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Foreword

This is an interim report of a program sponsored by Air Force Materials

Laboratory, Air Force System Command , Wright—Patterson Air Force Base, Ohio

45433 , under contract F33615—77—C—5039 with Dyna East Corporation. The Air

Force Project monitor is Dr. Stephen W. Tsai (FY 1457). Dr. Pei Chi Chou

is the principal investigator . He is assisted by Mr. Robert Croman in the

theoretical analysis . The exper imental phase of the research is carried out

by Dr. A.S.D. Wang , with the assistance of Mr. James Alper.

The project is for a duration of 30 months. This report covers work

performed during the period April 1, 1977 to March 31, 1978.
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The objectives of the program are to study three basic hypotheses in

fatigue of composite materials. These are : 1. cyclic loading degradates the

matrix properties and thus lower the compression strength more than tension—

strength , 2. the static strength and fatigue life have equal ranks, and 3.

the residual strength may increase . Both analytical and experimental

approaches are used. The results are not yet conclusive. A sudden—death

model is proposed to measure the degradation of residual strength. Three

regimes of residual strength are distinguished , these are the increase of

strength , weak degradation , and strong degradation.
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S t a t i s t i ca l .  Ana lysi s  of F a t I g~~~ of Composite M a t e r i a l s

I .  I n t r o d u c t i o n

The goal of this project is to gain understanding of fatigue life and

residual strength of unidirectional graphite/epoxy composite. We have limited

our study to tension fatigue at constant maximum stress .

in the understanding of composite fatigue , there are a few hypotheses

that seem controversi .~l among the researchers in this field . Three of these

hypotheses  are as follows:

A. Cyclic loading degradates the matrix; reducing its stiffness and

strength , causing debonding. Since compression strength is more sensitive to

matrix properties than tension strength , therefore fatigue degradates corn—

pression strength more than tension strength.

B. The static strength and fatigue life have equa l ranks .

C. The residual strength may increase , because the debonding and matrix

degradation near crack tips due to fatigue may have a “softening” effect , or

creating a larger effective crack tip radius , thus increasing its static

strength.

The objectives in the program are to verify or disprove these hypotheses.

Our research involves both theoretical study and experimental testing. On the

theoretical phase , we have obtained some resul ts  and reported them in two

publ ica t ions , which are reproduced here in the Appendices. in Section II

be low , we summarize the major conclusions in these two pub l i ca t ions , and some

othe r pre l iminary  resul ts .

The experimental work has not been completed. In Sec t ion  III , our genera l

experimental approach and some of the preliminary results are given .

Our p lan of research for the next year is presented in Section IV.
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I I .  T h e o r e t i c a l  Approach

in this section , we shall give a brief summary of the preliminary results

of the theoretical stud y. These include the ranking methods , parameter esti-

mation, properties depending on percent zero—degree piy and residual strength

models.

A. Ranking — In some of the methods of parameter estimation , the experi-

mental data must first be assigned an approximate cumulative distribution ,

which is known as ranking. In using probability papers , such as normal

probability paper and Weibull paper , the ranking of each data point must be

estimated first. There are many ranking formulas. If N is the total number

of specimens , and n~ is 1
th order specimen (the 1st order has the lowest value,

2nd order the next lowest, etc.), F~ is the estimated cumulative distribution

of the 1th order specimen , then ~e have the following ranking formulas :

simple rank: F . = n ./N
1 1

mean rank: F . =

median rank: F . (n~ 
— O.3)/(N + 0.4)

We have made comparison on fatigue life distributions obtained by these

ranking methods . The estimated parameters can be quite different by these

methods. For instance, a set of fatigue data produced a Weibull shape param-

eter of 0.61 by simple rank, 0.63 by mean rank, and 0.72 by median rank.

It is felt that the median rank is most suitable and should be used

in general.

B. Parameter Estimation — We have concentrated on using two—parameter

weibuj.1 distribution . Various methods of estimating Weibull parameters from

static strength and fatigue life data are studied. Special attention is given

to methods that can treat censored data (or suspended item) in fatigue tests.

—2—
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Methods used include:

• 1. Cumulative Hazard

2. Hazard Rate

3. Modified Rank—increment and Least Square

4. Maximum Likelihood with Censoring .

The last two methods have been programmed on the computer and can be

used routinely . We feel that the maximum likelihood method is the most

appropriate.

C. Percent 0°—ply — In studying the shape parameters of existing experi-

mental data of graphite/epoxy composites , we found that the scatter in static

strength and fatigue life is larger (small shape parameter) for those laminates

that have a large percentage of 0°—ply . The unidirectional , which has

100 0°—p ly, has the largest scatter (lowest shape parameter).

D. Residual Strength Models — The degradation model proposed by Hahn

and Yang is analyzed , and the corresponding equations of residual strength

distribution are derived. A sudden—death model is proposed and compared with

the Hahn—Yang model. These results are presented in Appendix A.

It is shown in Appendix A that the Hahn—Yang model is not general enough

to describe various types of degradation. We propose a more general degrada-

tion equation , which is based on the equal—rank assumption . It has a free

parameter that can be adjusted to fit different residual strength data . It is

found that the residual strength may increase or decrease. In the latter case,

the degradation could be strong or weak. These analyses are given in Appendix B.
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III. Exp~rimenta1 Approach

Since the objective of t he  expe r imen t  is to i d e n t i f y the ma jo r  m a t e r i a l

c h a rac t er i s t ic s  of t he  u n i d i r e c t i o n a l composi te  sys tem when sub jec ted  to

tensile fati gue load , the test program is designed to meet this objective

accordingly.

During this reporting period , the experimental work performed may be

summarized as follows :

Initially, we have purchased from the Hercules , Inc. 13 panels of

AS—3501—06 laminates. Of these panels 10 were 6—ply U.!). laminates , 2 were

8—p ly ± 30° laminates and 1 8—ply ± 45° laminates . All panels were 1x2 ft 2

2
in size (30.5x61 cm ).

Test coupons were cut from these panels yielding 28 tensile coupons

(1.9 cm x 2 2 . 5  cm) and 28 compression coupons (1.9 cm x 3 .2  cm) . A l l  t ens i le

coupons were also furnished with glass/epoxy end—tabs (of size 1.9 cm x 3.8 cm).

To date , a total of 160 tensile coupons and 80 compression coupons were prc—

pared. Of these , only 92 tensile coupons have so far been fatigue tested .

All fatigue tests were performed using an INSTRON closed—loop hydraulic

test machine with programmable load—control. The conditions under which

fatigue tests were conducted are as follows:

t e m p e r a t u r e :  room ambien t  23 °C
h u m i d i t y :  room ambien t  6 5 % R . H .
load form: sinusoidal @ 12 lIz (tensile)

The following table illustrates the  types  of tes ts  which have been

comp leted d u r i n g  thl .s r epor t  lag pe r iod :
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Nature of Test Sample population Status of rest Remarks

Static Tension . Determine static base—25 comp leted
to failure line information

Fatigue to 2 (run out a f t e r  Determine f a t i gue
failure at .6S 6 

completed limit
m 2x10 cycles

20 Determine  f a t i g u e
Fat igue  to (2 run of a it er  comp leted f a i l u r e  d i s t r i b u —
f a i l u r e  at O.8S 6 tion at .8S

_ _ _ _ _ _  

1 0 )  m

4 15 Dete rmine  res idua lFa t igu e  to 10 ( 2 f a i l u r e  be fo re  completed t ens i le  st rength
m 10 ) dis t r ibu t ion

5 15Fa t igue  to 10

~~ O . 7 S  (3 f a i l u re  be fo re  comp leted
in l0~ )

6 15F a t i g u e  to 10
at 0. 75 ( 5 f a i l u r e  before  comp le ted  H

in 1 0 )

Total tests: 92
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IV . Plan for Ne xt Year

During the next reporting period , April  1, 1978 to March 31, 1979 , we

p lan to pe rf orm research on the fol lowing:

A. Theoretical Approach — The residual s t rengths  formula proposed in

Appendi x B can accommodate only degradation of residua l s t rength.  As mentioned

ther e , quit e a few researchers have found increase in residual strength after

a mode rate n umber of cycle of fa t igue loading . We shall search for  a residual

strength equation that can accommodate increase in residual strength , as

well as strong and weak degradations .

We shall also stud y the increase of static strength due to local “softening ”

f rom a deterministic mechanics point of view .

The maximum likelihood method used now can only accommodate a single Weibull

distribution . We shall extend this method to handle distributions that

a re best f i t t ed  by more than one Weibull func t ion .  In othe r wor ds , on the

Weibull paper , the distribution is fitted by more than one straight line

segment.

The role of the strength—life equal rank assumption will be studied in

mo re detai l .  Hahn and Kim have demonstrated the general validity of this

assumption by applying “proof testing” to glass/epoxy composites subjected to

static fatigue. Awerbuch and Hahn have tried the same technique for graphite/

epoxy in tension fatigue, with positive , but not conclusive results.

This equal—rank assumption, which is most essential in the current methods of

predicting fatigue life and residual strength , has been subject to criticism.

We shall t ry  to f ind  means to determine the va l id i ty  of this assumption .

—6 —
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B. Experimental Approach — Future work in the experimental program has

been planned as follows:

1. Proof test. (U.D.)

a) one excursion to S and then to static tension failure
in

(30 specimens minimum) :

b) one excursion to S
~ 

and then fatigue operated at O.7S

and a certa in life (50 specimens minimum).

2. Compression tes t (U . D . )

a) Static comp ression tests.  (30 specimens minimum)

b) tensile fa t igue  at 0.7Sm to a cer ta in  l i fe  and then

residual tested under compression (50 specimens minimum) .

3. Tensile test (static and fatigue on ± 30 ° and ± 450

laminates).  Minimum 50 specimens each.

The above listed work is scheduled to be performed during the next

12 month period.

I
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Appendix A. Degradation and Sudden—Dea th Models of Fatigue of

Graphite/Epoxy Composites .

This is the manuscript of a paper presented at the 5th ASTM Conference on

Composite Materials: Testing and Design, March 22, 1978, New Orleans, La.
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Degradat Ion and Sudden—Death Models of

Fatigue of Cr aph i te/Ep ~~y Composites *

Pei Chi Chou
Billings Professor of Mechanical Engineering

and

Robert Croman
Graduate Assistant

Drexel University, Phila. , Pa. 19104

ABSTRACT: A detailed approach to the degradation and sudden—death models

of residual strength is presented. The models were used to predict the res~dua1

strength of six sets of experimental data of graphite/epoxy composites. The

adequacy of these models was investigated with the use of hypothesis testing a~~

through the study of the weakest residual strength specimens. Both models

did a good job in predicting mean residual strength but were overly resistiv e

in predicting the strength of the weakest specimens. The decrease in residual

strength was obs3rved to be less for unidirectional composites than for

compositea of general layup.

KEY WORDS: Graphite/epoxy composite, residual strength , degradation ,

sudden—death , statistical analysis.

* This work is supported by the Air Force Materials Laboratory ,
Wrig ht—Patterson AFB, Oh io
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I. Introduction

Two models for the residual strength in fatigue tested specimens are

studied here , the degradation model and the sudden—death model. The

degradation model is based on the assumption used previously in (1] and [2].

It stipulates that the strength of each specimen decreases a little after

each cycle of fatigue loading. When the residual strength drops to the value

of the applied fatigue stress , fatigue failure occurs. On the other hand,

the sudden—death model assumes that the strength of a specimen does not change

after each cycle of fatigue loading. The effect of each cycle is impressed on

the specimen in a form other than reducing its residual strength. For instance,

it may change the matrix properties , which does not change the residual strength

immediately . The fatigue failure is governed by some mechanism other than the

residual strength. Only when the applied cycles are close to the fatigue life ,

will the strength then drop drastically in a short number of cycles. For the

sudden—death model, we have to impose the additional assumption that there is

a unique relation between static strength and fatigue; the stronger ones last

longer [2]. This unique relation is implied in the degradation model.

As shown later , some experimental data do agree better with the sudden—

death model, Regardless of the direct applicability, the sudden—death

model is useful as a limiting case in residual strength study .

In comparing the residual strength with the static strength , it is proposed

that the reduced population that includes only “top—percentage ” of the static

specimens should be used. The percentage that is excluded should equal the

percentage of the fatigue specimens that failed before the residual strength

— 10—
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test is taken. By comparing the “top-percent mean” of the stat~c strength

with the mean residual strength, we can see whether there is degradation or

increase in strength. The top—percent mean can be calculated either from

the distribution of the total population by taking proper conditional proba-

bility, or by taking the sample mean of the appropriate stronger samples.

In studying the residual strength of composite materials under fatigue

loading, ilalpin et al [3] proposed a degradation equation that is based on

the crack propagation of homogeneous materials. Realizing that fatigue failure

of composites is not dictated by the initiation and growth of a dominant

crack, Hahn and Kim (1] introduced the concept of rate of change of residual

strength. Without referring to any crack, they assumed the time rate of de-

crease of residual strength is inversely proportional to the residual strength

to a certain power. From this deterministic residual strength equation, and

the static strength distribution, they derived the fatigue life distribu-

tion. Following the same approach as Hahn and Kim, Yang and Liu [2] further

derived the residual strength distr ibution, and compared the results with one

group of experimental data.

In the degradation model presented in this paper, we start with the same

assumption on rate of degradation as used in [1) and [2]. An approach

d4fferent from that of [2), however , is used in deriving the fatigue life and

residual strength distributions. In deriving the fatigue life distribution,

we use as our population those specimens that have a static strength larger

than the fatigue stress. By using this population base, the life distribution

does not violate the basic properties of a cumulative distribution function.

—11—
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There is no negative position parameter in the life distribution , and at zero

life, the cumulative distribution is zero. In deriving the residual strength

distribution, we again limit the population to those specimens that have sur-

vived the fatigue test. This is done by taking proper condit ional probability.

The resulting residual strength distribution behaves nicely; no discontinuous

value has to be assigned arbitrarily .

Experimental data on fatigue residual strength of graphite/epoxy corn—

posites from four sources were used for comparison with the theoretical models.

They contain six sets of residual strength data. We limited our study to

tension—tension fatigue at constant amplitude.

— 12—
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II. The Degradation Model of Fatigue

We shall limit our discussion to constant amplitude fatigue , at the constant

maximum stress S. We shall assume that the static strength distribution is of

the form of a two—parameter Weibull with the parameters known. The fatigue life

is assumed measured , with sample lives known , but the exact form of the life

distribution is not selected before hand . The theoretical model will y ield

the form of the life distribution. For a fixed specimen , the degrada t ion

model assumes the rate of residual strength degradates according to the strength

to a certain power, or

d R(n) 
— 

f (S)
dn c—ic R

where R(n) is the residual strength after n cycles of fatigue at stress S,

c is a positive constant to be determined later , I(S) is a function of 5, with

positive value. Since we shall consider only one fixed value of S. f ( S ) is

a constant. Integration of Eq. (1) yields

R(n) — [Rc (O) — f(S )n ]~~~ (2)

where R(0) is the static strength of this specimen. The degradation model

further stipulates that the fatigue failure occurs when the residua l strength is

decreased to the value S. If N is the cycle when fati gue failure of this

specimen occurs , then we have

R(N)— S (3)

The degradation model Is represented by Eqs . (1) and (3). Both of these equations

are deterministic; they apply to each individua l specimen , regardless of the

randomness , or the distributions of the strength and life of the population .

- ‘3-

__________________________ - ~~~~~~~~~~~~~~~~~~~ — - - — - - ~~~~~~~

~ 

~~_S.- :. .



-- --- ------—--

It may be pointed out that Eqs. (2) and (3) also imply the one—to—one

static fatigue relation discussed In [1] and [2]. This can be seen by sub-

stituting N for n In Eq.(2), and utilizing Eq. (3),

N — [RC (0) — 5
C

]/ f ( ) (4)

Since S and f ( s) are constants , the specimen that has larger value of static

strength R(0) will also have a longer life N.

We shall next derive the life and residual strength distributions from the

degradation equations (1) and (3), and the static strength distribution . Let

the static strength be a two—parameter Weibull, with the cumulative distri-

bution function

F
R(o)

(x) P[R(0) < xl

1 — exp [— 
~~~~~

)

C1
, 0 < x < (5)

where ~ is the shape parameter , and B the scale parameter , or characteristic

strength . We use R(O) to represent the random variable of static strength

and x to represent its value. The lower range of the strength x is at zero.

Th is implies that some specimens,even though only a very sma].l percentage , will

fail statically below the sttess S. The fatigue life is measured at the stress

S. Therefore , the population represented by the l i fe  distribution is not the

complete population of C) < x < 
~~~; 

It is the population with strength larger

than S. In order to obtain the life distribution from the strength distribution ,

we formulate the dis t r ibut ion of s t rength for those with strength larger than S,

by taking a conditional probability, or

— 14—
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FR(O) S
(x) — P[ R (O) 

.~. xJR(O) > S]

— 
P[S < R(0) 

~.x1P ( R( 0) > S]

— 1 — exp(- ( ° S (6)

From here on, whenever static strength distribution is mentioned , it refers

to Eq. (6).

Let FN
(n) be the cumuldtive distribution of fatigue life at stress level

S, with N as the random variable of life, and n Its value , then

F
N

(n) — P[N < n ] (7)

Substituting Eq. (4) into (7), we get

FN
(n) - P [R(O) < (n I ( S)  + Sc}~~

c
J ( 8 )

According to Eq. (6), this becomes

c a/c a
F
N
(n) — 1—  exp (— 1~iL + (.

~
.) j + (- ~~) i  ( 9 )

where

no — B
c/ f ( S) (10)

may be considered as a characteristic life. This is the life distribution

based on the strength distribution Eq. (6) and the degradation equation (4) .

Values of the constants a and B are known from the strength distribution;

values of the two constants n
0 

and c mus t be estimated from fatigue life

• experimental sample data.

-15-
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Note that the domain for life n is from 0 to ~~ , and tha t FN (O) 0, and

FN
(
~

) — 1, consistent with the basic properties of a distribution function .

Equation (9) may seem to be a three—parameter Weibull distribution , but it is

not. Note it has no posit ion parameter , or FN (n) — U at n = 0. The term S/B

is a known constan t , not a parameter to be determined. It has only two param—

eters , n0 and c and can be called a modified two—parameter Weibull distribu-

tion.

With a change of notation , it can be seen that Eq. (9) is identical to

Eq. (10) of Hahn and Kim [1]; it is different from Eq. (8) of Yang and Liu [2],

which is a three—parameter Weibull distribution with a negative position param—

eter.

The value of c is in the neighborhood of 10. For values of (S/B) < 0.7,

values of n0 and a/c could be determined approximately by fitting experimental

data to an exact two—parameter Weibull; in other words , (S/B) may be neglected

in estimating the pa rameters n0 and a/c .  For large values of S/s , the tes t

data may have to be f i t t e d  to the d i s t r ibu t ion  of the exact form of Eq. (9).

The residual strength at a given life is, by de f in i tion , for those speci-

mens that survived this fatigue life. The population for the residual strength

distribution includes only the survivors . Let n~ be the life , or cycle, at

which the residual strength is measured , and at this life, (l— y)xlOO percent

of the specimens fai)ed,yxlOO percent survived. From Eq. (4) and the definition

of n0, we see that the specimen with a life of N = fly , must have a static

strength of R(0) = X~~~, such that

C
fl

(

X

) 
( S)

c 
(11)
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It follows from Eqs. (6) and (9) that

l— y — FN (fl
y) 1 — exP[_ [~x + (S)

C
]a/c +

- 1 - ex~[_ (
~

)
~

+ (S)a} = F
R(o)S ~~‘y

) (12)

Therefore , at the fatigue cycle a the survivors are those specimens that are

the top yxlOO percent in static strength among those with strength above S.

Using the notation R(n ) for the random variable of the residual strength

after n cycles , and y for its value , we have ,

FR(n
y
)
(Y) = P[R(n ) < y~ N > n ]

= P E R ( f l ~ ) < y~R ( 0 )  > x ]  (13)

Substituting Eq. (2) for R(n), we ge t

F
R~~~~

(y) = P[R(0) < [c + f(S)n }1~~~ R(0)  > x] (14)

App lication of Eqs. (6), (10) and (11) yields

c x c c a/c x a
FR(n ) (Y) = 1-  exP{- [(i) +

~~
) -(~~ +

~~~~~~~~~~ )J

n a/c x a
1-  exp~~ [(

~~
)
c 

~
] +(~) J  (15)

t This is the residual s t reng th  d is t r ibut ion . Once the st a t ic  s t r eng th  and

f a t i gue  l i f e  are known and the degradation model assumed , all  Consta n ts  in

Eq. (15) are known . A comparison of th is  equation wi th  the experimentally

measured residual s t reng th  will serve as a ve r i f i ca t ion , or test , of the

degradation model.
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No te that Eq. (15) is also a modified two—parameter Weibull distribution .

The domain is S < y < ~~~, wi th FR (  ) (S) = 0, and FR( ) (~~) = 1.
y y

The residual strength distribution , Eq. (15), may also be derived from

the s tat ic  st rength d i s t r ibu t ion  by a t ransformation of variables. Let us

first derive from either Eq. (5) or Eq. (6) , the d is t r ibut ion of the top

y—Percent of the static strength as

F
R(o) y

(x) P [R( 0) x R(0) > x
1

]

1 -  exp [- (~ 
+ (16)

The corresponding density function is

- 

I 

~R(o) ,1~~~ 
= 

~~~(t )
ex

~~~[_ 
(~ +(~) ]  (17)

Next, we shall write the degradation equation (2) in terms of y and x, or

= [X
c 

- f(5)~~]
l~ C (18)

By taking the derivative dx/dy from Eq. (18), and the transformation

equation

f R f l ~~
(Y) = f R (o ) ,y (x) ~ (19)

we ob tain ,

c—i c x c (a—c )/ c

~R(n y)~~~ ~~~
) [

~ 
+

~~~~
-

~~~~ 
~(fl

C~

ex

~~

[ 

[(~ 
X

)

C 

~~~~
a/c +(~$J (20)

— 18—
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Upon integration of Eq. (20), Eq. (15) results. The mean of the residual

strength, u
s,
, may be obtained from Eq. (20) by numerically integrating the

equation

Y (21)

~1

4

F
-19-
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I I I .  The Sudden—Death Mode l

In the sudden—death mode l , the residual strength of each specimen is

assumed to remain unchanged , or

R ( n) — R( 0) (22 )

This equation replaces Eqs. (2) and ( 3) of the degradation model. The

s t a t i c— f a t i gue o n e— t o— o n e  rela tion will be assumed to hold. Recall that In

the degradat ion model the  one-to—one r e l a t i o n s h i p  is imp lied by Eqs. (2)

and (3) .  In the present case , we aban don Eqs. (2) and (3) ,  but  s t i l l  wa nt

to retain the one —to—one r e l a t i o n s hip .  The static strength distribution

- 

will be the same as In Eq. (). The f at i g u e  l i f e  d i s t r i b u t i o n  may be of any

form, and wou].d be most logical to take a tw o—p ar ameter  We ibu l l ,

- a/c -
FN (n) — 1 — ex p [_ (;~) 

(23)

For ease of comparison , however , we sha l l  use a l i f e  d i s t ribu t ion  of the f o r m

of Eq. (9). The one—to—one relationship is then charac te r i z ed by

FR(O) s
(X

y
) — FN ( n )  (24)

Note that Eq. (12), which is i den t i ca l  to  ( 2 4 ) ,  is a derived relation;

whereas here Eq. (24) i~ a basic assumpt ion . It fol lows that a ftt r

cycles of fati gue 100Y percent  of the specimen survive, and contribute to

- the residua l strength. The residual strength distribution can be derived

by writing Eq. (22) as

(25)

s u b s t i t u t i n g  Eqs . ( 17)  and (25) in to  Eq. (19) and integrating , we get
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FR(n
y
)

(Y) - F
R(o)y

(x) (26)

The mean of the residual strength based on the sudden—death model can then

be integrated from

- fR(~~~y
(x) dx (27)

—- 
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IV. Experimental Data

In order to study the applicabIlity of the degradation and sudden death

theories in predicting residua l strength , groups of data were obtained from

four different sources. All the data used was for graphite/epoxy composite

specimens subjected to tension loading . These tests may be categorized by

the percent of 0° plies comprising the specimens . The first catego ry of

• tests were obtained from work by Yang and Liu (2] and Ryder and Walker [4]

(Laminate I) and the percentage of 00 plies Is 25%. The second category ,

which has 67% 0° plies , is the Laminate II data of Ryder and Walker. The

third category of data conies from the work of Awerbuch and Hahn [5] and Wang

[6]. Here the specimens are unidirectional (100% 0° ply).

All these sets of data are tabulated in Appendix A. For each set the

exact layup is given. The static strength , fati gue life and residua l strength

data are presented in that order. For the fatigue data the maximum applied

- load , S, is given along with the stress ratio , R, and the cycling frequency , F.

As is noted in the table s, fatigue life In parenthesis denotes an element tha t

was suspended or censored at that particular life for the purpose of residua l

strength test or was a run—out . The data of the residual strength tests which

were used for the purposes of this report are listed along with the conditions

and life to which they were fatigued.

In order to predict the residual strength by the theories presented ir&

this report it was necessary to fit Eqs . (5) and (9) to the static and fati gue

• data respectively. Eq. (5) is a two parameter Weibull and presents no diffi-

culties in order to determine a and B. Eq. (9) is a modified two parameter

Weibull distribution and is hard to fit to the fatigue data . However the S/B

ratios considered In this paper are all less than or equa l to 0.7. Since the

F exponents c and a are of the order of 10, the S/i~ terms become small an d can

-22- 
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be neglected. With this s impl i f ica t ion  the determination of the two unknown

parameters , c and n0 is straight  forward. The maximum likelihood method of

Cohen ( 7 ]  was used to this end. This technique can handle progressively

censored speciptens . Before presenting the obtained parameters , a few comeents

must be made on the treatment of some of the data.

The treatment of the static data was straight forward but several sets

of fa t igue  data were open to interpretat ion and wil l  be discussed here . The

fat igue l i fe  parameters for  the Awerbuch —H ahn data were determined by assum-

ing that  the last 16 censored items were suspended at  a l i fe  of 600 ,000 cycles

instead of 2 million cycles . The reason for this is that  in pr ivate  communi—

cations with those authors there was reason to believe that there were more

failures past the last fai led specimen . Therefore in order to be f a i r  wi th

the data at hand it was decided to censor those mentioned items at an earlier

life. The fatigue parameters obtained for the Laminate I of Ryder—Walker were

obtained by combining data sets I, ii, and iii. In the treatment of Laminate

II data of Ryder—Walker it was decided to ignore the three failures at 1 cycle.

inclusion of these three data points would have resulted in an unrealistically

large value of n0. Data sets i and ii of the Yang—Liu fatigued specimens were

combined for analysis. The estimated parameters for the static and fatigue

samples are summarized in Table 1.

1

—2 3—

• ~~~~~~~~~ •.•  
=.

-,‘ ~~~~~~~~~

-

~~~~~~~~~~~ — - -~~~~~~~~~~~~~~~
~ -



T ~~~~~~~~~~~~~~~~~~~~~~~~~~

V. Comparison between Experimental Data and Theoretical Models

Having estimated the static strength and fatigue life Weibull parameters ,

we are now ready to see how well the theoretical models predict the residual

strength. We shall first compare the means of the residual strength , and

then compare the strength of the weakest specimens.

The mean of the residual strength for six cases has been calculated by the

degradation model with Eq. (21), and by the sudden death model with Eq. (27).

These are tabulated in Table 2. The means have been normalized by the re-

spective static strength scale parameters , 8. The sample mean , x, and sample

standard deviation, s, are also recorded for each case. As mentioned before ,

the sudden death model represents no degradation of the individual specimens.

Comparing the values of the mean of the degradation model with those of the

sudden death model, we see tha t the decrease of the mean is very small. For

all six cases studied here , the mean of the degrada tion model is within three

percent of those of the sudJen death model. Comparing the experimental sample

mean with the sudden death means , we see that two of the cases, both of uni-

directional layup (100% 0° ply ) ,  have a slight increase in residual strength ,

although the increase is so small that it may be within the statistical scatter.

For these two cases, the sample mean is closer to the sudden death means; for

the other four eases, the sample mean is closer to the mean of the degradation

model. Since the number of specimens used in these cases are not the same,

hypothesis testing will, be made to indicate which model is in agreement with

- 
the experimental data.

The hypothesis to be tested is that the population from which the sample

was obtained has a mean u which is the same as the theoret ical  mean

-24- 
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This hypothesis is denoted as

H
0
: (~ i — M y ) (28)

The alternative hypothesis is denoted

HA
: (M < M~~~

) or HA : (u > ii ,,, ) 
(29)

The choice of the alternative will be determined by the relative values of

and ~ . The random variable
V

(;-~~
)
~c;

— (30)

where n is the sample size , is assume d to have a St udent — t d i s t r i bu t i on

wi th  n—l degrees of freedom. Strickly speaking , this is true only when the

population is normal. For practical purposes , it is a good enough app roximation

for non—normal distributions , [8]. Now the hypothesis H0 wil l  be accepted at

a significance level 9 if

— ~ < t
9,1~_ ]~ 

(31)

where t
9,~_1 

is the 9—percentile value of the t—distribution with (n—l)

degree of freedom. Otherwise the alternative hypothesis , 11
A 

is accepted and

~~ 
rejected.

For a significance level of 5% the degradation model is acceptable for

all six cases , as shown in Table 3 . The sudden death model is al so accept able

to all except one case. When the significance level is increased to 10%,

the degradation model is still acceptable for five cases, and is not acceptable

for one of the unidirectional cases. With 10% significance level, the sudden

death model is acceptable f or two of the three unidirectional cases and for

only one of the other three cases. It must be kept in mind that by increasing

—25—
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the significane level from 57. to 10% , we decrease the “type II” error but

Increase the “type I” error. The simple hypothesis test used here can give

only a general Indication.

From the discussion above we may draw the tentative conclusion that the

degradation model is satisfactory in predicting the mean residual strength.

For most cases, the sudden death model may also be used to predict the mean

residual strength. For two of the unidirectional composites, the sudden

death model agrees with the experimental data better than the degradation model.

We shall now make the comparison on the values of the weakest residual

strength specimen . The present degradation model has a degradation rate that

is highly dependent on the strength itself. As can be seen from Eq. (1),

at high values of R(n), dR/dn is small; the only appreciab le decrease in

strength occurs when R(n) is small, either by having a small value of R(0)

to start with, or when n is large. Figure 1 contains plots of Eq. (2) with

Wang ’s static strength and fatigue data. As can be seen, at 10~ cycles, the

stronger specimens have very little decrease in strength according to the

degradation model. At this cycle , most of degradation occurs for the weaker

specimens , those having a static strength between 0.8 to 0.95. Figure 2

shcws the same trend for  the Ry der—Walker Laminate II data. To compare the

residual strength models , it is more instructive to compare the weakest of the

residual specimens . It may also be mentioned that the weaker residual strength

specimens are of the most practical importance.

We shall compare the weakest specimen by first ploting the experimental

residual strength data points directly, as solid dots, as shown in Fig. 3.

—26—
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in this case, there are 18 residual strength data points, which are all shown

in the figure. The static strength data are also shown as solid dots , and

the fatigue failure points are shown as circles. Next , we obtain the median

rank values for 18 specimens from median rank tables, [9]. These median ranks

are considered as the distribution function F, and the residua l strength

corresponding to each of these F values is then calculated from Eq. (15) for

the degradation model , and from Eq. (16) for the sudden—death model. In

Fig. 3, the degradation points are plotted as triangles , and the sudden-death

points as crosses.

From Fig. 3 it can be seen that the experimental weakest specimen (lowest

dot) is in between the weakest sudden—death points and weakcst degradation

points. For this case, the experiment seems to agree better with the sudden—

death model

Figure 4 shows a similar plot for the case of Laminate II of Ryder—Wa lker.

Here , it is interesting to note that the weakest of the 15 specimens from the

degradation model is about the same value as tha t from the sudden death model.

The experimental one has a much lower value than the models . This Indicates

that the present degradation model does not have enough degradation ; it is more

close to the sudden—death model whereas the experimental data shows more

degradation.

Another case is shown in Fig. 5. Again, the degradation model is not

much different from the sudden death model. However, the experimental weakest

specimen shows a much higher value than those of the models.

L.
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VI. Limitation of the Present Degradation Model

The present degradation model has a degradation rate that contains two

parameters, f(s) and c, as shown in Eqs. (1) and (2). These two parameters

are determined completely by the fatigue life distribution data. For a given

materia l under a given fatigue loading, once the static strength and the fatigue

life d is t r ibut ions  are known , the residual  s t r eng th  at  all f a t i gue cyc les are

f i xed according to the present model; there is no open parameter to accommodate

different residual strength distributions. In other words, according to the

present model, two materials having the same static strength and fatigue life

distributions , must also have the same residual strength distribution .

This seems to be very restrictive.

Application of the present degradation model to the six cases studied

shows clearly this limitation . For instance, in Fig. 6, the mean residual strength

according to both sudden—death and degradation models are plotted against

fatigue cycles, for the case where c is 56.1. The degradation curve is very

close to the sudden—death curve, indicating that the degradation model offered

very little degradation in this case. This fact has also been shown in Fig. 4.

FIgure 7 shows another case where c is 10.8. Here, the degradation curve is

substantially different from the sudden—dea th curve, but the experimental data

show bet ter  agreemen t with the sudden—death .

In view of the above, we feel that the present degradation model is

overly restrictive and not adequate. An appropriate degradation model should

have one more parameter to adjust for different residual strength when the

static strength and fatigue life are fixed.

—28—
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VII Conclusions

We shall summarize a few comments made before:

1. In deriving the statistical distribution for strength and life,

care must be taken to use the proper population base. It will avoid

getting distributions with negative Weihull position parameters ,

or getting non—zero cumulative distributions at the lower bound of

the domain.

2. In general , the degradation model correctly predicts the mean of the

esidual s t rength  of the six sets of test data studied. This is not

a severe tes t  for the model , because the decrease in the mean residual

strength in these six cases is very small. The sudden—death model ,

which assumes no degradation for individual specimens , is also

s a t i s f a c t o r y  in predicting the residual mean for most of these six cases .

L The sudden—death model should be used as a standard to measure degradation .

4. The degradation model does not predict accurately the weakest residual

strength among a se t of residual strength data.

5. The degradation model presented here is overly restrictive . Once

the static and life distributions are given , it predicts a fixed

residual strength distribution , which may not agree with experi-’

mental data .  A more genera l degradation model wi th  an additional

parameter would be more versatile in matching different residual

strength distributions of composite materials.

o. For unidirectional composites, the decrease of residual strength is

less than that for composites of general layup.I.
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Appendix A Exper1ment~ 1 Data of Composite Materials

A. l  Awe rbuch —Hahn 1 5 ], G R / E , 8—10 p l y ,  0
0

a. Static Tension Strength , ksi (48 specimens)

122.3 168.0 188.5 205.0 212.7 222.4
123.6 174.8 193.2 205.3 214.5 223.0
147.1 181.5 196.9 205.4 216.8 225.2
149.5 182.3 197.1 206.5 217./i 226.5
149.7 183.0 200.4 207.9 219.4 227.8
161.9 183.6 201.9 209.0 220.0 228.3
161.9 184.7 202.2 211.8 220.6 228.6
166.5 186.4 203.0 212.2 221.5 232.0

— Sample rnean strength = 196.5

s — Sample stan~iard deviation = 27.5 ksl

b. Tension-Tension FatIgue Life , Cycles , Max. Stress — 127.3 ksi

R — 0.1, F — 33 Hz (74 specimens , 19 failures , 55 suspended)

10 , 900 C(100 , 000) * 2 19 , 900 (500 ,000)
16 , 000 2 2 3 , 500 2 1
17 ,100 : 305 , 300 o~ oo’31,800 ~( 100 , 0~ 0) 315 .400 546 60033, 100 118 , 2~ 0 3S5 ,~~00 

~ 000 000~46,100 1L’~,500 386, S00 
-,

47 ,100 l21 ,t’Oo
94 ,000 2 1 3 ,000 [(2 , 000 , 000)

c. Residual Tension Strength , ksi , z .t 1x105 cycles. (18 specimens)

Tension—Tens1~ n F~~~~~~d with M a x .  Stress 127.3 ksi , S 0.1
F — 33 1l~ .167.2 17h.6 198.2 216.6 220.8 227 .7

167.7 185.2 212 .~+ 21~~.2 223.5 230.5
174.8 1 9 2 . 6  213.4 218.4 2 2 3 . 9  230 .6

d. Kesidua l Tension Strength , ksi , at 5x105 cvcl~~~. (21 specimens)

Te~ision—Tension Fatigued with Max. Stress 127.3 ksi , R = 0.1
33 Hz.

164.0 178.4 188.6 200.8 204.8 215.2 221.0
167.1 180.5 192.4 20 .4 207.0 217.4 227.2
172.9 182.4 199.3 203.1 207.2 218.6 240.?

1 ksi — 6 .894xl0 6 
Pa

* Pdrenthesis indicate element did not fail in fatigue but was suspended at the
stated life for residual strength test or run—out.

~ 

~~~~~~
—
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A.2 Ryder—Walker Laminate I Data [ 4 ] GR/E, 16 ply , (0/+45/90/_45 2/
9O/+4S/0)s

a. Static Tension Strength , ksi (25 specimens)

62.0 66.0 69.3 70.6 72.0
64.4 66.0 69.7 70.6 72.6
64.6 67.6 69.9 71.3 73.0
64.6 68.0 69.9 71.4 74.2
65.2 69.3 69.9 71.8 75.4

— Sample Mean Strength = 69.2 ksj

s — Sample Standard deviation = 3.4 ksi

b. Tension—Tension Fatigue Life, Cycles, Max. Stress 50 ksi , E. 0,
F 1O Hz.

1. Data Set 1 (20 specimens, 20 failures)

11,491 51,848 64,070 81,571
17,578 54,187 69,711 87,373
40,270 58,530 70,049 116,667
41,200 59,320 70,497 367 ,644
44 ,830 60,912 71,400 512,600

ii. Data Set 2 (21 specimens, 1 failure, 20 suspended)

21,600
1(31, 400)

2O~
400)

iii. Data Set 3 (23 specimens, 3 failures, 20 suspended)

5,350 131, 400
14,200 20j
28,800 

~31,4OO

c. Residual Tension Strength , ksi, at 31,400 cycles. (20 specimens)

Tension—Tension Fatigued with Max. Stress = 50 ksi, R 0,
F 1O Hz .

54.6 59.0 61.6 66.0 67.5 69.9 71.7
57.7 59.8 64 .4 66.2 68.8 71.4 72.6
57.9 60.6 64.4 67.0 69.3 71.7

—32—
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A.3 Ryder—Walker Laminate II Data [4], GR/E, 24 ply , (0/+45/0
2
/_45/0

2/+45/

a. Static Tension Strength , ksi (20 specimens)

118.7 136.4 141.2 148.7
129.8 136.6 145.4 148.8

— 

133.4 139.5 146.6 150.2
134.5 140.4 147.2 150.5
136.1 140.8 147.6 161.8

— — Sample mean strength = 141.7

s — Sample standard deviation 9.3

b. Tension—Tension Fatigue Life, Cycles, Max. Stress = 100 ksi
R = 0, F — 10 Hz (51 specimens, 9 failures, 42 suspended)

1 930,000
1 ((1,000,000)
1 

3 81

49~E~826,940 (1,358,000)
(1,470,000)

c. Residual Tension Strength , ksi, at 1x106 cycles. (20 specimens)
Tension—Tension Fatigued with Max. Stress 100 ksi

R = 0, F = 10 Hz.

120.9 138.5 140.6 149.1 152.8
127.5 139.3 142.2 149.6 153.0
134.4 139.9 144.3 150.1 154.5
136.2 140.4 147.7 150.3 159.2

~~~~~~~~~~~~~~
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A.4 Yang-Llu [2 ], GR / E , 8 ply ,  (0,90, ± 45)~

a. Static Tension Strength , ksi (12 specimens)

63.152 72.323 77.743 81.324
66.312 72.626 78.316 81.742
71.900 75.050 80.052 84.154

x — Sample mean strength 75.391 ksl

s — Sample standard deviation — 6.394 ksi

b. Tension—Tension Fatigue Life , Cycles , Max. Stress — 52 ,716 ksi

- 

R — 0.1, F — 20 H5
i. Data Set 1 (9 specimens, 9 failures)

3,840 117,580
18,790 155,000
88 ,000 221,200

228,500
228 ,700
310,000

ii. Data Set 2 (8 specimens , 1 failure , 7 suspended)

17,540
[(26,000)

~~~~~~~~ :
1(26,000)

c. Residual Tension Strength , ksi , at 26 ,000 cycles. (7 specimens)

Tension—Tension Fatigued with Max. Stress 52,7l6 ksi, R (1.1,
F 20 lIz.

62 .2  74 .3
66.3 78.0
69.1 84.1
73.7

—
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A .5 Wang [6], GR/E , 6 ply, 0°

a. Tension Static Strength, ksi (24 specimens)

158.9 189.3 206.1 214.1 224.0 237.0
177.1 194.2 207.2 214.8 228.2 245.0
177.9 195.4 209.5 216.3 228.6 250.7

- 
186.7 205.3 213.3 222.5 229.7 255.2

i Sample mean strength — 2 1 2 . 0

s — Sample standard deviation 24.0

b. Tension—Tension Fatigue Life, Cycles , Max Stress 3.48.3 ksi

R = 0.1, F = 9.5 Hz (36 specimens, 4 failures, 32 suspended)

8,352 68,517 441,030
((10,000) ((100,000) 531,170

(1,000 ,000)
(10,000) V1OO

~
OOO) (1,000,000)

c. Residual Tension Strength , ksi, at 1x10
5 cycles . (15 specimens)

Tension—Tension Fatigued w ith Max. Stress = 146.3 ksi

R 0.l,F 9.5 Hz.

194 206 217 229 232
195 215 22 1 229 238
202 216 221 229 250

~i.
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TABLE 2 Comparison of Mean Residual Strength

Z 0° Data Source n~ Predicted Mean Strength, ii~/8 Sample Values

ply (Ref.] cycles Degradation Sudden Death Mean, ~~~~ S.D., s/ 8
Model Model

Yang—Liu [2] 26,000 0.960 0.985 0.928 0.096
25% Ryder Walker r i  31,400 0.967 0.993 0.963 0.081

Laminate I

67% 
Ryder Walker 

~ 
lxlO6 0.987 0.988 -0.983 0.065

Laminate II I I

Awerbuch lxl05 0.964 0.977 0.990 0.108
[5] 5Hahn 5x10 0.976 1.012 0.962 0.098

100%
Wang 161 1x105 0.960 0.977 0.990 0.071

TABLE 3 Test of the Hypothesis H0
: (~ 

= 
~~), for Mean Residual Strength

Does the sample come from a population whose mean is the same as the theoretical
model , or, does the test data agree with the model, in terms of mean residual
strength.

Significance Model Yang— Ryder Walker A~erbuch Hahn Wang
Liu Laminate Laminate n 1xl05 n .~5x10

5
Level

cycles cycles

Degradation Yes Yes Yes Yes Yes Yes
5%

Sudden-Death Yes Yes Yes Yes No Yes

Degradation Yes Yes Yes Yes Yes No
10%

Sudden Death No No Yes Yes No Yes

—38—
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Residua l Stren~ th iai F a t i~~u c E a ~~ -d on the

St r e r a g t h - - L i f e ~~~~aaai Rank Assumption

Scope

In study ing the residua l strength of composite materials under fatigue

loading , IlalpIn et al [1] proposed a degradation equation that is based on the

crack propagation of homogeneous materials. Realizing that fatigue failure of

composites is not, dic tated by the initiation and growth of a dominant crack ,

h abit and Kim [~ ] introduced the concept of rate of change of residua l strength ,

w [tli~ ut referring to any crack. They assumed the time rate of decrease of

residual strength is inversely proportional to the residual strength to a certain

power . From this deterministic residua l strength equation , and the static

strLnrth distribution , they derived the fatigue life distribution. Fol lowing

tllL.t a~ e approach as h ahn and K im , Yang and Liu [3) further derived the rc siiui l

a 
S t t t . a 1 1 ’ L I a  distribution , and compared the results wi t h one group of experiment/a l

data,

In a recent pape r , Chou and Croman [4] demonstrated tha t the degradation

mod el used by hI.Thn and Yang is over ly restrictive. According to that model , once

the static strength and th e fatigue life distributions are known , the residual.

strength at all fatigue cycles are fixed , there is no open parameter to acconamodat-

d i f f e r e n t  residual  s t ren g t h  d i s t r i b u t i o n s .  In this paper , we shall introduce a

deg rada t ion  equat ion which contains an add i t i ona l  p arame te r .  This parameter i-an

be adjusted to fit various ,resid ual strength data for a material of fixed static

strt- n~;t l-a and life distributions.

-

_ _ _ _ _ _ _   
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Hahn and Kim [2] have introduced the assumption of a unique relation between

the ranks in static strength and in fatigue life of a given spec imen. We shall

call this the strength—life equa l rank assumption. This is a very fundamental

assumption because if this is not true , then the equation of degradation of

residual strength of a specific specimen can not be deterministic , and rando m

variables must be used. In [4], it was shown that the deterministic degradation

equation, used by Yang and Liu implies this equal—rank assumption. In fact.,

all deternuinistic fracture nechanics equations in fatigue all imply this cc~uai

rank assunap tion.

In this paper , we shall first make the strength—life equa l rank assunapt i - I n .

Based on this assumption , the constraints on the degradation equation are de-

rived. Then a possible form of degradation equation is introduced . The residual

strength distribution is then derived , and compared with existing experimental

results.

Another concept introduced here concerns two processes going on simultan—

eo.isl.y during fatigue . One is the degradation of Individual specimens , the 0th /er

is the weeding out of weak specimens by fatigue faIlure. Depending on which of

these two processes is more dominant , the mean of the residua l strength can be

smaller or larger than the mean of the static strength, The former is call ed

strong degradation , the latter weak degradation. 
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Residual Streng th Equa tions

Let us assume that both the static strength and the fatigue life distribu-

tions are of the two—parameter Welbull form, and the parameters are known fr~ : ~x-

perimental data. Let R(O) be the random variable of static strength and

X be its value, then the distribution function of the static strength

is

FR(O) (x) = P[R(O) < xl  = 1 — exp (— X
a

) (1)

where a is the shape parameter. The strength x has been normalized by its

charac teristic value (scale parameter), or

static strength (2)

where ~ is the scale parameter of static strength .

In order to compare the static strength with the f a t i gue l i f e  at a

stress S , we formulate the distribution of strength for those specimens t i / i t

have strength larger than S. This is accomplished b y tak ing  the c o n d i t i o na l

probability,

F
R(O) S

(x) = P [ R ( O )  ~~ xIR(O) > SI

a a
= 1 — exp (— x + S ) (3)

Let N be the  random var iab le  of f a t i gue l ife , and n i ts  value , then

F
N

(n) P (N  < n) = 1 - exp (—  n
1) ( 4 )

where a1 is the shape paramete r .  The l i f e  n has been nor ir a l i zed  by t~~e ch~a r —

acteristic life (scale parameter), or

(5)
no

where  n 0 is the scale pa rame te r  of the  l i f e  d i s t r i b u t i o n .  In t h i s  paper ,

all s t ress  and s t r en g t h  wi l l  be n o r m a l i z e d  by ~ , and l i f e  by n0.

—5 0—

~~~~ :~ - r~~~~~~- - - — .-~~T~~ ll~li~l~~~~~~L - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~

_ _ _ _
~~l.~~~~ ~~_JT -~~ -~ . 

—



__--

‘Ili c a s s um p t i o n  that for  a g ive a specimen the  s t a t i c  s t r e n g t h  and fati~~iae

life have the same rank is then represented by

FR(O)s
(x
~
) =

where x is a value that gives a cumulative distribution of static strength cf

1—y , or , lOOy percent of the spec imens  has strength higher than x .

FR (O) S (x y ) = 1 — (7)

and , similarl y ,  n is the life that gives a cumulative distribution of l—y,

or

F
N

(n ) = 1 — y.  (8)

It follows then ,

(9)

This equat ion s t a t e s  t h a t  the  p a r t i c u l a r  specimen that has a s tat i c  s t r e n g t h

x , will  have a f a t i gue life n , and x and ii are re la ted by Eq. ( 9 ) .

Next we shall propose a family of degradation equations that is com-

pa t ible w i th  the equa l rank r e la t ion , Eq.  (9) .  There will he no Io~;o of

genera l i ty  by consider ing tha t the  res idua l s t r e n g t h  is S when f a t i gue

f a i lu re  occurs .

In writing a degradation equation , we f o l l ow  a s p e c i f i c  spec imen  with

a static strength x , and ask for  i t s  rc- s idua l ; t  ren~~th as a funct ion of t i’~c ,

or cycle. Let the residua l strength be y, which is a functi on of x and i i .

Then , the deg rada t ion  eq uat i o n

y = Y (x~ 1n) (10)

must s a t i s f y  the c o n d i t i o n  that it  
~~~~~~~~~~~~ 

t I i  i o a t ~’h t h e  p o i n t s  (x , 0) and

(S,n), or

y(x ,fl)

y ( x , n )  = S ( 11)

—5 1—
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where 11 is related to x by Eq. (9) .

It can be shown easily that Eqs . (11) are satisfied by the equation

a a a \ i
x — y  i 1 \

= 1  ‘~ —) (12)
a a ‘, a

X - s  - s
I I

where I is a const ant.  This can be wr i t t en  as

ya 
= y

~ 
— (x~ — Sa ) l i

( 
1) ~~ 

- n (~~)

ia
~ (13)

The corresponding degradation rate is

1—iia — l a a
-, ici 1 1 (x — S )

p1,4
dn a a—iy

By assuming d i f f e r e n t  values to i, a fam ily of degrada tion curves can be

con st ructed.  In Figs . 1 and 2 , a family of y vs. n curves ar e shown , each for

a par ticular set of values of a and a
1
. The sudden death curves as discussed in

[41. as well as the Hahn—Yang model , are also shown in these f i gures . All curves

are for the specimen that has a value of x equal to 0.9.

Next let us derive the distribution for the residual strength after ti
1

cycles of fa tigue , when 100 (y1
)percen t of the specimens have survived.

Fig. 3 shows schematically the residual strength as a function of n for two values

of x. For n = n , Eq. (13) becomes
Ii

Ia
n~~ ~

a = - (X
a 

— 5a ) h i  ( 1) = 
a (15)

I I I

To obtain the distribution of R(n ), let us first find the distribution of the

top Ifpercent of the static strength , or

cx a -
F
~,,A\ 

(x ) = 1 — e xp [—  x + x I ( l b)
“
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The corresponding density function is

= ax~~
1 

ex~ [- x~ + x~~~] ( 17)

The derivative dx /dy is

a-I
dx (y/x )

(18)
dy c x i

[1 — ( 1— i)n (X
a 

—

11 Y

The densi ty  func t ion  of the res idual  s t r e n g t h  is then

dx
f ~~~ = fR(n )“ R ( O ) , y 1 y dy

11

a—i cx a
a y  exp(— x + x  )

I

= . - ( 19)

[I - ( l_ I ) f l i
(X

a 
— S

i
)

i
]

11 1

Due to the complexity of Eq. (15), x cannot be expressed exp licitly as a

function of y. It is understood that in Eq. (19), all x terms are to be

considered as functions of y, and the relation x x (y) is Ir:iplicit

from Eq. (15) . The cumulative distribution function of the

res idual streng th is

F
R~~~~~

(y) = f ~R (n )~~~ 
dy (20)

The distribution FR~~~~~
(y) may be :bta~~ ed numerically by considering

FR( f l ) (Y ) = f} (Q)
(x )dx

I — e x p i —  x (y)  + X I (2 1)
I

where x~~(y) Indicates t h x - i t  x Is  a i o n  of  y~~
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- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~

— — — -



- ~~~~~~~~~~~~~~~~~~~~ ~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—---------—

~~~~~
--- —

-_~~~~~~- ----- _ _ _ _  
I’

For v a lu e s  of x f r o m  x to -‘ , the correspond ing values for  y are ca lcu-
l i

lated front Eq. (15), and the va l ues of FR (  ) (Y) from Eq. (21).

Ii
The mean of the residual strength Is

~
1R( n ) = Y f~~~~~~)

(v)dy (22)

w h i c h  can be expressed as

- (~
a 

- s
a
)
1_ 1

(n h
)i ax~~

1
exp

r_ 
x

a 
+ ~

a 
1dx (23)

R ( n  ) 
•~~ 

L I  Ii ~ 1 L ~ I1J I
1

This  can he intcg r- ted mimer i c a ll y.

It  Is i n t i - r e s t i n g  to note t h a t f o r  the  special  case of I 1, e x p l i c i t

ex p res .~ ions icr t he ~~~ id~~il s t ren g t h  d i s t  r ih u t i o n  can be obtained. For

1 1, E q s .  ( 1~~ and ( 14)  reduc e to

cxcc cx 1
y = x  — n  (24)

I 

~l

c~ —l

.th~ _ J~ 25
0 n—i

y

From Eqs. (19) and (24), we have

= ny exp[-  a 
+ 5

a
1 (26)

ThIs is exactly the same densit function as f g( 0 ) ç (x ) ,  or , if we use v

for both static and residual strength ,

~R(n )
(Y) 1R ( 0) ,S (y), 

for  i = 1 (27)
Ii
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Note that Eq. (26) Is Independent of n; the residual strength distribution

In this case is always equal to its static distribution; the mean of the residual

strength is equal to the s tat ic  mean for  all  values of n. As will be explained

further later , for this case , the process of weeding out o f weak specimen s in

fat i gue jus t balances the degradation process of each surviving specimen.

Strong Degradation and Weak Degradation

Let us now discuss the degradation model represented by Eqs. (13) and

(14). During fatigue, two processes are going on simultaneously : one is the

degradation of the individual specimen , the other is the weeding ou t of weak

specimens by fatigue failure.

For an individual specimen, the residual strength always decreases accord—

ing to Eqs . (13) and (14). At a given fa t igue l ife , the surviving specimens

all have a lower strength than their respective static strength. Therefore ,

the mean of the residual st ren gth is always smaller than the mean of the

static streng th of these specimens. Since y1-pe rcent of the specimens have sur-

vived at the life n ,the mean of the residual strength is always smaller than
Ii

the mean of the static top Yfpercent, or

~R(n ) 
< 

~R(0),y1 
(28)

Il

On the other hand , the weeding out process eliminates the weak specimens;

comparing with the ori ginal population, the surviving specimens have a

larger mean static s t rength  than the mean s tat ic strength of the total popu—

lation, or

~R(0),I
> 
~R(0),S 

(29)

In other words, the weeding out process tends to increase the mean s t r e n g t h

of the surviving specimens. In pract ical  appl icat ion , we may want to compare

-.55—
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the i-ieaa of the residua l strength with the mean of s t a t i c  s t r e n g t h  of the  
- 

-

total population . If 
~R ( )  is larger than 

~R(o),s’ 
we may say the average

r e s idua l s t r e n g t h  has  increased, if 
~
‘R(n  ) 

is less than 
~R (O )  ,~~~~

‘ 
the average

Ii
r es idua l  s t r e n g t h  has decreascd.  F i g u r e  4 shows a plot  of the var ious  mean

strengths as a f u n c t i o n  of f a t i g u e  l i f e  n , for  a pa r t i cu l a r  set of va l ues of

a and a
1
.

It  can be seen f r o m  Eq. (27 )  t h a t  f o r  the  case of i = 1, the mean of the

res idual  is equal to the mean of s t a t i c  t o t a l  p o p u l a t i o n , which is demons t r a t ed

by a s t ra i ght  h o r i z o n t a l  line in Fig.  4. I t  can be shown tha t  f o r  i > 1

~
‘R(n  ) ~~

- ~‘R ( 0 ) , S’ I .? 1 (30)

We sha l l  call  this case the weak degradation .

For the case of I < 1,

~R(n ) — ~
‘R(0),S’ ~ ~ 1 (31)

Ii

which  shall  be called the  s t rong d e g ra d a t i o n . Both types of degrada t ion

have  heen observed ex p e r i m e n t a l l y  fo r  composi te  ma te r i a l s .

When i approaches infinity , i t  can be seen f rom Eq. (13) t ha t  y -
~~ x for

1
ci < ci ,and y = S for  cc = n ; which ind icat es  that  the residua l s t r e n g th  of a

Ii Ii
specimen is equal to its static strength right up to  the f a t i g u e  f a i l u r e .  This

j -: exactl y the definition of the sudden—dea th  mod el d i scussed  in [41. In Fig. !4

t he  reg ion above the sudden dea th  line represents an increase in residual strength

in each specimen.

A nxl -; s i s of Exper imenta l  Sample  Data

It  Is o f t e n  desi rable  to make s imple  ca lcu la t ions  and draw conclusions from

e~ p c r i n x en t a l  data , without going through rigorous fitting of d i s t r i bu t i o n  f u n c t i o n s

and estimation of parameters. We shall show in this section that the nature of

the degradation can be determined directly from test data .

— 56—  
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First let us calculate the percent failure at a given f a t i g u e  l i f e ,  i f

no f a t i o , e  tes ts  are conducted  a f t e r  u~ when all surviving specimens ace ui—e d

for residual strength measurement , the percent failed is simp ly the number of

f a i l ed  specimens d iv ided  by the t o t a l  numbe r of specimens. F’or generality , we

shal l  d iscuss  the case where  r es idua l s t r e n g t h  is measured  a t  more than one life- ,

and f a t i g u e  t e s t s  a t  l i f e  longer  than the  residua l s t ren g t h  l i f e  are c o n d u c t x .

This  is r ep resen t ed  s c h e ma t i c a l l y  in F ig .  4.  Let  be the number of o p e c i m e a s

f a i l e d  b e f o r e  n1, r 1 the number  of specimens  t e s t e d  fo r  res idua l  s t r e n g t h  a t

l i f e  n 1, and 
~~~ 

f
3 

and r
2 

are similarly defined as showr,. The total number of

specimens used for fatigue and res idua l  s t r e n g t h  tes ts  is t , where

t = f
1 

+ + f~ + r
1 

+ r
2
. (32 )

The pe rcen t  f a i l ed  up to cc1 is then

(i— l i
) = percent  f a i l e d  before xi~

= f
1
,’t (33)

Among those surv iv ing  n1 cycles , we sha l l  censor  r 1 
spec imen randoirl v , and

t rea t the rema ining specimen s as r e pr e s en t a t i v e  of the surviv ing p o p u l a t i o n .

Among those that survived n
1
, the percent failed between n

1 
and n .~ is

+ f
3 

+ r~) . The corresp ond ing perc en t of tota l pop ulation that would

f a i l  b e f o r e  n 2 is then

(l_1
2
) percen t failed before n

2

, f _ , f 
- -

-

= 11 
1 

- 
2 

+ (34)
~ ~ f +1 -Fr t/ 2  3 2

Le t r0 be the number of spec imens  used fo r  s t a t i c  s t r e n g t h  m e a s u r e m e n t ,

and tlt e-~e strength val ues are arranged i n  increasing order
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X
1

< X
2

< X
3~~~~~~~~~~~X (35)

w h e r t  x
1 

is the si~a 1 l t-s t  s t r e n g t h  above S. St r e agt h  po in t s  below S will

not be used .  The sample s t a t i c  mean is

x + x + x
— 1 2 r 0

r 0

The top ~~1
— p e r c e n t  of t h e  specimen inc ludes  v specimens f rom t h e  t o p ,  where

-

~~~ v
1~~~

y
1

r
0 

(37)

Since y
1
r
0 

is most likely not an iutcgec - , v
1 

can be tak en as the integer

closes t to it. The top 11
—p ercent s::!plo 1~~ ’~~~1 ~~~ 

+ ~(r —v ) (r —v +1) r

1
~R(0),y1 

= _ _ _  (38)

Simi la r l y ,

~ 
~
‘
2 

r
0 

(39 )

and

xr 0
\~2 

r
0

v
2

f 1  r 0 (4O~R ( 0 ) , 12 V
2

The sampl e i~enn of the residua l strength is nii~p 1y the average of the r1 
and

d a t a  p o in t s , r e sp e c t i v el y ,  or

y1 + y 2
± y

3
+”~ ~ r

~~ - 
~
- 

______ ______ 1 (41)
R ( n  ) r

where

< < )
3 

~~

are t h e r - n  iclua 1. se r e i i ~’, t h da a points at cc
1
. If
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~R(n ) 
> 

~R ( 0 ) , y
1 

(42)

there is an increase in residual strength. If

-
~~~ ~R( 0) ,S < 

~R(n  ) 
< 

~R( 0 ) ,y 1 
(43)

Y l
It be longs t~~ the weak degradation type. If

- 

~R(n ) 
< ~~~~ ,S (44)

- it belongs to the strong degradation type.

Comparison with Experimental Data

Six sets of residual strength test data for graphite/epoxy composites

under tension fatigue loading w ill be used for comparison . These data were

- taken from a few sources , as disc ussed in [4]. The sample means and the

estimated Weibull parameters of the static strength and fatigue life of these

test da ta are reprin ted in Table I for  easy re fe rence .
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Table Ii list the samp le data of these five sets, Including the cycle

when residual strength Is measured (ii ), percent failed (l—y
1

) ,  sudden—death

mean (hiR(O) Y
) static sample mean 

~~R(o),s~ ’ 
and the res idua l sample mean

~
‘R(n ) .  According to Eqs. 42 to 44 , two of these five cases belong to st rongY l

degrada tion , two are weak degrada tion , and two have increase in residual

strength.

The mean residual strength as calculated from Eq. (23) has been plotted

in Figs. 4 and 6—9 for five pairs of a and cc
1 
which ‘lere picked to correspond

with the five sets of data. Here the mean s t r e n g t h  has been presented as a

function of fati gue l i f e , n~ and the parameter i. Di rect l y below the abscissa

are the percentage of specimens failed at selected values of n .  Curves calcu-

la ted f rom Eq. (23)  are given for  val ues of I l ead ing  to both s t rong  and weak

degrada t ion  as well  as i = 1. The curve resulting f r o m i = is also labeled

as the sudden—death model , in addition the Hahn—Yang degrada t ion model is pre-

sented in each plot. The sample means of the experimental residual strength

data are plotted at their respective f a t i g u e  lives as horizontal bars .

Fig. 4 is plotted for a static strength shape parameter a of 15.3 and a

fa t igue l i f e shape parame ter cc
1 
of 1.18 correspondIng to Yang—Liu data . The :~

mean residual strength is seen to be in the s t rong  degrada t ion  reg ion .  The

curve which  best approx imates  th i s  sample mee n point  is obta ined  f r o m  t h e  p r e s e n t

approach  with I between 0.3 and 0 .4 .

The values of a and a
1 

used in Fi g. t~ a re  23.9  and 1.31 r e s p e c t i v e l y ,

co r re spond ing  to  the  Ry d e r — W a l k e r  1 -inm at e  I d a t a .  The e x p e r i m e n t a l  res idua l

mean is in the strong degradation reg ion and can be fitted by either t h e  Hahn—

Yang degrad ation ~.odel or Eq. (23) w ith 1 0.5.
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Eq. (12) cannot acconimodate any Increase In residua l strength. It can be shown

that Eq. (12) can be gene ra ll  ;~ed b y add ing  ano the r  parameter , so tha t  an i n i t i a l

- incre~;ee followed by later decrease of residual strength can be obtained.
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Conclusions

1. Based on the strength l i f e  equal rank assumption , a particular degradation

equation is introduced . This equation contains an open parameter whIch can be

adjusted to fit various test results . There Is not enough; test data to ascertain

if the proposed equation is the best suited .

2. The degradation equation proposed here cannot accommodate initial increase

In residual strength , which has been observed in a few cases of fatigue of

composite materials. Based on the present assump tion and approach , a more gen-

eral equation can be selected easily .

3. There are two basic processes acting during fatigue, one is the degradation

of indiv ,dua l  spec imens which tends to lower the mean residua l strength . The

othe r is the weeding out of weak specimens by fati gue fa ilure , which tends to

increase the mean residua l strength. If the former process is predominant , the

residual mean Is lower than the s t a t i c  mean of the total population , and the

degrada tion is strong. If the latter is predominant , the residual  mea n is

higher than the static mean , and the degradation is weak.

4. For the test data on graphite/epoxy studied here , two sets sh ow Increase

In residual strength , two show weak degradation , and two show strong d e g r a d a t i o n .
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Nomenclature

Probability density function for random variable Z.

Number of fatigue failed specimens. (j = 1,2,”’ )

F
2
(z) Cumulative distribution functIon for random varIable Z.

I As exponent , the open parameter in the residual strength equation.

n Value of fatigue life.

Weibull scale parameter for fatigue life or characteristic life.

n Value tha t gives cumulative distribution of fatigue life of l—y.

fl~~ Value of fatigue life at which residua l strength test is performed.

N Random variable of fatigue life.

P(Z<~) Cumulative distr ibut ion function for random variable Z.

r 0 
Number of specimens  f a i l e d  b y s t a t i c  s t r e n g t h  t e s t .

r . Number  of spec imens  failed by residua l strength test. ( j  = 1, 2 , • ‘  )

R(O)  Random v a r i a b l e  of s t a t  Ic  s t r e n gt h .

R(n  ) Random var iab le  of residua l s t r e n g th .

S Maximum stress applied in fatigue cycling.

t Total number of specimens used for  f a t i gue and r es idua l s t r e n g th  t e s t s .

x Value of static strength.

x Value that gives cumulative distribution of static strength of 1—y.

x~ Va l ue of static strength tha t corresponds to f l y .

y Value of residua l strength.

a Weibull shape parameter for st atic s t r e n g t h .

a
1 

We ihull shape parameter for fatigue life.

Weibull scale parameter for st a t ic strength or characteristic strength.

‘1’ Percent of Spec linens surviving.

p Mean .

p  Sample mean .

V
j 

Number of spec  im en s  In top —p ercent oh spec imcns t o  he suhj cc ted

to stti t Ic strength t .~t . (j I ,2 , . ‘ • )
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