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ABSTRACT

In Part I a method for calculating wave packet
trajectories and wave heights is based on the assumpt ion
that the water depth contours are locally parallel in the
vicinity of each ray point. This method is extended in
order to predict the modification to surface gravity water
waves in shoaling water when the water depth contours are
not parallel. The calculations are greatly simplified by
choosing a coordinate system at each ray point in which one
axis is aligned parallel with the direction of the gradient
of the water depth . Example printouts and plots are
presented to illustrate the wave prediction method. It is
discovered that when waves initially approach sinuous water
depth contours symmetrically with respect to the beach
there can be more energy in the bays than at the headlands.
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CHAPTER I INTRODUCTION

This is a supplement to the report by Breeding ,
J. Ernest , Jr., K.C. Matson , and Nourollah Riahi , “A Method
for Calculating Wave Packet Trajectories and Wave Heights ,”
Department of Oceanography , Florida State University,
Tallahassee , ~~~~~~ No. JEB—1 (1978) hereafter referred to
as Part I. The program for predicting the modification to

‘
~~aves in shoaling water described in Part I is developed on
the assumption that the water depth contours are locally
parallel in the vicinity of each ray point . This method
results in accurate wave predictions for many examples of
bottom topography. However , the wave height predictions are
not accurate when the water depth contours are highly non-
parallel in the region of a ray point.

The objective in this report is to extcad Part I in
order to make accurate wave predictions when the water depth
contours are not parallel. The theory is developed in
Chapter II. The calculations are greatly simplified by
making them in a x ’y ’-coordinate system which is chosen so
that at each ray point the positive x ’-axis is in the direc—
tion of the gradient of the water depth. As a result , the
first partial derivatives of the water depth and wave
velocities with respect to y ’ vanish. Further , there is a
simplification in the second partial derivatives involving
y ’ . In Chapter III modifications to the computer program
are described . To illustrate the wave prediction program
two examples of nonparallel water depth contours are pre-
sented in Chapter IV. An interesting result is that when
waves initially approach sinuous water depth contours
symmetrically with respect to the beach (headon) it is
possible for there to be more energy in the bays than at
the headlands. This is in contrast to the result for mono-
chromatic trajectories where under similar conditions there
is always more energy predicted at the headlands than in
the bays.
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CHAPTER II THEORY FOR NONPARALLEL WATER DEPTH CONTOURS

2.1 Spatial Derivatives of the Water Depth. At each
point of a wave packet trajectory the calculations are made
in a x ’y ’-coordinate system where the x ’-axis is taken in
the direction of the gradient of the water depth. The par-
ticulars  of a wave packet  t r a jec to ry  are tabu la ted  in a
xy-coordinate system which retains a fixed orientation with
respect to the water depth grid. The relationships between
these coordinate systems and a specific ray point for a set
of nonparallel water depth contours are shown in Figure (2-i).
Eq uations relating these coordinate systems are given by

•~
(
l 

~~~~~~~~~~~~~~~~~ + ~~Aw~& O(. (2- 1)

%j~ - X A.w~. O~ + ~~e~t-
O(.

(2—2)

~~~~~~ ,
, ~~~~~ (2-3)

where a is the ang le by which the x ’—axis is rotated with
respect to the x-axis and h is the water depth.

The partial derivatives of h in the x ’y ’-coordinaf~
system with respect to the partial derivatives of h in the
xy-coordinate system are given by

(2-4 )

- 0~ + = 0 (2-5)

+ 9- e.o’ O( 4 -
~~~~~~~ ~~~~~~~~~~~~ (2-6)
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Figure (2-1). Relationships between the coordinate
systems and the water depth contours .
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_ _ _  - ~~~~~~~~~ + 
(2-7)

(2.~ - _ _  ft~~~O(. ~~~~~ + - A~~ -c~) (2-8)

In Equation (2-5) , ah /ay ’ 0 as a result of choosing the
positiv e x ’—axis in the direction of the gradient of the
water depth. If the water depth contours are locally paral-
lel , which was the case dealt wi th  in Part I , then

0 (2— 9)

ax ’ a’~! 
— 0 (2— 10)

2.2 Spatial Derivatives of the Wave Speeds.  In this
se ct ion re la t ions  are presented for connect ing  the geomet ric
group speed C , the collinear group speed U , the phase speed
v , and h. The water depth contours are assumed to be non-
parallel.

a. Derivatives of v

The phase speed of a surface gravity water wave is
defined (Part I)

(2-li)

in which

0. ~~. ~~~~~~~~
_ (2—12)

— - 
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L~.TT -

-LI = (2—14)

where T is the wave period and g is the acceleration due to
gravity.

The f irst partial derivatives of v in the x ’y ’-coordinate
system are given by

~tr _ 
_ _

— W (2—15)

w .
~~~~~~

. 0 (2-16)

wher e

— 

E + &(i-&~~-)] -

The second partial derivatives of v are defined by

(dXi ~ I (a)(5~ 
+ >‘ I~~r) j (2-18)

p W 
~~~~~~~ 

(
~- l9)

- ~~~~~~~~~~~ 
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wher e

Y — (2 21)

~~~~~ .L(i -a~i?)~ 
-

b.  D e r i v a t i v es of U

The coll inear gro up spe ed of a sur face gr av i t y  w~~ter
wave is d e f i n e d  (P art I )

! ( + I \ (2-22)

The f i r s t  pa r t i a l  d e r i v a t i v e s  of U in the x ’ v ’ -coord~~n -~~ e
sy s t e m  are g iven by

= 
C. L 

~~k i + i) -~~~~~~~~ + ~s -
~~~~~~~

- ( t _  I. ~~ ~ (2-23)

t .
~:
i 

t~~
’
~
-’
~
-’ + + i~r- , Li _Le.od\ L)I = ~ (2-24)

where

— 
( I  G~& Ip - I vt-~r (2-25)

c)L _ ( I~~4. I ~r \- 1 - 
~Y 0 (2-26)

The second partial derivatives of U are given by

_ _ _ _ _ _ _ _
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~
. (a~ + ~~L.i - t e.o4.. i) +

~ ~ ~4 ~*4. :i (i  ~4. I — Q04. I’)] }3X (2—27)

= a- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(2-2 8)

~~~~ 1+ + _ _  - 

(2-29)

whe re
I oi I ____ I (~&\~1

~~~ ~ T~~W) + I Vt (.~3x’)’- — I’IIX ) ‘ (2-30)

___ I ( atr \~- V ~~~~ ~~
i (-

~ ~~~~~~~~~~~ 

— -
~~%) 

(2 - 3 1)

____ — 
( I ~~&.. I a% \

— \& dX~~ 
— 

~~~ ( 2 - 3 2 )  
- 

I

c. Derivatives of G

The geometric group speed is defined by

= LI e.~A -4 (2-33)

where 

—~~~~~~ —

-- - - - - - -- - - - - - - - -~~ -- ----~~~~~~~~~~~~~~~~~~~~~
- -
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(2- 34)

in which 0’ is the direction of the wave packet , y ’ is the
direction of the wavelets , and both directions are measured
with respect to the positive x ’-axis. The first spatial
de r iva t i ve s  of G are

~~~~~~~~~ 
— UA ~~ 4 _ ~ (2- 35)

Q.O# 4~’ — U A~~ 0 (2-36)

The ray curvature for a wave packet is given by (Part I)

= Q.a~ 9’ + — & ..~~~~~~~ ~~~~ ..
~~~~ ~~ 

e’ .~~~~~~~ 
— ea~e~~) (2-37)

where ds0 
is an element of arc length along the packet tra-

jectory. Since the first derivatives in y ’ vanish it is found
that

ae ’ ~~~e’ ~
~x

I — -~ . ( 2 — 3 8 )

_ _ _ _ _  —

6 - 0  
(2-39)

In like manner , when considering the ray curvature of the
wavelets it is found that

ay I — t4Fr1.V ~~ 
( -4

—- —~~~--- ---- - 
— —-~~ _ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 
— -
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~~~~~~~~~~~~~~~~

V ~~
. - 0  (2-41)

Therefore

~4i. - i~ .& ~G i~M..Y au~ (2- 42)

6

— ~~e’ e~G c~*’i’ ~7i~- — 6 + ‘U. (2-43)

When Equation (2-42)- is substituted into (2-35) and the
result is simplified it is found that

- oL ~Lc.o i. 4 +ax’ — 1 ¼~~’ -5j:r) (2-44)

where

p = (I + ~~~~

= ‘°‘ ~ 
‘
~ (2-46)

The second partial derivative of C with respect to x ’ is

given by

j
~
.

(2-47)

where

— p
a 

~~~~~~~~~ e’ PM~
a. 

~~ .~~~~~~ .
~
. 

~~~~~ 4 .A*t.& & a& ) (2-48)

- — ~~~~~ rI— — — — — -~~ ~—‘-— ~t
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aci ( I  ~u I
~~~‘ ¼ cj”a~

r - -
~~~

-
~~T) +~~( e x ~v~~ 4

+ .
~~~~~~~~~~ 4 ut! Y -

~~ 
) (2-49)

The remaining second order spatial derivatives of G are
obtained by differentiating Equation (2-36). Since the first
derivatives in y ’ vanish it is found that

~°‘ 4 — U A~iv- 4 ~4 (2—50)

_ _  
a~u _ _ _4 U i~’~ 4 ~‘ 4 ’ (2—51)-

The second partial derivative of c~ with respect to y ’ is
found by differentiating Equation (2—43). The result is

~ aaG ~.ek SI’ i~x (2—52)
G

When Equation (2-52) is substituted into (2-50) and the terms
rearranged it is found that

- 

(2-53)

where

= - ~~~ 4 t~ (2-54)

(2—55)

After differentiating Equation (2-43) with respect to x ’ it
is found that
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_ _ _  - it,.... 8’ tG 
- ~~~ ~ r

311 
- 6 ~j  D%~~’ (2-56)

When Equation (2-56) is substituted into (2-51) the 51mph - 
-

11e 1 result becomes

= 

~-4 + (2-57)

2.3 Ray Curvature for Nonparallel Water Depth Contours.
Th e ray curvature  K s-. depends only on de riva t ives  of the f i r st
order. By making t~ e calculations in the x ’y ’-coordinate
sy3tem the first derivatives in y ’ vanish . This results in
a simplified ray curvature expression which is formally the
same as presented in Part I for locally parallel water depth
contours.

K 6 G ~~‘ (2-58)

2.4 Ray Separation Equation for Nonparallel Water Depth
Contours . The ray separation equation is defined (Part I)

A + t g  4 0 (2-59)

where 8 is the ray separation factor , t is time , and

~~~~~~ 
_ t ~- e . ~ (2—60)

— ~~ A~~~&t ~~~& +~~ &~~ ) (2-61)

In the x ’y ’.-coordinate system p is simplified as is KG. In
q there is also a reduction in the expressions for the
second order derivatives involving y ’.

~~~-~~~_ . : - 
i_



CHAPTER I I I  SUBROUTINE SURFCE

3.1 Modifications to Subroutine SURFCE. Modifications
have been made to the program subroutine SURFCE in Part I in
order to remove the restriction that the water depth contours
be locally parallel about each ray point and to simplify some
c i the computations . When the program is run with these
modifications minor changes will occur in the printed output
for the sample input data presented in Part I.

Referring to the program listing for SURFCE on pages
52-54 of Part I the following modifications have been made .
In place of SURFACE 58 an alternative expression is used to
compute ah/ax ’ (DHDX). Between SURFACE 87 and SURFACE 88
31/ax ’ (DIDX ) is computed as are the hyperbolic sine , cosine,
and tangent of I. Statements SURFACE 91 through SURFACE 93
for computing aU/ax ’ (DUDX) have been replaced by a simpli-
fied expression . Between SURFACE 107 and SURFACE 108
32h/ (3y ’)2 (DHDYY ) and 32h/3x ’3y ’ (DHDXY) are computed .
SURFACE lii has been replaced by expressions to compute
32v/ (3y ’)2 (DVDYY ) and a 2v/ax ’ay ’ (DVDXY). Statements
SURFACE 114 through SURFACE 120 have been replaced by expressions
for calculating ahI/(ay I)2 (DIDYY ) and a 2I/ax ’ay ’ (DIDXY). A
simplified expression has been substituted for 32U/ (ax ’)2 (DUDXX).
Also , the values of a2U/ (ay ’)2 (DUDYY ) and 32U/3x ’~ y ’ (DUDXY)
are computed . Between SURFACE 122 and SURFACE 123 T (ZETA ),
~ (XI), 3

2G/(3y ’)2 (DGDYY), an d 3 2G/3x ’3y ’ (DGDXY) are
determined . Simplified expressions are used -to compute
32G/ (3y ’)2 and 32G/ax ’3y ’ when !tan o ’ J  j  tan 5° and tan y ’I< tan 5°.
Statement SURFACE 124 has been replaced by the complete
expression for computing q (QOT).

3.2 Description of Subroutine SURFCE . SURFCE is called
by RAYN and MOVE to calculate h, a, y, G , p, q, kG, and other
ray particulars . At the first ray point twelve values of h
from CMAT are selected about the point as shown in Figure (2-2)
of Part I. A quadratic surface is fit to the set of water
depths . At successive ray points the quadratic surface is
determined only if there is a change in the set of twelve
water depths. The water depth and its partial derivatives in
the fixed xy-system , 3h/3x , ah/ay, a 2h/ax 2 , a 2h/3y 2 , and
32h/axay, are determined at the ray point by interpo lating on
the quadratic surface.

If h � 0, NDP = 2 and there is a RETURN . If h > 0 the
ratio of the water depth to the deep water wavelength is
computed . If h/A d > 0.64, which defines deep water , NFK 1.
If h/A d � 0.64, NFI< 2. VELCTY is called, and af ter the 4
return if NFI< 1, W 0. If NFK 2 , CONDER is called to

12
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compute W. The values of 3v/3x and av/ay are calculated
using W.

At each ray point calculations are made in a x ’y ’-
coordinate system which is chosen with the positive x ’-axis
in the direction of the gradient of the water depth . The
value of 3h/3x ’ is computed , and if it exceeds 0.00001 the
angle a by which the x ’-axis is rotated with respect to the
x-axis is computed . If I ah/ax ’ j  ~ 0 .00001  the water depth is
assumed to be constant and a remains constant.

If FLAG1 0, y ’ is computed , and if necessary it is
placed within the range Ii ’t  � 360°. A check is made to
determine if there is total reflection . If there is,
FLAG2 1 and there is a RETURN . Otherwise , FLAG2 = 0 and the
new y ’ is computed using Snell ’ s law with phase velocity
following a set of rules . Using the values of y ’ , y is
computed. When FLAG 1 � 0 these steps for computing the new
wavelet  direction and the test for total reflection are
omitted.

The values of ~ , G , and av/ax ’ are calculated. If
NFX = 2 , au/a x ’ is determined using its unsimplified expres-
sion . If NFK � 2 , the deep water formula is used to calculate
aU/ax ’ . The value of 3U/3x ’ is used in computing aG/ax ’.

If NF1< � 2, the coefficients of the ray separation
equation and the ray curvature are set equal to zero. Then
there is a RETURN. If NFK 2, p a 2h/(ax ’)2 , a 2h/(ay ’)2 ,
32h/ax ’ay ’, 32v/ (3x ’)2 , a2v/ (ay ’) , a 2v/ax ’ay ’ , a 2U/(ax ’)2 ,
32u/(3y ’ 2 , 32U/ax ’ay ’, a 2G/ (ax ’)2 , a 2G/(ay I)2,a 2G/ (ax vay P ) ,
q, and KG are computed. This is followed by a return.

_ _  

_L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

- •~~~~~~~ _~~~~~~~I~—n



14

~~OM OQ~Y FU~~~~H~~ a~O D~Q _~~~~~~
—

3 . i  Listing of Subroutine SURFCE

SUOR OUr I N~ SU~ F C F ( A ,y , A ,FK ,NFK, p,~Qp, AV ) SURFACE I
DT MH-J S ION ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ SURFAC E 2

SURFACE 34 F A L  Kt ~,KF ,KS , K PT OL ,KFC - SURFACE 4INTEG E R FLAG1, FLAG ? SURFACE S
COMMON S , E M I E , Y V W , C MA T , C , A X , A Y , C U NT U R , P~~OJ CT ,GR!~ ,DC0N ,FA N .OATE1 SURFACE 6

S , DA-TE2 / C I’ l ,0~~~, PO P, TT ,WBt .O P ,MO E ,)~Y . O E L T A T , S O L T A T , O , H G T , H G T Z , S V X  SURFACE 7
~ , Y , S O t P ,W, i& E~

- ,W L S , S A , V , ~~PPEV, U,SMUi&7E~ Q , & , 5 G t SVG ,DUQ, SURFACE 8
I , D C . U X , S V A , T P I ,  S 4 V , S V A V , P H 1 , A L F A , S V A L F A , S S A L~.A , C N V R S A ,CtL. A ,uHOX SURFACE q
~ ,SV FK ~~,s A V FK, F K EA R ,~~A x Q , S K , F L C , N u M T ,1 NU4, I F LG, RCOU NT ,AMM, ~~D-1 SURFACE 10
$, QEF1C T ,RFL DUM ,~~E~- PC1 ,~~F,~PUM,9RK ,F,. AG 1, F LA G2 , F LAG 3 ,FLA GR, KF C, CF ,U7SU R FA C E 11
~ ,St~7, ’ I f l Z ,SB f l Z, k R r O L , KR,POT ,P1, P2, P3, P 4 , P 5 , O O T , Q 1 , Q ~~,Q 3,Q4, Q S SURFACE 12

C ZN -T HiS ~.UD ROUT1 NE TH r W ATEk DEPTH . POTATIDP I ANGLE , WA V E LE T SURFACE 1!
C DI RECTION , G EOMET ~.1C GkOU F VELOC ITY , L.OEFF IC IL NWS OF THE RAY S UR cA C E 1I~C S E P A R A T  Iota EQJ A T IU~~, AND THE PACKET RAY CUR VATURE AR E COMPUT ED. SURFACE 15
C SU8R OUT1NE~ V E L C T Y  AND COP4 O ER ARE CALLE D. SURFAC E 16

I=X S J :Y S F 1 1  £ F.J=J $ XL = X +j . — FL $ Y LzY ,j . —FJ SURFACE 17
IF ( MA X~4 .11. 1) GO 10 1 SURFACE 18
IF (Z I  .NE . El) GO TC 1 SURFACE
IF ( Z J  .EQ. FJ )  GO TO 3 SURFAC E 20

I Z I=FI I ZJ . FJ SURFACE 21
C SELE CT 12 WATE R DEF T H S ABOUT RAY POINT SURFAC E 22

- C ( 1 ) = C M A T ( J + I ,  1) $ C ( 2 ) = C M A T ( J + 2 , I )  $ C ( 3 ) CMAT ( J, I+1) SURFAC E 23
C ( 4 ) : C M A T ( J ~~l , I+ 1)  S C~ 5 ) =CM AT (J + 2 , I~~1) $ C ( 6 ) C MAT (J ~ 3, IG1) SURFA(. E 24
C ( T ) = C H A T ( J , I + 2 )  S C ( 8 ) = C M A I (J # t , T + 2 1  S C ( 9 I = C M A T ( J + 2 , I~~2) SUR FA & ~E 25C ( j f l ) = C M A T ( J + 3 , I + 2 )  $ C ( 1 i ) = C HA T (J ~~1,1+3) S C(12) CPIAT (J ,2, I ,3 )  SURFACE 2€

C F IT QUAD RA T 1C SURF ACE TO 12 WATER DEPTHS SURFAC E 27
CO 318 11 1,6 SURFACE 28
Y V W U I I O. SURFA~~E 29
CO 31* L=j , j 2  SURFACE 30
Y V W ( I I l~~Y V W ( I l 9 + C ( L ) ’ EM( I I ,L )  SURFACE 31

$18 CON T INUE SUR FACE 32
00 4~.9 1I 1,6 SURFACE 33E (II) Q. SURFACE
00 319 JJ- 1,6 SURFAC E 35
E(II) E( I I ) + S ( . . .J , 1 I ) ” Y V W (J J )  SURFACE 36

3 19 CO NTIN(SE - SURFACE 3?
C CO P~PUT E IN~ FR P OLA T EO W~ T~ R OEP T’I SURFACE 38

3 O E P : ( E ( t ) + E ( 2 ) ~~X 1 G F( 3 ) 4 Y L , F U. )~ XL ’ 2+E ( ! f l eXL 4YL &E ( 6 ) Y L~~ 2I DCON SURFAC E 39
C COMPUT E. P A R T I A L  D~ P IV A T I V E S  OF WATER DEPTH IN FIXED X Y — S Y S f E M  SURFAC E 40

~URFAt.E 4 1
HY = i E( 3 ) + E ( 5 ) XL +Et 6 ) ’ 2 . 4Y L )~~OCON - ~URFAC E 42
HXX=2. E (’.)’DCCN S HYY=~~.~ E(6)~ 0CON $ HXY=E (5)~ 0CON SURFACE 43
IF ~OEP •GT . 3.1 GO 10 324 - SURFACE 44
ND P=2 - SURFACE 45
GO TO 403 SURF A CE 46

324 IF (OEP/WL .GT . .64) GO TO .522 SURFACE 47
NFK= 2 SUR FAC E
GO 10 323 SURFAC E 49

322 t~F K i  SURFACE 50
323 CALL VEL C TY(V,T T ,NAXC,OEP, N FK ,U) SURFACE 51

iF !NFK .EQ. fl GO TO 402 SURFACE 52
w=o. SUR fACE 53
GO TO 10 SURFACE 5’.

4 02  CN L. SURFACE 55
CALL CONDE R (DN ,TT,V , PIAX Q,NFK) SURFACE 56
W= DN SURFACE 5? 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~ 
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10 VX W ’ H~ $ V Y W ’ HY A OHOX HX e GC S 1ALF A ) GH Y~ S IN(A L FA )  SUR FA G E
IF (A9S (OH~~X/ kT4J ) .GT. U.0000I) GO TO 8 SURFACE
GO TO 9 SURFACE 60

C COMPU IF R OTA TIOP ~ ~~ C L E SURFACE 61
8 ALF A =A T ~ N2 ( HY , M X )  SURFACE 62
9 IF tF l4ul .Wi . 0) GO TO 12 SURFA C E 6!

C COPIPUTE W A V I L I T DT~~L L T 1 ot ~ TN ROTATED XV—S YS T E M USING SHELLS LAW SURFACE 61.
C W I T H  V A ND tES T FO R TOTAL PUFLECT lOt ~ DUE 10 THE W A V E L E S S  SURFACE 65

G P :SAV -A L FA SURFAC E 66
ii. IF (A 135 ( f ,P)  .LE .  6 .2831853 )  GO TO 13 SURFAt. E 67

SF ~~~ 16 , 13 , 1 7  SURFAC E 68
16 G P=G P.6 .283 18~~3 SURFACE 69

GO TO 1’. SURFAC E 70
17 G Ps G P— b. 28 31655 SURFAC E 71

GO TO 1’. SURFACE 72
13 AR C j :veSIN lGP),SA~ v SURFACE 7!

IF (ABS(AR G1 ) .LL . 1.) GO TO 18 SURFACE 71,
FLAG 2ZI. SURFACE 75
GO TO ‘.03 SURFACE 76

18 FLAG2 ’u . $ r,PT =AS IN (ARG1 ) SURFACE 7?
IF (A b~~~G’ .L.(. 1..7123889) GO tO 20 SURFACE 78
AVP b .2831853 ,CPT SURFAC E 79
GO TO 22 SURFACE 80

20 IF (A B S( G P ) .LE. 1.5707963) GO 10 23 CURFAC E 81
AVP~ 3.i~. 1 5 927—G P T ~UR FA C E 82
GO TO 22 SURFAC F 83

23 AVP?GP:T SURFACE 8’.
22 A V=A ~1P .A1FA SURFACE 85

12 PHI=A- A V S G= (J~ COS (P HL ) SURFACE 86
DV U X~ W ’D ,4DX $ PARI :12.5663705/Ti $ BA R1.~~ AR3 ’flEP/V SURFACE 87
DIOX:!~ARt. (CHrt X/ DEP- tV f lX / V, I SZNHZ =(F~P IRM4) _ EXD I—88R ’ . ) ) /2. SURFACE 86
COS Ht= (EX~ (BAR’.) +L XP (—bAR ’.))/2. $ TANH I SINHI/ CCSHI SURFACE 89
IF (NF K .E Q. 2) TO 25 ‘URFACE 90
CU OX = O~ 0X/2 . SURFACE 91
G O TO 27 SURFACE 92

25 CUDX= (.5/SIN$T)~~((SII ~HI .BAR4 )’OVCX .V ~ D t O X~ (t. — 8AR4 /TANHI )) SURFACE 93
27 RHO:j./(I. ,1AN (PH I ) S TA N (A—AL FA ) S S SIGMA IU~SIN PHfl •TAN AV—AL FA 1 ,VSURF A C E 94

OGO X ~RH 0’( CLDX ~ CO~~(P~~ ) ‘SI~.NA’DVOX) SURFACE 95
IF (N~~K .EQ. 2 )  GO IC 28 SURFAC E 96
POT~ 0. I QO T= ) . $ FK z~ . SURFACE 97
GO TO 1.03 SURFA CE 98

C CO?IPU7E P IN R OTA T ED X Y— SYST EM SURFA C E 99
28 POT : (—2 .~ COS 1A — A L F 8 )  ‘CGDX )~~G R IU S O A V C X : T A N ( A V — A L F A ) * O V O X / V  SURFACE 100Oa~~X T A N ( M ML FA ) O C OX/ f ,  $ DPHIDX~~OA DX D4 V0X S URFACE 101

ORH OUX z— (RHO*’ 2 ) ’ (TAW1A— *LFA )~~OP4I D X/ fCOS(PHI )~~e2)~ SURFACE 102$TA N ( P H I)~~O A U * , ( C O S ( S , — A L F A ) ~~’ 2 ) )  SURFACE 103(SIGOX ~~SIr A • ( C U O X / U — O V L i x / V )  .U~~( C D S (P H I )  ~T A N ( A V — A L F A ) ~~3PH IOX. S URFACE 104$SLN (PH I)~~O M V O X / ( C O S ( a V ~ ALFA1~~~2 ) ) / V  SURFACE 105A ) ~~2)~~HX X +2. ~~S IN( A L FA) COS ( AL FA )  ~HXY ~ ( S INCALFA ) SURFAC E 106$ 2 )~ MY Y S URFACE 107
OHOYY :(S IN ( AL F A J ’ 2 ) HXX~ 2. SZN (A LFAF COS (ALFA).HX Y SURFACE 106

$~~ COS (A t.FA ) 2)’HYY SU (FAC E 109
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ SURFACE 110

$ ( ( C O S ( A L F A )
~~~2) ( Sj N (A L F A ) ~~~21) r f X V SURFA C E 111$MAz6 .~ 8~~~854/ 32 .~~~IT~ 5 SMAB Z I ./ 64 . ’ .  SURFACE 112

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ SURFAC E 113
SURFACE 114

DV 0 Y Y x W ~ D9OrY  I DV OX ~~ W • DH0XY SURFAC E ItS
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coPY Ft~~

CI0XX= (DIUX ’~2)/BARL..BAR4~~(ChDXx— (OHDX ~~2)/DEP)/DEp.(Dv DXx SURFAC E 116
$—( U Vt)X~~~2) /V) /V ) SURFACE 117

OI DY Y :~ AR , 4 ( f l H U Y Y / b F F — O V C Y Y / V )  S CICXY =8 Ak I.~~~DHDXY /0 tP~ O V D X Y / v )  SURFA CE 118
30 O U O X X = ( . ’ i /S 1K1I )~~( — t ( S INHI+D A R4 +)~~OVOX .V ~~O IOX ’ ( I . — O A R ’ . , T A N H I ) )~~O I0X5UR FACE 119

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 120
SURFAC E 121D U OY Y = ( . 5 / S I N H 1) ~ ( (S I N HI .UA P’ . )~~C V D Y Y + V ’ O I O Y Y ’ i 1 . — B A R 4 / T A N H I ) )  SURFACE 122

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ SURFAC E 123
32 C GO XX =K HO ~~(COS ( PH 1 ) CUf l XX Ir , M A ’ O V U X X )~~( C uS(PHI )~~ORH O L )X — RHO .S IN SURFACE 12h$( PHI)~~O°HI C X ) ’ C U D x , ( kh O ’ OS It ~OX +SIGMA ~ OPHOUX )~~DV O X  SUR FACE 125IF ( A 6 S ( T A N 8 — A L F A ) .61. u . O e 7 4 88~ 6 .ANO. A B S ( T A N ( A V — A L FA) ) .GT. SURFACE 126$(~.ud 74ö8 6b ) GO TO 35 SURFA C E 127

7ETA I. S X i-=0 . SURFACE 12$
GO TO 36 SURFA C E 129

35 ? E T A = 1 . O / ( 1 . 0 - T A N ( P h I ) / T A N ( A — A L F A ) )  $ XI U ’ S I N( P HI )/ V ’ T AN (AV — A L FAI  SURFAC E 1~1036 O G D Y Y = Z E T A ~~( OU CYY ’ - C O S ( PH I) — X I~ O V C Y Y )  SURFACE 131
CG0XY :RHO’ ( DCDXY ( , CS ( P HZ )+SIuNA ~~OVO XY ) SURFACE 132

C COIIPUTE Q IN R O T A T E t  X ’~- SY S T E M  SURFACE 133
QOT= (( i~~( ( S I P l t A — A L F A ) ’ ~ 2 ) ’ D G O X X — 2 .~~S I N ( A — A L F A ) *GO 5 ( * — A L F A ) * O G C X Y +  SURFA C E 13’.$ ( C 0 S ( A — A L F A ) ” 2 ) OGQ ~Y Y ) ) / ( G R I C ~~~2) SURFACE 135

C COM PUTE PACKET RAY CU R VATURE IN ROTATED XY—S Y STE M SURFAC E 136
FK=SI N(A — ALFA ) U G OX/ G SURFACE 137

403 RETURN SURFAC E 13$
- END SURFACE 139
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CHAPTER IV WAVE PREDICTION EXAMPLES FOR

NONPARALLEL WATER DEPTH CONTOURS

Two examples of nonparallel water depth contours are
used to illustrate the wave prediction program .

tLl Sinusoidal to Parallel Water Depth Contours .
Figure (4-1) shows a set of wave packet trajectories for a
wave period of 7.0 seconds. The rays begin in deep water
(initial water depth equal to or greater than one half the
wavelength). The water depth contours are sinusoidal at the
shoreline and gradually become parallel at a water depth of
38.6 meters . The amplitude of the water depth contour at the
shoreline is 2.5 kilometers , and the contour wavelength is
10 kilometers . GRID , the distance between grid points , is
156.25 meters .

From the figure it is seen that the energy is fairly
evenly distributed along the coastline with slightly more
energy at the headland than in the bay . Figures (4-2) through
(4-4) show the printed output for rays number 4, 8, and 16 ,
respectively , of Figure (4-1). The computed refraction
coefficients are in good agreement with values estimated from
the plot .

4.2 Sinusoidal Water Depth Contours . In Figure (4-5)
the period of the wave packet trajectories is 14.0 seconds
and they begin in deep water. The water depth contours
are sinusoidal with an amplitude of 5 kilometers and a
wavelength of 20 kilometers. GRID has a value of 312.5
meters.

This example is quite interesting since there is decidedly
more energy in the bay than at the headland . The opposite
result would be expected for monochromatic trajectories. The
refraction of wave packets could explain why there is more
erosion in bays than at headlands for some coastlines.
Figures (4-6) through (4-8) show the printed output for rays
number 4, 8, and 16 , res pectively , of Figure (4-5). The
computed refraction coefficients agree favorably with values
estimated from the plot .
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