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ABSTRACT

)

With the rapid development of high energy, coherent, monochromatic
laser sources foreseen, the interaction phenomenon between two such sources
is of fundamental importance. This work attempts to treat the above
interaction by the use of the Lagrangian for a strong electromagnetic
field. The quantum mechanical effect of the scattering between plane light
waves is simulated within the framework of classical theory under the
assumption of an effective non linear interaction between the light waves.
The scattered fields are solved for, and expressions are obtained for,
the scattered power.

\

RESUME

La mise au point dans un proche avenir de lasers haute énergie
a2 lumidre monochromatique et cohérente, rend trés importante l'&tude des
phénoménes d'interaction entre deux faisceaux &mis par ces lasers. Cet
article essaie 4'interpréter cette interaction, en faisant appel au
lagrangien d'un champ &lectromagnétique fort. L'hypothése d'une interaction
efficace non linfaire entre des ondes lumineuses planes permet de simuler
les effets quantiques de leur diffusion dans le cadre de 1l'électromagnétisme
clagsique. Les &quations des champe diffusées sont ré&solues pour obtenir
1l'expression de la puissance difZusée.
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INTRCDUCTION

Heisenberg and Euler [1] and Weisskoff [2] have shown that
clarsical electromagnetism becomes a non linear theory due to the possibility
of pair creation. The non linearity results in a correction to the classical
Lagrangian L_ = 1/2 (E?-B%), which results in non linear Maxwell equations.

Thus, electr8magnetic fields interact with one another and the effective
scattered fields may be evaluated.

In this work, the Lagrangian in the strong field limit is used
to discuss the scattering between two focussed p’ane waves. With the
development of highly powerful sources it might become possible in the
near future to generate intcnse electromagnetic fields and thus provide
concrete experimental evidence for the interaction of the waves. Optical
lasers show promise of such development. The energies in the visible
range are much lower than the electron rest energy mc?, and the quasi-
static approximation can be used throughout. In such an energy limit,
the radiation cannot see the structure of the interaction and using some
of the results of earlier papers in quantum electrodynamics [3], the
interaction Lagrangian can be added to the classical Lagrangian density.
It is well known [4] that the ratio of the non linear term L, in the
Lagrangian to its classical value L_increases logarithmically for fields
greater than the critical field. H8nce it was concluded that a semi
classical approach along the lines of McKenna and Platzman [5] may be
reasonably appropriate to investigate the non linear effects in the strong
field limit. It is shown that the non linear Lagrangian gives rise to

a fluctuating current and that the charge density, unlike the case in
the weak field limit [4], vanishes.

The fields F (E, B) are assumed to be slowly varying and satisfy
the conditions

h ._h |3F )
me VF|<<|(F sme2 137 << L

arcund the optical range of the spectrum. Slowly varying fields as is
known cannct create real electron-positron pairs in practice unless there

is pair production by a large number of soft photons which is not considered
in the present problem.

T:e non linear electrodynamic effects can be described with the
aid of a field dependent dielectric permittivity and magnetic permeability

vacuum which are obtained from the electric displacement D and the magnetic
induction H.
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The non linear source terms are introduced into the extended
Maxwell equations. The scattered fields are obtained by solution of the
reduced wave equations in terms of integrals over the derivatives of the
current distributions. The variables are evaluated in the retarded time.
Estimates are made for the changes in the dielectric constant and the
magnetic permeability. It is also observed that the phase velocity can
be greater than the velocity of light in vacuum. The expression for the
scattered power is derived as is the ratio of the power in the scattered
field to that in the incident field. The system of units in which
h = c =1 is used unless otherwise specified.

Non Linear Maxwell Equations in the Intense Field Limit

In order to formulate the problem at hand i.e., the interaction
of two electromagnetic waves, we must use non linear, in contrast to the
generally used linear Maxwell equations. Thus, the Lagrangian density cannot
be a quadratic function of the fields and therefore differs from
L, = 1/2 (E*-B%).

The Lagrangian for any arbitrarily strong electromagnetic field
which satisfies the conditions given in (1) is given by Akhiezer and
Berestetsky [4].

2 - "4 v o LD d
_e dn e n[: Cos n v E*“ - B*° + 2iE*B#*+
L =8 J n¥ in(e8) { Cos n vV E*° — B** + 2{E*BA-

-

Cos n/E#” - B¥" - Z0EWR* )  m»  n?(B*-E%)’ (2)
Cos NVE¥* — B¥* < 2iE B er "3

e

This Lagrangian was originally derived by Buler and Heisenberg [1], and
is a function of the two independent variables E2-B?, We differ from
the notation of Akhiezer and Berestetsky [4] in that we use B instead of H.

In the case of weak fields, L1 reduces to

212 by
L = Z%‘ [%?F] E%-EEZ-BZ)Z + 7(53)‘| + - - (3)

?
where %F = o is the fine structure constant, in the mass of the electron

and E and B are the electric and magnetic fields. This Lagrangian was

used by quite a few authors to study the non linear interaction between
electromagnetic fields in vacuum. The Maxwell equations that result from
such a choice of the Lagrangian are non linear and describe well the inter-
action of low energy photons. McKenna and Platzman [5] have used these
equations to derive the counting rate for the scattering by light in the
presence of classical static fields and a semiclassical approach to derive
the cross section for the scattering of light by light in the absence of
external fields which was already derived quantum mechanically ([6].
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3 1
For the case of strong electric and magnetic fields f
£ B v ]
E* = 22 >>1 and B* = 33 >>1, (4)
m m )
; with polarization such that E*B* = 0 and the Lajrangian l.l is given by: '
‘ 1
2 2 2 2
L S S | Ln Ezi- + terms inm, € ~ - - - - (5)
1 6rn 2 F*_. N
crit ]
The terms independent of E and B are neglected. F is the critical

field strength and is given by F = m¥/e. L jerit obtained from the

criginal Euler-Heisenberg Lagran§iaf [2] for thd case when E2-B%is small = 0.
In the case of either zero electric or magnetic fields, L1 again reduces

| to (4). »
|
! 2 2 i
; L = oB” in E}r——J for E = o 1
1 1 12n crit :i
2 2 :
L =- QE_ Ln [E /Fz ] for B = o (6) I
! 124 crit

e
oy

For the case of the initial fields being the sum of the fields due to two
plane waves, L in equation (5) corresponds to the case when the polariz-
ations of the !plane waves el, 62 are parallel to each other.

' In the case of perpendicular polarizations, the situation is reversed;
E2-B% = 0 and E.B i3 large when the intensities are large. The Lagrangian
in this case is obtained from (2) and is given by:

L= (BB, [ra.la/p2 ) G
; z 24 crit

e
h 'Y

Equations (6) and (7) contrast strongly from (3) for the weak field case.
The electric displacement D and the magnetic induction H are determined .
from the equations: i

et Lo
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B
ad

D=y sm=- ®

where L = L° + L2 for perpendicular polarization. Hence, direct different- .
iation gives . .

D

6N crit

. a (E2-B?) a i
i Bi - — Ei [1 + La [ /Fz }]- Bi - -6-;5Bi (9a) |
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2 2
Ho=8 -2 B [1+in|C B -8, - 248, (9b)
1 1 e crit (34
for the parallel polarization case, and
o . o
Di = Ei + —2: Bi F + Lkn [E.B/F’ H Ei + . GEi (10a)
— crit )
H. =B, + 2~ E. 1 +Ln E.B, =B, + .‘l‘-ssi (10b)
T Sl F2 - 2w

crit

Equations (9) and (10) differ strongly from each other as well
as from the expressions for D and H in the weak field case, which for
arbitrary polarization states are:

D=EF+ 4; lz- [2(E2-BHE + 7 (E.B)B] (11a)
''m

R Tén-ﬁé[z(ez- B2)B - 7 (E.B)E] (11b)
m

and D and H are related to £ and B by the following relationships.

D, =¢, E (i2a)

=B,/ (12b)
K My

X
)

Our notation in (12) differs again from that of Akhiezer and Berestetsky
[4] ang conforms wigh thag of Adlex [7] who has derived expressions €or
D and H instead of D and B a5 was done by Akhiezer and Berestetsky [4].

A comparison of equations (9) and (12) shows that

[ n2 n2
e, =6, {1-% - 2 pn|€E°-BT 1} (13a)
ik ik bn 6n i Fcrit :
R r2 o2 4
uill( = Gik{l - g'_.. - .u_Ln (E -B )/p2 }
6n O crit

whereas comparing (12) and (20) gives

B
e, =68, {1+ & iy, Ln(B'B/ 2 } (14a)
ik ik 2n Ei Fcrit)

1
r_ e = e e
-2
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Hik Gik‘l

[

g |2
Wlp.l'ﬂ

1 + tn (E. B, } (14b)
Fcrit)

in the 1limit of strong field intensities. For two plane waves with
polarization vectors parallel to each other, E 2_82=0 ard for

\

i

2 2
1__0_t=a_Ln[(E -B )/F2

sm  €m crit)
2
i.e. LnI(E -8* )/F = 6 n/a (15a)
( crit
we have £, = u;‘ = 0 in (13) (15b)
k k

For (15b) to hold, the fields have to be almost infinite. which
is also true in the case of perpendicular polarizations and is ai almost
improbable physical situation.

In the weak field limit

1 2
€. =6, +—L {Z(F -B*)8, + 7B,B, } (16a)
% % asnm* Ix i’k
wlz8 4 —l——- 2(62-B)68,, - 7E.E 16b
Mk = St e {2(2%-8%) 1Ex! (16b)

An extended set of Maxwell's equations occur due to the inclusion of non
linear term:z and arc of the form

S |
VXE= Ty (17)
+> =+

)
VYV xXH = ~§—t— (18)
+> >
V'D=o (19)
> o
V' B=x=o (20)

McKenna and Platzman [5] have shown that no scattering takes

place between photons travelling in the same direction. For elllez, the

extended scot of Maxwsll's equations can be written as

e g——
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- > "§
79 XE = - -g-; (21)
vw:-%%wrf(-a/&) (22)
- -+
: V'E =4l (-a/) (23)
‘ -»> ->
| V' B=o (24)
i
| and for ell.e as
- -+
B
VXE-=-3s (25)
- <> BE
VxB =g 410(0:/2“) (26)
+ >
V°E=4ma/,,) (27)
- -+
V ' B=o (28)
where
! 3 - -+
c=-—9V " 8E (29a)
4 .
-+ -+
| -(5—5) v x 68 (29b)
4" ot
-+ The non lineer terms are thereforc included in two source terms P

and J. Since tke non linear terms in the Lagrangian L and L, are << L ,
it i3 convenient and appropriate to use a power series expans;on in
(—alfﬂ) and (°/zw) to discuss the effects of scattering.

Therefore the series of expansion in the case of parallel
polarizations is,

E = Eo - a/eﬂﬁ + —-e-- (30a)

-
B = BO - a/6 .an + e (SOb)
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and for perpendicular polarization %
P v ]
E=E +a/,)p Egt -=on- (31a)
!
-+ > o >
B =B + ;; By ¢ ----- (31b)

E_ and_B. are solutions of equations (24) and (28) with the source
terms p = o°and J 2 6 and these are specified in the next section as the
initial fields. 1

The fields E. and B, are the so utigns of the Maxwell's equations
(21) to (28) when p = b_= o(E , B ) and J = J = J(E,B ) and satisfy
the wave equations.

32E — 3 - X
2 . .
v Ef - -a-—i'-f 4 [vso(l‘.t) M T (l',t)] (32a)
and v28_ - 328 [3’ 3‘] : ]
f -a-?f -AT X (32b) !
They can be solved by the use of Green's functions and are given fl
by (8). ‘
Eg [‘r, t]- I I_VW(}_",t-?g -3 \‘:t-g)_ld"'/k (33a)
N at
- ” :
§f [r,t}tj $ X J(I‘ ot'_) d3r / R (33‘)) :
Where R -lr -r‘l, t =t - R is the retarded time and d%* is El
the source volume element. In the far field approximation, |:[>>land F%
f,
Re |r_r{=r (34)
3
THE INUTIAL FIELDS b1

We assume that the initial fields which generate the source
terms are a sum of two fields with propagation vectors in opposite directions B
to each other. In essence we consider the scattering of two electromagnetic i
fields in the strong field limit. The two impinging wave:s produce a ;
standing wave pattern which in turn generate§the non linear sources. |

The initial fields polarize the vacuum and generate a fluctuating ‘
current whichagain produces the scattered fields Ef and Bf, The initial '
fields are represented as |

-+ 2 !

E - - keM)+FE w .1 - |

E, =Fi€1 cos(¥1t- kerT)+Faf; cos(wzt_ K. D=} F €, cosy, (35a) i
o]

¢ -+ - > - -+ % > 2
Bo = Fyix 4 °°’("‘1""1"' J+Fp vy X €2 cos(wt- o 3{5‘1“‘“?1 co,¢i(355)
»
jum1




where Fl and F2 are rea) and in the centre of mass system of the two laser
beams we have

o =k | cwp=lk2| viky /lky|2vo=— "2/|k2 (36)

The real expressions for the initial fields are due to the fact
that they appear non linearly in the expressions for the scattered fields.
€: gare the unit polarization vectors such that

K .2 ~kp.emo (37)

due to the transversality conditions. For beams of equal intensity Fl-Fz,
as is assumed in the present problem. Thus, the initial fields are completely
specified. It is also reasonable to assume that the initial fields are

plane (5, 9 ) though at the focal point this is not exactly true.

The source terms are now obtained from (29) since the initial
fields are known from (35). We find thatp ™ o and J is proportional to
the amplitude of the initial field unlike fhe case of the weak fields as
will be shown in the following sectionm.

THE NON LINEAR SOURCE TERMS AND THE SCATTERED FIELDS

Assuming that the propagation vectors of the two incident beams
are along the z axis in opposite directions to each other, we can compute
the non linear source t<rms and derive expressions for the scattered fields.
From equations (31) and (32) we have for the parallel polarization case

> 2 2 2
P tuvagmg ¥ B D tin[es y/E ] )
F)

- 2 2
ax [ V. {g, (cosgtcosd,) ( 1+ 1n4F1/Fcrieos¢lcos¢2)} (38)
vanishes due to (37) unlike the problem for weak fields,

=-2 _F_l_“_l_ € (cos‘nmh-&cos‘ztm’ﬂj (39)

4 n
where 91,42 in the C.M system are given by

1. witky.r. wy (tT2) (40)
$2. wat—k2.re w, (t*2)

J is therefore in the opposite direction to that of the incident
fields. For the perpendicular polariut]on case.

Pl ¥ {8 ¢ + Lln (B.B/ - (41)
L G+ 1n( l,:m)} .




due to the transversality conditions and

= %.' F ¥ [3lxrgltan¢zCos01 -'e’ztanhCosq,z)] (42)

7 is in a direction different from that of the electric and magnetic fields
in the case of perpendiculsr polarizations. Equations (39)and (42) show
also that the current is fluctuating in space-time and is proportional to
the intensity of the field, unlike the problem for weak fields.

Using the expression for J and appropriate time and space
derivatives, the scattered fields can be obtained from equation (33) by
1ntegrat1on over the source volume The cross sectional area of the beam
(A) is assumed to be small A2 . 'We further assume that the interaction.of
the two beams is over a length L= ?-3 A, Use is made of the approximation
that the source can therefore be considered to be almost linear and along
the direction of the incident beam as shown in Figure 1. In the calculation
of the scattered electric fiell the term

lj(r' ,t-R) =

A(r a3 (', t-R) and
3 2
R T
I2 '
Ll Ry g 2
WA a3 T:— (3 - 5 ) dx'dy'ds’.
y—— by at2 at
\' R

2
-1 3 ' tdvidz?
Zn r[_/l sec (' t-R) dx'dy'da! - -g—iﬁx'ﬁ(r',t-k)dx'dy'dz' (43)
v

The retarded time (t-R) can be approximated as

, 2 2 1
top = TT-T' T t- (1 tr-2rer')
- + 2. e (1~ 4
= t-r (1 fz‘ gf;r )= t-r(1 2§z;r )
% t-r (1~ _,15_._1") =t~ 1‘4.1‘;:' Lt-r¥*z' Cosf (.r.r>>;_) (44)

Where 6” is the angle,between the field vectorr and "3'8 Z since the source
is almost along the Z direction. The integrand is now independent of the
variable X' and Y', the integration over which give the cross sectional
area A of thg.cylindrical source. Hence

v R

o] ey e[

o

;
i
+
¥

.f %%{ r’ )t"R) d3 I" - A 12__6 '; dZ' "‘ a_ L;’lxim' (., ‘t dZ
. “ T | Jom agd 1T (E )
o

P’ Py
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The first integral ir (45) is evaluated first for the two polarizations. »
For parallel polarization )
)
: 2 2.p2
I= iz{é'; E_ [(EO-BO ) dz' (46) ) D]
1 ot F__.
crit

° 1

PO

5>
where Eo = Eo(z"tret). and B = B (2',t

for 6’*0
L

33{ E,dz' « - Fa A (e1 Cos¢; +e;£‘os¢2) .dz'
L L a

b X [Zl siné, | + & Sin ¢2. 1 ] |
wy(Cosd'-3) o wy (Cos® *+1) -

l'et)

=— F.W& [gl{sm(wlt-wlﬁ ,(Cosg- l)L)-Sin(mlt-ulr)}

11 .

R Cos6'-1 4 ot i
* €2 {Sin(qt-tfn-wl (Cos €'+ l)L-Sin(qt-wlr}] : 4
ﬁsﬂ"’ 1 . L’J

o — PY + IE

' Fl“’l [51. ZCos(lﬂlbwlr wl(co_se'-l)L Sin Nl(Cose'-l)L

2 2 1
E— Cod
(Cosg'-, ) S
- o
+ € ,2Cos(wt-u r*w (CosO'+ 1)L)Sin_w, (Cos6'+1)L !
2 R 2 :1 (+7) ]
(Cose' +1) |

Further, ’ a ;

I
wl 2 .2 L ;
32 £ 1n {(E%-8%) /2 ‘ o d |

.za?z ° { Ferie )4 27" A9 | e | 1nt1n01!n ‘
' 2

2 2 Cos ©' %] (Cos©-1)
(41"1 C°’¢1C°s¢2/pcrit ) 1 - Cosv 1 SinOI l -




"l \..:;,' POt At - -
Ll )
11
' L L
Coszlqz dz' + 2 Cos¢,1 Sin¢2 . Sin«pl 1, .
Cos¢;1 Cose 5 (Cos¢ +1) 1n¢2 |
2 Cos‘¢2 )
L L
- '-1)Si
Sln¢22n(4F Cosé¢ Cos¢2)/Fcrlt l (Cos8'-1)Sin ¢21 _ (Cose'+1]2
Cos6'¥1 Cosa'-l
1 82 Cos2k,z' dz' +2Cos¢.Sin¢./ Cosé, |+ Sm¢2 I
il T (—"—— 27T T
Cos«_t2 o Cos
(48)
Thus summing up (47) and (48) will give Il' Also for perpendicular
polarization, L
a- " -’ - > F . S' 2+1 2 2
- V1 X% (2] ’tret)l =-¢y Fy w0y X|Siné, (2+1ndF|/F_ ..
L L
Cos¢1 Cos¢2) 1-0- tan¢2Cos¢11 - S1n¢ (2+Lr4F /F Cos¢1Cos¢ZI
- tang,Cos¢, f =0 (49)
o
K} also

1 S1n¢1(4+1n(2F1 /F Cos¢100¢2)+

L
2 -+ -
d l' §Bdz' « - F0
3tZ 11 [v Xe

Cose -1 crit
- L L
L 2 Se%¢1+5ec% -2 Se6¢2 Cose + ) |+ 2 tan ¢2Cos ¢J - Cos @'+
s ' Cos®'-1 ~ ° Cos©' -1
L L L
Cos ¢, tan ¢ +2 (Coso +) Sin¢,Cosé, |- Coso' -1 1 £
o 1 2 - . 2 1 =3
. Toso — Coso'-1 v X'
a4 o Col ¢ o
4

Cos +> +
4’1 dz' - v x:z

- 12 2
Cog ¢2 Cos © +] { Sin 02 (4 ﬂ"(ZFI Cos ¢1C°“ ¢Z/Fcr1t) + Sec% 1)

4
&
3
-
i3

: -2 (Cos o - 1 ) t i Cos © 1 Cos ¢ tan¢'
Cos Sec% 1) + 2 tarwlCost Cos& ™ |

~

e b e
Lt
-
g T
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L '
! 41 L
5 Cos®-; Sin Cos¢ -(Cos®-1) 1 .2
2 Tomr s = 34— | Cogt2 dz'
CosO1+; Co$¢, o COSé-il W52 f:_o‘évl %]
(50)
and finally
- 3 |vx 6Bdz” - -F.ul|3. 2. {2 sine, (1+3in (E.B/F% . )+tans
5? 1 1 1 1 ‘ it 2
1
> > X E.B
COS¢1 §[+v1 xsz {2 Slm2(1+l1nF7.:rit) +tan¢1 C05¢2§ I ] (51)

Thus, using equations (47) to (51), E can be evaluated for parallel
polarizations for€*tvand is given by

Ec = A F

196 1 ——--l-—{sm (3* Ln(4F> Cosé,Cosd, /Férit)+
Aty (Cos€ -1) 1 1 1 2 ‘

L
ICoszk 2% 4,4 1 .

Seca —_
Cos¢ ) (Coso+1)

2

Cos0'-1

© cmmamm— 1~
(]
0n ia
<
‘\
P
’a
@
2%

2

. 2
crit) Sec'$,-

{Sim , (3+1n (4F12Cos¢ [Cosé,/F

. 2 -
TN e
o Cos¢2

€ |+

(52)

These integrals are more conveniently evaluated in tf\e calculations for the
emission power dus to the scattered fields which involve an integration
over time. For 6!= o, i.e. along the axis of propagation,

2 = , 2, .2
Ee(r,t) -ze; Flw; Le ;008 (v, t-w, X {34 [BFI / FcrﬁCos(wlt-wlr)] -
sec?(u t-u1) } (53)

Equation (53) shows that due to scattering, the ir.ident wave, Blz , cos

(mlt -y r) is modulated by a kernel function K (r, t) given by

K(¢,t) .“AF Lulz Bﬂn (8 Fi Cos(ult -wlr)/ cmﬂt)-&cz(nit-wlr )]
(54)

ok
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The forward scattering can be interpreted as causing a change in the
dielectric constant of vacuum. Similarly, the electric field for
perpendicular polarization can also be evaluated and is given by

2i> 2, 2
Ef 4£ Flel[}%:e] {(Sin(ult-wlr-ZGO)-Sin(mlt-wlr)) x(5+1n2F1/Fcﬂt-2/6o
o

+660)+ Sin(wjt-wr+260) (In Cos?(wt-wyr+260)+3
CO?‘TM 1 t -1 +2 6(’)

+26 ln(ZFICoszgw]t-w];+260! - Sin(mlt-wly-) (In COSz(wlt-wlr) 3

SZ(ime ¥ o
FZ e Cos<(wyt-4r)
+2§. |n| 2F, Cos2(w;t-w ] ‘ - S0+l 32 _ﬁﬂ -
1 [ F . Cos¢, dz ‘!1524.#°i“(w1t
crit ow 28, *wl

wyT+ 280) - Sin (W t-wyT)) (5*nFf / P 2 it -2/80%660)*Sin(v)t-v;T+260)

=y

2 2 2 -
(InCos 2(w;t-w;x+z80)+ 3 7 +2601n[ F, Cos (W1t-wir+250)
< - -l
Cos“(wjt-w;r*,80) Pgrit
L
-Sm(wlt-wlr)(lnCoe (wyt-w;r)+3 + 2601n[} g Losz(wlt-mlriz
Z -
Cos (vlt wyT) cr1t
[
Il 4 2 L } ' '
- o * ) 32 P2 4,1 '
w - | Cos dz (5S)
60+wll at m .
Where §o= (Cose” -1)w,L/2
For @l= o -
Ec s A Fiu [vxe;{L Cos(w)t-wiT) (3+ln [? ] Cos(wlt-mlril
dir 2 4. 9
crit Cos (wt-wlr)
2 -
__i_Sin (wit-wir){ln [2!71 Cos (wlt Wll‘)/Fc 1t]+z§] (56)

McKenna and Platzman {5), have shown that in the weak field limit, for the
initiul  field as the sum of two plane waves, no scattering other than
forward scattering would have been described unlike the case for strong
fields. The scattered fields contain terms proportional to the interaction
length. Also from equations {13) and (14) we have for the phase velocity V_,

- —————=
dhabuinlibast
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v = /131
P "
and from equation (13), for Fj= 102F . ,&exdu “la 1073in accord with the
results of Eber and Tsai (10). Bf c&f ﬁow be calculated from (33) for the
different polarizations.
For parallel polarization and 0 %0

. -
Be(r,t) = - %.,_} Fivg €1cos(uit-wirtéo) Sindo . (57)

whereas for ©° = o
Bo(r,t) =0 (58)
showing that along the axis of propagation the magnetic field vanishes.

For perpendicular polsrization, and ©“%o

- > +
Be(r,t) = - Awy Fi(€ -€ ) Cos (w1t-w1r*do) Sindo : (59)
T 2 1
and for 0z o
Y
Be(r,t) =0 (60)

showing that (58) is also true for perpendicular polarization.

The time averaged power dP radiated into the solid angle dQ by the
scattered field can be evaluated. We give the expression for the radial
component of the time averaged Poynting vector and multiply by r2dn to get
the average energy per unit time radiated into dft. For parallel polarization,

T
) __1/ (B, B,)dt r2da
4n T
(3]

22 22
= aA Fp wd Q-

2
1 [Sin.soCosgn dg+2 - 1nzgn (3+1+1n 4F, 2
1273 1 2wl 50 260 5 F s—ir.‘.ﬁ.ﬂc_w

§o*3 o crit 8

(61)

The average incident power in beams 1 and 2 « Fj2A and hence the ratio of

4n
the emission power to the incident energy flux can be estimated. ‘
22 Wl ' 2
R" o P scattered = W1A [z - Sin284 & +2A+S§n63 2 2
“P" inc 6,202 ﬂ:‘[z T8, !3':*'-5" R (3'31-* In 4Py /F p5¢)

o .
) ]

* sindtosinty b as.] (62)

v
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The expression in the square brackets after integration is just a constant

since wL is fixed and can be expressed in terms of the sine and cosine
integrals.

Thus
" 2 2 oL | wL
R" = GwyAl 3 Sint dts (3+In 4F 2 ) [ sint dt+3+ Ci(2uL)
AL |t = |tz
F -
crit
- Ci(0)+ 2Ci(oL) ~ZCi(3wL)] (63)
X
where Si (x) = -T + f Sint dt is the sine integral and Ci(x) e C+ln x+
2 t

o

x
J,~Cos t-1 4. 1is the cosine integral and C is the Euler's constant
(+] t

= 0.577.

For Aa 3000 Ap, L3, r «1lmand Atlo-acn2 ( the source dealt with is
not an ideal source for which A =¥AZ%aw x10 cm“).

R 21070 (64)

For perpendicular polarization,

3 2 ' '
2p.2 2 /g2 -
dP = 26:% wyAL daQ [?inGo (5+66°-%£ 1n2F1 /Fcrit)+Sin6°(1 CosZao)

(6+1n2Ff/Fc§iti] (65)

The quantity in the square brackets when integrated over®‘or equivalently
overGo gives,

2 2 : .
i {- C (SAnFH/Fopye) - 32 [S1(u)-S1(o (66)

Where C and Si (X) have been previously defined. Again the ratio of the
scattered to the incident power can be estimated and for the same parameters
as in the parallel polarization case,

1 1
R = Pscat «107°
]
P inc

(67)
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CONCLUSIONS

The scattering of light waves in the optical range in the ultra strong
limit of the Euler Heisenberg Lagrangian has been irvestigated together with
the differences from the weak field problem. The radiated fields were
derived and shown to be phase shifted for .both electric and magnetic fields.
The consideration of the Euler-Heisenberg Lagrangian in its complete form _ ¥
without any approximation might lead to the generation of higher harmonics
and is an interesting problem requiring further work.

The emission power is estimated for both polarization cases and
compared with the incident flux. The ratios are certainly non negligible
and far greater than that for the weak iield case. The direct creation of
e - e+ pairs in intense magnetic fields is also of great astrophysical
significance (11). It is interesting to note that the phenomenon of the
charged vacuum in strong electrostatic fields has been recently well under-
stood (12). A typical and important feature of the quantized theory is
vacuum polarization. The contribution of vacuum polarization has an analogy
to the inducing Coulomb potential V(r). Thus the physics of very strong
electrostatic fields permits the study of phenomena not encountered in
ordinary atomic physics. The incorporation of the electromagnetic non
linearities of matter into Maxwell's equations has therefore shown promise
in the solution of a number of boundary value problems which are important
for the understanding of opt1c~% systems as well as instrumentation. In
the case flux densities of =10 W/cm?are reached as predicted by the Russians
in 1982 (13) it would be possible to verify some of the predicted results
of this work.
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