4- 4- 4- 4- * 4- 4- 4 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4-

C - - -

~~~~~~~~~~ D T O X I ( 4 ) , ’ ) TD rT A ( P , ) ,OT’)lJ(’f l,OTO C HI( N) ,T ( P l ) ,
XS IN(P’l )

00 1 1 1,N
flTOCI-’I (I)=OTOFTA (I)4- (1./CHIFAC)
OTOM I (I ) :O TOXI (I )4 - (1 ./AM IJFA C) -

XS IW (I ) -O T 0C H I (I)4-SIN (CH I)+T (I )~~~)S (CHi)
I CO (4TINU ~

RE TU F N
END

-

~~~~~~~~~~ 

- _ i 
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SUBP(UTI4-1E TENTFNC (XI,ETA ,T,OT fl~(I,OTDET4)DI M E N SIO~’4 T (1 ,O TDxr + ,OTrETA ~~~)
C
C4- C 4 4 4 4 4- 4- 4 4- * 4- 4- 4- 4 4- 4 4- 4- 4- 4- 4 4- 4- 4 4- + 4 4 4.

C 1-ITS SU r3 FO ( ITIN F C A L C J L A T F S  THE VALU E S E)R THE TENT FtJ ~JC— 4-
(~ ‘~~rj NS AN C THEI~ D EkIV A T t V E ~ ON THE O A S I S  OF A CANONICA L 4-

C ELEMENT WHIC-I 15 A L!NE~~ SFREI’~O IP IT f  ~ FC TAP - ’ L F  W ITH 4-

C ~J4-DF S AT (XI,E TA ) = ( — l , —1 ) ,(1,— 1 ) , ( 1 , l)  , AND (—1,1 ) . 4-
C4 4 - 4 4 - 4 4 4 - 4 4 - 4 -  • * 4 4 4 4-  4 - a  ‘ 4 - 4 - 4 - 4 - 4 - 4 -

C
C C’LCULATE THE TEll FJNCT IO NS 1(I).
C

T ( 2 ) = ( l . +x I) ’ ( 1 . —~~1A ) / ’ ~.T(3)= (1.4X1)+ (1. +ET*4)/4.

C
C ~~ 1CULAT F THE D E R I V A T I V E S  OF THE T ( I)  ~4 ITH  RESPEC T TO XI.
C

IDT OXI ( 1) = ( F T A — 1 . ) / L..
DTDX IC7)=—DTJXI (1) V

OTOXI (3 = (1.I-FTA )/1..
OTOX I (.)=— DTDXI ( 3)

C
C C~~LCULATE THE i ) E P IVAT IV ES OF THE T ( I)  W I T H  RESPECT TO ETA.
C

D T O E T A ( l ) = ( X I — 1 . ) / 4 .
DTQE1A (2 )= (— 1. —Xt )/k.
DTCETA( 3) =—DTDEfl (2)
rTOFTA(~~)=—OToET A( i) -

RETUPN
EN D

FUNCTION TEST (XI~~,ETAL ,XII,ETAJ)
C
C4 4- 4- 4- 4- * 4- 4- 4- 4- 4- 4- 4- 4- 4- 4 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4-

C FUNCTION TEST CALCULA TES THE VA LUE 0 THE TEST SO LUTION 4-

C S (V ) 4A f l ) .  - 4-

C. 4- 4- 4- 4- 4- 4- 4- 4- 4- -4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4 - -

C - -

CO MCICN/T FSTS/K ,L - -

COt*ION / T E N T I / S , D T O X I 1 , P T O E T A I / T F S I T 2 / A , DT fD X I 2 , D T O E T A 2
D I M E N S I O N  S ( 1 B ) , f t ( 1~~) , f l T D X I 1 ( 1 6 ) , J T D X I 2 ( j ~~) ,  —

$ OTDETA1 U c
~~,DTDETA?U6 

- 
-

V C A L L  T[NT FNC(X IK, !TA L , S ,DTPXI1 ,T’IT r ) FTA l )
CALL TFNTFN C (X II, ET AJ, A ,OTDxI2 ,DflETA 2 ) I i
TEST S (K)-’A (L )
PF TU~ N
END

147 .
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I
J:~~( ‘ ‘T l~~E DE~~1 V ( ’ ~ ,1, I , J ,O1,02 ,)3)

C
(‘4 - 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4 • 4- r 

~ 4- 4- 4 4- 4. 4-

C Ci u1- L~~J L A T E S  T-I~ v~ Lur PA~ TI4L(~~’F~~T)/ FAR TTAL (P) 4

~ Y~ ’ EA  ~It :t: IN T~$ [ 3 1 -~~ -~~ t I G  T~~R’1.
4- 0? Ct uL~~r~~C TH ~ v~ Lu’ PA ~ T IAL(~~~T 4 - S I t 4 ( C H T ) ) / ø A R T I A L 4 -
“

~ “-‘I AP~~E( RI ~~~- . IN THE TI ~~A “INC T I . 4-

~~ C ( L C U ~~~I_~~ 1H~ V~~LIJV PA~ TIAL (~~CT)/P~~~T t ~~L (Z) A P— 4-

C ~~ 4~RTNG iN T ’ 4 ST~ .~~~rI~1 TERM. *

C~ 
4- 4 + 4 • 4 4- 4- • I 4- 4- . 4- $ 4 4-- 4- 4 4- I 4 4- 4-

C
CO ( N / T ~~~~1/S , Jx t , D ET A / T r / 4 -~,t-~A Dx ! , D4o ETA
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
~I:iFi~ T O r ) S D X i ( 1 E ) ,1E T 1b) ,~~3 J 7 ( 1t~), DS~ir~( 1 F4 ) ,

~

A C !~~ ) , O~~J’1tJ (1~~) , ) t Z O~~I N ( 1 6 )
CALL S C A L ( 4 1 ,f) S4) x I, )Sf l rTA ,~’F A C ,!~~~C ,DS OZ ,DSDR,S, 7,
$ 0~ OSI~-i )

C A L L  sc,~_ : u , j 4 D ~ r ,  O r T A ,A EA C , ~’:A C, OAD C~~t ,DAD* 4 LJ ,
C A.C~-’I,U-J) IN)

Dl = A ( J ) 4 - - ) S f l R ( I )
02 = (I)~~)A ~~S IU(J)
03 = A (J)’0S07 (I)

~ET(J~~N - 
- -

E N D  -

EU9F V (;UTINE DE~~LV ? ( ’ - I ,~1, I, J,)i,D2,03)
C
C4- 4- -4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4 ~ 4- 4- 4- 4- 4- 4- 4- 4- 4- + 4

C T - ~~S SUP~ CU 1IPIE IS J~ F0 OX FUNCTION DOELTR2. 4

‘~l C,LP’U_ .~TrS ~~~ v \ . . t ’ r  PA~~T I A L ( R 4 - F C 1 ) / P A ~~T i A L ( R )
C ~~ °EARIt~C~ IN I-IF ST R EA ~~I~IC TE PMS 

- 
-4-

C P~ Cf L C U L A ’  ES T H~ V 4 -
~L U ~ PAPT Y A L ( F C T 4 -  S IN(C HI) )  / PA F- T IA~~’C CH~ AP~~FLR INr IN THC• 

~T U~A N IPlG TERM. 4-

C ~Y3 C! LC LJ L~~T~~ T H ~ V -~LUE PA PTIAL (FCT)/PAPIIAL(7 ) ~P— *

C PCI~R ING IN T ’-’~ ST~~EA~~IN TERM. - 4-

r’-~ 4 4 ~~ 4- 4 , 4 .4- 4- 4 4- 4- 4 4 4 4- ~ r 4- 4 4- 4- 4 4- 4 4 4- 4

C -

CO !~4 -M ( N/ IE: 1/S , DX I , D r D ET A ,T E I r TW 3 , A ,D A D x r , D A O ET A
CO~i9( N / h t ~PS PA C / A c~ , P~ AC ,C, ZFA C/M~ P~ ’432/X , A~~~C ,V ,C FAC

p DIMfl S1C~ USJXI (L),0~~~ETA (16),’~S)T(l(~),OSJR (1F),
~
$ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C A L L ~ C 6 LE V- 4 ,O SO~’t , )S TA ,cFAC ,~~~ .~~,DSO7,,SO~~,S,Z,

~ D~ C~~IC,)
CALL SCA ..E(-’4 ,OADX I, DA T A ,~~FA C, C~~~-C ,DAf l~’ -II, DAD MU ,

t A ,C~-4I,O(-.DSI 1)
01 = A ( J ) 4 - O S J~~( t )
02 S (I)4-1APCIN (J )

~fl3 = ~ (J ) ’ 1S D7( I)
RE1U~~N -

END
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FU~.C1 IflN T - ~I-~L?VUK,E T~~L,X II ,ET~~JC
4 4 4- 4- 4- 4- 4- 4- 4- . 4- 4- -4- 4- 4- 4- * * 4- 4 4- 4- 4- 4 4. 4 4

C ~~~~~~~~~ T~~1IL 2 C~ L~’UL4TE~ TH~ V A L U E  OF THE TR IAL SOLU— 4-
C ~~~OF1 S (i )4A( LO~~AL ) ~C ~T NUMERICAL LY N T F G R A T E P  IN
4- F I N CT IO N C U’ -~?.
C- 4 - 4 -  - 4 - 4 -  4- * 4- ~ * 4- 4 - 4 4  - 4- 4- 4 - 4  4- 4- 4-

C
CflM’-’( N/ T v  I.’~LS/ 1, J/ LV ) O /LOCAL
C O M ~~( N / T T l/ ’~ , O T D X ! I , ) T D E T A 1/ T ~~4 1 T T , 4 D / A , f l T P X I 2 , D T O E T A 2
P I - : F~~~I U - 4  ~~( 1e , ( 1~~) , r T D x r l c l ~~~, D r J x I 2 ( j ~~) ,

)T r T 4 I ( l ) ) ,~~T o E T A 2 ( l c ,, -

C A LL T~~N~~~N (X T ’ < ,E T \ L  ,r ,DT O X T 1 , , 1) E T A I)
CA L L  1~~N~ F1C (VIi, E T~~i ,i.,fJT3X12, ITDET42 )
TRIAL? = 3 (I )4-A (LDC~~L)RE 1Ur N
END -

FUNCT lOt) SIGMA K’ i (R ,Z ,A MU I ,CHIJ,AIUK,C HIL )
C -

04- 4- 4- 4 4 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- * 4- 4- 4- 4- -4- 4-

C T-41S FUN (’TION EVALUATFS T I-I F •
~I((~~ MAI”~ OSCO PIC CROSS SECT. 4-

C” 4- 4 4- 4 4- 4- 4- 4- 4- * 4- 4 4- 4- 4- 4- 4-- 4- 4- 4- 4- 4- 4- 4- 4 -4- 4- 
—

C
A M UNCT U7 E R O ( A - ’LJ I, ”HIJ, AMUK , CHEL)
P1 = 3.i61~ 9 265 3~

C S IG M H< t J  = 0.
I = IFOPEL(Ir)Utv1y)
TF (L .FO.O)i(ETURN
00 1 1 1 , L , 2
!I G Mf KU = SIGIIAKJ + ( 2 4 - I . 1 ) 4 - X S ( R , 7 , I ) 4 D O L y ( 1 , A M U N O T )
$ /i../PI/(XT (R,7)—XS( P,Z,I))

1 C O N T I N U E
PET IJF N
END

FUNCTION UZERO (U,X ,’JPPIME, XPR IM ~ ,
C
C4 - 4- 4 4 4 -  4 - 4 -  4- 4- 4- 4 4  4 - 4 -  4- 4- 4- 4 - 4 -  4 - 4 -  4 - 4 -  4 - 4 -

C rJ I - J CT IOW UZERO COMPUTES TH E VALUE MII-Z F~~O FOR THE TE RM 4-
C (V IEGA 001 OMEGA PRIME IN CYLINDRICAL ~OORDIP :ArES . 

4-

C’ 4- 4- 4- 4- 4- 4- 4- * 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4- 4-

C --
7j .  1. — U 4 - 4 - 2
72 = 1. — UPR IME4-4-2
ox x - XPRIPI E
UZERO U 4- UP R IME + SORT (Z1 ) 4- S~~P T (Z2) 4- COS (DX )
RETURN
END
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F U N C T I O N  SIG t 1A G ( ~~, 7 , A M U I , C H I J , A M J < ,  C H I L )
C
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C
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IF(L.LE.1)  RETURN
CO 1 1 ? ,L,2
SIG MA G SIGMAG + (“I+1) XS (P,’,t)4 -POLY (I ,AM IJP4OT )
$ fL  ./PI

I C O N T I N U E
R E T U R N  -

END

FUr- .C~~ICN ~~~~~~~~~~~~~~~~
C
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C
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FNO
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‘ 
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C ~~~~~~~~~~~ - 4-- -

‘-,~ 4 4 4- * 4 4- 4- 4- 4- 4- 4- 4- 4- 4 4 4- 4- 4- 4- 4- 3 4-. 4 4- 4- 4 3

C x~ = i .
IF (L  • CT • Q) XS 0.
FE T IJ F N
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V

A ppendix 13

~~~ V j v : I ~~i.~~~ 
~~! I Itc ~1eak i-rn of ~~ e Transport Equation

Vro rn I u r- I I ~-~c have t h e  func t ional

cD
Flu) * 1D[<_

~~
,
~~~~’> + <u~1G3 u.>

r
~~~~~~~~~~~~~~~~~~~~~~~~ 4

~ L [ ( 4 X u~~~]~~ 
(2 3)

where ~~~~~~ ~~~~~ and * stands for the complex conjugate.

We want to --ti ~ w tha t~ F(u)>F(~’) where U~~-4’
4
~1 

and l�O. From Eq (23)

afove, we have

F V’~~ 
(B-i)

+ 
Jç~~~

( ~1I ~~~~‘V1)>

j ( . 1 (B- 3)  F

+ JD4(.
~ 

cii) , K~~
L.q 1)>4r (B-k)

+ <‘~‘~ G3 II’> ~~ (8-5)

+ f ~ *, G~~
) ~~ (8-6 )

4-

. 

+ ~ 
G3 ~ > ~ (B-?)
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I

’ 

* 
‘D <~~% G~~’

) &~ (B-8)

_ 2 J
D
< , K

~
S
~

>S
~ 

(3-9)

K~S~.>~Lr (B-ia)

(B-li)

(
~ ,S 3 > Lr (B 12)

~11 ~~~~ 
~p~t d& â r

42f f  k~i~,I ~~~~~~~ 
(B- -ik)

• +jj f~_ 4 -~ IT ll ~& I~ (B-15)

It can be seen that  ~ (B— i) + Eq (3-5) + Eq (B—9) + Eq (B — l i )  + Eq

(B—13) equal F(4~). Since the operators U , 
~~~ 

K
g~ 

and K are self—

adjoint, tha t is ,

<f( ~ , Gs ~~
) = <G~ ~~~~~~~~ ‘ ~~~~~~~~~~

we have terms

(B—2 ) = (B— 3)

and

(B—6 ) (B—7)
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1}i .~ rt~- ( - i ~~ , ~V (~~L V i . ~ V - 
4-

4

( Li— ’ - )  -
~ ( t ~—~~) = (Ii —~~) ’ + ( h — ~~) =

aV ! V u  WE - lL11d ~L;~~

F(9’,~ ) F(’/’) (A )

+ 2Ff ~~~~~~~~~~~~~~~~~~~~ Re<1, G~~ >
L D (B -3)  (8-7)

(B-R~) (B-I~2)

+~~~~f j ~~L-l~~~~J~~’1 ~~r J  
(B)

(B- 14)

+ [ f [ <~~~~~~ CV 1
, K ( ~~~~~

.
~~~~~~~~~ ) > +  <~~,G~~)]~~~

• (B-4) (8-8)

~~R’ -~~
)I’1~ ~ 

( C)

(B-15)

Because the operators U , U , K , and K are all j~~; kl  ivt~~W~tinite , the

terms (B— k ) , (B—8 ) , and (B — i 5 )  in the bracketed (C) term are positive

as long as is not equal to zero. Thus , t he (C)  te rm i~ pos itive.

.~imi1arly , the operators (3 , U , K , and K are real operators;

they give real results when operating on real funct ions. ~~~. as long

a~ we use real functions and ‘V~ , we cai~ drop the two Re ’s in the

bracketed term (B).

U .~ ing the property
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(B- 16)

the ( 13— 3)  and ( B — l u )  !c ~r rn -- in the bracketed term (B) can be wr i t t en  as

‘D <~~~~~~[KJ~~~ ~
} >

<(~~
-
~~)~~ ,K~~ .v s~> ~Lr (B-3)’

and

~~~~~ <(~~~~
) K aS~~>~~~ (B-ia) ’

Bracketed term (B) thus becomes

2f{ < 4-v [~~(~.~~)J>~ <~~1 G~~~>

+<1,~ i. v(IçSJ>_a< 4rL S~~~} ~~

~
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2f[<~~- [ K ~~~
.
~~~)] +

• +2~~~ -
~~r~~ ~ ~~-~)[K -v

E 13 ( 17) , ( l ba) , and ( l 8 b )  of Chapter Il are now applied to force term

(B ) to zero. Thus , F(~k-~1) is indeed greater t han F(tk~. C-i’he resulting

weak form ot  the transport equation corresponding to its variational

formulation , l-L 1 (2 3 ) , ~~~~

‘D I<~~~1, K~(~ )>~~~~~~~G~~~> J ~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~r (2k)
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